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Abstract

Let @ be a finitely generated nilpotent group. The Mislin genus ¥4(Q)
is defined to be the set of isomorphism classes of finitely generated
nilpotent groups R such that for every prime p, the p-localizations Rz,
and @), are isomorphic. If the group ) has a finite commutator sub-
group, the genus admits an abelian group structure. In this work, we
study the Mislin genus of nilpotent groups through pullbacks. For a
relatively prime pair of natural numbers (n,u), let Q = (z,y | 2™ =
L,yzy~! = 2“), where @ is a pullback. We compute the genus 4(Q)
and we investigate the relationship between the genera of these nilpo-

tent groups.
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Chapter 1
Introduction

In |14] Mislin introduced the notion of genus of finitely generated nilpo-
tent groups. He showed that two finitely generated nilpotent groups
@ and R belong to the same genus if and only if the two groups are
non-isomorphic, but their p-localizations (), and R, are isomorphic at
every prime p. For a finitely generated nilpotent group () with a finite
commutator subgroup, Hilton and Mislin [8] defined a finite abelian
group structure on the genus ¥(Q).

Let G be any group. Define the non-cancellation set, denoted by
X(G) to be the set of all isomorphism classes of groups K such that
K X Z = G x Z. According to Warfield’s result |17], if @ is a finitely
generated nilpotent group with a finite commutator subgroup, then we
have that x(Q) = 4(Q). Further studies on the non-cancellation set
can be found in literature |20], [18] and [19].

Let 2y denote the class of all finitely generated groups that have a
finite commutator subgroup. Let .4( denote a subclass of nilpotent
groups in % which are infinite. Let J# be the class of groups which
are of the form T x Z* where T is a finite abelian group and k € Z*.
Several computations of the genus of Zy-groups which belong to the
class  can be found in [8] and [10]. We do note that there is no gen-
eral method of computing the genus ¢(Q) when @ € 4. Hilton and
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Casacuberta [2] later introduced a class of nilpotent groups A4, C Ag,
where they calculated the genus ¢(Q) for Q € 1. Let @ be a nilpo-

tent group. The following sequence was introduced in |2]

TQ — Q — FQ, (1.1)

where T'Q) is the torsion subgroup of () and F'() is the torsion free
quotient. The group @ is in the class .44 if and only if T'Q) is finite
and F'() is free abelian of finite rank. If, additionally,

a) TQ and F(Q are commutative;
b) The sequence in (1.1)) splits for the action w : F'Q — Aut(TQ);
¢) w(FQ) C Z(Aut(TQ)), where Z(Aut(TQ)) is the center of Aut(T'Q),

then we say Q € A C .

In the presence of (a), property (c) is equivalent to requiring that
for each ¢ € FQ there exists u € Z such that ¢ -z = w(n)(z) = uz for
all x € T'Q) as observed in [2].

Now define the height of a subgroup Ker w of a free abelian group F' to
be the largest positive integer h such that Kerw C hF'(Q). Let d be the
height of Kerw in FQ; that is, d = maz{h € N| Kerw C hFFN} and
let (Z/d)* be the multiplicative group of units of Z/d. The authors in

their paper [2| have shown that

9(Q) = (Z/d)"[{+1}. (1.2)

Note that if d = 1 or 2, then the genus of () is trivial. We observe that
the class .41 is restricted as shown in [13]. If a group @ € .41 has a
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non-trivial genus, then F'Q) is cyclic.

In [10] and [12], the calculation of the genus was extended from the
class A1 to a subclass in .47 of direct products of k& copies of (), where
k> 2. Let Q € 41, and QF be the k' direct power of (). There is a

surjective homomorphism
P 9(Q) —9(Q")

given by p(R) = R x Q¥ where R € 4(Q) as shown in [2]. The
authors’ result in [13] asserts that 4(Q) = {0} if F'Q is not cyclic, and
so, under the same hypotheses, 4(Q*) = {0}.

Now assume that F'@) is cyclic with generator ¢ and let d be of the
form d = plf]oé2 x -pl/\k, where 0 < I; < rj;, j = 1,2,---X\. The authors
in [12] calculate 4(Q%) for Q € A4 with FQ cyclic and k > 2. Their
result states that 4(Q%) = 4(Q)/H, where H is an elementary abelian
2-group. Note that in general, H is not a subgroup of the group Q.
Therefore we obtain ¢(Q*) from ¢(Q) by factoring out those residues
s modulod such that

5=¢; modpz.j,gj:j:l,j:l’z... DY

If Q € A, then for k > 2 we have that Q* is in .4 if and only if Q
is itself abelian since Q¥ does not inherit property (c) from Q. Also,
since Q* inherits property (a) from @, we have that 4(Q¥) is finite

abelian.
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For a pair of relatively prime numbers (n,u), a pullback is a £ -group
admitting a presentation Q = (x,y | 2" = 1,yzy~' = z*). Note that
Q(n,u) will denote the group Z,, x,,Z, where w : Z — Aut(Z,) is a non-
trivial homomorphism given by w(1) : * — uz. Therefore Q@ = Q(n,u).
In particular, a pullback is a subgroup of a direct product of groups.
Given that the genus of direct products of nilpotent groups has been
computed, our main purpose in this paper is to compute the genus of
a pullback and check if the genus of the pullback and that of those
groups in the direct product which the pullback is a subgroup of are

homomorphic to each other.

In chapter 2, we present some preliminary results, where we give ba-
sic definitions and algebraic properties of some mathematical concepts

which will be of use for our main results.

Chapter 3 is devoted to the class .47 of nilpotent groups and to the
study of the genus of a group H € .47 with an infinite cyclic torsion-
free quotient F'H. We consider finitely generated nilpotent groups
Hy, Hy,--- , H,_; with a property that all are in the same Mislin genus
but are pairwise non-isomorphic. We show that the genus ¢ (H) is
finite using an exact sequence introduced by the authors in [8]. We
further introduce a pullback square and its properties. In particu-
lar, we construct a pullback H; € .47, where t = i + jmodulo s and
H;,H; € ¥(H,). We show that the genus of H; coincides with that of
H.

In chapter 4, we consider a group L € .41 with a cyclic torsion-free

quotient. We show that this group is a pullback of groups K, G € 4,
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and we further compute its genus and the genus of K and that of G.

Then we show that one of them is a homomorphic image of another.

In Chapter 5, we give a conclusion of our work.



Chapter 2

Preliminaries

In this chapter, we give preliminaries that will enable us to understand

some concepts and results that will be required for later sections.

In section 2.1, a group is defined and its well-known basic proper-
ties are given. This is followed by a discussion in section 2.2 of a
structure-preserving map from one mathematical object to another.
In section 2.3, we prove Lagrange’s Theorem. In section 2.4, we dis-
cuss normal subgroups which are very important in the construction
of quotient groups. In Section 2.5, we discuss group actions. To prove
the facts on quotient groups and their subgroups, we make use of the

three isomorphism theorems, which we discuss in section 2.6.

2.1 Groups

Definition 2.1.1. A group 7 is a non-empty set with a binary op-
eration %, where under this binary operation the following properties

are satisfied for all t1,ty,t3 € T":
a) tyxty €T,
b) tl * (tz * tg) = (tl x tg) * t3.

¢) There exist a unique element er € T, called the identity such
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that t xep =epxt, forallt € T.

d) For each t € T, there exist a unique element t~! in T called the

inverse of t such that t ' xt =ttt = eg.
For notation convenience, we will write t; % to = t1ty for t1,t9 € T.

Definition 2.1.2. A group 7 is said to be abelian if the operation is

commutative, that is, ab = ba for all a,b € T.

Definition 2.1.3. The number of elements in a group 7' is called the
order or cardinality of the group and is denoted by |T'|. The group

may be of finite or infinite order.

Definition 2.1.4. Let 7" be a group and ¢ € T'. The order of ¢ denoted
by [t| is defined to be the least positive integer n such that ¢" = ep. If
there is no such an integer n, then t is said to have infinite order, and

we write [t| = oo.

Definition 2.1.5. Let S be a non-empty subset of a group 7. The
subset S is a subgroup of 7', denoted S < T'if the subset S forms a

group under the same binary operation of 7.

Example 1. Let (T, %) be a group, then {e} and T are subgroups of
(T, *). The subgroup {e} is called the trivial subgroup.

Proposition 2.1.6. Let S be a non-empty subset of a group T'. The
subset S is a subgroup of T if and only if ab= € S for all a,b € S.

Proof. Suppose that S is a subgroup of T', if there is y € S, there is
y~' € 5. Then by the property of closure, we have that zy~! € S.

Conversely, assume that S is non-empty, so there exists x € S. Then

1

by assumption zx~ = e € S. For elements e and x in S, we have
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that ex™! = 27'e € S. Now for z,y € S, we have 27! € S and so
z(yH)™! = zy € S. Finally, since the binary operation is associative
on T and S C T, then S satisfies the associative law. Thus we have

proven that S < T. O]

Lemma 2.1.7. Let T be a group and let S and K be subgroups of T'.
Then SK is a subgroup of T if and only if SK = KS.

Proof. Suppose that SK is a subgroup of 7. Then SK must contain
all inverses of the elements of SK. Hence, SK = (SK) ' = K157 =
KS.

Conversely, let us assume that SK = KS. Then since (SK)™! =
K151 = KS = SK, we have that SK is closed under inverses. And
since (SK)(SK) = SKSK = SSKK = SK, then SK is closed under
products. Associativity is inherited from 7', therefore we can conclude

that SK is a subgroup of 7' ]

Definition 2.1.8. A generating set of a group 7' is a subset X C T
such that for every element a € T' we can write a = " a5 - - - 2" for
some x; € X and m; € Z. We write T' = (X). If a generating set X is

finite, we say the group T is finitely generated.

Definition 2.1.9. A group T is cyclic if T' = {a" | r € Z} for some
a € T. We may write T' = (a) and if a € T has order n, then |T| =n
and a is called the group generator. If a has infinite order, then T is

of infinite order.

Note. When X = {z}, we will denote by (z) the set of integer powers

of an element z in a group 7. That is, (x) = {z" | r € Z}.
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Example 2. 1. In general, Z, is a cyclic group under addition with

generators 1 or n — 1.

2. For a prime p, we have that Z,\{0} is a cyclic group of order

p — 1 under multiplication.

Definition 2.1.10. We define the multiplicative group of units in
Z, denoted by Z; to be the set of positive integers that are less than

n and co-prime to n, under multiplication modulo n.

Definition 2.1.11. Let 7" be an abelian group. The rank of T" denoted
by rank(T) is given by the set min{X|: X CT,(X) =T}.

Theorem 2.1.12. Let T be a group and let x be any element of T.
Then (x) is a subgroup of T.

Proof. We have that e € (z), therefore () is non-empty. To complete
the proof, we must show that (x) is closed under the operation of T and
that (x) contains the inverse of each of its elements. For any i,j € Z,
let 2* and 27 be elements of (z). Then z'z? = 27 € (z). This implies
that (z) is closed under the operation of T. Now for any z' € (x),
" =e € (z) and (') = 27" € (z). Since T is a group and (zr) C T,
then (x) obeys the associative law. From this, we can conclude that

(x) is a group and subsequently a subgroup of 7. O

Definition 2.1.13. A group 7T is torsion if every element of T has
finite order. If T has no elements of finite order other than the identity

of T then T is called torsion-free.

Example 3. The group of integers Z under addition is a torsion-free

group.
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Definition 2.1.14. Let p be a prime number. The Priifer p-group
denoted by Z/p> is defined to be the multiplicative group of all p"th

roots of unity in C* for all non-negative n.

Remark 1. If p is a prime, then for a prime p not in the set of primes
as p, we have that Z/p> is the group (Z);/Z. Moreover, the group is

p-torsion for all primes p.

2.2  Group homomorphisms

To have a better understanding of groups beyond what we have already
discussed above, we employ more structural concepts on groups. This
includes the construction and group operations. The construction with
relation to groups must be compatible with the group operations. The
structure between mathematical objects can be preserved, in other
words, the elements of those mathematical objects with relation to
the operations do not change the result. Hence we have the following

definition.

Definition 2.2.1. Let (T}, ) and (15, 0) be any two groups. A map
0 : Ty — T3 is called a group homomorphism if for any elements
x,y € Ty we have 0(x *y) = 0(x) o 0(y).
In addition to the definition above, we say that 6

(i) is an epimorphism if 6 is surjective.

(ii) is a monomorphism if # is injective.

(iii) is an isomorphism if € is bijective. We write 77 = T5 and say

that T} is isomorphic to 7.
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(iv) is an automorphism if 73 = T, and 6 is an isomorphism.
Remark 2. In the case of condition (ii), we say 6 is an embedding.

Definition 2.2.2. Let T be a group. We define the automorphism
group Aut(T) to be the set of all group isomorphisms from T to T.

Proposition 2.2.3. Let T' be a group and let Aut(T) be the set of all

automorphisms in T. Then Aut(T) is a group under composition of

mapppings.

