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1. INTRODUCTION

1.1. The matrix modet approach to the sum over random surfaces

The introduction of extended one dimensgivual objecls (popularcly called “strings"}
to replace poinl pariicles sz fundamental physical objecis has been met, with
mixed success. The rationale behind such a replacon.ent lins no direct axpori-
mental avideace,! (although the necessity of the string approach was first implied
by a relatively successful altempt Lo explain resonances, die 40 Veneszians) and
has its roots in an aitewapt Lo combatb Lhe pathological behaviour of a quantum
field theoretic {ormufation of gravity, This undesirable behaviour stems [rom the
ultraviolel divergences which occur when computing quantum corrections aboul,
some leading classical configuration, Tlis bebaviour i¢ a feature of many quan-
tum field theories; however, in maost cascs renormalization schomes pepmit the
removal of wnwanted infinities, & notable execption being a guantum Neld theo-
retie Tormulation of gravity which is non-renormalizable, :

‘The rudiments of the siring picture are as lollows. One iniroduces a one
cimensional object, which sweeps out a two dimensional worldsheot in a plysical
spacetime.  Excitations of the siring manifest themselves as Lhe appearance of
particles such as pholons or electrons. This is Lo be vontrasted with Lthe approach
of tradilional quantwn fleld Lheory, where the electron is deseribed by a quantum
field distinct {rom that of the phoion, and the Lagrangian corresponding to the
dynamics of the interacting particles would cuntain bolh quantum fields.

Tliug one sees that some form of unification has been abtlempied, whereby
distinct excitations of one underlying ol ject give rise to the specirum of sbserved
particles. Apart from this aesthetically pleasing aspect of the siring approach,
~one finds that, by and large, the pathology encountered in Leadilional QII's?

no longer arises. One may atlempi (o explain this hearistically by noling that

14 does, however, have couvincing theorctical evidence; calculations within the string Irane-
work have reproduced Hawking radiztion, The atiginal calcutalion was ah uneasy marriage of
general relativity and guantum mechanica,

2QFT is token to denote "quantum fickl theory”



string interactious are represented by topology changes on the string worldsheot
manifold. Az opposed Lo the inleraction vertices of QF s the interaction doos
not take place at o single spacetittie point, and Lhus is not Lorentz invarianl. Que
may regard the interaclion as ‘smeared out’. Ultraviolet divergeuces are found to
arlse in QF'T’s when two vertices are found Lo approach cach other with arbiteary
closeness. The prescription to regularize a QFT simply correspords Lo ‘smeating
oul' the interaction vertices, such thal the iuteractions no longer take place at
a single spacetime poiut, a feature which Is palurally incorporated in the string
piciure.

In addition, one finds thal the specteunt of excitations associated with strings
necessarily contains & spln 2 vector boson, the virtual parlicle which is thought
to mudiale the gravitetional luleraction, This is greatly ewcouragmg in view
of the fact that one is able lo define a poriuchative expansion of string theory
ayout a classical background which is finite and anomaly [ree at 1-loop [{], thus
avoiding the stagpering technical difienlties associaled with poind particle theories
of quantum gravity.

iowevor, Lhe string approach is nol without its sablletios, fu particular, one
runs into diffcullies when gquantizing sirisgs, since conformal symmetry is not
respected in an arbitrary number of spacetime dimensions. One vequires conlor-
mal symunetry to ensure the diffeomorphism invariance of the string worldsheot.
Dimensions in which the conformal anomaly dees not arise are denoted “critical®
dimensions. The eritical dimension depencds ot the number of local supersyonime-
tries defined on the worldsheet, One may construcl conformally iuvariput siring
actions for N = 0, 1, 2 and 4 local supersymmelries {on the worldsheel); the
critical dimension for ¥ = © (the husonle string) is d = 26, N = 1 supersym-
metry requires 10 dimensions, N = 2 requires 4, while ¥ = 4 does nol scem
to make sense, requiring a negalive spacotime dimension, Thus, il ono wishes
to eliminate the confornal anomaly, the Tevel of local supersynunetry usiquely
fixes the dimenslonalily of spacetime. In order Lo make conlact with the four
physical spacetime dimensions, a reasnuable inechanism of coipactificalion must.
be postulated.

In the non-critical theorics, one dves nol have the luxury LT such cancellations,
and the conlormal anomaly is mtanifest. The significance ol Lhis is Lthat the world
sheet metric and matter flelds no louger decouple. Cte is now no louger able to
integrate out the world slieet motric completely, and consequently oue is required
Lo quaniize these additional degrees of freadom. Quantizing the worldsheet wetric
is equivalent 4o a theory of two dimcusional euclidean quantum gravity, Moresver,
the siring co-ordinates may be renterpreled as conformal watler fivlds coupled



o the world sheet gravity.

The motivation for studying theories of non—critical slrings arose primarily
in an atteinpt to obliain non-perburbalive insights into string models; formerly,
thete were five consistenl slring theories, delined only in Lerms of perlurbative
expansions. In the case of nor-critical siving “toy modals”, Lthe double sealing
limit allows one to oblsin conlribuiions from oll topologies. and Lhus musl be
regerded as a non-perturbalive technique. Svvh von perlurbative insiglis into
critical strings have been realised only rocently, will the advenl of Af theory,
which appears fo be the nniguo theory underlying the five “different” siring the-
ories. In particular, s supersymmeoetric matrix model has been proposed, which
purporls lo describe M theory in Lhe light cone gauge {47].

In (luis dissertation, our srophasis will fochs mainly on the d = U odel, which
may be interpreted as pure two dimensional quantum gravity, or equivalontly, as
ihe propagation of a string in g zero dimensional spacetime.

L.1.1, The Correspondence between the d = (0 Hermitian Matrix Model
and 2d Quantum Gravity

The fullowiug diseussion is & synlhicais of the approaches in rels [35], [2].
Lab ug consider the crotinuum approach, One sbarts with the Binstein-Hilbert

anbion 1
B 4 ——— g .
8 .‘\f(f 20— T fd""a:\/ﬁfl. (1.1)

where y is the determinant of Lhe melric tehsor corresponding bo the two di-
mensional enclidean space, and £ is the Riedl curvature scalar, In two dimensions,
vhe Gauss-Bonnel theorem regquires that

f P JGR == dn(2 - 2h) (1.2)

where /t is the ponus of the surface. Tle first torm straightfor adly yields the
area of the saxface. The partilion function is writien

Zw =/Dgpy ems : (1-3)

At this stage a caveal should be entered vegarding the dellnition of ihe integration
meagure, Ib is implicit in the above writing of Z,, thai the measure be defined
module diffeomorphisma. lformally, one is required to faclor oul the volume of
the group of dilleomorphizms, aud thus one has

(=]
Zogp = f —--L-D% LeF = Z: fo dA cHi-9)/G-AA _Dg,.,; (1.4}

¥=0 S Vi



where the [unctional integration over Lhe molric is now confined to a surface of
fixed area and genus. [n olher words, one would like Lo climinate equivalont
reparameirisations o consider only ilé votume of Lhe meduli 55 ave. This is
rather non-trivial in the continnuu, sad consequently obe might rather consider
the partition function defined on a latlice.

Let us consider constructing surfaces of auy given geaus via a *randow bri-
angulation”, [3] where the {riangles may he taken to be equilateral wilh a unit
area. Consequently, Lhe aren of a surface comprising o triangles is simply a. The
prescription buplied by the measure f5 | ﬂ“ﬂ’- now becomes a guin aver inequiv-
alent trizngulations corresponding io A Hurl'n.ro ol fixed geaus, consbructed from
« tvinngles. Therefore, the cquivalent. laltice forw of (L) is weitlen

0o o ;
Zy =y, 3, ettimadihe g (1.5)

g0l

where Gy, corresponds to Lhe diseretized mieasure. Thus, we have restaied the
prablem in the hope that the computation of (/g o will prove Lo be more iractable
thap the sum over wetrics in the conlinuum.

Let us concider triangulaling a compact, 2 sided genus g surface without »
boundary, The Lopologival propecties of the triangulated surface are precisely
those of the underlying surface, since Llie two are homeomorphie. Que is casily
able to verify the genus of any such surface hy meabs of the Euler~Poincare’
characteristic. Spetifically, one lias the relaticn

VB F=2-2h (1.6)

where V corresponds to the number of verlices, # the number of edges, and #
-the number of triangles comprlsing the surface, Farther, In the specific case of
a triangulatlion, one lag the identity 3F = 2B, (which is casily seen to held if
one considers the simplest case of an unbounded Lriangulated surface, the tetra~
hedron) permitling one {o rewrite the above as

V—-;}F=2—2h (L7)

To proceed further, lel us copsider Lhe d = 0 lermitian matrix modei, wili
partition function

%= j dM 3 (1.8)



where M is a N X N hermilian malrix, with the action

L g

A F L Y i 1.9

2 WK (19)

Qiie may now consider tradilional perturbation theory in the coupling g, in
which case one has

g, -
Triad ]) (1.10)

-IM L aar-2
Z:Z:fd.{h{ ¢’ ("gll N ‘—(3!)“(!!_

If one wished o evaluale the @’th terin, one would lay down @ three poing vorlives
and connect tham via propagators in the usual way, bearing in mind that the
diagrammatic struciure of the propagaler and vertex bas been altered since the
matrices carry two indices. The diagrams now require double lines 10 specify the
flow ol the matrix indices. One notes furtlier thal any such dingram yieids a factor
N5 corresponding Lo the vertices, a factor NV for p propagators, and NY for {
closed loops, as the factor N7 for each propagator arises since the propagator
is lormally the inverse of the quadralic term in the malrix action, wlile the
periurbative axpansion (1.10) demands that each vertex contzibule a farior of
N-12 ¢ the diagram. Furthermore, each loop requires a sum aver contracted
matrix indices, yielding dz = N. Now, let us copsider the lattice dual lo Lhe
Feyman diagram. It is not dillicult Lo see thal the interaction vertices correspond
to the faces of triangles, the propagators are dual Lo the edges, and loops dual to
the verlices, Thus, the powers of N cortesponding lo the Feyuutan diagram may
be rewritlen in terms of the geomeleic compouents of the dual laltice as follows,

o« F :
—gHi=~g 4V (1.13)

which s nothing but the Euler-Poincare’ characterislic. of the dual latiice, as
discussed above. Il we were to rescale A — VN M, the action seales as § — NS,
and thus we have made the ¥ dependeace of the aclion explicit., It is then
clear that, considering the Feynman diagram, one has a factor of N~ [or p
propagators, N¢ for o Interaction veriices, and a factor N for I closed loops.
Thus, the overall power of ¥ is & — p 3 [, which may be writlen in terms of the
geomatrical components ol the dual lattice as follows

F—E4+V=2-2 (1.12)

One sees that our rescaling has not allecled the topological expansion. Thus,
il one considers a surface ol genus % or higher, any diagram carrying the factor
N2(1~k) may e inscribed upon it without self intersection. '

G



Tlhe mabrix structure of the associated diagrams are crucial in the identifica-
tlon of such diagrammatic expansions with surfaces, The scudar integral

= fdga P L (1.13)

admits the same dizpranumaltic expansion without the double line “llow™ aud is
thus unable to specily the orirntation of Lhe surlace,

A diagrammatic expansion Lo represent surfaces must necessarily inelude onfy
connected diagrams, Thus it is expedient tv consider the {ree cnergy, which is
defined in the usual way by
' Z = MN°F (1.14)
One may now consider a perturbative expausion in the [ree cuergy, which gener-
ates only connected diggrams. As before, we have

T, (1.15)
where the subscript ¢ denotes the counected diagrams.

In summary, in order to evaluate fy, and consequently the [ree encrgy, one is
required Lo deaw all distinet connecied diagrams with ¢ verlices, and adjoin them
by means of propagators. In view of the fact that one wishes o consider a sum
over suzlaces, one may choose to arrange contribuiions corresponding to specific
‘genuses as an expansion in the powers of N associated with each diagram,

o X
Nip = Z Z N?'{I‘M!}nﬂnu {1.16)
ha(} =l
where ), represents the sum of all distinet diagramns which may he inseribed on
a surface of genus h witliout sell-crossing. One sees inunediately thal the lacge
N limit ylelds the sum of all distinct connected diagrams which may be inseribed
on a planar surface.? Furlhermore, il one cousiders the dual lattice corresponding
to the the three poinl vertices, one sees thal the diagrams inseribed on a surface
of fixed genus may be taken to represent a randow triangulation in the spirit of
discretized quantuw gravity.
One now realises that the cxpansion (1.16) corresponds exactly to the lattice
description of 2d quantum gravity, provided Lhat one makes Che idensifications

MO = N (1.17)

Fo =

*The realisation that one may consiruct a pertirbation expansion in N was lirat exylored by
t'Hoolt, in the contexl of QUD [4]. -



b =g (1.18)

noking that the objecl I, , corresponds procisely to (7 . Cousequently, Lhe par-
tition lunctior of discretized 2d quantum gravity is desceibed by Lle {ree encrgy
of the d = 0 hermitian matrisn model. Iu Lhe above, we have considered ran-
dom triangulations of the surlace. Tlhe above argument js perfectly general, and
extends to the discretization of a surface by any general n-gon, The couplings
in the matrix potential may always be chosen to yield the carrect powers of ¥
under the rescaling M — N M, thus cnsuring the cxistence of a tupological
expansion. Indeed, for an arbilrary power 1, We corroel sealing is ensured by
the cloice m&=zT'r(M™). Thus one can reconsider the above discussion witl
the general action § = 35, sole—rTr(M™) (and thus a discretization lnvolving
different polygous) without threatening Lhe generality of the alwve argumients,
In the next section, we will discuss o mechanismn of oblaining continuum re
sults from the hermitian matrix model, In the coatitiuum lbnit, the ability (o
generate diagrams with an adinixture of vertices can be shown to represent the
_ coupling of conformal makter fields to gravity. The cubic action used above yields
a continuum limit which describes pure gravily In the absence of malter fields.

1.1.2. The Continuum Limit of the d = 0 madel

In order to make contact with continuum descriplions of quantum gravity {specil-
ically, the Liouville model} one would lika Lo define a continuum lmit. The
outcome of any such Bmit must be insensitive to Lhe specific nadvre of the dis-
cretization employed.

Heuristically, such a limil involves tuwing Lhe couplings in the matrix action
to a critical point, spuch that the perturbation series deflied by (1.15) diverges.
Nakvely, one then expects the area of the distretized surlace lo diverge, since the
number of vertices has become infinite. To define a continuum surface of finite
area, one would consider scaling the area of Lhe elrmentary n-gous lo zZero.

It las been demonstrated thal, for sowe conpling g in the vicinjly of the
critical coupling g., the genus L contribulion to Lhe [ree energy, #,[g], scales as

Fulgl ~ (g = go)B)E-0) (1.18)

where the critical exponent 4, labels the eniversality elass. In ihe case of random
triangulations generated by the cubic polentiat (1.9), 3, = —1/2. The average arca
of a swiace is clearly proporiional Lo the number of vertices « in the diagram,
and therefore one has



f<a>=é [y%hl ﬂa[!}]] ~ E“_‘E‘!;; {1.20)
where we have cliosen to exhibit ihe unil area of the triangles explicilly as é.
Clearly, as g — g the area diverges for fixed . if one wishes to regain a contiouum
surface of finile area, {1.20) suggests that oue Lake & — & in a correlaled manner,
thus keeping the product § < @ > {finite. In swnmary, one tunes the coupling
constants to their critical values, while simultancously rescaling fhe aren of Lhe
“elementary” polygons to sero, in order to oblain a continnum sutface.

There are strong indications that the matrix model does indeed describe con-
tinaum graviky in the eontinunm, the lrst of which is thai, the sealing belaviowrs
of both models are found to coincide. Additicnally, coutumtum correiation Nine-
~ tions cumputed in the matrix model scheme are found Lo correspond with tise

obtained via the Liouville picture. (See the review [35] for a discussion.)

