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We investigate the radial injection of a shear-thinning fluid, initially occupying a disk of a given 
radius, into the narrow gap between two parallel plates, displacing a viscous Newtonian fluid. In 
the Newtonian analogue, the Saffman-Taylor fingering instability occurs when a more viscous fluid 
is displaced by a less viscous one. Further complications arise when the displacing fluid is shear

thinning because its viscosity increases with radial distance from the source. A linear stability 
analysis, in which sinusoidal perturbations to the interface between the two fluids are considered, 
shows that each disturbance, characterised by a mode number, has a corresponding radius that 
governs the stability of that mode. These radii increase with mode number, approaching a critical 
radius. If the radius of the initial disk is greater than this critical radius, all modes are stable and the 
fingering instability is suppressed. This critical radius depends on the ratio of the viscosity of the 
displaced Newtonian fluid and another viscosity corresponding to the shear-thinning fluid, which 
we will refer to as the effective viscosity. The theoretical results are contrasted with observations 
from laboratory experiments. Significant discrepancies between theory and experiment suggest 
that the underlying physics governing stability is not yet fully understood. We consider various 
improvements to the model, and by once again comparing theory and experiment, we show 
that surface tension does not appear to play a pivotal role, but that wall-slip potentially leads 
to substantial changes in the theoretical predictions.

1. Introduction

When a less viscous fluid invades a more viscous one in a narrow gap between two boundaries or within a porous medium, 
the interface between the two fluids can become unstable, and any protrusions of the less viscous fluid into the more viscous one 
can develop into extended fingers. The mechanism behind the development of these fingers is due to the driving pressure gradient 
having a greater magnitude in the more viscous displaced fluid than in the less viscous intruding one. As a result, any protrusion 
of the more mobile, less viscous fluid into the higher-viscosity, less mobile ambient, which has a greater driving pressure gradient, 
will advance further than the surrounding ambient fluid, forming an extended finger. In each fluid, the pressure gradients depend on 
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viscous transverse stresses, typical of shear-dominated flows. Although this phenomenon, commonly referred to as the Saffman-Taylor 
instability [1], dates back to the late 1950s, it remains of fundamental interest and continues to be relevant in areas such as enhanced 
oil recovery [2].

Earlier studies on Saffman-Taylor instabilities have been undertaken for Newtonian fluids in two-dimensional [3,4] and axisym

metric geometries [5,6]. However, they are also known to occur in non-Newtonian fluids, and have been observed in more recent 
Hele-Shaw cell experiments where a less viscous Newtonian fluid intrudes into either a yield-stress fluid [7--9] or a shear-thinning 
fluid [10--12] within a narrow gap.

Theoretical treatments of such systems often involve using a modified version of Darcy’s law to describe the non-Newtonian 
flow (see [13] for example) while neglecting the viscosity of the less viscous, displacing Newtonian fluid. Studies adopting this 
approach have been undertaken to model the displacement of a non-Newtonian fluid by an inviscid fluid in radial geometries and in 
2-D channels [14--16]. Theoretical developments have progressed to the case where the displacing fluid is replaced by another non

Newtonian fluid [17--19]. In general, the non-Newtonian effects modify the fingering pattern by suppressing tip-splitting and creating 
sideways branches (see [20] for example). An alternative to the modified Darcy’s law approach for such systems was provided by 
Wilson [21], who developed a theoretical model for the displacement of a non-Newtonian fluid by air within a 2-D geometry, using 
the thinfilm equations with the viscosity of the non-Newtonian fluid described using either an Oldroyd or power-law model. The 
dynamics of the air were neglected, and a linear stability analysis was performed on the thinfilm equations and boundary conditions 
to derive the stability criteria.

Although Saffman-Taylor instabilities have been thoroughly investigated for a variety of flow configurations, in the current paper, 
we consider a setup that has not been subjected to critical examination. In particular, we adopt a similar approach to that of Wilson 
[21], but instead, we examine the radial displacement of a viscous Newtonian fluid by a shear-thinning power-law fluid within a 
Hele-Shaw cell. This is essentially the reverse configuration of the more well-studied case in which a non-Newtonian fluid is displaced 
by a less viscous Newtonian one. In contrast to the 2-D channel flows explored by Wilson [21], further complications arise in this 
axisymmetric configuration due to the viscosity of the shear-thinning fluid increasing with radial distance from the source as a result 
of the fluid velocity decreasing radially. Consequently, the initial injection radius becomes important in determining whether or not 
Saffman-Taylor instabilities are a feature of these flows at early times. In addition, when fingers do form at early times, as they 
continue to grow within the ambient fluid, the viscosity of the fingers themselves increases and they become less mobile, suggesting 
suppression at later stages, and perhaps even a return to axisymmetric flow. Unlike Wilson’s model and many others mentioned 
earlier, we do not neglect the dynamics of the Newtonian fluid and instead impose appropriate conditions at the fluidfluid interface, 
allowing for a more complete description of the fluid flow. We also compare the results from some laboratory experiments to the 
predictions from the mathematical model and propose further improvements to the mathematical model.

The current research will begin with the thinfilm equations governing the flow in a Hele-Shaw cell to describe the radial injection 
of a shear-thinning fluid, which initially starts with a finite injection radius 𝑎0 , into a narrow gap containing a viscous Newtonian 
fluid. Using a linear stability analysis, we derive an expression for the critical radius of injection 𝑎𝑐 which is determined by a ratio 
of viscosities corresponding to the Newtonian fluid and the shear-thinning fluid. Unlike the Newtonian fluid where the viscosity 
is constant, the viscosity corresponding to the shear-thinning fluid defined in this ratio, which will be referred to as the effective 
viscosity, depends on radial distance from the source. We find that for 𝑎0 > 𝑎𝑐 , which corresponds to the case where the effective 
viscosity of the shear-thinning fluid at the (initial) interface is larger than that of the Newtonian fluid, viscous fingers do not form 
and the flow remains stable for all time. Our linear stability analysis also shows that each sinusoidal interfacial disturbance of mode 
number 𝑘 = 2,3... has an associated critical radius 𝑎𝑘 , where for 𝑎𝑘 < 𝑎0 < 𝑎𝑘+1, all modes 𝑚 ≤ 𝑘 are stable, while modes 𝑚 > 𝑘 are 
initially unstable. The sequence of critical radii 𝑎𝑘 is an increasing function of 𝑘 and bounded above by 𝑎𝑐 .

The next part of this research focuses on laboratory experiments in which a shear-thinning fluid called Xanthan gum is injected 
radially into the narrow gap between two glass plates, displacing a viscous silicone oil. Parameters such as the input flux, the initial 
radius of injection 𝑎0, and the viscosity of the silicone oil were varied. We compare the critical radius 𝑎𝑐 , derived theoretically, to what 
we observe experimentally. We will see that there are significant discrepancies between theory and experiment, which we attempt 
to resolve by adjusting the theoretical model to include surface tension and wall-slip. It is worth noting that laboratory experiments 
involving the displacement of silicone oil by Xanthan gum within a fracture have been undertaken [22], but in a different setup to 
the one explored in the current work.

To the best of my knowledge, there has been little direct investigation into the situation described here. Perhaps the closest related 
research articles are the purely theoretical studies by Pascal [23,24] and Sader et al. [25]. Pascal developed a mathematical model 
for the radial displacement of either a non-Newtonian [24] or Newtonian fluid [23] by an intruding non-Newtonian fluid within a 
porous medium. A modified Darcy’s law was used to describe the non-Newtonian flow behaviour, and interfacial surface tension was 
neglected. Hele-Shaw flows are analogous to porous media flows, so we expect the stability criteria deduced by Pascal to also apply 
to Hele-Shaw flows. Although our approach to modelling the flow in a Hele-Shaw cell differs in that we use the thinfilm equations 
as opposed to a modified Darcy’s law, as well as incorporating surface tension at a later stage, we will see that the stability criteria 
are consistent when surface tension is considered negligible. Sader et al. [25] investigated the intrusion of an inviscid fluid into a 
non-Newtonian power-law fluid in a radial Hele-Shaw cell, where the dynamics of the inviscid fluid were neglected. If the dynamics 
of the displacing fluid were retained and the viscosity non-zero, this would be the reverse configuration of the problem addressed 
in the current work. The linear stability analysis predicted the existence of a critical injection radius below which the flow would 
always be stable. As a consequence of neglecting the dynamics of the displacing fluid, this critical radius depended only on the surface 
tension at the fluidfluid interface and not on the viscosity ratio - an important feature of the Hele-Shaw flows we investigate.
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Fig. 1. Displacement of a high-viscosity Newtonian fluid in a narrow gap of size 2𝐻 by a shear-thinning fluid released from a point source at a constant flux 𝑄. Polar 
coordinates (𝑟, 𝜃, 𝑧) are used with the injection point located at 𝑟 = 0. The shear-thinning fluid and the Newtonian fluid occupy Regions 1 and 2 respectively, where 
𝑟 = 𝑠(𝜃, 𝑡) is the interface between the two fluids.

