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The catenarv remains in contact with the cheave admittine lonaitadiaa
....... J Avaiidaaa 1n contacy with 1he VEILeAY vy wnllltvl lvublln“\lluﬂ mo-

tion tangential to the equilibrium profile ie. év(l) = 0,6w(l.) = 0. No slip
occurs across the sheave; finally the lateral motion of the vertical rope is re-

strained.

The transport velocity of the rope is neglected with respect to longitudinal

matinan kst tnrlindad with raenact $a tha ‘a!‘rn' ratonary matian
tiivuivia, ouv la INCIUGEq wiii ACOPLLY VW VAL davviws LavLiiady ddaVeiVIE .

9 n
V4

Applying these simplifications, the undamped® nonlinear equations of motion

of the mine hoist sy:

(1 + ¢8(s — L) + né(s — L))un = c'up +

A (V,V40 + Wow,, — x0,)[H(s) — H(s - )] (5.1)
Where { = ‘,,‘j"ii!’v'l = ;‘-’;, and [, 1, refer to the length of the catenary and
vertical rope respectively*.
/ 1¢,2 nl
v +2Vu, = (€ — 29 2 1YUs 2\Y 4
+x{u, — xv + 3(v] +w))} (5.2)

2
f ]

Wy + 2Vw,', = (E’ - W)w,. + C2 i:ll’n{uo — KV + ";(vf +w

—
‘CJ'
)

o

w1
N,

ooitadinal and lateral wave speeds; x repre-

Where ¢?, and & represent the longitudinas anc faterd
sents the catenary curvature, and V the axial transport velocity of the rope.

P the mmceottbeConolncouphnzude
2This follows from the observation that the imp . ie 1 s 10-1, where as

pendent on the ratio of the
¥ 2~ 10~3, where c, € represent the lonptudmal and IWM :;dupeeddm respect fmm"m .
* 3Since a proportional damping mechanism is applied, ping

introduced at a later stage. - ius, conveyance mass, modulus of

‘I, R, M,E, A refer to t .
elasticity, and effective steel area of the rope respectively.
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5.2 Normal Mode Model of the Equations of
Motion

Initially the normal mode technique was applied to discretise the equations of
motion. Although this technique is commonly applied to obtain approximate

solutions to weakly nonlinear continuous systems, it was found that the simu-

lation based on this method did not correlate with laboratory measurements.
For this reason an alternative technique was ultimately applied. Neverthe-
less, the normal mode technique applied to model the system is presented and
dlscussed for the purpose of documenting the limitations of this approach.

In applying the normal mode method, trivial boundary conditions are required,

such that the spatial vanables ca ‘ i
eigenfunctions or normal modes of the system. This can be accomplished

by fmanmmmg the equa,tlons of motion so that the boundary excitation is

i i rces in the equations of motion.

The following transformation is a valid transformation®.

Lo, 0? +u(0,07 { 1H() - - H(s— L))+ (s~ 1)}

5—,—3(2& - s)[H(s) — H(s — lc)]w(0,?)
¢ +(s,t)

o~
N
]
>
~
>
-
i~
SN
)
N l —_

e ) = (0 $)(1 — —)+v(8 t)

U &, v) = NV =/~

w(s, t) = w(0, t)(l—-—)+w(3 t)

u 0- to the equations of motion
ordinate transformations in
Substituting these ¢ T : : s of motion

2 leads to a set Ot equa-Il]»Ulls, WwWiaelrt vilc DOULRRAL) e v GRS
Eistliei ins ec)l,ulvalent distributed inertial load. In this reference frarne, trivial

zitudinal strain remains unchanged during a

sures that the longit
5This transformation en  the Long e o pensation mechaniam
static rigid body displacement, in acc

induced by the sheave interface ie the e

quatxon of motion at the sheave due to a static
- vZ+wy) =u |2 = 0, where 1,2 refer to stations
displacement field reduces to [u, Kv -t n(clnnnvg.)e s

on the catenary and vertical sides of the sneav ectively. The transformation adopted

satisfies this condition.

£
g
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boundary conditions exist at the winder rum, Since the excitation in the
in-plane direction v(0,2) ia of the order of D.5mm, it i3 included only as a
weak source of direct excitation of the in-plane motion. For this reason, it

not cacried throngh Lhe saubdequent equations, and resulls only in defining the
direct excitation of the in-plane motion Fula,t)-

where:

[l+-|:|5fa'—f¢J+rJ-5{t—fp]]ﬁ1: = Giﬁl,
e | I .. o o
o [0y T +Eytty, — w0, — & [ 8] — A —1}]
¢
+8. (8.8 (51}
e am 1T — s Elim oy, Jeim 13— 1 Ja=—=t= 1 1
T+ Z¥ber= £ — ¥y T | Uglyfe T TlWal Va7 FhE Male]
—ue? [F Vau — & + 60 — (L1 + 21T, 77
—? 5l {55, 5, ), + XT0.] + Fuls, ) {5.5]
— mEa— o=t I imomr o drmitE . o lender ]
g ZV W= (€ = ¥ Jlyp T8 W5 T U e T M
— k& |F oy + W27,
IOy [w S, — Ty — FBaFay ™ TaTae + KT,
+roimt} {56}

F-utﬁ,t]= —I1'+'|:|§|:'I-Ig]+ l]'ﬂ'[-i'—!p}] ™

[yt — . CY [[H1e) - H{o - L)+ Hla - L)

a. Fui0, ) 2V Bu(l, 2
Bla=-0-7l = " "a

Fui0, ) 2V Bu{,1)
Fetstl=-1- 2055+

0,1} = wla, £} s WO} =0
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v(le,t) =w(l,t) =0