Proof. Let ¢1,¢2 € Aut(T). Then ¢; and ¢o are bijections, thus ¢ (x *
y) = 61(2) * é1(y) and similarly, éox + y) = éa(x) * d(y) for any
xz,y € T. We then have that ¢;(¢e(z *x y)) = ¢1(da(x) * Pa(y)) =
d1(p2()) * ¢1(p2(y)). Hence ¢p1¢ € Aut(T), and therefore Aut(T)
is closed under composition of mappings. Now consider the identity
map ¢, : T — T defined by ¢.(xr) = x. Then for any ¢; € Aut(T),
O10e(x) = p1 = Pep1(z). Thus ¢, € Aut(T). Let ¢ € Aut(T). Then ¢
is a bijection, and ¢(xxy) = ¢(z)*¢(y), for any x,y € T. We also have
that 6~ (6(x) * 6(1)) = 6~ (B(a #1)) = 2y = 1 (6(x)) + 6~ (1)),
Therefore ¢~ € Aut(T), and Aut(T) is closed under inverses. Since
the composition of functions is always associative, we have that Aut(T')

is associative. Thus Aut(7T) is a group. O

Definition 2.2.4. Let T be a group and let S be a subgroup of 7. We
call S a characteristic subgroup if ¢(S) = S for all ¢ € Aut(T).

Definition 2.2.5. Let z € T. A conjugate of x in T is an element

1

of the form axza™", where a € T. Often, we write x®.

Definition 2.2.6. Let T be a group. An automorphism ¢ : T — T of

a group is called an inner automorphism if it can be expressed as



CHAPTER 2. PRELIMINARIES 12

conjugation by an element of the group. That is, if there is an a € T

such that for all b € T, ¢(b) = aba™'.

Definition 2.2.7. Let ¢ : T} — 15 be a group homomorphism. The
kernel of ¢ denoted by Ker ¢ is the set {z € T1 | ¢(x) = es}.

Definition 2.2.8. Let ¢ : T} — 15 be a group homomorphism. The
image of the homomorphism ¢ is the set {p(z) | z € T} }.

Proposition 2.2.9. Let (T1,*) and (I3,0) be any two groups. Let
p Ty — Ty be a group homomorphism. Then Ker ¢ and Imy are

subgroups of Ty and Ty respectively.

Proof. We have that p(e1) = p(e1e1) = ¢(e1)p(e1), so by cancellation,
p(e1) = es. Thus Ker ¢ # 0. Now let z,y € Ker p. Then p(xy™t) =

L= ese9 = €9. So zy~! € Ker . This implies

p(@)p(y™) = e(@)e(y)”
that Ker o < Tj. Similarly, suppose that ¢(z), o(y) € Im¢. Then
o(x)e(y)™r = p(xry™') € Imyp. Thus Imp < Ty. This completes the

proof. O

Example 4. Let a € Z and let n € Z*. The function 0 : Z — Z,
defined by 6(a) = amodn is a group homomorphism. This homomor-

phism has a kernel, Ker 6§ = nZ.

Theorem 2.2.10. Let ¢ : 1Y — Ty be a group homomorphism. Then
¢ 1is injective if and only if Ker ¢ = {e1}.

Proof. Suppose that ¢ is injective and since ¢ is a group homomor-
phism, at most one element e; of 77 can be sent to the identity element
ey of Ty. So we have ¢(e1) = eg. If t € Ker ¢, then ¢(t) = e; and thus
o(t) = ¢(eq). Since ¢ is injective, we have t = e;. Hence Ker ¢ = {e;1}.
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Conversely suppose that Ker¢ = {e;} and suppose that there is
x,y € T} such that

o(x) = o(y)- (2.1)

Then,

d(zy™) =p(x)p(y ) (¢ is a homomorphism)

= (z)¢(x) (by[21)

Thus the element zy ! is in the kernel of ¢ and so zy~' = ey. This

implies that = y and ¢ is injective. ]
Example 5. For any n € Z*, Aut(Z,) = U(n).

Proof. Suppose x € U(n) and define ¢, : Z, — Z, by ¢.(a) =
ramodn where a € Z,. Now we show that ¢, € Z,. Suppose that
bo(8) = ¢(t). Then xs = xt modn. However, there exists x= modn.

les = x latmodn = es = etmodn —> s = tmodn.

Therefore x~
So ¢, is injective.

Let b € Zyp, b = 2270 = z(z7'b) = ¢.(27'0). Then ¢, is surjec-
tive. Now let s,t € Z,. We have that ¢,(s +t) = z(s + t)modn =
zsmodn+xt modn = ¢,(s)+¢.(t). Therefore ¢, is a homomorphism.
Thus ¢, € Aut(Z,) for all x € U(n).

For any automorphism ¢ of Z,, we show that ¢ = ¢, for x = ¢(1).
Suppose that ¢(a) = xa for all a € Z,. By induction on a, we have
that (1) =x-1 =2. Now ¢(a+1) = ¢(a)+¢(1) = za+z = z(a+1).
Therefore ¢ = ¢, where x = ¢(1). Finally, define H : Aut(Z,) — U(n)
by H(¢) = ¢(1). Since H(¢,) = ¢(1) = z, we have that H is onto.
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Now suppose that ¢,1 € Aut(Z,). We have that H(¢) = H(¢) =
¢(1) = 9¥(1). For all a € Z,, we have ¢(a) = ap(l) = ap(l) =
Y(a) = ¢ =1. Thus H is injective. O

2.3 Cosets and Lagrange’s Theorem

Definition 2.3.1. Let S be a subgroup of 7" and let a, b be elements
in T. Define a relation = on T as follows: v = w if and only if
vw~t € S. This relation is an equivalence relation. The equivalence
class of w is called the right coset of S generated by w and is written
as Sw = {sw | s € S}. Similarly, define a relation = on 7" as follows:
v = w if and only if w™'v € S. The left coset of S generated by w
is written as wS = {ws | s € S}. Thus T is the union of distinct,

disjoint left or right cosets of S.

Note. For an abelian group, there is no distinction between left and

right cosets.

Lemma 2.3.2. Let T be a group and let S be a subgroup of T'. For all
x € T, we have that|S| =|Sz|.

Proof. Let ¢ : S — Sz be defined by ¢(s) = sx for an element z € T.
We show that ¢ is a bijection as follows: s1 = sy <= s10 = 91 <=
®(s1) = ¢(s2). Then ¢ is well-defined and injective. Next let sx € Sz
for some s € S. Then ¢(s) = sx. Therefore ¢ is surjective. So, ¢ is a

bijection and |S| =|Sx| for all x € T O

Definition 2.3.3. Let S be a subgroup of T. The index of S in T
denoted by [T": S] is the number of distinct right (or left) cosets of S
in T
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The following theorem is about the finiteness of groups and their sub-

groups.

Theorem 2.3.4 (Lagrange’s Theorem). Let T be a finite group and let

S be a subgroup of T. Then|S| divides|T|. Furthermore, [T : S| = %‘

Proof. Any pair of right(or left) cosets of S are either equal or disjoint.
Therefore since T is finite, there exists x1,xs, -+ ,x, € T such that

o T'=U,_; Sz

e Sz;NSz;=0,forall 1 <i<j<r.

By Lemma we know that |S| =|Sz|, for all z € S. Then

T:US:U.

Then,

7= | Sz |

zeT

= JIsal

zeT

= Is|

zeT

—[T: 9]|S]|.

]

Remark 3. Suppose that T is an infinite group, then the index of a
subgroup of T' may be finite. For an example, let T" = Z and 27Z be
the subgroup of T" of even integers. Then there are two cosets, which
are the set of even integers and the set of odd integers. Therefore

[Z : 27Z] = 2. In general, for any n € Z*, [Z : nZ] = n.
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Corollary 2.3.5. Let T be a finite group and let x € T be different

from the identity. If the order of T is prime, then T is a cyclic group.

Proof. Suppose that T is of prime order. Then since |T| > 2, we may
take any x € T such that x # er. Now consider the subgroup (x)
of T. Since we have that er,x € (z), then }<x>| > 2. By Lagrange’s
Theorem |(z)| =|T|. Therefore (z) = T. Thus T is a cyclic group. [

2.4 Normal subgroups and quotient groups

In this section, we study the properties of subgroups whose left and
right cosets coincide. For such subgroups, the cosets form a group
called the quotient group. Furthermore, we discuss the notions of

commutators. We start by defining a normal subgroup.

Definition 2.4.1. Let N be a subgroup of 7. Then N is a normal
subgroup of T if and only if for all x € T', tN = Nx. We write N<T.

Example 6. 1. Let T be a group. Then we have that {e} <7 and
T«T.

2. Let T be an abelian group. Then every subgroup of 7" is normal

m 7.

Proof. Suppose that S is a subgroup of the abelian group 7'. If
x €T and s € 5, then zsx™! = szz~! = s € S. Then the result
follows. O

Example 7. Any subgroup S of index 2 in a group T is a normal

subgroup of T.
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Proof. Suppose S has index 2 in a group 7. We want to show that for
any v € T, xS = Sx. If x € S, then 5 = S = Sx. So, we assume
that x ¢ S. By Definition there are exactly two left cosets of
S in T, which are S and xS. Since the left cosets are disjoint, we
have that xS =T — S. Similarly, the right cosets are also disjoint, so
Sr =T — 5. Therefore, Sc =T — S = Sx. Thus H<T. ]

Proposition 2.4.2. Let T be a group and let N be a subgroup of T'.
Then N is a normal subgroup of T if and only if tNz~' = N, for all

zelT.

Proof. Let x € T. Then we have
tN = Nz < (zN)x ™' = (Nz)a™' < zNa'=N.

]

Proposition 2.4.3. Let T be a group. We have that Inn(T) is a
subgroup of Aut(T). Moreover, Inn(T') is normal in Aut(T).

Proof. Suppose that a,b € Inn(T). Let a = 1, and b = 1), for some
t,s € T. For any t,s € T, we have that ¥y (x) = (ts)z(ts)™! =
t(ses ™t = (sws™) = Yy[hs(2)] = Ysbs(z) for all z € T. Thus
s = Peps = ab € Inn(T). Now let a = ¢, € Inn(T). So Y (¢-1(x)) =
t(pt=(x))t7t = t(t7'wt)t ™! = x = . (x). Therefore 1;-1 is the inverse
in Inn(T). Consider the identity automorphism ¢ : 7' — T defined by
Y(z) = x. Then ¢(x) = z = exe™! = (). So 1. is the identity au-
tomorphism in Inn(7T). We then conclude that Inn(T) is a subgroup
of Aut(T).

Now let o € Aut(T) and z € T, the o0 (x) = olt(c ™ (z))t7!] =
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o(t)z(o(t))™" = Ysu(x). This implies that oo™ = Y, € Inn(T).
Thus Inn(T) is a normal subgroup of Aut(T). O

Lemma 2.4.4. Let S and N be subgroups of a group T with either S
or N normal in T. Then SN is a subgroup of T

Proof. Let us assume that N is normal in T". Then by definition xt N =
Nz, for all x € T'. In particular, since S < T, we have that SN = NS.
Therefore by Lemma [2.1.7, SN is a subgroup of T. Note that if both
S and N are normal in 7', then so is SN. O]

Proposition 2.4.5. Let T\ and Ty be groups. Let ¢ : Ty — Ty be a

group homomorphism. Then Ker ¢ is a normal subgroup of T7.

Proof. We want to show that if a € Ker ¢ and b € T}, then bab~! €

Ker¢. Thus, ¢(bab™!) = ¢(b)¢(a)p(b)™ = ¢(b)ed(b)™" = e, so
bab=t € Ker ¢. Therefore Ker ¢ is a normal subgroup of T O

Now we discuss the relationship between homomorphisms and quotient
groups. Suppose that T} and T5 are groups. Let ¢ : T} — T5 be a group
homomorphism. We can analyse ¢ in terms of quotient groups. We

first define a quotient group as follows:

Definition 2.4.6. Let T be a group and let N be a normal subgroup
of T'. The group of cosets of N in T is called a quotient group and
is denoted by 7'/ N.

Proposition 2.4.7. Let T be a group and let N be a normal subgroup
of T. The set T / N is a group under the operation

N xyN =zyN, forallz,y €T.
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Proof. 1. Since xNxyN = x(Ny)N = (zy)N € T / N, then the set
T/ N is closed under the operation *.

2. The set T'/ N is associative since T is associative.

3. We have that eN = N is the identity in 7'/ N. For any = € T,
N x N =xN xeN = x(Ne)N = (xe)N = xN.

4. Now since (zN)(z7'N) = (xzz~')N = N, then !N is the in-
verse of N in T'/ N.
Finally, we show that the operation is well-defined. Take 2’ € x N and
y' € yN. Then 2’ = xn, for some n € N, and similarly, ' = zn’, for
some n’ € N. Then we have ' N = xnN = zN, also, Y N = yn'N =
yN. Therefore (z/N)(y’N) = (xN)(yN) = (xy)N. Hence the proof is
complete. O

Commutators are related to nilpotent groups, which we will study in

the next chapter.

