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Abstract

Conventional plant-model dependent controller design approaches such as gain schedul-

ing work well for simple flight envelope and airframe geometry. For complex flight envel-

ope and airframe the approach results in a costly exercise to obtain a high-fidelity plant

model. In this study an adaptive controller design approach is taken for an agile dual

aerodynamically-controlled (DAC) missile autopilot. Adaptive controller approach does

not require an exhaustive plant model and has the capability of accommodating plant

uncertainty and unmodelled dynamics online. A direct model reference adaptive control

(MRAC) is investigated with different adaptive rules for the DAC missile. A two time-scale

separation dynamic inversion controller with proportional-integral controller was used as

the baseline controller of the proposed MRAC controller. The two time-scale separation

controller was benchmarked with a gain-scheduled three-loop autopilot. A radial basis

function neural network (RBFNN) is used to approximate the unmatched uncertainty of

the missile dynamics. Adaption of the uncertainties is done on the fast dynamics con-

troller to ensure fast recovery. The uncertainty of the slow dynamics is handled with a

proportional-integral (PI) controller. The following adaptive rules were used with the RB-

FNN: adaptive loop recovery (ALR), σ− modification, ε− modification and optimal con-

trol modification (OCM). All the adaptive controllers exhibited better performance over the

baseline controller, however the ALR and OCM stood-out in terms of transient perform-

ance and actuator deflection demands. A novel normalised optimal control modification

rule with co-variance adjustment was also investigated. Normalisation eliminates effect

of basis-function amplitudes on the adaption rate and co-variance adjustment eliminates

the possibility of persistent learning by adjusting initial set high adaption gains to a lower

value with time. The results indicated that normalisation and co-variance adjustment had

no detrimental effect on the overall performance of the adaptive controller. It was further

observed that the estimated uncertainty by RBFNN did not match the known unmod-

elled dynamics due to the fact that adaptive controller aims to minimise the tracking error

between the reference model and plant irrespective of uncertainty estimation convergence.

A homing loop was closed around the adaptive autopilot with a nine-state Kalman filter

for target tracking and state estimation; and an augmented proportional navigation rule

for collision course trajectory control. Performance envelope of the DAC missile with ad-

aptive autopilot was investigated against a constant speed target, a weaving and constant

manoeuvre target. The DAC missile controlled by the normalised OCM update rule with

co-variance adjustment autopilot illustrated better performance over the baseline controller

and a tail-fin controlled missile for all target engagement scenarios.
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Chapter 1

Introduction

1.1 Background and Motivation

The requirement for an agile and super-manoeuvrable missile in the defence industry has

been on the rise over the past three decades (Palumbo et al.Palumbo et al., 20102010). Firstly, modern targets

have grown significantly in terms of manoeuvrability, evasive tactics and countermeas-

ures. Adding to these dynamic factors is the low visibility and high speeds associated with

the targets (McFarland and CaliseMcFarland and Calise, 19971997). These factors combined limit threat-detection,

decision-making and action-taking period to an unworkable value.

Owing to these factors a need for a superior agile and super-manoeuvrable missile has

been proven to exist. The need for high agility and manoeuvre superiority arises from

proportional navigation rule that says the manoeuvrability of a missile should at least be

three times that of the target it is intended to counter (ZarchanZarchan, 20122012, FleemanFleeman, 20062006), for

instance, for a missile to counter a threat that has 20g acceleration capability efficiently, the

missile should have an acceleration capability of at least 60g to maintain a high kill rate.

This requirement imposes extreme constraints on the airframe structural, aerodynamic and

flight control design.

High agility and manoeuvrability ensure high missile kill rate, and to achieve a prescribed

kill rate the flight control must ensure a short response time, the aerodynamics must ensure

sufficient forces and moments to track the desired dynamics and the structure should be

of high integrity to withstand the high manoeuvres and in overall guaranteeing short final

miss distances. Short miss distances are highly favourable as they allow the warhead to be

smaller hence reducing the overall weight of the missile and the fuel necessary to drive the

missile to the specified Mach number (FleemanFleeman, 20062006). To achieve these tight specifications,
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revolutionary advancements in missile aerodynamics, control and guidance technology are

necessary.

One improvement is to implement a dual-controlled missile to boost missile responsive-

ness. Two kinds of dual control implementation exist in the literature: use of side thrusters

and tail-fins to enhance the missile responsiveness (Ridgely et al.Ridgely et al., 20062006) and the use of

tandem-control to augment the responsiveness of the missile (Ibarrondo and Sanz-AránguezIbarrondo and Sanz-Aránguez,

20162016). Tandem-controlled missile has movable tail-fins and canards. In case of the side

thrusters and tail-fins architecture; if the side thrusters are located after the centre-of-

gravity (cg) towards the missile nose, the side thrusters cause a moment about the cg and if

they are located before the cg they translate the missile cg in a heaving or swaying fashion

(Kim et al.Kim et al., 20162016). The side thrusters have a simple architecture and they are cheaper to

install on a tail-fin controlled missile with relatively minimum effort and changes. How-

ever, they have a disadvantage that they provide actuation force once they are burnt out.

Tandem control on the other hand has an additional complexity in that, extra mass is ad-

ded with the canards and servos, however the control surfaces are usable through out the

whole missile flight profile (IbarrondoIbarrondo, 20152015).

The improvements implemented on guidance and control to achieve radical advancements

are to use nonlinear control, intelligent adaptive controller and integrated guidance and

control schemes (Balakrishnan et al.Balakrishnan et al., 20122012). Nonlinear control allows the designer to ac-

count for coupling between pitch-yaw and roll dynamics and in some cases, they provide

a closed solution of the controller. Adaption is used to account for unmodelled/unknown

dynamics of the missile such as the ones at high angles-of-attack which are difficult to

obtain using experimental or computational techniques (McFarland and CaliseMcFarland and Calise, 19971997). In-

tegrated guidance and control on the other hand combines the design of the autopilot with

that of the guidance algorithm (Menon and OhlmeyerMenon and Ohlmeyer, 20012001). By combining the two, some

feedback loops are eliminated and thus reducing the response time of the missile (CimenCimen,

20082008). Intelligent controllers offer a different approach to the control design in that they rely

less on plant modelling and more on learning the dynamics of the plaint either online or

offline (Balakrishnan et al.Balakrishnan et al., 20122012). A common technique in the literature is to include some

form of adaptive element in the control loop that produces an additional signal to a baseline

controller to ensure that the plant follows desired dynamics in real time (NguyenNguyen, 20182018).

In most intelligent adaptive controllers neural networks are the approximation technique

of choice mainly because of their capability to approximate any function (Rajagopal et al.Rajagopal et al.,

20092009).

To truly affirm that the proposed technology provides significant advantage in terms of

time-delay, robustness, aerodynamic uncertainty compensation and guidance law robust-

ness to ensure a small miss distance – it is necessary to combine existing technologies
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to leverage the advantages of each advancement in one system to obtain an augmented

design. The current study aims to apply adaptive controller to a tandem-controlled missile

which combines both the advantages of a tail-fin and canard-controlled missile.

1.2 Problem Statement

Agile missiles are required to perform complex manoeuvres quickly and precisely. An abil-

ity to achieve complex manoeuvres is fundamental to fast responding missile and ensures

small turning radii. At this condition, however the aerodynamics are difficult to model,

and any experimental data obtained at this flight condition poorly represents (and costs a

fortune) the actual dynamics, hence real-time compensation by using intelligent adaptive

control technique is necessary.

This study aims to answer the question: what is the best way to implement an adaptive con-

trol on a tandem-controlled missile to guarantee agility without the need for an exhaustive

aerodynamic model. Furthermore, it aims to address some of the robustness challenges

associated with adaptive control of agile systems. The combination of adaptive control and

tandem-controlled missile further aims to address actuator insufficiency problem associ-

ated with either canard or tail-fin missile at certain flight conditions and missile attitudes.

1.3 Literature Review

1.3.1 Missile Aerodynamic Control

Traditionally, missile control involves use of four aerodynamic control surfaces, either mov-

able canards or tail-fins. In most of the tail-fin controlled missile, it is a common practice to

not have fixed canards in contrast to canard-controlled missiles that always have fixed tail-

fins. Fixed tail-fins on a canard-controlled missile are required to provide lift and roll sta-

bility (FleemanFleeman, 20062006). Both tail-fin and canard-controlled architecture generate a moment

about the missile cg causing a pitch or a yaw angular acceleration that result in a change in

the angle-of-attack and angle-of-sideslip. However, tail-fin and canard-controlled missile

differ on how the normal or lateral accelerations are induced. In the case of canard-control,

deflections generate a lift force in the same direction as the main body lift (IbarrondoIbarrondo,

20152015). Consequently, canard-controlled airframes have a quick response time. Packaging

of canard actuator is relatively easy unlike that of the tail-fin where there is a rocket motor
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to deal with (GutmanGutman, 20032003). Canards are capable of augmenting body lift at low angle-

of-attack, but they are prone to stalling at high incidence angles; furthermore they tend to

overshoot the guidance commands and the ramifications are degradation in settling time

such that it negates the advantage of having canard control in the first place (FleemanFleeman,

20062006, ZarchanZarchan, 20122012).

Tail-fins generate a lift force opposing the main body lift, thus initially creating an in-

verse response that amounts to a delay in the desired response. The inverse response of

the tail-fin is characterised by an undershoot in body acceleration response (SnyderSnyder, 20092009).

As a consequence of the inverse response a tail-fin-controlled missile is characterised by a

non-minimum phase acceleration response (Balakrishnan et al.Balakrishnan et al., 20122012). Although the tail-

fin requires complex package due to the presence of a rocket motor, the actuators required

are small because of the low hinge moments induced on the fins (FleemanFleeman, 20062006). The

non-minimum phase behaviour poses a serious challenge for tail-fin-controlled missile due

to the inherent latency that is aggravated with altitude. Furthermore, the tail-fin is less

effective at low angle-of-attack due to body downwash, and more effective at high angle-

of-attack, where small deflections are required to achieve commanded state (IbarrondoIbarrondo,

20152015).

Canard and tail-fin control appear complementary in performance and optimal use of

either is a function of flight condition. As such tandem-controlled missile combines tail-fin

and canard control with the aim of exploiting the best features of each configuration at

the suitable flight conditions. Mracek and RidgelyMracek and Ridgely (20062006) studied a DAC missile with an

autopilot design using state dependent Riccati equation (SDRE) method and their results

illustrated that tandem control eliminates the undershoot associated with tail-fin control,

the overshoot inherent to canard control and also provided a faster response.

Figure 1.11.1 illustrates the tandem controlled missile at two actuation modes: dual-control

and diverted mode (Mracek and RidgelyMracek and Ridgely, 20052005). The dual-control mode induces a yaw or

pitch moment first to cause a heaving or swaying acceleration. This mode eliminates the

undershoot associated with tail-fin control, the overshoot associated with canard control

and has a fast response (IbarrondoIbarrondo, 20152015). Diverted mode induce pure heaving or swaying

acceleration. A capability that both canard and tail-fin control lack. The diverted mode is

necessary for head on intercept where slight quick correction are needed to reduce final

miss distance.
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a)

b)

Figure 1.1: a) Dual actuation of canard and fins to induce a moment about the cg. b)

Diverted mode of tandem-controlled missile to induce a translation force on the missile cg

(IbarrondoIbarrondo, 20152015).

1.3.2 Linear Controller Design

Missile autopilot is traditionally designed based on linear techniques (BlakelockBlakelock, 19911991). The

missile dynamics are linearised about an aerodynamic trim point to obtain a linear time

invariant plant. To begin the autopilot design, coupling amongst the yaw, roll and pitch

axis is neglected. Following from this assumption, controllers are designed separately for

the yaw, pitch and roll axes (FleemanFleeman, 20062006). The decoupling approach limits the angle-

of-attack to ensure that the response remains linear with minimum coupling effects. In

the skid-to-turn (STT) configuration missile lateral, normal and roll commands to the auto-

pilot are received from the guidance law to force the missile to track a desired trajectory

(Balakrishnan et al.Balakrishnan et al., 20122012). The controller gains are chosen using missile specifications and

linear stability analysis (KantueKantue, 20172017). Final controller parameters are tuned and selected

based on the performance of the full nonlinear missile model. Aerodynamic behaviour

of the missile varies with dynamic pressure, and to maintain performance and robustness

throughout the entire flight envelope the linear control parameters are scheduled according
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to the trim-point they were designed at (JacksonJackson, 20102010). Controller parameters are sched-

uled with slow varying parameters such as altitude, dynamic pressure and Mach number

(Balakrishnan et al.Balakrishnan et al., 20122012).

Alternatives to the traditional approach is to use optimal control theory, H∞ and other

robust linear control techniques (Williams et al.Williams et al., 19871987, Apkarian et al.Apkarian et al., 19951995). The Laplace

domain and robust linear approach are applied with gain scheduling and have proven

their capability in countless applications on tail-controlled and canard-controlled missiles.

A tandem-controlled missile however has two actuators that result in non-unique trim

solution and a high number of trim points. Application of gain scheduling is possible

but results in highly conservative controller that restrict the performance of the missile

(IbarrondoIbarrondo, 20152015).

1.3.3 Nonlinear Controller Design

At close to intercept, traditional linear spectral separation might not be valid because of

rapid changes in the relative geometry between the target and the missile (Levy et al.Levy et al.,

20132013). Several nonlinear-based alternatives to linear gain-scheduled controller have been

researched extensively in the literature (KhalilKhalil, 19961996, VepaVepa, 20162016). Nonlinear controller

design allows the designer to analytically develop a controller for a larger flight envelope

without restoring to gain scheduling. Furthermore, the nonlinear design explicitly takes

into account the nonlinear inherent to the missile mathematical model (MarquezMarquez, 20032003).

Nonlinear control design techniques can be grouped as follows: stability method controller

(sliding mode controller (SMC)), linear-like methods (nonlinear dynamic inversion) and

optimal techniques (SDRE) (ÇImen and BanksÇImen and Banks, 20042004).

IbarrondoIbarrondo (20152015) studied application of SDRE controller to a tandem controlled missiles.

SDRE controller showed promising results and was shown to be robust against extraneous

effects such as seeker noise. The downside of SDRE controllers are that they are computa-

tional resource intensive (Balakrishnan et al.Balakrishnan et al., 20122012, CimenCimen, 20122012).

A method related to SDRE with a closed solution is θ−D synthesis (Xin et al.Xin et al., 20042004). θ−D

synthesis approach is formulated to find an approximate solution to Hamilton-Jacobi-

Bellman (HJB) equation. There is no need to solve the online algebraic Riccati equation

for θ−D synthesis. The approximation is done by introducing an intermediate variable θ

and co-states λ that can be expanded as powers of θ, thus reducing the HJB equation to a

recursive algebraic equation (Balakrishnan et al.Balakrishnan et al., 20122012).
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Nonlinear dynamic inversion (NDI) cancels out the nonlinearities in the controlled plant us-

ing negative feedback and replaces them with the desired system dynamics (Balakrishnan et al.Balakrishnan et al.,

20122012). The desired system dynamics are defined with a reference model and only one such

model is required for full flight envelope operation (Snell et al.Snell et al., 19921992). One downside is

that the performance of the NDI controller is dependent on the accuracy of the reference

model. Furthermore, this technique is not directly applicable to non-minimum phase sys-

tem. To get around this limitation in case of the tail-fin-controlled missile the pitch and

yaw acceleration are used as commands instead of z-axis and y-axis acceleration com-

mands (Balakrishnan et al.Balakrishnan et al., 20122012). One major disadvantage is that dynamic inversion does

not provide any theoretic guarantee of robustness for missiles (JacksonJackson, 20102010).

Sliding mode controller is a type of nonlinear robust controller that aims to maintain ro-

bustness of a controller in the presence of modelling errors for given uncertainty bounds

(Huang et al.Huang et al., 20082008). The controller offers closed-loop robustness and finite time control-

ler convergence. Sliding mode control is done around a sliding surface denoted by σ = 0,

where the sliding variable σ is a function of system tracking error (Azar and SerranoAzar and Serrano, 20152015).

SMC has an implicit plant inversion method and has difficulties with non-minimum phase

plant such as tail-fin-controlled missile and it is addressed by introducing a dynamic slid-

ing manifolds (Plestan et al.Plestan et al., 20102010). Sliding mode controller are currently the focus of both

nonlinear and adaptive controller in missile guidance and control literature (MobayenMobayen,

20152015, Liu et al.Liu et al., 20142014). The standard nonlinear techniques rely to some degree on plant

model hence their performance in application is determined by the accuracy of the plant

model (Balakrishnan et al.Balakrishnan et al., 20122012).

1.3.4 Intelligent Controller Design

Intelligent control technique strives to be model independent by introducing intelligence

in the control loop such that it is capable of re-configuring the controller to account for

uncertainty in real-time (Yucelen and HaddadYucelen and Haddad, 20132013, NguyenNguyen, 20182018). Intelligent control

achieves automation via emulation of biological intelligence (Li et al.Li et al., 20162016). The controllers

borrow from how biological systems solve problems and apply them to control problems.

In this survey, the review of intelligent controllers is limited to fuzzy logic, artificial neural

networks and adaptive controllers.
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1.3.4.1 Fuzzy Logic-Based Controller Design

Fuzzy logic control aims to implement intelligence of an operator and take advantage of

knowledge base of how the system operates (Sampath et al.Sampath et al., 20142014). It is a heuristic ap-

proach that was historically developed to be model independent (Hunt et al.Hunt et al., 19921992). A

general structure of a fuzzy logic controller consists of a fuzzification, an interface, know-

ledge base and defuzzification elements (Liu et al.Liu et al., 20162016). Fuzzification transforms inputs

to a form that can be interfaced with knowledge base. The interface is a reasoning machine

which performs interface between the fuzzification and the knowledge base. Defuzzifica-

tion converts conclusions of the interface mechanism into numerical control inputs to the

plant (LeeLee, 19901990).

Several augmented fuzzy controllers have been developed to overcome the deficiency of

standard fuzzy logic controller such as fuzzy proportional-integral-derivative, fuzzy sliding

mode controller, adaptive fuzzy controller and model-based fuzzy controller (FengFeng, 20062006).

Fuzzy logic controller requires extensive understanding of the control problem and plant

dynamics (Liu et al.Liu et al., 20162016). Furthermore the complexity of the controller grows exponen-

tially with the number of inputs. In most aerospace applications, hybrid fuzzy controller

is usually selected.

1.3.4.2 Neural Network-Based Controller Design

Artificial neural network-based (ANN) controllers are one of common intelligent control

approaches found in flight control literature. Artificial neural network are inspired by

the learning capability of the human brain (FengFeng, 20062006). The difference between ANN

and fuzzy logic is that ANN are able to learn from the model while fuzzy logic requires a

knowledge base to be implementable (Hunt et al.Hunt et al., 19921992). The most common artificial neural

network architecture is a feed-forward neural network. In most controllers, the ANN are

used to perform model identification or model inversion (Kim and CaliseKim and Calise, 19971997). ANN

inversion has an advantage over tradition NDI because of the learning, generalisation and

nonlinear capability.

