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ABSTRACT

This dissertation aims to conduct a comprehensive and up to date review

of reliability bounds for the binary coherent systems. We assume that the

components work independently of each other. The bounds are compared

numerically by using simple structures.
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1 INTRODUCTION

1.1 General Introduction

Reliability theory evolved in world war II. Since then no other branch of engi-

neering science, with the exception of computer technology and environmen-

tal engineering, has developed and advanced so fast as reliability engineer-

ing.This area has been developed to meet the needs of modern technology,

particularly in electronics, communication, computer and transportation net-

works, control systems, aviation, space technology et al. The technological

development in these areas has resulted in the creation of enormous variety of

complex, sophisticated and automated devices. Most of these devices do not

come cheap, and our reliance on them is continually increasing. Hence there

is an increasing demand that these devices are of high reliability, particularly

in areas where replacement costs are prohibitive (e. g. space and undersea).

Most devices are subject to random failures. Whether these failures simply

increase costs and inconvenience or gravely threaten the public safety, the

user demands assurance that the device he uses is dependable and e¢ cient. In

particular, high risk systems such as nuclear power plants and some chemical

plants require operational safety of the highest order. A recent example of

a catastrophic failure occurred in Japan�s Fukushima Daiichi nuclear plant,

caused by earthquakes. Although most experts believed that the woes would

not produce major health or environmental consequences, they all concluded

that the clean-up would cost Tokyo billions of Yen. But even producers of

common goods such as electric irons or cell phones have to take into account

reliability and quality aspects, otherwise competitors will win the economic

battle. With so many of these products nowadays available in the market,

if a brand is known to be unreliable, chances of it being picked up are slim.

That is why in any engineering design, reliability is a key factor.

In all international standards, reliability of a device or a process is essentially

de�ned as �its suitability to adequately perform its de�ned purpose under

speci�ed operating conditions over a given time interval�. Unfortunately,
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this concept of reliability is not directly quanti�able. Hence, mathematically

strictly de�ned concepts, so called reliability criteria, have to be introduced.

The most important ones are:

� Survival probability of a system, i.e. the probability that the system
does not fail within a given time interval.

� Availability of a system, i.e. the probability that the system is working
at a given time point (or able to do its job when needed).

� Mean lifetime of a system, i.e. the expected time to its �rst failure.

Computing reliability criteria of a system based on reliability criteria of its

components has been the key problem in reliability theory from the begin-

ning. Up to now no computational techniques for exactly solving this problem

have been developed, which can handle systems of more than 500 compo-

nents. This is because this problem belongs from the computational point

of view to the most di¢ cult ones, namely to the NP-hard problems. As a

consequence of this property, with increasing number n of components the

computation time for determining the system reliability from the reliability

of its components generally increases exponentially fast. Hence algorithms

for the exact system reliability may require substantial computation even

with the aid of a most up to date computer (in this case the amount of stor-

age capacity required is often larger than the one which is available). Even

when there is enough storage, the accumulation of round-o¤ errors due to

the excessive computation required can lead to inaccurate results.

To tackle the problem, special attention has been given to the development

of computationally e¢ cient approximative algorithms for the system relia-

bility. One approximation method which has been found to be particularly

suitable is the bounding method. This involves �nding lower and upper

bounds for system reliability. In this study we give a comprehensive survey

on these bounds for binary coherent systems, and will carry out detailed nu-

merical comparisons, which enable us to give recommendations under which

2



assumptions on the component reliabilities which bounds are preferable to

other ones.

1.2 Aims of Study

In this study we aim to cover the following:

1. Up to date survey on bounds for the reliability of binary coherent sys-

tems.

2. Comparison of these bounds under qualitative, quantitative and e¢ -

ciency aspects.

3. Recommendations to the reliability engineer on which bounds to apply

under what conditions.

4. Suggestions for further theoretical and numerical research.

The dissertation is organized as follows: Chapter 2 gives the necessary theo-

retical foundations of binary coherent systems. Chapter 3 reviews the most

important reliability bounds found in the literature. Chapter 4 provides nu-

merical comparisons of the reliability bounds, and �nally chapter 5 gives the

key references.
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2 THEORETICAL FOUNDATIONS- BINARY

COHERENT SYSTEMS

In this section we consider the structural relationship between a system and

its components from the reliability point of view. We will consider the system

at a �xed time point and that the present state of the system depends only

on the present states of its components. We will consider only independent

components because most of the times explicit numerical results can only be

obtained under the independence assumption.

2.1 Basic concepts

Let a complex technical system S consist of n components c1 ; c2 ; : : : ; cn . We

consider systems and components that can only be in one of the two states:

working or failed. Hence, we can assign to each component ci and system S

Boolean (binary) indicator variables for these states:

xi =

(
1 if component ci is working

0 if component ci has failed
;

for i = 1; 2; : : : ; n and

xs =

(
1 if system S is working

0 if system S has failed
:

We assume that the states of the components uniquely determine the state

of the system. Hence the relationship between the state of the system and

its components is given by the so- called structure function ' :

xs = '(x) x 2 Vn ,

where an n- tuple x = (x1 ; x2 ; : : : ; xn ) is called the state vector of the sys-

tem and expresses, for a given realization of the system, the state that each

component ci of the system is in. Vn denotes the set of all those n- dimen-
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sional vectors the components of which are 0 or 1: Obviously, the cardinality

of Vn is 2n:

Boolean operators
Let x and y be any Boolean variables. Conjunction and disjunction of x and

y and the negation of x are de�ned as follows:

i. Conjunction Boolean operator ^

x ^ y = xy =

(
1 if x = y = 1

0 otherwise
:

ii. Disjunction Boolean operator _

x _ y = x+ �xy = x+ y � xy =

(
0 if x = y = 0

1 otherwise
(2.1)

iii. Negation

�x = 1� x =

(
1 if x = 0

0 if x = 1
:

We note that

x ^ y = min(x; y); x _ y = max(x; y).

Generalization:
Let x1 ; x2 ; : : : ; xn be n Boolean variables. Then

nV
i=1

xi = x1 ^ x2 ^ : : : ^ xn =
(
1 if x1 = x2 = � � � = xn = 1

0 otherwise
;

nW
i=1

xi = x1 _ x2 _ : : : _ xn =
(
0 if x1 = x2 = � � � = xn = 0

1 otherwise
:

Equivalently,

nV
i=1

xi = x1 x2 : : : xn = min(x1 ; x2 ; : : : ; xn );

5



nW
i=1

xi = 1� �x1 �x2 : : : �xn = max(x1 ; x2 ; : : : ; xn ):

Reliability block diagrams
The relationship between the reliability of the system and the reliabilities

of its components is graphically represented by so-called reliability block

diagrams. A reliability block diagram is a graph with an entrance node (en-

trance vertex) and an exit node (exit vertex), and other nodes in-between.

The edges of the graph represent the components of the system. But, de-

pending on the way the graphical representation is being done, there may be

edges which do not symbolize components, but which are necessary to fully

determine the structure of the system and which are thought to be always

available (see Figure 2.3 below). Nodes represent stations, assumed to be

completely reliable, and edges represent unreliable connections, that is, con-

nections which are available on the average only for a given percentage of

time. The system is operating if and only if there is at least one path from

the entrance node to the exit node with all components, symbolized by the

edges of this path, operating.

In a reliability block diagram, edges are generally directed, but some may be

undirected. The directions of the edges need not be explicitly marked if they

are obvious. For instance, in Figure 2.1 only c3 is undirected, but the other

edges have an obvious direction. Undirected edges allow for paths from the

entrance node to the exit node which pass these edges in opposite directions.

Figure 2.1 below is a bridge structure. c1 ; c2 ; : : : ; c5 are the edges and the

dots are the nodes. c3 is undirected. Entrance node is indicated by "EN"

and exit node by "EX". This is the structure we will use in most of our

examples.

6



EN EX

c1

c2

c3

c4

c5

Figure 2.1: Bridge structure

Special systems
There are some special systems that are famous among reliability analysts.

These are (1) series, (2) parallel, and (3) k-out-of -n systems.

(1) Series system

A series system functions if and only if all of its components function. Its

structure function is

'(x) =
nV
i=1

xi =
nY
i=1

xi = min (x1 ; x2 ; : : : ; xn ):

Hence, the reliability block diagram of a series system (Figure 2.2) consists

only of one path from the entrance node to the exit node.

EN EXc1 c2 cn

Figure 2.2: Series system

Systems that do not require that all of its components must be working for

the system to be working are called (structural) redundant. In redundant

systems, a failure of a component may not lead to system failure. Thus,

when a redundant system is working, some of its components are active,

whereas other components may not or only partially included in keeping

the system operating. Hence, at a given point in time, components of a

redundant system can be classi�ed as follows:

7



(a) Active or working components.

(b) Redundant components.

The redundant components may be in cold redundancy, that is if they are

not subjected to any stress, and therefore cannot fail. Components that

are exposed to a lower stress level than active components are said to be in

warm redundancy. Components in warm redundancy may fail, but with lower

probability than when being fully active. Components in hot redundancy

fully participate in the work of the system and, hence, they are exposed to

the same stress level as active components.

The two special systems below are examples of redundant systems.

(2) Parallel system

A parallel system functions if at least one of its components functions (Figure

2.3). Its structure function is

'(x) =
nW
i=1

xi =
na
i=1

xi = max (x1 ; x2 ; : : : ; xn );

where
na
i=1

xi = 1�
nY
i=1

�xi :

EX

c1

c2

cn

EN

Figure 2.3: Parallel system

8



We assume that if a new parallel system starts operating, all of its com-

ponents are active. The system fails as soon as the last of its components

fails.

To include redundancy in a system, engineers frequently design series- paral-

lel -systems (Figure 2.4), i.e, parallel systems connected in series or parallel-

series-systems (Figure 2.5), i.e, series systems connected in parallel.

c4

EN EX

c1

c2

c3

Figure 2.4: Series-parallel system

EN
EX

c2

c3 c4

c1

Figure 2.5: Parallel-series system

(3) k-out-of -n system

A k-out-of -n system functions if and only if at least k of the n components

function. Its structure function is

'(x) =

8<: 1 if
nP
i=1

xi � k

0 otherwise
:

Note that the series system is an n-out-of -n system and a parallel system is

a 1-out-of -n system.

9



2.2 Coherent (Monotone) systems

Notation 1 (0i;x) = (x1 ; x2 ; : : : ; xi�1 ; 0; xi+1 ; : : : ; xn )
(1i;x) = (x1 ; x2 ; : : : ; xi�1 ; 1; xi+1 ; : : : ; xn )

This means that the state of component ci is �xed.

De�nition 1 Component ci is irrelevant if

'(1i;x) = '(0i;x) for all x 2 Vn:

Otherwise ci is relevant, i = 1; 2; : : : ; n:

This means that functioning or failure of an irrelevant component does not

increase or decrease the reliability of the system.

Component c5 in the reliability block diagram (Figure 2.6) below is an

irrelevant component.

EN

c1

c2

c3

c4

c5

EX

Figure 2.6: Example of an irrelevant component

Since irrelevant components can be deleted from a system without decreasing

its reliability, we will generally assume that all components in our systems

are relevant.

10



De�nition 2 A binary system with structure function '(x);x 2 Vn, is called

coherent or monotone if:

(a) every component is relevant, and

(b) The structure is non- decreasing, i.e. '(1i;x) � '(0i;x), for all x 2 Vn:

Roughly, a coherent system is the one whose reliability does not decrease

when failed components are replaced by functioning ones and the failure of

components does not increase the reliability of the system.

Let 1 = (1; 1; : : : ; 1) and 0 = (0; 0; : : : ; 0). From de�nition 2, the structure

function of any coherent system S has the following two properties:

(1) '(1) = 1, '(0) = 0

(2) For all x 2 Vn;
nQ
i=1

xi � '(x) �
ǹ

i=1

xi (2.2)

To verify the two properties above, let us assume that '(0) = 1: Then since

' is non-decreasing, '(1) = '(0) = 1: But this implies that all components

of S are irrelevant, contrary to (a). Again assume that '(1) = 0: Then since

' is non-decreasing, '(0) = '(1) = 0: But this implies that all components

of S are irrelevant, contrary to (a). For the second property, the left-hand

side of (2.2) is trivial if
nQ
i=1

xi = 0: If
nQ
i=1

xi = 1; then x = 1 so that by (1)

'(1) = 1: The right-hand side is trivial if
ǹ

i=1

xi = 1: If
ǹ

i=1

xi = 0; then x = 0

so that by (1) '(0) = 0:

Property 2 means that every binary coherent system is structurally stronger

(weaker) than a series (parallel) system with the same number of components.

From here on we will assume that all systems are coherent.

If in a design of a system redundancy has to be included to meet the required

reliability level, then the designer has two basic options (if not excluded by
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technological or economic reasons): either two systems each with structure

function ' are connected in parallel or the individual components of the

system are replaced by two components in parallel. What option is preferable

from the reliability point of view? The answer to the question is summarized

in the theorem below.

Theorem 1 Let ' be a structure of a coherent system S with

x = (x1 ; x2 ; : : : ; xn ) 2 Vn; y = (y1 ; y2 ; : : : ; yn ) 2 Vn. Then

'(x _ y) � '(x) _ '(y);

where x _ y = (x1 _ y1 ; x2 _ y2 ; : : : ; xn _ yn ):

Proof. xi _yi = max(xi ; yi ) � xi for all i = 1; 2; : : : ; n; so that '(x _ y) �
'(x) since ' is increasing. Similarly, xi _ yi = max(xi ; yi ) � yi for all

i = 1; 2; : : : ; n; so that '(x _ y) � '(y). It follows that

'(x _ y) � max('(x); '(y)) = '(x) _ '(y):

Theorem 1 above simply shows that redundancy at component level is prefer-

able to redundancy at system level.

Analogously to theorem 1 for the series connection (although this has nothing

to do with redundancy) we have the following theorem

Theorem 2 Let ' be a structure of a coherent system S with

x = (x1 ; x2 ; : : : ; xn ) 2 Vn; y = (y1 ; y2 ; : : : ; yn ) 2 Vn. Then

'(x ^ y) � '(x) ^ '(y);

where x ^ y = (x1 ^ y1 ; x2 ^ y2 ; : : : ; xn ^ yn ):
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Proof. xi ^yi = min(xi ; yi ) � xi for all i = 1; 2; : : : ; n; so that '(x ^ y) �
'(x) since ' is increasing. Similarly, xi ^ yi = min(xi ; yi ) � yi for all

i = 1; 2; : : : ; n; so that '(x ^ y) � '(y). It follows that

'(x ^ y) � min('(x); '(y)) = '(x) ^ '(y):

Theorem 2 simply shows that connecting two systems, each with structure

function ', in series is from the reliability point of view more e¤ective than

replacing each component by a series connection of the two corresponding

system components.

2.3 Pivotal decomposition of the structure '

Lemma 1 The following identity holds for any structure function ' of order
n:

'(x) = xi '(1i;x) + �xi '(0i;x) for all xi ; i = 1; 2; : : : ; n:

Proof.
xi = 1 : '(x) = 1:'(1i;x) + 0:'(0i;x) = '(1i;x)

xi = 0 : '(x) = 0:'(1i;x) + 1:'(0i;x) = '(0i;x)

Component ci is called the pivotal component. Every component can be

selected as a pivotal component. However one will select the pivotal compo-

nent in such a way that the Boolean functions '(1i;x) and '(0i;x) become

as simple as possible.

The pivotal decomposition can be applied to '(1i;x) and '(0i;x):So, for

instance, decomposing again with pivotal component j yields

'(x) = xixj'(1i; 1j;x) + xi�xj'(1i; 0j;x)

+�xixj'(0i; 1j;x) + �xi�xj'(0i; 0j;x):

13



By repeated applications such that all x
0
is in x are �xed by 0 or 1, gives the

following representation of '(x) :

'(x) =
X
y2Vn

'(y)
nY
k=1

xykk (1� xk )
1�yk ;

where x = (x1 ; x2 ; : : : ; xn ); y = (y1 ; y2 ; : : : ; yn )

Example 1 From the bridge structure (Figure 2.1), making c3 the pivotal

component, we have:

'(13;x) = (x1 _ x2 )(x4 _ x5 )
= (x1 + x2 � x1 x2 )(x4 + x5 � x4 x5 )

and

'(03;x) = x1 x4 _ x2 x5
= x1 x4 + x2 x5 � x1 x2 x4 x5

so that

'(x) = x3 '(13;x) + �x3 '(03;x)

= x1 x4 + x1 x3 x5 + x2 x3 x4 � x1 x2 x3 x4 � x1 x2 x3 x5 (2.3)

+x2 x5 � x1 x2 x4 x5 � x1 x3 x4 x5 � x2 x3 x4 x5 + 2x1 x2 x3 x4 x5

The representation in (2.3) is called the polynomial form of the structure

function. Generally, the polynomial form of the structure function of a

monotone system is given by:

'(x) =
nP
i=1

ai xi +
nP

i;j=1
i<j

ai j xi xj +
nP

i;j;k=1
i<j<k

ai j k xi xj xk +� � �+a1 2���nx1 x2 � � �xn ;

where the coe¢ cients ai ; aij ; : : : ; a1 2���n are integers.
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2.4 Path and cut representation of coherent structures

For a state space Vn 3 x, de�ne:

V(1)
n = fx j'(x) = 1g ; V(0)

n = fx j'(x) = 0g :

Obviously,

Vn = V
(1)
n [V(0)

n ; V(1)
n \V(0)

n = ?:

A vector x 2 V(1)
n is called a path vector and a vector x 2 V(0)

n is called a

cut vector. For x a path vector, the set

P = fj j xj = 1g ;

is called a path set. For x a cut vector, the set

C = fk j xk = 0g ;

is called a cut set. Trivially 1 = (1; 1; : : : ; 1) is always a path vector and

0 = (0; 0; : : : ; 0) is always a cut vector.

Note that by de�nition the components with indices outside a path set have

failed, whereas the components with indices outside a cut set are working.

Example 2 A series system has only one path vector, i.e, 1 = (1; 1; : : : ; 1)

and a parallel system has only one cut vector, i.e, 0 = (0; 0; : : : ; 0):

A structure function can be generated from the path and cut sets. However,

it is more e¢ cient to only use the so-called minimal path and cut sets. To

introduce these concepts, we �rstly need to introduce a partial order in the

state space Vn: Let

x = (x1 ; x2 ; : : : ; xn ) and y = (y1 ; y2 ; : : : ; yn ) 2 Vn:

Then we write x � y if xi � yi ; i = 1; 2; : : : ; n: If x � y and there exist at
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least one index j such that xj < yj ; then we write x < y: In the latter case,

vector x is said to be smaller than vector y:

De�nition 3 A path vector x is said to be minimal, if for all state vectors
y 2 Vn, which satisfy y < x , '(y) = 0: The corresponding path set is called

a minimal path set.

