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Abstract

Modern cryptography today is required to protect sensitive and important data

from attackers. With the dawn of quantum computing, these classical cryptog-

raphy methods are under threat, which implies that cryptography methods have

to be adapted. Quantum cryptography is a promising solution to this problem,

that makes use of the concept of quantum entanglement to encrypt information

in various degrees of freedom of quantum systems, such as photons. The basics of

quantum entanglement, applied to photons, is explored with the aim of extending

it to quantum cryptography.

The fundamentals of structured light are investigated, discussed and applied in

conjunction with the field of quantum entanglement. Quantum entanglement as

a concept is used with the spatial basis of light, namely the theoretically infinite

orbital angular momentum basis, to understand the change in entanglement prop-

erties as the transition is made from two-dimensional entanglement, using qubits,

to higher-dimensional entanglement up to a dimension of four. The optical setup,

along with some of the most important equipment and optics are discussed and

explored to explain how theory translates to experiment. With the well-known

concept of coincidence counting, numerous quantum experiments such as the spi-

ral spectrum, quantum state tomography and Bell violation tests were performed.

Finally, quantum key distribution as an application of spatial quantum entangle-

ment is used to illustrate its capabilities and to make the understanding of the

fundamentals of quantum entanglement application ready.

The overall observation made is that as the dimension of the quantum system

under consideration was increased, by increasing the amount of elements in the

chosen basis, the overall accuracy of measurements decreased. This included the

spiral bandwidth, the Bell parameter used in Bell violation tests, the fidelity in

quantum state tomography state reconstruction and the quantum bit error rate

calculated for the well-known BB84 and E91 quantum key distribution algorithms.

Another observation made was that precise alignment was really important, as

quantum systems are extremely sensitive. Any loss of light effected results greatly.

The noise usually associated with quantum systems was also observed, especially

where quantum state tomography and quantum key distribution was concerned.

This was measured through a decreased overall state fidelity.



Chapter 1

Introduction

Light has many interesting properties and strides have been made across the world

to use these properties to its highest potential. Light is currently being used in

some capacity in laser, medical, industrial, technological and even entertainment

applications. Some of the most topical of these applications are optical metrology

for accurate measurements of a physical nature [1], free-space optical communica-

tion [2, 3] and quantum applications.

The focus of this dissertation is placed primarily on quantum applications, specif-

ically on quantum entanglement. Quantum entanglement has been used in many

applications, some of which include: quantum imaging [4], quantum teleporta-

tion [5], and quantum cryptography [6]. There are efforts to use entanglement

in quantum computing [7], entanglement swapping [8–10] and super dense coding

applications [11].

These applications are possible by entangling what are called degrees of freedom

of light. Degrees of freedom are independent values, meaning they do not in-

teract or interact negligibly, that are intrinsic properties of light. Entanglement

can be in the polarisation [12], orbital angular momentum [13], time-bin [14], and

time-frequency [15] degrees of freedom. Pixel basis entanglement as entanglement

in position-momentum space has also been studied [16]. Entanglement between

quantum states can be two-, three- and multi-dimensional. The size of the dimen-

sion here refers to how many individual quantum states are actually entangled.

Many degrees of freedom can be combined in entangled states. Two of the most

prominent types of these are hyper-entangled [17] and hybrid entangled [18] states.

Hybrid entanglement is when the individual states making up the entangled state

are each in a superposition of their own degree of freedom. Spin-orbit coupled

1
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states [19, 20] and path-polarisation entangled states are two examples [21]. Hyper-

entanglement is easily confused with hybrid-entanglement, but the key difference

is that, for hyper-entanglement, individual states are in superposition of more than

one degree of freedom. This means, for example, that the state is entangled in

both of these degrees of freedom over both states, at the same time.

In order to exploit the quantum properties of light and gain the benefits from

above, we have to start at the beginning: with the fundamentals of the spatial

properties of light. The goal is to start from the beginning or at an introduction

to structured light and spatial entanglement, to be application ready at the end.

The application chosen to focus on was quantum key distribution.

Chapter 1 starts with the Helmholtz equation derivation and how solutions to

this equation are the spatial modes that are widely used in optics. Three modes,

Laguerre-Gaussian (LG), Hermite-Gaussian (HG), and Bessel-Gaussian (BG) modes,

are described in more detail before linking a subclass of LG modes, called orbital

angular momentum modes, as our bases of choice to use for quantum information

applications.

The basics of quantum mechanics and how it can be used for quantum informa-

tion theory is applied while consistently considering both polarisation and orbital

angular momentum as the bases. This is expanded into a discussion about quan-

tum entanglement and how to represent entangled states as vectors and density

matrices.

Common quantum concepts such as mutually unbiased bases, fidelity, the No-

Cloning theorem and the partial trace are discussed before going into multiple

information measures in preparation for the final chapter on QKD.

1.1 Spatial Basis

1.1.1 Light

The word spatial represents everything that forms part of the transverse spatial

profile of the wavefront of propagating light and its properties. Light consists of

electric and magnetic fields that oscillate in orthogonal directions. The presence

of electric and magnetic fields and the wave-like nature of light immediately imply

the relevance of the four Maxwell equations [22]. The four laws are the divergence

and curl of both the electric and magnetic field vectors and are given as:
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∇ · ~E =
ρ

ε0
,

∇ · ~B = 0,

∇× ~E = −∂
~B

∂t
,

∇× ~B = µ0

(
~J + ε0

∂ ~E

∂t

)
,

(1.1)

where ~E and ~B are the usual electric and magnetic field vectors, ρ and ~J are the

charge and current densities and µ0 and ε0 are the permitivity and permeability

constants of free space. To find the wave equations for electromagnetic waves we

consider the case where there are no currents or charges present [22]. This sets

both ρ and ~J to zero:

∇ · ~E = 0,

∇ · ~B = 0,

∇× ~E = −∂
~B

∂t
,

∇× ~B = ε0µ0
∂ ~E

∂t
.

(1.2)

Taking the curl of the last two equations,

∇(∇ · ~E)−∇2E = − ∂

∂t
∇× ~B,

∇(∇ · ~B)−∇2B = ε0µ0
∂

∂t
∇× ~E,

(1.3)

and taking into consideration the two divergence equations above, the first terms

in both equations are equal to zero. Using the curl equations and simplifying gives

the wave equations [22]

(
∇2 − µ0ε0

∂2

∂t2

)
~E = 0,(

∇2 − µ0ε0
∂2

∂t2

)
~B = 0.

(1.4)
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Both of these equations are known as the Maxwell wave equations and they are

functions of position and time. Separation of variables allows us to isolate the

position dependence. Let U(~r, t) represent the electric field of propagating light,

and assume

U(~r, t) = A(~r)T (t). (1.5)

When this is substituted into the wave equation, while using c = 1√
µ0ε0

we get:

T (t)∇2A(~r)− µ0ε0A(~r)
∂2

∂t2
T (t) = 0,

c2∇2A(~r)

A(~r)
=

∂2

∂t2
T (t)

T (t)
,

(1.6)

where the equality statement between two partial derivatives, one in terms of

position and one in terms of time, imply that they must be equal to some constant.

Here the constant is the negative of the angular frequency squared, giving the

position solution, which is the Helmholtz equation

∇2A(~r) = −k2A(~r), (1.7)

where the constant k = ω
c

is the wave number [23]. c is the speed of light and ω is

the angular frequency. The last step is to use the paraxial approximation and to

derive the paraxial Helmholtz equation, which is used to describe the behaviour

of paraxial laser light [24]. The paraxial approximation restricts the variation of

the field in the transverse direction as the light propagates in the z-direction [23].

For small angles, such that the angles almost point in the propagation direction,

the spatial properties of laser light do not change noticeably, with distance.

We assume the wave from above is modulated by some complex envelope that

changes with propagation direction as the light propagates:

U (~r) = U0 (~r) exp (−ikz). (1.8)

If this complex envelope U0 (~r), by the paraxial approximation, is supposed to

barely change then the paraxial approximation implies that this envelope must

not change for at least a full wavelength [23], meaning
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δU0 =
∂U0

∂z
δz � U0. (1.9)

This equation says that the change in the complex envelope is much less than

the envelope itself multiplied by some propagation distance δz, which implies that

there is almost no change over δz. If we let δz be of the order of one wavelenght λ

and since the wave number k is related to the wavelength by k = 2π
λ

we now get:

∂U0

∂z
� U0/λ ∼ kU0. (1.10)

Expanding ∇2U(~r), which now has a transverse and longitudinal component, and

applying the paraxial approximation by omitting terms that have negligible effect

compared to the dominating terms [23], we finally arrive at the paraxial Helmholtz

equation [23]. This is done by expanding the laplacian of the complex amplitude

∇2 = ∇2
⊥ + ∂2

z , (1.11)

where the second order partial derivative of the complex amplitude ∂2
zU (~r) can

be omitted, since the second order partial derivative is much smaller than the first

order partial derivative as can be seen through

∂2

∂z2
A� k

∂

∂z
A� kA2, (1.12)

which follows from equation 1.10 above. Simplifying leaves us with the final result

of

∇2U(~r)− 2ik∂ZU(~r) = 0. (1.13)

1.1.2 The Gaussian Beam

One solution to the paraxial Helmholtz equation is the gaussian beam. The inten-

sity profile of such beams follows the statistical gaussian distribution where most

of the photons are in the center of the beam and as you move radially away this

amount decreases. The gaussian beam intensity profile can be written as:

I(r) = I0 exp

(
−
(

r

ω(z)

)2
)
, (1.14)
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where I0 is the intensity amplitude, r is the radial distance from the propagation

axis and ω(z) is the beam radius at a particular propagation distance z, which is

expressed as

ω(z) = ω0

√
1 +

(
z − z0

zr

)2

, (1.15)

where z0 is the position along the propagation direction where the beam radius

is at a minimum, ω0 is the minimum beam radius called the beam waist, and zr

is called the Rayleigh range and specifies the z-propagation distance at which the

transverse area of the beam is double what it was at its smallest, namely where

the beam radius was ω0. The Rayleigh range is calculated using

zR =
πω2

λ
, (1.16)

where λ is the wavelength. These quantities are important and used in the de-

scriptions of the more exotic modes of light.

1.1.3 Laguerre-Gaussian Modes

LG modes, illustrated in Figure 1.1, are dependent on two indices: the topological

charge `, and a p number called the radial index. ` determines the amount of orbital

angular momentum (OAM) intrinsic to the mode and p determines the number

of radial rings. They are called the azimuthal and radial indices respectively.

LG modes are modes of light, since they are solutions to the paraxial Helmholz

equation, specifically solutions in cylindrical coordinates. LG modes are defined

using the following function [25]:

LG`
p(ρ, φ, z) =

ω0

ω(z)

√
2p!

π(|`|+ p))!

(√
2p

ω(z)

)|`|
L`p

[
2

(
ρ

ω(z)

)2
]

× exp[i(2p+ |`|+ 1)ζ(z)] exp

[
−
(

ρ

ω(z)

)2
]

exp

[
− ikρ2

2R(z)

]
exp[−i`φ] exp[−ikz],

(1.17)

where ω0 is the beam radius at the focus, ω(z) is the beam waist at propagated

position z and ζ(z) = arctan
(

z
zR

)
. R(z) is the radius of curvature of the wavefront

at propagation distance z, k is the magnitude of the wave vector and ρ, z and φ

are the cylindrical coordinates. Lastly, L`p is the generalized Laguerre polynomial
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for indices p and `.

Laguerre-Gaussian beams do not only carry an intensity distribution, but a phase

as well. This is true for all propagating beams of light and implies that the LG

mode function, which gives the field of the beam, can be divided into an amplitude

and phase term. Taking the modulus squared of the beam field gives the intensity

I(ρ, φ, z) = |LG`
p(ρ, φ, z)|2. (1.18)

The complex exponential factors carry the phase information of the beam and it

is specifically the exp[i`φ] factor that determines the amount of times the phase

goes from 0 to 2π.

Figure 1.1: Laguerre-Gaussian modes at varying ` and p parameters. Left:
Intensity. Right: Phase.

1.1.4 Hermite-Gaussian Modes

Another set of solutions to the paraxial wave equation, this time in cartesian

coordinates x and y are called the Hermite-Gaussian modes [25]. Decomposing or

factoring a paraxial beam into two separate factors, one a function of x and the

other a function of y, is how these solutions or modes are found. HG modes can

be expressed as

HGnm(x, y, z) =
1

ω(z)

√
21−n−m

πn!m!
Hn

( √
x

ω(z)

)
Hm

( √
y

ω(z)

)
× exp[i(n+m+ 1)ζ(z)] exp

[
−
(

ρ

ω(z)

)2
]

exp

[
− ikρ2

2R(z)

]
exp[−ikz].

(1.19)
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Here the positive integers n and m spreads the modes out horizontally and verti-

cally, in a grid-like pattern as in Figure 1.2, and are the mode orders in the x and

y directions respectively. The Hn and Hm functions are the Hermite polynomials

of order n and m, respectively.

Figure 1.2: Hermite-Gaussian modes at varying n and m parameters. Left:
Intensity. Right: Phase.

The Hermite-Gaussian modes are important as the superposition of two LG modes

at p = 0 and equal, but opposite signs, of topological charge is a Hermite-Gaussian.

1.1.5 Bessel-Gaussian Modes

Bessel-Gassian modes, illustrated in Figure 1.3, are special solutions, insofar as

they are exact solutions to the Helmholtz equation, and not the paraxial Helmholtz

equation, in cyllindrical coordinates [25]. These modes are determined by two

parameters as usual, but here the topological charge is used again. The other

parameter is kr, which is the transverse wave vector component that determines

the overall size of the mode, by specifying the transverse momentum. Bessel-

Gaussian beams are given by

BG(ρ, φ, z) = BG0J`(krρ) exp

[
−
(
ρ

ω0

)2
]

exp[i`φ], (1.20)

where J` are the `th Bessel functions and BG0 is the field amplitude. Bessel-

Gaussian beams are interesting in that they are self-healing, even at long distances

[26], and that entanglement is robust to loss of light, if the propagation direction is

partially obstructed [27] and measurements take place in the Bessel basis. This has

the consequence that Bessel-Gaussian beams are an interesting family of modes
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to use in quantum applications, however, we will mostly care about the Laguerre-

Gaussian and Hermite-Gaussian mode families from now on.

Figure 1.3: Bessel-Gaussian modes at varying ` and kr parameters. Left:
Intensity. Right: Phase.

1.2 Quantum Information

To harness the processing power made possible by quantum mechanics requires

that we convert the usual on or off bits, that we use for example in binary com-

putation, to two-level quantum states that are called qubits. Superconducting

qubits, for example are used in superconducting quantum computers [28]. We can

use the modes of light discussed in order to build up 2-dimensional and higher-

dimensional bases that can be used to represent information, which is now called

Quantum Information.

1.2.1 Qubits, Qutrits and Qudits

Qubits are superpositions of the usual on or off states, which are represented by 1’s

and 0’s, that can be expressed using bra-ket notation as is standard for quantum

mechanics:

|q〉 = a|0〉+ b|1〉. (1.21)

Qubits form part of the foundation of everything quantum information has to

offer. They are also fundamental to the operation of many applications such as

quantum computing [29] and quantum key distribution [6].

The word superposition implies that the system is in both states |1〉 and |0〉 simul-

taneously. Measuring the quantum system will cause this superposition to collapse



Chapter 1. Introduction 10

probabilistically to one of the two possibilities in the qubit. These probabilities are

calculated using the usual quantum mechanics projections, which are calculated

directly from simply taking the square of the magnitude of inner products

P = |〈0|q〉|2, (1.22)

where here the probability that the qubit collapses to state |0〉 after measurement

is given. It is important that all probabilities of all possibilities add up to unity.

This condition is called the conservation of probability and can be expressed as

|a|2 + |b|2 = 1.

1.2.2 Polarisation

All propagating electromagnetic radiation consists of oscillating electric and mag-

netic fields and the direction of oscillation of the electric field defines the polari-

sation direction. If the propagation direction is in the z-direction, then essentially

all of the oscillation occurs in the xy-plane. This implies that polarisation can

be in two orthogonal directions, which can be utilized as a 2-dimensional basis.

A common way to use polarization as a 2-dimensional basis, is to use circularly

polarised light. This is the polarisation state where the electric field vector ro-

tates, at a constant rate, about the propagation direction, while oscillating. There

are two directions for circularly polarised light, namely right circular |R〉 and left

circular |L〉 polarised light as illustrated in Figure 1.4.

Figure 1.4: Left |L〉 and right |R〉 circularly polarized light. The electric field
vector rotates as it oscillates because of the phase difference between the two

linear polarizations that comprise it.
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The other two options for a basis would be to combine horizontal |H〉 and vertical

|V 〉 polarisation or diagonal |D〉 and anti-diagonal |A〉 polarisation. Both choices

constitute two-dimensional polarisation basis of linear polarisation states. Linear

polarisation is when the electric field vector oscillates, without rotating, in the

xy-plane of the propagating light. The horizontal and vertical polarisation basis

is shown in Figure 1.5.