Early work by Slotine and LiSlotine and Li (19871987) demonstrated implementation of an ANN-based direct

adaptive tracking control architecture. An inversion network was trained offline to encap-

sulate the nonlinearities of the known plant dynamics and an online learning architecture

was developed to account for inversion errors. McFarland and CaliseMcFarland and Calise (20002000) implemen-

ted a single hidden layer NN based augmented NDI controller for an anti-air missile.
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Pedro et al.Pedro et al. (20132013) used an ANN-based NDI controller to maintain desired state of an un-

manned aircraft during aerial refuelling. The RBFNN-based NDI was trained off-line and

it demonstrated better performance over standard model inversion controller.

1.3.4.3 Hybrid Neuro-Fuzzy Controller Design.

Hybrid neuro-fuzzy controller aims to combine the advantages of both neural network

and fuzzy logic based controllers (Li and TongLi and Tong, 20032003). The combination allows the control-

ler to use both the heuristic knowledge and also learn from the plant during operation.

Astrov et al.Astrov et al. (20042004) implemented a two-rate adaptive hybrid neuro-fuzzy controller for a

missile autopilot. The controller topology consisted of a single layer ANN and two fuzzy

logic controller for the inner and outer loops. Elhalwagy and TarbouchiElhalwagy and Tarbouchi (20042004) combined

fuzzy logic and sliding mode controller for trajectory control of a guidance systems. The

proposed hybrid controller alleviated chattering and the controller is independent of the

number of system states.

1.3.5 Adaptive Controller Design

1.3.5.1 Robust Model Reference Adaptive Control

MRAC is a control technique that aims to drive the plant to follow known desired dynamics

instead of requiring a nearly exhaustive model of the plant (Ioannou and KokotovicIoannou and Kokotovic, 19841984).

Unlike robust control that aims to tolerate plant uncertainty, adaptive control provides

uncertainty accommodation through an adaptive feedback loop (NguyenNguyen, 20182018). Indirect

and direct adaption are the two types of adaptive techniques common in MRAC con-

trol application (Calise and RysdykCalise and Rysdyk, 19981998). Indirect adaption estimates control paramet-

ers and the estimates are used in the controller BarkanaBarkana (20142014). Direct adaption tunes

the control signal to ensure adequate tracking of the reference model without estimating

the control parameter (Sundararajan et al.Sundararajan et al., 20032003). Direct adaptive will be the focus of the

current study. MRAC objective is to follow the desired dynamics in the presence of un-

known nonlinearities, while maintaining the plant stability, performance and fast upset

recovery (Calise and RysdykCalise and Rysdyk, 19981998, NguyenNguyen, 20182018). Figure 1.21.2 illustrates the MRAC control

block diagram. MRAC controller consists of a reference model, adaptive element, baseline

controller and the uncertain plant. Reference model defines the desired dynamics to be

followed by the plant. Baseline controller is designed using a low fidelity model of the

uncertain plant. The adaptive element is the most critical component and it consists of the

9



CHAPTER 1. INTRODUCTION

approximation algorithm and an update rule to estimate the weights of the approximation

algorithm.

Figure 1.2: Typical architecture of MRAC controller scheme (NguyenNguyen, 20092009).

The update rule of the adaptive controller determines the stability and tracking perform-

ance of the system and most of the effort in the existing literature has focused on the ro-

bustness performance of the different update law. Recent prominent update rules are based

on what is called the standard-MRAC update rule. Standard-MRAC update rule is derived

using Lyapunov theory and guarantees asymptotic stability of the tracking error but has

unbounded basis-function weights (Rajagopal et al.Rajagopal et al., 20092009). The major challenge concern-

ing standard-MRAC is robustness in agile missile application. The agility requirement in

the case of an adaptive controller translates to fast adaption of plant uncertainties to en-

sure desired tracking performance at all times (Padhi et al.Padhi et al., 20072007, NguyenNguyen, 20122012). However,

the performance of standard MRAC degenerates with increasing adaption rates due to the

unbounded weights. Overall as the adaption rates increase the tracking performance of

standard MRAC improves but at the same time robustness against time delay and unmod-

elled dynamics suffers (NguyenNguyen, 20122012). Several techniques have been developed to address

the unbounded weights issue at the expense of asymptotic stability of the tracking error in

favour of uniformly ultimately bounded (UUB) tracking error and weights (NguyenNguyen, 20182018).

A technique that has been researched substantially is to introduce a learning damping ra-

tio by adding a modification term to the MRAC update rule to guarantee UUB of tracking

error and basis-function weights (Nguyen et al.Nguyen et al., 20082008). Other successful technique such as

the L1−adaptive controller introduce a filter on the adaptive signal (Hovakimyan and CaoHovakimyan and Cao,

20102010). σ and ε−modifications are two common and earlier robust adaptive rules in the

literature that introduce a learning damper (Nguyen et al.Nguyen et al., 20112011). σ−modification intro-

duces a fixed damping ratio to the learning rate (Ioannou and KokotovicIoannou and Kokotovic, 19841984) while

ε−modification introduces a tracking-error dependent learning damping ratio

(Narendra and AnnaswamyNarendra and Annaswamy, 19871987, Rohrs et al.Rohrs et al., 19851985). Both σ and ε−modifications ensure
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that the tracking error and the weights are bounded. ε−modification further aims to re-

cover the asymptotic stability property of MRAC at close to zero tracking error (NguyenNguyen,

20182018). Several recent robust update rules with modification terms are: optimal control

modification (OCM) (Nguyen et al.Nguyen et al., 20082008), adaptive loop recovery (ALR) (Calise et al.Calise et al., 20092009),

Q-modification and K-modification (Kim et al.Kim et al., 20102010).

Optimal control modification was introduced in (Nguyen et al.Nguyen et al., 20082008). The approach achieves

robust adaption with large gains without incurring high-frequency adaptive signal by min-

imising L2−norm of the tracking error. Overall effect of OCM controller design technique

is to introduce a damping factor to the weight update rule to reduce high-frequency oscil-

lations (NguyenNguyen, 20122012, Nguyen et al.Nguyen et al., 20082008). OCM minimises the L2−norm tracking error

bound and imposes a limit on the modification damping term within which the system

is guaranteed to remain bounded (Nguyen et al.Nguyen et al., 20082008). The damping value is dependent

on the persistent excitation condition, as such the weights are exponentially stable and

bounded (NguyenNguyen, 20092009). The effectiveness of OCM adaptive controller was demonstrated

by National Aeronautics and Space Administration (NASA) flight test program on a NASA

F-18 aircraft between November 2010 and January 2011 Nguyen et al.Nguyen et al. (20172017). ALR aims to

recover the asymptotic tracking error property of standard MRAC while preserving the

stability margins of the reference model (Calise and YucelenCalise and Yucelen, 20122012). Preservation of the ref-

erence model margins in ALR is achieved by minimising nonlinearities in the closed-loop

dynamics (Calise et al.Calise et al., 20092009).

κ− modification is a type of composite adaptive technique that adds learning stiffness to

the update rule (Kim et al.Kim et al., 20102010). When combined with σ− or ε−modification update law,

an update law with prescribed natural frequency and damping ratio in the error transient

dynamics can be achieved. The modification term in the update rule filter out the high-

frequency content while preserving the asymptotic stability of error dynamics (NguyenNguyen,

20182018).

L1−adaptive controller is robust adaptive controller proposed by (Cao and HovakimyanCao and Hovakimyan,

20062006). L1−adaption guarantees stability margin, robustness and tracking performance

bounds in both transient and steady state (Cao and HovakimyanCao and Hovakimyan, 2007b2007b,aa). The controller

introduces a low pass filter to eliminate the high-frequency oscillation at fast adaption

inherent to standard MRAC by introducing a low-pass filter. The bandwidth of the filter

defines the trade-off between robustness and performance of the controller (NguyenNguyen, 20182018).

High bandwidth increases tracking performance of the reference model but reduces the

time delay margin (Hovakimyan and CaoHovakimyan and Cao, 20102010).
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Derivative free model reference adaptive control (DF-MRAC) is based on the premise of

relaxing the assumption of existence of constant ideal weights that describe the system un-

certainty (YucelenYucelen, 20122012). By relaxing the traditional assumption in MRAC, DF-MRAC can

handle system with varying ideal weight. DF-MRAC improves adaption gain without the

need for a modification term which is common to derivative-based MRAC. The relaxation

of tradition assumption allows the update law to handle time varying weights and allow

for possibility of discontinuous weights. Yucelen and CaliseYucelen and Calise (20142014) demonstrated that DF-

MRAC robustness against unmodelled dynamics improves with increasing adaption gain

by including a bias term in the adaption base function.

The effect of unbounded weights has been the focus when it comes to phenomenon that

result in instability during high adaptive gains. Although explicit account to avoid unboun-

ded weights effect is common in MRAC application, it is not the only source of instability

that may result. High basis-function amplitudes can cause unstable high adaptive rates if

not accounted for (Nguyen et al.Nguyen et al., 20112011). Other effect is what is called persistent learning

that results from maintaining high adaption gains even though the desired tracking per-

formances have been achieved (Nguyen et al.Nguyen et al., 20172017). Persistent learning at worse reduce the

controller robustness. High basis-function amplitude are accounted for by normalising the

update rule with the basis function and co-variance adjustment technique is used to pre-

vent persistent learning by allowing large initial adaptive gains that are adjusted towards

a lower value to improve robustness, retain desired tracking performance and robustness

(NguyenNguyen, 20182018)

1.4 Identified Gaps in Literature

The following gaps were identified in the existing literature:

• Although multiple studies on applications of nonlinear control and adaptive con-

trol for agile missile exist, in most cases the missile considered is a generic tail-fin-

controlled missile with little attention given to tandem-controlled missile or canard-

controlled.

• Most of the studies focus on the robustness and performance of the technique on

the longitudinal dynamics of the missile with little attention given to the whole 6

degrees-of-freedom (6-DoF) model.

• Little focus is given also on the combined behaviour of adaptive autopilot and guid-

ance law.
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• An overview system orientated study on how the adaptive autopilot behaves when

countering highly manoeuvrable target that might stretch the dynamics of the missile

out of the envelope are scarce.

1.5 Research Question

The main research question of the current study is: what is the best way to implement an

MRAC controller to eliminate the high frequency oscillations associated with high adaption

rates while maintaining specified robustness and performance, when applied to a tandem-

controlled missile?

1.5.1 Research Objectives

Objectives of the current research are as follows:

• To develop a full nonlinear mathematical model for tandem-controlled missile.

• To design a nonlinear dynamic inversion controller for tandem-controlled missile to

be used as reference model.

• To design an MRAC controller using OCM, adaptive loop recovery, σ− modifica-

tion update rule and compare the performance with baseline controller and standard

MRAC.

• To evaluate the impact of normalisation and co-variance adjustment on update rule

performance.

• To study the performance of the controller and guidance under engagement simula-

tion and compare their performance.

1.6 Research Methodology, Scope and Limitation

1.6.1 Research Scope

The scope of of the current study is defined in Figure 1.31.3. The focus of the research entails

unmodelled dynamics and missile uncertainty for different adaptive controller architec-

tures.
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Figure 1.3: Scope of study.

1.6.2 Research Methodology

A simulation approach has been taken in the current study to evaluated the presented

research question. Figure 1.41.4 illustrates the sequential task that define the methodology

carried out in the current study to meet the defined objectives.
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Adaptive Controller

Figure 1.4: Methodology followed in the current study.

1.6.3 Limitations of the Study

The following assumptions were made on the aerodynamics, guidance and control; target

dynamics and seeker performance:

• The aerodynamic model used in this study is restricted to supersonic flight and small

sideslip angles of below 9 degrees.

• Full-state feedback is assumed throughout for all missile states.

• The tail-fin are assumed to always have enough deflection magnitude for roll, yaw

and pitch controls.

• An infinite bandwidth was assumed for both tail-fin and canard actuators.
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• The seeker is assumed to have a wide field of view and the up-link from the tracking-

radar to the missile has no latency.

• The target is assumed to be a point mass with 100% radar reflectively.

1.7 Contributions to Knowledge

The major contributions of this dissertation are:

• A two time-scale separation nonlinear dynamic inversion controller is presented in

the current study for a dual aerodynamically-controlled missile. The NDI controller

is bench-marked with a gain-scheduled three-loop autopilot.

• A model reference adaptive controller architecture is presented for the DAC missile.

A comparative study of the following adaptive controller is presented for canard,

tail-fin and DAC missile: adaptive loop recovery, optimal control modification, σ−
modification and ε−modification. A RBFNN was used to account for modelling

uncertainties.

• A novel normalised optimal control modification adaptive rule with co-variance ad-

justment is proposed. A Lyapunov proof is presented detailing the uniformly ulti-

mately bounded stability condition of the adaptive controller.

• Homing loop of the missile with augmented proportional navigation is presented. A

time varying Kalman filter is used to estimate the target kinematics. Comparison of

engagement performance against a weaving, constant speed and constant manoeuvre

target is detailed for both baseline controller and adaptive controller missiles.

1.8 Dissertation Outline

• Chapter 22 details the missile rigid-body dynamics, aerodynamics model, structural

and geometrical properties. It further details the high-level assumption that are made

in the whole dissertation. A detailed aerodynamic model of the DAC missile is

presented. A trim map of the DAC missile is discussed together with the open-loop

responses of the longitudinal dynamics for different actuation modes.

• Chapter 33 presents a gain-scheduled three-loop autopilot as a benchmark control-

ler for the NDI controller which serves as the foundation for the baseline controller

presented in chapter 44. A two time-scale separation NDI controller is designed for the
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DAC missile. The two time-scale separation controller is compared with the three-

loop autopilot to establish if it is sufficient to meet the desired performance.

• Chapter 44 presents the design of the MRAC controller for a DAC missile. A baseline

controller based on the work from chapter 33 is used for all adaptive controllers presen-

ted. A comparison study of the following adaptive controller is conducted in this

chapter: σ− modification, ε− modification, ALR and OCM. An addition adaptive

rule is proposed which combined normalised OCM and co-variance adjustment with

an aim of eliminating effect of large basis-function amplitudes on the adaption rate

and to prevent the possibility of persistent learning. A stability proof based on Lya-

punov theory is presented for the normalised OCM with co-variance adjustment to

prove that the UUB condition is met.

• Chapter 55 details the homing loop of the missile. A guidance loop is integrated with

the autopilot to evaluate the performance of the missile against a weaving and a

manoeuvring target. Augmented propotional navigation (PN) with a guidance gain

N = 4 is used throughout. Noise is introduced in the model through an active radar

seeker. A linear Kalman filter is used to filter the target measurement noise and

to estimate the target kinematic states. A target engagement comparison study of

missile with adaptive autopilot and baseline is conducted.

• Chapter 66 presents the kinematic performance of the DAC missile against a man-

oeuvring, weaving and a constant speed target. Cruise performance envelope of a

DAC and tail-fin missile are presented for different controller configuration: An ad-

aptive (normalised OCM with co-variance adjustment) and baseline two time-scale

separation.

• Chapter 77 presents the concluding remarks of the current study. Future work recom-

mendations are detailed in this chapter.
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Chapter 2

Missile Modelling and Dynamics

In this chapter, the aerodynamic model of a DAC missile and the nonlinear missile dynamic

model are presented to lay foundation for flight controller modelling. The aerodynamic

model is presented as proposed by (IbarrondoIbarrondo, 20152015). DAC missile used here is based on

a scaled NASA tandem-controlled missile (NTCM). The following points define the high-

level missile configuration used in this study:

• The missile has a cruciform configuration with both movable canards and tail-fins.

• The study considers only cruise (burned-out) supersonic guided flight between Mach

1.5 and 3.0.

• A rigid missile is assumed with ideal cruciform symmetry for both geometrical and

inertial properties.

• During flight the missile is roll stabilised about the ”+” configuration. This follows

from the observation that ”X” configuration results in severe canard tail-fin interfer-

ence (IbarrondoIbarrondo, 20152015).

• A north, east, down co-ordinates system convention is used throughout.

2.1 Rigid Body Dynamic Equations of Motion

The dynamics of an aerospace vehicle are typically represented and modelled using rigid-

body equations of motion. The rigid-body assumption is not far-fetched since the vibra-

tion dynamics have minimal effect on the overall design of flight control. In this section,

the derivation of rigid-body dynamics is presented from first principles using Lagrangian
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approach. To simplify the derivation, translation and attitude dynamics are derived separ-

ately. Equation (2.12.1) is Lagrange’s equation in vector form (Goldstein et al.Goldstein et al., 20012001):

d
dt

(
∂L
∂~̇q

)
− ∂L

∂~q
= ~Q (2.1)

where L is the Lagrangian, defined as the difference between kinetic T and potential U
energies of the system,

L = T − U

~q represents generalised co-ordinates and ~Q represents the generalised forces respectively.

In current case the generalised forces represent extraneous load due to aerodynamic loads

: axial A, normal (N) and side (S) forces; and rolling (L), pitching (M) and yawing (n)

moments.

2.1.1 Translation Dynamics

The derivation of missile translation dynamics from first principle using Lagrange’s gener-

alised equation of motion is detailed in this section.

Equation (2.22.2) defines the translation Lagrangian:

Ltrans =
1
2

m~v ·~v−m~G · ~Rb (2.2)

where m is the missile mass, ~v is the velocity vector, ~G is the gravitational acceleration

vector and ~Rb is the position vector in the body-fixed frame. The generalised co-ordinates

are chosen to be the Earth-fixed reference co-ordinate system:

~qtrans =
[

xe ye ze

]T

Equation (2.32.3) defines a position vector of a body-fixed reference with respect to an Earth-

fixed frame:

~Rb =


cosθ cosψ cosψsinφsinθ − sinψcosφ cosψcosφsinθ + sinφsinψ

cosθ sinψ sinψsinφsinθ − cosφcosψ sinψcosφsinθ − sinφcosψ

−sinθ sinφcosθ cosφcosθ


T

~Re (2.3)

where ~Re is the missile position vector in the Earth-fixed frame, angles φ (yaw), θ (pitch)

and ψ (roll) represent the Euler angles between the body-fixed and Earth-fixed frames.
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The velocity vector ~v is defined as follows in the body-fixed frame:

~v =
[
u v w

]T
(2.4)

where u is the body axial velocity, v is the body sway velocity and w is the body heave

velocity. The vector ~G is the gravitational acceleration vector which is always pointing

down:

~G =
[
0 0 g

]T
(2.5)

Substituting the translation Lagrangian (Eq. (2.22.2)) into the generalised equation of motion

(Eq. (2.12.1)) and taking the derivative yields the first term of equation (2.12.1) for translation

Lagrangian (Eq. (2.22.2)) as follows :

d
dt

(
∂Ltrans

∂~v

)
= m




u̇

v̇

ẇ

+ ~ωb ×~v

 (2.6)

where ~ωb is the angular body rate vector about body axis:

ω̄b =


p

q

r


where p is the body roll rate, q is the body pitch rate and r is the body yaw rate defined

with respect to the body axis.

The second term in the velocity derivative expression follows from vector calculus: given a

vector ~R the time derivative is given by (Goldstein et al.Goldstein et al., 20012001):

d
dt

[
r1(t) r2(t) r3(t)

]T
=
[
ṙ1(t) ṙ2(t) ṙ3(t)

]T
+ ~ω×~r (2.7)

The second term of equation (2.12.1) for translation Lagrangian (Eq. (2.22.2)) is given by:

∂L
∂~Re

= mg


−sinθ

sinφcosθ

cosφcosθ

 (2.8)
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The simplified translation equations of motion are given as follows:

m(u̇ + qw− rv) + mgsinθ = A (2.9a)

m(v̇ + ru− pw)−mgsinφcosθ = S (2.9b)

m(ẇ + pv− qu)−mgcosφcosθ = Z (2.9c)

where A is the axial force, S is the side force and Z is the normal force. The external force

due to aerodynamics are presented as functions of dynamic pressure q̄; and aerodynamics

axial force CA , side force CS and normal force CN coefficients (see section 2.22.2 for more

details).


