ON LiE AND NOETHER SYMMETRIES OF
DIFFERENTIAL EQUATIONS

A HKARA

A thesis submitted to the Fat:.'ﬂty,of Science, University of the Witwatersrand, in
fulfilment of the requiremeris for the degree of Doctor of Philosophy.

Johannesburg, 1994,



ABSTRACT

The inverse problem in the Calculus of Variations fwwolves determining the La-
grangxans,lf any, associated with a given (sjs{e.m of) differential equation(s). One
can classify Lagrangians according to the iie algebra'of symmetries of the Action -
integral (the Noether algebra). We give a complete classification of first-order La- |
grangians definéd on the line and produce results pertaining to the dimemsionaﬁﬁ'-
of the algebra af‘Noefher syinmetries and compare and contrast thesc--*ﬁth simﬂa_r
results on the algebra of Lie symmetries of the corresponding Euler-Lagrange vqua-
tions. It is proved that the maximum dimension of the Noether point symmetry
algebra of a particle Lagrangias. is five whereas it is known that the maxirsum di-
mension Gf the Lie algebra of the correspoﬁding scalar second-order Euler-Lagrange
equa.tidn is eight. Moreover, we show thﬁt a particle Lagrangian does not admit a
maximal four-dimensional Noether point sjhnn_e;r}‘ algebra and consequentljr a par- :
ticle Lagrangian admits the maximal r € {0; 1'., 2,3, 5}-dimeﬁsiona1 Noether point |
symmefry algebra.

It is well known that an important means of analyzing differential equations lies in
the knowledge of the first integrals of the equation, We deliver an algorithm for
ﬁndjng first integr&ls of partial differential e:jua,tious and show how some of the
symmetry properties of the first integrais help to “further’ reduce the order of the

equations and sometimes completely solve the equations.

Finally, we discuss some open questions. These include the inverse problem and
classification. of partial differential equations. Al:o, there is the question of the

extension of the resulis to ‘higher’ dimensions.
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INTRODUCTIC™N

Since the publication of M. S. Lie’s works (see, e.g., Lie 1891, Lie._ 1893 and Lie
| 1894 611 the theory 511(1 applications of contintuous groups to differential equations,
. & variety of avermes in the vast field of differential equations has emerged. Many
of these avenues are becoming well-known and a continually increasing appeal io
we results obtuined are being made. These results have dealt with, mter alia,
the classification and alternate methods of solutions of differential equations. Scme
classical works on the subject have been contributed by Dickson (1924}, Ovsiannikov
(1982), Toragimov 1985), Olver (1986) and Bluman and Kumei (1989) to name just
a few. Moreover, a great deal has been done by Mahomed (1986), (1989) on the
classification of ordinary differential equations — some applications and extensions’
of these works, it is intended, will be made in the sequel. A summary and history

of Lie’s contribution is delivered in the references cited.

Another prominent field which is indispensable in the area of mathematical ghysics
is the caleulus of variations. A great deal has been done in this field and a variety
of references are cited in the works of Sarlet and Cantrijn (1981) and hveloﬁk and
Rund (1978). For our purposes, it is the celebrated paper of E. Noether (1918) that
is most significant. Therein, Noether showed how the symmetries of a Lagrangian
(more appropriately, the symm‘etﬁes of an action integral) leads to conservation laws
of the corresponding Euler-Lagrange equation(s). This alternate cop: ‘deration of
symmetries assocjated with a Lagrangian for a given Fuler-Lagrange equation{s)
has, as in the Lie case, led to new ways of studying differential equations and, in

general, invariances in mathematical physics.

The kind of questions that were asked in the Lie analysis of -_fferential equations can
accordingly be rephrased in the Noether symmeiric analysis of the said equations,
1



For example, to what es ew. can we classify Lagrangians that give rise to differential
eq_ua.tidns in the sense of utilising the symmetries of the respective Lagrangians? In
short, what are the parallels, if any, between the _Lie and Noether analysis of differ-
ential equations? If these parallels exist, do there exist the possibilty of relating the
results in the two alternatives? For example, how does the Noether algebra relate
to the algebrs, of Lie symmetries of the corresponding Euiér-Lagra.nge equation in

the sense of dimensionality.

Finally, and perhaps more importauntly, one would be interested in the practical
implications of the results. To this end, the theory will be applied fo & wide range

of examples involving some of the important aquations in mathematical physics.

It is clear that such an undertaking is vast. In the sequel, an attempi will be
made at addressing these queétions, at times in = general or universal way and at
c:ther times with reference to particular cases, for example, to ordinary differential
equations and not to partial differential equations and vice versa, or at times to a -

perticular equaticn of importance.

In chapter 1, we present the necessary symbols and definitions and recall some
relevant results that will be required in the subsequent chapters. Also, a brief
survey on Lagrangians, construction of these and Euler-Lagrange equations will be

made. Below, we present an outline of the second and subs:quent chapters.

In chapter 2 we deal with second-order equations E(t,q,d, §) = 0 defined on a
domain in the plane. Lie geometrically proved that the maximum dimession of its
.point symmmetry algebra is eight. He showed that the maximum is attained for the
simplest equation § = 0 and this was later shown to correspond to the Lie algebra.
sl(3, R). An algebraic proof of Lie’s counting theorem is presented. Furthermore,
the Noether counting theorem (that the maximum dimension of the Noether algebra

of a particle Lagrangian is five and corresponds to Aj 4¢) is proved. Then it is shown

2



that a particle Lagrangian cannot admit s maximal four-dimensional Noether point
symmetry algebra. Consequently, it is shown that a particle Lagrangian admits the -
maximal r € {0,1,2,3,5}-dimensional Noether point symmetry algebra.

In chapter 3 a detailed analysis of the algebraic struc{;u.re of firsi-order Lagrangians
defined on the line is carried out. This leads to a need for the besi La.gra.ngla.n
Definitions in this regard are made and the best Lagrangians are determined ac-
cordingly. In particular, the notion of s"-equivalent Lagrangians is introduced.

Two examples of s"-equivalent Lagrangians are considered in chapter 4. Here we
investigate the non-linear equation § + p(t)d + r(tlg = pdP¢~" + s(t)g”, n 7 1.
It is linearizable via a point transformation if and only if n = porn = 1. A
quadratic Lagrangian L = jU(%, 0)¢® + V(t,q) is construeted. By means of a
point transformation @ = F(t,¢) and T = G(#,¢), L is mapped. to the simple and -
completely intégra.ble Lagrangian L = Q. Forn =4p—3, the equation generates
the si(2, R) algebra. Again, by a similar procedure, the quadratic Lagrangian is
mapped o a representative Lagrangian L = Q' /T + 1/(27Q"). Complete solutions

are obtained in both cases.

In chapter 5, we continue with the classification of particle Lagrangians that give
rise t¢ second-order ordinary differential equations. Together, the chapters 3 and 5
completely classify first-order Lagrangians defined on the line.

The importance of first integrals in the analysis of differential equations is well
known. However, not much has been done in the systematic determination of these
for partial differential equations. In chapter 6, this is attempted by ‘assdcia.ting’
Lie point symmetries with the first integral of the equation. Furthermore, it is
shown that some proven results on symmetries associated with integrals of systems
of second-order oi-di.na.ry Euler-Lagrange equations have significant, previouslv un-

known applications. A wide runge of examples are considered. Moreover, it is

3



shown that in contrast to first integrals of second-order ordinary Euler-Lagrange
equations, the first integrals of (systems of) second-order partial Euler-Lagrange
equations are not invariant under the prolonged Noether pofﬁt symmetry.

In the conclusion, amongst other things, an attempt is made at indicating some of .

the apeﬁ questions that may be explored. .



1. INVERSE PROBLEMS AND INVARIANCE IN -
' THE CALCULUS OF VARIATIONS |

1.1. Introduction

The definitions and theory in thy i‘e formulation of groups and diff rential equa-
tions are ela.borater discussed in Ovsiannikov (1982), Ibrpgimov {1985), Olver
(1986), Bluman and Kumei " %39) and many references cited therein. For our
purpose a su:ﬂiment account.ig ¢ in in Mahomed (1989) from which most of the
notation, definitions and results are adopted. '

In this chapter the Inverse Probiem in the Calculus of Vé,ria.tions, the invariance of
the funtional that gives rise to the Euler-Lagrange equations and their associated
conservation laws or first integrals are briefly reviewed. Qur main aim here is to
prdﬁde important results which we shall use in the following chapters. Thus, we
exclusively review scalar equations. However, most of the results apply to systems
as well. We also introduce Definition 1.4 on A-.Itefna.tive Lagrangians.

1.2. Euler-Lagrange éqnatious and the Inverse problem

Before defining our main problem in the Calcnlus of Variations, we introduce,
briefly, the notions of multi-indices and total derivatives (see e.g., Olver 1986).

Definition 1.1. Given a real-valued fanction ¢{t), £ € & C R™, the k-th order
partial derivative of g is defined as



where J = (jl, coos36) 1 € 71 S m. Also, the j-th foial derivative operator is

| 9 ]
Dj‘—.ét?-l-;q‘l}':a_qn;,

_ 5"'”:2
T BBty -~ Bt

where g5, ‘and the ¥ spans the multi indices of J. The J-th

total derivative is given by

' Dy=Dy Dy,
Now consider a variational -pm::'b'-.'{em where the extremal of the functional

| 3

[zt denar - )
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R

is desired, in which ¢f"l(¢} is the tuple which contains all the derivatives of ¢ up to
order n. The solution of the ab¢ 2 problem is rela.ted to the solutions of differential
equations by way of the _Euler—La.._grangq operator, £, .deﬁned below. |

Definition 1.2. The Euler-Lagrange operator is defined by
£=Y (-Dhrpes (12)
5 ag Yo

where the > spans the multi-indices J defined above,

Henceforth, the integrand of thé funtional, L, will be referced to as the Legrangian.
When m = 1, the Euler-Lagrange equation is an ordinary differential equation of

order at most 2n.
As an example, the case m = 2 and n = 1 yields the partial differential equation

]



which in expanded form is

Lgg qee + 2L9';!I’w Gtz + Lgoqu sz + Lgeqtt + Lguqs + Lot + 'anx — Lg=0.

The reader is also referred to Douglas {1941) and, recently, Olver (1986). The abave
discussion can be extended to higher-dimensional variational problems whose Euler-
Lagi'ange. equations form & system of differential equations — some cases of these

can be found in Courant and Hibert (1953).

Theorem 1.1. If the function g(¢) is an extremum of the functional (1.1), then it is
& solution of the Euler-Lagrange equa.tidn EL)=0

The theorem is well-known and a p.roof of it can be found in Courant and Hilbert
{1953).

Finally, for the reader interested in the theory of Lagrangian dynamics, the notions
of convezity and ezisience may be significant. This aspect is discussed in detail in
the works of Rockafellar (1970), (1971), (1975) and Clarke (1989). The emphasis
in these réferences, however, is towards Hamiltonian dynamics and the Lagrange-
Hamilton corret..ndence. Furthermore, Rockefellar {1993) describes recent views

on subgradients in which a generalization of the Euler-Lagrange equations is sought.

The Inverse problem in the Calculus of Variations involves determining a La-
grangian, L, corresponding to a given differential equation (if it exists). Timt
is, given a differential equation £(t,¢l™) = 0, find a Lagrangian, L, such that the
Euler-Legrange equation £(L) = 0 is equivalent to the given differential equation.
A stronger requirement of the inverse problem amounts to determining L such that
- E(L)=E. '

Olver (1986) cites the vast amount of work donc on the inverse problem and the

7



difficulties involved. Recently, active research has been done on the stronger ¢ase.
For example, in the work of Olver and Shakiban (1978) and Vinogradov (1978).

In this regaxd- '3 is worth noting the work of Anderson and Duchamp (1984) wherein
the Lagrangians of partial differential equations of the form |

B, ¢y = B, ¢ g ; + ot dY),

where B a.ﬁd Ey are smooth functions in the azguments and the repeated indiceé .
imply summation, are discussed. The condifions under wh:cli-tilese partial dif-
fereﬁtial equations are derivable from some Lagrangian are given ?md, TNOTEOVET,
formulae for determining these are stated. A furthér éigniﬁca.rice of this work lies
in the determination of variational integrating factors correzponding to some such
partial differential equations which, at first, ate not Euler-Lagrange equations. Un-
der certain conditiona one can calculate a variational integrating factor which if
multip]ied to the partial differential equa.tibn jields an BEuler-Lagrange equation
equivalent to the partial differential equation.

Ag an example, using the method of Anderson and Duchamp, the equation
E=gn+ §(Q=&’t ~1)=0

is nct in the form of an Euler-Lagrange equation but has a variational integrating

factor €%. 'The equation ¢? & = 0 has second-order Lagrangian

1 1. 1 cf gzt ©7q9zGt | Quqt
e et 2 —y e st S0 | G2t
L= C(ta'!'zq:th 2) 2+‘q(9:t+9x€t) q po 2

By subtracting a total derivative from L;, the Lagrangian L = 3¢9(¢zq0 + 1), of
first order, is also a La.grangia.n of the equation e?F = 0.
8



'Ot particular importance in the above cited reference are Theorem 6.1 and Tables

1 and 2 in that they describe the variational principles of the equation
CErgrs + Eagrt + E3qu =0,

where the coefficients are quadratic in ¢; and g;.

More recently, Hojman et al (1992} give an elaborate account of Lagrangians of any
order for ordinary differential equations. The Lé.grangians obtained are products
of the form of the differential operator and a factor. Consequently, the order of the
Lagrangian is that of the original equation. The paper also deals with the inverse
problem and the invariances associated with the Lagrangian. It is this aspect which
will be studied in detail in a differot way in the following chapters.

1.3. Invariance of the Lagrangian

In this ocction we summarize the more important aspects of the invariance of the
functional (1.1) or, equivalently, the symmetries associated with the respective La-
grangian L (in short, we shall say symmetries of the Lagrangian). There will also
be a brief look at conservation laws, Some of the details and proofs have neen

omitted and can be found, for example, in Douglas (1941) or Olver (1986).

For real valued ¢(t), 1 € @ C R™, we may induce a change of variables
T=3G(tq)

and
Q@ = F(t,q).
A change of variables in the derivative obtained by prolongation is then, also, in-
duced so that the functional (1.1) is then transformed into a corresponding fune-
tional f L(T, Q™NT))dT, where & = {T = G(t,q),t € $2}. This will be the case
9



(s, d9) = LT, QPTD) det I (6, M(®) + Divs,  (14)

by means of the prescribed change of variables, where f, ‘the gauge term, is an
m-tuple of functions of ¢ and ¢, Divf =Y 1, Difi and J is the Jacobian matrix

with entries
TH(t, () = %G;(t, o) = D;Giltya(t), ii=1,...,m.

The vwo Lagrangians, L and L, in (1.4) are said to be equivalent upto gauge. This
means that the Euler-Lagrange equations associated with L and L are eq:ﬁfale.nt
to each other by the said change of variables. For strict invariance we require f = 0

in (1.4).

The point symmetries associated with a Lagrangian, L(t, ¢i™ (), takes the form

G=Y tlhdg trtdy, (15)

i=1 :

defined on the space R ™!, On the prolonged space, i.e. (f,¢™)-space, the n-th

prolongation or extension of @ is

: . 5
G =G+ Ci'é;- + o gy r’ (1.6)

where ; = Di(n) - g2 Di(£s) and Ciyoiy = D1 (G vinen ) — iroevins 0 Din (€s). The
following theorem provides a mechanism for determining the symmetries ' sasoci-

ated with a Lagrangian L.

Theorem 1.2. G, as in (1.5) is a point symmetry of o Lagrangian L if and only if

GML 4 LDivé = Divf, (1.7)



where Divé =5 0 Dif; and f(t,q) is the gauge term of the form (fi,++, fm)-

In the absancé of the gauge term f, G will be referred to as a variational symmetry
otherwise we tefer to it as a Noether symmetry, An important question is: How are
these symmetries related to the symmetries of the corresponding EulepLa.-grang&

equations? To this end, we state the following theorem.

Theorem 1.3, If G is a point symmetry of L then G is a point symmetry of the
Euler-Lagrange equation E(L) = 0.

Note that the converse of the theorem is not true.
1.4. Noether’s Theorem

 In this section we take a brief look at a parficular version of Noether’s theorem
(Noether 1918) dealing with the relatiorship between symmetries and conservation
laws. 'I‘_E.is will not be a generalized version ot the Noether theorem since the
variations, here, do not depend on the derivatives. This is often referred to as
the classical Noether theorem. An excellent account of the generalization of fh»e

classical Noether theorem in mechaniﬁs is given by Satlet and Cantrijn (1981).-

Definition 1.3. A conservation law of the equation E(t,ql™) = 0 is a tuple I =

(I, Im), I3 = I8, q[“"_lj), which satisfies the divergence equation

DivI=0. | (1.8)

We frequently refer to a conservation law as a constant of the motion or first integral.

Sometimes it is also referred to as zn exact invariant.

Note: A irivisl conservation law, I, is one that satisfies DivI = 0 regardless of
it being a solution of the partial differential equation. A more detailed nccoun; of
' 11



~ trivial conservation laws is given in Olver (1986).

Theorem 1.4. Sixpposé G is a Noether symmetry of the La.granglan L{t,g"), t € -;i-
Q C R™ and ¢ real-valued. Define the characteristic function of G by "

Co=n- ZE:‘Q:‘- "
. f==1

Then C¢ is a chara.cferistic of a conservation law of the Euler-Lagrange equation

&

E(L) =0, i.e., there exists an m-tuple I _=. (I, Im) such tha.t__f_
DivI = Cg&(L) | : (1.9)
and [isa ™ ‘servation law of £(L) = 0. | |
(We note that |
| | . I=f-P-1Ig | - (L10)
where f is the gauge term, P = (P, +-,Pn) and L = (L1, -, Léy), For an

explicit form of each P; see Olver 1986),

Proof. We may rewrite (1.7) as
T m .
Divf=GENL)+ Y &DiL+ LY Dits,
' g i=l i=1

where G2l =, D;C58/8q;. Hence

Div f = GE{(L) + Div(L¢).
Using integration by parts we obtain

aL

: fnlery
Divf + Gg'(L) = ;D;C"ga—g}-

= Co&(L) + Vv P.
12



Therefore, Div f — Div(P + L) = Cof(L) and the result follows. o

The sigoificance of the above theorem for the one-dimensional case is discussed in
chapter 2 and, indeed, applies to the other cha.pberé. as well. We state the following
result (see, e..g.., Olver 1986).

Theorem 1.5. The Noether or variational symmetries of a Lagrangian form a Lie
algebra, |

1.5. ARkeosative Lagrangians and invariance

‘In this section, we introduce concepts which take cognisance of the ambiguities
arising in ti~ Lagrangian description of a given differential equation or system.
- Although the definitior; of alternative Lagrangians given below (Definition 1.4) is
generally -a.pplicable, not much work has been done in the cha.ra.cterizatioﬁ of these
for partial differential equations. Qur analysis in tlﬁs section is mainly concerned
with one—dimenaibnal particle dynamics — the results of which will be used in

subsequent chapters.