Definition 2.4.8. Let a and b be any two elements of the group T,
we define the commutator of a and b denoted by [a, b] as the element

aba= b1,

Definition 2.4.9. Let T be any group. The commutator subgroup
or derived subgroup of 7' denoted by [T',T] or 1", is the subgroup

of T" generated by all commutators in T’
[T, T) ={[a,b] | a,b € T}.

Definition 2.4.10. Let T be a non-abelian group and let [T, T] be a
subgroup of T'. The group Ty, = T/ [T, T is the abelianization of T

Remark 4. A group 7 is abelian if and only if [T, 7] = {e}.
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Example 8. Let T be a group. Then the quotient T//T" is an abelian

group.

Proof. Let 2T",yT' € T/T'. Then zT'yT" = (xy)T" = yx(z 'y toy)T' =
(yx)T" since zyzly~' € T'. But (yz)I" = (yT")(«T") and we have
(T")(yT") = (yT")(«T"). Thus T'/T" is abelian. O

Example 9. 7" is a characteristic subgroup of 7.

Proof. Let ¢ : T — T be an automorphism. Let a be a generator
of T, such that a = x 'y 'zy for some z,y € T. Then ¢(a) =
Sty lay) = d(x™ oy~ )p(x)p(y) € T'. Therefore for every gen-
erator, we have that ¢(a) € T". So ¢(T") < T'. Similarly, since ¢
is a bijection, there are some t,s € T with ¢(t) = z and ¢(s) = vy,
w0 a = 17y oy = BB S)(s) = S5 )e(1)e(s) =
d(t71s7ts) € ¢(T"). Therefore a € ¢(G') for every generator, and so
¢(T") = T'. Therefore T" is characteristic and is a normal subgroup of

T. ]

Definition 2.4.11. Let T be any group. The derived series of T'
is a descending series of subgroups (T'®) : k = 0,1,2,---) defined as

follows:

TO =T;7M =T'... and by induction T®*) = (T* D) is the derived
subgroup of T¢+=Y for all k = 2,3,---. It is clear that by definition,
T*=1) < k)

Lemma 2.4.12. Let T be a group and let S be a subgroup of T'. Then
Sk < k) for all k € 7.

Proof. We have that S = S(© is a subgroup of T = T©. Suppose
that for & > 0, we have that S®=1 < T®* =1 Let [ be any element
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of S®) = (§E=Dy = [§¢k=1) §k-D] " Then we can write | = []..; 1,
where I; = [x;,y;], with z; and y; in S®=1) < T*=1_ This implies that

jel

[ € T™® and the result follows. ]

2.5 Group Actions

Definition 2.5.1. Let X be a set with n elements. A permutation
of X is a bijection p : X — X. The set of all permutations on X form

a symmetric group denoted by .S,,.

Definition 2.5.2. Let T be a group and let X be a set. We define an
action of a group 7" on a set X as the function 7" x X — X given by
(t,z) — t x x such that for any ¢,s € T" and any = € X the following

equations are satisfied :
l. epxx=ux.

2. (ts)xx =tx(sx*x).

We say that T" acts on X and we call X a T-set.

Remark 5. This action or any other in general on a set is similar
to a group homomorphism. Given a group action such as the one
in Definition [2.5.2] we can define a group homomorphism ¢ : T —
Aut(X) by o(t) =7 : X — X, where o(z) = t*xx. Conversely, a group

homomorphism induces a group action.

Definition 2.5.3. Let T" be a group that acts on X and let x € X.
The stabilizer of x in T, denoted by Stabg(x) is defined as the set of
all elements in T that fix z, that is Stabr(x) ={t € T |t xx = z}.
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Proposition 2.5.4. Let T be a group that acts on a set X and let
x € X. The stabilizer, Stabr(x) of x € X is a subgroup of T.

Proof. We have that er € Stabr(z). Thus Staby(x) is non-empty.
Now let x1, 29 € Stabr(x), then z1 xt = xo xt = t, S0 (r129) xt =
x1k (Ty xt) = x1 xt =1, s0 xywg € Stabr(x). If x € Stabr(x), then
st =27z xt) = (z7'a)t = t. Therefore z7! € Stabr(z). So
Stabp(x) < T. O
Definition 2.5.5. Let T' be a group that acts on X and let z € X.
The orbit of x, denoted by Orbit(x) is defined as the subset of X given
by Orbit(x) = {txx |t € T}.

Note. If there is only one orbit, then the action is said to be transi-

tive.

Theorem 2.5.6. Let T be a finite group and let X be a set. Suppose
that T acts on X. Then for any x € X we have

|Orb(z)| = [T : Staby(z)).

Proof. We have that Stabr(z) is a subgroup of T'. Then by Lagrange’s
Theorem, we have that [T : Stabr(x)] is the number of left cosets
of Stabr(x) in T. Define ¢ : Orb(x) — T/ Stabr(z) by ¢(t * x) =
t Stabr(x). We must show that ¢ is a bijection. Suppose that t;,%s € T
Then

bhxr=tyxr < ;' (thr) =2 <= (t{ ' *ty)z =2
<= 17 %ty € Stabp(z) <= t, Stabp(x) = ty Stabyp(z).

Thus ¢ is well-defined and one-to-one. By definition, Orbit(x) = {t*x |
t € T'}. Then for any ¢ Stabp(x) € T'/ Stabr(x) there is txx € Orbit(x)
such that ¢(t * x) =t Stabr(x). Hence ¢ is onto. O
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2.6 Isomorphism theorems and direct prod-
ucts

Theorem 2.6.1. (First Isomorphism Theorem) Let T and Ty be groups.
Let 0 : Th — Ty be a group homomorphism. Then Ty | Ker = Im@.

Proof. Put K = Kerf and define a function § : /K — Im# by
O(xK) = 0(z), for all z € Ty. We must first check if 6 is well-defined.
Assume that K = yK; that is zy~' € K. Then 1 = O(zy™') =
0(z)0(y~') = 0(x)(0(y))~t. This implies that 6(z) = 6(y), and it
follows that 6(zK) = 6(yK). Therefore, § is well-defined. Now we

show that @ is a homomorphism as follows:
0(zKyK) = 0(zyK) = 0(xy) = 0(x)0(y) = 0(xK)0(yK).

If a € Ty, then a = §(x) for some x € T} and §(zK) = §(x) = a. Hence
0 is surjective. Finally, we show that § is injective. If 0(xK) = O(yK),
then 6(z) = 0(y); hence 6(xy~') = 1. This implies that xy~! € K, and

rK = yK. Therefore,  is an isomorphism. [
Example 10. Let T be a cyclic group.

1. If T is of infinite order, then T' = (Z, +).

2. If T is of finite order n, then T" = (Z,,, +).

Proof. Define ¢ : Z — T = (a) by 9 (r) = a” with Kery = {r € Z |
(r)y=ert={re€Z|a =e}and Imy ={(r) | r € Z}.
By Theorem we have that Z / Ker = Im1. Now,

r=ry <= a"t =a"™ <= Y(r1) = U(rq). (2.2)
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Therefore ¢ is well defined. To show that v is a homomorphism, let

r1,79 € Z. Then we have that

Y(ri 1) =a" =a"a” = 1(r)v(ra).

By equation we have that 1 is one-to-one. Let a” € T. Then
(r) = a”, for all r € Z. Thus v is onto. This implies that 1 is an

isomorphism.

1. If T is infinite, then Kery = {0}. This implies that Z / {0} = Z
and Z = T.

2. If T is finite with |T'| = n, then Ker = nZ. This implies that
Z/nZ=T and Z | nZ = Z,.

]

The following two theorems are well known in group theory and can

be found in [1] and [15].

Theorem 2.6.2. (Second Isomorphism Theorem) Let S and N be sub-
groups of T', with N normal in T'. Then S N N is normal in S and
S/ SAN=SN/N.

Theorem 2.6.3. (Third Isomorphism Theorem) Let K C S C T
where S and K are both normal in T. Then S /| K is a normal subgroup

of T/K and (T /K)/(S/K)=T/S.

Definition 2.6.4. Let (T, %) and (S, o) be groups. The direct prod-
uct of T and S denoted by T x S is the set of ordered pairs {(¢,s) | t €
T,s € S}. The multiplication is given by (¢, s1)(t2, $2) = (t1 * t, 81 0

82).
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Definition 2.6.5. Let T" be a group. We say that T is an internal
direct product of subgroups S and K if the following hold:

1. S,K<T;
2. T = SK;
3. SﬂK:{eT}

Definition 2.6.6. Let S and K be groups. The external direct
product of S and K denoted by S x K is the set of ordered pairs
{(s,k) | s € S,k € K} with the binary operation given by (s, k) -
(s' k") = (ss',kk"). The direct product S x K is a group under this

operation.

Proposition 2.6.7. Let T', S and K be groups and let ¢ : T — K
and ¢ : S — K be group homomorphisms. Define a subset X of T x S

by
X =A{(t,s) e T x S| 4(t) =9(s)}.

The subset X is a subgroup of T' x S.

Proof. Let (t,s),(m,n) € X. By definition we have that ¥(t) =
o(s)and (m) = ¢(n). We also have that (¢, s) * (m,n) = (tm, sn). To

show that this is in the subset S, we note the following:

Y(tm) = P (t)Y(m) (since 1 is a homomorphism,)

Thus 1 (tm) = ¢(sn) and therefore we have that (tm, sn) is contained
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in S. Therefore S is closed under the group operation. Also,

YY) = () (since 1 is a homomorphism)
= (o(s))™"
=¢(s7)
Therefore (t7!,s71) € X and X is a subgroup of T' x S. O

Definition 2.6.8. Let 7" be a group and let S and N be subgroups of
T with N normal in T". The group 7' is called an internal semi-direct

product of N by S if

1. T = NS and
2. NOS:{ST}

Definition 2.6.9. Let S and N be any two groups. Let § : § —
Aut(N) be a group homomorphism. The external semi-direct prod-
uct of N by S, denoted by N x4 S is the set {(n,s) | n € N,s € S}

with multiplication given by (nq,s1) - (ng, s2) = (n10(s1)ns9, $12).

Note. If § : S — Aut(N) is the trivial homomorphism, then N x4 S
is the direct product N x S.

Notation. The symbol x is a combination of the symbol x and the
symbol <. The notation of the symbol actually tells us which is the
normal subgroup. In addition, the structure does not only depend on

the two groups, it also depends on the group homomorphism

0: N — Aut(S).

Definition 2.6.10. Let 7" be a group and let S and N be subgroups
of T'. The group T is called an extension of N by S if
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1. N«T,
2.T/N=5.

Definition 2.6.11. Let T, N and S be groups. A sequence of groups

and group homomorphisms
1-N-57-25 551 (2.3)

is exact if « is injective, [ is surjective and Kera = Im 5.

Remark 6. The First Isomorphism Theorem shows that for the group
T to be an extension, there must exist an exact sequence ([2.3]).

Definition 2.6.12. Let T" be an extension. We say 7 is a split exten-
sion if there exist a homomorphism 7 : S — T such that for = eg. In

such a case the sequence in (2.3) is said to be a split exact sequence.

Proposition 2.6.13. Let T be a group. We have that T is a semi-

direct product of N and S if and only if T is a split extension of N by
S.

Proof. Suppose that T is a semi-direct product of N and S with N
normal in 7. For every x € T, we can write x = ns, where n € N
and s € S. Define § : T — S by f(x) = s. We must show that [
is a group homomorphism. But first, we show that § is well-defined.
Let x1,29 € T. Suppose that r; = 9 = n1$1 = n2Se. Then
ny'ng = sys7" € NNS = {e}. Son;'n; = e and sys;* = e. Therefore,
n1 = ng and s, = s;. Hence [ is well defined. Note that since N is a
normal subgroup of 7', we have that slnzsfl =n, e N foralln, e N

and s; € T. Thus,

6(”18171252) = 5(”18171281_18152) = 5(”171/28182) = 851852 = B(nlsl)ﬁ(n252)'
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Hence ( is a homomorphism. Then Im g = S and Ker 5 = N. Now
let ' : S < T be defined by '(s) = s for all s € S. Then fo '(s) =
B(s) =s. So T is a split extension of N and S.

Conversely, suppose that T is a split extension. Let g : T — S and
B S — T be group homomorphisms given by o 3 = eg. Then
N = Ker /3 is a normal subgroup of 7" and S = I'm ' is a subgroup of
T. Now let z € NN S. Then 8(x) = e and ('(s) = x for some s € S.
So we have that s = B(5'(s)) = B(x) = e. Thus, §/f(z) =z = f'(e) =
e. From this, we can deduce that N NS = {e}. Lastly, suppose that

z € T and write

z=x-B(Bx)" B(Bx)) =ns.

It is clear that s € S and

So that n € Ker 3 = N. Thus T is a semi-direct product of N by S,
where S = S. O]

Definition 2.6.14. Let A, B, C' and D be groups and let f, g, o and

£ be group homomorphism. We say the diagram in Figure [2.1

A%B

=L
c 4D

Figure 2.1

commutes if gf = Sa.

