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Abstract

IN THIS THESIS, we give first order asymptotics of eigenvalues of quadratic pencils
presenting a fourth order differential equation together a mixture of boundary
conditions that depend on the eigenvalue parameter and are periodic or anti-
periodic. The non-self-adjoint quadratic pencils have the two constant coefficient
operators and the differential operator all self-adjoint. For the same differential
equation and the same set of boundary conditions where the only difference is that
the boundary conditions which are periodic are replaced with anti-periodic one,
the zeros of their characterisitic determinants are interlaced. Thus, the eigenvalues
of their quadratic pencils with periodic and anti-periodic boundary conditions,
respectively, are interlaced and lie in the first and third quadrant of the complex
plane. In both cases the periodic and anti-periodic boundary conditions do not
depend on the eigenvalue parameter.
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Introduction

Joseph Liouville pioneered the theory of Sturm-Liouville differential equations

through his study of the second order differential equation of the form

gz =0 (0.0.1)

da?
when p is real in 1837. A generalisation of the differential equation (0.0.1) in the
form

n dn—l

—+ Pan—l(%f))m

e + ...+ p ap(z,p)z =0 (0.0.2)

where |p| is large was studied for its asymptotic character of its solutions by George

D. Birkhoff. The functions a;(z, p) are analytic in the complex parameter p and



have derivatives of all orders in the real variable z. Birkhoff in his paper [2] proves
asymptotic properties on a region ¢ < argp < 1, where he gives determinantal
inequalities, involving the leading coefficients in the boundary forms, from which
asymptotic eigenfunction estimates and an expansion theorem follow. Birkhoff
gives an expansion theorem and an estimate for the Green’s function of the class
of regular boundary conditions which are those boundary conditions that satisfy
some determinantal inequalities. Stone [17] shows that Birkhoff expansion is in
a sense equivalent to the Fourier expansion. Salaff [16] shows that when n in
(0.0.2) is even, self-adjoint boundary conditions meet determinantal inequalities
which means that he shows that self-adjointness implies Birkhoff reguarity for
even order operators. Tamarkin and Stone establish the equiconvergence theorem
showing that an eigenfunction series of a Birkhoff-regular operator behaves simi-
larly to a trigonometric one on every compact subinterval K of the open interval
(0,1). On the entire interval [0, 1], Minkin in [6] shows equiconvergence for even
order differential operators from which investigations of boundary value problems
dependent on a spectral parameter or with the Stieltjies integral in the boundary
conditions branched off.

A differential equation of the form (0.0.2) together with its boundary conditions
can be written as quadratic operator pencil. Quadratic operator pencil, quadratic
operator polynomial and quadratic eigenvalue problems(QEP) are synonyms for

an operator of the form

Q(\) = N> M + \K + A, (0.0.3)

which is a matrix polynomial of degree 2 in the scalar \. However, since we study

eigenvalue expansions of the problem (0.0.3) in this document, A is a differential



operator on a Hilbert space Ly(0,a) & C. QEP is currently receiving attention
because of extensive application in dynamical analysis of mechanical systems in
acoustics and linear stability of flows in fluid mechanics. The aim when solving a

quadratic pencil is to find scalars A and non-zero vectors that satisfy

Q(N)z = 0.

Vector zx is a right eigenvectors corresponding to the scalar A. A major compli-
cation to solving QEP is that there is no simple canonical form analogous to the
Schur form for the standard eigenvalue problem or the generalised Schur form for
the generalised eigenvalue problem to this nonlinear eigenvalue problem. Prop-
erties of coefficient matrices correspond to particular spectral properties. For
example, if M, K and A are all real then the eigenvalues are real or come in pairs
(A, A) and if z is a right eigenvector corresponding to A then so is Z corresponding
to X\. Another example is when M and A are real symmetric and positive definite,

K = — KT then the eigenvalues are purely imaginary.

Numerical methods are classed into those that solve the quadratic operator
pencils directly and those that work with the linearised form and compute its
generalised Schur decomposition or a simple form to compute eigenvalues and
eigenvectors. Most numerical methods that deal with QEP are variants of New-
ton’s method, which involve a discretisation of the space on which the problem is
solved which can only involve a finite number of solutions. These Newton’s vari-
ants compute one eigenpair at a time and converge as long as the starting guess is
close enough to the solution, but in practice even with good initial guesses there

is no guarantee that the method will converge to the desired eigenvalue. When



M, K and A are symmetric, Q(\) is linearised into S — AT, (S,T) is symmet-
ric and B is definite, a Cholesky factorisation B = QQT can be computed, with
Q@ lower triangular and reduces the symmetric generalised eigenvalue problem to
a standard eigenvalue problem which can be solved with a symmetric QR algo-
rithms. With Q(X\) which usually comes from gyroscopic systems where M and
A are symmetric and K is skew symmetric, linearizations of Q(\) where S and
T are Hamiltonian or skew Hamiltonian a structure preserving algorithm for real
Hamiltonian matrices as the one developed by [1] Benner, Mehrmann and Xu can
be used instead of the QZ algorithm. There are several methods and algorithms
that use linearisations which can be compared for stability, computational effe-
ciency and memory using metrics like condition numbers. In the problem where
a band travelling at speed v between two fixed points and the band’s transverse

displacement with no external excitation force is described by the nondimensional

equation
o4 0? 0? 0?
gt T T m G Wt e | v ) =0 2 € (0], (00.4)

where 7 is the dimensionless tension and x € [0,1] is a constant depending on
the pulley mounting system of the band. Substituting an appropriate separation
of variable approximation of the solution, the equation becomes a second order
differential equation. Companion linearisation and QZ algorithm implemeted in
Matlab 6 polyeig showed that eigenvalues with particular parameters of v, x and
7 do not have Hamiltonian structure and some have positive real part suggesting
incorrectly that the system is unstable as proved by Van Loan [4]. Given infor-
mation about ||[M||, ||K|| and ||A|| and the structure of € and x in (S — AT)e,

X*(S — AT), it is possible to compare the condition numbers of different linearisa-



tions and identify which formulations are preferred for large and small eigenvalues,
respectively. This result has practical relevance, as in applications it is often only
eigenpairs corresponding to small and large eigenvalues that are of interest. Cur-
rently, there are no numerical methods that tackle QEP directly and compute all
eigenpairs.

We aim to solve directly a quadratic operator polynomial where a homogenous
string has at least one of the boundary conditions being periodic. A problem
of small transversal vibrations across a homogenous string was studied by Pivo-
varchik and Van der Mee [15] and Moller and Pivovarchik [8]. In the former the
transversal vibrations are described by a second order partial differential equation
while in the latter, by a fourth order partial differential equation. A damping co-
efficient is present at the right endpoint in both instances, the string is fixed at the
left end point and through a separation of variables subtitution, we have an eigen-
value dependent boundary condition in one of the boundary conditions. These
two problems result in second and fourth order differential equations, respectively,
which together with their boundary conditions are boundary value problems with

spectral representation as a quadratic operator polynomial of the form

L\, @) = M>M —iaAK — A. (0.0.5)

Pivovarchik and Van der Mee [15] study the inverse problem of constructing the
real potential from its eigenvalues which are zeros of a sine-type entire function
where a > 0 and «a # 1. It is the paper of Pivovarchik and Moéller [8], where
they studied the location of the spectrum, algebraic and geometric multiplicities
of the eigenvalues and characterised the spectrum of a compact peturbation of

Ly = L(0,0) by a smooth real function g that initiated the work of Moller and



Zinsou [11], [13], [12], [14], [10] and [18]. Méller and Zinsou [11] studied (0.0.5)
a fourth order differential equation for which the coefficient matrices M, K and
A are self-adjoint and found four sets of boundary conditions. These cases, both
boundary conditions at the right endpoint were dependent of the eigenvalue pa-
rameter and only one depended on the eigenvalue parameter at the left endpoint.
The eigenvalues of their operator where found as A_j, = —\;, for some k > ko, for
some positive integer ky which are termed *-alternating in some texts and may
be viewed as generalisations of symplectic and Hamiltonian matrices.

We consider a special case of (0.0.2) with n = 4, represented by the differential

equation

y D\ z) = (9v) (N, x) — N2y(\, z) = 0. (0.0.6)

The boundary conditions considered are such that one is separated, another is
dependent on the eigenvalue parameter and the remaining two, which have pe-
riodicity are considered for both the periodic and anti-periodic cases, which we
indicate by € = 1. We initially find the eigenvalues of the boundary value prob-
lem for the simplified case where g = 0 in (0.0.6). An exponential multiple of
the characteristic determinant is written as a sum of three terms. On a sector
%’r < arg(w; —wp) < m, this characteristic determinant is dominated by one of
the terms whose zeros are determined. We consider small circles around each
zero of the dominant term and find that each circle contains a unique zero of the
dominant term, thus, by Rouché’s theorem each circle contains a unique zero of
the characteristic determinant.

We then consider square annulus on the complex plane centered at the ori-

gin whose side of the inner square is very large. Again, through application of



Rouché’s theorem we find that the number of zeros inside each square is the same
as the number of zeros of the dominant term in the characteristic determinant.
Hence, inside the square annulus, all the zeros of the characteristic determinant
are accounted for. In order to count the number of zeros of the characteris-
tic determinant, we consider a product of the characteristic determinants of the
two boundary value problems presenting the periodic and anti-periodic cases and
through a factorisation into three factors we are able to enumerate the number of
zeros of the characteristic determinant.

The document is organised into four chapters. Chapter 0 is the Introduction,
which gives history and a broad overview of quadratic operator pencils. Chapter 1
gives definitions, lemmas, propositions and theorems required to define concepts
and ideas communicated in the entire document. Chapter 2 is organised into
three sections which are published in [7]. In Section 2.1, we write the fourth order
partial differential equation as an ordinary differential equation by assuming that
solutions to the differential equation will be superpositions of standing waves.
The ordinary differential equation is then written in terms of its quasi-derivatives
and the Lagrange’s identity is integrated to obtain the Green’s formula. Using
Matlab, we implement [9, Theorem 10.3.5] to find boundary conditions to the
ordinary differential equation such that at least one of the boundary condition
is periodic. We verify in Section 2.2 that the two boundary value problems with
boundary conditions obtained in Section 2.1, fulfil the criteria that the differential
operator in the spectral representation of the boundary value problems is self-
adjoint and prove Theorem 2.2.4. Note that Theorem 2.2.4 states equivalent
statements for boundary conditions of the fourth order differential equation where
we have one boundary condition dependent on the eigenvalue parameter and at

least one periodic boundary condition. We characterise boundary conditions that

7



fulfil our criteria in Theorem 2.3.1 in Section 2.3. Chapter 3, also has three
sections. We prove in Section 3.1 that the problem (3.2.1)-(3.2.5) is Birkhoff
regular for e;e5 = 1. In Section 3.2, we provide the asymptotics of the eigenvalues
for g = 0 while in Section 3.3, we derive the first three terms of the eigenvalue

expansions.



Preliminaries

DEFINITIONS, LEMMAS, PROPOSITIONS AND THEOREMS required to define con-
cepts and ideas communicated in this entire document are listed in this chapter.
Efforts have been made to keep these definitions, lemmas, propositions and the-
orems in the order in which they appear in the document. However, deviations
from this order may exist because sometimes it is easier to immediately follow
with a related concept.

One of the reasons for the huge development of the theory of classical Lebesgue
and Sobolev space L, and W' where (1 < p < oo) and n € N is that many
materials can be modelled with sufficient accuracy using these function spaces.

Throughout this thesis we work in a Sobolev space. We follow notation used in



[9] and [5]. In addition, we modify results which are in the form of propositions,
lemmas, theorems and corollaries in [9] and [5] that are applicable to the particular
problem under consideration in this thesis.

We give in Section 1.1 definitions and properties required for the characterisa-
tion of self-adjointness of the boundary value problems under consideration. In
Section 1.2, we give definitions and properties for a boundary value problem to

be Birkhoff regular and definitions and properties of eigenvalue expansions.

1.1 DEFINITIONS AND PROPERTIES FOR CHARACTERISATION OF SELF-ADJOINT

PROBLEMS

A Sobolev space is defined as
Wi(a,b) := {g € Ly(a,b) : ¥j € {1,...,m} g € Ly(0,a)},

where —oo < a,b < oo and m € N.
Let n = 2k where k € N. We consider an nth (n € N\{0}) order differential

expression ¢ of the form
k

Ly =" (gmy™) (1.1.1)

m=0
on the interval [a, b], where g,,, € W3"(a,b), m =0, ..., k, are real valued functions
and |gx(z)| > € for some € > 0 and z € [a, b]. The differential expression ¢y is well

defined for y € W3 (a,b) in which case fy € Ly(a,b). The operator L, defined by
D(Ly) = W3(0,a), Loy=1y, yeWy(a,b), (1.1.2)

is called the maximal operator associated with the differential expression ¢ on

10



la, b].