A failure of only one component operating under a minimal path vector

induces a system failure. Thus, " minimal" in connection with minimal

path vectors refers to the number of components that are working. The

components in a minimal path set may be viewed as connection in series.

Let system S have the minimal path sets P1; P2; : : : ; PM : De�ne �j (x) as the

structure function of the minimal path set Pj. Then:

�j (x) =
Y
i2Pj

xi :

�j (x) is called the jth minimal path series structure, j = 1; 2; : : : ;M: If

�j (x) = 1; then x must be a path vector of S. Now if there exist at least

one j such that �j (x) = 1 then the system is working. Thus the system can

be represented as the parallel arrangement of the minimal paths, i.e,

'(x) =

Ma
j=1

�j (x)

=
Ma
j=1

Y
i2Pj

xi

= max
1�j�M

min
i2Pj

xi (2.4)

De�nition 4 A cut vector x is said to be minimal, if for all state vectors

y 2 Vn, which satisfy y > x, '(y) = 1:The corresponding cut set is called a

a minimal cut set.
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A repair of only one component which has failed under a minimal cut vector

will result in a system working. Thus "minimal" in connection with minimal

cut vectors refers to the number of components not working. Now for a

system to be working only one component in each minimal cut set is required

to be working. Thus components of the minimal cut set can be viewed as the

connection in parallel. Let C1; C2; : : : ; CN be the minimal cut sets of system

S:De�ne �k (x) as the structure function of the minimal cut set Ck. Then

�k (x) =
a
i2Ck

xi:

�k (x) is called the kthminimal cut parallel structure, k = 1; 2; : : : ; N: All cut

sets must have at least one working component for the system to function.

Thus the system can be viewed as a series arrangement of minimal cut sets,

i.e,

'(x) =
NY
k=1

�k (x)

=
NY
k=1

a
i2Ck

xi

= min
1�k�N

max
i2Ck

xi (2.5)

Example 3 Minimal path and cut sets of a bridge structure (Figure 2.1)

The minimal paths are:

P1 = f1; 4g; P2 = f2; 5g; P3 = f1; 3; 5g; P4 = f2; 3; 4g;

and the minimal path series structures are

�1 (x) = x1 x4 ; �2 (x) = x2 x5 ; �3 (x) = x1 x3 x5 ; �4 (x) = x2 x3 x4 ;
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so that

'(x) =

4a
j=1

�j (x)

= 1� (1� x1 x4 )(1� x2 x5 )(1� x1 x3 x5 )(1� x2 x3 x4 )

= x1 x4 + x2 x5 + x1 x3 x5 + x2 x3 x4 � x1 x2 x3 x4 � x1 x2 x3 x5

�x1 x2 x4 x5 � x1 x3 x4 x5 � x2 x3 x4 x5 + 2x1 x2 x3 x4 x5 ;

which is the same as (2.3).

The minimal cuts are:

C1 = f1; 2g; C2 = f4; 5g; C3 = f1; 3; 5g; C4 = f2; 3; 4g;

and the minimal cut parallel structures are

�1 (x) = 1� �x1 �x2 ; �2 (x) = 1� �x4 �x5
�3 (x) = 1� �x1 �x3 �x5 ; �4 (x) = 1� �x2 �x3 �x4 :

2.5 Inclusion- Exclusion Form of '(x)

We have just seen that using minimal path sets, a structure function ' is

given as

'(x) =
MW
j=1

�j (x):

From this we can generate the linear form of the structure function by apply-

ing the principle of inclusion- exclusion. We start by writing the disjunction

�1 _ �2 in terms of arithmetic operations, that is,

�1 _ �2 = �1 + �2 � �1 �2 :

The disjunction �1 _ �2 _ �3 is given as
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�1 _ �2 _ �3 = �1 + �2 + �3 � �1 �2 � �1 �3 � �2 �3 + �1 �2 �3 :

Generally, the inclusion- exclusion form of '(x) is

'(x) =
MW
j=1

�j =
MP
j=1

(�1)j�1Tj; (2.6)

where Tj =
P

1�i1 �i2 �����ij �M
�i 1�i2 : : : �i j :

The sum Tj contains exactly
�
M
j

�
terms. Hence, the total number of terms

in the inclusion- exclusion form is

�
M
1

�
+
�
M
2

�
+ � � �+

�
M

M

�
= 2M � 1:

Thus, the complexity of the inclusion- exclusion form increases exponentially

fast with increasing number of minimal path sets of the system.

Example 4 The minimal path sets of a bridge structure (Figure 2.1) are

P1 = f1; 4g; P2 = f2; 5g; P3 = f1; 3; 5g; P4 = f2; 3; 4g:

Hence, formula (2.6) yields

'(x) = x1 x4 + x2 x5 + x1 x3 x5 + x2 x3 x4 � x1 x2 x4 x5

� x1 x3 x4 x5 � x1 x2 x3 x4 � x1 x2 x3 x5 � x2 x3 x4 x5

� x1 x2 x3 x4 x5 + x1 x2 x3 x4 x5 + x1 x2 x3 x4 x5

+ x1 x2 x3 x4 x5 + x1 x2 x3 x4 x5 � x1 x2 x3 x4 x5 :

After two pairs of terms in this representation of '(x) cancel each other,

we get the linear form (2.3). Satyanarayana and Prabhakar [23] were the

�rst to show that identifying those terms before determining the structure
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function via the inclusion- exclusion principle may substantially reduce the

computational e¤ort for obtaining ':

2.6 Disjoint sum form for '(x)

We have seen that we are able to derive the structure function of any system

by using pivotal decomposition method or by the path/cut set representation.

Both methods yield sums of Boolean products. The di¤erence is that in

the pivotal decomposition method, the Boolean products represent all the

elementary events (obviously disjoint), while in the path/cut representation

method the Boolean products represent non-disjoint events.

The complexity of the pivotal decomposition method is that it generates a

large number of elementary events which can lead to computational di¢ -

culties as the number of components become very large (e.g. for the bridge

structure, with only 5 components, 25 = 32 elementary events have to be con-

sidered). The problem with the path/cut representation method is that it

is numerically di¢ cult to compute the probability of the sum of non-disjoint

events.

To overcome these challenges, a great amount of work has been done in

�nding more e¢ cient methods that will represent a structure function as a

sum of non-elementary disjoint products, where the number of these products

is not so large. This can be done by performing simple algebraic operations

on the initial form obtained from the set of all minimal path/cut sets. This

is explained below.

Given the disjunctive normal form

'(x) =
MW
j=1

�j ;

procedures are of interest which transform this representation into a disjoint

sum form:
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'(x) =
MW
j=1

�j; �i �j = 0; i 6= j:

Using disjunction form, we have

�1 _ �2 = �1 + ��1 �2 ;

and

�1 _ �2 _ �3 = (�1 + ��1 �2 ) _ �3
= �1 + ��1 �2 + ��1 ��2 �3 :

By induction,

'(x) =
MW
j=1

�j =
MX
j=1

�j ;

where the disjoint Boolean functions �j are de�ned by

�1 = �1 ; �j = ��1 ��2 : : : ��j�1 �j , j = 2; : : : ;M;

and contrary to the �j ; the �j are mutually disjoint products of some xi and

�xi :

Analogously, disjoint products can be obtained by using minimal cut sets

C1; C2; : : : ; CN as follows:

Let 
k = 1� �k ; k = 1; 2; : : : :; N: Then

1� '(x) =
NW
k=1


k =

NX
k=1

#k ;

where the disjoint Boolean functions #k are de�ned by

#1 = 
1 ; #k = �
1 �
2 : : : �
k�1 
k , k = 2; : : : ; N:

For computational e¢ ciency, starting from the conjunctive normal form, a
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disjoint sum form should be constructed in such a way that it has a low

complexity, i.e. �j or #k should have as little as possible factors and the

number of terms should be small as well. This problem has been a subject

of intensive research for a few decades [see [3], [5], [19], [22], and [24]].

There are many algorithms that represent ' as a sum of disjoint simple

products, but most of them are derived from the algorithm developed by

Abraham [1]. There are also some algorithms that were derived before him

[see [2] and [14]], but compared to these, his algorithm drastically reduces

the amount of computation needed to obtain the disjoint sum. Hence in this

study we will only present the Abraham algorithm.

The Abraham Algorithm
The aim of the algorithm is to generate sets PDj of disjoint simple products

B so that

�1 = �1 ; �j = ��1 ��2 : : : ��j�1 �j =
P

B2PDj
B, j = 2; : : : ;M:

Thus each �j is represented as a disjoint sum form. At step j in the algorithm,

each B 2 PDj is made to be disjoint with �1 ; �2 ; : : : ; �j�1 : Before we give

the actual algorithm we need some notation and a theorem.

Table 1: Notation used for Abraham�s Algorithm
Notation Description
Bi Boolean product of x

0
i s and �x

0
i s which implies

some �j ( the Bi is derived from the �j )
PD0;j; : : : ; PDj�1;j j = 2; : : : ;M Sets {Bi} of disjoint products derived from �j ;

each Bi being disjoint with �1 ; �2 ; : : : ; �j�1
PDj Sets that are successively obtained from

PD0;j; : : : ; PDj�1;j with PD0;j = f�j g and
PDj�1;j = PDj

C(�i ; �j ) fxk j xk 2 Pi and xk =2 Pj; i 6= jg

Theorem 3 Let �j be a Boolean product with only uncomplemented vari-
ables and Bi be any product.
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a) If there is at least one variable which exists (uncomplemented) in �j and
complimented in Bi, then �j and Bi are disjoint.

b) If �j and Bi are not disjoint, let x = fxa ; xb ; : : : ; xm g be the set of
variables which exists (uncomplemented) in �j and which do not exist

in Bi. Then

(i) If x = ?, then �j [ Bi = Bi

(ii) If x 6= ?, then �j [ Bi = �j [�xa Bi[xa �xb Bi[: : :[ xa xb : : : �xm Bi;

and all the products in the right-hand side are mutually disjoint.

Proof. a) and b) (i) are trivially true.
b) The equality obviously holds if �j and Bi are both complemented, or if

�j is uncomplemented regardless of Bi: Now consider the case where �j is

complemented and Bi is uncomplemented (the left-hand side is uncomple-

mented for this case). This condition can happen only when one or more

of the variables xa ; xb ; : : : ; xm are complemented. If xa is complemented,

then �xa Bi is uncomplemented and the right-hand side is uncomplemented.

If xa is uncomplemented, then if xb is complemented, the right-hand side

is again uncomplemented. Continuing in this fashion, it can be seen that

the right-hand side has to be uncomplemented. It is also clear that all the

products in the right-hand side are mutually disjoint.

Algorithm

1. Find all the minimal path sets, P1; P2; : : : ; PM of system S:

2. List all the minimal path series structures �j , j = 1; 2; : : : ;M , in lexi-

cographical order.

3. De�ne PD0;1 = f�1 g:For 2 � j �M ,

4. De�ne PD0;j = f�j g:

5. Compare PD0;1 and PD0;j to form a set PD1;j :
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� if they are disjoint, then PD1;j = PD0;j

� if they are not disjoint, use (b) in theorem 3 to �nd all Bi 2 PD1;j

i.e �nd C(�1 ; �j )

- if C(�1 ; �j ) = ?; then drop �j from PD0;j:

-if C(�1 ; �j ) 6= ?, replace �j in PD0;j by �xa �j ; xa �xb �j ; : : : ;

xa xb : : : �xm �j where {xa ; xb ; : : : ; xm g = C(�1 ; �j ): The new

set formed is PD1;j and �1 is disjoint with all Bi 2 PD1;j

6. Repeat step 5 to form PDs;j; s = 2; 3; : : : ; j � 1; by comparing each
Bi 2 PDs�1;j with �s :

7. De�ne PDj�1;j = PDj: You will notice that each Bi 2 PDj is disjoint

�1 ; �2 ; : : : ; �j�1 :

Now �j is de�ned as

�j =
P

Bi2PDj
Bi:

Thus, each �j is represented as a disjoint sum form.

Example 5 The minimal path sets of a bridge structure (Figure 2.1) are

P1 = f1; 4g; P2 = f2; 5g; P3 = f1; 3; 5g; P4 = f2; 3; 4g;

and the minimal path series structures, listed lexicographically, are

�1 (x) = x1 x4 ; �2 (x) = x2 x5 ; �3 (x) = x1 x3 x5 ; �4 (x) = x2 x3 x4 :

PD0;1 = f�1 g = fx1 x4 g:

j = 2 :

PD0;2 = fB1 = x2 x5 g
C(�1 ; B1) = fx1 ; x4 g

PD1;2 = PD2 = fB1 = �x1 x2 x5 ; B2 = x1 x2 �x4 x5 g:
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j = 3 :

PD0;3 = fB1 = x1 x3 x5 g
C(�1 ; B1) = fx4 g

PD1;3 = fB1 = x1 x3 �x4 x5 g
C(�2 ; B1) = fx2 g

PD2;3 = PD3 = fB1 = x1 �x2 x3 �x4 x5 g:

j = 4 :

PD0;4 = fB1 = x2 x3 x4 g
C(�1 ; B1) = fx1 g

PD1;4 = fB1 = �x1 x2 x3 x4 g
C(�2 ; B1) = fx5 g

PD2;4 = fB1 = �x1 x2 x3 x4 �x5 g
�3 and B1are disjoint, hence

PD3;4 = PD4 = fB1 = �x1 x2 x3 x4 �x5 g:

Thus

�1 = x1 x4

�2 = �x1 x2 x5 + x1 x2 �x4 x5

�3 = x1 �x2 x3 �x4 x5

�4 = �x1 x2 x3 x4 �x5

And

'(x) =
4X
j=1

�j

= x1 x4 + �x1 x2 x5 + x1 x2 �x4 x5 + x1 �x2 x3 �x4 x5 + �x1 x2 x3 x4 �x5 :

From example 5, it is easy to see how the terms of ' have been reduced
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to only 5 when using the disjoint sum form, unlike when using path/cut

representation or the pivotal decomposition method (which both have 10

terms each (examples 1 and 3) ).

Analogously, #k ; k = 1; 2; : : : ; N; can be obtained by listing 
k = 1� �k as
the minimal cut series structures and follow the same way of obtaining �j:

2.7 Modules (subsystems) of systems

Most devices are comprised of many components. Then it becomes di¢ cult

to calculate the structure function of such systems. Reliability engineers

often "package" some components into subsystems that can be removed and

replaced as a whole. Each package is called a module of the system. The

system structure is de�ned as the function of the structure of its modules,

and the state of each module is a function of the components that comprise

it. Formally the de�nition of a module is given as follows:

De�nition 5 Let A be a subset of components of system S with structure

function '. Then A is a modular set of S if:

'(x) = '(xA;xA
0
) =  [�A (x

A);xA
0
];

where (A;�A ) is a coherent binary subsystem with structure function �, and

 is a structure function of a coherent binary system : When A is a modular

set, then (A;�A ) is called a module of system S.

Note that xA denotes the vector with indicator variables xi ; where xi 2 A:
Intuitively, a module (A;�A ) is a coherent subsystem that acts as if it were

just a component.

Using a pivotal decomposition of a structure function

'(x) = xi '(1i;x) + (1� xi )'(0i;x);
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and (A;�A ) a module of S, we have

'(x) = �A (x
A) (1;xA

0
) + [1� �A (x

A)] (0;xA
0
):

For �A (x
A) = 1, we have '(xA;xA

0
) =  (1;xA

0
), and for �A (x

A) = 0, then

'(xA;xA
0
) =  (0;xA

0
). Since �A (1

A) = 1 and �A (0
A) = 0, it follows that:

either

'(xA;xA
0
) = '(1A;xA

0
) for every xA

0
(2.7)

or

'(xA;xA
0
) = '(0A;xA

0
) for every xA

0
(2.8)

(2.7) and (2.8) corresponds to the intuitive notion that since the system

is a¤ected only by the functioning or failure of a modular structure, every

performance state for the components of a module is comparable either to

the state in which all modular components function or the state in which all

modular components fail.

In practise, the process of designing a system automatically yields a modu-

lar decomposition of the system, that is, decomposition of the system into

disjoint modules. Hence the following de�nition.

De�nition 6 A modular decomposition of a coherent system S is a set of

disjoint modules f(A1 ; �A1 ); : : : ; (Ar ; �Ar )g together with an organizing
structure  such that

(a) S =
rS
i=1

Ai ; where Ai \ Aj = ? for i 6= j;

(b) '(x) =  [�A1 (x
A1); �A2 (x

A2); : : : ; �Ar (x
Ar)]:

Generally systems require that all modules function properly in order for the

system to operate satisfactory, hence, while it is not always the case, the

modules often comprise a series structure.
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In practise, given a modular decomposition of a coherent system, one can

obtain a re�nement of the decomposition, that is, one can decompose the

modules into smaller modules.

2.8 Association of Random Variables

De�nition 7 A collection of random variables x1 ; x2 ; : : : ; xn is said to be

associated if for every pair of non-decreasing binary functions f and g

cov[f(x); g(x)] � 0:

2.8.1 Properties of associated random variables

(P1) - any subset of associated random variables are associated.

(P2) - if two sets of associated random variables are independent of one

another, then their union is a set of associated random variables.

(P3) - a single random variable is associated.

(P4) - coordinatewise non-decreasing functions of associated random vari-

ables are associated.

(P5) -if x1 ; x2 ; : : : ; xn are binary associated random variables then �x1 ; �x2 ; : : : ; �xn
are also associated.

Theorem 4 If x1 ; x2 ; : : : ; xn are associated binary random variables such

that E(xi ); E(xi xj ) <1 i; j = 1; 2; : : : ; n; i 6= j; then

0 � E

�
nQ
i=1

xi

�
�

nQ
i=1

E(xi ) �
P
i<j

cov(xi ; xj ):
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2.9 Reliability of Coherent Systems

De�nition 8 Independent components
Two components ci and cj are independent of each other if the state of

component ci is not in�uenced by the state of component cj : Probabilistically

this means that their indicator variables xi and xj are independent random

variables, that is,

Pr[xi = 1 jxj = 1] = Pr[xi = 1 jxj = 0] = Pr[xi = 1]:

In this dissertation we will only consider systems with statistically
independent components.