Unfortunately, the above considerations are relevant only in the linal ¥ — oo,
and consequently invelves only condributions correspending to zplerical topelo-
gies. Nalurally, one would p.efer to caplure contributions frons all genuses. To
do g0, le! us reconsider the scaling behaviour of {1.19), which implies Lhat

Fulgl = fuly = ge) Bl =W (1.21)
Further, one knows that
N*F = 3 N 0D Rg = 57 40P fi(g - gefttii-H (1.22)
‘and therefore, one sees that if one defines the slring coupling monstant,
&= N"Hg - gy (1.23)
(1,22} may be rewrition as a genus expansion in Lhis coupling as folfows
NP =%yl g {124}
A=

One sees that if one were Lo fake NV — oo, and ¢ — g, i such o way as to
keop x constant, one would oblain coutributions to the free energy from all genus
surfaces. This technigue of retaining conteihulions roin higher genus surfaces in
the limit of large & is known as the double scaling limil, first implemented in
refs [32), [33] and [34). One sees that such a lechniyue i3 a way of performing the
sum over all topoiogies, and thus may he regarded a8 yielding o non perturbabive
insight futo non—critical strings.



As liscussed eurlier, the above techuiquos ace applicable 1o geaeral poleaiials,
ad not merely the cubic potential. llowever, Lhe introduction of more genoral
potentials intreduces differing scaling propertios, such Lhal the sealing exponent
7o takes on different values. ‘o be wore specific, one has ke goneral relation

Yo = =3, whore m is the m’th multicritical poiat. Such theoties describe the

coupling of conformal matier Lo gravily, witls Lhe contral charge ¢ = | - 1&‘%"’_—"193

In genoeral, one has the so called minimal conforwal liel ' theories (Lhe ‘mind-
mal’ requires a finile number of primary lields) which are labellea by two relalively
priwe integers, (p, ¢). Unitary diserete theories muke up a sebset of Wis geaoral
class, labelfed by (m 4+ L, m) The lenbian obe madrix wodel describos 3 class
of minimal conformal field theories {nbelled by {2 = 1,2) al ils double sealing
multicrikienl poluis, Thus, the theoriea deflued by the matiix model are generslly
not unitary, although oue sees that the m = 2 multicritlenlity of the hermitian
one mattix me *al describes a unilary theory.

In tiis dissertation, we wi.. uainly conline ourselves Lo the discussion of pure
gravity, with contral charge ¢ = 0, and thus m = 2, unless slated obherwise,



2. THE CONTINUUM LIMIT OF THE d =0
HERMITIAN MATRIX MODEL

The d = 0 madel describes a string workilsheot ciwbedded tn zovo spacalime di-
mensions, The model is defined by Lhe partision function

7= f da = TrVI8) (2.1)
- where M is an N x N bermitian malrix, ahd the polentiaf is taken to be of Lhe
form _ ki gk
v _‘_"..2_(5’_) oM 2.
VM) = 2M 7 A (2.2}

As discussed eatlior, the rescallng & ~+ VI M will perm’t. us (o classily dingrats
corresponding to a specific geuus according to tieir powers of ¥,
The measure dM has the explicit form

dM = T dRe(Mg)dim(Mi;) [T dis (2.9}
i< i
One sees that in zero spacetime dimensions the path Integral iz meroly o weighted
integral over tlhe space of hermitlan matrices M, gince M doos not depend on auy
spacetime paramelers.

Note that the action PrV (M) displays a manifest invarance wnder the group -
U{N), due to the cyclic nntwre of the trace. Thie invariance under this symotry
suggests the change of variables {rom the watrives Af lo the eipeuvalues X, In
which case one only inlegraies over N degrers of frecdom, Performing sueh o
change of variables, one arrives ab the well known result

N
7= f TL A TEON ~ A2 o= o ¥ Con (24)
. i=1 i<
wlhere we lave discarded a pumerical factor cortesponding to the vohue of the
group U(N). One recognises the factor []ie;{Ai — A;)* as the Jacoblan of the
transformation.

9



One may perform a furlher slraighiforward cewriting of (2.4), to yiekt

N
Z = f T @y eZowws Mt V) (2.5)

Let us consider recasting (2.5) in such a way ns to exploit this symmetry, by
tratsforming te the colloetive variable

N

)= 3 bl = 2) (2.6)

This olyject obeys, by deftnilion, '
f Me)de = N (27)

Writing (2.5) in terins of the density variable, one ..as

Z= / diped 49 [ W5y Inte gl doblr)V (o) e
Now, in order o identily the dowminant large ¥ cauliguration, one st exhibil
N axplicitly, One knows Lhat the polential depends on & implicitly, and furilber
N depondence is found in the contraint, Tlus, one mush rescale such that both

the potential apd the constraing no lunger depoad on N, 'To do so, one performs
the independent rescalings

z = /P& (2.9)
and )
#(z) = ¢ (Vi) = V) (2.10)

where we Jave defined J = Ny, The choiee of vouplings in the relation {2.2)
eugures that under such o rescaling,

Viw) = V (VAz) = 8V (#) (2.11)
and
[dama=g (2.12)
Te barred fields have no implicit dependence on f. Furidier, (2.8) bocomes
Z = f dp 2T ) [ olgutyin ey dipl2)V()) (2,13)

2



In order to compuie the teading conliguration associnted with this “ellective
ackion®, one consldors the variation with respect to o single vigeuvalue Ay :

dA [ Y, In |,\‘-,\]-ZV(A} (2.14)
i (i#4)

One must therefore solve the equadion
Y e = VA (2,15)
vy Ai-dy 2

One sees thes (2,15) may be rv-wril.tén as an integral eyuation for fie rescaled

density variable!
fzy o) _ '( o (2.16)

T'his is known as the saddlepoint aquatiou, which wad lirst solved in [6], (The
bars liave been dropped for convenience; however, use ol the constralued fields is
_ tnplied.} "The function ¢(y) describes the devsity of elgenvalues of 2 hermition
mabrix, In the it of large N, oue reguires that the cigenvalues of a hermitian
matrix be distribuled along a Huite interval on the real axis.? Thus, ¢y} mnisl
have compatt support un the real axis. In order to selve (2,16} lob vs Introduce

tho function r,b{ }
¥ .
(z) = fa = (2.17)

One sees that tho analytic sbeaetwie of €(2) is such thal thoere Is a cut along the

real axds from a to b
Let us conslider evaluating (2.17) at the point 2 = ¢ 4 &

o s £ ) .
Gz +ic) = f dy = (2.18)
Writhen in this faghion, one sees Lthal we have displaced the pole above the real
axls, Consequently, this inlogral may be partitioned in the folluwing way,

ot i) = o ay 2L #) Lyiba) [ "o (2.19)

e drsh snparimposed on the inlogral sign implics the principal valne preseription.
The cigenvalites of bermitian watrices aw renl,

i3



whore we have parametrized the conlour by laking @ = y + ¢, One las the

result

N+ ie) = f ay =L ‘“’” — iw (<) (2.20)
A simdlar analyis allows us o conclude
Gt ic) = f{i,} Hy) T ime(x) (2.21)

ence, one sees thay the imaginary part of tlie upemt.ur /(=) yinlds the donsily
of eigenvalues. One is wow able lo suggest o forin {or G{s),

Giz) = %V'(:} ++/A(z) (2.22)

with 7#¢*(x) = ~A(2), for  inside the cut.

Dapending on the form ol the potentinf, one may lntroduce an ansata for the
[unction A(z). We require & one cut solution® which posesses the symmetry of the
potential, Such requirements will permit us to delormine the siruebure of A(2), up
to sotie unknown conslants, Howevor, one requires further information regarding
the behaviour of G(z) in order to fi Lhe values of such unknown constants in berms
of ilie continuum values of the “physical” couplings. Such information is supplind
by the asymptotic behaviour of G(z):

G2 1200 = fod q‘l{J} as fdygb[y}: .

where we have employed the constraint (2,02}, One expands JA(Z) asympioti
cally In powers of 2, requiring that (2,22) correspond with (2.23). In such & way
. ona is able to express the coupling constants in terus of the Interval of cotnpact
support of ¢(2). One is then able te determiune the eritienl value of the couplings,
following which i{ is possible 1o reallse tie conthieun limit,

Lot us speclalisa Lo the quartic polential, to glve a clear iudication of how the
contimtun Hmit js achieved,

ty |

(2.24)

IThe one out steuclire is equivalent do bequiring the exponentinl fallall of kiep wnypliludes in
the Limit of infinite loop size, [15)



2.1. The d = 0 Continuum Limit corresponding to the Quartic
Potential

We seck to solve the equalion?

dy% = % (2~ ) (2.24)

for the density, ¢(x). In the spirit. of the peeceding discussion, we Lake
G2) = V(2] + /A=) {2.25)

where A{z) is related to the density in the sitmple fashion deseribed above, The
form of A(z) correaponding to & quartic polential is, [or o symmoltic ansatz,

= Lt -

whete the constants a, 7 remein bo be fixed in torms of g. ® Plolling A(2) yields
a graph symmetric about Lhe vertical axis, with four roots. The roots labelled
by =4 bracket the cul interval, with the roots Lo exterior 1o it. To aclieve the
k = 2 multicritical point, one wishes incur the accumulation of an extra root al,

the cut endpoint,
In order to do so, let us expand (2.25) aboul the puint 2 = o0, Lo yield

(-3 -+ B (- F) # s (1-57)

Requiring agreement with the asympiotie oxpansion (2.24) gives rlzo Lo the fol-
lowing equations:

EETRTY

G( z)“l“s-—oo =5

| = 32- +a? (2.28)
2 2
= (a’ - 3’4—) =g B
and ‘ |
Wy = 116 (1_ - 57‘-‘) (2.30)

We have fixed w=1 for convenience,
514 is also conventionnd la denpte ¥(x) = —A{=}, as will be sltowir later lir the context of the

¢ =1 model.
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Thus, we have expressed (e interval of support of ¢(z) in terms of Lthe plysicul
couplings. One may further climinate a row (2.29), and solve for 4 in temus of

. o
7=t /T (2.31)

It has been demonstraled thal the critical value of the coupling is reached when

7% becomes complex, since the energy is vo lungor aualytic there. Thus, g, Tor

the quartic potential is lound to ba

{2.82)

yc=F)t

The value g, cocresponds to the vatuo of Lle coupling which ensures the di
vergence of the planar dingrams, as explained above, This vadue of the cuupling
reguires that an extra zero of the deasily accumulale ad one of Lhe endpoluls of its
support. Quite generally, Lhe w'th multicritical point requires an accumulation
of m — 1 zeros at the endpuints of the supporl of e donsily, For converionce,
(2.31) may be re-wrillen as

7 = £ £20(p) (2.3)
with a similar expression for o
2
o’ = £ % flg) (2:34)

The cut is localed in the interval (—y,¥), A plot of Vopsr One would [ike to tine
o — 7, and consequently we nate thal as one varies g from zero 10 g, the lunction
4 {g) varies smoothly through the interval § < f{g) < 0. Therelore the choice of
signs
2 Z n VR

T =3 - 2{{g} {2.35)

o = £+ f(g) (2:3)
ensures consistency with figure (1.1). With the banellt of hindsight, one sees Lhal
tuning g to its critical value g, Is equivalent to requiring o — 7, as af = & = 42
Alternatively, one might first have determined the critical value of y%,and hence

Hey by forcing bhe local maxbinum € to zere, which is equivalent Lo requiring o - =,
The scaling limit is defined by

g= g~ ;—’Gmﬁ {2.47)
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and
= Y- ;Z,;-f' (2.38)

where & a plays the role of a shorl distance cut-ofl with dimeusions of lengtl,
w' .-k is taken tp zero in the continuum lmil. From (2,37} vne sces Lhal, in (e
vir' .ty of the critical polat, equations {2.35) and {2.36) become

v =92~ Vha {2.39)
& = a4 é-\/f—\n‘.

Thus, iuserting these expressions indo the ansals for Lhe densily,

Td(z) = ;i;(n'* — [yt — a2 (2.40)

one obtains

7d(¢) = “w (C + ‘/“) V= VA + 0@ (241}
for ¢ > VA ‘

Thus, the universal form for the densily corresponding to the m = '2. mulli-
aritical palat is, up lo a rescaling of «,

H 3;2‘
MO =ye-a-7 (242)

2.2. The d = 0 Continuum Limit corresponding to the Cubic Po-
tential

as given in [15).

Let us now consider extracting the continoum form of the deasity by means of
the cubic potential, in order to explicitly demonsiratle tle equivaleace between
the cubic and quartic continnum limits.

As before, our starting point is the equation

f dy YL ‘W’) =3 (., - #) | (2.43)



One chooses the ansatz

Vam =5 (s- 1t St ) mem ) k)

noting that it is no longer symmetric, The fartor in frout of the squace root
is chosen te snsure ihat no powers of 2 and 22 conlribule asymplotically. As
veflote, one expands Gz} = £V/(z) + A[Z] about the point = = 20, requiring
the correct asymptotic behaviour to yield the following set of cyuaticus:

giu 9P = (ot )=y (2.45)
'i%(ﬂ'—'r)z(l —-{a+y)=g (2.40)

Introducing the variable ¢ = @ + v, one is readily able Lo derive the equation
alo— 1} {eg—-2)~8g=0 (2,47}

with the halp of refations {2.45) and {2.46), Ono cait show thal ihe onecey picks
up & singulacity where equalion (2.47) acquires a double rool, Thus, one finds
the sritical value of the conpling is given hy®

1

r ¢
6 = 5 (2.48)

The reader may easily verify that egration {2.47) acquives a double root for this

value of the coupling.
In the vicinity of tle eritical point, one may wrile

9= go - ha? (249)

In what follows, we chooso Lo take ge = 1/12v. One then readily finds (hat
Lo eritical value of o for this value of the coupling is ¢, = 1 — 174, Thus, lo
obtain an expension in powers of ¢, one uoles thal tlerativg (2.47) about the
point ¢ = g, — VA yields

o= o, ~ VA + Oa?) {2.50)

Que is interegted only iy powers of O(e) sinee, due 1o the structure of the ausaly,
higher powers cannot yleld the correct scaling of ™2 at the critical poinl.

SCloosing ble sign of g correspends to chugsing which zore will accitmulale st ihe endpoint
af support of &,
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Using the eyualions (2.45) and (2.40) ane is able to claim series expansions
for bolh o and 7, in terms of a, where we have hnplicitly Laken o >

‘/_\;’_ — vEa+ 0(a?) (2.51)
== o (252

. It is scen that 4 does not scale, Lo order O(e?). In tle Hmit ¢ — 0, ove
requires 1= q, and thus e, = (v3 + 1)/2/5,
To corsider the continuum limit more closely, one writes

VAG) = 3z - i fla— G- 1) (2.69)

with p=1- %o’, in which case one sees {hat, in the vicinity of Lhe critical point,
j¢ scales as

H=o.+ ;:-\/sz (2.54)

Thus, #s one lues § — g.,the deasity ansals scquires & double reot ab the
endpoint of its support, which is a sigualure of the contipuum limit.
in the vicinity of Lhe critical point, we Lake

2=ty —af (2.55)

The density has Lhe form '
l —b——

mh(z) = 5{s = 2hyf{u— 2}z - 7) (2.56)

noting that it is the imaginary part of ¢(z).
Substituting the relations (2,51}, (2.52) and (2.55) in the above expression
yields

) 172 ¥
Th(() = % (C + A—2~ + 0(“)) \/%ﬂ (¢ — AV%) + O(s?) {2.57)
ahd thus one finally obiaing

n9(0) = ¥ ﬁ)"’( e \Www*) (2.58)

with ¢ > AM2, This reault is equivalent to le form of the density obtained by
means of the quartic potential, up to an irrelevant nwnerical factor which may be
absorbed into . Thus one sees that the density has a universal form regardless of
tle underlying matrix action, where we cousider vnly polentials associated wilh

the m = 2 mullicritical point.
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3. STABILISATION AND STOCHASTIC
QUANTIZATION

Int our discussion of the previous secilou, the eguivalence of Lhe cubic and qguare-
tic continuum limitz was demonstrated. Flere aro, however, various difficullios
associated with the cubie action, which defines a “hotlomloss” theory, Nalu-
rally, the “hottomless” nature of the action is lavisible in perfurbalion theory,
and a signature of batlomless theories are Lie appearance of instanlons, which
are intringicelly non perturbalive effects. These correspond to the tunseling of
cigenvalues into the infinite potential well. In general, critical malrix potentials
of even multicriticality & are bottomiess, snd will admit such nonperturbative
instabilities. [15], {14], {18], {18].