It is evident that these equations of motion contain spatially distributed forc-
ing functions, as well as terms with periodic coefficients. It is convenient to

equations. Usually this is accomplished by means of the expansion theorem
(Meirovitch[1970]), where the solution is expanded in terms of a superposition
of the linear eigenfunctions (the normal modes) multiplied by time depen-
dent functions. Since the dynamic characteristics of the mine hoist system are
non-stationary due to the changing length of the vertical rope, this approach

PRI | A A ol e [ N

cannot be applied directly. The normal mode expansion may be applied to
approximate the non-stationary spatial domain by assuming that the vertical
length changes slowly with time. In this context, slowly means that small

changes in the dynamic characteristics occur during a period of the fundamen-

tal frequency of the system. This condition applies to the mine hoist system
except towards the shaft head, where the longitudinal system characteristics

crot ores PN PR

change significantly over a short depth. If the system is treated as one with

slowly varying parameters, then the change in the vertical length 7, which in-
troduces the non-stationary nature to the spatial variables, can be observed
a slow time scale r = et, where € is a small parameter. In this case an

approximate solution can be found by considerir}g an exp.ansion of the form,

®  #(s,1)ngn(t), where én (3, ) represents the elgenfunctlon' of the n** mode,
and [ = I(7). Thus the eigenfunctions can be found as a‘functloﬁ gf the vertical
length I(7), and applied to transform the system to ordinary differential form
discreetly during the numerical simulation®. Since the boundary conditions

applicable to the transformed partial dlffe'rentla.l equations of m?tlorf are tn'v-

ial. a norma. : i 26 applied to conve he partial differen
’ . . .
equations into nonlinear ordinary differential form ie.

u(s,t) = Y #(s)a(?)

o(s,t) = 3 B(s)p(t)

e for the slowly varying properties of the dynamic characteristics, addi-

(.34
) 4 in the equations of motion. This effect is being considered by
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Q
=
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»
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Q
[
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e
a
”

tional terms are introduce

Kaczmarczyk[1993].



a set of nonlmear ordinary dlfferentla.l equatlons result”.

v(u t)

Pi + 2Cuwipi +W, pi + ( ) i T + R,]qJ + F,]k[T]Tk + quk] =P (t) (57)

Gi + 2(Cu@i + VVij)ii + @20+ Aijepide
+ﬂijbl(%‘1j%ql + %fﬂm +riqem) +  Yijegiqe +
0 t
‘U( )(Cuer(Ik + Ku"r) = Qi(t) (5.8)

€:;D ij ( k"'rmrk)"nl‘n‘h +

Css
'l'l ‘ AR

v(0,1).
T:+2(CvW:+VVu)7's+“( +’ )2( (l, ))2)“ +—AGEPTTE
[

1
+ﬂijk1(§7'j7'kf'l +%qni + giTeq) +  ijkgiTE +

v(o ) [Ugp; + 8ijxBrime + Gjq) + Kijgs] = Ri(t) (5.9)
Where:
e i yszilizs rru— & [le 40 \@ (8)ds — 6. (138 (1))
w&_[l_(%}fjl'r-c Vij = 2 ‘lJo’ Yi\e)=j\%) Pille/=j\fe/y
_.E,.fo‘ ¢,(3)¢ :(8)ds Lije = —,ﬁ—r" {f;c #i( )d’ (8)®y (s)ds — 36l )‘I’J(l LA )}

Vu = fo“ Q.(a)tb .(8)ds Ajje = ,,c,a f ®; (3){¢ (s)¢k(3)+¢ ()@, (s)}ds

bije = —'r 0 <l'-(a')‘l’ (8)8¢(s)ds  fijur = -:..v INCAOL tsmksrvz (s)ds

Uy = 7 fy @ulo)d; (5)ds st = 55 Jyr SO ()L (5) + &8, (5)}ds

Ky == I B(0y(eds  Tn= B fo”b (5)2; (5)2 (s)ds

€ = —-—;— 0 Q,(a)¢,(8)d8 Nijk = zmv Jo q’!\s}w]\”)wk\“}""
w — ..._:_' o Q.(s)tb (s)ds Gijk = £ fo Q,(s){d) (3)(}& (s) + <I> (s)@k(s)}ds

i) ,,+I, s 2 . 9 2
my; = mi = [ (®i(a)]de iy = [+ (860 ds + O + alo(0)]

(£
Fi(t) = ;.rlo Fu(s,t)ds Qi(t) = v fo" Fu(s,t)ds

Ri(t) = -;'1‘7. I Fy(s,t)ds

Tar 1.1 damnine is added to the equation of motion via (y,v,w.; Where { may be defined
to acwcl::x;,: ;';:.:yge:eral proportional viscous damping mechanism as defined in Appendix G



During the accelerating or decelerating phase of the winding cycle, or at layer

g OPEC 11S€C [I-P1ane€ da cC O DY d U OP€ {dld y
transient excitation is applied to the system. This excitation can be accounted
for in the equations of motion by introducing additional inertial forces. At a
layer change, the reversal in the direction of traverse in the out-of-plane direc-

tion can be accounted for by changing the phase of the out-of-plane excitation
appropriately. Thus the ordinary differential equations of motion of the mine
hoist system are expressed in a concise form, and readily coded in a numerical
simulation. Initial simulation trials provided convincing results. In fact the
simulation of the Kloof mine hoist system based on the normal mode model
correlated well with the observations of Dimitriou and Whillier[1973]. Such a
simulation is presented in figure 5.1, for the ascending and descending cycle of

the Kloof Hoist system, between the depths of 50-1400 m®. In this figure, the

PR PN

4 a1 P R

in and out-of-plane lateral motion at the quarter point of the catenary, and the

longitudinal motion of the sheave and skip are presented. Large lateral cate-
nary motion is evident on the ascending cycle, as well as significant longitudinal
ation at the sheave. The tension ratio across the sheave is sufficiently high