We will denote the reliability of component ci ; i.e, the probability that the

component ci is working as:

pi = Pr[xi = 1]:

for i = 1; 2; : : : ; n: The unreliability of component ci is given as qi = 1� pi :

Since x
0
i s are (0; 1)- variables, the de�nition of reliability coincides with the

expected value of x; i.e,

E(xi ) = 1 � Pr[xi = 1] + 0 � Pr[xi = 0]
= 1 � pi + 0 � qi
= pi

The reliability of the system is given as:

R = Pr['(x) = 1]:
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Because components are independent, system reliability can be represented

as a function of component reliabilities:

R = R(p);

where p = (p1 ; p2 ; :::; pn):

Again because the state of the system is 0 or 1, the system reliability is the

expected value of the structure function:

E['(x)] = 1 � Pr['(x) = 1] + 0 � Pr['(x) = 0]
= Pr['(x) = 1]

= R(p)

Example 6 In this example we give the reliabilities of special systems with
n components:

(1) Series system

R(p) =
nY
i=1

pi

(2) Parallel system

R(p) =
na
i=1

pi

= 1�
nY
i=1

qi

(3) k-out-of -n system with identical component reliabilities, i.e, p1 = p2 =

: : : = pn = p:

R(p) =

nX
i=k

�
n

i

�
piqn�i
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The reliability of a series system is low for n large. On the other hand

the reliability of a parallel system is high for n large, but it tends to be very

expensive to set up a parallel system. Hence reliability engineers have turned

their attention to k-out-of -n systems, which tend to have high reliabilities

and are of comparatively low cost.

Using the pivotal decomposition with component ci as the pivotal compo-

nent, the reliability of a system is given as:

R(p) = pi R(1i;p) + qi R(0i;p);

for i = 1; 2; : : : ; n:

Example 7 From example 2.3 the structure function of a bridge structure

(�gure 2.1) with c3 as the pivotal component is derived as

'(x) = x1 x4 + x2 x5 + x1 x3 x5 + x2 x3 x4 � x1 x2 x3 x4 � x1 x2 x3 x5

�x1 x2 x4 x5 � x1 x3 x4 x5 � x2 x3 x4 x5 + 2x1 x2 x3 x4 x5 :

So the reliability of a bridge structure with independent components and c3 as

the pivotal component is

R(p) = p1 p4 + p2 p5 + p1 p3 p5 + p2 p3 p4 � p1 p2 p3 p4 � p1 p2 p3 p5

�p1 p2 p4 p5 � p1 p3 p4 p5 � p2 p3 p4 p5 + 2p1 p2 p3 p4 p5 ;

When p1 = p2 = � � � = p5 = p; we have

R(p) = 2p2 + 2p3 � 5p4 + 2p5:

We can also give the reliability of a system in terms of its minimal path sets

as:

R(p) = E
Ma
j=1

Y
i2Pj

xi ;
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and in terms of its minimal cut sets as:

R(p) = E
NY
k=1

a
i2Ck

xi:

Using the inclusion- exclusion method, the reliability of a system is

R(p) =
MP
j=1

(�1)j�1E(Tj); (2.9)

where Tj =
P

1�i1 �i2 �����ij �M
�i 1�i2 : : : �i j :

Using the disjoint sum form of '(x), the reliability of a system is

R(p) =
MX
k=1

E(�k ); (2.10)

Using modular decomposition, the reliability of a system is

R(p) = R [R�A1
(p); : : : ; R�Ar

(p)];

where R�Ai
(p) is the reliability function of module (Ai ; �Ai ); i = 1; 2 : : : ; r:

2.10 Birnbaum�s Importance Measure

Some components in a system may play a more important role than others.

Hence it is in every engineer�s interest to know how each component con-

tributes to the successful operation of the whole system. Birnbaum [7] was

the �rst to quantify this importance, and the quantitative de�nition is given

in de�nitions 9 and 10 below.

There are situations where only the structure function '(x) of the system

is given, but no information is available about the component reliabilities.

In such situations the relative importance of various components is called
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structural importance. In other instances, both the structure function ' and

component reliabilities p are known. In such situations the importance of

components is called reliability importance.

2.10.1 Birnbaum�s Structural Importance

De�nition 9 Birnbaum�s Structural importance

� The structural importance of component ci for the functioning of sys-
tem S is given as

I
(B)
i ('; 1) = 2�n

P
x2Vn

�xi ['(1i;x)� '(0i;x)]: (2.11)

� The structural importance of component ci for the failure of system S

is given as

I
(B)
i ('; 0) = 2�n

P
x2Vn

xi ['(1i;x)� '(0i;x)]: (2.12)

� The structural importance of component ci for system S is given as

I
(B)
i (') = I

(B)
i ('; 1) + I

(B)
i ('; 0) (2.13)

=
P

x2Vn

['(1i;x)� '(0i;x)]:

Theorem 5 For any coherent system S the following is true

I
(B)
i ('; 1) = I

(B)
i ('; 0) =

1

2
I
(B)
i ('):

Proof. Suppose that ci is relevant for some state vector x. Then component
ci is relevant for either the functioning or failure of the system. If ci is

relevant at x for the functioning of the system, then ci is relevant at (1i;x)

for failure. If ci is relevant at x for for the failure of the system, then ci is

33



relevant at (0i;x) for functioning. Thus there is one-to-one correspondence

between those state vectors at which ci is relevant for functioning and those

at which it is relevant for failure. It then follows from 2.11, 2.12 and 2.13

that

I
(B)
i ('; 1) = I

(B)
i ('; 0) =

1

2
I
(B)
i ('):

Theorem 5 above states that there is no use in distinguishing between struc-

tural importance for functioning and for failure. This is not the case with

reliability importance, and this will be revealed in the next section.

2.10.2 Birnbaum�s Reliability Importance

De�nition 10 Birnbaum�s Reliability Importance

(i) The reliability importance of component ci for the functioning of system
S is

RI
(B)
i ('; 1;p) = Pr['(x) = 1 j xi = 1]� Pr['(x) = 1]:

(ii) The reliability importance of component ci for the failure of system S is

RI
(B)
i ('; 0;p) = Pr['(x) = 0 j xi = 0]� Pr['(x) = 0]:

(iii) The reliability importance of component ci for system S is

RI
(B)
i (';p) = RI

(B)
i ('; 1;p) +RI

(B)
i ('; 0;p):

The higher the value of the reliability importance of a component, the more

important to the system the component is thought to be.

Corollary 1 For any structure function the following is true

cov[xi ; '(x)] = pi qi E['(1i;x)� '(0i;x)]:
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Proof. De�ne '(x) in terms of pivotal decomposition and use straightfor-
ward algebra.

Corollary 2 The following identities are always true

(i)

RI
(B)
i ('; 1;p) = qi E['(1i;x)� '(0i;x)] = qi

@R(p)

@pi
:

(ii)

RI
(B)
i ('; 0;p) = pi E['(1i;x)� '(0i;x)] = pi

@R(p)

@pi
:

(iii)

RI
(B)
i (';p) = E['(1i;x)� '(0i;x)] =

@R(p)

@pi
:

Proof. Using corollary 1

(i)

RI
(B)
i ('; 1;p) = Pr['(x) = 1 j xi = 1]� Pr['(x) = 1]

=
Pr['(x) = 1; xi = 1]

Pr[xi = 1]
� Pr['(x) = 1]

=
cov[xi ; '(x)] + E(xi )E('(x))

pi
�R(p)

=
pi qi E['(1i;x)� '(0i;x)] + pi R(p)

pi
�R(p)

= qi E['(1i;x)� '(0i;x)]

= qi
@R(p)

@pi
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(ii)

RI
(B)
i ('; 0;p) = Pr['(x) = 0 j xi = 0]� Pr['(x) = 0]

=
Pr['(x) = 0; xi = 0]

Pr[xi = 0]
� Pr['(x) = 0]

=
cov[�xi ; (1� '(x))] + E(�xi )E(1� '(x))

qi
� 1 +R(p)

=
pi qi E['(1i;x)� '(0i;x)] + qi E(1� '(x))

qi
� 1 +R(p)

= pi E['(1i;x)� '(0i;x)]

= pi
@R(p)

@pi

(iii)

RI
(B)
i (';p) = RI

(B)
i ('; 1;p) +RI

(B)
i ('; 0;p)

= qi E['(1i;x)� '(0i;x)] + pi E['(1i;x)� '(0i;x)]

= E['(1i;x)� '(0i;x)]

=
@R(p)

@pi

Example 8 Special systems

1. Series system

R(p) =
nQ
k=1

pk

RI
(B)
i (';p) =

@R(p)

@pi

=
nQ
k=1
k 6=i

pk

i.e the component with the smallest reliability has the largest impor-

tance.
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2. Parallel system

R(p) = 1�
nY
k=1

(1� pk )

RI
(B)
i (';p) =

@R(p)

@pi

=
nQ
k=1
k 6=i

(1� pk )

that is, the component with maximum reliability has the largest impor-

tance.

De�nition 11 Equivalence of Birnbaum�s Structural and Reliability Impor-
tance

Birnbaum�s structural and reliability importance are equivalent in all senses

if p1 = p2 = � � � = pn =
1
2
, that is

I
(B)
i (') = RI

(B)
i (';p) jp=( 12 ;��� ; 12) : (2.14)
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3 SYSTEM RELIABILITY BOUNDS

When computing the exact value of system reliability in quite large systems

one is faced with a large amount of computations required and sometimes it

is impossible to evaluate the exact value. When such a situation arises, there

is a need for approximative methods. To be good approximations, these

methods require a substantially reduced amount of computation time and

should yield a result close to the true value as much as possible.

One approximative method that has been proven to be e¤ective is the re-

liability bound method. This involves �nding lower and upper bounds to

system reliability. In this chapter we look at the bounds that are available

in the literature.

3.1 Trivial bounds

Theorem 6 Let ' be a structure function of a coherent system of n inde-

pendent components with reliabilities p1 ; p2 ; :::; pn: Then

LBTriv =
nQ
i=1

pi � R(p) �
ǹ

i=1

pi = UBTriv:

Proof. From (2.2) we have

nQ
i=1

xi � '(x) �
ǹ

i=1

xi

Taking expectations we have

E

�
nQ
i=1

xi

�
� E['(x)] � E

�
ǹ

i=1

xi

�
(3.1)

Because the components are independent, (3.1) becomes

nQ
i=1

E(xi ) � R(p) �
ǹ

i=1

E(xi )
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i.e
nQ
i=1

pi � R(p) �
ǹ

i=1

pi

Theorem 6 states that the reliability function of a coherent system is greater

or equal to that of a series system and less or equal to that of a parallel

system.

3.2 Esary- Proschan bounds

Esary and Proschan published a pioneering work showing that an improve-

ment can be made to the trivial bounds by using minimal path and cut

representation of the structure function. Before we state the bounds, we

need the following four lemmas.

Lemma 2 Let x1 ; x2 ; : : : ; xn be independent binary random variables. For

any functions f1 ; f2

cov[f1 (x); f2 (x)] = pi cov[f1 (1i;x); f2 (1i;x)] + qi cov[f1 (0i;x); f2 (0i;x)]

+pi qi � E[f1 (1i;x)� f1 (0i;x)] � E[f2 (1i;x)� f2 (0i;x)];

for i = 1; 2; : : : ; n:

Proof. Using pivotal decomposition, we have

E[f1 (x)f2 (x)] = pi E[f1 (1i;x)f2 (1i;x)] + qi E[f1 (0i;x)f2 (0i;x)]

and

E[f(x)] = pi E[f(1i;x)] + qi E[f (0i;x)]
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Now

cov[f1 (x); f2 (x)] = E[f1 (x)f2 (x)]� E[f1 (x)] � E[f2 (x)]
= pi E[f1 (1i;x)f2 (1i;x)] + qi E[f1 (0i;x)f2 (0i;x)]

� (pi E[f1 (1i;x)] + qi E[f1 (0i;x)])

(pi E[f2 (1i;x)] + qi E[f2 (0i;x)])

= pi E[f1 (1i;x)f2 (1i;x)] + qi E[f1 (0i;x)f2 (0i;x)]

�p2i E[f1 (1i;x)] � E[f2 (1i;x)]
�pi qi E[f1 (1i;x)] � E[f2 (0i;x)]
�pi qi E[f1 (0i;x)] � E[f2 (1i;x)]
�q2i E[f1 (0i;x)] � E[f2 (0i;x)]

= pi cov[f1 (1i;x); f2 (1i;x)] + qi cov[f1 (0i;x); f2 (0i;x)]

+pi qi E[f1 (1i;x)] � E[f2 (1i;x)]
+pi qi E[f1 (0i;x)] � E[f2 (0i;x)]
�pi qi E[f1 (1i;x)] � E[f2 (0i;x)]
�pi qi E[f1 (0i;x)] � E[f2 (1i;x)]

= pi cov[f1 (1i;x); f2 (1i;x)] + qi cov[f1 (0i;x); f2 (0i;x)]

+pi qi E[f1 (1i;x)� f1 (0i;x)] � E[f2 (1i;x)� f2 (0i;x)]

Lemma 3 Let x1 ; x2 ; : : : ; xn be independent binary random variables. Let

f1 ; f2 be increasing functions. Then

cov[f1 (x); f2 (x)] � 0
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Proof. The proof is by induction on the order n of the functions. For n = 1;
from Lemma 2

cov[f1 (x1 ); f2 (x1 )] = pq � E[f1 (1)� f1 (0)] � E[f2 (1)� f2 (0)]

an expression which is clearly non-negative for increasing f1 and f2 :

Assume that the covariance of any two increasing functions of order n � 1
is non-negative. If f1 ; f2 are increasing and of order n, then the related

functions fj (1i;x); fj (0i;x); j = 1; 2; are all increasing and of order n � 1:
Thus the �rst two terms of the representation of Lemma 2 are non-negative.

Since fj (1i;x) � fj (0i;x); j = 1; 2; the third term of the same representation

is also non-negative.

Lemma 4 Let x1 ; x2 ; : : : ; xn be independent binary random variables. De-

�ne fj (x) =
Y
i2Aj

xi ; where Aj is a subset of f1; 2; : : : ; ng; j = 1; 2; : : : ;M:

Then

Pr[f1 = 0; : : : ; fM = 0] � Pr[f1 = 0; : : : ; fr = 0]�Pr[fr+1 = 0; : : : ; fM = 0];

for r = 1; 2; : : : ;M:

Proof. De�ne

F1 =

(
0 if each fj = 0; j = 1; 2; : : : ; r

1 otherwise

F2 =

(
0 if each fj = 0; j = r + 1; r + 2; : : : ;M

1 otherwise

Thus F1 = 1�
rY
j=1

(1�fj ); F2 = 1�
MY

j=r+1

(1�fj ): Since each fj is increasing,

F1 and F2 are increasing. By Lemma 3

E(F1F2) � E(F1) � E(F2)
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or equivalently

E(1� F1)(1� F2) � E(1� F1) � E(1� F2)

or equivalently

Pr[F1 = 0; F2 = 0] � Pr[F1 = 0] � Pr[F2 = 0]

Lemma 5 under the same hypothesis as in Lemma 4,

Pr[f1 = 0; : : : ; fM = 0] �
MQ
j=1

Pr[fj = 0]:

Proof. Repeated application of Lemma 4 yields the results.

Now we are ready to state the Esary- Proschan bounds. They are summarized

in the theorem below.

Theorem 7 Let S be a coherent system of n independent components with

reliabilities p1 ; p2 ; :::; pn: Let P = fP1; P2; : : : ; PMg andC = fC1; C2; : : : ; CNg
be the minimal path and cut sets respectively. Then

LBEP =

NY
k=1

a
i2Ck

pi � R(p) �
Ma
j=1

Y
i2Pj

pi = UBEP :
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Proof. Let � = 1� ' and �k = 1� �k for k = 1; 2; : : : ; N: Then

Pr[� = 0] = Pr['(x) = 1]

= Pr[�1 (x) = 1; �2 (x) = 1; : : : ; �N (x) = 1]

= Pr[�1 = 0; �2 = 0; : : : ; �N = 0]

�
NY
k=1

Pr[�k = 0] from Lemma 5

=

NY
k=1

Pr[�k (x) = 1]

=

NY
k=1

a
i2Ck

pi

which proves the lower bound.

Similarly

Pr['(x) = 0] = Pr[�1 (x) = 0; �2 (x) = 0; : : : ; �M (x) = 0]

�
MY
j=1

Pr[�j (x) = 0] from Lemma 5

=
MY
j=1

�
1� Pr[�j (x) = 1]

�
=

MY
j=1

0@1�Y
i2Pj

pi

1A
Hence

R(p) = Pr['(x) = 1]

= 1� Pr['(x) = 0]

� 1�
MY
j=1

0@1�Y
i2Pj

pi

1A
=

Ma
j=1

Y
i2Pj

pi
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Which proves the upper bound.

If the structure happens to have minimal path sets which are mutually dis-

joint, then �1 ; �2 ; : : : ; �M are independent random variables and UBEP =

R(p): Similarly, if the structure has minimal cut sets which are disjoint, then

LBEP = R(p):

Example 9 In Example 7 the reliability of a bridge structure with p1 =

p2 = � � � = p5 = p is given as

R(p) = 2p2 + 2p3 � 5p4 + 2p5:

Esary- Proschan bounds are given as follows:

LBEP = (1� q2)2 � (1� q3)2;

and

UBEP = 1� (1� p2)2(1� p3)2:

In Table 2 below we evaluate the bounds with low and high values of p:

Table 2: Comparison of Esary-Proschan bounds with reliability function for a
bridge structure

p LBEP R(p) UBEP

0:05 0:000193375 0:005219375 0:005242486
0:10 0:00265122 0:02152 0:02185922
0:15 0:011466193 0:049370625 0:050932534
0:85 0:949067466 0:950629374 0:988533807
0:90 0:97814078 0:97848 0:99734878
0:95 0:994757514 0:994780624 0:999806625

From Table 2 it is clear that when components have high reliabilities, Esary-

Prschan�s lower bound yields a good approximation to system reliability.

When the components have low reliabilities, then it is the upper bound that

yields a good approximation to system reliability.
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3.3 Min- max bounds

Contrast to Esary and Proschan bounds, we can obtain upper bounds which

depend on minimal cut sets and lower bounds which depend on minimal path

sets. The bounds are summarized in the theorem below.

