Schur Polynomials, Restricted Schur Polynomials and
the AdS/CFT Correspondence

Michael Jared Stephanou

A thesis submitted to the Faculty of Science, University of the
Witwatersrand, Johannesburg in fulfillment of the requirements for the
degree of Doctor of Philosophy

Supervisor: Professor Robert de Mello Koch

Johannesburg, 2010



Declaration

I declare that all results presented in this thesis are original except where
reference is made to the work of others. The following is the list of my
original works discussed in this thesis.

1. R. Bhattacharyya, R. de Mello Koch, M. Stephanou, “Exact Multi-
Restricted Schur Polynomial Correlators,” (2008), Journal of High En-
ergy Physics, Volume 2008, Number 6, arXiv:hep-th/0805.3025.

2. R. de Mello Koch, N. Ives, M. Stephanou, “Correlators in Non-Trivial
Backgrounds,” (2008), Physical Review D, Volume 79, Issue 2, ID
026004, arXiv:hep-th/0810.4041.

3. R. de Mello Koch, T. Dey, N. Ives, M. Stephanou, “Correlators of
Operators with a Large R-Charge,” (2009), Journal of High Energy
Physics, Volume 2009, Number 8, arXiv:hep-th/0905.2273.

4. R. de Mello Koch, T. Dey, N. Ives, M. Stephanou,“Hints of Inte-
grability Beyond the Planar Limit: Nontrivial Backgrounds,” (2009),
Journal of High Energy Physics, Volume 2010, Number 1, jarXiv:hep-
th/0911.0967.

These papers are references [I], [2], [3], [4] in the bibliography and constitute
the subject matter of sections , @ (along with associated appendices
[A] Bl [C] D) respectively. This thesis is being submitted for the degree of
Doctor of Philosophy in the University of the Witwatersrand, Johannesburg.
It has not been submitted before for any degree or examination in any other
University.

i


http://arxiv.org/abs/0805.3025
http://arxiv.org/abs/0810.4041
http://arxiv.org/abs/0905.2273
http://arxiv.org/abs/0911.0967
http://arxiv.org/abs/0911.0967

Abstract

In this thesis we introduce novel technology pertaining to the calculation of
certain classes of correlation functions in the half BPS, near BPS and multi-
matrix sectors (particularly the SU(2) sector) of N = 4 Super Yang-Mills
(SYM) theory using the Schur polynomial and restricted Schur polynomial
bases. This technology allows the detailed exploration of a host of physical
questions within the AdS/CFT correspondence. We first treat multi-point
correlators of restricted Schur polynomials which constitute a particularly
convenient basis for the SU(2) and general multi-matrix sectors of N' = 4
SYM. We introduce a product rule for the restricted Schur polynomials,
which, together with the two point correlator result of arXiv:0801.2061 al-
lows us to compute exact multi-point correlators, in the free field theory limit.
This facilitates the exploration of physical questions such as elucidating the
appropriate degrees of freedom for a perturbative description of quantum
gravity in the sectors under consideration.

We then treat the calculation of correlators of operators in the presence of
large background operators with a R-charge of O(N?) that are dual to asymp-
totically AdSsxS® backgrounds. Evaluating these correlators is a hard prob-
lem in general since the planar approximation fails. In this thesis we develop
general techniques, known as the “cutting rules”, that allow the computa-
tion of such correlators. Specializing to the LLM annulus geometry allows a
number of concrete results to be derived. We then study the perturbation
theory of these correlators and identify new perturbative expansion param-
eters replacing 1/N. Motivated by these results we explore new BMN-type
sectors.

Finally, we treat the problem of computing the anomalous dimensions of a
class of (nearly) half BPS operators with a large R-charge. This problem is
reduced to the problem of diagonalizing a Cuntz oscillator chain. Non-planar
corrections must be summed to correctly construct the Cuntz oscillator dy-
namics. We explore whether these non-planar corrections that account for
backreaction from the heavy operator rather than quantum corrections in the
dual gravitational theory also spoil integrability as is generally the case with
quantum corrections. We find a limit in which our Cuntz chain continues to
admit extra conserved charges suggesting that integrability might survive.
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1 Introduction

Quantizing gravity is one of the greatest open challenges of contemporary
theoretical physics. Einstein’s general theory of relativity (GR) marked a
dramatic shift in our thinking about gravity and provided a unified framework
in which to treat space, time, matter and energy. Although very successful
in describing physics on large scales, GR breaks down when a sufficiently
large amount of matter is amassed in a very small volume of space. Naive
attempts to reconcile GR with the theory governing physics on small scales,
namely quantum field theory (QFT), failed due to the fact that the QFT
resulting from attempting to quantize gravity (whether it is pure gravity or
gravity coupled to matter) is non-renormalizable. Superstring theory is a
quantum theory that does succeed in incorporating gravity in a consistent
way and thus provides an opportunity to explore a true theory of quantum
gravity. In addition to being a candidate for a theory unifying all the known
forces of nature, it is a theory in which beautiful mathematical structure has
been revealed and profound physical connections established. Perhaps the
most powerful of these is the deep and fascinating link between string theory
and a class of quantum fields theories that was elucidated by Maldacena in
the form of the AdS/CFT correspondence [5].

The AdS/CFT correspondence is a conjectured duality between a string the-
ory defined on a certain space (the product of Anti de-Sitter space and a
compact manifold) and a conformal field theory on the boundary of this
space. This conjecture is a statement about the full dynamical equivalence
of the two sides of the correspondence and goes beyond a kinematical equiv-
alence. The fact that the string theory is defined on a space with a different
dimensionality to that of the gauge theory can be related to one of the pro-
found physical ideas that accompany the conjecture - the holographic princi-
ple [6,[7]. The other deep physical idea related to the AdS/CFT conjecture is
the proposal that gauge theories at large N are equivalent to string theories
as proposed by ‘t Hooft [8]. The correspondence is a strong/weak coupling

duality, and relates strongly coupled field theory to string theory with small



curvature corrections and vice versa. Naturally this makes testing the duality
more difficult. However, a wealth of evidence has been obtained in support
of the conjecture, with new and novel tests continually being sought. Un-
der the assumption that the conjecture is indeed correct, it provides a fresh
perspective with new and powerful tools to re-examine long standing open
problems in physics. We can study the gauge theory and investigate fas-
cinating questions in the dual gravitational theory such as the information
loss paradox and the dynamical emergence of spacetime or we could consider
suitable systems in the gravitational theory to learn about strongly coupled
quantum field theories. For example, this approach has recently been applied
in studying critical phenomena in condensed matter systems, particularly su-
perconductors (for recent and accessible introductions see [9, [10]). In order
to understand, test and ultimately apply the correspondence with maximum
effect, it seems clear that in addition to a clear dictionary relating the two
sides of the correspondence we need the ability to perform dynamical calcu-
lations in both the string theory and the gauge theory. Developing some of
the required technology to perform such calculations on the field theory side

of the correspondence is a major focus of this thesis.

The original form of the AdS/CFT correspondence relates type IIB string
theory defined on AdS; x S° and the maximally supersymmetric four dimen-
sional gauge theory, N' = 4 Super Yang-Mills [11] defined on the boundary
of this space. The N’ = 4 Super Yang-Mills (N = 4 SYM) action contains
six real scalar fields transforming in the adjoint of U(NN). Operators can be
built from three complex matrix fields constructed from complex linear com-
binations of these six scalar fields. The half BPS sector (the sector in which
gauge invariant operators are constructed from a single complex matrix field)
of N'=4 SYM has been a particularly fruitful laboratory in which to estab-
lish the aforementioned dictionary. Half of the supersymmetries of the gauge
theory are preserved in this sector. In the half BPS sector, the identification
across the duality for objects in the gravitational theory such as gravitons
and giant gravitons (D-branes which are extended in the S® or AdSs space of
the AdS5xS® background, see [13][14]) has been established. In addition, the



map between half BPS operators and new classical background geometries
on the gravity side has been elucidated [15]. In the near BPS sector (where
operators are predominantly composed of a single complex matrix field), op-

erators dual to strings have been identified [16].

Gravitons are dual to gauge invariant operators in the gauge theory which are
single traces of O(1) matrix fields [5]. Operators which are products of such
traces with the same total number of fields but different numbers of traces
are orthogonal in the large N limit and can be identified with multi-particle
graviton states. The number of traces in the operator is identified with
particle number. The orthogonality of operators constructed from products
of traces fails when they are comprised of O(\/N ) matrix fields and it is no
longer possible to consider these operators as dual to graviton states. Instead,
in the near BPS sector, they are dual to strings [16]. Finally, giant gravitons
are dual to multi-trace operators comprised of O(/N) matrix fields known as
Schur polynomials [17,18]. The changing interpretation of objects in the dual
gravitational theory as the R-charge (a conserved charge associated with the
R-symmetry of N' =4 SYM - it corresponds to the number of matrix fields
for these operators) of the gauge theory operators changes can be seen by
considering the results of [12], [13]. Following the analysis of [I3] the radius

of an object, 7, in AdSs x S° is related to its momentum, L by

L
Here R is the radius of curvature of the AdS space and N is the number
of units of five form flux. Combining this with the identification of param-
eters across the correspondence, we see that the size of the object in the

gravitational theory dual to a gauge theory operator with R-charge L, is:

L
r= N(47T>iNi(gYM)

where N is now identified as the rank of the gauge group U(N), gy is the

N[

L, (1.2)

gauge theory coupling and [ is the characteristic string length. We are con-



sidering the large N limit on the gauge theory side and the gauge theory
coupling gy s is taken to be fixed and very small. Operators comprised of
O(1) matrix fields can therefore be seen to be dual to point like objects in
the gravitational theory. Operators comprised of O(v/N) matrix fields are
dual to objects of fixed size in units of the string length. Finally, the size
of the gravitational objects dual to operators comprised of O(N) fields is on
the order of the radius of curvature of the AdS space and thus are naturally

identified with giant gravitons.

The Schur polynomials constitute a very useful basis for the half BPS sec-
tor of NV = 4 SYM. In mathematics, these polynomials labeled by Young
diagrams have particular relevance in symmetric and unitary group theory.
Schur polynomials are in fact characters of irreducible representations of
SU(N). The particular utility of the Schur polynomial basis arises due to
some special properties. Firstly, the two point function of two Schur polyno-
mials is known to all orders in 1/N and moreover is diagonal in the Young
diagram labels [17, 19]. Secondly, Schur polynomials satisfy a product rule
and thus the calculation of higher point functions can be reduced to evalu-
ating linear combinations of known two point functions. This product rule
refers to the fact that the product of two Schur polynomials can be expressed
as a linear combination of Schur polynomials with certain non-negative in-
tegral coefficients known as Littlewood-Richardson numbers. In addition to

this, the Young diagram labels seem to encapsulate some interesting physics.

One initial example of this is that, in terms of the giant gravitons, the Young
diagram labels of the dual Schur polynomials encode an effect known as the
stringy exclusion principle [20, 21]. Sphere giants (D3-branes wrapping an
S3 C S5 of the AdSs5xS® background) are identified with Schur polynomi-
als labeled by Young diagrams consisting of a single column (corresponding
to fully anti-symmetric representations), where the length of the column is
identified with the angular momentum of the giant. This captures the bound
on the size of the sphere giants (they can only expand to the radius of the

S® and thus following [13] can have an angular momentum of at most N)



since the maximum number of boxes that can be placed in a single column

is precisely N.

As mentioned previously, Schur polynomials of O(N?) fields are dual to new
classical background geometries in the string theory. One way to understand
that these large background operators are dual to new geometries is to con-
sider that the spectrum of conformal dimensions of operators in N/ = 4 SYM
maps into the energy spectrum of string states in AdSs x S°. Thus operators
with a very large R-charge are dual to very heavy states in the string the-
ory and back reaction leads to a new geometry that is only asymptotically
AdS; x S°. The Young diagrams labeling these background Schur polynomi-
als correspond to boundary conditions determining the metric of these new
geometries, known as LLM geometries[I5]. The LLM geometries are half
BPS solutions of type IIB string theory which are asymptotically AdSs x S°.
More concretely, the half BPS sector of N' = 4 SYM admits a description
in terms of free fermions; the eigenvalue dynamics of the matrix field from
which half BPS operators are built is captured by the dynamics of N non-
interacting fermions in a harmonic oscillator potential [I7, 22]. The Young
diagram labeling the Schur polynomial maps into a particular Fermion energy
occupation (configuration in the Fermionic phase space). These configura-
tions in phase space can be represented by the black and white coloring of
a two dimensional plane, where the black regions correspond to energy lev-
els which are filled (a black ring corresponds to a single occupied energy
level) and white regions correspond to energy levels which are unoccupied.
This free fermion phase space is identified with the LLM plane which is a
plane in the 10-dimensional LLM geometry located at y = 0 and spanned by
x1,22[15]. The LLM plane constitutes the boundary condition determining
the LLM geometry. The vacuum case in which the LLM plane corresponds
to AdS; x S° is a black circular droplet of area #N. The fact that Schur
polynomials comprised of O(N?) fields correspond to new background ge-
ometries that are only asymptotically AdSs x S® can be seen by considering
the LLM plane. It is only when the Schur polynomial contains O(N?) fields

that the Fermion energy occupation it describes can be altered sufficiently



to constitute a departure from AdSs; x S° and not simply small fluctuations
of the original background. The LLM plane configurations described by the
background Schur polynomials are rotationally symmetric. For example, the
annulus background (which will play a large role in the research presented in
this thesis) corresponds to a Schur polynomial labeled by a Young diagram
with NV rows, and M columns where M is O(N). This describes the LLM

plane consisting of a black annulus with inner radius v M and outer radius

VM +N.

A fascinating question in the context of the AdS/CFT correspondence is
how the local physics of the ten dimensional string theory is encoded in the
dual hologram. The Schur polynomial description of the half BPS sector
yields tantalizing clues as to how aspects of the geometry and dynamics of
the string theory emerge in the gauge theory. The Young diagram labels of
the Schur polynomials in particular seem to encapsulate some of the local
dynamics of the string theory. Concretely, localized excitations of the back-
grounds described by large Schur polynomials can be defined via a modified
form of the Littlewood-Richardson rule that only adds blocks to a particular
region of the Young diagram[23]. On the string theory side these excitations
are localized in the radial direction of the plane constituting the boundary
condition for the metric (they are smeared out in the angular direction).
The localization of graviton, string and giant graviton excitations from the
gauge theory perspective as well as a discussion on the possible significance

of Young diagrams in this context is presented in [23]. See also [24].

Progressing beyond the half BPS sector of N' = 4 SYM to the two matrix
sector (SU(2) sector) and to general multi-matrix models we are presented
with a choice of a number of possible bases to organize the degrees of freedom
[25] 26], 27], all of which diagonalize the free field theory two point function.
The most natural basis in which to consider open-string excitations of giant
gravitons is the restricted Schur basis [28, 30} BT, [32] B3]. This basis gener-
alizes and extends the Schur polynomial basis. In developing and exploring

the restricted Schur basis and its associated computational technology, new



mathematics is required. In particular, in defining the restricted Schur poly-
nomial, the group theoretic concept of a character has to be extended to the
restricted character which corresponds to only tracing over a subspace of the
carrier space of an irreducible representation of the symmetric group. In the
multi-matrix sector, we can define generalized versions of the graviton op-
erators discussed previously built from O(1) matrix fields. Restricted Schur
polynomials are appropriate in defining giant graviton operators built from
O(N) matrix fields and multi-charge background operators built from O(N?)

matrix fields.

Of particular interest is the ability to calculate higher point correlators of
restricted Schur polynomials since, in general, correlators fully capture the
dynamics of the gauge theory. The approach followed in the research pre-
sented here is to generalize the procedure applicable to Schur polynomials,
i.e. to introduce a product rule for restricted Schur polynomials and then
reduce the calculation of higher point functions to evaluating linear combi-
nations of two point functions, the result of which is known. In order to
define this product rule, the notion of a Littlewood Richardson number has
to be generalized to a restricted Littlewood Richardson number. To calculate
the restricted Littlewood Richardson numbers it is necessary to be able to
calculate arbitrary restricted characters of irreducible representations of .9,,,
motivating further study of the restricted characters. With the technology
to calculate higher point functions of restricted Schur polynomials, a number
of intriguing physical questions become open to exploration. At finite N, the
gauge theory captures quantum mechanical aspects of the dual string theory.
At low enough energies, gravitons furnish a suitable set of degrees of free-
dom to establish a perturbative quantum gravity description and we would
expect more fundamental degrees of freedom to be appropriate at high en-
ergies. In [34], three point functions of half BPS operators dual to gravitons
were used to establish that gravitons cease to be weakly interacting degrees
of freedom beyond the energy scale of N2 (O(v/N) fields comprising the op-
erators). Moreover, they identified the half BPS operators dual to sphere

giants as being weakly interacting beyond this energy scale and thus identi-



fied the more fundamental, weakly interacting degrees of freedom to employ
in a perturbative quantum gravity description at high energies. Following
the single matrix analysis performed by [34] we seek to determine if, in the
more general case of multi-matrix operators, gravitons are no longer appro-
priate degrees of freedom for a perturbative description of quantum gravity
beyond a certain energy scale. Further, we seek to determine if the multi-
matrix generalization of Sphere giants are also weakly interacting degrees of
freedom at high energies as was the case in the half BPS sector. Finally, we
utilize the restricted Schur technology to link the restricted Schur polynomi-
als to the single matrix Schur polynomials and in doing so obtain a physical

interpretation for both sets of operators.

In addition to the technology allowing the calculation of higher point re-
stricted Schur correlators, we develop technology that enables us to compute
correlators of operators in the presence of the large background Schur poly-
nomial operators comprised of O(N?) fields. In the half BPS sector these
background operators are dual to the LLM geometries described previously.
We also go beyond the half BPS sector in some special cases by deriving
some results for correlators of operators in the presence of certain multi-

charge backgrounds described by restricted Schur polynomials.

In evaluating the gauge theory correlators of operators in the presence of
these large background operators, contractions between the operator consid-
ered and the background operator cannot be neglected. The planar approxi-
mation fails in this case due to the build up of enormous combinatoric factors
in front of the non-planar diagrams. In the present work, we argue that in-
cluding these contractions is the gauge theory accounting of the new classical
background geometry in the string theory. This is motivated by the fact that
these contractions only need to be taken into account precisely in the regime
that the dual state is heavy enough to significantly deform our original ge-
ometry. We also explore what it means to have background operators with
what at first would appear to be open string excitations. Naturally, from the

string theory perspective, we would only expect open string excitations to



exist in the context of excited giant gravitons i.e. open strings must end on
D-branes. Further, given that our background geometry arises from a very
heavy object, no longer having an interpretation in terms of giant gravitons,
we would expect only closed string excitations to appear. We seek evidence
that the dual gauge theory description actually incorporates these expecta-

tions.

Evaluating the result of these correlators in practice would at first seem very
difficult if not intractable. We present a framework in which evaluating such
correlators is reduced to the problem of evaluating the action of derivative
operators on Schur polynomials. The actions of these derivative operators
are then related - via operations that we term cutting rules - to the known
actions of a specific set of derivative operators. This approach turns out to
be powerful and general. Finally, we derive a concrete set of results in the
specific case of the annulus background geometry dual to a Schur polynomial
for which the results of applying the cutting rules are particularly simple. We
find that, at least in this case, the presence of the background is captured by
simply rescaling the propagators representing the contraction of fields in the
correlator in the absence of the background Schur polynomial, thus confirm-

ing some of the results of [23].

The cutting rules described above not only make previously intractable cal-
culations possible to perform, they are also entirely general in that they can
be applied for any background Schur polynomial. These calculations are still
fairly computationally intensive to perform however. A natural question to
ask is whether this generality can be traded for more efficiency in evaluating
such correlators in the case of special backgrounds. The usefulness of this is
not only in reducing the computational intensity of the calculations but also
in more clearly revealing interesting mathematical and physical properties of
the results. It turns out that more efficient techniques can indeed be applied
in the special case of the annulus background (as well as for extensions to
multi-ring and multi-charge backgrounds). By applying Schur polynomial
technology we show that for half BPS operators that can be rewritten in the



Schur polynomial basis, the result of correlators in the annulus background
in a theory with gauge group U(N) is equivalent to vacuum correlators in
a theory with the gauge group U(N + M) where M is an O(N) number
corresponding to the number of columns in the Young diagram labeling the
background Schur polynomial. In effect, all N dependence is replaced by
N + M dependence. This is an exact identification and thus we have found
a new expansion parameter 1/(N 4+ M) (replacing 1/N) which renders the
perturbation theory sensible once more. This reorganization is a remarkable
one and represents resumming an infinite number of diagrams. A compari-
son to Supergravity utilizing holographic renormalization is used to verify the
correctness of these results. Further, we explore if this reorganization is valid
beyond the half BPS sector. To this end, we perform a leading order and ex-
act analysis of near BPS correlators (correlators of operators predominantly
comprised of a single matrix field with a small number of another complex

matrix field) to determine if they also admit an expansion in 1/(N + M).

The AdS/CFT correspondence is a strong/weak coupling duality and thus in
the regime in which curvature corrections in the string theory are suppressed
(when the radius of AdSs; x S® is much larger than the string length), the
‘t Hooft coupling of the dual gauge theory is large and thus perturbation
theory cannot be directly applied in the case of operators that are not pro-
tected by supersymmetry. As shown by BMN [16] however, there are sectors
of the gauge theory in which an effective coupling can be identified which
can be fixed to some small value, even as the ‘t Hooft coupling is sent to
infinity, allowing perturbative gauge theory results to be compared with the
string theory. Utilizing restricted Schur technology, we identify a BMN-like
sector for two-charge background operators motivated by the identification

of effective genus counting parameters as discussed above.

The conformal (scaling) dimension of an operator in N’ =4 SYM is an im-
portant quantity since, in addition to completely determining the spacetime
scaling of two and three point correlators in the gauge theory, the conformal

dimensions of operators map into energies of string states in the context of
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the AdS/CFT correspondence. As an aside, constructing a test of the corre-
spondence utilizing this identification would be frustrated in general by the
strong/weak coupling nature of the duality and inherent difficulties in eval-
uating both the string spectrum and the spectrum of conformal dimensions
in the gauge theory. However, these difficulties were deftly circumvented by

BMN who performed a successful quantitative comparison of the spectra.

The scaling dimension of operators can be defined by the two point cor-
relation function. For conformal operators the two point function has the

form:

(Oal2)05(0)) = 20

N

Note however that, it is only the class of operators possessing a definite scal-
ing dimension (conformal operators) that have a diagonal two point function.
In general there is the problem of mixing and the two point function is a
non-diagonal matrix. The conformal dimension is comprised of the classical
scaling dimension and the anomalous dimension (the quantum correction to
the classical dimension). The classical scaling dimension of an operator is
simply equal to the sum of the scaling dimensions of the constituent fields
comprising the operator. Determining the anomalous dimension contribution
to the scaling dimension is far more involved however and involves renormal-
ization. Specifically, in the first works in this area, it involved determining a
renormalization factor that renders a chosen correlator finite to some order
in the perturbation theory. The matrix of anomalous dimensions was then
determined in the usual way from the renormalization factor. A far more effi-
cient way of determining the scaling dimensions of operators was introduced
in [35] via the introduction of a dilatation operator which has the following

action on a conformal operator

[D,0,] = AO,.

The dilatation operator admits a perturbative expansion in g%,

11



= 9y *
D= ]; (@) Doy..
The k-loop dilatation generator, Dy, is determined once, eliminating the
need for a case by case evaluation of renormalized two-point correlators to
determine anomalous dimensions. Acting the k-loop dilatation generator on
some basis of states yields a dilatation matrix. Diagonalizing this matrix
gives the conformal operators in the basis of the original set of states (corre-
sponding to the eigenvectors of the dilatation matrix up to a normalization
factor) and the k-loop anomalous dimensions corresponding to the eigenval-

ues of the matrix.

Determining the spectrum of scaling dimensions of general classes of opera-
tors in AV = 4 SYM is, in general, a highly non-trivial task however. For-
tunately, there is strong evidence to suggest that the planar limit of N' = 4
SYM is exactly integrable. This would mean that the matrix of anomalous
dimensions can be diagonalized exactly using the Bethe ansatz. Initial indi-
cations of this were obtained in [36] where the one-loop mixing matrix for
anomalous dimensions of scalar operators was identified with the Hamilto-
nian of an integrable vector so(6) spin chain. These one-loop results were
extended in [37] to include all operators in N' = 4 SYM. In addition, integra-
bility has been demonstrated in the su(2) sector to two and three loops [35].
Further evidence for exact planar integrability of N' = 4 SYM is furnished
by [38, 39, 40, 41, 42|, 43|, 44], 45|, [406], 47, 48, 49], 50]. Integrability does not in
general survive non-planar corrections associated with quantum corrections
(finite N corrections). A natural question to ask however is if it survives non-
planar corrections owing to the presence of large operators containing O(N?)
fields (dual to new background geometries as discussed above). In this case,
non-planar contributions are no longer suppressed due to the overpowering
combinatoric factors multiplying the non-planar diagrams. In order to at-
tempt to answer this question, we define an effective dilatation operator. The
effective dilatation operator captures the presence of the large background

operator and diagonalizing its action will yield the conformal dimensions of
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operators in these new backgrounds.

A spin chain description is not appropriate for the effective dilatation op-
erator since its action allows the number of fields in each trace to change
dynamically due to the non-planar corrections. The Cuntz chain descrip-
tion, introduced in [51], is appropriate however. In mapping trace operators
to a particular Cuntz chain state we reinterpret the fields in the trace. One of
the matrix fields sets up a fixed lattice which the other matrix field populates.
In this way, we obtain particles (described by Cuntz oscillators) hopping on
a fixed size lattice. In the Cuntz chain description, the number of particles
populating the lattice is dynamical. Once expressed in the Cuntz chain lan-
guage the effective dilatation operator for the annulus background (labeled
by a Young diagram of N rows and M columns) was studied for hints of
integrability. The presence of an infinite number of conserved charges in the
new system would certainly be convincing evidence that integrability does
indeed survive. We find that taking a particular limit of our effective Cuntz
chain Hamiltonian (the large M limit) does indeed furnish an infinite number
of higher conserved charges to all loops. Another limit that warrants explo-
ration is the semi-classical limit of the Cuntz chain. The semi-classical limit
is obtained by taking the number of lattice sites to infinity, L ~ v/N — oo
and A — oo, holding % fixed and putting each site into a coherent state. To
develop some insight into this limit, we study the semi-classical limit of the
undeformed case of the Cuntz chain and determine how integrability is estab-
lished. We then apply these insights to the annulus background and search
for signs of integrability. We also explore the integrability of a semi-classical
system in which the large background Schur polynomial corresponds to the
LLM boundary condition identified with the Superstar geometry [52] [74].

In section [2| we briefly discuss the motivation for the AdS/CFT correspon-
dence and state the relationship between the parameters of the gauge theory
and those of the string theory. In section |3| we review pertinent Schur poly-
nomial technology. The relationship between Schur polynomials and giant

gravitons is briefly considered in section dl We then review relevant re-
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stricted Schur polynomial technology for distinguishable matrix words and
indistinguishable matrix words in sections [5] and [6] respectively. In section
[7 we introduce a product rule for restricted Schur polynomials and discuss
the evaluation of restricted characters relevant to calculating the restricted
Littlewood-Richardson numbers. In addition, we discuss physical applica-
tions of the new techniques for evaluating multi-point correlators of restricted
Schur polynomials. In section [§| we introduce the cutting rules which are used
to calculate correlators of operators with a large R-charge. The questions of
how the gauge theory encodes the backreaction of new background geome-
tries and how to correctly interpret what appear to be open string excitations
of the new backgrounds are answered in this section. In section [9] we explore
new perturbative expansion parameters for correlators of operators with a
large R-charge along with some fascinating physical implications. In section
we treat the evaluation of anomalous dimensions of operators with a large
R-charge and investigate the question of integrability in the presence of non-
planar corrections due to backreaction. We discuss our results in section
Finally, we collect some relevant technical details associated with the above
sections in the appendices [A] [B] [C] and [D]
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2 The AdS/CFT Correspondence

2.1 Motivation

The AdS/CFT correspondence is a conjectured duality between a theory
incorporating gravity and one that does not incorporate gravity [5]. The
original form of the AdS/CFT correspondence as elucidated by Maldacena
relates type IIB string theory defined on AdSs; x S® and four dimensional
N = 4 Super Yang-Mills theory. The primary motivation for the correspon-
dence is obtained by considering a system of N parallel, coincident (or near
coincident) D3 branes in Type IIB string theory and then taking a low en-
ergy limit. This system of D3 branes admits two possible descriptions. The
first description entails considering the D3 branes as massive charged objects
acting as a source for supergravity fields (we thus consider a supergravity
solution carrying D3 brane charge). Naturally, this description can only be
trusted at large N and large ‘t Hooft coupling where the background be-
comes approximately flat. The second description, views the D3 branes as
boundary conditions for open strings (i.e. open strings end on D-branes). It
is noteworthy that in the first description, only closed strings appear whereas

in the second description both open and closed strings appear.

Consider the first description, the metric for the D3 brane then has the form:

4

2 R\ 2 2 2 2 RN s
ds® = (1 + F) (—dt* + dxy + das + dxs) + (1 + F) (dr®+r=dQX).

Now, the low energy limit yields very long wavelength supergravity modes
propagating in the bulk region where space is approximately flat (space is
flat as a consequence of the fact that N and the ‘t Hooft coupling are large).
In addition, all the modes of Type IIB string theory close to the stack of
branes will be red-shifted due to the very large gravitational potential and
thus appear to be shifted to low energy (from the perspective of an external
observer). The supergravity modes do not interact with the D3 branes since

their wavelengths are much larger than the gravitational size of the branes
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in the limit considered. Also, the modes very near to the horizon find it
increasingly difficult to escape the gravitational potential and return to the
bulk. The near horizon geometry of the D3 branes is given by taking the
limit » << R:

7“2

d82 = ﬁ(

dr?
—dt? + da? 4 dad + dri + d2?) + R2? + R2dQ2.
This is nothing but the metric of AdSs;xS® space. Thus, in this description,
we have two decoupled sectors in the theory - long wavelength supergravity
modes freely propagating in flat 10 dimensional Minkowski space and all the

modes of Type IIB string theory in the AdSsxS° geometry.

The second description, involves both open and closed strings in the Type [1B
string theory in which the open strings end on D-branes. The closed string
states in the bulk are described in the low energy limit by Type IIB Super-
gravity whereas the open string states are described in the low energy limit
by N =4 SYM theory. In this low energy limit, the interaction Lagrangian
mixing the bulk and brane sectors falls away and the two sectors again de-
couple, with the supergravity theory in the bulk becoming free. Thus, the
two decoupled sectors are now 3+1 dimensional N = 4 SYM theory and long

wavelength supergravity modes propagating in the bulk.

In both descriptions, one of the decoupled sectors of the theory is that of long
wavelength supergravity modes propagating in flat 10 dimensional Minkowski
space. Since the two descriptions and their low energy physics should be
equivalent, this leads us to conclude that the other sector of the descriptions
should also match. Hence, the conjecture: Type IIB superstring theory on
AdSsx.S? is dual to N/ = 4 3+1 dimensional SYM theory.

16



2.2 Identification of Parameters in AdS/CFT

The mapping of parameters of the string theory into those of the gauge theory

(and vice versa) is as follows:
9s = G urs (2.1)

R\" )

(Z) =dmrgy N = 4mA. (2.2)
The parameters in the Type IIB string theory have the following description:
gs is the string coupling constant and [, is the string length. The parameter R
is the radius of curvature of the AdSs and S® spaces constituting the AdSsxS®
geometry. The parameters relating to the NV = 4, 3+1 dimensional SYM
theory with gauge group U(N) are N and g%,,, the coupling constant. The
above equations explicitly demonstrate the strong-weak coupling nature of
the duality. The string theory is tractable when the string coupling constant
is small (which corresponds to small ¢g2,,) and the string length is much
smaller than the radius of curvature of the space (corresponding to large ‘t
Hooft coupling, A\). This is due to the fact that when the string coupling, g
is small higher order terms in the loop expansion can be neglected. Further,
when evaluating the leading term in the loop expansion, [y << R (i.e. A
large) implies that curvature corrections can be dropped. In contrast the
gauge theory would naively appear to be tractable only when A is small.
There are however sectors of the gauge theory where field theory results
can be expressed perturbatively, even at large \ as demonstrated by BMN
[16]. These results are expressed in terms of a new perturbative expansion
parameter, an effective ‘t Hooft coupling (associated with an effective genus
counting parameter replacing ]lv), which can be fixed to some small value
even as A is sent to infinity. Thus, in certain sectors it is possible to compare
perturbative gauge theory results to results from the string theory. In section
we identify new BMN-like sectors in which an effective genus counting

parameter and effective ‘t Hooft coupling is determined.
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3 Schur Polynomials

The relevant part of the Lagrangian of N'=4 SYM in four dimensions is:

1 1
L= Etr {DucbiD“(I)i + 5[c1>i,c1>j]2 +... } ,

where we have suppressed terms involving fermions or gauge bosons - in this
thesis we only consider the scalar fields. This Lagrangian contains six real
scalar fields, ®; (i = 1...6), transforming in the adjoint of U(NN). We can

construct the following complex linear combinations of the real scalar fields:

Z=0,4+i0y, Y = Oy +idy, X = By + iPs.

One can consider N' = 4 SYM defined on R* or on R x S? (R x S® is confor-
mally equivalent to R*). If considering the theory on R* we have two point
correlators of the complex matrix fields for which the space-time dependence

is determined by conformal invariance and is diagonal in the color indices:

010
(2 (@) 2}y (22) ) x —,
|1 — 22
From this point forward we consider the two point functions (3.1]). Any space-
time dependent or constant factors have been suppressed as they play no role
in the technology reviewed below or developed in later sections. Moreover,

these factors can be trivially re-instated in the final results if so desired.

<Z,-jz,11> = b <Yin,jl> = Sudj, <Xijx,1l> = 50 (3.1)

There are a number of valid bases in which the gauge invariant operators
in the half BPS sector (constructed from a single matrix, Z for example)
of N =4 SYM can be expressed. These include the trace basis, the sub-
determinant basis or the Schur polynomial basis. As discussed in the intro-

duction, the Schur polynomial basis is a particularly useful basis in which to
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express operators in the half BPS sector. This can be motivated both math-
ematically and physically. Firstly, the two point correlators of Schur polyno-
mials are known to all orders in 1/N and are diagonal in the Young diagram
labels of the Schur polynomials. Secondly, the existence of a product rule for
Schur polynomials allows higher point correlators to be evaluated using the
two point correlator result. Physically, the Schur polynomial operators facil-
itate a natural identification of operators in the gauge theory corresponding
to giant gravitons and new background geometries on the string theory side
of the AdS/CFT correspondence.

The Schur polynomial is defined as follows:

ol Z Xr(0)Zh 0y Zid ey - - Zfﬁi(; RYAume
oESn
The label R is a Young diagram of n boxes. Young diagrams of n boxes
are in one-to-one correspondence with the irreducible representations of the
symmetric group S, and thus a Schur polynomial labeled by R is associated
with a particular irreducible representation of the symmetric group. The fac-
tor xg(o) is the character of o € S, in the irreducible representation R (the
trace of the associated matrix representing ¢ in the irreducible representation
R). Schur polynomials also have an interpretation in Unitary group theory.
Specifically, the Schur polynomial xz(U) is the character of U € SU(N) in

the irreducible representation R.
Since this is a half BPS operator, its classical scaling dimension receives no
corrections and is simply equal to the number of matrix fields comprising the

operator, A = n. Also, as a half BPS operator, the R - charge, J = A = n.

For example, explicit expressions for all the possible Schur polynomials for
n=1, 2, 3 are:
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X1 = % ((TrZ)2 +Tr 2%,
X = % (Tr2)* — Tx 27),
X = é (Tr2)° = 3(Tr Z) (T 2°) + 2Tx Z°),
B 1
X = g((TrZ)?’—TrZ?’),

(Tr2)° + 3(Tx Z) (Tr Z%) + 2Tx Z°) .

|~

X117 =

Obtaining the explicit form of a Schur polynomial involves determining the
character of each group element in irreducible representation R as well as
the associated multi-trace factor appearing in each term of the Schur poly-
nomial. The procedure can be considerably simplified in realizing that all
group elements with a certain cycle structure (a cycle of a particular length or
products of cycles of particular lengths) belong to the same conjugacy class
and have the same character for a given irreducible representation. Moreover
it is clear that all multi-trace factors are equal for group elements belonging
to a particular conjugacy class. One way to obtain the required characters
is to explicitly construct the matrices representing the group elements of .S,
in irreducible representation R. A description of an algorithm for building
these representations is given in [55] for example. Alternatively, the strand
diagram technology introduced in [33] (summarized in section furnishes

a neat, graphical way to determine the irreducible representations of .S,,.

Fortunately however, the Schur polynomial technology we utilize does not

necessitate treating the polynomials at the level of individual terms and

20



instead the techniques are stated in terms of the Young diagram labels. In
other words the Young diagram labels (possibly with a multiplicity label as
is the case with the restricted Schur polynomials) encode all the requisite

information.

3.1 Two Point Correlators

In [I7] the following result for the exact two point correlation function of

Schur polynomials in the free field theory limit was obtained:

(Xr (Z) xs (Z7)) = 6rs [r.

The correlator is diagonal in the Young diagram labels i.e. it is only non-zero
when R = S. In this result, the quantity fr denotes the product of what
are termed weights of the boxes of the Young diagram labeling the Schur
polynomial (these are not Dynkin weights). The weight of a box in the ith
row and jth column is given by N — i+ 7 and thus the product of weights of

all the boxes comprising the young diagram is:

fr=1]N =i+

Figure [1} illustrates the assignment of weights to boxes of a Young diagram.