Any polarisation state can be written as linear combinations of the two basis ele-

ments from one of the three bases mentioned. For example, elliptical polarization

can be written in terms of linear polarization and visa versa. Two linear polar-

ization states that are added together, but with a phase difference between them,

will be elliptical polarization. At specific angles, where the contributions of both

linear polarization states are equal, circular polarization emerges. In fact any po-

larization state can be expressed as a linear combination of any two orthogonal

polarizations.

Figure 1.5: Vertical |V 〉 and horizontal |H〉 polarization. The electric field
vector oscillates only in the yz- or xz-planes.

The idea of qubits can be extended to the polarization degree of freedom of light,

where polarization states are now described by superpositions of two orthogonal

polarizations. We will choose our standard basis in this case to be the two orthog-

onal states right |R〉 and left |L〉 circularly polarized light. The standard basis is a

basis of elements, in this case vectors, whose elements are all zero, except for one

particular element so that all elements are orthogonal with respect to each other.

Representing a qubit in another degree of freedom that is not the computational

basis, the basis consisting of simple bit values as basis elements, is the most basic

form of encoding information into physical properties, in this case the physical
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properties of light like polarisation and orbital angular momentum. A photon in

a superposition of right and left circularly polarised light is given by

|ψ〉 = cos

(
θ

2

)
|R〉+ eiφ sin

(
θ

2

)
|L〉, (1.23)

where the θ angle determines the weightings of the two basis states, which together

should add up to 1, after calculating the usual probability values. The eiφ is the

phase factor that induces a relative phase difference between the two basis states.

Depending on the values of these angles, any polarization state can be achieved.

For example, if θ = 0 and φ = 0, then the superposition expression results in

horizontal |H〉 polarization. All the combinations of the above quantum state can

be visualised using Figure 1.6, which is the Poincaré sphere or the Bloch sphere

used for polarisation, where the poles of the sphere are the two orthogonal basis

states and all states pointing to the edge of the sphere are some linear combination

of the two at some relative phase angle.

Figure 1.6: The Poincaré sphere - The standard basis states are at the poles
of the sphere. Linear combinations that are equiprobable, but with different
relative phase angles are on the equator, which is where the linear polarization
states can be found. The points between the poles and the equator are elliptical

polarization states.

1.2.3 Orbital Angular Momentum

Light can carry angular momentum that is intrinsic to the direction and rate of

rotation of the electric field vector, which is called orbital angular momentum

(OAM) and is indicated by the topological charge `. The light field carrying OAM

contains a phase factor ei`φ that describes how light can ”twist”. OAM carrying
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light has an angular momentum of `~ per photon and undergoes a phase variation

of exactly `× 2π times about the azimuth per wavelength λ. This is indicated in

Figure 1.7.

Figure 1.7: Illustration of how an increase of the topological charge means
that more phase variations occur within one wavelength. The arrow points in

the direction of propagation.

OAM supplies a theoretically infinite basis, since the topological charge can theo-

retically take any integer number.

It is a incorrect to think that for higher topological charges, the amount of twisted

wavefronts over one full wavelength increases as in Figure 1.8.

Figure 1.8: Misconception of how the number of twists or rotations the
wavefront undergoes increases, as the topological charge is increased. The arrow

points in the direction of propagation.

Despite the increase in the amount of ”twists” or variations of phase per wavelength

by an integer amount, the phase does not vary the `× 2π about the azimuth per

wavelength. Instead what is now being considered is actually an integer amount

of wavelengths, not an increase in OAM.
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We could extend the idea of qubits to the spatial basis of light as well by considering

a superposition between two OAM modes defined by their individual topological

charges. Just like for polarization, we can write the general OAM state as a two-

dimensional qubit state that also includes a phase term. These two-dimensional

states can also be represented on the Bloch sphere (Figure 1.9) [30]. We consider

LG modes where the radial index p = 0, which gives

|ψ〉 = cos

(
θ

2

)
|`1〉+ eiφ sin

(
θ

2

)
|`2〉. (1.24)

Figure 1.9: The OAM Bloch sphere - The standard basis states are at the
poles of the sphere. Linear combinations of OAM charges on the equator implies
that both standard basis states are equiprobable and are the Hermite-Gaussian

modes from before.

The idea of qubits can be further extended to higher dimensions. If d is the number

of basis states required to express the d-dimensional quantum state, then the state

is called a qudit. A special case of a qudit is the qutrit, which is just a three-level

quantum system

|q〉 = a| − 1〉+ b|0〉+ c|1〉, (1.25)

where the basis states can be substituted with topological charge values or any

other degree of freedom, except polarization of course. A qutrit has the general

form:

|q〉 = a|`1〉+ b|`2〉+ c|`3〉. (1.26)
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It becomes difficult to visualise higher-dimensional qudits, since illustrating higher-

dimensional states on a higher-dimensional equivalent of the Bloch sphere is im-

possible to visualise. Using higher-dimensional states, however, have multiple

advantages. Including more possibilities in one qudit, increases the amount of

information that can be encoded in a single qudit, since encoding is no longer

limited to ”on-off” or ”yes-no” conditions.

1.2.4 Quantum Entanglement

Quantum entanglement is the concept that two or more quantum systems, such as

atoms and photons, are intrinsically linked somehow to the extent that if one of the

states’ superposition was collapsed by measuring an observable, that the other’s

quantum state would also collapse, but to a predetermined state. This happens

even when the two systems are spatially separated by millions of kilometres. This

exact affect is what is described by the EPR-paradox [31] and is what Einstein

referred to as ”spooky action at a distance”. For example: measuring system one

as a |1〉 would immediately mean that system two is also measured as |1〉. We can

represent this quantum entangled state as:

|ψ〉 =
1√
2

(|00〉+ |11〉) . (1.27)

The first number in both of the terms is for one of the two quantum systems, and

by extension the second number indicates the second quantum system. Quantum

entangled states cannot be written as a product of two constituent states. In other

words, quantum entangled states are not factorisable. The most common example

of two-dimensional entanglement are the four maximally entangled Bell states. All

four Bell states together form the set

|Φ+〉 =
1√
2

(|00〉+ |11〉) ,

|Φ−〉 =
1√
2

(|00〉 − |11〉) ,

|Ψ+〉 =
1√
2

(|01〉+ |10〉) ,

|Ψ−〉 =
1√
2

(|01〉 − |10〉) .

(1.28)

All four of these states cannot be written as a product of its constituent parts, that

is, they are not separable and therefore entangled. The separability condition for
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separable states requires that the system state be written as the tensor product

of two separate states

|Ψ〉 = ψ1 ⊗ ψ2. (1.29)

This separability condition is for pure quantum states only. Mixed quantum sys-

tems also exist, but these will be expanded upon below.

The tensor product of two or more vector states is used to create a compound vec-

tor state of the two or more individual parts. The vectors are longer, containing

all possible combinations of the constituent states as vector elements. For entan-

gled quantum systems, it is impossible to separate the states representing each

individual part, meaning we cannot write the entangled state as a tensor product

of its constituents.

Since we can choose our standard basis to be anything, including the computa-

tional, polarization, or spatial basis of light, we can now write entangled quantum

systems in any basis. Considering a pair of quantum entangled photons we can

write entanglement using the polarization and spatial degrees of freedom in a

similar way as before only now with the new basis elements substituted in:

|ΦP 〉 =
1√
2

(|H〉A|H〉B + |V 〉A|V 〉B) ,

|ΦS〉 =
1√
2

(|`1〉A|`1〉B + |`2〉A|`2〉B) .
(1.30)

Here the subscripts A and B indicate photon A and B in the entangled pair. If

photon A were to be measured as a |H〉 (|`1〉), then photon B would be measured

as a |H〉 (|`1〉) state as well, 100% of the time, regardless of the physical sepa-

ration between the two photons. Entanglement does not have to be in only two

dimensions. The OAM basis is theoretically infinite and two photons entangled in

orbital angular momentum can be entangled for many OAM charges, which means

we can write the entanglement state for two photons as follows

|ψ〉 =
∑
`

ci|`i〉| − `i〉, (1.31)

where as usual the conservation of probability requires that the sum of eigenvalue

magnitudes equal 1: |c1|2 + |c2|2 + ...|c3|2 = 1.
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Entanglement can also exist across many degrees of freedom. The best example to

use is the case of spin-orbit coupled quantum systems where the entanglement is

now between OAM charges and the spin polarization state. Entanglement states

are written similarly, but now one photon is represented by only its polarization

and the other by its topological charge as

|ψ〉 = a|`〉A|R〉B + b| − `〉A|L〉B. (1.32)

.

1.2.5 Density Matrices

A useful way in which to represent quantum entangled systems is to use the density

matrix representation. If |ψ〉 is our quantum entangled state or system, then the

density matrix ρ is found using the outer product

ρ = |ψ〉〈ψ|. (1.33)

When the state is described by only this outer product, the state is known as a

pure state. If any terms were to be added to this expression that would alter its

shape, then the density matrix would acquire noise and become mixed. Whenever

a quantum state becomes maximally mixed, the entanglement is lost completely

as the entangled systems now become a statistical mixture of separate quantum

systems. The purity of a state density matrix p, ranging from 0 to 1, indicates

how pure the quantum state is and is calculated using the trace

p = Tr(ρ2), (1.34)

which is the sum of all diagonal elements of the density matrix squared. A purity

of 1 indicates a pure state.

An example of a pure state with some noise added to it, is the case of the isotropic

density matrix. This class of density matrices can be used to represent bipartite

quantum entangled systems [32] by way of

ρ = p|ψ〉〈ψ|+
(

1− p
d2

)
Id2 . (1.35)

The above expression is the expression for the isotropic density matrix, where p

is the purity and d is the dimension of the system’s individual parts, namely the
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amount of elements in the chosen basis. Id2 is the d2 dimensional identity matrix.

The word isotropic used to describe this density matrix, refers to the noise model.

The noise is isotropic, constant, or is uniform in its contribution throughout the

system.

Another example of mixed density matrices is the case of bipartite Werner states,

that can also be used to describe bipartite entangled quantum states or to repre-

sent noisy quantum channels [33]. These states are inherently mixed, especially

at higher dimensions. Werner states are made up of two contributing matrices,

the symmetric and anti-symmetric parts, where the two individual parts are now

weighted by a value called the symmetric weighting psym. The symmetric and

anti-symmetric parts are similar to the triplet and singlet states from quantum

mechanics or the four Bell states from entanglement in that under the permutation

operator the symmetric parts do not undergo a sign change. This is not true for

the anti-symmetric part. Werner states have the form

ρ = psym
2

d2 + d
PSym + (1− psym)

2

d2 − d
Pas, (1.36)

where d is still the dimension and Psym and Pas are the symmetric and anti-

symmetric matrix parts of the full density matrix, both of which depend on the

permutation operator P [33]. The two matrices and permutation operator can be

written as

Pas =
1

2
(1− P ),

Psym =
1

2
(1 + P ),

P =
∑
ij

|i〉〈j| ⊗ |j〉〈i|.

(1.37)

where the above definition is only valid, if the quantum state density matrix is

invariant under the unitary operator U ⊗ U , for some unitary operation U [33],

namely

ρ = (U ⊗ U) ρ
(
U † ⊗ U †

)
. (1.38)

General mixed density matrices can be thought of as a set of many quantum sys-

tems, which can be entangled. Some mixed density matrices represent maximally

mixed states and some are only partially mixed. As long as the state density
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matrix is an ensemble of many pure states that are not necessarily related or en-

tangled with each other, then the system is in a mixed state. Mixed states of

many photon pairs, for example, would cause many detections, but where only a

percentage of the pairs are actually entangled. Writing the general mixed density

matrix of many systems is done by using a sum of pure state outer products, where

each pure state can also have some noise added to it

ρ =
N∑
k=1

pk|ψk〉〈ψk|. (1.39)

Density matrices can only truly represent bipartite quantum entangled states when

they are positive semi-definite, are hermitian and have been normalized to have

a trace of unity. To be positive semi-definite implies that all eigenvalues of all

possible eigenmodes are non-negative and real. The trace of unity is related to

the conservation of probability, since the trace, which is the sum of all diagonal

elements, is the sum of all eigenvalues where eigenvalues are the probabilities in

the case of density matrices. Hermitian matrices are matrices such that they are

equal to their own complex conjugate transpose. When a density matrix adheres

to all these requirements, then the matrix is considered to represent a bipartite

quantum entangled quantum state. If a density matrix does not have a trace of

unity, it can be normalized simply by dividing the entire matrix by its own trace.

Calculating the probability of observable measurements, which is still a projective

measurement as for the vector representation, must now be done using matrix

multiplication. This projective measurement is the mutual overlap between the

observable matrix operator and the density matrix itself and is calculated similar

to purity. Let A be the observable operator matrix, then:

P = Tr(ρA). (1.40)

A value of 1 indicates that the two states are identical and 0 indicates that the two

state density matrices are completely orthogonal. The higher the overlap between

the two matrices, the higher the probability of the observable measurement.

Linear entropy is another measure of the purity of a density matrix, the higher the

value, the more mixed the state density matrix is [34] Linear entropy is calculated

using
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S = 1− Tr(ρ2),

S = 1− p.
(1.41)

Considering the case of quantum photon states, the operator matrices are called

analysers and are usually encoded on the SLM screens, which is then used to

modulate the spatial basis of light.

1.2.6 Partial Trace

The overwhelming majority of density matrices that are important to the experi-

mental part will be bipartite entangled quantum systems. These density matrices

can be represented by ρAB, where A and B indicate which of the two parts be-

longing to the joint quantum system we consider. ρA and ρB would be the density

matrices describing the two smaller constituents of the larger entangled system.

Taking the partial trace of the entangled state density matrix makes it possible

to find either ρA or ρB, writing a quantum state that resides in d2-dimensional

subspace into a density matrix that resides in a d-dimensional subspace. This is

referred to as ”tracing out” the unwanted parts and is defined as [30, 35]:

ρA = TrB(ρAB),

ρA =
∑
i,j

rir
∗
j 〈iA|jA〉|jB〉〈iB|,

(1.42)

where i and j are summation indices that sum over the amount of columns and

rows in the density matrix. |i〉 and |j〉 are basis elements, that could be substituted

with the computational basis elements, and B acts as the part of the density matrix

that is being traced over. This is simplified further to

ρA =
∑
i,j

rir
∗
j δij|jB〉〈iB|,

ρA =
∑
i

|ri|2|iB〉〈iB|,
(1.43)

after imposing the orthogonality of the basis states and now only summing over

one of the indices after removing all terms that go to zero.

Consider for example the state |Φ+〉 = 1√
2
(|0A0B〉+|1A1B〉) [35]. This is a bipartite
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entangled system, where one of the two contributing states can be found by tracing

out the other one. In density matrix notation this matrix is given by

ρAB = |Φ+〉〈Φ+| = 1

2
((|0A0B〉+ |1A1B〉)(〈0A0B|+ 〈1A1B|)) . (1.44)

We can now trace out one of the contributing parts

ρA =
1

2
(|1〉〈1|〈0|0〉+ |1〉〈0|〈0|1〉+ |0〉〈1|〈1|0〉+ |0〉〈0|〈1|1〉) ,

ρA =
1

2
(|1〉〈1|+ |0〉〈0|),

(1.45)

where ρA is the reduced density matrix describing the quantum state only associ-

ated to A.

1.2.7 Mutually Unbiased Bases

Mutually unbiased bases or MUBs are bases with an equal amount of basis ele-

ments, but if a basis was used to measure a specific state expressed in a different

mutually unbiased basis, the result would be equal to unity divided by the amount

of basis elements in each mutually unbiased basis.

The most simple example of this happens when we consider the computational

basis |1〉 and |0〉. A typical MUB would be the Hadamard basis, where the two

states making up the basis are |+〉 and |−〉. These two states are given by

|+〉 =
1√
2

(|0〉+ |1〉) ,

|−〉 =
1√
2

(|0〉 − |1〉) ,
(1.46)

where it is easy to see that if the probability of either state in the computational

basis was to be calculated by using the Hadamard basis for example, that both

states would have a probability of 0.5 each. For example

〈0|+〉 =
1√
2

(〈0|0〉+ 〈0|1〉), (1.47)

and since |1〉 is orthogonal to |0〉, this becomes
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〈0|+〉 =
1√
2

(1) =
1√
2
, (1.48)

which becomes 0.5 after taking the modulus sqaured for probability.

Since the probability is exactly equal and add up to unity, it is impossible to

confidently conclude that the system is either one of the possible states.

For two bases to be considered mutually unbiased they have to satisfy the following

condition: let two sets of states in two separate bases be {a1|〉, |a2〉, ..., |ad〉} and

{b1|〉, |b2〉, ..., |bd〉}, then for these two bases to be mutually unbiased the following

must hold [36]:

|〈ai|bj〉|2 =
1

d
, (1.49)

for all i and j up to the dimension of the two bases, which is just the amount of

states comprising both.