Theorem 8 Let S be a coherent system of n independent components with

reliabilities p1 ; p2 ; :::; pn: Let P =fP1; P2; : : : ; PMg andC = fC1; C2; : : : ; CNg
be the minimal path and cut sets respectively. Then

LBmin�max = max
1�j�M

Q
i2Pj

pi � R(p) � min
1�k�N

`
i2Ck

pi = UBmin�max:

Proof. From (2.4) and (2.5) we have

'(x) = max
1�j�M

min
i2Pj

xi = min
1�k�N

max
i2Ck

xi :

Thus

min
i2Pj

xi � '(x) � max
i2Ck

xi ;

i.e. Y
i2Pj

xi � '(x) �
a
i2Ck

xi:

Taking expectations, we have

E

24Y
i2Pj

xi

35 � E['(x)] � E

"a
i2Ck

xi

#
:

Because components are independent, this becomesY
i2Pj

E(xi ) � R(p) �
a
i2Ck

E(xi):

Hence

max
1�j�M

Q
i2Pj

pi � R(p) � min
1�k�N

`
i2Ck

pi :
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3.4 Inclusion-exclusion bounds

From (2.9) the reliability of a system is given as

R(p) =
MP
j=1

(�1)j�1E(Tj);

where Tj =
P

1�i1 �i2 �����ij �M
�i 1�i2 : : : �i j : It is clear that

R(p) � E(T1)

� E(T1)� E(T2)

� E(T1)� E(T2) + E(T3)

� E(T1)� E(T2) + E(T3)� E(T4)
...

that is, for odd k, 1 � k �M :

R(p) �
kP
j=1

(�1)j�1E(Tj);

and for even k, 2 � k �M :

R(p) �
kP
j=1

(�1)j�1E(Tj):

These bounds converge to R(p), but not necessarily monotone. In practice it

may be necessary to calculate only a few Tj�s to obtain a close approximation.

Hence

LBInc�Ex = E(T1)� E(T2) � R(p) � E(T1) = UBInc�Ex;

gives a close approximation.
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3.5 Spross Bounds

Motivated by an observation that most approximation methods are partially

based on a rather complicated mathematics, Spross, under the supervision of

Professor Beichelt [6], emphasizes the usefulness of a simple upper and lower

bound on system reliability. The construction of these bounds requires only

a few minimal path and cut sets of the system and the generation of disjoint

sums (section 2.6). The bounds are derived as follows:

From (2.6) the structure function of a coherent system is given as

'(x) =

MX
j=1

�j;

and

'(x) = 1�
NX
k=1

#k :

From (2.10) the reliability of a system is given as

R(p) =
MX
j=1

E[�j];

and

1�R(p) =

NX
k=1

E[#k ]:

Without loss of generality, let P1; P2; : : : ; Pg and C1; C2; : : : ; Ch be the given,

known minimal path sets and minimal cut sets, respectively, where 1 � g �
M and 1 � h � N:

De�ne

b
¯
(g) =

gX
j=1

E[�j];

and

�b(h) = 1�
hX
k=1

E[#k ]:
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Then

LBBS = b¯
(g) � R(p) � �b(h) = UBBS:

The calculation of b
¯
(g) and �b(h) is stopped when, for a given measure of

accuracy �; d(g; h) � �; where d(g; h) = �b(h)�b
¯
(g): Otherwise g and h have

to be enlarged.

Example 10 This example is extracted from [6]

Figure 3.1: Example of a structure of variable size

Figure 3.1 above is a reliability block diagram with m = 3k + 1 nodes and

n = 5 + 7(k � 1) edges, k = 1; 2 : : : : Table 3 below presents the number of

minimal path and cut sets with respect to m. The table shows that the exact

computation of R(p) for m � 19 is not possible by applying the disjoint sum
approach.

Table 3: Number of minimal path and cut sets
m # minimal paths # minimal cuts
4 3 4
7 21 18
10 151 56
13 1081 148
16 7739 356
19 55405 806

48



Table 4 below contains Spross lower and upper bounds for a structure with

m = 19 nodes. To compute these bounds only minimal paths (cuts) with

cardinalities � 8 (� 5) have been used. From Table 4, d(43; 15) = 0:0104:

Note that the number of minimal paths and cuts required to estimate the

system reliability is much more less than the total number of paths/cuts.

Table 4: Lower and upper bounds
g b

¯
(g) h �b(h)

5 0:6453 2 0:9980
10 0:8069 4 0:9978
20 0:9040 8 0:9976
40 0:9765 12 0:9976
43 0:9871 15 0:9975

3.6 Fu- Koutras bounds

Motivated by the observation that Esary and Proschan�s bounds cannot be

e¤ectively used for approximating system reliability from both sides, Fu and

Koutras [13] have derived improved bounds to system reliability. Contrary

to Esary and Proschan�s bounds, Fu and Koutras�upper bound is derived

from minimal cut sets and the lower bound is derived from minimal path

sets.

Before we derive the bounds, we need the following de�nition:

De�nition 12 Let C1; C2; : : : ; CN be the minimal cut sets of system S:De�ne

L�1 = ?; L�k = fi j Ci\Ck 6= ?; 1 � i < kg; k = 2; : : : ; N: For each nonempty
L�k; let Lk be an index set satisfying the following conditions:

1. Lk \ Ci 6= ? for every i 2 L�k

2. Lk \ Ck = ?

If L�k = ? we conventionally set Lk = ?:
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Fu and Koutras upper bound (UBFK) is derived in the theorem below:

Theorem 9 If �k (x) is the kth minimal cut parallel structure generated by
cut set Ck , k = 1; 2; : : : ; N; then

R(p) �
NQ
k=1

"
1�

 Q
i2Lk

pi

!
Pr[�k (x) = 0]

#
=

NQ
k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
:

Proof. The derivation is based on expressing the reliability R(p) as the
probability of intersection of events. Let Sk be the event that all compo-

nents of cut set Ck have failed and S
0
k the complimentary event, i.e, there

exists at least one functioning component in cut set Ck: It is clear that

R = Pr

�
NT
k=1

S
0
k

�
:

Using the chain rule- probability we have

R = Pr

�
NT
k=1

S
0

k

�
= Pr(S

0

1) �
NQ
k=2

Pr

 
S
0

k j
k�1T
j=1

S
0

j

!
[chain rule]

= [1� Pr(S1)] �
NQ
k=2

"
1� Pr

 
Sk j

k�1T
j=1

S
0

j

!#

=
NQ
k=1

(1� �k );

where �1 = Pr(S1); �k = Pr

 
Sk j

k�1T
j=1

S
0
j

!
; k = 2; 3; : : : ; N:

Let Dk, k = 1; 2; : : : ; N; be the event that all the components contained in

index set Lk are working (if Lk is empty, Dk is considered as an event with

probability 1). Note Pr(Dk) =
Q
i2Lk

pi and Pr(Sk) = Pr(�k (x) = 0):

If L�k = ? then Sk is independent of
k�1T
j=1

S
0
j, therefore

�k = Pr(Sk) = Pr(Sk) � Pr(Dk);
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hence

R(p) =
NQ
k=1

"
1�

 Q
i2Lk

pi

!
(Pr(�k (x) = 0))

#

=
NQ
k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
;

which proves the equality.

For L�k 6= ? it is obvious that

�k � Pr

 
Sk j Dk \

 
k�1T
j=1

S
0

j

!!
� Pr

 
Dk j

k�1T
j=1

S
0

j

!
= �k �k ;

where �k = Pr

 
Sk j Dk \

 
k�1T
j=1

S
0
j

!!
and �k = Pr

 
Dk j

k�1T
j=1

S
0
j

!
: Con-

dition 1 of De�nition 12 implies that Dk \ S
0
j = Dk for all i 2 L�k and,

therefore,

Dk \
 
k�1T
j=1

S
0

j

!
= Dk \

0B@ k�1T
j=1
j =2L�k

S
0

j

1CA = Ak : (3.2)

By (3.2), de�nition 12 of L�k and condition 2 of de�nition 12, we conclude

that the components of Ck are not used in event Ak . Therefore, Sk and Ak
are independent and

�k = Pr (Sk j Ak ) = Pr (Sk) :

Next, let

Lok = fj j Cj \ Lk = ?; 1 � j < kg:
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Then

Pr(Ak ) = Pr

"
Dk \

 T
j2Lok

S
0

j

!#

= Pr(Dk) � Pr
" T
j2Lok

S
0

j

#

� Pr(Dk) � Pr
 
k�1T
j=1

S
0

j

!
:

Now

�k =
Pr(Ak )

Pr

 
k�1T
j=1

S
0
j

!

�
Pr(Dk) � Pr

 
k�1T
j=1

S
0
j

!

Pr

 
k�1T
j=1

S
0
j

!
= Pr(Dk):

Hence

�k � �k �k

= Pr (Sk) � Pr
 
Dk j

k�1T
j=1

S
0

j

!
� Pr (Sk) � Pr(Dk):

So that

1� �k � 1� Pr (Sk) � Pr(Dk):
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Hence

R =
NQ
k=1

(1� �k )

�
NQ
k=1

[1� Pr (Sk) � Pr(Dk)]

=
NQ
k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
;

which proves the upper bound.

Numerically, from Example 9 above and Example 11 below, we can see that

Fu and Koutras�upper bound is very close to Esary and Proschan�s lower

bound. Contrary to Esary and Proschan�s lower bound though, Fu and

Koutras�upper bound depends on the numbering of minimal cut sets. It

remains an open question which is the optimal arrangement of the minimal

cut sets of a given coherent system yielding the lowest possible UBFK . An-

other interesting point is that, even after having speci�ed the arrangement

to be used, the selection of index sets Lk may not be unique. If such a sit-

uation occurs, Fu and Koutras suggest that Lk should be chosen such that

Pr(Dk) =
Q
i2Lk

pi is maximized, hence bringing the product terms of LBEP

and UBFK as close as possible. In the i.i.d case, the maximization of Pr(Dk)

is equivalent to the minimization of the cardinality of Lk:

Next we derive Fu and Koutras�lower bound (LBFK), but before we do that

we need the following de�nition:

De�nition 13 Let P1; P2; : : : ; PM be the minimal path sets of system S:De�ne

K�
1 = ?; K�

j = fi j Pi \ Pj 6= ?; 1 � i < jg; j = 1; 2; : : : ;M: For each

nonempty K�
j ; let Kj be an index set satisfying the following conditions:

1. Kj \ Pi 6= ? for every i 2 K�
j

2. Kj \ Pj = ?

If K�
j = ? we conventionally set Kj = ?
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LBFK is derived in the theorem below:

Theorem 10 If �j (x) is the jth minimal path series structure generated by
path set Pj , j = 1; 2; : : : ;M; then

R(p) � 1�
MQ
j=1

"
1�

 Q
i2Kj

qi

!
Pr[�j (x) = 1]

#
= 1�

MQ
j=1

241� Q
i2Kj

qi

! Y
i2Pj

pi

35 :
Proof. The derivation is based on expressing the reliability R(p) as the
probability of intersection of events. Let Tj be the event that all components

of path set Pj are working and T
0
j the complimentary event, i.e, there is at

least one component that has failed in path set Pj: It is clear that 1 � R =

Pr

 
MT
j=1

T
0
j

!
:

Using the chain rule- probability we have

1�R = Pr

 
MT
j=1

T
0

j

!

= Pr(T
0

1) �
MQ
j=2

Pr

�
T
0

j j
j�1T
i=1

T
0

i

�
[chain rule]

= [1� Pr(T1)] �
MQ
j=2

�
1� Pr

�
Tj j

j�1T
i=1

T
0

i

��
=

MQ
j=1

(1� !j )

where !1 = Pr(T1); !j = Pr
�
Tj j

j�1T
i=1

T
0
i

�
; j = 2; 3; : : : ;M:

Let Bj, j = 1; 2; : : : ;M; be the event that all the components contained in

index set Kj are working (if Kj is empty, Bj is considered as an event with

probability 1). Note Pr(Bj) =
Q
i2Kj

pi and Pr(Tj) = Pr(�j (x) = 1):

If K�
j = ? then Tj is independent of

j�1T
i=1

T
0
i , therefore

!j = Pr(Tj) = Pr(Tj) � Pr(Bj):
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Hence

1�R(p) =
MQ
j=1

(1� !j )

=
MQ
j=1

(1� Pr(Tj) � Pr(Bj))

=
MQ
j=1

"
1�

 Q
i2Kj

pi

!�
Pr(�j (x) = 1)

�#

=
MQ
j=1

"
1�

 Q
i2Kj

pi

! Q
i2Pj

pi

!#
:

So that

R(p) = 1�
MQ
j=1

"
1�

 Q
i2Kj

pi

! Q
i2Pj

pi

!#
;

which proves the equality.

For K�
j 6= ? it is obvious that

!j � Pr

�
Tj j Bj \

�
j�1T
i=1

T
0

i

��
� Pr

�
Bj j

j�1T
i=1

T
0

i

�
= �j � �j ;

where �j = Pr
�
Tj j Bj \

�
j�1T
i=1

T
0
i

��
and �j = Pr

�
Bj j

j�1T
i=1

T
0
i

�
: Condition

1 in De�nition 13 implies that Bj \ T
0
i = Bj for all i 2 K�

j and, therefore,

Bj \
�
j�1T
i=1

T
0

i

�
= Bj \

0B@ j�1T
i=1
i=2K�

j

T
0

i

1CA = Gj: (3.3)

By (3.3), de�nition 13 of K�
j and condition 2, we conclude that the compo-

nents of Pj are not used in event Gj. Therefore, Tj and Gj are independent

and

�j = Pr (Tj j Gj) = Pr (Tj) :
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Next, let

Ko
j = fi j Pi \Kj = ?; 1 � i < jg:

Then

Pr(Gj) = Pr

"
Bj \

 T
i2Ko

j

T
0

i

!#

= Pr(Bj) � Pr
" T
i2Ko

j

T
0

i

#

� Pr(Bj) � Pr
�
j�1T
i=1

T
0

i

�
:

Now

�j =
Pr(Gj)

Pr

�
j�1T
i=1

T
0
i

�

�
Pr(Bj) � Pr

�
j�1T
i=1

T
0
i

�
Pr

�
j�1T
i=1

T
0
i

�
= Pr(Bj):

Hence

!j � �j � �j

= Pr (Tj) � Pr
�
Bj j

j�1T
i=1

T
0

i

�
� Pr (Tj) � Pr(Bj):

So that

1� !j � 1� Pr (Tj) � Pr(Bj):
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Hence

1�R =
MQ
j=1

(1� !j )

�
MQ
j=1

[1� Pr (Tj) � Pr(Bj)]

=
MQ
j=1

"
1�

 Q
i2Kj

pi

! Q
i2Pj

pi

!#
:

So that

R(p) = 1�
MQ
j=1

"
1�

 Q
i2Kj

pi

! Q
i2Pj

pi

!#
;

which proves the lower bound.

Example 11 Bridge structure

L�1 = L�2 = ?; L�3 = f1; 2g; L�4 = f1; 2; 3g

L1 = L2 = ?; L3 = f2; 4g; L4 = f1; 5g

UBFK =
4Q

k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
= (1� q2)2(1� p2q3)2

K�
1 = K�

2 = ?; K�
3 = f1; 2g; K�

4 = f1; 2; 3g

K1 = K2 = ?; K3 = f2; 4g; K4 = f1; 5g

LBFK = 1�
4Q
j=1

241� Q
i2Kj

qi

! Y
i2Pj

pi

35
= 1� (1� p2)2(1� p3q2)2

Table 3 below gives the numerical values of LBFK ; R(p) and UBFK for low

and high values of p.
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Table 5: Fu-Koutras bounds
p LBFK R(p) UBFK

0:05 5: 218 2� 10�3 0:005219375 9: 465 5� 10�3
0:10 2: 148 7� 10�2 0:02152 3: 557 6� 10�2
0:15 4: 914 8� 10�2 0:049370625 7: 489 3� 10�2
0:85 0:925 11 0:950629374 0:950 85
0:90 0:964 42 0:97848 0:978 51
0:95 0:990 53 0:994780624 0:994 78

3.7 Koutras-Papastavridis-Petakos Bounds

Koutras, Papastavridis and Petakos also derive bounds that are an improve-

ment to Esary and Proschan�s bounds.

The bounds are derived as follows: de�ne L�k and K
�
j as in section 3.6 above.

Let ��k ; k = 1; 2; : : : ; N; be the structure function of the system with minimal

cut sets Ci; i 2 L�k and ��j ; j = 1; 2; : : : ;M; a structure function of a system

with minimal path sets Pi; i 2 K�
j : That is,

��k =
Q
i2L�k

�i and ��j =
`
i2K�

j

�i :

For L�k = ? or K�
j = ?; we set ��k = 1 or ��j = 1 respectively.

Before we derive Koutras, Papastavridis and Petakos upper bound (UBKPP ),

we need the following de�nition:

De�nition 14 A family of non- decreasing binary functions {�k = �k (x);

k = 1; 2; : : : ; N} will be called ��cut structures for the system S with minimal

cut sets C1; C2; : : : ; CN if �1 = 1 and the following conditions are satis�ed

for all k = 2; 3; : : : ; N :

(i) The components ci; i 2 Ck are irrelevant for the structure de�ned by �k ;
i.e. the value of the function �k does not depend on the variables xi ;

i 2 Ck:

(ii) �k (x) � ��k (x) for every state vector x 2 Vn:
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In words, condition (ii) of De�nition 14 states that, if the structure de�ned by

�k is up, then there is at least one working component in every Ci; i 2 L�k: It
is also worth mentioning that the set of all feasible ��cut structures depends
on the speci�c ordering of the minimal cut sets, since a rearrangement of them

will manifestly alter the index sets L�k; k = 2; 3; : : : ; N:

Now we are ready to state UBKPP . This is done in the theorem below.

Theorem 11 If {�k ; k = 1; 2; : : : ; N} is any � � cut structure for the

system S with minimal cut sets C1; C2; : : : ; CN ; then

R(p) �
NQ
k=1

[1� Pr(�k = 1) � Pr(�k (x) = 0)]

=
NQ
k=1

"
1� Pr(�k = 1) �

 Q
i2Ck

qi

!#
:

Proof. Let Sk be the event that all components of cut set Ck have failed
and S

0
k the complimentary event, i.e, there exists at least one functioning

component in cut set Ck: It is clear that R = Pr

�
NT
k=1

S
0
k

�
:Also let Ak be

the event {�k = 1}.

Using the chain rule- probability we have

R = Pr

�
NT
k=1

S
0

k

�
= Pr(S

0

1) �
NQ
k=2

Pr

 
S
0

k j
k�1T
j=1

S
0

j

!