N | N+1 | N+2

£ = NZ(N+1) (N+2) (N-1)
N1 | N

Figure 1: Tllustration of weights of boxes of a Young diagram.

The result in [I7] was obtained by exploiting the link between the symmetric
group and the unitary group and the quantity fr appears in the dimension of

the irreducible representation of the unitary group labeled by R, Dimy (R),

fr

~ Hooks R
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Here Hooksp is the product of the hook lengths for each box in the Young
diagram R. The hook length of a particular box can be obtained by drawing
an elbow (hook) in the box and counting how many boxes this elbow passes

through. An example of a box with a hook length of four is illustrated in
figure 2]

Figure 2: The shaded box has a hook length of 4.

An example of the application of this result is:

(x | ‘(Z)X | ‘(Zt)>:N(N2—1)(N+2)-
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3.2 Product Rule

The Schur polynomial xr(U) gives the character of U € SU(N) in the
SU(N) irreducible representation labeled by Young diagram R. The rep-
resentation obtained by taking the direct product of two irreducible SU(N)
representations Ry and R is in general reducible. The number of times that
irreducible representation 1" appears is given by the Littlewood-Richardson
number fg, r,;r. Using the fact that the Schur polynomials compute charac-

ters, it is clear that
Xe:(Z2)Xro(Z) =) fry rorxr(2).
T

Using this product rule, it is easy to compute multipoint functions in terms

of two point functions. For example, for three point functions we have
(Xa (Z2)xm(Z)xs(Z)1) = fry moir (xr(Z)xs(2)T) |
T

and for four point functions

Xr (D)XR:(Z)xRs (2)xs(2)T) = > Frymer (X0 (2)xRs (Z2) x5 (2)T)

= 3 fr e frero (xw(Z)xs(2)1).

Since we are not explicitly displaying the spacetime dependence, it is im-
portant to note that if there are more than one of both holomorphic and
antiholomorphic operators at different spacetime points then the spacetime
dependence does not simply factor out of the above correlators and an anal-
ysis of the spacetime dependence has to be performed (this is known as a
non-extremal correlator). In the case of extremal correlators, the above re-
sults are in perfect agreement with the exact computations of [17],[19]. It is
also clear that we can compute n-point functions knowing only the product

rule and the two point functions.
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4 Schur Polynomials and Giant Gravitons

In [I7] Schur polynomials comprised of O(N) fields were proposed as the nat-
ural gauge theory duals to half BPS giant gravitons. These giant gravitons
are half BPS D3-branes which are extended in the S° or AdSs space of the
AdS5xS® background [13, 14]. Sphere giant gravitons are D3-branes wrap-
ping an S C S% of the AdSs;xS® background, whereas AdS giant gravitons
wrap an S® C AdSs of the AdSsxS® background. The giant gravitons are
gravitons propagating in the bulk that have been spatially extended (blown
up) as a consequence of the Myers effect [I2]. The magnitude of the en-
largement is determined by the angular momentum of the giant graviton [13]
through equation . In the case of the sphere giant gravitons expanding
into the S® space, the gravitons can only expand until they reach the maxi-
mum radius possible - that of the S? itself, R. This implies an upper bound on
angular momentum of the giant, corresponding to N. The Schur polynomials
encode this effect, known as the Stringy Exclusion Principle [20, 21], in the
gauge theory. If we identify Schur polynomials labeled by Young diagrams of
a single column (the fully anti-symmetric representation) with sphere giant
gravitons then this cutoff in angular momentum is manifest. This is due to
the fact that the number of boxes in the column is identified with the angular
momentum of the giant and there can be at most N rows in a Young diagram
characterizing an irreducible representation of U(N). For a giant graviton
expanded in the AdSs space of the AdSsxS® background, we see that iden-
tification with a Schur polynomial labeled by a Young diagram consisting of
a single row (the fully symmetric representation) is also consistent with the
dual gravitational theory. This identification does not place a limit on the
size of the giant in AdS; space and rightly so (the giant’s size should be un-
bounded in this case) but it does place a limit on the number of AdS giants
in that the Young diagram can have at most N rows and thus N AdS giants.
This is consistent with the gravitational theory in that one unit of five form
flux is lost when passing through each AdS giant. Thus, if there are N or
more AdS giants the flux at the center of the AdS space will become zero

or negative. A positive five form flux is required to support an AdS giant

24



however. Given the identification of a sphere giant graviton with a Schur
polynomial labeled by a Young diagram which is a column of O(N) boxes, it
seems natural to identify a Young diagram with O(1) columns in which each
column has O(N) boxes as a bound state of sphere giants. Similarly, we can
identify a Schur polynomial labeled by a Young diagram of O(1) rows each
containing O(N) boxes with a bound state of AdS giants.
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5 Restricted Schur Polynomials -
Distinguishable Matrix Words

Restricted Schur polynomials are the multi-matrix generalization of the sin-
gle matrix Schur polynomials described above. Restricted Schur polynomials
are constructed from more than one type of matrix field (Z and Y for exam-
ple), individually or combined into matrix words. These matrix words are
simply products of matrix fields, termed letters, which could, in principle,
include the complex matrix fields, fermions or covariant derivatives of these
fields. To be identified with an open string excitation, the matrix word must
be comprised of O(v/N) letters. In the case of distinguishable matrix words,
these matrix words are all distinct. This is the first case that we will con-
sider. The case with indistinguishable matrix fields or words will be reviewed

in section [6l

The restricted Schur basis permits a very natural field theory description
of open-string excitations of giant gravitons across the AdS/CFT correspon-
dence 28] B0, B1], 32 33]. On the string theory side, exciting a giant graviton
corresponds to attaching open strings to the giant. In the dual field theory,
the Schur polynomial operators described previously are extended to include
open strings in their description in the following way. Firstly, for each open
string attached to the giant we replace a matrix Z in the Schur polynomial
by an open string word denoted by (W“)Z Secondly, the overall coefficient of

the polynomial is modified from 1 to (=i where k is the number of open

k
strings attached. Finally, the conventlonal )trace operation used in obtaining
the character is replaced with an operation known as a restricted trace, yield-
ing what is termed a restricted character. This concept will be elaborated
upon in section below. The resultant operator is known as a restricted

Schur polynomial:

X, (Z, W0, w®) T > Trp,(Cr(o))Tr(c 2" W® W),

UESn
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Tr(oZ" WO .. W) = Z5 1 250 - Zigin W gty -« W) -

In this definition, R; is an irreducible representation of S,,_; and we therefore
associate it with a Young diagram with n-k boxes. For the identification of
the restricted Schur polynomial with an excited giant graviton to be sensible,
n must be O(N) and the number of open string words, k must be O(1). In
the above definition, W® ... W®) are all distinct.

5.1 Restricted Characters

A restricted character is given by taking a restricted trace of a group element.
By a restricted trace, we mean that we don’t trace over the whole carrier

space on which the group acts; we trace only over a subspace

XR.r (0) = Tr g, (Tr(0)).

R is an irreducible representation of S,; we can think of R as a Young
diagram with n boxes. The subspace R; is the carrier space of a subgroup
of S,,. Consequently, a convenient way to specify which subspace of the full
space we consider, is by knocking boxes off the Young diagram R; the smaller
Young diagram is R;. Finally, we also need to consider restricted characters
in which the row and column indices are traced over different subspaces. In

this case, we compute

XR.RiRy(0) = Tr g r, (TR(0))

by summing the row index over R; and the column index over Ry. This re-
quires that we have an isomorphism between R; and R, because we need to
correlate the row and column indices in the sum. This isomorphism amounts
to a choice of basis and is specified by requiring for ¢ in the subgroup of
which R; and R, are irreducible representations, we have I'g, (o) = I'g, (o).

We represent these subspaces graphically by drawing R as a Young diagram
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and placing two labels in each box to be dropped. If a total of m boxes are
to be dropped the labels run from 1 to m. To get the row (column) subspace

Ry (Ry) drop boxes from R according to the upper (lower) index in each box.

Consider an irreducible representation of S5, corresponding to R = ||
for example. The following are examples of the graphical notation used to
indicate tracing over the row and column indices of one particular subspace
(the subspace identified by the particular chain of subductions of R where
the box labeled 1 is removed first, then 2):

X710, xr o).

2 1

The restricted Schur polynomials associated with restricted characters of this
form are identified with systems of excited giant gravitons provided the num-
ber of Z’s comprising the operator is O(N) and the number of open string
words (each comprised of O(v/N) fields) is O(1). In this case, the operators
defined using such restricted characters are identified with bound states of
excited giant gravitons in which any given open string has endpoints attached

to a single giant graviton.

Below are examples of the graphical notation used to indicate tracing row

and column indices over different subspaces:

X1 e),  x o)

N |
=

2 1
L1 L2 |

Again, the restricted Schur polynomials associated with restricted charac-
ters of the above form are identified with systems of excited giant gravitons

provided we are in the regime described above. The operators defined using
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restricted characters of this form (tracing over off-diagonal blocks of T'g(0))
are identified with bound states of excited giant gravitons in which we have
open strings stretching between the giant gravitons, which we henceforth re-
fer to as stretched string states. The pairs of labels in each box of the Young

diagram are naturally identified as Chan-Paton factors for open strings.

In [33] general formulas for restricted characters were obtained. We briefly

review these methods below.

The general algorithm used to compute restricted characters has three steps:

e Decompose the group element whose trace is to be computed into a
product of two cycles of the form I'g ((¢,7 4+ 1)). Insert a complete set

of states between each factor.

e The only non-zero matrix elements of each I'r ((¢,7 + 1)) factor, are
obtained when the order of boxes dropped to obtain the carrier space
of the bra matches the order of boxes dropped to obtain the carrier
space of the ket, except for the (n —i+1)" and (n — i)™ boxes, whose

order can be swapped.

e The known value of the matrix elements for precisely the two cases
arising in the previous point are plugged in to get the value of the

restricted character.

A very convenient way to implement this algorithm is by using strand
diagrams [33]. If, after factorizing the group element as described in the first
point above, p indices are involved, we draw a picture with p columns. The
columns are populated by labeled strands - each strand represents one of the
boxes that are to be dropped from the Young diagram. Label the strands
by the upper index in the box. The box corresponding to the strand that
appears in the first column is to be dropped first; the box corresponding to
the strand in the second column is to be dropped second and so on. The
strands are ordered at the top of the diagram, according to the order in which

they must be dropped to get the row index. The strands are ordered at the
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bottom of the diagram according to the column index. The strands move
from the top of the diagram to the bottom of the diagram, without breaking,
so that strand ends at the top connect to the corresponding strand ends at
the bottom. To connect the strands (which in general are in a different order
at the top and bottom of the diagram) we need to weave the strands, thereby
allowing them to swap columns. The allowed swaps depends on the specific
group element whose trace we are computing. To determine the allowed
swaps, write the group element as a product of cycles of the form (4,7 + 1)
i.e. decompose the group element into a product of adjacent transpositions.
Each cycle (i,i+ 1) is drawn as a box which straddles the columns n — i and
n —1+ 1 where our original group element belongs to S,,. Boxes for cycles on
the right in the decomposition into adjacent transpositions are drawn above
boxes for cycles on the left. When the strands pass through a box, they may
do so without swapping or by swapping columns. Each box is associated
with a factor. Imagine that the strands passing through the box, reading
from left to right, are labeled n and m. The weights associated with these
boxes are ¢, and ¢, respectively. If the strands do not swap inside the box

the factor for the box is .

cn_cm.

f no swap —

If the strands do swap inside the box, the factor is

1
swap — l- .
J \/ (Cn - Cm)2

Denote the product of the factors, one from each box, by F. We have

TI' R1,R2 <FR(O')> = Z F’idile,

where the index ¢ runs over all possible paths consistent with the boundary
conditions.
With a little thought, the astute reader should be able to convince herself

that this graphical rule is nothing but a convenient representation of the
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algorithm given above. We end with an example. The character

x1=Tr T (T ((6,4))).

|l )

L2 | L |
is represented by the strand diagram of figure 8] To obtain this strand dia-

1 2 3

-

2 3 1

Figure 3: Strand diagram for calculating restricted character of (6,4).

gram write (6,4) = (6,5)(4,5)(6,5). The factors for the upper most, middle

1 1
(c1—c3) —c

and lower most boxes are \/ 1— m, \/ 1— 5, and pr— respectively.

Thus,

For further details and more examples, see [33].
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5.2 Two Point Correlators

The result of evaluating the two point correlators of restricted Schur poly-
nomials with distinguishable open string words was derived in [31]. These
results are valid as long as the number of Z’s comprising the restricted Schur
polynomial operator is less than O(N?) and the number of Z’s in any open
string word is O(1). In this regime contractions between the open string word
and the rest of the operator can be neglected. In the case where the number
of Z’s comprising the restricted Schur polynomial operator is O(N?), these
contractions can no longer be neglected. Indeed, the interpretation of the
restricted Schur polynomial operators changes and they are now identified
with new classical backgrounds with string excitations on the string theory
side of the AdS/CFT correspondence. The technology to evaluate correlators
in this regime is developed in section [§] along with an interpretation for the
contractions that can no longer be neglected. Further, we shed light on the
apparent conundrum presented by what appear to be open string excitations

in the absence of giant gravitons.

In the language of [31], for each open string word the most general form that

the two point function can take is:

(W)WY = F§8,6F + Fi8io; (5.1)

Where F§ and F} are dependent on the precise composition of the open
string word. In evaluating the result of correlators involving multiple open
string words, contractions which mix four or more words (corresponding to
string interactions) are dropped and only pairwise contractions are consid-

ered. Moreover, it is assumed that:

(W5 (W) oc 6

which will mean that only a single pairing contributes.

Before stating the result of the correlator, we need to introduce some notation
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and requisite technology, namely the reduction operation which corresponds

to the action of Dy = dIflV?'

of this operation, along with subtleties that may require the application of

on a restricted Schur polynomial. The result

what is termed the subgroup swap rule are discussed in some detail in the

next section.

5.2.1 Reduction Rule

In this section we will consider the action of

d d
Tr (d_Z) =Dy, and Tr (m) = Dy,

on restricted Schur polynomials. We call these “reductions” of the restricted
Schur polynomial because the action of the operators removes boxes from the
Young diagram label of the polynomial. The action of Dy, &) on a restricted
Schur polynomial has been worked out in [31] and is very simply stated (pro-
vided we are reducing with respect to the word associated with the index to
be fixed first in restriction). It removes the box associated with W®) (the
box labeled by k in the Young diagram) and multiplies the resultant polyno-
mial by the weight of the removed box (the definition of the weight of a box
is provided in section [3.1)).

For example:

Dwox111)1= W+ 77

One subtlety to consider is that if we have a stretched string state in-
volving the open string with the smallest label and we reduce with respect

to that open string word then the result of the reduction vanishes i.e.

Dy ayx r= 0.

2
1

However, it is not true in general that:
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Dy X % ‘ =0.

2
1

Correctly evaluating the result of this reduction requires the application
of the subgroup swap rule of [31], reviewed in the section m

Acting Dz on an ordinary Schur polynomial produces all Schur polyno-
mials that can be obtained by removing a single box[57, BI]. Each of the
polynomials produced are multiplied by the weight of the removed box. For

example:

Dzx— ‘Z(NJFQ)X \+(N_1)ijj

Finally, we will evaluate the action of Dz on a restricted Schur polyno-

mial. By explicitly evaluating the derivative, we have

d (1) J— 1 il in72 infl in
ng XR’RI <Z7 W) a (7’L — 2)' O'EZS TI‘ (FR(U)) Zid(l) o Zia(n72)6io'(n71)wio'<n)
= Dx Y Xpr(Z.X, W), (5.2)

where in the restricted Schur polynomial Xg,)Ta(Z7 X, W), W is associated
with the box that must be removed from R to obtain R; and X is associated
with the box that must be removed from R; to obtain 7,. In this last
formula, the representations T, are all representations that can be obtained

by removing a single box from Ry, so that
Ry =&.71,.

The reduction with respect to X in ((5.2))) is now easily computed using the

subgroup swap rule.
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5.2.2 Subgroup Swap Rule

Consider the definition provided previously for a restricted Schur polynomial
with k distinguishable open string words, W® .. W ®)  In order to reduce with
respect to the open string which does not have the smallest label we need to
apply the subgroup swap rule. Thus far, we have assumed that in restricting
to the S, 1 ® (S1)* subgroup we have first restricted to the S, ; ® (S))
subgroup that leaves the index of W®) (i.e. n) inert, then further restricted
to the S, o ® (S)? subgroup that leaves the index of W® (i.e. n-1) inert

and so forth. This is denoted as:

XR,R™ ‘1|2|k

If however, we were to first restrict to the subgroup that leaves the index
of W® inert and then further restrict to the subgroup that leaves the index
of W inert, we would in general obtain a different polynomial which is
denoted:

XR,R() 2 1.k

These two polynomials are related through the subgroup swap rule of
[31]. In general, the subgroup swap rule relates any two restricted Schur
polynomials that differ in the interchange of two adjacent indices indicating
the order of restriction. Of course any ordering of the indices can be related

to any other ordering by successive applications of the subgroup swap rule.

Returning to the importance of the subgroup swap rule to the reduction
rule, note that the reduction rule only yields the particularly simple result of
removing the appropriate box of the Young diagram labeling the restricted
Schur polynomial and multiplying by the weight of the removed box if we are
reducing with respect to the index that appears first in the order of restric-
tions. If not, we must apply the subgroup swap rule until the appropriate

index appears first.
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To state the rule we utilize the graphical notation introduced previously

(in specifying the restricted character). Note that:

X ]2 = x l12-

2] H

Now, we denote the weight of the box with the index that is fixed first
(before the swap) in the upper left hand corner as ¢/. We denote the weight
of the box with the index that is fixed first (before the swap) in the lower
right hand corner as c¥. The weight of the box with the index that is fixed

second (before the swap) in the upper left hand corner is denoted as ¢. The

weight of the box with the index that is fixed second (before the swap) in
the lower right hand corner is denoted as c¢§. We define the following swap
factors associated with swapping a pair of upper or lower indices:

1 1

- Sk —
U U’ L L

sV =

We define the following no swap factors associated with leaving a pair of

upper or lower indices inert:

1 1
N=,/1—- — NE= 1 - ————
\/ G \/ (= ey

The subgroup swap rule states that the result of swapping the order

of two adjacent indices indicating the order of restriction is captured by
implementing all possible swaps of the upper and lower labels corresponding
to those indices and including the appropriate swap or no swap factors. For

example:
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X sl = NYNty 1‘|3|1|2+NU5LX sl
2 ) 5o
3 3 1
3 3 3
12 12 12
+ SYNFy 3“3’1‘2+SUSLX 3“3’1‘2
51t P
3 1
T T
12 12
3v/2 V6
= —X 1‘|3\1|2+—X 1‘|3’1|2
5 5 3
2 )
3 1
3 3
12| 12
V3 1
+ —10X 2 :{,‘|3|1|2+EX i 3‘|3|1|2.
3 1
T T
12 12|
Where:
N 1 _2V6 NE 1 V3
CEr CErI
1 1 1 1
WV — == == —_
(V' —cf) 5 (cf —ck) 2

An example of a reduction operation requiring the application of the

subgroup swap rule is:
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3v2 V6

DW<3>X 1‘\1’3‘2 = TDW(B)X 1‘!3\1|2+?Dw<3>x %‘\3’1‘2
3 3 i
3 3 3
12| 12| 12 |
V3 1
—D —D
+ 10 W)X z{,‘|3|1’2+10 w® X ] 3"3‘1’2
3 i
T T
12| 12 |
1
i
1
12|
— L(N+3) N
T X ] 12
1
T
12|

5.2.3 Two Point Correlator Result and Example

Now, given the form of the open string two point function ((5.1])), it is easy
to see that upon Wick contracting a particular open string word, the corre-
lator can be split into a sum of terms, one with a coefficient of F§ and the
other with a coefficient of F}'. The first of these contributions corresponds
to implementing the delta function index structure associated with F§ in the
open string two point function. The latter contribution corresponds to im-
plementing the delta function index structure associated with F}' in the open
string two point function. An algorithm for keeping track of and ultimately
evaluating the resultant contributions of both types for one or more open
string words was worked out in [3I]. The F§ contribution is said to corre-
spond to the case where the open string word W* has been ‘glued’. The F}
contribution turns out to correspond to taking a reduction with respect to
the open string word W¢. For restricted Schur correlators involving multiple
open string words, the Fy and F; type contributions from each open string
must be evaluated, in what is essentially a recursive procedure that is applied
until we are left with correlators in which all strings are glued or no strings

remain after successive reductions. In the latter case, the two point correlator
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result for ordinary Schur polynomials can be applied. In the case of correla-

tors involving one or more glued strings, the following result ([31]) is applied:

For restricted Schur polynomials involving restricted traces where we

trace over the row and column indices of a particular subspace:

(Hooks) g
<XR,R(”)XT9, s lglued = mf ROR_ R 5 5(n)-
For restricted Schur polynomials involving restricted traces where we

trace over row and column indices of different subspaces:

(Hooks) g
<XR:R<n>T(n)XT9,S(n)U(n) ) ’glued = —(H 00ks) n JROR(RT() 5 (5T

These results are applicable for n glued strings. The delta function
Op— R s— s indicates that, in addition to R matching S and R™ matching
S all the irreducible representations appearing in intermediate stages of
subducing R™ from R must precisely match the irreducible representations

appearing in intermediate stages of subducing S from S. Similarly for

5R—>(R(n)T(n) ),8—(S(MU ™)

For example, bringing it all together (note that if an open string is glued
it is denoted graphically by an arrow above the associated open string label

in the Young diagram) :
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6 Restricted Schur Polynomials -
Indistinguishable Matrix Words

We now consider the case where the matrix words comprising the restricted
Schur polynomial are indistinguishable. For example we could have an op-
erator constructed from two of the Higgs fields, Z and X say. The definition

of the restricted Schur polynomial in this case is[27]:

— 1 ®n QXm
Xr R (2, X) = —— > Trg, (Ta(o)Tr(c 25" @ X&),

’ O'ESn-Hn

@n Qmy __ i i in . intm
TT(UZ ® X ) - Zi;(l)ZiGQ'(Q) e Zia(n)Xz‘a(+7~L1+1) . .Xiaz—n+m)'

In this definition, R is an irreducible representation of S, ,, and is associ-
ated with a Young diagram of n+m boxes. R, is an irreducible representation
of S, x S,, and is therefore specified by two Young diagrams, one comprised
of n boxes and the other of m boxes (R, = (ra1,7a2)). The S, xS, subgroup
is the subgroup for which S, acts on the n indices of the Z’s and 5,, acts on
the m indices of the X’s. Again, Trg_ (I'r(0)) indicates taking a restricted
trace of the group element o € S,,.,, in the irreducible representation R.
The restricted trace operation corresponds to only tracing over the subspace
corresponding to R,. Note that this definition is easily generalized to more
than two types of indistinguishable matrix comprising the restricted Schur

polynomial operator.

6.1 Two Point Correlators

In [27] the following result for the two point correlation function of the re-

stricted Schur polynomials was obtained:
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(hooks) ,

T _
<XR,(ra1,TQQ)XS,(5517352)> - 5R55Ta18g15Ta2852 (hOOkS)R fR

(hooks)
= 0 57" s Oy s
ft5Tra1s0 Treases (o oks) (hooks)

Ta Tag

fr-

One of the most useful features of the Schur polynomials was the fact that
higher point correlators could be calculated using only the two point function
and a product rule. Given the two point correlator for restricted Schur poly-
nomials stated above, a product rule allowing higher point functions to be
calculated would be a very powerful tool. This product rule is derived in the
next section and applied to studying the strength of graviton interactions for
the case of single trace operators built out of more than one type of matrix
field. This allows us to determine whether the identification of such traces
with graviton degrees of freedom is only sensible when the number of fields
comprising the operator is O(1) as was the case in the half BPS sector. In
addition, the product rule facilitates an interpretation of the multi-matrix

restricted Schur polynomials in terms of ordinary Schur polynomials.
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7 A Product Rule for Restricted Schur Poly-

nomials

In this section we will argue that the restricted Schur polynomials satisfy a
simple product rule. In section we will introduce the concept of the dual
character which will be be used in defining the product rule in section
We focus on polynomials built using two complex Higgs fields, X and Z.
The analogous product rule for the Schur polynomials is determined by the
Littlewood-Richardson numbers. For this reason, we call the numbers that
enter our rule restricted Littlewood-Richardson numbers. In section [7.3] we
develop techniques that can be used to evaluate the restricted Littlewood-
Richardson numbers. Essentially, we perform a change of basis so that in the
new basis we can compute the restricted characters using the strand diagram
techniques developed in [33]. These methods are not very efficient and one
is not able, in general, to effectively deal with restricted Schur polynomials
which have both a large number of X fields and a large number of Z fields.
There are however special cases for which we can obtain explicit results.
These results are used in section to describe some aspects of the fully
quantum mechanical bulk gravity. In particular, we provide evidence that the
giant gravitons (restricted Schur polynomials for the totally antisymmetric
representations) furnish suitable high energy degrees of freedom, extending
the half BPS studies of [34]. In section we present the evidence for our
proposal that the composite operator x g (r,, r,.)(Z, X) is constructed from the
half BPS “partons” x,,(Z) and x.,,(X). Finally, we collect some relevant
technical details in appendix [A]

7.1 Dual Characters

To begin, we review Appendix I of [31]. If two permutations o, 7 satisfy

Tr (025" ® X®™) = Tr (12°" @ X®™),
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we say they are restricted conjugate. Restricted conjugate is an equivalence

relation. Clearly two elements o and 7 are restricted conjugate if they satisfy

o=p T,
for some p € S, x S,,. Denote the number of restricted conjugate classes
by N(n,m) and let n?(n, m) denote the number of elements in the restricted
conjugate class with representative 0. N(n,m) is also equal to the number of
restricted Schur polynomials x g (r, r,) With R an irreducible representation
of Sy+m and (r,,7,) an irreducible representation of S, x S,,. The equality
between the number of restricted conjugate classes N(n,m) and the total
number of labels R, (r,, r,,) generalizes the familiar equality for the symmet-
ric group of the number of conjugacy classes and the number of irreducible

representations. Introduce the matrix

(M™)or = Z XR,(rnrm) (O)X R, () (T). (7.1)
(B,(rn,rm))

where the sum on the right hand side runs over all possible labels (R, (7, 77,))-
The restricted character is defined by[31]

XR7(T’n,T’m)(0-) = Tr (rna""m) (FR<O->) .

Define the dual restricted character (which we denote by a superscript) by

nlm!

XR,(rn,rm)(o.) — m %: MJTXR,(rn,Tm) (T)

The indices o and 7 that appear in (([7.1])) run over the restricted conjugacy
classes. Denote the restricted conjugacy class with representative ¢ by [2/1}
It is clear that

r

> X)X (0) = nimld([0] [p],)- (7.2)

Ra('f'nv’f'm)
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In appendix we derive a formula for the dual restricted character in
terms of the restricted character. To correctly state this formula, we need
to spell out both the row and the column indices that are summed in the
trace. For an “on the diagonal block” trace, the column and row indices that
are summed come from the same carrier space and we are summing diagonal
elements of the matrix; for an “off the diagonal block” trace, the column
and row indices that are traced come from distinct carrier spaces so that we
are summing off diagonal elements of the matrixﬂ Indicating both row and

column indices of the restricted trace, the dual character is given by

d.,d,, (n+m

XR,((rn,rm),(Sn,Sm))(7-) )'XR,((sn,sm),(Tn,Tm))(T)‘ (73)

1See [301,[31] for more details.
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7.2 Product Rule

We will now define what we call restricted Littlewood-Richardson numbers.
The restricted Littlewood-Richardson numbers determine the product rule
for restricted Schur polynomials in exactly the same way that the Littlewood-
Richardson numbers determine the product rule for Schur polynomials. Let
Ry be an irreducible representation of S, 4, and let (r,,,7,,) be an irre-
ducible representation of S,,, x S,,,. Let Ry be an irreducible representation
of Spyim, and let (r,,,7rm,) be an irreducible representation of S,, X Sp,,.
Finally, let R;,2 be an irreducible representation of S, 1n,+m,+m, and let
(Tn112> Tmiyo) be an irreducible representation of Sy, 4n, X Sy, 4m,. The re-
stricted Littlewood-Richardson numbers are defined by

fR1+2:(7“n1+2»7"M1+2) ; (74)

Ri1,(Tnqsmmq ) R2,(TngsTmg) ny !nQ!ml 'm2'

« Z Z XR1,(rn1,rml)(Ul)XRz,(rng,er)(UQ)XRH%(TMH7rml+2) (0100-2)‘

Ulesn1+m1 0265n2+m2
To streamline the notation, from now on we will replace the composite label
R, (T, "m,;) simply by {i} and we define nis = ny + ng, mia = my + mo.
With the new streamlined notation we write
1
f{1+2} = Z Z X{l}(Ul)X{2}(Uz)X{HZ}(O’l ° 03).

{1z nl!nzlmllmgl
Ulesn1+m1 UQGSn2+m2

The restricted Schur product rule says

142
X (Z, X)x(Z.X) = > i o v (Z.X). (7.5)
{1+2}

A few comments are in order. The restricted Schur polynomial x(i42(Z, X)

is given by

1

Xq+23(Z, X) = P —

Z Ir (rnygormyyo) (FR1+2 (p)) Tr (PZ®HI2®X®m12).

PESnig+myg
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(Tn140 "miy,) 18 an irreducible representation of the S,,, x Sy, subgroup
which permutes indices of the Zs amongst each other and the indices of the
Xs amongst each other. The representation R; is an irreducible representa-
tion of the S, 1m, subgroup that acts on the first ny; Zs and the first m; Xs;
the representation Rs is an irreducible representation of the .S,,, 1., subgroup
that acts on the remaining ny Zs and my Xs. To demonstrate the restricted

Schur product rule, consider

1

ny !nQ!ml 'm2|

142
> fi oo (Z,X) =
{142}

X Z Z Z X{l}(al)X{z}(Uz)x{1+2}(01 0 03)

{1+2} g1 eSnl +mq 0265n2+m2

1

% N1911M15! Z Tr (Pnyto:Tmyyo) (FR1+2 (p)) Tr (pz®n1+n2 ® X®m1+m2)'
12:171012-
PESn g+myy

After using ((7.2])) we obtain

{142} B 1
D fiymxnn(Z,X) = P oy e > > > xupo)xq (o) x

{1+2} 01€Sn1+m1 02€S7z2+m2 pGSn12+m12
x0([o1 0 03] [p] )Tr (pZ8™2 @ XO™2)

1

_ ®ni2 ®mi2
© nalnglmyms! Z Z x13(o1)x2y(02)Tr (010022 QX )
Ulesn1+m1 UQESn2+m2

1

— dn ®@m1 n @m
= ylmy Z xqy(o)Tr (01 20X )nglmgl Z X2y (02) Tr (02 29 @ X ®™2)

0165n1+m1 O’QESn2+m2
= x(Z, X)xq23(Z, X),

which proves the product rule.
Using the explicit formula for the dual character (([7.3) leads to the for-

f 7( +2° 2)(3 278 1 3) n \m .
1E1+2 n Tm + nl4 mi4 2 12

= X
Ra,(rnyrmy) Ra,(rng Tmy ) ni!nglmylmal(nie + myg)!
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dr
% Z Z XRly(Tnl7Tm1)(0_1)XR27(Tn27Tm2)(02)><

iz TTmyge Ulesn1+m1 0265n2+m2
XR1+21(57'L1+27Sm1+2)(rn1+277‘m1+2)(O-l © 02) (7'6)

for the restricted Littlewood-Richardson numbers.
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7.3 Computation of the Restricted Littlewood-Richardson

Numbers

In this section we will develop rules that will allow us to compute the re-
stricted characters needed to evaluate the restricted Littlewood Richardson
numbers. A general diagrammatic method, strand diagrams, to compute
restricted characters in the case that the polynomial is built from a single
matrix has been developed in [33]. In this section we would like to develop
methods that are powerful enough to allow the computation of restricted
characters for polynomials built out of both Z and X. It is enough to com-
pute the characters of two cycles, since any element can be decomposed into a
product of two cycles. It is precisely this fact that was exploited to build the
strand diagrams of [33]. In the next two sections the character of arbitrary
two cycles for an on the diagonal block restriction and then an off the diag-
onal block restriction are computed. Finally, some example computations of

restricted Littlewood-Richardson coefficients are discussed.

7.3.1 On the diagonal restricted characters of two cycles

We need two pieces of information: first, we will introduce three Casimirs
that will be particularly useful. Second, we will argue that all characters for
two cycles which do not belong to S,, X S,, are equal. Taken together, these
two facts will allow us to compute the restricted character of an arbitrary
two cycle.

Let the first n indices be associated with the Z matrices and the next
m indices be associated with the X fields. Greek indices run over a =
1,2,...,m + n. Indices from the start of the alphabet run over a = 1,2, ..., n.
Indices from the middle of the alphabet run over i =n+1,n+2,...,n +m.

The operator

n+m

On+m: Z (aﬁ)

a<f=1
is a Casimir of S, 4,,. When acting on an irreducible representation described

by a Young Diagram R with r; boxes in row ¢ and ¢; boxes in column j it
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takes the value

( J
The operators
R n ) n—+m
On= > (ab), On= > (ij)
a<b=1 1<j=n+1

are Casimirs of S,, x S,,. Consider the S,, x S,,, irreducible representation R,
described by Young diagrams r,, (for the Zs) and r,, (for the Xs). r, has ry;
boxes in row 7 and ¢; ; boxes in column j; 7, has ro; boxes in row ¢ and ¢, ;

boxes in column j. These Casimirs take the values

On|(rnarm)> = [Z W - Z %] |(7“n,7“m)>,

i J

Om|(ranm)> [Z%_ZM]KW’W%»

i J

If a cycle belongs to S,, x S, it has the form (ab) or (ij). In this case

Tr (v, (@) = oo, ((ab))dy,,,  and Ty, 1) ((47)) = Trr, ((45))dr,, -

We can calculate Tr,. ((ab)) and Tr, ((ij)) using the results of [33]. We will
now argue that all characters for two cycles which do not belong to S, x .S,,

are equal. Any two such cycles can be related as

Tr((aj)) = Tr((ab))Tr((GD)Tr(())Tr((5))Tr((ab)
= Tg((ab)) ' Tr((GD) Tr((B1)Tr((1))Tr((ab)).
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Thus,

T 1) (T ((@7)) ) = T oy (T (@) " Tr((70) " T (60 Tr((51) T ((a1))

Clearly, all characters for two cycles which do not belong to S, x S,, are
equal.

Taken together, these two facts imply that (the cycle (aj) does not belong
to S, X Sp)

n+m n

o (Ta((@)) = == 37 ST (Trl(ia))
i=n+1 a=1
= %TI‘ (rn,rm)<on+m - On - Om) (77)

The eigenvalue of the Casimir operator On+m — On — Om can be written as
the sum of the weights of R minus the sum of the weights of 7, minus the
sum of the weights of r,,. This observation allows us to derive much simpler
formulas for the case that r,, say, contains only a few boxes. Indeed, we
can imagine that (r,,,,) was formed by peeling boxes off R to leave r, and
then combining the peeled boxes to form 7,,. In this case, the eigenvalue
of On+m — 0, — O, is given by the sum of weights of the boxes peeled off
R minus the sum of the weights of the boxes in r,,. We will now give the

simplified versions of ((7.7))) for the cases that m = 1,2 or 3.

Restricted character for m = 1: In the following formula, R is an irreducible
representation of S,,; 1 and 7, is an irreducible representation of S, of dimen-
sion d,,. A single box must be removed from R to obtain r,. Denote the
weight of the box that must be removed by ¢;. The simplified character
formula is

X . C1 — N
Tr .. ) (FR((CL]>)> = d,,.
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Restricted character for m = 2: In the following formula, R is an irre-
ducible representation of S,,.5 and r, is an irreducible representation of S,
of dimension d,,. Two boxes must be removed from R to obtain 7,. Denote
the weights of the boxes that must be removed by ¢; and ¢;. The simplified

character formulas are

. c1 +cog — 2N —1
Tr <FR((GJ))> = 5 dy.,,

Cl+02—2N+1

Tr(rnB) (FR((aj))> = 5 d,, .