Consider the inverse problem for the fﬁee particle equation for one-dimensional
particle dynamics. Tt is easy to verify that the equation § = 0 has the following
Lagrangians (here, & is as defined in the expanded form (1.2) with a single indepen- -
dent variable). In each case we list the corresponding Noether point symmetries.

Theze are obtained by invoking Theorem 1.2.

13
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I

b=

oy

+ Lg =exp(~—§):

Ly =—3¢* +qdlng—gd: |
8
G =t5£.

We note the non-uniqueness of the Lagrangians of the free particle equation. The
symmetry properties differ significantly from one another. We shall look at this in
greater detail in the following chapters.

For every one-dimensional system, the inverse problem guarantees the existence of
a Lagrangian although the construction of such a Lagrangian can be highly non-
trivial despite there being infinitely many. The above Lagrangians are alternative
Lagrangians since the Euler-Lagrange equation corresponding to each imply any
one of the other. Formally, we introduce the following definition.

Definition 1.4. Two Lagrangians L and L are said to be aliernative Lagrangians
for a given differential equation if their respeclive Euler-Lagrange equations imply
each other, i.e., (L) =0 if and only if (L) = 0. |

14



We now state some results pertaining to alternative Lagrangians for one-dimensional

| particie systems.

Theorem 1.6. I L and I are alternative Lagrangians for a'given.scalar second-order

ordinary differential equation, then
E(L) = I(t,9.9)E(L),

- where

I(t,q,4) = Lja/ Lyi
is a conservation law. Furthermore, Z is unique up to gauge.
The proof of this theorem can be found in Currie and Saletan (1 966) :
We now state a consequence of a significant result from the work of Sarlet {1981).

-Theorem 1.7. Suppose that G - E@/&t + n8/8q is a point symmetry of a given
second-order equation and I{t,q,¢) its conservation law with the property thai

GUII = 0, Then there exists a Lagrangian, L(t,q,¢), such that G becomes a
Noether symmetry with respect to L and I its Noether invariant.

" The significance of Theorem 1.7 will become apparent in chapters 2 and 3 when the -
classification of alternative Lagrangians associated with a given scalar second-order
ordinary differential equation is studied.

The Lagrangian L in Theorem 1.7 can be determined in one of the following ways.

For one-dimensional particle dynamics, (1.10) can be written as

I(t,q,q')=f(z,q)-[Lc+ca-—¢s)%i;’-1. ' aw

15



Th_en,
- ar 8L, &L . 8L !
5= *3:1.‘5 - 5&'{(*‘:‘ ~§€) — '53(“5), R
from which L is obtained by solving

82L 1 oI

8¢r ~ n—qf 3

Alternatively, we note that (1.11} is a partial differential equation in L. Rewrite it

a8

e

0 n-—¢ n—gt

L, & ;. 1= (1.12)

The integrating factor of (1.12) is ~1/(y — ¢¢) and (1.12) integrates to
L=1-(-iOnto-0-i0 [ =
E *7 L, q q (n_qug)g s
where f; is an arbitrary function of t and g.

In the next chapter, we investigate the dimensionality of the Lie algebra of varia-
tional and Noether symnietries.

16



2. LIE AND NOETHER COUNTING THEOREMS

2.1. Introduction

In this chapter, .amongst other things, we raise and answer a few furidamental
' questions. Firstly, is the following statement true? The full real Lie algebra of point.
symmetries of any scalar second—o;der ordinary differential equation is a subalgebra
of si(3,R). An incomplete proof is given in Mahomed (1989). In order to prove
this we require the result that the maximum dimension of the Lie algebra. of point '
symmetries of a scalar second-order equation is eight and corresponds io si(3, R).
This is popularly known as the Lie ‘connting’ theorem (Lie 1891). There are various
proofs of this famous result (see, e.g. Dickson 1924, Anderson and Davison 1974
and Gonzilez-Gascdn & Gonzilez-Ldpez 1983). We give an algebraic proof of the
Theorem in section 2.2, Let us now return to our first question. We shall show (in
section 2.2) that the full real Lie algebra of point symmetries indeed is a subalgebra
of si(3, R) and we give a physical interpretation of this result. This can be linked
to the symmeiry breaking axiom of physics. it is interesting to note that Hermann
(1976) believed that the above statement was implicitly assumed by Lie (1891) to
be true (the reader is referred to Hermann 1976 for comments in this regard) in
his attempt to construct a general local structure theory for second-order equations
admitting groups of point symmetries. However, recently Ibragimov {1992) reviews
the complex Lie algebraic classification of Lie and provides further insights into the
algebraic sﬁuctm of scalar second-order ordinary differential equations, Moreover,
there have been studies of the Lie algebraic properties of nth (n > 3) order ordinary
differential equations (see Krause and Michel 1988 and Mahomed and Leach 1980).
The maximum dimension of the point symmetry algebra for higher (n > 3) order
equations is n + 4 {Lie 1893) and corresponds to nA; @, g¥(2, R) (see Krause and
17



Michel 1988 and Mahomed and Leach 1990). It is relevant to mention here that the
full real Lie algebra of a higher arder {n > 3) equation need not be a subalgebra of
its maximum algebra, nA; 2 91(2, R) (see Mahomed and Leack 1990). Thus, there
is & marked difference between second and higher order equations. Secondly, we
ask the quastion: what is the maximum dimension of the Noether peint symmetry
algebra (Lie algebra of Noether point symmetries) for & particle Langrangian? ‘The
.answer, one would iinmedié.telj get from those familiar with the classical Noether
theorem for particle I.agrangians, 1s five. However, we have not been able to find
an explicit proof of this (which we shall refer to as the Noether ‘counting’ theorem
i'r:l:ianalogy to the Lie ‘counting’ theorem) in the literature. In section 2.3 we prove
that the maxiromm dimen.sién of thé Noether algebra is five and is atiained f7
the simplest equation § = 7 with usual Lagrangian L = ¢%/2. The corresponding
Lie algebra is shown to be As 40 using the nomenclature employed in Patera and
Winternitz (1977). The knowledge of the maximum Noether algebra is necessary
for the classification of first order partiﬁle Lagrangians on the line in terms of their
Noether point symmetry algebras {see chapter 3).

We also prove in section 2.3 that there does not exist a maximal four—diménsional
point symmetry algebra for a first-order particle Lagrangian on the lie. We
conclude that n first-order particle Lagrangian on the line admits the maximal
r € {0,1,2,3,5}-dimensional Noether point symmetry algebra.

Unlike for the full Lie algobra, the full Noether algebra of a first-order particle
Lagrangian is not in general a subalgebra of the maximum Noether algebra As 40
of symmetries. We illustrate this fact in section 2.3.

Most of the work reported here can be found in Mahomed, Kara and Leach (19932},
(1893b).
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2.2, Synimetry breaking and Lie’s ‘counting’ theorem _

We adopt the Mubarakzyanov cla.sniﬁca.tmn scheme of real low-dimensional real Lie
-algebras given in Patera and Wmftermtz (1977). The canomca.l realizations of all
the necessary thrie d.tmensmna.l Lie a.‘.gebras in terms of vectos nelds in the plane

derived in Mahomed a.nd Leach (1989a) are tabulated below for facilitating the
proofs of the theorex, i cﬂa.t are to follow.

Table 2.1

Let 8/8t=p and 8/8g=r. Then

Aza
F D ir
Az .
Yo r P tp+(E+g)r
i r e ) - pt+ar

A1 @4z (0=0), Ass(a=1), dss (a=—~1), A5 5(0< Jaf <1) a#1/2
Lt p r  tptagr
cH r tr (1 —a)ip+gqr

A3 (b=0), A§; (b>0)

ol P r (bt +q)p+ (bg — t)r
il tr r (_1+t9)p+(tg+bq)r
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As s

£ r tp+qr 2tgp + g°r
Ll P tp+qr . 2gp+ (g% — ;tz.)r
Az,o _ _
(1 +)p+tgr tgp+ (1 +¢*)r qp — tr

Note that we have used £ as a placeholder for the relevant Lie algebra(s) AR
(A 15 the jth algebra of dimension r thh the supe-rscrlpt c, if any, :lndlca,tmg
the parameter on which the a.lgebra. depends; alsc superscripts R, if any, indicating
the algebra realizations or non-similar algebras). Moreover, we have also written
down two sets of realizations for each of the algebras Az 2, A1 @ As, Ala,a Az and
85 (0 < Jaj < 1). The algebras 34; and Af g do not appear since they do not

leave invariant any second-order equation!

The.re exists only one realization of the algebra Az g (s0(3)) of the vecter fields
defined in the plane. Thus far, there has been some confusion regarding the number
of realizations of this algebra. The first realization of the algebra Az given in

Mahomed and Leach (1989a) actually turns out to be Af 5.

Let us recall the following important theorem which was proved in the above refer-
ence.

Theorem i. A second-order dynemicel equation dces not admit a real maximal
s € {4,5,6,7}-dimensional point symmetry Lie algebra. |

We now give a synthesis of all real equivalence classes of second-order equations

(two differential equations are said to belong to the same equivalence class if one
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ean be transformed into the other by me s of a (local) dlﬁ'eomorpmsm), a.dm:ttmg
real Lie algebras of point symmetries.

‘Second-order equations admitting the richest number (eight, see Theorem 2.1 later)
of point symmetries belong to the equivelence class of the fre. particle equation,
g = 0 and the corresponding symmetry Lie algebra is sI(3, R). '

: Thére are s_ii: repreéenta.tives of real eqmvalence classes of second-order equations
| a&initti.dg exactly é. three dimensional algebra of point symmetries. These are listed
in Table 2.2 together with their symmetry algebras. In Mahomed and Leach (1989a)
five equivalence classes Wefe given. The equivalence cia.ss. of the equation a.ssociate"d :

with A3 was inadvertently omitted.
Table 2.2
Aig ¢ = Aexp(—q) -or t§ = ~1 4 Aexp(—q)

Asa(a=-1), A%, (O<laj<1)a#1/2

! §= A4 or §=(a—1)q+ 4

Az (b=0), A3, (4>0)

c’  §=A(+¢»)} x exp(btan=! §)
Az
i t§'= Ag;a - %0.'
L t§ = ¢+ ¢+ AQl+ %)k

2



. » 2 2
§=A[1+q 2tqg + g (1+f )]

1+t 4¢2

We nota.the ahsence of the algebras 43,1, AlL, Az, Ar® Az, A;;: , Ag ? ) 3 I and
ALY and their correspondmg differential equations. The reason bemg tha.t these

imply linearization fot tae associated second-order equation and consequently eight

~ symmetries for each (see Mahomed and Leach 1989b).

All the equations in the above table are linear or linearizabls when the constant
A = 0 (i.e, they possess eight symnmetries — the si(3, R) algebra), Let us also
mention that the range of the parameters in the family of algebras A§ ; and A8 ; are
restricted to avoid double counting. Thus an equation of the form § = Agla~2)/(a-1}

for |a| > 1 would have the algebra AY® (0 < 1/|a] < 1). Similasly for 4%, (5 > 0).

‘We derive the equation associated with the A3, algebra. s_ince the derivation for this
case differs from the others which are straightforward and reporied in Mahomed
Leach (1989a). This equation has been omitted in the last mentioned reference, In-

stead the equation given incorrectly there was ¢ = 0. Also, see Table 8 in Thragimov
(1992). |

As A3 9 is a simple algebra, we seek invariance for & second-order equation under two

of the syzﬁmetry generators. Let X = (1+1%)8/8t+1¢8/8q and ¥ = ¢/ ot —t9/8q.

Consider an arbitrary second-order equation § = F(%, ¢, ¢}. Invariance of this equa-
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tion under X gives rise to
§=(1+ tz)u%E(ua v), (2.1)
where u = ¢(1+1?)~% and v = §(1+12)3 —tg(1+1?)~¥). Further invarinnce under

Y results in the following dual conditions on E,

—~3vE (140 + uz)% =90,

| . _ (2.2)
{1 +u2)%§- +uv%§ =0,

The solution of this system is & = A(1 + v?(1 +u?)~1)¥, whence our equation for

Ajy o follows.

We now discuss the case of equations possessmg a two dimensional algebra Ofpoint
symmetries. Second-order eyuations possessing exactly two point syminetries be-
long to either of the equivalence classes § = E(§) or t§j = E(g), where E is
not a polynomial which is at most cubic m ¢ and it is not of the form given
in Table 2.2 and E is not Ynear in ¢ and neither is E contained in the form
1§ = ag® + b§® + (1 + 2 /3a)d + b/3a + 5 /27a?, where a(s 0) and b are constants,
_ (see Mahomed and Leuch 1989b) nor in the form given in Table 2.2. |

If an equation § = H{%,q,4) admits exactly the one—d.imensibna.l algebra A, then
it can be reduced to an equation which is in a coordinate independent form by
means of a diffeomorphism which brings the symmetry to a generator of coordinate
translation. Thus, an equation with a single symmetry belongs to the equivalence
class of § = H(¢, ), where {/0q is f.he canonical realization of the algebra 4; snd
H i a definite function of ¢ and 4.

"There are no equivalence classes of second-order equations that admit more than
an eight dimensional symmetry algebra. Lie (1891) geometrically proved that the
23



maximum dimension of the point symmetry algebra of 2 scalar second-order ordi-
nary differential equation is eight. This is usually referred to as Lie’s ‘counting’
theorem. Wé present a Lie algebraic proof of this theorem which bas enjoyed con-
siderable interest over the years (see e.g., Dickson 1924, Anderson and Davison '

1974, Ovsiannikov 1982 and Gonzdlez-Gascén & Gonzélez-Lépez 1983).

Theorem 2.1. The maximum dimension of the real Lie algebra of pdint symmetries

of a scalar second-order equation is eight and the maximum corresponds to si(3, R).

Proof. A scalar second-order differential equation cannot admit a maximal real
algebra of dimensioh greater thé.n eight since a Lie algebra of dimension more than
eight containg a three dimensional subalgebra which can only result in either a
secdﬁ&—q;‘der equation possessing a full Lie algebra of dimension three (equivalence
classes qf equations listed in Table 2.2) or a full real Lie algebra of dimension eight
(equivalence class of the simplest equation, i.e., the linearizable equations} which

corresponds to s(3, R). o

Finally, the vector fields corresponding to Agfs and ALY are free particle symmetries
(see Mahomed 1989). Thus, we have that all the realizations or non-similar algebras
given in Table 2.1 are the symmetries of the free particle equation. We now have
the following theorem of which an incomplete proof appears in Mahomed (1989).

Theorem 2.2. The full real Lie algebre of any second-order dynamical equation is
a subalgebra of its maximum Lie algebra si(3, R).

We give a physical implication of this result. Consider a one-dimensional system
governed by the dynamical equation § = E(t,¢,¢). In an idealized situation (& =
0, free particle case), the symmetry algebra is the maximum symmetry algebra
sl{3, R). K we perturb the idealized state by an interaction E(1,q,4) different from
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zero, say E = g2, then the idealized synmietry is broken and the full Lie algebra of
the equation § = ¢ is a subalgebra of the algebra of the ﬁrojective group, 51(3,'}2).
Thus in the application to one-dimensional particle dynamics, viz., -é" #'E(t, g,4),
one in general has Eymmetry breaking for different interactions B and the symiuetry
algebra is always a subalgebra of the maximum algebra as indeed is guaranteed by
Theorem 2.1. ‘The same does not hold for higher order equations. In order to
illustrate this we consider an example. The third-order equation 3¢* — 24¢® =0
has as its symmetry algebra si(2, R) @ si(2, R) (see Mahomed and Leach 1990)
which is not a subalgehra.'of the maximum algebra 34; @. gl(2, R) of the idealized

case ¢(® =B (the simplest third-order equation).

Itis intéresting to note that an analogous theorem to Theorem 2.2 does not apply in
~ the case of Noether algebras, i.e., the full Noether algebra need not be a subalgebra
of the maximum Noether algebra. This is illustrated in our remark after Theorem
2.5, .

2.3. The Noetker ‘counting’ theorem and Lagrangian equivalence

We now focus attention on the classical Noether theorem relating tﬁ a one-dimensio-
nal dynamical system. We, thus, restate and discuss tﬁe relevant equations of
chapter 1. For a given particle ILangrangia.n L, the coefficient functions ¢ and 5
of a vector field G = £8/t -+ n0/0g that generates a Noether transformation (the
transformation which leaves the action functional invariant up to gauge) are found
by solving the Killing type equation (see Theorem 1,2 with n = 1 and also Sarlet
and Cantrijn 1981)

GUL 4+ ¢0L = §® (2.3)
where f is a suitable function of ¢, ¢ and GUI is the firat prolongation of the sym-

metry vector field G and is given by (1.6), i.e., Gt = G- (D — g£()3/84. In the
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absence of the gauge term or strict invariance, we shall refer to the transformation

that leaves the action functional invariant as & variationsl transformation.

The classical Noether theorem (Thoerem 1.4 for a one-dimensional case) states that
to each Noether transformation generated by G, there corresponds a constant of

the motion I(t.g,4) given by (1.11), Le.
I(t,4,4) = f(t,q) ~ L& + (n ~ §€)0L/Bd]. (2.4)

This theorem does possess the beauty of having an exphcit formula (2.4} for the
constan's of the motion once the Noether symmetries are known. It establishes a
precf?e correspondence between equivalence classes of point symmetries and con-
stam':.ls_ of the motion. It should, however, be pointed out that such a liﬁk is strictly
with respect to a fixed Lagrangian description, bearing in mind that there are am-
biguities in the possible La.gra.ﬁg;ian description of a given second-order dynamical
equation as discussed in section 1.5. Therefore, in order to ta.ke.full advantage
of Noether's theorem for a given one-dimensional dynamical aysterﬁ, one needs a
suitable Lagrangian that will give rise to the higheat number of Noether point sym-
metries and so the largest number of constants of the motion that is obtainable m
this way. Therefore of prime importance is the dimensionality of the Noether point
symmetry algebra for a given particle Langrangian.

We at first find out the maximum dimension of the Noether point symmetry alge-
bra for a variational problem whose Euler-Lagrange equation constitutes a scalar
second-order dynamical equation. It is instructive to look firstly at the Noether
point symmetries of the free particle equation with respect to the usual Lagangian
L = ¢ [2. Substituting this L into the Killing equation (2.3) and performing simple
manipulations we end up with, as is well known, a set of .ﬁve symmetry vecior fields
26 '



(or any linear combination thereof)

. a 8 18
Gi=m C:=imtity
8 8 . a8
Gz = tzgt_ + tq.gg; .Gﬂi =37 | (2.5)
Gg, *—“tEE.

The corresponding Lie algebra is isomorphic to As 4o which, in a convenient basis
{ei : i = 1,5}, has non-zero commutation relations {see Patera and Winternitz

1977)

[e1, e2] = 2¢;, [e1, e3] = —ea, [e2, €3] = 2e3, [e3, e4] = €5, [€2, €4] = €4, [€2, €5] = —es,

[63, 85] = E4.

It is now opportune to re—intro&uce the notion of equivalence (for one—dimensibnal
systems) by means of a poiﬁt transformation of two particle Lagrangians. Two
Lagrangians L{t,q,¢) and L(T,Q,dQ/dT) are said to be equivalent up to gauge
(see (1.4)) if

+ &

L(t,0,4) = K(T, 9,dQ/dT) o= + &, (26)

by means of the prescribed coorélina.te transformation @ = F(,q), T = G{,q),
- where f, the gauge term, is an arbitrary function of ¢ and ¢. This means that the
Euler—Lagrange equations associated with L and L are eqmva.lent to each other by
the said change of coordinates.