= [1� Pr(S1)] �
NQ
k=2

"
1� Pr

 
Sk j

k�1T
j=1

S
0

j

!#

=
NQ
k=1

(1� �k );

where �1 = Pr(S1); �k = Pr

 
Sk j

k�1T
j=1

S
0
j

!
; k = 2; 3; : : : ; N: Note that

Pr(Sk) = Pr(�k (x) = 0):
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If L�k = ? then Sk is independent of
k�1T
j=1

S
0
j, therefore

�k = Pr(Sk)

� Pr(Sk) � Pr(Ak ):

So that

1� �k � 1� Pr(Sk) � Pr(Ak ):

Hence

R(p) =
NQ
k=1

(1� �k )

�
NQ
k=1

[1� Pr(Sk) � Pr(Ak )]

=
NQ
k=1

"
1� Pr(�k = 1) �

 Q
i2Ck

qi

!#
;

which proves the upper bound.

For L�k 6= ? it is obvious that

�k � Pr
 
Sk j Ak \

 
k�1T
j=1

S
0

j

!!
� Pr

 
Ak j

k�1T
j=1

S
0

j

!
:

Condition (ii) of De�nition 14 implies that

Ak �
T
j2L�k

S
0

j;

and therefore

Ak \
 
k�1T
j=1

S
0

j

!
= Ak \

0B@ k�1T
j=1
j =2L�k

S
0

j

1CA = Ek :

The event Ek is independent of Sk because the binary functions in
k�1T
j=1

S
0
j do
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not make use of the indicator variables associated with cut set Ck: Therefore

Pr

 
Sk j Ak \

 
k�1T
j=1

S
0

j

!!
= Pr (Sk j Ek ) = Pr(Sk):

On the other hand

Pr(Ek ) = Pr

264Ak \
0B@ k�1T

j=1
j =2L�k

S
0

j

1CA
375

= Pr(Ak) � Pr

0B@ k�1T
j=1
j =2L�k

S
0

j

1CA
� Pr(Ak) � Pr

 
k�1T
j=1

S
0

j

!
:

Now

Pr

 
Ak j

k�1T
j=1

S
0

j

!
=

Pr(Ek )

Pr

 
k�1T
j=1

S
0
j

!

�
Pr(Ak) � Pr

 
k�1T
j=1

S
0
j

!

Pr

 
k�1T
j=1

S
0
j

!
= Pr(Ak)

Hence

�k � Pr

 
Sk j Ak \

 
k�1T
j=1

S
0

j

!!
� Pr

 
Ak j

k�1T
j=1

S
0

j

!

= Pr(Sk) � Pr
 
Ak j

k�1T
j=1

S
0

j

!
� Pr(Ak) � Pr(Sk):
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So that

1� �k � 1� Pr(Ak) � Pr(Sk):

Hence

R(p) =
NQ
k=1

(1� �k )

�
NQ
k=1

[1� Pr(Ak) � Pr(Sk)]

=
NQ
k=1

"
1� Pr(�k = 1) �

 Q
i2Ck

qi

!#
;

again proving the upper bound.

Again, before we derive Koutras, Papastavridis and Petakos lower bound

(LBKPP ), we need the following de�nition:

De�nition 15 A family of non-decreasing binary functions �j f�j = �j(x);

j = 1; 2; : : : ;Mg; will be called � � path structure for the system S with

minimal path sets P1; P2; : : : ; PM if �1 = 1 and the following conditions are

satis�ed for all �j; j = 2; 3; : : : ;M :

(i) The components ci , i 2 Pj are irrelevant for the structure de�ned by �j;
i.e the value of the function �j does not depend on the variables xi ,

i 2 Pj:

(ii) �j(x) � ��j (x) for all x 2 Vn:

In words, condition (ii) of De�nition 15 states that if the structure function

de�ned by �j is down, then there is at least one component not working in

every Pi; i 2 ��j : Note that the � � path structure depends on the speci�c

ordering of system�s minimal path sets.

LBKPP is stated in the theorem below.
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Theorem 12 If f�j; j = 1; 2; : : : ;Mg is any � � path structure for the

system S with minimal path sets P1; P2; : : : ; PM ; then

R(p) � 1�
MQ
j=1

[1� Pr(�j = 0) � Pr(�j = 1)]

= 1�
MQ
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
:

Proof. Let Tj be the event that all components of path set Pj are working
and T

0
j the complimentary event, i.e, T

0
j is the event that there is at least one

component that has failed in path set Pj: It is clear that 1�R = Pr
 

MT
j=1

T
0
j

!
:

Also let Bj be an event f�j = 0g:
Using the chain rule- probability we have

1�R = Pr

 
MT
j=1

T
0

j

!

= Pr(T
0

1) �
MQ
j=2

Pr

�
T
0

j j
j�1T
i=1

T
0

i

�
[chain rule]

= [1� Pr(T1)] �
MQ
j=2

�
1� Pr

�
Tj j

j�1T
i=1

T
0

i

��
=

MQ
j=1

(1� !j );

where !1 = Pr(T1); !j = Pr

�
Tj j

j�1T
i=1

T
0
i

�
; j = 2; 3; : : : ;M: Note that

Pr(Tj) = Pr(�j (x) = 1):

If K�
j = ? then Tj is independent of

j�1T
i=1

T
0
i , therefore

!j = Pr(Tj)

� Pr(Tj) � Pr(Bj):

So that

1� !j � 1� Pr(Tj) � Pr(Bj):
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Hence

1�R =
MQ
j=1

(1� !j )

�
MQ
j=1

[1� Pr(Tj) � Pr(Bj)] :

So that

R(p) � 1�
MQ
j=1

[1� Pr(Tj) � Pr(Bj)]

= 1�
MQ
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
;

which proves the lower bound.

For K�
j 6= ? it is obvious that

!j � Pr

�
Tj j Bj \

�
j�1T
i=1

T
0

i

��
� Pr

�
Bj j

j�1T
i=1

T
0

i

�
= �j � �j ;

where �j = Pr
�
Tj j Bj \

�
j�1T
i=1

T
0
i

��
and �j = Pr

�
Bj j

j�1T
i=1

T
0
i

�
:

Condition (ii) of de�nition 15 implies that

T
i2K�

j

T
0

i � Bj;

and therefore

Bj \
�
j�1T
i=1

T
0

i

�
= Bj \

0B@ j�1T
i=1
i=2K�

j

T
0

i

1CA = Dj:

The event Dj is independent of Tj because the binary functions in
j�1T
i=1

T
0
i do

not make use of the indicator variables associated with path set Pj: Therefore

Pr

�
Tj j Bj \

�
j�1T
i=1

T
0

i

��
= Pr (Tj j Dj) = Pr(Tj):
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On the other hand

Pr(Dj) = Pr

264Bj \

0B@ j�1T
i=1
i=2K�

j

T
0

i

1CA
375

= Pr(Bj) �

0B@ j�1T
i=1
i=2K�

j

T
0

i

1CA
� Pr(Bj) �

�
j�1T
i=1

T
0

i

�
:

Now

Pr

�
Bj j

j�1T
i=1

T
0

i

�
=

Pr(Dj)

Pr

�
j�1T
i=1

T
0
i

�

�
Pr(Bj) �

�
j�1T
i=1

T
0
i

�
Pr

�
j�1T
i=1

T
0
i

�
= Pr(Bj):

Hence

!j � Pr

�
Tj j Bj \

�
j�1T
i=1

T
0

i

��
� Pr

�
Bj j

j�1T
i=1

T
0

i

�
= Pr(Tj) � Pr

�
Bj j

j�1T
i=1

T
0

i

�
� Pr(Tj) � Pr(Bj):

So that

1� !j � 1� Pr(Tj) � Pr(Bj):
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Hence

1�R =
MQ
j=1

(1� !j )

�
MQ
j=1

[1� Pr(Tj) � Pr(Bj)]

=
MQ
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
:

So that

R(p) � 1�
MQ
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
;

again proving the lower bound.

3.8 Boutsikas- Koutras Bounds

Boutsikas and Koutras [11] generalize Esary-Proschan, Fu-Koutras and min-

max bounds by considering an arbitrary partition of the family of minimal

cut and path sets. Before we derive these bounds, we need the following

de�nition:

De�nition 16 �C and �P will denote an arbitrary partition of C and P re-

spectively, i.e. �C = fC1 ;C2 ; : : : ;Cvg; �P = f{1;{2; : : : ;{�g; where

� Cs � C, s = 1; 2; : : : ; v; Ci \ Cj = ? for i 6= j and
v[
s=1

Cs = C

� {s � P; s = 1; 2; : : : ; u; {i \ {j = ? for i 6= j and
u[
s=1

{s = P:

3.8.1 Generalized Esary-Proschan Bounds

We recall that Esary and Proschan�s lower bound is obtained by consider-

ing a series system with N independent subsystems, each subsystem being a
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parallel structure whose components are the ones contained in C 2 C: Their
upper bound is obtained by considering a parallel system with M indepen-

dent subsystems, each subsystem being a series structure whose components

are the ones contained in P 2 P: Boutsikas and Koutras have explored the
possibilities of combining several minimal cut (path) sets together, therefore

reducing the number of series (parallel) subsystems and increasing subsys-

tem�s size. Their result is summarized in the theorem below.

Theorem 13 The reliability R(p) of any coherent system is bounded below

(LB(G)
EP ) and above (UB

(G)
EP ) as follows:

vQ
s=1

� Q
C2Cs

�
1�

Q
i2C

qi

��
� R(p) � 1�

uQ
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#
:

Proof. The random variables
Q
C2Cs

�
1�

Q
i2C
�xi

�
, s = 1; 2; : : : ; v are coordi-

natewise non-decreasing functions of the independent random variables xi ;

i = 1; 2; : : : ; n: Therefore by making use of 5 we deduce

R(p) = E

"
NQ
k=1

`
i2Ck

xi

#

= E

�
vQ
s=1

� Q
C2Cs ì2C

xi

��
�

vQ
s=1

E

� Q
C2Cs ì2C

xi

�
=

vQ
s=1

� Q
C2Cs

�
1�

Q
i2C

qi

��
;

which proves the lower bound.

The random variables 1�
`
P2{s

Q
i2P

xi ; s = 1; 2; : : : ; u are coordinatewise non-

decreasing functions of the independent random variables xi ; i = 1; 2; : : : ; n:
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Therefore by making use of 5 we deduce

R(p) = E

"
M̀

j=1

Q
i2Pj

xi

#

= 1� E

"
uQ
s=1

 
1�

`
P2{s

Q
i2P

xi

!#

� 1�
uQ
s=1

E

 
1�

`
P2{s

Q
i2P

xi

!

= 1�
uQ
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#

which proves the upper bound.

3.8.2 Generalized Fu-Koutras Bounds

De�nition 17 For given partitions �C and �P we denote C�s, {�s the next two
collections of minimal cut and path sets.

� C�s = fD 2
S
l<s

Cl : D \
� S
C2Cs

C

�
6= ?g; s = 2; 3; : : : ; v:

� {�s = fD 2
S
l<s

{l : D \
 S
P2{s

P

!
6= ?g; s = 2; 3; : : : ; u:

The generalized Fu-Koutras bounds are summarized in the theorem below.

Theorem 14 The reliability R(p) of any coherent system is bounded below

by

LB
(G)
FK = 1�

" Q
P2{1

�
1�

Q
i2P

pi

�#
�
uQ
s=2

"
1�

 `
P2{�s[{s

Q
i2P

pi �
`
P2{�s

Q
i2P

pi

!#

= 1�
"
1� E

 `
P2{1

Q
i2P

xi

!#
�
uQ
s=2

"
1� E

  `
P2{s

Q
i2P

xi

! 
1�

`
P2{�s

Q
i2P

xi

!!#
;
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and bounded above by

UB
(G)
FK =

� Q
C2C1 ì2C

pi

�
�

vQ
s=2

"
1�

 Q
C2C�s ì2C

pi �
Q

C2C�s[Cs ì2C
pi

!#

= E

� Q
C2C1 ì2C

xi

�
�

vQ
s=2

 
1� E

"�
1�

Q
C2Cs ì2C

xi

� Q
C2C�s ì2C

xi

!#!
:

Proof. To establish the upper bound UB
(G)
FK we observe that for s =

1; 2; : : : ; v; we have

E

" Q
C2 [j�s�1Cj ì2C

xi

#
� E

" Q
C2 [j�sCj ì2C

xi

#

= E

"�
1�

Q
C2Cs ì2C

xi

�
�
s�1Q
j=1

 Q
C2Cj ì2C

xi

!#
;

or alternatively,

E

" Q
C2 [j�sCj ì2C

xi

#
= E

" Q
C2 [j�s�1Cj ì2C

xi

#
(3.4)

�E
" �

1�
Q
C2Cs ì2C

xi

�
�
Q
C2C�j ì2C

xi

! Q
C2 [j�s�1CjnC�s ì2C

xi

!#
:

The bracketed terms inside the mean value operator are coordinatewise non-

decreasing functions of the independent random variables x0i s; i 2 I n [C2Cs
C: Hence they are associated (by P2, P3 and P4). Therefore by making use

of Lemma 5 we may write

E

"�
1�

Q
C2Cs ì2C

xi

�
�
s�1Q
j=1

 Q
C2Cj ì2C

xi

!#
� E

"�
1�

Q
C2Cs ì2C

xi

�
�
Q
C2Cj ì2C

xi

#

�E
" Q
C2 [j�s�1CjnC�s ì2C

xi

#
(3.5)
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Also note that

E

" Q
C2 [j�s�1CjnC�s ì2C

xi

#
� E

" Q
C2 [j�s�1Cj ì2C

xi

#
(3.6)

Applying (3.6) into (3.5) we get

E

"�
1�

Q
C2Cs ì2C

xi

�
�
s�1Q
j=1

 Q
C2Cj ì2C

xi

!#
� E

"�
1�

Q
C2Cs ì2C

xi

�
�
Q
C2Cj ì2C

xi

#

�E
" Q
C2 [j�s�1Cj ì2C

xi

#
(3.7)

Using (3.4) and (3.7) we verify that

E

" Q
C2 [j�sCj ì2C

xi

#
� E

" Q
C2 [j�s�1Cj ì2C

xi

# 
1� E

"�
1�

Q
C2Cs ì2C

xi

�
�
Q
C2C�s ì2C

xi

#!

= E

" Q
C2 [j�s�1Cj ì2C

xi

#
 
1�

 
E

" Q
C2C�s ì2C

xi

#
� E

" Q
C2Cs[C�s ì2C

xi

#!!
:

The upper bound UB(G)
FK is easily obtained by induction.

3.8.3 Generalized Min-Max Bounds

Theorem 15 The reliability R(p) of any coherent system is bounded below

(LB(G)
min�max) and above (UB

(G)
min�max) as follows:

LB
(G)
min�max = min

1�s�v

Q
C2Cs ì2C

pi � R(p) � max
1�s�u

Q
P2{s

�
1�

Q
i2P

pi

�
= UB

(G)
min�max:

Proof. The random variables
Q
C2Cs

�
1�

Q
i2C
�xi

�
, s = 1; 2; : : : ; v are coordi-

natewise non-decreasing functions of the independent random variables xi ;
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i = 1; 2; : : : ; n: Therefore by making use of 5 we deduce

R(p) = E

"
NQ
k=1

`
i2Ck

xi

#

= E

�
vQ
s=1

� Q
C2Cs ì2C

xi

��
�

vQ
s=1

E

� Q
C2Cs ì2C

xi

�
=

vQ
s=1

� Q
C2Cs ì2C

pi

�
= min

1�s�v

� Q
C2Cs ì2C

pi

�
;

which proves the lower bound.

Similarly,

1�R(p) = 1� E

"
M̀

j=1

Q
i2Pj

xi

#

= E

"
uQ
s=1

 
1�

`
P2{s

Q
i2P

xi

!#

�
uQ
s=1

E

 
1�

`
P2{s

Q
i2P

xi

!

=
uQ
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#

So

R(p) � 1�
uQ
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#

=
ù

s=1

 Q
P2{s

�
1�

Q
i2P

pi

�!

= max
1�s�u

( Q
P2{s

�
1�

Q
i2P

pi

�)
;
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which proves the upper bound.
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4 NUMERICAL COMPARISON OF RELI-

ABILITY BOUNDS

In this chapter we compare numerically the bounds derived in chapter 3.

Firstly we will use the extended bridge structure (Figure 4.1) below to com-

pare the bounds. Secondly we will use Figure 4.4 to establish whether it

is better to take the system as a whole or to break it into modules and

then evaluate modules individually. And �nally we will investigate the ef-

fect a component with a lowest/highest Birnbaum importance has on the

bounds, using Figure 4.1. For the �rst and second sections we will assume

that p1 = p2 = : : : = pn = p:We will compare low and high values of p. For

the third section we will only vary the reliability function of the component

with the highest/lowest Birnbaum importance, and the reliability functions

of the other components will be held constant, i.e. all equal to p.

4.1 Evaluation of Bounds

c1

c2

c3

c4

c5

c6

c7

EN EX
X

Figure 4.1: Extended bridge structure

Figure 4.1 above is an undirected graph of an extended bridge structure.

The structure has 7 components, c1 ; c2 ; :::; c7: Path is from the entrance

node (EN) to the exit node (EX).
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The minimal path sets for this structure are:

P1 = f2; 7g; P2 = f1; 3; 7g; P3 = f1; 4; 6g; P4 = f2; 5; 6g;
P5 = f1; 3; 5; 6g; P6 = f1; 4; 5; 7g; P7 = f2; 3; 4; 6g;

and minimal cut sets are:

C1 = f1; 2g; C2 = f6; 7g; C3 = f4; 5; 7g;
C4 = f1; 3; 5; 7g; C5 = f2; 3; 5; 6g:

Note that the minimal path and cut sets are arranged in lexicographical

order.

The structure function ' is

'(x) = x2 x7 + x1 �x2 x3 x7 + x1 �x2 �x3 x4 x6 + x1 x2 x4 x6 �x7 + x1 �x2 x3 x4 x6 �x7

+�x1 x2 x5 x6 �x7 + x1 x2 �x4 x5 x6 �x7 + x1 �x2 x3 �x4 x5 x6 �x7

+x1 �x2 �x3 x4 x5 �x6 x7 + �x1 x2 x3 x4 �x5 x6 �x7 ;

and the reliability function R(p) is

R(p) = p2 + p3q + 2p3q2 + p4q + 2p4q2 + 3p4q3:

4.1.1 Trivial bounds

LBTriv = p7

UBTriv = 1� q7

From Tables 10, 11 and 13 (page 94) and Figures 4.2 and 4.3 below it is clear

that the lower bound is too wide and the distance is wider when the p values
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are in the interval (0:5; 0:8). The upper bound is a bad estimator for almost

all values of p: All in all, these bounds are too weak, and should be avoided.