Vaclous atterpts Lo “stabilise” such botiomless theories have been proposed,
in particular the method of Gresnsite el of [13].

Let, us briefly review the method of slockastiv quantization, which is employed
in the sludy of euclidean field theory, and is of key impertance in the understand-
ing of stabilisation mechanisms,

Stochastic quantization is generally used in the context of a d dinensional
euclidean field theory, defined by an aciion Y[} As usual in field theory, one
wotld wish to compute correlators of some ebservable G,

() = [ Potifple¥ 3.0

To do so, let ge agusider the Fokker-Planck formalism, In Lids case, currelators
are compuied in e {oflowing manner,

(Glel) = Jim ) [ Detlele(p, v} (3.2}

where ¥y, 7] i- considered to be a probability disteibutim, and 7 is fv be regarded

as a “Actitiour.” time. The propagation of ¥, i Lhe ‘fetitious’ time is governed

by the equation ¥l r]
¥, T "
e = =iy Ve, 7] (3.3)

0



where H}P i7 & Hamiltonian of the Fokker-1anck type. 1) is of the form
Hpp = —:1-657‘-)—8""5‘—;?— (3.4}

whick is elearly not bermitian. In fact, the hermitian conjugate of {3.4) is

. AN
the = (-3¢ 5" 50)

3¢ dp Dy
TR ot
o ey (e
2 iz tp
I Y o r
= -3 &Pe B{pc {3.5)

Note that (3%;)1 —%, but in the shove the overall minus sign rentains wn-

changed, since we conjugate twice, .
One readily sees Irout {3.3) that Lhe propagalov may frmally be wrillen

W, 7] = c~HhrT W, 0] | (2.6)

Ii is important to note that 1}y is related by a sinilarity transformation to

a hermitian Hamiltonian:
T = il e (3.7)
The signilicance of ilg is the, Lhe cigenvalues of Hpp must be real. The non-
hermeticity of Jpp implies that ote should be caulions when considering the
states upon which one allows the Hamiltoniza to act, {u particular, consider the
following inner product, where Lhe Acrmition Hamillonian acls on its oispnsiates,

(n] &7 |2s) (3.8)

which is readily rewritten with the Jdd of (3.7) as

{ne) H}pinn) (3.9)
wltere we have scaled .
{ng] = (n| /2 {4.10)
and i
g} = ™5 n) (3.11)
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Thus, ona readily sees that the cigonsiatos of fep and ff },',. ave jny) , and fng),
repeciively. It is also clear that if

{fr) = b {3.12)

Lhen so too one Lias
{na, [mp) = by (3.13)

(vom tho above deflnitions,

A key puind regarding the stockastie Tornslism b simply Lhat the leemis
tian formn of the Fokker-Planck Hamiltonin may be weilten in o positive, sewi
deilnjte forim [
H = -E;ibi {314}

where the operator A takes the form
A= ,,-wzb%t.wz (4.15)

huplying that the cnergy spoctrum is not anly real, bl positive semi-definfie, ie
that £, 2 0 I one were to assume the exisionce of o growd stute waveluielional
with zeto cigenvalue with respeet Lo the hernitian Hawmittonian, one could write

(Pl IM=0 (3. L3}

Inserting the explicit form of I, aue oblalus an equalion for the ground state

wavelunclional, 9 199\ D 108
L7 L2
(35 355) (55 * 25;) el =0 @17
The above eqation Lias Lwo possible solutions, namely {o [0} = ¢~ and (@ [0} =
/2, For a well defined {hounded) aclion STe] one would choose (p]0) = c=5/
as o normalisable wavelfunctional of Lhe lermitian Fokler Pluek Hamfttanian,
Moreaver, ag we shall demonstrate In what foliows, the elwlce of sululion (|0} =
e=3% i crucial to tha recovery of Lho correct coreelalors In the il 7 — 20,
From the deflnltjons ($.10) and (3.11) it beeomes cloar that {@{0) = =51

implics
{eltp) = =% (3.18)

and
{Op |0} = 1 (3.19)
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Lot us consider the uhject
im (G (W) = (Gl e Eem (w(0))
Inserting a romplete set of states, the abuve becomes

{ri e=tikpr [oegs} {oeg, J0OLOY)

-.-lil.léo((; ¥{rh) = ,.l.i_'.I,L, Z {mg, g2

Since the ket |nup) ix an eigensiate of HI-,,, one way further wrile
(AL

A (G = i, o

(3.20)

(1)

(3.22)

Taking the Hmit as T — oo, and assuming thal there is an energy gap to Lhe first

excited stale, one has

tim (G| ¥(r)} = L‘M

{01, |0k}
Inseriing a complete set of staler allows us to rewrite {04 [0n) as
(0ulon) = [ do(0sle)plon)

1

f dper®

(3.23)

(3.24)

whero we have employed the relations (3, 18} and (3,10), valid for ¢g = 0, Similarly,

one has
(Flow) = [ do (Mo lor)
= / dpFlple™"
Furthetinore, a conslslent notion of probability requires thal
(03 19(0)) = [ dp (01l [¥(0) = |

Thus, one sees that the objecl

Jim (G (7)) = (Gl = L‘}%‘

Yint is, agsume no degeneracy of the ground slale,

23

(3.25)

(3.26)
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a5 claimed earlier. Thus, one nolos thal stochastie quantization provides an
adter walive means of guantizing a theory, which is particularly appropriate in the
easie of the d = 0 model, This issue will be addressed luler,

Additionally, stochastic quantizalion plays a kay rale i stobillsing a theory,
Whaon considering Lhe caso of a hottomdess acbion ji the context of standard QFT,
Lhe theory is not well defined. Idenlly, whal one would wisle to do is to incor-
porato some method of siabilisation, sned thal the effective aclivs so vbinined
yields the saine perburbative expansion as thal of Lhe original botiomless weiioa,
Purthermore, one wight reasonably reguire consistont large N aud classical ids.

The manner iy which thig I3 accomplished relies on the replacement of the
cuclidean corrolator as Lhe defining object of the theary by the send positive
delinite Fokler~Planck Hamiltoninn,

Let us [iret conaider bhe case of a bounded action, Que works fruwt Lhe por-
spective of a standard quantiom mechanies, In other words, one Iiserts the action
in the Fokker-Planck action, and solves for the corresponding waveluunctionals.
As discussed above, the energy eigenvalue gy = 0 has, quile generally, Lho corre-
sponding wavelunctional {03 = ¢~5/2 Tlia central lssue hore, however, is the
normalisability of the Boltsmann welight. In Lhe case of o howwded action, the
Holtzmann welght is normalisable, and thus Lhe wavefunctional (i ]0) = o=5l¢l/2
corresponds Lo a physical state, The ground state energy is thus given by gy = 0,

It bhe case of a bostumless action, one again finds the solution (@ |0) = =5/
gorresponding to gg = §. However, this wavelunctional is not wormalizable, aml
consequently cannol represent a physicad stabe. Thus the “irue” groundstate of
the sysiem muat sabisfy ep > 0 due Lo tle semi positive definite natire of the
hamiltonian.? The wavelunctional which corresponds to the first non zero enesgy
eigenstate may be regarded as the physical ground state. In the interests of
ablaining w stabilised theory, one may write this wavofunclional in the suggostive

form
(w8} = e~Hessf? {3.28)

The proposal for stabillsation Is thus to replace the previous biltomdess setion
with the effeclive aclion corresponding Lo tle physieal ground state. One may
thus rabher cousider the stabilised euclidean correlators

(oD = {lug) ClglemSeas (3203

as belng meaningful.

3We tacitly assuma thet the groundskate s nut degenernde,
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I the following scctlons we will rocast the d = 0 model, employing the lor-
malisiy of stochastic quantization. AL (his stage, it is not al all clese whether
the large N behaviour of Lhe original 4 = 0 Wieory is modifiod by this towritiog
of the theoryd In what [ollows, we will daousirate that Lhoy are, In fact, cons
slstent. In goneral, we will vol cmploy the full machinery of stabilisation in o
dissertation-rather, we will use the term to inply the rowriling ol e Lheory in
terms of the Fokker~Planck Hatuiivonian,

For the momeit, let us discuss Lhe d = | model, which has groad rolovance lor
whal follows,

3.1. Collective Field Theory and ihe d = | model

The ¢ = 1 wodel is deofined by the quantwn sneclatics of & ¥ x N hermilisa
mabrix,

#=rr (=58 Ly (330

=Tr{=gmmE tVAD 4i0)

In order to facililate Lhe study of this model, it is expedlert o make & change of
variables Lo fwvariant collective vardables [28], since it is Lho singlod seclor which
has relevance for string theory, Tho collective fleld approach to d = 1 atrlaps wos
first considered in [29]. Collective fiold theory is based en the Blentification of &
symmetry of the theory, following wiich a change of vatiables s mado o a st
of colleciive lields which are manifestly brvariand wnder tdes symmetry, Vor L
moment, we will constder making n change of variables to generic colloctive fiekls
i, which are assumed Lo be invariaat under U{N) transformations.d
Lot ug first consider the kinatic term,?

U=t (3.31)
° 7 TR OM M
Inveking e thain nide permils us to wrile
i 0 O 0
o= =5 587, (szj.-fm,,l) (8.32)

#he correspondence on Lo level of tse splivee wivs first demonstrated ke {14] in the comexs
of the Marinae Parisi modlel,

*Due may Lhick of Miis un reformulabing the theary in lermis of "gauge ivardany” guanlitics.

Repeated lndiver imply summation, nudesa sprossly stabed Lo Uhe constenry,



and again

© = =5 \ OMyOM;; O | OM;; 3 3; Oy Ui &

In what {ollows, it will prove convenienl Lo define tie following variables

_ Dby Dy e

-“'!l»ﬂl Ll Uﬂ’!ij UﬁrJl (liu;dr]
and

P Hu'f’m

T T E TN
The Qum may be considered to deseribe loops Jolning, while conversely Lhe wy,
depict loop aplitéing processes, which will hecomte elenrer ps one wurks will Lie
specic forms of the invariant varlables, The kinetle plece of the Hamiliunian
thus takes the form

(:.35)

1 )] g 8 _ -
Hy= by (wmm = {lm 5&;_ M) {(3.36)

In order o canonically quantize thig Hamillosian, one is cequired lo mpose the

comuiator
[Tos o] = =T . (3.37)

in which case oua readily weos that m, = -ai,.—,l;}; = —~iidy, Oue Is now able Lo
rewrite (3.36) it terms of * e conjugate momentim s fullows

1,
i, = Pl (fhu o+ Sy T ) (4.38)
Ome notes thal the abiove Hlamiltonian wo louger relains Lhe proporly of oxplicit
hermitieity, following the chabge of variables w collnctive Helds, In order to

understand why this Is so, let us consider the expectatlon value of an observable
computed prior Lo the change of variables:

(0} = f AMU[ALOIM W) (3.3)

Cloatly, if one wished Lo rewrlle the above intogral in terns of the ¢'s, one nmst
include the Jacoblan J{g] of the transformation

(0) = [ dos VIOt 1] (3.40)
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One readily sces Lhat Lhe above way bo rewritles
(0) = [ disldi0'e1eis) (5.41)

where we have defined O'[¢] = J[g]'/20[#/[#)~17%, and ©[¢) = J{#]' /g
Thus, to wrile the fnger product jn the space of The new invarinng variables with
respect Lo a trivial measare requires thal one reseale Lthe wavelunctionals aud

operators accordingly.
Ag a resull, one soes thal the Hamillonian (3.38) must be Lransfortmed as

)= S\, =112 (3.42)

in order to retain hermiticity. In principle, knowing the Jacobian would permit us
to write down a heemitian Llamillonian, In praciice, one enforeey the heemiticity
requirament as a means of obialahg & dillerential equation to compute J.

Let us consider transforming the coujugate mometibwm

&l = W, g1/ (3.43)
which becomes ;
_ T = 5O lnd (3.44)
One iz able to transform (3.38) by inserting (he rolasion (344}, and requiving all
explicitly non-hermitian terms to vanish, "Uhus, one lias

l . [
H; = :j (“"m"r:n + Qum ’r:u“:a) {3.45}

 which, alter axpanding tlie above, ansl using the idoenbity my 8l = — Sl Tt
s KTy yields the hermitian kineliec piece of the lamillonian

L 1
ffy= E‘rll.nnm Tt %Rmu Ol It S %"’uaﬁ nJ- ﬁ{ou L Y (S 0 F) (3.406)

on condition that J satisly

0 O (Slaund ) + ey

= 0l (3.47)
where we have defined the operator Of 2 Spdlun + wWa. Ono can now formally

eliminale all mention of the Jacubian from the Hamiliowian, by moaks of the
relatir n (3.47), Lo yicld

1

1 l, L I -
H; = -ﬂ'uﬂmnﬂ'u = “‘l'dmonﬂum — —thwy + E(U’n + 3:»,“"“1 )ﬂmf.(wm + annmn)

2 4
(3.48)
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‘This is the kinetic term of the hermitian ¢ = 1 amillonian, in Lerms of generic
invariant variables, One may rewtite the above in the manifestly hertuitian form

i, = %6{:9;1502* (3.49)
where we have defined the operator
N ) 1 . .
Oi: = ""'dknkn + E(wl:! + l:-".'llﬂ'mn:‘l') (3-50)

The superscript /s serves 1o emphasize the association of the above operatos with

the manifestly lwr:nitian~ fortn of the Hamiltenian, Obe should note that Lhe

hermitian conjugate of OF has the following action on the square rovt of tha
Jacobian, {

lt - ; ' )

syl =0 {3.51)

We have constructed the amillonian on the reduced invariant subspace, and
in so doing oblained a differential equativu specifying the Jacobian associated
with the change lo Invariant collectlve lields, ‘Thus far, we have etuployed generie
invariants; however, we shall now specialiso to the deusily deseription.

I} proves convenient to compute wy,, atd 8, Lo terus of bhe tevariant vari-
ables dg = Tr{e™*M), and to thon transform Lhe result lo @ space, since

G2

v [k e A
¢(ie) = f i (3.52)
Wa consider compuling wy, where :
_ o [P o e

wp = =Tr (('}Ma) | {3.53)

Oue sblains .
o =k f K probi g (3.34)

]
where we have made use of the identily
_ 1, .