Definition 1.1.1. Let y € Wi'(a,b). For j = 0,...,n the jth quasi-derivative of
y denoted yl7!, is recursively defined by

y[j]:y(j) for 7=0,...,k—1,

yM = gy,

y[j] — (y[jfll)/ + gn,jy(”’j) for j=k+1,...,n.

The quasi-derivatives depend on the differential expression (1.1.1). They are
convenient for the formulation of the Lagrange identity when dealing with differ-
ential operators which have fairly general coefficients.

Let
, 4= , W= (1.1.3)

be elements of the Hilbert space Ly(a,b) ® C, y, z,w € W} (a,b).
A formulation of the Lagrange identity and Green’s formula is quoted below from

[9, Theorem 10.2.3].

Theorem 1.1.2. For a differential expression £ and y, z € W3 (a,b), the Lagrange
tdentity

()7~ y(07) = = [y.7] (1.1.4

11



holds on [a,b] almost everywhere, where
k — —
9,21 = (-1 (P — i)
j=1

and Green’s formula

(Eya Z) - (:%EZ) = [yv Z]<b) - [ya Z](CL)

is valid, where (-,-) is the inner product in Ls(a,b).

Define the operator A in the Hilbert space Ly(a,b) & C by

D(A) = {Y eWr0,a)BC, U,Y =0, c= UQY} ,

¢
ay = 7,

VY
where

~

Y = (y(a), Ly a), y(), ... ,y[n_”(b))T

(1.1.5)

(1.1.6)

(1.1.7)

(1.1.8)

(1.1.9)

and matrices Uy, Uy and V are of sizes 3 x 2n, 1 x 2n and 1 x 2n, respectively.

For m € N, define

0 Im.o
JmO - (( 1)57155,771—&—1—15):;:1 ) Jml - 5
—J:mo 0
—JIm,l 0
Im =
0 Ima

12

(1.1.10)



Finally define

Us

J2

v |, (1.1.11)
—U,

Uy 0 0

Uy —I 0 (1.1.12)
Voo —I

Before stipulating a criterion of self-adjointness, we give a proposition which states

conditions under which Z € D(A*). The modification of the proposition from [9,

Proposition 10.3.3] is quoted below.

Proposition 1.1.3. Assume that rank

= 4. Then Z € D(A*) if and only
Us

if Z € Wi(a,b) ® C and there is e € C such that

ly, 2](b) — [y, 2](a) + VY — e*UY =0

(1.1.13)

for allY € N(Uy). For Z € D(A*), e is unique and

0z

A*Z =

e

A criterion of self-adjointness as given in [9, Theorem 10.3.5] is quoted next.

13



Theorem 1.1.4. Assume that

Then A is self-adjoint if and only if
Us(N(Uh)) = R(U™).

In addition to determining if A is self-adjoint, we use [9, Theorem 10.3.8] quoted

below to conclude that A is bounded below.

Theorem 1.1.5. Assume that A is self-adjoint. Then A has a compact resolvent.

Assume additionally that
(i) (=1)fgx >0,

(ii)  each component of ULY either contains only quasi-derivatives y™ with m <

k or contains only quasi-derivatives m > k,

(iii)  each component of U,Y either contains only quasi-derivatives y™ with m <

k or contains only quasi-derivatives m > k,

(iv)  for each component of U.Y which only contains quasi-derivatives y™ with
m > k, the corresponding component of VY only contains quasi-derivatives

Y with m < k.
Then A is bounded below.

Any m x n matrix can be written as a product of a diagonal matrix of its singular
values augmented by zeros and orthogonal matrices of order m and n as stated in

[3, Theorem 6.1] quoted below as

14



Theorem 1.1.6. Any m x n real matriz I, with m > n, can be factorized as
by
r=A or, (1.1.14)
0

where A € R™ ™ and © € R™"™ are orthogonal, and 3 € R™"™ is diagonal,
Y = diag(o1,09,...,0u),

where oy > 09 > ... > o, > 0.

1.2 DEFINITIONS AND PROPERTIES FOR BIRKHOFF REGULAR PROBLEMS AND

THEIR EIGENVALUE EXPANSION

For the definition of Birkhoff regularity, we consider a boundary eigenvalue prob-
lem for sufficiently large complex numbers A, say [A| > ~. We modify the first
order system in [5] to fit the differential equation and boundary conditions under

consideration in this document as

i — (ML + Ag)j =0 (1.2.1)

W4 (ag) + W5 (ar) =0, (1.2.2)

where § € (W3 (a,b))", A € C.
For the differential system of equations (1.2.1) we assume that the coefficient

matrices Ay and A; belong to M,,(Ls(a,b)). We suppose that A; is a diagonal

15



matrix function

1 0
A = 0 , (1.2.3)
Ty
where [ is a positive integer,
r,eC (v=1,...,1).
We assume that there are distinct, nonzero numbers ¢,,, € [0,27), v,u=1,...,1
such that
ry =|r,e¥, (1.2.4)
r, — 1, =|r, —r.|e"* in (a,b). (1.2.5)
Let ¢, := v,0 = po, £ 7 and
T, =|r, e = | £ir, e in (a,b) (v=1,...,1). (1.2.6)
We formulate as a proposition from [5, Theorem 2.8.2].
Proposition 1.2.1. There is a fundamental matriz function
Y (-, \) = (P + By(-, \)E(-, \) (1.2.7)

16



of the differential equation (1.2.1) having the following properties: The matriz
function E(-,\) belongs to M, (W3 (a,b)) and

E(-,\) = diag(Eo(-, A), E1 (-, A), ..., Ei(+, A)) (1.2.8)
for x € [a,b] and XA € C, where
E,(\) = exp(Ar,(b—a)). (1.2.9)

The matriz function P1% belongs to M,(W}(a,b)) and is a diagonal matriz ac-

cording to the structure of Ay, i.e,

P = diag(PY..... Py). (1.2.10)

The diagonal elements P are uniquely given as solution of the initial value

problems

PIE(Ii]/ - AO VVPIL(I]/]
’ (1.2.11)

Pa) =1,

where the n, x n, matriz functions Ay, are the diagonal elements of Ay. The

matriz function By(-, \) belong to M,,(W3 (a,b)) for |\ >~ and fulfils the estimates

By (-, A) = {o(1) }oo,

Bo(, A) = {0(12(A)) oo

as A — 00, (1.2.12)

17



where

7,(\) = in:%u + [R(ete)|) 3. (1.2.13)
VER

We set
0 if R(Ae™) < 0,

(1.2.14)

0 if R(Ae'er

)

1 if R(Ae™v) > 0,
) =0 and J(Ae™#) > 0,
) and

| Lif R(Ae) =0 J(Aetr) < 0.

For convenience let dp(A\) = d1(A) and we can infer that A(—\) = I, — A(X). We

define the block diagonal matrices

A()‘) = diag((SO()‘)[m yee aél(A)[nz)a

(1.2.15)
Ag = diag(01(A\) L, ..., 01(N) 1),
which (by definition) reduce to
A(N) = diag(d1(A\) L, s - -, 01(N) I, ), (1.2.16)
and Ay = I,. From the definition of the 6,(\) we immediately infer that
A(=)N) =1, — A(N). (1.2.17)

We quote the definition of Birkhoff regularity from [5, Definitions 4.1.2 and 5.2.1].

18



Definition 1.2.2. The boundary eigenvalue problem (1.2.1) and (1.2.2) is called
Birkhoff regular if

Wo? (I, = AN Ag + WV AN Ay (1.2.18)

is invertible for A € C\{0}.

We give the definition of Birkhoff regularity for a differential equation with
its boundary conditions as opposed to the previous definition which applies to a
boundary value problem presented as a first order system.

Let a; € [a,b] (j € N) such that ap = a and a; = b. Let
pi N => Nmpi; (i=0,....n—1), (1.2.19)
=0

where m,_;; € L,(a,b) (i=0,...,n—1,j=0,...,n—1). We assume m,_; ,_; # 0
for some i € {0,...,n — 1}. Let wy; (i,k = 1,...,n) be polynomials in A\ with
coefficients in Li(a,b) and w,g) (j € N; i,k =1,...,n) be polynomials in A with
complex coefficients.

For A € C and n € W3'(a,b) we consider the boundary eigenvalue problem

n—1
™+ pi( M =0, (1.2.20)
j=0
n 1 '
S wd N (a;) =0 (k=1,...,n). (1.2.21)

19



The function 7 defined by

n—1
7(p)=p"+ Y P'Tuini (p€C) (1.2.22)
=0

is called the characteristic function of the differential equation (1.2.20). We asso-
ciate a first order system to the n-th order differential equation. This system is

defined by the operator

TPy =y = A(, Ny (y € (Wi(a,b)", A € C), (1.2.23)
where
0 1
0
A= (0551 — GimPj—1)ij=1 = 0 .o . (1.2.24)
0 0
—Po - - TPn-1

We assume that there are a matrix function C(-,\) € M, (W} (a,b)) depending

polynomially on A and a positive real number v such that
C(-,\) is invertible in M, (W, (a,b)) if [A] > v (1.2.25)
and such that the equation

CHNTPNCENG =3 — A g = TP (1.2.26)

20



holds for |A| >~ and § € (W3 (a,b))", where
A(SX) =21+ 4 (1A =7) (1.2.27)

and the coefficient matrices of A fulfils the assumptions of the coefficient matrices
in (1.2.1). When A% = 0 in the first order system (1.2.1) and there is a boundary
condition dependent on the eigenvalue parameter A, estimates (1.2.25)—(1.2.27)
are not asymptotically constant in A. In order for (1.2.25)—(1.2.27) to hold we
require that there is an n x n matrix polynomial Cy(\) whose determinant is not
identically zero such that the following properties hold:

There is a matrix function Wy € M,,(L;(a, b)) such that

Cy 'MW (-, A) =Wy =0\ in M, (Li(a,b)) as A — oo, (1.2.28)

and there are n x nm matrices Wo(j ) and

1
ST NWI ) = W = 0(A ) as A — oo (1.2.29)
=0

hold. The boundary conditions (1.2.21) and a function C'(z, A) satisfying (1.2.25)-

(1.2.27) are considered with the matrix functions

DA = (WD (). Cla;
WUIA) == (wgy (M)5i=1C (ag, A), (1.2.30)

W(A) == (wri(A)f =1 C(N),

21



and set

1

TR =Y WONglay) (€ Wa(ab)" (1.2.31)
=0
Definition 1.2.3. The boundary eigenvalue problem (1.2.20)—(1.2.21) is called
Birkhoff Regular if 7,,, # 0 and if there are matrix functions C(-,\) satisfying
(1.2.25)—(1.2.27) and Cy(+, \) satisfying (1.2.28)—(1.2.29) so that the associated
boundary eigenvalue problem 724 = 0, C5(A\)"*TE(A\)§ = 0 is Birkhoff regular in
the sense of Definition 1.2.2.
We quote [5, Proposition 4.1.7].

Proposition 1.2.4. Let | = n and A(N\) = diag(d1(A),...,0n(N)) as given by
(1.2.15). We suppose that

|
—~
<
|
\_}—‘
S
~—

Pv

i) If n is even, then the values of A are the diagonal matrices with 5 consecutive
ones and 3 consecutive zeros in the diagonal in a cyclic arrangement.
it) If n is odd, then the values of A are the diagonal matrices with "TH consecutive

ones and ”T’l consecutives zeros in the diagonal and the diagonal matrices with

=L consecutive ones and

n+1
2 2

consecutive zeros in the diagonal, each in a cyclic
arrangement.

We quote a simplified version of [5, Proposition 7.2.3].

Proposition 1.2.5. Let | := n, and suppose that
W('a p) = 7Tl('7 p)

22



where
!
m(op)=p + ) oy (1.2.32)
j=1

Suppose that for all x € [a,b] the roots of m(x,p) = 0 are simple and nonzero
and that there is k € N\{0} such that wy1,...,m; € Wip(a,b). Then there are
1,1 € Wia, b) such that

71 p) = I, (p — 1(x)) (1.2.33)

holds for all z € [a,b] and p € C. In addition, we have that r;' € W§(a,b) for
i=1,...1

We quote [5, Theorem 7.2.4].

Theorem 1.2.6. Let | € {1,...,n}, be such that m; # 0 and m; = 0 for

i=1+1,...,n. Suppose that m;; € Loo(a,b). Then there is a matriz function
C(z,\) =diag(A™, ..., A")C;(z)

with vy, ..., v, € Z and Cy € M, (W3 (a,b)) such that A(-, \) given by (1.2.26) has
the form (1.2.27), where

A, = diag(0,...,0,1q,...,17)

and();é?"j_l eC forg=1,...,1,
i) My € Loo(a,b);

l .
”) Po(‘a )\) = Z )\]Wn,j
=0
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iit)m;; € Wy(a,b) fori=1,...,1
or

=1 and% € Wy(a,b) fori=1,....,n—1;

iv) The zeros é]l” mi(x, p) are simple and different from zero for all x € [a,b], where
m is defined in (1.2.32).