Applying the idea of MUBs to spatial modes of light, starting with two-dimensional

polarization, there are three mutually unbiased bases. These bases can be any two-

dimensional bases, as long as they satisfy the MUB condition. The three bases are

as mentioned earlier: |R〉 and |L〉, |H〉 and |V 〉 and finally |D〉 and |A〉 constitute

the choice of three mutually unbiased bases. The same can be applied to the OAM

modes on the Bloch sphere.

If we go back to the general superposition state used for spatial modes, we can see

that the four MUBs correspond to phase angles of 0, π
2
, π and 3π

2
. These angles

do not correspond to the polarization angles, since they are only the phase angles

in the state expression.

As the dimension is increased from two-dimensional to high-dimensional quantum

systems, the amount of MUBs increase. There is a way to find these bases that

involves using either the Weyl or high-dimensional Hadamard matrices [37]. The

concept of mutually unbiased bases will be important later.

1.2.8 Fidelity

A measure to calculate how similar two separate quantum states are, is to use

the concept of Fidelity. Mutual overlap gives an indication of how similar two

quantum density matrices are, but fidelity is a number that gives an indication

of the probability that the one state can be considered to be the state under

consideration. Experimentally, the higher the fidelity, the more likely it is for the
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quantum state to be representative of the experimental quantum state. Fidelity is

written either as a number between 0 and 1 or as a percentage and is calculated

using [38]:

F (ρ, σ) =

(
Tr
√√

ρσ
√
ρ

)2

, (1.50)

where ρ and σ are the two states under consideration.

1.2.9 No-Cloning Theorem

Quantum information cannot be cloned without introducing noise into the quan-

tum system [30]. When entanglement is considered, this implies that entanglement

is lost when attempts are made to copy a quantum state. If we were to consider

three parties Alice, Bob and Eve where Alice sends Bob a state density matrix

and Eve tries to eavesdrop, then she would not be able to completely copy the

state without alerting Bob to what she was attempting. The no-cloning theorem

restricts the fidelity at which Bob measures his state and the cloning fidelity of

Eve’s state. The cloning fidelity here is the similarity between the original sent

density matrix and the density matrix that Eve tries to reconstruct. This theorem

is the entire reason quantum cryptography protocols are possible, which will be

investigated later as an application of entanglement.

The proof of the no-cloning theorem is as follows [30]: assume that a linear copying

operator exists that is able to copy the content of a quantum bit. If such an

operator were to be applied to two qubit vector states, it must copy the state of

the first vector state onto the second. This can be written as:

U |0〉1|i〉2 = |0〉1|0〉2,

U |1〉1|i〉2 = |1〉1|1〉2,
(1.51)

where state |i〉2 is the qubit, the first qubit will be copied to. Applying this

operator to some unknown qubit state ψ, which has eigenvalues of α and β for

states 0 and 1 we see:

U |ψ〉1|i〉2 = αU |0〉1|i〉2 + βU |1〉1|i〉2,

U |ψ〉1|i〉2 = α|0〉1|0〉2 + β|1〉1|1〉2 6= |ψ〉1|ψ〉2.
(1.52)



Chapter 1. Introduction 24

It is clear from the last line that the operator clearly has not copied the contents

of qubit ψ onto state |i〉2, as the state cannot be written as |ψ〉1|ψ〉2, since this

would require factorizing an entangled state.

1.3 Information Measures

Knowing how to write entanglement and how to use quantum mechanics to the

benefit of information theory is the first step, but it is as important to quantify

the information contained within quantum and quantum entangled systems. The

amount of information is generally measured in bits. Again, 1 bit of information

is a yes or a no answer to a specific question or condition. This idea is now applied

to quantum systems to compare how many bits of information we actually have

available.

When it comes to information theory, a particular event that can occur at a certain

probability can only supply information that is restricted by this probability. What

this means is that, the less likely an event is to occur, the more information gained

when it actually occurs. The simplest example would be a coin: if the coin was to

land on heads many times in a row, where both events should happen with equal

probability, the amount of information contained within the results of these events

is large. It is immediately clear that the coin is weighted towards the one side.

There are a few measures of amount of information and they can all be visualised

on a typical Venn-diagram (Figure 1.10). H(X) and H(Y ) is the information

entropy for the set of outcomes for events X and Y respectively. I(X;Y ) is the

mutual or shared information contained in the intersection of the previous two

entropies. H(X, Y ) is called the joint entropy and is simply the union of H(X)

and H(Y ). Finally the conditional entropies are the amount of information gained

from event X or Y if event Y or X has either occurred or not.
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Figure 1.10: Information measure Venn-diagram - Illustrates the relationship
between all the information entropy measures.

1.3.1 Entropy

Consider the scenario where some variable X can take many possibilities, each

with their own probability of occurring. X can take X = {x1, x2, x3, ...xn} where

P (xi) = pi. Then the entropy of outcome X = xi is given by [30]:

H(X = xi) = −
i=1∑
n

P (xi) log2 P (xi). (1.53)

Entropy, in terms of quantum information, indicates the amount of memory a

certain probable state requires to be stored. This means that the less likely the

state is, the more memory it requires to be stored when it actually happens. This is

why the equation depends on the probabilities P (xi). The above entropy equation

is specifically called the Shannon entropy and is the classical form of entropy for

information. The quantum version, called the Von Neumann entropy is where the

probabilities are substituted for the eigenvalues of the state density matrix. Since

the density matrix is normalized and positive semi-definite, the eigenvalues are

just the diagonal elements, which causes these two entropies to be equivalent. λi

is the ith eigenvalue and the Von Neumann entropy is given by

H(ρ) = −Tr(ρ log2 ρ) = −
i=1∑
n

λi log2 λi, (1.54)

where ρ is the state density matrix representing the system. The base of the log

function determines the units of the entropy. If it is taken to the base of 2 it is
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measured in bits and if it is calculated to the base of 10 the units are in Shannons.

1.3.2 Binary Entropy

Binary entropy is similar to entropy, however, the main difference comes from the

amount of possible outcomes there are. The word binary refers to the fact that

only two outcomes are possible. We will take these outcomes to be X = 1 and

X = 0, where X simply indicates the unknown outcome. Consider the probability

that X takes one of the two possibilities to be p. Thus, let P (X = 1) = p. The

other possibility will have a probability of 1 − p by conservation of probability.

Thus, this implies P (X = 0) = 1 − p. The binary entropy of such a scenario is

given as:

h(X) = −p log2 p− (1− p) log2(1− p). (1.55)

Binary entropy is a number between 0 and 1, where a number of 1 indicates

a scenario where both outcomes are equally possible. The relationship between

binary entropy and probability is plotted in Figure 1.11.

Figure 1.11: Binary entropy versus the probability that event X takes the
result 1. Binary entropy maxes out when both outcomes are equally possible.

Binary entropy will be important later when we try and quantify the security of

Quantum Key Distribution. These entropy measures are only usable for pure two-

qubit quantum systems [30], which implies that we need to extend this concept to

mixed states.
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1.3.3 Concurrence

Concurrence is a number between 0 and 1 where a value of 0 indicates a maximally

mixed statistical mixture and a value of 1 indicates maximally entangled states.

Concurrence is defined as [30]:

C = max{β1 − β2 − β3 − β4, 0}, (1.56)

where the β values are the square root values of all the eigenvalues of the state

density matrix ρABρ̃AB in decreasing order. State ρ̃AB is given by

ρ̃AB = σ2A ⊗ σ2Bρ
∗
ABσ2A ⊗ σ2B , (1.57)

where the σ2i matrices are the Y Pauli operator matrices operating on part i.

Once the concurrence has been calculated we can use it in the entanglement of

formation [30] equation to get the mixed state equivalent of the von Neumann

entropy used for pure qubits. The entanglement of formation is calculated using

EF (ρ) = h

(
1 +

√
(1− C2)

2

)
, (1.58)

where the function h(.) is just the binary entropy from before.

1.3.4 Conditional Entropy

Conditional entropy is calculated similarly to the usual individual entropies just

like above, but now the probability is the conditional probability that is calculated

using:

P (X|Y ) =
P (A : B)

P (Y )
, (1.59)

which is the probability of event X occurring based on knowledge of event Y oc-

curring. The conditional entropy, by extension, is then the amount of information

gained from event X after the information from event Y .

1.3.5 Joint Entropy

Joint entropy is calculated similarly to the usual entropy, but now the outcome

probability depends on two or more outcomes. Event X and Y occur indepen-

dently, but the probability that X or Y occur simultaneously is now denoted by
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P (X, Y ) and it is this probability that must be used in the above entropy equa-

tion. The entropy for this is denoted similarly as H(X, Y ) and is the amount

of information supplied when both events occur. It can be calculated by simply

adding up the individual entropies

H(X, Y ) = H(X) +H(Y ). (1.60)

1.3.6 Mutual Information

Using the entropy of two separate events and their joint entropy, the mutual in-

formation can now be defined. Mutual information is denoted by I(X;Y ) and is

a measure of the shared information between the two systems. Mutual informa-

tion also has an entropy associated with it that is called mutual entropy and is

calculated as:

H(A : B) = H(A) +H(B)−H(A,B). (1.61)

The amount of information two parties can share quantum mechanically is re-

stricted, because of the inherent quantum uncertainty principles that apply. Con-

sider the scenario where Alice prepares a state ρi at probability pi and sends it

to receiver Bob, then the probabilistic outcome of a measurement by Bob cannot

supply more information than is allowed by this bound. This bound to the shared

information is called the Holevo bound [30] and can be expressed as a typical

upper bound in

I(A : B) ≤ H(ρ)−
N∑
i=1

piH(ρi), (1.62)

where H(ρ) is just the von Neumann entropy of the density matrix and H(ρi) is the

von Neumann entropy of the density matrices that can be used to decompose the

full state density matrix and are also the states that Alice sent to Bob, which form

the linear combination of many entangled states. The pi’s are the probabilities

that a specific ρi encoding a classical message is sent to Bob.



Chapter 2

Experimental Implementation

In order to make use of and exploit the quantum properties of quantum entan-

glement, a source of quantum entanglement is required. To entangle photons in

the spatial basis, say in the orbital angular momentum degree of freedom, a non-

linear crystal (NLC) can be used. This process is called spontaneous parametric

down-conversion or SPDC and involves down-converting a pump beam into two

signal and idler beams [39]. There are other sources of entangled photons, such

as entangled photon sources (EPS) [40] (used here with QKD), but SPDC will be

our generation method of choice. This process requires the use of non-linear crys-

tals of which there are two common choices: periodically poled potassium titanyl

phosphate (PPKTP) [41] and barium borate (BBO) [42] crystals.

Once the entangled photons have been generated, a method of spatial manipula-

tion is required. There are multiple ways in which light can be spatially altered

or shaped, that include SLMs which are used for any non-UV light for phase

and complex amplitude modulation [43, 44], DMDs consisting of an array of tiny

mirrors used mostly for classical light [45], Q-plates commonly used in spin-orbit

coupling experiments [46] and spiral phase plates to add or subtract an integer

amount of OAM to light that passes through [47].

There must also be a way to actually measure the entangled system. Quantum

entangled photon states are measured using a concept called coincidence counting,

where a coincidence counter and APDs are used in conjunction to turn photons

into electric signals or voltages for detection. The counters are usually extremely

precise, being able to distinguish individual photons arriving a few nanoseconds

apart.

Chapter 2 includes a setup diagram with discussions of some of the most impor-

tant components and concepts used to actually implement a quantum experiment.

29
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Spontaneous parametric down-conversion as entangled state source is studied and

elaborated on, before moving on to the measurements in the detection subsec-

tion. Overlap between modes in the two arms of the optical setup is discussed and

linked to the spiral spectrum of the entangled state and is connected to coincidence

counting as the method of choice to quantify this modal overlap. A brief investi-

gation of the gating time, integration time and crystal temperature is included in

order to get a good grasp of their affect on the coincidence measurements. Finally

imaging using lenses in a 4F system and using SLMs to both shape light and do

projective measurements is introduced as they both play a cardinal role in making

optical quantum experiments possible.

2.1 Optical Setup

The optical setup can be divided into two main parts:

1 - Generation: This is where the pump laser is converted into entangled photons

for exploitation later.

2 - Detection: This is where the photons are coupled into fibres and counted by a

counter to quantify the entanglement. This is possible because of what is called

projective measurements.

The lenses used for beam imaging and other optics will be discussed throughout

this chapter. The optical setup as a schematic with most of the mirrors omitted

is illustrated in Figure 2.1.

Figure 2.1: The setup used to take all measurements. Laser: 405nm, L: Lens,
L1: 400mm, L2: 300mm, L3: 100mm, L4: 500mm, L5: 750mm, L6: 750mm,
HWP: Half Wave Plate, NLC: Non-Linear Crystal, BS: 50:50 Beam Splitter,
M: Mirror, SLM: Spatial Light Modulator, SMF: Single Mode Fibre, APD:
Avalanche Photon Detector, Counter: Coincidence counting. Green: Genera-

tion. Red: Detection.

The laser used was a 405 nm UV laser at 130 mW and a liquid crystal UV Holoeye

SLM was used to modulate the light. Mirrors of different coatings was used to

direct the light throughout the setup: the mirror coatings before and after the
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crystal were EO2 and EO3, respectively. A- and Uncoated lenses were used before

the crystal, while B-coated lenses were used afterwards. A National Instruments

coincidence counter, interfaced with Labview, was used to count correlated pho-

tons. The photons were directed towards the avalanche photon detectors using a

single mode fibre suitable for down-converted 810 nm SPDC light.

An already built setup was used to perform many of the experimental runs that

will follow, but a similar setup was also rebuilt for learning purposes. This re-

built setup was used to take some additional experimental results and was built

alongside another Masters student, Michael Lovemore. Both setups required a lot

of optimization that included tipping and tilting mirrors, walking the beam into

fibre couplers, calibrating the SLM, and translating the crystal.

2.2 State Generation

2.2.1 Spontaneous Parametric Down Conversion

SPDC is the process where higher energy photons, from a pump beam that enters

the NLC, are down-converted into two lower energy photons called the signal and

idler photons. SPDC using a NLC is illustrated in Figure 2.2. Throughout this

process the energy and momentum must remain conserved. These conservation

laws can be illustrated using energy level diagrams and momentum vectors, and are

the cause of what are called the phase matching conditions. Controlling the indices

of refraction of the ordinary and extra-ordinary axes of the birefringent NLC,

enables many configurations of wave vectors that adhere to these conservation

laws. Each individual case where the above applies, is called the phase matching

conditions for that case. The control of the indices of refraction is done by altering

the temperature of PPKTP crystals and changing the angle of incidence of the

pump beam on the crystal for BBO crystals.

The conservation laws that follow from the phase matching conditions are rep-

resented through frequencies and momentum vectors. Recall that frequency and

energy are closely related, which is why it is referred to as energy conservation.

The two conservation laws are:

ωp = ωi + ωs,

~kp = ~ki + ~ks,
(2.1)

where the indices s, i, and p, refer to the signal, idler, and pump beams.
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Figure 2.2: The pump beam from the laser is down converted into two
lower energy beams: the signal and idler beams. The momentum and energy
conservation laws are illustrated in the vector and energy level diagrams on the

right.

There are three types of phase matching that can occur within non-linear crystals:

Type 0, Type I and, Type II. Type 0 phase matching is where the down-converted

beams have exactly the same polarisation as the pump beam. Type I is where

the polarisation of the down-converted beams are the same, but orthogonal to

the pump beam polarisation. Type II is where the polarisation of the two down-

converted beams are orthogonal, but either the signal or idler beams have the

same polarisation as the pump beam. The one that will be used, is Type I phase

matching.

The process of SPDC can be collinear or non-collinear, which means that the two

down-converted beams are either parallel or spatially separated. When the two

beams are non-collinear they form a cone-shaped beam, where each opposing pair

of points on the cone actually indicate the instantaneous position of two spatially

separated, entangled photons in each of the signal and idler beams. In a PPKTP

crystal, which was used, this collinearity is depended on the temperature of the

crystal. At a specific optimum temperature the two down converted beams will be

perfectly collinear, which will be spatially separated using a 1:1 beam splitter (BS)

as can be seen in the setup diagram. As the temperature is increased the non-

collinear signal and idler beams contract towards each other. The temperature

is chosen to be 62◦C so that the signal and idler beams are almost collinear, as

pushing the crystal temperature higher can make the SPDC perfectly collinear. If

the SPDC is perfectly collinear, it effects the bandwidth of the system, since the

more contracted the SPDC beam is, the less modes there are available for encoding

information and use in quantum systems [48]. The more collinear the SPDC, the

smaller the area of the SPDC, which effects the spiral bandwidth. The goal is to



Chapter 2. Experimental Implementation 33

maximise the spiral bandwidth, while simultaneously making it easier to readily

control the direction of propagation of both the signal and idler beams.

Finally, the down-conversion process can be degenerate or non-degenerate. The

degenerate case is where the two down converted beams have exactly the same

energy. In contrast, the non-degenerate case is where the two beams have different

energies (and frequencies). The degenerate case was used for the experimental

setup.