If a second-order equation in ¢ belongs to thé equivalence class of the free par-

ticle equation Q" = 0 (# = d/dT) via the point transformation Q = F(t,q),

T = G(t,q), then a Lagrangian for the equation in ¢ is obtained by invoking (2.6)
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where I(T,Q,Q') is the Lagrangian of the transformed equation which in this case
is that of the free particle equation. We take the usua_i Lagrangian L = Q‘2/2.
With this Lagrangian, the Noether poiﬁt symmetry algebra asscciated with Euler-
Lagrange second-order linearizable (via a point transformation) equations is a ﬁﬁ- '
dimensional algebra which is isomorphic to As 5. The corresponding Lie group
for this algebra of symmetries is Tz ®. SL(2, R), i.e., the semidirect product of
translations 7> and the special linear group. SL(2,R). However, one should note
here that there cou]d be other five-dimensional real algebras admitied by particle
Lagrangians. In the proof of Theorem 2.3 below, we implicitly assume that .As,m |
is the only such algebra’ and we show: ihis to be the case iﬁ Theorem 5.3. |

The question then is: what js the maximum dimension of the Noether point sym-
metry algebra with respect to any Lagrangian? Is if five? The answer is provided
by the following theorem. In analogy to the Lie counting theorem, we refer to this

theorem as the Noether counting theorem.

Theorem 2.3. The maximum dimension of the Noether point symmetry algebra for
Lagrangians in one-dimensional particle dynamics is five.

Proof: The proof is by contradiction. To that end, suppose that the maximum
dimension of the Noether algebra is at least six (it certainly cannot be more than
eight since the associated Euler-Lagrange equation has symmetry algebra of di-
mension at most eight {Theorem 2.1) and the Noether algebra is a subalgebra of
the full dynamical Lie algebra — see Olver 1986). If the Noether algebra is of
dimension at least six then the associated Euler-Lagrange equation admits a Lie
algebra of dimension at least six. However, by Theorem i; a second-order ordinary
differential equation does not admit a maximal six- or seven-dimension_al algebra.

Hence the associated second-order equation admits the eight dimensional Lie alge-
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- bra sl(3, R). This in turn implies that the equation is linearizable by means of 2
| point: transformation to the simplest equation § = 0 (see, eg., Sa.rlét et al 1987 and
- Tbragimov 1992). As there are ambiguities in the possible Lagrangian desoriptibn of
a given second-order equation, we in the first instance investigate the case for which
" § = 0 has the usual Langrangian I = ¢2/2. In view of the discussion preceding
the theorem we immediately deduce that the Noethef symunetry algebra for the
free particle equation with usual Lagrangian is the five-dimensional algebra A§,4o
(subalgebra of sI(3, R)) with corresponding Lie group T3 ®. SL(2, R). Let us now
counsider alternative {frequently referred to as subordinate, see Currie amd Saletan
1966) Lagrangians for § = 0. What will be the dimension of the Noether algebra?

We consider
§ o '
L’:f f g{s,q —ts)dsdr + Hg+ 7, (2.7

where g is an arbitrary function of the functionally independent constants of the
motionof § = 0, H and J are functions of £ and ¢ such that H; = J,. The alternative
Lagrangians (2.7) are constructed by solving L}; = gLyy where g is the constant -
of the motion and L}, and Ly are the mass tensors, i.e., they are multipliers of §
in the Euler-Lagrange equations for L' and I (see Theorem 1.6) respectively, All
Lagrangian descriptions of the free particle equation is of the form (2.7). Our goeal
is to search for the maximum number of Noether point symmetries of (2.7). Thus
we need to analyse the Killing equation (2.3) with L replaced by /. The following
strategy iz employed. We choose the vector field @ to be |

' 8 ]
G = (a1 + aat + azq + astg + astz)g\tf- + (aag® + astg + as +arg + ast)EE , (2.8)

wiiere the a;'s are arbitrary constants. In (2.8) we have the miost general free particle

symmetry, i.e., it is a linear combination of the eight independent symmetries of

the free particle equation. It follows that any Noether symmetry(ies) of L' is(are)
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contained in (2.8). In order that G as in (2.8) be a Noether symmetry of L', the -
constant of the motion g has to satisfy

(as — a1g — asqu + asv? + arv)dg/Bv + (207 — az ~ 3asq 4 3a.nv)g
: ' ' ' (2.9)
+ (a8 + arg — aaf + esv — as§® + agfv)dg/Bg =0 <
where v = g — tj. Equation {2.9) is obtained by straightforward albeif tedious
manipulation invoking (2.3) with @ as in (2.8) and I’ as in (2.7).

For a given g which determines L', what is the maximum number of Noether sym-
mefries {of the form (2.8))? To answer this we investigate (2.9). In the case when

g is a nonzero constant, (2.9) becomes
(2&7 — g - 3“34' + 3’140)9 =10

whence 57_ = as/2, a3 = 0 and as = 0. Hence L' with g # constant haé five sym-
metries which constitute tﬁe symmetry group T ®, sl(2, R). What happena when
g is not a constant? What will be the maximum number of Noethar symmetries?
We answer these by resorting o the classification of vector fields in the plane given
in Table 2.1. To this end, without loss of generality (after all we are interested in
the case when L' admits the maximum number of symmetries), we assume that I’
admits the symmetry 5/8g. Then (2.9) becomes

(a5 + %d)g-ir +3a49=0
; (2.10)
(as + a7g — ang — Gaq'z)ggt +(2a7 — az — 3aad)g =0

which, in effect, also means that L' admits 8/8¢. 'Thus L' with g satisfying (2.10)

admits two symmetries. Let us further suppose a third symmefry for L’. Then this

symmetry together with 8/0¢ and 8/0y generates a three-dimensional algebra 453
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 j # 8,9, given in Table 2.1. We list the constants of the motion ¢ for which L'
admits exactly tﬁl‘ee_synunetries which generates the solvable algebra (4 # 0 is &

constant in each case):

A,  g=Aexp(~q)
Aa  g=A,
1+p . '
( "2_[_ 9=Agp p%-o,—z,—:}, :
P (2.11)

Ay @_Aé g= A¢™*
ALs g=A01+§)7%7,

AL 5= AL+ @) exp(barctan §).

We now treat the case when L' admits exactly the semisimple algebras ALY given
in (2.2) and 43¢ of Table 2.1. The g’s and the corresponding algebl.;aa are (A # 0

is a constant in each case);

A g=A(g-tg+ /272,
_ (2.12)
Ase 9= A[l4(g—tg)% + ¢ 3

The first integrals ¢ in (Z.12) can easily be derived by invoking (2.9} with the gen-

erators of AJ%] and A3 g in Table 2.1, respectively. It is s:mple to verify that Af%,

Az s, A3 and AEL' are not admitted by I'. The remaining algebra realizations

Az, ALk, AL, A;:;” and Af§ imply five symmetries for L' with g 2 nonzero. |

constant in each case. It folows that L' cannot admi{ a Noether a.lgei‘)ra, of di-

mension greater than five since an algebra of dimension more than five contains a

three-dimensional subalgebra which according to the previous argumentation can

only imply either exactly three Noether symmetries or five Noether symmetries for
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L. For example, L' cannot admit the six-dimensional simple algebra s0(3, 1) sincé
it contuins s0(3) (i.e., A3,0) which by (2.12b) can only imply three Noether sym-
metries and no more, Consequently we deduce that .the Noether point symmetry
algebra for the free particle equation with alternative Langré.ngia.n L' is at most
five-dimensional. Thus for all the cases, the dimension of the Noether algebra is at

-mosf, five. This contradicts our assumption and hence proves the theorem. o

- The above was an algebraic proof, It is worth pursuing a geometric proof of the

Noether counting theorem.

Bemark: Tt is not only when g s a nozers constant that L’ a.dm.xti. __i:l.'li:f_:'Noether

sjrmmetries. The same situation arises if
9= (b1d+byv+83)° (2.13)

where the b;’s are constants and v = g — #¢. It is straightforwazd to verify (2.13).
Indeed, one need only apply the projective irans‘ormation (whick leives the free

particle equation invariant) to the free particle equation, viz.,

at+bgtec dt+eq+f)
(q) = ( at+ﬁq+'r’Q at+ Bg+y

applied to Q" = J(dt/dT)*§ = 0 where ' = d/dT and J is the Jacobian. One then
finds that the most general coefficient function of § which has functional dependency
in ¢ and v is of the form (2.13), "

We note that in the absence of the gauge term, i.e., in the case of strict invariance -
of wne action functional, the variational algebra is a subalgebra of the Noether
algebra. The variational symmetry algebra of the usual Lagrangian L = 14? of the

free particle equation is the three-dimensional algebra, A‘.,%ﬁ. The carrespon . g Lie
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group is T3 ®, D which is the semidirect product of translations T} and dilatien D,
Hence we have the following corollary. |

Corollary 2.1. The maxitum dimension of the variational point symmetry algebra

for Lagrangians in one-dimensional particle dynamies is three,

s View of the above discussion and corollary, one has to bear in mind that all
ﬁhe symmetries and therefore all the first integrals may not be determined in the
absence of a gauge term This is not to say that they all will be determined using
gauge variance since there are alternative Lagraugians for a given problem that may

result in fewer (incomplete) symmetries,

Theorem 2.4. There does not exist a maximal four-dimensional Noether point

symmetry algebra for one-dimensional particle Lagrangians,

Proof: The proof follows from the proof of Theorem 2.3. From the argumentation |
there, it can be deduced that L’ in (2.7) does not admit exactly a four-dimensional
Noether point symmetry algebra. This in turn means that there does not exist a
Lagrangian, for a second-erder dynamical equation which is linearizable hy means of
a point transformation, which possesses a maximal four-dimensional algebra. Hence
there does not exist a Lagrangian which gives rise to a maxims! four-dimensional
Noethber algebra since its associated Euler-Lagrange equation cannot by Theorem i

posse;-sé a maximal four-dimensional algebra. o

An immediate consequence of the preceeding theorems and related discussions is

the following interesting result:

Theorexn 2.5. A first-order particle Lagrangian on the line adm.ité a maximal r ¢
{0,1,2,3,5} dimensional Noether point symmetry algebra.
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As a finul remark we point out thai the full Noether algebra of a particle La-
grangian is not in general a subalgebra of the maximal Noether algebra Asse of
point symmetries. We show this by investigating thé subalgebras of Ay 40. The only
th.ree—dimensional subalgebras of 45 40 are Az, A; s and Az s (sl(2, R)) which in

effect means that the other fhree—d.lm-smna.l algebras listed in Table 2.1 are not
Noether subalgebras

In chapter 3, we study maximally sf,:mmetric Lagrangians and show the connections
with the Lie equivalence problen:.
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3. NOETHER EQUIVALENCE PROBLEM FOR
PARYTICLE LAGRANGIANS

3.1. Introduction

In particle dyna.mids one is sometimea_ éon.fronted with a complicated Lagrangian. If
this Lagrangian admits a Noether algebra or is induced into admitting a Noether alge-
bra (see chapter 4 and Kara and Mahomed 1692}, then it can be simplified, by means
of a diffeomorphism of the plane, to a gimpler representative particle La.gra.ngla.n The
representative particle Lagrangians for one-dimensional particle systems which admit _
_ Noether a.igebras are obtained in section 3.2. The solution of this problem gives the
| cowplete rela.tions}ﬁp between the Lie equ.ivalehce problem and the Noether equiva-

lence problem for one-dimensional particle systerms.

We, in fact, show that if a second-order dynamical equation admits the maximal r,
where r € {1,2,3}, dimensional point symmetry Lie algebra .A,.then there exists a -
particle Lagrangian which admits /A as its Noether algebra provided A i.s the real
algebra AL,, ALs, ALL, ALY or Asg. Thus, excluding Al ,, A2 (0 < laf < 1)
and A8L (6 > 0), the dynamical Lie algebras and the Noether algebraa are, fe-
spectively, isomorphic to each ofher. Howéver, if & dynamical equation admits
SA € {4f,, 43 5,A§ 1 as its maximal Lie algebra, then the Noether algebra is

at most two-dimensional with respect to a.ny Lagrangian representa.tmn, i.e., it is a

proper suba]gabra of the dyna.m.lcal algebm SA.

The other situafion arises when a dynamical equation admits the eight-dimensional

algebra. si(3, R). The Noether algebra of point symmetries for this :-_;:'.ase is at most

the five-dimensional algebra As 40 which is a proper subalgebra of £43, R). Here we

have that the deficiency in the number of Noether point symmetries is at least three.
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The gauge invariance of the action integral j;i‘ L(t,q,¢)dt only results in one of 0,
1, 2, 3 or 5 Noether ;ﬁoint symmetries (see the previous chapter and also Mahomed,
Kara and Leach 1993z). Although this most certainly is a vital and interesting
result, one nonetheless still has to contend witil the difﬁculty that a given second-
order dynamical equation can always be cast us an Euler-Lagrange equation for an
infinitude of Lagrangians all of which neerd not necessarily having the seme number
- of Noether point symmetries. We have ﬁlread}r seen this occurring for the simplest '.

linear second-order equation.

Depending upon the form of the Lagrangian (see, e.g., in tie proof of Theorem 2.3)
one may end up with exactly one of 0, 1, 2, 3 'o: 5 Noether point symmetiscs, For
instance, if I = ¢2/2 (termed the usual Lagrangian since it is the ki aeiic energy of
the particle), then the Killing equation yields five Noether symmetries and hetee
Noether’s theorem gives five constants of the motion (two of which are functivnally
independent) whereas with respect to the somewhat unusual (not obvious or not
dictated by physical consideraﬁon) Lagrangian L = —t¢%/2+ ¢4Ind —qd theli'._e iaﬁées
only one point symmetry and thus one constant of the motion. This is a disturbiag
. feature and \';Ihe dynamical problem is not completely solved iu the latier case. It

iz not so much that Noefher’s theorem fails but it is to do with the alternative
Lagrangian description for a given dynamical system. Therefore one needs to take

extra care in the selection of a Lagrangian, assuminy that there is a choice, before
subjecting it to Noether’s theorem. This is espeéiaﬂy true for nonlinear systems.
However, it should be pointed out that for many problems of physical interest, linear
gystems as well as some nonlines> gystems, the Lagrangians that arise do. result in the
maximum number of Noether point symmetries that can arise for the said systend.
These Lagrangians were termed as usual Lagrangians presumably because they were
constructed in a straightforward and obvious menner frem physical considerations.

For our purposes, we refer to a Lagrangian as being mazimally symmetric Lagrangian
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if it is of & ‘simple’ form and gives rise te¢ the maximum number of Noether po:'uit
symmetries that can occur for any Lagrangian description of the given dynamical
system. A ysual Legrangian for a given dynamical problem need not be maximally
symmetric. For pxa.mple, the dynamical equa.t_i_on G = ¢* expf;* has. usuel La@angia.n
L= 1%+ ¢ expt/3. But this La.gra.ngia.n is not maxiﬁlally symmetric since it resulés
in no Noether symmetries although there does exist a Lagrangian for the equation
that has one symmetry. ' -

There'is some freedom of what & ‘simple’ form is and can be dictated by the physical
problem at hand, e.g., the Lagrangian could be in terms of the kinetic and potentiai
energies of the particle like L = —%A(t, q)é* + B(t,q), where A and Blare-depéndent
ont the problem at.ha.nd {see the next chapter and Kara and Mahomed 1992). -

In readiness for the next section we give the following definition.

Definition 3.1, A particle Lagrangian having r € {0,1,2, 3,5} Noether point symme-
try(ies} is said to be s"-equivalent if it can be transformed via a point transformation
by formula (2.6), to a maximally symmetric Lagrangian having r € {0,1,2,3,5}
Noether symmetry(ies).

An example of an s"-equivalent Lagrangian @rresponding to the free particle equa-
tion § = 0 is L = 1/¢*. This Lagrangian can be mapped into the usual Lagrangian
L = §*/2 via a point transformation using (2.6). Note that L = jlug — ¢ is not
sf-equivalent since it gives rise t; three Noether symmetries whereas a maximally
symmetric Lagrangian for the same problem {free particle) gives rise to five Nvether
symmetries. Thus, it is important to have representations of s”-equivalent, where
r & {1 2,8,5}, Lagrangians since they reveal the most amount of information about

the dynamical problem.
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‘This chapter is a sequel to chapter 2 and the work reported here can be found in
Kara, Mahomed and Leach (1993).

3.2. Representative Lagrangians

As po'mted out in chapter 1, there has been many contributions to the inverse problem
of Lagrangian mechanics and the calculus of variations, i.e., the problem of construct-
ing (if possible) a Lagrangian for a dyhainica.l system. Here we concern ourselves
with the coﬁstmction of representatives of equivalence classes of s"-equivalent La-
grangians. Two Lagrangians are said to belong to the same equivalence class if one
can be transformed into the other by means of a point tra.nsforﬁ:ta.tion using formula

(2.6).

Consider a one-dimensional real variational pfoblem (i.e., n = 1in (1.1)) in which

the extremal of the functional

11
L(t,0,4) dt 6D

to

' is required, where L is a smooth function of its real arguments with Lgg # G in its
domain of definition. The associated Euler-Lagrange equation is

Y || (3.2)

which is a second-order equation and can be written in the normal form § = N(3, g, )

where IV is given by N = (Lg — Ly — ¢Lyy}/Lyz . The second-order Euler-Lagrange

equation (3.2) can have maximal 0,1,2,3 or 8 real point symmetry algebras (see Ma-

homed and Leach 198%a). In chapter 2 and Mshomed, Kara and Leach (1993a), we

gave a synthesis of real equivalence classes of dynamical eqﬁaﬁion.s that admit ‘point

symmetry. In the case of equations which possess no symmetry (0 symmetry case)
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the Lie algebraic classification. does not allow us to write a representative equation

and so t6o we do not have an s%-equivalent Lagrangian for the zero symmetry case.

We obtain Lagrangian representations of the representative dyha;nlica.l equations pre-
sented in the previous chapter. To be precise, we construct s™-equivalent Lagranglans
for each of the equivalence.clasées of dynamical equations that admit 1,2,3 or 8 point
symmetries. This in effsct sets up the connection between the La@ange equivalence
probiem with which we are concerned here and ﬁhe Lie equivalence problem which
was dealt with in Mahomed and Léach (1989a). We are in actual fact forcing the so-

lution of our hagrange equivalence i)robleﬁl from the solution of the Lie equivalence
| probiem. Thié is facilitated by using the notion of s"—equivalént La.gra.ngian since
our basic concern is in obtaining first integrals via the Noether classical theorem
- more than just presenting the complete solution to the Lagrange equivalence prob-
lem. The Lagrange equivalence problem is attempted in Kamran and Olver (1989)
which utilises the Cartan equivalence method. | |

We begin with the case when the dynamical equation § = H(t,q,§) admits the
maximal one-dimensional algebra A;. As is well known, the cancnical form of the

equation is
§ =H(t,4) - (33)

where 8/8g is the canonical realization of A; and H is a definite function of ¢ and 4.
An st-equivalent Lagrangian for (3.3) is of the form

L= j Pt ) do - (3.4)

where F(t,q) is a first infegral of (3.3),

If instead we had an autonomous equa.tion with time-translation 0/8¢ as its symme- -
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try, then the Lagrangian for such an equation is of the form (Sarlet 1981)
i i_ o |
D= [ v e (35)
where F(g, ¢} is the time-independent first integral of the autonomous equation. Us-

ing formula (2. 6) one can easily verify that (3. 4) and (3. 5) are equivalent Lagra.ngmna
Hence (3 5) is also & L-equivalent.