This paper is presented as follows. In Section 2, the theoretical model which consists of the governing equations in each of the 
two fluids, as well as the interface conditions, is derived. A linear stability analysis is performed, and the critical radius of injection 
as well as the critical radius for each mode is obtained. In Section 3, the predictions from the theoretical model are compared with 
experimental observations. In Section 4, various improvements to the theoretical model are considered, and conclusions are given in 
Section 5.

2. Mathematical model

A shear-thinning fluid is injected from a small circular hole at a constant flux 𝑄 into a narrow gap of size 2𝐻 between two parallel 
plates. The fluid, which initially occupies a disk of radius 𝑎0 at time 𝑡 = 0, displaces a viscous Newtonian fluid as it spreads radially 
outward, as shown in Fig. 1. For now, we assume the shear-thinning fluid displaces the Newtonian fluid completely, maintaining 
contact with the cell walls, where the no-slip condition applies. We will use polar coordinates (𝑟, 𝜃, 𝑧) orientated so that the injection 
point is located at 𝑟 = 0, and the walls of the Hele-Shaw cell are at 𝑧 = ±𝐻 . In this setup, we define Region 1, 0 < 𝑟 < 𝑠(𝜃, 𝑡), as the 
domain occupied by the shear-thinning fluid, and Region 2, 𝑠(𝜃, 𝑡) < 𝑟 <∞, as the region filled by the displaced Newtonian fluid, 
with the fluidfluid interface located at 𝑟 = 𝑠(𝜃, 𝑡). 

We first consider Region 1, 0 < 𝑟 < 𝑠(𝜃, 𝑡), occupied by the shear-thinning fluid. The velocity in the 𝑧 direction is negligible. Let the 
𝑟 and 𝜃 components of the velocity be denoted by 𝑢(𝑟, 𝜃, 𝑧) and 𝑣(𝑟, 𝜃, 𝑧) respectively, and the fluid pressure by 𝑝(𝑟, 𝜃, 𝑧). Sufficiently 
far from the source, where 𝑟 ≫ 2𝐻 , we invoke the thinfilm approximation, in which vertical gradients of shear stress are balanced 
by radial and azimuthal pressure gradients. Along with conservation of mass, the governing equations are

𝜕𝑝

𝜕𝑟 
= 𝜕

𝜕𝑧

(
𝜇(𝑟, 𝜃, 𝑧) 𝜕𝑢 

𝜕𝑧

)
, (1)

1
𝑟 
𝜕𝑝 
𝜕𝜃

= 𝜕

𝜕𝑧

(
𝜇(𝑟, 𝜃, 𝑧)𝜕𝑣

𝜕𝑧 

)
, (2)

𝜕𝑝 
𝜕𝑧

= 0, (3)

𝜕𝑢

𝜕𝑟 
+ 𝑢

𝑟 
+ 1
𝑟 
𝜕𝑣 
𝜕𝜃

= 0. (4)

The viscosity 𝜇(𝑟, 𝜃, 𝑧) of the shear-thinning fluid is modelled using a power-law of the form

𝜇(𝑟, 𝜃, 𝑧) =𝑚

[1
2
𝑒𝑖𝑗𝑒𝑖𝑗

](1−𝑛)∕2𝑛
, (5)

where 𝑛 is the power-law index, 𝑚 is the consistency factor, and 𝑒𝑖𝑗 is the rate-of-strain tensor. Within the lubrication approximation, 
the viscosity (5) reduces to

𝜇(𝑟, 𝜃, 𝑧) = 21−1∕𝑛𝑚
[(

𝜕𝑢 
𝜕𝑧

)2
+
(
𝜕𝑣

𝜕𝑧 

)2](1−𝑛)∕2𝑛
. (6)

Note that 𝑛 = 1 describes Newtonian fluids, and shear-thickening fluids satisfy 0 < 𝑛 < 1. We will only be concerned with shear

thinning fluids where 𝑛 > 1.

From (3), 𝑝 is independent of 𝑧 and so we can integrate equations (1) and (2) with respect to 𝑧. From vertical symmetry of the 
setup we infer that

𝜕𝑢 
𝜕𝑧

(𝑟, 𝜃,0) = 0, 𝜕𝑣

𝜕𝑧 
(𝑟, 𝜃,0) = 0,
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and therefore, the constants of integration are zero, resulting in

𝑧
𝜕𝑝

𝜕𝑟 
= 21−1∕𝑛𝑚

[(
𝜕𝑢 
𝜕𝑧

)2
+
(
𝜕𝑣

𝜕𝑧 

)2](1−𝑛)∕2𝑛 𝜕𝑢 
𝜕𝑧
, (7)

𝑧

𝑟 
𝜕𝑝 
𝜕𝜃

= 21−1∕𝑛𝑚
[(

𝜕𝑢 
𝜕𝑧

)2
+
(
𝜕𝑣

𝜕𝑧 

)2](1−𝑛)∕2𝑛 𝜕𝑣
𝜕𝑧 

. (8)

The boundary conditions at each plate are the no-slip conditions,

𝑢(𝑟, 𝜃,±𝐻) = 0, 𝑣(𝑟, 𝜃,±𝐻) = 0. (9)

In the calculations that follow, we will consider the top half 0 ≤ 𝑧 ≤𝐻 only.

2.1. The base flow

Our first task is to derive the base flow solution with velocity (𝑢0(𝑟, 𝑧),0) and pressure 𝑝0(𝑟) by assuming the flow spreads axisym

metrically. The disk occupied by the shear-thinning fluid has time-dependent radius

𝑎(𝑡) =
√
𝑎20 +

𝑄𝑡 
2𝜋𝐻

,

and mass conservation imposes the constraint

𝑢̄0(𝑟) =
𝑄 

4𝜋𝐻𝑟
, 0 < 𝑟 ≤ 𝑎(𝑡), where 𝑢̄0(𝑟) =

1 
𝐻

𝐻

∫
0 

𝑢0(𝑟, 𝑧)𝑑𝑧 (10)

is the depth-averaged radial velocity. Setting 𝑣 = 0 and solving (7) subject to (9) and (10) gives the radial velocity

𝑢0(𝑟, 𝑧) =
𝑛+ 2
𝑛+ 1

𝑄 
4𝜋𝐻𝑟

[
1 −

(
𝑧 
𝐻

)𝑛+1]
, (11)

radial pressure gradient

𝑑𝑝0
𝑑𝑟 

= −21−1∕𝑛𝑚
[
(𝑛+ 2)𝑄 
4𝜋𝐻𝑛+2𝑟

]1∕𝑛
, (12)

and viscosity

𝜇0(𝑟, 𝑧) =𝑚

[
8𝜋𝐻2𝑟 
(𝑛+ 2)𝑄

]1−1∕𝑛 [
𝐻

𝑧 

]𝑛−1
. (13)

From (13) we see that the viscosity is infinite along the centreline 𝑧 = 0, which is a consequence of using a power-law viscosity model 
with 𝑛 > 1. The minimum viscosity is attained at the walls when 𝑧 =𝐻 ,

𝜇𝑚𝑖𝑛(𝑟) =𝑚

[
8𝜋𝐻2𝑟 
(𝑛+ 2)𝑄

]1−1∕𝑛
, (14)

where the shear is the greatest.