To describe the SPDC mathematically, its quantum state can be written using

creation operators. SPDC photons are spontaneously created out of the vacuum

state |0, 0〉 when the higher energy laser impinges on the NLC. The SPDC state

can be given by [49]

|ψ〉SPDC =

∫ ∫
d~ksd~kiΦ(~ks, ~ki)â

†
s(
~ks)â

†
i (
~ki)|0, 0〉, (2.2)

where the integration is over the transverse spatial profile defined by the wave

vectors of the signal and idler modes ~ki and ~ks, the Φ function is the pump beam

spatial profile or distribution that is converted into the signal and idler modes,

and the state |0, 0〉 is the vacuum state out of which the signal and idler modes

are created by the creation operators â†s(
~ks) and â†i (

~ki).

The signal-idler photon pair can be entangled in many degrees of freedom namely

OAM [50], time-energy [51] and polarisation [52], but here the focus is placed

specifically on entanglement in the OAM degree of freedom. Since LG modes are

eigenmodes of free space, they are solutions to the paraxial Helmholtz equation

from before, we can use them here to describe the signal and idler modes, which

carry OAM because of conservation of angular momentum. The integral over the

entire transverse distribution now becomes a summation, where the summation is

over the discreet radial and azimuthal indices of the LG modes, since summing all

possible ` values implies summing the entire SPDC field. This implies that the

SPDC state now becomes a linear combination of the signal and idler modes, that

have oppositely signed orbital angular momenta, where the linear combination

weightings, will be denoted by C`s,`i
ps,pi

in

|ψ〉SPDC =
∑
`i,pi

∑
`s,ps

C`s,`i
ps,pi
|`s, ps; `i, pi〉. (2.3)

It is important to note that the correlation coefficients and the probability of the

SPDC state being in any one of its topological charge combinations are related.
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This follows directly from quantum mechanics and how the projections are cal-

culated. The probability of the SPDC state being in a particular combination is

just the overlap or inner product of that combination with the entire SPDC state

squared.

Since we only consider modes carrying OAM and no radial rings, the above p

indices are actually zero and the coefficients only depend on the ` values. The

combinations of all weighting values or coefficients for the above state is called the

spectrum of the entangled state and for OAM entangled photon states like SPDC,

this spectrum is referred to as the spiral spectrum. The coefficients are called the

correlation coefficients because of the presence of entanglement in the state.

The SPDC state can be written more compactly if we ignore the radial part com-

pletely. Considering a SPDC state where entanglement is present, still in the

OAM degree of freedom as before, but now only the topological charge values are

referred to, we get the exact same entangled state as in Chapter 1:

|ψ〉SPDC =
∑
i

ci|`i〉| − `i〉, (2.4)

where now it is clear that only oppositely signed topological charged modes con-

tribute to the entangled state.

2.3 Detection

2.3.1 Overlap

Measuring spatially entangled quantum states requires finding the correlation co-

efficients or weighting values C`s,`i
ps,pi

. This is done by projective measurements,

similar to how quantum measurement probabilities are calculated, but now it is

the overlap between the signal and idler modes at some combination of indices

and the full SPDC state itself [53], which is written by the inner product

C`s,`i
ps,pi

= 〈ψi, ψs|ψSPDC〉. (2.5)

Modelling the pump and the signal and idler modes as part of the LG OAM

carrying mode family, this can be written as:

C`s,`i
ps,pi

=

∫ 2π

0

∫ ∞
0

ρdρLG`p
pp(ρ, φ)

[
LG`s

ps

]∗ [
LG`i

pi

]∗
dφ. (2.6)
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Ignoring the radial integration for now and only considering the azimuthal inte-

gration, we see that part of the integral will only be integrated over the phase

factors. The phase factors are the complex exponential terms carrying the phase

information of the LG modes. The azimuthal integrations runs over an angle of

2π and is given by

∫ 2π

0

dφ exp [i(`p − `s − `i)] = 2πδ`p,`s+`i . (2.7)

Since the integral of a complex exponential function is the dirac delta. In this

setup, the pump is a simple gaussian beam, which means its indices are both taken

as 0. This has the effect that the dirac delta function is non-zero only when the

signal and idler modes have equal, but opposite signed topological charge values.

This is the typical trend in SPDC OAM entangled photon pairs and is called the

correlation, which in fact is actually an anti-correlation, since oppositely charged

photons cause non-zero correlations.

Plotting all of the weighting values or correlation coefficients, gives us the overlap

matrix of the SPDC state. The theoretical shape of the spiral spectrum should

be completely flat, indicating a maximally entangled state. The reason they are

maximally entangled is that all mode combinations, namely a combination of

+` and −` in the two arms, are equally likely to occur. A clear anti-diagonal,

indicating the anti-correlation is visible, which when isolated and plotted gives us

a perfectly flat spiral spectrum plotted as a histogram in Figure 2.3.

Figure 2.3: Left: The theoretical overlap matrix of the SPDC state showing
the anti-correlations between oppositely charge topoligical charge values. Right:
The anti-diagonal spiral spectrum indicating that the entangled modes all have

the same probability.
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The experimental overlap is never this ideal, because the equipment used will

always introduce a deviation that affects the shape of the spiral spectrum. The

true overlap for the spiral spectrum has to take into account the affect of the NLC

and also the single mode fibres used to couple and direct the signal and idler beams

into the detectors (APDs). The fibres are modelled as gaussians g(r) with their

own beam waist and the crystal can be modelled by a function that is a function

of position f(r). The true overlap integral then becomes

C`s,`i
ps,pi

=

∫ 2π

0

∫ ∞
0

f(r)g2(r)ρdρLG`p
pp(ρ, φ)

[
LG`s

ps

]∗ [
LG`i

pi

]∗
dφ, (2.8)

where the new functions have been included in the overlap. If we ignore the affect

of the crystal, since normally the crystal area is almost perfectly flat, does not

change with position and much larger than the beam size that impinges on the

crystal, only the fibres introduce the deviation from a flat spectrum. We do this

by stating that f(r) = 1. The overlap now becomes

C`s,`i
ps,pi

=

∫ 2π

0

∫ ∞
0

g2(r)ρdρLG`p
pp(ρ, φ)

[
LG`s

ps

]∗ [
LG`i

pi

]∗
dφ. (2.9)

Experimentally you would never be able to achieve a flat spectrum by just changing

the fibre, pump and OAM beam waists, unless the pump beam sizes compared to

the fibre and OAM beam sizes could be approximated using a plane wave. One

way to output a flat spectrum would be to use the method of Procrustean filtering

[54].

Higher topological charge modes are actually detected with lower probability. This

happens because for larger topological charge values, the size of the ”donut” or

ring increases. This has the effect that when the LG mode is converted back

into a gaussian mode for detection, which will be discussed later, that the overall

intensity is distributed over a larger area and this causes the drop in detected

intensity and eventually detected probability.

The SPDC distribution shape can change depending on a number of experimental

factors and it is important to keep in mind that the detection overlap happens in

the same plane. This plane could be anywhere, but is generally chosen to be on

the SLM screen. This means the overlap will now depend on the beam radii of

the various contributing beams, since the overlap is determined by the physical

overlap of the beams. The ratios of the OAM signal and idler beam radii and

the beam radius of the gaussian-modelled fibres or pump change the shape of the

spiral spectrum, however, the most important requirement is that the forward
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propagating SPDC must overfill the back propagating fibre gaussian in order to

detect anything, as underfilling might cause some of the light to miss the fibres.

If alignment is perfect this would not matter and only the beam radii will play a

role in the overlap.

The shape of experimental spiral spectrums should follow a specific profile deter-

mined by the theoretical SPDC distribution. The theoretical SPDC distribution

of spectral values is given by [48]

|C`s,`i
0,0 |2 ∝

(
2γ2

1 + 2γ2

)2|`|

, (2.10)

where γ is determined by the experimental signal and idler mode beam radii. Here

it is assumed that these radii are equal. γ is the ratio of pump radius ωp to signal

or idler beam radius ωi,s.

Simulating the overlap integral and plotting the spiral spectrum of the results

using a gaussian pump with a 0.95 mm beam radius, fibre gaussian beam radii of

1.5 mm and OAM mode beam radius such that the ratio, which is indicated using

γ, between pump beam radius to OAM mode beam radius changes, we get Figure

2.4.
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Figure 2.4: The shape of the spiral spectrum as the γ ratio changes.

It is obvious that the greater the ratio γ, the more flat or wide the spiral spectrum

becomes. What this means is that if the gaussian pump beam radius is increased up

until the point the pump becomes approximately a plane wave, we would approach

the point where the spectrum becomes a flat spectrum. The only other restriction

on the system would now be the fibres that are responsible for detection.

2.3.2 Coincidence Counting

The way we quantify and actually measure the overlap discussed, is through count-

ing the coincidences or number of arrivals where the two photons in an entangled

photon pair reach the detectors at the same time. This signifies that the two pho-

tons were likely spontaneously created at the same time in the non-linear process

and hence are entangled. In optical setups, the signal and idler paths may have

different distances, which is why this needs to be compensated for by what is called

the gating time. The gating time is a time, of the order of a few nanoseconds, that

tells the counter to count arrivals as simultaneous when the photons arrive at the

two detectors within a set amount of time.
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The relationship between coincidences and overlap is not apparent when consider-

ing only the amount of coincidences, but once they are normalized, they become

probabilities. These probabilities are exactly the probabilities that the entangled

photons are measured to be in whatever state the overlap is measured for. The

connection, therefore, between coincidence counting and overlap probability values

is that they are proportional. It is possible to count the coincidences for the entire

array of possible OAM modes, which as before is called the overlap matrix.

Mathematically the overlap and coincidence counts can be linked by using an inte-

gral of the overlap over time, or in other words, summing over every instantaneous

overlap value for a specific controlable time ∆t, which is the gating time. Let T

be the integration time, or the amount of time a single measurement integration

is allowed to gather coincidences, then the integration time and gating time are

related by T = n∆t, where n is now the amount of gating times in one integration

time. The coincidences over one integration or many gating times is calculated

using

Cn∆t
A,B =

∫ n∆t

0

ψA(x, t)ψ∗B(x, t)dt, (2.11)

where A and B denote the two photons and the integration naturally runs over

the full integration time. The abstract functions ψi(x, t) describe the distribution

of photon arrivals at different positions and times in the two detectors and are

used in a overlap equivalent calculation that calculates how many of the arrivals

are actually coincidences.

Since the amount of coincidences can only be an integer value, this integral can

be approximated by simply summing all of the coincidences per gating time for

the entire integration time. If this number were to be divided by the integration

time, the value would represent the coincidence rate with units coincidences per

second. The total coincidences is now the sum of all gating time coincidences

Cn∆t
A,B =

n∑
i=1

Ci, (2.12)

where n denotes the nth gating time. As was said already, the amount of coinci-

dences counted is proportional to the probability or weighting values in

C ∝ C`s,`i
ps,pi

, (2.13)
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where C is now used for the total amount of coincidences.

It is possible for two stray photons to enter the two detectors at the same time

and to register a coincidence or for a stray photon to be incorrectly paired with a

photon from the SPDC source. These arrivals are part of the noise of the system

an are called accidentals (A). The amount of accidentals can be calculated from

coincidence count rate measurements by using [55, 56]

Ar = S1S2∆t, (2.14)

where S1 and S2 are the coincidence count rates in the two arms, ∆t is the gating

time and Ar is the accidental count rate. The count rate in both arms is determined

by two parameters [55], called the quantum efficiency of the detectors, η1 or η2,

and photon arrival rate, N1 or N2, in both arms. The count rates are usually

measured by arrival counting and division by the integration time, but can be

calculated using

Si = ηiNi. (2.15)

To find accidentals the coincidence count rates are simply multiplied by the inte-

gration time (T) in

A = ArT. (2.16)

The signal to noise ratio, or the amount of coincidences divided by the number of

accidentals, is called the quantum contrast (QC)

QC =
C

A
. (2.17)

When the usual measurements are taken with an elevated number of photons

external to the setup being detected, we expect the overall accidentals to go up

slightly. The single photons in each arm should obviously go up, but it is the

coincidences and quantum contrast that we are interested in. Coincidences that

are not part of the true entangled photon pair amount should be removed in order

to be more accurate. Using quantum contrast and coincidence measurements, the

accidentals are calculated and simply removed from the coincidence counts before

making any conclusions.

The amount of accidentals per second is called the classical rate and the amount of
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coincidences per second the coincidence rate. Both the amount of coincidence and

coincidence rate will be used going forward. The concept of coincidence counting

can be visualised using Figure 2.5.

Figure 2.5: In this abstract diagram the grey rectangles indicate the bins
or gating time, illustrated by ∆t. T is the full integration time over which the
counting is allowed to occur. The two rows indicate in which arm of the setup
a photon is detected and the black lines indicate when a photon is detected by
the APDs in both arms. When a photon count occurs in both arms within the

same bin or gating time, this event is considered a coincidence.

The overlap here is not as general as the overlap before which included the pump

beam and fibres, but the general idea should be clear: coincidences are the quantity

that represent degree of overlap between modes.

Knowing what coincidences are and what they represent and knowing what the

integration and gating time are, it is easy to study the affects when these factors

are changed. Increasing the integration time would cause the total amount of time

the counter ”integrates” or counts over to be larger, which would simply increase

the total coincidences counted. Increasing the gating time would make the criteria

for arrivals to be considered a coincidence less stringent, which means that more

coincidences are counted, but at the cost of losing accuracy in the form of a lower

quantum contrast. Figures 2.6 and 2.7 below confirm this understanding.
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Figure 2.6: Two line plots showing the relationship between the coincidences
(Top) and quantum contrast (Bottom), and integration time.

When the integration time is increased, more entangled photon pair arrivals are

counted, because they are being counted for longer. Here the gating time remains

the same. The amount of photon pairs that arrive increases as integration time

increases, however the quantum contrast remains relatively constant. The reason

is that the gating time is set in such a way to consider only the true coincidences as

coincidences. This means that an increase in integration time not only increases

coincidences, but accidentals as well. When both elements from the quantum

contrast ratio increase at similar rates, we see a constant line.
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Figure 2.7: Two line plots showing the relationship between the coincidences
(Top) and quantum contrast (Bottom), and gating time.

As the gating time is increased the number of photon arrivals that are consid-

ered as part of an entangled pair increases, which is why we see the increase in

coincidences overall. The quantum contrast hyperbolically decreases, since only

a certain amount of arrivals are actually part of entangled pairs. If the actual

amount of entangled pairs are held constant, this would mean an inverse propor-

tion between accidentals and quantum contrast. So as the amount of accidentals

increases, brought forward by the increase in gating time, the quantum contrast

has to decrease asymptotically to zero.

2.3.3 Crystal Temperature

This quick intermission backtracks to see the affect of changing the crystal tem-

perature on both coincidences and the collinearity of the SPDC.
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Figure 2.8: The affect of crystal temperature on the collinearity, coincidences
and quantum contrast. Top: Coincidences against crystal temperature. Bot-

tom: Quantum Contrast versus crystal temperature.

In Figure 2.8, the location or transverse spatial coordinates at which the coinci-

dences and quantum contrast was measured never changed. This means that as

the beam contracts from non-collinear to being almost completely collinear, the

change in coincidences and quantum contrast is a reflection of the change in the

propagation direction of the beams. This means that a dip in conicidences implies

that the beams are being diverted away from the detectors and a drop in QC

implies that the overall coincidences to accidentals is dropping. If the accidentals

are assumed constant, since the light level external to the setup is held constant

and all non-entangled photons are filtered out by a bandpass filter, this is just

another indication that SPDC beams are moving away from the detectors.

The question becomes: Why do the coincidences start increasing again when the



Chapter 2. Experimental Implementation 45

crystal temperature is increased from 58 to 65◦C? This is because as the collinear-

ity is increased the intensity of the SPDC increases, causing the increase in co-

incidences. The amount of accidentals increase, causing a decrease in quantum

contrast, since a higher intensity, or more photons overall, increases the probabil-

ity of counting accidentals.

2.4 Imaging and Projective Measurements

The affect on light that interacts or passes through an optical element can be

described by transformation matrices called Jones’ matrices [57], that are matrices

or operators that are applied to the electric field vectors. The same affect can be

described by transmission functions of various optics, which are just factors that

are multiplied to the field function similar to how matrices are applied to vectors.

Every single optic has a distinct transmission function, but in this subsection the

focus is placed on the transmission functions of lenses and SLMs, since they form

the foundation of imaging the beam onto the SLM and into the fibres where the

projective measurements are made. Generic transmission functions have the shape

t(x, y) = A(x, y) exp [iφ(x, y)], (2.18)

where t(x, y) is the transmission function and A(x, y) and exp [iφ(x, y)] alter the

amplitude and phase of the field function.