A. If i), ii) and i) hold and if | = 1 or m;; € Wi(a,b) fori=1+1,....,n, then

vi=1—1 (i=2,...,n) and

1 ... 1
T1 Ce T
Cy = | , (1.2.34)
: r
rlfl e 7“[1*1
where r1,...,1 € Wy(a,b) are the roots of 7(-,p) = 0 according to Proposition

1.2.50f1> 1.
B. If i), ii) and i) hold and if m;; € Wi(a,b) for i = 1,..,1, then v; = i
(t=1,...,n) and

1 ... 1
1 Ce T
Cy = | , (1.2.35)
: T
rll_l . rll_l
where ry,...,m € W}(a,b) are the roots of w(-,p) = 0 according to Proposition

1.2.5. We consider the differential equation
Kn=XHn (neW(a,b)), (1.2.36)
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where

n—1

Kn=n™ 4+ kn", (1.2.37)
=0

Hn = hon¥, (1.2.38)

with k; € Wi(a,b) and hg € W (a,b). In the problem under consideration hg = 1.

We associate the differential operator
LP(\n = Kn—Xn  (n€W3(a,b)), (1.2.39)

with the differential equation (1.2.37), together with two point boundary condi-
tions

n

LE(\)p = (nz_fw,i%m“1><a>+§w,i?u>n<“><b>> =0,  (1.2.40)

k=1

where w,(é) are polynomials. Let

WOO) = (wd Wim (=01, (1.241)

We quote a simplified version of [5, Theorem 8.2.1].
Theorem 1.2.7. Suppose that | =n and let k € N. Suppose that

a) k;j € Ly(a,b) for j = 0,....n =1 —k and k,_1_; € Wy /(a,b) for j =
0,...,min{k —1,n — 1}

For sufficiently large X\, the differential equation Kn = \n has a fundamental
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system {m (-, A), ..., nu(+, \)} with the following properties:
Set k = k. Let w; = exp{Qm i=UV (j = 1,...,1). There are functions o, €
Wf“”(a, b), r=0,... .k, such that o 1S the solution of the initial value problem

, 1
Po — j(hO)SOO =0 pola) =1, (1.2.42)

k
d*
n(yﬂ)(xj)\) — |: :|Z )\C&)V sDT( ) Awy (z—a) +{O( k—‘ru)} )xwl,(ac a)

\3

(v=1,....,n;0=0,....,n—1), (1.2.43)

dM

where [d—#} means that we omit those terms of the Leibniz expansion which contain

a function gor ) with j>k—r.

We denote the i-th unit vectors in C* and C' by e; and ¢;. Fori € Z\{1,...,n}
ori € Z\{1,...,1} we set ¢; :== 0 and &; := 0, respectively. We can write the

matrix A(-, \') of the corresponding system as

A('7 )\Z) = < 81@5 + J; + )\lEpSI )
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where

a; = —(ko,...,,knfl), (1244)
01
0. 0
Jp = o c M,(C). (1.2.45)
0 1
0
We set
l
eTi=> el=(1,....1)eC, (1.2.46)
i=1
Q= diag(wy, . .., wi), (1.2.47)
Z.(N) :=diag(1, A, ..., A1) € M,(C), (1.2.48)
1 1
l
. w RN w
V=Y eeat=| Sp (1.2.49)
i=1 . . :
wll_l .o w;_l

If we observe that

: Lo [ if =0 mod (I),
Qe =) wl = (1.2.50)
i=1 0 if j#0 mod (I),
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we obtain that V is invertible with

l

1 .
VTl = 7 > 0 teel (1.2.51)

i=1

We obtain that y' — fly = 0 has a fundamental system

Y, A) = (Zk: APl 4 {O()\k>}oo> E(-,A). (1.2.52)
r=0
if \ is sufficiently large, where Pl € M, (W5 "(a,b)) and
E(x,)\) = diag(1,...,1,eM 678 halba)y
We infer that
(et )y = V(5 A) 1= CONT () (1.2.53)
is a fundamental matrix of TP (\)y = 0 if ) is sufficiently large. We set
V(L NEGA) ™ = Qoo+, N) (1.2.54)
and obtain that
Y (-, A) = S(N)VQan (- N E(- ).

We set 1, := n9,. Then {ni(-,A),...,n.(-,\)} is a fundamental system of
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Kn = NHn and nl(ﬂ) =0, v=1,...,n; p=0,...,n—1). We have
Qs ZA QU oA M) (1= 1,2) (1.2.55)

where the elements of QZJ belong to WFt="(a,b). We set QE;] := 0 for r < 0 and
[l ._ VA
Q;; =0 for i # j and r > 0. Also,

[O]’+ s QY =0 QY) =1, (1.2.56)

Q% — Qb = Qb

1 eeTO-1-iQr1=11 (. _ (1.2.57)
+1 Z Fen 1 ee™Q Qg (r=1,...,k),
=1
=e] {@é@' + Ly Q20 QY
(1.2.58)

l .
+1 Z n— 1_leeeTQ”Q¥;‘”} e, (v=1,...,1).

We immediately infer that

{ZA%W )+ {o(A~ )}w}emr, (1.2.59)

where ¢, € ngﬂ_r(a, b). If 1 <v <n,and 0 <r <k, then

= IV Qe (1.2.60)
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leading to

Our =W, 1 (1.2.61)
forv=1,....,nand r =0,..., k Hence, forv=1,...,n,
k
(2, A) = > (wy) "en(x) + {o(A )} s p 7, (1.2.62)
r=0
where ¢, := 1 ,, which yields
Yo = P10 = 6{@%02]81. (1263)

The relationship between the first order system and the nth-order differential

equation is given as in [5, Proposition 6.1.2].

Proposition 1.2.8. Let y € Wi (a,b), A € Q, and set

n—1)
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Then § € (W(a,b))" and
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Periodic and Antiperiodic Boundary

Conditions

PERIODIC BOUNDARY CONDITIONS on a homogenous beam that is compressed
or stretched by a force g means that looking at the solutions of the differential
equation as standing waves, we want profiles that are the same as the initial
profile after some time has lapsed. We set out to find periodic and anti periodic
boundary conditions for the fourth order differential equation studied by Moller,
Zinsou and Pivorvarchik. They studied boundary conditions that are separated,
dependent on the eigenvalue parameter and a mixture of separated and dependent

on the eigenvalue parameter such that matrices M, K and A in the spectral
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representation
L(\) = MM —ia K — A (2.0.1)

of boundary value problems are self-adjoint.

In Section 2.1, we write the fourth order partial differential equation as an ordi-
nary differential equation by assuming that solutions to the differential equation
will be superpositions of standing waves. The ordinary differential equation is
then written in terms of its quasi-derivatives and the Lagrange’s identity is inte-
grated to obtain the Green’s formula. Using Matlab we implement [9, Theorem
10.3.5] to find boundary conditions to the ordinary differential equation such that
at least one of the boundary condition is periodic. We verify in Section 2.2 that
the two boundary value problems with boundary conditions obtained in Section
2.1, fulfil the criteria that the differential operator in the spectral representaion
of the boundary value problems is self-adjoint and prove Theorem 2.2.4. The-
orem 2.2.4 states equivalent statements for boundary conditions of the fourth
order differential equation where we have one boundary condition dependent on
the eigenvalue parameter and at least one boundary condition dependent on the
eigenvalue parameter. We characterise boundary conditions that fulfil our criteria

in Theorem 2.3.1 in Section 2.3.

2.1 A VIBRATING STRING WITH PERIODIC BOUNDARY CONDITIONS

This following sections are based on the article [7]. A fourth order partial dif-

ferential equation describing small transversal vibrations of a homogeneous beam
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compressed or stretched by a force g can be described by

ot 0 0 0?
7u(x,t) ~ (m)a—xu(x,t) = —@u(x,t), (2.1.1)

where we assume g € C''[0, a] to be a sufficiently smooth real-valued function and
a > 0. If g > 0, then the beam is stretched, and if g < 0, then it is compressed.
Our quest is to find boundary conditions to (2.1.1) such that at least one of the
boundary conditions is periodic, at least one of the boundary conditions depends
on the eigenvalue parameter and all the coefficient matrices in (2.0.1) are self-
adjoint.

We solve the differential equation (2.1.1) using the superposition of standing
waves method, where we assume that solutions u(x,t) can be written as u(x,t) =

eMy(X, z). Then, (2.1.1) can be written as an ordinary differential equation
y W) = (gy) (A 2) = Ny(X, ). (2.1.2)

We want to find boundary conditions, BY and B¢ to (2.1.2) that satisfy a set

criteria,
y(0) y(a)
/ O / a
BY)(\) v(0) + Bi(\) via) =0,i=1,2,3,4 B), Bf € C* (2.1.3)
y"(0) y"(a)
y/// (0) yl//<a>
and

y € Wi0,a) == {y € Ly(0,a) : Vj € {1,2,3,4}, y¥) € L,(0,a)}. (2.1.4)
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The Lagrange’s identity gives boundary terms arising from integration by parts
of a self-adjoint linear differential operator.

We use methods in [9], which discuss extensively the quadratic operator pencil
of the form (2.0.1). We formulate our problem to implement [9, Theorem 10.3.5]
to find boundary conditions which fulfil a set of criteria. The theorem specifies a
criterion for self-adjointness for a class of differential operators. The differential
operator in (2.0.1) is A. We would like that A is self-adjoint with added condition
that at least one of the boundary conditions is periodic and at least one of the
boundary conditions depends on the eigenvalue parameter. We implement |9,
Theorem 10.3.5] in Matlab which gives us boundary conditions that fulfil the set
of criteria.

From (1.1.1), let n = 4 and 4 = 2k. We consider a fourth order differential

expression of the form /,
ty =" (gmy™)™ (2.1.5)

on an interval [0, a], where g,, € Wg(m)(O, a), m = 0,1,2, are real valued functions
and |ga(x)| > € for some ¢ > 0 and = € [0,a]. The quasi-derivatives of the

differential expression of (2.1.2) are

[

YOl =y, =y, yB =y yB =@ — gy, =y —(gy/),  (2.16)
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making the Lagrange’s identity

_ d
(ty)z —y(tz) = [y, 2]
P
%Z [J 1 [4—j] — Yl - 1)
= % {—y(z(?’) —gz') — (y(3) —gy)Z+y' 2" — y"?} (2.1.7)

where y, z € W3 (0, a) which is integrated on [0, a] to obtain the Green’s formula

<€y7 Z) - (yag'z) = [ya Z](CL) - [y7 ZKO) (218)

where (-, -) is the inner product in Ly(0,a). Let U; be a 3 x 8 matrix, Us a 1 x 8
matrix and V' a 1 x 8 matrix. Then the operator A in the Hilbert space Ly(0,a)&C
is defined by

D) ={vemio.eC BV =0, c=t:¥}, (219
ty
AY = E (2.1.10)
VY
where
Y = (y(0),...,5"0), y(a), ..., 4" (@) (2.1.11)
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For m =2, (1.1.10) becomes

Joo = ((_1)8_163,m+17t>§7t:17 Joq =

—Jg’l 0
Jo =

0 Jo

\

Finally define

Jo
U= V [,
—U,
Ui 0
U=1U, —I
V 0

0 JQ,O
—J5, 0
20 (2.1.12)
(2.1.13)
(2.1.14)

The Matlab code is written so that we have one of the boundary conditions de-

pendent on the eigenvalue parameter and the output is the matrix U; that ensures

that [9, Theorem 10.3.5] is satisfied. One of the boundary conditions that fulfil

the criteria is verified below. The boundary value problem with a fourth order

differential equation (2.1.2) together with the following boundary conditions
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y¥(A0) =y (A a

(A

(A

= 0, (2.1.15)
= 0, (2.1.16)
- 0, (2.1.17)
= 0, (2.1.18)



defined on the interval [0,a], where @ > 0, @ > 0 and g € C'[0,a] initiates
the study. The boundary conditions (2.1.15) and (2.1.16) are periodic, while the
boundary conditions (2.1.17) and (2.1.18) are separated, the boundary condition
(2.1.18) is also dependent on the eigenvalue parameter A. The operators A, K
and M are self-adjoint, M and K are bounded, K has rank 1, M > 0, K > 0,
M+ K >0, N(M)NN(A) = {0} and A is bounded below and has a compact

resolvent.