8 {eM) =« j; di (M) Moy (K1-0%1) (3.55)

It is now & simple matier to compute tlie form of wy in @ space, by simply fourier
transforming (3.54). The resubt is

wl) = 20s f dy%“?‘) (3.56)
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Que now computes the form of Q(z, »') in asimilar fashion, [ & space, aue casily

finuds
ke, Y = kb g (3.57)

which takes the form

Nz, 2") = Dol (6 — &' Yb(u)) (3.58)

in  space,

Purther, note that
(O, )

1. N ""fd"r' ('}(f)(iﬂ']

which is reacdily shown to vanish, stuce

] et g @ubdte = D) = - ol 50)
The Hamiltonian may uow be written
= é f dadstr(2) 0z, ) (") - IT f dz%%aw(m)
+§ f dedio( )0 (e, 2ol 2) (3.60)
Let us treat the tern
% f dada(2)0 (2, w')() (3.61)

Inwerting the form of w{x), and inlograting by parts twice, permils us to write
the above as

L ot (f dy"bf)__'ﬂ”')) Dyt i1 2, ) (?[ dyif’.fz';')__ﬂifl) (36

Inspecting tle forts of {z,2'), one observes that S2™w,2') must invelve the
inverse operaljons 0‘18‘,’. i which case one requives the derivalives acting on
the inverse to nullily thc effect of such operators. Thus, the above expression
assunes Lhe following ferin

L f e (f 0,280 a(.-;{;;s) (4 dv‘bifi"_'ﬁ;”)) (363)
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which, afier integrating over the delta function, yields

; f de U dy "ﬁ{”]) (3.64)

The last termt which requires consideration is

dw(z) _ '
fd v zfd:aqﬁ(n)fd ,)3
-2 f da(x) lim, D |2~ ] (3.65)

It iz a simple matler (o verify that the action § = ¥, g Tr8™ asswes the
form § V{a)}p(z)dz in 2 space. Tho final form of the Hamilionian is obtained by
including a.'agrange multiplier g to enlpree the constraint [ ded{e) = N, The
full d = 1 amiltoniay in = space thus reads

= 3 [as@arp @i+ 5 [ destar (f a2 )

4 f d:rV{:r:):f}(a:)—m.'( ded(ix) ~ ) (3.66)
+% f dap(a) lim 0,0, T = o] (1.67)

The well known tdentity
L1 g IV 2 [ o ,
: f () (7( 4y =% f daif(z). (3.68)
permits us $o wrile
2
;l- f da(@m ) )(Our) + T f ded®(z) + f AV (2)()
_— ( dag(w) — N) + ;;-] did(ir) JE.IJI:' ol iy |2 = &'} (3.689)
The d = 1 Hamillonian Rnally is
l . ¥ [
o= g f d;:(&,,:r)¢(.-n)(d,,x)+% f ded¥(e) + [ du(Vie) - up) dle)
+% j da(z) lim, B0 fz ~ </ (3.70)
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In order to deteriuine the leading configuration in the it of large N, une rescales
2~ /Fuyp = VBibw — /Ar, and pp — Ppp, following which, the above
becoaes

2
= g [ ds0em)aX ) + 5 (36— [desa)+ [ de(va)- m«)«»(z})
+2_/..d“"¢(ﬂ")xh:.l.]ér Dt It iz ~ 27} (71)

where the polentinl seales ag (2,11}, and Lie consirainl Is again given by (2.12),
Oue noles Lhat the logaritlunically divergent term is subleading in & in compae-
ison to the bracketed termm, and thus only conlributes ai the one loop level,

The leading configuration is obtained by minimising the dominacl lern

2
mﬁﬂgé[q”] = % (3’6— j ded(x) + f dm(l-’{a:)—malsb(m)) =0 = (372

which. yields ihe solution

mdulie) = /2 — V(2)) | (3.73)

It is well known thai the d = 1| model may be regarded sy the theory of non-
interacting fermions i a potential well V' (2}, where the eigenvalues of the hermi-
Han matrix M represent the fermionic co-orilinates, and the eotlective fiedd ¢y(e)
piays the rele of a (classical} fermionic density. The designation of the lagrange
multiplier pp then becomes cvident, since it plays the role of the fermi lavel.
The continuum linift is approached ian Lhis instance by Luning g to a quadratic
maximum, The designation V(e) tn the discussion of the d - 0 model should
now become clear, since one lias

wdol2) = /=2V(2)) (3.74)

where we have sel gty = 0. Tlhe absence of the lagrauge mulliplter in this inslance
will be addressed in the follewing section, when discussing stabilised d = 0 wodels.

3.2. The Stabilised d = ¢ model

Let us consider $he semi positive definite, hermitian Fokker-Planck Hamiilonian
l

2{1:-’31.' {3.75)

Upp =

3



with A; = =28 ¢5/2, Permitting the derivalives Lo act, the above lamiltonian
may equivalently be wrillen

P OTPE  Lrasy? _
Hip=1 T"( o 2am+ﬁ(m)) (3:76)

whese we work with ¥ X N Lermilian malrices M. The somi positive definile
nafure of this [lamillonian is the key issue as regards stabilisation, since it has a
bounded energy spectrum regardless of Lhe natare of Lhe artion. Lel us consider
recasting the Hamiltonian (3.76) in lerms ol invariant volleclive variables ¢;,

Consider first the term p
| LY Bl .
H!""S(EJM) (3.77)

Making use of the chaln rule, one is easily able lo demonetrate that the above
bacomes :

005 (}IS,
1 o
= Qu Udi 0, {3.78)
We now spet:ial.lse to the densily variables
hlz) =D 8{x - A) (3.79)
i

It is easily seen thal, in « space, the aclion becomes 5 = [ diegb{i)}V (2}, in which
case {3.78) is writien

=5 f e [ tr oty (f weuie v s (f v }V((i)a)n)

Using t  revious result
0, ¥} = Oy (8(2 —~ y)(2)) (3.81)

and ingerting the above inio {3.80) and performing a few partial integralions, one
olhiains

i}, = % f (V") (3.52)
Lok us now consider the Lorm
;Mg -
If,=-7 =5 (3.83)



which is again easily transforted via the chain rule to the invariznt collective

variables ) ) 2
g J1f 85 o 7% o
ff, = 1 (w. T i; ErE (3.84)

Ag before, in 2 space one hag
wlz) = 20 f dy

Writing ff }? it 2 space, one finds

1 88 oS ,
}1}p=z(j:law{$) sy~ J [ e g W{w) (3.86)

For an action lneas In ¢, (wlich we will consider) i is tlear thal the second term
above does not eonlribute, and ohe Is left will

why=— [aavia f dyﬂ{f—-)_-_%ﬁ (3.87)

All that remains to consider is the kinetic term. This lerm was analysed above
and. 'l'ollowing the restoralion of liermelicily, was found to take the form

| [ sty + 5 [ et (f v 2L
+zfd:cqﬁ(;n) ,-[1.?}: Ul i 10 ~ 2| {3.58)

M) 555)

The comph e stochastic Hatniftonian (hus reads
1 , , | a{y) \?
Hy = g f de(@em )N 0em) + 5 f () (3{ dy;-(:_%-)
L B )eb{ir) ,
-Efdw (m])[riy o (3.89)
+§fd_:|:f,b(;n)V’"‘(m).+ 2/r£;u¢(;c}ﬂ|:‘t Opllp In 8 — 1] (3.00}
which may equivalently be written

Hpy = % f du(D,m)B(m) (e + 2 f rlmgﬁ(m):!:n;yagﬁf o e — 2}
+5 [ dadte) (f dyf—(_% - L) (#91)
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In this inglance, one takes e = 0, othopwise the positive definite natuen of the
Fokker-Planck Hamiltonlon would be lost. Consegaently, one fuds the fullowing
effective potontiad for the slabilised d = 0 moded:
rroy
Verg = zfd.aé(.u) l:m el o= a4 fdmf:(d)(friy ‘My) v é.‘ﬂ)

(3.02)
Wa wish Lo demonstrate correspondence botween the d = § and stabilised d = 0
resubie al large N, Thus, perforiuing the resealings & ~ Vi, - g Lo oxlibit
# expllcitly ylelds

i f|
Vegg = £ f dm(r)([ dy ”{"] Vm) (3.93)

witl the logorithinicnlly divergont torm and the Immtic' piece sulloading iv N,
Tlhus, in the it of large N, the offective potontlal delormbnes the leading cons
ftgeration,
Heurlstieadly, the above egpresston Tmplios Ahal 6= 0, or [ dy—{—l - --}»l G
#x} 2 0, One should thus expect that d = 0 wolublons i N must be
1'uproducotl by this tarm.
Explieitiy, one requires :
epglita] o (304
dep{ i’} '

for the leading configurativn, with

h i Vi) - W
7 V.w = 3 f ded(2) (f dys ! "}) Tf.f dd{x) f dy:f:ly}—['*—',j-_-_-;-m
ﬁfda:qb{af}l?”(ar _ {3489

wharo we have symmeteized the socoud term, and used the idvuti.l.y {i68),
Lot ua now conslder the case Vi{x) = we =~ & Performing the funclional
diflerentintions yiolds

w290+ () 4 0y o Wy = wg) 4 Tl-if"(a Y0 (3.06)

whore Wy = [ dua' (), Shnes one is constdering the case of wsyniuettic poteutlal,

ane uiay sob HY = 0,
Oue finally obtains

ArR b APy Wy =~ wg) b Wit~ 2pt p 1S = 0 (3.87)
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In which case, one may solve fur ¢. Note, howover, that an, such selution lias a
sell consistency condition due to the appearance of ¢ Jn lhe definitlon of We. In
ordor to confirm that this stabilised solution docs reproduce d = 0, we couslder
mapping each of the above coefliclents of # onto Whe correspouding eoellicients of

the d = 0 anaatz, |
() = E(::" Syt - {3.0%)

to cusure that they repreduce the correcl equations defining he position of the
out in torms of the couplings. Furthermore, by considering the dofinktion of (/(2)
for 2 large, G(2) =3, Eﬁ'ﬁ one 15 able o read ofl Lhe equation defining Wy by
considering Lhe coelficients =% in the large 2 expansion of the o = 0 wosady, and
conlirming whether the mapping fn the iwo sehoes covresponds,

Bqualing cocflicienls of » in the tvo schiemes yields the equalions

2
ws La g o (1.99)
2
tucl
w? 4 Ay = 2o y? o {3.100)

One seos Lhat Lo first equation corresponds precisely with o = O, Bquaring (3.99),
tnserting the vesull in (3.100) and perforning some simple algebra yields

2 P
= -‘f'- (u"‘ - 31-) (3.101)

which is the correct d = 0 equation deseribing the position of the ent as a fuetion

ol the coupling,
-The expression for the Hy in the stabilised modol is

W = wy - =L (:.102)
which, after inserting equations {3.99) aud (3,101} is readily shown to correapond
with (230}, Thus, in the imit & -~ oe, the cubic case of Lthe d = 0 model is
squivalently deseribed by the stabilised mudel.

Lot us now cotsider the case of the cubie poteutial, whore one takos

Vix)= %’m" - %.-n-" (3.103)
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Tollowing the usual rescalings such that the collective finld obeys
f dieg{x) = y {4.104)

Following the same procedure as above, vue s able Lo oblain the o = |1
exprossion for the density, which is glvon by

2,2 et gl
i = wg ~ Wy - gu w°—l'- + w‘:}" - %‘ {#.105)

As bofore, in order to make cuntact with hie = 0 solution, one maps e d = §
cxpression for the density unle the anvaly

. H .
wi(z) = ={z - 1Y (e — 2}z — 1) {35.106)
Dolug so, yields the equations o
=3 +u {317
w? = oy 4 Qo 4 42 (3.108)
o B il :
p= -k (cx7+ 2«) (3.109)
and
Wi = wp + %ﬂ"a? {3.11}

Quig sees that the equations (3.107) and (3.108) imply & cousistency condition,
Squaring (3.107) and equating the resull with (3.108) ylokls

2
oy = -‘-:—-v-rr,u {3.1L1)
This equakion may be further reflued by tuseriing the oqualion for p,

g2
oy = ﬂ:‘;—- - gu {5.112)

This equation complies with ile st of the & = 0 resudta.
Furtler, ingerting the rolations (3.111) and (4.107) i (3.109), and perlorming

some manipuiations ylelds

afo— 2o}{o ~w) = 8y {3.113)
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I mgreement with (2.47),
All Whkat remaits is to verify the equivitence of Lhe momouls. “I'lie sxpression
obtained in the context of le d = 0 model s

4 2 b La- 332 .
Wi = 2rr(“ F) 4 T+ 51 (4 7) 4 Hla- e 7Y @a

Now, using the ideatity ot + 7' = (a = 7)? 4 243, amd perlorming various
manipulations, yields

Wi = 2.56
Bmploying cqua.t.luns (3,112} airdd {‘J 107). ole oblaing

et LwmgPd Ltamrite (115)

Wi = —-—(.}a 2o — 2w) (3,118)
The expression for Wy in the d = 1 modol ja
Wy = wy 4 :i—,u"’rr'r (4 117;

Bmploying the relations {3.112}, (3,113) and (3,107) one regains the rosuld {3.1:6).
Thus one sees that Vhe stabillsed model is in 4 agreensent with the o = 0

solution.

3.3. The Schwinger Dyson (Loop) Equabions

Consider the genoral carrelation futction
{(Fe) = f dp 1(p)e ) (3.118)

Lot ug inake a varlation in the field ¢ ~ ¢+ ¢, wlere ¢ is understood to be an
infiniteshmal coustant, Expanding Lo order ¢ yiclids

| / dipl(tp -+ €)e~ ) f dip gl 4. ¢ f dp (%Iﬁﬂ“ %ﬂf"lwl) «~

{5.119)
If one requires tha invariance of (3,119) under such a trausformation, one sees
that this requircment is exprossed as®

0= j dp -é% (F(p)e=te1) {18.120)

Afora trivially, one might note thal Wiz in shmiply the intepral of & lolal derivative,  wd thes
vanishea,
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This Is known as the Schwinger-Dyson or loop equation, which e correlators
" must obey, [n full,

dFhs)  ds[y) ¥ ,,> _ 1
(——-——dp 2 Vlel) = 0 (3.121)

il one wera to consider Fy] as arising from the first varintion of sume quantity,
gay (i), one could rewrite tlhe above as follows

i) dSTe) deile)\ _ -
< de? ~ Tdo  dp =0 (4.122)

One may link the above to stochastle quantization, Previously, we demon.
sirated that '

r .
(Gl = lim, {G[c“”;'ﬂ['if[[)))=% ()

wnder the assupmption &n = 0, implylng Lhat the zore digosstate las the form
{pl0n) = o=314, |

The correlabor (3.125) vannol depend on the fletitious time + in dhe limit
7 — 0o. Thus, let us congider the object

r]i'»&, (]} = 0 (3.124)
which ¢ seen to be
rlhgaﬂr{(}[tp]) = Tl_i_l.igogc“‘"" {C H},-p {repe) (o, [(0}) = O (1125)

where we have nserted a complele set of dtales, and asswned thad thoy are
properly normalized. In Lhe limit v — oo, ane ohtnius

Jim D (C4fe]) = i (G iy lon). =0 (3.126)

where we have emiployed (3.26). Taling the complex conjugatn of e above
(where wo assume real matrix slmpents) aad tusorthuy a complele sol of stakes,
yields

B 0GRl = [ deoul ) el e 161

L A -
= ‘/lko (%?_%U'P) e =10 (3,127}

o8



which ara seen o be ihe Schwlager-Dyson aquations of a euelidenn quantum feld
theory, as derived above. It wust he emphasized Ut this discussion of stoclastic
quantization is distinel lrom the issue of stabilisation, which is a modilication of
the theory. Here we are intorested only in ihe fink hetweon the statoment (3.124)
and the Schwinger-Dyson equations of a fiall Lheory,

The stochastic quantization approach Lo loop equations in Yang-Mills theory
was elucidated in {30]; [31] anployed Lhis approach 1o & vumerical analysis of
Sehwinger-Dyson equations in the one mabrix case,

The stochastle Fokker-Planck HamiHouian is easily rewridlen o Lerms ol enl-
lective flelds” as

] 2 [}
Hpp = w g L (4.128)

¢
:'5[7}'; - ““'___UGP;{'JQS‘; + ﬂb‘.:b"‘;;
where we have defined Dy; = T ( 23 %). The amiltorian nay be writlen
miore cotmpactly as _
Hpp = U' l'). {3.129)

with 0, 2 =05 + @ and & = wi + 08, s] 'l‘lus pactitioning i8 not quite as
arbitrary as it might first appenr, since the OF's are roquired to close an algebrs
to ousure Lhe conslstoncy of the colleclive ficld theory deseriplion.