Proposition 2.6.15. Let A, B and C be groups. Let o, § and T be
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morphisms such that 5 o1 = a and suppose that

77 N

A a y B

Figure 2.2

is a commutative diagram. If any two of the morphisms are bijections,

then so is the third one.

Proof. Let © € A,y € B, and z € C. Define 7: A — C by 7(x) = z,
f:C — Bby f(z) =y,and a: A — B by a(z) = y. We will consider

3 cases.

Case 1: Suppose that § and 7 are bijective, then o7 = « is bi-

jective. For any x1, 7z, € A, we have

por(r) = pFor(x)
= T(x1) = 7(22) (B is injective)

= T = Xa. (7 is injective)

So f o1 = « is injective. Now o 7(x) = (z) = y. This implies that
B or = isonto. Thus o7 = « is bijective.

Case 2: Suppose that 7 and « are bijective, then [ is bijective. For
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any 1, rs € A and any z1, zo € C, we have

B(21) = B(z2)

= fort(r)) =porT(xs)

= 1 = T2 (B o7 is injective)
= T(r1 = 7(22) (7 is well-defined)
= 2] = 29. (7 is onto)

So 3 is injective. And y = a(x) = fo7(x) = B(z). Therefore, S is
surjrctive, and consequently bijective.
Case 3:. Suppose that § and « are bijective, then 7 is bijective. For

any xi,rs € A, we have

7(21) = 7(22)
= fBort(x)) = Bor7(xs) (B is well-defined)

= Tr1 = Ta.

This implies that 7 is injective. Now we have that

Bor(z)=y
= Bort(x) =B(2) (B is onto)
= T(z) = 2. (B is injective)

Therefore 7 is surjective. It follows that 7 is bijective. This completes

the proof. [



Chapter 3

Genus of a group

In this chapter, we discuss the results obtained by the author in [5].
The author showed that the genus of a finitely generated nilpotent
group ) with a finite commutator subgroup is a cyclic group if the
torsion subgroup of () is a p-group. We start with a brief account of
nilpotent groups. In section 3.2, we discuss the results of the localiza-
tion of nilpotent groups. In section 3.3, we discuss the group structure
of the non-cancellation set of Zy-groups. We prove our main result in
section 3.4 for a group H € .4]. Lastly, we show that the genus of a
pullback H; € .41 is the same as the genus of H in section 3.5.

3.1 Nilpotent groups

We define and give a brief account of nilpotent groups.

Definition 3.1.1. Let T be a group. The lower central series of sub-
groups of T is given by

where v°(T) = T and ~*1(T) = [T,~*(T)] with i > 1.

Definition 3.1.2. A group 7 is nilpotent if it has a descending cen-

tral series that terminates at {er}.

31
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Example 11. Every abelian group is nilpotent.
Proposition 3.1.3. Every subgroup of a nilpotent group is nilpotent.

Proof. Let S < T, we then prove by induction on k € Z that v*(S) <
A*(T). Trivially our conclusion is valid if £ = 0 and holds for k = 1
since S < T. Now, assume v*71(S) < v*=}(T) for k > 0 and note that

T*(S) = [8,47H(9)] < [T, H(T)] = +(T).

Then if v"(T') = {er} for n € Z, also 4"*(S) = {er}. Hence the result
follows. o

Proposition 3.1.4. If Ny, --- | N, are nilpotent groups then the direct
product Ny X --- X Ny 1s also nilpotent.

Proof. By induction on k we prove that v*(T x S) = ~*(T) x v*(S).

AU T) x A*71(S), for k > 0. Let t € T, s € S and (aj_1,bx_1) in
VUT x S) = AF1(T) x v*71(S). We have that [(t,s), (ax_1,bx_1)] is
a generator of [G,Y* (T x S)] = +*(T x S). But

7 (
Trivially the case for k = 0 is true. Assume that v~ 1(T x §) =
)
)

[(tv 3) (ak—b bk—l)] = ([tv ak—1]7 [3’ bk—lD (3'1)

is in v*(T) x v*(S) implying that v*(T x S) < ~*(T) x 7*(S). We
note that equation shows that a generator ([t,ax—1],[s,bk—1]) of
YH(T) x v*(8S) is in v*(T x S). Thus there is equality. O

3.2 Localization of nilpotent groups

Our main tool in this work is the theory of localization of nilpotent

groups. Localization of nilpotent groups has been developed by several
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authors including G. Mislin, P. Hilton, and J. Roitberg [9]. If Q is a
nilpotent group, then it can be localized, this is denoted by @, for

every prime p.

For notation convenience, we will denote by P, the set of primes p
and P’ will denote the set of primes not in the set P. By n € P’ we

mean that the natural number n is a product of primes from P’

Definition 3.2.1. A nilpotent group 7T is called P-local if and only if

for any x € T', x — 2™ is a bijection for all n € P'.

Definition 3.2.2. Let 7" be a group. Let € : T" — T}, be a group
homomorphism. We say that € is a P-localizing map if 7}, is P-local
and for any group S, and a group homomorphism ¢ : T — S, there is
a homomorphism ¢ : T, — S such that ¢ o e = 1. We denote by T,

the P-localization group of T

Definition 3.2.3. Let T be any group. An element x € T is said to

be P’-torsion if there exists an n € P’ such that 2" = 1.

Definition 3.2.4. Let T7 and T5 be finitely generated abelian groups.
Suppose that 6 : T7 — T5 is a group homomorphism. We have the

following.

1. If Ker 6 and Coker 6 are finite groups with order prime to p, we

say that 6 is a p-monomorphism and p-epimorphism respectively.

2. If 6 is both a p-monomorphism and a p-epimorphism, we say that

0 is a p-isomorphism.

Proposition 3.2.5 (Proposition 1.9, |9]). Let T' and U be groups. Let
v : T — U be a group homomorphism. Then ¢ is a p-localizing map
if and only if
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1. U is P-local and

2. Y is a P-isomorphism.

3.3 Group structure on the non-cancellation
set of Z)-groups

We introduce some of the basic properties of Zy-groups. We begin by
defining the 2, class.

Definition 3.3.1. The class 2y, is the class of all finitely generated

groups that have finite commutator subgroups.

Proposition 3.3.2. Let QQ be a Zy-group. The torsion subgroup de-
noted by T'Q) is a finite normal subgroup of Q).

Proposition 3.3.3. Let QQ be a Zy-group, then Q X Z is a Zo-group.
In addition, if a group K satisfies K X 7. = Q) X Z, then K € Zy.

Definition 3.3.4. Let () be any group. The non-cancellation set de-
noted by x(Q) is the set of all isomorphism classes of groups R such
that R X Z = Q x Z.

Note. If @ is a finite group, then the non-cancellation set x(Q) is
trivial.

Let @ be a Zy-group and let T'Q) be the torsion subgroup of Q). In [20]
the authors defined a natural number associated with the group @) and
is linked to the non-cancellation set of (). The number is defined as fol-
lows: For Q a Zy-group, let n; be the exponent of T'Q), no be the expo-
nent of Aut(7'Q) and n3 be the exponent of TZ(Q). The natural number
n is defined as n(Q) = ninons and the subgroup FQ = (¢" : q € Q),
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where n = n(Q) is a normal subgroup of Q.

The following are some of the significant results on non-cancellation.

Theorem 3.3.5 (Theorem 3.6, |17]). Let @ and R be nilpotent groups
in the Zo-class. Then Q X Z = R X Z if and only if for every prime
p, the p-localization of Q) is isomorphisc to the p-localization of R for

all primes p.

Let us consider an infinite group @ in £y and n = n(Q). The author
in [20] defined a surjective homomorphism from Z? to the set x(Q) by
x +— [S], where S is a subgroup of @ of index x. This surjective ho-
momorphism is shown to induce a transitive group action of Z* /{+1}
on the set x(Q). This transitive group action then induces a group

structure on the non-cancellation set x(Q).

Theorem 3.3.6 (Theorem 5.2, [20]). Let Q be any group in Zy and
let n =n(Q). Then there is a group structure on x(Q) induced by the

function ¢ : Z7 /[{£1} — x(Q).

The next results show the relationship between certain non-cancellation
groups. Note that for an infinite group @) € £y and R a finite group,

we have that @) X R is an infinite group and is in the class 2.

Theorem 3.3.7 (Theorem 6.2, [20]). Let Q and R be any Zy-groups
with @ infinite. Then ¢ : x(Q) — x(Q X R) is a surjective group

homomorphism.

Theorem 3.3.8 (Theorem 6.2, [20]). Let Q be an infinite Zy-group.
Let R be a finite characteristic subgroup of Q. Then ¢ : x(S) —

X(S/R) is a surjective group homomorphism.



CHAPTER 3. GENUS OF A GROUP 36

Theorem 3.3.9 (Theorem 2.1, [3]). Let @ and R be Zy-groups. If
Q is infinite and R is finite such that gcd(TR|,|TQ|) = 1, then ¢ :
X(Q) = x(Q x R) is an isomorphism.

Proof. By Theorem we have that ¢ is a surjective homomor-
phism. Note that since @ is infinite, we can write T'Q) = {eg}, and since
R is finite, then TR = R. From this we have that gcd(R|,|TQ|) = 1.
Now put S = @ x R. Then we have that T'S = T x R. Since
gcd(R|,|TQ|) = 1 and every torsion subgroup is characteristic, we
have that R is a characteristic subgroup of S. Recall that QQ x R =S
is infinite in 25. Therefore by Theorem [3.3.8 ¢ : x(S) — x(S/R) is
a surjective homomorphism. This implies that ¢ : x(Q x R) — x(Q)
is a surjective homomorphism. We can conclude that x(Q x R) and

X(Q) are finite so that ¢ is an isomorphism. O

Corollary 3.3.10 (Corollary 6.3, [20]). Let @ and R be any Zo-
groups. If Q is infinite with x(Q) trivial, then x(Q x R) is trivial.

Proof. Suppose that @ is infinite and x(Q) is trivial. We have that
X(Q) = x(Q x R) by Theorem [3.3.9, Therefore, we can deduce that
X(Q x R) is trivial. O

3.4 A finite genus

Let 2y denote the class of all finitely generated groups that have a fi-
nite commutator subgroup. Let .45 be the class of all infinite nilpotent
groups in 2y and let Q € 4. Following [8], denote by P — Aut(Q) the
semigroup of P-automorphisms of (), where P is the set of prime divi-

sors of the exponent of the torsion of ). We denote by Z(@) the center
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of Q and by TZ() the torsion subgroup of Z(). The free center of ()
is given by FZQ = {x € ZQ | x = y",y € ZQ with n =|TZQ)|}. In
particular, we define the finite group Q@ by setting QQ = Q / FZQ.
Then we denote by Q). the abelianization group of QQ). Let e be the
exponent of the finite abelian group QQ).s.

The authors in [8] have shown that there is an abelian group structure

on 4(Q). This group structure arises from the exact sequence
5
P — Aut(Q) -5 (Z/e)* /{£1} > 4(Q). (3.2)

The sequence ({3.2)) is useful in the computation of the genus set 4(Q).
We start by defining the Mislin genus ¢4(Q) for any finitely generated
nilpotent group Q).

Definition 3.4.1. Let @) be a finitely generated nilpotent group. The
Mislin genus, denoted by ¥4(@Q), is the set of all isomorphism classes
of finitely generated nilpotent groups R such that for all primes p, the

p-localizations R, and (), are isomorphic.

The genus was calculated in [2] for a group @ in A] C A5. Thus we
define the class .A1.

Definition 3.4.2. We say that ) € .4 if the torsion subgroup of T'Q
is finite and the torsion-free quotient F'() is free of finite rank. We say

that Q) € A1 if, additionally

a) TQ and F(Q are commutative;

b) the sequence TQ) — @ — FQ splits for the action w : F'QQ —
Aut(TQ);

¢) w(FQ) C Z(Aut(TQ)), where Z(Aut(TQ)) is the center of Aut(TQ)
and w is the action of F'Q) on T'Q).



CHAPTER 3. GENUS OF A GROUP 38

Note. To avoid triviality of the genus ¢(Q), where Q € A7, we will

consider only those groups ) with a cyclic torsion-free quotient F'Q).

Let H € A1 and let FH = Z be a cyclic group generated by (. Let
p € Pand let TQ = Z/p"** = (a). Suppose that the action w of Z on
Z/p"t* is given by ¢ -a = ua for some u € N, where u is co-prime with
p"*. Now let n, k € N and suppose that u = 1 + ¢p*, where p { ¢ and
k > 1. We consider the group

H=(z,y|a"" =1,yzy " =a"). (3.3)

Let p” denote the order of umodulop™*. We will show that H is
nilpotent with a finite commutator subgroup. We will start by show-

ing that p : Zyn x Z/p™™* — Z/p"** is an action of Z,» on Z/p"**.

Notation. For an integer x, we denote by [z],.++ the class which

contains all elements x modulo p"**.