a nat on S11D O 1€ [1€4VEe INUS 0

¢ cycle; such-that frictiona OCCU
Such a condition invalidates the simulation, and the simulation was stopped
short of the full wind. It is clear from this simulation that significant dynamic
effects could be expected on the ascending cycle, as confirmed by Dimitriou
and Whillier's observations. The acceleration and deceleration phase of the

winding cycle, as well as the transient response induced by a layer change over

. a3 11 T.ouan chanoe over locations are represented bv the vertical
18 clearly marked. LAayer Ciialigt Uvel ULt P \ al

lines in the figure. The in-plane motion is referenced to the chord line between
the drum and sheave, and consequently the mean position rises with increas-
: o haft depth in accordance with the decreasing rope curvature due to the

increasing vertical rope mass and thus catenary tension.

8The Kloof Mine hoist system actually extends over a 2100m sha'ft deptfh. The_simulation

€ °: ¢ a 1400m shaft depth to emulate Mankowski’s simulation. It is r.10t clear
w:s 3:1";:ws;§fﬁﬁca‘d +he chaft depth in his simulation; it is presumed that this was to
why el wll 8= s

reduce the simulation time.
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Figure 5.1: Kloof Mine simulation - Normal mode model

(a-d) - Descending Wind.
(a,e) Sheave Displacement.
(c,g) Out-of-plane Lateral Motion

o —
-8 =

(e-h) - Ascending Wind.
(b,f) Skip Displacement.
1./4 (d,h) In-plane Lateral Motion - s = {./4
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Reservations concerning the applicability of the vormal mode method with
reference le noplinear dynemic systems, lead Lo an examination of the de-
gree of correlation attainable beiween numertcal resulls, and experimentaily

extracted measurementa, Since ar accurate correlation exercise from on site

measuremeols would be difficult to control, the stationary laboratoey model
wag applied. It was clear that although the normecical simuolation correctly
predicted the onseb ol in-plane motion, Lthe amplitudes were grossly incorrect
within regions of primary and secondary resonance, 1t is noted that in the lab-
oratory experitnent, sinusoidal excitation amplitudes of lmm were applied for
a 475mm catenary lengih. [n the context of the mine hoint system, excitation
amplitudes of Ymm are applied to catenary lengths of Tm. Clearly the level of
axcitation applled in the laboratory Expr:ril:nﬂnt WhS aigniﬁcaut]y |J'Lgher; per-
haps it could he afE]j_Ed that for tower levels of excitation the svstem would e
weakly nonlinear and henre the normal mnode method would be appropriate.

Since the Lransient excitations applied to the mine hoist system during layec
- eeleration /deceleration profiles ace significant, it was

deeided not to accept the normal mode methed. On comparing the numerical
results to experimental measurements, it was evident that the nuomerical sim-
uwlation predicted substantial stiffening, resuiting in a pronounced lrackbone,
whereas the experimental measurements indicated thal the laboratory model

did not exhibit a backbone,

In applying the normal mode method, it is assumed that the linear normal
moden of the aystem form a spatial basia for the nonlinear motion. This as
sumption has found acceptance on condition thal the system conforms to that

of a weakiy nonlinear syslem, where the ponlinear motion remaing close to

that of the linear motion. Szemplinaka-Stupnika [1983] conedered Lhe valid-

e b s oo atine  and proposed the nonlinear normal mode method.
Ly O SUCK a0 83U ITL PFensiy Ui FEErs : .
i NE NNonlinear RLERO at.aba

n this approact, Szemplinska- ks calculated the 2ar AteRdy s
response of a aystem via the conventional normal mode method, and the non-

linear normal mode methed proposed. Since the Stead_]:’ stale response was
r:o_n_a].d.arcd s harmonic lemporal response wad asaumed, and Lhe cquabions
| nonlinear ordinary differential equations describing the

' ted n
of motion resulter | ons of the solulion. Significant differ-

i main and boundary conditi
5Pﬂ-t1-ﬂl dﬂhe o were faund N wdab ob & L[1003 ranaidarad this nroblam
ences in the response .

a'lu.u,u L LA o SRR R p..-.-..-.-.., iy
with reference lo continuous aystems with guadratic and cubic nonlinearities.
Nayfeh et al. applied perturbation e

chniques directly to the Lagrangian of the
the fast time scale lo abtain the ordinary

hat govern the modulation and phase of the response

r
i i tipna t i
differential equatio ihat the conventional nermal mode technique

directly. Nayfah et. al observed

i leviion arrora boltdeer bha oo

= L e I | imimiios arrars hplwerr the oo
ia based on applying & Galerkin proceaure to Ly

: o 1aa ; 1= : : sal
d exact gpatial distribution, leading io umunmy_mrﬂmﬂw .
::E:‘:u:: of mnti:n which minirmise this error. By consideting a simple non-
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g 3 strated that t a g
ally fails to correctly account for the spatial variations of the drift terms, and
other harmonics. It also incorrectly predicts the effective nonlinearity and the

nonlinear frequency shift.

At the stage of completing the laboratory experiment, a significant effort had

been invested in developing the normal mode simulation of the mine hoist

system. The significance of the effect of the normal mode approximation on
the response was not fully appreciated. Although it would be expected that
a simulation model based on a normal mode approach would exhibit modal

A agrna~t ~

attempt to investigate the aspect of mo

— modes were included with little success. It became evident that the normal———
modes related to the linear eigenfunctions of the longitudinal system, could
not adequately describe the tension distribution in the catenary, as induced
icular the drift term in the longitudinal equation

of motion which is produced by the quadratic coupling of the longitudinal co-
ordinate to the lateral motion was not correctly accounted for, as supported

by Nayfeh et al. This feature of the normal mode model occurs as a result

of applying the linear eigenfunctions to the spatial domain, which are not

compatible with the nonlinear deformation relationship in the catenary. Thus
constraint forces are induced in the system, and the tension compensation

normally afforded by the sheave interface is disrupted. As a result the nonlinear
nature of the system is aliased by the presumed dynamic motion.