Taking ¢, = Trif" as owr collective vartable, the above lamiltonian is writ-
on

-2
Iipp = z (E 7'@:&-&-:»-—3 3 qfl — E P Ppr — Y, ‘f"ﬂ)) (3,130}
u20 \m20 LI 1] :

One can easily sliow that the pieces fidependent of the ariion dose a Virasore
algabra, taking

o
dﬂ+‘2 = 2 Mg 7+ Z ﬁf’r‘.”u—r . {3.131)
m=l H¢"‘ =)

and defining Oz = Ly, It Is easy (o verily tiat

[Lm Lml =(n-~ "“)Lﬂ-l m : {3.142)

for positive modes » 2 0, which is Lhe [orm of the classical Virasore algebra, One
may make contact with & conformal field theoretic doscription, by defining the

"The collective field trentiment of the stochastle Hanllioninn wu Rrst given in 516
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motlea

Uy = =V By Oy = —»\-/,-—:mr,;. (3.1383)
valid for % > 0. 1L is casy Lo verify that the commutation relation
faru f’fm.] = 7161;+m.[j (3.134}

holde. The above expressions are reminiscent of Lhe mode (-xpa.nsmus of a con-
formal field theory, In particular, (3.131) may be rewritten as®

H L“ = L g (gderny - B L L Llpy—p {3']35}

=g} p=()

witich are recognised to be the Virasoro goenerators assuclaled with the energy
momentum tensot of a [ree boson b a conlormal field theory deseriplion,

T(z) = Z) P33T = ()2 (.136)

WS =0

wlere the colons are taken to imply normal ordering,
Let us consider the d = 0 parlition function lollowing & change of varialies to
collective fields @y, in the presence of sources j,

Z(j) - f{frfjJ(qﬁ)c—""[MC-"“"‘m (3.!3?)

One may rewrite (3.137) rather suggestively, by defining the object Jy(d) =
J($)e~ S i which case

()= f difJge b (3.138)

Thus, it would appoear thnt the object 2(7) is nothing but '+ Laplace travsform
of Llie rescaled Jacobian, Jg. In Ulie previous section it was demionstraled Lhat
(he Jacobian must satisfy the differential equation

ol =o0 (3.139)

Le exhibit the explicit hesmilicily of the kinetic picee of the collective d = |
Hamilloplan. In turn, the olject Jy is required 1o onsure Lhe hermiticily of

* *One notes that wo have rescalesl the ficlds 1o oblain Lhe required fuctor of 4 amsucinted with
Viragoro; this factor arises naturally whey cansideriag the hermitinn lurm of the Hamilioniaw,
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the non-hermitian Fokker~Planck Uamiltonian, following the chawge to invariant

collective variables.
In order Lo determine Lthe equation whicl Jy must, salisly, multiply {3.139) on

the lefi by the factor ¢=%, Lo yield

Je0i; 4+ Qije0id +widg =0 {3.140)
Employing the identity .
J30ifhi + Qize~ Tk = 0S5} + Qi ds iy {3.141)
ae way readily rewrite (3.140} in the form

Qi(8eydu) 4 (dhS )y =0 (3.142)
which is [irther written ds '
(D) +opdy =0 (3.143)

in terins of our previous definitions. This resull may be expressed wore compactly

aa g,
Oftys =0 (3.144)

It is simpla to ehow that, as one expects, commutation of the operator OF,, givus

tige Lo a Virasoro structire,
The above implies that ore may consider

[ i (05t45) =54
[ 46 Qe (s 8)d5) + () 75
f“‘;” (VS + D(h)s) e7¢ (3.145)

0

where, in the last lino, we have intograted by parts and allowed the derivative to
acl on the expotential, The relevaace uf the sources now becomes clear, since
making the correspondences '

aﬁk by e > iy, (3.148)
permils one to wrile

0

i}

(s ~03 )+ =0,)) [ il =58
ofa) (3.147)

i
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Thus, onie sees that the operalors 0;" are required Lo aunihalale Lhe partition
function. Furthermore, it should now become clear that the operators OF wust
close an algebra, since (3.147) requires

[0F,0512() = 0 (3.148)
which implies in turn that L -
[0F,07] = finOf (:1.149).

Thus, if (3.144) is to lave a solution, the operators OF must cluse an algebra,
As stated above, the existence of a Virasoro structire by the one malrix wadel
ensures that such a solution may be realised. The objeet Jg is the Jacobisn
required lo enswre the henmilicity of the non-hermiliau stochastic Hamiltonian,
following the change to fnvariant collective variables.

The tesult (3.145) may easily be rederived in the context of the stochastic
yuantization formalism. Recall that the Sehwinger Dyson equation may be writ-
ten in t.lle context of & d 4+ 1 dimensional guantum field Lheory as

i a(GIM]) = f dM (0] M) (M| Hpp|G) = 0 (3.150)

where ITrpp denctos the non-herinitian Fokker-Planck Hamiltonian, and
imyaeo{0r [M) = €7 is the groundstate wavelunctional. Now, lot us make
the change of variables A — ¢y, fucurring a Jacobian J{¢) :

0= [ (8l (Wl e 0
Redefining Jg(¢) = J{¢)e™", and taking tlie hormitian coajugale yields
- j A Lol (). (3,151)

Due to the above dofinitions, f}lp = #4035, and thus the resull, (3.144) is re-

clainied, with the sources j, = 0.
In sumimary, the requirement that the stochastic l‘ukk(\r"l’lml(‘k ]la.uulLummn

exhibit explicit Lermiticity yields an equation fot the Jacobian Jg(¢), which may
be rewritlen as a sel of constrainis acting on the parlition funclion. ln order to
ensure the consislency of the collective lield description, it Is required Lhal tlhese
constraints close an algebra, whicl is ensured in the one maliix model by Lhe

exiztenca of a Virasoro siructure,
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4. THE CONTINUUM FORM OF THE
FOKKER--PLANCK HAMILTONIAN

4.1, The Macroscopic Loop Approach

The above discusaion of the. equivaleuce of the expressian (3.127) with Lhal of the
Schwinger~Dyson equations of n quantum field theery suggesls thel one might
construct a string field theory by considering a stochastic quantization approach
to the d = 0 model. This was accomplished independently by [10], [12]. The
following discussion is a synthe~is of the approaches of [10], [11] and [12].
Inorder to construct a continuum Fokkee-Planck 1amillonian, 1t b traditional
to choose the macroscopic loop as the collective variable, ¢(f} = Tr(L/M). As
usual, one proceeds by compuling tiw quantities $S3{{,#} and w({).
Proceeding by definition, it is easy to show thal
QU = W+ 19 {4.1)
and ]
w@:JLMWﬁW—ﬁ (4.2)
In order to achieve the continuum limit, it will prove convenient to work in the z
representation. Laplace transforting (4.1) yields
(i) - (2)

2z, 2) = Budy

where G(z) = Proyly. Furth -, noting that (4.2) is a convolution, e laplace

transform is readily [ound:
w(s) = 8,672} {4.5)

In order to proceed Further, one would like to exhibit & explicitly. To this end,
one should seek the ahalogue of the conslraint on the density variable, “The
corresponding constraint in (his case is given by

%;f G{:}r&z =N (4.4)
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where the contour is eliusen Lo enclose Lhe cigonvaluos of M. Tlie contribution from

the contour at infinity vanishes, Thus, one gced only consider Lhe consequences

of 1he residue theorent, It s then cloar thak, in order o rid the constraing of

N, one must perform the indopendont rescalings = — Vs, Gz ) - v’ﬁ(:{,),
Jollowing which (4.4) becomes

,-‘-. f CHENE = (4.5)

All that remaing is Lo determiine the sealing of the confugale momaeniam,
wlich is readily inferred from the canonical commutator

. !
[r(2) ) = oy (4.6)
Performing the above rescalings on the commutator (4.6) yields
t
[ym(), VRG] = —‘,;;; (4.7)

It is thus clear that, in order Lo preserve Lhe canonieal commutator betwoeen the
rescaled oporators, one demands v = N1, Hence, we require m{2) — N~1x(2).
The Fokker~Planck Hamiltouian is

iy = ~[d¢ [4s Mu {2 0en() 4 [ ds 0GR (AR)
+ f d20(8, ) (2) | (4.9)
Raescalisg the kinetlc lerm yields

f;," = --—--fa!.. fd‘.(’ r‘( }U w(z)t?,,:ir{") (4.10)
It is straightforward to determine that
f ds 02 (3)m(2) — f A5 JsGA(3)m(2) (1)

In order Lo considrr the scaling of the last term, fel us rocall the definition
(8, 2) = TrEE %L, This Lerm may be rewritten as

a8

) (4.12)

29, 4) = f 40 ) 5

dd



The action in z space is such that the putentiul resembles o soarce for Lhe gpor-
ators ('(x),

] 1 v
§ = 5o V() (4.18)
where the contour ¢! encloses the pulvﬂ of &), It 1s Lhon clear Yhat
25, 5) = f Az, 5V (5) (4. 14,
in which case Uie rescalings 2 — VN s and (2) — VNG2) lnply
U S, o {4.15}
provided that tho couplings in the - “ o e Lhiag V() ~ NV(3),
It is then quite clear that
f dl( S, ) SR INT)
Llenca, the Fokker~Planck Homiltonian exbibitls, - is wrilben

1 . ENY - B, .. e iy
Iy = -—-Er-i-fdz’fd:ﬁ(ﬂél:?,-udax{z)ﬂ;m(z’) I fdz Q,,-(:“(z)sr(d)l?)
+ j (S, 2 (5) O (a)
In ordet to procead furthor e lako |

y -“-"-"“.3 s q!n # )
8t s (4.19)
1o froat the tepm incorporating Lhe action, oue recalls that

ArrVIM) DHL)

G = TH;,  Ohs (d.20)
wlhich may be wrilten
(8, = v (%) W) (4.21)
In order to wove to the z rapresentativn, one thius cousiders
(%, 5) = =0 j; v ( )qs(:) e (4.22)
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One may readily demonstrade that, integrating by parts,

/{1 ™ e Bog(l) = FG05) — Mo (4.23)
Furthoriore,
pTa 2 .
fo dl e~ Baf (1) = FACHE) = sh(Dltz = Dithlio (4.24)

whore wa integrated by parts, and employed Uie result {-1.23).
Thus, cue has

U, 8) =~y (wé HE) = wld 1o = 23 + 3000|120 + c');cﬁ'l)hm,) {4.28)
Now, we conslder the quantity ¢({)eor The roscalings 2 — Nz, (3) —
VR G(2) imply that 6(3) = HTrohp Thus, siuce (7(2) = L [dle=®Tr(e!M),
one sces that ¢({) = Fr(M), in which case ¢()|=p = H771 =1 The objoct
Ot hi=e = TrM may be regarded as an inilial condithn which romaing Lo he

ﬁxn(la
The Foki, ~Planck Hamiltonian s now wricten

i = “‘Ki'ﬁ' f d# f e LEL= GGy oy 4 [ 0,000
+ f i (2 ~ 50)0(E) 4 w0 = & = Db Dlimt) (4.26)

© Our goal is Lo compube a conlimium formt Tor the above amdllonian, aod thus
we consider the scallug relations

Hm bl {127)

ad
W = vle ok @A (4.28)

We further inbroduce e shifted feld ¢f(2)
(5) = =1 = 2w) 4 £1ACHE) (4.20)

Tho required sealing of the coujugate momoenium may be obtatned by aualogy
with the procedure used to obialn the scaling e N, nonely, by considering the
canonical commutator. One obtains

w{€) = u5(2) (4.30)
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Lot us congider the potentla) tern
GPE) + (5 ~ 5w)OE) + (w = ) ~ dp(Dbran (4.31)

which ylelds, foflowing the subgtitution of (1.29),
o3 (.;’(e}—::ﬁ{-{-f’-—l-—-)—+z-w+lrvl}) (4.32)

In the above wo hive replaced Sip(l)|izu by the Tamiliar wotation Wy, It should
be nobed Lhat the shift was made in such a way as to cancel the lerm linear in
G(5), thus eltminating unphysical tadpole inleractions, (Ium;m:‘isun of the term
in eurly brackets with expression (3.105) {ndicates thal it is wone other Lhan Lho
continuum expression fur the disk amplitude derived via fhe stabilised & = 0
model,

The potential term reads

'l [ ag(eH ~ CEnoe© (1:33)

Now, let us tirn to the kinetie torm. Inserling U expression {or ihe fleld, {(4.20)
one tnobes Lhat the shill cannot contribite, aud one has

all? Sty ;.
~WNiE j df / dg! {EE) 61: Y LR e milgem {4.34)

whore the expression N~2g~% Las vhe corroet sealing dimeusion for the syuare of
the coupling constani, 5. Cne takes ¥ — oo, 2 — 0 In a correlated fashion, such
ihat & i3 Leld fixed. Thus, the Anal form of tho coutinuum Hawdltondan reads

1 o [}

15, = —a'l? ( W [ f df'ﬂ%l—g?—gﬂdgm}tm+ VG GRIED }agr(e))
‘1 ! J]

The factor a!/? may be absorbed intu the delinition of the stachastie ttate. One

notes that in the above the spocific form of the polential used lo diseretize the

surfaces was absorbed into the universal form of the disk amplitude. Furihermore,

the above hamiltonian is cubic in the fields, wlhich one requires to reproduce bi

pussible string interactions, One sees Lhat, in Lhe countinuun,
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may be regarded as representing the merging of continutm loops, and thal
w() = te((8) (487)

represents continuum loop aplitting, Oune could thus rewrite the aliave as
= - [ de [ gt Oomeme) - [agoriemer+ [asciiemene)
(4.38)

The processes encoded in Lhe above Hamilloudswn are more casily interpreied in
terms of luop flelds,

03, = — Lmd:; fomfuzu“alzwf(tl+z._,,}qr(zlpr(12}
= [Tan [T it + Va0 R ) (139)
i 1
- [J ~ dlpol () (4,40)

whera onte now lias tae field W(I') which is the invorse laplace trausform of ((E),
and P(0), the inverse laplace transform of the momentumn cosjugale o G(E).
Additionally, po(l) is the inverse Japlace transform of 9eGEE) Furthormore, une
las .

[T, ¥ = 8({ - ) (1.41)

wlich followa directly from Lhe iuverse lapiace Lransform of (he canonical com-
mutator betwean the lield G{£) and ils conjugale momenium.

We therofors interprot the operator ¥({) as destroying a loop of length I, and
wi(l") as crealing a loop of langth I, The fiest term in the above Hamillonian s
then seen Lo tepresent the process wherehy two loops of lenglh I; and Iy wvrge W
form a slugle loop of length Iy + {3, The second terny correspouds to the splitling
of a loop of length &y + 1y, into Lwo Joups ol lenglhs & and fy, The last term
represents o string tadpole interaction, wherehy au incidenl stiing disappears.

Noling thai the pre-continunm lamiltonian has o Virasoro strueture, 3 s
natiral to inguire whether such a struciure survives the transition to Lhe rontin-
wn. To this end, one would like do consiract the contilnum Schwinger-Dyson
equation, which is deflned by

oy 1] d "'IHPIT Yy A
20 = rl:._t.:&*fﬂl Hie Tt =0 (4.42)
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which is simply the conjugate of (3.127), whore one takes Lhe slale
|6 = of ALV 10} (4.43)

‘The use of sources pt-.rmlts ur Lo rewrite (4.40) as
— 2
¥ j a f by I )M

+f dp{t}(DZ(J) . (4.44)
]

One wislhes to consider connectod correlators, and thus one should rather work
with In Z(J). Tha above then becomes

" Gln Z(JS)fln Z(JS)
R j i, f ok (l + L)+ b) = T
20

+ f m f dlat* (b o+ )+ L) s

+ j dip(1J (1) + f dly f dht.!;J(h;J(Jg):’]{;‘i{_‘?} (4.45)

By changing varinbles of integration, one may {urthor rewrile [4.45) ag

_qe v Rz dng(d) St H(J)
= /,; ‘”"(”‘fu a (éJ(l'}ﬂJ(I—I’)+ 30 éJ(I—-!'))