2.4.1 Lenses

The lens is a refractive optical element that alters the path of light rays because

of its index of refraction and shape. Laser light, which is a collection of many

coherent, parallel rays of light is either diverged or focused to a point depending

on the shape of the lens. The distance from the lens where the rays are focused

is called the focal distance and it is at this point where the light will be the most

intense, since it covers the smallest possible area. As the light propagates past

the focal point, it will diverge again and the area it covers will increase until the

intensity goes to zero. The point where the laser light covers an area that is twice

that of at the focus is called the Rayleigh range as discussed before.

Lenses do not just bend rays of laser light, but apply the Fourier transform to

the light field. This Fourier transform re-expresses the light field, that was origi-

nally written in terms of position, now in terms of momentum. The lens is thus

the Fourier transform between the position and momentum spaces. If the point

where the rays are focused is extended into a plane that is perpendicular to the
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propagation direction, this plane would be called the focal plane. Once the field

undergoes one Fourier transform from a lens, it is sometimes referred to as being

in the Fourier plane. Transmitting the beam through a second lens would make it

describable by position once again, since applying the Fourier transform a second

time transforms the light field to be expressible in the position space. This is

referred to as being in the image plane. The affect of using two lenses is an imag-

ing system where the image plane is imaged onto or into optics. In other words,

by using two lenses we can preserve in which plane we are working in, which is

important when building optical setups.

The transmission function of a lens is simply multiplied by the field function of the

light to model the affect of the lens on the field [58]. This transmission function is

tl(x, y) = P (x, y) exp

[
−i k

2f
(x2 + y2)

]
, (2.19)

where tl(x, y) is the lens transmission function and P (x, y) is the complex pupil

function that describes how the field amplitude is affected upon interacting with

the lens. f is the focal distance, k is the wave number, x and y are the position

coordinates and i is the imaginary number, that is also sometimes contained in

P (x, y).

Using this transmission function, and the method used in [58] where it is substi-

tuted into the Fresnel diffraction integral, we get the Fourier transform of a single

lens and the expression of the light field at the focal plane of the lens. U1 is the

field that enters the lens and U2 is the output field. U2 is given in terms of U1 in

the Fourier transform:

U2(x2, y2) =
exp (ikf)

iλf
exp

[
i
k

2f
(x2 + y2)

]
×
∫ ∫

U1(x1, y1)P (x1, y1) exp

[
−i2π
λf

(x2x1 + y2, y1)

]
dx1dy1,

(2.20)

where λ is the wavelength, x1, y1 are the coordinates of the field before the lens

and x2, y2 are the coordinates of the field after the lens. For completeness the

simple Fourier transform that converts position into momentum and visa versa is

given as well:
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U2(kx, ky) =

∫ ∞
−∞

∫ ∞
−∞

U1(x, y) exp [−i2π(kxx+ kyy)]dxdy,

U1(x, y) =

∫ ∞
−∞

∫ ∞
−∞

U2(kx, ky) exp [i2π(kxx+ kyy)]dkxdky,

(2.21)

where kx and ky are the coordinates in momentum space and in Fourier analysis

is called frequency variables that are associated to x and y [58].

Using two lenses is common practise and together this forms what is called a

telescope or 4F system. 4F because of the four focal distances when two lenses are

considered. A typical 4F system, like in Figure 2.9, requires that the two lenses be

two focal distances away from each other in order to preserve the plane. The plane

that is imaged by the 4F system must be one focal distance away from the lens

combination’s first lens and the position to where the plane is imaged to, must

also be one focal distance away from the second lens. If the lenses have different

focal lengths, they must be separated by the sum of their focal lengths.

Figure 2.9: A basic illustration of how parallel light rays are focused to a
point, which also has the affect of Fourier transforming the light field. Included
are some beam images taken. A second lens applies the Fourier transform again.

The 4F telescope setup can be used to magnify or demagnify the beam itself and

this magnification is calculated using the focal lengths. The reason the size of

the beam would need to be changed depends on whether the system requires the

beam to overfill or underfill various optics in the setup. The magnification of a 4F

system is calculated using

M =
f2

f1

, (2.22)
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where M is the magnification of the 4F system and f1 and f2 are the focal lenghts

of the two lenses.

2.4.2 Spatial Light Modulators

Projective measurements are probability measurements taken by overlapping the

field with holograms on a spatial light modulator. This is part of using SLMs to

shape light and is done by altering the transverse spatial properties, particularly

of laser light. This can also be done by using digital micro-mirror devices, but

focus will be placed on SLMs.

Spatial light modulators or SLMs are made up of a grid of small pixels containing

many tiny liquid crystals where these pixels are of the order of a few microns.

Figure 2.10 is an illustration of liquid crystal SLM pixels. The operation of an

SLM depends on small voltages that are applied across the liquid crystals that

change their orientation and effectively change the reflectivity or transmissivity

of each pixel. The affect is that certain portions of the incident wavefront that

impinges on the SLM grid of pixels will be variably reflected or transmitted and this

is what alters the shape of light. This is all possible because of the birefringence

of the liquid crystal array [59]. This is the concept where the crystals have a

separate index of refraction along the ordinary and extraordinary axes, which

when controlled allows the phase or complex amplitude of the beam to be altered

in a controllable way [59].

Figure 2.10: An illustration of some pixels on the SLM screen and how the
voltages applied to the liquid crystals effect their orientation. Light is incident
on the top, propagates through the liquid crystal array and reflects off the

bottom face.

The two ways of modulating light are called phase-only [60] and complex am-

plitude modulation [61], which can be performed in conjunction, but is typically
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used separately. In most of the experimental runs that will follow later, phase-only

modulation was the method of choice. A third option is available: simple ampli-

tude modulation where only the amount of light that is reflected/transmitted is

altered, however, this restricts what is actually possible, since it only involves

truncating the beam, but is often used to spatially filter out parts of the beam

that are unwanted.

Representing the complex field of the laser beam as [62]

u(x, y) = a(x, y) exp [iφ(x, y)], (2.23)

which includes the phase in the exponential term and the complex amplitude

a(x, y) that could have no complex components and would therefore be real. By

modulating the light is implied that either one of these, or both, be changed in some

way. This can be represented using a transfer function that is just an exponential

factor and is a function of the original field’s complex amplitude and phase. When

this factor is multiplied by the field itself [62], it applies the modulation. An

example of phase-only modulation would be

h(x, y) = exp [iψ(a, φ)], (2.24)

where the function h(x, y) is the hologram that must be encoded on the SLM

screen, Fourier expanded and used in an approximation. This is the Arrizon

technique of encoding SLM holograms [62].

Amplitude modulation can be represented using a function f(ρ, φ) that is also

simply multiplied by the beam field. One simple example would be a binary

aperture that is modelled by a step function:

f(ρ, φ) =

{
1 r > rA

0 r ≤ rA
(2.25)

Any light at points where the distance to the propagation axis r is larger than rA

will be multiplied to zero applying the aperture to the beam.

Since birefringence is of interest here, polarisation becomes key, as the relative

direction of the polarisation to the ordinary and extraordinary axes changes the

index of refraction light interacts with. For the SLMs that we use only horizontal

polarization will be modulated.

Understanding how to modulate the amplitude and phase of light is the first step,
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but the entire reason SLMs are used in the first place is to do the necessary projec-

tive measurements to find, through measurement, the probability or eigenvalues

of specific eigenmodes. These eigenmodes are typically the LG modes from before

and the measurement is done by counting the coincidences. Since SPDC contains

an entire distribution of OAM modes, which is clear from its state description,

the SLM is used to choose which mode to measure. This procedure is called post

selection and is usually done by encoding the opposite OAM charge on the SLM

that the LG mode will interact with. This has the effect that the two OAM charges

cancel, the mode becomes a gaussian beam and eventually couples into the SMF

that can only couple gaussian beams that have no OAM.



Chapter 3

Controlled Experiments

Chapter 3 is the experimental results section and includes all of the basic quantum

measurements that can be done in order to characterise the quantum system.

This is done using the concept of state overlap and coincidence counting. These

properties include: the spiral bandwidth, the density matrix and the presence

of entanglement of the state. For completeness this chapter also includes some

measurements that were not as successful or that completely failed.

3.1 Basic Quantum Measurements

The spiral bandwidth can be thought of as the total amount of modes available

for use with respect to information encoding in any specified application, since

these modes are the ones that, compared to the amount of noise in the system,

are easily recognisable or in other words have a high enough signal to noise ratio

that ensures the signal is not of the order of or dominated by the noise [63]. The

spiral bandwidth is called the spiral bandwidth because orbital angular momentum

implies spiralling wavefronts. The spiral bandwidth is closely tied to the spiral

spectrum, which has a shape that can vary depending on how it is applied [48, 53,

63, 64].

The state density matrix is found from a procedure called quantum state tomog-

raphy (QST) that uses overlap and minimization techniques to find the density

matrix closest to the physical state, which implies finding the state and at the

same time maximizing the reconstruction fidelity. Tomography has been applied

to the spatial basis [34] as well as time-bin entangled states. [65]. The focus is

placed on QST, but there is another new method of reconstructing the density

matrices of bipartite quantum entangled systems, which uses an isotropic den-

sity matrix state model along with purity and dimensionality measurements to

51
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accurately reconstruct the density matrix [66].

Finally, the presence of entanglement can be measured using the Bell parameter

and whether the value of this parameter violates the CHSH-inequality or not, since

this determines if entanglement is present in the state [67]. This is done by testing

for local hidden variables [68]. Bell tests are tests of non-locality in the state

and a Bell parameter equal to the Tsirelson bound of 2
√

2 indicates a maximally

entangled two-dimensional state. Bell tests can be done for polarisation [69] and

OAM states using generic two-dimensional superposition states [70] as well as

sector states [70]. Hyrbrid entangled states also violate the Bell inequality [71]

and bell tests can be performed for higher-dimensional cases [72], such as for three

dimensions [73]. Tests of separability through Bell tests have even been performed

on classical light [74].

3.1.1 Spiral Bandwidth and Crosstalk

The spiral bandwidth is the amount of modes that contribute to the OAM entan-

gled state generated by SPDC [48] and is calculated from the spiral spectrum. The

spiral bandwidth is limited by experimental limitations, where the word ”band-

width” specifically refers to the amount of modes that can be detected by the

experimental setup. It is in essence the amount of modes that can be used to en-

code information, as their spectral values or weighting coefficients are high enough

to surpass the noise of the system. It is calculated by counting the amount of

modes that have spectral values (coincidence counts or probabilities) higher than

the full-width at half maximum (FWHM) [64]. The spectra from which the spi-

ral bandwidths are calculated are plotted using the coincidence count rate, as

coincidences and probability are proportional to each other:

C ∝ Pa,b, (3.1)

where C is the amount of coincidences and Pa,b are the probabilities values that

the state is in the specific combination denoted by the OAM charges of photon a

and photon b. a and b are the OAM charges of the two photons.



Chapter 3. Controlled Experiments 53

Figure 3.1: An example of a spiral bandwidth measurement. Left: Shows
the entire overlap matrix of all the ` combinations as a grid of their coincidence
counts in what is called the OAM spectrum. Right: Shows the spiral spectrum
and is where the spiral bandwidth is calculated. The coincidence counts are
now normalised by dividing every coincidence value by the sum of the entire
spectrum. The spiral bandwidth is calculated using the FWHM and is 12 modes.

There exists another measure of the amount of modes that contribute to the en-

tangled state. K or the Schmidt number can also be calculated and is a number

indicating the number of effective modes that can be exploited for information

encoding and is often referred to as the dimensionality of the state. The Schmidt

number K is calculated using the spectrum probabilities or coincidence counts as

before, but now in the equation

K =
(
∑

i Pi)
2∑

i P
4
i

, (3.2)

where Pi denotes the probability values or normalized coincidences from the OAM

spectrum. The Pi values can be substituted with the coincidences Ci measured

or eigenvalues λi of the linear combination to give exactly the same answer. Pa,b

and Pi are different, as Pa,b refers to the entire two-dimensional grid of overlap

probability values, as in Figure 3.1 (Left), and Pi only to the one-dimensional

diagonal of the spiral spectrum, as illustrated by Figure 3.1 (Right). The diagonal

of the set of Pa,b is the full set of Pi. K is almost always larger than the FWHM,

since it is a more lenient measure of the amount of available modes with the respect

to the noise levels.

Visually, from Figure 3.1, the spiral spectrum follows the general shape associated

with the SPDC distribution from before. To confirm this, the SPDC distribution

(Equation 2.10) has to be fitted to the spiral spectrum. This was done by using

linear least squares fitting and calculating the residual sum of squares (RSS). An
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RSS of 0 implies that the curve fits the data perfectly. The higher the RSS value

the more the data deviates from the model. The RSS can be calculated by

RSS =
∑
k

(f(`k)− Ck)2, (3.3)

where the summation is over all of the measured ` values that form part of the

spiral spectrum, Ck is the measured coincidence values, and f(`k) is the theoretical

probability from the SPDC distribution.

Figure 3.2: SPDC distribution curve fitted spiral spectrum with a calculated
RSS value of 0.00000720.

The RSS value of 7.20×10−6 from Figure 3.2 is extremely close to 0, which means

that the SPDC distribution is a near perfect model for the spiral spectrum plotted.

This makes sense, since we are using an SPDC source for entangled photons.

It has been discussed, with regards to the overlap, that the size of the beam radii

determine the shape, but here we are more concerned with small variations or devi-

ations per OAM charge. Physical spectrums are generally effected by non-perfect

alignment, optical aberrations or dirty optics, wavelength mismatched equipment,

uncentered holograms etc. Whatever the reason for the deviation from the ideal

shape, there must exist a way to quantify the deviation.

If signal is simply lost it becomes easy, since all that has to be done is to calculate

how much is actually lost, but sometimes the overlap values in the spectrum scatter

into adjacent mode combinations, which when combined into a total effect on the

shape of the spectrum causes less modes to be detected than theoretically possible.

This scattering of modes into adjacent mode combinations is known as crosstalk.
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The total amount of crosstalk, measured as a deviation from the ideal case, can be

calculated using the concept of fidelity. If the fidelity is not equal to unity, then it

is clear that some deviation must have occurred. The problem with doing this is

that calculating the fidelity of the entire spectrum includes all deviations, not just

the ones caused from the spreading of OAM modes. It is important to focus down

and calculate the fidelity around specific modes, instead of for the entire spectrum.

More than pure crosstalk is still being included in such calculations, but at the

very least we can get an idea of its affect close to specific mode combinations.

Instead of comparing the entire spectrum to the ideal spectrum, segments of the

overlap matrix are isolated and compared to the same segments from the ideal

overlap matrix. To illustrate this, rows and columns of 7 mode combinations

were isolated from Figure 3.4 (Top Right) and plotted similarly to how the spiral

spectrum was plotted. This was done for Figure 3.3. Figure 3.4 shows some of

these segments.

Figure 3.3: An example of a spiral bandwidth measurement with crosstalk.
Left: Shows the entire grid of ` values and their coincidence counts. Right:
Shows the diagonal. The spiral bandwidth is calculated to be 15 modes and

K = 25 modes.
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Figure 3.4: Column spectrum segments at various ` values plotted to illustrate
the crosstalk around specific mode combinations. A generic spiral spectrum is

included with double sided arrows to show which columns were selected.

The same can be done for row segments. Comparing the row and column segments

to the ideal spectrum segment (which should most definitely only have measured

values for the OAM value on the diagonal with zeros everywhere else), visually

it should be immediately clear that we have mode dependent crosstalk. In other

words, the crosstalk increases as the OAM charge increases. In the ideal case,

each segment should look exactly the same, except for the change in the spectrum

value itself. The ideal spectrum segment is shown in Figure 3.5.
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Figure 3.5: The ideal spectrum segment for any value of `, which only has a
non-zero value for the ` value on the diagonal. Any adjacent mode combinations
should have a value of zero. The y-axis is still the amount of coincidences, now

normalized to become probability.

To cement this, a plot of the fidelity values for each of the segments compared

to this ideal segment can be plotted that shows how the fidelity decreases as we

consider higher values of OAM. Such plots can be done for each spectrum measured

and used to quantify the effect of crosstalk in the system.
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Figure 3.6: Fidelity plots illustrating the decrease in fidelity as the OAM
charge is increased in magnitude. Top: Fidelity plot for column segments from
Figures 3.1 and 3.3. Bottom: Fidelity plot for row segments from the same

figures.

In both cases of Figure 3.6 we see that the fidelity decreases as the OAM charge

is increased in magnitude. This illustrates what we could visually see already,

that there is mode dependent crosstalk present. The lower the fidelity, the further

the row- and column segments deviate from the ideal segment. The ideal straight

line plot is included to show that the fidelity should be equal to one, since each

segment should have matched perfectly with the ideal segment.
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Figure 3.7: OAM modes in the two arms of the optical setup. Top: Arm A.
Bottom: Arm B.

The OAM modes in the two arms, seen in Figure 3.7, increase in size as the topo-

logical charge increases. There is a slight deviation from the perfectly circularly

shape of the mode as the aspect ratio also changes with increasing OAM. It is

also clear that in arm A there are secondary mode orders that will influence the

overlap measurements. This is a visual representation of where crosstalk can come

from and the asymmetry of the modes in the two arms explains the asymmetry in

the fidelity curves above.