We now turn our attention to the case when a dynamical equation. admits a maximal
two-dimensional algebra. The algebras can be either 24; (Abéfian) or Az and the
canonical form of the equations are _ | |
§="H(g) or tj=™(g), S (88
with restrictions on H (see Mahomed and Leach 1989s). The canonical realizations
of 24, is 247 {a/ai, 8/8qt (the realization 2417 yields a linea:f form) and for 212 is
AL : {8/0q,tD/8% + q8] qu (the realization AL yields a linear form). We coustruct
s?-equivalent Lagrangians for both the forms (3.6a) and (3.6b). In the Euler—La.grange
equation for (3.6a) we can without loss of generality take 8L/8g = 0 and then solve
the resulting linear first-order partial differential equation which in turn implies that
a Lagrangian be of the form -

I= f ( / o ))dr | 3.7
More generally, one can write |
L= f Y f ' %)d«- + 5, 9) + o{t, g),

provided ¢; = b; + 1. One has freedom to choose b = —¢ and ¢ = 0 and thus (3.7).
We do the same for (3.6b) and a Lagrangian is

L=%fé(expfr7}§2—))dr. | (3.8)



Here too oné can add b(t, g)¢ + (£, q) provided ¢; = b;. It is easy to verify by using
the Kﬂlmg equation (2.3) that 247 is the Noetk .z symmetry algebra for (8.7) and A3
is the Noather symmetry algebra for (3.8). Hence (3.7) and (3.8) are s?-equivalent
Lagrangians and their Hoether algebras are the same as their respective dynamical
algebras. Applying Noether’s theorem to (3.7), with the gauge function f linear iﬁ |
g, we obtain the flmctioﬁally independent first integrals '
i
I = % ~t

q‘*'ffﬂ() ‘ .H(r)

corresponding to the symmetries afag and 3/ Bt respectively. In a similar manner

(3.9)

we obtain the functionally independent first integrals associated with (3.8), viz.,

h= *"1“‘""/ )’

/(expf ff()dw“q e e"pf G

These correspond to the symmetries 3/0q and t0/8t+q0/dg. It should be mentioned,
however, that the first integrals (3.9) and (3.10) could equally well be derived by

(3.10)

solution of the dual conditions GI(t,q,d) = 0 and dI(t,q,)/dt = 0 where G €
247 (G € A}). This is without regard to the knowledge of a Lagrangian. The

soltition of these linear pai*tia.l differential equations is more difficult or sometimes

too difficult to obtain.

The Lagrangian formulation of dynamical equations that admit three-dimensional

algebras is a difficult problem to say the least. There are six real representatives of

equivalence classes of second-order equations which admit 2 maximal three-dimen-

sional real algebra (see Mahomed, Kara and Leach 1993a). Moreover, there arises
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exceptxona.l cages when dealing thh the Lagra.ngan formulation corresponding to the
family of algebras A3’5 (0 < laf <1, 0 # 1/2), Al and ALY (b > 0). So we, frstly

construct an s™-equivalent, r € {1,2,3}, Lagrangian for the canonical equation

a-!

§i=d" a30,1,2

: 2, (3.11)
whick admits A${ (0 < [af < 1, @ # §)and Af if o = —1. We also treat the algebra

Af 4 since it arises naturally in this setting. For la| > 1, equation (3.11) admits A” ol

(0 <1/la < 1).

We retura to a result discussed briefly in chapter 1 where we stated that given a
symmetry ¥ of a second-order dynamical equation, one can find a Lagrangian I for
the équa.tion such that ¥ is a Noether symmetry with respect to L. The symmetry
in question could be a generalised symmetry (se{!-b"'arlet 1981). However, for our
purpose, we restrict to a (prolonged) point symﬁﬁetry gince we are dealing with a
finite dimensional Noether algebra of symmetries. A Lagrangion L follows from
integrating the equation (see Sarlet 1981 and chapter 1)

62 or

L | |
- (n qu——-a, - (3.12)

where ¢ and n are the coefficient functions of the given symmetry vector G =
&(t,q)0/8t + n(t, q)0/0q of the given second-order equation and I(f,q,4) is a first
integral associated with the symmetry G of the equation, i.e., I is obtained by solu-
tion of the dual conditions GIU(I) = ¥(I) = 0 and dI /dt =

We are now in a position to obtain an s -equivalent Lagrangian for equé;tion (3.11).
We shall study the sifuation when a # —1 since (3.11) possesses the algebra Af 4

when @ = ~1 and this requires an allied but separate treatment. In order to construct
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a Lagrangian utilising (3.12) we need a first integral of (3.11) corresponding to # given
symmétry. Since we have at oﬁr disposal three syxﬁmatries that constitute Aglg, we
cap select any of the thiee 8/8t, 8/8q or t8]8%+agd/dq or even a linear combination
thereof. Let us begin by choosing X = {8/8¢ + aq0/8q. Then n — ¢€ = aq — t§ and
the firsv integral associated with X satisfles

o R/ TR sy N CE)

Hence invoking (3.12), we déduce that a Lagrangian for {3.11) must be of the form
1 ot - R
L= =21~ a) +4457]'7 4+ b(t,0)d + (t,0), (3.14)

provided b; = ¢;. This Lagrangian has one other Noether symmetry Z = 8/d¢ for
a#—1 Ias can easily be verified by the Killing equation (23) Thus, in all there are
two Noether symmetries of (3.14) when a # —1. These two symmetries X and 2"
genex;a.tes a proper subalgebra of AgL. Does (3.14) qualify to be s?-equive¥15? Can |
one find another Lagrangian (not equivalent tn (3.14)) representé.ﬁion of (3.11) that
possesses 4 Noether algebra isomorphic to Agié? The answer to the first question
is yes and t§ the second no. To understand why this is so, let us look for another
Lagrangian for (3.11). This time we choose X' = 8/0t as our starting symmetxy.
Then  — §€ = —¢ and the first integral associa,ted with X' sa.tlsﬁes

I .. '
% ge=t, (3.15)

Now using (3.12), we arrive at & Lagrangian for (3.11) of the form

(a—1)

aQ

L= g + b{t, 0)d + et, q) , (3.16)

provided ¢; = b; + 1. The application of Killing’s equation {2.3) to (3.16) for a
—1 leads to one more symmetry Z' = 8/8g.  .uce X' and Z' generate & proper
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subalgebra of AJ{. We could equally well have started with 8/8g. Then one would
again have ended up with (3.16) and a forther symmétry 8/6t. So no matter with
which symimetry one begins, the Lagrangian that rc*sui‘;‘,s always has at most tvo
Noether symmetries. Thus an 32'—equivalént La.gra.ngla.n for (3.11) with n #£ --1 is
of the form (3.14) or (3.16). Note that one has some * ~dom of choosing b and ¢
in (3.14} or (3..1.6}. This, of course, shoufﬂ be subject Ito the respective constraint

equations,

We now investigate the ca.sé when (3.11) a.dmiﬁs Af,, ie., when ¢ = —1 in (311)
Therefore we study the equation ' | '

| i=it. o (317)
A Lagrangisn fm_ (3.17) can be obtained from (3.14) or (3.16) by setting @ = —1,
A Lagrangian so derived has Noether algebra isomorphic to the dynaﬁcd algeb:é’
A§,4. It is quite staightforward to verify this. Indeed, one need only analyse the
forms (3.14) and (3.16) for ¢ = —1 and use appropriate choices of b a.nd ¢. Consider
(3.14) with a = 1, b=~ and ¢ = —g ~ 4/4. This lesds to L = 4% —¢. Simjlaﬂy'
{3.16) with ¢ = —1, 5 =0 and ¢ = ¢ results'in ; = —4¢% + g. Therefore we see that
the two Lagrangians differ by sign and are trivially equivalent. Hence

L=—4¢4+g © o (3.18)

is s®-equivalent corresponding to (3.17) with Noether algebra Af ;. One could also
use Killiné‘s equation (2.3} on (3.14) or (3.16) for ¢ = —1 in order to obtain the
Noether algebra Af . |

It is quite inferesting to note that the value ¢ = —1 is special as it gives rise to a

Lagrapgian description (3.18) which admits a Noether algebra which is isorhorph.ic

to the dynamica: algebra A ;. For other values of a (a # —1), the Noether algebra,
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is always_?. proper subalgebra of A_'_g‘é‘ as we have indeed seen for (3.14) and (3.16).
One has to exercise caution as 'WP ** already encountered Agl and Af ; as Noether
algebras for alternative La.grang..mh of tﬁe free 'iia.rtiéle equation (see Mahomed, Kara
and Leach 1993a and chapter 2). However, the Lagrangians defined there were not

s%-equivalent,

Previously, in chapter 2, the Lagrangians admitting the algebras Af ; and A§{ were
indistinguishable since they could be incorporated into one. This is also true for the
Lie algebra of the dynamical equation (3.11). Now in the sense of s™-equivalence, the
picture is quite different. We no longer have Ag but two proper subalgebras, one
non-Abelian and one Abelian, both of which are associated with two s®-equivalent
La.gra.ngia.ns (3.14) and (3.16) respectively. The a.lgelzur'a.--'z‘égr 4 has one corresponding
-eqmvalen{'. Lagrangian (3.18). Clearly the Noether eymmetry properties of each of
(3. 14), (3.16) and (3.18) are distinet. '

In order to fully describe the algebraic praperties of the system governed by the dy-
narrical equation {3.11) (ur its equivalent since (3.11) is a representaﬁve of a whole
class of equations which can be transformed to it) for a # —1 using a Lagrangian
formulation, one requires two Lagrangians. We have presented two s?-equivalent La-
grangians (3.14) and (3.16) that together gives the complete symmetry generators
of A3f. Now, one can apply the classical Noether theorem to (3.14} and (3.18),
respectively, to obtain all the independent constants of the motion or first integrals
associated with all the Noether symmetries. Of course one should bear in mind that
for complete integrability the full algebraic description is not neces. iry, but any two-
dimensional subalgebra would suffice and this could be precisely the Noether algebra
of (3.14) or, u}' rnatively, (3.16). However, the following points should be borne in
mind. Firstly, the two Lagrangians together give rise to an algebra which is iso-
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morphic to the Lie dynﬁ.mical algebra and this correspondence gives the relationship
beﬁween the Lie and the Noether algebras associated with the two s2-equivalent La-
grangians. Secondly, and perhaps more importantly from a physical point of view,
the full algebraic description, i.e., the two Lagrangian picture aliows for the complete
dét@rmina.tion of all the physical constants or integrals via Noether’s theorem. We
shall comment on this further when we deal with the s°-equivalent Lagrangians of the
free particle equations. Invoking the Noether invariant (2.4) with thé .s’-eqﬁivaient
Lagrangian (3,18) with the choices b = 0 and ¢ = g we obtain the integrals (the gauge _
function is linear ﬂﬁ 1) | | |
o L= (a-1)/a—q,
(3.19)
L =t+(1—a)§=T,

corresponding to the symmetries 8/8t and 8/0q respectively, Likewise for the La-
grangian (3.14) with b = ¢ = 0 we obtain, associated with &/8q, an integral which is
a function of I, viz., f{ “/a and corresponding. to 18/8% + agd/q, the Junctionally
dependent integral | _ ' o |
I =4I, - (3.20)

The algebraic properties of the equation (3.17) can be represented completely by the
Noether symmetries of thﬁ' s%-equivalent Lagrangian (3.18) given by 8/6¢, 8/84 and
t8/ 8t — ¢8/0q (A] ,). Henre by Noether's theorem there are three first integrals and
they turn out to be precisely (3.19) and (3.20) if we set g = ~1.

Let us construct s™-equivalent Lagrangians (there is more than one) for the canonical

equation _
§ = exp(—q), | (3.21)
which admits 4{,. Once more we call on (3.12). We first of all require a first

integral of (3.21) associated with a given symmetry, Since we have three Symmétries
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that give rise to Af, (note that the AL} realization results in a linear equatioﬁ
which we shall deal with later) we can choose any of the three symmetries 8/0t,
.- 8/8q and ta_/-af + {t + q)8/Bq or & linear combination thereof. We first select X =
£6/8% + (t + )8/8q. Then 1 — ¢€ = £+ q — t¢ and the first integral associsted with
X satisfies

O _ (g tit+Hep(=d) |
o¢  [texp(-g)— 12 o2

whence, by (3.12), a Lagrangian function of (3.21) has to be of the form
L = (Int)ft — g/t ~ Inft exp(—¢) — 1]/t + b{t, )¢ + c(t, 0), (8.23)

subject to the constraint equation ¢q = by +1/t% This Lagrangian (8.23) has another

Noether symmetry Z = 8/8g. The two symmetries X and Z generates a proper
(non-Abelien A,) subalgebra of Af,. Just as for the équa.tion (8.11) (@ # —1) one
cannot, for the equation (2.21}, obtain a Lagrangian which admits a Noether aIgebré.
of dimension greater than two. So.(3.'23) is s-equivalent, We now search for another
symmetry for (3.23), We begin by"sélecting X! = 0/0t as our first symmetry. Then
n — ¢ = —¢ and the first integral linked to X' satisfies

ar . . '
5 = 1(d) - e24)

Utilising (3.12), we easily arrive at a Lagrangian for (3.21) which is of the form

. L = exp(g) + b(t, q)q + ¢{t, 0), | (3.25)

provided 2, = b; 4+ 1. A further symmetry for (3.25) is £’ = 8/8¢. Thus, X' and
Z! geﬁerate a proper subalgebra (Abeliun 24,) of 'Ag’g. One could equally well have
started with 8/8q. Therefore, a.uother.'sz-eqtﬁvalent Lngrangian for equation (3.21)
is (3.25). | |
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One agein has to be cautious as we have already encountered A{}z as a Noether

algebra for an alternative Lagrangian for the linear equation (see Mahomed, Kara -

and Leach 1993a and chapter 2). However, as pointed out before, the La.grangiané
defined in Mahomed, Kara and Leach (1993a) are not sa-eQuivalent. Now, we no
longer have 'A;{,g but two proper subalgbras of Af 2, 24; and Ag, both linked to two

s?-equivalent Lagra.ngia,ns (8.23) and (3.25), respectively.

We have obtained two s*-equivalent Lagrangians (3.23) and (325) that together gives
the full set of symmetry generators of Ag,z.' Thus, to describe completely the algebfa.ic
properties of a system goveme& by the djﬁamical equation (3.21) (dr its equivalent
equation) by means of a Lagrangian formulation, one needs two Lagrangians,

One can now apply the classical Noether theorem to (3.23) aﬁd (3.25), respectivel&, '
to obtain the first integrals associated with each Neether symmetry. Applying (2.4)
to the s®-equivalent Lagrangian (3.25} with the ch‘oices.b = () and ¢ = g we arrive &t
the integrals (the gange function is linear in ¢) |

I =1 — exp(g),

(3.26)

I = dexp(g) ~ exp(d) - g,
corresponding to the symmetries 8/8¢ and 0/8t, respéctively. Similarly, for the
Lagrangian (3.23) 1ﬁth b=1/t and ¢ = —Inift wé obtain, associated with §/8g, an
integral which is & function of 1, viz. .——1/ I and corresponding to ¢8/8t4-(2+4)8/8q,
the functionally dependent integral

Ly=InI +Iz/11. . (327)

We now obtain s”-equivalent Lagrangians for the representative equation

§=(1+¢")? exp(btan™ ¢) | (3.28)
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' vhich admits 434 (5> 0) and Af g if b=0.

We firstly study the case when (3.28) admits A}] and then the case A ;. We invoke
(3.12). | Thus, we require a first integral associated with a given symme_i;rj. We mé.y
select any one of the symmetries 8/6t, 3/ g or (bt +¢)0/ 8¢ 4+ (bg ~ )3/ g or & linear
combination. We. cﬁoose X = 3/0g. Thei_:t'the first integral I, associaj:ed with X
éa‘tisﬁf:s - _ | o '
oad_ L (3.20)
8 ~ (1+ @) Fexp(btan ) =

By invoking (3._12), we obtain a Lagransian for (3.28} of the form

L=~y (b L+ P o i teb)  (330)

provided a; = ¢4 + 1. This Lagrangian has one more symmetry Z = 5/8t when
b # 0. These two symmetries, X and Z, generates a proper sub;n.lgebra of Ab “; The
Lagrangian (3.30) is s*-equivalent. Thére dﬁes not exist another.{La.grangian'that
has a Noether algebra isomorphic to Ag’l-}. To see this, we obtain a;q{bther Lagrangian
for (3.28). We take X' = (b + 6)9/0% + (bq ~ 1)8/8q s our sharting symmetzy.
‘Then we require the first integral associated with X'. The usual method of solving
the dual condition X'M(I) = 0 and dl/dt = 0 is a priori difficult. Therefore we
employ another strategy. We firstly obtain the integrals associated with X = 8/d¢
and Z = 8/8t. We do this by applying the classical Noether Theorem to (3.30) with

the choices a = £ and ¢ = 0 and we arrive at the integrals (the gauge functions are

linear in g)
- 1 b—g '
I = ~btan™ §),
SR e Frrro R |
(3.31)
1 1 4 bg -1
L= q; exp(~btan™ §),

HETOreEwY:
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corresponding to the symmetries X and Z, respectively. Then we impose the require-
ment X'M(7) = 0 where I = A({1,13) for some functional form A. This gives

I=@+ Bleaba(R).  6)

]_E[éuce, a first integral associated +ith X is (3.32). To construct a Lagrangian corre-

sponding to I we invoke (3.12). This is done in the fo]lovving manner. The integrated |
form of (3,12) ia (1.12). In fact, (1.12) gives precisely the Noether invariant cor-

responding to a Noether symmetry with f(3,q) being the gaunge term, A further

. integration of (1.12) leads to | |

1 | - I |

L= = f{t,q) + (—n + GE)A(E, ) + (—1 + ¢ f—-—-—f-—d‘, (3.33

_ Ef( @) + (~n + §6)Al, @) + (—n + ¢€) arald (3.33)

where h is some function of ¢ and g. Whence a Lagrangian for (3.28) which admits
X' is ' '

(72 + ID)} exp(btan—1( L))
E+50) + a(g— D)

L = (1 + bg) + (¢ — b)}

dg + alt, g)¢ + c(t,q) (3.34)

provided ¢, = a;-+1. This Lagrangian does not admit a further Qymmetry. Therefore,
any Lagrangian representation of (3.28), whenever b # 0, has af most two Noether
symmetries. An s2-equivalent Lagrangian for (3.28) with b # 0 is of the form (3.30).
The Lagrangian (3.34) is not #-equivalent.