A

S

Z

 = q̄Sre f


CA

CS

CN


The thrust force is zero throughout the study because only the burned-out phase of the

terminal phase is considered in this study.

2.1.2 Attitude Dynamics

This section presents the derivation of attitude dynamics for a missile using Lagrangian

approach with the moment-of-inertia along the principal body axis system. Equation (2.102.10)

depicts the Lagrangian for a rotating rigid body:

Lrot =
1
2
~ωb

T Īb ~ωb −m~G · ~Rb (2.10)

Īb is the moment-of-inertia tensor about the missile body axis. Entries Ixy = Ixz = Iyz = 0

about the principal axis for a missile with cruciform symmetry.

Īb =


Ixx Ixy Ixz

Ixy Iyy Iyz

Ixz Iyz Izz

 (2.11)

where Ixx, Iyy and Izz are the principal moment of inertia in the x, y and z-axes. The

generalised rotational co-ordinates are defined by Euler angles:

~q =
[
φ θ ψ

]T
(2.12)
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where φ is the roll angle, θ is the pitch angle and ψ is the yaw angle.

Equation (2.132.13) defines the body rates in terms of Euler angle rates. The definition comple-

ments the initial choice of calculating moment-of-inertia about principal body axis.

ω̄b =


p

q

r

 =


0

0

1

 ψ̇ +


cosψ

−sinψ

0

 θ̇ +


sinθ sinψ

sinθ cosψ

cosθ

 φ̇ (2.13)

where ω̄b is the body rate vector.

The nature of Euler angle transformation allows for only one of the associated rotation axis

to lie along one of the body axis, hence only one rotational equation of motion can be de-

termined and the remaining two rotational equation of motion along the body axis must be

obtained using cyclic permutation of the body axis (Goldstein et al.Goldstein et al., 20012001). Cyclic permuta-

tion is a permutation which shifts all elements of a set by a fixed offset, with the elements

shifted off the end inserted back at the beginning (VialarVialar, 20152015) For the current derivation

as presented ψ rotation is along the z−body axis, hence substituting the Lagrangian of the

attitude motion (Eq. (2.102.10)) into the generalised equation of motion (Eq. (2.12.1)) yields the

first term as:

d
dt

(
∂Lrot

∂ψ̇

)
= Izzṙ (2.14)

The second term of the generalised attitude equation of motion with respect to ψ is given

by:

∂L
∂ψ

= Ixx pq− Iyyqp (2.15)

It can be easily shown that the partial derivative of the angular rate vector with respect to

ψ is given by:
d~ωb

dψ
=
[
q −p 0

]T
(2.16)

Invoking cyclic permutation on the set {φ,θ,ψ} yields the following attitude equations:

Izzṙ− (Ixx − Iyy)pq = n (2.17a)

Iyyq̇− (Izz − Ixx)pr = M (2.17b)

Ixx ṗ− (Iyy − Izz)qr = L (2.17c)
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The generalised torques about each body axis are defined by the following vector. L is the

rolling moment, M is the pitching moment and n is the yawing moment. The aerodynamic

moments are presented as a function of dynamic pressure and aerodynamic coefficient (see

section 2.22.2 for details). 
L

M

n

 = q̄Sre f d


Cl

Cm + s̄CN

Cn − s̄CS

 (2.18)

where Cl is the rolling moment coefficient, Cm is the pitching moment coefficient, Cn is the

yawing moment coefficient and q̄ is the dynamic pressure, d is the missile diameter and

Sre f is the cross-sectional area of the missile.

2.2 Airframe and Aerodynamic Model

This section details the DAC missile aerodynamic model and the mechanical properties of

the missile. The aerodynamic model is presented in correlation form in the wind axis.

2.2.1 Airframe Mechanical Properties

Table 2.12.1 illustrates high-level geometrical, inertial and mechanical properties of the DAC

missile. Only the necessary properties for the current study are presented in Table 2.12.1. A

detailed presentation of the missile properties is given in (IbarrondoIbarrondo, 20152015).

The missile is considered to have a structural limit of 60g, a direct consequence of the

requirement that the missile should be able to pull 60g in either lateral or longitudinal

direction during the terminal phase. Both canards and tail-fins have a deflection limit of 30

deg.

Each of the tail-fins can be actuated independently of the other three. Canards on the other

hand are mechanically linked in both yaw and pitch, hence they are actuated in pairs. In

this DAC missile configuration only the tail-fins are used for roll stabilisation.

23



CHAPTER 2. MISSILE MODELLING AND DYNAMICS

Table 2.1: Missile geometric and inertial properties.

Parameter Symbol Value Unit

Missile Length L 2.972 m

Missile Diameter D 0.1981 m

Body Frontal Area Sre f 0.030828 m2

Moment Reference Center (from nose) 1.4562 m

Mass Center, Burnout (f. nose) 1.2877 m

Yaw and Pitch Moment of Inertia Iyy 32 kgm2

Roll Moment of Inertia, burn out Ixx 0.320 kgm2

Missile Mass mbo 87.27 kg

Fin Sweep Angle δmax 30 deg

Maximum Structural Limit nstruc 60 g

2.2.2 Missile Aerodynamic Coefficients

This section details the aerodynamic model coefficients for DAC missile. The model con-

sists of six coefficients: CA axial, CS side and CN normal force coefficients respectively and

Cl rolling, Cm pitching and Cn yawing moment coefficients. The correlation presented were

determined using least squares standard regression. The model is presented in wind axis

and the coefficients depend on fin deflections, body angular rates and the rates of change in

wind angle (IbarrondoIbarrondo, 20152015). Details on the coefficient are presented in appendix AA. Table

2.22.2 illustrates the flight envelope considered in this study. The angle-of-sideslip is restric-

ted to a narrow range to minimise aerodynamic coupling (Ibarrondo and Sanz-AránguezIbarrondo and Sanz-Aránguez,

20162016).

Table 2.2: Missile flight envelope considered in this study.

Parameter symbol Value Units

Altitude h 6096-12192/(20000-40000) m/(ft)

Maximum angle-of-attack αmax 30 deg

Operation Mach M 1.5 -3.0

Maximum angle-of-sideslip βmax 10 deg

Equations (2.192.19) and (2.202.20) present the normal force and the pitching moment coefficients

(see table A.1A.1 and A.2A.2 for details). The static components of the coefficients are approx-

imated by a third-order polynomial in angle-of-attack. Deflections effects are represented

by first-order terms in deflection with a coupling effect between the tail-fins and canards.
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Dynamic terms are presented as linear function of pitch and angle-of-attack rate. Follow-

ing from the cruciform symmetry, the side force CS and yawing moment Cn have the same

correlation structure as equation (2.192.19) and (2.202.20) with α replaced with β, β replaced with

α and the pitch rate replaced with yaw rate. Figures 2.12.1 and 2.22.2 illustrate the normal force

and pitching moment coefficients plots with respect to angle-of-attack at zero pitch rate

and zero angle-of-sideslip.

CN = CNαα + CNα2 α|α|+ CNα3 α3 + CN β2αβ2α + (CNδc
q
+ CNαδc

q
α + CN β2δc

q
β2)δc

q

+ (CNδt
q
+ CNαδt

q
α + CN β2δt

q
β2)δt

q + (CNδc
qδt

q
+ CNαδc

qδt
q
)δc

qδt
q + (CNqq + CN α̇α̇)

d
2Vm

(2.19)

where δc
q is the canard pitch deflection, δt

q tial-fin pitch deflection, Vm is the air speed and d

is the missile diameter.
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Figure 2.1: Normal force coefficient plots with respect to angle-of-attack at zero angle-of-

sideslip angle for different canard and tail-fin deflections. The plot is determined at zero

pitch rate at Mach 2.5

Cm = Cmαα + Cmα2 α|α|+ Cmα3 α3 + Cmβ2αβ2α + (Cmδc
q
+ Cmαδc

q
α + Cmβ2δc

q
β2)δc

q

+ (Cmδt
q
+ Cmαδt

q
α + Cmβ2δt

q
β2)δt

q + (Cmδc
qδt

q
+ Cmαδc

qδt
q
)δc

qδt
q + (Cmqq + Cm α̇α̇)

d
2Vm

(2.20)
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Figure 2.2: Pitching moment coefficient plots with respect to angle-of-attack at zero angle-

of-sideslip for different canard and tail-fin deflections. The plot is determined at zero pitch

rate and Mach 2.5

The axial force and rolling moment coefficients are given by equation (2.212.21) and (2.222.22)

respectively. The values for axial force coefficient are presented in table A.4A.4 and the values

for rolling moment coefficient are presented in Table A.3A.3.

CA = CA0 + CAα|α|+ CAβ|β|+ CAα2 α2 + CAα3 |α|3 + ∆CAb + (CAδc
q
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q
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q
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q)δ
c
qδt

q

+ (CAδc
r δt
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r
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r)δ
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(2.21)

where δc
r is the canard yaw deflection and δt

r is the tail-fin yaw deflection.

Cl = Cl i(α, β) + Clαδc
q
δc

q + Cl βδc
q + Clδp(α, β)δp + Cl pg6(α, β)p

d
2Vm

(2.22)

where δp is the roll deflection of the tail-fins.
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2.3 Trim Performance

Missile pitch manoeuvre performance at trim is of particular interest in missile design.

Firstly because guidance law based on proportional navigation outputs the lateral and

normal acceleration necessary to intercept a target; secondly a solid rocket propelled missile

has no way of controlling the thrust once the motor is ignited. This section presents pitch

manoeuvre capability of the DAC missile which also translates to yaw capability following

from cruciform symmetry. To assess the manoeuvre performance at trim condition, the

sum of the pitching moment must add up to zero and the pitch rate must be at steady

state. Equations (2.232.23) and (2.242.24) are used to define the pitch trim condition (BlakelockBlakelock,

19911991):

Cmtrim(αtrim,δc
qtrim,δt

qtrim) = (Cm + s̄CN)trim (2.23)

ntrim =
q̄Sre f

m
CNtrim (2.24)

Table 2.3: Flight envelope variables.

Variable symbol min value max value Units

Angle-of-attack α -30 30 deg

Load factor ntrim -60 60 g

Canard deflection δc
qtrim -30 30 deg

Tail-fin deflection δt
qtrim -30 30 deg

The trim condition has two equations and four unknowns (αtrim,δc
qtrim,δt

qtrim and ntrim) hence

it has no unique solution. To determine the trim condition an angle-of-attack and load

factor within the acceptable range as defined in Table 2.32.3 were selected and used with

Eqs. (2.232.23) and (2.242.24) to solve for the canard and tail-fin deflections. The solution was

accepted only if the deflections lie within the mechanical limits of the servos. Figure 2.32.3

illustrates the trim map at different angles-of-attack for different load factors. The map

is split into two regions (the stable and the unstable trim regions) by a neutrally stable

tail-fin-controlled configuration. The static stability of each trim point was determined by

evaluating
∂Cm

∂α
at each trim point evaluated.
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Figure 2.3: Pitch trim map for DAC missile at 6096 m (20000ft) altitude at Mach 2.5. The

map presented corresponds to burned out flight condition.
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2.4 Open-Loop Response

This section presents the nonlinear open-loop response of the missile model at trim con-

ditions for different control modes. Figures 2.42.4, 2.52.5 and 2.62.6 illustrate the angle-of-attack,

normal load factor and pitch rate response to canard and tail-fin inputs that correspond to

15g of normal acceleration at different control modes. The diverted mode results in a low

angle-of-attack demand for the same load factor while the tail-only mode results in a high

angle-of-attack requirement for the same load factor. The diverted mode has most of the lift

forces carried by the control surface hence a large net lift at low angle-of-attack, whereas

tail-fin mode has the tail-fin lift opposing the body lift force, hence a high angle-of-attack

is needed to compensate for the opposing tail-fin lift. The overall observation from the

open-loop responses of all the modes is that the missile is highly under-damped.
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Figure 2.4: Nonlinear AoA response for different DAC missile control modes to an input

step command of 15g normal load factor.
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Figure 2.5: Nonlinear normal load factor response for different DAC missile control modes

to an input step command of 15g normal load factor.
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input step command of 15g normal load factor.
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Chapter 3

DAC Missile Reference Control

Model

This chapter details the design of an NDI controller for a DAC missile. The NDI control-

ler response is compared with a benchmark gain-scheduled controller to assess relative

performance. Inclusion of gain scheduling was necessary because it is the predominant

controller design in missile autopilot applications. Furthermore, a poorly designed refer-

ence model will result in poor adaptive controller performance.

The NDI controller presented here lays the foundation for the controller used in Chapter

44 on the MRAC, MRAC controller is an adaptive controller that consists of a reference

model, baseline controller design with the known missile dynamics, adaptive element and

the uncertain plant to be controlled. The reference model, baseline controller and the

adaptive element work together to accommodate the plant uncertainty and ensure that

the plant tracks the reference model to acceptable margins. The adaptive element consists

of the approximation function and an adaptive rule to perform online compensation for

uncertainty due to unmodelled dynamics (NguyenNguyen, 20182018).

3.1 Gain-Scheduled Autopilot

Gain scheduling is a traditional philosophy used to control nonlinear plants by redefining

the plant as a family of linear-time-invariant (LTI) model about selected equilibrium points

(Balakrishnan et al.Balakrishnan et al., 20122012). The concept of gain scheduling is applicable with most lin-

ear controller design techniques. Gain-scheduled controllers are common in flight control
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applications because of their high reliability and easy to implement nature. The gain-

scheduled controller detailed in this chapter will serve as a benchmark model for the NDI

controller implemented in this study.

3.1.1 Missile Dynamics Linearization

Linearisation requires missile dynamics to be decoupled into three control channels: pitch,

yaw and roll to simplify the controller design process. Decoupling of the dynamics is made

possible by relatively weak coupling dynamics between the lateral, longitudinal and roll

dynamics at the vicinity of each linearisation points (especially at low angles-of-attack).

The simplification allows the engineer to design an initial iteration controller gains for

each channel separately. The missile dynamics in the lateral and longitudinal planes can be

further separated into two modes: short-period mode and phugoid mode. Phugoid mode is

a low-frequency dynamics that are a consequence of energy exchange between kinetic and

potential energy in the gravitational field. The short-period dynamics are high-frequency

damped dynamics (BlakelockBlakelock, 19911991). Short-period dynamics result in very little trajectory

changes over the time it takes to be damped-out. The short-period dynamics are of interest

when designing an acceleration-based autopilot since the forces are primarily determined

by wind attitudes. The following derivation details the missile translation dynamics and

the linearised longitudinal short-period dynamics in the missile wind axes (ZipfelZipfel, 20072007).

The body velocity vector in wind axes is defined as follows:
u

v

w

 =


Vm cosαcos β

Vm sin β

Vm sinαcos β

 (3.1)

Taking the time derivative of Eqs. (3.13.1) yields the body acceleration vector in wind axis as

follows:


V̇m

Vmα̇

Vm β̇

 = G


u̇

v̇

ẇ

 (3.2)

G is a transformation matrix between body and wind axes that depends on wind angles :

G =
−1

cos β


−cosαcos2 β −sin βcos β −sinαcos2 β

sinα 0 −cosα

sin βcos βcos β −cos2 β sinαsin βcos β


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Substituting Eq. (3.23.2) into Eq. (2.92.9) yields the following translation equation in wind axis

(ZipfelZipfel, 20072007):


V̇m

Vmα̇

Vm β̇

 = G


Vm(r sin β− qsinαcos β)

Vm(psinα− r cosαcos β)

V,(qcosαcos β− psin β)

+ Gg


−sinθ

sinφcosθ

cosφcosθ

+ G 1
m


A

S

N

 (3.3)

V̇m = −cosαcos β

(
A
m
− gsinθ

)
− sin β

(
S
m

+ gsinφsinθ

)
− sinαcos β

(
N
m

+ gcosφcosθ

) (3.4a)

α̇ =
1

Vm cos β

[(
A
m
− gsinθ

)
sinα−

(
N
m

+ gcosφcosθ

)
cosα

]
+ q− tan β(pcosα− r sinα)

(3.4b)

β̇ =
1

Vm

[(
A
m
− gsinθ

)
cosα−

(
S
m

+ gcosφcosθ

)]
cos β

+
1

Vm

(
N
m

+ gcosφcosθ

)
sinαsin β + psinα− r cosα

(3.4c)

The following assumptions were made when defining the longitudinal short-period dy-

namics:

• Vm is varying slowly and the effect on the short-period dynamics is negligible.

• The cross-coupling dynamics between pitch-yaw and roll-pitch are negligible (β =

p = r = 0).

• The gravitational acceleration has little effect on the short-period dynamics.

Following the above assumptions, the reduced nonlinear longitudinal short-period dynam-

ics are given by:

α̇ =
1

Vm

(
A
m

sinα− N
m

cosα

)
+ q (3.5a)

Iyyq̇ = M (3.5b)

The nonlinearities in the reduced Eq. (3.53.5) are due to the aerodynamic loads and the

trigonometric function. Trigonometric functions are linearised around trim point using
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Taylor series expansion. The reduced normal force (Z), axial force (A) and pitching moment

(M) are functions of angle-of-attack and control surface deflections in the longitudinal

dynamics at steady state.

Z = q̄Sre f CN(α,δc
q,δt

q) (3.6a)

A = q̄Sre f CA(α,δc
q,δt

q) (3.6b)

M = q̄Sre f dCm(α,δc
q,δt

q) (3.6c)

where Sre f is the cross-sectional area of the missile.

Linearising the aerodynamic coefficients using Taylor series expansion about a point (α0,δt
q0δc

q0)

yields the following first-order coefficients. The function O represents the uncertainty due

to the neglected high-order terms.

CA = C̄A0 +OA(∆α,∆δq
c,∆δq

t) (3.7a)

CN = C̄Nα ∆α + C̄N
δt
q
∆δt

q ++C̄N
δt
q
∆δc

q +ON(∆α2,∆δc
q

2,∆δt
q

2
) (3.7b)

Cm = C̄mα ∆α + C̄m
δt
q
∆δt

q ++C̄m
δt
q
∆δc

q +Om(∆α2,∆δc
q

2,∆δt
q

2
) (3.7c)

Following from the linearisation of the aerodynamic coefficients the short period dynamics

of the DAC missile are defined by Eq. (3.8a3.8a). The state matrix remains in the format similar

to that of canard-only or tail-fin-controlled missile as expected since the state matrix is

independent of the control inputs. The resulting control matrix is a 2×2 matrix as a result

of the two control inputs.