Restricted character for m = 3: In the following formula, R is an irreducible
representation of S, 3 and 7, is an irreducible representation of S,, of dimen-
sion d,,. Three boxes must be removed from R to obtain 7,. Denote the
weights of the boxes that must be removed by ¢;, ¢s and ¢3. The simplified

character formulas are

X Cl+02+03—3N—3
Tr .. 11 <FR((CL]))> = ™ d,,

Cl+C2+C3_3N

L= (Tr((aj))) =2 . dy,..

| +ey+os—3N+3
Tr E (FR((aj))> _are ;jl d,, .
(rn)

7.3.2 Off the diagonal restricted characters of two cycles

Before we can compute generic restricted characters, we need to compute
traces over off the diagonal blocks: Tr (1, 7). (sn,5m) (FR((aﬁ))) , where (7, 7,)
and (s, s;,) are distinct S, X S,,, representations. This character clearly van-
ishes if («) belongs to the S, xS, subgroup. What about the mn two cycles
that do not belong to S,, x 5,7 For concreteness, consider the computation
of TT (1, ) (5ms5m) (FR((az’))>. Let (rn,rm); denote the complete set of irre-
ducible representations of the S, 1 X S,,_1 subgroup subduced by (r,, ),

that is @7 (rp, 7m)7 = (rn, 7m). The S,_1 X S,,_1 subgroup of interest is ob-
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tained by keeping all elements of S, x S, that hold indices a and ¢ fixed. The
representations (r,,7,) and (s,,s,) have the same shapd? so that we can
establish a bijective map between their bases. We will assume that this bijec-
tive map is the identity, which we can always arrange by a suitable choice of
basis. This choice of basis ensures that when we subduce to the S, _; x S,,_1

subgroup we have
T (1) (50,5m) (FR((ai))) = T oy (s (FR((ai))>-
I

We will now provide further insight into this formula. It is straight forward

to prove that
(s 7o) A1 R (@) )| (5, 50)1)

vanishes unless (r,,7r,); and (sp, s,)7 have the same shape. Introduce the

Casimirs .
On—l = Z (Cb)> Om—l = Z (kj)
c<b=1#a k<j=n+1#£i

Denote the eigenvalue of Casimir O, for the (rn,Tm); representation by

A and the eigenvalue of Casimir O,,_; for the (Tn,Tm)7 Tepresentation by

A Clearly, we have

N ) 1T (@) (50 5)7) = (s ) 11001 Ui ()
= {(rw, 7)1 iITR((ai)) O
= )‘sn 1)<(Tn7rm IaZ|FR((aZ))

N33 8T R (@) (S 5m)1) - = (s 7)1 O e (@) (5 51)7)
= (T, 7)1 AT R ((a0)) Ot | (S0, $m))
= )\Sm_l)<(rnarm)/17i|FR<(ai))|(S”’Sm)II>’

It is only when (7,,7,) and (s,,S,) have the same shape that the trace
Tr (1 1) (50,5,,) DAS any meaning.
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which implies that

((Tns )T, i|FR((ai))|(8n, Sm)p) X 5>\£‘n71) A‘(Snfl)é)\?(qul))\‘(sm—l).

We can repeat this with the complete set of Casimirs of S, x.5,,_1, allowing

us to conclude that

<(rn7 /rm)/l7 erR((al)) |(Sn’ Sm>,1> X 5("'77.7"'771)/[ (Snysm)ll'

Ornrm )} (smosm)y 18 €qual to 1if (1, 7)) and (sp, sp)7 have the same shape. Of
course, this is just a consequence of Schur’s Lemma: since I'p ((az)) commutes
with all of the elements of the S,,_; x S,,_1 subgroup, it is proportional to
the identity when acting on any irreducible representation of S,,_1 x S,,_1.

Thus, (the label 7 inside the ket labels the carrier space state)

((rn, Tm)/bj‘FR((ai)) |(rn, Tm>/17 i) = n(rnmm)}éij .

If we allow I‘R((ai)) to act in the full carrier space of R, this equation is
modified to (the sum is over all irreducible representations (¢, t,,) that can
subduce a (t,, )} of the same shape as (7, 77,)7; the 0(r, 1)1 (sp.5m), OD the

last line is there to remind the reader that a non-zero result is obtained only

if (7, 7m)7 and (S, Sm)’; have the same shape)

. ) ) tntm)" ) )
((5mr 55 30 (@) (s )18 = D 00 (5 5 (s )i )
(tnstm)'%
— (snysm)
= M) Oy (smsm ) 01
Although (s, sm); and (7, 7,); have the same shape, they may be dis-
tinct representations in which case they were subduced by different S,, x .S,
representations. These matrix elements are needed to provide a complete
generalization of strand diagrams. This has an important implication: in the
present case, the most general non-vanishing strand diagrams will not only
record the reordering of boxes in the row and column states, it will also allow

the shape of the row state .S,, x S,, representation to reorder itself (by the
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movement of a single box in r, and/or a single box in r,,) into the column

state S,, X S,, representation.
(T7L77‘7V‘L)/[

The trace we are interested in can also be expressed in terms of N on)
nsylm J

Indeed, it is clear that

Tf(rn,rmxsn,sm)<FR((GZ'))> = ZTf(rn,rmw,(sn,sm);(FR((ai))>
I

_ (rn7rm)l
o Z n(rnvrm)/jd(rnzrm)ll‘
1

d(r,,rry, 18 the dimension of the irreducible representation (ry,7,);. Since
(T, Tm) and (sy, Sy,) have the same shape, we will not need to worry about
the extra complication of changing the S, x S5, representation between the
row and column states.

To determine the restricted character we need, we now only need to fix
(rnsrm)]
the !

(rn,rm)7 "

determining the explicit change of basis from a natural basis of S,,, to a

The most direct way we have found to do this proceeds by

natural basis for the S,, x S5, subgroup. We will illustrate the method with

an example: using the methods of the last subsection, we easily find

T (r ‘ ((3,4))) - —%.

[]
To extract Bj from [  we need to pull off the last box in the first row and

the last box in the first column. They can be pulled off in any order, so that

we can write (i labels the states in the  carrier space)

[1] [2]

[]
H Him)=af@ i) +4

v
[=]

i). (7.8)

Because the above state is normalized, we need o? + 3% = 1. Next, using

appendix D.2 of [31] we can write

[ ] []
o(@s)H Hamy=d Him),
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S
(=]

4 4

This then implies two equations

V5 8
T Tyt =8

2

«
777

They are not independent (as expected) and imply « = \/gﬁ so that

5 3
oz:\/;, ﬁ:\/g.

It is now straight forward to use the standard strand diagram techniques of

[33] to verify that
) () (3502

[1]
o [ . 3
2 ( S iy
Although we have computed an on the diagonal character, it is clear that

=]
=]

7

once the relationship (([7.8)) is established, it can be used to compute off the

diagonal block characters by employing standard strand diagrams.

Summary of the logic: Using the action of 2-cycles from the .S,, subgroup
- something we already know in both bases - we have been able to determine
the explicit change of basis from a natural basis of S,.,, to a natural basis
for the S,, x S,, subgroup. This has enabled us to compute the restricted
character of the two cycle (n,n 4+ 1) which “straddles” S, and S,,. Thus,
we can now compute the restricted characters of all two cycles of the form
(¢, 1), which is all that is needed to compute the restricted character of a

general group element.

We will now argue that, as long as the number of boxes in r,, is small,
we can find formulas for the above change of basis for any representation
rn. Removing the m boxes (used to build r,,) from the S, ,, representation

R gives a set of states that carry an index for the carrier space of r,. The
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coefficient describing the change of basis is clearly independent of this index.
Thus, in what follows, the carrier space index of representation r, plays no

role and is hence suppressed.

Restricted character of (n,n + 1) for m = 1: Denote the two labels of
the restricted trace by R, (r,,00) and R, (s,,0J). R is a Young diagram with
n+ 1 boxes; 1, and s, are both Young diagrams with n boxes; they are both
obtained by removing a single box from R. Denote the weight of the box
that must be removed from R to obtain r, by ¢,; denote the weight of the
box that must be removed from R to obtain s, by ¢s. For an off the diagonal
block, ¢, # ¢,. Let R” denote the Young diagram obtained when both boxes

are removed. It is now straight forward to show that

1
TI' (Tn,D)(Sn,D) <FR<(TL,TZ + 1))) = 1— ( dR”,

Cr — Cs)?
where dp» is the dimension of R”.

Restricted character of (n,n + 1) for m = 2: The two possible types of
restricted Schur labels are R, (r,,[T]) and R, (rn,H). R is a Young diagram
with n + 2 boxes; r, is a Young diagram with n boxes. r, is obtained from
R by removing two boxes from R. We say that box a is above box b if the
weight of box a is greater than the weight of box b. Denote the weights of
the two boxes as ¢; and co, such that the box with weight ¢; is above the
box with weight cy. The relations between the natural S, 5 basis and the
natural S, x Sy bases are (although we have written these relations using a
particular Young diagram, they are true in general; on the right hand side,
the box with label a is to be removed first)

[] [a] 5]
. cp—co+1 . c1—cyg—1 .
= ;sz,mmz\/#\b z)—l—\/#la i),

2(01 — CQ) 2(01 — CQ)
7“' . o 01—02—17‘(1‘,_ 01_02_‘_17‘“,
H HiH = \/—2(01 et \/—2(01 2l
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Notice that these states are orthogonal as they must be. It is now straight
forward to obtain any particular character we want by employing standard
strand diagram methods.

We will now consider a particular example. The labels for the restricted
trace are R, (r,,[1J) and R, (s,,[1J). To obtain a non-zero off the diagonal
restricted character, one of the boxes removed from R to obtain r, must be in
the same position as one of the boxes removed from R to obtain s,. Assume
that the common box has weight ¢;. Denote the weight of the second box
that must be removed to obtain 7, by ¢ and denote the weight of the second
box that must be removed to obtain s, by ;. Denote the Young diagram
obtained by removing all three boxes from R by R". It is straight forward
to show that

ca—c+1 jeg—c+1 1
Tr , B (F < n,n + 1 >) = 1 —
( n7D:|)( THD:‘) R ( ) 2(C1 - C2> 2<Cl - C;) <02 o CQ

Restricted character of (n,n + 1) for m = 3:  We will discuss this example
in some detail because it will provide the key to obtaining general results.
We will consider the case in which the three boxes to be removed have no

sides in common. In this case, the three possible types of restricted Schur

labels are R, (r,,(111), R, (r,, Bj) and R, (1, @) R is a Young diagram with
n + 3 boxes; r, is a Young diagram with n boxes. 7, is obtained from R by
removing three boxes from R. Denote the weights of the boxes to be removed
by c1, co and c3. The box with weight ¢, lies above the boxes with weights ¢y
and c3; the box with weight ¢y lies above the box with weight c3. Consider
the expansion (on the right hand side, the box with label a is to be removed
first the box with label b second and the box with label ¢ third)

[
[ ]

al [o]

)+ ous ) + a3
[b] JC‘ [<]
+a231|: > + Oé312|£ > + Oé321|:

[a]

2]

[
B

)
S
~

|
,B:‘D:‘:D = 06123|:

o
[~]

e
Sl

Notice that the subscripts encode the order in which boxes are to be dropped.
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By considering the action of the cycle of (n+2,n+3) on the above expression,

we obtain 6 equations. Only three of these are independent; they read

1 1
Q23 = a1z + [ 1 — ———5 o3,
€1 — C2 (c1—ca)
1 1
Q32 = iz + [ 1 — ———5 a1,
€1 — C3 (c1—c3)
1 1
Q321 = g+ 41 — ————5as.
€3 —C2 (c3 — ca)

Similarly, by considering the action of the cycle (n + 1,1 + 2) we obtain the

following three independent equations

1 1

Q23 = aizg + [ 1 — ———5 s,
C2 — C3 (ca —c3)
1 1
Q213 = Q13 + 4 |1 — ———5 319,
C1 —C3 (c1—c3)
1 1
Q321 = g 4|1 — ——5qam.
C2— 0 (ca—c1)

These six equations can be written in a very compact form: let p denote the
subscript of a particular coefficient, i.e. a particular ordering of the three
numbers 1, 2 and 3. Define the action of the cycle (i,7 4+ 1) on p as follows:
all numbers not equal to ¢ or ¢+ 1 stay where they are; the numbers 2 and i+ 1
swap positions. Thus, (1,2) - 123 = 213. We will also index the entries of p
by ¢ = 1,2,3. Thus, for p = 231, we have p(1) = 2, p(2) = 3 and p(3) = 1.

The six equations above can now be written as

1 1
a, = a,+4/1— o'
TG~ Gy \/ (ep-1) = o1 6+1)

—~

5

Ne}

i,i4+1) - ps = ]-a27"'



Simple algebra gives

N \/Cp_l(i) = Cp1(i4+1) — 1 i+ p-

These equations completely determine the unknown coefficients. Indeed, each
subscript is a particular ordering of the three numbers 1, 2 and 3. By using
the first set of equations we can swap the positions of 1 and 2; by using the
second set we can swap the positions of 2 and 3. Using these two operations

we can relate any coefficient to any other. Thus, the normalization condition
2 2 2 2 2 2
Qg3+ O3y + Qi3 + Qi) + O3y + Qi3 = 1

can be written completely in terms of 93 (say). This determines o935 and

hence all of the coefficients. Solving for 93 we obtain

Q _\/(01—62+1>(01_C3+1)(C2_C3+1)
123 = 6(c1 — ca)(c1 — c3)(ca — c3) :

These conclusions are rather general: the equations following from appli-
cations of two cycles of the form (n+i,n+i+1),i=1,2,...,m— 1 are given
by ((7.9)) for any state on the right hand side with label R, (r,, (m)) where
(m) is the completely symmetric representation. For any state on the right
hand side, the equations following from application of the two cycles (i,i+1),
1 =1,2,...,m — 1 together with the normalization condition determines the

expansion coefficients uniquely. The resulting solution is

-1
15 roci—cj+1
s = | T | T 22252
m: i1 G —Cj

= =it+1

It is now straight forward to compute restricted characters for any restricted
traces with labels R, (r,,[T1]).

Next, consider restricted traces with label R, (1, @) Things work exactly
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as for the case just considered. The relevant expansion is

[a] [a] [o]

[]
7J ,Bj% 25123\7ﬂ )+ 5132’Eﬂ ) + Ba13]

[b] [c]

) + 5312|7ﬂ ) + Bs21]

o]

[
[o]
Q
~

c

=]
‘Q‘

=]
S~

+ 31|

We will write the results of our analysis for general m. It is straight forward

to obtain
8 ! B+ /1 L 3 = 1.9 |
- = - 4,54+1) - p>s t=1,4,...,mm—1,
Yo — iy (1) — )2 T
(7.10)
and hence

Cp=1(3) — Cp=1(i4+1 —1
ﬁp:_\/p () p~1( ) ﬁ(i,i+1)-p-

Cp1(i) — Cpr(i+n) T 1

Solving these equations together with the normalization condition gives

ﬁ 1 i, ﬁ G —Cj — 1
123mA L c—c |

i=1 =141

As a check of our phase conventions, we have checked that o, and 3, define
orthogonal vectors.

We have not been able to treat the last case, restricted traces with labels
R, (rn,Bj), for general r,,. Further, the solution we have obtained is not
unique, because the representation Hj appears twice in the outer product
[ x [0 x [I. We have tried to use the freedom we have to choose the simplest

possible solution. Consider the expansion

[a] [a] [o]

[]
| ] \a a 2] a [ el a o
L] ;BijZ> =Yl )+ slE ) sl )

o]

[] [c] [c]

c

a | P a 14
Yozl ) A+ V310 lE )+ Y5y

a is a multiplicity label - it takes the values 1, 2. 7 is a label for states in the
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carrier space of r,,; it takes one of the two values

3/2] 3/1]
i=1e1 i=92 |2

E— Y

A straight forward (but tedious) computation now determines

1 (c12 = 2)y/(ca3 + 1) (23 — 1) (c13 + 1) 1 co3 — 1 4
Y1231 = — ) Y1321 = V12315
d Ca3 —|— 1

1 V(e = 1)(eiz +1)(ezs + 1) (eas — 1)(ciz + 1) 1 az—1 4
Vo131 = 2 ) Ys121 = A/ T 7 V2131
d Cc13 + 1

1 (et (e +2)y/(cs — 1) o Jee—1
Y2311 d ) V3211 s+ 1%311,

1 c12y/3(ca3 + 1) (cos — 1) (c13 + 1) ! c3+1 4
Y1232 = d ) Y1322 = Co3 — 171232;

1 1
Vo132 = 0, Va122 = 0,

<012 — 1)623 3(013 — ].)
’721312 = - d ) 7;212 = -

C1g + 1 1
Y2312

012—1

2 (623 + 1)\/3(C12 + 1)(012 — 1)(013 — 1) 2 Co3 — 1 2
Y1231 = ) Y1321 = V12315
d Co3 + 1

(Clg + 1) 3(013 — 1) C13 — 1
'722131 = - d ) 7?%121 = s + 17221317

\/3(012 + 1)(012 — 1)(023 + 1)(623 — 1)(013 + 1) 92 C19 — 1 9

2
Vo311 = — Vo1 =\
2311 d ) 3211 Cl2+1 2311»

2 (c23 — 1)/ (c12 + (12 — 1)(ers — 1) 2 C3+1 5
V1232 = d ) Y1322 = V1232
Co3 — 1
o (2c19e93 +c1p — e+ 1)y/ei3 — 1 9 ci3t1 ,
V2132 = d ) V3122 = — s — 1 2132

2 Ve + 1) (s — 1)(es + 1) (e — 1)(ciz + 1) 2 ca+1 ,
Y2312 = d , V3212 = — 012—_1723127
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where ¢;; = ¢; — ¢; and

d=/6(c1 — c2)(ca — c3)(c1 — 3)(2(c1 — c2)(c2 — ¢3) — 2¢5 + c3 + ¢ + 1).

As a partial check of our phase conventions we have verified that

(5 Hooy, |1 ;Bj@» =

provides an orthonormal basis. This does not yet provide a complete treat-
ment of the m = 3 case, because we have not yet considered the case that the
three boxes removed share common sides. The generalization to this case is

straight forward, using the methods we developed in this section.

7.3.3 Some example computations of restricted Littlewood-Richardson

Coefficients

In this subsection we will discuss the computation of the restricted Littlewood-
Richardson coefficients that will be needed to study graviton interactions in
the next section. The first case we wish to consider are representations where
R, r, and r,, are totally antisymmetric. In the case of a single matrix, these
correlators are dual to branes that have expanded in the S® of the AdS;xS®
geometry. Since n + m is cut off at N it is natural to conjecture that the
same interpretation holds even when the operator is built using two complex
Higgs fields. As an example, for n = 2 and m = 3 we are discussing the

restricted representation with labels

R = @ = (1°), (T Tm) = (@, H) = (1%,1%).
This particular class of restricted characters are particularly easy to com-

pute: because the dimension of the representation and the dimensions of the

restriction are equal, the restriction is trivial and we have (e(o) is 1 if o is
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an odd permutation and 0 if ¢ is an even permutation)

X(1n+m)7(1n’1m)(g) = X(1"+m)(0-) — (_1)6(0')’

and

ety (1n qm n!m!

Consequently, for the case under consideration, we can express the restricted
Littlewood-Richardson numbers in terms of the Littlewood-Richardson num-
bers as

f1n1+n2+ml+m2’(1n1+n2’1m1+m2) . n12!m12!(n1 —+ ml)!(nQ + mz)‘ f
1n1+my (11 1m1)1ne+ma (1n2 1m2) 1n1+my na+tmag qnit+ngt+my+ma,
(1, ) (172, ) nl!nglml!mgl(nlg + mlg)!

where we have used the formula

1

fRST = P
nr:Ng.

Z Z Xr(01)xs(02)xT(01 0 02).

[e%1 ESR 042655

It is satisfying that upon setting m; = msy = 0 our restricted Littlewood-
Richardson numbers reproduce the standard Littlewood-Richardson num-
bers. Rules for the computation of the Littlewood-Richardson coefficients
can be found, for example, in [68]. For the case under consideration here,
the Littlewood-Richardson number is 1, so that

1ntnotmitmy ((nitng qmitmay n12!m12!(n1 + m1)!(n2 + m2)!
1n1+m17(1n171m1)1n2+m27(1n271m2) -

nllnglmllmgl(nu + mlg)!

Notice that these restricted Littlewood-Richardson numbers are all < 1.

A second case of interest, are representations where R, r, and r,, are
totally symmetric. The corresponding single matrix correlators were conjec-
tured to be dual to branes that have expanded in the AdSs of the AdSsxS®
geometry. A beautiful test of this conjecture was given in [69]. We again con-
jecture that the same interpretation holds even when the operator is built
using two complex Higgs fields. Again, this class of restricted characters
are easy to compute because the dimension of the representation and the

dimension of the restriction are equal. Exactly as above, we can express
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the restricted Littlewood-Richardson numbers in terms of the Littlewood-

Richardson numbers as

f(m2+m12 J((n14n2),(m1+ma)) _ le!mU!(nl + ml)!(n2 + m2>' f
(n1+ma1),((n1),(ma)) (n2+m2),((n2),(m2)) n1lnalmyIma! (ngs + my)! (n1+ma) (n2+m2) (n12+mi2)
n12!m12!(n1 + ml)!(nQ + mg)'

nilnglmylmal(nig + myg)!

I

where we have used the fact that in this case the Littlewood-Richardson num-
ber is again 1. Again, upon setting m; = my = 0 our restricted Littlewood-
Richardson numbers reproduce the standard Littlewood-Richardson num-
bers.
Another case in which general results can be obtained, involves multiply-
ing a polynomial in Z (xg,(Z) with R; an irreducible representation of S,,)
by a polynomial in X (yg,(X) with Ry an irreducible representation of S,,).
The relevant restricted Littlewood-Richardson numbers are simply
Tn,rm dg
falS ey = e e 2 XXX (010 02)
01€Sn 02€ESm
- e 3 xnon o) 3 a2
nlm! dr
(n+m)ld,, d.,

5R1rn 5R2rm .

We have not explicitly indicated a multiplicity label for r,, and r,,. This label
is needed if there is more than one way to subduce (r,,7,,) from R.

Finally, if we consider products of polynomials for which the total num-
ber of Xs participating is small, we can construct the explicit change of
basis developed in the previous subsection. With this change of basis in
hand, all restricted characters appearing in the formula for the restricted
Littlewood-Richardson numbers can be computed using standard strand di-

agram techniques.
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7.4 Graviton Interactions

A description of perturbative quantum gravity phrased in terms of graviton
degrees of freedom is expected to fail at high enough energy, when the gravi-
tons become strongly interacting. A perturbative description of the high
energy physics needs to be phrased in terms of new degrees of freedom that
are weakly interacting at high energy. The exact computations of [34], per-
formed in the half BPS sector of IIB string theory on AdSs;xS® show that
the sphere giant gravitons provide satisfactory degrees of freedom for a high
energy description. The half BPS dynamics is captured by the dynamics
of a single matrix. In this section, using the methods we have developed
above, we will extend the results of [34] beyond the one matrix sector. Our
conclusions are consistent with those of [34].

To estimate where the graviton description breaks down, we will estimate
where the two point functions differ appreciably from their planar limit. This
difference indicates that non-planar corrections are no longer suppressed and
this implies that the large N orthogonality of the trace basis fails. The trace
basis is dual, at low energies, to the supergravity Fock space. The fact that
orthogonality fails tells us that there are non-negligible interactions mixing
the graviton Fock space states; these interactions will invalidate perturbation
theory. If we build traces that contain only Xs or only Zs, we know that
orthogonality fails when we have O(v/N) fields in each trace[66] 67]. Is this
conclusion still valid when we consider traces containing both Xs and Zs?
The computations of [66, [67] used the fact that the combinatorics associ-
ated with the Wick contractions can be computed using a zero dimensional
complex matrix model. These techniques do not have an easy extension to
the mixed traces that interest us. A more powerful alternative technique
(employing symmetric group theory methods) to compute the single trace
correlators was developed in [19]. Using the logic of [19], we are able to com-
pute mixed trace correlators. The basic idea is that using the results of [27],
we know how to compute mixed correlators in the restricted Schur basis. To
get correlators of traces we simply need to change from the restricted Schur

basis to the trace basis. This change of basis is easily accomplished using
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dual characters. Any single trace operator can be written as

TI. (O.CZ®TL ® X®m) — Z XR7(T"7T7”)<0-C)XR,(7'nyrm)(Z7 X),
R,(rn,mm)

where 0. is an n + m cycle. For concreteness we will consider the trace
Tr (Z"X™) which corresponds to o, = (123 ---m+n—2m+n—1m+
n), up to conjugation by an element of S,, x S,,. The computation of the
relevant restricted characters is carried out in appendix [A.4 We find that
this character vanishes unless r, and r,, are both hooks - Young diagrams
with at most a single column whose length is > 1. Denote the number of
rows in r, by s, + 1 and the number of rows in r,, by s,, + 1. To subduce
(Tn,Tm), the Young diagram R must have at most two column with lengths
> 2. We again imagine that boxes are removed from R to compose r,,. The

boxes that remain form r,. The result of appendix [A.4] says

—1)sntsm m(m — 2s,, — 1
XR7(7’n17’m)(O-C> = L (Z Ci - mN - ( )> I

mn 2

where the sum on ¢ runs over all boxes removed from R to produce r,,. Thus,

the dual character is

(hooks) , mn 2

i

= sul(n — s, — Dsyl(m — s, — DI(=1)*" " x F,
where the R dependent factor F is given by

(- - g
(hooks) ,

F=
Using the two point functions of [27] it is now straight forward to obtain

(Tr (0. Z%"@ X ™)' Tr (6, 2" X ™)) = Z

hook hook —1 Sn+Sm -2 —
(hooks), (hooks), (~1) (Zci_mN_mm Sm

1))

Sml(m — sy — Dlsyl(n— s, — 1)!

mn
R:(rn ’rm)
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2
— 28, — 1
xDimpg (Zc, —mN — m(m 28 )> ,

where Dimp, is the dimension of SU(N) representation R and the sum runs
over all labels such that r,, and r,, are hooks. Denote the number of boxes
in the first row of R by r; and the number of boxes in the second row of R
by 75. Denote the number of boxes in the first column of R by ¢; and the
number of boxes in the second column of R by cy. It is straight forward to
see that

r9o = m+n—s,—S,—1r1+1, Co = Sp+Sm—3—cq, ri+reo+ci+c = n+m—+4.

Summing over R, (r,,r,) can be replaced by a sum over s,, s,, r; and ¢;.

The value of the sum is

N2

(T (0cZ°" © XOm)' T (02" © X)) = ooy ey e

)X

1 (N+n+1) (N —1)! (N+m+1)! (N —1)!
((n+2)(m+2) { N! a (N—n—2)!] { N! a (N—m—Q)J
1 (N +n)! (N —1)! (N +m+1)! (N —1)!
B N(m—|—2){ N! _(N—n—1)!H N! _(N—m—2)!]
1 (N+n+1)! (N —1)! (N +m)! (N —1)!
B N(n+2){ N! _(N—n—z)!H N! _<N—m—1)!1
(N +n)! (N —1)! (N +m)! (N —1)!
{ NI _(N—n—1)!H NI _(N—m—1)!D‘

The above result is exact (i.e. to all orders in V) in the free field theory
limit. Following [34] we make use of the identity
1

= NP1t exp [W(m —po)(po+p1+1)+ O(NQ)} )

(N +p1)!
(N — Do — 1)!

valid when py < N and p; < N, to explore the behavior of our two point
function. We find an appreciable difference from the planar answer (which is
N™™) when n?/N or m?/N (or both) are held fixed. The leading behavior
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of our two point correlation function is

4 Nn+m+2 2 2
(Tr (0.2 @ X®™)I'Tr (0.2 @ X®™)) = B sinh ;—N sinh ;n—N
We have dropped terms of order 3 and . No finite order calculation in

1/N will reproduce this result - in this range of values for m, n perturbation
theory breaks down. This suggests that, even when more than one matrix
species participates in the trace, the validity of perturbation theory in terms
of gravitons (that is single trace operators) breaks down when there are
O(v/N) matrices in the trace. The cautious reader might object that we have
not built operators that correspond to chiral primaries of the SYM and hence
that our operators are not dual to gravitons. This is indeed true. However,
the effects we study arise because the large number of non-planar contractions
possible over power the usual N2 suppression of higher genus effects. Thus,
this effect is really only sensitive to the number of fields appearing in each
trace and not the specific details of how these fields are distributed.

We will now compute the three point function for three restricted Schur
polynomials. In what follows we will always employ the multi particle nor-
malization '

P(1: 2014 2) = XX 21X 142y

I x| Ix gyl

of [61]. Consider first the case that each restricted Schur has totally antisym-
metric labels i.e. labels of the form 1"*™ (1" 1™). This corresponds to the
interaction of three sphere giant gravitons. In this case it is straight forward,
using the results of section [7.2| and and of [27] to obtain

T
<X1n1+m1 (17,1 X1 tme (172,1m2) X nyp+mg ,(1m12 ,1m12)>

D(1;2)1+2) =

| |X1"1+m1 ,(1m1,1m1) | | | |X1n2+m2,(1"271m2) | | | |X1n12+m12,(1"12,1m12) | |

N'(N — N1 — m12)! nl!nglmllmzl(nlg + mlg)!

\/(N — N1 — ml)'(N — Ng — m2)' \/nlglmm!(nl -+ ml)!(ng —+ mg)'

We have written this result as a product of two square root factors. The first

factor on the last line has the same form as the one matrix result. If m; =
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meo = 0, this factor is identically equal to the correlation function computed
in the one matrix case. The growth of this term for different values of ni+m;y
and ny + my has been considered in detail in [17, [34]. For both ny 4+ m; and
ns + my fixed as N — oo we find that[17, B4] T'(1;2|1 + 2) ~ O(1), so that
these restricted Schur polynomials do not provide weakly coupled degrees of
freedom for long wavelength (low energy) modes. For % and % fixed
and small in the limit N — oo we find that[I7, B34] T'(1;2|1 + 2) ~ e ¥
with « positive and O(1): these restricted Schur polynomials provide weakly
coupled degrees of freedom for high energy modes. The second factor is

always < 1. To see this, consider the binomial expansion of

(14+2)" = ; () 2, where ) = k"(lek)'

r+s

By comparing the coefficient of 2"** coming from the expansion of (1 + x)™

times the expansion of (1 4 z)" to the coefficient of 2" coming from the

m4n

expansion of (14 z)™*™, we learn that

(™ () + nonnegativeintegers = (;ffsn) '

Thus
(5)
()

which proves that the second factor is < 1. Notice that when m; = my = 0,

<1

the second factor is identically equal to 1 so that our result correctly reduces
to the one matrix result of [I7]. In summary, in the multimatrix sector we
find the giant graviton degrees of freedom are weakly coupled at high energy,
consistent with the conclusions of [34].

Finally, it is equally easy to compute the correlation function in the case
that all three giants interacting are in completely symmetric representations.

This corresponds to the interaction of three AdS giant gravitons. The result
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is
T
<X(n1+m1)’((n1)7(m1))X(n2+m2)’((n2)7(m2))X(n12+m12),((n12),(m12))>

D(1:2]1+2) =
X (1 4m) (1) (m)) || X (mama), () (ma)) [ TX (i mian) (a2, (maa)) ]

(N + Mo + Mg — 1)'(N — 1)' nlg!mu!(nl + ml)!(ng -+ mg)'
(N +mq +ny — DN +ng +mg —1)! ni!nglmy!mal(nig + mqo)!

It is again easy to verify that if we set m; = 0 = ms, we recover the one
matrix result of [I7]. For ™™ and "™ fixed and small in the limit
N — oo, we find T'(1; 2|1+2) ~ eV with « positive and O(1) suggesting that

these restricted Schur polynomials do not provide weakly coupled degrees of

freedom for high energy modes.

71



7.5 Interpretation of Restricted Schur Polynomials

The restricted Schur polynomial x g, r,.)(Z, X) has three labels R, r, and
rm. The label 7, is naturally associated to the Zs and the label r,, to the
Xs. It seems natural to think that the composite operator x g, ¢, r)(Z, X) is
constructed from the half BPS “partons” x,., (Z) and ., (X). In this section
we will see if we can gather some evidence that xg (., r,.)(Z, X) indeed has a
partonic structure.

Before considering the parton structure of the restricted Schur polynomi-
als, we recall a related relevant problem: the parton structure of hadrons|70].
At high energy, above about 10 GeV, proton-proton scattering produces a
large number of pions, with momenta mainly collinear with the collision axis.
The probability of producing a pion with a large component of momentum
transverse to the collision axis is exponentially suppressed with the value
of the transverse momentum. A picture of the proton as a loosely bound
assemblage of partons was consistent with the observed data. It is at high
energies, where the partons become weakly interacting (thanks to asymptotic
freedom) that they are visible in the experimental results. At low energies the
constituents are strongly interacting and the parton structure of the proton

is not visible.

Is there an analogous limit in which we expect the constituents of the
restricted Schur polynomial are weakly interacting? Do we see evidence for

a partonic structure in this limit?

There are two distinct ways in which we could obtain a weakly inter-
acting system. The parameter which controls the interactions among our
proposed constituents is % We could thus imagine taking N — oo and sys-
tematically expanding our (exact) correlator results, keeping only the leading
order. Alternatively, we could ask if there are situations where we expect the
constituents are naturally weakly interacting. We will follow this second ap-
proach. Interactions between membranes are mediated by the open strings
ending on the membrane’s worldvolume; in general the string and the mem-

brane can exchange momentum, that is, the string can exert a force on the
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membrane. For the special case of a nearly maximal sphere giant?] this in-
teraction is highly suppressed and the open strings attached to a maximal
giant do not exert a force on it [51) [71], [72]. Thus, to get weakly interacting
partons, we consider a bound state built from two partons, one of which is
a boundstate of nearly maximal sphere giants. In what follows, we take r,

to be a Young diagram with ¢ columns and p rows with ¢ a number of O(1)

and N — p a number of O(1). From the results of section we know that

nlm!
(n+m)ld,, d,.

Xra (Z)Xr, (X) = Z drX g (0 ,0y(Z; X),

where the sum is over all representations R that can subduce (r,,r,,) and
() is a multiplicity label distinguishing the different (r,,, r,,) representations
that can be subduced. In general we would not expect such operators to be
protected by supersymmetry. If we normalize the above operators so that

they have a unit two point function we obtain

. DlmR
R EEIED ) DR L S Y

where a hat denotes operators with unit two point function and Dimpg denotes
the dimension of the SU(N) irreducible representation labeled by R. It is
simple to check that there is a single Young diagram R that dominates the
sum on the right hand side; it has the form displayed in figure [ below.
Indeed, any boxes stacked below r,, must be antisymmetrized with the
other indices in the same column of the Young diagram; since the number of
boxes already in the column is p, the index corresponding to the boxes stacked
below 7, can only take N —p = O(1) values. In addition, one divides by a big
symmetry factor (it is O(N)). In contrast to this, the indices corresponding
to boxes stacked next to r, are symmetrized with boxes appearing in the
same row. These can take O(N) values. Since the number of boxes in the

row is O(1) one divides by an extra symmetry factor of O(1). There is a

3To be more precise, we consider a giant graviton which carries momentum p with
N — p a number of O(1).
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Figure 4: The Young diagram which dominates ([7.11)) is obtained by stacking
r,, next to r, as shown.

single way to subduce this dominant R so that there is no need for the i
index. It is now clear that the leading correction to this term is of order %
Lets now consider the interaction of Xz, (r, r,,)(Z, X) and Xs,(sny.sm,)(Z5 X),
where both r,, and s,, are boundstates of nearly maximal sphere giants.
This is the analog of scattering two protons. Using it is now straight

forward to see that

(hooks) g(hooks) g

T T Z7 X S S Z7 X =
XB,(rny, ml)( )X, ik mz)( ) (hooks)m1 (hooks)rml (hooks)sn2 (hooks)

Sm2

nig!migldy
XZZZZ Froysnatoss frmgsmatmn X a0 160 (Z,X).
(n12 + mag)ldy,  dy,, ~TmorETRT i T(tnlz,tmlg)( X)

t”12 tm12

Even in the large N limit, the right hand side is a sum over a number of terms
- many possible states can be formed as a result of the interaction of our two
composites. Note however that the detailed structure of this interaction,
in particular which representations t,,, and t,,,, appear, is determined by
the Littlewood-Richardson coefficients f;, and f,,. These
Littlewood-Richardson coefficients give the detailed form of the interaction
between the half BPS partons

5n2tn1+n2 Smgtm1+m2 :

XT‘nl (Z)X5n2 (Z) = Z anl Sn2tn1+n2 th1+n2 (Z)7

tn1+n2
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XTTVLl (X)X57n2 (X) = Z fr‘"Ll Smy tml +mog Xtml +mo (X) .

tmy+mg
Thus, the interaction of the composites is as a result of interactions between
the partons. The picture that has emerged is very similar to the parton

structure of hadrons described above.
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8 Correlators of Operators with a Large R-
Charge: The Cutting Rules

As discussed in the introduction, half BPS operators comprised of O(N?)
fields are dual to new background geometries on the string theory side of the
AdS/CFT correspondence. A natural way to explore the physics of these
new geometries, is to compute correlation functions in the presence of the
operator creating the new background. In this way operators with different
string theory duals can be used to probe the background. Since the operator
creating the background has O(N?) fields, this task is non trivial and in
general, we require new techniques to evaluate such correlators. The focus
of this section will be to develop such techniques.

For the special case of operators built only from Z or from Z' [23] has
shown that these correlators can be computed at leading order using the
known product rule and two point function of Schur polynomials[17]. In sec-
tion |§] we make use of the same inputs (product rule and two point function
of Schur polynomials) and arrive at a simply stated rule allowing us to es-
tablish an exact relation between correlators in the trivial background and in
the annulus background. This has some intriguing implications pertaining to
a new expansion parameter for the perturbation theory of such correlators.

In [23] it was shown how to define operators in the super Yang-Mills
theory dual to gravitons that are local in the bulklz_f] of the dual quantum
gravity. The definition of these local operators was in terms of a modified
product rule, which is a refinement of the usual Littlewood-Richardson rule.
When using the usual Littlewood-Richardson rule, to take the product Cx R,
the single box would be added to all possible rows of the Young diagram R
as long as R with the box added is again a legal Young diagram. In contrast
to this, the local operators only add boxes to a specific location in the Young
diagram. Thus, for example, we can define a local operator that would only

add a box to the first row. We label these local operators by the location

4More precisely, they are local in the radial direction of the LLM plane and are located
at y = 0 - i.e. on the LLM plane. They are s-waves on both S3s in the geometry and are
smeared along the ¢ coordinate of the LLM plane. See [23].
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on the Young diagram to which they would add (in the case of acting with
Tr Z) or remove (in the case of Tr-Z) boxes. These locations are labeled
as a; (for inward point corners) and b; (for outward pointing corners) with 4
increasing as you move along the edge of the Young diagram from the upper
right towards the lower left. See Figure |5 for an example of our labeling.
Correlators of these local operators can be computed using the modified
product rule[23]. Local operators built with O(1) fields, that do not mix Z
and Z' are dual to gravitons; they are half BPS probes.

d,

a b

2 1
a, b2
a4 b3

Figure 5: This figure illustrates our labeling of the corners of a Young dia-
gram.