It is unexpected that the fidelities corresponding to Figure 3.1 were always lower

than for Figure 3.3. The values themselves are not important, but rather the

profile of the fidelity distribution. In other words, increasing mode dependent

crosstalk will tend to decrease the fidelity at a faster rate, which is clear from how

Figure 3.3’s fidelity curve decreases to coincide with Figure 3.1’s fidelity curve.

The higher fidelities for Figure 3.3 only state that, localised to specific row and

column segments, Figure 3.3 matches the ideal segment better.

The uncertainty in the fidelities above can be taken to be a maximum of ±0.08,

which is found by fitting a gaussian distribution to the fidelity plots, finding the

covariance, and then using the variance to calculate the standard deviation error.

Crosstalk scatters a mode into adjacent modes, which follows a gaussian distribu-

tion.

Lastly, the SPDC distribution can also be fitted to this spiral spectrum and a

corresponding RSS value can be calculated in order to determine how much the

shape of the spiral spectrum deviates from the theoretical SPDC distribution. This

calculation was done purely for completeness.
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Figure 3.8: SPDC distribution curve fitted to the second spiral spectrum case
with a calculated RSS value of 0.0000310.

The RSS value for the second spiral spectrum case, now in Figure 3.8, is 3.10×10−5,

which is still close to 0, meaning the model was still a good model for this spectrum.

This makes sense, since SPDC was still the source of entangled photons, however,

the spectrum shape deviated more from the theoretical distribution than the first

considered spiral spectrum from figure 3.1. This is consistent than what can be

observed visually.

Now that we know what crosstalk is, where the crosstalk in this scenario comes

from, how to quantify it, how it effects the shape of the spiral spectrum and, how

to quantify this deviation, we can now look at a spiral bandwidth attempt that

did not deliver.

3.1.1.1 One-Sided Crosstalk

Figure 3.9: Spiral spectrum measurement that is skewed to one side.
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Figure 3.9 is what happens when the beams used for detection are not coupled

into both fibre couplers properly. If one of the couplers are slightly misaligned, loss

will cause biasing of some ` combinations and eventually the spectrum becomes

skewed to one side.

3.1.2 Quantum State Tomography

As discussed before, density matrices can be used to describe bipartite entangled

systems consisting of pairs of photons, but when applied in an optical setup the

exact density matrix is unknown. Models of the ideal state exist, but the same

minor variations or deviations that can cause crosstalk in the spiral spectrum, can

change the state in ways that make the state unknown.

In order to find the state density matrix we use the concept of quantum state

tomography, which uses projective measurements on an ensemble of identical states

to slowly build up the state density matrix [74]. In order to reconstruct the state

density matrix, we need the overlap or probability values of all the pure states

and some MUB states of all the two-dimensional ` combinations for the specific

dimension under consideration. The pure states refer to the states where the

signal and idler have a distinct OAM value assigned and the MUB states refer

to the states where the two photons are each in a superposition at some phase

angle, specifically the four MUB angles 0, π, π
2
, and 3π

2
. These angles are the phase

angles from Equation 1.24. Not all MUB states are required to reconstruct the

density matrix. Only the cases where `1 < `2 for all possible values of ` associated

with the state, are required, specifically only for phase angles of 0 and π
2
. More

than the required amount of probabilities are usually calculated, which is called

an over-complete measurement. This supplies more information than is required

to actually reconstuct the density matrix. The modes being scanned over have the

general equal superposition form

|ψ〉 =
1√
2

(|`1〉+ eiθ|`2〉), (3.4)

where θ is one of six possible phase angle.

QST scans through all combinations of two-level superpositions to reconstruct the

density matrix, even for higher-dimensional QST. For example in a 3-dimensional

QST, the state we want to reconstruct the density matrix for is in superposition

of three possible states. The three states can be subdivided into six unique pairs,

of which only three are ever necessary, namely the ones for which `1 < `2. This is

done since each individual element in the density matrix is the outer product of
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two states in the superposition.

The probability values calculated from the projective measurements (Figure 3.10)

are compared to similar probabilities from many theoretical guessed density matri-

ces and used to reconstruct the density matrix with a fidelity as high as possible.

The guessed density matrix that minimizes the difference between the theoretical

(guessed case) and experimental probabilities is taken as the density matrix of the

system. An example of a over-complete two-dimensional QST, where the states

` = 1 and ` = −1 constitute the two-dimensional state, is shown in Figure 3.10.

All 2D QST probability plots that follow will have the same arrangement as in

this figure.

Figure 3.10: A grid of probability values that constitute a quantum state
tomography measurement for a a two-dimensional state consisting of ` = 1 and
` = −1. These probability values will be compared to many other grids of

probability values, each for a separate guessed density matrix.

In Figure 3.10 and in all QST measurements that follow, the whole grid is normal-

ized by dividing every value by the sum of the pure state overlap or coincidence

values to convert the values into probabilities [34]. The pure states are contained

in the smaller two-dimensional array at the bottom left of the larger array.

The procedure in essence is to minimize the χ2-squared distribution

χ2 =
N2∑
i=1

(PExperiment
i − PTheory

i )2

PTheory
i

, (3.5)
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which aims to minimize the least square residuals between the theoretical and

experimental probability values. PTheory
i and PExperiment

i are the theoretical and

experimental probabilities from the set of probabilities above.

The question is: how do these probabilities relate to the state itself? The density

matrix of bipartite photon states can be written as

ρ =
∑
m,n

bm,nτm ⊗ τn, (3.6)

where the state is now a linear combination of the tensor product of the generalized

Gell-Mann matrices of the dimension in question with coefficients bm,n. These

coefficients are exactly what is compared to the array of probabilities measured

before.

Once a minimum has been found, the density matrix that corresponds to this

minimum is taken as the final density matrix of the state. The final state density

matrix should be positive semi-definite and hermitian implying that it has only

non-negative eigenvalues and is equal to its own complex conjugate transpose. It

must also have a unit trace to conserve probability. It is ensured that the guessed

density matrices adheres to all these requirements by the following:

ρd =
G†G

Tr (G†G)
. (3.7)

G is the final guess matrix that minimized the distribution, but did not adhere to

all the requirements to actually be a physical state. ρd will be a physical state and

is the final density matrix that is taken to be the density matrix of the system.

The real and imaginary parts of the final density matrix are given in Figure 3.11.

The reconstructed state fidelity and linear entropy can now be calculated from the

density matrix.

QST can also be done for higher dimensional systems, however, the amount of

time the measurements take, scales with the amount of data points needed to do

all superposition combinations. Since this increases rapidly with dimension, the

higher the dimension, the longer it will take to finish the over-complete set of

measurements.

QST was also done for a three-dimensional qutrit, that consisted of ` = −1, 0, and

1 (Figures 3.12 and 3.13); and a four-dimensional state of ` = −2,−1, 1, 2 (Figures

3.14 and 3.15).
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Figure 3.11: The final reconstructed density matrix as a result of the mini-
mization above for the 2-dimensional entangled state ` = 1 and ` = −1. Each
matrix element is the outer product of the labeled states on the x- and y-axis.

Red: The real part of the density matrix. Blue: The imaginary part.

Figure 3.12: A grid of probability values that constitute a quantum state
tomography measurement for a a three-dimensional state consisting of ` = 1,
` = 0, and ` = −1. The MUB superposition states are subdivided into three
sections of four states, where `1 < `2. The MUB angles remain fixed, but for

new values of ` each time.
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Figure 3.13: The final reconstructed density matrix for the 3-dimensional
entangled state consisting of ` = 1, ` = 0, and ` = −1. The x- and y-axes
follow the same setup as before, where each element in the matrix is an outer
product of state elements. Left: The real part of the density matrix. Right:

The imaginary part of the density matrix.

Figure 3.14: A grid of probability values that constitute a quantum state
tomography measurement for a a four-dimensional state consisting of ` = −2,
` = −1, ` = 1, and ` = 2. The MUB superposition combinations follow the
same pattern as before: they are separated into groups of four, where `1 < `2.
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Figure 3.15: The final reconstructed density matrix for the 4-dimensional
entangled state consisting of ` = 1, ` = 2, ` = −1, and ` = −2. The x- and

y-axes follow the same setup as before.

The reconstructed state fidelities and linear entropies were calculated and are

summarised in Table 3.1 below.

Dimension Fidelity Linear Entropy

2 0.984 ± 0.002 0.012 ± 0.006
3 0.913 ± 0.006 0.123 ± 0.016
4 0.839 ± 0.002 0.231 ± 0.026

Table 3.1: A table showing the relationship between the three states consid-
ered before and their reconstructed fidelities and linear entropies.

It is clear that the reconstructed state fidelity slowly decreased as the dimension

increased, illustrating that is becomes increasingly difficult to reconstruct the den-

sity matrices accurately. The fidelity for the four-dimensional case is still above

80%, which is good enough to accept the reconstructed density matrix. The linear

entropies increased, indicating that the states became more mixed as the dimen-

sion increased. In [34] both the fidelity and linear entropy were calculated up to a

dimension of 8, where the fidelity and linear entropies approached values of 0.64

and 0.5, respectively.

The uncertainty values were calculated by using multiple QST runs. The increase

in uncertainty in the linear entropy indicated that, as the dimension increased,

more matrices were candidates to minimise the chi-squared distribution and to

output a reconstructed density matrix. This was because a different mixed matrix

minimised the chi-squared distribution in each individual run for a specific di-

mension. The higher the dimension, the more projective measurements required,
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and the more readily the instantaneous quantum state can vary, changing the

final density matrix and increasing the uncertainty measured in this way. The

uncertainty in the fidelity remains relatively constant, which indicates that for

each individual run, the reconstruction remains accurate, for that particular case,

despite outputting a variety of dimension specific density matrices.

It is possible to perform QST for increasing dimensions, but one aspect that was

ignored was the affect of the higher topological charge values on measured prob-

abilities. We know that dimension decreases the accuracy of the reconstruction,

but how does the spiral bandwidth tie together with QST? Figure 3.16 shows the

QST grids for various ` values and Figure 3.17 shows the density matrix for the

` = 10 case.

Figure 3.16: Overlap probability arrays for two-dimensional states consisting
of ` = 1 − 1, ` = 5,−5, and ` = 10,−10 . The phase angles follow the same
pattern as for the previous two-dimensional QST. The 2-dimensional QST run

from figure 3.10 is included for visual comparison.
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Figure 3.17: The reconstructed density matrix for ` = 10.

` Fidelity Linear Entropy Concurrence

1 0.980 ± 0.001 0.019 ± 0.003 0.969 ± 0.002
5 0.982 ± 0.001 0.012 ± 0.003 0.966 ± 0.002
10 0.930 ± 0.001 0.082 ± 0.003 0.873 ± 0.002

Table 3.2: A table showing the relationship between two-dimensional states
consisting of different OAM charges and their reconstructed fidelities, linear

entropies, and concurrences.

The answer from Table 3.2 is that, as long as the setup is aligned, that the fidelity,

linear entropy and even concurrence do not change markedly. There is a slight

change when the OAM charge is increased to 10, which is most likely because

of slight deviations in the shape of the OAM mode as seen before. If the shape

deviates from a perfect ring, crosstalk is introduced, which will most definitely

effect the QST measurements.

The uncertainty here was calculated using the ` = 1 and ` = 5 cases, because their

values were almost equal and all three cases should be identical if it were not for

the loss of coincidences with increasing `. The ` = 10 case was excluded, since

it was clearly an outlier. Since all three runs are two-dimensional, and should be

identical, it was assumed that the uncertainty was constant throughout each run.
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3.1.2.1 The Importance of the First Order

Figure 3.18: A failed attempt at taking a 2D QST for ` = 1 and ` = −1.

Figure 3.18 is what happens when a QST measurement is attempted without mov-

ing the setup from zero to first order. Since the zero order has no intrinsic OAM,

there are no correlations or any patterns in the overlap between different mutually

unbiased bases, which is why we see a nonsensical array of probability values. It

is imperative that the setup be aligned to first order, before any measurement is

made.

3.1.3 Bell Parameter

Entanglement witnesses are quantum measures used to identity whether or not

quantum entanglement is present in a specific quantum state. One of the witnesses

that is most commonly used and the one we will be focusing on, is whether the

Bell parameter violates the CHSH-inequality [74]. In order to violate the CHSH-

inequality and, by extension, for entanglement to be present, the Bell parameter

must have a magnitude that is greater than 2. Therefore the CHSH-inequality is

simply

S ≤ |2|. (3.8)

It is important to note that, for two-dimensional systems, there is still an up-

per bound to S called the Tsirelson bound, which is exactly 2
√

2. For higher-

dimensional states, the Bell test equivalent parameters can exceed this bound

[72].
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To calculate the Bell parameter S, four correlation coefficient (E) values are re-

quired, each of which are dependent on four separate coincidence count or coin-

cidence count rate measurements. This implies that sixteen separate coincidence

measurements are required to calculate the Bell parameter for one specific state.

The Bell parameter is calculated from the four correlation coefficients by:

S = E(θA, θB)− E(θA, θ
′
B) + E(θ′A, θB) + E(θ′A, θ

′
B), (3.9)

where each individual correlation coefficient E is calculated using the coincidences

at various hologram orientations (θA and θB) using

E(θA, θB) =
C(θA, θB) + C(θA + π

2
, θB + π

2
)− C(θA + π

2
, θB)− C(θA, θB + π

2
)

C(θA, θB) + C(θA + π
2
, θB + π

2
) + C(θA + π

2
, θB) + C(θA, θB + π

2
)
.

(3.10)

The angles θA = 0, θ′A = π
4
, θB = π

8
and θ′B = 3π

8
are the angles for which the

Bell inequality violation is a maximum and are the angles required for the four

correlation coefficients to be calculated.

Coincidences represent the degree of overlap between some chosen state and the

greater SPDC state, which means that the state being used to calculate the Bell

parameter through overlap measurements matters. In this case the state in both

arms is simply the generic quantum superposition state

|ψ〉 =
1√
2

(|`1〉+ eiφ|`2〉), (3.11)

where the amplitude factors are replaced by the normalisation factor 1√
2

to only

consider states that are on the equator of the Bloch sphere, which has the effect

of only considering states where both constituents are equally likely. Projection

of the SPDC down to states on the equator can be simplified by writing states on

the equator as [74]

|θi〉 =
1√
2

(|`1〉+ e2iθi |`2〉), (3.12)

where θi is now the hologram orientation. This means that the phase angle changes

by half of the physical rotation of the hologram orientation angle. θA and θB are

the angles θi in the two separate arms.
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Superposition holograms of the above state are encoded on both SLMs for whatever

choice of ` and varying hologram orientations θA and θB for the two SLMs. By

hologram orientations it is meant that the holograms are physically being rotated

through 180◦. Rotating the holograms such that the relative angular separation

changes, the superposition states used in the overlap between the two modes in

the two arms, scans through all possibilities including the MUBs from before as

well as the angles where maximal violation occurs.

The coincidence measurements used to calculate the four correlation coefficients

are then extracted from the resulting so-called Bell curves. Each curve corresponds

to a specific hologram orientation on one SLM and every point on these curves

represent a coincidence measurement for a specific hologram orientation on the

other SLM. A typical example of the curves from which these values are extracted,

is illustrated below.

Figure 3.19: An example of the four required Bell or coincidences versus
hologram angle θB curves for a Bell parameter calculation for ` = 1 at hologram

angles θA = 0, π
8 , π

4 and 3π
8 .

The Bell parameter S for Figure 3.19 or the ` = 1 case is 2.73± 0.09.
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Figure 3.20: An example of the four required Bell or coincidences versus
hologram angle θB curves for a Bell parameter calculation for ` = 2 at hologram

angles θA = 0, π
8 , π

4 and 3π
8 .

The Bell parameter S for Figure 3.20 or the ` = 2 case is 2.66± 0.05.

The Bell parameters calculated from the above curves are both greater than 2 and

thus indicate a Bell violation and the presence of entanglement. The curves follow

the general sinusoidal form associated with Bell curves and their amplitudes. The

period of these curves is 2, which is consistent with the 2 in the overlap of the

SPDC and the phase factor in the equator states before.

The Bell curve periodicity can be found in overlap calculations. Let the shared

entangled state and projection states be |ψAB〉 = 1√
2
(|`〉A|− `〉B + |− `〉A|`〉B); and

|θA〉 and |θB〉, respectively. This means that the overlap becomes

OverlapA,B = 〈θB|〈θA|ψAB〉,

OverlapA,B =
1

2
√

2
(e2iθB + e2iθA),

(3.13)

where in the last step the orthogonality of the OAM modes are used to remove

some terms. Taking the modulus squared to get intensity, which is proportional

to coincidences, the expression becomes
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C(θA, θB) =
1

8
(e2iθB + e2iθA)(e2iθB + e2iθA),

C(θA, θB) =
1

8
(2 + e−2i(θB−θA) + e2i(θB−θA)),

C(θA, θB) =
1

4
(1 + cos(2(θB − θA))),

C(θA, θB) =
1

2
(cos2(2(θB − θA))),

(3.14)

where De Moivre’s formula and trigonometric identities have been applied to reach

the final expression showing the periodicity of 2 in the argument.