α̇

q̇

 =
q̄Sre f d

Vm


C̄A0 − C̄Nα

md
1

C̄mα + s̄C̄Nα

Iyy
0


α

q

+
q̄Sre f d

Vm


C̄N

δt
q

md

C̄Nδc
q

md
C̄mδtq

+ C̄Nδtq

Iyy

C̄mδcq
+ C̄Nδc

q

Iyy


δt

q

δc
q

 (3.8a)

az

q

 = q̄Sre f

 C̄Nα

m
0

0 1


α

q

+ q̄Sre f


C̄N

δt
q

m

C̄Nδc
q

m
0 0


δt

q

δc
q

 (3.8b)
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The linearised short-period dynamics will be used in the next section to design a gain-

scheduled three-loop autopilot. Due to the cruciform symmetry the same linearised equa-

tions apply in the lateral dynamics with α replaced with β, az by ay and the pitch deflection

with yaw deflections. The trim map demonstrated in section 2.32.3 was used to obtain the

LTI models necessary to design a gain-scheduled controller. Due to the nature of dual

control having two inputs, this results in an indeterminate trim problem with one equation

and three unknowns. Hence, two variables must be fixed to determine a closed solution

in contrast to tail-fin or canard-controlled missile where the trim angle-of-attack is suffi-

cient to determine a unique trim solution at a given airspeed (BlakelockBlakelock, 19911991). In the

current study, the trim angle-of-attack and canard deflection were fixed and the tail de-

flection unconstrained to achieve a unique trim point. As a result of having a non-unique

solution at each trim angle-of-attack, the gain-scheduler has three scheduling parameters

dynamic pressure, angle-of-attack and the canard deflection to ensure unique trim point

(Mracek and RidgelyMracek and Ridgely, 20062006).

3.1.2 Control Architecture

The common three-loop autopilot topology (often dubbed the ” Raytheon autopilot ”

(Mracek and RidgelyMracek and Ridgely, 20062006) or ”Nesline autopilot” (KantueKantue, 20172017)) will be used as the gain-

scheduled controller. Three-loop autopilot has a fixed control structure that uses accel-

erations and body rates measured by an inertial measurement unit (IMU) to generate fin

deflections (JacksonJackson, 20102010). A missile controlled using this topology is usually roll stabil-

ised in the cross or plus configuration. In the current study the missile is roll-stabilised

in the plus because of the resulting low cross coupling between canards and tail-fins at

this configuration (IbarrondoIbarrondo, 20152015). Vast literature exists on the design and flight testing

of the three-loop-autopilot hence it is a suitable benchmark controller for the proposed

NDI controller (Lee et al.Lee et al., 20162016, MracekMracek, 20152015). Three-loop autopilot aims to control sys-

tem damping and the system time to ensure desired robustness and performance (KantueKantue,

20172017). Figure 3.13.1 depicts the three-loop autopilot used on longitudinal dynamics of the

DAC missile in the current study.
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Figure 3.1: Three-loop autopilot topology for a DAC missile (Mracek and RidgelyMracek and Ridgely, 20062006).

The controller is made up of two three-loop autopilots, one to generate canard and the

other for tail-fins command deflections. Typical closed-loop specifications when designing

a three-loop autopilot are: acceleration damping ratio ζm, time constant τm and open-

loop crossover frequency ωcr (JacksonJackson, 20102010) . The crossover frequency is independent of

the time constant and ensures robustness against unmodelled high-frequency dynamics

(ZarchanZarchan, 20122012). Normal practice is to set the crossover frequency to be about one third

of the actuator bandwidth while keeping it clear of the airframe natural frequency (ωAF).

ζm is selected to ensure sufficient disturbance rejection while the selection of τm is driven

by the desired tracking performance. The figure-of-merit (FOM) were used to design the

longitudinal autopilot (JacksonJackson, 20102010):

• Performance FOM:

– Time constant τm: 0.125 sec

– Overshoot δ : 30 %

– Steady-state error : 5.0%

– Settling time τf : 0.25 sec

– Closed-loop damping ratio ζm: 0.8

– Cross-over frequency ωcr: 50 rad

• Robustness FOM at actuator input:

– Gain Margin 6 dB

– Phase Margin 30 deg

The gain-scheduled controller was designed using Matlab control design and control system

toolbox for the above FOMs. The trim points necessary to generate a family of LTI were

obtained using Matlab routine ”findop” for different dynamic pressures, angle-of-attack
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and canard deflections at an unknown steady pitch rate. Canard deflection constraint is

necessary to guarantee unique trim solutions. Gain-scheduled three-loop-autopilot for the

LTI family were tuned with Matlab ”systune” using above FOM. Table 3.13.1 illustrates the

discrete parameters used to design the scheduled gains and the corresponding parameter

ranges.

Table 3.1: Parameter envelope used to design and schedule the three-loop autopilot gains.

symbol No. GS Points Min value Max value Units

Angle-of-attack α 5 0 30 deg

Airspeed Vm 3 500 1200 m/s

Canard deflection δc
q 10 -30 30 deg

Altitude h 3 20000/(6096) 40000/(ft)

Figures 3.23.2 and 3.33.3 illustrate the tuned three loop autopilot gains for different angles-of-

attack and canard deflections at an airspeed of 700 m/s and an altitude of 9144 m (30000

ft).
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Figure 3.2: Tail-fin-control three-loop-autopilot gains for different canard deflection and

angles-of-attack at an airspeed of 700 m/s and an altitude of 9144 m (30000 ft)
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Figure 3.3: Canard-control three-loop-autopilot gains for different canard deflections and

angles-of-attack at an airspeed of 700 m/s and an altitude of 9144m (30000 ft)

3.2 Results: Gain-Scheduled Autopilot.

Figures 3.43.4 to 3.83.8 compare longitudinal response of gain-scheduled three-loop autopilot

controlled DAC missile with canards and tail-fin controlled missile. The normal accelera-

tion (see Fig. 3.43.4) response of the tail-fin exhibits undershoot dynamics that are attributed

to the non-minimum phase behaviour. The canard-controlled missile has significantly large

overshoot and oscillations. Response of the DAC missile eliminates both the tail-fin under-

shoot and the canard overshoot resulting in quicker smooth acceleration response. Overall

the dual controller configuration has the quickest response out of the three configurations.

Both the canard-only and tail-fin-only show significant changes in angle-of-attack for each

acceleration command step change (see Fig.3.53.5). Tail-fin-only missile has the highest angle-

of-attack response at all times. This phenomenon is attributed to the fact that extra body lift

is needed to overcome the opposing induced by the tail-fins to produce the desired pitching

moment. Angle-of-attack response of the canard-only (see Fig.3.53.5) is less significant when

compared to tail-fin-only because both canard and body lift are in the same direction. Dual-

controlled missile angle-of-attack response follows a different trajectory when compared to

the canard-only and tail-fin-only responses. The discrepancy is attributed to the fact that for

the given initial condition and commands the missile diverted mode is sufficient to achieve

acceleration commands. It is worth noting that the desired pitch rate and angle-of-attack

are driven by acceleration error and follow different dynamics for each configuration.
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Due to the diverted mode control, the pitch rate of the DAC missile configuration results in

a small variation (see Fig. 3.63.6) at each acceleration command change because of the small

body lift contribution in tracking the command. The diverted mode is evident from the

fact that the angle-of-attack is sluggish in response, indicating a strong heaving motion.

Furthermore, both the tail-fin and canard commands (see Figs.3.73.7 and 3.83.8) of the dual

controller are of the same polarity. In addition, the magnitude of the deflection of the

tail-fin and canard are significantly larger for dual controller because most of the lift force

necessary to achieve the desired accelerations is carried by the control surfaces.
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Figure 3.4: Normal load factor response of three different missile control surface con-

figuration (tail-fin, DAC and canard) controlled using gain-scheduled acceleration based

three-loop autopilot.
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Figure 3.5: Angle-of-attack response of three different missile control surface configuration

(tail-fin, DAC and canard) controlled using gain-scheduled acceleration-based three-loop

autopilot.
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Figure 3.6: Pitch rate response of three different missile control surface configurations

(tail-fin, DAC and canard) controlled using gain-scheduled acceleration-based three-loop

autopilot.
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Figure 3.7: Tail-fin deflection commands for two different missile control surface config-

urations (tail-fin and DAC) controlled using gain-scheduled acceleration-based three-loop

autopilot.
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Figure 3.8: Canard deflection commands for two different missile control surface config-

urations (canard and DAC) controlled using gain-scheduled acceleration-based three-loop

autopilot.

3.3 Nonlinear Dynamic Inversion.

A plethora of literature exists on NDI application to aerospace vehicles (Calise et al.Calise et al., 20002000,

Padhi et al.Padhi et al., 20072007). Two commonly used NDI topologies in missile control are the two time-

scale separation and output redefinition approach (Balakrishnan et al.Balakrishnan et al., 20122012, Ryu et al.Ryu et al.,

19971997). The two techniques are able to account for non-minimum phase associated with

acceleration autopilot on tail-fin missile. Two time-scale separation splits the dynamics of

the missile into fast and slow dynamics; output parameter redefinition is achieved by defin-

ing new parameter dynamics that eliminates the restricting non-minimum phase property

in the feedback. The redefined output in the literature is usually a combination of angle-

of-attack and the pitch rate dynamics for longitudinal autopilot. For the current study only

the two time-scale separation technique will be considered.

3.3.1 Two Time-Scale Separation NDI Autopilot

Two time-scale separation approach eliminates the non-minimum phase limitation that

affects NDI autopilot for tail-fin-controlled missile with acceleration autopilot. Figure 3.93.9

illustrates the NDI controller architecture for DAC missile,the architecture is a parallel

implementation of NDI-controllers for tail-fin and canard to simplify the controller design.

Each NDI controller independently determines the desired dynamics based on the feedback

accelerations, wind angles and body rates. The illustrated topology also holds for the
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lateral dynamics following from the airframe symmetry. The fast dynamics are defined by

the angular dynamics and the slow dynamics by the wind angles dynamics. Inversion of

the fast dynamics forms the inner loop controller used to determine the desired tail-fin and

canard deflections necessary to track the commanded accelerations. The input to the fast

dynamic inversion controller is pitching acceleration. Slow dynamic inversion forms the

second inner loop that determines the pitch commands to be tracked by the inner-inner

loop. The outer-most loop is closed with a PI controller of the load factor command which

generates the desired wind angle commands for the slow dynamic inversion. The PI is

necessary to ensure robustness against plant inversion uncertainties.

Figure 3.9: Two time separation NDI autopilot topology for a DAC missile

3.3.2 Slow Dynamics NDI

The slow missile dynamics are defined to be the wind angle dynamics due to their sluggish

response when compared to missile attitude dynamics. The inversion of the slow dynamics

is used to determine the desired pitch and yaw acceleration from desired wind angle rates.

Equation (3.93.9) defines the inversion of the slow dynamics to determine the desired pitch

and yaw rates:

qd

rd

 =


α̇d −

1
Vm cos β

(
Ao

m
sinα− Zo

m
cosα

)
+ (pcosα− r sinα) tan β

1
cosα

(
−β̇d +

1
Vm

(
Xo

m
cosαcos β− So

m
cos β +

Zo

m
sinαsin β

)
+ psinα

)
 (3.9)

Desired wind angle rates were selected to be first-order system defined as follows:
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α̇d

β̇d

 =

ωα 0

0 ωβ

αd − αm

βd − αm

 (3.10)

where ωα and ωβ are the wind-angles bandwidth; αd and βd are the desired wind angles;

βm and αm are the measured wind-angles.

The terms Ao, So and Zo represent the aerodynamic force due to the contribution of the

static terms. It is assumed that the effects of aerodynamic surfaces and dynamic terms are

negligible when determining the desired body rates from the slow missile dynamics.

Ao = q̄Sre f (CA0 + CAα
|α|+ CAβ

|β|+ CA2
α
α2 + CA3

α
|α|3) (3.11a)

So = q̄Sre f (CSβ
β + CS2

β
β|β|+ CS3

β
β3 + CS2

α βα2β + (CSr r + CSβ̇
)β̇) (3.11b)

Zo = q̄Sre f (CNα α + CN2
α
α|α|+ CN3

α
α3 + CN2

βαβ2α + (CNq q + CNα̇)α̇) (3.11c)

The desired wind angles are determined from proportional-integral (PI) controller of the

normal and lateral load factor as follows:

αd = kpz(azd − azm) + kiz

∫
(azd − azm)dt (3.12a)

βd = kpy(ayd − aym) + kiy

∫
(ayd − aym)dt (3.12b)

where kpz and kpy are the proportional gains, kiz and kiy are the integral gains for normal

and lateral load factors. The PI gains were generated using Matlab control toolboxes for

the same FOM as the gain-scheduled autopilot.

3.3.3 Fast Dynamics NDI

The inversion of the angular dynamics is defined as the fast NDI because of the small time

constant associated with them. The outputs of the fast dynamic inversion are the tail-fin

and canard deflections. Because of the two actuator mechanisms, the fast dynamics were

separated into tail-fin-only and canard-only fast dynamics to simplify the design process.

The tail-fin dynamic inversion involves all rotational dynamics while the canard dynamic

inversion only involves the pitch and yaw dynamics. Equation (3.133.13) is the inversion used

to determine the necessary tail-fin deflection to track the desired pitch (q̇t
d), yaw (ṙt

d) and

roll (ṗt
d) accelerations.
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
δp

δt
q

δt
r

 =
1

q̄Sre f d


0 0 Clp

Cm
δt
q
+ s̄CS

δt
q

0 0

0 Cn
δt
r
− s̄CS

δt
q

0


−1

Ixx ṗt
d − fl(α, β, p)

Iyyq̇t
d − (Iyy − Ixx)pr− fm(α, β, α̇,q)

Iyyṙt
d − (Ixx − Iyy)pq− fn(α, β, β̇,r)


(3.13)

where fl , fm and fn are the static and dynamic terms of the roll, pitch and yaw moment.

The desired tail-fin control angular accelerations were selected to be first-order system and

defined as follows: 
q̇t

d

ṙt
d

ṗt
d

 =


ωq 0 0

0 ωr 0

0 0 ωp




qt
d − qm

rt
d − rm

pt
d − rm

 (3.14)

where qm, rm and pm are the measured body rates and; ωq, ωr and ωp are the body rate

controller bandwidths.

Equation (3.153.15) defines the dynamic inversion of the angular dynamics used to determine

the necessary canard deflection to track the desired pitch and yaw accelerations. The effect

of the canard on the roll dynamics was neglected to simplify the inversion process.

δc
q

δc
r

 =
1

q̄Sre f d

Cmδc
q
+ s̄CNδc

q
0

0 Cnδc
r
− s̄CSδc

r

−1Iyyq̇c
d − (Iyy − Ixx)pr− fm(α, β, α̇,q)

Iyyṙc
d − (Ixx − Iyy)pq− fn(α, β, β̇,r)


(3.15)

where qc
d and rc

d are the desired canard control pitch rate and yaw rate respectively.

The desired canard-control angular accelerations were selected to be first-order system and

defined as follows: q̇c
d

ṙc
d

 =

ωq 0

0 ωr

qc
d − qm

rc
d − rm

 (3.16)

Table 3.23.2 illustrates the bandwidth used in the two time-scale separation NDI controller.

The bandwidth were obtained by trial and error until the performance FOM were met.
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Table 3.2: Two-time separation NDI bandwidth for wind angles and body rates.

Variable symbol Value Units

Angle-of-attack bandwidth ωα 10 rad/s

Angle-of-sideslip bandwidth ωβ 10 rad/s

Yaw rate bandwidth ωr 40 rad/s

Pitch rate bandwidth ωq 40 rad/s

Roll rat bandwidth ωp 80 rad/s

3.4 Results: NDI Autopilot

Figures 3.103.10 to 3.143.14 present and compare two time-scale separation NDI with the gain-

scheduled dual-controlled three-loop-autopilot respectively. Figure 3.103.10 compares acceler-

ation response of the NDI and gain-scheduled controller for DAC missile. Although the

responses are different in terms of transient dynamics; they both meet the performance

specifications, eliminate the inherent tail-fin undershoot and the overshoot is significantly

reduced on the NDI when compared to the gain-scheduled canard-only configuration.
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Figure 3.10: Comparison of DAC missile normal acceleration response to tracking normal

acceleration with NDI and gain-scheduled three-loop autopilot.

Figure 3.113.11 illustrates the angle-of-attack response of the NDI controller which follows a

different path from the gain-scheduled dual controller. It is clear that the angle-of-attack

response of the NDI controller at each step input changes significantly. The NDI controller

results in more body normal force contributing to the response due to the change in angle-

of-attack.
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Figure 3.11: Comparison of DAC missile angle-of-attack response to tracking normal ac-

celeration with an NDI and gain-scheduled three-loop autopilot.

Figure 3.123.12 compares the pitch response of the NDI with that of the gain-scheduled control-

ler respectively. The large pitch rate of the NDI controller at each step change affirms that

the normal load response generated by the missile is due to mostly the body lift resulting

from the changing angle-of-attack. In contrast to the gain-scheduled pitch rate response

which remains relatively desensitised to the acceleration command step variation.
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Figure 3.12: Comparison of DAC missile angle-of-attack response to tracking normal ac-

celeration with an NDI and gain-scheduled three-loop autopilot.

Figures 3.133.13 and 3.143.14 illustrate the pitch deflection commands of the tail-fin and canard due

to the NDI controller. The NDI deflection exhibits a diverted mode behaviour, however

their magnitudes are significantly less than that of the gain-scheduled controller. It is

thought from the results that a pitching moment that results in a dual-mode control can be

achieved, even though the canard and the tail-fin deflections are of the same polarity. When
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comparing the NDI with the gain-scheduled controller the latter is highly likely to saturate

actuators and degrade the DAC missile performance especially in the diverted mode.
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Figure 3.13: Comparison of DAC missile pitch tail-fin deflection commands from NDI and

gain-scheduled three- loop autopilot.
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Figure 3.14: Comparison of DAC missile pitch canard deflection commands from NDI and

gain-scheduled three-loop autopilot.
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Chapter 4

Model Reference Adaptive Controller

(MRAC)

A detailed design of an MRAC controller for a DAC missile is presented in this chapter.

Adaptive control is capable of improving controller performance beyond the capabilities

of convectional deterministic control techniques (Calise et al.Calise et al., 20012001). Adaption aims to

maintain desired system performance in the presence of uncertainty (parameter or system),

system upset, failure or damage (NguyenNguyen, 20122012, Padhi et al.Padhi et al., 20072007).

Two fundamental approaches to adaptive control are: direct and indirect adaptions. Dir-

ect adaption determines the additional control signal to the baseline controller necessary

to achieve better tracking performance (Hovakimyan et al.Hovakimyan et al., 20022002, McFarland and CaliseMcFarland and Calise,

19971997). Indirect adaption on the other hand estimates the control parameters necessary to

generate a control signal that achieves desirable tracking performance (McFarland and CaliseMcFarland and Calise,

19971997). Direct adaption has been the focus of most recent literature on adaptive control and

it is the approach employed in this study (Sundararajan et al.Sundararajan et al., 20032003). Main components of

a direct adaptive controller are: the baseline controller based on known plant properties,

reference model, an adaptive element (uncertainty approximation function and gain up-

date rule) and the uncertain plant to be controlled (Padhi et al.Padhi et al., 20072007). Adaptive control

objective is to drive the plant to follow the reference model regardless of whether the un-

certainty approximation has converged or not. Gain update rules are fundamental to the

performance of an adaptive controller and Lyapunov stability theory is central to selecting

suitable update rules (Balakrishnan et al.Balakrishnan et al., 20122012).

Figure 4.14.1 illustrates the adaptive controller structure proposed in the current study. The

adaptive controller introduces an additional feedback loop through the adaptive element.