Proposition 3.4.3. Let the cyclic group Zyn act on an abelian group
Z[p"t*. Define p : Ly — Aut(Z/p™**) by q — 74 = qlx]pmirg™?,

q,7 € Zyn. Then p is a group homomorphism.

Proof. Let [x],n+t = [y],n+x, then we have that

To([@]pnsr) = qla]preg™ = qylpreg™" = 74 ([Ylpnsr)

Therefore 7, is well defined. Now we have that
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Tqr([m]p’”rk) =qr [x]p"““ (qT)_l

=q(r[z]pmeer g

=q(rlalpr™)g !
=T, (r[x] pnsr r1)

=T7y(7r ([]pr))-

Therefore we have proven that 7, = 7,7,. Thus, p(qr) =1, = 7,7 =
1(q)p(r). And we have proven that p is a homomorphism. Thus pu is

an action. O
We give the definition of a nilpotent action.

Definition 3.4.4. Let @ be a cyclic group and let R be a finite abelian
group. Let ', (R) be the terms of the lower central series of an action

of @ on R. Then we have

R=THR)>T4(R) > >T5 (R) 2 TH(R) = -

where F22+1(R) is a subgroup of R generated by elements of the form
{gr—r|qeQ,rey(R)}, and TEH(R) = [T '(R)). The action of
() on R is said to be nilpotent if this series terminates at the identity.
In addition, if ¢ = max{s | T (R) # {0}} is finite, then we say the

action has a nilpotency class of c.

Note. We will exclude the case where p = 2,k = 1,n > 1, since the

n+k

order of umodulo p"** is not given by p". For example, if u = 1+3-2!

and n = 2, then the order of umodulo 2® will be 2, and not 22.

Proposition 3.4.5. Let the group Zy act on Z/p™ ™. Then the action
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Zn X Z]p" ™% — Z/p"** is nilpotent.

Proof. Let Zy» = (¢) and let p" be the order of umodulo p"**. Define
the action of Z,» on Z/p"™ by ¢ - a = ua, where a € Z/p™™"*. Let
[ Z/p™™, i =1,2,--- s be the terms of the lower central series of
the action of Z,» on Z/p"*t*. We must show that this action termi-
nates at the identity. We proceed by induction on i. Suppose that
I’%pn (Z)p"**) = Z/p"**. Then inductively we show that

05, (Z/p™**) =17 (05 Z/p""")
=17 . (") (2 /p"™*"))
=p" (") L/
= P
= (") 'z

= g pn+h. (since p"** | uP" — 1)

]

Proposition 3.4.6. Let Z and Zyn be cyclic groups. The function

g L — Ly 18 a surjection.

Proof. Define g : Z — Zy» by g(x) = xmodulop™. We first show that
g is well defined. It is easy to see that if x = 2/, then

g(x) = xmodulop" = &’ modulop™ = g(z').

Therefore g is well defined. Now for any class m modulop™, there
exists x € Z such that the class of x modulop™ is m. Thus for any
m € Zyn there exist © € Z such that g(z) = xmodp”. Therefore g is

surjective. O]
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Lemma 3.4.7. Let Z be a group acting on Z/p"™*. Then the action
of Z. on Z./p"** is nilpotent.

Proof. We have proven that the action of Z,» on Z/p™™* is nilpotent;

n+k

that is, an element of Z,» acts on Z/p nilpotently. We have also

shown that the mapping g : Z — Z,» is a surjection. Then since
Zyn represents all possible residues of integers modulo p”, we can find
T € Zyn such that x € Z with g(x) = . Thus the elements of modulo
classes of Z,» have pre-images in Z. Then an element of Z acts on
Z/p"** nilpotently. We can deduce that the action of Z on Z/p™** is
nilpotent. Then since Z is a nilpotent group that acts nilpotently on
Z/p"t* | the semi-direct product H = Z/p"** %, Z is itself nilpotent.

O

Proposition 3.4.8. Let H = (z,y | 2 =1, yry Tt = x"). Then the

group H has a finite commutator subgroup.

Proof. The elements of the group H are of the form z™y'. Then we

have the following commutators,
[y 2] =2y w(z™y') T
=z™yler Myl
=™yl ey et
=z Myley Tl
—yley !
=z

:xul—l‘

We also have that
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[y y] =2y y (Y ) Ty
=a"ylyx "y Ty
=a"ylyy'e Ty
=a"yly " ya "y
=zMyx "yt
=g

=T

ntkis p. we have that if p* | [, then

Since the order of umodulop
p"™* | ! — 1. This implies that u! — 1 = hp"** h € Z*. Hence we
can write zv~1 = 2" = (xP")" and zmmem = (g2")~me. This
implies that the commutators are powers of zF", so the commutator
subgroup is going to be generated by 2" Therefore, we deduce that
[H,H| = (z""). We note that since the torsion-free quotient group Z

of H is commutative, we can deduce that the commutator subgroup is

finite. ]

We have shown that H € 4. Now since Z/p™** is cyclic, we have that
Aut(Z/p™**) is abelian. Therefore Z(Aut(Z/p™**)) = Aut(Z/p™*).
Thus we can deduce that w(Z) C Z(Aut(Z/p"**). Hence H € ;.
Now we show that the genus of H € .41 is finite and consists of a fi-

nite number of classes [H;], where i = 0,1,2,--- ,s—1 for some s € Z*.

Since H € A5, we will consider the exact sequence |§]

P — Aut(H) -2 (Z)e)" {1} > 9(H). (3.4)
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Note. In the next result, for p € P, the p-part of the exponent e of

QH,,, is given by e = p"**.

Theorem 3.4.9. Let H € A1. The genus of H is a finitely generated

cyclic group.

Proof. We draw our attention to the image of the homomorphism
0 : P— Aut(H) — (Z/p™**)*/{£1}. Note that since both groups
P — Aut(H) and (Z/p™**)*/{%1} are multiplicative, then 6 is mul-
tiplicative, so Im# is a subgroup of (Z/p"**)*/{#1}. Now we use
Theorem 1.4 of [§] to show that the sequence in is exact. Let
¢ € P— Aut(H), if v = y0(¢) then 0(¢) = y~'o = y 'z € Imd.
Therefore y~'z € (Z/p"*t*)*/{%1}. The author in [14] defined a
surjective homomorphism § : (Z/p"**)*/{+1} — “(H) as follows.
Let ¥ € (Z/p"t*)*/{&1} be represented by = € (Z/p"*)*. Then
d(z) = Hy, where Hy € 9 (H). Now we use the fact that §(y) = o(x)

and that ¢ is a surjective group homomorphism. Then we show that

6y tw) = o(y~H)o(x) = (y~1)d(y) = ewm).

Therefore y 'z € Ker.

Conversely suppose that y~'z € Kerd. Since Kerd is a subgroup
of (Z/p"**)*/{£1}, we have that y~'z € (Z/p"**)*/{+£1}, which im-
plies that y~'x € Im6. Hence we can deduce that Kerd = Imd.
Implying that sequence in is exact. Furthermore, since I'm @ is
a subgroup of (Z/p™**)*/{£1}, then I'm 6 should consist of the units
of (Z/p™**), mod{41} which are congruent to 1 modulo p". Thus we
have that the number of such units are p*. Therefore [Im 6| = p*.

Lastly, since § : (Z/p"™*)*/{+1} — 4 (H) is a surjective group homo-
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morphism, by the First Isomorphism Theorem,
Z)p" ) £ ~
B ) s,

But Kerd = Im#, so

(Z/p" %) [{£1}
|[Im 6|
P p—1)/2
pk

=p"(p—1)/2.

()| =

This implies that the group ¢(H) is finite and cyclic with order s,
where s = p"~!(p — 1) /2. Therefore 4(H) = (Z/p™)*/{+1}. O

Remark 7. Since the genus ¢ (H) is a finite cyclic group, it must have
a generator. Let h € Z* be the generator and s be the least exponent

of h such that h* = &1 modp™.

Definition 3.4.10. If two nilpotent groups 7} and 75 are p-isomorphic

at every prime p, then they are in the same localization genus.

k3

Let Hy = (z,y | 2" =1, yzy™ = 2*™ ), where 0 < i < s—1,5 € Z7.

Then we prove the following lemma.

Lemma 3.4.11. Let H,H, € A1. Then ¢ : H — Hy is a homomor-
phism.

Proof. Recall that P’ is a set of primes not in P. Let m € Z* be
coprime to p" such that hm = 1modp™. Now Suppose that H; is
given by

Hy=(,y |2 =1,yey™ = 2*") (3.5)
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for each [m] € (Z/p™)*/{£1}. Asin [5], let ¢ : H — H; be defined
by ¢(z) = =z, ¢(y) = y". In Hy, we have that yry=' = 2*", so

mh

But since hm = 1modp", x* = z", therefore

umh

ylay™ =

yhry™" = 2" in H,. Thus ¢ is a homomorphism. O

Proposition 3.4.12. Let H H, € A1. Let ¢ : H — Hy be a group

homomorphism. Then ¢ is a P-equivalence.

Proof. Let p be a prime and let v : Z — Z be defined by v(¢) = ¢".

Then the homomorphism ¢ : H — H; yields a commutative diagram

Z)p"tF —— H > 7

R

Z)p"F —— H > 7

Figure 3.1

Since h € P’ then Z is P-local by Definition [3.2.1} Thus v, : Z, = Z,.
Suppose we localize at p, then by Theorem ¢ is a P-isomorphism.

Then we can deduce that ¢ : H — H, is a P-equivalence. O

We have proven that for H, H; € A1, ¢ : H — H; is a P-equivalence
where T'Z H is finite. Therefore ¢ induces an isomorphism ¢r : FZH —
FZH;. Thus we now show that H; generates the genus group ¥(H),
where H is the neutral element in the group ¢ (H).

Theorem 3.4.13. Let Hy € A, and Hy € Y (H). Then H; generates
the group of the genus G (H).

Proof. We first show that FZH = FZH; and QH = (QH,. To show
that ¢p : FZH — FZH, is an isomorphism it is required to show
for all primes p that (¢p), : (FZH), — (FZH,), is an isomorphism.
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Now suppose that p € P, then by Lemma 4 of [14] we have that
(¢pr)p : (FZH), — (FZH,), is an isomorphism. Now we have the

following commutative diagram :

FZH » s H 5

QH
l(iﬁp l¢ l¢Q

FZH, —— H, » QH,

Figure 3.2

Since ¢ is a P-equivalence and ¢ is an isomorphism with QH and
(QH, finite isomorphic groups, ¢g must be an isomorphism. Thus we
can say that ¢p is a P-equivalence. This implies that the det ¢ is
an integer co-prime to P. Hence we can conclude that since h € P/,
h is that integer, so det o = h. Now consider the surjection ¢ :
(Z)p"tF)*J{+1} — 4 (H) and let [h] € (Z/p"™)*/{+£1} such that
0([h]) = H;. Then 6 sends [h] to H;. Thus since h is co-prime to the
order of (Z/p™**)*/{£1}, then it generates the group. Hence H; €

¢(H) must generate the genus group of H. O
The authors in [5] define H;, 0 <i<s—1,s € Z" by

i

Hi=(z,y|a"" = Lyay™ =), (3.6)
with ¢; : H; — H;y1 given by ¢;(r) = z, ¢(y) = y". Then we prove
the following proposition.

Proposition 3.4.14. The group 4 (H) consists of a finite number of

classes [H;|,0<i<s—1,s€Z".

Proof. We must show that ¢; embeds each H; as a normal subgroup of

H;,, with quotient C},. But first, we show that ¢; is injective. Already



CHAPTER 3. GENUS OF A GROUP 47

we have that ¢; is a P-equivalence. So ¢; must be P-injective. But H;
has no torsion co-prime to P. Thus ¢; is injective. Now we are left to
show that ¢;(H;) is normal in H,; ;. By Corollary 1.4 of [7] we must
show that for all primes p, (¢;),((H;),) is normal in (H;11),. If p € P,
then (¢;),((H:)p) = (Hit1)p- But (Hii1), is commutative if p € P'.
Therefore as in Example 52 we have that (¢;),((H;),) is normal in
(¢:)p((H;)p). Thus we can deduce that each [H;] belongs to ¥(H). O

Remark 8. For H, H, € .41, we have the non-cancellation phenomenon

HxZ=>~H xZ, H% H,.

3.5 The Pullback

Let H = (x,y | 2" =1, gyt = z"). Our aim in this section is to
construct a pullback H;, where t = 7 4 j mod s from the l-equivalences
H; — H and H; — H, which we will define later. We further show
that the genus of H, is the same as the genus of H from Section 3.4.

Definition 3.5.1. A category C is a collection of objects, morphisms
Hom(A, B) between two objects A and B, and a composition of mor-
phisms Hom(A, B) x Hom(B,C) — Hom(A,C) written as gf, for
every object A, B and C.