Before introducing a perturbation to the base flow, we define the following dimensionless variables:

𝑍 = 𝑧 
𝐻
, 𝑅 = 𝑟 

𝑎0
, 𝐴 = 𝑎 

𝑎0
, 𝑆 = 𝑠 

𝑎0
, 𝑇 = 𝑡 

4𝜋𝐻𝑎20∕𝑄
,

𝑈 = 𝑢 
𝑄∕(4𝜋𝐻𝑎0)

, 𝑉 = 𝑣 
𝑄∕(4𝜋𝐻𝑎0)

,

𝑀 = 𝜇

𝜇𝑚𝑖𝑛(𝑎0)
, 𝑃 = 𝑝 

𝑄𝜇𝑚𝑖𝑛(𝑎0)∕(4𝜋𝐻3)
, (15)

where 𝜇𝑚𝑖𝑛(𝑎0), obtained by setting 𝑟 = 𝑎0 in (14), is used to non-dimensionalise the viscosity. In terms of the dimensionless variables 
(15), the base flow solution given by (11), (12) and (13) is

𝑈0(𝑅,𝑍) = 𝑛+ 2
𝑛+ 1

1 
𝑅

(
1 −𝑍𝑛+1) , 𝑑𝑃0

𝑑𝑅 
= −(𝑛+ 2)𝑅−1∕𝑛, (16)

𝑀0(𝑅,𝑍) =𝑅1−1∕𝑛𝑍1−𝑛, (17)

with the interface evolving with 𝑇 as

𝐴(𝑇 ) =
√
1 + 2𝑇 .



Applied Mathematical Modelling 147 (2025) 116206

5

A.J. Hutchinson 

The governing equations (7) and (8) become

𝑍
𝜕𝑃

𝜕𝑅 
=𝑀

𝜕𝑈 
𝜕𝑍

, 𝑍

𝑅 
𝜕𝑃

𝜕𝜃 
=𝑀

𝜕𝑉 
𝜕𝑍

, (18)

where the viscosity in (6) has the dimensionless form

𝑀 = (𝑛+ 2)1−1∕𝑛
[(

𝜕𝑈 
𝜕𝑍

)2
+
(
𝜕𝑉 
𝜕𝑍

)2](1−𝑛)∕2𝑛
. (19)

The continuity equation (4) is invariant under the transformations in (15).

2.2. First-order perturbations

We now consider perturbations to the base flow of the form

𝑆(𝜃, 𝑇 ) =𝐴(𝑇 ) + 𝜁(𝜃, 𝑇 ),

𝑃 (𝑅,𝜃,𝑇 ) = 𝑃0(𝑅) + 𝑃1(𝑅,𝜃,𝑇 ),

𝑈 (𝑅,𝜃,𝑍,𝑇 ) =𝑈0(𝑅,𝑍) +𝑈1(𝑅,𝜃,𝑍,𝑇 ),

𝑉 (𝑅,𝜃,𝑍,𝑇 ) = 𝑉1(𝑅,𝜃,𝑍,𝑇 ),

𝑀(𝑅,𝜃,𝑍,𝑇 ) =𝑀0(𝑅,𝑍) +𝑀1(𝑅,𝜃,𝑍,𝑇 ). (20)

Substituting the perturbation expansions for the velocity components 𝑈 and 𝑉 in (20) into (19) yields

𝑀 = (𝑛+ 2)1−1∕𝑛
[(

𝜕𝑈0
𝜕𝑍 

+
𝜕𝑈1
𝜕𝑍 

)2
+
(
𝜕𝑉1
𝜕𝑍 

)2
](1−𝑛)∕2𝑛

= (𝑛+ 2)1−1∕𝑛
|||| 𝜕𝑈0
𝜕𝑍 

||||(1−𝑛)∕𝑛
[
1 + 2

(
𝜕𝑈0
𝜕𝑍 

)−1
𝜕𝑈1
𝜕𝑍 

+ ...

](1−𝑛)∕2𝑛

and expanding to first order leads to

𝑀 ≈ (𝑛+ 2)1−1∕𝑛
|||| 𝜕𝑈0
𝜕𝑍 

||||(1−𝑛)∕𝑛
[
1 + 1 − 𝑛

𝑛 

(
𝜕𝑈0
𝜕𝑍 

)−1
𝜕𝑈1
𝜕𝑍 

]
. (21)

From (16) and (17),

𝑀0 = (𝑛+ 2)1−1∕𝑛
||||𝜕𝑈0
𝜕𝑍 

||||(1−𝑛)∕𝑛 ,
and from (21) we obtain

𝑀1 =
1 − 𝑛

𝑛 
𝑀0

(
𝜕𝑈0
𝜕𝑍 

)−1
𝜕𝑈1
𝜕𝑍 

.

By noting that

𝑀1
𝜕𝑈0
𝜕𝑍 

= 1 − 𝑛

𝑛 
𝑀0

𝜕𝑈1
𝜕𝑍 

,

substituting the expansions (20) into (18) and the dimensionless form of (4), the zeroth-order equations are identically satisfied, and 
we obtain the governing equations

𝑍
𝜕𝑃1
𝜕𝑅 

= 1
𝑛 
𝑀0

𝜕𝑈1
𝜕𝑍 

, 𝑍

𝑅 
𝜕𝑃1
𝜕𝜃 

=𝑀0
𝜕𝑉1
𝜕𝑍 

, (22)

𝜕𝑈1
𝜕𝑅 

+
𝑈1
𝑅 

+ 1 
𝑅

𝜕𝑉1
𝜕𝜃 

= 0, (23)

for the perturbations, which must be solved subject to the dimensionless no-slip boundary condition

𝑈1(𝑅,𝜃,1, 𝑇 ) = 0, 𝑉1(𝑅,𝜃,1, 𝑇 ) = 0. (24)

To derive an equation for the pressure 𝑃1, we integrate (22) and use the no-slip condition (24) to obtain 𝑈1 and 𝑉1, from which we 
can determine the average velocities:

𝑈1 = − 𝑛 
𝑛+ 2

𝑅1∕𝑛−1 𝜕𝑃1
𝜕𝑅 

, 𝑉 1 = − 1 
𝑛+ 2

𝑅1∕𝑛−2 𝜕𝑃1
𝜕𝜃 

. (25)

Upon substitution of these averaged quantities into the dimensionless averaged form of the continuity equation in (23), namely,
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𝜕

𝜕𝑅
(𝑅𝑈 1) +

𝜕𝑉 1
𝜕𝜃 

= 0,

we obtain

𝜕

𝜕𝑅

(
𝑛𝑅1∕𝑛 𝜕𝑃1

𝜕𝑅 

)
+𝑅1∕𝑛−2 𝜕

2𝑃1
𝜕𝜃2

= 0. (26)

Equation (26) is equivalent to the result derived by Pascal [24] for porous media flows.

We can derive the corresponding expressions for Region 2, 𝑠(𝜃, 𝑡) < 𝑟, by setting 𝑛 = 1 and by replacing the viscosity with the 
dimensionless ratio 𝜇𝑁∕𝜇𝑚𝑖𝑛(𝑎0). We will use a superscript (𝑁) to denote the variables in Region 2. The dimensionless base flow and 
first order perturbation average velocities are

𝑈
(𝑁)
0 = 3

2
1 
𝑅

(
1 −𝑍2) , 𝑑𝑃

(𝑁)
0
𝑑𝑅 

= −
3𝜇𝑁

𝜇𝑚𝑖𝑛(𝑎0)
1 
𝑅
, (27)

𝑈
(𝑁)
1 = −

𝜇𝑚𝑖𝑛(𝑎0)
3𝜇𝑁

𝜕𝑃
(𝑁)
1
𝜕𝑅 

, 𝑉
(𝑁)
1 = −

𝜇𝑚𝑖𝑛(𝑎0)
3𝜇𝑁

1 
𝑅

𝜕𝑃
(𝑁)
1
𝜕𝜃 

, (28)

respectively, and the pressure 𝑃 (𝑁)
1 satisfies the Laplace equation

𝑅
𝜕

𝜕𝑅

(
𝑅
𝜕𝑃

(𝑁)
1
𝜕𝑅 

)
+
𝜕2𝑃 (𝑁)

1
𝜕𝜃2

= 0. (29)

2.3. Interface conditions

At the interface between the two fluids, we impose the conditions

𝐷

𝐷𝑡
(𝑟− 𝑠(𝜃, 𝑡))|𝑟=𝑠(𝜃,𝑡) = 0, (𝑝− 𝑝(𝑁))|||𝑟=𝑠(𝜃,𝑡) = 0, (30)

where the first condition is implemented in an averaged sense, using the average velocities. In terms of the dimensionless variables 
(15), (30) becomes