It is clear that the adaptive controller is added without modifying the baseline autopilot.
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Furthermore, the adaption is done on the fast dynamics to ensure that the trim condition

is achieved faster in the presence of uncertainty.
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Figure 4.1: Missile adaptive controller schematic.

4.1 Adaptive Controller Synthesis

Plant uncertainty can be characterised as structured, unstructured, unmatched or un-

modelled dynamics resulting from incorrect assumptions regarding the plant dynamics

(NguyenNguyen, 20182018). The characteristics of the uncertainty to some extent influence the structure

of the approximation function and the choice of the adaptive technique. Structured uncer-

tainty have a known function structure and unknown parameters, unstructured uncertainty

have unknown function structure and parameters and unmatched uncertainty may be

structured or unstructured but cannot be eliminated completely by adaption (Matuvsuu et al.Matuvsuu et al.,

20112011).

Out of the four main components of the adaptive controller, major focus in the design

process is channelled to the adaptive rule because it influences stability, tracking perform-

ance and robustness of the entire system. A poorly selected adaptive law will result in

poor performance even if the baseline autopilot is perfect. The update rule/adaptive law

defines how adaptive parameters should be adjusted to keep the tracking error as small as

possible. The fundamental update rule is what is called the standard-MRAC adaptive law

given by equation (4.14.1) (NguyenNguyen, 20182018):
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k̇ = −γΦ(x)ePb (4.1)

where k is the unknown approximation parameters/neural network weights, e is the error

between plant response and reference model. Φ(x) is the basis function, P is a positively-

definite matrix determined from Lyapunov equation, b is the control matrix of the reference

model and γ is the learning rate. A high learning rate results in improved tracking per-

formance but degrades the robustness of the system.

Equation (4.14.1) was historically derived using Lyapunov stability theory to guarantee asymp-

totic stability of the error dynamics between the reference model and the actual plant re-

sponse. Although asymptotically stability of the tracking error is guaranteed, the standard-

MRAC update rule is unable to adjust the bandwidth of the closed-loop system to guar-

antee robustness due to the unbounded adaption weights (Hovakimyan and CaoHovakimyan and Cao, 20102010).

Bounded adaption weights and tracking error are achieved by introducing a modification

term in the standard MRAC. Equation (4.24.2) defines the structure of the modified MRAC

adaptive rule (Balakrishnan et al.Balakrishnan et al., 20122012):

k̇ = −γφ(x)ePb− γς(x, P,b, Am, e)k (4.2)

where ς(x, P,b, Am, e) is the learning rate damping term. Where Am is the reference model

state matrix.

The modification term results in an ultimately uniformly bounded stability condition.

Modified MRAC adaptive rule achieves better robustness because the modification term

limits the gain of the adaption loop and eliminates the integral action inherent in the stand-

ard MRAC (Hovakimyan and CaoHovakimyan and Cao, 20102010).

Historically, the major challenge with adaption lies with the unbounded adaption weights

that resulted in undesirable oscillation of the adaption signal (Cao and HovakimyanCao and Hovakimyan, 2007a2007a).

Other issues such as large basis function amplitudes can also have the same effect. The

problem of high amplitude on the adaption signal is addressed by normalising the mod-

ified adaptive rule (Nguyen et al.Nguyen et al., 20172017). Equation (4.34.3) defines the normalised general

modified adaptive law:

k̇ =
−γ

1 + φT(x)Rφ(x)
(φ(x)ePb + ς(x, P,b, Am, e)k) (4.3)

where R is the normalisation weight matrix.
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Another potential challenge with adaptive law application is persistent learning. Persistent

learning results when high learning rates are maintained after adaption has achieved the

control objective (Nguyen et al.Nguyen et al., 20112011). Persistent learning has the potential of reducing the

robustness of the controller over time. The effect of persistent learning is circumvented by

introducing a co-variance adjustable learning rate. Equation (4.44.4) illustrates the co-variance

adjustment learning rate with forget factor.

γ̇ = ιγ(t)− ηγ(t)Φ(x)ΦT(x)γ(t) (4.4)

where η is the co-variance adjustment parameter and ι is a forget factor.

The adaptive control synthesis process in this chapter was divided into baseline controller

implementation which is based on the NDI controller from chapter (33), implementation of

the adaptive controller, neural network structure selection and the stability proof of the

tracking error dynamics.

4.1.1 Reference Baseline Controller

4.1.1.1 Reference DAC Model

DAC missile utilises both canards and tail-fins to steer the missile in pitch and yaw, while

the roll control is primarily handled with the tail-fins only. Equation (4.54.5) defines the dy-

namics of the missile in state-space format with some uncertainty. For simplicity, variation

in airspeed are neglected without loss of generality in the missile dynamics.

χ̇ = A11χ + A12ζ + B1u + f1(χ,ζ,u) (4.5a)

ζ̇ = A21ζ + A22χ + B2u + f2(χ,ζ,u) (4.5b)

where χ =
[

p q r
]T

defines the body angular velocity vector, ζ =
[
α β

]T
defines the

wind angles, f (χ,ζ,u) defines the unmatched uncertainty of the plant to be accounted for

using adaption, B1 = B(1 : 5,1 : 3), B2 = B(1 : 5,4 : 5), A11 = A(1 : 3,1 : 3), A12 = A(1 : 3,4 : 5),

A21 = A(4 : 5,1 : 3) and A22 = A(4 : 5,4 : 5). The control vector u, control matrix B, and the

state matrix A are defined as follows:

u =
[
δp δt

q δc
q δt

r δc
r

]T
(4.6a)
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B =



QIxx Clδp
0 0 0 0

0 QIyy Cm
δt
q

QIyy Cmδc
q

0 0

0 0 0 QIyy Cn
δt
r

QIyy Cnδc
r

0 QmCN
δt
q

QmCNδc
q

0 0

0 0 0 QmCSδr
q

QmCSδc
r


(4.6b)

A =



QIxx Clp 0 0 0 0

0 QIyy Cmq 0 QIyy Cmα 0

0 0 QIyy Cnr 0 QIyy Cnβ

0 QmCNq 0 QmCNα 0

0 0 QmCSr 0 QmCSβ


(4.6c)

where Qm = 0.5ρU/m, QIxx = 0.5ρU2d/Ixx, QIyy = 0.5ρU2d/Iyy, U is the trim airspeed and

ρ is the air density.

Table 4.14.1 illustrates the system parameters of the state-space model of DAC missile given

by equation 4.54.5.where Clp is the roll damping coefficient, Clδp
is the roll moment tail-fin

coefficient, Cm
δt
q
,Cn

δt
r

are the yaw and pitch moment tail-fin coefficients, Cmq ,Cnr are the

pitch and yaw damping moment coefficients, Cmδc
q
,Cnδc

r
are the yaw and pitch moment

canard coefficients, Cmα ,Cnβ
are the pitch and yaw moment slopes, CNq ,CSr are the normal

and side force dynamic coefficients, CNα ,CSβ
are the normal and side force slopes, CN

δt
q
,CS

δt
q

are the normal and side force tail-fin coefficients, CNδc
q
,−CSδc

r
are the normal and side force

canard coefficients.

Table 4.1: System parameters.

Parameter Values Parameter Values

Clp −0.012 Cm
δt
q
,Cn

δt
r
−28.72

Cmq ,−Cnr 1.29e− 05 Cmδc
q
,Cnδc

r
25.54

CNq ,CSr 3.98e− 07 CN
δt
q
,−CSδr

q
3.76

CNα ,CSβ
11.57 CNδc

q
,−CSδc

r
4.00

Cmα ,−Cnβ
7.87 Clδp

7.02

Two time-scale separation dynamic inversion (DI) splits the missile dynamics into fast

and slow dynamics to allow for application of DI on a non-minimum phase plant. The

controller consists of two DI controllers (slow and fast) and outer acceleration and roll

angle loops closed with a PI controllers to augment robustness. The slow dynamics consist

of the wind angle rates while the fast dynamics consist of body angular velocities. The
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proposed baseline topology is a skid-to-turn autopilot consisting of five PI controllers, two

for canard and tail-fin yaw control, two for pitch control and one for roll angle control.

Figure 4.24.2 illustrates the baseline control structure:

Figure 4.2: Baseline controller architecture.

4.1.1.2 Slow Dynamics DI

The slow dynamics DI controller is determined by inverting Eq. (4.54.5)b. The effects of

control surface deflections are neglected on the slow dynamics to simplify the inversion.

Equation (4.74.7) illustrates the inversion of the slow dynamics. The DI controller is set up

such that the canard and tail-fin effects on the desired attitude dynamics χd are treated

separately to eliminate actuator coupling effects.

χt
d

χc
d

 =


1 0 0

0 A−1
22 0

0 0 A−1
22




1 0 0

0 A21 0

0 0 A21




ṗd

ζ̇t
d

ζ̇c
d

 (4.7)

where χt
d is the desired attitude vector for tail-fin, χc

d is the desired attitude vector for

canard controller, ζt
d is the desired wind angle vector for tail-fin controller, ζc

d is the desired

wind angle vector for canard controller.
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The desired wind angle rates are defined with a first-order plant with bandwidth Ωζ :
ṗd

ζ̇t
d

ζ̇c
d

 = Ωζ


pd

ζt
d − ζt

ζc
d − ζc

 (4.8)

Ωζ is a diagonal matrix defined as follows:

Ωζ = diag(1,ωt
α,ωt

β,ωc
α,ωc

β)

The desired wind angle vectors ζt
d and ζc

d are determined from a PI controller of the normal

and lateral load factors as defined by equation (4.94.9) below:
pd

ζt
d

ζc
d

 =

(
Kp +

1
s

Ki

)
ea (4.9)

where ea=
[
eφ ez ey ez ey

]T
, eφ is the roll angle error, ey is the lateral acceleration error

and ez is the normal acceleration error. Kp and Ki are the PI proportional and integral gains

defined by the following diagonal matrices:

Kp = diag(kpφ ,kt
pz

,kt
py

,kc
pz,kc

py
)

Ki = diag(kiφ
,kt

iz
,kt

iy
,kc

iz,kc
iy
)

4.1.1.3 Fast Dynamics DI

The fast dynamics DI controller is obtained by inverting Eq. (4.54.5)a to determine the desired

actuator commands. Inversion is performed separately for canard and tail-fin command

using equation 4.104.10 and 4.124.12:

ut = Bt−1
(

χ̇t
d − A11χ− A12ζ

)
(4.10)

where Bt = diag(1, B22, B34).

The desired tail-fin control angular acceleration were selected to be a first-order system

defined as follows:

χ̇t
d = Ωt

χ(χ
t
d − χt) (4.11)

where Ωt
χ = diag(ωp,ωq,ωr) defines the tail-fin fast dynamics reference model bandwidth.

The canard deflection are determined as follows:

uc = Bc−1 (χ̇c
d − A11χ− A12ζ

)
(4.12)
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where Bc = diag(0, B23, B35).

The desired canard-control angular acceleration were selected to be a first-order system

defined as follows:

χ̇c
d = Ωc

χ(χ
c
d − χ) (4.13)

where Ωc
χ = diag(ωq,ωr) defines the canard fast dynamics reference model bandwidth.

Consolidating the above expressions and Eqs. (4.74.7) to (4.104.10) yields Eq. (4.144.14) which defines

the reference model of the body angular velocities:χ̇t
m

χ̇c
m

 =−

Ωt
χ 0

0 Ωc
χ

χt
m

χc
m

−
Ωt

χ A−1
21 (Ω

t
ζ + A22) 0

0 Ωc
χ A−1

21 (Ω
c
ζ + A22)




pm

ζt
m

ζc
m



+

Ωt
χ At−1

21 Ωt
ζ 0

0 Ωc
χ Ac−1

21 Ωc
zeta




φd

ζt
d

ζc
d



(4.14)

where χt
m, ζt

m are the reference model tail body rates vector and wind angles vector and

χc
m, ζc

m are the reference model canard body rates vector and wind angles vector.

4.1.2 Adaptive Controller

The main purpose of the adaptive controller is to drive the error between the closed-loop

plant response and the reference model to zero while maintaining the plant within accept-

able stability margins. Closed-loop actuator commands are determined as follows:

u =

Bt−1 0

0 Bc−1

−
At

11 + Ωt
χ 0

0 Ac
11 + Ωc

χ

χt
m

χc
m


−

At
12 + Ωt

χ A−1
21 (Ω

t
ζ + A22)

Ac
12 + Ωc

χ A−1
21 (Ω

c
ζ + A22)

 ζm

+ Ωχ A−1
21 Ωz

(
Kp +

Ki

s

)
ea − f̄ (χ,ζ,u)


(4.15)

Substituting Eq. (4.154.15) into Eq. (4.54.5)a yields Eq. (4.164.16) as the closed-loop response dynamics

of the plant. It is worth noting that the substitution is done separately for canard and tail-fin
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control inputs. χ̇t

χ̇c

 =−

Ωt
χ 0

0 Ωc
χ

χt

χc



−

Ωt
χ A−1

21 (Ω
t
ζ + A22) 0

0 Ωc
χ A−1

21 (Ω
c
ζ + A22)




pd

ζt

ζc



+

Ωt
χ At−1

21 Ωt
ζ 0

0 Ωc
χ Ac−1

21 Ωc
zeta




pd

ζt
d

ζc
d

+ BI f̃1(χ,ζ,u)

(4.16)

Where f̄1(χ,ζ,u) is the estimated unmatched uncertainty function, BI is an identity matrix

and f̃1(χ,ζ,u) is the difference between estimated and actual uncertainty.

The tracking error e between the reference model (Eq. (4.144.14)) and plant closed-loop re-

sponse (Eq. (4.164.16)) is given as follows:

ė = Ame + BI f̃ (χ,ζ,u) (4.17)

where, Am= −

Ωt
χ 0

0 Ωc
χ

, e =
[
χc

m − χ χt
m − χ

]
, χ is the measured body rate.

4.1.2.1 Neural Network

Neural networks are the preferred uncertainty approximation technique in the current

study because of their renowned ability to approximate any function. A feedforward radial

basis function single hidden layer is selected over other networks because of easy design,

good generalisation, strong tolerance to input noise, and online learning ability (Yu et al.Yu et al.,

20112011). Equation (4.184.18) defines the approximation function of the neural network:

f = ΘTΦ(WT x̄) (4.18)

where the hidden layer weights are given by WT =
[
W0 Wx

]
∈ Rm×(n+1), the output

layer weights are given by ΘT =
[
V0 VT

]
∈ Rn×(m+1), x̄ =

[
1 xT

]T
∈ Rn+1, Φ(WT x̄) =[

1 σ′(WT x̄)
]
∈Rm+1, x =

[
χT ζT uT

]T
and the activation function σ(WT x̄) is Gaussian.

W0 is the hidden layer bias weights matrix, Wx is the hidden layer weight matrix, V0 is the
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output layer bias weight matrix, V is the output layer weights matrix and Φ is the basis

function of the neural network.

Substituting Eq. (4.184.18) into error Eq. (4.174.17) yields:

ė = Ame + BIΘTΦ(WT x̄)− BIΘ∗
TΦ(W∗T x̄) (4.19)

where Θ∗ and W∗ are the ideal neural network gain matrices; Θ and W are the estimated

gain matrices.

The nonlinear third term of the error dynamics is approximated using first-order Taylor

series expansion with respect to W∗T x̄ about the estimated term WT x̄ to yield the following

error dynamics given as follows:

ė = Ame + BIΘ̃TΦ(WT x̄) + BIVTσ′(WT x̄)W̃x̄ + BIδ (4.20)

where Θ̃ = Θ∗ −Θ,W̃ = W∗ −W and δ is the uncertainty due to high order terms.

4.1.2.2 Adaptive Rules

The following modified adaptive rules are the subject of study for application of MRAC

with neural networks: σ− modification, ε− modification, adaptive loop recovery and

optimal control modification. The robust update rules guarantee ultimately uniformly

bounded tracking error and basis function weights. σ−modification adds a constant learn-

ing damping to the update rule and it is the simplest modification rule (NguyenNguyen, 20182018). ε−
modification introduces an error dependent learning damping-ratio with a goal of recover-

ing the asymptotic stability of the standard MRAC rule (Rohrs et al.Rohrs et al., 19851985). Adaptive loop

recovery has a damping-ratio that seeks to minimise nonlinearities in the feedback loop and

maintain the stability margins of the reference model (Calise and YucelenCalise and Yucelen, 20122012). Optimal

control modification introduces an L2−norm optimised damping effect to the update rule

that ensures optimal bounded tracking error and basis function weights (Nguyen et al.Nguyen et al.,

20082008). Table 4.24.2 illustrates the modified adaptive rules discussed above.

Table 4.2: Modified adaptive rules.

Adaptive rule

σ− Mod Θ̇ = −Γ
(

Φ(x̄)eTPB + σΘ
)

ε−Mod Θ̇ = −Γ
(

Φ(x̄)eTPB + µ
∥∥∥eTPB

∥∥∥Θ
)

L2 Mod (OCM) Θ̇ = −ΓΦ(x̄)
(

eTPB− νΦT(x̄)ΘBTPA−1
m B

)
ALR Mod Θ̇ = −Γ(Φ(x̄)eTPB + ηΦx̄(x̄)ΦT

x̄ (x̄)Θ)
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Since a single hidden layer neural network is used, a hidden layer update rule is necessary

and for all cases in this study the hidden layer weights are updated with a σ− modification

rule. A normalised optimal control modification with normalised co-variance adjustment

will be considered with the aim of eliminating effects of large basis-function amplitudes

on the adaption rate. Equation (4.214.21) is the normalised OCM update rule for the neural

network output weights and Eq. (4.224.22) is the normalised co-variance adjustment update

rule for the output weights learning rate:

Θ̇ =
−ΓΘΦ(WT x̄)

1 + ΦT(WT x̄)RΦ(WT x̄)

[
eTP− νΦT(WT x̄)ΘBTPA−1

m

]
B (4.21)

Γ̇Θ =
ηΓΘΦ(WT x̄)ΦT(WT x̄)ΓΘ

1 + ΦT(WT x̄)RΦ(WT x̄)
(4.22)

Equation (4.234.23) is the sigma modification update rule used for the hidden layer gains.

Ẇ = −ΓW x̄eTPBVTσ′(WT x̄) + σwW (4.23)

PAm + AT
mP = −Q

where P and Q are a positively definete matrices, ΓW is the learning rate for W gain matrix,

ΓΘ is the learning rate for Θ, ν is the optimal modification learning damping ratio, σW

is the learning damping ratio for the σ−modification update rule, R is the normalisation

weight matrix and η is the co-variance adjustment parameter.

4.2 Stability Proof

The proof of stability of the adaptive controller is carried-out using Lyapunov direct method.

This section details the stability of the MRAC controller with normalised co-variance ad-

justment optimal control modification. The other adaptive rule stability proof have been

presented in the literature and will not be repeated here.

The stability of the normalised OCM with co-variance adjustment and σ− modification for

single hidden layer neural network is presented by the following theorem. The theorem

and the stability proof are an extension of results derived in reference (Nguyen et al.Nguyen et al., 20172017),

for separate case of normalised OCM and co-variance adjustment OCM.
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Theorem 1. The normalised optimal control modification update rule with co-variance adjustment

(Eq. (4.214.21) and (4.224.22)) and σ−modification (Eq. (4.234.23)) are stable for single hidden layer neural

network and resulting in uniformly ultimately bounded tracking error for 0 < ν < νmax, 0 < η <

νλmin(BT A−T
m QA−1

m B) and 0 < R < Rmax such that νc1c2c7 − c2
8 > 0 where c1 = λmin(Q), c2 =

‖PB‖‖δ0‖/λmin(Q) and c7 = 1 + λmin(R)Φ2
0 (Nguyen et al.Nguyen et al., 20172017).