Probing the background with an operator that is not half BPS gives
much richer information. In this case we have two natural possibilities: we
can excite the background by attaching an open string to obtain a restricted
Schur polynomial along the lines of [30}, 31, 32} 33], or we could probe the new
background with closed strings|78] [79, 23]. The interpretation of the open
string excitation is not at all obvious. When the R-charge of the operator
to which the string is attached is O(NN), we know that the excitation indeed
behaves like an open string attached to a giant graviton [28, B0, 61, [71]
69, 31, 32, 33]. These excited giant graviton operators are the restricted
Schur polynomials. In this case the backreaction of the giant graviton can
be neglected and the system is well described as a giant graviton, with open
strings attached, moving in the AdSs;xS® geometry. This is nothing like the

situation we study in this section. When the operator to which the open
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string is attached has an R-charge of O(N?) it deforms the geometry - it is
not a surface on which open strings can end, it is a new classical geometry:
a new metric with some background fluxes. Our results clearly show that
there is nothing special about how the endpoints of the string interact; they
behave just like the bulk of the string. This is a clear demonstration that
there is no brane on which string endpoints endﬂ the operator which is being
excited is not a membrane; its a new geometry. To arrive at this conclusion,
we need to compute correlators of traces that mix Z and Z7.

To probe the geometry with a closed string, one needs to compute corre-

lators of single trace operators of the form
Te(YZ'YZ2Y - Y Z3F).

This closed string is localized at the corner a; in the geometry. Because these
operators are nearly BPS their anomalous dimensions receive only a small
correction and we can safely work to one loop. By studying this correction,
we can obtain geometric information about the new background [78, [79, 23]
indicating that this probe is indeed a valuable source of information about the
geometry. The Wick contraction of the Y fields is straight forward because
there are no Y's in the operator which creates the new background. After
Wick contracting the Y fields, we are left with the problem of computing
correlators of traces that mix Z and Z7.

These mixed correlators cannot be computed using the modified product
rule. In [23] it was conjectured that these mixed correlators can be com-
puted using modified ribbon diagrams. The modification simply amounts to
rescaling the old propagator by ¢/N, where c is the weight of the box added
to the background Young diagram by the (local) operator.

In this section we develop techniques that allow the direct computation
of these correlation functions. Our results are in perfect agreement with the
conjecture of [23]. Although we have focused on half BPS backgrounds our

results will certainly be applicable more generally. In situations in which

SOf course, it is possible to excite giant gravitons on these geometries, in which case
open strings excitations do appear. The perturbative string spectrum contains no open
strings.
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backreaction can be ignored, we have already developed techniques for com-
puting the correlation functions of restricted Schur polynomials [31], 32] [33].
In these cases contractions between fields belonging to open string words and
the remaining fields in the restricted Schur, make a subleading contribution
in a systematic large N expansion. We will argue that back reaction in the
gauge theory is accounted for by including these contractions. Our approach
to computing these extra contributions starts by noting that the two point
correlator (we suppress spacetime dependence which plays no role in these

considerations)

(2" Z;) = 8,95,
is reproduced by identifying

d

AN RS

In this way, the contributions to a correlation function of two restricted Schur
polynomials coming from contractions between Zs that belong to the open
string and Zs that belong to the brane, can be written as a differential opera-
tor acting on the restricted Schur polynomials. This differential operator will
in general, contain a product of derivatives with respect to the open string
words as well as derivatives with respect to Z and ZT. We give a rule for
“cutting” any such product up into eight basic types of derivatives and then
derive simple formulas for the action of these derivatives. In this way, we can
compute arbitrary mixed trace correlators, in any background, to any order
in a systematic large N expansion. By specializing to the annulus geometry,
we find significant simplifications allowing us to prove the modified ribbon
rule of [23]. We then consider LLM geometries that correspond to a set of
well separated concentric rings. The rings give a picture of the eigenvalue
density of Z[23]: the eigenvalues split into well separated clumps. In the
large N and large ‘t Hooft coupling limit the off diagonal modes connect-
ing eigenvalues in different rings will be very heavy and decouple. Thus, Z
becomes block diagonal with the number of blocks matching the number of

rings. Recycling the annulus result then gives us a more general proof of
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the modified ribbon rule. This section is arranged as follows: In the next
subsection, we consider “open string excitations” of the annulus background.
The treatment of closed string excitations then follows, with no extra work.
In section we generalize our results to backgrounds which correspond to
a set of concentric rings. In appendix [Blwe collect some technical details and

examples.

8.1 Backreaction: Annulus Geometry

The calculation of two point correlation functions of restricted Schur polyno-
mials with open strings attached has been studied in [30}, 31, 32, [33]. In these
studies, contractions between fields in the open string and fields in the op-
erator representing the brane were neglected. In the present considerations,
the number of fields in the restricted Schur polynomial is O(N?). Operators
with R charge of O(N?) are dual to new geometries, so that the back re-
action of the operator must be taken into account. In section we will
argue that the contractions between fields in the open string word and the
remaining fields in the operator can no longer be neglected. This is how the
backreaction of the operator on the geometry is accounted for in the gauge
theory. The open string words that we consider will use Z and Y as letters.
To compute correlators in the large N limit, it is useful to treat the Ys as
defining a lattice populated by Zs. The Zs themselves can be represented by
Cuntz oscillators, which simply keep track of the planar contractions. In this
way the problem of computing anomalous dimensions of operators becomes
the problem of computing the spectrum of a Cuntz oscillator Hamiltonian.
In section we will argue that the net effect of the backreaction is to
produce a scaling of the Cuntz oscillators, in agreement with [23]. A special
case of this result was first obtained in [79], for an LLM geometry with an-
nulus boundary condition on the LLM plane. In section we will show
that the open string endpoints behave exactly like the bulk of the string. We
will further argue that the “open string” excitations are best thought of as
closed strings propagating on a new background. Finally, in section we

consider probing the new backgrounds with closed strings.
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8.1.1 Brane/Sring Contractions

To simplify the presentation of our methods, we will study an operator la-
beled by a rectangular Young diagram with N; rows and M; columns. Denote
the irreducible representation of Sy, s, that this Young diagram corresponds
to by R. We will consider exciting this BPS operator by attaching a single
open string. The open string word has to be associated to the box in thdﬂ
Nith row and M;th column, since this is the only box that can be removed
to leave a valid Young diagram. Denote the irreducible representation of
Snym,—1 obtained by removing the box associated to the open string by R;.

The operator we study is

1 1 i in— in
Xg%,)}h(Za W) = =1 Z Trg, (Ur(0)) 23 o 230 Wi

O’GSn

F(R,Ry):W?. (8.1)

For concreteness, consider an open string with a single impurity
: S
Wi = (yZyT oy,

We assume that J is O(VN) with go = JWQ < 1 so that when contracting the
open string words we need only sum planar diagrams[66, 67]. The correlation
function we wish to compute is (attach the same open string word to both

operators) T
m M

Irp, ss = <XR,R1XS,51 > ‘
We will seperate the computation of this correlator into two pieces: II(%O;{L sS
obtained by neglecting contractions between the impurity in the open string
word and fields in the F} piece of the operator and Ig}_w s, obtained by
contracting the impurity in the open string word with a field in the F} piece
of the operator.

First, consider II(%O}%L gs,- Using the results of [31], we find

1},03%17551 = Ny MiN? fr (14 0(93)) SrsOn, s (8.2)

5The row closest to the top is the first row; the leftmost column is the first column.
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Associate a weight N — j + ¢ to the box in the ¢th column and jth row of R.
fr is the product of the weights of the Young diagram R (see section .
In the language of [31] only the Fy contraction of the open strings contribute
in the large N limit of the correlator . If R # S but Ry = 5, then in
the language of [31], the only contribution comes from the F} contraction of
the open string words. It is straight forward to consider this case using our
methods, although we do not do so here.

Next, consider Igg%hs g,- After contracting all of the Y fields in W with
the YT fields in W1, contract a Z in W with a ZT in F' and a ZT in WT with
a Z in F. We obtain

W _ o2 [ AF(R R d(F(S, 1)),
e dzg d(Z1)¢

= N7 1 (@
<dZ§d(ZUzdwquavvngRJﬁxs&

d d d d f
o d m 1)
-0 <ﬂﬁwﬂoﬁ(mww>“ﬁm&>

We will now introduce a convenient graphical notation. The derivative op-

erator that we need to consider is determined by the fields from the open
strings that are contracted with F and F'. Our notation keeps track of
these fields and gives a simple picture from which we can read off the rele-
vant derivative operator. We denote F and F' by open ellipses, with a single
index line entering the ellipse and a single index line leaving the ellipse. We
do not draw the fields in F and F' or their contractions. The contractions
of fields in the open string words are drawn using the usual ribbon diagram
(also called “fat graph” or “double line”) representation. The Y contractions
are given by filled ribbons. The Z contractions are empty ribbons. Fields
left uncontracted in the diagram are to be contracted with the fields in F
and F'. The graphical representation of the two terms we have considered
are given in figure [0]

To read the derivative operator from the diagram, replace each upper
“open stub” (= uncontracted Z field) by a derivative with respect to Z, each

lower “open stub” (= uncontracted Z' field) by a derivative with respect to
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Figure 6: The graphical representation of I}%h ss, and Il(%lgﬁ, ss,- We have
set ny =2 and J = 8.

Z, the upper ellipse by a derivative with respect to the open string word W
and the lower ellipse by a derivative with respect to the open string word
WT. All derivatives in the same index loop are in the same trace.

In general, when we have many impurities in the open string word, we
may have multiple contractions between fields belonging to the open strings
and fields in F and FT. In all of these cases we will be able to write these
contributions as the expectation value of a derivative operator acting on
X%)Rlxgzgj. The precise structure of the derivative operator will depend on
the details of the specific contractions we consider. As another example, if

the reader translates the diagram shown in figure [7], she should obtain

pe 2 B3 B3 d d M T
(v (i) ™ () ™ (i) ™ (i) ')

Figure 7: The graphical representation of one term contributing to the cor-
T .
relator <X§%1,)1%1XES‘1,391 > The open string word W = Y Z3Y Z3Y.

To get the full set of contributions to the correlator we need to draw all
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distinct diagrams allowed such that all possible connections of solid ribbons
are included, and all possible combinations of connections of hollow ribbons
as well as disconnected stumps are included.

The fact that we can account for contractions between fields in the open
string words and fields in F or F' as a derivative operator acting on the
restricted Schur polynomials is a useful observation because, in general, we
can break an arbitrary derivative operator into a product of eight basic types
of derivatives, as shown in appendix [B.I, We call this process “cutting”.
The first cutting rule allows us to cut single derivatives out of any given
traceﬂ to leave a product of alternating holomorphic and antiholomorphic
derivatives. The second rule allows us to cut a product of a holomorphic
and an antiholomorphic derivative out of a given trace. In both cases the
restricted Schur polynomial is modified by inclusion of an extra factor in the
restricted character. The reader can consult appendix for the details.
The action of these basic derivatives on a general restricted Schur polynomial,
is described by the simple formulas collected in appendix along with the
reduction rule reviewed in section [5.2.1] After applying the cutting and then

the reduction rules, it is straight forward to obtain
Iihss, = N2 (NiMy)? fr (14 0(g3)) (8.3)

Comparing and , we see that the contraction between the impurity
in the open string and fields in F(R, R;) and F(S,S;)! need only be taken
into account when Ny M is O(N?). This is precisely the regime in which the
operator is dual to a very heavy state whose back reaction on the original
AdSsxS® space produces a new geometry, so it is natural to interpret these
contractions as the field theory accounting of the back reaction of the heavy
state: by including these contractions, the string “interacts with the back
reacted geometry”. This is the key result of this section, and although we

have only illustrated it in a simple example the conclusion is general.

Summary: The contractions between fields in the open string word and the

"To cut a holomorphic (antiholomorphic) derivative out of the trace the derivative on
its left must also be holomorphic (antiholomorphic).
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remaining fields in the operator need only be taken into account when the
number of fields in the operator creating the background is O(N?). These
contractions are the field theory accounting of the back reaction of this heavy

state.

8.1.2 Modified Cuntz Oscillators

In this section, we will set Ny = N and M; = M. This corresponds to taking
an annulus boundary condition for the dual LLM geometry. In this case, we
can have excitations of the two edges of the annulus|23]: by acting with Z,
we add boxes to the upper right corner of the Young diagram (corresponding
to the outer edge of the annulus) and by acting with diZb we erode boxes
from the lower right corner (corresponding to the inner edge of the annulus).
There is a huge simplification that arises for the annulus: we can simply
replace the local operators Z, and d%b by Z and %. This is simply because
Z is unable to add boxes anywhere except the first few rows and % is unable
to remove boxes from anywhere except the last few rows. Our open string
lives at the outer edge of the annulus which implies that R; is a rectangle
with M columns and N rows and R has one extra box in the first row, giving
M + 1 boxes in the first row. The simplest situation in which to illustrate
our result is to consider open string excitations that have multiple impurities
at a single site. For 9 impurities, the open string word is W} = (Y/(Z)°Y)}.
We will get contributions from contracting n impurities in the open string
with fields in F, FT for n = 0,1,2,...,9. There are 9!/(n!(9 — n)!) distinct
contractions for a given n. The specific details of the contractions matters.
For example, in the case that n = 4, if none of the impurities in the open
string that are contracted with F, F' are adjacent (see figure , we obtain
the following contribution (this formula is correct to leading order at large
N)

d d\]* d d M+ N
N2<{Tr (7)) ™ (WW)X%)R‘X%”>:<MN>4N2 w A1+ 0l).

(8.4)
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Figure 8: The diagram giving the contribution in (8.4))

Now consider the contribution coming from the term with all four impu-

rities adjacent (see figure [J))

5 d1' A1 o o
L= N (|| || | X (dem)

— NS{T d d 3 T d T d (1,4) (1,4) i
B ' dX, axt H "\ux )t axT XR'Rr.P(XRR1P) ) s
4 7 i

- (8.5)

where
P=mn—-4n-3n—-2n-1).

To obtain this expression, we have used the methods of appendix to
decompose the derivative operator into a product of basic types. This can
now be evaluated using the methods developed in appendix and the
technology reviewed in section [5. The details of some similar example calcu-
lations are summarized in appendix [B.3] Although the details are completely
different to the calculation, we find ezactly the same result

M+ N

I, = NS4
N

fr(1+0(5)) - (8.6)

This is general: if we have p impurities at a site, the contribution to the
correlator coming from all p!/(n!(p — n)!) contractions between n impurities

on the open string and the fields in F, FT are all the same size. Further, it is
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Figure 9: The diagram giving the contribution in

now straight forward to check that each of the terms contributing when we

have n impurities in the open string words contracting with fields in F and

M\" M+ N
s (MY 202,

F1, gives

and therefore that for our example with p =9

9 n 9
M M) o (M M+N 9 M
e X ) = DN (N) N g i = VN (14 )

n=0

If we had p impurities in the site, we would have obtained

M p
<Xg,)R1Xg,)R1T> = (M + N)prR (1 + N) . (87)

Open string words are most appropriately described by a Cuntz chain due
to the dynamical nature of the number of fields in the word [51]. This is
contrasted with the spin chain description of operators dual to closed strings
where the number of fields comprising the operators is fixed. As discussed in
section in the Cuntz chain description we treat the Y fields as defining
a lattice populated by the Z fields (impurities). We thus obtain particles
described by Cuntz oscillators hopping on a lattice of fixed size where the
number of particles populating the lattice is dynamical. It is noteworthy
that the coherent state expectation value of the Cuntz chain Hamiltonian
for an open string attached to a giant graviton reproduces the open string

action for an open string attached to a sphere giant [51) [71] and an AdS
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giant [69] in AdS;xS® and for an open string attached to a sphere giant in a
deformed AdSsxS® background [108]. The ordinary Cuntz oscillators satisfy

(we associate one of these oscillators to each site of the chain):
aal =1, a'a =1—10)(0].

Adding an extra impurity in the open string word corresponds to applying
another Cuntz oscillator to the state. Clearly, in view of (8.7]), the correct way
to account for the background is to rescale the Cuntz oscillators describing

the impurities in the open string

aa’ = (1+%), a'a = (1+%> (1—10)(0]).

The factor 1 + % is + with ¢ the weight of boxes in the upper right hand
region of the Young diagram.

We can give this calculation a slightly different interpretation which will
allow us to state the general result: after contracting the Y fields planarly,
the above correlator can be viewed as the expectation value of a product of

single trace operators, in the new background

Hooksg fr

Tooky T (T (Z)" (21" xm (2) (i (2))1)

<X%§AZvaxggszwjy> _

So that,

<ﬁgﬂﬂwﬁ£@MW§:N+Mau@m@mnﬂmummm

Ir N IR, 7

i.e. these correlators are related by a constant factor independent of n. These
fields only add boxes in the first few rows, i.e. in the upper right region of
the Young diagram. They are thus local operators according to [23]. Thus,
when computing correlators in the annulus background, we can reproduce

the above result by using free field theory, after rescaling all propagators by
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<
N
generalizes for an LLM background comprised of concentric annuli.

where ¢ is the weight of the added boxes. Below we will show how this

In appendix we give a rigorous derivation of this result. We also

compute the expectation value of

0= (Tr (dgn d(g)”>> !

for the annulus background.

Summary: In the annulus background the original matrix Z is a local
operator in the sense that it only adds boxes in the first few rows of the Young
diagram. The derivative % is also a local operator in the sense that it only
removes boxes from the last few rows of the Young diagram. To compute
correlation functions of these local operators one uses ribbon diagrams, where
each ribbon carries an extra factor of + where c is the weight of the boxes

added or removed by the local operator.

8.1.3 Tying up loose ends

Since we are considering open string excitations, we need to pay some at-
tention to the end point interactions. General methods to determine the
interactions for a single string[32] or for multistrings[33] are known. The
strength of this interaction is given by \/% . Consider a string built using
L+1Ys. These Ys form a lattice on which the Zs hop. The Hamiltonian for
the string takes the form (this endpoint interaction assumes that the open

string is attached to a single brane and not a boundstate of branes - see [32])

L L-1
c
H =2\ Za;al — AZ((L}&;H + alalTH) + N)\(al +al4+a,+al) (8.8)
1=1 =1

Here c is the weight of the box occupied by the open string.
If the R-charge of the background is O(1) or O(v/N) the operator we are
studying is dual to a graviton or a string, but not a brane. In this case, the
weight of the box occupied by the open string is O(N), so that \/% = 1.
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Further, the Cuntz oscillators satisfy

wal =1, ala; =1 —10)(0].
This implies that hopping onto and off of the string is no different from
hopping between bulk sites. This implies that the end point dynamics is not
special: the end points are not “stuck to a brane”. Our string is a closed
string, not an open string. If we now consider the case of an operator with
an R charge of O(N) and further that the operator has O(1) rows (or O(1)
columns), then the open string is attached to a box with a weight of alNV
with @ = O(1). The Cuntz oscillators are unchanged. This implies that
the end point dynamics is special: hopping onto and off of the string has a
weight \/a. In this case, we do indeed have an open string excitation, as has
been verified in [28, 51, [7T], 69, B2]. Finally, consider the case of interest to
us here, when the operator has an R-charge of O(N?) and all edges with a
length of O(N). This requirement on the length of all edges is needed if the
operator is to correspond to a regular LLM geometry. E| In this case, the
Cuntz oscillators are modified to
ad) =5, afa=5 (1= [0)(0]) .

To make all dependence on the weight of the box occupied by the open string

explicit, use the rescaled oscillators a; = \/%&l. In terms of these oscillators

L L-1
¢ a, a ala .00 ~ ~ ~ ~
H = N (2)\2@?0,[ - )\Z(CLZCLHJ + ala2r+1) + )\(al + G,J{ +ar + a})) ,
=1 =1
(8.9)
aal =1,  aja =1-0)0].

Once again there is nothing special about the string endpoints which behave

8Indeed, a rectangular Young diagram with M columns and N rows, plus one more
column with eV boxes with o = O(1) corresponds to a finite size D3-brane on the back
reacted LLM geometry. This D3 will admit open string excitations. We are considering
operators dual to geometries without any D3-branes which is achieved precisely by our
restriction that all edges have a length of O(NV).
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exactly like the bulk of the string! The astute reader might object that
hopping in the bulk is between two sites of the string which is different
to hopping off of and onto the string, which is what happens at the string
endpoints. This is simply an artifact of how we have split the restricted Schur
polynomial into a string plus background. Indeed as Zs hop off the string,
extra boxes are added to the Young diagram. One could rather describe these
extra boxes as impurities in an L + 1th site of the string. For example, if
there are no extra boxes in the Young digram, no Zs can hop onto the string;
with the new interpretation we would say that the L + 1th site is empty and
hence nothing can hop out of this site. There are two facts that make this

reinterpretation possible:

e Each time we add a Z in the open string word, we get an extra index
loop giving an extra N and an extra + from the extra (rescaled ribbon)
propagator, giving a total extra factor of c¢. By adding an extra box,
the factor of the product of the weights (fz) in the restricted Schur
correlation function has an extra factor of ¢. Thus adding a box or an

impurity contributes the same factor.

o We deal with Cuntz oscillators, that is, distinguishable particles. Thus,
there are no extra n! type normalizations that appear for n bosons. Cor-
responding to this, the correlators of the restricted Schur polynomials
is proportional to 1 if the Young diagrams participating have the same
shape, and to 0 otherwise. (See Appendix[B.€]for a detailed matching.)

This again suggests that the excitation is best thought of as a closed string
and not an open string. This has an appealing interpretation: the operator
we are exciting has an R-charge of O(N?). It does not correspond to a brane,
but rather to a new geometry. In this case we do not expect to see any open
string excitations in the spectrum. It is satisfying that this is indeed the

case.

Summary: The dynamics of the string “endpoints” is identical to the dy-

namics of the bulk of the string. The excitation behaves like a closed string,
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not an open string. This is expected since the operator being excited is dual

to a new background and not a brane.

8.1.4 Back Reaction: Closed Strings

To consider closed strings we should probe the geometry with a single trace

operator
O =T (YZ"YZ™Y ... YZ"").

The leading large N contribution to this correlator is given by contracting
the Y fields planarly. The above correlator then becomes the expectation
value of a product of single trace operators, in the new background. This

has been computed above.
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8.2 Backreaction: Multi Rings

In this section we will consider LLM geometries that correspond to a set
of well separated thick rings. The background with three rings would for
example, be described by a Young diagram with N rows and the same shape
as the one in Figure [ The black rings can be viewed as a picture of the
eigenvalue density of Z[23]. Thus, the eigenvalues will split into three well
separated clumps. In the limit that we expect a classical geometry to emerge
(large N and large ‘t Hooft coupling) the off diagonal modes connecting
these three subsectors will be very heavy and decouple. We expect that,
when studying almost BPS states, the effect of these modes on the dynamics
can be neglected. There is no reason to neglect off diagonal modes connecting
eigenvalues in the same sector. Thus, for our purposes, we can replace Z by
a block diagonal matrix with the number of blocks matching the number of
clumps of eigenvalues. If clump ¢ contains N; eigenvalues it corresponds to
an N; x N; block.

A geometry with M rings can thus be considered as an M matrix model.
The matrices Z; are N; x N; dimensional matrices, where clump ¢ contains
N; eigenvalues. Acting with Tr (Z;) will only add boxes to the rows corre-
sponding to ring i[23]. These boxes have weight ¢;. The matrices are not
interacting so that we actually have M one matrix models. Each of these
matrix models has an annulus background - one described by a Young dia-
gram with N; rows. To make sure that the eigenvalues localize correctly into
the multi-ring geometry, one needs to ensure that the weight of the boxes
in the rightmost column match the weights of the corresponding boxes in
the original Young diagram. This follows because the weights give the radius
squared of the position of the corresponding eigenvalue on the LLM plane[23].
Note that we are not just projecting the eigenvalues. Indeed, for block ¢ we
integrate over the full set of N? matrix elements. We can now easily recycle
the results of Appendix to obtain

(exBTr (20 Z)™))
<XBXE>

7 )
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(xBXETr (%d§?n>>
<XBXE>

where ¢; are the weights of the boxes added or removed, respectively. The

= Nlcn

7

computations of these correlators is one of the main results of this section.

Summary: In the multi-ring LLM background the original matrix Z breaks
into local blocks Z;, which are N; x N; dimensional matrices, where clump
1 contains N; eigenvalues. To compute correlation functions of these local
operators one uses ribbon diagrams, where each ribbon carries an extra factor
of & where c is the weight of the boxes added or removed by the local operator

and one includes a factor of % for each trace in the local operator.

As a nontrivial consequence of our result, note that the net affect of the
background on the Cuntz Hamiltonian is simply to scale the Cuntz
oscillators by +.
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9 Correlators of Operators with a Large R-

Charge: A New Expansion Parameter

In the previous section we introduced techniques that facilitated calculating
the result of restricted Schur polynomial correlators in the case where the
restricted Schur polynomial operators were comprised of O(N?) fields. These
techniques were then applied to correlators of operators in the presence of
large background Schur polynomials comprised of O(N?) fields (dual to LLM
geometries[I5] [74]). The techniques, based on the cutting rules, are entirely
general and could be applied to any half BPS background operator or even
some special cases of non BPS backgrounds, in the free field theory limit.
Specializing to the half BPS annulus background where the calculations sim-
plify considerably, some concrete results were derived. These results included
a demonstration that when the number of fields in the operator creating the
background is O(N?), contractions which would have been dropped in a sys-
tematic large N expansion when the operator was comprised of O(N) fields
must now be included. This is the field theory accounting of the back reac-
tion of the heavy state on the string theory side. In addition evidence was
provided from the field theory side that open strings attached to restricted
Schur polynomials of O(N?) fields are in fact closed strings propagating on
a new background geometry. In this section, we again consider the problem
of computing correlators of heavy operators. In particular, we study the
perturbation theory of such correlators.

The operators we have in mind are a small perturbation of a BPS operator
which has R-charge ~ conformal dimension ~ N2. In the language of [S0]
we study almost BPS operators. To solve this problem one must reorganize
perturbation theory by resumming an infinite number of diagrams. The need
for this reorganization is that for these operators non-planar diagrams can’t
be neglected[I8]. A similar situation is provided by the BMN sector[16] of
N = 4 super Yang-Mills theory. In this case one considers operators with R-
charge J ~ O(v/N). One finds the usual % expansion parameter is replaced
by a new expansion parameter equal to %[66, 67). Thus, one must take

‘% < 1 to suppress non-planar diagrams.
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The question we ask and answer in this section is:

Is there a reorganization of the % expansion for almost BPS operators

which have R-charge of O(N?) and if so, what is the expansion parameter?

We focus on almost BPS operators since we want to extrapolate our com-
putations to strong coupling, where we can compare with the dual string
theory.

By now it is clear that a particularly useful way to describe the halt BPS
sector is to use the Schur polynomials[I7, 19, 22]. Among the operators we
consider, are small perturbations of a Schur polynomial xp(Z) with B a
Young diagram that has M columns and N rows, and M is O(N). This
corresponds to an LLM geometry[I5] with boundary condition that is an
annulus as encountered in section The inner radius of the annulus is
x VM and the outer radius is oc VM + N. We demonstrate, in section
that there is a reorganization of the perturbation theory in the half
BPS sector and that the new expansion parameter is ——. In section m

M+N"
we confirm this answer by studying the holography of the IIB supergravity

in the relevant LLM geometry. We then generalize these results to multi-
ring LLM geometries (in section [9.1.3]), backgrounds with more than one
charge (in sections [9.1.4] and 9.1.5)) and beyond the BPS sector (in section

9.2). The Schwinger-Dyson equations provide a very powerful approach to
the computation of correlators in the annulus background. We present these

details in appendix [C]

9.1 Half BPS Sector

Schur polynomials provide a very convenient reorganization of the half BPS
sector. This is due to the fact that their two point function is known to all
orders in %[17, 19] and that they satisfy a product rule allowing computation
of exact n-point correlators using only two-point functions (see section [3| for
a summary of the results we use). In this section we will use this Schur
technology to provide an answer, in the half BPS sector, to the question

posed above.
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N = 4 super Yang-Mills theory has 6 scalars ¢; transforming in the
adjoint of the gauge group and in the 6 of the SU(4)g symmetry. We shall

use the complex combinations

Z = ¢1 + i, Y = ¢3 + idy, X = ¢5 + igy,

in what follows. We focus on the contributions coming from the color combi-
natorics; we drop all spacetime dependence from two point correlatorﬂ, that

is, we use the two point functions

<Zz-jZ,L> = <Yz‘ijTz> = <Xin,L> = 0udjk - (9.1)

Since we are not explicitly displaying the spacetime dependences, it is im-
portant to point out that all holomorphic operators are inserted at a specific
spacetime event and all anti-holomorphic operators are inserted at a sec-
ond spacetime event. These correlators are called extremal correlators; there
are non-renormalization theorems protecting these correlators for half BPS
operators. [81], [82].

When we talk about a half BPS operator in what follows, we mean an
operator built only from Zs. These operators will not break any further
supersymmetries beyond those broken by the background itself. We obtain
almost BPS operators by sprinkling ¥'s and Xs in the operator.

9.1.1 Super Yang-Mills Amplitudes

The exact computation of multi-trace correlators at zero coupling is most
easily carried out by expressing the multi-trace operators of interest in terms

of Schur polynomials
[Tz = arxn(2), [[Tr((Z)™)=> Brxa(Z?). (9.2)
% R 7 R

The coefficients ag and §r appearing in the above expansion have no depen-

dence on N. It will be useful first to compute these correlators with a trivial

91t is simple to reinstate the spacetime dependence in the final result.
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background. A little Schur magic now gives (see section

A({ni;m;}, N) <HTr ZnZ)TT((ZT)mJ)> = ZOéPﬁT <XR )xr(Z1) >

2¥)

= Z arBR[R - (9.3)
R

In this last equation fg is the product of the Weightﬂ (one for each box in
the Young diagram) for Young diagram R.

In what follows, B denotes the rectangular Young diagram with N rows
and M columns. We will often refer to B as the annulus background because
the corresponding LLM geometry is obtained by taking the LLM boundary
condition to be a black annulus on a white plane. The expectation value of

an operator O in background B is given by

{(x5(Z)xB(Z")0)
(xB(Z)xB(ZT))

(O)p= (9.4)

Our normalization is chosen so that the expectation value of the identity is 1.
Recall that B is a Young diagram with N rows and M columns. The product
rule satisfied by the Schur polynomials can be viewed as a consequence of the
fact that the Schur polynomials themselves are characters of SU(N) and that
(i) the character of a direct product of representations is just the product
of the characters and (ii) the character of a given reducible representation is
equal to the sum of characters of the irreducible representations appearing

in the reducible representation. In the product

Xr(Z)xs(Z) = Z grsTX1(Z)

the Littlewood-Richardson number grsr counts the number of times irre-
ducible representation T appears in the direct product of the irreducible
representations R and S. Since we choose our background B to be a Young

diagram with M columns and N rows, it is a singlet of SU(N) and conse-

10Recall that the box in row i and column j has a weight N + j — i.
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quently we have the product shown in figure [10}

XF=

B x R = +R

Figure 10: The product rule used to compute correlators in background B.
This figure defines +R.

Using this product rule, the correlator in the annulus background is

AB({ni;mj}’N)E<HTr<Z”">Tr<z*>’"f'> Y sy P2 ()

fB

i7j R7T

_ Z apfr <X+R(Z)X+T(ZT)>

7 f5
_ fer
= ERjaRﬁR .

Recall that f, g is the product of the weights appearing in Young diagram
+R and fp is the product of the weights appearing in Young diagram B. All
of the weights appearing in the product fg are repeated in the product fig
so that after canceling common factors f, g/ fp is simply equal to the product
of the weights of the extra boxes stacked to the right of B to form +R. Thus,
fir/fB is obtained from fg by replacing N — N + M. Comparing and
(19.3)) we find

Ap({ni;m;}, N) = A({ni;m;}, M + N). (9.6)

We know that the correlator A({n;;m;}, N) admits an expansion in +; (9.6)

1
N+M "

>-;ni ~ O(1), we obtain correlators of operators that are dual to gravitons.

1
N+M

expansion parameter. Thus, we learn that there is a reorganization of the

If we assume that

tells us that Ap({n;;m;}, N) admits an expansion in

Thus, for gravitons in the background B clearly plays the role of a loop

% expansion for these correlators in the annulus background B and further,
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that the new expansion parameter is Ni ;- Our relation implies that
the only effect of the background is to shift N — N + M.

One can easily check that this relation is not a property of the full
theory. Although a slight modification of does allow us to relate the
one point functiond] (Tr (Z"Z1")) and (Tr (Z"Z'"))p, we have not worked
out a relation between amplitudes in general. Our interest in the one point
functions (Tr (Z"Z1"))p is that they appear in the intermediate steps of the
computation of correlators of BMN-like probes of the annulus so that we
manage to obtain a simple relation between the trivial background and the
annulus background for both the BPS and near-BPS sectors of the theory.

The amplitudes A({n;;m;}, M + N) are the amplitudes of a theory with
a gauge group of rank N + M and no background. In the LLM language,
the boundary condition for this geometry is simply a black disk of radius
VN + M. In our theory (with gauge group of rank N) the background B
corresponds to an annulus with inner radius v/M and outer radius vM + N.
Thus, one way to interpret the relation is that any of the half BPS
probes considered above are unable to detect the hole in the middle of the
annulus. We have not considered probes built using % instead of Z; these
will detect the hole. Indeed, acting with traces of Z on the background yz(Z2)
produces a new Schur polynomial that has extra boxes stacked adjacent to
the upper right hand corner of B - this corner maps to the outer edge of
the annulus defining the LLM boundary condition. Acting with d% erodes
corners from the lower right corner of B - this corner maps to the inner edge
of the annulus. See [23] for further details. Probes built using - instead of
Z are also half BPS probes.

We have related amplitudes in the gauge theory with a background of
M giant gravitons and gauge group U(N) to amplitudes in the gauge theory
with trivial background and gauge group U(N + M). This is reminiscent of
the infrared duality proposed in [83] which exchanges the rank of the gauge
group and the number of giant gravitons. In fact, tells us that half BPS
correlators computed in the U(N) gauge theory in the background of M

giant gravitons are exactly equal to the same half BPS correlators computed

1 Again computed in the theory with gauge group U(N + M).
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in the U(M) gauge theory in the background of N giant gravitons. Since
these correlators are extremal and hence not renormalized, our computations
give the value of these correlators in the deep infrared limit of the gauge
theory and thus seem to provide nontrivial support for the duality proposed
in [83]. Note however, that correlators of operators built using d% (which
are also extremal) will not agree. This is not obviously in conflict with the
proposed duality of [83]. In [83] near extremal black holes are considered.
These can be understood as a condensate of giant gravitons[52] represented
in N = 4 super Yang-Mills theory by a Schur polynomial corresponding
to a triangular Young diagram [74]. The LLM boundary condition for our
background is a black annulus and % correlators explore the inner edge of
the annulus. The LLM boundary condition dual to the Schur polynomial
with triangular Young diagram label is a gray disk; there is no inner edge.
It would be interesting to see how many of our results for the black annulus
boundary condition can be generalized to the gray disk boundary condition.
This generalization is nontrivial.

The main evidence given in [83] for the proposed duality was an exact
correspondence between the gravitational entropy formulae of small and large
charge solutions. We can give arguments, in the free field theory, that sug-
gest that the entropy of the state formed by N, condensed giant gravitons
in the theory obtained by taking the near-horizon limit of N D3-branes is
equal to the entropy of the state formed by N condensed giant gravitons in
the theory obtained by taking the near-horizon limit of N, D3-branes. This
provides further evidence for the duality of [83] in a completely different re-
gion of parameter space to that probed by supergravity. According to[84] the
near extremal black holes in AdS space can be obtained by attaching open
string excitations to the Schur polynomials with triangular Young diagram
labels. If we are very close to extremality, the number of open string excita-
tions attached is much smaller compared to the total number of fields in the
operator. In this situation instead of attaching open strings by adding boxes
to the original triangular label, it should be a good approximation to fix the
tableau shape and replace some boxes (in arbitrary places on the Young di-

agram) with open strings. Assuming that the state obtained by deleting the
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open strings is again a typical state, i.e. again a triangle we have something
like the situation given in figure |11l To compute the entropy associated with
these states, we need to count the number of different ways of attaching the
open string defects. This is given by the number of different ways we can
pull the occupied boxes off the triangular Young diagram. We don’t know
exactly how to compute this number. However, it is easy to argue that this
number is invariant under flipping the Young diagram so that the two states
in figure |11 are swapped: this follows from two facts (i) the counting problem
is constrained by the rule that we can pull boxes off in any order as long as
after each box is pulled off we continue to have a valid Young diagram@ and
(ii) a shape that is (is not) a valid Young diagram before the flip is (is not)
a valid Young diagram after the flip. Thus, the entropy of these two states

agree.

Ng N

Ng

Figure 11: The typical state of N, condensed giant gravitons in the theory
with gauge group U(N) (on the left) and the typical state of N condensed
giant gravitons in the theory with gauge group U(N,) (on the right). The
black stripe represents the boxes occupied by open string defects.

A few comments about the above flip of the Young diagram are in order.
The half BPS sector of NV = 4 super Yang-Mills theory can be mapped to the
quantum Hall system with filling factor equal to one [85][86]. In the half BPS
sector the above flip of the Young diagram is a Zs symmetry that exchanges
particles and holes[85 86, 87]. If one employs a continuum (field theory)
description of the quantum Hall fluid, the resulting fluid is incompressible so

that the corresponding continuum Lagrangian has a gauge invariance under

12This is required because removing each box must define a valid subduction. See[30),
311, 132, [33].