If one considers a quasi-static relationship for the catenary then a constraint
equation develops relating the longitudinal to lateral motion, such that the

b5 . . ) _ 1(,2 2
quasi-static strain in the catenary 13 described by: g(t) = u, + 2(”=.+ w;). In

applying a normal m ; ed-tha : o(s)
S (D), w(s) = (s)r(t), where ©(s) = sin(32); as a result, a quasi-static
deformation would require that the longitudinal deformation ln‘the catenary
permits a longitudinal strain deformation of the' forxp u, = g(t)+A+ B co s(222).
If a normal mode based on the continuous longitudinal system is applied, such

a relationship cannot be accommodated. Furthermore, longitudinal modes

: e dar of the i i
with a wavelength of the order of the catenary section would imply short

wavelengths in the vertical section. As a result, although the spatial distri-
htion Beos(22). may be satisfied in the catenary section by the inclusion
3 22N i 7*? &

e . ] modes, the normal co-ordinates involved would require

on of the vertical section, and thus constrain the longitudi-
e overcome by splitting the system at the

elastic deformati
nal motion. This problem can b ‘
rmal modes to the ra.tena.ry section alone.

Oriiial 111UWlS Vil CalClilal ¥y SCULIOVLL alQllC.

sheave, and applying fixed free no
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The catenary section could then be coupled to the sheave and vertical lon-

1N A Q ias A N naepnenaden NOTrMma O-Orain
va® c 7 d O-01d d

system would contain a rigid body mode, enabling the tension to be correctly
distributed between the catenary and vertical section. Considering the mine
rope system, the catenary is generally shorter than the vertical system, and
the natural frequencies of the normal co-ordinates applied to model the cate-
nary section would be significantly higher than the response and excitation

tha ~Antonar

I+ tha ratantian af lanaitiidinal inartia 3 A <
L1IT \/a:bclla:l.y

frequencies. As a result the retention of longitudinal inertia in
section is unnecessary. A more usual proposition supporting this notion is
that since the longitudinal wave speed in the catenary section is far greater
than the lateral wave speed, the interaction between longitudinal and lateral
motion would occur in a quasi-static manner, where the tension distribution

in the catenary is spatially uniform. Since the retention of longitudinal inertia

in the catenary section is thus unlikely to be significant, and would increase
~ the number of co-ordinates required in the simulation model, it issensibleto
apply a quasi-static description to the catenary section directly. The implica-
tion of a quasi-static constraint is that secondary regions of resonance related
e i i ving different lateral m
catenary would be eliminated (Perkins(1992b]). However, on the basis of the
stability chart extracted from the laboratory exper-irnent, such reg‘i?ns are less
significant and more difficult to excite. The more important combination res-
onance involving the lateral and longitudinal system would be accounted for

due to the retention of the longitudinal inertia of the vertical section. This ob-
a reappraisal of the normal mode discretisation technique,

. P 2% e s ]

servation pxu;upted a reappraisal . : :
leading to the development of a more conventional quasi-static model of the

mine hoist system.
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5.3 Laboratory Measurements

A validation of the the numerical simulation was achieved by considering the
model o

~A Avsrnnd 3 ~Ahartan A L2 1 PR DS A R 11 , 1
noa auced 1n cnapier 4. 1ne iaporatory model was tuned

intr

es (4.1),(4.2) ot chapter 4. e system was
excited with a constant amplitude, and the envelope of the motion in the in and
out-of-plane direction, at the mid point of the string was measured visually. Tt
would have been useful to track the motion of the guitar string, so that polar
plots of the steady state motion could be directly compared with the results of
the numerical simulation, however suitable measurement transducers were not
available. The envelope of the motion was measured with video CCD cameras.
A camera was aligned normal to each plane. A screen lined with graph paper
was placed behind the guitar string, within the focal depth of the camera,

h tha he envelope of the steaqy state motion could be detected

The excitation frequency was increased incrementally, and the amplitude of
the excitation was adjusted so that it remained constant. This process was
repeated for excitation amplitudes of 0.1,0.5 and 1mm, over a bandwidth from
40-80 Hz. The measurement resolution was judged to be of the order of 0.5

mim.

The experimental envelope of the in and out-of-plane motion is presented in
figure 5.2 for three sinusoidal excitation amplitudes of 0.1, 0.5 and 1 mm. This
figure reflects the in and out-of-plane motion simultaneously, where the posi-
tive absolute motion of the out-of-plane and the negative absolute motion of
the in-plane response is presented on a single axis. During the experiment, it

e b AnvalAanad ranidlyy T+ alan hanasna ars Ao d
aqnar 1mmouioii GCVEIUPLCU Iapilly. iv 4aiSO OUECAIIIE €VIAeEnt

was found that non-pi
WHWWWMW
tion developed at approximately the same frequency regardless of whether the
the excitation frequency was increased or decreased. An interesting region of
approximate -57 Hz, where large non-plana

motion occurred. The motion was clearly non-periodic, and it was not possi-
ble to measure the amplitude of the envelope consistently by using the video
camera technique. A beating motion appeared to develop between the in and
out-of-plane modes, and the motion appeared to be chaotic. Whereas the re-

gion close to primary resonance at 53 Hz resulted in the mass being raised to

a new equilibrium level due to the arc length change in the catenary, the re-
gion between 54-57 Hz was characterised by substantial longitudinal dynamic

d a saturation phenomenon appeared to develop with respect to the

motion, an
lateral modes.
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Figure b.2: Experimental steady state amplitudes
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4 Quasi-Static Laboratorv odel
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A quasi-static model is developed by considering the catenary and vertical sec-

tion separately and imposing equilibrium and compatibility at the sheave. In
the laboratory model, the pulley wheel is light, and is neglected. A schematic
of the laboratorv model is presented in ﬁe‘ure 5.3.