The statements about K and M are obvious. If (y,¢)T € N(M) N N(A) then
(y,c)T € N(M) gives y = 0, and (y,c)T € D(A) where ¢ = y/(a) leads to ¢ =
y'(a) = 0. Hence N(M)N N(A) = {0}. We are going to use Theorem 1.1.4 to
verify that A is self-adjoint. The differential expression (1.1.1) with n =4, gy = 0,
g1 = —g € C'0,a] and g, = 1 represents (2.1.2) as

ty = (g0y) + (1y') + (929")" =y — (9/) = Lo(N)y. (2.1.19)

The number of eigenvalue independent boundary conditions as given by (2.1.15)—
(2.1.17) is 3, leaving only one boundary condition dependent on the eigenvalue

parameter. Matrices Uy, Uy and V' given by

1000100 0
Ui=(o0o0o1 0 00 —1], (2.1.20)
0100 0 00 O

Us

(0 0000T10 0>, (2.1.21)

Vv

(0 000001 o). (2.1.22)
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Then the operator A can also be defined in terms of these matrices as

¢
av = 7,

VY

D(A) = {Y e Wi0,0) ®C, U,Y =0, c= UQY} ,

similar to (1.1.8) and (1.1.7). We now specify the matrices Jy, Us and U as

0 0 0-1 0 0 0 O
0o 0610 0 0 0 O
0O -1 0 0 0 0 0 O
7, — 10 0 0 0 0 0 O | (2.1.23)
0o 0 00 0 0 0 1
0O 0 0 0o 0 0 -120
0O 0 0 0 0 1 0 O
0 0 0 0 -10 0 O
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00 0 -1 0 0 0 0
001 0 0 0 00
0 -10 0 0 0 0 0
1 00 0 0 0 0 O

Uy — 00 0 0 0 0 O 17 (21.24)
000 0 0 0 —-10
O 00 0 0 1 00
000 0 -1 0 0 0
0o 0 0 0 0 0 1 0
000 0 0 -1 0 0

and

1000 -100 0 0 0
0001 0 00-1 0 0

U=]10100 0 00 0 0 0 (2.1.25)
0000 0 10 0 -1 0
0000 0 01 0 0 -1

Jo is a 8 x 8 matrix, Us is a 10 x 8 matrix and U is a 5 x 10 matrix where [ in
(1.1.12) is a 1 x 1 matrix.
We find N(U;) and R(U*) as

N(U;) = span{e; + es, e3,e4 + €s,€6,e7} C C® (2.1.26)
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and

R(U*) = span{e; — e5, 4 — €5, €2, €5 — €g,e7 — €19} C C'°. (2.1.27)

Then compare Us(N(Uy)) with R(U*), showing that they are equal and A is self-
adjoint as postulated by Theorem 1.1.4. Lastly, A has a compact resolvent in
view of Theorem 1.1.5. The coefficient of the highest derivative in the differential
component of A is g5 = 1 > 0 as required by Theorem 1.1.5 (i). Particular values

in assumptions of Theorem 1.1.5 (ii)—(iv) for (2.1.2) and (2.1.15)—(2.1.18) are

y(0) — y(a)
UY = | 418(0) — y¥(a) |, (2.1.28)
y1(0)
U,Y = yl(a), (2.1.29)
VY =y?(a). (2.1.30)

The first and third component of U .Y have quasi-derivatives of order zero and one.
Hence their order given by m is less than & = 2, half the order of the differential
equation and the second component has order three which ism =3 > k = 2. The
component of U,Y has order one which is less than k. A does not have components
of UsY with quasi-derivatives that are greater than k and the condition on VY is
irrelevant. Thus all the conditions of Theorem 1.1.5 are fulfilled and A is bounded
below. An alternative criterion is used to show that (2.1.2) and (2.1.15)—(2.1.18)

is self-adjoint. First, define

W = Jy+ UV — V*Us. (2.1.31)
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Then W(N(U;)) and R(U;) are given by
W(N(U,)) = span{ey — eg, €3, —€1 + €5+ C C¥? (2.1.32)
and
R(U}) = span{e; — e5, €9, 64 — g} C C¥, (2.1.33)

A comparison of W (N (Uy)) and R(U;) shows that W (N (Uy)) = R(U;) as required
by [11, Corollary 2.5, Theorem 2.12 and Theorem 3.7].

2.2 PERIODIC AND A SINGLE EIGENVALUE DEPENDENT BOUNDARY CONDITION

Consider on the interval [0, a], where a > 0, the differential equation (2.1.2) with

boundary conditions

U,Y =0, (2.2.1)

(V +iall)Y =0, (2.2.2)

where the matrices Uy, Us and V' are of the following form

U= (uz‘l,j)?g,j:p (2.2.3)
Uy = (u?,j)zli,j:p (2.2.4)
V= (Ui,j);f1,j:1~ (2.2.5)

Consider a particular case where Us; and V' contain exactly one non-zero element

such that the non-zero element of U, is in a different column to the non-zero

42



element of V' and the non-zero elements of U; are positioned such that the first
column of (1.1.12) has linearly independent rows. These forms of Uy, Uy and V/
ensure that each yV!(0) and y¥!(a) in (1.1.9) occurs at most once in the boundary

condition (2.2.1). The operator A in (1.1.8) is given by

Ly
VY

AY =

D(A) = {Y eWH0,)®C, U,Y =0, c= UQY/} .

We recall that the dimension of the domain of a linear map between two spaces
is given by the sum of the dimension of the null space and the rank of this linear
map. In addition, two finite dimensional spaces coincide if one space is contained
in the other and their dimensions are equal. A vector space C® acted upon by

these three matrices Uy, Us; and V means that rank U, and rank V' are given by
8 —dim(N(Uy)) =1 and 8 —dim(N(V)) =1,

respectively.

Proposition 2.2.1. Let Uy and V' contain exactly one non-zero element such that

the non-zero element in Us is in a different column to the non-zero element in V.
Let
W =Jy,+U;V —V*Us. (2.2.6)

Then U3V and V*Usy are 8 X 8 matrices of rank 1, U3V —V*U, is an 8 X 8 matriz

of rank 2 and W is an 8 x 8 matriz of rank at least 6.

Let the non-zero element of V' be at j = p and that of U; be at j = s, s # p.
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Then

18 T 1,8 u? i
U,V = <(u12j>i:1,j=1> (vi)iZ1 =1 = (WP101) 57 o1

has exactly one non-zero element, Flsvlp, at j = s, i = p. The position of the
only non-zero element of V*U, is in row p and column s, thus UV — V*U, has
rank 2. J5 in (2.2.6) is invertible with rank 8 and U3V — V*U, has rank 2. Hence,
the rank of W is at least 6.

Remark 2.2.2. Whenever Y € D(A) then Y € N(U;), and for every u € N(Uy)
there is a Y € D(A) such that ¥ = u.

Corollary 2.2.3. If A is self-adjoint then rank W =6 and W (N(Uy)) = R(Uy).
Proposition 1.1.3 states that Z € D(A*) if and only if Z € W3(0,a) & C and there
is e € C such that

[y, 2](a) — [y, 2](0) + &*VY — e*UY =0 (2.2.7)
for allY € N(Uy). For Z € D(A*), e is unique and

0z
A7 =
e

We use (1.1.3) for W, Z € D(A) = D(A*) and
[y: )(a) = [y, 2)(0) = Z" Y

together with values of e and d as implied by (1.1.8) and (1.1.7) respectively, which
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we substitute into (2.2.7) to get

0= [y, 2](a) — [y, 2](0) + VY — e*U,Y
= [y, 21(a) — [y, 2)0) + (2 2)" VY — (VZ)'U,Y
= Z* LY + Z2UVY — 2V ULY
= 7Sy + U3V = V*U,)Y
= Z7'WY,

where Y and Z are as defined in (1.1.9). This means that WY L Z, i.e
W(N(Uy)) € (NU))*t = R(U}). We use this containment of W(N(Uy)) in

R(UY) to compare their dimensions as

3 =rank U} > dim(W(N(Uy))) (2.2.8)
> dim(N(U;)) — (8 — rank W)

= —3 +rank W.

Hence rank W < 6. By Proposition 2.2.1 rank W = 6, and hence all the inequal-
ities in (2.2.8) are equalities and dim(W (N (U;))) = dim(R(U;)) holds. Thus
W(N(U1)) = R(UY).

Theorem 2.2.4. The following statements are equivalent
1. A is self-adjoint,
i.  Us(N(Uy)) = R(U*),

ii.  W(N(U1)) = R(UY) .
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Suppose (i) holds. Then Corollary 2.2.3 implies (iii). Suppose (iii) holds. Let
u € N(Uy). Then there is v € D(UY) such that Wu = Ujv i.e

Uiv=Wu = (Jo+ UV — V*Uy)u. (2.2.9)
Consider
JQ JQU
Usu=| V |u=| Vu |. (2.2.10)
—U2 —UQU

Let b= —Vwand ¢ = Uyu i.e 0 = Vu + b and 0 = Usu — ¢ and substitute (2.2.9)
below. Then

Jou Jou+Us(Vu+0b) — V*(Uyu — ¢)
Vu | = —b
—Usu —c
(Jo+ U3V = V*Us)u+ Usb+ V*e
= —b
—c
Ufv+Usb+ Ve
= —b
—c
uy Uy v* v v
=10 —-I 0 b =U"|b
0o 0 -I c c
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Thus Us(N(U;)) € R(U*) and dim(Us(N(U;))) < rank U*. The map

Uy : C® — C3, in (2.2.3), has dim(N(U;)) = dim(C®) —rank U; =8 —3 =5 as
given by the rank nullity theorem. Similarly U with the first column given by
(2.2.3)—(2.2.5) has rank U = 5 thus dim(N(U;)) = rank U*. We then conclude
that Us(N(Uy)) = R(U*) by showing that Uj is injective i.e 0 is the only element
in N(Us). Suppose Usu = 0. Then

JQU
O=Usu=| Vu |, (2.2.11)
—UQU

and Jou = 0 implies u = 0 since J5 is invertible. Hence (ii) follows.

Suppose that (ii) holds. Then by Theorem 1.1.4 we have (i).

2.3 FURTHER EXAMPLES OF SELF-ADJOINT OPERATORS WITH PERIODIC AND

A SINGLE EIGENVALUE DEPENDENT BOUNDARY CONDITIONS

Keeping with the pattern of the boundary conditions of the operator studied in
[8], using the differential equation (2.1.2) and Theorem 1.1.4, we identify the

boundary conditions of the self-adjoint operators under investigation as follows:

yPI(X,0) — ey (X, a) = 0, (2.3.1)

y2I(X,0) — eyl (X,a) = 0, (2.3.2)

SyPI(X, 0) + (1 = 8)yl®I(X, a) = 0, (2.3.3)

(1= 8) (YN, 0) + esiay!®I (X, 0)) = 6y (N, a) + esiay!®I (N, a))  (2.3.4)
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where £, € {0,1,2,3}, m = 1,2,...,5, B,’s are distinct for m = 1,2,3 i.e
Bs # B for s £ m with s,m = 1,2,3. By, B2, B4, B5 are different from each other
and B = B1—1, f1 < P2, ¢, =E1for j =1,2,3and 6 € {0,1}. We give necessary

and sufficient conditions for which the main operator A is self-adjoint.

Theorem 2.3.1. The quadratic operator polynomial representing the fourth order
differential equation (2.1.2) with the boundary conditions (2.3.1)— (2.3.4) is self-

adjoint if and only if these boundary conditions have the following structure:

€16y =1, (2.3.5)
€3 =—1 for § =0, (2.3.6)
es=1 ford=1, (2.3.7)
B =0, (2.3.8)
B2 =3, (2.3.9)
P =1,2. (2.3.10)

Consider the matrices Uy, Uy and V' of the form (2.2.3)—(2.2.5). Let the non-zero
elements of U; and V' be at uiQ and vy 3 respectively. Using the representation of
(2.3.4), these corresponds to B4 = 2 and 5 = 1. Let e3 = —1, f; =0, ¢ = —1,
By = 3, e = —1 and (3 = 2. Starting with this choice of Us and V' which implies

that 6 = 0, U; given by these parameters is

1000 -100 O
Uy=10001 0 00 —1/]- (2.3.11)
0000 O 01 O

Then consider Uy and V' where the non-zero elements are at u? 5 and V1,7 respec-
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tively, correspond to 8, = 2, 5 =1, 0 = 1 and e3 = 1. A matrix U; with such

periodic boundary conditions is given by

1000 -1000
Uy=10001 0 00 1]- (2.3.12)
0100 0 O0O0O

U
The assumption of Theorem 1.1.4 is fulfilled since rank | = 4for both (2.3.11)
Uz

and (2.3.12) together with their corresponding Us’s. For each U; we compute
Us(N(Uy)) and the corresponding R(U*). The result is that Us(N(Uy)) = R(U*)
for each of the two cases and any of the combination of the parameters stated.
Thus the operator A for each of the 12 cases is self-adjoint. A self-adjoint quadratic
operator polynomial representing the fourth order differential equation (2.1.2)

with boundary conditions that satisfy (2.3.1)—(2.3.4) satisfies
Us(N(U1)) = R(U).