-] | 00 2
i A A ]n Al fu d:’J(:’J:’ﬁ‘&-—‘%%
= f .
+ fa @l /£ d'n(l) (4.96)

We took In Z(J) 1o be the gonorating lunctional for loops; thiat is, we coupled the
sources 10 continuum loop vperators, such that multiloop corralators ave obtained
by repeated differentiations of Z(J/}. One should note Lhat if Z(J) satisfics

o/ Bl g) () 8ln %))
0= !f ‘“’(wmwu—t 40 6.!{!-!'))

t to &1n £{J)
2 ! g ' ;
+nz_[1 de[; At éJ(£+F}+tf dl 1) (4.47)
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then i is clearly a solution of the Scliwinger Dyson equation (4.460), Furtherinore,
the resomblance ol the ahavo Lo the pre-conlinusm loop eguations of the malrix
model is striking. In order Lo idoulily more clearly the appearance of a Virasoro
strucbure i will prove convenienl to work wiltlt tho € ropresentation,
In the continaum, the loap vperalor WH{{} which ereatos a foop of length { may
be expressed as a sum of local opierators ¥, which may bo thought of as insertiug
“punctures® in to string worldsheetl, Specifically, the continuum I'urm uf Lhe tuop
operator for the m = 2 eritical point s given by ¥{l) = «° E,m, T {“ + 3 ’. a7 T e his
mplics that requiring Uie souree Le salisly

o ] .
f AL o ot 32 (4.48)
A :

ensures that one may rewrite the penerating functional tu Z(J), and its associaled
correlators, in terms of such local vperatoes #y, since the source term takes the

Torm
[ty = 3 b (149)

nzl
We thus consider the Laplace transform of the Schwinger-Dyson equation

_ { 621u Z(J) $in Z2(J) d1n Z(J)
= ‘f ot (6J(I’)éJ(£—I’)+ ¥ 6.)‘(!-—-1’))

+x¥ f” di’J(!’)l'?}?!ﬁf,)) +p(h) (4.50)

Lot us [aclor 4he partition function inte a prodict of universal and now univeral
parls,

4(J) = Z(J}nonld) (:1.51)

wliete Zy { Znps) corresponds Lo the universal (non-universal) parl of Lhe partition
function. Thus, one has

dln Z(.H _ 8l Bpen(J) | An Zud)

NG 4.52)
Now, Zysu(J} takes the form
Frnon(d) = € [ QD+ [l Hp L) (4.53)

whore (1) velars to the non—universsl piece ol the disk ampitude, and C{4, 1)
the non—universal contribution to tho cylinder amplitude, For the m= 2 critical
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point, G{!} takes the fornt
T L

I} = e = i 454
while 2 I
T, R ’
(IU,!’} = :j‘;m (d.ﬁﬁ)

is valid for all critical polnis,
One therefore sees Lhal (4.52) becomes

61“ Z(J) Iﬁa;ﬂ “\ 1-1“ ? ’) \/— & Ill m(J}
él(l) 11('-1) 3 I‘{:L) f wrai J{ + p ﬁJ(l} (4.56)

Qur chiolee of source permits us Lo rewsile o above in Lerms of correlators of
local operators as

SlnZ(J) _ (=83 :mt-'f* to VI g W2 §Tn Z,())
X M Ve S W™ f‘“(”zw*“gr(uw) Bin

Let us consider the first lorm of {1.50):

84 Zu (1) )
!f dﬁ"jﬂ'{f'Ji’i-ﬁ'{! ~ 1) (4.58)

whicl, after substituting (4.57), takes. the form

! 8 Vil
;_-—-—lm-——
I/:, p vy (2'.1'./ T +r*)

d é 2 b0 2,00}
R P YA NP
Yl Y= (*“ % Flu+3) (4:56)
The other Lerms vanish due to the acliou of the functionsl dectvative, One lias

Lo (e e Wni
{ f &f........uu-_r,) (E fu did(h = (1~ 1) "z'-")

’ 4 PHA il () 4.6
i [ e TIY 5J(I {") ( Z {n+ ‘;}) iy, (60’“ - f'}) {4.60)

n2l
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wlere we have permitted the functional derivative Lo acl ar Lhe souree tesin, and
commuted the order of differeatiation. "Tlis yields

J — " p { , gm-Hf‘z(J_ p}m+l.'2 541n zﬂw) .
27 Jo \‘IU—IH”"I E fu d Fln +8/2)0n + $/2)  dpindt, (4.61)

2l

aller integrating over the della [unction nud inserling Lie ansalz {1.57).
lu order o evalnate the above, lel us recall Llte ideatity

o0 i .
f e f A PG - ) = f % dlgehE Ry fmtu..,c“'zic;(:z) (4.62)
[+] a 1] W0

which is readily proven, following a change of integration variables. Further,
rocalling the integral representation of Lhe I' functivn

L=
Pe} = f dye~ty™! (4.63)
4]
allows us to conclude that
oo ~I¢n 1
jﬂ e = e Dt ) (4.64)
St fis a convolution, using {4.62) yiolds
¥ ZLS) K1
= ,{l reMpn-3 Y u - 4.65
‘ ( m£u£ TR TR T) £’) (195)

2 the Laplace transform of {4,61),
We now consider the second term of (4.50),

. o oo filn 7, (J) &ln 3“(.})
i3 ] 1. 4.66

Using the idendily (4.02) is is roadily scen thal one niust evaluate

/(% . _gdln z,,u))*
De ( fo a5 ) (4.67)
Henge, we consider

oo !—5!2 A I—I{"S Nﬁ Y \ﬂ_ﬁ

~fg G ok A T A tppiy Y

Jy e (r(—:-}) T 5, ‘""{”u-rf)

LN jnb1/2 ___5__(151" Zu(J))

+./u dle (’" g,r(wg)apu 5~ 1 (4.68)
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Of the above, we first evaluate

™ it ﬁ oy t\/ﬁi A
fn die (2# j; W (4.69)

Realising that the Laplace traasform inhibits Lhe wagnitude of { through expo-
nendial damping, we may congider a sinall { expansion

:+ 7=\7 ,;uf *(7) (4.70)

Recalling the cheice of the source,
f " dig(nE Y o gt (n + Ei) fn {4.71)
0

By definitlon of the loop operalor, onty motles with posttive » contribule, and

itence the expangion (4.70) huplies thal the tern (4.60} does not contribate Lo

the Laplace transform, since all powees of # in Lhe oxpassion of ¥ are negative,
The remaining boruns are

52 ; -1f2 . nt1fd 7
jﬂ dlett (rf( Ayl A “m) (4.72)

-3) 8 I(d) Seln+3) b

The Laplace transform may then be straightiorwardly performed, 1o yield

. >0 P
Tlius, the Laplace translorm of (4.68) is
3
~ (53)‘3 - ____'E—Ifs + e Z{-n-—-’i{ﬂ““ﬁzrat'fl) {(4.74)
n> o
The third term of {4.50) is
i [~ !’J(I']!";};l( Sl ) J;{; (4.75)



which becomes, after inserling Li.e ansabz

o [ arse (S - R i [T ¥
et [ atay (2, (1{ (J; T:;; s h}i’,’f‘”) (4.70)
Let us consider the term
( 3) f A+ 1y (477)
Again, performing a small ? expansion, one has
(+4y = I"s” 2 ’EJ tty (-;;)n {4.78)

where @, represents the n'th Linomial coellicient of the expansion, One noles
that there are no contributions due to this integral, since all powers of I’ wre
negative, Similacly, consider

JARY oo
- I+ )12 .,
S I (4.19)
One has the expansion
T
Uy = 5 ( ) (4.80)
u..-l]
Clearly, the only contribution arises frow the xn = 0 term, which yields
3Ax3
I () AR T o (du81
~an 4 4 I o (4.81)
by definition of the source, J({}. The Laplace trausform of this lerm s then
-ﬂm j dic™ = —3‘- ;3 (4.82)
Noxt, we consider
s ! :/ Vhi{i 4 ) ;
—/ Targane [ dn UL T {4.33)
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To Lhis end, one expands

I’h[l-i-ﬂ)‘“ . It i\i2 ! -1
W _ Mg ( ___) ( )
e =T (U)o

in which case, the only contributions are
Ll alPTI r!,fzfm 12
- j;l aruey [~ dna)

Laplace trapsforming,

B (TN ™ et
2ﬂ_(4)j; et = &

We now censider

#

m )
£ R

xla.,

Sryf

4 R {¢+ t')““” dln ZulJ)
I/ tdC M E I'(n+ '}) S

nzl

Writing the binomial coellicients in terms of the gawimna lunclion yields

(1 WL ,.+1;z [‘(n + #) (_;_)k
I & Tmt g k)P[k +D A
in which case,
_ H‘ §ln 2, (J)
o 372 -
(5 f Iy Z Lt T A - TR+ 1) Bpin

nzo

Recalling our definition of the source, oue has Lthe requirenent
b<n+1
and go, altering the sum over &:

1k §ln Zu ()

KUY [Tty >

ot STt -k +1) b

Employing the relation (4.71) permits us 1o write

el I+ E—R)F §In Z,(0)
K3 to— 2 L
,§,,§* AR TN TV P
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{4.85)

(4.86)

(4.87)

(4.38)

(4.89)

{4.90)

{4.91)

4.02)



Making use of the recursion property {a 4- 1} = a'(2),

3 o Sl Z(J)
w2 Paimdst (u b+ - ) o L (4.93)
E% " Flk+ 1) bpn
The Laplace transfora: of this object is just
1t 3 r
1 4
M D IP I (n —k+ ) —*—-@—"S{M (4.94)
w20 k=0 gt fn

Choosing o set m = n— &k 4 1, amd noling Lhat the Heils of the swin remain
unaltered, yields

41
LY i ( ) __l_'f.;ﬁ'.(_’]_]. 405
K e,‘;mzﬁnun mo = 3) Bt S (1.95)

Lastly, 8;6 3(£) is the laplace transforiu of po(l), and is Lhus ajready known to be
362 — 24 from our previous mattix model cateulations.
Heuce, the Laplace transform of {.50} is

a8 Za() g !
— A n—i—
0 = —b (h DI S bt +16§2)

R0

3
aé (Esfz lA{_.. 1;2 52 ZE-,._mﬁ In Zu(.f])

i} bptn
nged P
din 7, ()
520 r (ﬂ.r+ ) L)
e:ém;a il £n Fnemtd F Iy
o ([ _BA L N LY (_ a8 )
i (( R 16 ) E) Pa | —£74 4A£ _ {1.94)

Expanding the squared term, one notes that tenms aclsing from Ce shill rmm-l
the tadpole interaction, yioldmg

A0 Zu(SY 6l Zu( )

0 = ~-29.% i
¢ %:J »El ¢ bltmnen, L77
-1
dtn Z,{J)
3 1
-&, (m ) e 2
¢ EJ r;:l e +: ,En.-m-l—': & I

i}



i A 9A%y 1 K%
‘85(((3 B s) * )25 mZ‘?)

ied - ?___ --n-'l) ﬁ!ll /ll{J) ;
s aEE ({ ¢ T {4.97)

In ihe above, torms in € which are nol summed over coustibute the remnants
of the stcft, Reoquiring cach coelliient corvesponding to a particular power of
& to varish as a consequence of linear indeponsdence, one oblains an kefinite so-
ries of constraints which Lhe universal partibion function must vhey, Setling Lhn
coafficiont of €1 to zero roadily yiclds

/ \ 2 .
P (:’.‘._.iffl) 9 a2 ( l) g\,
(Zﬂm+2ﬁ( ) + g +n§:; nob g g | fa= 0 (108)

whicl corresponds to the Loy mode of the Virasoro alpabra. Stindinrly, one obtains
for £-2,

. g Y P |
(2(5&3“ )+ e+ 3 (kg )fu-ﬁ (4.90)

'M""IJ

and lnstly, for £ with m 2> 3,

d 389 g R o ( 1) f )
2 e kR s e = | gy Zy=10
( (H“PH 8 Oﬂp.}.: ) Z H;ﬁuaﬂvp-“ - 2 ! ' d’ln.!.ﬂ.‘.\

i=std Ry
{4.100)

whara p 2 0.
Oue may verlfy that the abuve constraints elose o Vieasoro algelna [10).04 1]

179 Lap} = (n - m”ﬂ.:-i-m (L0t}

demoustrating that the Vieasoro sleucbuee fiug indeed survived the wansilior o
the contivunm, snd huplyisg that Lhe canstralnts may be dolved conslslently



4.2, The Density Appreach

In this section, we will conslder the deusity appronel Lo a continuwm Fokkoe-
Planck Hamillonian, whicl is more desirable than the traditional 2 represontadion
for a number of rensons. Firstly, the machinery of the Fourier sransfornt 38 more
casily dealt with, as opposed to the sublleties associaled with the convergencn
of inverse Laplace iranslorms, Fuiliermore, in the previous soclion, in order to
gbtain the correct continuwm (hoit i was necossary Lo subiract a von-universal
piece ftom the ona point disk amplilude, In whal follows, 11 will be shown that
this shift Is somewhat Lroublesome. Additionally, fu the 2 representation the
continunm Jamiltonian was found to be non-local, All of these dilliculties are
regalved satisfactorily when considering Lhe density formallsm, which hag enjoyed
greak succoss In the study of the ¢ = | string,

Uentral to our considerativns is Lhe exislonce of an algebrale strusture, which
arises in u patural way when considering the collective field hoorobic deseription
of mabrix models, In partleular, e exigbence of an algebeaic struclure vbeyed
by the oporators 0; uider commutalion eusures that ihe squation

Ol =0 {4.102)

hag o golution, at Jeast locally, If this were nut so, one could not restore the explict]
hierintticity of the Hamillontan following the chasge Lo invarinul collective fields,
Previously, we showed that such ap algebruie structure is realisad in the e =

matriz model in the form of a Viensoro algebray howover, the cholee of collective

fiolds

thy VRS VLI ||
) = TreM (>0 (1. 103)

permibied us to caplure a stugle positive frequency Virasoru slpgoebra.
In the density formulation, one recasts Lthe theory In torma of the collective
ficld '

p(k) = Tr{c*Al) (4.104)
where & is able to assutne both positive atml acgative values. Our flrst step In
studylng the density descripiion wiil be to verily Lhe existence of a Virasoro
slrncture in & space.
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To this end, recall that

0; = —Qpd; +w; (4.108)
In % spaca, this operator is writlen as!
. o0 k
o) = - f KLk, K $)m (K + & f ARk — K (1.106)
—C0 4]

Oue would like to verily thal the commulation of this operalor with ilsell yields
the required algebraic struclure; we consider

[JE / % AR+ R (), [ ans I."}':r(!-:")]
. = —:‘? " - o0 - -
= kb / A" KLk - ) f ARG — & — )R ()
=00 o0
T Ll ’ o0 H W F
—Fk f dk K glk + &) / AR B S0~ = W (K")  (4.107)
—ob -0
Integrating over the delta functions yiclds
ik f " AR Y+ e+ KR ()
-t
oo = =
- f AR = B)O(k A+ R — ) (4.108)
—p .
Changing variables in the serond integeal &' =» &' — £, permits oue to write
ki~ k) f AR + k4 Eym(k) (4,108)
—po
The next connulator we consider is

[_;:- I a4 inaten, [ * aw i - ;,-»W,-f}]
. —c0 0 '

9 k '
- - fo (ke = 1)oCk + b — K)B(K') - j] 'K - K'Yk — A{).110)

where we have integrated over the delta functions arising from the action of the
conjugate momentum. The last commutalor we need evaluate is

[LE dk" Bk — f‘-""’)tgﬁ{f.‘"),_[-w dk'k"f-’(f-’ + k')ﬁ'(ﬂ.“')]

- 4 f A = KR b W) 4 f AR Y — ) 1)
o o ’

'Molc that we have sct ix{k) — x(k}. This is conventlonal, we ghall introdice it later when
required. :
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 Making the change of varialies &7 = & + & In the second integral of (4.110),
and combining the resu's wity the first integral of (4.111) yields

k+k _ )
f'-] AR — K"k + ke — KT)GAT) (4.112)

Similarly, setiing &+ A" = & in the second integral of (d.111), and mmbming tlte
result with thie first integral of (4.110), yiclds

[ e - e+ -1 (113)
Thus, combining (4.111) and {4.113) vne has
- k& .
&-5) [ DRV 4k ) (4.114)
Assembling the commutators, one obiains '
- 0 | , kek . _
(b - k) (- f BRI < b 4 Bym (W) + ]ﬁ B Ve 4 e~ k’)) {4.115)

It is thus clear Lhat, under commuiation,

108, O(k)) = [ - k)O(k + 1) (1.116)
and thug the operator G(k) does Indead close s Virasaro algebra, vithoul o centeal
exlension. .