4.1.2 Esary- Proschan bounds

LBEP =
5Q

k=1

(1� qjCkj)

= (1� q2)2(1� q3)(1� q4)2

UBEP = 1�
7Q
j=1

�
1� pjPj j

�
= 1� (1� p2)(1� p3)3(1� p4)3

As was mentioned by Esary and Proschan, the lower bound yields good

approximation to system reliability when component reliabilities are high,

whereas the upper bound yields good approximations when component reli-

abilities are low (see Tables 10, 11 and 13 and Figures 4.2 and 4.3).

4.1.3 Min- max bounds

LBmin�max = max
1�j�7

fpjPj jg

= maxfp2; p3; p4g

UBmin�max = min
1�k�5

f1� qjCkjg

= minf1� q2; 1� q3; 1� q4g
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From Table 11 it is clear that LBmin�max is better than LBEP when p is very

small. Similarly, Table 13 shows that UBEP is a better upper bound than

UBmin�max when p is large. For independent components it is advisable to

takemaxfLBEP ; LBmin�maxg as a lower bound andminfUBEP ; UBmin�maxg
as an upper bound.

4.1.4 Inclusion-exclusion bounds

E(T1) =
7P
i=1

E(�i )

= p2 + 3p3 + 3p4

= UBInc�Ex

E(T2) =
P

1�i<j�7
E(�i �j )

= 3p4 + 11p5 + 6p6 + p7

LBInc�Ex = E(T1)� E(T2)

= p2 + 3p3 � 11p5 � 6p6 � p7

LBInc�Ex gives a good approximation when p is small. LBInc�Ex and UBInc�Ex

are very bad approximators when p is large and should be avoided as much

as possible (see Tables 10, 11 and 13).

4.1.5 Spross bounds

Abraham Algorithm
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�1 = x2 x7 ; �2 = x1 x3 x7 ; �3 = x1 x4 x6 ; �4 = x2 x5 x6 ;

�5 = x1 x3 x5 x6 ; �6 = x1 x4 x5 x7 ; �7 = x2 x3 x4 x6

PD0;1 = f�1 g = fx2 x7 g

j = 2 :

PD0;2 = f�2 g = fx1 x3 x7 g
C(�1 ; �2 ) = fx2 g

PD1;2 = fB1 = x1 �x2 x3 x7 g = PD2

j = 3 :

PD0;3 = f�3 g = f x1 x4 x6 g
C(�1 ; �3 ) = fx2 ; x7 g

PD1;3 = f B1 = x1 �x2 x4 x6 ; B2 = x1 x2 x4 x6 �x7 g
C(�2 ; B1) = fx3 ; x7 g; �2 and B2 are disjoint, hence

fB1 = x1 �x2 �x3 x4 x6 ; B2 = x1 x2 x4 x6 �x7 ; B3 = x1 �x2 x3 x4 x6 �x7 g
= PD2;3

= PD3
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j = 4 :

PD0;4 = f�4 g = f x2 x5 x6 g
C(�1 ; �4 ) = fx7 g

PD1;4 = fB1 = x2 x5 x6 �x7 g
�2 and B1 are disjoint, hence

PD2;4 = fB1 = x2 x5 x6 �x7 g
C(�3 ; B1) = fx1 ; x4 g

PD3;4 = fB1 = �x1 x2 x5 x6 �x7 ; B2 = x1 x2 �x4 x5 x6 �x7 g
= PD4

j = 5 :

PD0;5 = f�5 g = f x1 x3 x5 x6 g
C(�1 ; �5 ) = fx2 ; x7 g

PD1;5 = fB1 = x1 �x2 x3 x5 x6 ; B2 = x1 x2 x3 x5 x6 �x7 g
C(�2 ; B1) = fx7 g; �2 and B2 are disjoint, hence

PD2;5 = fB1 = x1 �x2 x3 x5 x6 �x7 ; B2 = x1 x2 x3 x5 x6 �x7 g
C(�3 ; B1) = fx4 g; C(�3 ; B2) = fx4 g

PD3;5 = fB1 = x1 �x2 x3 �x4 x5 x6 �x7 ; B2 = x1 x2 x3 �x4 x5 x6 �x7 g
C(�4 ; B2) = ?; �4 and B1 are disjoint, hence

PD4;5 = fB1 = x1 �x2 x3 �x4 x5 x6 �x7 g
= PD5
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j = 6 :

PD0;6 = f�6 g = f x1 x4 x5 x7 g
C(�1 ; �6 ) = fx2 g

PD1;6 = fB1 = x1 �x2 x4 x5 x7 g
C(�2 ; B1) = fx3 g

PD2;6 = fB1 = x1 �x2 �x3 x4 x5 x7 g
C(�3 ; B1) = fx6 g

PD3;6 = fB1 = x1 �x2 �x3 x4 x5 �x6 x7 g
�4 and B1 are disjoint, hence

PD4;6 = fB1 = x1 �x2 �x3 x4 x5 �x6 x7 g
�5 and B1 are disjoint, hence

PD5;6 = fB1 = x1 �x2 �x3 x4 x5 �x6 x7 g
= PD6
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j = 7 :

PD0;7 = f�7 g = f x2 x3 x4 x6 g
C(�1 ; �7 ) = fx7 g

PD1;7 = fB1 = x2 x3 x4 x6 �x7 g
�2 and B1 are disjoint, hence

PD2;7 = fB1 = x2 x3 x4 x6 �x7 g
C(�3 ; B1) = fx1 g

PD3;7 = fB1 = �x1 x2 x3 x4 x6 �x7 g
C(�4 ; B1) = fx5 g

PD4;7 = fB1 = �x1 x2 x3 x4 �x5 x6 �x7 g
�5 and B1 are disjoint, hence

PD5;7 = fB1 = �x1 x2 x3 x4 �x5 x6 �x7 g
�6 and B1 are disjoint, hence

PD6;7 = fB1 = �x1 x2 x3 x4 �x5 x6 �x7 g
= PD7

Therefore

�1 = x2 x7

�2 = x1 �x2 x3 x7

�3 = x1 �x2 �x3 x4 x6 + x1 x2 x4 x6 �x7 + x1 �x2 x3 x4 x6 �x7

�4 = �x1 x2 x5 x6 �x7 + x1 x2 �x4 x5 x6 �x7

�5 = x1 �x2 x3 �x4 x5 x6 �x7

�6 = x1 �x2 �x3 x4 x5 �x6 x7

�7 = �x1 x2 x3 x4 �x5 x6 �x7
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Therefore, a disjoint sum form for ' in terms of simple products is

'(x) =

7X
j=1

�j

=

7X
j=1

P
Bi2PDj

Bi

= x2 x7 + x1 �x2 x3 x7 + x1 �x2 �x3 x4 x6 + x1 x2 x4 x6 �x7 + x1 �x2 x3 x4 x6 �x7

+�x1 x2 x5 x6 �x7 + x1 x2 �x4 x5 x6 �x7 + x1 �x2 x3 �x4 x5 x6 �x7

+x1 �x2 �x3 x4 x5 �x6 x7 + �x1 x2 x3 x4 �x5 x6 �x7

We again use the Abraham algorithm to �nd #k ; k = 1; 2; : : : ; 5:

Algorithm:


1 = �x1 �x2 ; 
2 = �x6 �x7 ; 
3 = �x4 �x5 �x7 ;


4 = �x1 �x3 �x5 �x7 ; 
5 = �x2 �x3 �x5 �x6

PD0;1 = f
1 g = f�x1 �x2 g

k = 2 :

PD0;2 = f
2 g = f�x6 �x7 g
C(
1 ; 
2 ) = f�x1 ; �x2 g

PD1;2 = fB1 = x1 �x6 �x7 ; B2 = �x1 x2 �x6 �x7 g
= PD2
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k = 3 :

PD0;3 = f
3 g = f�x4 �x5 �x7 g
C(
1 ; 
3 ) = f�x1 ; �x2 g

PD1;3 = fB1 = x1 �x4 �x5 �x7 ; B2 = �x1 x2 �x4 �x5 �x7 g
C(
2 ; B1) = f�x6 g; C(
2 ; B2) = f�x6 g

PD2;3 = fB1 = x1 �x4 �x5 x6 �x7 ; B2 = �x1 x2 �x4 �x5 x6 �x7 g
= PD3

k = 4 :

PD0;4 = f
4 g = f�x1 �x3 �x5 �x7 g
C(
1 ; 
4 ) = f�x2 g

PD1;4 = fB1 = �x1 x2 �x3 �x5 �x7 g
C(
2 ; B1) = f�x6 g

PD2;4 = fB1 = �x1 x2 �x3 �x5 x6 �x7 g
C(
3 ; B1) = f�x4 g

PD3;4 = fB1 = �x1 x2 �x3 x4 �x5 x6 �x7 g
= PD4
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k = 5 :

PD0;5 = f
5 g = f�x2 �x3 �x5 �x6 g
C(
1 ; 
5 ) = f�x1 g

PD1;5 = fB1 = x1 �x2 �x3 �x5 �x6 g
C(
2 ; B1) = f�x7 g

PD2;5 = fB1 = x1 �x2 �x3 �x5 �x6 x7 g

3 and B1 are disjoint, hence

PD3;5 = fB1 = x1 �x2 �x3 �x5 �x6 x7 g

4 and B1 are disjoint, hence

PD4;5 = fB1 = x1 �x2 �x3 �x5 �x6 x7 g
= PD5

Therefore

#1 = �x1 �x2

#2 = x1 �x6 �x7 + �x1 x2 �x6 �x7

#3 = x1 �x4 �x5 x6 �x7 + �x1 x2 �x4 �x5 x6 �x7

#4 = �x1 x2 �x3 x4 �x5 x6 �x7

#5 = x1 �x2 �x3 �x5 �x6 x7

Spross lower bound is given as

g = 1 : b
¯
(g) = p2

g = 2 : b
¯
(g) = p2 + p3q

g = 3 : b
¯
(g) = p2 + p3q + p3q2 + p4q + p4q2

g = 4 : b
¯
(g) = p2 + p3q + 2p3q2 + p4q + 2p4q2
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and their upper bound is given as

h = 1 : �b(h) = 1� q2

h = 2 : �b(h) = 1� [q2 + pq2 + pq3]

h = 3 : �b(h) = 1� [q2 + pq2 + pq3 + p2q3 + p2q4]

The numerical values of the bounds are given in Tables 6 and 7 below

Table 6: Spross lower bounds
p b

¯
(1) b

¯
(2) b

¯
(3) b

¯
(4)

0:05 0:002 5 2: 618 8� 10�3 2: 743 1� 10�3 2: 861 6� 10�3
0:10 0:01 0:010 9 1: 188 1� 10�2 1: 277 2� 10�2
0:15 0:022 5 2: 536 9� 10�2 2: 860 3� 10�2 3: 140 7� 10�2
0:85 0:722 5 0:814 62 0:918 48 0:944 05
0:90 0:81 0:882 9 0:962 36 0:976 21
0:95 0:902 5 0:945 37 0:990 27 0:994 45

Table 7: Spross upper bounds
p �b(1) �b(2) �b(3)

0:05 0:097 5 9: 506 3� 10�3 5: 326 5� 10�3
0:10 0:19 0:036 1 2: 224 9� 10�2
0:15 0:277 5 7: 700 6� 10�2 5: 144 3� 10�2
0:85 0:977 5 0:955 51 0:952 7
0:90 0:99 0:980 1 0:979 21
0:95 0:997 5 0:995 01 0:994 89

Tables 6-9 below give the distance d(g; h) = �b(h)�b
¯
(g)
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Table 8: numerical values of d(1,h)
p �b(1)� b

¯
(1) �b(2)� b

¯
(1) �b(3)� b

¯
(1)

0:05 0:095 7: 006 3� 10�3 2: 826 5� 10�3
0:10 0:18 0:026 1 1: 224 9� 10�2
0:15 0:255 5: 450 6� 10�2 2: 894 3� 10�2
0:85 0:255 0:233 01 0:230 2
0:90 0:18 0:170 1 0:169 21
0:95 0:095 0:092 51 0:092 39

Table 9: numerical values of d(2,h)
p �b(1)� b

¯
(2) �b(2)� b

¯
(2) �b(3)� b

¯
(2)

0:05 9: 488 1� 10�2 6: 887 5� 10�3 2: 707 7� 10�3
0:10 0:179 1 0:025 2 1: 134 9� 10�2
0:15 0:252 13 5: 163 7� 10�2 2: 607 4� 10�2
0:85 0:162 88 0:140 89 0:138 08
0:90 0:107 1 0:097 2 0:096 31
0:95 0:052 13 0:049 64 0:049 52

Table 10: numerical values of d(3,h)
p �b(1)� b

¯
(3) �b(2)� b

¯
(3) �b(3)� b

¯
(3)

0:05 9: 475 7� 10�2 6: 763 2� 10�3 2: 583 4� 10�3
0:10 0:178 12 2: 421 9� 10�2 1: 036 8� 10�2
0:15 0:248 90 4: 840 3� 10�2 0:022 84
0:85 0:059 02 0:037 03 0:034 22
0:90 0:027 64 0:017 74 0:016 85
0:95 0:007 23 0:004 74 0:004 62
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Table 11: numerical values of d(4,h)
p �b(1)� b

¯
(4) �b(2)� b

¯
(4) �b(3)� b

¯
(4)

0:05 9: 463 8� 10�2 6: 644 7� 10�3 2: 464 9� 10�3
0:10 0:177 23 2: 332 8� 10�2 9: 477� 10�3
0:15 0:246 09 4: 559 9� 10�2 2: 003 6� 10�2
0:85 0:033 45 0:011 46 0:008 65
0:90 0:013 79 0:003 89 0:003
0:95 0:003 05 0:000 56 0:000 44

Taking � = 0:01; we realize that d(4; 3) = �b(3)�b
¯
(4) < �; for all the p values

we have used. Hence we stop the calculation and take b
¯
(4) as Spross lower

bound and �b(3) as Spross upper bound.

Spross lower bound (LBBS) is a very good approximation for all values of

p: Their upper bound (UBBS) is also a good approximation, but is weaker

than the generalized Fu-Koutras upper bound (UBFK). The interval (LBBS;

UBFK) will result in very sharp bounds (see tables 10, 11 and 13 and Figures

4.2 and 4.3). The downside of the Spross bounds is that there are many

computations involved, but with so much advancement in technology in our

days, this problem is easily solved.

4.1.6 Fu- Koutras bounds

K�
1 = ?; K�

2 = f1g; K�
3 = f2g; K�

4 = f1; 3g;
K�
5 = f2; 3; 4g; K�

6 = f1; 2; 3; 4; 5g; K�
7 = f1; 2; 3; 4; 5; 6g

K1 = ?; K2 = f2g; K3 = f2; 3; 7g; K4 = f1; 3; 4; 7g;
K5 = f2; 4; 7g; K6 = f2; 3; 6g; K7 = f1; 5; 7g
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LBFK = 1�
7Q
j=1

�
1� pjPj jqjKj j

�
= 1� (1� p3q)(1� p3q3)(1� p3q4)(1� p4q3)3

L�1 = L�2 = ?; L�3 = f2g; L�4 = f1; 2; 3g; L�5 = f1; 2; 3; 4g

L1 = ?; L2 = f1; 2g; L3 = f1; 2; 6g;
L4 = f2; 4; 6g; L5 = f1; 4; 7g

UBFK =
5Q

k=1

(1� pjLkjqjCkj)

= (1� p2q2)(1� p3q3)(1� p3q4)2

As was claimed by Fu and Koutras, UBFK is very close to LBEP when

p is very large. Thus (LBEP ; UBFK) will provide a satisfactory interval

estimation of the exact reliability value. Their claim could not be veri�ed

for LBFK and UBEP where they claim that these two bounds are very close

when p is very small (see Tables 10, 12 and 14 and Figures 4.2 and 4.3).

4.1.7 Koutras-Papastavridis-Petakos Bounds

K�
1 = ?; K�

2 = f1g; K�
3 = f2g; K�

4 = f1; 3g;
K�
5 = f2; 3; 4g; K�

6 = f1; 2; 3; 4; 5g; K�
7 = f1; 2; 3; 4; 5; 6g

��1 = 1
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��2 =
`
j2K�

2

Q
i2Pj

xi

= x2 x7

��3 =
`
j2K�

3

Q
i2Pj

xi

= x1 x3 x7

��4 =
`
j2K�

4

Q
i2Pj

xi

= 1� (1� x2 x7 )(1� x1 x4 x6 )

��5 =
`
j2K�

5

Q
i2Pj

xi

= 1� (1� x1 x3 x7 )(1� x1 x4 x6 )(1� x2 x5 x6 )

��6 =
`
j2K�

6

Q
i2Pj

xi

= 1� (1� x2 x7 )(1� x1 x3 x7 )(1� x1 x4 x6 )(1� x2 x5 x6 )

(1� x1 x3 x5 x6 )

��7 =
`
j2K�

7

Q
i2Pj

xi

1� (1� x2 x7 )(1� x1 x3 x7 )(1� x1 x4 x6 )(1� x2 x5 x6 )

(1� x1 x3 x5 x6 )(1� x1 x4 x5 x7 )
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�1 = 1; �2 = x2 ; �3 = x3 x7 ; �4 = 1� �x1 �x7 ;
�5 = 1� �x2 �x4 �x7 ; �6 = 1� �x2 �x3 �x6 ; �7 = 1� �x1 �x5 �x7

LBKPP = 1�
7Q
j=1

[1� pjPj j � Pr(�j = 0)]

= 1� (1� p3q)(1� p3q2)2(1� p4q3)3

L�1 = L�2 = ?; L�3 = f2g;
L�4 = f1; 2; 3g; L�5 = f1; 2; 3; 4g

��1 = ��2 = 1

��3 =
Q
k2L�3

`
i2Ck

xi

= 1� �x6 �x7

��4 =
Q
k2L�4

`
i2Ck

xi

= (1� �x1 �x2 )(1� �x6 �x7 )(1� �x4 �x5 �x6 )

��5 =
Q
k2L�5

`
i2Ck

xi

= (1� �x1 �x2 )(1� �x6 �x7 )(1� �x4 �x5 �x6 )(1� �x1 �x3 �x5 �x7 )
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�1 = �2 = 1; �3 = x1 x2 x3 x7 ; �4 = x2 x4 x6 ; �5 = x1 x4 x7

UBKPP =
5Q

k=1

[qjCkj � Pr(�k = 1)]

= (1� q2)2(1� p4q3)(1� p3q4)2

The lower bound is not a good approximator especially for p > 0:2: The

upper bound performs better but is still weaker than UBEP and UBBS: For

large values of p; the interval (LBFK ; UBKPP ) gives a good estimation of the

exact value of R(p) (see Tables 10, 12, 13 and 14 and Figures 4.2 and 4.3)

4.1.8 Generalized Esary-Proschan Bounds

C1 = ff1; 2g; f6; 7gg; C2 = ff4; 5; 7gg;
C3 = ff1; 3; 5; 7g; f2; 3; 5; 6gg

LB
(G)
EP =

3Q
s=1

� Q
C2Cs

�
1�

Q
i2C

qi

��
= (1� q2)2(1� q3)(1� q4)2

{1 = ff2; 7gg; {2 = ff1; 3; 7g; f1; 4; 6g; f2; 5; 6gg;
{3 = ff1; 3; 5; 6g; f1; 4; 5; 7g; f2; 3; 4; 6gg

90



UB
(G)
EP = 1�

3Q
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#
= 1� p2[1� (1� p3)3][1� (1� p4)3]

LB
(G)
EP is exactly LBEP : The upper bound is a very bad estimator and should

be avoided. These bounds result in an increasing computational complexity.