Proof. Choose a Lyapunov candidate V function Eq. (4.244.24)

V(e, Θ̃,W̃) = eTPe + trace(Θ̃Γ−1
Θ̃ Θ̃)

+ trace(W̃Γ−1
W̃ W̃)

(4.24)

Evaluating V̇ and substituting Eqs. (4.204.20), (4.234.23),(4.214.21), (4.224.22) and using the following defin-

ition yield Eq. (4.254.25)

dΓ−1
Θ

dt
= −Γ−1

Θ Γ̇ΘΓ−1
Θ =

ηΦ(WT x̄)ΦT(WT x̄)
1 + ΦT(WT x̄)RΦ(WT x̄)

trace(ATB) = BAT

V̇(e, Θ̃,W̃) = −eTQe + 2eTPBδ

+
2eTPBΘ̃TΦ(WT x̄)ΦT(WT x̄)RΦ(WT x̄)

1 + ΦT(WT x̄)RΦ(WT x̄)

+
2νΦT(WT x̄)Θ∗BTPA−1

m BΘ̃TΦ(WT x̄)
1 + ΦT(WT x̄)RΦ(WT x̄)

− νΦT(WT x̄)Θ̃BT A−T
m QA−1

m BΘ̃Φ(WT x̄)
1 + ΦT(WT x̄)RΦ(WT x̄)

+
ηΦT(WT x̄)Θ̃Θ̃TΦ(WT x̄)
1 + ΦT(WT x̄)RΦ(WT x̄)

− 2σwW̃W̃T + 2σwW∗W̃T

(4.25)

V̇ is bounded by

V̇ ≤ −c1

((
‖e‖ − c2

)2
− c2

2

)
+

2c8

c7
‖e‖
∥∥∥Θ̃
∥∥∥

− νc3

c7

((∥∥∥Θ̃
∥∥∥− c4

)2
− c2

4

)
− 2σw

((∥∥∥W̃
∥∥∥− W0

2

)2
− W0

2

)2) (4.26)

where c1 = λmin(Q), c2 = ‖PB‖‖δ0‖/λmin(Q) , c3 = (λmin(BT A−T
m QA−1

m B)− η/ν)Φ2
0, c4 =∥∥∥BTPA−1

m B
∥∥∥Θ0/c3, c7 = 1+ λmin(R)Φ2

0, c8 =‖PB‖λmax(R)Φ3
0,
∥∥∥Φ(WT x̄)

∥∥∥≤Φ0, δ0 = δ, Θ0 =

‖Θ∗‖ and W0 =‖W∗‖
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The values of ‖e‖, ‖W‖ and ‖Θ‖ that maximise V̇ are determined by evaluating the partial

derivative of V̇ with respect to ‖e‖, ‖W‖ and ‖Θ‖:

∂V̇
∂‖e‖ ≤ −2c1(‖e‖ − c2) + 2

νc8

c7

∥∥∥Θ̃
∥∥∥ = 0 (4.27a)

∂V̇
∂
∥∥∥Θ̃
∥∥∥ ≤ 2νc3

c7
(‖Θ‖ − c4) + 2

νc8

c7
‖e‖ = 0 (4.27b)

∂V̇
∂
∥∥∥W̃
∥∥∥ ≤ −2σw(‖W‖ −

W0

2
) = 0 (4.27c)

Solving for the value of ‖e‖, ‖W‖ and ‖Θ‖ that maximise V̇ yields the following:

‖e‖ = ε =
νc3(c4c8 + c1c2c7)

νc1c3c7 − c2
8

,
∥∥∥Θ̃
∥∥∥ = κ =

c1c7(c2c8 + νc3c4)

νc1c2c7 − c2
8

,
∥∥∥W̃
∥∥∥ = ξ =

W0

2

The minimum bounds of ‖e‖, ‖W‖ and ‖Θ‖ are given by Eq. (4.284.28):

‖e‖ ≥ ε

1 +

√
1 +

ν(c3c2
4 + 2σwξ2)σ1

νc3(c4c8 + c1c2c7)2

 (4.28a)

∥∥∥Θ̃
∥∥∥ ≥ κ

1 +

√
1 +

(c1c2
2 + 2σwξ2)σ1

c1(c8c2 + νc3c4)2

 (4.28b)

∥∥∥W̃
∥∥∥ ≥ ξ +

√
2σwξ + c1c2ε +

νc3c4

c7
κ +

νc1c2c3c4c8

σ1
(4.28c)

provided that 0 < R < Rmax, 0 < η < ηmax and 0 < ν < νmax such that σ1 = νc1c2c7 − c2
8 > 0

resulting in the following upper bound for the basis function norm:

Φ2
0 <

νλmin(Q)(λmin(BT A−T
m QA−1

m B)− η
ν )λmin(R)

2‖PB‖2 λ2
max(R)

1+

√√√√1 +
4‖PB‖2 λ2

max(R)
νλmin(Q)(λmin(BT A−T

m QA−1
m B)− η

ν )λ
2
min(R)

 (4.29)

Hence, V̇(e, Θ̃,W̃) ≤ 0 outside the compact set:

Bδ =

{(
e, Θ̃,W̃

)
∈Rn ×Rm×p ×Rk×l : c1 (‖e‖ − c2)

2

2c8

c7
‖e‖
∥∥∥Θ̃
∥∥∥+ νc3

c7

(∥∥∥Θ̃
∥∥∥− c4

)2

+ 2σw

(∥∥∥W̃
∥∥∥− W0

2

)2

≤ c1c2
2 +

νc3

c7
c2

4 + 2σw

(
W0

2

)2
} (4.30)

Therefore the closed-loop system is ultimately uniformly bounded for 0 < R < Rmax, 0 <

η < νλmin(BT A−1
m B) and 0 < ν < νmax
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4.3 MRAC Controller Simulation Results

Flight simulation of a DAC missile with robust adaptive control was conducted using

Matlab- Simulink platform. The following robust adaptive controllers were studied, σ−
mod, ε− mod, ALR, OCM and normalised OCM with co-variance adjustment. All the

adaptive controllers used a single hidden layer RBFNN for uncertainty estimation and

the hidden layer weights for all adaptive controllers were updated using σ− modification

update rule. The same baseline controller was employed for all adaptive controllers. The

adaptive controller responses are compared to the reference model and baseline controller.

The reference model is based on the desired state matrix Am constructed with the desired

bandwidths for the fast and slow dynamics. The following desired bandwidths were used

in this study: ωp = 80 rad/s, ωt
q = ωt

r = ωc
q = ωc

r = 40 rad/s ωφ = 20 rad/s and ωt
α =

ωt
β = ωc

α = ωc
β = 10 rad/s. The fast dynamics bandwidths are quadruple that of the slow

dynamics to reduce interference between the two control loops. Baseline controller is a

two time-scale separation DI controller with normal and lateral accelerations and roll angle

PI controllers to augment robustness. The PI controllers were tuned with an LTI plant

linearised about the point α = 0 for both tail-fin and canard control PI. Table 4.34.3 illustrates

the PI gain used with the baseline DI controller.

Table 4.3: Baseline PI controller gains.

Channel Type Kp Ki

Normal Acc tail PI 0.0018 0.0275

Normal Acc canards PI 0.0025 0.0297

Lateral Acc tail PI 0.0018 0.0275

Lateral Acc Canard PI 0.0025 0.0297

Roll angle PI 3.2875 3.1292

Uncertainty approximation was implemented using a feedforward single-hidden-layer RB-

FNN. The inputs to the feedforward neural network are wind angles, body angle rates,

air speed, tail-fin and canard deflections. The output of the neural network are uad =[
ṗt

ad q̇t
ad ṙt

ad q̇c
ad ṙc

ad

]T
. Adaption of uncertainty is done on the commands for the fast

dynamics while the performance of the slow dynamics are accounted only for by the PI

controller. Adaption on the fast dynamics is preferred over adaption of the slow dynamics

because variation in deflections of both tail-fins and canards have high and quick effect

on fast dynamics, hence adaption of this dynamics will allow the control to achieve trim

condition faster in the presence of extraneous or non-extraneous uncertainties.

62



CHAPTER 4. MODEL REFERENCE ADAPTIVE CONTROLLER (MRAC)

The results section is divided into three subsections: subsection 4.3.14.3.1 details the adaptive

control of canard, tail-fin and DAC missile and contrasts it with the baseline controller

performance. Subsection 4.3.24.3.2 presents the 6-DoF responses of a DAC missile for different

adaptive controllers respectively. Subsection 4.3.34.3.3 details the results of normalised OCM

with co-variance adjustment adaptive controller for DAC missile.

4.3.1 Adaptive Control for Different Missile Configuration.

Figures 4.34.3 to 4.74.7 present the responses of tail-fin-only, canard-only and DAC missile with

the baseline autopilot and OCM autopilot. Due to lack of roll authority for canard-only

configuration, only the longitudinal dynamics are compared. A learning rate of ΓΘ = ΓW =

50000 and damping factor of ν = σW = 0.3 were used for the hidden layer and the output

layer.

Figures 4.34.3a and 4.34.3b compare the normal acceleration response of the three control config-

urations. It is clear from the responses that the adaptive autopilot results in better transient

dynamics. Although the adaptive autopilot shows improved transient dynamics it results

in a larger steady-state error. The steady-state error is consequence of the unmatched un-

certainty. The adaptive controller eliminates the oscillation on the canard-only response,

however a large sluggish overshoot is observed.
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(a) Baseline autopilot.
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(b) OCM autopilot.

Figure 4.3: Normal acceleration response for different missile configurations.

The angle-of-attack response of the three configurations with baseline and OCM controller

are depicted in figures 4.44.4a and 4.44.4b. Similar to the acceleration response, the adaptive

control angle-of-attack response eliminates the oscillation in the canard-only and tail-fin-

only resulting in a smooth transient response. It is clear from the pitch response of the
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three configuration with OCM adaptive controller that adaptive controller improves the

overall angular response (see Figs. 4.54.5a and 4.54.5b).
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(b) OCM autopilot.

Figure 4.4: Angle-of-attack response for different missile configurations.
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(b) OCM autopilot.

Figure 4.5: Pitch rate response for different missile configurations.

The tail-fin commands of the tail-fin-only and DAC configuration are illustrated in figure

4.64.6a and 4.64.6b. For both controllers the DAC missile shows less control deflection at each

acceleration step hence suggesting that dual controller is less prone to actuator saturation.

The adaptive tail-fin-only deflection shows significant improvement in terms of oscillation

and settling time.
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Figure 4.6: Tail-fin pitch deflection command of tail-fin and dual missile configurations.

Figures 4.74.7a and 4.74.7b depicts the canard command of the canard-only and dual configur-

ation baseline and OCM adaptive controllers. The canard-only missile show high steady-

state value for both controller architectures. The low steady-state value in DAC control

is attributed to fact that the actuation authority is shared between the tail-fins and the ca-

nards. Furthermore, the OCM controller significantly improves the behaviour of the canard

commands and eliminates the inherent canard oscillations.
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Figure 4.7: Canard pitch deflection commands of canard and dual missile configurations.
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4.3.2 Different Adaptive Rule for DAC Missile.

Figures 4.84.8 to 4.154.15 illustrate the 6-DoF response of DAC missile with the baseline controller

and four different adaptive controllers. The adaptive controllers compared are ALR, OCM,

σ−modification and ε− modification. Simulation for each of the adaptive controllers was

set up such that it tracks a normal square wave acceleration command of amplitude 100

m/s2, a lateral sine wave acceleration command of amplitude 100 m/s2 and a zero roll

angle throughout. Table 4.44.4 presents the learning rates and damping ratios used for each

adaptive rule.

Table 4.4: Learning rates and damping ratio for different adaptive rules.

Update rule ΓΘ ΓW σW σΘ

ε− mod 50000 50000 0.3 ε = 0.3

σ− mod 50000 50000 0.01 σ = 0.01

ALR−mod 50000 50000 0.3 η = 0.3

OCM 50000 35000 0.3 ν = 0.3

Figures 4.84.8 and 4.94.9 depict the angle-of-attack and angle-of-sideslip responses of the DAC

missile with the four adaptive controllers. By introducing adaption, the tracking perform-

ance improves when compared with the baseline controller. It is clear from the angle-of-

attack response that ALR and OCM improve the tracking performance quite substantially.

For the case of OCM this improvement is attributed to the optimal bounded tracking error

and adaption gains that strike a balance between robustness and tracking performance,

while for ALR the benefit is attributed to the adaptive loop eliminating the nonlinear un-

certainty and maintaining the margins of the reference model in the closed-loop.
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Figure 4.8: Angle-of-attack response of DAC missile for different adaptive controllers.
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Figure 4.9: Angle-of-side-slip response of DAC missile for different adaptive controllers.

Figures 4.104.10 to 4.114.11 illustrate the body rates responses of the DAC missile with different

adaptive controllers. The body rates are directly adapted to drive the missile to follow

the dynamics of the reference model hence they exhibit better tracking when compared

with the wind angles. Again it is evident that the ALR and OCM exhibits smooth and

calmer tracking performance when compared with σ− and ε− modifications for the same

reason mentioned in the above paragraph. Figures 4.174.17 to 4.184.18 illustrate the responses of

the lateral acceleration, normal acceleration and the roll angle. The outer-loop responses of

the adaptive controllers remain relatively comparable, even though they do not settle at the

same steady-state value. The steady-state error can be accounted for by adaptive controller

not eliminating all uncertainty due to the unmatched nature of the plant uncertainty.

0 0.5 1 1.5 2 2.5 3

time(sec)

-50

-40

-30

-20

-10

0

10

20

30

40

50

p
 d

e
g
/s

Ref

Bline

-mod

-mod

0 0.5 1 1.5 2 2.5 3

time(sec)

-50

-40

-30

-20

-10

0

10

20

30

40

p
 d

e
g
/s

Ref

Bline

OCM

ALR

Figure 4.10: Roll rate response of DAC missile for different adaptive controllers.
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Figure 4.11: Yaw rate response of DAC missile for different adaptive controllers.

Figures 4.124.12 to 4.154.15 depict the actuator commands for the DAC missile due to the different

adaptive controller considered. Figures 4.124.12 to 4.134.13 illustrate the tail-fin deflection com-

mands and Figures 4.144.14 and 4.154.15 show the yaw and pitch deflection canard commands.

The adaptive controllers show similar behaviour in command dynamics, however they all

have different steady-state values. This discrepancy can be attributed to the fact that al-

though all the adaptive rules aim to achieve UUB of the tracking error, they achieve this

condition through different adaption dynamics. Adaptive yaw deflection commands ap-

pear to be mildly robust to the variation in pitch dynamics.
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Figure 4.12: Tail-fin pitch deflections of DAC missile for different adaptive controllers.
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Figure 4.13: Tail-fin yaw deflections of DAC missile for different adaptive controllers.
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Figure 4.14: Canard pitch deflections of DAC missile for different adaptive controllers.
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Figure 4.15: Canard yaw deflections of DAC missile for different adaptive controllers.
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Figure 4.16: Pitch rate response of DAC missile for different adaptive controllers.
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Figure 4.17: Normal acceleration response of DAC missile for different adaptive controllers.
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Figure 4.18: Lateral acceleration response of DAC missile for different adaptive controllers.
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Figure 4.19: Roll angle response of DAC missile for different adaptive controllers.
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Figure 4.20: Tail-fin roll deflections of DAC missile for different adaptive controllers.

4.3.3 Normalised OCM With Co-variance Adjustment for DAC Missile.

Figures 4.214.21 to 4.334.33 illustrate the responses and actuator commands of reference model,

baseline controller, standard OCM and normalised OCM with co-variance adjustment,

tracking a normal acceleration square wave and lateral acceleration sine wave both with

a magnitude of 100 m/s2. σ−modification was used for updating the hidden layer weights

for both OCM and normalised OCM with co-variance adjustment. A learning damping

ratio of σW = 0.3 and ν = 0.3 were used for σ− modification and OCM. Adaptive gains

of ΓΘ = ΓW = 50000I were used for both σ−modification and OCM adaption. Such high

adaptive gains are necessary to guarantee that the update of the neural network weights is

done sufficiently fast to ensure adequate controller performance. Initial adaptive gains of
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ΓΘ0 = 70000I were used for the normalised OCM with co-variance adjustment. Co-variance

adjustment parameter of ηΘ = 0.0001 and normalisation matrix R = 0.1I were selected.

Figures 4.214.21 to 4.224.22 compare the body rate responses of the baseline and adaptive control-

lers to reference model response. It is clear from the response that adaption improves the

tracking performance of the controller. Figures 4.244.24 and 4.254.25 illustrate angle-of-attack and

angle-of-sideslip responses of the reference model, baseline controller and adaptive control-

ler. Although the angle-of-attack and angle-of-sideslip of the plant are not directly driven

like the body rates to follow the reference model, the angle-of-attack and angle-of-sideslip

responses of the plant do follow the reference model hence affirming that adaption of the

fast dynamics is adequate to yield an acceptable plant response. It is evident from Figures

4.264.26 to 4.284.28 that the adaptive controller results in a relatively smooth tracking response.

Figures 4.294.29 to 4.334.33 compare the actuator command from the three controllers. It is evident

that the baseline controller and the adaptive control pitch deflections (see Fig. 4.294.29) follow

a similar trajectory except that the adaptive controllers have a higher steady-state pitch de-

flections. Yaw deflection of the tail-fin and canard (see Figs. 4.304.30 and 4.334.33) follow a smooth

sinusoidal trajectory inherited from the lateral sinusoidal acceleration command. Canard

pitch deflection exhibits the highest deflection (see Fig.4.324.32) at each step change, this can be

attributed to the fact that the canards have more control authority at low angle-of-attack.

Baseline canard pitch deflection follows a slightly oscillatory trajectory, while the adaptive

deflection are relatively smooth. Spikes on the roll deflection (see Fig.4.314.31) can be attributed

to the roll controller rejecting disturbances induced by the pitch-roll and yaw-roll coupling

dynamics. An overall observation on both deflections and wind angles is that the steady

magnitude of the responses seems to be increasing with time for the same acceleration

command, this phenomenon is attributed to the fact that as the airspeed decrease due to

drag more control authority is needed to track the same acceleration commands.