In what follows, 1t will prove uselul to rewrita the operator Q&) by means of
the lollowing identity for wik}
w(k) = / " e MY () (4.417)
- 4|

T'his identity is seen Lo yield the usual expression for w(k) by splitting the region
of integration as follows: 2

-k pF )
w(k) = -~k f_ ka4 ,ng(u WY~ Nl
k, ' n _n f
—kfmmwa Yo(—') (4.118)

2Wiikiout loss of generality, we conslder k- 0,
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A change of varinbles & — —& — &' in the lirst integral yields

] k" . ' y ) { j'"_n’ ! . Y t
wk) = L T+ K YD — f_ T+ Uk )k
od IS
-—kj; T’i;]¢(k+£:')¢(—!.:']dk’ (4.119)
giving .
w(k) = k fu Bk = KPR - (4.120)

as required, i
Hence, wa may now rewrita the operator Q(k) as lollows,

oW =~ [ ': AU, 1 ) (f’.n-{k’) - E{T-qh{wk')) (4.121)

whera 're have reintroduced the Tactor of i_ssmnbimtml earlior,
Recall that the Jacobian must satisty

oMby =0 (4.122)

The hracketed terin of (4.i21) looks rewiniscenl of the amnilation vperator
corrt_a‘agmnding to a massless boson, In fact, . ae can show that it is the opera-
tor O} {k) associnted with ilie hermitian form of the Hamilioulan which may be
interpreted in this way. Recall that Lhis operator sabisfles

Ok =0 {4.123)
In order to see this wore clearly, lel us uctuate about a irivial backyground
dle) = dun {1.124)
and
ple) = —dpm {4.1285)
with the corresponding mode expansions
N dk cik{ted) | g mik(i47) .
z,t) = -—1./:: P (akc + e ) {4.126)
and | oo
payl) = — f i (anemiMi=2) . gy omiklet)) (4.127)
%Joa
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The oscifllators o, @& satisly the commulation relalions

lovg, e} = kb(k + ¥)

(T, Biger] = RSk -+ &) (4.128}
and
[etg, ] = 0 (.129)
Otie cau then verily that the fields satisfy the canonical commutation relation,
[}, )] = ~i6(e - ¢ (4.130)
[t us now consider {aking the spatial derivativ: of (4.120), yiclding
_ Lol 1 0 i _ ik .
$z) = Lm 5 (adt)e - Gu(t)e ) (4.181)
Defining
o ik &"l‘) vy
ay(t -2} = f dhayet™ {1.132)
—-0d
and o _
a(ltz)= f dhii ) (4.133)

olte sees Lhat {4,131) may be writlen more succinctly as
1
Hlx) = o (g~ o) {4.134)

‘The definitions {4.132), (4.133) correspond Lo right and lell moving degrees of

freedom, reapectively.
Requiring the hermeticily of Lhe field (i) forces the osclilatots tn obey

a = al, {4.135)
d = al, ' _ (4.136)

One may write p{z, )} in lerms of the tell and right moving degrees of frecdom
as Tollows, |
pz, = =3 {0+ a) (41.137}
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Thus, one secs thal the right and left movers may be expressed in terms of the
fields as
ag = plz) & md(a) {4.138)
in @ space.
In what follows, it will prove convenient Lo consider Lhe Fokher-Planck Nail-
logian with a trivial background,

{ (g2
1 = [ dotunyio s B2 [ aeie) (4.139)

One can easily verily that this may be rewritien in Lerms of right and lefl movers
by meaus of (4.138) as follows

= (o
= oo (a'i tx__) (4.140)
which will prove usefl when expressing the continvum Hamiltonian in terne of

right and left movers.
Tecalling the definition of ¢{&), (4.104), one sees Lhat

(k) = f (i ok (4.141)
and thus one naturally defines the & space representation as
Ble) = f 5‘-%(:-.-)»“"“ ' {4.142)
S ' ’

One js then forced Lo choose the fllowing translorms lor the conjugate wowten-
fum,

() = f dhc e x (k) (4.143)
atye "
(k) = f () (4.444)

since we wish to preserve the canonical commutator belween Lhe Lwo fields in
both & and k space.
It is then straightforward from {4.131) lo slhow that in & spaee, one lias

Bl) = g - & (4.145)
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where we Liave suppressed the time dependence of Lhe oscillators, and that
i,
(k) =y (e + fek) (4.146)

recalling that p{z) = —Oex(z).
In order to make contact with Lhe interpretation of (4.123), lot us consider
the aperalor

W) = plic) - if ay 2) (4.147)

£~y

which is readily rewritien as

r_.—iky
Ty

9e) = — [ dhitr (e ~i f:f;';lqsm][ dy (4.148)

Ry tneans of contour Integralion argiunents, one can easily show that
ﬂ"l"h.f . o
J[ dyy—y = —ire( =Ry (44

where wo kave daken half of tlie residucs at tlie poles in accord with the principal
value prescription, and defined

(k) = { _‘1’"'; <°n } (4.150)
llence, setting k — —k in the second integral of {4.148) one olitains
o) = - [ ak (ikrr(k) + ;i-e(k)qb(-k}) ok (4.151)
Ingerting {4.145) and (4.146) in the above, one olitains
—% [t @t = )+ en(t+ iy (4.162)

Thus, one sees that one has the correspondence

1 . . 1

3 (en(l + (k)] + et — (R))) = ik (k) + ;jf(k)oﬁi-_k) (4.153)
llence, for &k > 0, une lias

ay = il (k) + %:ﬁ[-—k} (d.164)
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and for & < G,

ak=ﬂmﬁ—m—%ﬂm (4.155)
Note that, from (3.50) onc has
-1‘ o= m A y Lt —.—(l.}—._ l L] 4
o,,(x,,.-Lwdksz(a,h)a¢(k)+2w(a) (4.156)
whic is readily rewrillen as
Ol(k) = ~k / AWk + k) (ik’rr(al") " %r(&'}q&(—k")) (4.157)
The relation {4,123) requires that
oo [
& 7 drek+ #) (ik’:r(k’) + 5((;.-')¢(-1.-')) S g (4.158)
which can ba restated as
. .
(01 + gtwrp-1) D =0 (4.150)

for all k.
In terms of the relations (4.154) and (4.155) this may be rewritlen as

apl) = 0, £>0
él) 0, k<0 _ (4.160)

Il

which is nolhing buk tha defining statement of Lhe Fock vacuin. The linearization
of the constraint points to a possible §1{2, R) representation.

4.2,1, The Centinuum Form of the Fokker-Plonck Ramiltonian in the
Density Formalism and Yoneya’s Muliicritical Continuum Hamil-
tonian

In the previous section a conlinuum form of the Yokker-I'lanck Ilamiltonian in

the = representation was wrillen down, To accomplish tlis, & shill was tande

1o cancel the non umiversal contribution * 1 Lke one point disk awplitide acsing

from the potential term.



Specifically, we shifted
(2} — %v’(z) 4 (H{uf)
. . .

= v+ 23C(6) + 0(a*?) (4.161)
Recall that G/(z) cousists eniirely of negative powors of 2, whilst the potential
is generically a polynotuial in z. The trouble arises when considering the powers
of z in G(z) to constitnle a basis; one sees that such a basis is incapable of
construclting a shift comprising positive powers of 2. To overcome this difficulty
we will consider constructing a continuum lamilionian ix the density formalisue,
where such complications do nol arise. Moreover, we will argue thal such a

Hamiltonian assumes the same local form for &l criticalities,
The Fokker-Plank Hamiltonian s written in the densily formalism as

4 il W 2 |
= % [ dadta) @an? + ‘l:— [ dedta) (f dy;’!—(_y—)l}- - -’12—)) (4.162)

Expanding the squared term, and using the idenlity

[ d=sta) ()[ dy;?i(:%)u - 1:- [ etz (4.163)

one may rewrite (4.162) as

U 2 2 bl
ﬁ; [ aedtay @+ BT [ o)

£ f dzd() (7[ dy—2 - ¢(9J '(a:) ‘{z)) {4.104)

As discussed previcusly, the leading confi gumuou. is given by

Vers
Tég

which yields the following solution for Jy,

3
T = 3 f L ) - )+ preP (a0

A =

=0 (4.165)

Let us perturb (4.164) aboul a classical background go{x) by selting

$w) = dolz) + ‘_d:’?() {4.167)
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Notice that the factor of 8~ is consistent with lie naive N — oo limil, in that
&(x) — gz} in this Umit. Further, one writes

dew(a) = - fplic) {4.168)

Before proceading, let us briefly consider the time of Right fovmalistn, which plays
a large role in the continitum lmit of the d = ! model. Consider the classical
motjon of a particie of unit mass in a potential v(x), which has a total energy

fip = %5:2 + ui) (4.169)

where jipp plays the role of the Ferini bevel. "This naturally implies that the classical
velocity of the parlicle is given by

:—: = 2 pp — v{x) {4.170)

Recall that, in the d =1 picture, the rosted Lertn is note other Lhan the clagsical
background ¢o(a), which was found by mininising the effective potential. Thus,

one has
dx

D)
In the continuun, approached in the case of d = 1 by adjusting g to the quadratic
maximum of the poteniial, it was demonsirated that the time of flight became
infinite, thus generating an cxira dimeusion, and elevating the d = 1 model to
the slatus of a two dimensional theory. In the case of € = O, we gal

= / i (4.172)

To{x)

Considering the standard symmetric ansatz, and evalugling the Lwe of flight for
one cycle, one has

dr (4.171)

" o di _ T
T (@ -T2 afoE - R

Recall that, when approaching the continuwn iimit for m = 2, ove requirves the
accumulation of an exira root at the cut endpoint, implying b — e, Naively, it
would seem that one has the same mechaitism as found in d = 1, whereby an
extra dimension is generaied; however, this is not the case. Lol us scale & — af,

(4.173)
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dr ey

dr EEY
!flfl{}(-’ﬂ} wif? (I}' + ;L!i{"i) \/!} — AL
. di
a2 lh, 4074
) “irh

Thus, il the stochastic time is Lo survive Lthe continuum limit, one wust rescale dr'
= a!/%dr when cossidering the m = 2 mullicriticalily. An interesting consequence
of Lhis observation is thab, whilst 7 s not linite when approaching Ue continuup,
the rescaled stochastic time ¥ is. To see Lhis, recall Lhat

T

I i 4 4.175
Y —
Inserting the scoling velations fov & and 7, one finds that
= e ( + G(a}) {4.176)
T= T 473 .

and lience, when considering 7' = /@r, oue notes chal the rescaled thue of Hight
remaing fnite as o ~» 0, and no extra dimension Is generaled,
Expanding the kinelic term ol {4.164) about iy,

1 , 1 , | o
7 [ b)) = 5 [ dogolali? + 5 f da (@)’ (4.177)
Now we consider the terms

~g#* [ dsita) (f i p(a) - 1)) (4.178)
which may be rewritien as

ZE [ seiittor- 5 [ dtuto) f iy 28

~1 [ dattn) f tn@ "= (4.179)

with the aid of the large & configuration (4.166). Note that the terms linear in
O cancel, signifying Vhal do(s) is indeed a minimum of ihe eflective nolential,
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The lamiltonian tay now be writien as
f st + 2 [ asgite)

P [ st -5 f dina) f a2y
3 f (o) f dy(t‘»‘u?r)f(—ﬂﬂ;%ﬂ (1.150)

Of parlicular interest are the terins quadrat!c in &y, since they permi us lo
read off Lhe specirum of the theory. Consider Lhe last terw of {41.180)

1 &1 \ vz}~ o'y}
7 f dxdaKz) G dy= y) — (4.181)

This non-local term quadratic in & modifies the spectrum of the theory in a
non-trivial way. Unless it can be a.rgued to vanish, the interpretation of the
theory a8 co-rieing a massless scalar is in jeopardy.

Explicitly inse-ling a cubic potealial, one can casily demonstratc that Ihiﬁ
term vanishes, where we invoke f die(dzy) = 0. However, e inserlion of & quartic
potential gives rise to terms of the form [ dzs(d-n), which cannot be argued o
vanish. The only possibility which renains is that the lerm may not survive the
continuwm lmis, _

In order to consider the continuum linit corvesponding io the m = 2 multi-
critical point, let us reconsider the shill (4.167), where we rescale = — af and
ignore non universal contributions to the background,

$(ag)

J!
Hp = 531‘

1

a2 go(F} + B'l;;aﬂﬁ(!}f]
Orgg) = (i) 4 o O@)  (182)

Recall that in the previous section regarding the continuum forwm of the Fokker-
Planck Ilamiltonian, the product #a®? was held fixed, while the Hmis § — oo,
e — 0 were taken. This product is ihe string coupling consiani, k. Thus, we
define i
33} = doli) + ~0gniw)

Let us consider the non—focal term in the continuum limit. Following the
discussion regarding Lhe rescaling of the stochastic time, one sees that in order
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to cuntribute in thoe continuum i iust scale as a half inleger power, /a. Naively
inspecting this term under Lhe regealing 2 — a#, ono notes thal powers of 4 in
the measura concel bhose arlsing from the darivalives; thus Lhe only condributions
ablained arise [rom Lhe potenital,

To iufer the scaling of ilie poleutinl, recall that

3[ y%(”) = -zﬂ’( @) {<L.188)

A naive rescaling of the lefl haud site ¢ ~ ay yields a power of «¥2, wherees
the rigy  haud side, a polyvromial poulential, should give rise to inloger powers of
a. This apparent paradox s resolved by realislhg thatb, after rescallng ¥ ~ ey on
the left hand side, powers of ¢ inuat enter Into the limits of lntegralion.