VIAT 1@V QvvA Y dsavRaNl paesalveis 240

\ -AE,p

Figure 5.3: Quasi-static laboratory model

The equations of motion of the catenary section are:

2r 1/ 2 2 (5‘10)
Uy = C [Uy T+ 2\”, T Wsls
> 1 ‘
v = Do+ ¢ {[us + 5100 + (N, (5.11)
(5.12)

PR 1 9 1
wee = Pway + ¢ {fus + 5 {(02) + (W) Mg

a quasi-static con-

y negiecting

straint relationship develops whereby:

Loz w?) = g(t)

u,+2




110

. This constraint relationship enables u; to be formulated as:

g(t) represents the quasi-static strain in the catenary which is spatially uni-
nstra

uy = g(t) = 5 (v + w)) (5.13)

N | o—

Substituting the quasi-static relationship into equations (5.11,5.12) results in
the quasi-static description of the lateral equations of motion as:

=201 4 (SN2, (B 14)
Uit = € ilT\E} Y\v)yVss \C-173)
=201 IC\2 4\, (% 15)

wy = AT+ () 9t (5.15)

_ The quasi-static strain in the catenary can be evaluated by considering the

equilibrium of the oscillator which is coupled to the catenary section. With
reference to figure 5.3, these equations are developed as:

c1tty + c2(tr — ug) + k(uy — uy) = —AEg(t)

Miiy + catia + kuz = kuy + c2ty

Mii, = —AEg(t) — aith
uy = g(t)le — Ya

1 le 2 2
= = ’U,+w ds
Yo 2/0( 2

Manipulating these equations, the equation of motion for the suspended mass

is obtained as:

k
kC [ kc y -— —c- —_— Y - kc a
M[l <+ —!;]UQ + Cz"l;‘uz + keug = (C2 A Cl)ul Y



111

where k. = ATCE-, which represents the static stiffness of the catenary section.
Thus the equation can be written in standard form as:

g + 2(wntz + wiug = —wgya + XU

where x = 2(wn — C1 %:;, and w, represents the natural frequency of the longi-

tudinal system.

Since ©; = §(t)l. — Yo this equation reduces to:

., 5 L Py 2 :
Uz + 2(6011“2 + wn”’? - _wnya- - Xya + Xg(t)lc ("416)
The equation describing g(t) is generated through further manipulation of the

previous equations:

g(t) = 7 (in + )

AE M.
Uy =———" (t) - —U2
1
This leads te
k, M. 1.
72\ ___n/t\ = ——1U9 + ‘,_'yg (5‘17)
gu) T 1-‘l\ / cle l. '

The lateral excitation at the slider is introduced by transforming the lateral co-
' crnrre trivial and tha dunamice

ordinates such that the boundary conditions become trivial, and the dynami
motion is then referenced to the base motion. This is achieved by applying the

transformation:
Vo S
v(s,t) = o(s,t) + l—(l - Tc‘)

Introducing this transformation into equations (5.14,5.15,5.16,5.17) results in

the forced equations of motion as:

c d? s
T = {1+ (3)9()}Tes + Tl = vl (5.18)
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C
Ty =¢ {1+ (E)"’g(t)}w,, (5.19)
2 2 2
iig + 2{watia +wptz = —wp{ya + (57},
.ood v

—x{¥a + 7 57:) - g(t)l:} (5.20)
. kc M . 1 . 1 d ’Ug
g(t) + ;g(t) =—plt bt Z@(EIZ (5.21)

— 0. Additional concentrated damping at the sheave can be accommodated
3 ing x < 0. Since the longitudinal equation and that for the quasi-static
strain are coupled, they may be further reduced to produce a single third order

X
by mak

i d

ordinary differential equation of motion for the suspended system.

The equation of motion for the suspended mass, and that for the quasi-static

strain g(t) are ordinary differential equations. The equations of motion for the

lateral motion of the catenary are converted to ordinary differential form by

applying a normal mode expansion:

4 S— T‘ [ B Vs)
;) = LJQ'(O)‘“

[

/
U8,

w(s,t) = Z ®;(s)r:

Applying this expansion to equations (5.18,5.19), and orthogonalising the
equations in the usual manner, a set of nonlinear ordinary differential equa-
tions result. For the special case where the longitudinal damping ¢, C} is zero,
the equations can be represented as a set of coupled nonlinear ordinary dif-
ferential equations, with quadratic and cubic nonlinearities. In the absence of
longitudinal damping, the longitudinal equation of motion can be incorporated

into the equation describing the quasi-static strain g(t) to give:

ow

M v
g(t) = wgz—E','{UQ + Ya + ('_l'c')}
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Applying the normal mode expansion for the lateral motion v(s,t), w(s,?):

Yo = ai{qiz + Tf}

Thus g(t) can be written as:

g(t) = vuz +7Za.{q, +r?} +v(2, )

=1

where v = —ZJ—F—.- Applying the normal mode expansion to the lateral equations

of motion, the equations of motion of the system are:

: 252 a RYRIRY ) N e\ /7 ow:i \2 /uZ\
= (wi)? L= LA AL = ()
where [';; = (%) i, i = i A = (F)700) = 7))