We now study the situation when (3.28) admits Af ;, i.e., when b = 0in (3.28). Tﬁua,
we consider

i=(1+¢h% (3.35)
A Lagrangian for (3.35) is obtained from (3.30) by setting b = 0. This leads o, if we
set o =t and ¢ = 0, the Lagrangian

L=—(1+¢%)7 41§ - (3.36)
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wilich is s%-equivalent with Noether algeﬁfa. Al ,. For other values of & (b 7 0), .the
Noether algebra is a prbper subalgeBra. of A3 "; as we have seen for (3.30) and (3.34).
Also, we have come across Af ¢ and A}} as the Noether algebras for alternative La-
grangiané_ of the free particle equation. 'However, the Lagrangians glven in Maiiomed,
Kara and Leach {1993a) were not s -equwalent We note tha.t the Noether symmetry

properties of each of (3.30), {3.34) and (3.36) are different. |

We havé given two Lagrangians, viz., the ._93.—equivalent .La.gra_ngian (3.30) and the
Lagrangisn (I3.34) that together gives the complete symmefry generators of Ag,‘-}
i'iencé, one requires two Lagrangians to completely describe the algebi‘a.ic properties.
of the system governed by equation (3.28) for b # 0. The first integrals associated
with the Noether symmetries are given by (3.31) and (3.32). However, for complete
integmbi]ity; the full algebrajc descrip.iun is not necessary, but the s*-equivalent
Lagrangian (3.30) would suffice. Also pertinent here are the reﬁmks made regarding |
int_egra.bi]it;f and the algebra for the equation (3.11).

The Nosther symmetries 8/8t, 8/8q and ¢8/8t — 18/0q of the $*-equivalent La-
grangian (3.36) fully describes the algebraic properties of the dynamical equation
{(3.35). By the Noether theorem there are three first integrals and they are (3.31), if

we set b= 0, and

2 ¢ g-ig
L==—+% .
3= 5+ +(1+é=}% (3.37)

corresponding to g8/t — ¢8/8q.

~ We now obtain s"-equivalent Lagrangians for the equation (A is an arbitrary oo
gtant)
4§ = Ag® — %q‘ (3.38)
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wluch a.dn:uts the A -algebra, of symmetnes a/0t, t&/@t + q8/8q end 2490/5t +
42-3/ 8g. The Af g symmetries do not give rise to to a second-order equation and we
treat the AI i case immediately after this-case, One can qmic 4 to 1 by means of

a real scaling transformation in ¢ of the form ¢ = VEAT dependmg on the sign of

CAA Lé.g;a.ngian for (3.38) can easily e constructed by utilizing (3.8). Of course it
could edsily be obtained by uéing the symmetry(ies) and invoking (8.12). KA=1
we have the Lograngial, © |

. _ 4

+2t

L= (3.39)

o | u.

It is not hard to venfy, by using the le]mg equa.tmn, that 4. is the Noether algehra.

for (3.39). Hence, (3.39) is s*-equivalent and its Noether algebra is isomorphic to the
dynamical algebra. For 4 = «1, a Lagrangian for (3.38) is

L=

b

(3.40)

ek |
2|~

The Lagrangiar_l (3.40) is also s%-equivalent with Noether algebra Agrf;. There is no
real transformation that maps (3.39) to (3.40). Howe‘-jgr, there is an obvious complex
transformation (¢,g) ~ (it,q) that maps (3.39) to (340) This transformation also
takes (8.38) with 4 = -1 fo (3.38) with A =1.

Applying Noether's Theorem to (3.39) and (3.40) in turn, with the gauge function
linear in f, we obtain the linearly independent first integrals (the upper sign refers to
(3.39))

_lp

A1 = :Fthz}

Iy = i +2 ?2“, - (3.41)
'S 24;

Iy = :hzt—-;-:F thg’



.
corresponding to the sjmmetries B/ 8q, t8/0t + g8/ Bq and 2tqd/Bt + ¢*8/ g, respec-
 tively. ' ' o

- An s*-equivalent Lagrangian for

= ¢ i+ A+t  (4)
where A is an arbitrary constant, which has the Lie algebra Aﬁg of symmetries 8/,
18/8% + q8/8q and 2tg98/8t + (¢* — 12)3/0q, is

L= t-lm + At™14. . - (3.43)
The Lagrangien (3.43) is easily obtained by using (3.8). J ust as for the Af} case, the
Neether algebra Ag:g is the same as the dynamical algebra. The first integrals are
L= At #7441+ #y5,
L=+ )+t + A/ TT P, (344
L= —AG+E PWITE + (-2~ 7P+ ) E
We m'-,tw determine an s3-equivalent Lagrangian for the A; ¢ invariant eéuation_ .

1+q.2 +(q *té)z]g
1

L (3.45)

i= 4]

where A is an arbitrary constant. To use (3.12), we require a first integral of (3.45.)
associated with a given symmetry. We have the three symmetrie:'.(l + t2)8/ 8t +
1q0/8q, 1¢3/8t + (1 + ¢*)8/8g and q3/3t — t@/@é of (3.45). -'1.-"3}e choose the first
syminetry and the first integral associated with this symmetry is deduced to be

% 1
Y R e (8.46)
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where

3= q(]_ + t_z)--%‘,
v=g(1+8*)} —tg(1 +£2)7h (3.47)

Invoking (3.12), a Lagrangian for (3.45) is of the form

=g [+ @+ -ty Hdi+ [ a0+ @+ @ty Ha
MG+ el g) : (3.48)
! " .
= 1+ )7 H(y - einw + Pacow] + bt g)¢ +e(t9),
~ where b and ¢ satisfy b, = c; + A(1 + 2 N = /14 + @2 /(1 4}, B =gz,

tanw = (§ — y)/z and y = tq/(t* + 1). The Noether algebra is 43 ¢ and is the same
as the dynamical algebra. ' |

The first integrals corresponding to the respective Noether symmetries tg0/8¢t + (1+
g%)8/0q and ¢80t — 18/dq are

At ¢
I T rem—— e e
TVttt @+ (g-up
A t+ g4 .
Iy = — +/ Ped
TVirere J WrEra-wni (3.49)
_ A + (#* +1)~3

iy - [orsinw + Bsecw],

where z, y, § and w are as defined above and @ = £ -+ gy.

Finally, we obtain an s®-equivalent Lagrangian for the equation

g=0 -  (3.50)
54



which is a representative equation for equations linearizable by means of a point
'transformatioﬁ. Equation (3.50) admits éig]it point symmetries which constitute the
Lie algebra 5i(3, R). However, any Lagra.ngiaﬁ representation of (3.50) possesses at
most five Noether symmetries aiﬁce the maximum dimension of the Noether algebra
for any particle Lagrangian is five. It is easy to see that an 5.5'-equiva1§nt Lagrangian
for (3.50) is the usual Lagrangian |

L=3§ | (3.51)

' and the Noether symmetries 3/, 2t0/0t + qd/8q, 1286t +1q8/dq, 8/q and td/5q
generate the Noether algebra As 40 (see chapter 2). We note that the Noether algebra
As 4 of symmetries is a proper subalgebra of 8l(3, R) of symmetries of § = 0.

An alternative Lagrangian for (3.50) is

1

6f2q‘3 +ag+b, | (3.52)

L=¢*{lnj—¢*¢—tad" +
where the functions ¢ and b are related by a¢ = b;. The Noether symmetries (3.52) are
gd/8t, tqB /8t + ¢*6/0g and t3/8%. These symmetries generate the algebra A; éAg.
The Noether symmetries of the two Lagrangians (3.51) and (3.52) together give the
colmplete gymmetry generators of s/{3,R). In the soluiion of the simple ha.rmoui;:
oscillator (Wulfman and Wybourne 1976) the two Lagrangian picture is essential
in fully describing the algebra and the periodicity of the motion of the oscillator.
The complete algebraic description, i.e., the two Lagrangian picture provides for the
complete deferminaticn of all the physical constants.

3.3. Discnssion

We howve shown, inter alia, that the dynamical Lie algebra and Noether algebra aie
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not, in gei;eral-,_ isomorphic in the case of three-dimensional real algebras. However,

for the a.lg’;ib'ras Al 4, AL, ALK, Agfg and Az g thejr coincide.

The results of chapter 2 and this chapter provides a partial solution to the d.i:ﬂicult':'-;.

. problem of the determination of all canomical forms for,parﬁcle Lagrangians. Thus,
% as a final remark, we give a synthesis of the canonical forms of particle Lagrangians
thet admit a three-dimensicnal real Noether elgebra of point symmetric;, These

are defined by (2.11), (2.12), (3.18), (3.36), (3.39), (3.40), (3.43) and (3.45). Hence,

‘in all there are fourteen canonical forms.. An interesting feature is that a pair of
- Lagrangians may admit similar Noether algebras but give rise to Euler-Lagrange

* equations that are inequivalent — one linearizable and the other not.

Clearly, there is only one canonical form of particle Lagrangians that admit five
Noether point :rmmetries. The canonical forms corresponding to the one and two
sjrmmetry cases ... Y requires further investigation. This is done at the end of chapter
5. In chapier 4, we consider two examples of s"-equivalent Lagrapgians, viz., s3-

equivalent and s®-equivalent Lagrangians.
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4. EQUIVALENT LAG:, + NGIANS AND THE
sl(2,R) AND si(3, R) SGLUTIONS OF
§+p(t)q +r(tle = pdq™" + s(t)g"™

4.1. Introduction
In this chapter, we consider two examples of s"-equivalent Lagrangians.

Rangana.tha.n (1988), (1989) makes an elaborate discussion on the integrability of
the differential equ.: B.inqn

G+ p0)q + (g = pPa™ + st)® @)

(where p, r and s are &;'bitrary analytic functions of ¢, and y is an arbitrary constant,
with & # 1 and n #'1) and provides conditions under which solutions involving
'.two. one or no arbmra.'y constants exist, Furthmmore he draws a fair contrast
between the conditions under which he obtains solutions and those of Reid (1973),
Lewis (1967), Pinney (3950) and Thomas (1952). Equation (4.1) is also discussed
in Thregimov (1992) and Mellin et al (1993) for 4 = 0. Here, however, ihe treé.t-
ment is quite different and relies on the notion of equivalent Lagrangians. Equation
| (41) is ofters ‘considered in its canonical form § - W#¥+". Fowever, here we retain
the other terms as there is no difference in its treatment. Moreover, the general
solution of (4,1), when it admits si(2, R) (the ‘physical’ representation, viz., Agfa)
‘or sl (3,. R) (linearizable by point transformation) can be written in terms o the in-
dependent solutions of the associated linear homogeneous equation {4.45) or (4.31),
i.e., we have a non-linear superposition principle which is usually discussed for the
Ermakov-Pinnsy equation (see Ibragimov 1992},
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|

1

_ i

In this chapter, we deterrine the solutions of (4.1) by first inducing the algebra iL

admits and then by constructing an equivalent Lagrangian for the differential equs t
tion and mapping it to.a representative Lagrangian of the transformed equatiof

and kinetic energies’. Although the Noether symmetries of the resultant Lagrangztf

Tke constructed Lagrangxan is imposed with a siructure that includes potenh{t
d

{obtained tlu:ough the Killing- type equation) is useful but it is more comphca.tq
in determmmg solutions. So we, instead, utilise the Lagrangian to work thmm-
- a methodology that provides pomt transformations that transforms (4 1) to the

.‘e'.lrepresenta.tlve of the class to which it belongs from which the complete soluuon } £

. emsﬂy obtainal. and the properties of (4. 1) becomes transparent.

1
I
It will be shown that (4.1) admits the algebras sl(3,R) (hneanzablhty) and si(2, L?
(non—hneanzablhty) for the vases n = £, landn =4p—3 respl,ctlvely For th}*a

!an

~ cases, complete aolut).ons are obtmned (cf. the refs. cited a.bove) using equival

Lagrangians. . !

A variety of exa.mples; including the generalized Emden.'equa.tion,. are discus ?ed.
The results obtained here can also be found in Kara and Mahomed (1992). 1

A brief summary of the metho&ology is given below. " - \

If a differential equation s iinearizable by means of a point transformation -Ln
can find a regular point transformation T = G(f,q) and Q = Flt, q) for suituble -

functions F and G such the* it transforms to Q" = 0, where ' = d/dT, for whi
the corresponding Lagrangian is the asual one I = Q. The point transformatibn |
is obtained by constructing a Lagrangian, L, equivalent to L, Le., by invoking t.L
equivalence relatior (2.6) in expanded form | | ;_ i

L(t,q-,é)=i(T,Q,Q’)% + fe + fads o (a_i.:_\)
o - |
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where f is a gaﬁge function of ¢ and ¢. In particular, we impose the form

Hed)= U@+, (43)

for functions U and V of t and ¢ é_uch that (4.3) 1= a Lagrang;ia.n for (4.1). Thus,
by inserting (4.3) into (4.2) and the Lagrangian of the transformed equation, viz.,
L, into (4.2), we can find a point tranaformation that reduces the ox_'gina.l emquation
(4.1} to obvious integrable form by equating the coefficients of g o both_sides of
(4.2). | |

The same methodology is adopted when the equation is not linearizable by means
6f a point transformation but admiis the si(2, R) algebra (in fact the algebra A{%
but we will not make the d.iétinction here). The construction of thé point trans-
formation T = G{¢,q) and Q = F(¢,q) is based on the representative completely

integrable differential equation TQ" = Q@"® — Q' for which a represeﬁﬁé.tive inte-

grable Lagrangian is £ = F ' S Q - (see equation (%.39)). Here aga.ln we utilise

(4.2) and (4.3).
4.2, Equivalent Lagrangians and point transformations

Lagrangians L(z, g, ¢) and L(T,Q, Q") are equivalent by means of a point transfor-
mation T = G(t,q) and Q = F(t,q) if (4.2) holds for some gauge function f. The
equivalent Lagrangisn we construct hes the form (4.3) and the associated Fuier-
Lagrange equation is givea by

a U Y Ut .Vq _ .
7+ 2zr9 tyi-y =0 | (44)

which has the same form as (4.1). We shall use the following notation. Let

17,
— . 22 __ x4
M = coefficient of ¢ =357
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Thus,

U= M) exp jﬂqu. - (4.5)
Then,
Iy N Ny
the coeﬂiﬂent of 4 = 7 = ‘IV + fMtdq A

Here M; =0 since t]:Le coefﬁcient of é‘“’- in _(4.1) is & function of ¢ only. Also, let
R = coefficient of ¢°.
That is,
R=—2t, C8)

sl(3, R} algebra. case.
KL= %Q’z then (4.2) becomes

1F? 4 FyFyg+ LF2¢?

L — Gf, + ‘Jg + ff + fqg . (.4'7)

If L assumes the form in (4.3), then by comparing coefficients of ¢ on both sides of
(4.2) (without loss of generality we set Gy = 0) it can be shown that F and G of

the point transfqrrﬂa.ﬁm T=G(tq) and Q = F\(t,q) are given by

G= f () dt, | (4.8)
F=at) [ VOGDd+40, )

where o and 4 are functions of ¢ to be determined, subject to

FtF;

+fy =0, | (4.10} .
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1 F? o y
EE} +h=Ve | - (4.12)

- 4.2.2 5l(2, R) algebra case.

If 2 second-order ordinary differential equation is not linearizable and generates the

o _ . t
sl(2, R) algebra, we choose the representative Lagrangion L = Q = + s~ which

2TQ'
has associated Euler-Lagrénge equa.txon TQ" = Q'3 2Q' which admits the si{2, R)
algebra. Then (4.2) has the form

Fof 1 GF+2G:Ged+ G
G " 2G  F+F4

+ fe + fod- - (412)

If we again impose the form (4.3) for L, the transformations are obtained by the
- following equations and corresponding conditions. (Bere, without loss of generality

we taks Fy, = 0.) | _
F= / a2(tdt, | (4.13)
¢ = -a*’( f VT dg)? + a(t)b(t) f VT dg + 8.

It can be shown that the above tramformatxon will still hold if b(t) 0 so that
without loss of genera,hty we set 5(1) = 0, therefore

= -c?( / VT dg¥, (4.14)
and we also have
eXe. -
"+h~0 | o (4a8)
n*  G?
G taga th=Vlha) | (4.18)
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4.3. Main Results

‘We now construct the poing trahsforma.tidﬁs that provide complete solutions to (4.1)
when it admits sI(3, B) and sl{2, R) algebras, respectively. The general solution for
the si(3, R) case is obtained from Q == u:T + v, where uy and v; are arbitrary
constants, once a transformation § = F(t, g) and T' = G(%,¢) is known. Likewise, |
the genéfél solution to (4.1) for tke si(2, R) case is obtained from (@ +un) =
1— Tu;. | -

4.3.1 sl(3, R) solutions
Fizstly, we recall the following conditions on the linearizability of second-order
.ifferential equations from Mahomed and Leach (1989b) (see also Ibragimov 1992). |

A second order differential equation of the form

=Bt +C(L0)i + Dt g), (1)

where B, C and D are functions of ¢ and ¢, is linearizable by means of a point

transformation if and only if the following conditions hold,
6qq + BCq — 2th = U,
~3B,D + By — 2Ceq — 38D, + 3D, + 20C, — CBy = 0. (4.18)

The conditions on the linearizability of {4.1) is provided by the fellowing theorem.

Theorem 4.1. Equation (4.1) is linearizable by means of a point transformation if

and only if = n or n =1 (equivalently s = 0).

Proof. Tn (4.17), B(t,q) = pq~t, C(t,q) = p(t) and D{#,q) = s(t)g” — r(t)g. The

first condition in (4.18) holds trivially. The left hand side of the second condition

in (4.18) simplifies to 3s[n? — (4 1)n + ujg™ 2. Thus, linearizability follows if and

only if n = pt or n = 1 (equivalently 5 = 0). o
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We look at the cases n = u(# 1) and n = 1 separately.

With n = a(# 1) (and, hence, Linearizability), (4.1) may be written in the form of
(4.4) as

- S@HpBi ey =0 (419)
T we let Ey(t) = exp [\ p(s) ds, then comparing (4.19) with (4.4], we have % -

p(t). Thus, | |
..:.__;'. : | N= Ep.. o | (420)

Hence, by (4.5), U = Epexp | 2(:(;;-14)dq and s0

U = Bpg™", (491

By (4.6), V; = ~UR = ~U[r(t)q — 8(£)g"}. Therefore,

V= "—-Ep’r"m + Eps(t ) T n # 1. o (4.22.)