102



area preserving diffeomorphisms[88]. Small fluctuations of the density, for a
fluid of charged particles in a background magnetic field, are well described
by a Chern-Simons theory; the U(1) gauge invariance is nothing but the
area preserving diffeomorphisms for the small fluctuations[88]. The fluid
description correctly captures the long distance physics of the quantum Hall
effect. It does not capture the fact that, since the fluid is described by
N electrons, it has an intrinsic granular structure. One can capture this
granular structure by using a Chern-Simons matrix model description[88].
In this Chern-Simons matrix model description the above Z, symmetry is
nothing but level/rank duality of the Chern-Simons matrix model[89] ©0].

One puzzling feature of the duality of [83] is the fact that it mixes giant
gravitons and the branes (called background branes in [83]) whose near hori-
zon geometry is the AdS space we work in. There is a big difference between
the background branes and the giant gravitons. Indeed, in string theory
the background branes carry a net RR-charge; giant gravitons carry no net
charge - they are dipoles. In the dual super Yang-Mills theory, changing the
number of background branes changes the rank of the gauge group i.e. the
number of fields we integrate over when performing a path integral quanti-
zation. Changing the number of giant gravitons leaves the rank of the gauge
group unchanged, but it does change the background i.e. the integrand we
use when performing a path integral quantization. If the duality of [83] is
correct, we need to understand how, in this case, changing the integrand has
exactly the same effect as changing the number of variables over which we
integrate. Computing half BPS correlators in the annulus geometry gives a
nice toy model in which to explore this issue. This is because we can reduce
the whole problem to eigenvalue dynamics in zero dimensions. Consider the
computation of the correlator (Tr (Z)Tr(Z7)) in the trivial vacuum of the
U(N + M) theory (A is usual the Van der Monde determinant)

M+N N+M N+M Nt
/ [[ dzdzn(aE) Y 5 Y seSH e, (9.7)
i=1 j=1 k=1

The same correlator in the U(N) theory with a background of M giant
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gravitons is

/ HdzidzA(z)A(Z) [[zz)™ sz > & e XhiuE (9.8)

We already know that and give the same result. The reason why
the two agree is now evident: in we integrate over an extra M variables;
these extra contributions add to give a larger result than that obtained for the
same correlator in the U(N) theory. In the extra factor in the integrand
implies that the integrand now peaks at larger values for the |z|; this again
gives a larger result than that obtained for the same correlator in the U(N)
theory in the trivial vacuum. Our computation gives a simple picture of how,
in this case, changing the integrand has exactly the same effect as changing
the number of variables over which we integrate. It also suggests that the
duality of [83] might be derived by starting with a suitable U(N + N,) theory
and (i) integrating out the degrees of freedom associated with N, colors to get
a U(N) gauge theory with a background given by a condensate of N, giant
gravitons or (ii) integrating out the degrees of freedom associated with N
colors to get a U(IV,) gauge theory with a background given by a condensate

of N giant gravitons.

9.1.2 Supergravity Amplitudes

According to the AAS/CFT correspondence, correlation functions can be
computed in the strong coupling limit of N' = 4 super Yang-Mills theory
using the dual hologram, which is type IIB supergravity. The paper [91], has
given a powerful general approach to holography in the LLM backgrounds,
generalizing and extending the Coulomb branch analysis of [92 03]. The
formalism given in [91] is an application of the general method of [94] which
employs the method of holographic renormalization[95]. An important result
of [91] was the demonstration that the asymptotics of the LLM solutions
correctly encode the vacuum expectation values of all single trace half BPS
operators to the leading order in the large N expansion. Can we reproduce

the results of the last section using holography in the LLM background?
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One case of interest to us is that of graviton three point functions, in
the background created by a heavy operator. We have computed these cor-
relation functions in the free field theory; supergravity will reproduce these
correlators in the strong coupling limit. We will now argue that it is natural
to expect that these two results will agree since we can argue that there is a
non-renormalization theorem protecting the three point functions of interest
to us. The logic of this argument is very similar to the argument of [91]
which argued that the generic one point function in the LLM background is
protected. The three point functions we are interested in

<Tr(Z”)Tr(Zm)Tr(ZTm+”)>B
can of course, also be understood as a ratio of (higher point) correlators in

the original trivial background

(xB(Z)xB(Z")Tx(Z™)Tx(Z™)Tx(ZT ™))
(xB(Z)xB(Z7))

The correlators appearing in the above expressions are extremal correlators
in the language of [96]. The computations of [96] show that at the leading
order in large N, the extremal correlators take the same value at large ‘t
Hooft coupling as in the free field theory and hence it is natural to expect
that all extremal correlators are not renormalized™]

To extract three point functions using the methods of [91], we would
need to solve the equations of motion, to quadratic order, around the LLM
solution. We have not managed to do this. For the case of extremal corre-
lators, there is some room for optimism: the analysis of [96] argued that for
extremal correlators, the bulk cubic supergravity coupling vanishes and the
entire contribution comes from a boundary term. The LLM geometries are
asymptotically AdS so that one might have hoped that there was a simple
explanation of the results of the previous section. We have not found one.

Note also that the fact that the bulk cubic supergravity coupling vanishes in

13Note that the supergravity result suggests that the planar contribution is not renormal-
ized. Here we are using the stronger conjecture [96] which claims the non-renormalization
for any N. Our results provide further evidence for this stronger conjecture.
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the AdS; background need not imply that it continues to vanish in the LLM
background.

Rather than pursuing the computation of three (and higher) point func-
tions directly, we have found it simpler to relate the three point functions
we’d like to compute to one point functions, since these have already been
obtained in [91]. For concreteness, consider the three point function (B is

again the annulus diagram)
(Te(Z°)Tx(Z2°)Te(Z1) ,

which can also be written as the one point function of Tr(Z?) in the normal-

ized state
@) = N(Tr (Z%) + Tr (2))x8(2)|0) .

N is a normalization factor. Now, summing only planar diagrams
(Tr(Z*)Te(2*)Tx(Z1)) = 16N?
so that according to our result of the previous section
(Te(Z*)Te(Z*)Tx(Z1)) , = 16(N + M)*.

The supergravity one point function is computed with a normalized state |D);
the above three point function is computed with a different normalization.

Noting that (we are again using results from the previous section ]
((Tr(2%) + T (Z)(Te (Z2'2) + Tx (Z2M))xs(2)x5(2))

= [4(N+M)" +22(N + M)?] fp =4(N + M) f5 (1 + O((N + M)™?)),

we easily find
4
N+M

This is the result we would like to reproduce from supergravity.

(@Tx(2%)|®) =

14Note that since |®) has two additive components the one-point function has additional
cross terms; these however evaluate to zero leaving only the term we wish to compute.
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We will summarize the main steps involved in extracting correlators of lo-
cal operators in the boundary gauge theory, from the ten dimensional asymp-
totically AdSsxS® solutions of Type IIB supergravity. For all the details and
further references consult [91]. Given an asymptotically AdSsxS® solution of
Type IIB supergravity, one must first systematically reduce the ten dimen-
sional solution to a solution of five dimensional gravity coupled to an infinite
number of five dimensional fields. If this reduction is performed in terms of
gauge invariant variables (as it is in [91]), it does not matter in which gauge
the original solution is supplied. This reduction is then supplemented with
a non-linear field redefinition, performed in such a way that the equations of
motion in terms of the redefined fields can be obtained by minimizing a local
five dimensional action. One can then apply the usual holographic rules to
compute the correlation function of boundary operators from the bulk five
dimensional description. To obtain the renormalized correlation functions in
the gauge theory one must appropriately renormalize the bulk gravitational
action using holographic renormalization. The supergravity field that couples
to the boundary operator that we are interested in (Tr(Z?)) is a mixture of
(components of the) metric on the S° and the four form RR potential on the
S°. Tt is denoted by S*2 in [91]. The one point function we want can now be
obtained by variation of the renormalized on shell supergravity action with
respect to the boundary value of S?2. The result is [91]7]

(Oge2) = Nz/r3pe2i¢drd¢,

where p is the boundary condition for the LLM geometry. This boundary
condition is most easily determined by exploiting the free fermion description
of the half BPS sector of N' = 4 super Yang-Mills theory[17, 22]. To make

the transition to the free fermion description, rewrite the state |®) in terms

15This differs by a factor of /272 from formula (3.60) of [01] because we are using a
different normalization. Further, since we have dropped all spacetime dependence, we
have also dropped a factor of e?*.
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of Schur polynomials. This is easily accomplished using
T(Z%) = x(Z) = x(2),
Tr(Z%) = xc(2) - xgml2) + XE](Z) - XE(Z) :

and the product rule for Schur polynomials. The Schur polynomials cor-
respond to energy eigenkets of the free fermions. The energies of the free

fermions in the state are
E,=XN+N-i+1 i=1,...,N,

where ); is the number of boxes in the ¢th row of the Young diagram label
for the Schur polynomial. Using this interpretation it is straightforward to

obtain the fermion phase space density. The density we obtain in this way is

p = p1+ cos(2¢)p2,

where

1 e~ N7
2n(N+M)* (N + M —1)!

Py = [(NP?)NFMH2 (N + M — 1) (Nr?)NV M

~(N+M)(N+M+1)(N+M—1)(N+ M —2)(Nrp?)NtM=2
—(N+ M)(N+ M — 1)2(N+M—2)(N+M—3)(Nr2)N+M_3} .

We will not need p; in what follows. As already noted in [91], the state |D)
which is a superposition of a small number (for us, 6) of Schur polynomials,
does not give rise to a smooth supergravity solution. Indeed, for a regular
supergravity solution, 7p should only take the values {0, 1}; this is not the

case for the above p. It is now straightforward to check that

4
N+ M

(Os22) =
which is the result we wanted to demonstrate.
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9.1.3 Multi Ring Backgrounds

Using the results of [23] and section (8| we can generalize our results for the
annulus to a general multi ring LLM geometry. The Young diagrams of these
geometries are not a rectangle, but rather are shapes with more than 4 edges
and all edges have a length of order NV boxes. In a geometry with m thick
rings, local graviton operators were defined in [23]. When taking a product
of the Young diagram of the background (B,,,) with the Young diagram
of the probe (R), one removes boxes from the probe Young diagram and
adds them, at all possible positions, to By, (respecting the usual rules for
multiplying Young diagrams). The local graviton operators are defined by
giving their product rule: the boxes removed from R can only be added at
a specific location on B,;,,. This definition is precise enough to allow the
computation of correlators; see [23] for more details. We can also give a rough
constructive definition of the local graviton operators: since we consider a
boundary condition with m thick rings, the eigenvalue distribution in the
dual matrix model will split into m well separated clumps. In the limit
that we expect a classical geometry to emerge (large N and large ‘t Hooft
coupling) the off diagonal modes connecting these m subsectors will be very
heavy and decouple. We expect that, when studying almost BPS states, the
effect of these modes on the dynamics can be neglected. There is no reason
to neglect off diagonal modes connecting eigenvalues in the same sector. Z
can thus be replaced by a block diagonal matrix with m blocks. If clump ¢
contains Nj; eigenvalues it corresponds to an N; x N; block. To construct a
local graviton operator, do not use the full matrix Z, but rather use one of
the blocks Z;.

It is now straight forward to verify that, if ring 7 has outer radius /N + M;

then we again get an exact relation
AB({ni;mj}:N) :A({ni;mj}>Mi+N)a (9.9)

for correlators Ag({n;;m;}, N) of gravitons localized at edge . Thus, the

gravitons at the edge of each ring have their own expansion parameter equal

1
N+M;

to
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Finally, consider a background obtained by exciting ky sphere giants;
each giant is assumed to carry a momentum k3 < N. The corresponding
LLM geometry will be a black disk (of area N — k3) surrounded by a white
annulus of area ky which is itself surrounded by a black annulus of area ks
(this boundary condition is shown in figure 3 of [86]). From the results of
this section we know that excitations of the central black droplet could be
described using either a U(N) theory with a background of ky sphere giants
or using a U(N — k3) theory. This is closely related to remarks made in [86],

arrived at using a totally different approach.

9.1.4 Backgrounds with > 1 Charges

In this section we would like to study the zero coupling limit of backgrounds
made from two matrices Z and Y. There are a number of bases which we
can employ for this study. The basis described in [25] builds operators with
definite quantum numbers for any desired global symmetry groups acting on
the matrices. The basis of [26] uses the Brauer algebra to build correlators
involving Z and Z'; this basis seems to be the most natural for exploring
brane/anti-brane systems. The basis of [27] most directly allows one to con-
sider open string excitations[28, 29 [30] 3], 32} 33] of the operator; this is the
restricted Schur basis. These three bases do not coincide and a detailed link
between them has been discussed in [97]. Casimirs that distinguish these
bases have been given in [98]. Finding a spacetime interpretation of these
Casimirs is a promising approach towards understanding the dual description
of these bases.

In section [7|a particularly simple set of restricted Schur polynomials were
identified; these are the operators that we will focus on in this section. The
operator is built using NM; Z fields and NM, Y fields. The restricted
Schur polynomial has two labels X g (r, ). £ is an irreducible representation
of Sy, +m,)- We take R to be a Young diagram with M; + M, columns
and N rows. (ri,79) is an irreducible representation of the Sy, X Syas
subgroup. We take r; to be a Young diagram with M; columns and N rows

and ry to be a Young diagram with Ms columns and N rows. We take both
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M, and M, to be O(N). For this particular restricted Schur polynomial we

have
hooksp

1,72 Z,Y = T Z T Y )
XR7( 1, )( ) hOOkSrl hOOkSTQX 1( )X 2( )

where x,,(Z) and x,,(Y) are standard Schur polynomials. The simplicity of
this background is a consequence of the fact that the above operator factor-
izes. These operators are not BPS or even near-BPS. Indeed, in appendix
we compute the anomalous dimension of these operators, which is given
by

A = N(My + Ms) + 4\M; Ms , A= Ngi,,.

Thus, the results of this section can not be extrapolated to strong coupling.

It is still interesting to ask if, at weak coupling, we can reorganize the usual

% expansion.
After normalizing so that the identity has an expectation value of 1, we

find
0 (D (2D, (V) X, (YN O)

T2 (0 (2) X (Z) X (V) (V)
Using exactly the same methods as were used in section we find that the

complete effect of the background on correlators of operators built using only

(0)

Zs with operators built using only ZTs is to replace N — N+M,. In addition,
we find that the complete effect of the background on correlators of operators
built using only Y's with operators built using only YTs is to replace N —
N+ Ms;. Thus, these two types of observables admit a different reorganization
of the 1/N expansion; the small parameter of the two expansions is not the

same.

9.1.5 A Generalization of the BMN Limit for Two Charge Back-

grounds

The AdS/CFT correspondence forces us to take the limit of large ‘t Hooft
coupling A, if we are to suppress curvature corrections in the string theory.
It is thus a strong/weak coupling duality. This naive observation is evaded
by the remarkable result of BMN[I6]: the expansion parameter of the super

Yang-Mills theory may be suppressed by large quantum numbers for “almost
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BPS operators” [80]. The existence of double scaling BMN-like limits pro-
vides a very rich class of tractable problems. In this section we would like
to explore the proposed BMN-like sectors discovered in [99]] The work [99]
itself was an extension of [84]. The existence of these limits may be very rele-
vant to understanding the gauge theory description of near-extremal charged
black holes in AdS;. Using the technology we have developed, it should be
possible to study these limits.

We use the same two-charge background that we used in the previous
subsection. We will however take M; = O(v/N) and M, = O(v/N) with the
‘t Hooft coupling A large but ﬁxedE]. In this case, the charges J; = NM; ~
O(N2) and J, = NM; ~ O(N?), whilst the difference (see appendix |C.3)

A—Jy—Jy=4\M My ~ N

so that™
A—Jl—JgNN 1

5 0.
Jit o t

Our background (plus open string excitations which do not modify this scal-

n

ing) is a near BPS operator, in the language of [80]. These results are in
perfect agreement with the supergravity arguments of [99] - the strong and
weak coupling results match. The operator we have obtained is a “near quar-
ter BPS” state. The fact that the anomalous dimension is proportional to
M, M, strongly suggests that it arises from the dynamics of the open strings
stretching from the stack of M; giants (described by x,, (Z)) to the stack of
M, giants (described by x,.,(Y)).

Let us now recall a few well known facts. ‘t Hooft[§] has already made

the beautiful observation that the perturbative expansion of a matrix model

16We thank Shahin Sheikh-Jabbari for extremely useful correspondence, which lead to
the results of this subsection.

1"This is not quite the same limit as that described in [99]; in [99] the limit with ¢2,,
fixed is considered.

18We kept the ‘t Hooft coupling fixed in order to obtain this scaling for 7, which matches
precisely what one obtains in the BMN limit.
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can be written in the form
D NTHLO), (9.10)
g=0

where f,(\) is a polynomial in the ‘t Hooft coupling - there is no additional
N dependence apart from the multiplying factor of N2729. Here, % plays
the role of a genus counting parameter. In the BMN set up, one learnt
that there is a new effective genus counting parameter g, = JWQ replacing
%, by studying the two point functions of BMN gauge invariant operators
(each has angular momentum J). In terms of this effective genus counting
parameter, the effective ‘t Hooft coupling is g%,,;/92 = g%, N/J*. Can we
repeat this analysis for the operators considered here? Towards this end, we

set M, = My = M and compute the two point function

Go(N + M +1) )2
i)

L= {xn (D) (V) ' (2) X0, (V) = (GQ(N + 1)Go(M + 1

where Gy(n + 1) is the Barnes function defined by (I'(z) is the Gamma

function)

Ga(z+1) = T(2)Ga(2), 2(n+1) Hk'

We will now set N = aM? where « is a number of O(1) in the large N limit.

The Barnes function has the asymptotic expansion

2

N 1 3 N -
log Go(N+1) = 710g(N)—Elog(N)—ZN2—I—E log(27)+¢'(— +Z 2929

By,
_2 N29-2"

9=

where By, are the Bernoulli numbers and (’(—1) is the derivative of the
Riemann zeta function evaluated at -1. Using this asymptotic expansion, it
is clear that 5 can be split into a product Fjon—pert Fpert; Where Fiion_pert 1S @
non-perturbative piece that can not be expanded in % and Fley is a factor
that does admit an expansion in . This suggests that we should identify

9This factorization is not unique; it will be fixed by the physics of the problem. We do
not yet know how to do this.
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go = ﬁ ~ \/—% In the BMN case only even powers of g, appear in the genus
expansion; here we can not be sure if only even powers of g, appear. This
depends on precisely how we factorize I into Fion—pert Fpert- Using this genus

expansion, we would expect an effective ‘t Hooft couplinﬂ

~ 1
A= gxszM = EQ%M\/N'

Keeping this effective ‘t Hooft coupling fixed but arbitrarily small, one finds
A =2NM (1+24) = 2a0* (1+421) .

This looks like a polynomial is A times some power of M. Clearly, in view of
, ) is indeed the correct ‘t Hooft coupling. To properly specify our state
of intersecting giants, we need to specify the three Young diagrams which
would label the restricted Schur polynomial of the giant system. Clearly,
with our simple choice it seems that we have correctly obtained the correct
Yang-Mills operator to describe the decoupling limits of [84) [99] to one loop.
It would be interesting to compute higher loop corrections and verify that
one does indeed continue to obtain a polynomial in \ times M3. If extra M
dependence does appear, it might be a sign that our simple guess for the back-
ground needs to be corrected at O(S\) This is not completely unexpected:
these operators are not protected so one would expect corrections in general.
Finally, holding A fixed we find the ‘t Hooft coupling A = ¢2,,N = AWWaN
goes to infinity. Thus, even though we have large A the one loop correction
can be made arbitrarily small. We are thus optimistic that, similar to what
happens in the BMN limit, it will be possible to compare perturbative field
theory results to results obtained from the dual gravitational description.
The genus counting parameter gy = ﬁ and the effective ‘t Hooft coupling
A= g% M are exactly the parameters we would expect for the description of
the large M limit of a U(M) gauge theory. This is rather natural: we have on

the order of M giant gravitons whose worldvolume theory at low energy will

20With this scaling, which is different to what we had above, 1 does not scale with N,
but can be made arbitrarily small.
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be a U(M) gauge theory. This provides strong field theory evidence that the
sector of the theory identified in [84, [99] is indeed captured by the dynamics
of open string defects distributed on a boundstate of intersecting giant gravi-
tons. Its natural to think that the decoupling limits of [84, Q9] capture the
decoupled low energy world volume theory of the intersecting giant gravitons
in the same way that Maldacena’s limit[5] captures the decoupled low energy
world volume theory of N D3 branes. Our explicit computations show that
the low energy world volume theory of the giant gravitons is weakly coupled

even when the original A/ = 4 super Yang-Mills theory is strongly coupled.
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9.2 Beyond the Half BPS Sector

In this section we would like to determine the sector of the theory in which our
reorganization of perturbation theory is valid. First, the near BPS operators

we are interested in are BMN-like gauge invariant operators
O({n}) =Te(YZMY Z™Y Z™Y .. Y Z"E).

To compute the two point correlator (O({n})O'({n})), we start by con-
tracting the Y fields planarly. After performing the Y contractions we need
to compute
<H Tr (zmz*m)> : (9.11)
i B
We need to verify that the above amplitude admits an expansion with pa-
rameter m to demonstrate that our reorganization of perturbation theory
does indeed apply to the half BPS and almost BPS sectors.
We will demonstrate that a relation very similar to holds for the
leading contribution to the one point functions . We will then derive
an exact relation. The first property we use is factorization (valid to leading

order and if ). n;, ~ O(1))

B (2

<HTr (Z""ZT’”)> =[x (27 2™)), .

Factorization in the annulus background has been discussed in [23] and in

Appendix [C.I} Thus, we need only consider
(Tr (2" Z)) , = (Tx (Z"Y)Te (ZT°YT)), .

This computation can be completed in exactly the same way as the com-
putation we tackled in section We start by writing the gauge invariant

operator of interest in terms of restricted Schur polynomials

O(n) =Tr (2"Y) = Z ARRX RN (Z,Y ). (9.12)
(R,R)
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R is a Young diagram with n 4+ 1 boxes and R’ a Young diagram with n
boxes. The expansion coefficients ag r are independent of N. The two point
function of restricted Schur polynomials has been computed in [31,27]. Using

these results, we find

e N) = (OO ) = 3 ad p1ioon g

) hooksg/

The factor hooksg/hooksg does not depend on N. To compute these am-
plitudes in the annulus background, we need the analog of the product rule
given in figure . The product rule for restricted Schur polynomials (section
7)) was used in appendix to compute precisely the restricted Littlewood-
Richardson number needed here. Again, only a single term enters in the

product

XB(Z2)Xr.r)(Z,Y) = 9B (R.R) (+RA+R) X(+RAR)(Z,Y).

+ R’ is obtained from + R by dropping a single box. This restricted Littlewood-
Richardson number was computed in appendix[B.5]from its definition; this in-
volves a summation over restricted characters. There is however, a much sim-

pler way to obtain this result. Once one has established the form x5(Z)x(r,r)(Z,Y) =
9B (R,R) (+R+R) X(+R+r)(Z,Y ), reducing both sides with respect to ¥’ glveﬁ

CR,R’XB(Z)XR’(Z) = CR,R'X+R'(Z) = C+R,+R'YB(R,R) (+R,+R’) X+R'(Z),

where we have used the product rule of section9.1.1} xg(Z)xr (Z) = x+r(Z)
and where ¢ 7 is the weight of the box that must be dropped from 7' to

obtain 7”. Thus,
CR,R/

9B (R,R) (+R+R) = .
C+R+R

This formula is exact. Although it is possible to compute things exactly, we

will also make good use of the leading large N 4+ M version of our results.

21To reduce with respect to Y we take the derivative Tr dY A formula for the reduction
of Schur polynomials is given in [57]; a formula for the reduction of restricted Schur
polynomials is given in [31]. The reduction rule is reviewed in section
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For this reason we start with a large N 4+ M analysis and then give exact
results.

Large N Analysis: To leading order in large N 4+ M we have cpp = N
and c;r+p = N + M which reproduces the known result of appendix

It is now straight forward to find
Cg(n,N) = <(’)(n)(’)T(n)>B

_ Z o2 N ’ hooks,r fir
g BR\ N+ M) hooks,p fg
N , hooksg fir
= QR p— T - 9.13
(N + M) (RZI;) BB hooksp f5 (9.13)

Arguing exactly as we did in section we find

Cp(n,N) = (NfM) Cln,N+M). (9.14)

This is very similar to, but not quite the same as (9.6)). Note also that (9.14)
was only derived at leading order; is however exact. Some insight into
these relations can be obtained by noticing that at leading order in N we

have
(Tr (Z")Tx (ZT™)) = N, (Tx(2"Z')) = N**t

Thus, as long as we restrict ourselves to the leading order, and ((9.14))

can be restated as follows: consider an operator O(Z, ZT) which is a product

of factors of the form (9.2) or (9.12)). Then

(0(2,21), = <0 <\/N ;MZ, \/N ;MZT>> . (915)

At leading order, the only effect of the background is to rescale Z. This

observation will be useful below.

Exact Analysis: The box crr has a weight N + p where p is a number of
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O(1). Then

_ N+p hooks, .~ N + M + p hooksg
IBRR)GRAR) = N r 0 hooksyw | N+ p  hooksg
so that
N +p hooksg 1 fir
Tr (Z"Y)Tr (Z1"Y'T))
(T ( )T ( Z N + M + phooksg (n+1)? fp

(R,R")

B Z hooksp 1 fir Y Z 1 hooksp 1 fir

hooksg (n +1)% fp N + M + phooksg (n+1)? fp

(R,R") (R,R")

B Z hookspr 1 f+R Z hookspg 1 fig

) hooksg: (n + 1 > hooksg (n+1)% fp

In the above sums, R runs over all hook Young diagrams with n 4+ 1 boxes
(diagrams with at most one column containing more than one box; see ap-
pendix and R’ runs over all possible ways of removing a box from the
hook (there are usually 2 possible ways). The first term in this last expression
is nothing but C(n, N + M). Now, it is a simple matter to verify that

hook dp 1 1 11
> 0oR - i TS (916)
hookspg ( n—l—l dgn+1 n+1 n n

The first equality follows from the formula for an irreducible representation
of Sy: dp = hooks ;
expression for the dimensions of the hook Young diagrams R and R’. Thus,
the coefficient of f, g /fp is 1/n. Next consider

the second formula follows upon inserting the explicit

hOOkSR/ 1 f+R’ dR” 1 f+R’
1Ny = Y Ll g dw L g )
= hooksgr n? fg T drn g

In the above sum, R’ runs over all hook Young diagrams with n boxes and

R” runs over all possible ways of removing a box from this hook (there are 2
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possible ways). The coefficient of f,r /fp in this last sum is

dR// 1
Z dR/ n n

R//

This follows because we sum over all possible subductions R” of R’. This
proves that ((9.16)) and (9.17)) are identical and hence we find the exact relation

Cp(n,N) =C(n,N + M) — MC(n—1,N + M). (9.18)

We have explicitly checked that it holds for n = 1,2,3,4,5,6. C(n, N + M)

admits an expansions in thus, we have demonstrated that the ampli-

TN
tudes Cp(n, N) admit an expansion in ——, albeit with the above extra M

M+N>
dependence in the expansion. M is the Ijumber of maximal giant gravitons
making up the background; it is not surprising that there are amplitudes
that have some additional dependence on M. The point is that all N depen-
dence in our amplitude has, according to , been replaced by an N + M
dependence which is perfectly consistent with what we found in the half BPS
sector.

Given the above success one may ask if we can consider more general cor-
relators and to work beyond the leading order. This more general analysis
would tell us the class of operators for which our reorganization works, that
YA + ~- Recall that the

Schwinger-Dyson equations of a theory determine the correlation functions of

is, the full class of operators that can be expanded in

the theory. Thus, one possible approach to our problem (now that the above
analysis has suggested what to search for), is to demonstrate the replacement
N — M + N at the level of the Schwinger-Dyson equations. This demon-
stration turns out to be straightforward. Start in the trivial background;

consider first the simple Schwinger-Dyson equation@

d

0= / [dzdZz'] =

ij

((Zn+IZTn)ij€_S) .

22Gince we compute correlators using (9.1, to obtain Schwinger-Dyson equations that
determine our correlators we must consider a zero dimensional matrix model with action

S =Tr(ZZ").
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Performing the derivative we find

(Tr (Z1 21y = N(Tv (2" ZT)) + i (Tr (Z")Tx (2" Z™)) .

r=1

An easy computation (see Appendix [C.1)) shows that, in the background B,

the above Schwinger-Dyson equation becomes

(Tr (ZmH1 21, = (N+M) (Te (27 27)) .+ (Tr (Z27)Te (27721,
r=1

Clearly, the net effect of the background is to replace N — N + M in per-
fect harmony with . This conclusion is rather general: the net effect
of the background, at the level of the Schwinger-Dyson equations, is the re-
placement N — N + M suggesting that should hold for all correlators
of operators built using only Z and Z'. This conclusion is too quick. To
determine the correlators, we should imagine solving these equations itera-
tively; the value of (Tr(Z"*'Z1"+1)) o will thus depend on (Tr (Z"Z'")) ..
We should start the process with the equation that follows for n =0

(Tr (Z2Z%)), = (N + M)N .

The N multiplying (M + N) on the right hand side comes from Tr (1). This
introduces an N dependence, which is not replaced by M + N. This result
is in perfect agreement with . By carefully analyzing the Schwinger-
Dyson equations for the half BPS gauge invariant operators, one can verify
that a similar problem does not occur for these operators, which is consistent
with . The above departure from a pure M + N dependence is rather

mild and one may hope that there is a simple generalization of our results.

1
M+N

simply replace M + N — (u+ 1)N with p = % so that we have the usual %

We are claiming that we have a new expansion parameter. Why not

expansion with p dependent coefficients? There are (at least) two reasons to

reject this proposal

e The loop expansion parameter in the half BPS sector is the

1 .
M+N?
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expansion coefficients have no additional M or N dependence. Since

this sector includes gravitons, we should identify M_le as the h for
the graviton interactions. Indeed, a % expansion with g dependent
coefficients is an expansion whose coefficients change as N is changed,

indicating additional A dependence in these coefficients.

e Our relation is exact and holds for any value of M. As the size
of M changes the character of the expansion changes and it can be
misleading to think that fluctuations are controlled by ~. If M = O(1),
M + N can be replaced by N and we have the usual % expansion as
expected - this is the theory in the AdS;xS® background. In this case,
o= O(%) and the coefficients again become N independent. When
M = O(N), M + N is itself of order N, and % continues to control
the size of fluctuations. This is the —~1+ expansion we found above

M+N
- for example the theory in the LLM annulus background. In this

case, i = O(1), and the coefficients themselves are of order 1. When
_ 2 1 -

M = O(N?) we can replace M + N by M so that our 575 expansion

% expansion. The correlators are dominated by

contractions with the background and fluctuations are much smaller

effectively becomes a

than in the usual % expansion: they are controlled by % ~ ﬁ In this

case, i = O(N) so that the coefficients are unusually small - of size

1
N

have a

. Particularly in the last case, it would be absurd to suggest that we

1

& €Xpansion parameter.

This completes our demonstration that the BPS and near-BPS sectors of the

1
M+N

A study of the closed strings probing the LLM annulus background has

theory admit a

expansion.

been completed in [78| [79, 23] and in section |8] One can describe the gauge
invariant operators O({n}) in terms of Cuntz oscillators (representing the Zs)
populating a lattice (formed from the Y's) as in [51], [71 [69] B1], B2, 33]. The
article [79] in particular, pointed out that the net effect of the background,
on the one loop dilatation operator, was to rescale the Cuntz oscillators. This
rescaling is nothing but the relation we have found in ! This rescaling
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could also be accounted for by using a new ‘t Hooft coupling
)\new = g}2fM<N + M)

This again looks natural: we have the inverse of the effective genus counting
parameter times ¢g%,,. The net effect of the background on the one loop
anomalous dimension operator (in this sector) is to replace A — A\ey. In the
next section we investigate the effect of the background on the anomalous

dimension operator at two loops.
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10 Anomalous Dimensions of Operators with

a large R Charge and Integrability

In sections [§ and [0 we have developed techniques to systematically study
operators with an R-charge of O(N?). In particular, we have developed gen-
eral techniques, termed cutting rules, that allow us to calculate correlators
of operators in the presence of general LLM background operators comprised
of O(N?) fields, in the free field theory limit. We have also developed sig-
nificant insight into the properties of correlators of operators in the presence
of the half BPS annulus background, in the half BPS and near BPS sectors.
These correlators cannot be treated using the standard 1/N perturbative ex-
pansion since the usual suppression of non-planar diagrams is, in this case,
overpowered by huge combinatoric factors[18]. Instead, we have obtained
evidence that the appropriate expansion parameter is 1/(N + M) where M
is an O(N) number describing the number of columns of the Young diagram
labeling the annulus background operator. We will now study the anomalous
dimensions of operators with classical dimension of order N? and investigate

the question of integrability in non-trivial backgrounds.

There is by now an impressive body of work suggesting that planar N = 4
super Yang-Mills theory is exactly integrable. This would be very fortunate
indeed, since it would mean the problem of computing the spectrum of all
possible scaling dimensions of the gauge theory can be solved exactly, in the
large N limit, by employing a Bethe ansatz. This has been established for
the complete set of possible operators at one loop in[36], 7] and to two and
three loops in the su(2) sector[35]. Given these results it is natural to guess
that integrability extends to all orders in perturbation theory and perhaps
even to the non-perturbative level[35]. There is now mounting evidence that
this guess is correct [38, 39, [40, [4T], 42} (43, 44 [45], 46], 47, [48], 49], 50].

The idea of spin chain parity played a central role in the discovery of the
planar two and three loop integrability[35]. Acting on a single trace operator,
parity simply reverses the order of fields inside the trace. The dilatation

operator commutes with parity, so that as we would expect, the dilatation
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eigenstates are also parity eigenstates. In addition, [35] found that eigenstates
with opposite parity were degenerate - this was quite unexpected. This
degeneracy can be explained by the existence of a higher conserved charge
(Uy in the notation of [35]) that commutes with the dilatation operator but
anticommutes with parity. Its also possible (and useful) to put this argument
on its head: one can interpret the degeneracy of states with opposite parity as
evidence for the existence of further conserved quantities. When non-planar
corrections are taken into account, parity remains a good quantum number
but the degeneracy is lifted (see [35] for a discussion of the N' = 4 super
Yang-Mills case and [101] for a very relevant discussion in the context of the
ABJM theory). Although this only proves that the standard construction of
conserved charges does not work away from the strict planar limit, it does
suggests that integrability might not survive away from this limit. Clearly

an important question is
Does integrability survive non-planar corrections?

In this section we will explicitly describe a situation in which we do sum
(in fact, an infinite number of) non-planar corrections. The non-planar cor-
rections that we consider arise because we are interested in computing the
anomalous dimensions of operators whose classical dimension is of order N2.
Further, we collect some evidence that the resulting dynamics remains inte-
grable. This suggests that, at least in certain situations, the answer to the
above question is positive.

The specific operators we study are spelt out in detail in section [10.1.1
In section we give the dilatation operator to two loops. To obtain
this result, ribbon diagrams with arbitrarily large genus are summed. In
section [10.1.3| we study the action of our dilatation operator. The action
of this dilatation operator is not easily formulated in a spin chain language
because, nonplanar corrections allow the number of fields within each trace
to change. This translates into a spin chain with a variable lattice length.
A convenient reformulation of the problem, in terms of a Cuntz lattice, was
given in [51]. In the reformulation, particles (described by Cuntz oscillators)

hop on a lattice of fixed size. The fact that the size of the spin chain lattice
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was dynamical now translates into the fact that the total number of particles
populating the Cuntz lattice is dynamical. We give the Cuntz oscillator
description of the dilatation operator for the class of operators we study in
section [10.1.4] In section we start to look for signs that our Cuntz
chain is integrable. To start, we rewrite the spin chain (in the su(2) sector)
of [36], 37, 35] in the Cuntz oscillator language. In particular, we write the
conserved charge Uy of[35] in terms of Cuntz oscillators. We have verified,
using this expression for Us, that U; does not commute with the Cuntz chain
Hamiltonian corresponding to the annulus geometry. Another way explore
the integrability of the original model is to study the semi-classical limit of
the spin chain, which can be matched to the low energy limit of the principal
chiral model. It is known that the principal chiral model is integrable. We
can show that the Cuntz chain corresponding to the spin chain of [36], 37, [35]
is indeed equivalent to the low energy limit of the principal chiral model -
the spin chain and the Cuntz chain simply correspond to different choices
of gauge. We give the explicit form of the gauge transformation relating
the two in section [10.2.2] In section we study the large M limit of
our Hamiltonian and argue that we can indeed write down higher conserved
charges. This suggests that integrability survives in this limit. In appendix

we present some technical details relevant to this section.