It is apparent from these equations of motion, that the longitudinal system is

quadratically coupled to the lateral modes. The lateral modes are quadrati-
; i due to the

cally coupled to
intermodal coupling of the lateral in and out-of-plane modes. In addition, the

lateral system is subject to both parametric and external excitation, whilst
the long1tud1nal system is subjected to external excitation only. Nayfeh and
Mook[1983] discuss the analysis of ship pitch-roll motion with regard to a two

degree of freedom model with quadratic nonlinearities. In the absence of para-

metric excitation (Gi(t) = 0) and cubic nonlinearity (T;; = 0), the out-of-plane

and longitudinal equations of motion for the laboratory model are similar in
form to those analysed by Nayfeh and Mook, which are considered further in

A npnnr‘n{ I

ASZ A= T Tag
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5.4.1 Experimental Correlation

The quasi-static equations of motion developed for the laboratory model were
coded with the Matlab-Simulink software programme. An Adams-Gear algo-
rithm was applied with a variable step size and a relative integration error

tolerance of 10~¢. The numerical simulation accounted for a single longitudi-
nal mode, and two lateral modes in the in and out-of-plane directions. The
physical parameters applied in the numerical simulation are tabulated in table
4.1 of chapter 4. It was assumed that the average longitudinal damping effort
was equivalent in the catenary and vertical section of the string, and thus x

was set to zero.

For the purpose of the correlation, the numerical simulation was conducted

at a series of points in 40-80 Hz range. Each simulation was executed for 40

seconds to allow the steady state motion to evolve. The comparison of the
numerically simulated steady state response and the experimental results for
‘tation amplitude of 0.5 mm is presented in figure 5.4.

n
1V1L Quiilp

It is evident that excellent correlation was achieved. It is interesting to observe
that the plateaux region between 54-56 Hz is not related to the presence of
the second lateral mode. In fact similar results are obtained for a single mode
model. The plateaux region dissipates as the excitation amplitude reduces; it
y strong longitudinal dynamic motion. An intensive study of

is characterised b
the equations of motion would be required to adequately explain the observed

behaviour. However, it is sufficient to observe that the equations of motion

reflect quadratic coupling between the lateral and longitudinal mode, whilst

auadratic and cubic coupling arises in the lateral equations of motion. The

Tt x

observed behaviour is attributed to the accentuated quadratic nature of the
system due to the specific physical parameters, and consequently the plateaux

saturation phenomenon where the lon

region is characterised by a saturation phenomen
dynamic motion develops at the expe

ondary region of resonance occurs between 72-75 Hz. This region is related
e the camhination resonance of the longitudinal and first lateral mode. Al-

VU VLU UVidA W iAaw Ve ==

though the out-of-plane measurements correlate well with the experimental
ane motion is predicted by the simulation, resulting
This is partly attributed to the neglect

measurements, larger in-pl
in a symmetrical response envelope.

of gravity on the in-plane motion?, but more likely due to differing
conditions in the two planes due to the physical construction of

o+
=
)
g S
o
&
o

9 Accounting for curvature in the in-plane mode introduces di

metric in-plane modes. Although the ¢ :
curvature of the string illustrated that the response envelope became asymmetrical, where

the in-plane motion was + 2mm less than the out-of-plane motion.
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Since the numerical simulation provided satisfactory correlation, the influence

of non-stationary system parameters was examined. In the mine hoist sys-

tem the vertical length of rope changes continuously during the wind, whilst
_ the Lebus excitation frequency remains constant. Although the laboratory =~

model was not necessarily scaled to parameters representative of the mine

hoist system, it was decided to numer'ically assess the influence of a swept sine

excitation on the response. Unfortunately measurements could not be made to

confirm the numerically simulated results, nevertheless the numerical response

presents interesting features. A sinusoidal sweep was applied to the numerical

model between 40-60 Hz, and 60-80 Hz with a positive and negative sweep

rate of 0.1 Hz/sec. A linear system subjected to a swept sinusoidal excitation

reflects a delay in resonance with respect to the location of the steady state

resonance. A study by Nayfeh and Asfar[1988], and Neal and Nayfeh[1990]

on the non-stationary principal parametric excitation of a cubically nonlinear

system demonstrates the passage through resonance for positive and nega-
illustrating the phenomena of penetration, overshoot and
: o of the response. Penetration refe o the phenomenon
where the trivial response grows only after penetration of the region where
the stationary trivial response is unstable; this is followed by an overshoot of
the stationary non-trivial response and then convergence with the stationary
non-trivial response. Lingering or dragout occurs for negative sweep rates,

where the non-stationary response separates from the stationary response af-

ter convergence with it, and remains non-trivial after the stationary response

is trivial. Surprisingly, in the numerical simulation of the laboratory model,
the maximum response occurs as a precursor to the steady state resonance
regardless of the direction of the sweep. Figures 5.5,5.6 present the response
amplitudes for a positive and negative sweep rate at a 0.5mm excitation am-
plitude. An appreciable shift in the resonant peak with respect to the steady

onse develops in regions where the

ciops Lila

oxra

tive swee

o T

state response is observed.
— jteady state motion is small. A detailed explanation for this behaviour isnot

ventured. However, it is suggested that this behaviour is a result of the influ-

ence of the longitudinal system response on the lateral motion. In the case of

the positive sweep rate, as the system approaches resonance, the suspended

mass is drawn into the catenary, softening the system'®. Since steady state

motion is never attained, the lateral natural frequency drops promoting fur-
,,,,,, rariranr ta the otead

ther growth. This causes the resonance to occur as a precursor to the steady
state resonance. With regard to a negative sweep rate, the phase between the
lateral and longitudinal motion is such that the average catenary tension rises
— jue tothe acceleration of the suspended mass, raising the catenary tension
and once again promoting resonance as a precursor to the steady state reso-
nant location. An explanation for the splitting of the resonance for a negative