The form of G(t, ¢) is givea by (4.8). By (4.9} and (4.21) we have

% q--n-[-l
= ol s 4 b(t} (4.23)
Taus,
F,=aBjq™ (424)
and
QE% —n+1 E% q—n+.1 b p
"'_ g ‘|“1P p““—'——'( +1)+ 8 E \425)
Therefore, by (4.10)
, L
_ E q—-ﬂﬂ--f'l g-2n+1 bq--nEPg o
fo=—Ep +p Ty - {4.26)



and

e G g it \__;. " . ) y 2t ' f.)ql_"'E;,% ' ” -
I a-0E-5, CEe-DE-mm) @ am-y W &

and f; may be obtained from (4.27). Substituting (4.23)—(4.25) and f; into (4.11),
we obtain the following equation

(Gra—m+ T+ g5

1a 1, l 2 1 . q2-_-2n
“3d TP +_zr(1 "G oy
16 ba b, b L1 glon
e L e e =Y e e G2
+[2Pa+aa (a) p2a sEy] 1—-n
1,bh,
+[§(E) +é =90

Equating the coefficients of ¢2~2%, ¢~ and ¢° to zero (note n 3 1) the following

equations are obtained:

. . 4 2 |
Gr-GQr-z-THt-m=0, LB
G~y -k =0, (%29
% ( %)2 vém (4.30)

Equation (4.28), which is a Xiceati first-order equation in @/a, can be written as
i + B(t)u =0, (4.31)

where u = 1/a and B(£) = —p/2 — p? /4 + r(1 — n). From (4.29}, we have

b= fa? [ LteEdtar 30
= [& [Lagfata - (4.32)
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‘We now deal with the case n = 1 (zquivalently s = 0). The equations of the

traasformation obtained here are similar to those obtained above. We omit the
d. s and state the relevant equations below.

U = Eyq2*. - (4.33)

g
O ] - (4.34)
- G= / a>dt. . (4.35)
r—oE} T BE). £.36)
i = Gty Im + ( )‘ ( + )

Here a(t) and b(t) are arbittéry functions of ¢ where a(t) is again obtained by (4.33)
Bt} = —k / adt, ' (4.37)

for some constant k.

The method presented he~= generalizes the solutions given in Theorems 4c—4f and
Theorem §b-5d in Ranganathan ElQSB) as well &s equa.ﬁon (3.12) in Ranganathan
(1989). Moreover, we give necessary and sufficient conditions for complete integra-
bility since (4.1) is linearizable for n = 4 and n = 1. Also, the solution of (4.1),

when it is linearizable, is given in terms of the solution of {4.31).

Remark: F and G obtained in the above analysis, define a whole class of point
transformations. However, to obtain complete solutions for {4.1), when it admits
sl(3, R) algebra, we nced only one such transformation. This will become clearer

when we deal with examples in a later section.

4.3.2 s{{2, R) solutions
If u # n, (n # 1), we find the relation between u smd n for which (4.1) admits
- | |



the si(2, R) algebra. We achieve this by applying the results of section 4.2.2 to
(4.1). Comparing (4.1) and (4.1}, we have U = E,(t)g~2#. By {4.6), V, = --U,
R = —U(rq — sg"). Thus, |

rgt=2n sqr—amtl | : (4.38)

V= "EP[2(1 —p) n—-2u+17

F' is given by (4.13) and _
| a? Eyg?t=¥)

G = 4.39
(1~ up ( | )
‘Thus,
2qu —2p _ _ o '
Ce=Sa-p : (4.40)
and
. @By  a?E,pg2t? |
Gt ) 2(1 — J_‘)Z 4(1 _ #)2 (441)
Therefore, by (4.15)
" 1=2p 1-2u
TR e A aiiel
and
1 a g? 2 | qz—zf;

We note that f; may be obtained from (4.43). Substituting (4.38), (4.38), (4.41)
and f; into (4.16), we get the fdﬂowing equation.

'[()%+ 20— - 2

+4a~m1M4_E i
E, n—2u-+1



Equating the coefficients of ¢*2# yields the first-order Riccati equation in &/a
w - N
Y= ~dpp(=) ~ A=Y —2p—p (I — ) =0 (4.44)
By letting ¢ = 1/u, (¢.44) becomes the second-order linear equation

i+ p(E)ut + Bt)u =0, L e

where B(t) = 4—2p — p® -+ 4r(1 — p)|. Since n # 1, we are forced to impose the

relationn — 2u+1 = 2~ 2 (i.e., n = 4z — 3} and then .by equating the coefficients

of g2 we get _.
| 41-p)? Eps - '
- _ =0. . 4.46
B, Zu-D) | (440
B+ comparing the coefficients of g° we devive
¢=0. (4.47)
Equation (4.46) clearly implies that
8(1 — p)?
o= == (4.48)

The method presented here generalizes the solutions given in Theorem 5a in Ran-
gaathan (1988). Moreover, we give necessary and sufficient conditions for complete
integrability since (4.1) has s!(2, R) algebra for n = 4y — 3. Here, too, we have a

form of “limearization’,

Remark: Here again F* and ( ohtained in the above analysis, define a whole class of
point transformations. However, to obtain complete solutions for (4.1), whenever it
admits s/{2, R) algebra, one needs only one transformation. This will become more

apparent when we solve examples later.
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‘4.4, Examples . | .

In the following section we consider some special examples and discuss their solu-
tions in the light of the results obt.ined in sections 4.2 and 4.3. These examples
and alternative methods of solutions are obtainable in otker papers such as Ran-
ganathan (1988), (1989) and references therein {see also Mellin et al 1993). The

method here, however; provides insight into th. nature of general solutions.

441 Linearizable :
The solution to d1ﬁ"erm1tla.l equation (4.1) which adm.tt the si(3, R) a.lgebra. is ea-'\

aent:ally given by . _
' ' @ =u1T + vy, - {449) "
where u; and v; are arbitrary .constan:ts., if the hneanmng transformation to Q'=0
is given by T = G(t,¢) and _Q = F(t, q).

Example 1
We outline the procedure to integrate

- N g o _ :
§+p(t)d +rtlg =nd"¢" + 454", o #0. (4.50)
r . '

Here, u(t) is given by the solution of (4.31) and by (4.32) we may find b(t). The
transformation functions ¥ and G are then obtained by (4.23) and (4.8), respec-
tively. The complete solution to (4.50) is obtained via (4.49).

Example 2

We solve

2.1

Wq_nq g L 4 ot~ (et n‘ c#0, a#0,1, n#l (45])

S|
With p(t) = 0 and 7{t) = ("‘ Ty £y(t) = k*(constant). Then by equation
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ok

(4.81), u(t) = t(1+2)/2 and by (4.8) G = —éf.—ﬂ. Also, by (4.32), b(t) = — ltl"-“

k kltl““ The ccmplete sobition by

and by (4. 23), F = -I-—_g—(l-l-a)ﬁ i—n +

(4.49) is then given by

1 tom_ itayry B T g .231
1"nq _t _ [ kat a.-lt +Blé]|

i

where 4; and B, are constants (cf. Ranganathan 1988).

Examplz 3

We obtain the solution for the equation with parameters k1, k2 and &3, viz.,

G+ kg + kgq = ¢ +oeflgt, o £0. {4.52)

Here, B, = o?e*t* (o constant). By (4.31), a(i) = ekt (k = 1/4(k1® + 4k3))

' R S TP W) = — 2% Kt
so that, by (4.8), G = A Hence, by (4.32), b{t) = RE°

K=ky+k/2~Fkand K* = kg + k1 /2 4% The solution to (4.52) via (4.49) is

, wWhere

2 _ U1 _{k.{_k,;g)g ok ) (k—-hf"-’)t _29-_ kgt
¢ = e + TRR

where wu;,v; are conétant_s (of. Ranganathan 1989).

Example 4

We give an outiine to solve the class of equations (with pas ... sters k1, kg and ks)

k 2 — -
—:q = —%q ! Fothgl, o £0. (4.53)

,+k1.+
IT797%

4ky — 2%y — 2
a2

similar to that in Example 3 — the solution to (4.53) is obtained in a similar way.
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4.4.2 Nonlinearizable

The following examples deals with differemiial equations which generate the si(2, R}
algebra and the s_o_lﬁtions are obtained by determining the transformation T' =
G(t,g) and Q = F(¢,q) snd remembering that

(wiQ+v)? =1 —Tuy, | (4B

where uy and vy are arbitrary constants, is the general solution of the representative

equation T'Q" & 6% - Q"

" Example I .

In the follomu,:, 1ﬁ'eren{'.xal equation n = 44 — 3 and, hence, generates the sI(2, R)
a.lgebra.

i+ p(t)q +r(t)g = --—-—q2 iy (4.55)

.E:‘2 "

where o # 0. By {4.38), we firstly have the condition o = —8( 1 — ﬂ‘)3’. We need

a(t) = { ) where u(t) is obtained by the solution of (4.45). The transformation

functions F' and G are obtained by (4.13) and (4.39), respectively. The complete
'sohgtion of {4.55) is obtained via (4.54). This example is contained iu Theorem 5a
in Ranganathan (1988).

Example 2

We solve the equation

.y .2 m? -2 -3
i+ 34+ (K —olg=0t"¢", o#0 (4.56)
Here g =0, n=—3 and m a constant. Thus if k # 0, 8(t) = 4[ (k’tg m?)]

and (445) beccmes i 4 t—2(4k2t2 +1—4m*ju = 0. We get u = ti fer Ji(4kt) +
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chI(éJctl] which Is in terms of Bessel functmns, where | = \/ i_ 4(1 — 4m?) sc

that m > ‘C orm < —5[—_- Without loss ofgenerahtv wesetc; =lande =0
since, as before, we require a single transformation. Thus, a(t) =1/ [t Jy(4kt)} and
by (4.13) F = [xYi(4k2)}/[2(4k) Ji(4kt)] (sce Gradshteyn and Ryshik _lgéﬂ p 679
for the integral of the Bessel functicn in combination with a rational function of 2).
Also by (4-,.39) G = ..[aztgz] JITE{4kt)] where E, = of. By {4.48), o= —8/u? and
the complete sdlution is then o'bta.ined by (4. 54) The ;:ase k = 0 is soluble as an
Euler equa.tm‘ ic v and F and G are ea.s:ly obtama.ble (Ranganathan ...988 does
not provide a solution when k = BJ

Example 3

We integrate the equation for some constant «

1, - .
49 g~ ! 4wq ‘. (4.57)

Here # = £ and n = 2 with p(t) = r(t) =10. Thus, 4._45) becomes i = { so that

u =t is a particular solution. By (4.18), F = —1/t and by (4.39) G = [8K]/{*¢}],

where Ey = K (K a constunt). By (4.48) we get w = —-ﬁ—i The solution of
(4.57), by (4.54),is ¢ = —Sj(w[ t2+ 1t — —-]3), where u, and v; are arbitrary

constants (cf. Ranganathan 1988). A particular solution is given in Kamke (1971).

Example 4
The generalised Emden Equation is of the form

- k-'. w )
Q+3i=0t"", o #£0nfL (458)

I (4.58) admits the si(2, R) algebra, thea n = —3. Firsily, B, = at* “nd by
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o Yi(4kt)}, which is in terms of Bessel functions, where ! = \/ 141 —4m?) s0

thé,t m > —“E orm < -—35—5. Without loss of geuerality we set ¢; =1 and cp =0
' smce, a8 before, we require a single transformation. Thus, a(t) = 1/[t? J;(4kf)] and
by (4.13) F = [;rY;(ékt)] [[2(4k)? N 4kt)) (see Gra,dshteyn and Ryzhik 1980 p 679
' fdr the integrai of the Bessel function in combination with a rational function of t).
Also by (4.39) G = [n?tq®]/[J2(4kt)] where E, = at. By (4.48), 0 = —8/o* and
thé vomplete solution is then obtained by (4.54). The case k=0 is soluble as an

Euler equation in u and F and G aze easily obtainable (Ranganathan 1988 does |

net provide a solution when k = 0).

- Example 3

‘We integrate the equation for some constant w

. S g 1 o |
§=20q" — Fwe | (4-57).

Here p = & and n = 2 with p(t) = r(t} = 0. Thus, (4.45) becomes 4 = 0 so that
u =1 is a particular solution. By (4.13), F' = —1/t and by (4.39) G = 8K]/ [2qt],

‘where E, = K (K a constant). By (4.48) we get w = -—-5}1{-—5— The solution of

_ .3
(4.87), by (4.54),is ¢ = —8 /(w-[l-zuvl- 12 4oyt~ 3'-'21]2), where u; and v; are arbitrary
1 .

constants (cf. Ranganathan 1988). A particular solution is given in Kamke (1471).

Example 4
The generalised Emden Equation is of the form

., K
d+ Ti= otYq", o#£0nkl, ' (4.58)

If (4.58) admits the si(2,R) algebrs, then n = —3. Firatly, B, = at* gnd by
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8
a2 t2k

- (4.48), ~ = gt¥, i, w = ~2k and 0 = —8/a?. Now (4.45) becomes 4 +

8k — 4*
2
Then, F = —1/[V/A#¥3] and by (4.39) G = ag®t*"1~VE, The compiete solution is
then obtained by (4.54) (cf. Theorem 6a in Ranganathan 1988). The case n # —3
does not admit si(3, R) or si(2,R). This case does not naturally arise here. We

u = 0. Then a(t) = 1/[t0*VE)/?), where A = 16k — 32k +1 > 0.

treat (4.58) in':grea.t_er detail in Kara and Mahomed 1993 and as an application of
Pfoposit_ion 6.2 stated in chapter 6. '

Example 5
We now give an outline to solve

ky

R R _ |
i+~i+ga=atg, o#0. (4:59)

I n = -8, (4.59) admits the sI(2, B) algebra. By (4.48), we have ot*: = —8/[a?t*],

« a constant. Now (4.45) becomes @ + %(2!91 — k2 + 4ks)u = 0. The solution is

obtained in a similar way to Example 4 with A = 16k} — 32k, — 64k;.
4.5. Di :ussion

1t is well known that the solutians of differential equations can be determined by
finding appropriate pot transformations and mapping the differential equation to
the representative differential equation. We have shown that a point transfurmation
can be obtained by cbnstructing a Lagrangian for the differential equation and
mapping it to the equivalent Lagrangian of the representative differential equation.
It is noted here that for (4.1), we constructed a Lagrangian of quadratic form -
the above analysis can be carried out for other forms of Lagrangians. In particular,
the sl(2, R) analysis may be performed using a Lagrangian of the form (3.40). In
section 4.4 we saw that a wide variety of examples of type (4.1) can be solved when
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they are liniearizable (s!(3, R) algebra) or when they admit the sI(2, R) algebra.

Iﬁ each of the examples in. section 4.4, we do not dnly have complete solutions
but also a Lagrangian, of the quadratic type, equiﬁaleht to the representative La-
grangian. We note that U and V are easily obtainable from (4.20) and (4.21) or
(4.32) and (4.33), respectively. The general forms of the Lagrangians are given

below.

For the linearizable case of (4.1), L.e. g = n, the Lagrangian is

I IE —2n 2 P q_—sz+1 q—2_ﬂ.+1
=gt O pLg——n-i—l _'-Zn-]-l]'

Since L is equivalent te L = L1Q®, it admits the maximal A5 algebra and is

$5-gquivalent — see the previous chapter and Kara, Mahomed and Leach (1993).

For the non-linearizable case corresponding to si(2, R) (or more correctly ALY of

(4.1), the Lagrangian is

1 ~2p " qﬂ—2p+1 gz—zp
= E — - .

In particular, if n = 4u — 3 (sl(2, R) case),

— 1 =An g <2 'qzﬂ—z
L= 2g Eyq” + Epls r]'2y--—2’

. |
which is euivalent to [ = -+ %@. Hence, the algebra admitted by L is si(2, R)

and iy s°-equivalent, -
Here, we considered two examples of s™-equivalent Lagrangians which provides us

with an elegant way of integrating ordinary differential equations. One should also
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: : : ' '
bear in mind that we used the representative La.grangia.n L= Q + W which

a.dnnts the si(2, R) algebra. One could equally well carry out the computa.tmns for
,

the representative Lagrangian L = T 2; o oorrespondmg to the repr.ment.tive

differential equation TQ" = —Q" ~ §c:,r.

In the following chapter we preéent standard forms f?:m particle La@‘a,ngians of linear
(or linearizable) scalar second-order ordmary dlﬂ'erentm.l equa.*lons Moreover, a

general classﬂictmn scheme is cutlined,

T4



5. CANONICAL FORMS FOR PARTICLE LAGRANGIANS OF THE
LINEAR SECOND-ORDER EQUATION

5.1, Introduction

- The most elementary equivalence problem in the caleuius of variations or in La-
grangian mechanics is connected to the linear second-order ordinary differential equa-
tion, The problem is o determine under what conditions two variational problems
of Brst-order of the Euler-Lagrange linear ordinary differential squation are trans-

formable into each other by meuans of a suitable point transformation.

The solution of this problem is essential for the solution cf the more general equiv-
alence problem ronnected to scalar second-order ordinary differential equations. We
dealt wit.h. aspects of the general problem in chapter 3. The objective of this chapter
is to determ.ine_ all canonical forms for particle Lagrangians defined on the line assnci-
ated with the BEuler-Lagrange equation of a Ii;lear (equivalernily, linearizable) second-
order equation. After doing so we make a gynthesis of ali first-order Lagrangians on
the line that admit symmetry algebra.

A Yinear second-order ordinary differential equation admits the maximum eight di-
mensional Lie Ialgebra. sl(3, R). In contrast, a particle Lagrangian of a linesr second-
order ordinary differential equation, as we learn here, can admit any one of 1,2,3 or 5
dimensional Noether algebra of.poin{'. symmetries (the Lie algebra of point symmetries
of the action functional). We note here that there is no zero symmetry case.

‘Some of the results obtained here can b found in Mahomed, Kara and Adam (1993).
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5.2. Equivalent and alternate Lagfangia.ns
A general second-order linear equation in ¢
ivait¥g=ctt) . (1)

where a,b and ¢ are #na.lytia in 1, is equivalent to the simplest equation Q" =0 vis
a point transformation. Thus, a Lagrangian for the linear e_quatioﬁ {6.1) is obtain-

| able by invoking (4.2) using a point chamre of variables where L{T, Q, Q') will be a
Lagrangian of the equation " = 0. The: details of the methodology cé.n be found
in chapter 4. Hefe we give a summary using L = 1@ (the usual Lagrangian of
Q" =0) as our transformed Lagrangian. Firstly, we impose a quadratic Lagrangian,
L = U(t, g)¢* +V(¢,q), on (5.1). It can be shown that the.tr.ans_formation vaiables
are given by. | |

G=/a2(t,qjdt, F=a—f\/ﬁdq+ﬂ(t),: '

where o and § are functions of ¢ to be determined. For (5.1) we get that U = E,

whete E = exp j;:. a(t)dt and V ='-%qu§ + Ecg. Thus,

F=aF%+p
and the gauge function is
fitva) = ~ELE - aBL _ L 4 ot
) = =B T oty TRERG

The functions @, 8§ and 7 are obtained by sclving the following equations:

.df.?,..g...-_.&.;_fi —
(a)' (a-) 2 4 +b=0, .
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() — By et =0,

180 ..
'2( a) +y=0.
The first equation is a Riccati equation in ¢{c and can be written in the form
it 6e =0,

- where g = 1/a and 8(t) = ~a/2 — a® {4 + b. Whence,
2 1 o

There are an infinitude of Lagrangians for (5.1). Our interest is in classifying them.
“he benefit of such a solution contributes to our knowledge of Lagrangian mechanies,
syrmnetries and conservation laws, and indeed the inverse problem in the calculus of

variations.