𝑈 − 1 
𝑅

𝜕𝑆

𝜕𝜃 
𝑉 = 𝜕𝑆

𝜕𝑇 
=𝑈

(𝑁)
− 1 
𝑅

𝜕𝑆

𝜕𝜃 
𝑉

(𝑁)
, 𝑃 − 𝑃 (𝑁) = 0, 𝑅 = 𝑆(𝜃, 𝑇 ),

which we expand about 𝑅 =𝐴(𝑇 ):

𝑈
|||𝑅=𝐴 + 𝜕𝑈

𝜕𝑅 

|||||𝑅=𝐴 𝜁 − 1 
𝐴
𝑉
|||𝑅=𝐴 𝜕𝜁

𝜕𝜃 
+𝑂(𝜁2) =𝐴′(𝑇 ) + 𝜕𝜁 

𝜕𝑇

= 𝑈
(𝑁)||||𝑅=𝐴 + 𝜕𝑈

(𝑁)

𝜕𝑅 

||||||𝑅=𝐴 𝜁 −
1 
𝐴
𝑉

(𝑁)||||𝑅=𝐴 𝜕𝜁

𝜕𝜃 
+𝑂(𝜁2),

𝑃 |𝑅=𝐴 + 𝜕𝑃

𝜕𝑅 
||||𝑅=𝐴 𝜁 +𝑂(𝜁2) = 𝑃 (𝑁)|||𝑅=𝐴 + 𝜕𝑃 (𝑁)

𝜕𝑅 
||||𝑅=𝐴 𝜁 +𝑂(𝜁2). (31)

We now insert the perturbation expansions for the average velocities and fluid pressures,

𝑈 =𝑈0 +𝑈1, 𝑉 = 𝑉 1, 𝑃 = 𝑃0 + 𝑃1,

𝑈
(𝑁)

=𝑈
(𝑁)
0 +𝑈

(𝑁)
1 , 𝑉

(𝑁)
= 𝑉

(𝑁)
1 𝑃 (𝑁) = 𝑃

(𝑁)
0 + 𝑃

(𝑁)
1 ,

into the system of equations in (31), which gives to first order

𝑈0
|||𝑅=𝐴 + 𝑈1

|||𝑅=𝐴 +
𝜕𝑈0
𝜕𝑅 

|||||𝑅=𝐴 𝜁 =𝐴′(𝑇 ) + 𝜕𝜁 
𝜕𝑇

= 𝑈
(𝑁)
0

||||𝑅=𝐴 + 𝑈
(𝑁)
1

||||𝑅=𝐴 +
𝜕𝑈

(𝑁)
0

𝜕𝑅 

||||||𝑅=𝐴 𝜁,
𝑃0||𝑅=𝐴 + 𝑃1||𝑅=𝐴 +

𝜕𝑃0
𝜕𝑅 

||||𝑅=𝐴 𝜁 = 𝑃
(𝑁)
0

|||𝑅=𝐴 + 𝑃
(𝑁)
1

|||𝑅=𝐴 +
𝜕𝑃

(𝑁)
0
𝜕𝑅 

||||||𝑅=𝐴 𝜁. (32)

From (16) and (27), the depth-averaged radial velocities of the base flow are given by

𝑈0(𝑅) =
1 
𝑅

=𝑈
(𝑁)
0 (𝑅), (33)
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and at 𝑅 =𝐴(𝑇 ), we have

𝑈0(𝐴) =𝑈
(𝑁)
0 (𝐴) = 1 

𝐴(𝑇 )
=𝐴′(𝑇 ), 

𝑑𝑈0
𝑑𝑅 

|||||𝑅=𝐴 =
𝑑𝑈

(𝑁)
0

𝑑𝑅 

||||||𝑅=𝐴 = −𝐴−2. (34)

From (34), and the expressions for the zeroth-order pressure gradients in (16) and (27), we see that the zeroth-order equations in 
(32) are identically satisfied. Using (33), as well as (25) and (28), gives the first order equations

− 𝑛 
𝑛+ 2

𝐴1∕𝑛−1 𝜕𝑃1
𝜕𝑅 

||||𝑅=𝐴 −𝐴−2𝜁 = 𝜕𝜁 
𝜕𝑇

, (35)

𝑛 
𝑛+ 2

𝐴1∕𝑛−1 𝜕𝑃1
𝜕𝑅 

||||𝑅=𝐴 =
𝜇𝑚𝑖𝑛(𝑎0)
3𝜇𝑁

𝜕𝑃
(𝑁)
1
𝜕𝑅 

||||||𝑅=𝐴 , (36)

𝑃1||𝑅=𝐴 − 𝑃
(𝑁)
1

|||𝑅=𝐴 =
(
−

3𝜇𝑁
𝜇𝑚𝑖𝑛(𝑎0)

𝐴−1 + (𝑛+ 2)𝐴−1∕𝑛
)
𝜁. (37)

2.4. Linear stability analysis

We now proceed with a linear stability analysis in which we consider time-dependent perturbations of the form

𝜁(𝜃, 𝑇 ) = 𝜁𝑘(𝑇 )𝑒𝑖𝑘𝜃, (38)

𝑃1(𝑅,𝜃,𝑇 ) = 𝜙𝑘(𝑇 )𝑒𝑖𝑘𝜃
(

𝑅 
𝐴(𝑇 )

)𝑘𝑀𝑘

, (39)

𝑃
(𝑁)
1 (𝑅,𝜃,𝑇 ) = 𝜙

(𝑁)
𝑘

(𝑇 )𝑒𝑖𝑘𝜃
(

𝑅 
𝐴(𝑇 )

)−𝑘
, (40)

where 𝜁𝑘(𝑇 ), 𝜙𝑘(𝑇 ) and 𝜙(𝑁)
𝑘

(𝑇 ) are functions of 𝑇 , 𝑘 =2, 3, ... and

𝑀𝑘 =
𝑛− 1
2𝑛𝑘 

+ 1 
2𝑛𝑘

√
(𝑛− 1)2 + 4𝑘2𝑛.

Note that in the Newtonian case when 𝑛 = 1, 𝑀𝑘 = 1. The expressions for 𝑃1 and 𝑃 (𝑁)
1 are selected in this way so that equations 

(26) and (29) are satisfied, and so that 𝑃1 is finite at 𝑅 = 0 and 𝑃 (𝑁)
1 is finite as 𝑅→∞. Substituting (38), (39), and (40) into the 

boundary conditions (35), (36), and (37), we obtain

−
𝑛𝑘𝑀𝑘

𝑛+ 2 
𝐴1∕𝑛−2𝜙𝑘 −𝐴−2𝜁𝑘 = 𝜁 ′

𝑘
(𝑇 ), (41)

𝑛𝑀𝑘

𝑛+ 2
𝐴1∕𝑛−1𝜙𝑘 = −

𝜇𝑚𝑖𝑛(𝑎0)
3𝜇𝑁

𝜙
(𝑁)
𝑘

, (42)

𝜙𝑘 − 𝜙
(𝑁)
𝑘

=
(
−

3𝜇𝑁
𝜇𝑚𝑖𝑛(𝑎0)

𝐴−1 + (𝑛+ 2)𝐴−1∕𝑛
)
𝜁𝑘. (43)

Solving (43) for 𝜙(𝑁)
𝑘

and substituting this expression into (42) leads to (see Section 1 in the supplementary Mathematica file 
Suppl1.nb)

𝜙𝑘 =
(𝑛+ 2)𝐴−1∕𝑛 [(𝑛+ 2)𝜇𝑚𝑖𝑛(𝑎0)𝐴− 3𝜇𝑁𝐴1∕𝑛]

3𝑛𝑀𝑘𝜇𝑁𝐴
1∕𝑛 + (𝑛+ 2)𝜇𝑚𝑖𝑛(𝑎0)𝐴 

𝜁𝑘,

which we insert into (41) and simplify further to obtain

𝜁 ′
𝑘
(𝑇 ) = 𝜆𝑘(𝑇 )𝜁𝑘(𝑇 ),

and so

𝜁𝑘(𝑇 ) = 𝜁𝑘(0) exp
⎡⎢⎢⎣

𝑇

∫
0 

𝜆𝑘(𝑇 )𝑑𝑇
⎤⎥⎥⎦ , (44)

where

𝜆𝑘(𝑇 ) =
1 
𝐴2

[
𝑘

𝜇𝑁 − 𝜇𝑒𝑓𝑓 (𝑎0)𝐴1−1∕𝑛

𝜇𝑒𝑓𝑓 (𝑎0)𝐴1−1∕𝑛∕(𝑛𝑀𝑘) + 𝜇𝑁
− 1

]
, (45)

and
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Fig. 2. Plots of 𝜁𝑘∕𝜁0 against scaled time 𝑇 for the smallest wave numbers (left) and larger wave numbers (right). For early times 𝑇 > 0, each mode grows and reaches 
a peak amplitude, after which it decreases asymptotically to zero. Larger wave numbers have greater peak amplitudes, but experience quicker decay.