10.1 Two Loop Cuntz Chain of the LLM Background

N = 4 super Yang-Mills theory has 6 scalars ¢; transforming in the adjoint
of the gauge group and in the 6 of the SU(4)z symmetry. We shall use the

complex combinations

Z=¢1+igy, Y =¢g3+idy, X =5+ idg, (10.1)

in what follows. All operators that we study are built using only Z and
Y’; they belong to the su(2) sector of the theory. Many of the expressions

that we write involve traces over Zs, Y's and derivatives of them. To avoid
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confusion, we will now spell out the index structure of a few expressions

0 0
0 0 0o 0

10.1.1 Annulus Background

Schur polynomials provide a very convenient reorganization of the half BPS
sector of the ' = 4 super Yang-Mills theory due to the properties outlined in
section |3} The half BPS sector of the theory can be reduced to the dynamics
of the eigenvalues of Z, which is the dynamics of N non interacting fermions
in an external harmonic oscillator potential[I7, 22]. The half BPS sector
of operators with R charge of order N2, are dual to solutions of type IIB
supergravity - the LLM geometries[I5]. For a careful discussion of precisely
what aspects of the eigenvalue dynamics the supergravity captures and vice
versa, see [91]. For a recent discussion of the macroscopic description of
the dual geometry see [102]. It is by now well known that the space of the
LLM geometries is given by a black and white coloring of a two dimensional
plane[T5), [74]; this colored plane is isomorphic to the fermionic phase space of
the eigenvalues of Z. The Schur polynomials correspond to geometries that
are invariant under rotations in this plane.

The Schur polynomials are labeled by Young diagrams. In what follows,
we will be interested in x5(Z) with B a Young diagram that has N rows and

M columns. We take M to be of order N. Note that we can also express
x5(Z) = (det(2))M . (10.4)

This implies that
0

0Z;; XB

(2) = M(Z™")jixs(Z), (10.5)

a formula that we will make good use of below. The coloring describing the

dual LLM geometry is a black annulus. The inner white disk has an area of
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% whilst the black annulus itself has an area of 7 in units that assign an

area of £ to each fermion state in phase space.

10.1.2 Two Loop Effective Dilatation Operator

The two loop dilatation operator, in the su(2) sector, has been computed in

[35]. Using the conventions of [35], the dilatation operator can be expanded

o) ) k o]
g
D=3 (82%) Du=3 o"Du. (10.6)
k=0

k=0

as

where the tree level, one loop and two loop contributions are

Dy =Tr (Z(%) +Tr (Y%) , (10.7)
2o (zn[ 2. 2]) 108
o= 21 (435 | [5532 2))

e (mae[22] o)

The normal ordering symbols here indicate that derivatives within the normal
ordering symbols do not act on fields inside the normal ordering symbols.
We allow this dilatation operator to act on an operator built mainly
from Zs with a few “impurities” = Y's added. For most of our study we
explicitly display formulas for operators with two or three impurities. Our
final formulas are however, completely general, covering the case that we

have O(1) impurities. Adapting the notation of [35] we define

k
OB<p7 J07 Jlu ) Jk) = XB(Z)O;();JI ..... I = XB(Z)Tr (YZPYZJO*P) HTI' ZJi )

i=1

(10.10)
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k
Q(Jo, J1, Jo, oory i) = X5(2) Q72 = X p(Z)Te (Y ZP) T (YZ7) [ [ Tx 27,

=2

(10.11)
where xg(Z) is the operator creating the background, which was defined in
the previous section. Our strategy is to define an effective dilatation operator

D.g as
D (xp(2)0J70T) = \ p(Z) Deg Ok . (10.12)

Diagonalizing the action of D.g on the gauge invariant operators (91‘070;‘] Leodk s
clearly equivalent to diagonalizing the action of D on Og(p, Jo, J1, ..., Ji). Tt
is natural to interpret D.g as the dilatation operator for the LLM background,
that is, for the theory that is deformed by the insertion of xp(Z)xs(Z") in

the path integral. Notice that we can write

Dt = X%MDXB(Z). (10.13)
This formula remains correct even after replacing xp(Z) by any other op-
erator creating the background, which depends only on Z. Ultimately, we
will restrict ourselves to the large M + N limit. To capture this limit, as
explained in section [0 one needs to re-sum an infinite number of nonplanar
diagrams; ribbon diagrams with arbitrarily large genus are summed. This
limit is certainly not the planar limit of N = 4 super Yang Mills theory.

The crucial observation needed in the computation of D.g is that

0
(9Z7;j

0
8Zij

(xB(2)0,0 ) = xp(2Z) ( + M(Zl)ji> Oy Tk (10.14)

Repeated application of this formula gives

Dot = Do+ MN (10.15)

0
Dy o = Dy — 2MTr ((ZYZ—l +Z7'YZ -2Y) 8_Y) , (10.16)
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9
Dyt = Dy+4NMTr ( (Z2YZ '+ Z27'YZ -2Y) ay)

0o 0

s avnian e e A oo e

el )]

— 2M*Tr ((22 —4ZYZ Vv 6Y —4Z27'YZ + 2~ 2YZQ) 8(2/)
for the tree level, one loop and two loop contributions to D.g. The formula
for Dy o has a straight forward interpretation - the dimension of the gauge
invariant operator O;0/t-7k is shifted by MN due to the presence of the
background, which has dimension M N. The answer for Ds .¢ has already
been obtained and discussed in [78] [79} 23] and section [§

10.1.3 Action of the Two Loop Effective Dilatation Operator

A useful observation made in [35], is that, when acting with gDy + g*D4 on

the generic two impurity gauge invariant operators (91370?‘] LTk and Q0015200 Tk

T2k are never produced. This is easy to under-

operators of type Q7%
stand: acting with ¢?D, + ¢g*D, always inserts a commutator [Y, Z} into
a trace; this trace vanishes unless it contains another Y. This observation
generalizes: when acting with ¢?Ds o + ¢* D4 o on the generic two impu-
rity gauge invariant operators Ot/ and Q701727 operators of type

Q70132 Jk gre never produced. This follows because both

Tr ((ZYZ +Z7'YZ -2Y) a‘z/) (10.18)

and

Tr ((ZQYZ P AZYZT 4 6Y —AZTY Z + Z7?Y ZP) g/) (10.19)

annihilate gauge invariant operators containing a single Y and because the

remaining terms in ¢?Ds og + ¢* Dy g always insert a [Y, Z] into a trace.

In what follows we will study the anomalous dimensions of the operators
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Og(p, Jo, J1, ..., Ji). Clearly, from the observation we just made, we do not
need to consider the operators Qp(Jy, Ji, Jg, <ey Ji) to do this.
Consider the action of Dj ¢ on (’)JO’J Tl Following [35] we can break

D5 o into three pieces
Dy o = Dagei + Doy et + Do — eff (10.20)

where Dy preserves the number of traces in Q017 Dy | o4 increases
(by 1) the number of traces and Ds _ o decreases (by 1) the number of traces.
From it is clear that the additional term proportional to M can only
contribute to Dy eg. The terms Dy o5 and Dy _ o which involve gauge in-
variant operator splitting and joining will not contribute at the leading order;
they will be important when computing, for example, subleading corrections
to the leading M + N limit. The additional contributions proportional to
M in have an important effect: they imply that p and Jy — p can
be negative. Thus, we need to consider gauge invariant operators in which
we populate the two “gaps between the Y's” with both positive and negative
powers of Z. This implies that p in OJo*1-+/s is completely unrestricted.

It is easy to write down an exact expression for the action of Ds

Jo;J1 .- Jo3J150005]
Dyjy O = —4 A, (OPH

Jo;J15ee0sd] Jo3J1500 05
Oty — 4y (O]

—O;)]O;Jl"“"]’“) 7 (10'21)
Jo;J1,0.. —Jrr15d150 ke Jk41
Dai O, =4 §j (o3
Jk+1 1
Jo—p—1
Jo—Jk+1;J15 Ik Tkt 1 Jo—Jk415J91, Tk Jpg1
_Op Je1-1 —4 z : Op—f—l
Jr+1=1
_ OPJO_Jk+1§J17--ka’Jk+1) 7 (1022)
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D, HOJO;Jl ..... Je _ 4§ :J (OJO"FJi;le-wjiy--ka
;T € P 1

ptJ;
i=1

p+1

k
Jo+Jis 1 iy Tk Jo+Jisd1 i Ik
—O ) =130
=1

_ O]{O"FJ'L;Jh--yjia-ka) ’ (10.23)

where in the last expression hatted variables are removed from the argument
of O and

A = M+N  Jy>p
= M otherwise (10.24)

Ay = M+N p>0
= M otherwise . (10.25)

Again motivated by [35] we can write

1
Dyeg = _é_l(D2 ot)? + 6Dy o (10.26)

where

6Dy =2:Tr [Z,Y] Lliy, {Y, {diz’diym C42M T [Z,Y] inY’ [Y, {Z—l,diym .

We can decompose 6Dy o as

0Dy e = 0D40eff +0D4 4 e +0Ds—eg +0Ds 4 e +0Ds—_ e +0Ds 11 o -

(10.27)
The number of pluses/minuses in the subscripts on the right hand side of this
last expression tell us how many traces are added/removed by the action of
that particular term. 0D, 1 _ ¢ adds and removes a trace and hence it comes
from summing higher genus ribbon diagrams which contribute to the trace

conserving piece of 0Dy .. It is again easy to write down exact expressions
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for the action of these terms. These expressions are given in Appendix [D.3]

10.1.4 Leading M + N Limit

To extract the leading terms at large N (recall that we take M to be of order
N) we need to rewrite the action of Dy .z obtained in the last subsection
in terms of normalized gauge invariant operators, that is, gauge invariant
operators that have a suitably normalized two point function. The relevant
two point correlators have been computed in Appendix The result is
most easily written in terms of a Cuntz oscillator chain. We will now focus
on gauge invariant operators that have £ = 0. If we relax the restriction to
two impurities (which we do from now on), the gauge invariant operators we

study have the form
Os({p}. Jo) = xp(Z)Tx (Y ZIY ZP---YZ™), Y pi=Jo. (10.28)
=1

To translate this gauge invariant operator into a Cuntz chain state, we as-
sociate a site of the Cuntz chain with each of the gaps between the Ys.
The above gauge invariant operator defines a state in a Cuntz chain with
n sites. Further, the number of Zs in each site gives the occupation num-
ber of that site. Finally, we require that operators with a normalized (free
field) two point function map into normalized Cuntz chain states. This last
point deserves a few comments. The spacetime dependence of the free field
correlators we compute is trivially determined by the bare dimension of the
operator. Thus we can compute all correlators in zero dimensions. In this
zero dimensional model, each two point function is just a number. An opera-
tor with a normalized two point function is one for which this number is one.
This map between two point functions and the norm of states is of course
nothing but the usual state operator correspondence.

The dilatation operator allows the Zs to hop between sites of the Cuntz
chain. At leading order in large M + N, the action of Dy is given entirely
by Dsges. Using the correspondence given in the last equation of Appendix
, the operator equation ({10.21)) can be translated into an equation for the
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action of Dy.g on the Cuntz lattice. If all Cuntz lattice occupation numbers
are positive then, since Dy.g lowers each occupation number by at most 1,
acting with Ds g can’t change the value p_ = 0 where p_ is negative the sum
of all the negative occupation numbers. This implies that all gauge invariant
operators have the same leading two point function and hence, when acting

on a Cuntz lattice with, for example, two sites (A = g?N)

N+ M

92D2,o eff|{p17p2}> = —4\ N

(H{p1 + 1, p2 — 1}) = 2{p1.p2}) + {p1 — L,p2 +1})) .
(10.29)

Similarly, if all Cuntz lattice occupation numbers are negative then, since
D5 raises each occupation number by at most 1, acting with Ds.g again
can’t change the value p_ = ", p;,. Again all gauge invariant operators have
the same leading two point function and hence, when acting on a Cuntz

lattice with, for example, two sites

M
9°Dag el {p1, p2}) = —4A (Hpr+ Lp2 = 11) = 2[{p1, p2}) + {1 = L2 + 1)) -
(10.30)
Finally, consider for example the case that D¢ acts on a lattice with two

sites and occupation numbers p; = 0, po = 2. In this case, the normalization

of the gauge invariant operators is not the same: three terms have p_ = 0
and one has p_ = 1. Taking this into account gives
M+ N

9°Dap eal{0,2}) = —4X ~v— (HL1H) = {0,2}))

M (VM+N
— AN (W|{—1,3}> - |{0,2}>) . (10.31)

There is a nice convenient way to summarize these results, see [78], [79, 23]
and section [§] We will introduce Cuntz oscillators which satisfy the algebra

(we associate one of these oscillators to each site of the chain)

M M
ala = ~ 00 +1) = [0)(0], aa’ = ~ o+, (10.32)

with n the number operator. Notice that when M = 0 we have only positive
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occupation numbers so that the above relations reduce to the usual ones
a'a =1—0)(0|, aal = 1. (10.33)

We can also define these oscillators by giving their action on states of good

particle number

M
aln) =1/1+ W\n -1) n>0 (10.34)

aln)y = \/%\n —1) n<0. (10.35)

In terms of these Cuntz oscillators we have
¢*Dy o = 2)\2 —a}, )@ — ai1). (10.36)

There is a rather direct way to extract (part of the) geometry of the
dual LLM solution from this Cuntz oscillator description, see [78], [79, 23] and

section [8 To see this, consider the coherent state

0

=3 (%)gznmwg(MﬁN)Zzn\m. (10.37)

n=—oo

The norm of this state

o0

Z +ZM (10.38)
Nn|Z’2n e (M+N)n :

is only finite if & < [z|> < 2N that is, 2> must lie within the annulus.
Clearly z is a complex coordinate for the LLM plane.

This one loop result is intriguing: the effect of the background has been
completely accounted for by simply modifying the Cuntz oscillator algebra.

This is a remarkably simple change. It is natural to ask

Is the net effect of the background (even at higher loops) completely
accounted for, by simply modifying the Cuntz oscillator algebra?

We do not have a complete answer to this question. Computing the form
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of the two loop answer (Dy ) is already a rather involved task. We have

however studied this question for two sites. In this case
1
9" Do = =7(9°D2.en)’ + 9"0Ds en (10.39)

where
2

945D4 eff = 4N Z (a; [al+17 aerrJal—f—l + a;az+1 [al, a”
I=1

—alTal [alﬂ,alTH] — alT [al,a”al) ) (10.40)

Thus, at two loops for a Cuntz chain with two sites we find that, again, the

net effect of the background is to modify the Cuntz oscillator algebra.
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10.2 Conservation Laws

In the last section we have explained how to extract an effective dilatation op-
erator. Diagonalizing this effective dilatation operator will give the spectrum
of anomalous dimensions for a class of operators whose classical dimension
is of order N2. Non-planar diagrams have to be included to obtain this di-
latation operator. One consequence of this is that a spin chain description is
no longer useful and we have instead passed to a Cuntz lattice description.

In this section we want to answer two questions:

e The Cuntz lattice description can be employed even before a back-
ground is introduced. What is the translation of the conserved quanti-

ties of the original spin chain into the Cuntz lattice language?

e [s there any evidence that the effective dilatation operator obtained in

the presence of the LLM annulus background is integrable?

10.2.1 U, rewritten in the Cuntz Oscillator Language

Before we obtain the conserved charge U, in the Cuntz oscillator language,
its useful to first write it as a differential operator acting on gauge invariant
operators. We will use this expression when we search for a correspond-
ing conserved charge in the nontrivial background. It is a straight forward

exercise to find that the planar action of

d d d d d d
Uy = Tr <(YZZ - ZYZ)Wﬁﬁ> +Tr ((ZZY - YZZ)ﬂWE>
d d d d d d
+Tr ((ZYZ - ZZY)d—Zd—Zd—Y) +Tr ((ZYY - YZY)d—Zd—Yd—Y)
d d d d d d
+Tr ((YYZ - ZYY)d—Yd—Zd—Y) +Tr <(YZY - YYZ)d—Yd—Yd—Z) :
(10.41)

on single trace gauge invariant operators matches the action of U, on the spin

chain. To illustrate how to obtain a Cuntz oscillator representation, consider
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the first term above: it acts as
722 =Y —-7ZY 7. (10.42)

This term can be represented in terms of Cuntz oscillators as

L
Z(Q;HCLLI - aga}:ﬂ)alal . (10.43)
=1

The second term in the sum should not be truncated to alT 1@ since we have

to make sure that there are at least 2 Zs in lattice site [. The result for U, is

L

_ Tt 7T T T oot
Uz = Z ((al+1al+1 — @y )aa + (aa] = a0, ) aaa

=1

+afal_, —af_a]_)aa + (a]_, — af)ars1 [ar. o]

+ (cleJrl = alT_l) [al, a”al + (@;r — alTH)al,l [al, aﬂ) ) (10.44)

Using this procedure it is straight forward to write down the Cuntz os-
cillator representation for any of the conserved charges of the spin chain.

It is tedious but straight forward to compute the commutator of U; given
above and Ds.¢ - they do not commute. It seems natural to consider the
operator

1
Uset = XB—(Z)UQXB(Z) : (10.45)

It is a simple matter to compute Us.g using the above expression for U, as
a differential operator acting on gauge invariant operators. Again, Dy.¢ and
Usef do not commute. However, in the leading large M limit the two do

commute suggesting that this may be an interesting limit of Dy.q. This is

explored in detail in section [10.2.3| below.

10.2.2 Classical Limit

The original spin chain description of the dilatation operator can be replaced

by a sigma model in the limit of a large number of sites. This sigma model
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precisely matches the Polyakov action describing the propagation of closed
strings in AdS5xS°, in a particular limit[103] 104, 105]. This has also been
extended to other examples of the AdS/CFT correspondence[51], 106, 107,
108, [71]. The Cuntz oscillator description of the dilatation operator is simply
an alternative language in the undeformed background; when we consider the
deformed background the spin chain description is not convenient, so that
in this case it is best to use the Cuntz oscillator description. We can obtain
a semiclassical description of the Cuntz chain by again considering a large
number of sites[71]. In this subsection we will provide further insight into the
relation between the spin chain and Cuntz oscillator descriptions by showing
that in the dual string theory the two descriptions are simply related by a
change of worldsheet gauge choice.

The semi-classical limit of the Cuntz chain is obtained by taking L ~
VN — 00, A\ — oo holding % fixed and by putting each lattice site into
a coherent state (we are discussing the undeformed theory so there are no

negatively occupied sites)

L= [22Y 2"y, |n) = (a®)"|0). (10.46)

lth

The coherent state parameter of the site is traded for a radius and an

angle z; = r;e'. The action is given, as usual, by
oo d
S = /dt (Z<Z|d—t|Z> - (Z|D|Z>) 1Z) = H Er (10.47)

After trading the sum over [ for an integral over o, the action is

1 .
S = —L/dt/o do (% + %(r@ +r2¢’2)> . (10.48)

For a detailed derivation the reader could consult [7TI]. We would like to
show how this Cuntz chain sigma model can be recovered from the standard
string sigma model action on R x S3.

A string moving on R x S3 can be described by the principal chiral model
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with su(2) valued currents

. _,0g . 109
Y =g 122 10.49
=95 Jo=9 3 ( )
where
7 iy
g=| | esu®), (10.50)
vz

and Z and Y are the coordinates of a sphere
1ZP+|Y]?P=1. (10.51)

We are choosing to employ a principal chiral model description since this
description manifests the integrability of the model. Parametrize the sphere

coordinates as follows
Z =0 Y = /1 — 2Pt (10.52)

The equations of motion

a7'j’r - aojo‘ == 0 (1053)

can be obtained from the Polyakov action in conformal gauge and after fixing
the residual conformal diffeomorphism freedom by choosing ¢ = k7. In this
gauge, energy is homogeneously distributed along o. To obtain the low energy
limit, we take Kk — oo holding s, /{(ﬁ and k¢ fixed. It is precisely in this
gauge and in this limit that[I03] matched the semiclassical limit of the one
loop spin chain to the string sigma model. The Lagrangian in this limit

becomes

L= —l(j2 — i) =r%k¢ — (1 —rP)kp + 17’2¢’2 + 1(1 —rH)p? + 1 :
4> e 2 2 21 —1r?

The equations of motion following from this action needs to be supplemented

by the usual Virasoro constraints, which in this limit are j2 + j2 = 0 and

k' (1 =12+ ke (r? = 1) +O0(1) =0. (10.54)
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The Cuntz sigma model ((10.48]) does not contain the field ¢. Thus, it should
be eliminated before we can expect to obtain agreement. Integrate by parts

to obtain

. a 1 ]_ ]_ 7/2
C 2 2 2 112 2 2

(10.55)

Now, using the ¢ equation of motion (to rewrite the coefficients of ¢ in the
action) and the (square of the) Virasoro constraint (10.54) we find
2

o1 1 r 1 r
EZ 2 T2 02 - _ =
R S e R e

4
7. (10.56)

This does not agree with the result .

The disagreement is not surprising: the sigma model is written
in a gauge in which energy is distributed homogeneously along the string;
the sigma model corresponds to a gauge in which p, (= angular
momentum conjugate to ¢) is distributed homogeneously along the string.
In the Cuntz chain, only Y's mark lattice sites; in the usual spin chain both
Y's and Zs mark lattice sites. Consequently to go from the o.. coordinate of

the Cuntz chain to the o,. coordinate of the spin chain, we need to “add the

Z's back in”

Occ Occ 2
Ose = Ope +/ n.(o')do' = o +/ d 2da’, Tee = Tee - (10.57)

In this last equation, n.(0’) = r?/(1 — r?) is the expected number of Cuntz

particles (= number of Zs) at ¢’. It is now straight forward to compute

00, 1 OTse OTse
0o, 1 —12 OTee ’ 00 e 0, (10.58)
oo ¢ 2 0¢
e o g2 90 _ o T 99 10.
OTee r 00 e 1—1200, (10.59)

The integrability condition

~ Osc = = Osc = 7
OTee 00 e OTee L =72 00, OTpe 00 00

0 0 0o 1 0o 0 0 (_2T28¢> (10.60)
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is nothing but the ¢ equation of motion derived from ((10.48). It is now

a straight forward exercise to verify that after this change of coordinates

(10.48]) and (|10.56|) match perfectly.
The Cuntz oscillator Hamiltonian ((10.48]) can be written as

S = —L/dt/o1 do (nz(a)q's + %(r’2 + r2¢’2)) : (10.61)

The advantage of this rewriting is that it holds in general - that is, both for
the undeformed and deformed backgrounds. Inserting the explicit expression

for the expected number of Cuntz particles in the deformed background we

find
| A 2 2 412
(25 + _L2 (7‘ +ro¢ ) .

SZ_L/dt/ldg(
0 (10.62)

If one drops either of the two terms in square braces one obtains a model

M

r? N
M 2 M _ 2
1+N T N T

which can be related to the low energy limit of the principal chiral model and
hence is the low energy limit of an integrable model. The physical interpreta-
tion of such a truncation is clear: keeping only the first term corresponds to
focusing on fluctuations localized at the outer edge of the annulus; keeping
only the second term corresponds to focusing on fluctuations localized at the
inner edge of the annulus. For these classes of fluctuations, it seems that the
dynamics is integrable. It would be interesting to establish if the full model
is integrable or not.

There is a very natural generalization to multi ring LLM geometries,
corresponding to backgrounds created by Schur polynomials labeled by a
Young diagram with more than 4 edges and each edge with a length of
O(N). In this case n.(o) is a sum of terms, one for each edge. Restricting to
fluctuations localized about a particular edge again gives a model which can
be related to the low energy limit of the principal chiral model and hence is
the low energy limit of an integrable model. These localized excitations have
been constructed in [23].

The superstar geometry[52] has been related to an LLM geometry with
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boundary condition given by a sequence of concentric alternating black and
white rings[74]. Rings of the same color have the same area and the total
area of the black rings is m. As mentioned above, to construct n,(c) we need
to sum a term for each edge of the multi-ring geometry. We will consider
a geometry which corresponds to the Young diagram shown in figure
with ny,no << N. In this case, we sum a very large number of terms and
hence may use the Euler-Maclaurin formula to rewrite the sum as an integral.
Carrying this integral out we find (we dropped an additive constant that will

not contribute to the equations of motion)

2

Q r
. = 10.63
n,(o) at Bl _p ( )
where
nq N9
= — = —. 10.64
a=ll =2 (10.64)
N4
ny

Figure 12: The Young diagram corresponding to the superstar geometry.

Thus, the semiclassical limit of the Cuntz chain model is

! o r? i A 2 12
S:—L/dt/o do a+ﬁl+M—r2¢+ﬁ(T +7r7¢”) | . (10.65)
N

After rescaling ¢ we can recover the action ([10.48]) up to an overall multi-

plicative constant. Thus, the model can again be related to the low energy

limit of an integrable model.
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10.2.3 Integrability in the Large M Limit

In this subsection we will consider the large M limit, that is, we take M, N —
oo and in addition, the ratio % — 0. In this limit we suppress all % depen-
dence. The dilatation operator for the sector we consider, after subtracting

the classical dimension out, can be written as

d d
D=D (Z, Y, d-y) . (10.66)

To get the large M limit of Deg (we denote this operator by Deg) we should

simply replace % by MZ~! in the above expression to obtain

Do = Deg (Z, Y, MZ\, %) . (10.67)

Expand this operator as
Deg =Y Den (10.68)

where Deffn has a total of n derivatives with respect to Y. From the general
structure of a connected planar [-loop vertex we know that D will act on
[ + 1 adjacent sites; thus, it will contain [ + 1 derivatives. The leading
contribution in the large M limit would come from terms which have all [+ 1
derivatives acting on Z and these are replaced to give an M Tr (Z7171).
This leading term is captured in Degg, which up to an arbitrary coefficient,
is now determined. Since the dimension of Tr (Z”) is not corrected, it must
be annihilated by D and hence, in the large M limit it must be annihilated
by Dego. This implies that Dego vanishes. Thus, the leading contribution
will in fact come from the Deg;. The I-loop term will thus have a (g2M)!
dependence - this is the dependence that the present argument captureslﬁ

Since D is dimensionless, and preserves the total number of Zs and the total

230f course, our large M limit is a double scaling limit in which we take M — oo,
g?> — 0 holding ¢g?M fixed. This limit is the natural one: our effective genus counting
parameter is ﬁ so that A = ¢g?M is the obvious definition of the ‘t Hooft coupling. See

section |§| for further details.
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number of Y, it is clear that, to leading order at large M

N 8 d
Degp = Degrr = ; e Tr <ZWZ”W> (10.69)

where the ¢, depend on ¢g?M. It is trivial to see that

—n n d —m m d _
[Tr (Z YZ d-y) ,Tr <Z YZ dY)] =0, (10.70)
so that y
{Deﬁ,Tr <ZmYZmW)] =0, (10.71)

which clearly demonstrates an infinite number of conserved quantities to all
loops.

What is the physical meaning of this limit? Recall that the dilatation
operator can be read from the two point functions of the theory. Restricting
to operators constructed from scalar fields only is, in general, not possible due
to operator mixing. However, it is possible to show[35] that it is consistent to
restrict to operators built using only the two complex fields Y and Z. In this
case, we can compute the two point functions in a reduced model comprising
of only the Y and Z matrices. Interpreted in this way, the dilatation operator
can be understood as implementing the Wick contractions associated with

the F-term vertex. For example, consider the combination

d

— 4+ Mz 1 10.72

7T (10.72)
which replaces % in transforming the undeformed into the deformed Cuntz

chain. The % term represents a contraction between the vertex and a Z7
in one of the fields whose two point function we are computing; to see this

connection it is useful to remember that

d
(2} Z0) = 0400 = ~— .- (10.73)
J J de

In contrast to this, the MZ~! term represents a contraction between the

145



vertex and a ZT in the operator representing the background. In the large
M limit, the contractions with the background completely dominate as com-
pared to contractions with fields belonging to the operators of the two point
functions we are computing. One can think that the matrices entering into
the operators are “bits of a string”. In the limit that we consider, the dif-
ferent bits in the string do not interact with each other - they interact only
with the background. We would indeed expect the dynamics to simplify in
this limit.
In the large M limit, the action of the Cuntz chain becomes

S = —L/dt/1 do (—é + %(T’Q + r2¢/2)> : (10.74)
0

Since ¢ is a total derivative, all time derivatives drop out of the equations
of motion. This implies that the dynamics becomes trivial which is indeed
consistent with integrability. It is rather interesting that there is a class
of operators in N' = 4 super Yang-Mills theory that have such a simple
description.

In terms of the dual LLM boundary condition, the large M limit corre-
sponds to an annulus with a large radius and fixed area, so that the annulus

is becoming very thin.
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11 Discussion

In this thesis we have introduced new and powerful technology facilitating the
computation of certain classes of correlators in the half BPS, near BPS and
multi-matrix sectors (particularly the SU(2) sector) of N' = 4 SYM using
the Schur polynomial and restricted Schur polynomial bases. The Schur
polynomial basis provides a particularly useful reorganization of the half
BPS sector of N' =4 SYM due to certain special properties. The restricted
Schur polynomials extend these properties to the multi-matrix sector and in
doing so prove themselves to be a very useful reorganization in this more
general setting. Firstly the restricted Schur polynomials, built from two or
more types of matrices once again exactly diagonalize the free two point
function[27].

In section [7] we demonstrated that the restricted Schur polynomials also
satisfy a simple product rule, generalizing the rule known for Schur polyno-
mials. Using this rule it is now possible to perform computations of higher
point correlation functions of restricted Schur polynomials. We obtained ex-
plicit formulas for three point functions of a large class of restricted Schur
polynomials which are built using antisymmetric or symmetric representa-
tions. Using these results we have been able to argue that restricted Schur
polynomials built using the antisymmetric representations provide a suit-
able set of degrees of freedom for the description of perturbative quantum
gravity, in agreement with the conclusions of [34] and extending the explicit
computations performed there.

A key building block appearing in the restricted Schur polynomial is the
restricted character. The restricted character is a generalization of the usual
character, which plays a central role in group theory. In section [7| there is a
development of the restricted character theory parallel to the character theory
of finite groups. The notions of a conjugacy class and of a dual character,
have been generalized to the notions of restricted conjugacy class and dual
restricted characters. These generalizations lead to a set of orthogonality
relations satisfied by the restricted characters. In this way we have ultimately

obtained the generalization of the Littlewood-Richardson coefficient.
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By studying the interaction of two restricted Schur polynomials we have
suggested a physical interpretation for the labels of the restricted Schur poly-
y(Z, X)) is constructed from the half
BPS “partons” x,,(Z) and x,,, (X). Specifically, we have identified a com-

nomial: the composite operator xg,(r, rm
posite operator in which the constituent partons are weakly interacting. The
interaction of two such composites is largely determined by the interactions
of the partons. This is analogous to the shower of pions produced when two
hadrons interact; the pion shower can be attributed to the parton-parton in-
teractions between pairs of partons belonging to different hadrons. In cases
when the partons are strongly interacting (for example, at low energy), they
are not visible and a partonic description of hadrons is not useful. In a sim-
ilar way, we expect that when the constituent half BPS partons are strongly
interacting, this might not be a useful interpretation of the restricted Schur
polynomials. The picture of a composite comprised of half BPS partons
seems to be similar to the proposal of [73] that every supersymmetric four
dimensional black hole of finite area can be split up into microstates made
of primitive half BPS “atoms”. The idea that each half BPS state should
be treated as an independent parton matches nicely with the picture that
has emerged for half BPS states in AdS;[15], [74]. Finally, in [75] eighth and
quarter BPS states were obtained by putting together half BPS dual giants;
making contact with that work may provide insight into identifying which
restricted Schur polynomials correspond to quarter or eighth BPS states.

Although we focused on the case of two matrices in section [7] the exten-
sion to more matrices is straight forward as described in Appendix [A.3] Tt
would be interesting to work out some explicit examples with more than two
matrices.

The Littlewood-Richardson numbers have many interpretations: as coef-
ficients in the decomposition of tensor products into irreducible G'L,, mod-
ules, as coefficients in the decomposition of skew Specht modules into irre-
ducibles, as coefficients in the decomposition of S, representations induced
from Young subgroups and as intersection numbers in the Schubert cal-
culus on a Grassmannian[76]. How much of this generalizes for restricted

Littlewood-Richardson numbers? Finally, our work contains some general
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directions for the study of multi-matrix models. The eigenvalue based tech-
niques that were so useful for the description of one matrix models do not
seem to have an easy generalization for multi matrices. For one matrix mod-
els, the eigenvalues provide a set of O(NN) variables; since fluctuations about
the large N configuration are O(N~2), these provide a suitable set of vari-
ables for the implementation of a saddle point approximation. In general, it
would be incorrect to assume that the matrices of a multimatrix model can
be simultaneously diagonalized@. Thus, at best it seems that one needs to
keep the eigenvalues of each matrix, plus unitary matrices which encode how
one goes between the bases in which a particular matrix is diagonal. This
gives a total of O(N?) variables, so that this does not provide a promising
starting point for a saddle point analysis. In contrast to this, using the tech-
nology of [31, 25 26], 27], we can give a rather detailed description of the
free multi-matrix models. One loop results for the super Yang-Mills F' term
also have a description in this framework[32] 33, 62]. It would be interest-
ing to develop these methods further by developing efficient techniques for
extracting large N results and for managing more general potentials.
Utilizing the Schur polynomial and restricted Schur polynomial technol-
ogy, the next challenge addressed was that of calculating the correlators of
operators with an R-charge of O(N?). These operators are dual to states
that have a large mass and consequently back reaction on the dual geome-
try is important. Schur polynomials comprised of O(N?) fields are dual to
new background geometries that are only asymptotically AdSsx S° known as
LLM geometries. Calculating correlators of certain operators in the presence
of these large background Schur polynomials corresponds to elucidating the
dual string theory dynamics on these new geometries with different probes
e.g. gravitons, strings or giant gravitons. In general computing these cor-
relators is highly non-trivial due to the fact that non-planar diagrams are
no longer suppressed: although they come with the usual % suppressions,
these are overpowered by huge combinatoric factors and the usual % ex-

pansion breaks down. In section [8 we introduced techniques, known as the

24 An exception to this is the sector of the theory comprising of the chiral ring at strong
coupling - see [77].
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cutting rules, that allowed the calculation of correlators of restricted Schur
polynomials when the background has O(N?) fields and correlators of generic
operators in the presence of background Schur polynomials.

The backgrounds we have considered are LLM geometries that correspond
to a set of concentric rings. We have probed these backgrounds with oper-
ators corresponding to both open strings and closed strings. Contractions
between fields in the string words and fields in the operator creating the
background need only be taken into account when the number of fields in
the operator creating the background is O(N?); these contractions are the
field theory accounting of the back reaction on the geometry. From the re-
sults of [23], we know that in the new background we can break the original
matrix Z into “local pieces”, Z;, which add boxes at specific locations on the
Young diagram. In section [§ we have given a precise definition for this de-
composition: the original Z matrix decomposes into a block diagonal matrix.
There is a block for each ring. The dimension N; of the blocks is equal to
the number of eigenvalues in each ring. These blocks are the Z;. To compute
correlation functions of these local operators, use the usual free field theory
ribbon diagrams, but each ribbon now carries an extra factor of & with c the
weight of the boxes added by the local operator. The complete effect of the
background is the extra £ factor now carried by each propagator, in perfect
agreement with [23]. This is a considerable simplification.

Our study of open string excitations shows that the dynamics of the
string endpoints is identical to the dynamics of the bulk of the string. Open
string excitations of the operators with an R-charge of O(N?) behave like a
closed string; there are no open string excitations with their special end point
interactions: in the new background we have only closed string excitations.
This is expected since the operator being excited is dual to a new geometry
and not a brane.

Finally, the techniques we have developed here are equally applicable to
the computation of correlators in the presence of the multi-matrix operators
of |25, 26|, 27, 08].

In section [9] we delved deeper into the perturbation theory of correlators

of operators whose classical dimension is O(N?) and demonstrated that al-
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though the standard 1/N expansion breaks down, it is possible to reorganize
the expansion and we have identified the small parameters that control these
expansions. These results were neatly captured by surprisingly simple re-
lations between correlators in the trivial background and correlators in the
background of our heavy operator.

Another interesting result that we have obtained, is that in the multi
ring backgrounds and in the multi matrix backgrounds there was more than
just one coupling. At first site this may seem puzzling, since the dilaton is
a constant. To get some insight into what is going on, consider QCD. At
high energies QCD is well described by a Lagrangian of quarks and gluons
together with the coupling g%,,. At low energies, the coupling grows and
one needs - somehow - to reorganize the theory of quarks and gluons into
a low energy effective theory. The semi-classical objects in this low energy
theory will be protons, neutrons, pions,... and there will be many possible
coupling constants telling us how these semi-classical objects interact. The
relevance of this story is that for the correlators we have studied, the planar
approximation breaks down and one again needs to reorganize the theory.
In section [9] we have managed to explicitly perform this reorganization; the
objects that we find that have different couplings are naturally interpreted
as different semi-classical objects in the effective theory.

There will be effects that are non-perturbative in the new expansion pa-
rameter. An example of a non-perturbative amplitude is the transition from a
maximal sphere giant graviton (x;~(Z); [1V] denotes a Young diagram with
one column containing N boxes) into KK gravitons with identical angular

momentum J << N. The amplitude is given by[17, [61]

|<X[1N](ZT)(Tr (Z7))NIT) |2
(xum (Z0)xpm(2)) (Te (Z1)Tx (Z7 )N/

~ (27) 332 loa(9)—(1/(97)) log(J)

where g = 1/N. This is non-perturbative in 1/N. To get the corresponding
amplitude in the annulus, using Schur technology we can again argue that
we simply need to replace N — N + M, so that the transition amplitude is
non-perturbative in 1/(M + N).
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The techniques of section [J] allow us to reorganize the 1/N expansion for
classes of observables in backgrounds described by Schur polynomials labeled
by Young diagrams whose edges are all O(N). This does not exhaust the
operators that are dual to classical geometries. Indeed, the Schur polyno-
mials correspond to spacetimes whose LLM boundary condition preserve a
rotational symmetry on the plane in which the LLM boundary condition is
specified. This is a small subset of the possible half BPS LLM geometries.
Further, even amongst those LLM geometries with a rotationally invariant
boundary condition, it is likely that we have only dealt with a subset of the
geometries that can occur. Indeed, consider a triangular Young diagram T'
such that its longest column has N boxes, and each column has one box less
than the column to its left. Thus our Young diagram has N columns in total.
We have tested, in a number of cases, that factorization of the expectation

value

<OXT(Z)XT(ZT)>
Xr(Z)xr(Z7))

holds. This suggests that xr(Z) is again dual to a classical geometry. We

(O)r =

have not yet understood how to reorganize the large N expansion in this
case.