It is hard to tell from just two cases, but the Bell parameter S tends to decrease as

we increase the topological charge. This is because as the OAM charge increases,

the overall size of the mode does as well, which when increased far enough will

cause the intensity of the mode to distribute over a larger area. When coupled

into the fibres, some of the light will be excluded and it is this loss that is the

cause of the decrease in Bell parameter with increasing `.

This can be illustrated by calculating the visibility of the Bell curves. Visibility

can be thought of as a measure of how easy it is to distinguish between the peaks

and troughs of a sinusoidal signal and is calculated using

V` =
C`

max − C`
min

C`
max + C`

min

, (3.15)

where V` is the visibility for OAM charge ` and C`
min,max are the minimum and

maximum coincidence values from the Bell curves.

` Visibility Date

1 0.879 ± 0.004 09/14/2021
2 0.861 ± 0.005 09/14/2021
3 0.906 ± 0.002 09/15/2021
4 0.767 ± 0.003 09/14/2021

Table 3.3: Table showing the correspondence between the topological charge
and the visibility of the Bell curves. (Dates are included, since the setup on the

day changed because of complete realignment.)

Table 3.3 shows that the visibility of the Bell curves decrease with increasing `,

which causes the coincidence measurements required to calculate the Bell param-

eter to approach each other as the curves contract. Eventually the visibility will
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be low enough to be dominated by noise and for the Bell parameter to no longer

violate the CHSH-inequality and for entanglement to disappear.

3.1.3.1 A Failed Attempt

Figure 3.21: A failed attempt at taking a Bell measurement for ` = 1 where
there is no sinusoidal behavior.

Considering the failed Bell parameter experiment in Figure 3.21, where the holo-

grams are still rotated the full 180 degrees, it is immediately observed that the

Bell curves do not adhere to the sinusoidal behaviour normally expected.

It turns out that the reason for the lack of sinusoidal behavior is what happens

when the SPDC signal and idler beams are not centered properly on the SLM

screens. As both SLM holograms are rotated over the π radians, the beam is

only ever incident on only a grating, which, depending on its orientation directs

the first order away from the detectors. As it slowly rotates it brings the first

order back into position, which is why we still see the peak periodically return.

The periodicity is two, consistent with all Bell plots so far. The reason for the

difference in width in the four Bell curves is because of the orientation of the SLM

in arm A. Since only four angles are considered, some angles might have diverted

the first order beam further away from the detector than other angles, which is

why for those the peak width is smaller.
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3.1.3.2 Sector States

In [70] they defined the states differently by introducing sector states. These states

are defined by introducing a phase factor of ei`φ and e−i`φ for both ` states in the

superposition

|Θ〉 =
1√
2

(ei`θ|`〉+ e−i`θ| − `〉), (3.16)

where the phase angle θ now represents a relative phase. The ` will ultimately

determine the periodicity of the Bell curves, since it defines the periodicity of alter-

nating phases over the entire transverse distribution. The correlation coefficients

are now calculated using

E(θA, θB) =
C(θA, θB) + C(θA + π

2`
, θB + π

2`
)− C(θA + π

2`
, θB)− C(θA, θB + π

2`
)

C(θA, θB) + C(θA + π
2`
, θB + π

2`
) + C(θA + π

2`
, θB) + C(θA, θB + π

2`
)
.

(3.17)

The angles θA = 0, θ′A = π
4`

, θB = π
8`

and θ′B = 3π
8`

are the angles for which the Bell

inequality violation is a maximum. Now the factor of ` has to be included, since the

angles dynamically change based on the topological charge. The coincidence values

as usual are measures of overlap and from the overlap calculation the theoretical

curves can be modelled as

C(θA, θB) ∝ cos2[`(θA − θB)]. (3.18)

It is easy to simulate what the Bell curves would look like for sector states. For

the ` = 2 case they have a periodicity of two, just like before, with a constant

amplitude throughout.
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Figure 3.22: Simulation of the four required Bell or coincidences versus
hologram angle θB curves for Bell parameter calculation for ` = 2 at hologram

angles θA = 0, π
8 , π

4 and 3π
8 .

For the simulated Bell curves of a two-dimensional case (Figure 3.22), defined

using sector states, the Bell parameter is 2
√

2 implying the state is maximally

entangled.



Chapter 4

Quantum Key Distribution

With the quantum revolution well under way and the dawn of quantum computers

becoming more and more of a reality, there is a genuine existential threat to current

classical encryption methods, as the computational power of quantum computers

makes it possible to completely decrypt common encryption methods. It is im-

perative to use the same quantum mechanical nature that quantum computers

use to skyrocket their computational power, in quantum cryptographic encryption

methods to guard against the impending quantum computers. One of the most

well-known and studied quantum encryption methods is the subfield of quantum

key distribution.

This chapter investigates the use of spatial entanglement in the application of

quantum key distribution. The goal is to use various physical properties of physi-

cal systems, in this case of light, to encode information and be able to communicate

it via a quantum communication channel that is considered secure. Quantum key

distribution protocols, the procedures or algorithms used to securely communicate

information, are protocols designed to introduce an inherently arbitrary measure-

ment outcome of the encoded information, should an attacker try to listen in.

It exploits the quantum mechanical behaviour in order to make it as difficult as

possible for an attacker to decipher what is being communicated.

There are many quantum key distribution protocols, but the two protocols that

the focus is placed on here, are the BB84 and E91 protocols. The BB84 protocol

designed by Bennett and Bassard in 1994 [75, 76] is possible because of how the

measurement bases are chosen. The BB84 protocol is such that many quantum

systems, such as photons, are sent from a sender called Alice, to a receiver called

Bob, where each randomly chooses between the measurement basis with the end

goal of finding a secret key by sifting through all measurement outcomes. The

77



Chapter 4. Quantum Key Distribution 78

E91 protocol designed by Eckert [77] is practically identical to the BB84 protocol

in operation, but the key difference is that instead of Alice sending Bob photons,

they both receive one of an entangled pair of photons, apply their random choice of

basis measurement independently and compare afterwards to create a secret key.

There are more QKD protocols, which include: the Six-State [78] that uses three

bases to encrypt information [79], BB92 [80] that only uses two states rather than

four in its operation [79], SARG04 [81] which is less robust to noise and undergoes

less erorr during attacks [79], COW [82] that also uses entanglement and is used

for weak coherent pulses [79], DPS [83] that is simple to set up and is more robust

to attacks [79], etc.

QKD has been performed many times over, only with slight changes or tweaks

introduced to investigate the possible addition of new properties. QKD has been

performed in the polarisation bases [84, 85], in the OAM basis [86], and even using

spatial mode bases [85]. The affects of turbulence on QKD has been explored [87]

in order to test whether QKD is robust to turbulence. Hybrid entangled states have

been used in a multiplexing schemes to increase the dimensionality of E91, by using

multiple 2-dimensional subspaces [88]. Other non-spatial degrees of freedom can

be used, such as time-frequency entanglement, even targeting its use in free space

optical channels [89]. It is clear that the amount of combinations are seemingly

endless.

The ultimate goal of QKD is to make quantum communication channels robust to

eavesdropping attacks. There exist many eavesdropping or attack strategies with

the goal of extracting information from a supposedly secure quantum channel and

they all are designed to optimise two separate factors. The one is to extract as

much information as possible by intercepting the signal being sent, while at the

same time minimising how detectable the attack is. Quantum key distribution

as a field is thus the use of algorithms to make both of these goals as hard as

possible for the attacker. There are two core eavesdropping strategies that will be

considered: collective attacks and individual attacks [90].

The intercept-resend individual attack strategy involves measuring the quantum

states before they reach their intended target and then sending the collapsed state

on towards where it was originally intended [91]. Doing this has the most impact

on the measurement outcomes of one of the communicating parties and is also

the most readily detected strategy. When an attacker intercepts and measures

every single quantum state in the string of states used for QKD in this way, all

of the states that eventually reach the receiver, Bob, will have collapsed to a

predetermined state, maximally influencing Bob’s measurements and eventually
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maximising the error in the measurement.

Collective attacks can be illustrated by considering a scenario where a string of N

qubit states are encoded using any amount of bases and sent from Alice to Bob. If

an eavesdropper, Eve, decides to attach a probe to a random substring of photons

contained within the total sent string in order to simultaneously measure their

states, then this eavesdropping strategy is called a coherent or collective attack

[92, 93]. Eve can do this for any substring or any amount of substrings. She can

even attack the entire string of states being sent.

According to [94], there are certain threshold values for the quantum bit error

rate in both of these attacking strategies that are important to keep in mind. The

quantum bit error rate quantifies the amount of influenced error in the measure-

ment of the states and will be expanded upon later. If the eavesdropper applies

a coherent attack, while simultaneously trying to remain discreet, the maximum

quantum bit error rate that she can introduce is 11%. This happens when Eve

chooses to coherently attack a substring that is much shorter than the total sent

string. For individual attacks the quantum bit error rate must be 15% or lower in

order for Alice and Bob to improve security through error correction and privacy

amplification. These are techniques used to improve the security of the channel,

where the details are ignored.

It is now possible to get into the two protocols investigated, while still remembering

the threshold values to aim for.

Chapter 4 starts with the BB84 protocol, explaining the procedure on how security

analysis is performed. Two-dimensional QKD results are included and discussed

by way of secret key rate calculations and the channel transfer matrices. The BB84

protocol is then generalised to high-dimensions, which is for dimensions more than

two. The E91 protocol is linked to the BB84 protocol as being its entanglement

equivalent and the protocol itself with its security checks are included.

4.1 BB84 Protocol

The BB84 protocol is made possible because of the concept of mutually unbiased

bases and is illustrated in Figure 4.1. Alice sends Bob bits of information after

encoding the bits as photons carrying certain polarisation or orbital angular mo-

mentum. Encoding can be done in any chosen degree of freedom, but as usual

the focus is placed on OAM. She uses two bases from which she randomly se-

lects one to encode information for every single photon. Bob, after receiving the

photons, must randomly select between the same two mutually unbiased basis to
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measure the photons, without knowing Alice’s encoding basis. One state from

each basis corresponds to a 1 and the other state from each basis corresponds to

a 0 in a bit string. This is decided beforehand and agreed upon before any bits of

information are communicated. If the encoding and measuring bases match, the

measurement result will collapse the photon superposition state to the correct bit

value. If the bases are mismatched, the result will either be the correct bit value

or the incorrect one. Both of these outcomes are equally probable, which means

that the measurement was completely inconclusive, which is a direct consequence

of the two bases being mutually unbiased. After a certain amount of photons have

been encoded, sent, and measured, either in the correct or incorrect basis, the

string of basis choices are compared and where the bases match, the bit values are

saved as a bit string called the sifted key. This is the key generation part of the

BB84 protocol. The other values are all simply discarded as they do not supply

enough information for Bob to know what the state was that Alice encoded. In

other words, Bob immediately knows that the basis was incorrect and can easily

conclude that he should have chosen the other basis, but he cannot know whether

the bit value should be a 1 or a 0. The two mutually unbiased bases to be used

are denoted by φ and ψ.

Figure 4.1: The BB84 protocol applied to a bit string of 13 bits. If the
encoding and measuring bases match, then the measurement will supply the
correct bit value. If the bases mismatch, the measurement outcome will be
correct 50% of the time and incorrect 50% of the time, which is why they are

discarded.

In the ideal case, where no systematic noise or eavesdropping is present, the sifted

key will be 50% efficient, since Bob and Alice will randomly, correctly match their
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chosen bases half of the time. In an experimental or practical implementation

of the above protocol, the amount of correct bit values will decrease. Sometimes

when the bases chosen by Alice and Bob match, the bit value that is measured

will not be the correct bit value. The reason for the incorrect measured bit value,

despite using the correct basis, has to do with an eavesdropper, Eve, trying to

listen in on the channel or noise being introduced to the system in some way that

may have altered the state of the photon. The integrity or security of the channel

and protocol is dependent on its robustness to both an eavesdropper and noise,

but circumventing an eavesdropper is more important. Eavesdropping is possible

when a third party, Eve, tries to extract the information being sent by intercepting

and measuring the photons being sent by Alice prematurely or before they reach

Bob. She does this by choosing randomly between the same two bases that Alice

and Bob have access to. This has the affect of collapsing the superposition of

the photon, which will ultimately effect the accuracy of Bob’s measurements. If

Eve intercepted all of the photons sent then she would guess right half of the

time, which means that when Bob measured the photons after they have been

intercepted that he would only ever get the correct bit value 25% of the time.

The accuracy of Bob’s measurements can be quantified using the quantum bit

error rate. The amount of times the bases choices match, but the incorrect bit

values are measured by Bob, are all counted and divided by the total amount

of times the bases choices matched, which results in an error value Q called the

quantum bit error rate. Q is, in other words, a measure of the probability that

Bob measures the incorrect state or bit value, despite choosing the correct basis.

Instead of counting the amount of incorrect measurements, another way of cal-

culating Q is to use overlap probabilities between modes [85] in an equation that

subtracts the measuring fidelity from unity. The measuring fidelity is a measure

of how accurately Bob measures the sent photons taking into consideration the

communication channel. The communication channel is represented by matrix op-

erator Û , where physical channels tend to alter the state by perturbations. This

affect tends to become more pronounced as the state dimension is increased. Cal-

culating Q using the measuring fidelity is done by using

Qψ = 1− 1

2

2∑
i=1

|〈ψBob
i |Û |ψAlice

i 〉|2,

Qφ = 1− 1

2

2∑
i=1

|〈φBob
i |Û |φAlice

i 〉|2,
(4.1)
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where the quantum bit error rate is defined as the mean of the above two values:

Q = mean(Qφ, Qφ). (4.2)

Once the quantum bit error rate for the protocol has been calculated it can be used

to calculate other important measures such as the key rate R and the eavesdropper

Eve’s cloning fidelity. The key rate is the amount of bits of information that Alice

and Bob can share securely, and Eve’s cloning fidelity FEve is a measure of how

similar what she measures is to the state sent from Alice to Bob. The secret key

rate is calculated using [85]

R(d,Q) = log2 (d) + 2(1−Q) log2 (1−Q) + 2Q log2

(
Q

d− 1

)
. (4.3)

This can be plotted for various choices of dimension d and a whole range of quan-

tum bit error rate Q, as in Figure 4.2. The y-axis is logarithmic for the profile of

the key rate to be more readily recognised.

Figure 4.2: The generated key rate R versus the quantum bit error rate Q for
dimensions 2, 3 and, 4. Also included are the maximum lines for the key rate
for all three dimensions to illustrate how increasing the dimensions increase the
secret key rate that can be generated. Finally the red dashed line represents the
minimum Q that is aimed for, which is set because of eavesdropping strategies.



Chapter 4. Quantum Key Distribution 83

The two-dimensional line does not intersect the Q threshold value, which means

that for two-dimensional BB84 QKD, an eavesdropper can never totally decrypt a

message sent by Alice without having alerting both Bob and Alice immediately by

letting the secret key rate go to zero. For higher dimensions there is a dedicated

range where the protocol is considered completely secure, but eventually if the

error becomes large enough, the secret key rate will still go to zero.

Eve’s cloning fidelity can be calculated using

FEve(d,Q) =
1

d

(
1 + (d− 2)Q+ 2

√
(d− 1)Q(1−Q)

)
. (4.4)

Other measures that can also be used are the shared or mutual information between

Bob and Alice IAlice,Bob and Alice and Eve IAlice,Eve. The amount of information

here is measured in bits, hence the base of 2 in the logarithmic functions. All four

of these measures are functions of the dimension and Q of the channel [85]. The

shared information between Bob and Alice and Alice and Eve are given by

IAlice, Eve(d,Q) = log2 (d) + (FEve −Q) log2

(
FEve −Q

1−Q

)
+(1− FEve) log2

(
1− FEve

(d− 1)(1−Q)

), (4.5)

IAlice,Bob(d,Q) = log2 (d) + (1−Q) log2 (1−Q)

+Q log2

(
Q

d− 1

)
,

(4.6)

where there are constraints placed on the amount of information shared between

Bob and Alice and Alice and Eve. When Eve interrupts the channel by eaves-

dropping, changing the state of the sent photons, she can increase the shared

information between her and Alice, but simultaneously decrease the amount of

shared information between Bob and Alice. This is where the usefulness of this

protocol lies: because of the probabilistic nature of quantum mechanics, Eve can

never eavesdrop and gain all of the information she needs, without alerting Alice

and Bob immediately that someone attacked their channel.

The channel through which the QKD transmission occurs can be characterized

using the usual overlap of separate modes. These overlap values create arrays

called the transfer matrices (Figure 4.3) and they can also be used to extract the
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quantum bit error rate and the measuring fidelity.

