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Abstract
We propose a relaxed inertial-Tseng method for solving monotone inclusion problem in a
real Hilbert. The newly proposed inertial condition is relaxed and easy to implement, and
its upper bound is easy to obtain unlike many conditions in the literature. We obtain a weak
convergence result of the proposedmethod underweaker conditions andwe present a series of
numerical computations involving our newly suggested method, compared with established
methods in the literature. In addition, the theoretical result is applied to image restoration
problems. Notably, our findings enhance, broaden, and advance various preexisting outcomes
available in scholarly discourse.
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1 Introduction

In this paper, let H be a real Hilbert space and T : H → H be an operator. Then T is called

(a) L-Lipschitz continuous if there exists L > 0 such that

‖T x − T y‖ ≤ L‖x − y‖.
(b) monotone if

〈T x − T y, x − y〉 ≥ 0, ∀, x, y ∈ H ;
(c) inverse strongly monotone if there exists L > 0 such that

〈T x − T y, x − y〉 ≥ L‖T x − T y‖2 ∀, x, y ∈ H .

For a set-valued operator B : H → 2H , the graph of B is the set Gra(B) := {(x, y) ∈
H × H : y ∈ Bx}. The operator B is called monotone if for all

(x, y), (u, v) ∈ Gra(B), 〈x − u, y − v〉 ≥ 0,

and maximal monotone if Gra(B) is not properly contained in the graph of any other mono-
tone operator. In other words, B is called amaximalmonotone operator if for (x, u) ∈ H×H ,
we have that 〈u − v, x − y〉 ≥ 0 for all (y, v) ∈ Gra(B) implies u ∈ Bx . The resolvent of
B is the operator J B

λ : H → 2H (with parameter λ > 0) defined by

J B
λ (x) = (I + λB)−1(x).

If B is maximal monotone, then it follows from [10, Proposition 23.10] and [12, Remark 2.7
(ii)] that J B

λ is single-valued and everywhere defined on H (i.e., the domain of J B
λ is H ). If

A is single-valued, then (I −λA) is also single-valued for any λ > 0. Thus, the composition
J B
λ (I − λA) is also single-valued. Furthermore, we have that, for any x ∈ H , there exists a

unique z ∈ H such that z = (I − λA)(x). This implies that (I − λA) is everywhere defined
on H . Hence, the composition J B

λ (I − λA) is also everywhere defined on H .
Let A : H → H be a Lipschitz continuous monotone operator and B : H → 2H be a
maximal monotone operator. The Monotone Inclusion Problem (MIP) is defined as follows:

Find x ∈ H such that 0 ∈ (A + B)x . (1.1)

We denote the solution set of (1.1) by �. The MIP plays a central role in numerous cru-
cial applied mathematics ideas, including convex minimization, split feasibility, fixed point,
saddle point, variational inequality, and equilibrium problems. It simulates a wide range
of problems in multiple practical sciences and engineering fields, including signal process-
ing, optimal control, image reconstruction, statistical learning, machine learning, quantum
physics, filtration theory, and others (see, for example, [2, 5, 14, 17, 22, 24, 25] and the
references therein). Many scholars have examined the MIP and developed several methods
for finding its solutions. In particular, the forward-backward splitting method (FBSM) was
introduced and studied by the authors in [22, 28]. The iterative method is given as

xn+1 = J B
λ (xn − λAxn) ∀n ∈ N, (1.2)

where λ ∈ (0, 2
L ). The sequence generated by the iterative method (1.2) converges weakly

to a point in � under the assumption that A is 1
L -inverse strongly monotone. This inverse

strongly monotonicity assumption is the major drawback of this method.
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To overcome this drawback, Tseng in [33] introduced and studied the forward-backward-
forward splitting method (FBFSM). The iterative method is given as:{

yn = J B
λ (xn − λAxn),

xn+1 = yn − λ(Ayn − Axn) ∀n ∈ N,
(1.3)

where λ ∈ (0, 1
L ). Tseng [33] established the weak convergence of method (1.3) to a point

in � under the assumptions that A is a Lipschitz continuous monotone operator and B is
maximal monotone. A Lipschitz continuous monotone operator is much more general than
an inverse strongly monotone operator.
The concept of inertial extrapolation was first introduced and studied in 1964 by Polyak in
[29] as a technique for accelerating the process of solving the smooth convex minimization
problem. The inertial technique which is based upon a discrete analogue of a second-order
dissipative dynamical system, is also known for its efficiency in improving the convergence
speed of iterative algorithms. It originates from the heavy ball method of the second order
dynamical system for minimizing a smooth convex function f :