One very interesting class of excitations of an operator with a very large
classical dimension, is obtained by attaching “open string defects” to the
operator representing the background. Recent evidence[84] [09] suggests that
these open string excited operators are dual to black hole micro states. Con-
sequently, we expect that black hole microstate dynamics is captured in the
dynamics of these operators. Our results (see in particular ((9.15))) suggest
that it may well be possible to write down spin chain descriptions for the
open string excitations. Towards this end, we have explored the proposed
BMN-type sectors discovered in [99]. The existence of these limits is sure
to play an important role in understanding the gauge theory description
of near-extremal charged black holes in AdSs;. Taking M; = O(v/N) and
M, = O(v/N) with the t Hooft coupling A large but fixed, the charges .J;
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and J, scale as O(N?2), whilst the difference

A_Jl_JQ 1
s Bl SR Y 0
T+ T

in perfect agreement with the supergravity arguments of [99]. Thus, strong
and weak coupling results agree - as expected for a BMN-like limit. We
have further argued that if we hold M, = M, = O(v/N) fixed we find an
effective genus counting parameter g, = ﬁ and an effective ‘t Hooft cou-
pling A = g%y M. Keeping the effective ‘t Hooft coupling arbitrarily small,
the one loop correction to the anomalous dimension can be made arbitrarily
small, even though A is sent to infinity in the limit. This is similar to what
happens in the BMN limit suggesting that it will be possible to compare
perturbative field theory results to results obtained from the dual gravita-
tional description. The above effective ‘t Hooft coupling and genus counting
parameters are naturally identified with those of the gauge theory living on
the world volume of our system of intersecting giant gravitons. It would be
very interesting to determine the dimensionality of this theory: is it a 2d
gauge theory as the results of [84, [09] imply? Of course, the operators we
have considered here are presumably too simple to describe the black hole
microstates; for that one needs to consider triangular Young diagrams [74].
The triangular Young diagrams have a large number of corners which implies
a large number of possible excitations of the operator. This is a significant
increase in complexity as compared to the studies in section [9]

Finally, studying the rectangular Young diagrams that we have considered
here allowed us to investigate the anomalous dimensions of operators with
a classical dimension of O(N?). The problem of computing the anomalous
dimensions of operators with a large (O(N?)) R-charge, addressed in section
10, corresponds to a generalization, in the dual gravitational description,
to string dynamics in spacetimes that are only asymptotically AdSsxS°.
The problem can again be reduced to diagonalizing a Hamiltonian. In the
AdSsxS® spacetime, this Hamiltonian was an integrable spin chain. As a
consequence of the fact that our strings can exchange angular momentum

with the background, our Hamiltonian describes Cuntz particles hopping on
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a lattice. In the gauge theory description, the terms in the dilatation operator
that allow the strings to exchange angular momentum with the background
arise from summing (an infinite number of) non-planar corrections. It is
surprisingly straight forward to write down very explicit expressions for the
relevant Cuntz chain Hamiltonians.

A natural question to ask is if our Cuntz chain Hamiltonians correspond
to integrable systems. We don’t know. However, we have given some evi-
dence that the large M limit of our Hamiltonian does admit higher conserved
charges and that certain localized semiclassical excitations are described by
the low energy limit of a principal chiral model, so an optimist would indeed

conjecture that our Cuntz chain Hamiltonian is integrable.
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A Appendix - Product Rule for Restricted

Schur Polynomials

A.1 Identities and notation

The polynomials we construct are built out of two matrices, X and Z. We will
typically use an n to denote the number of Zs in the polynomial and an m to
denote the number of Xs in the polynomial. The polynomial is built using
an irreducible representation of the symmetric group S,.,, that permutes
the indices of the Z and X fields amongst each other. We will denote the
Young diagrams labeling representations of the symmetric group acting on
both X's and Zs using capital letters. The indices of the matrix representing
an element of this group will be denoted by capital Greek letters. Thus, the
elements of the matrix representing o in the S, ,, irreducible representation
R will be denoted by [F R(U)] ve- Lhe irreducible representations of the S5,
subgroup that acts only on the indices of the Z fields will be denoted by a
small letter with a subscript n; matrix elements of this representation will be
indexed using letters from the start of the alphabet. Thus, the elements of the
matrix representing o in the .S,, irreducible representation r,, will be denoted
by [Fm(a)]ab' The irreducible representations of the .S, subgroup that acts
only on the indices of the X fields will be denoted by a small letter with
a subscript m; matrix elements of this representation will be indexed using
letters from the middle of the alphabet. Thus, the elements of the matrix
representing ¢ in the 5, irreducible representation r,, will be denoted by
[Frm (0)} . Finally, irreducible representations of the S, x S,, subgroup that
permute the indices of the X's and permute the indices of the Zs is denoted
by (T, Tm)-

The delta function d(o) is 1 if o is the identity and zero otherwise. In this
appendix the §(+) is usually summed with a summand that is a class function.
In addition, we usually have a delta function defined on the classes, i.e. we

have o( [O']T [T]r) instead of §(o7). The relation between these two is easily
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established: Let F'([o],) be any class function. By comparing
> F(lo])é([o],[7],)  and > F([o],)é(o7)
0€Sn o€Sn

we find that, when summing the delta function multiplied by any class func-

tion, over the whole group, we can freely replace

5(lol, [7],)

= — (o).
nR7(rn,rm)
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A.2 A Formula for the restricted Littlewood-Richardson

numbers

In this appendix we will employ a bra/ket notation. In what follows, R is an
irreducible representation of S,,.,, and (r,,7,,) is an irreducible representa-
tion of 5, x S,,. We label the irreducible representations of S, x S,, by a
Young diagram r, with n boxes (which labels an irreducible representation
of S,) and a Young diagram 7, with m boxes (which labels an irreducible
representation of S,,). For states belonging to the carrier space of R we write
|R,T"). For states belonging to the carrier space of (r,, ) we write labels
acted on by the S,, and S,, subgroups separately |r,, a;r,,7). For example,

we write

[Tr(@)] ,y = (R, Ala|R, ¥).

For a trace over an “on the diagonal block” (see [30],[31] for an explanation

of this terminology) we write

Tr vy ) (TR(0)) = ZZ(rn,a;rm,ﬂR, A) [FR(O')}A@<R, Olry, a;rm, ).

i,a A©

For an “off the diagonal block” we write

T () (smssm) L R(O)) = Z Z<Tn, a; T, 1| R, A) [FR(J)}AG(R, Olsp, a; Sm, 1).
i,a AO

For the labels of the off the diagonal block, we need (r,, r,,) to have the same
shape as (S,, $;,). This means that r,, and s, as well as s, and r,, have the

same shape.
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For o € S,, and oy € S,,, we have

[Cr(oq 0 ag)hje = (R,¥|a; 0o as|R,O)
- Z Z <R7 \Ij|rna as; 7dmai><7“n7 CL;?"m,i a1 O O~/2|tn> b; tma])

T'n,Tm % tnytm,b,]

X (tn, by tm, j| R, ©)
_ Z Z<R,\I]‘rn;a;rwwi>[rrn(a1)}ab[rr’ﬂ(a2)}ij

T'n,Tm,a,% b,j

X (T, b; 7, jI R, ©)

To get to the last line we have used the fact that if a; € S, and ay € S, then

(T @57y 0|0 © Qaltp, byt §) X 8yt 0 Use this identity to compute

Tmtm*

> 2 [Prlarear)]ye M, ()], [P (02,

a1€Sn a2€Sm

= DD D ARVt et k) [To, ()] y[Te (02)] (s s, 1| R, ©)

a1 ,a2 thtm cdkl

X [F""n (al_l)} ab |:F7'm (QQ_I)} ij
Im) ) . . )
= SR b, )0, 0 iR, ©)

Tm i

To obtain this result we have used the fundamental orthogonality relation

Z [FR(Q)}ab [Fs(ailﬂcd = ;;R(SRséad(Sbcy

aceg

with dr the dimension of irreducible representation R and g the order of G.
A given S, x S, irreducible representation may be subduced more than once
by an S, irreducible representation £. When applying this relation to the
sums over « and ap, we will get a contribution from all representations whose
Sy, and S, labels match. The index ¢ in (rg), r,(ﬁ?) runs over the complete set
of identical S,, x S,, irreducible representations. This last identity will be

used to argue that the dual character is

R7(r$li),7.$i))(r'glj>m%))(T) drn!m! (7)

R =x = A dy, (n+ m) RO DD AT
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To verify this, we compute

Z X (T)x R, (0)

R,R,

() )
-2 2 0 X () 0,009, (0)

() () (J) (J)

DD D DY

R () (%) (J) (J)@‘I/FZasz

Calooul a(rrs(rl), a:r). iR, O) (R, Wr).ai D). )
an'm'

x (rV b:rD GIR TR, SrD b r® 4)

d,d,, (n+m)!

drnim! d. d. \°
= 22 2. D Trl@erla(r )derndrj(n+m)! ( n!m!)

R rp,rm ©,9 'Y a,b,i,j

X Z [Cr(an 0 02)] g [Tr (a7 )], [Tr (03],

X Z I'r ﬁloﬂﬂ}\pr[ ra (BT )} [ rm (B2 )L
81,82
dR -1
- ;agfﬁf o)ewl'r(T)rs m[FR(%OO@ﬂ ollr(ar! 0]y
dr
"2 2 ol oesrene o) Gy
= n!m!é([a}r[T]r),

which demonstrates the result. In the above proof we have made use of the

SR (o) = (o).

7 9

formula

Clearly then,

f:r,(t@,tﬁf?)(tﬁ?),tﬁi)) __ E E
R,Rq 5,55 77,1!7’L2!m1!m2!

Ulesn1+m1 0265n2+m2

dT(m -+ ng) (m1 + mg)'
dtndtm (Tll + no + My + Mo

TR (01)X 5,55 (02) X (1) 10y 0 40 (01 © 02).
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A.3 More than 2 Matrices

Consider a matrix model with d species of matrices. R is an irreducible
representation of Sy, 4nytetn, a0d (7, Ty, -+, 7p,) is an irreducible repre-
sentation of S,, x S, X --- x S,,. The Young diagram r,, has n; boxes; it

labels an irreducible representation of S,,,. It is straight forward to show that

H Z FR(al °cQ20---0 Oéd)} ve [Frm (afl)}aﬂn o [Fr”d (Oégl)}adbd

=1 a;E€Sn;
. .

= Hd Z(R \Il|7“m,b17 m,bg, bd)< al,rﬁf)ag ;Tﬁfd)ad|R,@>.
i=1 "

This last identity can again be used to argue that the dual character is

d
|
Xl iy ) i) 7“53; (1) = | | Itk O X G) D 0y (T)
- " (nl _'_ n2 _|_ e _|_ )' R (Tnl 77"1'1,2 "'arnd)( n1Tng) "7rnd)

Clearly then, (R is an irreducible representation of Sy, inyt-in,; Ra 1S an
irreducible representation of S, x Sy, X --- x S, ; S is an irreducible repre-
sentation of Sy, 4ot 4m,; Sp 18 an irreducible representation of S,,, X Sy, X

- X Sp,,; T is an irreducible representation of Sy, ny+ - tnytmi+mot-tmy;

(r,(fl) RN ry(fd) and (Tnjl), r). o 7)) have the same shape and are both
irreducible representations of Sy, +m; X Snatms X =+ X Spytmy)
d

() ,.(7) (j))

fT (T'nlvrn27 ) nd)( niyo n2 "7rnd . H 1
R,R. S,S3 nz'mz‘ § : § :

i=1 T1E€Sn  +ng+-+ng 02€ESmy+mo+-+my

ﬁ[ (nk—l—mk)! dR

X
(n1+n2+'--+nk—|—m1+m2+~'—|—mk)!

XX R0 (01)X5.85(02)X 0 (00 10) . 1)) (00 1D 1) (T)-

v T7L27 ) ”d nirngs
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A.4 Restricted Character Computations

In this appendix we will consider the computation of the restricted character,
for arbitrary representations, on the m + n cycle o, = (1,2,3,--- ,;m + n).
This character is needed to evaluate the two point functions used in section
Representations are labeled by a Young diagram. To specify a Young
diagram, we will list the number of boxes in each row. In this appendix, the
Young diagrams, called “hooks” in [I9] will play an important role. Listing
the number of boxes in each row, the hook diagrams are always of the form
(n+m—s,1,1,--- ,1). Recall that the symmetric group character xg(o)
is (—1)® if R is a hook and zero otherwise. Let us verify this formula, using

strand diagrams, for the hook Bj There are two possible ways of removing
or .

(123) = (12)(23),

the three boxes

Using the decomposition

the strand diagram gives

3/2]
1 1
= —-x1 for 1]
€1 — CyCy — C3 2
. 3[1]
= §><—1 fOI" l . (A].)

The sum of these contributions is —1 as it should be. Refer to a particular
order of removing the boxes from the Young diagram as a path through the

Young diagram. The strand diagram computation for the character of the

m+n cycle o, in the hook representation (n+m—s,1,1,--- 1) implies that
m+n—1
1 S
> I c——=v
paths =1 v i+l

First we establish that the restricted character of the m + n cycle o, with

representation (n +m — s,1,1,--- 1), and representation of the restriction
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obtained either by removing the box from the last or the first row. In this
case, don’t sum all paths - only sum paths that start from the last or first

row respectively. Denote these two sums graphically as

m+4n—1

= S e

)
pathsstartinginrow 1 i=1 i+l

m+n—1

B - Y i

C. J— C :
pathsstartinginrows+1 i=1 v i+l

The result we will establish says that (recall that there are m + n boxes in
the hook)

[ [ [ [1]
] _(_1>Sm+n—1—s
o N m+n—1 "
[ [ []
T S
o ( )m—i-n—l

Assuming this result is true for a hook with m +n boxes and s+ 1 rows, it is
straight forward to prove it is true for a hook with m +mn+1 boxes and s+ 1
or s + 2 rows. Indeed, for m +n + 1 boxes in the hook and m +n+1—s
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boxes in the first row (so that the hook has s 4+ 1 rows), we have

HEEEN | L] [2]1] HEEERN
L = [ +[2
[ 1] [1] HEEE
- ] I 1]
- m+n
m+n—s—1 1 S
— _15 _15
m+n—1 ( >+m+nm+n—1< )
m-+n-—s s
= T

For m + n + 1 boxes in the hook and m + n — s boxes in the first row (so

that the hook has s + 2 rows), we have

[ [ [ [] [ L[ [2] [ [ [ []
H H 2
1 _ [1] L1
[ [ 1] [ T[]
S ~1
m-+n
1 m+n—-s-1 s s s
- “m4n m4n—1 (=1) _m—i—n—l(_l)
_ s+1(_1)8+1'
m+n
Thus, to establish the result it is enough to show that
L]
_ L
L] 5 ==

which has already been demonstrated in (A.1)) above.

We are now ready to tackle the computation of Tr,, ..y (I'r(0c))
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again use a strand diagram technique, which amounts to summing over all
paths and decomposing o. into a product of two cycles. The values of all
two cycles (4,7 + 1) except for (n,n + 1) are given by (¢; — ¢;41)~ " with the
weights ¢; read off the paths, coming from r, for « < n — 1 or from r,, for
1 > n. If we strip off the boxes belonging to r,, first, we can factor out a term
which equals the character of (1,2,--- ,n) in irreducible representation r,, so
that Tr ., ..y (r(0c)) vanishes unless 7, is a hook. Stripping off the boxes
that belong to r,, first, allows us to conclude that Tr (., ..y (I'r(co.)) again
vanishes unless r,, is a hook. Let the hook associated with r, have n boxes,
arranged as (n — s,,1,1,--+ 1) and let the hook associated with r,, have m
boxes, arranged as (m — $,,,1,1,---,1). Given that both r, and r,, have
to be hooks, what are the allowed values of R? Further, given these values,
what is Tr (., ) (I'r(0c)) ? The allowed values of R fit into four possible
cases. In what follows we will list the structure of the R, (r,,7,,) label for

these four cases.

Case 1: r,, contained in r, with no overlap: To denote the structure of this

case we display R together with an x in the boxes which are removed to give

T'm

In general, the last box removed from r,, does not correspond to a specific
box in R. In this case the number ¢, — ¢,;1 appearing in the usual strand
diagram computations is not well defined - the strand diagrams techniques
of [33] are not applicable. However, for case 1, the box in the second row
and second column is the last box of r,, that is removed. Thus, ¢, —¢,41 has
a definite value and it is simple to compute the value of the (n,n + 1) cycle.
Using the formulas given above, it is straight forward to verify that

misn(_l)sn F(=1) 1 (n — s, — 1)(=1)*

Tt () Tr(0C) = —(=1)°
= 0.

S, n—1 n—s,—1 n—1
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Case 2: r,, contained in r, with row overlap: R together with an x in the

boxes which are removed to give r,, is displayed below:

El

In this case, the box in the second row and second column or the last marked
box in the first row, is the last box of r,, that is removed. The argument for

case 1 does not easily generalize to case 2 (or cases 3 and 4).

Case 3: r,, contained in r, with column overlap: R together with an x in

the boxes which are removed to give r,, is displayed below:

Case 4: ry, contained in r, with row and column overlap: R together with

an x in the boxes which are removed to give r,, is displayed below:

El

We will now give an argument applicable to all four cases. As a nontrivial
check of our general formula, we will verify that it predicts zero for case 1.

Decompose our n + m cycle o, as

o.=(1,2,....,n)(n,n+ 1) (n+1,n+2,...,n+m).
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Using the S, x S, symmetry enjoyed by our restricted character, we can

replace > i )
n cycles\?15 125 -5 In
(1,2,...,n) — C, = y(n_l), :

Zm cycles(ih 2.27 ST Zm)
(m—1)!

m+1,n+2,.,n+m)—Cp=

C, is a sum over the (n — 1)! n-cycles in S,; C,, is a sum over the (m — 1)!
m-cycles in S,,. It is clear that C,, and C,, are Casimirs of the (r,,r,,) rep-
resentation. Using the known characters of the hooks, it is straight forward
to see that

Tr(Co) = (=1, Tr(Cn) = (1),

so that these two Casimirs have eigenvalue

Thus, we now have

TY (1 rm) (Tgr(oe)) = Tr (P rm) (Cn(n,n+1)Cp)

(=) (=1
= d d Tl" (Pnyrm) ((n, n -+ 1))

where to get to the last line we have used formula ([7.7]). The sum in the last
line is over the weights in R which are peeled off and recombined to produce
rm. Notice that to evaluate these hooks we have not needed off the diagonal
block traces of the (n,n + 1) character, which is why we are able to obtain a
simple and general formula. In addition, this formula is in perfect agreement

with the result obtained above for case 1.
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B Appendix - Correlators of Operators with
a Large R-Charge: The Cutting Rules

B.1 Decomposing Derivative Operators

As argued in section [8.1.1) the contributions to a correlation function of
two restricted Schur polynomials, coming from contractions between Zs that
belong to the open string and Zs that belong to the brane, can be written
as a differential operator acting on the restricted Schur polynomials. In this
appendix we will show that any such string of derivatives can be written in
terms of eight basic types of derivatives, acting on modified restricted Schur
polynomials. This result is a useful one because it is possible to work out
general formulas for the action of these eight basic derivative types on the
modified restricted Schur polynomials. We will illustrate the basic procedure
with an example, leaving a statement of the general result for the next section.
In section we show some examples of the use of the cutting rules.

B.1.1 Warm Up

The example we study is

I — d d d d d d d d "
© N\aze) \dzidzga(zh] ) \dz; d(Z0); ) \d(Z0)f d(Z7);

d__d d d ) W t

8 (dZ;} dWC’;) (d(ZT)g”L d(WT):Ln) XR,Rl(Z’ W) (XR,Rl(Za W)) .

Using the notations of (8.1)), computing the derivatives with respect to the

open string words gives

(4 d d d d d d d O\ dFrd(FHT
* o \dze) \dzddzs a(zny) ) \dz] d(Z0e ) \d(Z")f d(Z7), ) dzZg d(Z1)p
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Computing the remaining derivatives and summing over repeated indices, we

easily obtain

L = { ] ST Trg, (Ta(e) Trg, (Ta(7))" x

oES, TESH

« Zh ..'Z?n 6 (ZT)JI . (ZT)]n 6 gin 5én715in72 «

to(1) to(n— Jr(1) Jr(n—6) to(n—1) to(n) Jr(n—4)
]n 4 in—3 ]n 5 in—4 Ip— 5 jn ]n 1 ]n 2 ]n 3
x 5 72)51 (n— )57' (n 73)6] (n 75)51 (n 75)5]7'(n 1)5JT (n) 6]7'(71. 3)6] (n—2) <B1)

Now, define the permutations
P=(n,n—1)(n—3,n—4), Q=nmn—-1)(n—-2n-3).

Further, set
o=yYP, T = AQ.

Changing variables in the above sums (B.1) from o to ¢ and from 7 to A we
find

I = {ﬁ} S S Teg, (TR(9P) Tr gy (TRONQ))” X

e $ESn AESh

x Z;;u) o ZZZ(*”G 6>(ZT)£<1) ' <ZT>;Z(n6 6)5122@)5;:(: 1)5::;@3 5 %

x 5217;( : -5) j:(mé;:(nl 1)652(; 2) j:(f 3)5;7;(; 1) l]:;(v:l 2) i;L(: 1) ;Z(f 5) "
The reason why we made the change of variables from ¢ and 7 to A and v is
now clear: in Kronecker deltas with two ¢ indices or two j indices did
not have the property that the upper index was related to the lower index by
permutation; after the change of variables, all such Kronecker deltas do have
this property. This is useful, because a Kronecker delta with this property
is produced by acting on the restricted Schur polynomial with the trace of a
derivative. One is tempted to replace all such Kronecker deltas with indices
i; 7 < n by the trace of a derivative with respect to Z; this is not quite
correct. As an example, 51 in the last expression above is obtained by

Yap(n—

differentiating only ZZZ( - the trace of a derivative with respect to Z will

generate this term as Well as terms that come from acting on every single
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other Z in the polynomial. Further, due to the presence of P and () it really
does make a difference which 7 is differentiated. This is, however, easily
overcome: we can replace ZZ; ! by a new matrix XZZ(‘LI so that 5;2( ! Y
can safely be replaced by the trace of a derivative with respect to X. We call
these new matrices “open string place holders”. It is easy to see that Iy now

takes the form

[2:TrdTrdTrdTrdTrdTrdTr dTr dTrd d><
dX1 dXs;  dXs  dW o dX] dx] ax) o AW dXpdX]

d d
x'Tr _T , )

(1,5)
deX XR (Z’ W)(XR,R1;Q(Z> W))Ta

where we have introduced the new notation

( 1 i1 In—m—1 O /L'nfk in
XR, R1 (2, W) = m Z Tr g, (Pr(0A)) Z; o) Zia(n—m—l) HXia(n—mWia(n) :

oc€ESh k=1

In this formula A is any element of the symmetric group. Thus, the original
derivative operator has been decomposed into a product of basic operations
as advertised. The Schur polynomial has been modified by the inclusion of
a new factor (A in the last equation) inside the trace; we call this factor the
trace insertion. Since the trace insertion is a new factor in the trace, our

notation includes the trace insertion after the existing trace labels.

B.1.2 General Rule

In this section we give general rules for decomposing a differential operator

into a product of basic operations. The full set of basic operations is

[ d d d (4 d
"Naz ) " \aw ) Y \azt) l\awt) T \azazt )

d d d d d d
(-2 %), (L 2 (22,
' (dW dZT>’ ' (dZdWT) and r (dW dWT>

The first four differential operators are simply reductions. We call the last

four operators “mixed derivatives”.
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A general rule must give a recipe for reading off the trace insertion and
product of basic operations (the new derivative operator) from any differen-
tial operator to be dissected. Of course, it is just a summary of what happens
when one performs the analog of the 0,7 — 1, A change of variables of the
last section.

In this section, we assume that the open string word is associated with
the nth index 4, as in . In what follows we will switch to an obvious

matrix notation, illustrated in the following example

d d d d

T
azg awr iz ang PP P

Terms within a single bracket are traced. We start by giving each of the
derivatives with respect to W or Z a label, counting down from n. Dy, is
given the label n. We then give each of the derivatives with respect to W1
or Z' a label, again counting down from n. D}L,V is given the label n. As an

example, the operator
(D)(DDDY)(DDY)(D'D')(DDy)(D'Dy)

is labelled as follows (the labels for D, Dy, appear above the operator; the
labels for DT, DIT,V appear below the operator)

n—5 n—4 n—3 . n—2 . . . n—1 n . .
(p) (o D DY (D DY) (D' DY (D Dw) (D' D)

n—>5 . n—4 n—3 n—2 . . n—1 n

The Z derivatives with labels will be replaced with open string place

holders. There are two cutting rules:

First cutting rule: If, within any given trace, D (or any other holomorphic
derivative) has another holomorphic derivative to its left, it can be removed
from the trace and placed into its own trace. The two cycle which swaps
the label of D and the label of its neighbor on the left is added, on the
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left, to the trace insertion of the holomorphic Schur polynomial. If, within
any given trace, D! (or any other antiholomorphic derivative) has another
antiholomorphic derivative to its left, it can be removed from the trace and
placed into its own trace. The two cycle which swaps the label of DT and the
label of its neighbor on the left is added, on the left, to the trace insertion of

the antiholomorphic Schur polynomial.

Second cutting rule: If within any given trace DD (or any other product
of a holomorphic with an antiholomorphic derivative) has a second DD (or
any other product of a holomorphic with an antiholomorphic derivative) to
its right, then the “middle two” derivatives can be removed from the existing
trace and placed into their own trace. The two cycle which swaps the labels
of the two holomorphic derivatives is added, on the left, to the trace insertion
of the holomorphic Schur polynomial. If within any given trace DTD (or any
other product of an antiholomorphic with a holomorphic derivative) has a
second DD (or any other product of an antiholomorphic with a holomorphic
derivative) to its right, then the “middle two” derivatives can be removed
from the existing trace and placed into their own trace. The two cycle which
swaps the labels of the two antiholomorphic derivatives is added, on the left,

to the trace insertion of the antiholomorphic Schur polynomial.

We have stated the rules using the terms “holomorphic/antiholomorphic”
derivative. Stated in this way, the rule are valid even if there is more than
one open string attached to the restricted Schur polynomial. Any derivatives
cut out of the product, with respect to Z or ZT are replaced by derivatives

with respect to open string place holders.

B.1.3 Examples

In this appendix we give some examples of how the cutting rules are used.
This is done so that the reader can test that she understands how to correctly

apply the rules. The operator
T d d d d
"\dzdz dz aw
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becomes J J J J
Tt | — | Tr [ — )T [ — ) I | — | .
g (dxg) g (dxg) g <Xm> g (dW)

The antiholomorphic trace insertion is 1; the holomorphic trace insertion is

(n—3,n—2,n—1,n). The operator

dddddd
"\dzdztdz dzt dzZ dzt

d d d d d d
Tl ——— )T — T | —— ).
(dX;),dX;f) (dX2dXI) <dX1dX§)

The antiholomorphic trace insertion is 1; the holomorphic trace insertion is

becomes

(n—3,n—2)(n—1,n—2). By cycling a derivative around the operator we

have dissected can be written as

d d d d d d

r — — [EN—

dZV dZ dZt dZ dZt dZ
Cutting this operator up gives a holomorphic trace insertion of 1 and a non-
trivial antiholomorphic trace insertion. Clearly the result of cutting is not

unique. Of course, these different dissections all lead to the same value for

the correlation function.
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B.2 Mixed Derivative Rules

In this appendix we will explain how to evaluate
{[Oxiin, (2. W)k (2. w1

in free field theory, in the case that O is one of the mixed derivative operators.
All the arguments in this appendix are unchanged if a trace insertion factor

is included.

B.2.1 O=Tr (L-%4)

Consider the Schwinger-Dyson equation

d d
— [ dzdZtdydyt— ( Z, (” Z.WNH eS

where

S=Tr(ZZ' +YYT).
The Schwinger-Dyson equation implies
() @G (2w ) = (w2,
dz dZT XRr ,R1 R,R; ) a

)
= (W (2 6 (Z W)

where ny; is the number of ZT matrices appearing in (X(S%I(Z, W)t The

correlator (x' R Rl(Z W)(Xs 5, (Z,W'))T) is now easily evaluated using the re-
sults of [31].
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B.2.2 0 ="Tr (fipzr)

This operator simply “contracts” the two open string words - it picks out the

Fy contribution to the correlator in the language of [31]. Thus,

d d
<Tl" (dW’ dWT> X%’)Rl(Z7 W’)(ngl(27 W))T>

is simply equal to the coefficient of the Fj contribution to the correlator

(X (2 W) (8%, (2. W)

B.2.3 O ﬁ(dZdWT)

Explicitly performing the derivative with respect to Z in

1= 0 zw)— Lz

dzg AWy
we obtain
- d
_ i r7in-2 in—1 §d in (1) T
I = ZS: Ty (Cr(0)) 23! oo 2002 00 0 Wi s (WT)d<X (Z,W))
" o€eS, €
1 . . . d
— i, 72 In—1 in (1) t
B (n —2)! dXg Ug; Tr g, (Tr(0)) Z; o (1) Zio‘(n72)Xi0'(n71) Wio—(n) d(WT)g(X (Z, W)

If we now introduce the representations 7, defined by removing a single box
from Ry, so that
Rl = @aTaa

we obtain

Tz

d
1= X Xar, (2, X W)
where in the restricted Schur polynomial )Zg’)Ta(Z, X, W), W is associated
with the box that must be removed from R to obtain R; and X is associated

with the box that must be removed from R; to obtain T,. After using the
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subgroup swap rule of [31] to swap X and W, this correlator can be evaluated

exactly as in the previous subsection.

B.24 O=Tr (%)

The evaluation of this term is essentially the same as the term treated in the

last subsection.
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B.3 Example Correlator

In this appendix we give the details of the computation of a correlator of the
type considered in section [8.1.2]
1 1
IrRR, RR, = <X§z,)Rl(ng,)Rl)T> :
We deal with three impurities in the open string W} = (Y Z?Y)} and take
Ry to be the rectangular Young diagram with N rows and M columns with
M = O(N). R is given by adding a box in the upper right hand corner, i.e.

in the first row. This example is already involved enough to nicely illustrate

the use of our technology.

No Brane/String Contractions: This contribution comes from the diagram

given below.

Figure 13: The contribution with no brane/string contractions.

Using the rules of [31] we easily obtain, at leading order in a large N

expansion

hook
19 = NAOOOR e N3(M - N)fg.

hooksg

One Brane/String Contraction: This contribution comes from the three di-
agrams given below.

All three diagrams give the same contribution. We do not need to use
our cutting rules yet; we do use the results of Appendices [B.2.1] and [B.2.2]
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+ + U[]g

Figure 14: The contribution with one brane/string contraction.

The result is

) d d d d 1 1
I}(%})%l,RR1 — 3N?2 <Tr <Eﬁ) Tr <Wd—ﬂﬁ> XE?,)Rl (Xg%,)Rl)T>

hooksg

= 3N?*(MN) fr=3MN*(M+ N)fg.

hooksp

Two Brane/String Contractions: This contribution comes from the three

diagrams given below.

= - [= I

Figure 15: The contribution with two brane/string contractions.

The first diagram is the simplest to evaluate. We can again do it without

using the cutting rules. The result is

d d\? d d M) 1)
<TI' (%ﬁ) Tr (WW) XR,Rl(XR,R1>

5 hooksp

= (MN) fr=M?N(M + N)fr.

hooksg/
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The evaluation of the second and third diagrams are exactly the same. Con-

sider the second diagram. We need to evaluate

d d d d d d a
N{Tr | =—=——|Tr | ——= My
< ' (dZ dZ dZ° dZT) ' (dW dWT> X (X
We now need to use our cutting rules and the associated open string holders.
We start to use the graphical notation that draws the Young diagram, with
the open string word (w) and the open string place holders (1 and 2) on R

(see section[f). We draw R; with 5 rows and 5 columns, but our results hold
for general M and N. After cutting we have to evaluate

d - -

2
1 2|1

The tilde on x is to denote the fact that there is a trace insertion factor
of (n — 1,n — 2) arising from the cutting. Using strand diagrams we can

eliminate the trace insertion factors for each term

X =X i X w] ~ X

2 2
1 1 211 211

After using the subgroup swap rule to swap w and X;, we can compute the

reduction to obtain (there are some terms that arise from swapping w and

1; these are however O (#) so they can be dropped to leading order in N)

xa = —Mx w] T MX w]
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To get the contribution from the second diagram, we now simply need to compute

d d d d
N{m [ -2 & ) (22 )
< g (dX2 ng> ' (deWT>XAXA>

To obtain this, we need to use

hooks l hooks l

M(M + N)

"~ hooks - 2 "~ hooks a 2

It is now straight forward to obtain

d d d d
N{Tr [ — = T — T N= NMfr(hi+h
= NM?*(M + N)fg.

Notice that although the computation for diagram 2 was completely different to
the computation for diagram 1, they give exactly the same result. As already
mentioned, the third diagram gives exactly the same contribution as the second
so that
(2) _ 2
IR, rRr, =3M N(M+N)fr.

Three Brane/String Contractions: This contribution comes from the diagram given

below.

I | -

Figure 16: The contribution with three brane/string contractions.
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For this contribution we need to evaluate

d dd d d d d d (1) 1) i
Tr | ——————— | Tr | ———= .
< (dZ dZ dZ dZ't dZ? dZT) (dW dWT) Xk, (X))
We cut two holomorphic derivatives and two antiholomorphic derivatives out of
the trace. Thus, we will need a total of three open string place holders; the trace

insertion factor is (n — 3,n — 2)(n — 1,n — 2). To recover the trace over R; we

again need to sum over all ways of distributing the open string place holders. The

result is

X w‘+>2 wﬁi w\‘HZ mk
3
3 2 2
2|1 3121 1 31

After accounting for the trace insertion factor, we obtain

1 V3

X w] T g X w] TX w
3 5
2]1 211 3121
1 V3
X w\_ix w\_TX w\'
3
2 2 3
1 31 51

We now need to use the subgroup swap rule so that we can reduce with respect to
X1 and Xs. There is again a dramatic simplification because the terms in which

the location of w changes are suppressed at large N. The result after reducing is

M? M?

XA ==X w\+M2X w‘-l-MQX

w2 X
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To get the contribution from the three brane/string contractions, we now need to

compute
<><A><L> = M3(M + N)fr.

To get this we used

hooks l hooks l

_ 2M(M + N) _ M(M+ N)
hooks N 3 ’ hooks N 3 ’
hooks l hooks l

_ 2M(M + N) _ M(M+ N)
hooks N 3 ’ hooks L 3 )

Putting things together, we have

M 3
IRRy Ry = (N> +3MN?*+3M*N+M?)(M+N)fr = (1 + N) N3 (M +N)fr.
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B.4 A Further Correlator Example

In this appendix we will present a detailed calculation of

d d d d d d d
(B (2) Tr (5 a7 a7 agv az dv axv a7)xB (Z1))

(xB (Z)xB(ZT)) ’

using the cutting rules. Note that this term corresponds to the contribution to the

correlator

(xB(2)Tx(212272Z'Z'ZZ)x5 (Z1))
(xB (Z2) xB (Z1)) ’
where all fields in the operator Tr (Z1ZZ1Z 21 Z1Z Z) are contracted with the back-
ground, xB.

A summary of the procedure utilized in calculating a correlator of this type using

the cutting rules is as follows:

e The derivative operator is cut up into a product of derivatives of the basic
types acting on restricted Schur polynomials as outlined in appendix
This generates trace insertion factors that appear in the restricted characters

of the restricted Schur polynomials.

e The trace insertion factors are evaluated using strand diagrams (reviewed
in section [5.1)) and we are left with a linear combination of restricted Schur

polynomials with no trace insertion factor present.

e The reductions (if any are generated by cutting up the original derivative
operator) are now evaluated (section [5.2.1)).

e Following the reductions we now evaluate the resultant correlator utilizing
the results of [31] (reviewed in section[5.2). In order to apply these results we
need to subgroup swap the labels of the holomorphic (or anti-holomorphic)
restricted Schur polynomials in such a way that the appropriate open string
words are glued together. For example, suppose we had the following deriva-

tive operator:
d d d d

Tr Tr
(X, dxg) e dx|

).
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We would need to change the order of restriction of either the holomorphic

or anti-holomorphic restricted Schur polynomials such that:

XR,R® 1|2 — XR,R® l2[1-

Then for all those pairs of holomorphic and anti-holomorphic restricted
Schur polynomials for which the chain of subductions match a contribution

to the correlator of
Hookspr

R

Hooks p(n)

is obtained.

Now, cutting up our operator of interest we obtain the following;:

L 4 4. ddd d d,
dZ dZtdZ dZt dZ dZ dZt dZ7

d d d d d d d d
T iy Tr Tr
dX, dxg) dX3 Xm) e dxg) (X (dXI

with the trace insertion factors stated below.
Holomorphic trace insertion factor: (n —2,n —3)(n — 1,n — 2)(n,n — 1),
anti-holomorphic trace insertion factor: (n,n —1).

In order to simplify the procedure we take advantage of the freedom we have in
relabeling the open string word placeholders (relabeling is an automorphism of
the operator defined by the derivative operator acting on the background Schur
polynomial). By applying a suitable relabeling we can avoid the need to apply the
subgroup swap rule in evaluating reductions or in the gluing of open string words.

