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1 Introduction

Collective field theory [1, 2] offers a systematic approach to the large N expansion of gauge field
theories by expressing the dynamics of the theory in terms of gauge invariant collective fields.
In this framework, the loop expansion of the field theory corresponds to the 1/N expansion.
Given that the dynamics of many non-Abelian gauge theories, including QCD, are strongly
coupled at low energies, developing efficient methods for performing the large N expansion [3]
is a significant and ongoing challenge. Collective field theory is highly relevant for addressing
this challenge, and it is one of the primary motivations for the development of the method [4].

Collective field theory has also proven to be a powerful approach in exploring gauge
theory/gravity dualities. A clear paradigmatic example is the application of collective field
theory to the dynamics of a single hermitian matrix, leading to a string field theory for the
c = 1 string [5]. This string field theory has successfully passed many highly non-trivial tests,
demonstrating that the collective field theory of matrix quantum mechanics does reproduce
the gravitational dynamics of the dual string theory.

In the context of the AdS/CFT correspondence [6–8], the application of collective field
theory, as envisioned by Das and Jevicki [9], has become a prototypical example of constructive
approaches to holography. When applying light-front quantization to the free O(N) vector
model [10, 11] using bilocal collective fields there emerges a detailed and precise match [12, 13]
to higher spin gravity [14, 15]. The equal x+ bilocals systematically reduce the dynamics
of the vector model conformal field theory by eliminating the + polarizations of currents.
This reduction mirrors the light cone gauge choice in the dual higher spin gravity, which sets
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all components of the spinning gauge field with + polarizations to zero. Consequently, a
one-to-one correspondence between the degrees of freedom in higher spin gravity and those
in the singlet sector of the conformal field theory is established [13]. This approach allows
for the precise identification of gravitational degrees of freedom and their dynamics starting
from the conformal field theory, with no prior gravitational input. Thus, the method is
genuinely constructive.

The mapping involves both a formula that relates the coordinates of the conformal field
theory to those of the bulk spacetime in the gravity dual, and a formula that relates the
fields in the two descriptions. This map is determined entirely by conformal symmetry, as
we now explain. In the collective field theory description, the generators of the conformal
group are given by the coproduct of the usual generators defined in the free conformal
field theory. The construction of the generators in the dual gravity description is more
involved but has been carried out in detail in an impressive series of papers [16–21]. In the
gravitational context, we fix to the light cone gauge and solve the associated constraints. A
complication arises because conformal transformations do not preserve the light cone gauge
choice. Thus the conformal generators are evaluated using the Killing vectors associated with
the transformations and composing with compensating gauge transformations that restore
the gauge after the conformal transformation [16]. Requiring that the resulting generators on
the two sides agree determines the map relating coordinates and the identification of fields.

The resulting theory reproduces the correct equations of motion [22], provides a construc-
tion of bulk fields that is in manifest agreement with entanglement wedge reconstruction [23]
and offers a concrete realization [24] of the holography of information [25]. Demonstrating
the correctness of the equations of motion includes showing that the boundary values of the
field reproduce the correct GKPW rule after transforming to the light cone gauge [26].

The collective field theory description is highly redundant because the collective fields are
over complete. It has been argued in [24] that this redundancy is the key feature responsible
for the holographic nature of the collective field theory description. Thus, this redundancy is
a essential feature allowing the collective field theory to reproduce gravitational dynamics.

A number of interesting extensions of this work have been considered. For an equal time
approach to the vector model/ higher spin duality see [22]. The mapping for a conformal
field theory with an arbitrary dimension d was achieved in [26, 28, 29]. Approaches based on
a two time bilocal description have appeared in [30, 31]. The finite temperature conformal
field theory has also been studied in [32–34]. This work is particularly interesting given
that the dual spacetimes have horizons. For studies of the collective feld theory defined by
the interacting IR fixed point see [35, 36].

Another interesting direction, most relevant for this paper, is the extension to free matrix
models [37–39]. The description of the singlet sector of a free hermitian matrix model in
d dimensions is achieved using the k-local collective fields given by

σk(t, x⃗1, x⃗2, · · · , x⃗k) = Tr(ϕ(t, x⃗1)ϕ(t, x⃗2) · · ·ϕ(t, x⃗k)) (1.1)

where the field ϕa
b (t, x⃗) a, b = 1, 2, · · ·N is an N × N hermitian matrix. In addition we

have the conjugate momentum

Πk(t, x⃗1, x⃗2, · · · , x⃗k) = −1
i

δ

δσk(t, x⃗1, x⃗2, · · · , x⃗k) (1.2)
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The collective Hamiltonian is given by rewriting the theory in terms of invariant fields. For
the conjugate momentum, the transition from the original momentum π to the momentum
conjugate to the collective field (1.1) is accomplished through the use of the functional
chain rule1

πb
a(t, x⃗) = −1

i

δ

δϕa
b (t, x⃗)

= −1
i

∑
k

∫
dd−1y1 · · ·

∫
dd−1yk

δσk(t, y⃗1, y⃗2, · · · , y⃗k)
δϕa

b (t, x⃗)
δ

δσk(t, y⃗1, y⃗2, · · · , y⃗k)

=
∑

k

∫
dd−1y1 · · ·

∫
dd−1yk

δσk(t, y⃗1, y⃗2, · · · , y⃗k)
δϕa

b (t, x⃗) Πk(t, y⃗1, y⃗2, · · · , y⃗k) (1.3)

This change of variables is accompanied by a non-trivial Jacobian which produces an infinite
sequence of interaction vertices. For details see the original papers [1, 2]. The usual equal
time commutator2

[Πk(t, y⃗1, y⃗2, · · · , y⃗k), σk′(t, x⃗1, x⃗2, · · · , x⃗k′)] = −iδkk′

k∏
i=1

δ(x⃗i − y⃗i) + · · · (1.4)

makes it clear that we have quantized an independent degree of freedom living at each position
in the k(d− 1) dimensional space with coordinates x⃗1, · · · , x⃗k. If the collective field theory is
to define a physically coherent framework, this complete set of k(d− 1) spatial coordinates of
the k-local collective field must have a sensible interpretation as coordinates of a space in
the dual gravity description. Demonstrating that this is indeed the case has been achieved
in [37–39] with the result that the collective field is defined on a spacetime that is a product of
AdSd+1 times a product of spheres Sk−1 × S(d−2)(k−2) × Sd−3. The coefficients of a harmonic
expansion of the collective fields on the S(k−1) × S(d−2)(k−2) × Sd−3 factor are the bulk fields
of the dual gravity theory so that we are describing a structure responsible for organizing
the spinning fields in the gravity theory, and the primary fields in the conformal field theory.
For k = 2 the collective field gives rise to a single scalar primary, and a tower of conserved
spinning currents. The spin runs over the even integers and there is only one primary of
a given spin. Since the currents are conserved they all belong to short representations of
the conformal group. In the dual gravity we obtain a single scalar and a tower of massless
spinning gauge fields. The k = 2 sector is in common with the O(N) vector model. In
the matrix model we also have collective fields with k > 2. None of the primary operators
packaged by these collective fields are conserved and they all belong to usual (i.e. not short)
conformal representations. In the dual gravity these are massive fields. Taken together, the
collective field theory of these fields gives a description of the tensionless limit of a string
theory [40]. We will work in the N = ∞ limit so that our gravity fields are not interacting.