𝜇𝑒𝑓𝑓 (𝑎0) =
𝑛+ 2
3 

𝜇𝑚𝑖𝑛(𝑎0), (46)

is what we will call the effective viscosity. It is not an average viscosity; due to the implementation of the power-law model, we lose 
the ability to derive a finite-valued expression for the viscosity at 𝑍 = 0, and so obtaining an average across the gap is not possible. 
But we can interpret this effective viscosity as an analogue Newtonian viscosity (at least independent of the vertical coordinate 𝑍) 
by noting that at 𝑇 = 0, using (16) and (27), the ratio of the zero-order pressure gradients is

𝑑𝑃0
𝑑𝑅 

∕
𝑑𝑃

(𝑁)
0
𝑑𝑅 

=
𝜇𝑒𝑓𝑓 (𝑎0)
𝜇𝑁

,

and from (45), whether this ratio - which is a ratio of two viscosities - is less than or greater than one, plays a fundamental role in 
the stability of the system in its early stages, when 𝑇 ≈ 0 and 𝐴 ≈ 1.

We can actually obtain an analytic solution to (44) (see Section 2 in the supplementary Mathematica file Suppl1.nb). In Fig. 2, 
representative plots of the perturbation amplitudes 𝜁𝑘(𝑇 ), each scaled by the same initial amplitude 𝜁0, against dimensionless time 
𝑇 are shown. Each perturbation (barring that of 𝑘 = 2) undergoes an initial increase in amplitude until reaching a peak value, after 
which the amplitudes decrease, tending asymptotically to zero. 

We can study the large time 𝑇 behaviour by rearranging (45),

𝜆𝑘(𝑇 ) =
1 
𝐴2

[
𝑘

𝜇𝑁𝐴
1∕𝑛−1 − 𝜇𝑒𝑓𝑓 (𝑎0) 

𝜇𝑒𝑓𝑓 (𝑎0)∕(𝑛𝑀𝑘) + 𝜇𝑁𝐴
1∕𝑛−1 − 1

]
,

and by noting that 𝐴1∕𝑛−1 → 0 for large 𝑇 , we obtain

𝜆𝑘(𝑇 ) = − 1 
𝐴2

(
𝑘𝑛𝑀𝑘 + 1

)
,

and because 𝑘𝑛𝑀𝑘 = (𝑛 − 1)∕2 + 1∕2
√
(𝑛− 1)2 + 4𝑘2𝑛 is an increasing function of 𝑘, we see that the amplitudes decay rapidly with 

mode number for large 𝑇 . This observation is supported by the plots in Fig. 2.

2.5. Theoretical estimates

One of the aims of this work is to derive theoretical expressions that can be conveniently compared to experimental results. If we 
run a series of laboratory experiments for different initial injection radii 𝑎0 , keeping all other experimental parameters fixed, as a 
consequence of the viscosity of the shear-thinning fluid increasing with radial distance from the source, we expect to find a critical 
radius 𝑎𝑐 where for injection radii 𝑎0 > 𝑎𝑐 the flow is stable and remains that way for all time, and unstable when 𝑎0 < 𝑎𝑐 . We might 
also expect that meeting the condition for instability 𝑎0 < 𝑎𝑐 does not necessarily mean that all modes are unstable, and that there 
might be a critical radius 𝑎𝑘 associated with each mode 𝑘. For those modes that are unstable initially at 𝑇 = 0, from the plots shown 
in Fig. 2, it seems reasonable to assume that for 𝑇 > 0 each mode reaches a peak amplitude with subsequent decay at different times.

In this section, we derive a theoretical expression for the critical radius 𝑎𝑐 that governs the initial stability of the interface, as well 
as the critical radius 𝑎𝑘 for each mode 𝑘. We also obtain an expression for the dimensionless time 𝑇 ∗

𝑘
at which each mode 𝑘 reaches 

its maximum amplitude. These theoretical expressions, particularly 𝑎𝑐 , provide a very convenient means for comparison between 
theory and experiment.

2.5.1. Critical injection radii

To determine the condition for which Saffman-Taylor fingers are expected to form initially, we need to examine the sign of 𝜆𝑘 at 
𝑇 = 0. At 𝑇 = 0 we have
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Fig. 3. Plot of 𝑎𝑘∕𝑎𝑐 against 𝑘 (left), and plots of 𝑎𝑘 (right). We see that 𝑎𝑘 is an increasing function of 𝑘 with an upper limit of 𝑎𝑐 . 

𝜆𝑘(0) = 𝑘
𝜇𝑁 − 𝜇𝑒𝑓𝑓 (𝑎0) 

𝜇𝑒𝑓𝑓 (𝑎0)∕(𝑛𝑀𝑘) + 𝜇𝑁
− 1. (47)

From (47), in order for all modes 𝑘 to be stable, we require 𝜇𝑁 < 𝜇𝑒𝑓𝑓 (𝑎0). The critical injection radius at which 𝜇𝑁 = 𝜇𝑒𝑓𝑓 (𝑎0) is 
given by

𝑎𝑐 =
[

3𝜇𝑁
𝑚(𝑛+ 2)

]𝑛∕(𝑛−1) (𝑛+ 2)𝑄
8𝜋𝐻2 . (48)

Therefore, for injection radii 𝑎0 > 𝑎𝑐 , any interfacial disturbances will quickly decay resulting in axisymmetric flow. Now, for each 
mode 𝑘 to be stable at 𝑇 = 0 we must have 𝜆𝑘(0) < 0, which leads to the critical radius

𝑎𝑘 = 𝑎𝑐

[
𝑛𝑀𝑘(𝑘− 1)
𝑘𝑛𝑀𝑘 + 1 

]𝑛∕(𝑛−1)
, (49)

for each mode 𝑘.

In Fig. 3 representative plots of the critical radius 𝑎𝑘 in (49) scaled by 𝑎𝑐 in (48) are shown. We see that 𝑎𝑘−1 < 𝑎𝑘 < 𝑎𝑘+1 and 
𝑎𝑘 → 𝑎𝑐 as 𝑘→∞. There is a rather sharp increase observed from 𝑘 = 2 to 𝑘 = 10, followed by a more gradual approach to the limiting 
value 𝑎𝑐 . This theoretical result corresponds to the physical situation where if we begin an experiment with an initial injection radius 
within the interval 𝑎𝑘 < 𝑎0 < 𝑎𝑘+1, we expect all modes 𝑘 and smaller to be stable and modes 𝑘+1 and larger to be initially unstable.

2.5.2. Peak amplitudes and decay of viscous fingers

The representative plots in Fig. 2 suggest that each perturbation amplitude 𝜁𝑘 increases initially until it reaches a peak value at, 
say, time 𝑇 ∗

𝑘
, and for 𝑇 > 𝑇 ∗

𝑘
, the perturbations start to decay. In order to find 𝑇 ∗

𝑘
corresponding to the peaks, which signify the start 

of the decay phase, we need to solve 𝜆𝑘(𝑇 ) = 0:

𝑇 ∗
𝑘
= 1

2

[(
𝑛𝑀𝑘(𝑘− 1)𝜇𝑁

(𝑘𝑛𝑀𝑘 + 1)𝜇𝑒𝑓𝑓 (𝑎0)

)2𝑛∕(𝑛−1)
− 1

]
, (50)

which is the dimensionless time at which 𝜆𝑘 ceases its positive contributions to the integral in (44). Alternatively, we can write (50) 
conveniently as

𝑇 ∗
𝑘
= 1

2

[
𝑎2
𝑘

𝑎20

− 1

]
, (51)

which is equivalent to the dimensionless time 𝑇 it takes 𝐴(𝑇 ) to reach 𝑎𝑘∕𝑎0. Because 𝑎𝑘 < 𝑎𝑘+1 and 𝑎𝑘 → 𝑎𝑐 , the critical dimensionless 
time 𝑇 ∗

𝑘
is an increasing function of 𝑘, i.e. 𝑇 ∗

𝑘
< 𝑇 ∗

𝑘+1 with an upper bound 𝑇 ∗
𝑘
→ 𝑇 ∗

𝑐
which is found from (51) in the limit as 𝑘→∞:

𝑇 ∗
𝑐
= 1

2

[
𝑎2
𝑐

𝑎20

− 1

]
. (52)

The dimensionless time 𝑇 ∗
𝑐

in (52) corresponds to the dimensionless time 𝑇 it takes 𝐴(𝑇 ) to reach 𝑎𝑐∕𝑎0. For 𝑇 > 𝑇 ∗
𝑐

all 𝑘 modes will 
be within the decay phase.