4.1.9 Generalized Fu- Koutras bounds

{�1 = ?; {�2 = ff2; 7gg; {�3 = ff2; 7g; f1; 3; 7g; f1; 4; 6g; f2; 5; 6gg

C�1 = ?; C�2 = ff6; 7gg; C�3 = ff1; 2g; f6; 7g; f4; 5; 7gg

LB
(G)
FK = 1�

" Q
P2{1

�
1�

Q
i2P

pi

�#
�
3Q
s=2

"
1�

 `
P2{�s[{s

Q
i2P

pi �
`
P2{�s

Q
i2P

pi

!#
= 1� [1� p2][p2 + (1� p2)(1� p3)3][1� (1� p2)(1� p3)3(1� (1� p4)3)]

UB
(G)
FK =

� Q
C2C1 ì2C

pi

�
�
3Q
s=2

"
1�

 Q
C2C�s ì2C

pi �
Q

C2C�s[Cs ì2C
pi

!#
= (1� q2)2[1� q3(1� q2)][1� (1� q2)2(1� q3)(1� (1� q4)2)]

LB
(G)
FK is not so good an estimator, and other bounds are preferred in this

case. UB(G)
FK is a very good estimator. This is more evident for p > 0:4 (see

Tables 10, 12 and 14 and Figures 4.2 and 4.3)
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4.1.10 Generalized min-max bounds

LB
(G)
min�max = max

1�s�3

(
1�

Q
P2{s

�
1�

Q
i2P

pi

�)
= maxf1� (1� p2); 1� (1� p3)3; 1� (1� p4)3g

UB
(G)
min�max = min

1�s�3

� Q
C2Cs

�
1�

Q
i2C

qi

��
= minf(1� q2)2; (1� q3); (1� q4)2g

Both LB(G)
min�max and UB

(G)
min�max are good estimators, especially for large p

values.

Tables 10-14 below give the numerical values for R(p); lower and upper

bounds for p 2 f0:05; 0:10; 0:15; 0:85; 0:90; 0:95g:

Table 12: R(p)
p R(p)

0:05 2:8777 �10�3
0:10 1:2991 �10�2
0:15 0:03234
0:85 0:94933
0:90 0:97818
0:95 0:99476

Table 13: Lower bounds
p LBTriv LBEP LBmin�max LBInc�Ex LBBS

0:05 7:8125 �10�10 4:6651 �10�5 0:0025 2:8715� 10�3 2: 861 6� 10�3
0:10 0:0000001 1:157 �10�3 0:01 1:2884� 10�2 1: 277 2� 10�2
0:15 0:000001708 6:7892 �10�3 0:0225 3: 172 0� 10�2 3: 140 7� 10�2
0:85 0:320577088 0:95132 0:7225 �4: 899 4 0:94405
0:90 0:4782969 0:97892 0:81 �7: 165 3 0:976 21
0:95 0:698337296 0:99487 0:9025 �10: 146 0:994 45
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Table 14: Lower bounds cont...

p LBFK LBKPP LB
(G)
EP LB

(G)
FK LB

(G)
min�max

0:05 3:4377 �10�4 3:6041 �10�4 4: 665 1� 10�5 2: 891 7� 10�3 0:002 5
0:10 2:5016 �10�3 2:736 �10�3 1: 157� 10�3 1: 323 0� 10�2 0:01
0:15 7:6147 �10�3 8:6509 �10�3 6: 789 2� 10�3 3: 356 4� 10�2 0:0225
0:85 9:9061 �10�2 0:12169 0:951 32 0:797 99 0:942 54
0:90 7:5466 �10�2 8:8165 �10�2 0:97892 0:845 94 0:980 10
0:95 4:3269 �10�2 4:7259 �10�2 0:99487 0:912 0:997 10

Table 15: Upper bounds
p UBTriv UBEP UBmin�max UBInc�Ex UBBS

0:05 0:301662704 2:8927 �10�3 0:0975 2:8938 �10�3 5: 326 5� 10�3
0:10 0:5217031 1:3263 �10�2 0:19 0:0133 2: 224 9� 10�2
0:15 0:679422912 3:3833 �10�2 0:2775 3:4144 �10�2 5: 144 3� 10�2
0:85 0:999998292 0:99826 0:9775 4:1309 0:952 7
0:90 0:9999999 0:99985 0:99 4:9653 0:979 21
0:95 0:999999999 1:00000 0:9975 5:9181 0:994 89

Table 16: upper bounds cont.....

p UBFK UBKPP UB
(G)
EP UB

(G)
FK UB

(G)
min�max

0:05 0:99743 9:5043 �10�3 1: 000 0 8: 700 2� 10�3 3: 440 8� 10�2
0:10 0:98988 0:03605 1: 000 00 3: 083 2� 10�2 0:118 27
0:15 0:97825 7:6711 �10�2 1: 000 00 6: 241 8� 10�2 0:22848
0:85 0:98109 0:95323 0:393 38 0:95144 0:998 99
0:90 0:99103 0:97931 0:238 41 0:97894 0:999 8
0:95 0:99763 0:99489 0:105 86 0:99487 0:999 99

Figures 4.2 and 4.3 give a graphical comparison of the bounds with R(p):

The description of colours is given in Table 15 below.
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Table 17: Description of colours
Colour Bounds
Black R(p)
Light green Trivial
Light blue green Esary-Proschan
Green Min-max
Brown Inclusion-Exclusion
Light red Spross
Purple Fu-Koutras
Navy Koutras-Papastavridis-Petakos
Yellow Generalized Esary-Proschan
Light blue Generalized Fu-Koutras
Magenta Generalized Min-max

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

p

R(p)/lower bound

Figure 4.2: Comparison of lower bounds with R(p)
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0.6

0.7

0.8

0.9

1.0

p

R(p)/upper bound

Figure 4.3: Comparison of upper bounds with R(p)

4.2 Structure with modules

c3

c4
c5

c6

c7

c8

c9

c10

EN EX

c1 c2

Figure 4.4: Structure with modules

Figure 4.4 above is an undirected graph of a structure with modules. The

structure has 10 components, c1 ; c2 ; :::; c10 ; with 5modules:The �rst module,

A1; has two components c1 and c2; connected in parallel. The second module,

A2; is a bridge structure with �ve components, c3 ; c4 ; c5 ; c6 ; c7 : The last
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three modules, A3; A4 and A5; each has one component, c8 ; c9 and c10 ;

respectively. We will use this Figure to evaluate which way is better: to

take the system as a whole and �nd the system reliability bounds, or to

decompose the system into modules, �nd reliability of the modules and then

�nd the system reliability bounds in terms of the reliability of the modules.

We will not evaluate all bounds, we will only take three, i.e. Esary-Proschan,

min-max and Fu- Koutras bounds. We will assume that all components have

the same reliability function p:

4.2.1 Using the system as a whole

The minimal path sets are:

P1 = f1; 9g; P2 = f2; 9g; P3 = f1; 8; 10g;
P4 = f2; 8; 10g; P5 = f3; 6; 10g; P6 = f4; 7; 10g;
P7 = f3; 5; 7; 10g; P8 = f3; 6; 8; 9g;
P9 = f4; 5; 6; 10g; P10 = f4; 7; 8; 9g

and minimal cut sets are:

C1 = f9; 10g; C2 = f1; 2; 3; 4g;
C3 = f1; 2; 6; 7g; C4 = f1; 2; 8; 10g;
C5 = f3; 4; 8; 9g; C6 = f6; 7; 8; 9g;
C7 = f1; 2; 3; 5; 7g; C8 = f1; 2; 4; 5; 6g

The reliability of the system in terms of minimal path sets is

R(p) = E

10a
j=1

Y
i2Pj

xi

= 2p2 + 3p3 + p4 � 18p5 + 7p6 + 26p7 � 33p8 + 15p9 � 3p10
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Esary-Proschan bounds

LBEP =

8Y
k=1

(1� qjCkj)

= (1� q2)(1� q4)5(1� q5)2

UBEP =
10a
j=1

pjPj j

= 1� (1� p2)2(1� p3)4(1� p4)4

Min-Max bounds

LBmin�max = max
1�j�10

fpjPj jg

= maxfp2; p3; p4g

UBmin�max = min
1�k�8

f1� qjCkjg

= minf1� q2; 1� q4; 1� q5g

Fu-Koutras bounds

K�
1 = ?; K�

2 = K�
3 = f1g; K�

4 = f2; 3g; K�
5 = f3; 4g;

K�
6 = f3; 4; 5g; K�

7 = f3; 4; 5; 6g; K�
8 = f1; 2; 3; 4; 5; 7g

K�
9 = f3; 4; 5; 6; 7; 8g; K�

10 = f1; 2; 3; 4; 6; 7; 8; 9g
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K1 = ?; K2 = f1g; K3 = f9g; K4 = f1; 9g;
K5 = f8g; K6 = f3; 8g; K7 = f4; 6; 8g; K8 = f1; 2; 10g;
K9 = f3; 7; 8g; K10 = f1; 2; 3; 10g

LBFK = 1�
10Q
j=1

(1� pjPj jqjKj j)

= 1� (1� p2)(1� p2q)(1� p3q)2(1� p3q2)2(1� p4q3)3(1� p4q4)

L�1 = L�2 = ?; L�3 = f2g; L�4 = f1; 2; 3g; L�5 = f1; 2; 4g;
L�6 = f1; 3; 4; 5g; L�7 = f2; 3; 4; 5; 6g; L�8 = f2; 3; 4; 5; 6; 7g

L1 = L2 = ?; L3 = f3g; L4 = f3; 6; 9g; L5 = f1; 10g;
L6 = f1; 3; 10g; L7 = f4; 6; 8g; L8 = f3; 7; 8g

UBFK =
8Q

k=1

(1� pjLkjqjCkj)

= (1� q2)(1� q4)(1� pq4)(1� p2q4)(1� p3q4)2(1� p3q5)2

The numerical values of the bounds and R(p) are summarized in Tables 16

and 17 below.
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Table 18: Lower bounds and R(p)
p LBEP LBmin�max LBFK R(p)
0:05 1: 095 7� 10�6 0:002 5 5: 350 9� 10�3 5: 375 8� 10�3
0:10 1: 532 7� 10�4 0:01 2: 253 9� 10�2 2: 292 9� 10�2
0:15 2: 142 8� 10�3 0:022 5 5: 246 6� 10�2 5: 438 1� 10�2
0:85 0:974 88 0:722 5 0:802 76 0:689 18
0:90 0:989 49 0:81 0:852 4 0:549 94
0:95 0:997 47 0:902 5 0:915 1 0:330 64

Table 19: Upper bounds
p UBEP UBmin�max UBFK

0:05 5: 516� 10�3 0:097 5 1: 730 7� 10�2
0:10 2: 420 5� 10�2 0:19 6: 050 2� 10�2
0:15 5: 923 5� 10�2 0:277 5 0:120 04
0:85 0:999 91 0:977 5 0:975 53
0:90 1: 000 00 0:99 0:989 57
0:95 1: 000 00 0:997 5 0:997 47

The diagrams (Figures 4.5 and 4.6) below compare graphically the three

lower and upper bounds above with the system reliability. The colours are

explained in Table 18 below.

Table 20: Explanation of colours for bounds in �gures 4.5 and 4.6
Colour Bound
Black R(p)
Yellow Esary-Proschan
Purple Min-max
Magenta Fu-Koutras
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Figure 4.5: Comparison of lower bounds with R(p)
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Figure 4.6: Comparison of upper bounds with R(p)
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4.2.2 Modular decomposition

We can also decompose the system in Figure 4.4 into 5modules, A1; A2; : : : ; A5;

where

A1 = fc1 ; c2 g; A2 = fc3 ; c4 ; c5 ; c6 ; c7 g;
A3 = fc8 g; A4 = fc9 g; A5 = fc10 g

The structure function 'A1 (x) of A1 is

'A1 (x) = 1� �x1 �x2

Hence the reliability p1 of A1 is

p1 = 2p� p2

A2 is a bridge structure so its structure function 'A2 (x) is

'A2 (x) = x3 x6 + �x3 x4 x7 + x3 x4 �x6 x7 + x3 �x4 x5 �x6 x7 + �x3 x4 x5 x6 �x7

and the reliability p2 of A2 is

p2 = 2p
2 + 2p3 � 5p4 + 2p5

A3; A4 and A5 have each reliability function pi ; i = 3; 4; 5; equal to p:

When the system in Figure 4.4 is decomposed into modules as explained

above, it is reduced into a bridge structure with components A1; A2; : : : ; A5:

The structure function of the system is thus given as

'(x) = xA1xA4 + xA2xA5 + xA1xA3xA5 + xA2xA3xA4 � xA1xA2xA4xA5

�xA1xA3xA4xA5 � xA1xA2xA3xA4 � xA1xA2xA3xA5

�xA2xA3xA4xA5 + 2xA1xA2xA3xA4xA5
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Hence the reliability function R(p) of the system is given as

R(p) = p2
�
2 + 3p+ p2 � 16p3 � 3p4 + 47p5 � 53p6 + 24p7 � 4p8

�
The minimal path sets are

P1 = f1; 4g; P2 = f2; 5g;
P3 = f1; 3; 5g; P4 = f2; 3; 4g

and minimal cut sets are

C1 = f1; 2g; C2 = f4; 5g;
C3 = f1; 3; 5g; C4 = f2; 3; 4g

Esary-Proschan Bounds

LBEP =
4Y

k=1

a
i2Ck

pi

= p4
�
p2 � 2p+ 2

� �
2p7 � 13p6 + 32p5 � 35p4 + 12p3 + 5p2 � 4

�2

UBEP =
4a
j=1

Y
i2Pj

pi

= 1� [1� p(2p� p2)][1� p(2p2 + 2p3 � 5p4 + 2p5)]
[1� p2(2p� p2)][1� p2(2p2 + 2p3 � 5p4 + 2p5)]
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Min-Max Bounds

LBmin�max = max
1�j�4

Q
i2Pj

pi

= max

�
p(2p� p2); p(2p2 + 2p3 � 5p4 + 2p5);
p2(2p� p2); p2(2p2 + 2p3 � 5p4 + 2p5)

�

UBmin�max = min
1�k�4

`
i2Ck

pi

= min

�
1� (1� 2p+ p2)(1� 2p2 � 2p3 + 5p4 � 2p5); 1� q2;

1� q2(1� 2p+ p2); 1� q2(1� 2p2 � 2p3 + 5p4 � 2p5)

�

Fu-Koutras Bounds

K�
1 = K�

2 = ?; K�
3 = f1; 2g; K�

4 = f1; 2; 3g

K1 = K2 = ?; K3 = f2; 4g; K4 = f1; 5g

LBFK = 1�
4Q
j=1

241�
0@Y
i2Pj

pi

1A Q
i2Kj

qi

35
= 1� [1� p(2p� p2)][1� p(2p2 + 2p3 � 5p4 + 2p5)]

[1� p2q(2p� p2)(1� 2p2 � 2p3 + 5p4 � 2p5)]
[1� p2q(1� 2p+ p2)(2p2 + 2p3 � 5p4 + 2p5)]

L�1 = L�2 = ?; L�3 = f1; 2g; L�4 = f1; 2; 3g

L1 = L2 = ?; L3 = f2; 4g; L4 = f1; 5g
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UBFK =
4Q

k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
= [1� q2][1� (1� 2p+ p2)(1� 2p2 � 2p3 + 5p4 � 2p5)]

[1� pq2(1� 2p+ p2)(2p2 + 2p3 � 5p4 + 2p5)]
[1� pq2(2p� p2)(1� 2p2 � 2p3 + 5p4 � 2p5)]

The numerical values of the bounds and R(p) are summarized in Tables 19

and 20 below.

Table 21: Lower bounds and R(p)
p LBEP LBmin�max LBFK R(p)
0:05 1: 889 4� 10�4 4: 875� 10�3 5: 375 0� 10�3 5: 376 2� 10�3
0:10 2: 811 5� 10�3 0:019 2: 290 2� 10�2 2: 294 1� 10�2
0:15 1: 300 9� 10�2 4: 162 5� 10�2 5: 416 7� 10�2 5: 445 0� 10�2
0:85 0:974 84 0:830 88 0:967 78 0:975 08
0:90 0:989 47 0:891 0:987 02 0:989 51
0:95 0:997 47 0:947 63 0:997 12 0:997 47

Table 22: Upper bounds
p UBEP UBmin�max UBFK

0:05 5: 390 2� 10�3 0:097 5 9: 919 8� 10�3
0:10 2: 318 1� 10�2 0:19 3: 876 4� 10�2
0:15 5: 571 2� 10�2 0:277 5 8: 409 4� 10�2
0:85 0:997 01 0:977 5 0:975 11
0:90 0:999 47 0:99 0:989 51
0:95 0:999 97 0:997 5 0:997 47

The diagrams (Figures 4.7 and 4.8) below compare graphically the three

lower and upper bounds above with the system reliability. The colours are

explained in Table 21 below.
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Table 23: Explanation of colours for bounds in �gures 4.7 and 4.8
Colour Bound
Black R(p)
Yellow Esary-Proschan
Purple Min-max
Magenta Fu-Koutras

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

p

R(p)/lower bound

Figure 4.7: Comparison of lower bounds with R(p)
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0.2
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0.4

0.5

0.6

0.7

0.8

0.9

1.0

p

R(p)/upper bounds

Figure 4.8: Comparison of upper bounds with R(p)

It is evident from Figures 4.5, 4.6, 4.7 and 4.8 that both the lower and upper

bounds perform better when the system is �rst decomposed into modules.