d2x

dt2
(t) + γ

dx

dt
(t) + ∇ f (x(t)) = 0,

where γ > 0 is a damping or friction parameter and ∇ f is the gradient of f . Alvarez
and Attouch [1] extended Polyak’s heavy ball method to the setting of a general maxi-
mal monotone operator. Since then, researchers have used this technique to improve the
rate of convergence of different iterative processes. Also, numerous authors have improved,
expanded and generalized the inertial extrapolation method since its inception, see [3–6, 11,
20, 23, 31, 34] and the references therein. On the other hand, relaxation techniques have
proven to be a good technique for better rate of convergence. It is well-known that combining
the inertial and the relaxation techniques improves and gives a better rate of convergence
when compared with just relaxation technique or the inertial technique [8, 18, 19]. In recent
times, notable inertial conditions have been proposed; they include Moudafi [26]:

yn := xn + θn(xn − xn−1),

where the inertial factor θn adheres to

0 ≤ θn ≤ θ < 1, for all n ≥ 1,
∞∑
n=1

θn‖xn − xn−1‖2 < ∞. (1.4)

It is easy to see that the above condition requires the knowledge of the iterates xn and xn−1,
which are a priori unknown. However, practicality is achieved by utilizing a suitable online
rule: 0 ≤ θn ≤ θ̄n , where θ̄n is determined by

θ̄n =
{
min{εn‖xn − xn−1‖−1, θ} if xn �= xn−1,

θ otherwise,
(1.5)

with
∑∞

n=1 εn < ∞ and θ ∈ [0, 1). Note that the online rule (1.5) also depends on the
knowledge of the iterates. It was also considered in [30, 34].
In [11], a condition for the inertial factor θn was introduced and studied as follows:

0 = θ1 ≤ θn ≤ θn+1 ≤ θ < 1, for all n ≥ 1, (1.6)

123



72 Page 4 of 19 L. Mzimela et al.

α >
θ2(1 + θ) + θσ

1 − θ2
, 0 < lim inf

n→∞ τn ≤ τn ≤ α(1 − θ2) − θ2 − θ3 − θσ ]
α[1 + θ(1 + θ) + αθ + σ ] , (1.7)

where σ, α > 0. Unlike (1.4) and (1.5), condition (1.7) does not rely on information from
the iterates but on the relaxation factor τn and other known parameters. However, obtaining
an upper bound for the inertial sequence remains complex even with the knowledge of τn .
For more details, see [15, Remark 3.2].

Motivated by the above work and the work in [13, 15], the primary objective of this paper
is to consider an inertial factor with conditions that solely depend only on the relaxation factor
τn , where determining the upper bound of the inertial factor is relatively easy. By combining
the relaxation and inertial techniques, we introduce a new approach for solving MIP (1.1)
under some mild assumptions. We establish the weak convergence of the proposed method
to a solution of the MIP (1.1). We provide numerical experiments and compare our method
with other relevant methods in the literature.

The rest of this paper is organized as follows: In Sect. 2, we recall some useful definitions
and results that are relevant to our study. In Sect. 3, we present our proposed method. In
Sect. 4, we establish theweak convergence of ourmethod and in Sect. 5, we present numerical
examples of our proposed method in comparison with other methods in the literature. Lastly,
in Sect. 6, we give the conclusion of this paper.

2 Preliminaries

In this section, we begin by recalling some known and useful results which are needed in the
sequel. For any x, y ∈ H and α ∈ R, it is well-known that

‖x ± y‖2 = ‖x‖2 ± 2〈x, y〉 + ‖y‖2. (2.1)

‖αx + (1 − α)y‖2 = α‖x‖2 + (1 − α)‖y‖2 − α(1 − α)‖x − y‖2. (2.2)

Lemma 2.1 [1] Let {αn}, {βn} and {γn} be non-negative sequences and suppose that
αn+1 ≤ αn + βn(αn − αn−1) + γn,

where 0 ≤ βn ≤ β < 1 and
∑∞

n=1 γn < ∞. Then limn→∞ αn exists.

Lemma 2.2 [27] Let C be a nonempty subset of H and let {xn} be a sequence in H such that
the following two conditions hold:

(a) for each p ∈ C, lim
n→∞ ‖xn − p‖ exists;

(b) every sequential weak cluster point of {xn} belongs to C.

Then, {xn} converges weakly to a point in C.

Lemma 2.3 [21] Let H be a real Hilbert space, A : H → H be a monotone and Lipschitz
continuous operator, and B : H → 2H be a maximal monotone operator. Then the operator
(A + B) : H → 2H is maximal monotone.

3 Proposedmethod

In this section, we present our proposed method for solving the MIP (1.1).
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Assumption 3.1 Suppose that:

(a) � �= ∅,

(b) A is monontone and Lipschitz continuous with constant L > 0.
(c) B is maximal monotone on H .