For the remainder of this paper, we employ light-front quantization. This choice is
motivated by the fact that, in this framework, the requirement of bulk locality effectively

1The explicit appearance of gauge indices a and b on the right hand side is a consequence of the fact that
we are rewriting πb

a(t, x⃗) which itself is not gauge invariant. Any gauge invariant expression, including the
kinetic term, Tr(π(t, x⃗)π(t, x⃗)) is expressed entirely in terms of the collective fields σk(t, x⃗1, x⃗2, · · · , x⃗k) and
Πk(t, x⃗1, x⃗2, · · · , x⃗k) with no gauge indices appearing in the final expression.

2The terms · · · in this expression are related by a cyclic permutation σ ∈ Zk. These extra terms are needed
to account for the cyclic symmetry of the collective fields.
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determines much of the holographic mapping [29]. The relevant results are reviewed in
section 2. To frame the questions we consider, recall that in bulk AdSd+1 spacetime, light-
front quantization uses the time T and a spatial coordinate Xd−1 to define the light cone
coordinates X± = 1√

2(Xd−1 ± T ). Apart from the extra holographic coordinate Z, there are
d− 2 spatial coordinates Xa (a = 1, 2, . . . , d− 2) transverse to the light cone. In this light-
front description, rotations mixing the Xa are manifest symmetries described by the group
SO(d−2), which transparently matches up with an equivalent subgroup in the conformal field
theory. Understanding the SO(d− 1) group, within the collective field theory, that rotates
Xa and Z is more challenging. It is even more non-trivial to obtain the full SO(d) group
that mixes the complete set of spatial coordinates Xa, Xd−1 and Z. Explaining how this
SO(d) group emerges in the collective field theory is the main result of this paper. With this
understanding, we also derive the eigenfunctions of the AdS mass operator, which determine
the boundary behaviour of the constructed bulk fields as Z → 0. In other words, we determine
the complete GKPW rule for the constructed bulk fields.

Our construction of the emergent SO(d) symmetry in collective field theory, as with
our previous constructions of holography for the free matrix [37–39], relies heavily on the
remarkable results of Metsaev [16]. In a completely gauge fixed light cone gauge description
of spinning fields in AdS, the realization of the SO(d− 1) rotations that mix Xa with Z is
connected to a description of the so(d − 1) algebra in stereographic coordinates [16]. Our
first result in section 3 demonstrates that collective field theory also realizes this algebra
using stereographic coordinates. A curious twist on the analysis of [16] is that we find k

copies of the algebra participate, but there are constraints relating the different copies. To
understand how the full so(d) algebra is realized, [16] introduces an so(d−1,1) algebra. A very
similar construction is possible in the collective field theory, with all k copies of the so(d− 1)
algebra participating. This again confirms that collective field theory reconstructs the dual
gravitational dynamics in complete detail. With these new insights, and drawing once more
on [16], we present the eigenfunctions of the AdS mass operator in section 4. In section 5, we
draw some conclusions and highlight several intriguing directions for future research. In the
appendices we demonstrate that the eigenfunctions of the AdS mass operator that we have
constructed are in agreement with existing results for special cases available in the literature.

2 Bulk coordinates

In this section we review the key features of the holographic mapping obtained in [39], which
builds on the earlier results [29, 37, 38]. The k-local collective field

σk(x+, x−1 , x
a
1, x

−
2 , x

a
2, · · · , x−k , x

a
k) = Tr(ϕ(x+, x−1 , x

a
1)ϕ(x+, x−2 , x

a
2) · · ·ϕ(x+, x−k , x

a
k))

develops a large N expectation value, denoted by σ0
k(x+, x−1 , x

a
1, · · · , x−k , xa

k). We expand
about this large N value to define a fluctuation as follows

σk(x+, x−1 , x
a
1, · · · , x−k , x

a
k) = σ0

k(x+, x−1 , x
a
1, · · · , x−k , x

a
k) + 1

N
k
2
ηk(x+, x−1 , x

a
1, · · · , x−k , x

a
k)

(2.1)
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The coefficient of the fluctuation in the above equation ensures that the two point function
of ηk is order 1 as N → ∞3. It is the fluctuation ηk that maps to the bulk gravity field Φ.
The derivation of the holographic map that identifies the fields as well as the coordinates of
the collective field theory with those of the dual gravitational theory, is most easily carried
out [23] after performing a Fourier transform. In the bulk4 this Fourier transform replaces
X− with P+, while in the boundary the corresponding Fourier transform replaces x− with
p+. The relation between the fields of the collective field theory and those of the bulk
gravity takes the form

Φ(X+, P+, Xa, Z, {αi}) = µ(xa
i , p

+
i )ηk(x+, p+

1 , x
a
1, · · · , p+

k , x
a
k) (2.2)

with [39]

µ(xa
i , p

+
i ) = Z

3−d
2 (P+Z)

k
2 (d−2)−1

( k∏
i=1

p+
i

) 4−d
2 (2.3)

In the above formula {αi} are simply a place holder for the extra coordinates that arise from
the k-local collective field. We do not spell these out in (2.2) as a number of different choices
will be useful at different points in the analysis. We start in section 3 with geometrically
motivated coordinates {αi} = {βa

q , (n̂P +)q}. We then change to coordinates {αi} = {ζZ
q , ζ

a
q }

which transform as a vector under the SO(d− 1) subgroup rotating the Xa, Z coordinates.
Finally we consider coordinates {αi} = {ξa

q , ρq} which are most useful for describing the
complete set of SO(d) rotations. These different sets of coordinates are all introduced and
carefully defined in section 3.