The morphisms are subject to the following 3 axioms:

1. each morphism « in Hom(A, B) has a unique domain A and a

unique co-domain B;

2. for each object A, there exists an identity morphism 14 in Hom(A, A)
such that for every morphism a : A — B, we have aly = a and

lia = a;



CHAPTER 3. GENUS OF A GROUP 48

3. given three morphisms o : A - B, §: B — C and p: C — D.

The associative law

n(Ba) = (upf)a
holds.

The methods of computations of our work mainly rely on notions of
category theory. Hence we introduce and present properties of a pull-

back diagram.

Definition 3.5.2. Given two morphisms f: A — Cand g: B — C
in a category C, a pullback is a triple (P, «, 3) that satisfies fa = g

as indicated in the diagram below

p_—2,B

=L
AL,

Figure 3.3

Moreover, the pullback satisfies the following universal property: for
any other such triple (@, q1,¢2) with fq = gqo, there must exist a

unique morphism 0 : () — P such that the following diagram commute.

Figure 3.4

The pullback is often written P = A X B, and is a subgroup of A x B.
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Theorem 3.5.3. A commutative diagram of groups and morphisms

M —Y4 B

ol
A 2= C

Figure 3.5

is a pullback if and only if the following conditions hold:

1) Kervyn Ker ¢ = {0},
2) p~H(o(A)) = (M),

3) ¢(Ker) = Kero.

Proof. The two morphisms ¢ and ¢ define a unique morphism -~ :
M — A@¢ B. If the diagram given is a pullback, then v is an isomor-
phism. We can then say that conditions 1) and 2) are clearly satisfied.
Now to prove the third condition, we take a € Ker o and we consider
(a,0) € A®¢ B. Assume y(m) = (a,0), for m € M which implies that
¢(m) = a and ¥(m) = 0. Thus kero C ¢(Ker1) and automatically
¢(Ker) C kero then the result follows.

Conversely, if the three conditions hold, then + is injective by 1). Now

to show surjectivity let (a,b) € A ®c B. Then b € p~'(c(A)) since
o(a) = p(b), so b =1 (m) for m € M by condition 2). Now,

v(m+n) = (d(m+n),¢(m)) = (a,b).
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Hence 7 is surjective. O]

For the following two results we will refer to the diagram in Figure |3.5

of Theorem [3.5.3]

Theorem 3.5.4. Let the diagram in Figure[3.5 be a pullback. Then we
have that ¢ is surjective and ¢~ (Ker o) = Ker 1y ® Ker ¢. Moreover,

@ 1s injective if and only if p is injective.

Proof. Since the diagram in Figure is a pullback, conditions 1),
2) and 3) hold. We first show by contradiction that ¢ is surjective.
Suppose there exists a € A such that ¢(m) # a for each m € M. By
condition 3), we then have that a ¢ Kero. By condition 2), there
exists m’ € M such that p(i)(m')) = o(a). Since the figure commutes,
o(a) = o(¢(m')) and a — ¢(m') € Ker o. By condition 3), there exists
m” € Keri such that a — ¢(m') = ¢(m”). Thus, ¢(m' +m”) = a,

contradicting our initial assumption. Hence, ¢ is surjective.

Now let m +n € Kervy @ Ker¢. Then by condition 3), we have
d(m+n) = ¢(m) € Kero. Then Kert & Ker ¢ C ¢~ (Kero).
Conversely, let m € ¢~!(Ker o) be arbitrary. Then there exists a €
Ker o such that ¢(m) = a. We also have M = (Ker ¢)t @ Ker ¢, since
Ker ¢ is a closed ideal of the algebra M. For some n € (Ker ¢)* and
n’ € Ker ¢ we can write m as n +n'. Hence, ¢(m) = ¢(n') + ¢(n) =
¢(n) and by conditon 3), there exists n” € Ker 1 C (Ker ¢)* such that
¢(n") = a. By the above it is enough to show that n € Ker 1, but since
d(n”"—n)=a—a=0,n"—n € Ker¢. But again, n” —n € (Ker ¢)=*.
Thus, n =n" € Ker.

Suppose that ¢ is injective. By condition 3), Kervy = ¢~ (Kero).
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By condition 2), if n € Kerp = p '({0}) C p~!(c(A4)) = (M),
there exists m € M such that ¥(m) = n. Thus, o(¢(m)) = p((m)) =
p(n) = 0. This forces that ¢(m) € Keroorm € ¢~ *(Kero) = Ker).
Therefore, n = ¢(m) = 0 and p is injective.

Now suppose p is injective. To prove that ¢ is injective, we show
that Ker¢ = {0} or ¢~ (Kero) = Kery @& {0}. By condition 3),
Keriy C ¢~'(Kero). To show that ¢~ *(Kero) C Ker1 is enough.
So, let m € ¢ '(Kero). Then there exists a € Kero such that
¢(m) = a, but 0 = o(a) = o(¢p(m)) = p(yp(m)). Since p is injective,
t(m) = 0 and hence, m € Kert. Thus the result follows. ]

Theorem 3.5.5. Suppose the diagram in Figure 15 a commutative
diagram of groups and morphisms. Then the diagram is a pullback
and ¢ is an injection if and only if ¢ is surjective, p is injective and

Kery N Ker¢ ={0}.

Proof. Suppose that the diagram in Figure is pullback and that ¢
is an injection. By Theorem we then have that ¢ is surjective, p
is an injection, and by Theorem Kery N Ker¢ = {0}.

Conversely, let ¢ be surjective, p be an injection, and Ker ¢y N Ker ¢ =
{0}. We want to show that p~!(c(A)) = (M) and ¢(Kerv) = Kero.
Now let n € (M), then n = (m) for some m € M. Put a =
6(m), hence p~(o(a)) = p~ (o (6(m))) = p (p(w(m))) = ¥(m) = n.
Therefore, n € p~'(c(A)).

Conversely, suppose n € p~1(c(A)). Then there exists a € A such that
n = p~(o(a)). Since ¢ is surjective, there exists m € M such that
6(m) = a. Thus, n = p~ (o(6(m))) = p(p(:(m))) = 1(m), since p
is an injection. So n € ¥(M). Therefore, p~'(a(A)) = p(M).
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We now prove that ¢p(Kerv) = Kero. Let a € ¢p(Ker ). Then there
exists m € Ker1 such that a = ¢(m). Since the diagram in Figure
is commutative and p is an injection, we have o(a) = o(¢(m)) =
p((m)) = 0. Therefore, a € Ker o and hence ¢(Kery) C Kero.
Conversely, let a € Ker o. Then ¢(m) = a for an element m € M since
¢ is surjective. However, o(a) = o(p(m)) = p(ib(m)) = 0. Therefore
since p is an injection, ¢¥(m) = 0. Thus implying that m € Ker1
and also, a = ¢(m) € ¢(Kert). Hence, Kero C ¢(Kert) and so
¢(Kery) = Kero.

Lastly, since p is an injection, by Theorem [3.5.4] ¢ is too an injection.

And this completes the proof. O

Proposition 3.5.6. Let G, H and K be nilpotent groups. If the dia-

gram

LLG

[« F
H 23 K

Figure 3.6

1s a pullback, then L is nilpotent.

Proof. We have that L is a subgroup of G x H. Since G and H are
nilpotent, then by Proposition [3.1.4] the group G x H is also nilpo-
tent. Therefore L is nilpotent by Proposition In addition, since
Kert = Ker1, it is clear that v is a P-injection if and only if 7
is a P-injection, which we can verify from Theorem [3.5.4 Then by

Theorem [3.5.5] 1 is a P-surjection since v is a P-injection. ]
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Let H;, H; and H be nilpotent groups and let o : H; — H and p :
H; — H. Suppose that

H —2— H

Figure 3.7

is a commutative square. Then we prove the following proposition.

Proposition 3.5.7. In Figure let us assume that ¢, ¥, p and o
are bijective. Then the diagram in figure [3.7 is a pullback.

Proof. We form the pullback of p and ¢ in .4 and obtain the following

diagram

HZ#H

Figure 3.8

We must show that the unique homomorphism 6 : H; — Hj is an
isomorphism. Since p is bijective, then we have that ¢’ is bijective; and
since o is bijective, then 1 is also bijective. Thus by Proposition [2.6.15]
we conclude that ¢ is also bijective, therefore ¢ is an isomorphism.

Moreover, H; = H, + H;. O

We proceed to show that the genus of H; is the same as the genus of

H.
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Corollary 3.5.8. If H € A, then X\ : 9(H) — 4 (H,) is an isomor-

phism.

Proof. By Theorem [3.4.9] we know that ¢(H) is a finite cyclic group
of order s. Now we have that ¢t =i + j mod s, implying that the genus
9(H,;) of H; is of order s. Since ¥(H) and ¢(H,) are of the same
order, then \ : 9(H) — ¢ (H,) is a bijection. Now since these groups
are cyclic, let ¥(H) = (H,) and ¥(H;) = (X). Let us define the
bijection A : ¥(H) — 4(H;) by \(H}") = X™, for some n € Z*. Let
H,y, H; € 9(H). Since H; generates ¢ (H), there exist r,q € Z* such
that Hy = H{, H3 = H{. Then

MHzHz) = MH{ ™) = X" = X" X" = MH)A(H{) = A(H2)\(Hs).

Thus A is a homomorphism and therefore an isomorphism. O

Remark 9. We proved that the commutator subgroup of the finitely
generated nilpotent group H is finite, which by [2| implies that the
genus ¢(H) is abelian. Since we have that FH = F H,, then H, € 4
so that ¢(H,) is finite abelian.



Chapter 4

Genus of a pullback

4.1 Pullback

Proposition 4.1.1. Let n and u be positive integers which are rela-
tiely prime. Let p : Z — Aut(Z,) be a group action given by p(1) :
Loy —> Ly, t = ut. Let G and K be groups such that G = K = Z,, X, Z

and M = 7. Consider the following commutative diagram.

L=ZyxZ,)*,2 2= 7, %, Z=0G

g J-

K=Z7,%,7. —— Z=M

Figure 4.1

Then o, B, ¢ and ¢ are well defined group homomorphisms.

Proof. 1. Let o, : Z,, %, Z — 7Z be defined by a(t,z) = z and
B(s,z) = z for all (¢, 2),(s,2) € Zy,, x,, Z. We note that

(tl,Zl) = (tQ,ZQ) — t; =ty and

21 = Ry —> Oz(tl,Zl) = Oé(tQ,ZQ).

Hence « is well defined. And we also have that

95
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O{(tl, Zl) + OZ(tQ, 22) =21+ 29
= Oé(tl + Hozy (tg), 21+ 22)

= a((t, z1) + (t2, 22)).

This implies that a is a homomorphism.
Similarly, let 5 : Z, %, Z — 7Z be defined by §(n,z) = z for all
(n,z) € Zyn %, Z. Then,

(s1,21) = (82, 20) =81 =1ty and z; = 23

— ﬁ(Sl,Zl) = 6(82, 22).

Therefore [ is well defined. And

B(s1,21) + B(s2, 22) =21 + 22
=B(s1 + pz (52), 21 + 22)
=B((51,21) + (52, 22))-

Hence 3 is a homomorphism.

2. Suppose @, ¢ : (LyXZLyp) XL — Ln X, Zis defined by ¢((t, s), 2) =
(t,z) and ¢((t,s),2) = (s, 2) for all ((¢,8),2) € (Zn X Zy) Xy Z.
We show that ¢ and ¢ are well-defined homomorphisms. Note
that

((t1,8),21) = ((t2, 8), 22) = (t1,8) = (ta,s) and 21 = 29 =

ti =ty = (t1,21) = (ta, 22) = @((t1,8),21) = p((ta, 8), 22)
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Therefore ¢ is well defined. And

o((t1,81), 21) + p((t2, 52), 22) = (1, 21) + (L2, 22)
= (t1 + p1z (t2), 21 + 20)
=p((t1,m1) + w,, (ta,n2), 21 + 22)

=o(((t1,51), 21) + ((t2, 52), 22)).

Therefore by definition, ¢ is a homomorphism.
Similarly, let ¢ : (Z, x Z,) Xy Z — Z, X, Z be defined by
o((t,s),z) = (s, 2) for all ((¢,s),2) € (Zn X Zy,) Xy Z. Then,

((t,81),21) = ((t,82),22) = (t, 81) = (£, 82) and z; = 29
— S1 = S9 ——> (Sl,Zl) = (82722)

— ¢((tv 51)721) = qb((t»‘s?)’ 22)'

Therefore ¢ is well defined. And

©((t1,51), 21) + p((t2, 52), 22) = (51, 21) + (82, 22)

(31 + iz <32>7 z1 + z2)

O((t1, 81) + wa, (L2, 52), 21 + 22)
=o(((t1,51), 21) + ((t2, 52), 22))

This implies that ¢ is a homomorphism. This completes our
proof.

]

Proposition 4.1.2. Let K, G and M be groups such that G = K =
L Xy Zoand M = 7. Let o : G — M and  : K — M be group
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homomorphisms.

We define a subset L = (Z,, X Zy,) X Z of K X G by
L={((n,u),2) € (Zn %, L) X (Zy, x, Z) | B(n, z) = a(u, 2)}.