Assumption 3.2

For all n ≥ 1 and sufficiently small ε > 0, let 0 = θ1 ≤ θn ≤ θn+1 and:

(1) θn+1 ≤ αn if τn ∈ (0, 1
2 ),

1
τn

− 1
τn+1

+ 3 > 0, where

αn := 1

2

τn+1

(1 − 2τn+1)
(
1

τn
+ 1

τn+1
− 1 − ηn) (3.1)

with

ηn :=
√

(
1

τn
+ 1

τn+1
− 1)2 − 4(

1

τn
− 1 − ε)(

1

τn+1
− 2); (3.2)

(2) θn+1 ≤ 1−ε
3 , if τn ≡ 0.5;

(3) θn+1 ≤ √
ρ2
n + φn − ρn if τn ∈ ( 12 , 1 − ε], where

ρn = 1

2

τn+1

(2τn+1 − 1)
(
1

τn
+ 1

τn+1
− 1) (3.3)

and

φn = τn+1

(2τn+1 − 1)
(
1

τn
− ε − 1). (3.4)

Algorithm 3.3 Relaxed inertial method.

Step 0: Choose the sequences {θn} and {τn} in [0, 1] and (0, 1), respectively, and let x0, x1 ∈
H be given arbitrarily. Let λ1 > 0, μ ∈ (0, 1) and set n := 1.
Step 1: Given the current iterates xn−1 and xn (n ≥ 1), set

wn = xn + θn(xn − xn−1),

and calculate

yn = J B
λn

(wn − λn Awn).

If yn = wn stop. Otherwise go to step 2.
Step 2: Compute zn = yn + λn(Awn − Ayn)
and

λn+1 =

⎧⎪⎨
⎪⎩
min

{
λn,

μ‖wn−yn‖
‖Awn−Ayn‖}

}
, if Awn �= Ayn

λn, otherwise.

(3.5)
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Step 3: Compute

xn+1 = (1 − τn)wn + τnzn .

Set n := n + 1 and go back to Step 1.

Remark 3.4 (1) In comparisonwith the assumptions in [26], Assumption 3.2 does not require
the knowledge of the iterates.

(2) Also, in comparison to [34], the choice of θn is relaxed and its upper bound is easy
to obtain; once τn is chosen, it becomes very easy to compute θn . The knowledge of
the upper bound simplifies parameter selection. The upper bound allows for simplified
conditions on the inertial sequence, thus, reducing the complexity of choosing the inertial
sequence. In other words, with the knowledge of the upper bound of the inertial sequence,
it becomes easier to choose the inertial factors. This enables easier implementation since
the inertial sequence can be dynamically selected without requiring information about
the iterates or the complexity of the coefficient τn [15].

(3) By (3.5), lim
n→∞ λn = λ, where λ ∈ [min{μL−1, λ1}, λ1].

Remark 3.5 Clearly, 1 − 2τn+1 > 0 in Assumption 3.2 (1) since τn+1 < 1
2 . Similarly,

2τn+1 − 1 > 0 in Assumption 3.2 (3). Also, we have that

(
1

τn
+ 1

τn+1
− 1)2 − 4(

1

τn+1
− 2)(

1

τn
− 1 − ε) = (

1

τn
− 1

τn+1
)2 + 6

1

τn

+ 2
1

τn+1
+ 4(

1

τn+1
− 2)ε − 7

> 0. (3.6)

Thus, Assumption 3.1 is valid.

4 Convergence analysis

Lemma 4.1 Let {xn} be a sequence generated by Algorithm 3.3 under Assumption 3.1 and
Assumption 3.2. Then lim

n→∞ ‖xn − p‖ exists for all p ∈ �.

Proof Let p ∈ �. To achieve the above result, we divide our proofs into claims.
Claim 1: We claim that

�n+1 ≤ �n − ε‖xn+1 − xn‖,
where �n = ‖xn − p‖2 − θn‖xn−1 − p‖2 +ψn‖xn − xn−1‖2 and ψn = (1+ θn)θn + 1

τn
(1−

τn)(1− θn)θn . Using the definition of yn , we get (wn −λn Awn) ∈ (yn +λn Byn). Thus there
exists un ∈ Byn such that

1

λn
(wn − yn − λn Awn) = un . (4.1)

We also have that 0 ∈ (A + B)p and Ayn + un ∈ (A + B)yn . Thus by the monotonicity of
(A + B), we obtain

〈Ayn + 1

λn
(wn − yn) − Awn, yn − p〉 ≥ 0,
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this implies that

〈λn(Ayn − Awn) − (yn − wn), yn − p〉 ≥ 0. (4.2)

Also, since limn→∞ λn = limn→∞ λn+1 (by Remark 3.4), we have

lim
n→∞

(
1 − μ2λ2n

λ2n+1

)
= 1 − μ2 > 0.