If we represent boundary conditions with

a 000 ea 00 0
U=]0000b 0 00 ebl, (2.3.13)
0c00 0 00 0

Us

<0 0 0 00 ed O O), (2.3.14)

Vv

(0 00000 e 0), (2.3.15)
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such that (2.3.1)—(2.3.4) is satisfied. Then, using Matlab we prove that if U3(N (U;)) =
R(U*) then the values of parameters /’s, d’s and €’s are as given by (2.3.5)—
(2.3.10).

We find an unifying structure of boundary conditions that are periodic or anti-
periodic at the endpoints of the interval and have an eigenvalue parameter depen-
dence in one of them as described by Theorem 1.1.6. The matrix U, defined below
was decomposed into its singular values and orthogonal matrices in an effort to
find a relationship in all the cases.

Define a matrix

Uy
U= 1|0, |. (2.3.16)
1%

All the Uy’s that result from (2.3.1)—(2.3.4) and satisfy Theorem 2.3.1 are such
that each U,’s columns has at most one non-zero element and each of its rows has

at least one non-zero element.

Theorem 2.3.2. The self-adjoint quadratic operator polynomial representing the
fourth order differential equation (2.1.2) with boundary conditions (2.3.1)—(2.3.4)
that satisfy Theorem 2.3.1 has

U4:@(2 0) AT,

where © = I5, ¥ = diag(v/2,v/2,1,1,1) and AT € R®*®,

Consider (231)*(234) with ﬁl = O, ﬂg = 3, 63 = ]., 64 = 2, 55 = 1, 0=20

and €y, €9,e3 = 1. This choice of parameters results in Uy, Uy and V' given in
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(2.1.20)-(2.1.22). We then compute singular values of U, with

1 0 000
0 0 100
0 0 000
Ul = T (2.3.17)
-1 0 000
0 0 010
0 0 001
0 -1 00 0
Then
20000
02000
UUf=[00100 (2.3.18)
00010
00001

The eigenvalues of U U] are o7 = 2 with eigenvectors <1 000 0>T, (0 1 0 0 O)T
and oo = 1 with eigenvectors (0 010 0>T, (() 00 1 0>T and (0 000 1>T.
We construct a matrix C' whose columns are the eigenvectors of U,UJ and order

these eigenvectors by the magnitude of their eigenvaluesi.e C' = (61 €y €3 €y e5> .
Then we implement the Gram-Schmidt orthonormalization process which in this

case is © = I5.5. We repeat the process with U] Uy to find AT. The eigenvalues of

UjU, are 2, 1 and 0 with multiplicities of two, three and three respectively. We

list the eigenvectors of U] Uy as columns of D = (d;)§ ordered below in decreasing
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magnitude of their eigenvalues as

1
dy = ———=(es—e
1 \/5(4 8)
1
dy=——7(e; —e
2 \/5(1 5)
d3:€7
dy = ey
ds = eg
ds = ——=(e1 + c3)
= ——=(e e
6 \/5 1 5
d7:€3
1
dg = ——(64 + 68).

V2

Then project the d;’s and normalize them as before, which gives

T

1 1

0 % 000 0 -5 0
0 0 010 0 0 0

1 1
0 0 000 -5 0 -
L o 000 -1 0 1

AT=| V2 1 2 1 2 (2.3.19)

0 —% 000 0 -5 0
0 0 001 0 0 0
0 0 100 0 0 0
—%0000—% 0 .

The operators have the same © and ¥ with AT being the only distinguishing

matrix in the decompositions of their U,’s.
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Ja
where W = Jy, + U3V — V*U,, and Us = 1%
U,
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Asymptotics of eigenvalues

In this chapter we show that the non-self-adjoint operator L(\, «) is Birkhoff reg-
ular. Self-adjoint boundary value problems are Birkhoff-regular and for the same
differential equation, a boundary value problem is Birkhoff regular if the bound-
ary conditions are Birkhoff regular. Birkhoff regular problems possess a number
of spectral properties like an estimate of the Green function and asymptotics
of eigenvalues and eigenfunctions. We consider one of the cases of self-adjoint

boundary value problems in [7], defined by the differential equation

y (N 2) = (gy) (N x) = Ny(\, z), (3.0.1)

o4



together with the following boundary conditions

y(A,0) —ery(N a) =0, (3.0.2)
y@P(X,0) — e2y®(\,a) = 0, (3.0.3)
y'(A,0) =0, (3.0.4)

y" (A, a) +iaXy' (A, a) = 0. (3.0.5)

We prove in Section 3.1 that the problem (3.2.1)-(3.2.5) is Birkhoff regular for
€1eo = 1. In Section 3.2 we provide the asymptotics of the eigenvalues for g = 0

while in Section 3.3 we derive the first three terms of the eigenvalue expansions.

3.1 BIRKHOFF REGULARITY

We show Birkhoff regularity of (3.2.1)—(3.2.5) using Defintion 1.2.3.

Let A = p2. From (1.2.20) and (1.2.22), p;(, \) = i wWnrs_ij, (1=0,1,2,3, j =
0,1,2,3), m1 = Mo = m33 = 0 and myy = —1. 'ﬁ(l)e characteristic function of
the differential equation (3.2.1) is m(p) = p* — 1. The zeros of the characteristic
function are ¢*7', k = 1,2,3,4. By Proposition 1.2.5, | = 4, matrices A of
the boundary eigenvalue problem (3.2.1)—(3.2.5) are the following 4 x 4 diagonal

matrices with two consecutives ones and two consecutives zeros in the diagonal in

a cycle arrangement:

Ay = diag(1,1,0,0),

Ay = diag(0,1,1,0),
’ ( ) (3.1.1)
Az = dlag(ov 0,1, 1)7

\A4 = diag(1,0,0,1).
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With ng = 0 and [ = 4 the matrix C; defined in (1.2.34) is reduced to (i*~D¢=D)t _ .

Then from Theorem 1.2.6.A v; =0, 1, = 1, v3 = 2 and v4 = 3. Hence, we can

choose
C(a, p) = diag(p’, ', 1, 11%) Ci () (3.1.2)
with
1 1 1 1
1 7 -1 —
Ci(x) = (3.1.3)
1 -1 1 -1
1 —¢ -1 1

defined in (1.2.34) and

(3.1.4)
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Boundary matrices associated with (3.2.1)—(3.2.5) are given by

and

1000
©) 0100
WO () = C(0, 1)
0001
0000
1 1 1 1
7 o
_ o e (3.1.5)
I N G
0 O 0 0
- 0 0 0
0 0O 0 0
Cla, p)
0 0 0 —e
0 dap®> 1 0
! —€ —€1 —€1
0 0 0 0
(3.1.6)
—equ3 €ipt ot —eip?
japd + 2 —ap® — i —iap® 2 o — 2
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We choose Cy(x, p) = diag(u®, ut, 13, 13) defined in (1.2.28) then (1.2.14) leads to

1 0 0 0 1 1 1 1
_ 0O pt 0 0 pooip —p —ip
Co(p) " WO () = y Sy .
0 0 u 0 [ Iz
0 0 0 p 0 0 0 0
1 1 1 1
1 i =1 —i
I S S S |
M 7" H
0 0 0 0
=W (1) + O(u™), (3.1.7)
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1 0 0 0
) 0 u ' 0 0
Co(p) ™ W () =
0 0 u? 0
0 0 0 p3
—€1 —€1 —€1
0 0 0
X
—eap® €xifi’ exft”
iopd + p? —opd — p? —iap® + p?
—€1 —€1 —€1 —€1
0 0 0 0
—€9 i€9 €9 )

: 1 1 - 1 1
o+ —a— - —lat+ s a—
* p * 1

= Wy () + O(u™Y).

Thus Co(p) ™' W () + O(p~') holds for j = 0,1 and

and

29

0
—égiﬂs

apd — 2

(3.1.8)

(3.1.9)

(3.1.10)



The order of the differential equation (3.2.1) is 4 then the values of A are diagonal

matrices with 2 consecutive ones and 2 consecutive zeros in the diagonal in a cyclic

arrangement. The boundary value problem (3.2.1)—(3.2.5) is Birkhoff regular since

WA+ W (I - A)) =

(

\

1 1 —¢ —¢

1 ¢ 0 0

0 0 € —ie

0 0 —iaa «

- 1 1 —¢
0 2 =1 0

—€ 0 0 —t69

wv 0 0 «

—€1 —€ 1 1
0 0 -1 —
—€2 iEQ 0 0

0 iEQ €9 0

0 —a —ta 0

is invertible for p € C\{0}, A; 7 =1,2,3,4 (3.1.1). Hence,

(3.1.11)

Proposition 3.1.1. The eigenvalue problem (3.2.1)—(3.2.5) is Birkhoff reqular for
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a > 0.

3.2 ASYMPTOTIC EXPANSIONS OF EIGENVALUES WHEN ¢ = 0

We consider one of the cases of self-adjoint boundary value problems in [7], defined

by the differential equation
y W x) = (9y) (0 2) = Ny(\, 2), (3.2.1)

together with the following boundary conditions

y(A,0) — e1y(\, @) = (3.2.2)

@ (X, 0) — eyP (N, a) = (3.2.3)
y' (A, 0) = (3.2.4)

v (A, a) + iady' (A, a) = (3.2.5)

with €;,e2 = +1 and €165 = 1. In this section we consider g = 0 and put pu = \/X,
A # 0.
A fundamental system of (3.2.1) with g = 0 is {e/* e #* e e~} We

associate (3.2.1) with a first order system, TP and a fundamental matrix of 77 is

given by
eHT e—HT ei;w: 6—iux
etr  —peHT et — e
Zay=| " : a g . (3.2.6)
M2€uz u[2€—,ur H26z;m: _Iu26—zux

,u3€/mc _,u3€—uac —Z,LL ema: Z,LL e—zu$
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To apply Proposition 1.2.8, another matrix Y (z, ) is a fundamental matrix if

there is an invertible matrix C' € My(C) for a fundamental matrix Z(x, u) such

that

Y(z,p) = Z(x, pu)C.

It means that for Y (0, u) = 1y,

is a fundamental matrix and an invertible C' is

1 1 1
R
11 3 = -

O == Boop 7
411 = =4 4
wooop? ol

7 —1 —1

1 4 2 @

(3.2.7)

(3.2.8)

(3.2.9)

The characteristic matrix function defined in [5, (3.1.7)] of (3.2.1)—(3.2.5) is

M(p) = WOV (0, u) + WY (a, ),
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where

1000
0 0100
WO (u) = (3.2.11)
0001
0000
and
—€1 0 0
WO () = (3.2.12)

]
@]

- o O O
@]

It then follows that the characteristic determinant is given by

D(p) = det M(p) = det(W () - Z(0, ) + W (u) - Z(a, ) det
W [ _4i(eM g eH g Gy e )
4261 + e)(elIFHe 4 om(Hdua g ((1-ina 4 o—(1=i)ua)
+ pou(4(e! — eTH — (e — g7
C (1= )€1 + ) (e _ o=y
i

—(1+3)(er + ) (et7Ima — g=(1=Duayy] _

o (3.2.13)

We rewrite the characteristic determinant as

D(p) :%i (28: <aucj + Bj) ewﬂm) , (3.2.14)

J=0
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where

WOzl—i, w1:1+i, WQ:—1+’i, (A}gz—l—i,
(3.2.15)
W4:—i, w5:1, w6:i, CU7:—]_, w8:0.
and
.
—CO = CQ = (1 + i)(El + 62), —01 = Cg = (1 — i)(el + 62),
iC4 == —C5 == —ZCG - C7 == —4, 08 - O,
(3.2.16)
Bg = Bl = B2 = B3 = i<261 + 62),
\B4 = B5 = Bﬁ = B7 = —4Z, Bg = 4i€2.
Let
Do(pt) :=D(p)er
:%Z (au(—(l + i)(el + 62) + 46““1 - (1 — i)(El + 62)62wa)
+ (Z<261 + 62) — 4@6““1 + i(2€1 + 62)€2ma)
8
+> (aucj + Bj) elwi—wolna | (3.2.17)
j=2
5
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where

(
W1 —w0:2z’, Wy — Wp = —2+22, W3 — Wo = —2,
Wqg — Wy = —17 Wy — Wy = ’i, Weg — Wy = —1 + 22, (3218)
wr —wp=—24+1, wg —wyg=—1+1.
\
Let
DY(p) == —(1 +i)(e1 + €2) +4e™ — (1 —i)(e1 + e2)e*H), (3.2.19)
DY) == i(2¢; + €3) — 4ie™® +i(2¢; + €5)e ™, (3.2.20)
8
DY(p) = (aucj + Bj> elwi—wona, (3.2.21)
=2
75
The principal values of the arguments are 2 < arg(w; — wg) < m for j =