We prove that L is a subgroup of K x G.

Proof. We first show that L is closed under the group operation.
Let ((n1,u1),21), ((n2,u2), 22) € L. By definition,

B(ny, z1) = aluy, z1) and B(ne, 22) = a(usg, 22).
Then
((n1,u1), 21) + ((n2,u2), 22) = ((n1, u1) + ws, (N2, u2)21 + 22),  (4.1)

is the semi direct product L. We need to show that is contained
in L.
We note that

B((n1, 21) + (n2, 22)) =B(n1, 21) + B(na2, 22)
=a(uy, z1) + a(ug, 22)

=a((uy, 21) + (ug, 22)).

Therefore S((n1,21) + (n2, 22)) = B(n1 + ps (n2), 21 + 22) = alug +
oy (U2), 21+ 22) = a((uq, z1) + (ug, 22)). Thus, by definition, ((ny,u;)+

w,, (N2, uz), 21 + 29) € L.

Now to show that L is closed under inverses, consider
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B((n1,21)7") =(B(n1, 21)) "
=((ug, z1)) ™

=a((u1, 21) 7).

Then by definition, ((ny,u1)™!, 2;') € L. And since L is closed under

the operation of K x (G, we can conclude that L is a subgroup of

K x (. O

Proposition 4.1.3. Recall the commutative diagram in figure[{.4 given

Figure 4.2

We show that L s a pullback.

Proof. We show that L is a pullback; that is, we show that the three
characterizations given in Theorem hold.

Let L = {((n,0), (0,0)) € (Zn 3 Z) X (Zo %, Z) | Bl(n,u)) =
a((n’,u’))}. Then by Proposition[2.6.7, we can see that L is a subgroup
of K x G. Now suppose that ¢ : L — K and ¢ : L — G are group
homomorphisms. We are required to prove that Ker¢ N Ker¢ =
{((én,€u),e-)}. In order to prove this, we must show that ¢ and ¢ are
injective if and only if their kernels are trivial. Ker ¢ = {(ex,eq)}
and Ker o = {(ek,eq)} respectively. We have that ¢ is injective and

since ¢ is a group homomorphism, at most one element ((e,,e,),e,)
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of L can be sent to the identity element (e, e,) of K. So we have
o((en,eu),6.) = (en,e,). If ((nyu),z) € Ker¢, then ¢((n,u),z) =
(en,e.) and thus ¢((n,u),z) = é((en,eq),€,). Since ¢ is injective,
we have ((n,u),z) = ((en,ey),e,). Hence Kero = {((en,eu),€:)}-
Conversely suppose that Ker¢ = {((en,eu),e.)} and suppose that

there are ((nq,u1), 21), ((ng, u2), 22) € L such that

d((n1,u1), 21) = ¢((n2; uz), 22). (4.2)

Then,

d(((n1,u1), 21)((ng, us), 20) 1) = d((n1, 1), 21)d(((na, uz), 22) ') (¢ is a homomorphism)

)
¢((n1,u1), 21)p((n1, ur), 21) "

((eny€u),es).

Thus the element ((ny,u), 21)((n9, uz), 20) 7! is in the kernel of ¢ and
S0
((n1,u1), 21)((n2, uz), 22) ' = er. This implies that ((ny,u;),21) =

((n2,us), 22), and therefore ¢ is injective.

((n1,u1), 21)9((n2,us), 22) ™" (¢ is a homomorphism)

(by equation

We do a similar computation for ¢, and we obtain Ker ¢ = {((e,, e4),€.)}.

Since Ker ¢ and Ker ¢ are subgroups of L, Ker o N Ker ¢ is also a
subgroup of L and Ker o N Ker ¢ = {((en, €4),€.)}. Let ¢ be surjec-
tive, a be an injection, and kero Nker¢g = {0}. We want to show that

a 1 (B(A)) = (M) and (ker) = kerp.

To prove that a ' (3(K)) = p(L) and ¢(Ker p) = Ker 3, let ¢ and «

be surjective and injective respectively. Suppose (u,z) € (L), then
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(u, z) = p((n,u), z) for some ((n,u),z) € L. Put (n,z) = ¢((n,u), 2),
then we have a ™! (8(n, 2)) = a7 (B(¢((n, u), 2))) = o~ (alp((n, u), 2))) =
o((n,u), z) = (u,z). Therefore, (u,z) € a ' (B(K)).

Conversely, suppose (u,z) € o *(B(K)). Then there exists (n,z) € K
such that (u,z) = a~'(B(n,z)). Since ¢ is surjective, there exists
((n,u),z) € L such that ¢((n,u),z) = (n,z). Also, since « is injective

we have

(u, z) = (B(¢((n, u), 2)))
=a Halp((n,u), 2)))

:90((”’ U), Z)

So (u, z) € p(L). Therefore, a ' (B(K)) = ¢(L).

We now prove that ¢(Kerp) = Ker 3. Let (n,z2) € ¢(Ker ). Then
there exists ((n,u),z) € Kerp such that (n,z) = ¢((n,u), z). Since
the diagram in Figure [4.2| is commutative and « is injective, we have
B(n,2)) = B(¢((n,u),2)) = alp((n,u), 2)) = 0. Therefore, (n,2) €
Ker 8 and hence ¢(Ker p) C Ker 5.

Conversely, let (n,z) € Ker . Since ¢ is surjective, we have that
o((n,u),z) = (n,z) for some element ((n,u),z) € L. However, we
have 5((n,z)) = B(o((n,u),2)) = ale((n,u),z)) = 0. Since « is in-
jective, we have ¢((n,u), z) = 0. This implies that ((n,u), z) € Ker g
and also, (n,z) = ¢((n,u),z) € ¢(Kerp). Hence, Ker f C ¢(Ker p)
and so ¢(Ker p) = Ker . This completes the proof. O
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4.2 The genus of a pullback

For n and w relatively prime integers, we consider the group L =
(Zp X L) X, Z, where w : Z — Aut(Z, X Z,) is a non-trivial homo-
morphism given by w(1) : (z,y) — (ux,uy) of Z, X Z,. Recall the
class A of finitely generated infinite nilpotent groups with a finite
commutator subgroup. Our objective in this section is to compute the

genus of the pullback L € A4 C .

Let Zy, X Zyn, = (z,y) and Z = (z). Let w : Z — Aut(Z, X Z,) be a
non-trivial homomorphism. Then L = (z,y, z). The subgroup (z,y) is
normal in L, so zzz~! and zyz~! are in (z) and (y) respectively. Then

1

since L is non-abelian, we have that zzz~! = 2% and zyz~! = y*. Thus

the generators of L are subject to the relations

1 1 u

2 =1Ly"=lxy=yx,zez =z"zyz =y

where v = 1modn?. We note that if v = 1, then w is trivial and

L = (Z, x Zy,) x Z. Otherwise, L is non-abelian.

Proposition 4.2.1. Define w : Z — Aut(Z, X Z,) by w(z) = ¢, with
¢.((a,0)) = z((a,b))27t, (a,b) € Z,, X Z,. Then w is a group action.

Proof. We show that w is well-defined. Let z1, 29 € Z and suppose that

z1 = z3. Then,

¢ ((a, b)) = 21((a,0)21 " = 2((a,0)) 25" = ¢, ((a,D)).

Therefore w(z1) = w(z2). This implies that w is well defined. Now,
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Barze =2122((a, b)) (2122) ™
=z[22((a,0)2 "2 !
=02 (22((a,0))2,")
=0z, Pz, -

This implies that w(z122) = w(z1)w(22). Thus w is a homomorphism,

and therefore a group action. ]

Proposition 4.2.2. Let Z,, X Z,, be a non-cyclic group. Then Aut(Z, X

Zy,) is non-abelian.

Proof. Suppose that Z,, x Z, has two generators x and y. We choose
x and y such that the order of x divides the order of y. Indeed, since
both x and y are of the same order, this is true. We now define the
following mappings of Z,, x Z, to itself :
O:ax"ys — 2" Sys, ¢yt — 2"y and Y 2"yt — a2y

Since n | n, we have that 0 is always a well defined, non-trivial au-
tomorphism of Z, x Z,. In the case where n # 2, we have that ¢ is
also a non-trivial automorphism of the group Z,, X Z,,. If n = 2, then
we have ¢ to be the identity map, but ¢ is a well defined automor-
phism that does not commute with #. Therefore we can conclude that

Aut(Z, x Z,) is non-abelian. O

Theorem 4.2.3. Let Z and Z, X Z, be abelian groups. The group
L = (Z, x Zy) X, Z is nilpotent .

Proof. Let u =1+ cp?i, with p; 1 ¢ and n? be the order of Z, x Z,

where n = p;* for all i. Let us write Z = () and Z,, X Z,, = (a,b).
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Let ' Zy, X Zy, i = 1,2,--+ ,7 be the terms of the lower central series
of the action of the group Z on the abelian group Z, x Z,. Then
Ty Z, % Z = {(a,0)" Y | (a,b) € Zpy X L) = Ly X Ly, T2 Ly X Ly =
{(a,b) D@V | (a,b) € Z, x Z,). And inductively '} Z, x Z, =
{(a,b)»=V" | (a,b) € Zy, x Z,). Therefore for r sufficiently large, we
have that I'}, Z,, x Z,, = {e} if and only if n? | (u — 1)". Therefore the

group L is nilpotent. O

Now that we have proven that the group L given by (Z, x Z,) X, Z,
where w is an action given by w(1) : (z,y) — (uz,uy) is nilpotent, we
proceed to show that the commutator subgroup of L is finite. But first,
let us fix some notation. Put n = pf*, and write u = 1 modn, where
u=1+ cp?", with p; 1 ¢ for all i. Let d = p;* be the order of umod p;".
Then by slightly generalizing the result of a cyclic genus in [5], we set

0, K; S )\z’7
Ri — )\Z‘, K; > /\z

, we will write u = 1 mod pz’”

1 )

Note that since the order of Z,, x Z,, is n?

so that v; = 2k; — A if 2K; > ;.
Lemma 4.2.4. The group L has a finite commutator subgroup.

Proof. We express elements of L by (xy)?z", where xy = yx since the

subgroup Z, X Z, is abelian. Then we compute the commutators:
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We also have that

[(zy)?2", xy] =(zy)?=" (xy)((xy)?2") " (xy) "

=(zy)*2" (zy)= " (zy) "(zy)

=2"(zy)z " (xy) !
=2"(zy)z"" (xy) !

=(ay)" (zy) " = (zy)

If p* | r, we have that pf”i u” — 1. This implies that " — 1 = hp?””,

for all h € Z*. Therefore, we can write (zy)* ! = (a:y)hpfni. By
equation , v; = 2k; — \; for 25; > )\, so we can write (xy)hpfﬂi =
(o) = ((ay) ). Also, (ay)10=) = (ay) =" = ((ay)™) =,
Then the commutators are powers of (my)pjl Therefore, we have
[L,L] = <ij i,y”? "), and is obviously finite since [L, L] lies in the tor-

sion subgroup of L. ]

Remark 10. Recall the homomorphism w : Z — Aut(Z,, x Z,) given
by w(z) = ¢, for all z € Z. Here, the image w(Z) < Aut(Z,, X Zy) is
the inner automorphism group. Since Z,, X Z,, is abelian, we have that

Z(Zy X L)) = Lpy X Ly. Thus Inn(Zy, X L) = Ly, X Ly | Z (L, X L)) =
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{e}, and so w(Z) = {e}. Now since the identity element commutes with
every element of a group, w(Z) must commute with every element of
Aut(Zy, X Zy,). Therefore we can deduce that w(Z) C Z(Aut(Zn X Zy,)).
Henceforth L € A7 C A by Definition |3.4.2

Let P be the set of primes p. Recall that P — Aut(L) denotes the
semigroup of P-automorphisms of L. Then since L € .4, we will use

the exact sequence

P — Aut(L) -2 (Z)e) J{£1} > 9(L) (4.4)

in computing the genus of L. Note that we exclude the case where
p = 2, v; = 1, since the genus of L will be trivial. We begin by

determining the exponent of ()L, in the following result.

Proposition 4.2.5. For a prime p € P, the exponent e of the group

QL s given by pYithi

Proof. We recall some notation from [8|, and with L nilpotent, we find
the following,

ZL = (2", y" 2", where n/ = Z;j;i,

FZL = (z/""),

QL=L/FZL = (z,y,z | 2" =1,y" = Loy = yx,zxz" ' = 2% 2y~ =
y*, 2P = 1) and

QLy = <i‘,gj7§ ’ N — gpAi _ 17Zpui+>\i _ 1>.

Thus it follows that e = p* ™ for all 1. O

Now we proceed to compute the genus of the pullback L, ¢(L). We

must examine the image of

0:P— Aut(L) — (Z/p" )" /{#1}).
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Theorem 4.2.6. Let L € A1, and suppose that the sequence in
is exact. Then the genus of L, 4 (L) is a finitely generated cyclic group.