41—05‘]—ch—mpoﬂse—wa$—0bsﬂl‘ved in the steady state simulations, where an overshoot in the

longitudinal motion occurred prior to the system settling at a steady state amplitude.
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sweep rate is not ventured. Clearly this system exhibits peculiar behaviour,
and requires experimental and analytical validation in order to consistently
explain the observed phenomena. This behaviour may have implications in

 ibe context of the mine hoist system, however, the excitation amplitudes and

sweep rates are significantly less on the mine hoist system, and without an
in-depth analytical study erroneous conclusions may be drawn. Finally, since
the system inherently contains both quadratic and cubic coupling terms, it
may be expected that the specific system parameters may influence the degree
of quadratic and cubic coupling, and thereby the character of the response

envelope significantly.
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Figure 5.5: Sine sweep simulation - positive sweep rate.

Steady sta lane response amplitudes.

- 0.5 mm excitation, two lateral in and out-of-plane modes, 0.1 Hz/sec sweep rate.
(a) Out-of-plane Response.
(b) In-plane Response.

(c) Longitudinal response.
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5.5 Quasi-Static Mine Hoist Model

A quasi static version of the mine hoist system was developed by following a
similar procedure to that implemented for the laboratory model. This model

is illustrated in figure 5.7.

Figure 5.7: Quasi-static mine hoist model

A quasi static relationship is developed for the catenary motion by neglecting
the longit

\gitudinal inertia us in equation 5.1. As a result a constraint relationship

arises which defines the quasi-static strain g(t) in the catenary:

—
o
[\™]
()

~—

N 1/ 2 . 2\
g(t) = us + 5V, T W, ) — RV

Substituting this relationship into the lateral equations of motion (5.2,5.3)

results in a quasi static-description for the lateral catenary motion, and the

equations of motion reduce to:

Ve + 2Vv,,t = (E2 - Vz)v,, + ng(t)v” + nc2g(t) (5'23)
w2V = (B = V2w + ot (524)
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The vertical system 13 model(ed as an untestrained systemn, where the sheave in-
erlia and the suspended mass are accounted for, When Lhis system is attached
InLthe catenary, it ia testraimed by the dynamic caleoary tension, indueed by

the guasi-static strain gi?).
ALTF

I]. -+ ﬂﬁ{u:] + lflﬁl:f-,_.]tl;; + fauy = f‘zu:: + lullggy
_AB0g{t} + Fr i) (5.25)

where 1l 8, ) represents the total longitudinal motico in the vertical rope, and
"= ﬁ. {= ﬁ £y, (¢t} accounts for the inertial Mcele'rfttiml icading duue

-----

Ty botnrel lamnedawry oweibablion 2t tha wiirkder dram can he arcoroimodn
‘fm -1t =471y m‘m_r T ALIFiRu s gp wdas FRELY L B ARE | S AmLE  Lrae GEe TR L md R L im

-2
in the equations of motion via & co-ordinate tranafermation cesulting inthe ——

forced equationa of motion of the syatem, referenced Lo the hase metion, This i
achieved !:.3- n.pp]}"lﬂg ro-ordinate transfermalions to equations {5 2'] 5245 25}

e,

3.,
Wis, 1) = w{s, y+ {1 =+

N
)
[

—————— Thus the forcad equations-of molion-for the wystem are;
u3 T :

e + El‘fﬂ;.! == [E:i - 'l"'.:::ﬂ_?n + Czﬂ'“}ﬁn

Figlt) + Fufa, ) + (s, ] (5.26)
. d o
Fls :3=_g1—i}dﬁ v
* (PR 1 al g

where Fr,{3, t) represents the additional inerlial Ina.ding a.pplied ta the catenary
in the in-plane direction due the radiel velocity and acceleration associated

with a layer change.
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Wyt st — - 38 ss w2
s d*w, d w,
N (e 4}y — {1 hY L) | 7 ana )
FeARHE I e T T At 0
2
[1 + 7]6(0) + Cé(lu]utt + ;u'aut = C Ugs + ﬂb’u.ss,t - 626(0)g(t) (528)
The quasi-static strain g(¢) is defined by integrating equation (5.22), and apply-
ing the lateral co-ordinate transformations, and accounting for the longitudinal
boundary condition at the winder drum u,(¢). Thus:
L S P,
ur(t) = g0+ [ AT — (00 + T)ds + uot) (5.29)
o
1 , 1
— 0t + wn(6)?) + e (8)

where u,(t) represents the longitudinal motion at the sheave. This relationship
defines the compatibility between the catenary and vertical section, as well as
introducing the periodic excitation associated with the Lebus groove profile,
and the transient excitation associated with a layer change, to the longitudinal
system. These excitations are defined in Appendix A.