The relabeling we perform is outlined below.

e Relabel the open string word placeholders such that our operator is as fol-

lows:

d d d d d d d d
Tr Tr Tr Tr
dX, dXi) e dX?f) e dxg) (X (de

Tr ( )-
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e Now,sendn - n,n—1—-n—-3,n—2—-n—1,n—3 — n— 2 in the
anti-holomorphic restricted Schur polynomials with trace insertion factors
so that no subgroup swaps are necessary. The only effect of this is that the

anti-holomorphic trace insertion factor is changed to (n,n — 3).

We can now apply strand diagrams to evaluate the trace insertion factors and then
directly evaluate the reductions and gluings. Note that as in appendix[B.3| we draw
the Young diagram B with a certain specific number of rows and columns (in this
case, the number of rows and columns is 4) but the results hold for general N and
M.

The holomorphic restricted Schur Polynomials after evaluating the trace insertions

are as follows:

X ~3 X +3V2 y
4 5
413]2]1 3121 312]1
—3V2x —5 X +3V3 x
4 i 3 2 g
1l2]1 4]2]1 41211
—3 X —3V3 +3 X
4
4)3 413 3
2/1 211 2/1

~1V3x FIVEVE X ~1V3V2 x

= RO i
[EEYINIC CFS
[N

—5V3 x -3 X -1V3x

?—‘le\D‘

\)
| Yo% ,.l;‘
}—ﬂuoto‘
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+1 x +35v3 x +3 X
4 4
4]2 2 2
31 31 1
—3V2 x +2V2 x +3 X
3 g 3
2 2 2
31 HE 411
. o
3
2
1

The anti-holomorphic restricted Schur Polynomials after evaluating the trace in-

sertions are as follows:

[y It

oo W

— BN

— LN

Ly
4
312]1
—F%XT
3
4121
1y
4
3
2[1
—LV3 X
2
3
41311

12y
4
3
211

—2V3 x
3
2
41211

L3yt
1
3
> 2
3 1

+3
2
13]1
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—5V3v2x

| \Jo

[N\

Ll

|
N[ —
P

+3V3v2x

Lo |

= GO

+1v3 i

howof

— N

N[

ol

S

&



4 4 :

412 2 2 2

311 511 3]1 11

X! —1V2 i +3 X! — X .
5 i 3 3

: 2 2 2

i1 i1 411 1

Evaluating the reduction acting on the holomorphic restricted Schur polynomials

i 13y 3 12y +1V3v2

yields:
M x —%MX —i—%\/iMx —%\/iMX
4 5 i
4[3]2 312 312 312
—5M x +3V3M x —3M x —3V3M x
3 3 4]3 413
il2 nE 2 ]
+3M x ~1VBM x +1V3V2M x ~1V3vaM
4 4 1
3 3 %
2 § %
X —1V3M x —5M —3V3M x
4713 % 3 % 2 ;l %
214 4 2 4|3 2
+3M x +3V3M x —|—%MX —%\/iMX
4 4 :
412 2 2 2
3 3 3 H
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+%\/§MX +5M x —M ¥

SV

DO P~ W
[NV
DO Q| H~

Evaluating the reduction acting on the anti-holomorphic Schur polynomials yields:

M ! —IM ] —1VaM —1V3VaM A
4 5
413]2 3]2 HE 3
—é\@M X —i—%M X! —%\/gM X! —sM X!
i 3 5
HE 412 43
+3VBM xf —IM x{ —LVBM +3V3V2M
4 4
413 3 L2
3 2 3
Xt —1V3V2M i —LVBM +EM
4
% : 3 ?
2 4 473 4 3 413
3 214 2
+3V3M Xt +3M X —$V3M X! -32M X!
4
413 412 E
2 3 2 3
—5V2M Xt +3V3V2M Xt —3V2M Xt +iM
2
3 4 4 4
4 3 3
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il
3 3
2 2
4

Finally, we need to evaluate the resultant correlators of restricted Schur polyno-

mials:
4 4
4132 4132 312 312
—gM? <x X' > +§M? <x X >
17 g 11 ;
112 312 312 312
356M2 <X XT > —iMQ <X XT >
3 3 ; 3
412 4]2 43 4]2
+1Mm2 <x X' > —4m2 <X X >
413 13 4[3 43
2 2 3 2
—iM? <X X > +pM? <x X! >
4 4 4 4
3 3 ; 3
2 2 3 2
+3M2 <x X > +2 M2 <x Xt >
1 1
5 3 2 2
2 4 4 4713 3 113 3
3 % 214 214
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4[5 1]2 4[2 4]2
s 113 3 3
i <X . > s <X . >
4 4 4 4
. 3 2 2 2
2 3 3 3
i i m;
2 2 2 2
i 3 3 3
+gM* <x X > +M? <x X . >
3 3 3 3
2 2 2 2
4 4

Utilizing the following results for the hooks factors (note that again the Young
diagrams below represent a rectangular block of N rows and M columns with

boxes removed in the lower right hand corner):

Hooks

(M —1)(M —2)(M —3)(N + 1)(N +2)(N +3)
Hooks N 24 ’
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Hooks

(M — 1)(M — 2)(M + 1)(N — 1)(N + 1)(N +2)

i

Hooks 8
Hooks
(M4 1)(M +2)(M + 3)(N —1)(N —2)(N —3)
Hooks N 24 ’
Hooks
_ (MM 4+1DHM-1(N)(V+ (N —1)
Hooks B 12 ’
Hooks
(M —1)(M +1)(M +2)(N - 1)(N +1)(N —2)
Hooks - 8 ’

we obtain the following final result:
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(x5 (2) Tr ({7 477 dz a5 iz iz az ag7)xe (£7))
(xB (Z) xB (Z1))

= —3M — 3N?M — 3M?> + N3M? + I0NM? — 3N2M?> + NM*.
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B.5 General Results for the Annulus

In this appendix we consider a background yp(Z) where B is a Young diagram

with M columns and N rows. We will compute the two correlators

I = (xpxpTr (2721))
(xBX5)
and - )
Iy = (Tr (dTn dZTn) XBXp)
— z ,

(XBXp)
in the large N limit.

B.5.1 Computation of I;

We will make use of a dummy field D which does not interact with Z and has a

two point function
((DhEDE) = o,

Including D does not change the value of any normalized correlation functions of
operators built only out of Z and Z'. In particular, it does not change the value

of I1. Using D, we can rewrite

(xBX&LTr (Z"D)Tr (D' Zt™)) |

I =
(xBX)

This is a useful step, because after using the identities

1 d

Tc(2"D) = —— Dij—o
I'( ) n+1 ”dZij

Tr (Zn+1)7

and (this identity was proved in Appendix 6 of [19])

n

Tr (2" = (=1 *X(n41-5,19(2),
s=0

where (n + 1 — s,1%) denotes a Young diagram with s + 1 rows; the first row has

n+ 1 — s boxes and all remaining rows have one box, we can write Tr (Z"D) as a
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sum of restricted Schur polynomials

S .
n+1 ZZ(_l) X(n—l—l—s,ls),hs (Za D)u

s=0 hg

Tr (Z"D) =

where hg is an irreducible representation of S,,. The sum over hg is a sum over
all possible S,, irreducible representations that can be subduced from the S;41

representation (n + 1 — s,1°). To proceed, we would like to evaluate the product

XB(Z)X(n+1—s,1S)7h5 (Za D) (B2)

for any s and hg. This product can be computed using the restricted Littlewood-
Richardson rule derived in section[7} The difficult part of this computation entails

evaluating the restricted Littlewood-Richardson numbers, which include the sum

Z Z XB(01)X(nt1-s,19),h, (02)XR,R/ (01 © 02).

0’1€SNM 0265n+1

To evaluate this sum, note that both

dB dn-l—l—s,ls
N > xslo1)or  and W > Xnti—s,io)h (02)0

o1ESN M 02E€Sn+1

are projection operators. Thus, the sum we need to compute is simply the partial
trace (over (R, R')) of the direct product of two projectors. In general this is not
a very useful observation because one can’t choose a basis which is both simulta-
neously a basis of B and ((n + 1 — s,1%), hs) on the one hand and (R, R’) on the
other. However, for the case we consider here a simultaneous basis can indeed be
chosen as we now explain.

The above sum is needed to compute the coefficient of the term x g r/(Z, D)
appearing in the product . Since B has N rows, we can only stack ((n +
1 — s,1%),hs) as a complete Young diagram, to the right of B; denote this new
Young diagram by (+(n+ 1 — s,1%), +hs). To see that this is the case, note that
we could start with (R, R") which is an irreducible representation of Syas4n+1 and
keep restricting to smaller and smaller subgroups, by freezing the indices that S, 1
acts on. Doing n + 1 restrictions we have the subgroup Sy and we must have
reduced (R, R') to B. This forces (R, R') to be (+(n+1—s,1%), +hs) and it provides
a simultaneous basis for B and ((n+1—s,1°), hs) and for (+(n+1—s,1%),+hs).
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It is now straight forward to see that

dB dn+1 $,19)
NM! (n+ 1) Z Z xB(o1)X n+1—s,15),h5(02)X+(n+1—5,15),+h5(01002) = dp,dp,

O’1€SNM UQESn+1

where the right hand side is nothing but the dimension of the space that we traced

over. Consequently,

d
Z Z XB(01)X (nt1=5,19),hs (02)XR, R (01 © 02) = (n + 1)!N M! e

— s
01€ESNM 02€Sh+1 (n+1-s,1%)

Some straightforward manipulations now give

xB(Z)Tr (Z"D) =

ZZ ) Xt (n+1-s,1%) 40 (£, D).
n+1N+M vty

Thus, we have reduced the computation of I; to the computation of a two point

function which is easily performed (we keep only the leading term at large V)

Lo (xpxpTr (2721"))
<><B><E>

11 =

- f (n+ 1 N+M ZZ X+ n+1—s,1%),+hs (Za D)ZZ(_l)tx+(n+l—t,lt),+hs(Z7D)T>
s=0 hg t=0 hy
1 hOOkS (’I’L+1 Sls)

= —NM+N)"

(n+1)2 + Z{) hz (hooks)p
= N(M+N)"

B.5.2 Computation of I,

It is clear that we can write

(xBXl : Tr(27Z1") )

=(:Tr(Z"Z™) g,
o) {: Tr ( ) B

I =

where : O : denotes the normal ordering of O. Thus, we can obtain Iy from I
by subtracting all terms with an odd number of self contractions (contractions
between two fields in Tr (Z"Z1™)) from I; and adding back all the terms with an

even number of self contractions. The term with one self contraction, for example,
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gives

n n

S (T (2 (2 YT (27N (2 ) e = Y (T (2 (2 ) s (T (27 (2 ) s

r=1 r=1

n
=Y N(M+N)""N(M+N)"" =nN*(M + N)""",
r=1
To obtain this result we made use of large IV factorization and the result of the

previous subsection. A very similar argument gives

|
n: 'N1+C(N + M)nfc

clin —¢)!

for the term with ¢ self contractions. Thus

n

|
L = NN+M)"-Y "

g T M
c=1

- N 2% Ty (n”i i N e

= N(N+M-N)"
= NM".
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B.6 Last Site Dictionary

In this section we will explain how to translate between a “closed string” descrip-

tion of the operator
w=Te(YZ"YZ™Y ... YZ"E)

and an “open string” description

N anpxp(Zw)  wh=(YZUYZRY .Y ZMY )
R,R’

where in this second description the last site is described by the Young diagrams

R, R'. One simply makes repeated use of the identity

1
X (Z,0) = X (Z) T () = 3 0T gy (P (1,1 = D)Xy (2, Z0).

"
o RO‘

which was derived in [32]. The second term on the LHS in the above identity does
not contribute at large IN. Start from
XS)-(Z Z"w) = Tr (2™ w),

and use the identity to pull Z’s off Z™L and onto the Young diagram R. For

example, for ny, = 1,2, 3 we have

e (z0) = 5 (v - ).

1
TF(ZQQU):* X w — X — X w+X )
s |y

1
3
Tr (Z w):Z X[TTTel — XTTJ — X[ w+X+XX -
m 0 ] u u
0l ]

These formulas are exact.
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C Appendix - Correlators of Operators with
a Large R-Charge: A New Expansion Pa-

rameter

C.1 Schwinger-Dyson Equations in the Annulus Back-

ground

The Schwinger-Dyson equations provide a powerful approach to computing cor-
relators in the annulus background. They are far more computationally efficient
than the approach based on cutting rules developed in section |8l The advantage
of the cutting rules are their generality: the cutting rules work in any background.
In deriving the Schwinger-Dyson equation, a crucial observation is that for the
background we consider (recall that B is a Young diagram with M columns and
N rows)
x5(Z) = det(Z2)M .

We make repeated use of this fact and consequently, the results of this appendix

apply only to the annulus background.

C.1.1 Schwinger-Dyson Equations

Start by considering

d
0= / [dZqu 2 ((Z”“ZT")Z-J-XB(Z)XB(ZT)e’S) .
dZij
Carrying out the derivative is straightforward, except perhaps for the term ob-
tained when the derivative acts on the background. To evaluate this term, note

that
d

le-j XB

(Z) = det(Z)M = M(Z7Y)j; det(2)M .

dZ;;

Thus, this term contributes

M <ﬁ (Z"ZT")>B
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to the Schwinger-Dyson equation. Next, focus on the term obtained by acting on
the first Z in (Z"*1ZT");; which gives

N <T&~(Z"ZT”)>B :

these two terms combine to give the claimed N — M + N replacement in the

Schwinger-Dyson equations. Writing out all of the terms we have

<Tr (Z”+1ZT"+1)>B = (N + M) <Tr (Z”ZT”)>B + En: <Tr (Z") T (Z"—’"ZT”)>B .
r—1

A slightly more general Schwinger-Dyson equation which we found useful in the

computation of correlators reads

0= / [dZdZT} dg

ij

(22t (27 ™) xp(Z)xs(2h)e )

which is easily seen to give

<Tr (ZT" L Zm™) Ty (Z”“*m)>B = mz:l <Tr (ZtnZm =TIy (Z27)Tx (Zn+1—m)>

r=1

B

+(N + M) <Tr (Zt"Zm )T (Z"+1—m)>B +(n+1-m) <T&~ (Z"ZT")>B

This starting point could easily be generalized to

0= [ [azaz!] - ((zn 2t (2710, 2 (22 )e )

ij

where O(Z, Z1) is any gauge invariant operator.

Computing correlators is now straightforward. We can obtain all correlators
of the form <H” Tr (Z”i)Tr((ZT)mJ')>B using . Using these in the above
Schwinger-Dyson equations, we can easily determine the correlators <Hz Tr (Z2™ 21 ”1)> B

which are of relevance for the near-BPS sector of the theory.

C.1.2 Testing Factorization

Now that we can use the Schwinger-Dyson equations to compute correlators ex-
actly, we can answer some interesting questions. One obvious question is if the

annulus geometry provides a good background. For this to be the case, we need to
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have a factorization of the background expectation values of gauge invariant ob-
servables. This implies that a single saddle point is dominating the gauge theory
path integral. By the gauge theory/gravity correspondence, this saddle point rep-
resents a particular space-time geometry in gravity, that is, a classical spacetime

has emerged. One nice general result follows from

d _
0= / [0242'] g (2T (220] (21520675
which implies that

<[Tr (ZZT)]”“>B = (N2 + MN +n) < [Tr (ZZT)]”>B

This recursion relation is easily solved to give

<[Tr (ZZT)]”“>B - ﬁ(z\f2 + MN +4).
=0

Keeping only the leading orde@ we have
+1
<[Tr (ZZT)]"+1>B = (N? 4+ MN)"* = (v (ZZT)>:; ,

demonstrating factorization for these amplitudes. We can easily generalize this by

considering

0= / [dZdZT] d;ij (ZijTr(ZpZTp)[Tr (ZZT)]”XB(Z)XB(ZT)(S)

which implies

< [Tx (227)]" T (ZPZTP)>B = (N2 + MN +n+p) < [Tx (221)]"Tx (ZPZTP)>B

Once again this is easy to solve, giving

_ ﬁ(]\ﬂ + MN +i+p) <Tr (ZPZTP)>
1=0

< [Tr (221)]" " Tr (ZPZTP)>

B B

Z0f course, n and p (used below) are O(1).
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which becomes, at the leading order,

<[ﬂ (2zH)]" T (ZPZTP)> (N2 + MN)"+ <"h~ (ZPZTP)>B

B
n+1

- <Tr(ZpZTP)>B<Tr(ZZT)>B ,

again demonstrating factorization.
Above we have been careful to compute things to all orders. If we simply
assume factorization and keep only the leading order, we get additional information

about the leading behavior of various gauge invariant operators. For example,

)

<Tr (zrt ZtP ) ] T (Z"iZT”i)> = (N+M) <Tr (zrz'P) ] Tx (Z’“ZT”")>
. . ;

B

T i <Tr (ZP*TZTP)TI" (Z") H Tr (ZniZTni)>

r=1 B

n;—1
+D.D <Tr(Z”p“ZTpZ”f‘T—lZT”f)HTr (Z”izm)> ,
B

i =0 i#j
becomes, after assuming factorization

(T (ZPHZ“’“)>B [I(m (Z”iZT"f)>B = (N+M) (Tr (ZPZTP)>B [I(m (Z”iZT”")>B

K3 (2

nj—1
X (nzm ) T (nena),
i =0 i#j

The second term of the right hand side is subleading compared to the first term
because (i) the first term is multiplied by (N 4+ M) and (ii) the second term has

one less trace in it. Thus it may be dropped to give

(v (ZP+1ZTP+1)>B [I(m (Z"ZZ““)>B = (N+M) (Tr (ZPZTP)>B [I(T(zmztm)

A A B’
(] 3
Iterating this relation, the above result is clearly equivalent to

<Tr (ZQZW)>B — N(N + M)“.

which we know is correct.
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C.1.3 Testing the Cutting Rules

In section [§] a method to compute general correlators in any arbitrary LLM back-
ground was given. Now that we have an efficient way to compute correlators in the
annulus background we can ask: Do the cutting rule methods really work? In this
appendix we will compute a specific correlator, first using the Schwinger-Dyson
equations and then using the cutting rules. We have found complete agreement
between the cutting rule result and the result from the Schwinger-Dyson equations
for any correlator we have computed. The cutting rules work.

Starting from

d m -
o:/[dZqu —— (22 ztr =) e (2)xw(21)e ™)

ij

we obtain
m—1
(T (2t zmzivzrmit)) = 3" (Te(zinz )T (2127
B B
r=0
n+p—m—1

+ Z <T1" (ZT"ZmZTPZT)Tr (Zn+p—m—r)>B+(N+M) <Tr (ZTanszZn+p—m)>

r=

.
Setting n =0, m = 1 and p = 1 we have

<Tr (ZTZZTZ)>B = (2N + M) <Tr (ZTZ)>B — (2N + M)N(N + M).

We will summarize the cutting rule computation; for more details the reader
should consult section [§| Evaluating this correlator using cutting rules, there are
four contributions: the term with no contractions with the background gives 2N3.
The terms coming from contracting one Z in the gauge invariant operator with a

Z%in XB(ZT) give

AN <Tr <jZd§T> XB(Z)XB(ZT)> = 4N?M.

The terms coming from contracting both Zs in the gauge invariant operator with

Zts in xp(Z") give

d d d d
Tt (5 o 5 or Z)x5(Z") ) = M>N — N*M.
< ' (dZdZTdZdZT)XB( Jxel >>
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To evaluate this last contribution we had to cut the trace of four derivatives into a
product of two traces, each containing two derivatives. This is accompanied by a
nontrivial trace insertion factor that we evaluated in representation B. Summing

these terms we have

2N3 + 4N?M + M?>N — N?M = (2N + M)N(N + M).
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C.2 Schwinger-Dyson Equations for > 1 Charge Back-

ground

The background of interest in this appendix is (recall that r; is a rectangular Young
diagram with N rows and M; columns and 79 is a rectangular Young diagram with

N rows and My columns)
XTl(Z)Xm(Y) - (det<Z))M1 (det(Y))M2 .

The Schwinger-Dyson equations continue to provide a powerful approach to corre-
lator computations, when we consider this background built using more than one

matrix. In this appendix we will give a few example computations. Consider the

identityf"|

0= / [dzdZtdYdYT]

(Y ™y 17 2800 s (20X, (2 s (Y D (V™)

j

which leads to the following Schwinger-Dyson equation

(Te(zrymytmztn) = (VM) (Te (2 ymy gt
(r1,r2) (r1,r2)
n—1
+ 30 (Te (2T (z oy i)
rzl o ) (r1,m2)

If we had been working in the trivial vacuum, the only difference would have been
to replace N + M; in the above equation by N. One way to think about the above
Schwinger-Dyson equation is that to go from the left hand side to the right hand
side, we perform one of the Z Wick contractions. To obtain the equation that

follows when we perform a Y Wick contraction, start with the identity

(272t 1) 0 (20X (20 (V) (YD)

ij

0= / [dzdZtdYdYT]
which leads to the following Schwinger-Dyson equation

(Te(rzmztmytn) = (N4 M) (Te (yrtzm iyt

(r1,72) (r1,72)

26The action S = Tr(ZZ") + Tr (YY').

203



n—1

+3 <Tr (V") Tr (Y”—l—’"szTmY*”—l)> .
r=1 (rur2)
If we had been working in the trivial vacuum, the only difference would have been
to replace N + M> in the above equation by N. This structure is parallel to the
structure we found for backgrounds constructed using a single matrix: in this case
we have found that to reproduce correlators of operators built only using Zs or
Zts (Ys or Y's) we simply replace N — N + My (N — N + M>). This structure
is again emerging at the level of the Schwinger-Dyson equations.

Consider the last Schwinger-Dyson equation given above. In the large N limit
the first term on the right hand side gives the leading contribution. The second
term has one more trace in it whilst the first term is multiplied by (N + M3). Naive
counting of powers of N would suggest that these two terms are of the same order.
However, the leading contribution to the second term (Tr (Y")) (. .\ (Tr (yn-lzrzmzimyin=1))

vanishes. Dropping the second term and iterating we find

(r1,72)

<Tr (Y”ZmZTmYT“)> = (N+Mp)" <Tr (Zmz’fm)> = N(N+M;)™(N+Ma)".

(r1,72)
(C.1)

(r1,m2)

This looks very similar to the relation (9.15)); indeed, we can write

N+ M N+ M N+ M,. [N+M
1 t _ 1 1t 2 \/ 2yt
<O(Z,Z Y)Y )>(W2) <0 (\/ ~ Z,\/ —z \/ Y, Y >> .

Relations of this type would again be very useful in deriving spin chains for gauge

invariant operators in this two matrix background.

Finally, although we have already argued that there are large ‘t Hooft coupling
corrections to the background, it is still interesting to ask if factorization holds.
Such backgrounds are naturally interpreted as classical backgrounds that receive
curvature corrections. For operators that do not mix Zs and Y's in the same trace,
correlators factorize into a Z correlator times a Y correlator. Using the results
of Appendix we clearly have factorization in this case. For operators with
mixed traces, a bit more work is needed. We will give some examples in which
factorization is clear. Consider

0= / [dZdZTdeYT]d% ((Y"HZmZTmYTn)ijx

ij
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< [T T (27 21 xy (Z) X, (Z1) Xy (V)i <Y*>e-5>

which implies

<Tr (yiryrzmzim) ] (Z"GZT”“)>
a

(r1,72)

— (N 4 Mg) <Tr (YTn—lyn—IZszm) H Tr (Zna ZTna)>
(r1,r2)

a

n—1
+>° <Tr (YT (v trzmzimy e [ e (2 ZT"a)>
a

r=1 (r1,r2)

In the large N limit the first term on the right hand side gives the leading contri-

bution so that we can drop the second term. Iterating, we find

<T1" (YTnyansz) H Ty (ZnazTna)> _ (N+M2)n <Tr (Zszm) H Tr (ZnazTna)>
(r1.r2) (r1,72)

a a

_ (N+ Mg)n <T1" (Zszm)> <T1" (Z”aZT”a)> )

(ri,r2) = (r1,72)

where to get the last equality we used factorization of the Z, Zt correlators. Now,
use l) to identify (N + My)" <Tr (Zszm)> as <Tr (YTnYansz)> in the last

line above so that

<T&~ (viryrzmzim) ] T (Z”aZT"a)>

(r1,m2)

)1:[ <Tr (Z”aZT”a)>(

We can give a rather general argument for factorization: consider

- <Tr (YT"Y"ZmZTm)>

(r1,m2 T1,72)

d nrztn -
0:/[dZdZTdeYwd)/ <(Yp+1Z ZT YTp)ijOXm(Z)XH(ZT)XTQ(Y)XW(YT)G S)

ij

where O is any gauge invariant operator. This implies

<Tr (YTP+1YP+IZ”ZT”)O> — (N + M) <Tr (YTPYPZ"ZT”)O>

(r1,72) (r1,m2)
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p
d
+ T (Y")Tr (YP"ZmZI ™Y TP)O +< ypPriznzinytr),, (’)> :
S (T ()T o)+ Wi ©)

r=1
The second term on the right hand side can be dropped - it vanishes at leading
order. The third term on the right hand side can also be dropped - it represents
a trace joining term, so that it has one less trace than the first term. If we now
rescale Y — %%Y and Z — %MIZ we recover the Schwinger-Dyson equations
of the theory in the trivial vacuum (after dropping the same two terms justified
with the same two reasons). We know that factorization was a property of the old
Schwinger-Dyson equations so that we have just learnt that it is a property of the

new Schwinger-Dyson equations too.
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C.3 Anomalous Dimension for > 1 Charge Background

In this section we will explain how to compute the one loop anomalous dimension

of the backgrounds considered in section

C.3.1 An Identity: Excited Giant Correlators

Correlation functions of restricted Schur polynomials have been computed in [31]
(see also [32, B3]). The logic in these computations is first to contract the open
string words and then to compute the remaining contractions. In this section we
will obtain a formula that describes the result of contracting all fields except the
open string words. Although we derive our formula for the case of one string
attached, it is simple to extend it to the general case. The formula we are after

says
(X (2 WX (28, W) = A (Te (W) + B (Te (W)Te (W)
Recall[31] that the allowed index structure for open string word two point functions
is
(WiWhE) = 6{65 Fy + 310 Fy
Thus,

(X (2R (28 W) = ANFy + NR) + B(N*Fy + NF).

From the technology developed in [31], we also know that

1 1 hooksp
(R (2. Wi (2. W1)) = (9058 1By + e fF
It is now trivial to find
hooksg . o fr
- N — /N _—
(hOOkSR/ CRR > N4 N2
hooks f
_ 2 R R
b= <N CRR' T NhooksR/> N4 - N2~
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C.3.2 Leading Contribution to Background Correlator

The formulas we write in this section will not be general; we are considering the
backgrounds 71 and ry of section With a little extra effort one could be

general. We are interested in computing the normalized correlation function

(s (2D (Y D (20302 (1))

to one loop. According to Appendix B of [67], the D-term, self energy and gluon
exchange cancel at one loop order (using techniques of [I00]), so to this order we
only need to consider the contributions from the F-term. Towards this end we will

now evaluate

1 = (o (2D (VD (2 (VT ([2,Y] [28,Y1))

The tricky part of this computation is the evaluation of the color combinatoric
factor. To do this evaluation we can work in zero dimensions. Since we drop self
energy corrections, the F-term is normal ordered and hence the above correlator

can be written as
o 0 0 0
A I T T
<Tr([8Z, oy 575 gy X (20X (Y )Xr1(Z)Xr2(Y)> :

This can be rewritten, using dummy open string variables, as

/
2,7y 1,71 72,7y

< o 0 0 0 (1)

(g7 377 e g Xy (21 WX VL VI (2w (v v>> .

For both r; and 72 there is only one way possible to attach the open string. Using

the results of the previous subsection we now obtain

o 0 0 0

T ([ o0 [ o)) (AT (W) + ByTe (W) Te (W) (40Te (V) 4 BT (V)T (V)

where M M
1 2
Al:WfTU AQ:W.fmv B’L:O
It is a simple matter to find

I MM
L _ONM M, +212
frlfTQ
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The leading contribution to this correlator comes from the terms
Te (ZYYTZY) + Te (YZZTYT).

This computation will allow us, in the next subsection, to identify and evaluate

the leading contribution to the one loop anomalous dimension.

C.3.3 Leading Contribution to the One Loop Dilatation Operator

The O(g¥-,,) contribution to the anomalous dimension

0 0
Dy =Tr (Z(?Z) + Tr <Y8Y>

gives Ag = NMj + N Ms. To obtain the leading piece of the O(g%,,) contribution
to the anomalous dimension, which we have identified in the previous subsection,

replace

o 0 0 0 0 0
— _942 . . 2 2
D1 = —2gy 5/ Tr : [8 '3 }{Y, Z] = 29y Tr (ZYa 3 >+2gYMTr (YZa 3 ) .

The normal ordering symbols here indicate that derivatives within the normal
ordering symbols do not act on fields inside the normal ordering symbols. It is

now straightforward to argue that

0 0 0 0
(29}2/MTr <ZY8YGZ) + 2912/MTT (YZ8Z6Y>> Xr1 (Z)Xry (V)

= 4912/'MNM1M2XT1 (Z)XTQ (Y) .

We are interested in two cases:

e Both M; and M, are O(N). Holding g% ,,N = X fixed and large (which is
the regime in which we expect that we can trust the dual geometry), we find
a one loop correction of O(N?) times ) to the tree level value which is itself

O(N?). At large N the tree level and one loop results are of the same order.

e Both M; and M; are O(v/N). Holding g% ,,N = ) fixed and large, we find
a one loop correction of O(N) times A to the tree level value which is itself

O(N3/?). At large N the tree level result dominates the one loop correction.
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Notice that if we take M; to be O(N) and keep My to be O(1) or if we take My
to be O(N) and keep M; to be O(1), the one loop correction becomes negligible
as compared to the tree level value, as we would expect. It is also interesting to
note that our operator is an eigenoperator of D1, so that at one loop and at large

N it does not mix with other operators.
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D Appendix - Anomalous Dimensions of Op-
erators with a large R Charge and Integra-
bility

D.1 Two Point Functions

In this Appendix we will compute the two point functions used in section [10.1] We
only want these two point functions to the leading order in an M + N expansion.
We will use fp to denote the product of the weights of Young diagram B. It is

straight forward to obtain

_ Gy(N+M+1)
G2(N +1)Go(M + 1)’

/B (D.1)
where Ga(n + 1) is the Barnes function defined by (I'(z) is the Gamma function)

Go(z+1) =T(2)Ga(2) . (D.2)

In particular, for an integer z = n we have
n—1
Ga(n+1) =[] *'. (D.3)
k=1

First consider the free field theory two point function
<XB(Z)XB(ZT)T1« (Y227 T (YQZJO)T> . (D.4)

According to section [§] this two point function is given, at the leading order in
a large M + N expansion, by fp times (W)JO times the free field theory two

point function in the trivial background
<Tr (Y2Z70)Tx (YQZJO)T> = NJo+2 f O(N) . (D.5)
Thus,

<XB(Z)XB(ZT)T1« (Y2Z7)Tr (YZZJO)T> = f5(N + M) N2 (D.6)
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Arguing in exactly the same way, we find

<XB(Z)XB(ZT)T1« (Y Z"Y 270"\ Ty (YZ’”YZJO—’”)T> = f5(N + M)" N5, .

(D.7)
Next, consider
<X581,)B’ (Z,Y 27N Y ) (2, YZJ0+1Y)T> (D.8)
where
X (2.YZP7Y) = (YZP1Y), =2 xn(2). (D.9)
ij
These correlators have been computed in [3I]. The result is
(1) (1) t+ o\ _ hooksp
<XBB/(Z7W)XBB/(Z 7W )>* fBFO+CBB’fBF1- (D.IO)
’ ’ hOOkSB/

We find cpp = M and 12998 — NN, Further, for the open string word W =

hooks g/
Y Z70FtY we find that at the leading order
M + N\7t! M + N\7t!
Fy = NJo+2 <;) . Fy~ N%1 <;> , (D.11)

so that, to the leading order we have
<Xg}B,(z, Y27y )W (2, Y 2700y )t > — fEMN2(M + N)%+L . (D.12)
This correlator result can also be written as

1
<XB(Z)XB(ZT)Tr (Y Z~ly 27+ Ty (YZ—1YZJ0+1)T> = fog (N + MM,
(D.13)

Again arguing in exactly the same way, we find

<XB(Z)XB(ZT)Tr (Y Z~"Y 250t Ty (YZ*mszo+m)T> - fB%(NJrM)JO*"N%mn .

(D.14)
Notice that at large enough M that % can be neglected, all the gauge invariant
operators considered have exactly the same two point function.

Finally, by using the methods of this Appendix, we can obtain the general
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result
(M + N)JOJFP*

Mp- ’

where {p} denotes the occupation numbers of the Cuntz chain and p_ is negative

(0s({p}, J0)OB({p}, Jo)') = N*f5 (D.15)

the sum of all the negative occupation numbers. Thus, we have the correspondence

On((p}, ) [ N2y BLEII 0y (.16)

between operators and normalized Cuntz lattice states.
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D.2 More on the Cuntz Chain

To specify the general Cuntz chain model one needs to specify the expected
number of Cuntz particles n, (o). Given n.(o), what is the corresponding super-
gravity background? Using the results of [78] as well as , the metric on the
y = 0 plane and the circle along which the string moves (parametrized bym ) can

be written as
1 1
ds®* = —h"3(Dt)*> + h*dzdz + h™2dy*, Dt =dt — 5iVdz+5iVdz, (D.17)

_ov

55 z=re?, (D.18)

v="2 0 p
z

2"The angular momentum along this circle is due to the Y fields appearing in the gauge
invariant operator dual to the string.
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D.3 Explicit Expressions for the Two Loop Dilatation
Operator

In these expressions hatted indices are again to be dropped, §(z) =1 if x > 0 and
vanishes otherwise. To obtain this result we have assumed Jy > 0, Jy —p > 0 and

p > 0 - assumptions which can easily be relaxed if need be.
8Dy g e Ok = 4(OFf0 1Tk — 00Ty

X N(N + M)(8p=0 + Op=io — Op=1 — Op—=o—1) » (D.19)

0Dy 4 Otk = 4(M + 2N)0(p — 1) x

—p+1;J1,... —1 —p+1;J1,... —1
X(OE)IO p+1;J1,.,Jk,p —Oilo p+1J1,. kP )

+A(M +2N)0(Jy — p — 1)((98+1;J1""’Jk’J0_p_1 _ @110+1;J1,~-~7Jk7J0—p—1)
+4(N + M)Q(p)(@ijo_p;Jl""’Jk’p _ Ogo—P;leJk,P)

+4(N + M)Q(JO _ p)((f)lf;h,m,JmJO*p _ O;g;Jh-quJO*p)

Jo—1
+ Z 4N(5p:0 + 5p:J0)(Oi]0*S;J1,m,Jk,8 _ 050*8;J1,~~~,Jk,8)’ (D.20)

s=1
k
6Dy eﬁogo;Jh-..,Jk =4N Z J; (Op=0 + Op=1, ) X
j=1

Jo+J53 1y d iy Y ST CUNY PN
X(Olo 71J1 7 k OOO 7171 7 k:)

k R R
— AN (8p=0 + dp—1,) Z 6Ji:1(OIJO+1§J17~~7J2'7~-~)JI@ _ O({O‘f‘l%Jl,w:JivnaJk) . (D.21)

=1
k .
5D47+_ eff@go;Jh...,Jk _ 49(]9) Z J’i(Oi]O+Ji_p§Jl7--~7Ji,~~-7Jk:p
=1
k
_06]0+Ji—p;J1,...,Jl,...,Jk,p) + 49(J0 _ p) Z JZ(OJZ+p,J1,...,JZ,...,Jk,Jo—p
=1
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k R
_Oblier%Jl,-~~7Ji7~--,Jk7JO*P) _ 49(Jz _ 1) Z Ji(OlJrl;Jl7...,Ji,...,Jk,J0+Ji*p*1

i=1
k
Lidi,eydigens s i—p—1 —pt+LJ1,e o Jiyey Ji, Jitp—1
_Og-‘r 31y digeey I Jo+Ji—p ) . 40(J7, _ 1) Z Jl(Oi]O p+1;J1,..,J5, 0 Jk, Ji+p
=1
—p+ 11, i i+p—1
_OOJO p+1J1,0 iy Ji, Jitp ), (D.22)
p—2
Ji 7J ,...7J _ JO_p_‘_l;Jla'“)J ,T‘,p—T’—l
D444 Oy 0Tk = 4 (O R
r=1
Jo—p—2
Jo—p+1;J1,...,Jg,rp—r—1 p+1;J1,...,Jg,r,Jo—p—r—1
r=1
Jo—p—1
1;J1,... —p—r—1 —p—s;J1,...
_0110+ 150 dg,m Jo—p—r )+49(p) (Ol«fo p—8;J1,.., k8,
s=1
p—1
Jo—p—s;J1,..yJk —8;J14e0y k58, J0—
_OOO =851,y k757p) +49(J0 —P)Z(Of 83 J1,e 0 Jk,8,Jo—p
s=1
p—s;J1,....Jk,8,Jo—p
-0 ), (D.23)
5Dy OOk = 0. (D.24)

Setting M = 0 in the above expressions gives exact agreement with Appendix E of
[35] except for the last term in our expression for 6Dy . The extra term that we
have ensures that no joinings between the trace with the Y's and a trace without
Y's and a single Z can occur. In this case, the %ij in Dy o acts on Tr(Z) to
produce d;;. This vanishes because %ij appears inside a commutator; the extra

term is needed.
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