Proof. Since the sequence in is exact, by definition, # must be in-
jective and thus the image of @ is a subgroup of (Z/p*it*)* /{+1}. This
implies that the image of 6 consists of the units of Z/p"i™*, mod {£1},
which by [12|, are = 1modp*i. There are p* such units. Therefore
|Im 0| = pYi. Since 6 : (Z/p"+)* /{£1} — Z(L) is a surjective group

homomorphism, by the First Isomorphism Theorem

(Z/p”i“i)*/{il}/KeM ~ (L),

But since the sequence is exact, Kerd = Im@6, so

@/ {1

’g<L)| N |[Im 6|
_ T p - 1)/2
p
— -2
Therefore ¥ (L) = (Z/p")*/{£1}. O

Remark 11. We proved in Lemma that the commutator sub-
group of L is finite. According to the authors’ result in [2], this implies

that the Mislin genus (L) has an abelian group structure.

For the group L in Theorem [1.2.6] we have given an exact description
of the genus set ¥(L), as a finite cyclic group, and we will deduce
from this description the cardinality of ¢(L). But first, we must prove

results in the next section, which will be of use.
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4.3 The genus of a pullback : Application

For a pair of relatively prime positive integers n and u, let G(n,u)
denote the group Z, X, Z, where p : Z — Aut(Z,) is a non-trivial
homomorphism given by (1) : © — ux and let G = (x,y | 2" =
1,yzy~' = z*). We have that G = G(n,u). Let d be the order of
umodulon, where n = p;* and u =1+ cp;\i, pife, A > 1and d=p
for all i. From [2|, we know that if G € A1, then 9(G) = (Z/d)*/{£1}.
Let G € A and let G* be the kth direct power of G, where k > 2.
From [2|, there is a surjective homomorphism 7 : 4(G) — 4(G*),
given by 7(F) = F x G*7! where F' € 4(G). The authors in |2] also

prove the following theorem.

Theorem 4.3.1. Let p be a prime, and let the torsion subgroup of G,
TG be a cyclic p-group and the torsion free quotient, FG be cyclic.

Then T is an isomorphism.

Now recall the pullback L € .41 and consider the following diagram

L= (ZyxZy) *xyZ —2— 71y ¥, Z=G

g J-
K= (Z112 Xy Z)20 7) 7% =M

Figure 4.3

For notational convenience, we will write K = Z;;2 x pZ. We note that
since the torsion subgroup Z;2 is finite and the torsion free quotient Z
is free abelian of finite rank, we have that K is in .4;. Then we prove

the following propositions.

Proposition 4.3.2. Let K € 4, with an abelian torsion subgroup
2112. Then K c </V1
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Proof. Since K € A4 and Zj;2 is abelian, we only need to show
that w(Z) is contained in the center of Aut(Zi;2). We have that
|Aut(Zy2)| = 11(11 — 1) = 110. Thus Aut(Zi12) = Zi1p. Since
Z110 is abelian, we have that Z(Aut(Zy12)) = Z119. This implies that
w(Z) C Z(Aut(Zy12)). Therefore we can conclude that K € .A4]. O

Proposition 4.3.3. Let K € 4], then 9(K) =~ 9(K).

Proof. Let n = 112 and let u = 1 + 11%¢, 111 ¢, A > 1. We compute
the genus of K € .4;. We will consider two cases:

Case 1: If 2 > A, then by equation , t = 112" and since A > 1,
then A = 1. Finally we have,

(z/11) /{£1}] :w

=5
=|9((G(117%,u))|.

Hence 4(K) is a cyclic group of order 5. According to the authors
in [10] we pass from ¥4 (K) to ¢(K) by factoring out the residue class
mmodulo 11, such that m = £1mod 11. Now since ¢ = 11 is a single
prime, we will factor out m = —1mod 11. That is, we factor out the

group generated by {—1,m}, where m = 10. Thus
9 (K) = {0}.

Therefore the genus of K is trivial.
Case 2: If 2 < ), then ¢ = 11° = 1 by equation [4.3] This implies that

¢ (K) is trivial. Therefore, it follows that ¢(K) is also trivial.
Finally, we note that in case 1, ¥(K) % ¢(K), and that in case 2,
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4(K) =~ 9(K). Therefore, since the torsion subgroup Z;> has prime
power order and FK is cyclic, Theorem infer that ¢(K) =2 9(K)
and so 4(K) must be trivial. O

Remark 12. Although .4; is closed under direct products, since K is
not commutative, K is not in .4;. But since the torsion subgroup 7329,
is finite and the torsion free quotient Z?" is free abelian of finite rank,

then K € 4.
Proposition 4.3.4. Let G € 1. Then 9(QG) is trivial.

Proof. Let n = 11 and let u = 1+ 11%¢, 11 { ¢, A > 1. Then by
equation 4.3, v =1 — X if 1 > A, but since A > 1, v = 0. Therefore the
order of umodulo11 is 1, and hence ¥ (G) = {0}. This completes the

proof. ]

Proposition 4.3.5. Let G,L € A4]. Then ¢, : 9(L) — 9(G) is a

surjective group homomorphism.

Proof. Let es € 9(G) and let ¢, : Y(L) — 9 (G) be defined by
o+([z]s) = ea, for all [z]; € (L), where s is the order of ¥(L). Let
[z]s, [y]s € 4(L), then

Gu([z]s + [y]s) = e = ea + 2 = [zl + Py,

Hence ¢, is a homomorphism and is obviously surjective since every

element in ¢(L) is mapped to the identity. O
We will now use Proposition to prove the following theorem.

Theorem 4.3.6. The genus of L, 4(L) is a cyclic group of order 2.



CHAPTER 4. GENUS OF A PULLBACK 71

Proof. We can deduce, using Proposition [£.3.5] that the kernel, Ker ¢,
must be the group itself since ¢ (L) is mapped to the identity element
of 4(G), thus |Ker ¢,| =|4(L)|. Moreover, since the group ¢(L) is
cyclic by Theorem [4.2.6] then, there can only be one subgroup of order
|9(L)| in (L), which is the group itself. Hence ¢(L) must have only
two subgroups, which are the trivial subgroup and the group itself. We

then deduce that the genus of L, 4(L) is cyclic of order 2.



Chapter 5

Conclusions

In this work, we proved that the genus of a pullback L € .47 is a cyclic
group of finite order. This group appears to be similar to the genus of
a group H € .41 which we computed in Chapter 3 but with a cyclic

torsion subgroup.

In Chapter 3, we studied the results in [5| of a finite genus of a
group in 4. We then discussed these results in more detail for a
group H € .4, where we showed that the group is nilpotent with
a finite commutator subgroup. Moreover, using the exact sequence
P — Aut(H) N (Z]e)* /{£1} 5 ¢ (H) from |[8], we examined the
image of 0 : P — Aut(H) — (Z/e)*/{£1}. From this we were able to
compute the order of the genus ¢¥(H) of the group H. We then de-
duced that the group ¢(H) is cyclic of finite order s = p"~!(p — 1)/2.

Next, we generalized the results from Chapter 3 to study the group
L. We proved in Proposition that the group L = (Z,, X Z,,) X, Z,
where w : Z — Aut(Z,, x Z,) is a non-trivial homomorphism given
by w(l) : (z,y) — (ux,uy) of Z, X Z, is a pullback by showing
that it satisfies all the conditions given in Theorem [3.5.3] We then
proceeded to show that the pullback L belongs to the class 4. In
particular, we proved in Theorem that the group L is nilpotent
and has a finite commutator subgroup. Note that the condition that

w(FL) C Z(Aut(TL)), where Z(Aut(T'L)) is the center of Aut(TL)
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and w is the action of F'L on T'L was not automatically satisfied since

the torsion subgroup T'L is not cyclic.

Now since we proved that L is in 4] C .4, we were able to use the
exact sequence P — Aut(L) N (Z]e)*/{£1} S ¢ (L) to compute the
genus of the group L. We proved that ¢(L) = (Z/d)*/{£1}, where d is
the height of Kerw in FL; that is, d = maz{h € N| Kerw C hFL}.
We also showed in Lemma that the group L has a finite commu-
tator subgroup. From this, we can deduce that the group structure of
(L) is the same as the group structure of the Mislin genus described

by the authors in [2].

We then considered the groups K and G in the class .4;, where K
is given by K?°. We showed that K is in .4;. We note that since K
is not abelian, then K is not in .47. In this case, the condition that
w(FK) C Z(Aut(TK)), where Z(Aut(TK)) is the center of Aut(TK)
and u is the action of F'/K on T'K fails to hold; in general, direct prod-
ucts do not inherit this condition. Therefore, we see the importance
of this condition in obtaining the genus of a group in .4 [Theorem
1.2, |2]]. We computed the genus of G € 4] and that of K € .4;, and
we obtained some results; the groups ¢ (K) and ¢(G) are both trivial

and therefore are isomorphic to each other.

Finally, in Proposition [4.3.5 we showed that there is a surjective ho-
momorphism between the groups ¢(G) and ¢(L). This surjective
homomorphism enabled us to prove that the genus of L, ¢ (L) is non-

trivial. Our results showed that ¢ (L) is a cyclic group of order 2.
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A problem which we would consider in the future is that of the ex-
tended genus. In this case we would require that the groups ) and
R not be finitely generated, then define extended actions on abelian

groups.



Bibliography

1

2]

3]

4]

[5]

(6]

17l

8]

W. A. ADKINS AND S. H. WEINTRAUB, Algebra: an approach

via module theory, vol. 136, Springer Science & Business Media,

2012.

C. CASACUBERTA AND P. HILTON, Calculating the Mislin genus

for a certain family of nilpotent groups, Communications in Alge-

bra, 19 (1991), pp. 2051-2069.

H. GHEBREWOLD, Non-cancellation phenomena in the class of

finitely generated groups with finite commutator subgroups, Quaes-

tiones Mathematicae, 25 (2002), pp. 333-339.

P. HILTON, Localization and cohomology of nilpotent groups,
Cahiers de Topologie et Géométrie Différentielle Catégoriques, 14
(1973), pp. 341-369.

P. HILTON, On the genus of nilpotent groups and spaces, Israel
Journal of Mathematics, 54 (1986), pp. 1-13.

P. HiLTON, On induced morphisms of Mislin genera, Publicacions

Matematiques, (1994), pp. 299-314.

P. HitoN AND G. MISLIN, Bicartesian squares of nilpotent
groups, Commentarii Mathematici Helvetici, 50 (1975), pp. 477—
491.

P. HiLTON AND G. MISLIN, On the genus of a nilpotent group

with finite commutator subgroup, Mathematische Zeitschrift, 146

(1976), pp. 201-211.

5



BIBLIOGRAPHY 76

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

P. HiLToN, G. MISLIN, AND J. ROITBERG, Localization theory

for nilpotent groups and spaces, Notas de Matematica, North Hol-

land, 15 (1975).

P. HiLTON AND D. SCEVENELS, Calculating the genus of a direct

product of certain nilpotent groups, Publicacions Matematiques,

39 (1995), pp. 241-261.

P. HILTON AND D. SCEVENELS, On finite abelian groups re-

alizable as Mislin genera, Publicacions Matematiques, (1997),

pp- 495-505.

P. HiLtoN AND C. SCHUCK, Calculating the genus of a certain

nilpotent groups, Bulletin de la Sociedad Matematica Mexicana,

37 (1992), pp. 263-269.

P. HiLToN AND C. SCHUCK, On the structure of nilpotent groups

of a certain type, Topological Methods in Non-linear Analysis, 1
(1993), pp. 323-327.

G. MISLIN, Nilpotent groups with finite commutator subgroups,
Localization in Group Theory and Homotopy Theory, 418 (1974),
pp- 103-120.

J. J. ROTMAN, An introduction to the theory of groups, vol. 148,

Springer Science & Business Media, 2012.

D. SCEVENELS, On the Mislin genus of a certain class of nilpotent

groups, Communications in Algebra, 26 (1998), pp. 1367-1376.

R. WARFIELD JR, Genus and cancellation for groups with finite

commutator subgroup, Journal of Pure and Applied Algebra, 6

(1975), pp. 125-132.



BIBLIOGRAPHY 77

[18] P. WITBOOI, Non-cancellation for certain classes of groups, Com-

munications in Algebra, 27 (1999), pp. 3639-3646.

[19] P. WITBOOI, Non-unique direct product decompositions of direct

powers of certain metacyclic groups, Communications in Algebra,

28 (2000), pp. 2565-2576.

[20] P. WITBOOI, Generalizing the Hilton—Mislin genus group, Journal
of Algebra, 239 (2001), pp. 327-339.



	Introduction
	Preliminaries
	Groups
	Group homomorphisms
	Cosets and Lagrange's Theorem
	Normal subgroups and quotient groups
	Group Actions
	Isomorphism theorems and direct products

	Genus of a group
	Nilpotent groups
	 Localization of nilpotent groups
	Group structure on the non-cancellation set of X0-groups
	A finite genus
	The Pullback

	Genus of a pullback
	Pullback
	The genus of a pullback
	The genus of a pullback : Application

	Conclusions
	References