The formula expressing the bulk coordinates in terms of the coordinates of the collective
d dimensional k-local collective field are determined by the requirement of bulk locality as
explained in [29]. The formulas for the bulk coordinates are

X+ = x+ P+ =
k∑

i=1
p+

i Z =

√∑d−2
a=1

∑k
i=1 p

+
i (va

i )2

(
∑k

l=1 p
+
l )

3
2

Xa =
∑k

i=1 p
+
i x

a
i∑k

l=1 p
+
l

a = 1, 2, · · · , d− 2 (2.4)

where

va
i =

k∑
l=1

p+
l (xa

i − xa
l ) (2.5)

We use Z to denote the extra bulk holographic coordinate. The d+1 coordinatesX+, P+, Xa, Z

parametrize the AdSd+1 spacetime. A noteworthy feature of the formula for Z is that it implies
that the boundary Z = 0 is only reached when all fields in the k-local become coincident

xa
i = xa

j a = 1, 2, · · · , d− 2 i, j = 1, 2, · · · , k (2.6)

3It is useful to recall that for odd k σ0
k(x+, x−

1 , x⃗1, · · · , x−
k , x⃗k) vanishes while for even k it is of order N

k
2 +1.

These large N expectation values are easily evaluated using free field theory.
4We will consistently use capital letters for the coordinates of the AdS bulk spacetime and little letters for

the coordinates of the collective field theory.
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As discussed in [27] this is a signal of the holographic nature of the collective field theory.
Bulk locality also fixes the form of the spin generators [29]. The result is

MaZ = 1
Z(P+)2

d−2∑
b=1

k∑
j=1

vb
j

(
va

j

∂

∂xb
j

− vb
j

∂

∂xa
j

)

+ 1
2Z(P+)2

k∑
j,l=1

(
p+

l

P+

d−2∑
b=1

(vb
jv

b
j + vb

l v
b
l ) ∂

∂xa
j

− 2p+
j p

+
l v

a
j

∂

∂p+
j

)
(2.7)

Mab = 1
P+

k∑
l=1

(
va

l

∂

∂xb
l

− vb
l

∂

∂xa
l

)
(2.8)

The final spin generators M−a are determined using the relation [16]

M−a = −Ma− = MaZ ∂Z

P+ +
d−2∑
b=1

Mab ∂b

P+ − 1
2ZP+

d−2∑
b=1

[MZb,M ba] (2.9)

The bulk gravity equation of motion takes the form [17](
2P+P− +

d−2∑
a=1

∂Xa∂Xa + ∂2
Z − A

Z2

)
Φ = 0 (2.10)

where A is the AdS mass operator. In terms of the collective field theory coordinates the
AdS mass operator takes the form

A = − 1
4(k − 3)!

k∑
i1i2···ik−3=1

d−2∑
a=1

κaa;i1i2···ik−3

d−2∑
b=1

κbb;i1i2···ik−3

− 1
2(k − 3)!

d−2∑
a,b=1

k∑
i1i2···ik−3=1

(
κab;i1i2···ik−3κab;i1i2···ik−3 − κaa;i1i2···ik−3κbb;i1i2···ik−3

)

−1
2

d−2∑
a,b=1

M2
ab + ((k − 1)d− 2k + 1)((k − 1)d− 2k − 1)

4 (2.11)

where

κaa;i1i2···ik−3 = Z
k∑

ik−2,ik−1,ik=1

d−2∑
a=1

ϵi1i2···ik

βa
ik−2

√
p+

ik−1
− βa

ik−1

√
p+

ik−2√
p+

ik

∂

∂xa
ik

(2.12)

βa
i =

√
p+

i v
a
i

Z(
∑k

l=1 p
+
l )

3
2

(2.13)

and

κab;i1i2···ik−3 = 1
2
[
Mab, κaa;i1i2···ik−3

]
(2.14)

3 Emergent SO(d)

In this section we construct the group of SO(d) rotations that mix the complete set of spatial
coordinates of the emergent AdSd+1 spacetime. The generators of the group take the form

LAB = LAB +MAB (3.1)
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where LAB is the orbital angular momentum and MAB is the spin angular momentum.
Formulas for the LAB are easily given in terms of the bulk coordinates. We are interested in
the realization of the above generators when they act on general massive spinning fields in
the bulk AdSd+1 spacetime that emerges from a collective field theory treatment of the free
matrix conformal field theory. In this case the construction of the spin generators MAB is
non-trivial. This is the problem that is solved in this section. These spin generators have
also been constructed directly in the gravity theory using a complete light cone gauge fixing
of the theory in [16]. The gravity results of [16] are in complete harmony with the collective
field theory results obtained in this section.

The coordinates the collective field are a light cone momentum and a vector collecting
coordinates transverse to the light cone

(x⃗a)i ≡ xa
i (p⃗+)i = p+

i i = 1, · · · , k
a = 1, · · · , d− 2 (3.2)

The vectors x⃗a and p⃗+ are elements of the k-dimensional vector space Vk. We can think
of the k-local collective field as describing a composite system with k-constituents. The
bulk light cone momentum is a sum of the constituent light cone momenta and the centre
of mass position is given by the dot product of the light cone momentum vector p⃗+ and
the constituent position vectors as follows5

Xa = x⃗a · p⃗+

P+ P+ ≡
k∑

i=1
p+

i (3.3)

This observation motivates a geometrical description: motions of the constituent positions xa
i

that are orthogonal to p⃗+ correspond to internal motions with the bulk position Xa inert.
Indeed, we can rewrite the positions xa

i as follows

xa
i = Xa + va

i

P+ va
i =

k∑
l=1

p+
l (xa

i − xa
l ) (3.4)

where the vector v⃗a has two important properties:

1. It is orthogonal to p⃗+

v⃗a · p⃗+ = 0 (3.5)

2. Under a simultaneous translation xa
i → xa

i + c the centre of mass shifts as Xa → Xa + c

but v⃗a is invariant.