These results are supported by the plots in Fig. 2. There is a delay in the start of the decay phase at 𝑇 = 𝑇 ∗
𝑘

for increasing 𝑘. As a 
result, higher-order modes only begin to decay at later times, and are allowed to increase in amplitude for a longer duration, and so 
they reach higher maximum amplitudes. However, because 𝑇 ∗

𝑘
has an upper limiting value of 𝑇 ∗

𝑐
, the delay in the start of the decay 

phase will not increase without bound. Instead, we expect that for 𝑇 > 𝑇 ∗
𝑐

even the highest order modes will undergo decay.
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Fig. 4. Shear viscosity (Pa s) versus shear rate (s−1). The data is well-approximated by a power-law model with 𝑛 and 𝑚 values given by (53). 

Pascal’s stability analysis [23], which was applied to the analogous problem of non-Newtonian flow within a porous medium, 
proved the existence of a series of critical radii corresponding to each mode, which is in broad agreement with our analysis.

3. Comparison with experimental results

The mathematical model developed in this paper is based on simple physical mechanisms described by relatively straightforward 
mathematics. The aim of this section is to investigate whether this mathematical model is a reasonable representation of the real-life 
flow behaviour. We approach this task by obtaining values for 𝑎𝑐 and 𝑎𝑘, and determining whether these theoretical predictions are 
reflected in experimental observations. The aim here is not to provide an extensive experimental study; instead, we will see that even 
a small set of experiments can guide our efforts into developing an improved mathematical model.

In these experiments, Xanthan gum was injected at a constant flux into a small gap between two glass plates, originally occupied 
by a viscous silicone oil. The Xanthan gum solution was created by mixing 10 g of Xanthan powder with 30 g of vegetable oil, creating 
a uniform paste, and then combining this paste with 960 g of hot tap water using an electric mixer. The solution was left for 48 hours 
to cool to room temperature and to allow the lumps and larger bubbles to dissolve.

A rheometer was used to obtain the data for the log-log plot of the shear viscosity 𝜇𝑠ℎ versus shear rate 𝜕𝑢 
𝜕𝑧

shown in Fig. 4. The 
model parameters 𝑚 and 𝑛 in (6) were then obtained by fitting the data points to

𝜇𝑠ℎ = 21−1∕𝑛𝑚
|||| 𝜕𝑢 𝜕𝑧

||||1∕𝑛−1 .
Using as the approximate shear rate,

𝜕𝑢 
𝜕𝑧

∼ 𝑄 
4𝜋𝐻2𝑟

,

within the range of experimental parameters (Q = 2 ml s−1, 2𝐻 = 0.1 cm, 𝑟 ∼ 0.5−10 cm), this solution displayed clear shear-thinning 
properties with index and consistency constant values

𝑛 ≈ 8.85, 𝑚 ≈ 6.63 Pa s1∕𝑛. (53)

The same Xanthan gum solution was used for each experiment. However, three different silicone oils which varied in viscosity were 
considered.

The experimental setup consisted of a horizontal square glass plate with each side of length 40 cm with a small hole of radius 0.1 
cm at the centre, and a second glass plate separated from the first using plate spacings of 0.1 cm. A syringe pump was used to inject 
the Xanthan gum into the gap between the plates, through the small hole on the bottom plate. Each experiment started with the top 
plate removed. A small amount of Xanthan gum was injected onto the lower plate where it spread radially outwards. Silicone oil 
was added uniformly around the Xanthan gum. The top plate was then gently lowered onto the plate spacings, expelling any residual 
air, creating an initial disk of Xanthan gum of radius 𝑎0, surrounded entirely by a large disk of silicone oil. The outer radius of the 
silicone oil disk was chosen to be much larger (about 20 times) than that of the injection radius 𝑎0 so that boundary effects would 
have negligible impact. The syringe pump was started again at some chosen flux 𝑄, and the Xanthan gum displaced the silicone oil 
as it spread radially outward.

Photographs of one such experiment are shown in Fig. 5, with the full video in real-time given as Supplementary Material. Xanthan 
gum, which initially occupied a disk of radius 𝑎0 = 0.5 cm at time 𝑡 = 0 s (left), was pumped into a small gap of size 2𝐻 = 0.1 cm 
between the two plates at a constant flux 𝑄 = 2 ml s−1, displacing a viscous silicone oil with viscosity 𝜇𝑁 = 1 Pa s. For 𝑡 > 0, 
disturbances at the interface resembling stubby finger-like protrusions formed, such as the ones shown at 𝑡 = 6 s (middle). The finger

like pattern persisted for a short duration until at later times, 𝑡 = 21 s (right), the amplitudes of the fingers decreased, eventually 
undergoing complete suppression, returning the flow to its axisymmetric base state.
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Fig. 5. Photographs of an experiment at different times 𝑡 where Xanthan gum is injected at a constant flux of 𝑄 = 2 ml s−1 into a small gap of size 2𝐻 = 0.1 cm, 
displacing a viscous silicone oil of viscosity 𝜇𝑁 = 1 Pa s. At 𝑡 = 0 s (left) the Xanthan gum occupies an approximate disk region of radius 𝑎0 = 0.5 cm; at 𝑡 = 6 s (middle) 
viscous fingers form; and at 𝑡= 21 s (right) the interfacial disturbances decay. The white line in the bottom right of each image corresponds to a length of 5 cm.

In Tables 1 and 2 photographs of various experiments taken within 10 s from the starting time are shown in the first column, and 
in the second column, the corresponding experimental parameter values are provided. In each experiment, the gap thickness was 
kept at 2𝐻 = 0.1 cm. However, parameters such as the initial injection radius 𝑎0, the output flux 𝑄, and the viscosity of the silicone 
oil 𝜇𝑁 were varied. Theoretical estimates for the effective viscosity at the injection radius 𝜇𝑒𝑓𝑓 (𝑎0), the critical radius 𝑎𝑐 , and the 
critical radius corresponding to the lowest mode 𝑎2 are given in the third column.

In Table 1 the results of four experiments, where Xanthan gum was injected at a constant flux of 𝑄 = 2 ml s−1 displacing a silicone 
oil of viscosity 𝜇𝑁 = 1 Pa, are shown. The injection radius 𝑎0 was varied from 0.5 cm to 1.8 cm. Interfacial instabilities were observed 
in all four experiments at early times. These disturbances were significantly larger in the experiments with the smaller injection radii, 
namely, 𝑎0 = 0.5 cm and 𝑎0 = 0.8 cm, less pronounced in the experiment with injection radius 𝑎0 = 1 cm, and just about noticeable 
in the experiment with the largest injection radius, 𝑎0 = 1.8 cm. Experimental observations at early times also suggested that large 
wavelength disturbances, which correspond to low-mode numbers, featured prominently in the finger-like patterns in the smaller 
injection radii experiments, with small wavelength disturbances seen at larger injection radii. The absence of low-mode number 
disturbances at larger injection radii is captured by the mathematical model, which showed that each mode had a critical radius 𝑎𝑘
associated with it, and that this was an increasing function of 𝑘. Therefore, as the injection radius 𝑎0 increases through successive 
values of 𝑎𝑘, a greater number of modes are stabilised.

As encouraging as this result is, two observations in particular cast doubt on the direct applicability of the theoretical model to 
these experiments. Firstly, although in all four experiments the injection radius was less than the theoretical value of 𝑎2 = 4 cm 
and all modes 𝑘 ≥ 2 were predicted to be initially unstable, low-mode number disturbances appeared to feature only in the two 
smaller injection radii experiments. Secondly, in the experiment with the largest injection radius of 𝑎0 = 1.8 cm where the interfacial 
disturbances were very small in magnitude resulting in an almost-circular interface, it seems somewhat surprising that this injection 
radius was an order of magnitude smaller than the theoretical prediction for the critical radius 𝑎𝑐 = 9.6 cm corresponding to stable 
flow.