Thus, there exists n0 ∈ N such that

1 − μ2λ2n

λ2n+1

> 0 ∀n ≥ n0. (4.3)

Now, using (2.1), (3.5), (4.2) and (4.3), we get

‖zn − p‖2 = ‖yn + λn(Awn − Ayn) − p‖2
= ‖yn − p‖2 − 2λn〈Ayn − Awn, yn − p〉 + λ2n‖Ayn − Awn‖2

≤ ‖yn − p‖2 − 2λn〈Ayn − Awn, yn − p〉 + μ2λ2n

λ2n+1

‖yn − wn‖2

= ‖yn − wn + wn − p‖2 − 2λn〈Ayn − Awn, yn − p〉 + μ2λ2n

λ2n+1

‖yn − wn‖2

= ‖yn − wn‖2 + 2〈yn − wn, wn − p〉 + ‖wn − p‖2 − 2λn〈Ayn − Awn, yn − p〉

+ μ2λ2n

λ2n+1

‖yn − wn‖2

= ‖yn − wn‖2 − 2〈yn − wn, yn − wn〉 + 2〈yn − wn, yn − p〉 + ‖wn − p‖2

− 2λn〈Ayn − Awn, yn − p〉 + μ2λ2n

λ2n+1

‖yn − wn‖2

= ‖wn − p‖2 − ‖yn − wn‖2 + 2〈yn − wn, yn − p〉 − 2λn〈Ayn − Awn, yn − p〉

+ μ2λ2n

λ2n+1

‖yn − wn‖2

= ‖wn − p‖2−2〈λn(Ayn − Awn)−(yn − wn), yn − p〉−(1 − μ2λ2n

λ2n+1

)‖yn − wn‖2

≤ ‖wn − p‖2 − (1 − μ2λ2n

λ2n+1

)‖yn − wn‖2

≤ ‖wn − p‖2 ∀n ≥ n0. (4.4)

By (2.2) and (4.4), we have

‖xn+1 − p‖2 = ‖(1 − τn)wn + τnzn − p‖2
= ‖(1 − τn)(wn − p) + τn(zn − p)‖2
= (1 − τn)‖wn − p‖2 + τn‖zn − p‖2 − τn(1 − τn)‖zn − wn‖2
≤ (1 − τn)‖wn − p‖2 + τn‖wn − p‖2 − τn(1 − τn)‖zn − wn‖2
= ‖wn − p‖2 − τn(1 − τn)‖zn − wn‖2. (4.5)
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Using (2.2), we get

‖wn − p‖2 = ‖xn + θn(xn − xn−1) − p‖2
= ‖(1 + θn)(xn − p) − θn(xn−1 − p)‖2
= (1 + θn)‖xn − p‖2 − θn‖xn−1 − p‖2 + θn(1 + θn)‖xn − xn−1‖2. (4.6)

From xn+1 = (1 − τn)wn + τnzn , we obtain

‖zn − wn‖2 = 1

τ 2n
‖xn+1 − wn‖2.

Hence, we have

‖zn − wn‖2 = 1

τ 2n
‖xn+1 − (xn + θn(xn − xn−1))‖2

= 1

τ 2n
‖xn+1 − xn − (xn − xn−1) + (1 − θn)(xn − xn−1)‖2

= 1

τ 2n
‖xn+1 − 2xn + xn−1‖2 + 1

τ 2n
(1 − θn)

2‖xn − xn−1‖2

+ 2
1

τ 2n
(1 − θn)〈xn+1 − 2xn + xn−1, xn − xn−1〉

= 1

τ 2n
‖xn+1 − 2xn + xn−1‖2 + 1

τ 2n
(1 − θn)

2‖xn − xn−1‖2

+ 1

τ 2n
(1 − θn)[‖xn+1 − xn‖2 − ‖xn − xn−1‖2 − ‖xn+1 − 2xn + xn−1‖2]

= 1

τ 2n
θn‖xn+1 − 2xn + xn−1‖2 + 1

τ 2n
(1 − θn)

2‖xn − xn−1‖2

+ 1

τ 2n
(1 − θn)[‖xn+1 − xn‖2 − ‖xn − xn−1‖2]

≥ 1

τ 2n
(1 − θn)

2‖xn − xn−1‖2 + 1

τ 2n
(1 − θn)[‖xn+1 − xn‖2 − ‖xn − xn−1‖2]. (4.7)

Putting (4.7),(4.6) into (4.5), we get

‖xn+1 − p‖2 ≤ (1 + θn)‖xn − p‖2 − θn‖xn−1 − p‖2 + (1 + θn)θn‖xn − xn−1‖2

− τn(1 − τn)

(
1

τ2n
(1 − θn)2‖xn − xn−1‖2 + 1

τ2n
(1 − θn)[‖xn+1 − xn‖2 − ‖xn − xx−1‖2]

)