Consequently changing the v⃗a produces an “internal motion” in the sense that the position
x⃗a are changed in such a way that the bulk position Xa (i.e. the centre of mass) is invariant.
To develop this geometrical picture further introduce the unit vector

(n̂p⃗+)i ≡

√
p+

i√
P+

(3.6)

5Since Xa is identical to the formula for the centre of mass of a collection of k particles, with the ith
particle having a mass p+

i , we often refer to Xa as the centre of mass coordinate.
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and a rescaled version of va
i

βa
i =

√
p+

i v
a
i

Z(P+)
3
2

(3.7)

The factor of
√
p+

i ensures that orthogonality of v⃗a and p⃗+ translates into orthogonality
of β⃗a and n̂p⃗+ i.e.

p⃗+ · v⃗a = 0 ⇒ n̂p⃗+ · β⃗a = 0 (3.8)

The extra factors involving P+ and Z appearing in the definition of βa
i ensure that

d−2∑
a=1

β⃗a · β⃗a =
d∑

a=1

k∑
i=1

βa
i β

a
i = 1 (3.9)

Taken together these observations give a natural geometrical motivation for the definition of
βa

i given in (3.7). Notice that we can write the positions xa
i in terms of βa

i as follows

xa
i = Xa + βa

i

√
P+Z√
p+

i

(3.10)

The quantities βa
i and the unit vector n̂p⃗+ , as well as the bulk coordinates X+, P+, Xa and

Xd−1 provide a complete set of coordinates for the k-local collective field.
A natural set of operators that we can define at this point are given by

Mab
jk = βa

j

∂

∂βb
k

− βb
k

∂

∂βa
j

(3.11)

These operators generate “rotations” of the βa
i that in general mix both the spacetime

index a as well as the index i which labels the different constituent fields appearing in
the k-local collective field. In terms of these operators the AdS mass operators takes a
strikingly simple form

A = −1
2

k∑
i,j=1

d−2∑
a,b=1

Mab
ij M

ab
ij + ((k − 1)(d− 2) − 2)2 − 1

4 (3.12)

A comment is in order. As a consequence of the fact that β⃗a · n̂P + = 0 we have6

∂

∂βa
j

βb
i = δ̂j

i δ
b
a = (δj

i − (n̂P +)j(n̂P +)i)δb
a (3.13)

where δ̂j
i acts as the identity in the subspace of Vk that is orthogonal to n̂P + . It is also easy

to check7 that the group generated by the (3.11) is given by SO((k − 1)(d − 2)).
6The a and i indices are raised and lowered with the Kronecker delta.
7For example, βa

i is in the spin s = 1 representation. The value of the quadratic Casimir
1
2
∑

a,b

∑
ij

Mab
ij Mab

ij acting on the spin s representation (totally symmetric and traceless tensors with s

indices) is s(s + K − 2) for SO(K). We have evaluated the action of the quadratic Casimir on βa
i to fix K.
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Using the definition of βa
i given in (3.7) as well as the spin generators given in (2.8)

we easily obtain

Mabβc
i = δbcβa

i − δacβb
i (3.14)

These relations show that βa
i transforms as an SO(d − 2) vector with index a. Motivated

by this observation we can demonstrate that

Mab =
k∑

j=1
Mab

jj =
k∑

j=1

(
βa

j

∂

∂βb
j

− βb
j

∂

∂βa
j

)
(3.15)

Next, using the result (2.7) we verify that

MaZ(n̂P +)i = −1
2β

a
i

MaZβc
q =

βa
qβ

c
q

2(n̂P +)q
+ δac

2
(
(n̂P +)q −

1
(n̂P +)q

d−2∑
b=1

βb
qβ

b
q

)
(3.16)

With a little more work we can prove that

MaZ = 1
2

k∑
i=1

(
(n̂P +)i

∂

∂βa
i

− βa
i

∂

∂(n̂P +)i

)
+ 1

2

k∑
i=1

d−2∑
b=1

βb
i

(n̂P +)i

(
βa

i

∂

∂βb
i

− βb
i

∂

∂βa
i

)
(3.17)

The first term is a rotation between (n̂P +)i and βa
i , while the second is a β dependent

rotation mixing βa
i and βb

i .
Some experience with the relations (3.16) suggests that we introduce the quantities

ζZ
q = (n̂P +)2

q −
d−2∑
b=1

βb
qβ

b
q =

p+
q

P+ −
d−2∑
b=1

p+
q v

b
qv

b
q

Z2(P+)3

ζa
q = −2(n̂P +)qβ

a
q = −2

p+
q v

a
q

Z(P+)2 (3.18)

which obey

MaZζZ
q = ζa

q MaZζb
q = −δabζZ

q

MabζZ
q = 0 Mabζc

q = δbcζa
q − δacζb

q (3.19)

This demonstrates that the k d−1 dimensional vectors with components given by ζI
q ≡ {ζa

q , ζ
Z
q },

q = 1, 2, · · · , k transform as vectors of the SO(d− 1) group that mixes the Xa coordinates
and the extra holographic coordinate Z. This demonstrates that rotations mixing the extra
holographic coordinate do indeed emerge naturally from the collective field theory.

Notice that the {ζa
q , ζ

Z
q } are an invertible function of the βa

q s and the (n̂P +)qs, so that,
together with the bulk coordinates they provide a complete set of coordinates for the k-local
collective field. These quantities are not all independent as they obey some interesting
constraints. Indeed we find that

k∑
q=1

ζa
q = 0 (3.20)
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as a consequence of (3.5) and

k∑
q=1

ζZ
q = 0 (3.21)

as a consequence of the formula for Z and the definition of P+, given in (2.4). Finally,
the constraint (3.9) implies that

k∑
q=1

d−2∑
a=1

ζa
q ζ

a
q

4(nP +)2
q

= 1 (3.22)

Altogether this is a total of d constraints.
Recall that a runs over d−2 values. There is a total of (d−1)k variables ζI

q . After solving
the constraints, we see that (d − 1)k − d of them are independent. The k-local collective
field (2.1) contains a total of 1 + k(d− 1) coordinates. We need d+ 1 coordinates to describe
the dual AdSd+1 spacetime, so there are a total of k(d− 1) − d “internal” coordinates. These
are provided by the ζI

q given above. The advantage of this new description as compared to
the description using p+

i and βa
i , is that we now have a correct understanding of how these

parameters transform under the spacetime SO(d − 1) transformations.
To obtain some insight into the SO(d− 1) group we have uncovered above, introduce

ξa
i = −βa

i /(n̂P +)i so that

ζZ
q = (n̂P +)2

q

(
1 −

d−2∑
b=1

ξb
qξ

b
q

)
≡ ρq

(
1 −

d−2∑
b=1

ξb
qξ

b
q

)
ζa

q = 2(n̂P +)2
qξ

a
q = 2ρqξ

a
q (3.23)

This nicely matches the formula (B.3) of [16] and it demonstrates that we have obtained a
description of the so(d− 1) algebra in terms of stereographic coordinates. In terms of these
new coordinates we can define k independent spin generators as follows