Figures 4.344.34 to 4.374.37 compare the estimate of the uncertain dynamics with the actual un-

modelled plant dynamics for standard OCM update rule and normalised OCM with co-

variance adjustment update rule. The estimates of both adaptive controllers do not match

the unmodelled dynamics and this phenomenon is explained by the fact that an adapt-

ive controller serves a purpose of driving the closed-loop response to track the reference

model closely irrespective of uncertainty estimation convergence. Figure 4.384.38 illustrates

the time varying adaptive gain of the normalised OCM with co-variance adjustment. The

adaptive gains are adjusted to a lower value by default due to absence of a forget factor in

the co-variance adjustment rule. From the plant response it is clear that the adaptive gain

adjustment did not penalise controller performance even for cases where the adaptive gain

is far below the initial adaptive gain used in the standard OCM.
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Figure 4.21: Roll rate responses of the reference model, baseline controller, adaptive stand-

ard OCM and adaptive normalised.
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Figure 4.22: Pitch rate responses of the reference model, baseline controller, adaptive stand-

ard OCM and adaptive normalised OCM.
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Figure 4.23: Yaw rate responses of the reference model, baseline controller, adaptive stand-

ard OCM and adaptive normalised OCM.
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Figure 4.24: Angle-of-attack response of the reference model, baseline controller, adaptive

standard OCM and adaptive normalised OCM.
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Figure 4.25: Angle-of-sideslip response of the reference model, baseline controller, adaptive

standard OCM and adaptive normalised OCM.
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Figure 4.26: Normal acceleration responses of baseline controller, adaptive standard OCM

and adaptive normalised OCM.
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Figure 4.27: Lateral acceleration responses of baseline controller, adaptive standard OCM

and adaptive normalised OCM.
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Figure 4.28: Roll Euler angle responses of baseline controller, adaptive standard OCM and

adaptive normalised OCM.
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Figure 4.29: Tail-fin pitch deflections of baseline controller, adaptive standard OCM and

adaptive normalised OCM.
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Figure 4.30: Tail-fin yaw deflections of baseline controller, adaptive standard OCM and

adaptive normalised OCM.
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Figure 4.31: Tail-fin roll deflections of baseline controller, adaptive standard OCM and

adaptive normalised OCM.
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Figure 4.32: Canard pitch deflections of baseline controller, adaptive standard OCM and

adaptive normalised OCM.
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Figure 4.33: Canard yaw deflections of baseline controller, adaptive standard OCM and

adaptive normalised OCM .
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Figure 4.34: OCM estimated unmodelled pitch dynamics.
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Figure 4.35: OCM estimated unmodelled yaw dynamics.
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Figure 4.36: Normalised OCM with co-variance adjustment estimated unmodelled pitch

dynamics.
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Figure 4.37: Normalised OCM with co-variance adjustment estimated unmodelled pitch

dynamics.
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Chapter 5

Homing Loop: Missile Guidance and

Target Tracking

In this chapter a homing loop of a DAC missile with adaptive autopilot is presented. Only

the cruise terminal phase is considered in this chapter. The homing loop serves to track

the target, generate commands for the autopilot and accounts for velocity variations which

were neglected when designing the autopilot in the previous chapter.

5.1 Homing Loop

The homing loop is the mostouter and critical loop on the flight control because it de-

termines the overall performance of the missile against manoeuvring targets. Figure 5.15.1

illustrates the major components that define the missile flight control system. The hom-

ing loop is made up of the target tracker (active radar seeker) and guidance block which

consists of a target tracking filter/states estimator, the guidance rule and the target ac-

celeration model. Extraneous inputs to the flight controller are the target dynamics and

tracking noise. A seeker is used to measure the relative kinematics between the target and

the missile during the terminal phase. An active radar seeker is capable of measuring the

relative distance, line-of-sight angles and the closing speed. The state estimator is used to

filter measurement noise and to estimate unmeasured target states such as target accelera-

tion. Estimated states are fed to a guidance law that determines the required acceleration

necessary to get the missile into a collision course with the target at minimum energy cost.

Guidance commands are fed to the autopilot which in turn drives the servos to change the

orientation of the missile and alter the relative trajectory of missile until it is on the desired

collision course.
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Figure 5.1: Schematic of a missile adaptive flight control system.

5.1.1 Guidance Law

The purpose of the guidance as previously alluded to, is to provide autopilot commands

that alter the trajectory of a vehicle by prescribing certain states to compel the vehicle to

follow a desired trajectory. The aim of the guidance law in a tactical missile is to prescribe

inertial acceleration of the missile to ensure that it is on a collision course with the target.

Proportional navigation-based guidance rules are the preferred guidance law for missile

terminal guidance. Firstly, because they have been proven countless of time in applica-

tion and secondly, because they provide a simple interface with an acceleration autopilot

common in missile terminal flight control (Palumbo et al.Palumbo et al., 20102010). Figure 5.25.2 illustrates the

planar missile target engagement. The PN guidance rule ensures that the missile stays on

a collision course with the target.
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Figure 5.2: Missile target engagement geometry.

Equation 5.15.1 defines the augmented proportional navigation rule in vector form.

~nMc =N
~RTM × ~VTM∥∥∥~RTM

∥∥∥2 × ~VTM +
~nT

2
(5.1)

where ~nMc is the commanded missile acceleration, N is the guidance gain, ~RTM is the

relative position vector between the missile and the target, ~VTM is the relative velocity

vector and ~nT is the target acceleration.

The augmented PN guidance takes into account the acceleration of the target and reduces

the acceleration commands necessary to counter the target. Inclusion of the target accel-

eration increases the complexity of the target tracking filter but has an advantage that it

preserves kinetic energy to ensure effective target engagement. Preservation of the kinetic

energy is critical because most tactical missile are cruising without propulsion during the

terminal phase.

5.2 Perfect Target Engagement Simulation.

This section presents ideal engagement scenario of the DAC missile against a weaving

target and a constant manoeuvre target. A constant manoeuvre target aims to get out of

the missile kill zone by accelerating as quickly as possible, while a weaving target aims to

dissipate the kinetic energy of the missile by having it track an oscillating target position.

A perfect seeker is assumed to demonstrate the effectiveness of the flight control against
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weaving targets and constant manoeuvre. A guidance gain of N = 4 was found to be ef-

fective and it is used in all the homing simulations. Table 5.15.1 details the initial conditions

of the target and the missile. The manoeuvring target follows a sinusoidal acceleration in

both lateral and normal direction with an amplitude of 20g at a frequency of 2 rad/s. The

constant manoeuvre target does a pull-up manoeuvre of 20g in the normal direction for 3s

and then does a pull-down manoeuvre 20g for the remainder of the flight. A target en-

gagement scenario was considered successful if the missile achieved a radial miss distance

of 2.0 m or less.

Table 5.1: Initial conditions for missile and target for different scenarios.

Acc Amplitude (g) ωaccrad (U0,V0,W0)m/s (x0,y0,z0)m

Missile N/A N/A (1000,0,0) (0, 0, -6000)

Weaving Tgt 20 2 (-300,0,0) (7000, 2000, -6000)

Cst Man Tgt aT(t < 3) = 20,aT(t > 3) = −20 N/A (-300,0,0) (7000 , 2000, -6000)

Figures 5.35.3 to 5.55.5 illustrate the engagement trajectories and the airspeed of a DAC missile

and tail-fin-only missile against weaving and constant manoeuvre. Engagement is simu-

lated with augmented proportional navigation guidance law for different autopilots: OCM

and baseline autopilot. Figures 5.35.3a and b illustrate the x-z engagement plane. It is clear

from the trajectories that the type of autopilot has little effect on the nominal trajectory fol-

lowed by the missile (see Figs. 5.35.3 and 5.45.4). Figure 5.55.5 shows the airspeed variation during

target engagement period. The airspeed drops sharply for constant manoeuvre engage-

ment scenario and this is due to high angles-of-attack needed to follow the commanded

high normal acceleration (see Fig. 5.55.5a). The airspeed for the weaving target engagement

scenario decreases in an oscillatory fashion as a result of tracking a target with oscillating

dynamics (see Fig. 5.55.5b). The DAC missile was able to achieve a miss distance of below 2.0

m with both baseline and OCM autopilot. Tail-fin missile was able to achieve below 2.0 m

missile with the OCM autopilot and the scenarios with a baseline autopilot resulted in a

below 5 m misses.
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Figure 5.3: x-z plane view of DAC missile and tail-fin target engagement scenarios.
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Figure 5.4: x-y plane view of DAC missile and tail-fin target engagement scenarios
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Figure 5.5: Missile airspeed variation during DAC missile and tail-fin target engagement.

Figures 5.65.6 to 5.85.8 illustrate the engagement kinematics of a DAC missile against a constant

manoeuvre target and weaving target. The figures compare the kinematics of a DAC mis-

sile with baseline autopilot with that of the OCM and normalised OCM with co-variance

adjustment. There is very little variation between the trajectory followed by the OCM and

the normalised OCM with co-variance adjustment hence suggesting that a reduced adapt-

ive gain in the normalised OCM with co-variance adjustment does not penalise the overall

performance of the missile.
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Figure 5.6: x-z plane view of DAC missile (with different autopilots) target engagement

scenarios.
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Figure 5.7: x-y plane view of DAC missile (with different autopilots) target engagement

scenarios.
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Figure 5.8: Airspeed variation of a DAC missile (with different autopilots) target engage-

ment scenarios.

5.3 Target Tracking Filter

An active radar seeker model is used as the target tracker for the DAC missile. The seeker

provides pseudo-measurements of the target position by measuring the line of sight angles

and closing in range from the target. Pseudo measurement of the closing in velocity are

done by examining the Doppler shift of the radar signal (Chen et al.Chen et al., 20062006). Seeker meas-

urements contain noise in the real world hence the need for a noise filter. Measurements

are corruptd by mainly range dependent thermal noise and fading noise (ZarchanZarchan, 20122012).
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The noise is widely considered to be white noise with zero mean and can be reasonably

approximated with a normal distribution (IbarrondoIbarrondo, 20152015). Main objective of the tracking

filter is to remove measurement noise of the seeker and estimate both measured and un-

measured states from the noisy signal. The number of estimated states are driven by the

guidance rule employed and the capabilities of the seeker. For augmented proportional

navigation guidance law a three-state Kalman filter is needed for each axis to estimate the

closing range, speed and target acceleration for one to get the full benefits of the augmen-

ted PN. The following subsection presents a nine-state linear Kalman filter that estimates

closing velocity, range and the target acceleration vectors.

5.3.1 Nine-State Guidance Kalman Filter

Linear Kalman filter is the preferred guidance state estimator because it is reliable and easy

to implement. Equation (5.25.2) defines the time varying linear Kalman filter. The filter is time

varying because of the non-stationary noise co-variance as a result of range-dependent

thermal noise (Palumbo et al.Palumbo et al., 20102010):

˙̂x f˙̂x f˙̂x f = A f x̂ fx̂ fx̂ f + B f u fu fu f +WWW (5.2a)

z∗fz∗fz∗f = H f x fx fx f +VVV (5.2b)

where the state vector is given by x̂ fx̂ fx̂ f =
[
~RTM ~VTM ~nT

]T
, measurement vector is defined

by z∗fz∗fz∗f =
[
~R∗TM

~V∗TM

]T
and u fu fu f=~nm is the missile acceleration. A f is the state matrix, B f is

the control input matrix, H f is the measurement matrix, VVV is the measurement noise vector

andWWW is the white noise process vector.

The state matrix A f , the control input matrix B f and the measurement matrix H f of the

filter are defined as follows:

A f =


[000] III3 [000]

[000] [000] III3

[000] [000] [000]

 , B f =


[000]

[000][
−1 −1 −1

]T

 , H f =

 III3 [000] [000]

[000] III3 [000]


The measurement noise vector VVV and the white noise process vector WWW are defined as

follow:

VVV =
[
νR νV

]T
,WWW =

[
[000] [000] ~w

]T

Equation (5.25.2) is valid only for continuous system. For a discrete measurement at an

interval Ts, the discrete Kalman filter is given by equation (5.35.3). The discrete Kalman filer
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is common in the literature because the seeker provides discrete measurement in missile

application. Figure 5.95.9 illustrates block diagram implementation of the discrete Kalman

filter.

x̂ fx̂ fx̂ f k = (III9 −K fK fK f k H f )(⊕⊕⊕kx̂ fx̂ fx̂ f k−1 +G fG fG f ku fu fu f k−1) +K fK fK f kz∗fz∗fz∗f k (5.3)

Figure 5.9: Discrete Kalman filter implementation diagram (Palumbo et al.Palumbo et al., 20102010).

⊕⊕⊕ is the fundamental matrix related to the dynamic matrix by the following expression:

⊕⊕⊕(t) = L−1{(sIII9 − A f )
−1} =


1 t 0.5t2

0 1 t

0 0 1

⊗ III3 (5.4)

where ⊗ is the Kronecker product.

The discrete fundamental matrix is simply the continuous matrix at time t = Ts :

⊕⊕⊕k =⊕⊕⊕(Ts) (5.5)

The discrete matrix G fG fG f k is given as follows

G fG fG f k =
∫ Ts

⊕⊕⊕(τ)B f (τ)dτ =


−0.5T2

s

−Ts

0

⊗ III3 (5.6)

The Kalman filter gains K fK fK f k are calculated online using the discrete recursive Riccati equa-

tion. The recursive Riccati equation is given as follows:

PPP(−)
k =⊕⊕⊕kPPP(+)

k−1ΦΦΦT
k +Q fQ fQ f k (5.7a)

K fK fK f k = PPP(−)
k HT

f (H f PPP
(−)
k HT

f + R fR fR f k)
−1 (5.7b)
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PfPfPf
+
k = (III9 −K fK fK f k H f )PPP

(−)
k (5.7c)

where PfPfPf k is the co-variance matrix, R fR fR f k is the measurement noise matrix and Q fQ fQ f k is the

discrete process noise matrix given as follows:

Q fQ fQ f k =
∫ Ts

⊕⊕⊕(τ)E[WWWWWWT]ΦΦΦ(τ)dτ =


T5

s
20

T4
s

8
T3

s
6

T4
s

8
T3

s
3

T2
s

2
T3

s
6

T2
s

3
Ts

⊗ diag(φs) (5.8)

where φs is the spectral density of the white process noise and it is given by:

φs =
1
tF

[
n2

Tmax
n2

Tmax
n2

Tmax

]
(5.9)

where nTmax is the maximum manoeuvre level of the target the missile can counter (based

on the 3 to 1 rule of thumb nTmax = 200m/s2) and tF was assumed to be equal to the

cruise duration before self-destruct (tF = 8s). Measurement noise matrix is given by the

expectation value of the measurement noise vector and it is equivalent to a diagonal matrix

of the variance of each noise source:

R fR fR f k = E[VVT] = σσσ2 (5.10)

σσσ = diag

{[
σx σy σz σvx σvy σvz

]}
(5.11)

5.4 Engagement With Target Filtering

This section presents the results for target engagement in the presence of seeker measure-

ment noise. The nine-state Kalman filter described above is used to estimate the closing

velocity, range and target acceleration. The radar noise model and the target acceleration

model are presented in the Table 5.25.2. Only the range-dependent noise model is considered

in the current simulation. A spectral density of the white noise process of 625 m2/s5 was

used in the Kalman filter.

Table 5.2: Noise parameters

Symbols Value

Closing velocity σRTM 1.73× 10−6‖RTM‖2

Closing Range σVTM 1.73× 10−6‖VTM‖2

The initial co-variance matrix for the nine-state Kalman filter was:

P0 = diag([10,10,10,200,200,200,2000,2000,2000])

89



CHAPTER 5. HOMING LOOP: MISSILE GUIDANCE AND TARGET TRACKING

The initial values of the target are selected such that they are in the order of the expected

target kinematics and noise variance. The estimates of the measured states of the target by

Kalman filter are presented in Figures 5.105.10 to 5.125.12. It is clear from these figures that the

Kalman filter yields acceptable estimation of the closing velocity and the closing in range.

The deviation of the measurement from the true values decrease as the missile approaches

the target because the noise levels are range dependent.
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Figure 5.10: Estimated and measured x-axis target-missile closing kinematics.
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Figure 5.11: Estimated and measured y-axis target-missile closing kinematics.

90



CHAPTER 5. HOMING LOOP: MISSILE GUIDANCE AND TARGET TRACKING

0 1 2 3 4 5 6 7

time(sec)

-700

-600

-500

-400

-300

-200

-100

0

100

200

300

z
M

T
 m

Meas

True

Est

(a) Estimated closing distance.

0 1 2 3 4 5 6 7

time(sec)

-300

-200

-100

0

100

200

300

400

500

v
y

M
T

 m
/s

Meas

True

Est

(b) Estimated closing velocity.

Figure 5.12: Estimated and measured z-axis target-missile closing kinematics.

Figures 5.135.13a, b and 5.145.14a and b illustrate the estimated target acceleration and error dy-

namics of the estimation. It is clear that the filter does estimate the target acceleration to

within three sigma of the nominal value. The lateral acceleration estimate spike at 3.5 s is

a result of step change in the normal acceleration. Furthermore, both the estimate and the

error diverge as the missile gets closer to the target. This phenomenon is attributed to the

fact that the guidance law diverges as the closing distance approaches zero.
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Figure 5.13: Estimated lateral load factor and resulting estimation deviations.
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Figure 5.14: Estimated normal load factor and resulting estimation deviations.

It is clear from the plot that the estimation error is within three sigma bounds except at

points where there are dynamic variations in target acceleration or where the guidance

law diverges (see Figs. 5.135.13 and 5.145.14). The theoretical standard deviation of the target

acceleration are determined by taking the square root of the corresponding diagonal entry

of the co-variance matrix Pk.

Figures 5.155.15a and 5.155.15b illustrate the acceleration responses of the missile during target

engagement. The acceleration commands, although sufficient to guide the missile to the

target, they are not smooth signals clearly indicating transmission of some measurement

noise throughout the control system. The acceleration command diverges at the target-

missile rendezvous point because the acceleration command is inversely proportional to

the closing-in range.
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Figure 5.15: Missile normal and lateral acceleration commands from the guidance law.
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CHAPTER 5. HOMING LOOP: MISSILE GUIDANCE AND TARGET TRACKING

Kinematic responses of a DAC missile with and without tracking filter in the guidance loop

are presented in the figures 5.165.16, 5.175.17 and 5.185.18 for different autopilots. Pure proportional

navigation guidance law was used for the target engagement scenario without a tracking

filter. The baseline autopilot and the OCM autopilot in the case of unfiltered target state

result in the DAC missile failing to meet the 2 m miss distance requirement. In fact, the

missile without tracking filter results in a miss of order 102 m. An overall observation from

the engagement kinematics is that a combination of augmented proportional navigation

and tracking filter improves the dynamics of the missile and the chance of the missile

achieving the desired end-game miss distance.
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(b) Homing without Kalman filter.

Figure 5.16: xz-plane kinematics for different homing scenarios.
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Figure 5.17: xy-plane kinematics for different homing scenarios.
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Figure 5.18: Airspeed variations for different homing scenarios.
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Chapter 6

Homing Performance Analysis

6.1 Introduction

Homing performance analysis of a missile is one of the most critical steps in the missile

design process that influences the missions and the manner in which the system is de-

ployed in the field. The end goal of the analysis is an envelope that shows the operator

the performance bounds of the missile in terms of range and target engagement capabilit-

ies. The performance envelope is primarily limited by tracking capability of the guidance

system, sensors and the kinematics of the missile. Within the performance envelope the

missile is required to travel from the launch point to the intercept point and on arrival

it must have enough energy to reduce the final miss distance to ensure a high kill rate

(ZarchanZarchan, 20122012).

In the case of an air-to-air or air-to-surface missile the performance envelope is presented

as a launch acceptable region (LAR) which is made up of launch point that results in the

missile rendezvousing the target at the specified intercept conditions. For a given missile

design the resulting LAR is influenced mainly by the launch altitude, launch speed, and

target speed. The performance envelope in the case of a surface-to-air missile is presented

as an action volume. Action volume defines the volume in region in which the missile is

capable of eliminating an incoming threat. The action volume is a result of the fact that

surface-to-air missile are used to defend a point against incoming threats from multiple

directions (FleemanFleeman, 20062006).