Among the alternative Lagrangians of (5.1) thefe could be Lagrangians that are
equivalent to each other in the sense of (4.2). If there are such Lagrangians, how
do we determine them? Moreover, there could be different equivilence classes of
Lagrangians for (5.1) (we remind the reader that two Lagrangians are said to belong
to the same equivalence class if one can be transformed into the other by means
of a prescribed poiut transformation). In other words, among the alternative La-
grangians there could be Lagrangians that are not -equ.ivaient to each other, Our
methodology, which involves investigating the Lie algebra of Noether symmetries
of the Lagrangians, allows us fo classify inequivalent Lagrangians or, stating it in
another way, classify etiuiva.lence classes of Lagrangians for (5.1).

Without loss of generality, we investigate our Lagrangian eQuivalence_ problem for .
§ = 0. That is, we consider alternative Lagrangians for this equation in order to
7 | |



obtain our classification of equivalent Lagrangians for linear equations. The reason
being that we can map any Lagrangian of § = 0 to a Lagrangian of (5.1) by means

of the equivalence relation (4.2), using a point transformation. So we consider

. L'_:'fg,/rg(s,q—“)dsd"f"g(t,q)ﬂ"“"J(tng)* N

where g is an arbitrary function of the first integrals of § = [] and ﬁt = Jy (see
chapter 2). All the Lagrangians of the équa.tion‘ § = 0 can be obtained from (5.2).
Our objective is to classify the Lagrangians contained in (3.2) by investigating the
Lie algebra of ﬁoether symmetries they admit.

5.3. Canonical forms of Particle Lagrangians for Linear equat ‘ons

We firstly Jook at the case when (5.2) admits a maximal one-dimensional algebra 4;.
The Noether symmetry for this case is (see chapter 3) |

| &, ?
G' = (a1 + aat + aag + astg + astz)a + (asq® 4 astq + ag + arg + agt)—éq— : (6.3)

where the a;’s are arbitrary constants. The function g satisfies

(ag — a1 — asgv + aav® + arv)fg/0v + (2a7 — a2 ~ 3asg + 3agv)g

' (5.4)

+(as + ard — azq + asv — agq” + asv)dg/8§ = 0

where v = ¢ —t¢. By setting a2 = a7 = 1 and the rest of the a;’s to zero in (5.3),
we obtain the symmetry $t8/8¢ + ¢q0/8q. Thus, from (5.4) we obtain the partial
differential equation (p.d.e) v8g/8v+ g = 0. Thus, g = e(g)/v, where a is an
arbitrary function of ¢. By choosing various combinations of the &;'s in a likewise
manner, we obtain all the cases in Lie’s classification of the one-dimensional algebras
of projective transformations in the plane (Lie 1893). All the possible one-dimensional

cases are listed below.
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(i) t3/8% + ¢} Bq

(i) #8/8% + agd/Bq  (a.constamt and a # 0,1)
(iii) 876t + 10/dq |

(iv) 8/8t + qB/dq

(v) 8/8q.

In each of the cases we obtain g by solving the p.d.e (5:4). The case (v) yields |
g = p(q) so that 8/8% is also a symmetry of the La.granglan Since we are considering
the maximal one-dimensional algebras, we conclude that (v) dioes not give a soiution
for g. The forms of g in the remaining cases are (in =ach t::.ase o, B, 7. and § are

arbitrary)

@) 9 = ald)/o,
(il) g = é(luz.a)l(a-—l)é-(mjal(l_a) ),
(iif) g = Blv + 3°),

(iv) ¢ = y{gexp(v/))/*.

We now analyse the case when (5.2) admits a maximal two-dimensional algebra.
There are two algebras of of dimension two, 24; a1 d As. We prove the following non-

existence theorem concerning connected or proportional syrnmetries that generate
2A; or Az, .

Theorem 5.1. A Lagrangian for a linear second-order equation does not admit a
maximal two-dimensional Noether algebra of proportional symmetries.

Proof. We investigate (5.2) for proportional symmetries, i.e., symmetries G and G
where Gz = p(Gy for some function p of ¢ and g. Since the symmetries of (5.2) are
of the form (5.3), for Gz = pG, to hold the function p has to be linear or linear -
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fractional in t and g. Accordingly we deduce the following forms for Gy and G.

(i) Gi = (01 + azt)8/8% + (ag + 07q)8/Iq and Gy = (At + Bg)Gy
(A and B are arbitrary constants)
(ii) Gy = 8/0t and Gy = Elié_‘i‘:"'-_‘-’al

(i) Gy = ¢0/6t and G- = 2 “‘;“’tal.

The gerierators &; and Gy contained in each of (i), (i) and (iii) will be Noether
- symmetries of (5.2) if the function ¢ satifies '

(A4 Bg)?

W= Twra

a, b and ¢ are constants,

.
(i) g = (di—bv)}-’ a and b are constants,

s—1
(iii) ¢ g

= W:‘ a and b are constants,

repectively. The above forms for ¢ are obtained by solving (5.4) for Gy and G in turn.
For example, if g as in (5.2) is inseried in (5.4), we obtain a5 = ag = a7 = ag = 0
and a;b + aaz = 0, where az, a; and a; are arbitrary. These imply three or five
symmetries for (5.2} where g is of the form (ifi). Likewise for (1) and (ii) we obtain
three or five symmetries,

Thus, (5.2) does not admit a maximal two-dimensional Noether algebra of propor-
tional symmetries Gy and G, such that G, = 0G. : 'S

As an immediate consequence of Theoremn 5.1, we note that » .agrangian of aany
scalar second-order equation does not admit a maximal two-dimensional algebra of

connected symmetries.
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The situation when (5.2) admits a maximal two-dimensional Noether algebra corre- -

sponding to the unconnected case is again obtained by appropriately choosing combi-
nations of the a;'s. We utilise the cases thaf correspond to the Lie {1893) classification
— these are listed below. However, when solving for g using (5.4), some casec provide
no solution and seme (viz. (vii) and (x)) coincide with the connected cage for which

it was shown that no g exists.
Let p = 8/8t and r = 8/8q. Then

(i) r and p;I- tr

(i) rand gr +p

(ii) tr and tp+r

(iv) tr and tp+agr, a#0,1,
(v) r and #p

{vi) pand r

(vii} r and tr

(viii) tp and gr

(ix) r and tp+gr

(x) » and gr

(xi) p+tr and ip + 2gr.

Only the following three cases have solutions for g (C and D are arbifrary coustants).

(ii) A2 g= cé_g':
(v) 241 g=ld)
(viii) 24; g = D/(vg).

The function w, not a constant, is arbitrary but is not of the form (i) to (vi) for
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three-dimensional algebras given below.

In Mahomed and Leach (1989a) the real three-dimensional algebras admitted by
second-order ordinary differential equé.tion’s were clasgified, The possible three-dime-
nsional .1'eal algebras admitted by a Lagrangian of a linear second-order ordinary
differential equations can be deduced from the proof of Theorem 2.3. By the solution .
of the p.d.e (5.4), each of the following cases arise providing a solution for g. The
following is a consequence of Theorem 2.3 but is reproduced here for completeness.

@) 4L, §=Aexp(-g),

() A, 9=A¢°7,

(i) 43 (a=542) g=4¢" s#0,-2,-3,

) h@4f g=4i,

() Als g=A(L+#),

(vi) A3} g = A(1+ $*)~3/% exp(barctan ¢),

(vii) Am g = Alg —t4+§/2)7*,

(viii) Asp g = A[l + (g — £4)? +¢*] /2.

We now prove the result pertaining to fbur—dimensional algebras invoking the Lié
forms of vector fields 'ﬁrh.ich provides us with an alternative but elegant way of proving

Theorem 2.4 for particle Lagrangians of livear equations. The proof relies only on
real four-dimensional algebras.

Theorem 5.2. A particle Lagrangian for a linear second-order ordinary differential
equation does not admit & maximal four-dimensional Noether algebra.

The proof of this result is obtained by analysing the followmg Lie forms ot real vector
fields in the plane and mvohng (5.4).
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(i) p, r; tr and atp + ¢r
(i) p, r, tr and ip+ 2gr
(i) p, 7, #y7snd tp
{(iv) tp, gp, tr and gr
(v) p,rytpand gr |

| '__l;i) r, gr, tr and ip.

It is easy to'-’v'erify that no g arisca in each case. An alternative and more general

‘proof appears in .cha.pter 2 and in Mahomed, Kara and Leach (1993a).

Finally, we state the theorem relating to the case when {5.2) admits the maximal
five-dimensional algebra. This is referred to as the Noether ‘counting’ theorem (see

also chapter 2).

Theorem 5.3. The maximuny dimension of the Noether point symmetry algebra of a

particle Lagrangian corresponding to a linear second-order equation is five.

The proof of 1* lows by analysing the five- Jimensional algebra realizations given

below and invoking (5.4},

(i) p, 7 tr, tp— gr and gr
(ii) #r, tp—gr, qp, >p +tgr and tgp + ¢*r
(iii) p, r, tp, tr and qr.

Only in cese (ii) a g of the form g = A/v?, where A is a constant, axises. Indeed, the
‘counting’ theorem s proved in chapter 2 in a more general setting. However, the

proof there presupposes the above Theorem 5.3.

We now make a final remark regarding the situation when, the Lagrangian L = 1¢” is
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form invariant under a point transformation, i.e., by invoking (4.2), we detersnine the
 chiange of variables Q = F(t, ¢) and T = G(t, q) such that L is mapped to L = 1Q".
| The functions F and G are obtained by the method outlined in section 5.2. They are

t
G= | a’(s)ds and F=oag+p
to

e ag® B L . |

and the gauge function is f = ——g = e By further manipulation using the
equations for @ and & given in section 5.2, we arrive at the most general projective

point transformation for the invariance of L = ¢*/2, viz.,
_ Al —Bod) 4

D F

+B?2;

where the Als and Bis are five arbitrary constants (cf. Aguirre and Krause 1991 who
obtain six). This is a subgroup of the eight dimensional projective group SL(3, R).
Hence, the corresponding Noether algebra is five-dimensional which is maximal, By
.interepreting the constants as five essential continuvus parameters, one obtains a
realization of a five-dimensional group and the followi :g symmetry generators or &

linear combination results

Gy = B/6t

Gy = 8/8y¢
Gy = t&/aq

Gy =10/0t 1+ 140/8q
G = 2t0/0t + qd/0q

The above symmetry .genemtors correspond to the case for g a constant in (5.2).

This case is equivalent, by means of (4.2), to the Lie form (ji) in Theorem 5.3 by the

change of coordinates T' = —q/t, @ = 1/t. I} is also relevant to mention here that the
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most general g tnat gives rise to five symmetries is of the form ¢ = (b1d +bou+by)2

where the 3;s are constant (see chapter 2).
5.4. Discussion

 This chapter in conjunction with chapters 2 and 3 completely classify first-order
Lagrangians associated with scalar second-order ordinary differential equations. We

" summarize these below. For the case in which the Euler-Lagrange equation admits

the si(8, R) algebra, we list the functions g from which the Lagrangian is obtained
from (5.2) subject to the condition H¢ = J; {note that v = ¢ — #§). For the other
cases we list the Lagrangian, L. |

Table 5.1

Let 6/3# =p and &/0q¢=r. Then

Dim Sﬁmmetry Lagrangian/g

1 r ' JiF@t,2)ds (B =0)
tp+ar C g=a@py
tptagr a#0,1 g = A (yge/(1-a))
p+ir - g =afv+ 3%
ptar 9= ofdexp(v/4))/¢*

2 pr | JH" ds/H(s))dr ~ 14

| rytp+ gr | %fé(exp fr ds/H(@))dr

rygr+p : g = Aq*
p.r g = a{q)
o, gr g = A/(vg)
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2.7 tp —gr
n,T.qp - _tr
pyip+ g, 2igp + ¢r

rip+ ar, 2tgp + (¢ — ¥)r

(1 +2)p+tar,tap+ (14 ¢%)r,qp - tr
r,p,ip+(t+ gr

prip—aqr _

py7yip + agr(a = 332)

p,7,ip

P, 1y qp — tr

p,ry (Bt +q)p+(bg —&)r, 2 >0

“tp + qr,2tqp + (¢ — E)r

(1 +#)p+tertap+ (L + ¢)rgp—itr

p,r. i, iip+ tgr, 2tp + gr

**: here the Lagrangian is of the form

~44% +¢

—(14+¢)f 14

i/t +1/(2tG) er
g/t —1/(2tq)
L /T+ ¢+ At
ke
g = Aexp(—4)
g=Ag~%
g=A§* s#£0,-2,-3
o= A
g= AL+ @)Y
g = A(1 + §#*)% exp(barctan §)
g=Alg—ti+4*/2)%
g=All+(g -t + ¢}

ba-
-

L= ;15(1 + tf’)-'%[(y — §)sinw + Beecw] + 5(?5, q)q + e(t, 4),

88

where b and c satisfy b, = cp+ A(L+#2 + @)% and 2 = /T +82 + ¢2/(1 + %),
B=gs, tanw = (§—y)/z andy =tg/(L +¢3), |

‘We note that in the above table, 4 is a non-zero constant and « an arbitrary non-zero
function of its argument in each case. Also, Table 5.1 presents a real classification

of particle Lagrangians. In the coraplex classification there are seven non-isomorphic



three-dimensional algebres and oﬁe nho 1ongé1: requires the fifth, eleventh and thir-

teenth cases of .dimensio'n three in Table 5.1.

Some remarks are now in order. Firstly, and this is an important point peculiar
to Noether algebras, two Noether algebras can be similar but their respective La
grangians need not be eqﬂMmt to each other. This can be easily be observed from
' Table 5.1. To illustrate this, we consider the algebra of symmetries p, r, ip—gr. This
representation implies two Lagrangians (see Table 5,1) which are not equivalent to
each other by means of a point transformation. Secondly, we make the point that
the dimensionality of the Noether algebra of a La.gré.ngian associated with a linear or
- linearizable equation need not be maximal (i.e., five-dimensional), This was apparent

in our discussion on alternative Lagrangians.
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6. REDUCTION USING LIE AND NOETHER SYMMETRIE
' - ASSOCIATED WITH FIRST INTEGRALS

6.1, Introduction .

Sarlet and Cantrijn (1981) proved a theorem that the Noether point symmetry, G, -
and corresponding Noether first integral, 7, for systems of serond-order ordinary
Euler-Lagrange equetions satisfy the property Gr=90. It ajppea.rs that the im-
portance of this theorem has not been rezlized since the litera:tu;'e does not reflect

applications of if.

Furthermore, whilst the significance of first invegrals of differential equations is
generally accepted, not much has been done in the literature towards determining

first integrals of partial differential equations,

In section 6.2, we forraulate a relationship between the symmetries of differential
equations and symmetries of the corresponding constants of the motion (conser-
~ vation laws), We show how this relationship can be used to reduce the order of

equation and in some cases completely solve the differential equation.

In section 6.3, we brieﬂy discuss some work by Blumax et ol (1988} dealing with ‘new
gymnetries’ and more recently in Bluman (1993) wherein potential symmetries and
linearization of pertial differential equations are studied. In particular, we highlight
the significance of conserved forms of differential equations and later reflect its

relevance to the work done here,

In section 6.4, we present some ex mples api)lying the results obtained in the previ-
ous sections. Some of the material in this chapter can be found in Kara, Mahomed
and Adam (1993), | | |
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Firstly, we use the following definition in conjunction with Definition 1.3 to deter-
mine first integrals.

Definition 6.1. A point symmetry, G, of a given kth-order differential equa.txon
B(t,q*) = 0 is said to be associated with ﬁrst mtegral I, if

GHUf =0, 1<j<m. (6.1)

This definition is motivated by the works of Sarlet and Cantrijn (1981) on second-
-order ordinary Euler-Lagrange equations and is an analogue. However, we shall
show in the next section that this property need not hold (see Theorem 6.1) so
{6.1) is really a strict invariance, Notwithstanding this, we apply this property
in subsection 6.4.2 to some familiar partial differential equations to obtain first
integrals.

6.2. Conservation laws, reduction of order and Noether’s Theorem

We now relate the above ideas to Noether’s theorem (see section 1.4) by constructing
a relationship between the symmetries of Lagrangians and the symimetries associ-
ated with the respective conservation laws. A significant result, which is hardly
mentioned in the literature, will be stated. A version of it appears in Sarlet and
Cantrijn (1981) and is stated with particular reference to second-order ordinary
differential equations. Here we present a more general statement. This result .. not
only significant in the t.heoretical' sense but, as will be expounded in section 6.4, can
be used in an elegant way to completely solve certain Euler-Lagrange equations, In

this section we restrict the discussion to second-order equations.

Firstly, by Noether's theorem, to each symmetry, G, corresponding to a gwen La-
gra,ngién,' L, we recall that a first integral of the respective Euler-Lagrange equation
89 | |



is given by
| = fy — Py - L{;.
Tn particular, for first-order Lagrangiana, we have P; = (n — ., &4:)0L/0gj.
Theorem 6.1, The Noether symmeiry, G, of a first-order Lagrangian, L(t, ¢, and
- conservation law I = (I1,-- -, In), satisfy the following property: -
L GHI) =5} -5} -8}, 1<j<m,
where

E&s'—_ - EJ L-D:'fs‘ + %;Eiﬁ:
i)

7] ok i)

1= 1362 - 63 D+ Y aal
igj

i#j ot i#j

51 = g lEMen - 3 ) — (1 - S e Dive] — (7~ 3 ) 3 22 2

Tt i=1 f==1 i1 6q‘ aq

Proof. For this cuse P; = 8L/8g;(n — Y.i=, £i4:)- Then

GMI(I;) = G(f;) — G (n — Za.q,) ~(n ZE&)G[‘]( o)

i=1 =1

— GH(L)¢; - LGU(E;).

By (1.7) and the result

.
Gl - P TG AV TN ﬁ%,
(572) = () > Gi e

o0



we get that

Gm(r,) o(5) - M - >t
i=]1
L 8¢;
“(’7 ZE:Q: { E-Dsfa LZDs&] Zaf ag}
=] : i=g i=1

(ZD fi - LZD s,) eJLG(E,)

=5 . i=3
By expanding and simplifying we obtain the required result. o

Pmpos:tzon 61 KGisa symmetry of the system of equations I; == B;, 1 < j < m,
B; = By(t,q), then

Ze:aBJ- i =557 53

i=1
Proof. If G is a symmetry of the system I; = B;, then
0= GHM(1; - B;) = ¢H(1;) - GH(By).
The; result follows by Theorem 6.1. | | | | R o
Remark: Corresponding to an Euler—La.grangé equation
E(t,d™) =0 | a  (6.2a)
we have a system of (k — 1)th-order partial differeniial equations

I;i=8; 1£j<m, (6.2b)
g1 '



where the Bj’s are functions of the variables £ and g. This reduced system has
- a readymade symmetry G if itis a symmetry of (6.23).. Then G may be used to
reduce {6.2b) aﬁd, bence, further used to reduce (6.2a).

Proposition 6.2. Form =1, G}y =0and G s a point éymmetry for the reduced

N
first-order equation I(%,q,q) = ¢, where ¢ is an arbitrary constant.