Mab
q = ξa

q∂ξb
q
− ξb

q∂ξa
q

M za
q = 1

2
(
1 −

d−2∑
b=1

ξb
qξ

b
q

)
∂ξa

q
+ ξa

q

( d−2∑
b=1

ξb
q∂ξb

q
− ρq∂ρq

)
(3.24)

These close the SO(d − 1) algebra. In terms of these coordinates, the spacetime spin
generators take the following simple form

Mab =
k∑

q=1
Mab

q =
k∑

q=1

(
ξa

q∂ξb
q
− ξb

q∂ξa
q

)
M za =

k∑
q=1

M za
q =

k∑
q=1

(1
2
(
1 −

d−2∑
b=1

ξb
qξ

b
q

)
∂ξa

q
+ ξa

q

( d−2∑
b=1

ξb
q∂ξb

q
− ρq∂ρq

))
(3.25)

To exhibit the complete bulk SO(d) group, which rotates Xa, Z and Xd−1, we have
to include rotations in which Xd−1 participates. Recall that this is the coordinate used
to construct X±. Metsaev has achieved this [16] by first demonstrating how to define an
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so(d− 1,1) algebra. Using this additional so(d− 1,1) structure it is then possible to explicitly
construct the carrier space of the SO(d) representation needed to describe a massive spinning
field in the AdS bulk. A very similar construction is possible in collective field theory and this
too allows us to describe the SO(d) representations needed to describe the massive spinning
fields packaged into the collective field. Our construction introduces the operators

pa
q = ∂

∂ξa
q

ka
q = −1

2
( d−2∑

b=1

k∑
i=1

ξb
i ξ

b
i

) ∂

∂ξa
q

+ ξa
q

( d−2∑
b=1

k∑
i=1

ξb
i

∂

∂ξb
i

−
k∑

i=1
ρi

∂

∂ρi

)
mab

ij = ξa
i

∂

∂ξb
j

− ξb
j

∂

∂ξa
i

d =
d−2∑
b=1

k∑
i=1

ξb
i

∂

∂ξb
i

−
k∑

i=1
ρi

∂

∂ρi
(3.26)

This algebra is the Lie algebra of SO((k − 1)(d− 2) + 1, 1). The mab
ij generate the subgroup

SO((k − 1)(d − 2)). These operators satisfy the following commutation relations

[d, pa
q ] = −pa

q [dq, ka
q ] = ka

q

[pa
q , pb

q] = 0 [ka
q , kb

q] = 0

[pa
q ,mbc

ij ] = δabδ̂iqpc
j − δacδ̂jqpb

i

[ka
q ,mbc

ij ] = δabδ̂iqkc
j − δacδ̂jqkb

i

[pa
i , kb

j ] = δabδ̂ijd − mab
ij

[mab
ij ,mcd

lm] = δbcδ̂jlmad
im − δacδ̂ilmbd

jm − δbdδ̂jmmac
il + δadδ̂immbc

jl (3.27)

Notice that, if we have an eigenstate of d with eigenvalue λ, then applying ka
i produces

another eigenstate with eigenvalue λ+ 1 and applying pa
i also produces another eigenstate

with eigenvalue λ− 1. In this sense ka
i and pa

i are raising and lowering operators for d. To
make manifest the so((k − 1)(d − 2) + 1, 1) algebra, introduce the new generators

Jab
ij = mab

ij

JZa
i = 1

2pa
i + ka

i

Jd−1 a
i = 1

2pa
i − ka

i

JZ d−1 = d (3.28)

They close the algebra

[Jab
ij , J

cd
lm] = δbcδ̂jlJ

ad
im − δacδ̂ilJ

bd
jm − δbdδ̂jmJ

ac
il + δadδ̂imJ

bc
jl

[JaZ
i , JbZ

j ] = −Jab
ij [Ja d−1

i , JbZ
j ] = −δabδ̂ijJ

d−1 Z

[Jab
ij , J

Zc
l ] = δacδ̂ilJ

bZ
j − δbcδ̂jlJ

aZ
i [Jab

ij , J
Z d−1] = 0

[Jab
ij , J

d−1 c
l ] = δacδ̂ilJ

b d−1
j − δbcδ̂jlJ

a d−1
i [JZa

i , JZ d−1] = Jd−1 a
i

[Jd−1 a
i , Jd−1 b

j ] = −Jab
ij [Jd−1 a

i , JZ d−1] = JaZ
i (3.29)
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The spacetime generators of SO(d − 1,1) rotations are

Jab =
k∑

i=1
Jab

ii JZa =
k∑

i=1
JZa

i Jd−1 a =
k∑

i=1
Jd−1 a

i JZ d−1 = d (3.30)

and we have verified that they close the correct so(d − 1,1) algebra. To obtain the so(d)
algebra we Wick rotate as usual. Following Metsaev [16] a basis for the spin states needed for
the description of a massive spinning field can now be constructed. For this construction we
organize the carrier space of the SO(d) irreducible representation in terms of the SO(2)×SO(d−
2) subgroup of SO(d) where SO(d−2) is generated by Jab and SO(2) is generated by JZ d−1 = d.
Clearly then, the special conformal like generator ka

i = 1
2(JZa

i − Jd−1 a
i ) will raise the SO(2)

quantum numbers. This motivates us to introduce a vector |0⟩ which is an eigenvector
of the operator d with eigenvalue equal to twice the spin s of the representation and it is
annihilated by pa

i . This condition is imposed to obtain a finite dimensional representation.
These constraints imply that |0⟩ does not depend on the ξa

i and that they are homogeneous
in the ρi with total degree equal to twice the spin. The space

Λ ≡
2s⊕

σ=0
Λσ Λσ ≡ ka1

i1
. . . kaσ

iσ
|0⟩ (3.31)

can be used to describe the spin degrees of freedom of a massive field. To obtain a state
in Λσ that has a definite SO(d − 2) spin and is an eigenstate of the AdS mass operator
we should ensure that Λσ is symmetric and traceless in the a1, · · · , aσ indices. Note that
Λ2s+1 vanishes. See appendix B for further discussion of Λσ and appendix C for the explicit
construction of a number of eigenstates.

4 Diagonalizing the AdS mass operator

In this section we follow the logic given by Metsaev in [16] to construct the eigenfunctions
of the AdS mass operator. These eigenfunctions belong to a definite representation of
SO(2)×SO(d − 2) and their eigenvalue is determined by the SO(d − 2) spin, an internal
spin p to be introduced below, k and d.