2,3,4,6,7,8. The arguments of exponential terms e(“i—«0re j =2 3 4 6,7, 8 can

be written as

() = wh)pa = |(@; = wo)pal e/Cre(s o

= |(wj — wo)llplalcos(arg((w; — wo)pa)) + isin(arg((w; — wo)pa))]

and for arg u € [—1”—2, %], arg((w; — wo)pa) € (12%> 32%]7
13
cos(arg((w; — wo)pa)) < cos 2_2
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and |w; —wo)| > 1, 7 =2,3,4,6,7,8. Thus,

| e(wj—wo)ua | —eR(wj—wo)ua}
— el (Wj—wo)l|ulacos(arg((w;—wo)na))
Sea‘“‘ cos(arg((w; —wo)pa))

<ealulcos(3)
=o(|p|™%), s e N. (3.2.22)
The coefficients paC'; 4+ B; of exponential terms elwi—wolpa 5 — 93 4 6.7 8 can

be estimated as paC; = O(|p]), B; = O(1) and paC; + B; = O(1+ |u]) = O(Ju).
For large p in the sector arg pu € [— %, 52], (uaCj + Bj)el@i==0re = o(|u|'=*) and

1D()] = oflul"*), s € N. (3.2.23)

We find the zeros of Dfj(y) in the sector where arg p € [— %, 2Z]. Zeros of D ()

are given by

o i |4 V16 — 8(e1 + €2)?
Be =4 —2(1—i)(e1 + 2)
1 —4+ /16 — 8(e1 + €2)2
- onk|, ke N. 3.2.24
P ( —2(1 —i)(e1 + €2) ek ( )
When €; = €5 = 1, these zeros simplify to
~0,+ s
1% b= (4k - 3)_(17
ol ’ (3.2.25)

firs = 2k7.

a
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and when €; = e = —1, the zeros are

fipr = (4k = 1)5,

(3.2.26)
fiyy = (2k—1)%,
k e N.
Consider Dg}; ={peC:lu- ﬂiﬂ = 50—}, which are inside the sector arg p €
[~ {5 - For pe D',
| D5 ()] > 0. (3.2.27)
Therefore,
mipt = min {|DY(u)| s pr€ DY} >0, ke N, (3.2.28)

The number mz’j in (3.2.28) is independent of k € N, because p € Dg’:1 written

as p = ﬂg—f + ¢ means |¢| = 55~ and therefore,

iy +0a _ Li((4k=3) 35 +C)a

— pi(=F+¢a) _ ;ica (3.2.29)
and

IDJ()| = | — (14 i)(e1 + €2) + 4ie™® + (1 — i) (€1 + €2)e™%]. (3.2.30)
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Thus,
myt = inf my{ > 0. (3.2.31)

Similarly, for u = ﬂgf = Dg,l:rl

1DY(1)| =]i(2€1 + €2) + 4€™* — i(2¢; + €3)e* . (3.2.32)
Let

M/,Sl+ = max{\D(lj(u)] cp€ DI } , keN.

M1

Since (3.2.32) is independent of k£ € N, we have

M)™" = sup M < oo. (3.2.33)
keN

On all circles DY |DY(p)| > m{™, |D%(u)| < M and (3.2.23) can be bounded

P11’

by L > o(1) = |DY(u)| for s = 1, where m{"*, M}"* and L are constants indepen-

dent of k. Thus,

0,+

a7 D2 ) + DY) (3:2.34)

DY(p)| > ———
’ 0( )l M{)’J’_—f-

and there is a positive integer kg such that, for k& > ky and p € Dg’:l, alu| >

0,+
M:nojL and (3.2.34) becomes

1

alul| Dy(p)] > [DY () + Dy (1) (3.2.35)
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By Rouché’s theorem we conclude that inside each circle Dg’:l, there is a unique

zero of Eo(u) which we denote by ,u%j, and therefore

ey — ] < 27(;—@ k> ko, k €N, (3.2.36)
Consider circles Dk e ={neC:|u— ,uk, 1| =¢€}, 0 <e< 5Z. For each € we can

find constants as in (3.2.31) and (3.2.33), respectively, that Correspond to circles
D,Sf and are independent of k. Denote these constants as m1 T and M{) - We
can find a positive integer k. > ko such that for k > k., L. > o(1) = |DI(u)| and
w e Dgzié, alu| > Mi;(l:iL For each ¢ and p € Dkle, arguments that lead to

(3.2.34) hold and

alullDy(w)| > DY (1) + D5 (1) (3.2.37)

is upheld. Again, by Rouché’s theorem we conclude that inside each circle DZTE,
Do(1) has a unique zero. The circle Dk’fe - DO + has the same center as D ’+

which is a zero of DJ(u1). Since these concentric mrcles both contain a unique zero
of 150( ), we can conclude that these two circles contain exactly one zero, which

is inside Dk 1> and therefore,

|,uk1—,uk1\<e k> ko, keN. (3.2.38)

Thus,
i = (4k — 3)2 +o(1), k>ky k€N (3.2.39)
in the sector argpu € [—7%, 5Z]. Another sequence of zeros of DJ(p) when € =
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€ = 1is ﬂg:;r, k € N, inside the sector argp € [—%5, 22]. Let Dg’;; ={ueC:

0,+
Fike,2

written as pu = jiys + ¢ means |¢| = 5~ and

~0, -
‘:U’ - /jjk,;r| = m} Then JURS D 20a

therefore,
(g3 +0)a _ Li(2kE+C)a

_ (i(km+Ca) _ ica (3.2.40)

An estimate similar to (3.2.35) can be obtained for p € Dg’;: and k > ko for
some positive integer ky. The same reasoning as above is applied to circles Dg’l:;

redefined with radii of e. We repeat this argument again when €; = €3 = —1.

Proposition 3.2.1. For g = 0 there exists a positive integer ko such that zeros

of D(u) are

WoT = (Ak = 3)E + o(L),

(3.2.41)
My = 2k7% +o(1),
when € = €a = 1 and when €; = e = —1, they are
0_
Mg = (4k - 1)1,1 + 0(1)7
ol ’ (3.2.42)

Hrs = (2k = 1T +o(1),

)

k> ko, k€N,

We use properties of D(u) to locate its other zeros using zeros already found in
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Proposition 3.2.1. Let

; 7

D.(pn) = —ghe Z Cjevine
=0
and
;S
D) = 3 B
7=0

From (3.2.14), D(p) can be written as

D(p) = De(p) + D(p).

The terms of the characteristic determinant, D(u), satisfies

: 7
D.(ip) = —ép& Z iCjeithe

7=0
7 ! _—
- (_g) pa Y Cre™* = —D (),
§=0

and

P

Dy(ip) = —¢ Z Bjesr" = —Dy(pr)
7=0
Thus,
D(ip) = ~D().

(3.2.43)

(3.2.44)

(3.2.45)

(3.2.46)

(3.2.47)

(3.2.48)

Thus, p is a zero of D(u) if and only if —p is a zero of D(u) and iu is a zero of
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D(u) if and only if fi is a zero of D(u). For g = 0 and k > ky, zeros of D(u) which

are the eigenvalues of M are given below.

Proposition 3.2.2. For g = 0 there exists a positive integer ko such that zeros

of D(u) are

j,0,4 5 ™
)T =7 (4k — 3)5- +o(1),
o ( ’ (3.2.49)
Mi,gﬁ = i/2kT + o(1),

when ¢ = €5 =1 and

jvoa_ J— ] _ s
pyy” = (4k — 1)5- +o(1),
o : (3.2.50)
iy =72k = 1) +o(1),

when €1 = €5 = —1,
keN, k>kyandj=0,1,2 3.
We have already considered zeros of the exponential sum D(u) inside the sector
T 5T

arg jt € [—{5, 75 and it is our intention to enumerate its zeros inside big circles

centred at the origin. We rewrite D(u) as

. 7 8
D) =5 (ua 2 G+ ) Bjewﬂ'““) - (3.2.51)
j=0 J=0

Let Ty, := {p € C: max((Rp)?, (Su)?) = R} where Ry = 2(k+ 3)%, k € N and
S;={peC\{0}:argp e [-%—j5,°2—jZ]},j=0,1,2,3. Werewrite (3.2.17)

12 12
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as
; 7 8

—wopa _ L (wj—wo)pa (w;—wo)ua

D(p)e " =3 <MO&;C]6 3o +;Bje o )

U 8
= | auDY(p) + ap Y Ciel=oma 4 DY) + 3 Beleimeolna
Jj=2 j:2
i#5 J#5

(3.2.52)
Let pa = & + iy where x = (2k 4+ 2)7. Then

ei,ua _ ei(:eriy)
— (ytiz)
=e Ve
_ e—yei(2k+§)n

—y i2x
= ¢ Ye's
and
e2z,ua e 2yez37r.

Consider D§(p) when ejea = 1. The zeros of DJ(u) are given in (3.2.25), and
@ is not a zero of DY(u) when pa = x + iy and z = (2k + %)71’ Along the line
x = (2k + 2)m,

|D8(M)| =[ = (14 0)(e1 + €2) +4e™® — (1 — i) (er + €5)e*™]

=| £ 2(1 4 1) — de VeI £ 2(1 — i)eWeiaT| (3.2.53)
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IDY(1)] =i(2€1 + €2) — die™® + i(261 + ex)e?|

=| & 3i + die Ve’ £ 3ieWes™| (3.2.54)
Therefore,
lim | DY ()] = 2v/2,
Y—+00
. 0 _
i [ Do()] = oo,
DY 3
i | é(ﬂ)l _ 3
y=oo [DY(p)| 2v2
DY 3
lim | (1)(’”)’ - (3.2.55)
y=—o0 |DY(p)|  2v/2
and

2
inf{|D8(u)] Cpa =z iy, r= (2k+§) T, y €R, kEN} =:mg, > 0.

(3.2.56)
Limits in (3.2.55) imply that there is a constant m¢,, > 0 such that
| DY (1)
< me (3.2.57)
|1 D5 ()] v
and
1DY(p)| = me,, (3.2.58)

for all pa =z + iy, v = (2k + %)W, y € R, k € N. Consider pa = x + 1y, where
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v €Rand y = (2k + 2)m, k € N. Then,

ID()] = | = (L+ D)(er +e2) + 4 = (1= )(er +e2)e|

_ | + 2(1 + Z) + 46—(216-"-%)#61:50 + 2(1 _ i)e—(4k+%)ﬂ€2im|

> 2v/2 — de” PRI _ 0y/2e~(UhtE)T 5 o (3.2.59)
and
IDY(1)| = |i(2€1 + €3) — 4ie™ 4 i(2€; + €3)e*H|
— ‘ + 35 — 4i€7(2k+%)7reim + 3i€7(4k+%)7T62’i1’|
< 34 dem ORI 4 3o (k)T g (3.2.60)
Thus,
DO
| gf’”' <2 (3.2.61)
1D (1)

for all pa = x+1y, v € R, y = (2k+ %)ﬂ', k € N. Let m¢ := min{mc,,,2}. Then
for e ', N So

< me. (3.2.62)

7 8

Let 7o(p) = Y Cje@i—0ke and 7y (p) = 3 Bjewi—=one, For large u € Sp, 7o ~
=2 =2
75 15

7 = o(|u|7*), s € N by (3.2.22) i.e for each € > 0 there exists k1(¢) such that for
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k > ki(g) and for each pu € Ty () So, |70(1)| < &, |71 (p)| < e. Thus,

D86+ 7] 2 D86} (1= st ) (32.63)

Let mp := min{2,m¢,} > 0. From (3.2.58) and (3.2.59), |D3(u)| > mp. We
-1
suppose that ¢ < mp, then (1 —¢|D(p)| ™)' < G = (1 — m%g) > 0. Also,

| DY (i) + 7u(p)| < DY ()] +e

<me|Dy(u)] +&

< (1 - m) me | Dy () + o(p)| + ¢

(- ) e

D50 + wn) 1P6le) + ol

19
1Dy (1) + o (1

< (Gmc+ )\) | DY (1) + 7o(p)] - (3.2.64)

For each p € TSy and k > ku(e), |Dy(p) +mo()| > [1D§(1)] — ()] >

mp — ¢ and (3.2.64) becomes

1DV () 4+ 11(p)| < (Dmc+ ) | DY (1) + 70(1)] -

mp —¢€

Set M := ( Dm¢ +e(mp — 6)1). Then kj; € N is such that I'y,, := {p € C:
max((Rp)?, (Sp)?) = M?}, and for p € Ty [ So where k > &

| DY (1) + 71(p)| < M| DY(p) + 70(p)] - (3.2.65)
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For all u € I'y (S such that k > ko = max{k;(¢), kas}

alpl | Dy (u) + 1o(p)| > | DY () + 71 (p)] - (3.2.66)
Hence, for all u € 'y (Sy such that k > ko,