4.3 Birnbaum�s Reliability Importance

In this section we look at the reliability importances of the components in

Figure 4.1. We will take the components with the highest and lowest reli-

ability importance, and investigate which of these components improve the

performance of the bounds. We will only consider Birnbaum�s reliability

importance, as discussed in section 2.10.

The reliability importances of the seven components are given below. We

have used p1 = p2 = � � � = p7 =
1
2
:
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RI
(B)
1 (';p) =

@R(p)

@p1
= q2 p3 p7 + q2 q3 p4 p6 + p2 p4 p6 q7 + q2 p3 p4 p6 q7

�p2 p5 p6 q7 + p2 q4 p5 p6 q7 + q2 p3 q4 p5 p6 q7

+q2 q3 p4 p5 q6 p7 � p2 p3 p4 q5 p6 q7

=
1

8
+
1

16
+
2

32
+
1

64
= 0:265 63

RI
(B)
2 (';p) =

@R(p)

@p2
= p7 � p1 p3 p7 � p1 q3 p4 p6 + p1 p4 p6 q7 � p1 p3 p4 p6 q7

+q1 p5 p6 q7 + p1 q4 p5 p6 q7 � p1 p3 q4 p5 p6 q7

�p1 q3 p4 p5 q6 p7 + q1 p3 p4 q5 p6 q7

=
1

2
� 1
8
+
1

16
� 1

64
= 0:421 88

RI
(B)
3 (';p) =

@R(p)

@p3
= p1 q2 p7 � p1 q2 p4 p6 + p1 q2 p4 p6 q7 + p1 q2 q4 p5 p6 q7

�p1 q2 p4 p5 q6 p7 + q1 p2 p4 q5 p6 q7

=
1

8
� 1

16
+
1

32
+
1

64
= 0:109 38

RI
(B)
4 (';p) =

@R(p)

@p4
= p1 q2 q3 p6 + p1 p2 p6 q7 + p1 q2 p3 p6 q7 � p1 p2 p5 p6 q7

�p1 q2 p3 p5 p6 q7 + p1 q2 q3 p5 q6 p7 + q1 p2 p3 q5 p6 q7

=
2

16
+
1

64
= 0:140 63
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RI
(B)
5 (';p) =

@R(p)

@p5
= q1 p2 p6 q7 + p1 p2 q4 p6 q7 + p1 q2 p3 q4 p6 q7

+p1 q2 q3 p4 q6 p7 � q1 p2 p3 p4 p6 q7

=
1

16
+
1

32
+
1

64
= 0:109 38

RI
(B)
6 (';p) =

@R(p)

@p6
= p1 q2 q3 p4 + p1 p2 p4 q7 + p1 q2 p3 p4 q7 + q1 p2 p5 q7

+p1 p2 q4 p5 q7 + p1 q2 p3 q4 p5 q7 � p1 q2 q3 p4 p5 q7

+q1 p2 p3 p4 q5 q7

=
3

16
+
2

32
+
1

64
= 0:265 63

RI
(B)
7 (';p) =

@R(p)

@p7
= p2 + p1 q2 p3 � p1 p2 p4 p6 � p1 q2 p3 p4 p6 � q1 p2 p5 p6

�p1 p2 p4 p5 p6 � p1 q2 p3 q4 p5 p6 + p1 q2 q3 p4 p5 q6

�q1 p2 p3 p4 q5 p6
=

1

2
+
1

8
� 2

16
� 2

32
� 1

64
= 0:421 88

Components c2 and c7 have the highest reliability importance, both with

reliability importance equal 0:421 88: We will investigate the e¤ect on the

bounds when we increase/decrease the reliability p2 of component c2 while

the reliabilities of other components are held constant.

The reliability function R(p); when component c2 has di¤erent reliability, is

given as

R(p) = pp2 + p2p2 � p3p2 � 7p4p2 + 9p5p2 � 3p6p2 + 2p3 + 2p4 � 5p5 + 2p6
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Components c3 and c5 have the lowest reliability importance, both with

reliability importance equal 0:10938: We will investigate the e¤ect on the

bounds when we increase/decrease the reliability p3 of component c3 while

the reliabilities of other components are held constant.

The reliability function R(p); when component c3 has di¤erent reliability, is

given as

R(p) = p2 + p2p3q + p3q2 + p3p3q
2 + 2p3p3q

3 + p3qq3 + p4q + p4q2 + p4q2q3

4.3.1 Trivial bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as

LBTriv =
7Q
i=1

pi

= p2 p
6

UBTriv =
7̀

i=1

pi

= 1� q2 q
6

Figure 4.9 below gives a graphical presentation of these bounds with the reli-

ability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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1.01.0

0.80.8

0.60.6
0.4

p p2

0.4
0.20.2

0.0 0.0
0.0

1.0

0.8

0.6
0.4R(p)/bound
0.2

Figure 4.9: Comparison of R(p) with trivial bounds for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LBTriv =
7Q
i=1

pi

= p3 p
6

UBTriv =
7̀

i=1

pi

= 1� q3 q
6

Figure 4.10 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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R(p)/bound
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Figure 4.10: Comparison of R(p) with trivial bounds for p3

For the trivial bounds it does not matter whether you invest on the com-

ponent with the highest or lowest Birmbaum importance, the bounds will

behave the same (see Figures 4.9 and 4.10)

4.3.2 Esary-Proschan bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as

LBEP =
5Q

k=1

`
i2Ck

pi

= (1� q2q)(1� q2)(1� q3)(1� q2q
3)(1� q4)

UBEP =
7̀

j=1

Q
i2Pj

pi

= 1� (1� p2 p)(1� p3)2(1� p2 p
2)(1� p4)2(1� p2 p

3)
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Figure 4.11 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.

1.01.0
0.80.8

0.60.6
0.4

p p2

0.4
0.20.2

0.0 0.0
0.0
0.2
0.4R(p)/bound
0.6
0.8
1.0

Figure 4.11: Comparison of Esary-Proschan bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LBEP =
5Q

k=1

`
i2Ck

pi

= (1� q2)2(1� q3)(1� q3q3 )
2

UBEP =
7̀

j=1

Q
i2Pj

pi

= 1� (1� p2)(1� p2p3 )(1� p3)2(1� p3p3 )
2(1� p4)

Figure 4.12 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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p3p
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0.6 0.6

0.00.0
0.0
0.2
0.4R(p)/bound
0.6

1.0

0.8

Figure 4.12: Comparison of Esary-Proschan bounds with R(p) for p3

For the Esary-Proschan bounds, the component with the lowest Birnbaum

importance improves the lower bound better than the component with the

highest Birnbaum importance. While the component with the highest Birn-

baum importance improves the upper bound better than the component with

the lowest Birnbaum importance, especially when p is close to 0:5 for all val-

ues of p2 =p3 :

4.3.3 Min-max bounds

LBmin�max = max
1�j�7

Q
i2Pj

pi

= maxfp2 p; p2 p2; p3; p2 p3; p4g

UBmin�max = min
1�k�5

`
i2Ck

pi

= minf(1� q2 q); (1� q2); (1� q3); (1� q2 q
3); (1� q4)g
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Figure 4.13 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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0.80.8
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0.4
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0.2

Figure 4.13: Comparison of min-max bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LBmin�max = max
1�j�7

Q
i2Pj

pi

= maxfp2; p2p3 ; p3; p3p3 ; p4g

UBmin�max = min
1�k�5

`
i2Ck

pi

= minf1� q2; 1� q3; 1� q3q3 g

Figure 4.14 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.14: Comparison of min-max bounds with R(p) for p3

For the min-max bounds, the component with the highest Birnbaum im-

portance improves both bounds better than the component with the lowest

Birnbaum importance.

4.3.4 Fu-Koutras bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as

LBFK = 1�
7Q
j=1

241� Q
i2Kj

qi

! Y
i2Pj

pi

35
= 1� (1� p2 p)(1� p3q2 )(1� p3q2 q

2)(1� p2p2 q
4)(1� p3p2 q

3)(1� p4q2 q
2)2

UBFK =
5Q

k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
= (1� q2 q)(1� p2 pq

2)(1� p2 p
2q3)(1� p2 p

2q4)(1� p3q2 q
3)
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Figure 4.15 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.15: Comparison of Fu-Koutras bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LBFK = 1�
7Q
j=1

241� Q
i2Kj

qi

! Y
i2Pj

pi

35
= 1� (1� p2)(1� p2qq3 )(1� p3q2q3 )(1� p3p3 q

3)2(1� p3q3q3 )(1� p4q2q3 )

UBFK =
5Q

k=1

"
1�

 Q
i2Lk

pi

! Q
i2Ck

qi

!#
= (1� q2)(1� p2q2)(1� p3q3)(1� p3q3q3 )

2

Figure 4.16 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.16: Comparison of Fu-Koutras bounds with R(p) for p3

For the Fu-Koutras bounds, the component with the lowest Birnbaum im-

portance improves both bounds better than the component with the lowest

Birnbaum importance.

4.3.5 Koutras-Papastavridis-Petakos bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as

LBKPP = 1�
7Q
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
= 1� (1� p3q2 )(1� p3q2)(1� p2p2 q

2)(1� p4q2q2 )
2(1� p3p2 q

3)

UBKPP =
5Q

k=1

"
1� Pr(�k = 1) �

Q
i2Ck

qi

#
= (1� qq2 )(1� q2)(1� p3p2 q

3)(1� p2p2 q
4)(1� p3q3q2 )

117



Figure 4.17 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.17: Comparison of KPP bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LBKPP = 1�
7Q
j=1

"
1� Pr(�j = 0) �

Q
i2Pj

pi

#
= 1� (1� p2p3 q)(1� p3qq3 )(1� p3q2)(1� p3p3 q

3)2(1� p4q2q3 )

UBKPP =
5Q

k=1

"
1� Pr(�k = 1) �

Q
i2Ck

qi

#
= (1� q2)2(1� p3p3 q

3)(1� p3q3q3 )
2

Figure 4.18 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.18: Comparison of KPP bounds with R(p) for p3

For the Koutras-Papastavridis-Petakos bounds, the component with the high-

est Birnbaum importance improves the lower bound better than the compo-

nent with lowest Birnbaum importance, especially for high values of p and

low values of p2 =p3 :The component with the lowest Birnbaum importance

improves the upper bound better ( see �gures 4.17 and 4.18).

4.3.6 Generalized Esary-Proschan bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as

LB
(G)
EP =

3Q
s=1

� Q
C2Cs

�
1�

Q
i2C

qi

��
= (1� q2q)(1� q2)(1� q3)(1� q2q

3)(1� q4)
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UB
(G)
EP = 1�

3Q
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#
= 1� [1� (1� pp2 )][1� (1� p3)2(1� p2p2 )][1� (1� p4)(1� p3p2 )]

Figure 4.19 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.19: Comparison of generalized EP bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper

bounds are given as

LB
(G)
EP =

3Q
s=1

� Q
C2Cs

�
1�

Q
i2C

qi

��
= (1� q2)2(1� q3)(1� q3q3 )

2
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UB
(G)
EP = 1�

3Q
s=1

"
1�

Q
P2{s

�
1�

Q
i2P

pi

�#
= 1� p2[1� (1� p2p3 )(1� p3)2][1� (1� p3p3 )

2(1� p4)]

Figure 4.20 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.20: Comparison of generalized EP bounds with R(p) for p3

For the generalized Esary-Proschan bounds the component with the lowest

Birnbaum importance gives a better lower bound. The upper bound is not

a good approximation for both situations (see Figures 4.19 and 4.20).

4.3.7 Generalized Fu-Koutras bounds

When component c2 has a di¤erent reliability function, the lower and upper

bounds are given as
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LB
(G)
FK = 1�

" Q
P2{1

�
1�

Q
i2P

pi

�#
�
3Q
s=2

"
1�

 `
P2{�s[{s

Q
i2P

pi �
`
P2{�s

Q
i2P

pi

!#
= 1� (1� p2 p)[p2 p+ (1� p2 p)(1� p2 p

2)(1� p3)2][1� (1� p2 p)

(1� p2 p
2)(1� p3)2 + (1� p2 p)(1� p2 p

2)(1� p3)2(1� p2 p
3)(1� p4)2]

UB
(G)
FK =

� Q
C2C1 ì2C

pi

�
�
3Q
s=2

"
1�

 Q
C2C�s ì2C

pi �
Q

C2C�s[Cs ì2C
pi

!#
= (1� q2 q)(1� q2)[q2 + (1� q2)(1� q3)][1� (1� q2 q)(1� q2)

(1� q3) + (1� q2 q)(1� q2)(1� q3)(1� q2 q
3)(1� q4)]

Figure 4.21 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.

1.01.0

0.80.8

0.60.6
0.4

p p2

0.4
0.20.2

0.0 0.0
0.0

0.8

0.6
R(p)/bound 0.4

0.2

1.0

Figure 4.21: Comparison of generalized FK bounds with R(p) for p2

When component c3 has a di¤erent reliability function, the lower and upper
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bounds are given as

LB
(G)
FK = 1�

" Q
P2{1

�
1�

Q
i2P

pi

�#
�
3Q
s=2

"
1�

 `
P2{�s[{s

Q
i2P

pi �
`
P2{�s

Q
i2P

pi

!#
= 1� (1� p2)[p2 + (1� p2)(1� p2p3 )(1� p3)2][1� (1� p2)(1� p2p3 )
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Figure 4.22 below gives a graphical presentation of these bounds with the re-

liability function. Red is for the lower bound, blue for the reliability function

and green for the upper bound.
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Figure 4.22: Comparison of generalized FK bounds with R(p) for p3

Generalized Fu-Koutras bounds are not good approximations, for both cases,

and should be avoided at all cost.
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5 SUMMARY AND CONCLUSION

This dissertation deals with the key problem of reliability theory: Calcula-

tion of the reliability of a binary coherent system given both the reliabilities

of its components (subsystems) and their structural mutual relationship. In

a binary or Boolean coherent system, the system and its components can

only assume two states: available or unavailable (operating or not, up or

down), and the failure of a component can only lead to a system failure, or,

if the component is redundant, the system may continue to operate. In this

dissertation, under system (component) reliability we understand the system

(component) availability, i.e. the probability that the system (component) is

available at a given time point t or in the stationary regime. Since t is �xed,

we need not explicitly consider time-dependent reliabilities. The theory of

determining the reliability of a system from its component reliabilities has

already been developed about four decades ago. But, never mind our simple

two-state assumption, calculating the system reliability from its component

reliabilities belongs, from the computational point of view, to the class of

the most di¢ cult problems, namely to the NP-hard problems. In particular,

the NP-hard property implies that with increasing number of components,

assuming a non-trivial structural relationship between them, the calculation

time of the system reliability increases exponentially fast. This is also true

under the assumption, usually made in this dissertation, that the compo-

nents operate independently of each other. Algorithms for exactly calcu-

lating the system reliability, which work in polynomial time, only exist for

simply structured systems as series- and parallel systems and their combi-

nations. Hence, in the past much e¤ort has been invested in methods and

algorithms for e¢ ciently obtaining information on the system reliability by

making use of asymptotic and approximative techniques. This paper gives

an overview on the most important approaches for constructing lower and

upper bounds on the reliability of a system based on its minimal paths and

minimal cuts. These bounds are qualitatively evaluated and quantitatively

compared by numerically analyzing example systems. Unfortunately, deter-

mining all minimal paths and cuts of a binary coherent system is an NP-hard
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problem as well. But, determining the exact reliability of a system based on

its structure function is, loosely speaking, "doubly NP-hard", since, on the

one hand, �nding its minimal paths- and cuts is NP-hard and, on the other

hand, determining its structure function for given minimal paths and cuts is

NP-hard as well. Since the calculation of reliability bounds with the minimal

paths and cuts given can be done in polynomial time, the lower and upper

reliability bounds discussed in this dissertation allow to derive information

on the system reliability for more complex systems than the ones, which are

tractable with exact methods. Moreover, some bounds may yield excellent

results even if only a comparatively small percentage of the existing minimal

paths and cuts are used.

From the point of view of the reliability engineer, the exact calculation of the

system reliability is an academic exercise anyway, since the reliabilities of the

components are in practice not known with absolute accuracy, so that the

accumulation of round-o¤ errors due to the required excessive computation

can only lead to approximative values for the system reliability. In addition,

there is always some dependency in the failure behavior between the com-

ponents during the time periods they are operating, which is not exactly or

not at all quanti�able. This has a signi�cant in�uence on the accuracy of the

predicted system reliability.

The research, done in this dissertation under the assumptions stated, allows

the following conclusions:

1. General theoretical comparisons between the bounds, which are valid for

all possible component reliabilities, are not possible. In particular, no bounds

are uniformly sharper than other ones for all possible component reliabilities.

Signi�cant di¤erences between the bounds mostly exist in the areas in which

the component reliabilities are high and/or small.

2. As a corollary from 1, combinations of di¤erent bounds make sense: For

instance:

a) Use the maximum of the lower Esary-Proschan bound and the lower min-

max bound and the minimum of the upper Esary-Proschan bound and the

upper min-max bound.
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b) For low component reliabilities, use the Fu-Koutras lower bounds and

the upper Esary-Proschan bounds. For high component reliabilities, use the

lower Esary-Proschan bounds and the upper Fu-Koutras bounds.

3. Of special interest are the Spross bounds. Only a small percentage of all

minimal paths and minimal cuts needs to be known to obtain sharp bounds.

This property becomes the more important, the more complex the system is.

Hence, the fact that listing all minimal paths and cuts is NP-hard, plays no

signi�cant role when applying the Spross bounds. However, determining the

Spross bounds requires the development of a more sophisticated software than

necessary for the other bounds. In addition, This software must determine

the minimal paths and cuts in the order of their importance. (Generally, most

important are the minimal path and cut sets with the smallest cardinality.)

4. All bounds can be most e¢ ciently improved if the reliability of the com-

ponent with the largest structural Birnbaum-importance is increased.

5. Modular decomposition of complex systems (if possible) has two advan-

tages

a) Reduction of computation time.

b) The bounds obtained after modular decomposition are sharper than the
ones obtained without modular decomposition.

Suggestions for further research are:

1. Analyzing more thoroughly reliability bounds for di¤erent component

reliabilities.

2. Constructing reliability bounds for a system after its pivotal decomposi-

tion.

3. Applying the splitting approach along a separating node set used in net-

work reliability analysis to reliability block diagrams for the construction of

reliability bounds. (In network reliability analysis, this approach yields for

planar graphs polynomial algorithms.)
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