The irreducible representations of the conformal group SO(2, d) we consider are con-
structed using a lowest dimension primary state and its descendants. The primary state
is in some irreducible representation of SO(d) and has a definite dimension ∆. We can
decompose the carrier space of the SO(d) representation into subspaces that are in definite
SO(2)×SO(d− 2) representations. A simple example of a state belonging to the s′ subspace
of an SO(d) representation with spin s, takes the form

ηs,s′(ξa
q , ρq) =

(
k∏

i=1
ρsi

i

)
fs′(ξa

q ) (4.1)

where fs′(ξa
i ) is a symmetric and traceless (in the a indices) polynomial of degree s′ in

the ξa
i variables and

k∑
i=1

si = 2s (4.2)
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As a simple example we have used

fs′(ξa
i ) = (ξ1

i + iξ2
i )s′ (4.3)

when explicitly computing the eigenvalues. Up to an additive constant (see (3.12)) the
AdS mass operator is given by

O = −1
2

k∑
i,j=1

d−2∑
a,b=1

Mab
ij M

ab
ij (4.4)

It is straight forward to verify that

O ηs,s′(ξa
q , ρq) = s′(s′ + k(d− 2) − d) ηs,s′(ξa

q , ρq) (4.5)

which leads to the following eigenvalues for the AdS mass operator

Aηs,s′(ξa
q , ρq) =

(
κ2

ss′ −
1
4
)
ηs,s′(ξa

q , ρq) (4.6)

with

κss′ = (d− 2)(k − 1)
2 + s′ − 1 (4.7)

The eigenfunctions of the AdS mass operator provide a basis in terms of which we can
expand the collective field8

Φ(X+, P+, Xa, Z, {αi}) = µ(xa
i , p

+
i )ηk(x+, p+

1 , x
a
1, · · · , p+

k , x
a
k)

=
∑
s,s′

ψs,s′(X+, P+, Xa, Z)ηs,s′(ξa
q , ρq) (4.8)

The eigenvalues of the AdS mass operator fixes the behaviour of the eigenfunction as Z → 0.
This follows from the equations of motion for the bulk fields which are given by [16–21](

2∂+∂− + ∂2
X + ∂2

Z − A

Z2

)
Φ(X+, P+, Xa, Z, ξa

i , ρi) = 0 (4.9)

In particular, the bulk equation of motion for the s, s′ mode is given by2 ∂

∂X−
∂

∂X+ +
d−2∑
b=1

∂

∂Xb

∂

∂Xb
+ ∂2

∂Z2 −

(
κ2

ss′ −
1
4

)
Z2

ψs,s′(X+, X−, Xa, Z) = 0 (4.10)

The normalizable solution to this bulk wave equation is given by [41]

ψs,s′(X+, X−, Xa, Z) =
√
Z
Jκss′ (q̂Z)
q̂κss′

g(X+, X−, Xa) (4.11)

where

q̂2 = 2 ∂

∂X−
∂

∂X+ +
d−2∑
b=1

∂

∂Xb

∂

∂Xb
(4.12)

8This equation is schematic. For a definite formula we would need to spell out the range of the sums and
take care of any multiplicity labels.
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For small Z we have

ψs,s′(X+, P+, Xa, Z) ∼ Zκss′+
1
2 (4.13)

ψs,s′ is dual to a primary operator with so(d − 2) spin s′ and a dimension [19]

∆ = d

2 + κss′ =
(d− 2

2
)
k + s′ (4.14)

This is an example of a GKPW rule for this theory. The above dimension has an appealing
interpretation: the dimension is simply the contribution from k free fields plus the dimension
coming from the derivatives that produce the spinning state.

In general, we expect a dimension of the form

∆ =
(d− 2

2
)
k + s′ + 2p (4.15)

which comes from an eigenstate of the AdS mass operator with

κss′ = (d− 2)(k − 1)
2 + s′ + 2p− 1 (4.16)

In this case p pairs of indices of the derivatives used to produce the primary operator are
contracted. We argue in appendices B and C that p is related to eigenfunctions that are
spinning in their internal i indices. Thus, the eigenfunctions of the AdS mass operator that
we have obtained are rich enough to reproduce the complete spectrum of primary operators.

5 Discussion and conclusions

In this paper, we have continued our series of works [37–39] that use collective field theory to
construct a holographic description of the free matrix conformal field theory. Specifically, we
have focused on the construction of rotations in the collective field theory for the complete set
of spatial coordinates of the dual bulk AdS spacetime. There are two subtle features to consider:
how rotations involving the emergent holographic coordinate are realized and how rotations
involving the spatial coordinates that participate in the construction of X± are realized.

Our construction of these rotations is remarkably consistent with Metsaev’s construction
of these operators directly in the gravity [16]. This consistency is another strong confirmation
that collective field theory indeed provides a construction of the gravitational dynamics
dual to the conformal field theory. Additionally, by using a description of the modes in
terms of an SO(2)×SO(d − 2) subgroup of SO(d), we have derived the eigenfunctions of
the AdS mass operator. This has enabled us to derive the GKPW rule for the emergent
higher-dimensional theory.

Our construction of SO(d) has not made contact with the result in [39] which argued
that the collective field is defined on the AdSd+1×Sk−1×S(d−2)(k−2)×Sd−3 spacetime. This
result was obtained by asking a slightly different question to the question considered in this
paper. The paper [39] studied how the collective field is parametrized. In this paper we have
constructed the SO(d) group of rotations. Note that this SO(d) group is not an isometry of the
spacetime since Z is on a different footing to the remaining spatial coordinates. This SO(d)
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group is then not expected to be a symmetry of the dynamics and we have explicitly seen
that fields with a different number of Z indices have a different behaviour as we send Z → 0.

It is worth stressing that our results, once again, precisely realize the vision outlined
in the work of Das and Jevicki [9].

There are several intriguing directions in which this work should be extended. Exploring
the role of the “internal index i” which distinguishes different fields used to construct the
k-local collective field is a fascinating question. As we have described at the end of appendix B,
the group of permutations that acts on i will participate in distinguishing different copies
of otherwise identical primary operators packaged by the collective field. Clarifying this
would allow a detailed and precise description of the complete Fock space of the theory.
The detailed description of the primary operators packaged into the trilocal collective field
obtained in [37] provides useful data for this exercise.

We have worked strictly at large N . It would be interesting to evaluate 1/N corrections
which are generated by the interaction vertices generated by the Jacobian. Testing that
this Jacobian does indeed generate the correct gravitational interactions would be a further
highly non-trivial test of the collective field theory approach.