7 7
ol [DY(y0) + 7 Crelersnma jesnne] | DO () + 3 Byelesenna enve

J=2 J=2
j#5 J#5
7 8
_pWika pWika
jite’ g Cje > E Bje
=0 =0

& Do) >|Dy()]. (3.2.67)

=

The square Iy, is invariant under rotation by 7. From the symmetry in (3.2.46)
and (3.2.47), a rotation of the function D(u) by 7 preserves the domination of
D () on Dy(p). Thus,

[ De(p)] > [ Ds(p)] (3.2.68)

on I'y (N S;, K > kg and j = 0,1,2,3. Hence, by Rouché’s theorem we conclude

that inside T’y the number of zeros of D(u) is the same as the number of zeros of

De(p).
We consider two boundary value problems, one when ¢; = 1 and the other

when ¢, = —1 and their characteristic determinants. From (3.2.13), ¢; and e
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only occurs in terms where j = 0,1,2,3 in (3.2.52). For ¢; = 41, denote

. 7 .
—i e
De(p) = 5 o > Cjet = 5 fer(erA(p) + B(w))
j=0

where
3
A =3 G
=0
— _ 2(1 _ i)(e(l—H)H& . e—(l—l—i)p,a)
—2(1+ Z')(e(lfi)/m _ e*(lfi)ua)
=—4i((1 —i)sin(l +d)ua + (1 4 7) sin(1 — ) pa)
= — 8(sin pa cosipa — isinipa cos pa),
and

7
Blu) =3 Cyeite
j=4

= 4(et —e7H — i(ei““ — e_i““))

= 8(sin pa — isinipa).

(3.2.69)

(3.2.70)

(3.2.71)

Let Di(p) and D_1(p) be the characteristic determinants when e; = 1 and ¢ =

—1, respectively. By Rouché’s theorem the number of zeros of D (p) and D_1(u)

inside Ty, k > ks, is the same as the number of zeros of Zua (A(u) + B(p)) and

—Lpa (—A(p) + B(p)), respectively, because the estimate (3.2.68) holds. We now
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want to count the number zeros of

A(p) + B(p) = sin pa(1 — cosh pa) + sinh pa(1l — cos pa)

= 2sin % (COS %(1 — cosh pa) + sinh pa sin %)
= 4sin % sinh % <COSh % sin % — sinh % Ccos %) (3.2.72)

and

—A(p) + B(p) = sin pa(1 + cosh pa) 4 sinh pa(1 + cos pa)

= 4 cos % cosh % (cosh % sin % + sinh % cos ,u2_a> (3.2.73)

inside I'y, & > k. The location of the zeros of the factors cosh & sin & —
sinh £* cos & and cosh &7 sin £ 4-sinh &7 cos & in (3.2.72) and (3.2.73) is given in
[10, Lemma 3.1, Case 3] and [10, Lemma 3.1, Case 5|, respectively. We quote the

two cases of the lemma below.

Lemma 3.2.3. Case 3. Let ¢o(p) = i(cosh,uasinua — sinh pa cos pa).  The
function ¢g has a zero of multiplicity 2 at 0, exactly one simple zero in each

interval ((m — 3)=, (m + 3)Z) for positive integer m with asymptotics

a’

~ T
= (4m —3)— 1+ 0o(1), m=12,...,
fin = (4m = 3) 7+ 0(1), m
and simple zeros at —fiy, = fi—m, ifm, —ijk, form =1,2,..., and no other zeros.
Case 5. Let ¢o(p) = p(cosh pasin pa+sinh pa cos pa). The function ¢g has a zero

of multiplicity 2 at 0, ezactly one simple zero in each interval (m—3)Z, (m+ 1))
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for positive integer m with asymptotics

ﬁm:(4m—1)%+0(1), m=12,...,

and simple zeros at — iy, = fi—m, ifm, —ifim, form =1,2,..., and no other zeros.

Let a in the Lemma above be replaced by §. The zeros of (3.2.72) from sin & are
at 4 = 2n7 and those from sinh &* are at y = 2ni7, where n is an integer, which
implies that the number of zeros from sin &* and sinh £ is 2k + 1 each, inside I';,
k > ko. Lemma 3.2.3 gives asymptotics of i(cosh £ sin & — sinh & cos &) which
coincide with the asymptotics of Proposition 3.2.2 when ¢; = 1. Applying the
statement of Lemma 3.2.3 to the factor cosh & sin &% — sinh &7 cos &7, means that
it contributes 4(k 4 1) nonzero zeros on the 4 axes inside I'y, k > ko, a zero at 0
of multiplicity 3 and no other zeros. The zeros of —£pua(A(u) + B(p)) then total
to 8k + 10 inside I'y, & > ky. Similarly, the zeros of (3.2.73) from cos &* are at
p = (2n+1)= and those from cosh &* are at = (2n+1)i%, where n is an integer
and there is 2k zeros from each of these two factors inside I'y, k > ko. The factor
p(cosh pasin pa+ sinh pa cos pa), according to Lemma 3.2.3, has 4k nonzero zeros
and the zero at 0 has multiplicity 2 giving —£uo(—A(p) + B(p)) a total of 8k +2
zeros inside T'y, k > ko. Denote the number of zeros of —&ua(A(u) + B(p)) and
—tpa(—A(p)+B(p)) inside Ty, k > ko as #7T' and # Ty, respectively. As it has
already been shown in (3.2.68), the number of zeros of D;(p) and D_;(u) inside
Ty, k > ko, is #1T, and # T'y. Consider the square I'y,1. Then the number of
zeros of Di(p) and D_q(p) inside Tyyq, k > ko, is # Ty 1 and # T'y41 which is
8(k+ 1) + 10 and 8(k + 1) + 2. Thus, inside the annulus, I'y11 — I'x, D1 (u) and

D_1(n) have 8 zeros each, as their only zeros. Proposition 3.2.2 posits that for

g = 0, there exists a positive integer ko such that zeros of D(u) are as given in
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(3.3.1) and (3.3.2). If we choose kg such that the index k of I'; is larger than ko,
then the number of zeros given by (3.3.1) and (3.3.2) is 8(k — ko) each, missing
8ko zeros of Di(p) and D_q(p) inside I'y, k > k.

Theorem 3.2.4. For g =0 the zeros of D(u) are

py = 21T 4 o(1), (3.2.74)

when € = €5 = 1, and

phy =i (dm — 1) £ 4 o(1),
s =9 (2p = 1)Z +o(1),

i (3.2.75)
py = 55 +o(l)

(Hy =7 Fo(1)

when € = e = —1, ke NU{0}, l € Z, m,p e N and j =0,1,2,3.

3.3 ASYMPTOTIC EXPANSIONS OF EIGENVALUES WHEN ¢ # (

It is easy to show that (3.2.1)—(3.2.5) is Birkhoff regular. Solutions of Birkhoff
regular problems can be written as a series of the eigenvalue parameter and dif-
ferentiable functions on [0, a] and Birkhoff regular problems have an estimate for
the Green’s function. In this section we find the first few leading terms of the
asymptotic expansion of the eigenvalues. We will use the results of [5, Chapter

VIII] for asymptotic fundamental systems of differential equations of the form
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(3.2.1).

For the case g = 0 we already know the asymptotic distribution of the eigen-
values, see Theorem 3.2.4. Denote the corresponding characteristic function D
by Dy. Due to the Birkhoff regularity, ¢ only influences lower order terms in
D, and therefore, it follows from the estimates in [5, Appendix A.2] that, away
from small disks around the zeros of Dy, |D(N\) — Do(N)| < [Do(N)| if |A] is suf-
ficiently large. The function D(\) is not analytic, but this estimate extends to
the analytic equivalents with, e.g., a fundamental system y;, j = 1,...,4, with
y§m)(0) = jms1 for m =0,...,3, since these fundamental systems for general g
and g = 0 are asymptotically close. Hence, applying Rouché’s theorem both to
large circles centered at zero avoiding the small disks and to the boundaries of the
small discs which are sufficiently far away from 0, it follows that the eigenvalue
problem for general g have the same asymptotic distribution as for g = 0. Hence,

Theorem 3.2.4 leads to

Theorem 3.3.1. For g € C'(0,al, the zeros of D(u) are

(

=i (4k = 3) 3= 4 o(1),

q 1y = 207 +o(1), (3.3.1)

)

pity = 21T + o(1)
\
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when €, = €5 =1, and

.
,—

i = (4m = 1) E + o(1),

by = (2p — 1)Z +o(1),
n (3.3.2)

py = 50 +o(1)

py =+ +o(1)

\
when €, = e = —1, k e NU{0}, l € Z, m,p e N and j =0,1,2,3.

Let A = p2. Then, since the coefficient of y® in (3.2.1) is zero, [5, (8.2.3)]
immediately gives ¢o(z) = 1. It now follows that the characteristic function

D,(p) of (3.2.1)(3.2.5) is the determinant of the associated characteristic matrix

given by
My (1) =W ()Y (0, ) + WO ()Y (a, 1)
and
51000, 1) — e1brola p)er  5r0(0, 1) — exdzola, e
M, () = 01,1(0, 1) 82.1(0, 1)

01.3(0, 1) — €901 3(a, et 02,3(0, 1) — €202 3(a, p)ere
[Or2(a, p) + o1 (a, p)le’®  [622(a, p) + iop*d2, (a, p)]e™
03,0(0, ) — €103 0(a, pr)e 01,0(0, p) — €1650(a, p)e="*
d3,1(0, 1) 04,1(0, 1)
03,3(0, 1) — €2033(a, p)e " 04,3(0, 1) — €2043(a, p)e~he
[032(a, p1) + icp?ds1 (a, p)le ™ [da2(a, p) +iap®dsn(a, p)le™
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where Y (x,p) = (nj(-q_l)(x, 1)) j—1 is the fundamental matrix associated with the
fundamental system {7y, 12, 73,74} and nj(q*l)(a:, w) are defined in (1.2.43).

The characteristic determinant is

Dy(p) = det(My(p))

8
=) e, (3.3.3)
j=0

where w; are as in (3.2.15). For large 1 in the sector arg pu € [—+5, 22],

8
Dy (pr)e™ 0" =gy + Wby 2He { agiha | Z wje(wj—wo)pa
=2
7#5
=thoo + i o1 + (V12 + tap®ihyp)e”

+ (V5.2 +iap*sq)e™™ +o(u'~*), s €N, (3.3.4)

where

(=%
w
w
=

=%
N
w
=

>,
Py
w

e

&,
w W
o 8 e
= = = = 22 E = =

— S~— S— N~—— S~— SN— SN— —
=)
iy
w

]

~— ~— ~ ~— ~— ~ ~— ~—
(=%
N
=
—~ —~ —~ — —~ —~ —~ —
=
SRS T X T E®T ®T =
[e9)
l_l -
w
—~ —~ —~ /5 — —~ — —~
~— ~— ~— ~— ~— ~ ~— ~
=)
-
_ - _ 75 — —~ —~ —~
T XE =T T E®E ®T = =
~— ~— ~ ~— ~— ~ ~— ~

(=9
»
w
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Y1y = — €e1610(a, 1)031(0, 1) 3(0, 1)d2,(a, )

+ €101,0(a, 1)01,1(0, n)d3,3(0, 1)d2,(a, 1)
+ €102,0(a, 11)93,1(0, 12)04,3(0, p1)01,(a, 1)
— €102,0(a, 11)04,1(0, ) d3,3(0, ) o1, (a, p)
— €203,0(0, £2)04,1(0, )01 3(a, p)d2,1(a, )
+ €203,0(0, 14)04,1(0, 1) d2,3(a, p)d1,(a, 1)

+ €204,0(0, 1£)d31(0, 1) 61 3(a, pt)d2(a, 1)

— €204,0(0,12)03,1(0, 11)02,3(a, 1)) 01,4(a, 1),

¢5,l = - 616251,0((1, M)53,1(07 /1«)54,l(a> M)52,3(a7 ,U)

+ €16201,0(a; 12)03,1 (0, p1)d2,1(a, p)da3(a, p1)

+ €1€202,0(a, 11)d31(0, 1) day(a, p)61,3(a, )

— €1€209,0(a, 1£)03,1(0, 12)01 1 (a, 11)043(a, 1)

52,0(0; ,U’)63,1(07 M)51,l(aa ,U)54,3(07 M)

62,0(0, 1£)04,1(0, )01 (a, 12)d3,3(0, 1)