These observations were the motivation behind the second set of experiments, the results of which are summarised in Table 2. 
In the first experiment, the aim was to produce distinct viscous fingers with larger amplitudes. This was achieved by using a much 
more viscous silicone oil with viscosity 𝜇𝑁 = 4.85 Pa s. The pronounced viscous fingers of Xanthan gum which intruded into the 
silicone oil showed no signs of suppression as time progressed. To the contrary, the Xanthan gum fingers actually pierced the silicone 
oil-air interface. Although this is a very interesting result, discussing it is beyond the scope of this work. The aim of the second 
experiment was to show that we can achieve stable flow at a much smaller injection radius than predicted theoretically. Here silicone 
oil of viscosity 𝜇𝑁 = 0.49 Pa s was used and the input flux was increased to 𝑄 = 2.6 ml s−1. With an injection radius of 𝑎0 = 0.6 cm, 
which is an order of magnitude smaller than the theoretical prediction determining stability, 𝑎𝑐 = 5.6 cm, there were no perceptible 
interfacial disturbances (at least observed at laboratory flow scales).

The disparity between theory and experiment is significant enough to deduce that it is not likely a result of experimental error. 
There are a number of factors that are absent from the mathematical model. One such factor includes the effect of the initial pertur

bation on the stability analysis, which has been investigated in a lifting Hele-Shaw cell [26]. It was shown that the growth rate of 
the perturbations derived from a linear stability analysis substantially underestimated the onset of instability. By introducing a new 
stability criterion, which is also based on the initial amplitudes of the perturbations, these authors were able to better predict the 
onset of instability. This avenue is a worthwhile pursuit for further research, but will require a detailed experimental study, including 
high-resolution experimental images from which the initial perturbations can be measured. In the current paper, we will explore two 
other potential improvements - surface tension and wall-slip - for reasons based on experimental observations which will be made 
apparent in the next section.

4. Improved mathematical model

The simple mathematical model that was developed yielded theoretical predictions for the critical radius 𝑎𝑐 that appeared to 
differ from experimental results by an order of magnitude. However, the model does successfully predict the trends in the fingering 
patterns: with increasing injection radii, an increasing number of 𝑘 modes are initially stabilised. So instead of discarding the model 
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Table 1
Experimental results where Xanthan gum is injected radially at a flux 𝑄 into a small gap of size 2𝐻 where it 
displaces silicone oil of viscosity 𝜇𝑁 . Each photograph was taken within 10 s from the start of the experiment. 
Theoretical estimates are given for the effective viscosity of the Xanthan gum 𝜇𝑒𝑓𝑓 (𝑎0) at the injection radius 
𝑎0 , the critical radius determining stability 𝑎𝑐 , and the critical radius corresponding to the lowest mode, 𝑎2.

Experiment Experimental parameters Theoretical estimates 

• 𝑎0 = 0.5 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2 ml s−1
• 𝜇𝑁 = 1 Pa s

• 𝜇𝑒𝑓𝑓 (𝑎0) = 0.07 Pa s
• 𝑎𝑐 = 9.6 cm

• 𝑎2 = 4 cm

• 𝑎0 = 0.8 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2 ml s−1
• 𝜇𝑁 = 1 Pa s

• 𝜇𝑒𝑓𝑓 (𝑎0) = 0.11 Pa s
• 𝑎𝑐 = 9.6 cm

• 𝑎2 = 4 cm

• 𝑎0 = 1 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2 ml s−1
• 𝜇𝑁 = 1 Pa s

• 𝜇𝑒𝑓𝑓 (𝑎0) = 0.13 Pa s
• 𝑎𝑐 = 9.6 cm

• 𝑎2 = 4 cm

• 𝑎0 = 1.8 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2 ml s−1
• 𝜇𝑁 = 1 Pa s

• 𝜇𝑒𝑓𝑓 (𝑎0) = 0.23 Pa s
• 𝑎𝑐 = 9.6 cm

• 𝑎2 = 4 cm

completely, in this section we will consider two improvements in isolation, namely, the inclusion of surface tension effects and the 
reduction of shear due to slip at the walls.

4.1. Role of surface tension

We may expect the role of surface tension at the Xanthan gum-silicone oil interface to play a pivotal role, especially considering 
the nature of Xanthan gum, which is a water-based solution. We let 𝛾 denote the surface tension at the interface between the two 
fluids, and amend the dynamic boundary condition in (30) to

𝑝− 𝑝(𝑁) = 𝛾𝜅, 𝑟 = 𝑠(𝜃, 𝑡), (54)

where 𝜅 is the curvature of the interface. In terms of the dimensionless variables in (15), the dimensionless curvature is



Applied Mathematical Modelling 147 (2025) 116206

13

A.J. Hutchinson 

Table 2
Table showing the results of two experiments where Xanthan gum is injected radially at a flux 𝑄 into 
a small gap of size 2𝐻 where it displaces silicone oil of viscosity 𝜇𝑁 . Theoretical estimates are given 
for the effective viscosity of the Xanthan gum 𝜇𝑒𝑓𝑓 (𝑎0) at the injection radius 𝑎0 , the critical radius 
determining stability 𝑎𝑐 , and the critical radius of the lowest mode, 𝑎2 .

Experiment Experimental parameters Theoretical estimates 

• 𝑎0 = 1.6 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2 ml s−1
• 𝜇𝑁 = 4.85 Pa s

• 𝜇𝑒𝑓𝑓 = 0.2 Pa s
• 𝑎𝑐 = 57 cm

• 𝑎2 = 23.7 cm

• 𝑎0 = 0.6 cm

• 2𝐻 = 0.1 cm

• 𝑄 = 2.6 ml s−1
• 𝜇𝑁 = 0.49 Pa s

• 𝜇𝑒𝑓𝑓 = 0.07 Pa s
• 𝑎𝑐 = 5.6 cm

• 𝑎2 = 2.3 cm

𝑎0𝜅 ≈ 1 
𝐴

− 1 
𝐴2

(
𝜁 + 𝜕2𝜁

𝜕𝜃2

)
,

and (54) becomes

𝑃 − 𝑃 (𝑁) = 4𝜋𝐻3𝛾 
𝑄𝑎0𝜇𝑚𝑖𝑛(𝑎0)

[
1 
𝐴

− 1 
𝐴2

(
𝜁 + 𝜕2𝜁

𝜕𝜃2

)]
, 𝑅 = 𝑆(𝜃, 𝑇 ).

After expanding about 𝑅 =𝐴 as well as inserting the perturbation expansions - much in the same way as in Section 2 - we obtain to 
first order

𝑃0||𝑅=𝐴 + 𝑃1||𝑅=𝐴 +
𝜕𝑃0
𝜕𝑅 

||||𝑅=𝐴 𝜁 = 𝑃
(𝑁)
0

|||𝑅=𝐴 + 𝑃
(𝑁)
1

|||𝑅=𝐴 +
𝜕𝑃

(𝑁)
0
𝜕𝑅 

||||||𝑅=𝐴 𝜁
+ 4𝜋𝐻3𝛾 
𝑄𝑎0𝜇𝑚𝑖𝑛(𝑎0)

[
1 
𝐴

− 1 
𝐴2

(
𝜁 + 𝜕2𝜁

𝜕𝜃2

)]
.