Figure 4.3: Simulated transfer matrices for the BB84 protocol plotted to
show overlap probability. The basis choice mismatched overlap values are in
the bottom left and top right 4x4 grids. The top left and bottom right 4v4

grids show what the overlap is when the basis choices match.

Figure 4.4: Two experimental transfer matrices for two separate sets of
mutually unbiased bases for the ` = 1 case. Left: ψ = {|`〉, | − `〉} and φ =
{|`〉 + | − `〉, |`〉 + | − `〉}. Right: ψ = {|`〉 + | − `〉, |`〉 + | − `〉} and φ =

{|`〉+ ei
π
2 | − `〉, |`〉+ ei

3π
2 | − `〉}.

For reference, let the transfer matrix on the left hand side of Figure 4.4 be ”Run

1”. The other transfer matrix will be ”Run 2”. The results for the three transfer

matrices are summarised in Tables 4.1 and 4.2.

The simulated run shows that for a completely perfect QKD where Q = 0, Eve’s

cloning fidelity minimises to 50%. This cloning fidelity is not nearly high enough

for Eve to be able to clone the state being sent and can be considered completely
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Run Q F FEve

1 0.0751 ± 0.0217 0.925 ± 0.021 0.764 ± 0.044
2 0.0318 ± 0.0217 0.968 ± 0.021 0.676 ± 0.044

Simulated 0 1 0.5

Table 4.1: First table showing the calculated measures discussed before for
decreasing Q.

Run R IEve,Alice IAlice,Bob

1 0.230 ± 0.181 0.242 ± 0.066 0.701 ± 0.072
2 0.593 ± 0.181 0.109 ± 0.066 0.845 ± 0.072

Simulated 1 0 1

Table 4.2: Second table showing the calculated measures discussed before for
decreasing Q.

inaccurate, since only half of the state has been reconstructed. This is consistent

with the fact that the shared information between Eve and Alice is 0 bits. The

key rate is 1, which is the maximal value for d = 2. Alice and Bob share 1 bit of

information in the ideal case as the use of the photons are used to their maximum

potential, while any noise is non-existent and no eavesdropping occurred.

In both run 1 and 2 it is clear that deviation from the simulated run has occurred.

In both runs, eavesdropping was not introduced whatsoever, so any error being

introduced is due to systematic or external noise sources. Both Q values, 7.51%

and 3.18% are below the 11% mark, which is consistent with figure 4.2. The key

rate drops tremendously as Q increases, which is also consistent with that plot.

If it is assumed that the error was caused by an eavesdropper instead, the cloning

fidelity and shared information could be calculated. The more error introduced to

the channel, the higher the cloning fidelity becomes, but the easier it will be to

detect, since the measuring fidelity must conversely decrease. Another observation

is that the shared information between Alice and Bob; and Eve and Alice do not

add to unity. This means that there is always a loss of information because of

both noise and eavesdropping.

The uncertainty in all measurements in the tables above were calculated as a

standard error using only run 1 and 2. This means that the uncertainties are large

compared to the actual experimental values, but since both runs are for exactly

the same topological charge, only different bases, theoretically they should have

been identical.

We can apply a two-dimensional QKD for higher charges of OAM in order to see
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if the results are consistent with what we have seen so far. The transfer matrices

for increasing ` is included in Figure 4.5.

Figure 4.5: Three separate transfer matrices for the cases ` = 1, ` = 5, and
` = 10. The matrix elements are all normalised so that the range remains from 0
to 1 throughout all three cases, where in reality for lower OAM, the coincidences

measured were actually more.

Visually it is already clear that the results became more prone to error, but a table

is required to summarise the results.

Run Q F r

Simulated 0 1 1
` = 1 0.017 ± 0.01 0.983 ± 0.001 0.761 ± 0.012
` = 5 0.031 ± 0.01 0.969 ± 0.001 0.610 ± 0.012
` = 10 0.053 ± 0.01 0.947 ± 0.001 0.406 ± 0.011

Table 4.3: Table showing the relationship between the topological charge of
the 2-dimensional state, the quantum bit error rate, and the secret key rate

generated.

We see from Table 4.3 that the error rate increases, and consequently the secret

key rate decreases, with OAM charge. This has been observed before in both QST

and spiral bandwidth subsections where the increasing ` value implied a decrease

in coincidences and the noise in the system to become more prominent.

The uncertainties in the fidelity followed from the QST runs where the topological

charge was increased. The uncertainties were then propagated to Q and r.

The next step will be to do QKD for higher than two dimensions. The same

rules apply: two mutually unbiased bases are required. The only difference is

that now there are more basis states being used to encode information, which

means the bit string does not have to be binary anymore. This increased alphabet
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makes it possible to encode more information per photon. The transfer matrices

(Figure 4.6) are similar to the two-dimensional case, only scaling according to the

dimension.

Figure 4.6: Simulated transfer matrix for the BB84 protocol for d = 4. All
transfer matrices for the BB84 follow this general pattern. The main difference
here is that the overlap between two mutually unbiased basis states are now

0.25 instead of 0.5.

Dimension Q F FEve

2 0.014 ± 0.002 0.986 ± 0.002 0.617 ± 0.008
3 0.096 ± 0.006 0.904 ± 0.006 0.643 ± 0.010
4 0.160 ± 0.002 0.84 ± 0.002 0.647 ± 0.003

Table 4.4: First table showing the calculated measures discussed before for
decreasing Q.

Dimension R IEve,Alice IAlice,Bob

2 0.787 ± 0.025 0.0500 ± 0.005 0.894 ± 0.012
3 0.481 ± 0.051 0.353 ± 0.017 1.033 ± 0.025
4 0.224 ± 0.016 0.617 ± 0.006 1.112 ± 0.010

Table 4.5: Second table showing the calculated measures discussed before for
decreasing Q.

Tables 4.4 and 4.5 show that as the dimensions is increased, Q increased almost

linearly. For d = 4, Q crosses the threshold of 11%, but this threshold was calcu-

lated for coherent attacks on QKD done with qubits, not four-dimensional qudits.

Nevertheless, the quantum bit error rate does increase over dimension, implying

that the channel become more and more susceptible to noise. If an eavesdropper

were to attack the channel, these values would increase even more. The secret key

rate that can be generated is supposed to increase by 0.5 bits per dimension. We



Chapter 4. Quantum Key Distribution 88

see that the experimental key rates deviate quite dramatically from what is theo-

retically possible. The higher the error rate, the more rapidly the secret key rate

declines. Perhaps quantum error correction and privacy amplification can rectify

this? As the dimensions increase both Alice and Bob; and Eve and Alice have

greater shared information, but these two shared information values are restricted

as before. Eve’s cloning fidelity is kept relatively constant. This is because eaves-

dropping was never emulated and instead the eavesdropper in this case is just pure

noise, systematic or otherwise.

The uncertainties in the above tables are directly from the QST runs for increasing

dimension. The uncertainty was then propagated to the other measured values.

4.2 E91 Protocol

In the generic E91 protocol both Alice and Bob have two ”measurement settings”

or bases in which they can measure an entangled state. When Alice and Bob

both choose setting ψ, then any measurement they take will give them perfect

correlation determined by the SPDC state. The same happens for choice φ. These

correlations are used for the secure key generation. If Alice and Bob were to

choose any other combination of the two bases, φ and ψ, then they would be

taking measurements that are used for the Bell inequality violation calculations

from before.

The two basis choices are mutually unbiased bases as before, the main difference

is that now instead of Alice sending Bob photons, they both receive an entangled

photon pair to individually measure. The E91 security proof relies on the fact

that the Bell parameter violates the CHSH-inequality to prove that entanglement

is present and that the channel is secure [77]. Once again, systematic noise or

an eavesdropper’s influence will alter the state of photons before it reaches Bob,

effecting the measurement outcome and ultimately effecting the Bell parameter

calculation. This happens because measurements made by Eve, will destroy the

entanglement in the system. If the Bell parameter does not violate the inequality,

then the channel is considered insecure.

The quantum bit error rate (Q) is calculated in exactly the same way as with the

BB84 protocol in that it is the probability of measuring the incorrect state when

the correct basis was chosen during the key generation process. The key rate (r)

is then calculated using the quantum bit error rate Q in the following [95], which

is just the two-dimensional case of the previous key rate equation used for BB84

and is simply
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r = 1 + 2(1−Q) log2 (1−Q) + 2Q log2 (Q). (4.7)

It is possible to expand the E91 protocol to higher dimensions, using qudits of

OAM for in principle any dimension d, but the main problem is that generalised

Bell tests for dimensions larger than two are extremely difficult to implement [72].

Another limiting factor is the practicality of the optical setup.

It is possible to instead do higher-dimensional E91 QKD using many two-dimensional

OAM subspaces. This combines two-dimensional E91 many times to achieve a

larger alphabet, while simultaneously avoiding the more difficult Bell tests [88].

In this scenario the Bell parameters Sn must be calculated, where each parameter

is calculated for the nth OAM subspace. These subspaces are two-dimensional

subspaces {`n,−`n}. The security of the channel then requires that each of the

Bell parameters violate the Bell inequality. If even one of them do not meet this

requirement, then it implies that the channel has been compromised, either by

eavesdropping or systematical error. There is an upper bound to the secret key

rate that can be generated using this approach and it is calculated using [88]

r ≥
∑
n

1− h(Qn)− h

(
1 +

√
(Sn/2)2 − 1

2

)
, (4.8)

where the function h(X) is the binary entropy from Chapter 1. The reason the key

rate is not allowed to go lower than a certain value is because of the restrictions

placed on Qn and Sn. Logarithmic functions are not defined for functional values

equal to zero, hence Qn 6= 0 and Qn 6= 1. The same applies to the expression in

the binary entropy in the third term. Here this leads to the strange restriction

Sn 6= 2
√

2. This restriction implies that all of the OAM subspaces can never

maxmimally violate the CHSH-inequality.



Chapter 5

Conclusion and Outlook

5.1 Conclusion

In this dissertation the spatial basis of light, namely the orbital angular momen-

tum degree of freedom of light, and its use in quantum entanglement was investi-

gated. All of the focus was placed on orbital angular momentum because, unlike

the polarisation degree of freedom, it supplies a theoretically infinite basis. It

was observed that despite this high-dimensional basis, that physical limitations

are indeed imposed on what applications are actually possible. Nevertheless, the

increased dimensionality of the orbital angular momentum basis allows for more

information to be carried per quantum state; or per photon.

The entanglement itself was made possible because of the known process of spon-

taneous parametric down-conversion, where higher energy photons are converted

into two lower energy photons called the signal and idler photons. This process

depended on the phase matching conditions inside a PPKTP non-linear crystal.

The entanglement was quantified by measuring the overlap between modes in the

two arms of the optical setup. This overlap was measured by performing projective

measurements on the SPDC state by using liquid crystal spatial light modulators.

What was measured was the amount of photon arrivals that arrived simultaneously

at two spatially separated photon detectors, within some degree of accuracy. These

measured values are called coincidence counts and are directly proportional to the

degree of overlap or overlap probability between the two modes in the two arms

of the setup.

Finally, quantum key distribution, specifically the BB84 and E91 protocols, were

investigated as an application of the entanglement of orbital angular momentum

of light. It was observed that the advantage of using a higher-dimensional basis

90
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transfers itself unto this application as well, by showing that with an increased

alphabet, it is more difficult for an eavesdropper to decypher any message sent

without immediately alerting the other parties involved. It is also clear that as

the dimension is increased, the entanglement becomes more robust to noise, in that

noise applied to the system via an eavesdropper had less effect on the generated

secret key rate with increasing dimension.

In Chapter 1 the basics of light and the solutions to the Helmholtz equation were

discussed. These solutions are called modes of free space and signify the modes

of light from which the OAM basis was selected. The modes considered were the

LG, HG and BG modes, as well as the polarisation states that depend on the

direction of oscillation of the electric field vector. Quantum information in its

most fundamental level was discussed by investigating how common qubits can

become multi-dimensional orbital angular momentum qudits. The Bloch sphere

representation of these states was used, as is usual, to make visualising these states

simpler, before the density matrix representation of entangled states was discussed.

Multiple information measures were discussed, including the No-Cloning theorem,

in preparation for the quantum state tomography and quantum key distribution

sections that would eventually follow.

Chapter 2 explained the optical setup that was used to perform all experiments,

as well as the physics behind all the important components. These components

were specifically the detectors, SLMs, lenses and the non-linear crystal used. In

this chapter the concept of coincidence counting was explored in more detail, by

understanding what gating and integration time was. Coincidences and overlap

probability were connected by way of SLM projective measurements.

Chapter 3 was the experimental results chapter of what has been discussed so far.

Three main concepts were focused on here, namely the spiral bandwidth, quantum

state tomography and Bell inequality violation tests. The spiral bandwidth can be

considered as the amount of modes that are detectable within the supplied SPDC

and is the amount of modes that are prominent enough to dominate the noise

levels in the system. It was seen that physical limitations are what determined

the shape of the spiral spectrum. Quantum state tomography, the method used to

reconstruct the density matrix, was performed for increasing dimension, where as

the dimension increased, it became more difficult to accurately determine the state

and that the amount of measurements scaled extremely quickly. As entanglement

witness the Bell parameter, and whether it violated the CHSH-inequality or not,

was calculated for increasing topological charge, where the observation was that a

loss of light would cause the entanglement to become undetectable.
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Quantum key distribution was the focus of Chapter 4. Two protocols were studied:

the BB84 and E91 protocols. The BB84 and E91 protocols use two mutually unbi-

ased basis, regardless of dimension, and are used to securely encrypt information

before it is sent between two communicating parties. Security analysis of these

protocols was performed in order to determine if an eavesdropper, Eve, was able

to intercept and decipher the secret key. It was seen that she could only achieve

a limited reconstruction fidelity, before both the other parties would immediately

be alerted to the attack.

5.2 Outlook

This dissertation could have gone into more detail regarding the specifics of the op-

tical setup and the use of hybrid-entangled quantum states in similar applications,

but at the risk of becoming too long, these considerations were only mentioned.

There are four main target areas that can be explored in more detail, all of which

are related to quantum information. Quantum entanglement with hybrid entan-

gled states for two- and many-dimensions and how they compare with the cases

considered already. Quantum key distribution using the same hybrid entangled

states as before in two- and many-dimensions. Expanding the study to more QKD

protocols, especially ones that are considered to be practical or viable in real world

applications. Investigating eavesdropping attacks in more detail and how QKD

protocols must addapt depending on how these strategies are applied.

Combining the advantages of using different degrees of freedom in hybrid entangled

states have become topical lately. Two- and multi-dimensional hybrid entangle-

ment considering hybrid entangled states of two or more degrees of freedom would

be the perfect launching point to expand on what was discussed in this disserta-

tion. These degrees of freedom need not be the spatial properties of light.

The applications could be expanded more by considering hybrid entangled states

in other quantum protocols and processes such as quantum imaging, quantum

teleportation etc. Combining the advantages of multiple degrees of freedom in

these well-known quantum applications could lead to both unexpected useful or

completely trivial outcomes.

There exist more than just the BB84 and E91 quantum key distribution proto-

cols. The field of quantum cryptography covers a wide range of such protocols

where another of the most well-known protocols, the six-state protocol, is just one

example. Spatial basis entangled states can be used in the application of other

QKD protocols and one could even go as far as to apply it to completely different
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quantum algorithms such as in quantum computation.

This dissertation tries to cover the basics of eavesdropping strategies. but in reality

an eavesdropper can attack a channel whenever and wherever they like, depending

on what they want to achieve. Depending on how the eavesdropper intends to

attack the channel, the influence applied to the channel can vary dramatically.

To understand all of the intrinsic affects of when and how attack strategies are

applied to gain an edge over the already difficult to breach quantum probabilistic

nature of quantum mechanics, is cardinal to the secure application of quantum

cryptography going forward.



Bibliography

[1] Kjell J G̊asvik. Optical metrology. John Wiley & Sons, 2003.

[2] Hemani Kaushal, VK Jain, and Subrat Kar. Free space optical communica-

tion. Springer, 2017.

[3] Hennes Henniger and Otakar Wilfert. An introduction to free-space optical

communications. Radioengineering, 19(2), 2010.

[4] Todd B Pittman, YH Shih, DV Strekalov, and Alexander V Sergienko. Optical

imaging by means of two-photon quantum entanglement. Physical Review A,

52(5):R3429, 1995.

[5] Dik Bouwmeester, Jian-Wei Pan, Klaus Mattle, Manfred Eibl, Harald Wein-

furter, and Anton Zeilinger. Experimental quantum teleportation. Nature,

390(6660):575–579, 1997.

[6] Charles H Bennett, François Bessette, Gilles Brassard, Louis Salvail, and

John Smolin. Experimental quantum cryptography. Journal of Cryptology, 5

(1):3–28, 1992.

[7] John Preskill. Quantum computing and the entanglement frontier. arXiv

preprint arXiv:1203.5813, 2012.

[8] Charles H Bennett, Gilles Brassard, Claude Crépeau, Richard Jozsa, Asher
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