+

_l_

03,0(0, £2)02,1(0, 1)1 (a, 11)04,3(0, pt)

53,0(07 M)54,1(0a M)51,1(@a M)52,3(O» M)

54,0<07 :u’)(SQ,I(Ou M)él,l(a’u :u)63,3(07 M)

54,0(0, M)53,1(07 ﬂ)51,1<aa H)52,3(0> M)
— €162040(a, p1)03,1(0, 1)d2,:(a, 1)1 3(a, 1)

+

+ €1€204,0(a, 11)03,1 (0, p)d1(a, p)d2,3(a, 1)
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and [ =1, 2.
The coefficient of y®l in (3.2.1) is zero and application of [5, (8.2.3)] to (3.2.1)
gives po(x) = 1. To determine ¢, ng = 0 and [ = 4 according to [5, Theorem

8.1.2]. From [5, (8.2.45)]

Or = L1y = 52111‘/@“}51 (335)

where ¢, is the vth unit vector in C*, V = ({U=D¢E=D)1, | “and QU1 are 4 x 4

matrices given by [5, (8.2.28)], [5, (8.2.33)] and [5, (8.2.34)], i.e, QI = I,,

Q.0 — QU, = QO — 0,  (3.3.6)

1
0,02 — o, =l — 199456TQZQQ[0] =0, (3.3.7)

2
1 .
0=¢el (Q[Q]’ +5 > k39455TQ41JQ[2ﬂ> £y, (v=1,2,3,4), (3.3.8)

Jj=1

where ky = —g, k; = —¢, Q4 = diag(1,i, —1,—i) and e¥ = (1,1,1,1). A lengthy

calculation gives

or(a) = /0 "ot (3.3.9)

The highest power of 1 in (3.3.4) is 7. To find the value of 75 ; we equate coefficeints
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but first we find highest powers of u of the terms of (3.3.4),

€1%02 = 6( 6i) + O(u 5)
1o = p° (4 — 4i) + '8y (a) + O(1?)
€112 = 6( 6i) + O(u 5)

ey = (=4 — 40) + p*(=8)¢pa(a) + O(°)
s = 1°8i + O(1°)

Vs = pO8i + p*8ipy(a) + O(u?). (3.3.10)

We now want to find the asymptotics

2r 3w
0,+ __ o 0,+ 0+ L _
o —k:—a —2a+7'k, , g T, k=9 + ) kE=0,1,...,
u+:l2—7r+7+ E T+l]+0l") [=0,1,...
1,2 a [ ) Ly )
2T T .
077_ 077 077_ 077 - -n —
“ml_m_a —%—l—Tm , T —E Ty T T+ o(m™) m=1,2,...,
2t 0w
0,— 0,—,2 0—2 Z “n _
:U’p,2_pa _E+Tp ) J+O ) p—1,2,
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We note that

_a (1 LN 0(p—1)) , (3.3.12)
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eiug’ja _ ei(k%’—%-&ﬁg:fk*l—l-o(k’l))a

0,+
o 1 [T
_ s iao(k™1) - k,1
=ie E 7 ( ’ )

=i(1+o(k™)) (1+E F+Oo(k ))

. a B
:Z—ETIS,TJFO(’{? bl

z',u?ba i(l%+rl'f1l_l+o(l_1))a

€ =€
=1+ lTll+O(l b,
eiu%;a _ ez(mﬁ——-‘rT 1m’1+0(m’1))a,

. a o _
= =1+ ETm,l + O<m 1)7

. 0,— . 0,—,2 _ _
pitpz 0 — i3 =T+ T o(pT ))a

1a g _
— _1 _ ;ngl 2 _|_ 0<p_1> (3313)
and
o, 21a
Q2imia _ 1 %T +o(k™h),
. 2ia
621#2520‘ =1 + l Tl 1 + O(l 1)
0,— 21a
2“1“97;,,10’ et —1 _ -1
e m 7— 1 + O( )7
. 0,— 21a
621“272(1 =1 + LT ’1 2 —+ 0(p_1). (3314)
p
For large ,u%ff in the sector arg ji € [—5, ?—g],
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0
k .

07 = €] 0+ + 106y 0+
(r) Fi H

—61 . =8 2ia
+ (elﬂ + taey (—4 —4i + ng(a))) (—1 — TTIS;F)
M1 i 1
+<8¢+,<8,+ 8i ()>><, a
—— tia | 8+ ——¢i(a i— -
M M k

—6ia 8a
ey (4 — di+ ——
+ ioveq ( it + 27Tk<p1(a)>

D ,+ 6“”0#2:_1'—‘1 _ar
ot ) 67 <4—42’+ 8@1(a)>

2k

—bia . ., —8a %ia
+ <€1 2k T 1€ <_4 — 47+ ﬂ%pl(a))) (_1 — TTIS:;F)
+
1

n 8ia+, 8,+8ia (a) (,_a 0,
ok O\ gt TR

(3.3.15)

and Dg(ug’j) in (3.3.15) is 0, meaning that the coefficient of £~' must be 0.
Equating the coefficient of k~! to 0, we get the value of T]S:;r . In a similar manner,

we calculate all the other values of the asymptotic terms listed below as

1 1
07 = 5ol + ),

2T
. 1
Tl+1 = i_upl (Cl)_— %:
’ 27 2+
1 7
0_
i —_ _2 _
i = soala-2- ),
_ 1 Zgol(a) - L
0,—,2 20
V= — = 3.3.16
Pl o 2—i ( )
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Theorem 3.3.2. For g € C'[0,a] and o > 0 the zeros of D(u) are

;

it = ((4k = 3)E + ki) ok,

piy =205 + 17 o1, (3.3.17)

Mg =1 (zl;‘r + 1,17_143) +o(l71),

\
when € = €5 = 1, and

( . )
ph =i ((4m—1D)E +m ) +o(m™),

1wy =i (20— DI +p %) +olp™h),
2 =7 ( ) i) o) (3.3.18)

when €1 = €2 = —17 k c NU{O}} l c Z} m,p € N,j — O7 172’3 and 0,4+ _+ 7_0,7 7_0,7,2

Tie > T1,100 Tm,10 Tpot
are as in (3.3.16).
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3

4

5

Appendix

Below are sets of Matlab code which where used to find some of the boundary
conditions specified in the text. Further manual work was carried out on the

output to select desired boundary conditions.
FINDINGSA .M

% This is the main program.

% This program uses functions : getUl_ cellElements(U2,V,
numOnes) and

% getSA(U1,U2,V,J).

clear all;

cle;
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7 % Initialization

s Ul_cell_SA = cell(2,1);

9o j = 1;

10

L U2=00000100 0]

2 V=1[1000000 0]

13 J = zeros (8);

14 indexJ1 = [ 4 11 18 25];

15 indexJ2 = [40 47 54 61];

16

17 J(indexJ1) = (—=1). 7 (indexJ1 + 1);

s J(indexJ2) = (—=1).7 (indexJ2);

19

20 Ul_cellFinal = getU1l_cellElements (U2,V,6) ;

21

22 % No need to continue if there are no generated arrays

23 if isempty (U1l _cellFinal{1l})

24 return ;

25 end

26

o7 for 1 =1 : size(Ul_cellFinal ,1);

28 [SA1,SA2,SA3] = getSA(U1_cellFinal{i},U2,V,J);

29 if sum(sum(SAl)) = 0 && sum(sum(SA2)) = 0 && sum(
sum(SA3)) = 0
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30

31

32

33

34

35

36

10

11

Ul_cell SA{j} = Ul_cellFinal{i};
=3+ 1
disp (U1l _cellFinal{i});
else
display ( 'No such UL found!!! ");
end

end

GET.ellElements.m

% This function is used to generate row vectors (
containing values of 1’s, —1’s and 0’s using some
criteria ).

% The criteria is that : Given 3 input arrays, A, U2, V,
the generated row vectors must not have a value of 1

% or —1 in a column if a value of 1 is contained in the
corresponding columns of either A, U2 or V.

% numRowOnes represents the number of +/— 1’s to be
placed in the generated row vectors.

% Ul _cell is an array that stores the generated row

vectors.

function Ul_cell = get_cellElements (A,U2,V,numRowOnes)

% Initialization .
Ul_cell = cell(2,1);

numColumns = size (U2,2);
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Ul_rowVector = zeros (1,numColumns) ;

1 = 0;

k = 1;

i =1;

val 1 = 1;
numOnes = 0;

if numRowOnes > 0

% If numRowOnes = 2, the next while loop moves the
first 1/—1 along the row vector.

while i < (numColumns + 1)
j =1
% The next while loop is responsible for moving

the second 1/—1 along the row vector.

while j < (numColumns + 1)

% Checking the criteria

if numOnes < numRowOnes && sum (A (1l:end,j))

0 && sum(U2(1l:end,j)) = 0 && sum(V(1:end

j)) =0

if val 1 =1
Ul _rowVector(j) = 1;

elseif val 1 = —1
Ul_rowVector(j) = —1;

end

numOnes = numOnes + 1;

it 1 =0

95



33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

end
end
% The following if statement helps to move
the second 1/—1 along the row vector.
if numOnes == numRowOnes
Ul _cell(k) = {Ul_rowVector };
if val 1 =1
Ul_rowVector(j) = —1;
k =k + 1;
elseif val 1 — -1
Ul _rowVector(j) = 1;
end
Ul _cell(k) = {Ul_rowVector };
Ul _rowVector(j) = 0;

numOnes = numOnes — 1;
k =k + 1;
end
=3+ 1
end
numOnes = 0;
% If numRowOnes = 1, need to break from the outer

loop, since no other 1 to move.

if numRowOnes = 1
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break ;

end

if val 1 =1
val 1 = —1;

elseif val 1 — —1
val 1 = 1;
Ul rowVector(i) = 0; % resetting the —1 to 0,

for next pattern.

1 =14+ 1;

end

end
else

display ( 'numOnes value is zero, nothing to do!’);

end

GETSA.M

% This function returns arrays SAl, SA2 and SA3 by using
input arrays : Ul,U2, V and J.

function [SA1,SA2,SA3] = getSA(U1,U2,V,J)

SA1 = (U1*J*U1’) ;

SA2=(U1*J*U2") ;

SA3=(UL1*J*V’) ;

GETU1 . ellElements.m

% This function is used to generate Ul arrays by using

row vectors generated from
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% ’get_cellElements (A, U2,V,numOnes) 'function .

% U2 and V are input arrays, which are passed to ’
getUl cellElements (A,U2,V, numOnes) "function .

% numOnes is the number of 1’s to be used in the

generated arrays, 1 < numOnes < 7.

% Ul__cellFinal is used to store the generated arrays.

function Ul_cellFinal = getUl_cellElements (U2,V,numOnes)

% Initialization .

Ul_cellFinal = cell (2,1);

A = zeros(1,size(U2,2));

% This stores the number of rows to be generated.

Ul numRows = 4 — size (U2,1);

i = 1;
init_ numOnes = numOnes;
if numOnes < 2 || numOnes > 6

display ('The min. number of numOnes = 2 &’);
display ( 'The max. number of numOnes = 6);
display (' Please enter in that range!’);
return ;

end

if numOnes > (Ul _numRows * 2)
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display (’Only a maximun of 2 ones are allowed per row
? .
)

return ;

end

if numOnes > Ul numRows
numQOnes = 2;
else if numOnes =— Ul numRows
numOnes = 1;
else
display ( 'numOnes < Ul _numRows (number of ones is
less than number of rows’);
return ;
end

end

if i <= Ul numRows
% Getting the first generated row vectors (first row
in the generated Ul array).
Ul _cell 1 = get_cellElements (A, U2,V, numOnes) ;
Ul_ cellFinal = Ul_cell 1;

% 1f there are more than one rows to be generated.
while 1 < Ul numRows

% Remaining 1’s for row (i+1).
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numOnes = init_ numOnes — numOnes;

% Remaining rows thus far.

left Ul numRows = Ul _numRows — 1i;

init numOnes = numOnes;

if numOnes > left Ul numRows
numOnes = 2;

else if numOnes = left Ul numRows

numOnes = 1;

end

1 = 1;
=1
while j <= size(Ul_cell _1,1)

% Generating row vectors for each Ul cell 1

elements.

Ul _cell 2 = get_cellElements(Ul_cell 1{j},U2,

V,numOnes) ;
k = 1;
while k <= size (Ul_cell _2,1)
if ~(isempty (Ul cell 2{k}))

% Appending Ul cell 1 element with

its generated row vectors.
Ul_cellFinal{l} = [Ul_cell 1{j};
Ul cell 2{k}];
1l =1+ 1;
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else

end

end

Ul cell 1 = Ul _cellFinal;

i =

end

display ('No rows to work with!!!

return ;

else

end
end
=+

i+ 1;

k =%k + 1;
break ;
L;
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