Our focus has been on free conformal field theory; however, the foundational logic
and motivation for collective field theory are not inherently restricted to free field theories.
In particular, for interacting matrix models, the collective field theory of the invariant
loop variables also has 1

N as the loop expansion parameter. The arguments of [27] again
demonstrate that there will be a redundancy in the collective description, implying that the
theory is holographic. Constructing holographic theories through the collective field theory
description of interacting conformal field theories presents an interesting open problem.

Beyond interacting conformal field theories, the logic of collective field theory also applies
to ordinary gauge theories that do not possess conformal symmetry. Indeed, the original
example in [5] constructs the collective field theory for a theory that is not conformally
invariant. Developing the collective field theory for ordinary non-Abelian Yang-Mills theory is
a pursuit worth undertaking. Although this is a challenging problem with a long history, one
might hope that recent insights gained from AdS/CFT could be instrumental in its resolution.
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A GKPW rule for massless fields

The goal of this section is to compare the boundary behaviour of massless fields, that has
been worked out in the literature [16–21] with the boundary behaviour predicted by section 4.
This amounts to a study of the spectrum of the AdS mass operator. In general the space
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Λ defined by (3.31) is invariant under the action of the spin generators Mab and MaZ . For
massless fields however, Λ contains an invariant subspace. In this appendix we discuss
massless fields separately and confirm that their boundary behaviour is correctly reproduced
by the collective field theory. Following [16–21] our approach is based on the bulk equations
of motion in light cone gauge. Confirming that the massless fields are eigenfunctions of
the AdS mass operator with the correct eigenfunctions establishes that the modes have the
correct boundary behaviour. An alternative approach, adopted in [26], is to study the bulk
equations of motion in de Donder gauge and then to perform the gauge transformation
required to reach light cone gauge.

From table II of [19] the AdS mass operator for massless fields in AdSd+1 in the9 so(2)⊕
so(d − 2) language is given by

A = ν2 − 1
4 ν = s+ d− 4

2 −Nz = s′ + d− 4
2 (A.1)

where we have written the answer in terms of the so(d− 2) spin which is given by s′. The
massless fields are related to the bilocal (k = 2) collective field. Setting k = 2 in (4.7) we have

κss′ = s′ + d− 4
2 (A.2)

Since by (4.6) we have A = κ2
ss′ −

1
4 we see that our eigenfunctions correctly describe the

massless fields in AdSd+1.

B AdS mass operator eigenfunctions

In this appendix we explore the description of the eigenfunctions of the AdS mass operator
given in equation (3.31). By an SO(d) representation of spin s we mean the irreducible
representation of SO(d) spanned by traceless and symmetric tensors with s indices and
each index takes on d values. There is an SO(2)l.c.×SO(d − 2) subgroup of SO(d). Here
SO(d− 2) rotations mix the coordinates Xa transverse to the light cone and SO(2)l.c. mixes
Z and Xd−1, where Xd−1 is the coordinate that is combined with time T to define X±.
The description provided by (3.31) puts the states into definite irreducible representations
of SO(d− 2), labelled by a definite eigenvalue of the single generator in SO(2)l.c., which is
given by d. Introduce the state |0⟩, defined by

|0⟩ =
k∏

i=1
ρli

i (B.1)

where

2s =
k∑

i=1
li (B.2)

for the description of an SO(d) representation of spin s. We construct the remaining states
of the representation by applying the ka

i operators to |0⟩ as follows

|a1, · · · , an⟩ ≡ ka1
i ka2

i · · · kan
i |0⟩ (B.3)

9Recall that in this description the AdS mass operator is diagonal.
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Since the ka
i operators commute, the state obtained is automatically symmetric in it’s aj

indices. In addition, since it is not in general traceless, this state is in general a reducible
representation of the so(d − 2). It is simple to verify that these states are eigenfunctions
with a definite so(2)l.c. spin

d|a1, · · · , an⟩ = (n− s) |a1, · · · , an⟩ (B.4)

For odd n the space spanned by the states {|a1, · · · , an⟩} can be decomposed into SO(d− 2)
irreducible representations as follows

Span{|a1, · · · , an⟩} = n ⊕ n − 2 ⊕ n − 4 ⊕ · · · ⊕ 1 (B.5)

while for even n the decomposition is

Span{|a1, · · · , an⟩} = n ⊕ n − 2 ⊕ n − 4 ⊕ · · · ⊕ 0 (B.6)

where r denotes the irreducible representation of SO(d− 2) with spin r. The states belonging
to r obey

−1
2

d−2∑
a,b=1

JabJab|a1, · · · , an; r⟩ = r(r + d− 4)|a1, · · · , an; r⟩ (B.7)

and they are eigenstates of the AdS mass operator

A|a1, · · · , an; r⟩ =
(((d− 2)(k − 1)

2 + r − 1
)2

− 1
4

)
|a1, · · · , an; r⟩ (B.8)

The eigenvalues of the AdS mass operator fixes the behaviour of the eigenfunction as
Z → 0. As explained in section 4 the normalizable solution the bulk field behaves as Z

1
2 +κ

where we write the eigenvalue of the AdS mass operator as κ2 − 1
4 . We have described a

concrete example of the spin 4 representation of SO(d) in table 1.
The fact that we know the so(2)⊕so(d−2) transformation properties of the eigenfunctions

implies that we know the values of tensor indices of the corresponding bulk field. In a light
cone gauge fixing we have eliminated all + indices (by our gauge choice) and we have
eliminated all − indices by solving the constraints. Consequently we are interested in bulk
fields whose indices take values in {Z,Xa}. The bulk field with w indices equal to Z and the
remaining indices chosen from the Xa’s is constructed from states with |λso(2)l.c.

| = w.
The case that d = 3, corresponding to AdS4, deserves special attention. In this case there

is only one direction transverse to the light cone (denoted simply as X) and the SO(d− 2)
group is replaced by Z2. The two possible representations are ± depending on whether the
tensor is even or odd under parity X → −X. These are both 1 dimensional. The counting
works out for this case as it did for d > 3. For example, in table 2 we have considered
the spin 2 representation of SO(3).