Proof, The first result follows easily by noting that S}, 5? and S? in Theorem 6.1
: vamsh The second part follows since for ¢ a constant

Glll(r—c) Gfll(r) GM(c) = GU(I) =0. | | 3

We remind the reader that the results here also applies to systems of equations
and it is not difficult to caﬁ:ry this over. As mentioned earlier, Sarlet and Cantrijn .
( 1981.) presented a result equivalent to the first part of Proposition 6.2 for systems,
' ﬁz., that G T = 0, where I is & Noether invariant. Also, previously, Lutzky (1979)
proved this result for scalar second-order ordinary differential equations. We use
Definition 6.1 and the above propositions in section 6.4.

6.3. Potential symmetries and partlal differential equations in conserved

form

It has been shown in Bluman (1993) that the solutions ¢ of a partial differential
equation (6.2a) are embedded in the solutions (g, Vi, -, Vin—1), V; = Vj(t), of &
(k — 1)th-order system of partial differential equations

It q"‘"?’) = %?.

Vi

_1-—1

_ ., BV . -
Ii(t, g ) = (—1)f 1[3?:' v 1<J_<m
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Talt, qtk—ll) = (~=1)"" a_V‘_“:;l_, | ' (6.3)
atm—l '
where the auxiliary system (6.3} is obtained By introducing potentials

(Viy-++,Vin—1). This is deduced by first writing (6.2a) in conserved form, viz.,
| DivZ =0, o  (64)

where T = (Ty,+++,Zm). In the veference cited above, Bluman utilizes the results
to linearize cerfain parﬁal differential equations. It is frequentlyl not obvious or a
straightforward ma.tterﬁto. write a partial differential equation in conserved form.
In the next section, we invoke Definition 6.1 to obtain conserved forms for some
| equations of mathematical physics. However, before we consider partial differential

equations, we embark on the conceptually simpler ordinary differential equations.
6.4. Examples
6.4.1. Reduction of second-order ordinary differential equations

8.4.1.1. In chapter 4 the solutions of some classes of non—]inear second-order or-
dinary differential equations were discussed. In particular, when these equations
generate the Lie algebras sli(2, R) and 5i(3, R). The solutions were obtained by
employing the method of ‘Equivalent Lagrangians’. A particular case of these equa-
tions is the Emden-Fowler equation (4.58) for whick solutions for some cases were
obtained. In Kara and Mahomed (1993), equation (4.58) was investigated by em-
ploying the Lie method. It was mentioned therein that the method was {_'.e(iious and -

cumbersome.

We analyse (4.58), using the results obtained in section 6.2. Firstly, it is easily
verifiable that a Lagrangian for (4.58) ia

2 n+l
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The symmetries of (6.5) are obtained by substituting L into the Killing-type equa-
tion (1.7). For n # 2 and n # —1, we get the following cases. (The cases n =2
and n = —1 can be analysed in a similar way. The Lagrangian for n = -1 is
L =ot***Ing + §t*¢*) |

n#2 n# -1

(i). 1 = %‘gi kaé]..
G = 1t8/0t + 148/8g
f=0

I= t!cq'q + t:j: 9"2 ___k+:v+1 tk+w+1 q2(k+w+1),1(k‘1}'

(i), n o E22W f A1 n# -3,
G = grrigpt®F0/0t + gyt ~Fe8/0g
f=x

I= “Tf_ﬁtzq'ﬂ - %tqg‘ + ﬁ_itw+2q(w+2)jlk—1)‘

(111) k= —wfz, k 75 1.
G =ttofor
f=0

I=1t@ — Zoqmt

(iv). k=1, w=-2

G = td/6t
=0
I 32 — SrgH,
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(v), n=-3 k=~wf2, k#1.
| G' = it ™I48/0t + it +248/0g
fi=
D=

2 .

S

q

2 1. 3z 1 4

Lol Ll Y

2'g~—2 .

G? = ;2 510/0t + §40/8q
J
r

=% =g ~ o)

G® = ¢~w/20/B¢
fi=0
P=1tvg? + g2

(vi) n=-3, k=1
G' = jtin®t3/5t + 1qIntd/dq
fl — %qz

I' = 1g% — bigglnt + Li%¢%In® ¢ + S8t ig2.

G? = tlntd/dt + Lq8/08g

=0
I® = tgg— 3822 Int — L1 P ingy2,

G® = fajat
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f=0
P =127 4 Gewt¥gm2.

In the above, the supersc:iﬁt does 1ot refer to 2 power, We now discuss the solutions
of some of the cases of (4.58), viz., (i), (i} and (iv), using the results obtaiir». in

section 6.2. The method is the same for (iii), (iv) and (vi).

(i). According ic Proposition 8.2, G is also & 3ymmetry of the redvced ﬁrst-order
equa.txon in g, i.e, J t, g, g) =c. Thus, we solve the &aractenstm equatmn associ-

a.ted mth G, viz.,

in order to obiain the invariant u = #¥~1/2g of G." Thus, ¢ = uill—*}/2 and
g = utd-k/2 ¢ l"kut(‘“l"")ﬂ so that our first-order equation I = ¢, in terms of

~ the invariant u, becomes

_1-k 5 LTy 7 20 R} f(R~1)
M R +k—_1_ut 2(1+'Jc+w)

which Is separable and can be written as

_dt
=2,

3l®

where U = Zou™t! 4 (—k::-iﬁ + ¢*, for ¢* a constant, The solution follows by

quadratxlré' -

(ii). Here, an invariant of G is u = gt*! and the first-order equation I = ¢ can

then be rewritten as

(W‘{'o‘ 'k—l) — c



The solution follows by means of quadrature,

{v). In this case, we may choose any one of the G’s, 1 S 1< 3 We select'_Gz.
As before, G? is also 2 sjmmetw of the equation J? = c. An invariant of G2 is

u = g/i{2+w)/% 50 that

— L 22 24w a -2
= el Lt Y Tire?

which 1s variables separable.

6.4.1.2. Leach (1985) discusses the first integrals of the modified Emden equation
 gte@ite=0, om0 (6
These are obtained by using the Lagrangian
Cr=laer - e, npo
2 n4d1 _ _
where A(2) = exp(J* a{t')dt') and invoking the generalized Noether’s Theorem with

derivative or velocity dependent symmetries.

By considering some of the cases, we demonstrate how the results in Leach (1985)
can be extended to deduce s *utions of {6.6). '

A. A first integral corresponding to the differential equation

i_s I'=1T%¢%+2T5¢¢ + 1T%¢®, where T = ¢ + K {Leach 1985). A scaling symmetry
of the induced equation J = ¢ is G = T8/8T — 2¢8/93 with invariant u = ¢I"2.

Then, ¢ = 4T~?% — 273y and the reduced equation, I = ¢, becomes

1 g 2,13
c--ZTu — 23 +-3-u
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which can be rewritten as

T = \'/2(c — 2y %u"'),
which is variables separable.

B. A first integral for (see Leach 1985)

- 1 ‘+--—0
LRI VL S

is I = 14 — Lg¢ +logq — log(T), where T = # + m. The reduced equation I = ¢
has symmetry G = T8/T + ¢&/dq which has an invariant u = ¢/T. The reduced

equation 15 then

6.4.2. Firsi integrals of partial differential equations

Here we invoke Definition 6.1 {o determine first integrals. This defirition is a strict
criterion for inveriance of the associated first integral of the partial diﬁ'érentiﬂ
equation. However, this need not be the case as a first integral need not, satisfy
the strict property for a given symmetry (c.i. Theorem 6.1). In practice, there are
usually many symmectries and Definition 6.1 which is an analogue of the ordinary
differential equations case (first part of Proposition 6.2} is a very useful property

as we see here in various examples.

6.4.2.1. We apply Definitions 1.2 and 6.1 to determine Brst integrals of the now
farmouns Burger's eguation
Upe — Uty — Ug = 0, : - (6.7)
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The equation has been discussed, amongst many others, by Bluman in the refer-
ence cited in section 6.3, Also, Nucei (1993) applies the method of ‘nonclassical

symmetries’ to the equation.

It is clear that a symmetry of the etiua.tion is G = 98/0z (6N = 8/8z). Gis
~ associated with a first integral I = (I, I} if

a .
=0
sl =0 | 69

Also, invoking Definition 1.2, we have

d_ d
a—tfj, + EIZ =0, . .‘ (6.9)

These are obtained by applying (1.8) and (6.1). Equations (6.8) result in
I = Ay (t,u, uz) ue)y

I = Ay(t, v, iz, tie), (6.10)

where the Ai's are arbitrary in the arguments. Substituting (6.10) into (6.9) and
Burger's equaﬁion into the resultant equation, we get the following partial differen-
tial equation

0A; O0A oA, OA; |
5t -+ g B + iy Bu, +uztau: }

' 3.,4.2 . 3..44.2 8442 . 6/12 _
Ug Ba + uug B, + ﬂt"a:": -+ Uztg’;;' = 0.

(6.11)

By equating coefficients of uy; and ug; respectively to zéro, we deduce that A; is
independent of uy and that '
8Ar | 04y

2 =0,

3u; Buy
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Without loss of generality, we further assume that 84s/8u, = 0. This implies that

Ag is independént of 4y and Ay = Al'.(t,u). The remaining equation becomes -

0Mr By,
ot " Bu

8A, 84y  OA

T UUg - Ut Fo
-3

HEW : Ouy

(6.12)

=0.

We separate the coeﬁci_ents'of Uy

3,41 84y

=40,

Thus, Az = —~u04;/0u + C(¢,u) for C arbitra.rv, ln its argument Inserting Az

into (6.12) y:elds
6.41

8 .Aj 3A1

ac .
z( 5_1;) + ‘U-u::(—‘ ) Q.
We further separate by u2 to get:
A

go that Ay = D(t)u + B(t}, for some functions D and E of £, Also, from the terms

involving u,, we get

- which implies thet C = 2u2D + F(¢), F some function of t.

Finally, we get that

Du +E =,
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Without loss of generality, we may further assume F = 0 and E = 0. The latter
vields D =constant= 1, say. Thus,

Ay = u,. Ag = —uy + %uz..

That is,
) II = ﬁ5 .

. 1,
Li=—u+ 5“2:

which &re components of the first integral of Burger’s equation.
6.4.2.2. In the following example of Fisher's equation, we show that, by applying

th.e methodology in 6.4.2.1, we obtain a trivinl conservation law corresponding to

itt symmetry G = 8/8z, i.e.,, a symmetry of an equation need not correspond

to a conservation law in the sense of Definition 6.1 (c.f. the converss statement in

Vinogradov 1984 that a conservation law need not be a consequence of a symmetry).
The Fisher’s equation which has symmetry G = 8/8z is

g = u;s +u{u —1). | . (8.13)
By (1.8) and (6.1}, we obtain the following equations:

9 :
5li=0 i=12

Div (%, I;) = 0. (6.14)

Thus,

Ij = A;(t, u, ut‘.\ua:'): j = 1_‘1 21
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so that by (6.14), we have the following partial differentiél equation

6;1 3‘41 (u:c:: + ‘U-(‘l& 1)) '+‘ —-él-u“-i-
) 8 |
‘l'.tr,t( a Ui 8A2 A2 Uz + a:ff uu = 0.

By sepa.ra.tmg coefficients in derivatives of z, as in section 6.4.2. 1, the .A, 5 have
the follomng form -
Ay = —a(t)ug + Ki(2),
 Ap = o(Bug + a(t)u + Ka(t),
where « and K; (j = 1,2) are functions of . So, a first integral of (6.13) associated
with @ is | |
: I = —ou, + K,

L=oau+out K,

It is eagily verifiable that this is a trivial conservation law.

6.4.2.3. Euler et ol (1988) discusses the point symmetries associated with the equa-
tion

uzt + ﬂ‘g + uﬂ = 0, (6«15)
which arises in the study of Maxwellian tails. Tt has been shown that the symmetries
of (6.15) are

G = '(%a

e =3% —-u-g%,.
G = g
Gi=e i e"ug—u.



We ﬂrstiy determine the first mteg;ral I= (Ij_,fz) obta.med through G;. Sinee

G’m = za/az - ua/au 21:.,_-3/‘315, — u.ta/Bug, applying Deﬁmtlon 6.1 yields the

gystem
on_ on . oh 0L _ 0
*Bs " Bu ”au, *Bug
o, 0L _, 8L 0L _,

yields the iavariants of GLI]? Viz., ¢ = Uy, f = 2%y, y=ausand § =11, Tt can
then be shown that | '
Iy = h(e, B,7),

1.2 == !(CI!, ﬁ’ 7)1

where | and ! are some functions of «, § and 4. Invoking Definition 1.2 gives the
partial differential equation

Bh aaz '3 ol g OR
78 (~u )+B:Y'$(—Ux“u)+“§7‘$ﬁﬂ |

al , 61 ol a1 ol
+ Bﬁm tzu-ra u+6,62w”+6 u‘+6 zty = 0.

Equating the coefficients of uy and %.. to zero yields
k= h{a,8),

I =o,B).
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The remaining terms in the above equation give

8h 8k  ,8h _

: 73—&—5%-9 aﬁ"‘oa
ol .o, ol al, ol _
—,5'5-7*—.&'8—7+a-é§+'}"57“+ﬁ'é“&—0.

| Differentiating the second equation with respect to « yields 62.1/ 8y% =0, 50 that
l = r{a)y + k().

Similarly, we can show that
= —r(a)B + s(a),

where r, k and s are functions of o, We can then choose

Iy = -—:czu,,.,

Ig = Bu¢.

However, the first integral I is trivial. Similarly, the first integrals obtained through
G3 and Gq, are tnvml.

It can be shown that ; is associated with the non-trivial conservation law
13
L= g exp(3t),
Lo, Lo
L= (—Z;u.t + uu + U )exp(3t).
| Applying Div(l, ) = 0 yields

{tze + vz +u*)(u + us)exp(3t) =0

and thus I is indeed a first integral.
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6.4.3. Reduclion of systems of ordinary differential equeiions

Gorriﬁg_t_a and Leach (1991) determined the first integrals of the system of equations

i = rg? — prts 2/“

. (6.16)
6 = —-2¢6/r, |

where r and 8 are functions of £. It was shown that (6.16) has, inter alia, the

- symmetry G = 13/0t + ar@/ &r and a.sso_cia.ted first integrals

- l 2p 2P a-afa
| I= r + r & + 2(a l)rz
J=r2. - {6.17a)

Sinee G =0 and GI1J = 0, by Proposition 6.2 carried over to systems, G is a
symmetry of the system of equations ' |

It,r, 9,1‘,@) = ¢,

J(t,r, 8,7, 9) = &g, _ {6.17b)

where ¢1 and ¢y are constants. The invariants of G, obtained by solving the chaz-

acteristic equation

are u; =rt"* and up = 6. Thus, # = 0d® luy + 1%y and 9 = G, Equa.tmn (6.17)

can now be written as

t2°‘u2+2at2°“'1u1u1+a213“‘2u2+t2"u1u2+ .U-ltzu-z 3—2/:: =k,
(6.18)
ey Tig = cg,
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where £ is a constant. Substituting (8.18b) into (6.18a), we obtain -
Ppde Sty (6.19)

where r = $*u;. We note that, purely coincidently, (6.19) is of the same form as
obtained by substituting J in (6.17a) into J. By sclving (6.18) in terms of r and ,

we have the solution for (6.16).

6.5. Discussion

Determining the first integré,l; of ordinary differential equations (and systems of

| .ordinary differential equations) have been done before (some of the references have
been cited above), However, we have shown a systematic, albeit strict, way of
determining these for partial differentizl equations when we considered invariance
of the integral. W]:ulst the calculations may be tedious, the method is an. algonthnuc
one and easily ll.nds itself to the computer.

In particular and as a consequence, the results obtained by Bluman (see section
6.3) will have a wider range of application since a knowledge of first in' yrals of
partial differential equations provides a conserved form of the partial differential

equation in guestion (this is a sufficient requirement in Bluman’s method).

Furthermore, we have shown that the result of Sarlet and Cantrijn (1981) that

G = 0 (G a Noether symmetry and I the corresponding Noether invariant) for'
systems of second-order ardinary differential equations has, previously anknown,
applications in the reduction of the equation. However, the resuli is not true for
partiul &' .evential equations as we have seen ip Theorem 6.1. However, Definition
6.1, which was motivated by the works of Sarlet and Cantrijn {1981) on second-order
ordinary differential equations, was used to analyse equations from mathematical
physics.
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CONCLUSION

From the above material, it is, indeed, clear that many issues need to be addressed
and numerous questions can be raised — some dealing with the possibilities of
further generalizations, some involving extensions and others with converses. In
this concluding chapter, we will discuss some of {hese. Most certainly, the list is
not exhaustive and the iséues that we present below do not appear in the seQuénce

of the preceding chapters.

In ché.ptei* 2, we presented some results dealing with the algebraic structures as-
sociated with the inverse problem in Lagrangian mechanics and compared and
vontrasted these with similar results corresponding to Lie algebras of differential
equations, We proved that the maxivoum dimension of the Noether algebra, for
particle Lagrangians is five (As,40) and that particle Lagrangians do not admit a
maximal four-dimensional algebra. Similar work needs to be done for higher-order
Lagrangians corresponding to ordinary and partial differential equations.

In chapter 6, we devele &d an algorithm to determine first integrals for partial
diffecential equations making use of symmetries associated with the required first
integral. Furthermore, we saw how the notion. of associated symmetries, which
neturally holds for Noether invariants (first integrals) was utilised to further re-
duce second-order ordinary differential equations and, in some cases complete solve
them. We proved that this notion does not automatically hold for partial differen-
tial equations {even second-order). However, the remarks following Proposition 6.1
suggests how a gimilar result may be achieved so that a vast number examples of
partial diffe  lal equations can be analysed uzing Noether’s Theorem.
107



In chaptér 1, We.ha.d a brief look at some methods and problems associated with
the inverse problem ;ﬂ the calculus of variations. In particular, the consfruction of

first-order Lagrangisns using 'symmetriés and associated first integrals was reviewed.

Here again, a generalization of the results will be useful and some aspeéts of it are

investigated in Mahomad and Kara (1994). " |

The r__ioﬂ-éun.iqusn'egs of & Lagrangian corresponding to a differentidi equation is well-
known and was discussed in detail in chapter 3, These observations were exploited
in several Wayé‘ We introduced the cdncepts ol equivalent, alternative and 57-
equivalent Lagrangians. This led us to classify partidle Lagrangians for second-
order ordinary differential equations, firstly in chapter § 274 then in chapter & we
completed tﬁe classification. Classification of higher-order Lagrangians still needs
investigation and it should be the case that the method adopted in the preceding
~ chapters can be extended. B |

Finally, we can pursue some algebraic studies, For example, we sugé;est here thﬁt
the Lie point symmetfy algebra of a differential equa.tioii can be partitioned by
the Lagrangian: of the differential eqaution in the following manver, If 4;,- -, A,
are the Iﬁbint symmetry algebras of the Lagrangians I,..., L, (alternative La-
grangians) corresponding to the equation .E(t, g™ (1)) - 0, then there exist alge-
bras By, ..., By (with the B;’s disjoint}, k < n, chosen from the A;'s such that the

algebra of symmetries B;'s iz isomorphie to the Lie algebra of E{%, Q[m] (#)) =0.

Ag it was pointed at the outset of this chapter, many more questions can be raiééd_.
Very importantly, if the results can be extended, the scope of app]ica.tior.l is widened.
Thus, we will have more tools at our disposal to tackle some of the many problems
of mathematical physics. ' |
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