= ‖xn − p‖2 + θn(‖xn − p‖2 − ‖xn−1 − p‖2)
− 1

τn
(1 − τn)(1 − θn)‖xn+1 − xn‖2 + ψn‖xn − xn−1‖2, (4.8)

where ψn = (1 + θn)θn + 1
τn

(1 − τn)(1 − θn)θn . This implies that

‖xn+1 − p‖2 − ‖xn − p‖2 − θn(‖xn − p‖2 − ‖xn−1 − p‖2) − ψn‖xn − xn−1‖2 + ψn+1‖xn+1 − xn‖2

≤ −(
1

τn
(1 − τn)(1 − θn) − ψn+1)‖xn+1 − xn‖2. (4.9)

123



A new relaxed inertial method… Page 9 of 19 72

Using (4.9) and the fact that θn ≤ θn+1, we get

−(
1

τn
(1 − τn)(1 − θn) − ψn+1)‖xn+1 − xn‖2 ≥ ‖xn+1 − p‖2

− ‖xn − p‖2 − θn(‖xn − p‖2 − ‖xn−1 − p‖2)
− ψn‖xn − xn−1‖2 + ψn+1‖xn+1 − xn‖2
≥ ‖xn+1 − p‖2 − ‖xn − p‖ − θn+1‖xn − p‖2
+ θn‖xn−1 − p‖2 − ψn‖xn − xn−1‖2
+ ψn+1‖xn+1 − xn‖2, (4.10)

which implies that

�n+1 ≤ �n −
(

1

τn
(1 − τn)(1 − θn) − ψn+1

)
‖xn+1 − xn‖2, (4.11)

where �n = ‖xn − p‖2 − θn‖xn−1 − p‖2 + ψn‖xn − xn−1‖2.
Now, note that for ε > 0, we have

1

τn
(1 − τn)(1 − θn) − ψn+1 − ε

= 1

τn
(1 − τn)(1 − θn) − θn+1 − θ2n+1 + 1

τn+1
(1 − τn+1)(θn+1 − 1)θn+1 − ε

≥ 1

τn
(1 − τn)(1 − θn+1) − θn+1 − θ2n+1 + 1

τn+1
(1 − τn+1)(θn+1 − 1)θn+1 − ε

= −(2 − 1

τn+1
)θ2n+1 −

(
1

τn
+ 1

τn+1
− 1

)
θn+1 + 1

τn
− 1 − ε. (4.12)

We now consider three cases in respect to τn : Case 1: If τn ∈ (0, 1
2 ). Then from θn+1 ≤

1
2

τn+1
(1−2τn+1)

( 1
τn

+ 1
τn+1

− 1 − ηn), we have

ηn ≤ 1

τn
+ 1

τn+1
− 1 − 2(

1

τn+1
− 2)θn+1.

By Remark 3.5, we have ηn > 0. Thus,

η2n ≤
(

1

τn
+ 1

τn+1
− 1 − (2(

1

τn+1
− 2)θn+1)

)2

=
(

1

τn
+ 1

τn+1
− 1

)2

− 4

(
1

τn
+ 1

τn+1
− 1

)
(

1

τn+1
− 2)θn+1 + 4(

1

τn+1
− 2)2θ2n+1.

That is (
1
τn

+ 1
τn+1

− 1
)2 − 4( 1

τn
− 1 − ε)( 1

τn+1
− 2)

≤
(

1
τn

+ 1
τn+1

− 1
)2 − 4( 1

τn
+ 1

τn+1
− 1)( 1

τn+1
− 2)θn+1 + 4( 1

τn+1
− 2)2θ2n+1.

Hence,

−
(

1

τn
+ 1

τn+1
− 1

)
(

1

τn+1
− 2)θn+1+

(
1

τn+1
− 2

)2

θ2n+1+(
1

τn
− 1 − ε)(

1

τn+1
− 2) ≥ 0

(4.13)
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Since 1
τn+1

− 2 > 0, we have

−
(

1

τn
+ 1

τn+1
− 1

)
θn+1 +

(
1

τn+1
− 2

)
θ2n+1 + (

1

τn
− 1 − ε) ≥ 0. (4.14)

That is

−(2 − 1

τn+1
)θ2n+1 − (

1

τn
+ 1

τn+1
− 1)θn+1 + 1

τn
− 1 − ε ≥ 0. (4.15)

Using (4.15) in (4.12), we get

1

τn
(1 − τn)(1 − θn) − ψn+1 − ε ≥ −(2 − 1

τn+1
)θ2n+1

− (
1

τn
+ 1

τn+1
− 1)θn+1 + 1

τn
− 1 − ε ≥ 0, (4.16)

which implies

−(
1

τn
(1 − τn)(1 − θn) − ψn+1) ≤ −ε. (4.17)

Case 2: Suppose τn ≡ 0.5. Then from (4.12) and Assumption 3.2 (2), we obtain

1

τn
(1 − τn)(1 − θn) − ψn+1 − ε ≥ −3θn+1 + 1 − ε ≥ 0. (4.18)