During the acceleration or deceleration phase of the winding cycle an additional

 inertial load is imposed on the longitudinal system. This load is applied by

introducing a uniform acceleration to the entire system. Since the catenary

is assumed massless, the inertial load generated due to a uniform longitudinal

acceleration a, is:

p {t) = -—[1 + T_)(O) + (:(lv)]au

This load is applied appropriately during the simulation. The lateral excitation

due to the radial displacement and acceleration v, and e, at a layer change is

accounted for in similar fashion, where the inertial load applied to the in-plane

lateral equation is:

8 d v,
F;v(s,t) =—(1- Z:)a., +2VEZ(_I:)
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in the usual manner by applying the normal mode technique, or a Galerkin ap-

proximation. Since a quasi-static relationship implicitly satisfies the nonlinear
relationship between the lateral and longitudinal motion in the catenary, the

limitations evident in the original normal mode model are obviated. However,
modal truncation is possible, and sufficient lateral and longitudinal modes

AT rARTNATRAA B el +alss - e

WOUIQ De requlreu to buuumw bhc a_ybbcul respomnse au,ul.abtn.y 11e uuuué‘u
mode method is applied by assuming a spatial expansion for the lateral and

longitudinal motion as:
u(s,t) =D ¢i(s)pi(t)

v(s,t) =Y Bi(s)gi(t)

w(s,t) = 3 Bi(s)ri(t)

where, for the out-of-plane modes, the mode shape is ®; (s) = sm( s)!! an

the natural frequency is given by w; = i7¢/l.. ¢i(s) represents the longltudlnal
mode shapes of the unconstrained linear system, where the longitudinal natural

IIIUUT DI PT0 Wi vial R22RA/228 02 5220

frequencies are calculated via the frequency equation:

1

A7) = ¢v¥{cos(wily) = ymsin(wily)} + vi{sin(vils) + vincos(vil, )}

;=% o nts the longitudinal natural frequency, n = —1,

mt

(=M and 1, “is the length of the vertical rope. The mode shape, normalised
m
to unity at the sheave end is:

$i(3) = cos(7is) — vinsin(v:s)

Since the system is unconstrained, the fundamental frequency @, is trivial,
reflecting the rigid body mode.

11 it 1 1 to mas; normalise the mode shape, the mode shape is normalised

to unity so that the co-ordinate ri(t) reflects the maximum physical response in that mode.
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tenary curvature is accounted for in the simulation and consequently the
in-plane natural frequencies may be calculated directly by applying the lin-
ear cable theory developed by Irvine and Caughey[1974], where the in-plane

natural frequency for the symmetric modes is calculated from the frequency

equation:

tang’-—"-z-‘f—"-«——(——')3 i=1,35-

Where w; = w;l./¢, and A\? = (—;;)—3(glc)2, where w; represents the in-plane
natural frequency of the symmetric modes.

and the mass normalised mode shape is given by:

- 2C; WS Wi
b, = sin Sin—1{(s5=1)
P cos(wif2) ar e T
where:

[ Llancss. 211

lcosw; T 1)

Ci = < 3 T

[2 + cosw; — g5-sinwi]

for i =1,3,5, -

To first order, the asymmetric in-plane modes indu

©are identical to the out of plane modes. Thus for ¢ = 2,4,6-+, themass
normalised mode shape is given by ®; = \/gsin('{fs) and the corresponding
natural frequency is given by w; = i7¢/l..
Because the catenary curvature is small, the effect of curvature on the sym-
metric in-plane modes is only discernible in the first in-plane mode for the
descending cycle, as illustrated in figure 5.8. Since the in-plane motion is ap-
proximated via a modal expansion, for simplicity the in-plane symmetric mode
shapes equivalent to those of a taut string are applied, hence ®; = sin(%s),

12perkins{1992a] constructs a single mode in-plane model of a cable with fixed end condi-
tions in the region of the first modal cross-over. Consequently, it is necessary to apply the

 correct form for the symmetric in-plane mode shape, since it is different to its corresponding

out-of-plane mode shape.
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On discretising the equations, a set of ordinary nonlinear differential equations

result, where:

nlat

1 Mong gt
git) = 2 P + > cugi+ ) Bi{g + 7} }—f—f‘g(t)
¢ =1 =1 1=1

where
Fy(t) = — £ {uo = 1z(vo(t)? + wo(1)?) + 3xlevo(t)}
a; = £{(-1) -1}
Bi = 3(F)

It is noted that «; represents the component of the quasi-static strain .
geometric reali -
vanishes with respect to anti-symmetric modes The discretised equations

describing the longitudinal (p;), in-plane lateral (¢;) and out-of-plane lateral

(;)-motion are presented as'

- 1
Bi + 2C@ipi + Wi + E{rpi + g + Bi{g? +13}} = —F,(t)  (5.30)

201 L mn() Vg +
(I R LR B £ +

g + 2Gwigi + Vijg; +w.

Ci{,—Pj +ojg5 + Bi{dd + i Mg + Caid

1
TPttt Bi{g; + i}
= Qi(t) + FaiF,(t) (5.31)

e

7o 4 2witi + Vigts + wi {1+ mi(8)}ri

+Ci{,le + g + Bild} + 73 e = Ri(t) (5.32)

where:
I3[, these equations the summation signs have been left out, and the subscript ; refers to

summation over the number of modes.
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m = (£)wiF,(t)
G = (§)%W?

LY I QY f 19 1 NI A
Vijg = ovagron s YT
Vij=0 1=

Proportional damping has been added to the longitudinal and lateral equations

of motion respectively via C;,Ci. The terms Pi(t), Ri(t), Q:(t) arise due to the
direct excitation at the winder drum. These are evaluated as:

P(t)= —— [ 8i(s)1Fu(s,t) + Fu(0)}ds

Moy,

1 b
N (N B (o 3\ B ( g
Qi) = Mgy o ®,(s){ Fu(s,t) + Fi,(t)}ds
1 rle .
R,’(t) = / ®.(s)Fy(s,t)ds
May,; JO

where M, , My, Muw; tepresent the modal mass associated with the i*h gener-

alised co-ordinate.

Since a; is zero for the antisymmetric modes, ° 1

introduced by the catenary curvature, and the direct excitation of the in-plane

modes due to curvature coupling, vanish with respect to the anti-symmetric
 lateral modes. However, as with the laboratory model, quadratic coupling

between the lateral and longitudinal motion is retained due to the retention of
the longitudinal inertia associated with the vertical section.