A notable gap in our analysis is related to the index i that distinguishes the different
fields appearing in the k-local collective field. In the construction (B.3) that we have explored
in this appendix we have restricted i to a single copy. This is certainly not the only choice. To
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n so(2)l.c. = λso(2)l.c.
so(d− 2)⊥ dim(d = 4) dim(d = 5)

0 −4 0 1 1
1 −3 1 2 3
2 −2 0 ⊕ 2 3 6
3 −1 1 ⊕ 3 4 10
4 0 0 ⊕ 2 ⊕ 4 5 15
5 1 1 ⊕ 3 4 10
6 2 0 ⊕ 2 3 6
7 3 1 2 3
8 4 0 1 1

Table 1. This table shows the so(2)⊕so(d− 2) description of the spin 4 representation of so(d). The
first column records the integer n appearing in (B.3). The second column records the eigenvalue of
the single generator of so(2)l.c.. The third column records the irreducible representations of so(d− 2)
that appear at the given n. The sum of the dimensions of these irreducible representations at a given
n are recorded in column four (for d = 4) and in column five (for d = 5). The sum of entries in the
fourth column gives 25 which is the correct answer for the dimension of the spin 4 representation of
SO(4). The sum of entries in the fifth column gives 55 which is the correct answer for the dimension
of the spin 4 representation of SO(5).

n so(2)l.c. = λso(2)l.c.
Z2

0 −2 +
1 −1 −
2 0 +
3 1 −
4 2 +

Table 2. This table shows the so(2)⊕Z2 description of the spin 2 representation of so(3). The first
column records the integer n appearing in (B.3). The second column records the eigenvalue of the
single generator of so(2)l.c.. The third column records the parity of the Z2 representation. There are
a total of 5 states which equals the dimension of the spin 2 representation of so(3).

motivate the discussion that follows, recall that the most general primary operator constructed
from k fields that we can consider takes the form∑

n1n2···nk;β
cn1n2···nk;βTr

(
(ϵ · ∂)n1∂f1ϕ(x) (ϵ · ∂)n2∂f1ϕ(x) · · · (ϵ · ∂)nk∂fpϕ(x)

)
(B.9)

where ϵµ is a polarization tensor used to simplify the above formula, β labels terms for which
the derivatives with contracted indices act on different fields, n1 + n2 + · · · + nk = s′ and
cn1n2···nk;β are some numbers chosen so that the above operator is primary. There are p pairs
of derivatives which are contracted. The operator is symmetric and traceless in the remaining
s′ free indices which have been contracted with ϵµ above , i.e. it has so(d− 2) spin s′. The
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dimension of this operator, since we are studying the free field theory, is

∆ =
(d− 2

2
)
k + s′ + 2p (B.10)

From the results in [19], to obtain an operator with this dimension we need an eigenfunction
of the AdS mass operator that has

κss′ = (d− 2)(k − 1)
2 + s′ + 2p− 1 (B.11)

The AdS mass operator is sensitive to both the spin in the space indices a and in the internal
indices i. The spacetime angular momentum on the other hand is sensitive only to the spin in
the space indices. Thus, to obtain a non-zero value for p we can consider an eigenfunction that
is spinning in the internal indices. We give a concrete example of this at the end of appendix C.

Finally, note that operators belonging to Zk which act as a permutation10 on this index
commute with the AdS mass operator and spacetime rotations, so they give another state
with exactly the same quantum numbers. Thus, this Zk group belongs to the commutant
of SO(2,d) and it will play some role in oragnizing the representations of SO(2,d) (i.e. the
primary operators) packaged in the k-local collective field. It would be interesting to work
this out in detail.

C Numerical results

In this appendix we explicitly describe some of the eigenfunctions of the AdS mass operator
for a few carefully chosen examples. Our main motivation for doing this is to point out
some subtleties associated with the treatment of the index i that distinguishes different fields
used to produce the k-local collective field.

C.1 so(d − 2) spin 1 with k = 3 and d − 2 = 2

The spin 1 representation has a total of 4 states. They are given by

ψ0 = ρ1

ψ1 = k1
1ρ1 ψ2 = k2

1ρ1

ψ3 = k1
1k1

1ρ1 = k2
1k2

1ρ1 (C.1)

Note that k1
1k2

1ρ1 = 0. It is simple to verify that

−1
2

2∑
a,b=1

JabJabψα = 0 α = 0, 3

−1
2

2∑
a,b=1

JabJabψβ = ψβ β = 1, 2 (C.2)

We also have

Aψα =
(
12 − 1

4
)
ψα α = 0, 3

Aψβ =
(
22 − 1

4
)
ψβ β = 1, 2 (C.3)

10Since we are considering a permutation, one might also study the group Sk. However, this is not in general
a symmetry of the k-local collective field. Thanks to cyclicity of the trace Zk is indeed a symmetry.
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C.2 so(d − 2) spin 2 with k = 3 and d − 2 = 2

The spin 2 representation has a total of 9 states. They are given by

ψ0 = ρ2
1

ψ1 = k1
1ρ

2
1 ψ2 = k2

1ρ
2
1

ψ3 = k1
1k2

1ρ
2
1 ψ4 = (k1

1k1
1 − k2

1k2
1)ρ2

1

ψ5 =
2∑

a=1

3∑
i=1

ka
i ka

i ρ
2
1

ψ6 = k1
1k2

1k2
1ρ

2
1 ψ7 = k2

1k2
1k2

1ρ
2
1

ψ8 = k1
1k1

1k1
1k1

1ρ
2
1 (C.4)

It is simple to verify that

−1
2

2∑
a,b=1

JabJabψα = 0 α = 0, 5, 8

−1
2

2∑
a,b=1

JabJabψβ = ψβ β = 1, 2, 6, 7

−1
2

2∑
a,b=1

JabJabψγ = 4ψγ γ = 3, 4 (C.5)

We also have

Aψα =
(
12 − 1

4
)
ψα α = 0, 5, 8

Aψβ =
(
22 − 1

4
)
ψβ β = 1, 2, 6, 7

Aψγ =
(
32 − 1

4
)
ψγ γ = 3, 4 (C.6)

The states ψ0, ψ5 and ψ8 are all singlets of so(d− 2) and they all have the same eigenvalue
for the AdS mass operator. The sum over i in the construction of ψ5 is not needed to produce
a singlet of so(d− 2), but it is needed to obtain an eigenstate of the AdS mass operator. This
is one interesting lesson from these numerical results. The pairs of states ψ1, ψ2 and ψ6, ψ7
are both spin 1 doublets of so(d− 2). Finally, ψ3, ψ4 is a spin 2 doublet of so(d− 2).

C.3 Spinning on the internal indices with k = 3 and d − 2 = 2

In this subsection we consider a very simple example of a state that is spinning in the
internal indices. The state

ψ =
2∑

a=1
ka

1ka
2ρ

2
1 (C.7)

obeys

−1
2

2∑
a,b=1

JabJabψ = 0 Aψ =
(
32 − 1

4
)
ψ (C.8)

It is a solution with eigenvalue given by (B.11) with s′ = 0 and p = 1.
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