That is,

−
(

1

τn
(1 − τn)(1 − θn) − ψn+1

)
≤ −ε. (4.19)

Case 3: Suppose τn ∈ (0.5, 1 − ε]. Then from the condition θn+1 ≤ √
ρ2
n + φn − ρn, we

have

(θn+1 + ρn)
2 ≤ ρ2

n + φn, (4.20)

which implies that

θ2n+1 + 2ρnθn+1 − φn ≤ 0. (4.21)

Now using (3.3) and (3.4), we have

θ2n+1 + 1

2 − τ−1
n+1

(
1

τn
+ 1

τn+1
− 1

)
θn+1 − 1

2 − τ−1
n+1

(
1

τn
− 1 − ε

)
≤ 0. (4.22)

Thus,

(2 − 1

τn+1
)θ2n+1 −

(
1

τn
+ 1

τn+1
− 1

)
θn+1 −

(
1

τn
− 1 − ε

)
≤ 0, (4.23)

which implies

−(2 − 1

τn+1
)θ2n+1 −

(
1

τn
− 1

τn+1
− 1

)
θn+1 +

(
1

τn
− 1 − ε

)
≥ 0. (4.24)

Hence, by (4.12), we have

−
(

1

τn
(1 − τn)(1 − θn) − ψn+1

)
≤ −ε.
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Therefore, from all the three cases, we have that

−
(

1

τn
(1 − τn)(1 − θn) − ψn+1

)
≤ −ε. (4.25)

Now, using this and (4.11), we have

�n+1 ≤ �n − ε‖xn+1 − xn‖2.
Thus, the proof of Claim 1 is complete.
Claim 2:We claim that limn→∞ ‖xn − p‖ exists for all p ∈ �.

Indeed, by Claim 1, we see that {�n} is non-increasing. Now, since
�n = ‖xn − p‖2 − θn‖xn−1 − p‖2 + ψn‖xn − xn−1‖2,

we get

‖xn − p‖2 − θn‖xn−1 − p‖2 ≤ �n ≤ �1.

This implies that

‖xn − p‖2 ≤ θn‖xn−1 − p‖2 + �1

≤ θ‖xn−1 − p‖2 + �1 (for some θ < 1, since θn < 1)

≤ θ(θ‖xn−2 − p‖2 + �1) + �1

= θ2‖xn−2 − p‖2 + θ�1 + �1

...

≤ θn‖x1 − p‖2 + θn−1�1 + · · · + θ�1 + �1

≤ θn‖x1 − p‖2 + �1

1 − θ
. (4.26)

Hence, for k ≤ n − 1, we obtain from Claim 1 that

ε

n−1∑
k=1

‖xk+1 − xk‖2 ≤ �1 − �n

≤ �1 + θn‖xn−1 − p‖2

≤ �1 + θn−1‖x1 − p‖2 + �1

1 − θ
. (4.27)

Thus, we have that
n−1∑
k=1

‖xk+1 − xk‖2 is bounded for all n. Hence,

+∞∑
n=1

‖xn+1 − xn‖2 < ∞. (4.28)

Now, from (4.8), we obtain

‖xn+1 − p‖2 ≤ ‖xn − p‖2 + θn(‖xn − p‖2 − ‖xn−1 − p‖2) + ψn‖xn − xn−1‖2.
From (4.28) and Lemma 2.1, we have that limn→∞ ‖xn − p‖ exists. This implies that {xn}
is bounded. ��
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Theorem 4.2 Let {xn} be a sequence generated by Algorithm 3.3 under Assumption 3.1 and
Assumption 3.2 such that lim inf

n→∞ τn > 0. Then {xn} converges weakly to p ∈ �.

Proof From (4.28), we have

lim
n→∞ ‖xn+1 − xn‖ = 0. (4.29)

Thus, we get (noting that θn ≤ 1) that

‖xn − wn‖ = θn‖xn − xn−1‖ ≤ ‖xn − xn−1‖ → 0 as n → ∞. (4.30)

Also, using (4.29) and (4.30), we have

‖xn+1 − wn‖ ≤ ‖xn+1 − xn‖ + ‖xn − wn‖ → 0 as n → ∞. (4.31)

Thus, we have (noting that lim inf
n→∞ τn > 0) that

‖zn − wn‖ = 1

τn
‖xn+1 − wn‖ → 0 as n → ∞. (4.32)

From (4.4), we have

‖zn − p‖2 ≤ ‖wn − p‖2 − (1 − μ2λ2n

λ2n+1

)‖yn − wn‖2, (4.33)

which implies that

(1 − μ2λ2n

λ2n+1

)‖yn − wn‖2 ≤ ‖wn − p‖2 − ‖zn − p‖2

=
(

‖wn − p‖ + ‖zn − p‖
)(

‖wn − p‖ − ‖zn − p‖
)