To zeroth order we have

𝑃0||𝑅=𝐴 − 𝑃
(𝑁)
0

|||𝑅=𝐴 = 4𝜋𝐻3𝛾 
𝑄𝑎0𝜇𝑚𝑖𝑛(𝑎0)

1 
𝐴
,

which does not contribute to the stability analysis. The first order equation is

𝑃1||𝑅=𝐴 +
𝜕𝑃0
𝜕𝑅 

||||𝑅=𝐴 𝜁 = 𝑃
(𝑁)
1

|||𝑅=𝐴 +
𝜕𝑃

(𝑁)
0
𝜕𝑅 

||||||𝑅=𝐴 𝜁 −
4𝜋𝐻3𝛾 

𝑄𝑎0𝜇𝑚𝑖𝑛(𝑎0)
1 
𝐴2

(
𝜁 + 𝜕2𝜁

𝜕𝜃2

)
, (55)

and using (16) and (27), (55) becomes

𝑃1||𝑅=𝐴 − 𝑃
(𝑁)
1

|||𝑅=𝐴 =
(
−

3𝜇𝑁
𝜇𝑚𝑖𝑛(𝑎0)

𝐴−1 + (𝑛+ 2)𝐴−1∕𝑛
)
𝜁

− 4𝜋𝐻3𝛾 
𝑄𝑎0𝜇𝑚𝑖𝑛(𝑎0)

1 
𝐴2

(
𝜁 + 𝜕2𝜁

𝜕𝜃2

)
. (56)
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Comparing (37) and (56), we see that the effect of surface tension is to introduce an additional term. This additional term contains 
a ratio of pressures, namely the Laplace pressure, 𝛾∕𝑎0, and the pressure driving the radial flow, 𝑄𝜇𝑚𝑖𝑛(𝑎0)∕(4𝜋𝐻3). The relative 
importance of these two pressures determines the impact of surface tension.

The next step is to substitute the perturbation expansions (38), (39), and (40) into the boundary conditions. Equations (35) and 
(36) are unaffected by the inclusion of surface tension. However, (56) results in a more complicated expression for 𝜙𝑘 :

𝜙𝑘 =
(𝑛+ 2)𝐴−1∕𝑛 [(𝑛+ 2)𝜇𝑚𝑖𝑛(𝑎0)𝐴− 3𝜇𝑁𝐴1∕𝑛]

3𝑛𝑀𝑘𝜇𝑁𝐴
1∕𝑛 + (𝑛+ 2)𝜇𝑚𝑖𝑛(𝑎0)𝐴 

𝜁𝑘

−
4𝜋𝐻3𝛾

(
𝑘2 − 1

)
(𝑛+ 2) 

𝑎0𝑄𝐴
(
3𝑛𝑀𝑘𝜇𝑁𝐴

1∕𝑛 + (𝑛+ 2)𝜇𝑚𝑖𝑛(𝑎0)𝐴
) 𝜁𝑘. (57)

Solving (35), (36) and (57) leads to a modified evolution equation for each mode 𝑘 (see Section 3 in the supplementary Mathematica 
file Suppl1.nb) which satisfies equation (44) but the expression for 𝜆𝑘 replaced by

𝜆𝑘(𝑇 ) =
1 
𝐴2

[
𝑘
𝜇𝑁 − 𝜇𝑒𝑓𝑓 (𝑎0)𝐴1−1∕𝑛 − (4𝜋𝐻3𝛾∕(3𝑎0𝑄))(𝑘2 − 1)𝐴−1

𝜇𝑒𝑓𝑓 (𝑎0)𝐴1−1∕𝑛∕(𝑛𝑀𝑘) + 𝜇𝑁
− 1

]
. (58)

For the surface tension between Xanthan gum and silicone oil, we will use the approximate value of 𝛾 = 0.04 N/m [27]. Using the 
experimental parameters provided in Table 1 and running through a range of 𝑘 values, numerical solutions for 𝑎𝑘, obtained by setting 
𝜆𝑘(0) = 0 in (58), are found to lie within the range 4 cm - 8.5 cm for integer 𝑘 values less than 50. For larger values 𝑘 ≳ 50, provided 
the injection radius is finite, i.e. not vanishingly small, surface tension stabilises these modes. Without surface tension, 𝑎𝑘 was found 
to lie within the range 4 cm - 9.6 cm. These results show that surface tension does not have a significant effect on disturbances with 
mode numbers less than 50. In fact, to get closer to any kind of reasonable agreement between theory and experiment, preliminary 
calculations suggest that surface tension would need to be more than 10 times its current value. These results indicate that either 
the effect of surface tension was not adequately captured, or it is not the primary factor causing the mismatch between theory and 
experiment. The findings in the current study, namely that surface tension would need to be much larger to have an impact on the 
onset of instability, are mirrored in other studies, see [7] for example.

4.2. Slip at the walls

The effect of wall-slip is likely to play a role in the stability of the fluidfluid interface as it leads to different viscosity measurements 
in the shear-thinning fluid [28]. Experimental observations suggest that a small layer of silicone oil is left behind as the Xanthan gum 
advances, forming a thin lubricating layer separating the Xanthan gum from the cell walls. For example, in the first experiment in 
Table 1, there appears to be a darker blue disk near to the source surrounded by a lighter blue annular disk suggesting that the 
Xanthan gum layer is thicker near to the source, and thins with increasing radial distance as a small amount of silicone oil is left 
behind. Determining the amount of silicone left behind, which will be a function of radial distance from the source and perhaps even 
evolve with time, is not a trivial exercise. Instead, we consider the extreme case in which the cell boundaries are perfectly lubricated. 
As a result, the shear-stress becomes negligible and extensional-stress dominates.

In a perfectly-lubricated cell, the viscosity of the shear-thinning fluid is [29]

𝜇∗(𝑎0) =
[
(𝑛+ 2)𝑎0

2𝐻 

]1−1∕𝑛
𝜇𝑚𝑖𝑛(𝑎0). (59)

The viscosity in (59) gives theoretical estimates that are significantly greater than those supplied by (46). For example, in the second 
experiment in Table 1 where 𝜇𝑒𝑓𝑓 = 0.11, using (59), we obtain a much larger viscosity value of 𝜇∗ = 1.6 Pa s. This estimate, obtained 
using (59), is also larger than the viscosity of the Newtonian fluid 𝜇𝑁 suggesting that if interfacial instabilities do occur, they are not 
of the Saffman-Taylor type we are investigating. In reality, it is likely that there is significant shear-reduction due to slip at the cell 
walls, but imposing a perfectly lubricating constraint is too extreme.

It is also entirely possible that wall-slip and surface tension effects cannot be considered in isolation, and a model taking into 
account both of these effects in tandem would be more suitable, see [30] for example.

5. Conclusions

We derived a mathematical model for the radial displacement of a viscous Newtonian fluid by a shear-thinning fluid within a small 
gap, using the thinfilm equations and appropriate interface conditions. A linear stability analysis, in which sinusoidal perturbations 
to the fluidfluid interface were considered, was performed on the system of equations. It was shown that a critical radius 𝑎𝑐 exists, 
such that for initial injection radii 𝑎0 > 𝑎𝑐 , the interface between the two fluids remained stable. For injection radii 𝑎0 < 𝑎𝑐 , the flow 
was initially unstable, and the stability of each mode 𝑘 was governed by a critical radius 𝑎𝑘, which was an increasing function of 𝑘, 
tending asymptotically to its limiting value of 𝑎𝑐 .

The theoretical predictions for 𝑎𝑐 and 𝑎𝑘 were compared to the results of six laboratory experiments in which Xanthan gum was 
injected into a silicone oilfilled cell. The theoretical predictions were found to be about an order of magnitude greater than what was 
observed experimentally. Based on experimental observations, two improvements to the mathematical model were considered: the 
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inclusion of surface tension and the effect of wall-slip. The inclusion of surface tension, although expected to be important as Xanthan 
gum is a water-based substance that has significant surface tension with oil, did not provide much improvement to the theoretical 
predictions. Wall-slip, which leads to an increase in the viscosity of the shear-thinning fluid, was only briefly discussed with a more 
involved treatment reserved for future studies.

There are a number of exciting possibilities for future work:

• Designing an experimental setup that more accurately represents the model developed in the current work. We could consider 
minimising wall-slip by using a different Newtonian fluid as oils such as silicone oil are prone to leaving thin films on surfaces, 
or we could use rough or chemically-treated plates instead of smooth ones. With an improved setup, a thorough experimental 
investigation can be undertaken, with detailed comparisons to predictions from the theoretical model. This would entail obtaining 
findings such as the initial dominant wave numbers, the time at which the fingers start to undergo suppression, and the time 
taken for the flow to return to its initial axisymmetric configuration. The effects of experimental parameters such as the gap 
height, the input flux, the concentration of the Xanthan gum solution, and the initial injection radius would then be investigated.

• We could instead retain the current experimental setup and consider models that account for wall-slip and surface tension in a 
similar fashion to the work done in [30].

• For any mathematical model, be it the current one in this paper or some improved version of it, the effect of the initial perturbation 
amplitudes on the stability analysis would be a worthwhile pursuit as such effects have been shown to significantly impact the 
onset of the fingering instability in a related Hele-Shaw flow problem [26].
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