This chapter presents an action envelope of the DAC missile with an adaptive autopilot.

Due to the fact that only the terminal performance are under consideration, only the relat-

ive action envelope that results during the terminal phase will be presented for the DAC
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and tail-only missile. Canard-controlled missile was excluded because the current aerody-

namic model has no provision for roll authority in the case of canard control.

6.2 Performance Envelope Synthesis

The envelopes presented were generated for three different target manoeuvres: a constant

speed target, a weaving target and a constant manoeuvre target. A weaving target tries to

dissipate the energy of the missile before reaching the intercept point by having it track a

continuously varying closing velocity and position. A constant manoeuvre target attempts

to evade the missile by flying out of the kill zone with the highest acceleration possible.

Table 6.16.1 illustrates the initial velocity and acceleration of each target manoeuvre:

Table 6.1: Types of target manoeuvres considered.

Manoeuvre Value (m/s2) Initial Velocity (m/s) Initial altitude (m)

Constant 100 100 6000

Weaving 200 300 6000

None 0 300 6000

Table 6.26.2 illustrates the initial conditions of the DAC missile. As previously noted only the

terminal performance is analysed in this study. For each simulation point the missile starts

from the origin at the given altitude with a heading of zero. Due to the fact that for each

simulation a different intercept point is conceived the possible heading error between the

missile and the target is between -90 and 90 deg.

Table 6.2: Missile initial cruise conditions.

Initial State Values units

Velocity 900 m/s

Angle-of-attack 0 rad

Altitude 6000 m

Only the incoming performance envelope is presented because a surface-to-air missile de-

fends a point on the ground. The missile is always launched and positioned by the mid-

course guidance such that the terminal phase starts of as a head-on engagement with some

initial heading error.
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6.3 Performance Envelope Results

Kinematic performance of a DAC missile and tail-controlled missile with baseline and

adaptive controller are presented here. Normalised OCM update rule with co-variance

adjustment was used as the adaptive controller for both missile configurations. Figures

6.16.1 to 6.36.3 illustrate variation of final miss distance with initial missile-to-target range from

when the missile rocket motor burns-out for the two controller configurations. Figure 6.16.1

presents the miss distance variation against a constant speed target, Figure 6.26.2 presents the

miss distance variation against a weaving target and Figure 6.36.3 shows the miss distance

against a constant manoeuvre target.

It is clear from the results that the largest initial missile-to-target range is independent of

the control configurations, which is expected since both missiles have the same kinematic

and inertial properties. The lowest initial missile-to-target range at which the missile can

still counter the target is different for each missile controller, configuration and target en-

gagement scenario. Discrepancy in the lowest acceptable initial missile-to-target range is

driven by missile agility. The DAC missile general has better performance in terms of the

lowest acceptable initial missile-to-target range mainly because of the superior manoeuv-

rability. Furthermore, The OCM controller in most of the cases exhibits a better lowest

initial missile-to-target range, thus suggesting that it offers better manoeuvre capability

than the baseline controller.
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Figure 6.1: Variation in miss distance with initial missile-to-target distance of a DAC and

tail-fin missile against a constant speed target.
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Figure 6.2: Variation in miss distance with initial missile-to-target distance of a DAC and

tail-fin missile against a weaving target.

2000 3000 4000 5000 6000 7000 8000 9000 10000

Initial R
TM

 m

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

M
is

s
 d

is
ta

n
c
e
 m

OCM

Bline

(a) Tail-fin Missile

2000 3000 4000 5000 6000 7000 8000 9000 10000

Initial R
TM

 m

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

M
is

s
 d

is
ta

n
c
e
 m

OCM

Bline

(b) DAC missile

Figure 6.3: Variation in miss distance with initial missile-to-target distance of a DAC and

tail-fin missile against a constant manoeuvre target.

Figures 6.46.4 to 6.96.9 illustrate the performance envelope of a tail-controlled missile and a

dual-controlled missile against a constant speed target, constant manoeuvre target and a

weaving target. For each target scenario, a performance envelope was generated for both

the baseline autopilot and the OCM autopilot. Only intercept point that resulted in a

miss distance of 2.0 m or less were included in the performance envelope for both missile

configurations. The overall observation from the results is that both dual and tail-only

missile have an equal maximum range indicating that even though the dual-controlled

missile has a high wet surface area due to the presence of canards, the overall drag does

not penalise the DAC missile range in the terminal phase.

98



CHAPTER 6. HOMING PERFORMANCE ANALYSIS

Figures 6.46.4 and 6.56.5 illustrate constant speed target performance envelope of the tail-only

and dual-controlled missiles. The constant speed scenario represents an ideal engagement

where missile trajectory corrections are done only at the beginning of a terminal phase

flight and the missile flies to a predetermined intercept point. The constant speed target

result in the largest performance envelope of the three scenarios, this is due to the little

trajectory corrections during the flight thus the missile has more kinetic energy to reach

farther rendezvous points.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.4: Tail-fin only missile cruise performance envelope against a constant speed tar-

get.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.5: DAC missile cruise performance envelope against a constant speed target.

The performance envelope against a weaving target of the tail-only and dual-controlled

missile are presented in Figures 6.66.6 and 6.76.7. It is clear from figure 6.66.6 that the envelope of

the tail-fin only missile reduces significantly for the weaving target when compared with
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the same configuration against a constant speed target. The reduction in envelope can

be attributed to fast dissipation of kinematic energy by tracking an oscillating intercept

point and the cost associated with overcoming the undershoot due to the minimum phase

phenomenon. The envelope of the DAC missile against a weaving target remains relatively

unchanged when compared with the constant speed envelope.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.6: Tail-fin only missile cruise performance envelope against a weaving target.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.7: DAC missile cruise performance envelope against a weaving target.

Figures 6.86.8 and 6.96.9 depict the cruise performance envelope of the tail-fin and DAC missile

against a constant manoeuvre target. It is clear that engaging a manoeuvring target results

in a smaller performance envelope. Furthermore, there is little discrepancy between the

baseline envelope and the adaptive control envelope for both tail-fin-only and dual con-

trolled missile. The resulting envelope suggest that a constant manoeuvre has the highest

100



CHAPTER 6. HOMING PERFORMANCE ANALYSIS

survival chance. This follows because the missile is in a continuous state of pull-up man-

oeuvre which results in high angles-of-attack and high drag thus penalising the maximum

cruise performance range.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.8: Tail-fin only missile cruise performance envelope against a constant manoeuvre

target.

(a) Baseline Autopilot (b) Adaptive OCM autopilot

Figure 6.9: DAC missile cruise performance envelope against a constant manoevre target.
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Conclusions and Recommendations

In this study, an adaptive controller with model reference adaptive control topology was

investigated for a dual aerodynamically-controlled missile. A nonlinear model of a dual-

controlled missile was developed and a trim map was generated. Due to the two actuator

inputs the trim equation of the dual-controlled missile is indeterminate and to obtain a

unique trim condition for a given speed; the angle-of-attack and canard deflection were

fixed while the tail-fin deflection was unconstrained. The trim map was used to design a

benchmark gain-scheduled three-loop autopilot. A two time-scale separation dynamic in-

version controller was designed and used as the baseline controller for the proposed MRAC

controller. The following adaptive rules were investigated on the DAC missile MRAC con-

troller: σ−modification, ε−modification, adaptive loop recovery and optimal control modi-

fication. Adaptive loop recovery and optimal control modification update rule exhibited

better performance in terms of uncertainty compensation, transient response and actuator

deflection magnitudes necessary to track a given acceleration command. A novel normal-

ised optimal control modification update rule with co-variance adjustment was proposed.

A stability proof based on Lyapunov theory is presented to prove the uniformly ultimately

bounded stability condition of the proposed update rule. The rule aims to eliminate the

effects of basis-function amplitudes on the adaptive gain and the co-variance adjustment

prevents the possibility of persistent learning by adjusting initially set high adaptive gains

to lower values with time. The normalised optimal control modification with co-variance

adjustment did not penalise controller performance when compared to the standard op-

timal control modification controller. Kinematic performance of the missile was investig-

ated and the results were presented as a performance envelope. Missile kinematic per-

formance were evaluated with both baseline controller and normalised optimal control

modification with co-variance adjustment. It was observed that the missile with adaptive

controller was highly manoeuvrable and was capable of countering very close targets and
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yielded the largest performance envelope for engagement against constant-speed, weaving

and constant-manoeuvre target.

7.1 Recommendations and Future Work

It is recommended that future works focus on applying the adaptive controller on an ex-

panded aerodynamic model that includes lower flight speed and high sideslip angles. Fur-

thermore, full state feedback is an ideal assumption since the philosophy in missile design

is to have as few sensors as possible, therefore it is recommended that a state estimator

for the DAC missile be designed and implemented with the adaptive controller to evaluate

controller performance in a more practical setting. A high-fidelity servo model for both

tail-fins and canards is recommended to ensure that the adaptive controller still has accept-

able stability margins when integrated with a realistic actuator. The performance envelope

presented in this study is limited to the terminal phase, it is recommended that with the

availability of a full-range aerodynamic model a more detailed action volume be regen-

erated with the current controller configuration to obtain a high confidence performance

envelope.
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Appendix A

Aero Model Coefficients

Table A.1: Normal and Side force aerodynamic coefficients for equation 2.192.19

Normal Force Coefficient Value Side Force Coefficient Value

CNα 0.2020 CSβ
0.2020

CNα|α| 0.0111 CSβ|β| 0.0111

CN
α3 −1.131 · 10−5 CS

β3 −1.131 · 10−5

CN
αβ2 2.73782 · 10−4 CS

α2 |β|
2.73782 · 10−4

CNδc
q

6.554 · 10−2 CSδc
q

−6.554 · 10−2

CNαδc
q

−8.846 · 10−4 CSβδc
q

8.846 · 10−4

CN
β2δc

q
2.74617 · 10−4 CS

α2δc
q

−2.74617 · 10−4

CN
δt
q

6.961 · 10−2 CS
δt
q

−6.961 · 10−2

CN
β2δt

q
2.746 · 10−4 CS

βδt
q

−4.066 · 10−4

CN
δt
qδc

q
−4.040 · 10−4 CS

δt
qδc

q
4.040 · 10−4

CNq 5.734 · 10−1 CSr 5.734 · 10−1

CNα̇ −2.781 · 10−2 CSβ̇
−2.781 · 10−2

The pitching moment due to canard effect Cm
δt
q

is given as follows:

Cmδc
q
(α) =



n1

∑
k=1

Ck
mαδc

q
e
−

 α−αk
δc
q

∆αk
δc
q

2

α ≥ 0

n1

∑
k=1

2Ck
mαδc

q
e
−

 α−αk
δc
q

∆αk
δc
q

2

− Ck
mαδc

q
e
−

 |α|−αk
δc
q

∆αk
δc
q

2

α < 0

(A.1)
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The pitching moment due to tail effect Cm
δt
q

is given as follow:

Cm
δt
q
(α) =


C0

m
αδt

q
+

n2

∑
k=1

Ck
m

αδt
q
(α)k α ≥ 0

2C0
m

αδt
q
−

n2

∑
k=1

Ck
m

αδt
q
(|α|)k α < 0

(A.2)

The yawing moment due to canard effect Cnδc
r
(β) is given as follow:

Cnδc
r
(β) =



n1

∑
k=1

Ck
nβδc

r
e
−

 β−βk
δc
r

∆βk
δc
r

2

β ≥ 0

n1

∑
k=1

2Ck
nβδc

r
e
−

 β−βk
δc
r

∆βk
δc
r

2

− Ck
nβδc

r
e
−

 |β|−βk
δc
r

∆βk
δc
r

2

β < 0

(A.3)

The yawing moment due to yaw effect Cn
δt
r
(β) is given as follow:

Cn
δt
r
(β) =


C0

n
βδt

r
+

n2

∑
k=1

Ck
n

βδt
r
(β)k β ≥ 0

2C0
n

βδt
r
−

n2

∑
k=1

Ck
n

βδt
r
(|β|)k β < 0

(A.4)
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Table A.2: Pitching and yawing moment aerodynamic coefficients for equations 2.202.20.

Pitch Moment Coefficients Value Yaw Moment Coefficients Value

Cmα 0.1373 Cnβ
−0.1373

Cmα|α| −1.020 · 10−2 Cnβ|β| 1.020 · 10−2

Cm
α3 −6.864 · 10−5 Cn

β3 6.864 · 10−5

Cm
αβ2 −4.676 · 10−4 Cn

α2β
4.676 · 10−4

Cm
β2δc

q
−1.148 · 10−3 −1.148 · 10−3

Cm
β2δt

q
−1.148 · 10−3 −1.148 · 10−3

C1
mαδc

q
1.112 · 10−1 C1

nβδc
q

1.112 · 10−1

C2
mαδc

q
1.067 · 10−1 C2

nβδc
q

1.067 · 10−1

C3
mαδc

q
7.037 · 10−1 C3

nβδc
q

7.037 · 10−1

α1
δc

q
1.852 β1

δc
q

1.852

α2
δc

q
−2.463 β2

δc
q

−2.463

α3
δc

q
321.2 β3

δc
q

321.2

Cm
δc
qδt

q
2.800 · 10−3 Cn

δt
qδc

q
2.800 · 10−3

∆α1
δc

q
2.754 ∆β1

δc
q

2.754

∆α2
δc

q
10.740 ∆β2

δc
q

10.740

∆α3
δc

q
330.7 ∆β3

δc
q

330.7

C0
m

αδt
q

−5.014 · 10−1 C0
n

βδt
q

−5.014 · 10−1

C1
m

αδt
q

3.520 · 10−3 C1
n

βδt
q

3.520 · 10−3

C2
m

αδt
q

1.384 · 10−4 C2
n

βδt
q

1.384 · 10−4

C3
m

αδt
q

−1.705 · 10−5 C3
n

βδt
q

−1.705 · 10−5

C3
m

αδt
q

1.916 · 10−7 C4
n

βδt
q

1.916 · 10−7

Cm
β2δc

q
−1.148 · 10−3 Cn

α2δc
q

−1.148 · 10−3

Cm
β2δt

q
−1.148 · 10−3 Cn

α2δt
q

−1.148 · 10−3

Cmq −18.560 Cmr −18.560

Cmα̇ −1.405 Cmβ̇
1.405

Induced rolling moment due to wind angles Cli is given as follow:

Cli(α, β) = sin(4φa)(Cli01 β2 + Cli21 α2 + Cli41 α4 + Cli61 α6)

+ sin(8φa)(Cli02 β2 + Cli22 α2 + Cli42 α4 + Cli62 α6)
(A.5)

Induced rolling moment to canard yaw Clαδc
r

is given as follows:

Clαδc
r
(α) =

n4

∑
k=1

Clαδc
r

sin(ωk
αδc

r
α + φk

αδc
r
) (A.6)
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Induced rolling moment to canard yaw Clαδc
q

is given as follows:

Clβδc
q
(β) =

n4

∑
k=1

Clβδc
q

sin(ωk
βδc

q
β + φk

βδc
q
) (A.7)

Rolling moment due to roll deflection Clβδp
is given as follows:

Clαδp
(αT) =

n6

∑
k=1

ClαT δp
e

αT−∆ααT δp
∆ααT δp (A.8)
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Table A.3: Rolling moment aerodynamic coefficients for equations 2.222.22.

Roll Moment Coefficients Value Roll Moment Coefficients Value

Cli01 4.074 · 10−4 Cli21 1.934 · 10−4

Cli41 −4.948 · 10−7 Cli61 3.305 · 10−10

Cli02 1.697 · 10−4 Cli22 6.984 · 10−5

Cli42 −3.296 · 10−7 Cli62 4.303 · 10−10

C1
lαδc

r
4.868 · 10−2 C2

lαδc
r

1.933 · 10−2

C3
lαδc

r
9.041 · 10−3 C4

lαδc
r

4.599 · 10−3

C5
lαδc

r
2.854 · 10−3 C6

lαδc
r

2.799 · 10−3

C7
lαδc

r
1.895 · 10−3 ω1

lαδc
r

7.826 · 10−2

ω2
lαδc

r
1.587 · 10−1 ω3

lαδc
r

3.141 · 10−1

ω4
lαδc

r
4.712 · 10−1 ω5

lαδc
r

7.855 · 10−1

ω6
lαδc

r
6.283 · 10−1 ω7

lαδc
r

9.425 · 10−1

φ1
lαδc

r
2.647 φ2

lαδc
r

−1.970

φ3
lαδc

r
−2.654 φ4

lαδc
r

2.436 · 10−1

φ5
lαδc

r
−2.433 φ6

lαδc
r

2.315

φ7
lαδc

r
−1.071 C1

lβδc
q

4.868 · 10−2

C2
lβδc

q
1.933 · 10−2 C3

lβδc
q

9.041 · 10−3

C4
lβδc

q
4.599 · 10−3 C5

lβδc
q

2.854 · 10−3

C6
lβδc

q
2.799 · 10−3 C7

lβδc
q

1.895 · 10−3

ω1
lβδc

q
7.826 · 10−2 ω2

lβδc
q

1.587 · 10−1

ω3
lβδc

q
3.141 · 10−1 ω4

lβδc
q

4.712 · 10−1

ω5
lβδc

q
7.855 · 10−1 ω6

lβδc
q

6.283 · 10−1

ω7
lβδc

q
9.425 · 10−1 φ1

lβδc
q

2.647

φ2
lβδc

q
−1.970 φ3

lβδc
q

−2.654

φ4
lβδc

q
2.436 · 10−1 φ5

lβδc
q

−2.433

φ6
lβδc

q
2.315 φ7

lβδc
q

−1.071

C1
lαTδp

5.441 · 10−2 C2
lαTδp

1.215 · 10−1

C3
lαTδp

−56.8 α2
lTδp

2.317

α3
lTδp

20.18 ∆α1
Tδp

29.08

∆α2
Tδp

77.93 ∆α3
Tδp

5.328

Clp −1.935
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Table A.4: Drag force aerodynamic coefficients for equations 2.212.21.

Drag Force Coefficient Value Drag Force Coefficient Value

CA0 4.362 · 10−1 CAα
3.886 · 10−3

CAβ
3.886 · 10−3 CA

α2 −7.642 · 10−4

CA
α3 2.111 · 10−6 ∆CAb 1.0612 · 10−1

CAδc
q

2.266 · 10−2 CAαδc
q

1.348 · 10−3

CAβδc
q

1.001 · 10−5 CAδc
r

2.266 · 10−2

CAαδc
q

1.001 · 10−5 CAβδc
r

1.348 · 10−3

CAδp
2.720 · 10−2 CA

δt
q

−2.282 · 10−2

CA
αδt

q
1.904 · 10−3 CA

α2δt
q

−2.708 · 10−5

CA
βδt

q
1.011 · 10−5 CA

δt
r

−2.282 · 10−2

CA
αδt

r
1.011 · 10−5 CA

α2δt
r

−1.001 · 10−6

CA
βδt

r
1.904 · 10−3 CA

δc
qδt

q
1.600 · 10−3

CA
αδc

qδt
q

2.227 · 10−5 CA
δc
q

2δt
q

5.000 · 10−5

CA
δc
qδt

q
2 −5.000 · 10−5 CA

δc
r δt

r
1.600 · 10−3

CA
βδc

r δt
r

2.227 · 10−5 CA
δc
r

2δt
r

5.000 · 10−5

CA
δc
r δt

r
2 −5.000 · 10−5
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