≤
(

‖wn − p‖ + ‖zn − p‖
)

‖zn − wn‖. (4.34)

Using (4.32), and noting that lim
n→∞

(
1 − μ2λ2n

λ2n+1

)
= 1 − μ2 > 0, we obtain

lim
n→∞ ‖yn − wn‖ = 0. (4.35)

Using the above limit, it is easy to see that

‖xn − yn‖ ≤ ‖xn − wn‖ + ‖wn − yn‖ → 0 as n → ∞, (4.36)

and

‖Awn − Ayn‖ ≤ L‖wn − yn‖ → 0 as n → ∞. (4.37)

Now, since {xn} is bounded, there exists a subsequence {xnk } of {xn} such that {xnk } converges
weakly to x∗ ∈ H . From the fact that limn→∞ ‖yn − xn‖ = 0 (see (4.36)), we have that {ynk }
converges weakly to x∗. Next, we claim that x∗ ∈ �. Indeed, let (u, v) ∈ Gra(A + B).
Then v − Au ∈ Bu. Also, it follows from (4.1) that 1

λnk
(wnk − λnk Awnk − ynk ) ∈ Bynk .

Thus, by the monotonicity of B, we obtain

〈u − ynk , v − Au − 1

λnk
(wnk − λnk Awnk − ynk )〉 ≥ 0. (4.38)
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Using the monotonicity of A, we obtain

〈u − ynk , v〉 ≥ 〈u − ynk , Au + 1

λnk
(wnk − ynk ) − Awnk 〉

= 〈u − ynk , Au − Aynk 〉 + 〈u − ynk , Aynk − Awnk 〉
+ 1

λnk
〈u − ynk , wnk − ynk 〉

≥ 〈u − ynk , Aynk − Awnk 〉 + 1

λnk
〈u − ynk , wnk − ynk 〉. (4.39)

Taking limit as k → ∞ in (4.39), we obtain from (4.37), (4.35) and the fact that ynk⇀x∗,
that 〈u − x∗, v〉 ≥ 0. Thus, by the maximal monotonicity of A + B (see Lemma 2.3), we
get that x∗ ∈ (A + B)−1(0). That is, x∗ ∈ �. Hence, we have shown that every sequential
weak cluster point of {xn} belongs to �. Also, in Lemma 4.1, we showed that lim

n→∞ ‖xn − p‖
exists for each p ∈ �. Therefore, by Lemma 2.2, we conclude that {xn} converges weakly
to an element in �. The proof is complete. ��

5 Numerical examples

In this section, we give the numerical analysis of our proposed algorithm (Algorithm 3.3)
and compare it with Algorithm 3.1 in [32] (PSC (Alg. 3.1)), Algorithm 2 in [34] (VM (Alg.
2)) and Algorithm 2 in [13] (CHC (Alg. 2)).

Example 5.1 We consider the image restoration problem:

min
x̂∈Rm

{||Dx̂ − ĉ||22 + λ||x̂ ||1}, (5.1)

where λ > 0 (we take λ = 1), x̂ ∈ R
m is the original image to be restored, ĉ ∈ R

N is the
observed image and D : R

m → R
N is the blurring operator. The quality of the restored

image is measured by

SNR = 20 × log10

( ‖x̂‖2
‖x̂ − x∗‖2

)
,

where SNR means signal-to-noise ratio, and x∗ is the recovered image. The larger the SNR,
the better the quality of the restored image.
For the implementation, we take x0 = 0 ∈ R

m×m and x1 = 1 ∈ R
m×N , and use the following

image found in the MATLAB Image Processing Toolbox:

(a) Tire Image of size 205 × 232. To create the blurred and noisy image (observed image),
we use the Gaussian blur of size 9 × 9 and standard deviation σ = 4.

(b) Cameraman Image of size 256×256.We use the Gaussian blur of size 7×7 and standard
deviation σ = 4.

(c) Medical Resonance Imaging (MRI) of size 128× 128. We use the Gaussian blur of size
7 × 7 and standard deviation σ = 4.
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Table 1 Numerical results for Example 5.1

Tire Cameraman MRI
Algorithms CPU Time SNR CPU Time SNR CPU Time SNR

Alg. 3.3
(
τn = n−0.5

2n
)

2.1100 22.5103 3.9102 21.3003 1.8131 21.1304

Alg. 3.3
(
τn = 0.5

)
1.2006 23.9291 3.7120 27.2914 1.2023 22.2001

Alg. 3.3
(
τn = n−0.1

n
)

1.1318 24.8134 3.0214 28.4413 1.0019 23.5132

PSC (Alg. 3.1) in [32] 3.4218 21.3471 4.3304 23.8101 2.0124 20.6491

VM (Alg. 2) in [34] 3.1214 21.4261 4.3241 22.1921 2.0110 21.9910

CHC (Alg. 2) in [13] 3.0112 21.9999 4.0917 25.8402 1.8912 21.1887

Table 2 Numerical results for Example 5.2 ε = 10−7

Case 1 Case 2 Case 3
Algorithms CPU Time Iter CPU Time Iter CPU Time Iter

Alg. 3.3
(
τn = n−0.5

2n
)

0.0361 148 0.0490 150 0.1524 155

Alg. 3.3
(
τn = 0.5

)
0.0170 93 0.0415 96 0.1441 98

Alg. 3.3
(
τn = n−0.1

n
)

0.0168 70 0.0283 72 0.0107 73

PSC (Alg. 3.1) in [32] 1.1812 163 1.4000 163 1.5125 164

VM (Alg. 2) in [34] 1.2100 223 1.2972 232 1.3264 230

CHC (Alg. 2) in [13] 0.0917 156 1.0219 158 1.0924 164

Example 5.2 Let H = l2(R) := {x = (x1, x2, . . . , xi , . . .), xi ∈ R :
∞∑
i=1

|xi |2 < ∞} and

||x ||l2 :=
( ∞∑
i=1

|xi |2
) 1

2 ∀x ∈ l2(R). Define A, B : l2 → l2 by

Ax :=
(
x1 + |x1|

2
,
x2 + |x2|

2
, . . . ,

xi + |xi |
2

, . . .

)
, ∀x ∈ l2

and

Bx := (2x1, 2x2, . . . , 2xi , . . .) , ∀x ∈ l2.

Then A is monotone Lipschitz continuous with Lipschitz constant L = 1 and B is maximal
monotone.
Choose the initial points as follows:

Case 1: x1 =
(

5
7 ,

1
7 ,

1
35 , · · ·

)
and x0 =

(
1
2 ,

1
6 ,

1
18 , · · ·

)
.

Case 2: x1 =
(

1
2 ,

1
6 ,

1
18 , · · ·

)
and x0 =

(
1
3 ,

1
9 ,

1
27 , · · ·

)
.

Case 3: x1 =
(

1
3 ,

1
9 ,

1
27 , · · ·

)
and x0 =

(
2
5 ,

1
5 ,

1
10 , · · ·

)
.

During the computation, we make use of the following:
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Fig. 2 Numerical results for Cameraman

• Algorithm 3.3: λ1 = 0.1, μ = 0.5, ε = 0.000001, θn = αn (when τn = n−0.5
2n ), where

αn is as defined in (3.1), θn = 1−ε
3 (when τn = 0.5) and θn = √

ρ2
n + φn − ρn (when

τn = n−0.1
n ), where ρn and φn are as defined in (3.3) and (3.4), respectively.

• PSC (Alg. 3.1) in [32]: ξn = 1
10n+1 , αn = 1

2n+1 and γn = 0.9
β

(where β is the inverse
strongly monotonicity constant).

• VM (Alg. 2) in [34]: λ = 0.9
L , θ = 0.9 and εn = 100

(n+1)2
.

• CHC (Alg. 2) in [13]: λ1 = 0.1, μ = 0.5, θ = 0.5 and α = 0.1.
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Fig. 3 Numerical results for MRI

We then use the stopping criterion; TOLn := ‖yn − wn‖ < ε, where ε is the predetermined
error (Tables 1, 2).

All the computations are performed using Matlab 2016 (b) which is running on a personal
computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM. In the
tables below, “Iter” means the number of iterations. Also, in the tables and figures, Alg. 3.3,
PSC (Alg. 3.1), VM (Alg. 2) and CHC (Alg. 2) represent Algorithm 3.3, Algorithm 3.1 in
[32], Algorithm 2 in [34] and Algorithm 2 in [13], respectively (Figs. 1, 2, 3, 4).

6 Conclusion

In this work, we have introduced and studied a new relaxed inertial condition for approxi-
mating a solution of the MIP (1.1) in the frame work of a real Hilbert space. We obtained the
weak convergence of the proposed method under weaker conditions and we present a series
of computational experiments. The experiments show that our method performs better than
existing methods in the literature. In Example 5.1, we used the Signal-to-Noise Ratio (SNR)
tomeasure the quality of the restored image. A variant of the SNR is the Peak Signal-to-Noise
Ratio (PSNR) which is commonly used in digital image compression to measure the ratio
between maximum possible power of a signal and the power of the noise that affects the
quality of that signal. We shall employ the PSNR for this purpose in our future project. We
shall also study the linear convergence of the proposed method of this paper in our future
project.
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Fig. 4 The behavior of TOLn with ε = 10−7: Top Left: Case 1; Top Right: Case 2; Bottom: Case 3
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