Whilst it is dillieult to do this compniation explicilly, ona nughl. rather con-

slder
j ded(c) = g (4.184)

which'is a siinpler integral (o perform, bub nevertheless In the same spirit, When
cousidering the m = 2 multieritical polnd, n naive rescaling of the lefl hand side
glves an averadl power of a®/2, yot g sralos as

g = fo— (4.185)

gignifying that further contributions of ¢ must reside in he limits of inlegration.
Let us omploy the quartic ansads

#e) = (e = - a7 (4.136)

with the scaling relations in the vicinity of the crilical point givon by

af = 4l ::-u
7 o= yi-u
z
A = gRedtet (4.187)
R

We wish 1o evaluale

%f'r (0 = )\ [y? — atde (4.188)
-
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which, afler inserting the relatious (4.187), bocomes

1 , 1 L TSATE N éad

;jfd(da:) (.?.6:8 + Eﬂ'.—- ?-) e —a— '-‘;:?" {4.180)
The dependence of the limils of integration on o may be delermined by setling
the argument beneath the rooted term lo zere, and solving for the roots, which
yield the limits ol integration relevant to o,

4 '.af &
'Tv.-:l:'?c 1_;}'

W it .
k2 (1 gt ouﬁ)) {4.190)

bz

]

whare wa liave used the facl that, n the conlinuuin Iimil.,.te -+ 0. Furtheor, we may
neglect terms of order (2)% as yielding non—unlversal coutributions for m = 2.
To leading order, we ovaluale :

1 /F . 1 p—
5 fm d(dw) (Jd.n + E"') Ve -a {4.191)

where I' is an arhitrary cul off, slnce we are only interesied in extracting the
powers of a.
Let us consider the rescaling §u — af, in which case obtnins

Efffflg dg(2g+_-;-) V=T C {4.192)

2 A
To perform Lhis integral one muy partition {1 in the {ollowing way,

.‘fﬁjl"‘;dg(gg—l-pg)m (4.103)

2 Jip
from which one obtains

5/2 . o L
- [§e- 0+ s -1 (4.194)
2 |2 5 W2
Ingerting the limits of integralion, one has the Tollowing
a®/? [1 far\*? 0 \¥2 1 gor\ 82 a \ ¥ .
“z"‘[i (%) (-5 (5 (-%) (1.105)
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Performning a small & expansion of the above, one obtaios

& q 3 2 {2[1)5!2 B 2
3(21‘)3“ (1 - Fr o }) + ( et Ola ))

10
@ree s
10 16T

Thus, cue notes that the terms llwear in & cancel, and the correct sealing for
¢ is obtained, Qur motivatlon for studying the above Integral is to emsplhasize
thal the above analysis suggests that Llie pul.vuLml seales with intoger powers of
«. Examining the non local term quadralic in dg, ono soes that Uids lr.npllms ah
overall integer scaling of

As & result, one sces that the non-local lerm quadratic in &y caniol survive
the continuum limit, since . » requires +/u for m = 2,

in fact, one can argue Lhat this term must vanish [or all erilicalities, since
the stochastic time will always require rescaling by non lubeger powors of g, as
is easily seen by adapting the time of Oight argument given earliar, noting that
the unlversal forns of bhe densily for the m = 3 multicritical point scales as a5/2,
implying that the stochastic Lime must be rescaled by «®/2. In general, for I.he
m'th multicritical poini, one requires that we reseale v/ = a“""‘f 27, Thus, since
the non-loeal tern will always scalo with integor powees of a for all crilicalitins,
it cainot conéribute in the continuum limit,

Que noles that, when considering integrated quantitios in the continuim lmit,
the integrands must be multiplied by appropriate conlinuun powers of g, and/for
&,y before driving the upper limil lo infinity as a — 0.

Similarly, the non-local ternt quadlratic in the background cannol contribute
in the continaun sinee, rescaling the stochastic time by a faclor /@, oue sees that
oue cannol obiain the integer powers of u required to construel &%,

In order to consider the continuum fmit of (4.180), one seales x — ayg, and
sats $(x) — «?2§(3), 1o obtain

a* + O(s®) {1,196)

" 22 - o L
= 5 [wndew + 5 [ o) - 5 [aboie) @i

wliere we have absorbed the faeor /2 into the redefinition of the stochastic time,
and seb & = Pabl?,

The above exprossion coincides wilh Youeya’s suggestion for a multicritical
continuum Hamiflonian consistent with the string equation [36]. One notes thal,
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evaluating Vigp ab $o, the ellective potextial is vo loager positive defluite, im-
plying that one may no longer couslder the above to be a Fokker-Planck typo
Hamiltonian.

However, one still has the condilion

Werr o .
Tﬁ—_ y = ¢ =dy {4.198)

and thug one sees thal the coutinuum background minimises the efiective poton-
tial, as it must.

Further, it s itnportant to realise Lhat the above Hamiltonian ig valid for all
criticalities. For a general mullicsitical pobid s = I, oue scalos & — ay, and
(=) — =¥ §(7), with the string coupling constant defined by % = Bat*5. As
noted sarlior, the stachastic dime requires a rescaling v — o**/%r, One can cosily
check that inserting tha above scalings in (4.180), one regains (4.197), reealling
that the non-local terms vanish for all criticalities, '

In order to consider tho connoction 1o the string equation, it proves conveniont
to reformulate the above in lerms of right and lelt. movers,

LS P L P )
#= o fay 70" - sy (4.109)

wltcre we hava ideatified pu{y) = do(p), and recelled the relation (4.138).

As slated above, Yoneya's motivatlon for inteoduciug such a Hamillonian rests
on the fact that one must recover the string equation in the continvum,

To this end, we cousider the stationary equation,

_ Py - pe(p) =0 (4.200)
One can compare this with 1he string equation,
[7Q)=1 (1.201)

which arlses most naturally is the context of orthogonal polynomials.
One cap show that, in the double sealing lUmit, @ s defined as a hoemitian
differential operator of degree 2,

(=d-u? (4.202)

whare ¢ is a dillerential operator, and « is Lie specifie liead.
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A P which sulisfics the Heisenborg algebra is

2m=—1
P=qy’ (4.203)
where the subscript indicates Lhat, It the expansion of Qz""f'
ouly the positive powers of d are retained.
For the m = 2 mulicritical poini one expands %2 |, bearing in mind that u
and d do not commute, and diseards negative powers of , lo obtain

with respect o d,

Pedio i{-{u, d) (4.204)

Squaring P, and negleciing derlvatives of the specille heat at troe level, one obtains
. b, :

P = d® = Jud! + :i-uzdz (4.205)

The tree approximation is classical siwee it excludes one loop effects, and is thus
equivalent to large N, Rewriting P in terms of ¢, one obtains

m=gt g—uQ + (4.206)
Qune notes that, making Lhe identifications
Py — =y | (4.207)
and
Q¢ (4.208)

with # = /A, that we have direclly obtained the continunm fornt of the density,
For m: = 3, one sels :
r=Qi (4.200)
and expands, reltaining only positive powers of d, as before, Que can show, by
the same method of caleulation, that one oblains Lhe resull

5 4. B 5 '
it G+ Tk {(1,.210)

whare one considors conbributions from tree level ouly,
Thus (4.200) implies, for the #i = 2 mualticritical donsity,

() = ( - -;-\/K) VE+ VA (4.211)

7
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and simijarly (4.210) suggesis that, for m = i,
(€)= ((E’ - %&\/«7\' + %A) VervR) (4.212)

In whai follows, this result will be campared with that obisined by more tradi-
tional methods. _ _

One sees that the statiouary equation of (4,199} implies the sting equation,
where one makes the above correspondences, _

In summary, we have taken tlte contimtum limit of the Fokker-Planck Hawmil-
tonian in the densily formulation. ta yield a loeal continoum Hamillonian valid
for all criticalities, whicli is consistent with the string cquation. ‘Chis Hamiltonian
is no longar of the Fokker-Planck type, since ihe offective polantial ovaluated at
the classiral configuration is non zern.

75



5. THE MOMENTS FORMALISM AND THE i =3
MULTICRITICAL POINT

In this section, wa will conslruel the torm of the m = 3§ wwdtierilical deasity, by
means of the momerts formalisin of Ambjers of «f [19], The reasona for doing
so are twolold; firstly, when considering higher criticalitios, it provides a much
njore expedient method of exiracting the critical valnes of ihe souplings than
the traditional saddlepoint analysis. Secondly, the following formalism proves to
generalise naturally he the case of a particwlar supersynunetric exiension of the
bosonle matrix model which will be exautined later; henee it will be advantageous
to develop the formalism In the context of the bosonic malrix model,

We consider tlie matrix model pastition funclion writleu b Lerms of the eigen-

values,
Z(g) = f T anatiny (5.1)
{

wlhere the notation Z(g) suggests that we consider the couplings thewselves as
sources for the field ¢y, = 3 AF, with 5§ = T3, gudn, and A%(\;) the usnal Vao-
dermonde delerminany, We showed earlier ihat the partition function obeys

OuZiy) =0 (5.2)

where the O,' were found Lo close a Virasoro algebra under commutation, re-
qtifred lor the consistency of the colleetive leld approach. Spevifically, in the
pravious section, we demwoustirated tlal Oy could be wrillen as |

t b
Oy = Za-—mau-i-m + 7 Zﬂr“fn-r {(5.3)

n ra=t}

where the modes way be written I torms of the couplings as follows

e =2 mv’i—z—, >0 (5.4)

»
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and

Qg = ‘-%ﬂylh >0 (5-5]
Thus, '
Onz(g) 3 (Z Tng:li'l— dy o zﬂ 8ery}|.—r) Z(y) = 0 (5-6)
=

Allowing Lhe derivatives Lo act, and perflorming sowme Lrivial rewntmgs, one hag
the correlalor

, + ol Ar_&-l-l
n i F _ e
<gﬂ(;\;}ﬁ‘ “§W) =0 {n].l)
g
Mulliplying the above correlator by 2%, and summing over n yields
v(Ad) t '
Ez—-— -—'Ez-—r\lz—«\-"o (5.8)
Oue can rewrile the above as
v (“’) 120y =
ﬁ T Gy - ez = 0 (5.9)

where we have chosen the contour ¢! such Lhal it encirclos the cut,! yei excludes
the point 2 = w. Purther, rewriting the above in terms of connecled correlstors,
one obtaing

.}ér o (W) (1({#) (:'3[2!) + ._......(,(z‘;-;) =0 (5.10})

We would like to consider ihe planar lindt of the above equativa. Taking the
limit N — 0o, one sees that (5.10} becomes

dw v'(w)
iz~

= Giglw) = Go(2) (5.11)

One can readily verify by direet substitution in (5.11) that the selullon is

- dw W(w) [(2—x)(z— ) ) L
Galz) = -2' iz — [(w —~ £ ) — y)] (5.12)

YWe assmine that Uie loop operator hrs o one cut sbreclura.
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whaere, as belore, Llie contour €' encircles the end bowse. - by [z, ], bul ihe point
z is excluded. Tlis equation is acrompanied by huxilliary conditions to cugure
the correct asymptotic hebaviour, Gp{x) ~ 271, a5 2 ~» o0,

A N ) — .
0= .ﬁ: I8 \Jw — @)@ = 1) (5.13)
g f Jo_ wila) i
2= fc:&rim (5.14)

These coudilions are olitained by expaudivg (5.12) aboul 2 = o0, and enforeing
the required asympiotic #~! behaviour. Al first sight, this solulion boars lit-
tle resemblaitee to the ansatz proposed when solving Lhe saddlepoint equalion;
Ttowever, we will demonsirate thal ike two are equivalent,

Let us reconsider (5.12}, where one deforms the contour €' Lo infinity, picking
up the pole at w = z as one does so. Thus we consider

éﬁ_d‘_‘f_ {w) {3"#-')(3—.'3)]&'
1

iz L = 2w~ y)
1 dw o) [(zw 2)(s ~ y)]%
2Jou Bmiz —w | {w—s}w-y)

1 dw v'(w) [ (2~ 2z~ y) 3
2 G’%x—w-[(u}—z)(w-y]] ' (5,15)

where the cotitour C¥ encircles ble puinl w = 2, and ¢ is laken lo infinily.
Perforining the integral over C¥ simply picks up the residue a4 w = z, and yiclds
1,4
sv'(z)

In order to consider the Integral over C7, nole thal, for jw > |2, where [«, 3]
< |2|, one has the expansion

1 1 s (z—a)* {z - y)" ]
e —22{(w_;g)n+t + (w._,y)n-e-l} (5.16)

wre=l]

Inserting the above in the integral over OV, one is able to write

L o () [ =—m>(:—w]%

2 [ Imiz —w L{w— eHw-y)
= "Elf (2 - o)z~ Wﬁ; {—wy=t by + (0= 9y} (5.17)

(£}



where we have defined the moments,

o f b v'(w)
My = )gc 2mi (w — z)dHH 2w — y)if2 {5.18)

[ dw #(w) .
= f;- 2mi {w — 1) P w — y)e+if2 (5.19)
" Ueace, the plahar sofution of the hermitian matrix model may be writlen as

Gol#) = 59/(2) - (e~ D)o —9) (5:20)

wliere we have defined
[1a)
W)= 3 (2~ ) Mu + (2 - 0" h) (5.21)
=1

which is the form of Gp(2) encountered in the context of the saddlepoint analysis.
Tha above formalism, whilet appearing cunitbersome, is useful in that it allows one
to readily extract ile eritical values of the couplings and eut interval. The above
fortn of II(2) may be seen Lo correspond Lo two series oxpansions, centred about
gach end of the cut. As will be shown, such a rewriting enubles us ta control the
accumulation of roots at the endpoints with great ease.

In order to fully appreciate this, let us Taylor expand 1I(z) about, the endpoint

of the cut z = =,

£
oy S (5= ) (M) y
0(z) = n(¢)+£ o e I (5.22)
and aboui the endpoint z = y,
A1l »
I{z} = II{y} + Z (" ”) dzf‘ ) (5.23)
- sl =y
Qune can combine the above expansious Lo yield
_1 (z—=)* |dP1(2) | o= (2 — ) |d*(2)
() = (u(m) + 1(z)) +,§ oriaad o I +§ |,
(5.24)
Comparing the above with (5.21), one wmakes iie identifications
1
My + = 5 (1) + 1(y) (5.25)

7



My = 5 | aE {(5.26)

d¥1I(z)
—

sy

1 Id"ll(z)

T=r

1

Ry (5.27)

In order o specily Lhe crilical values of Llie couplings, vecall thal the m’th mul-
tieritical point calls for the accumulation of m — 1 zeroes al atie of the endpoints
of support of the densily, where the densily is of the form

*(z) = M{ah /(2 — 2)(z — ) (5.28)
Cousider a polynom!.! of the form
H(z) = (2 &)™ (2 - a){z ~ £) °5.29)

where we have enforced the accumulation of zeroes af . For such a funclion, ove
must have '
d"1l{z)

rra e ,n=m-—1| FE.JO}
Ak i1 2)
: > 5.
s 3”%0,‘"—"‘ (5.31)

Thus, inspecting the identifications (5.25), (5.26)} and (5.27), one sces that, for
the m’th multicritical point, we require that

Mgl %y 9c) = Malgf, e, 8) = oo = My (9,20 0) =0 (5.32)
My(gfy i) # G Rk2m (5.33)

with the Ji's generally nou-zero. Using the conditions (5.32) In concert witl
(5-13) and (5.14) will permit vs to sulve for the gf's and the continuam values of
the cut interval, (zc, yc). For the m = 2 multicritical point, oue simply requires
that My vanish. An analogous analysis exists for Lhe accumutation of zeros at the
opposite endpoint of the cut, whereby one replaces Lthe M’s with the /s, We will
now exbract the continuwm fortm ol the m = 3 multjcritical density, by means of
this formalisi.

We amploy a symmetric potential which will support the genetation ofa k = 3
niultieriticality,

i, 4 )
v(z) = Ay-,;z?' - y.;-:l-z' + ys-é-z“ (3.34)

B0



where we have taken g; > 0. The advantagoe of such a choice is that {5.13) is an-
" tomatically satisfied. We thus consider the second condition, which now becomnes

3= P_M {5_35)

= Jo o Viw? -yl
wlhere we have set y = —x, and identthed » = 27 as the cut andpoints. Tle
contour € is taken about Infinity, and thus we may expand the demomb.ator of
the integrand (5.35) about the point w = oo, to yield

O R TO R R

.?E;-2wi(l+2(w +B o +16 w +0 w vi{w)=2 _ULJbJ
Inserting the explicit form of the potential, we may pick up ihe poles to yield
1 o2 8 a8 o .

5927 — goa + e =2 {5.37)

as the condition on the couplings ax a lunction of the cul endpointy, Wecalling
that our ({z) is symmetric, ene may wrile

o
G(Z) = %"'(zj - i’V 7 - 72’; ((3 ~ ?)"—lﬂiﬂ + (z + T}u‘l("'l)"ﬂ 'ﬂ’fﬂ)-
(5.38)
re we have noted Lhat, for » symunetric potential, the mowments satisfy
My ~ (=1}, Our next task is to conriruct the woments explicitly. This is
readily done from (5.18), where we expand the integrand about w = 00, and pick
up the poles appropriately to yield '

. o1k
My = 9k+1+k‘m=-a-:+*r‘(§+§\ +“)!}k+8

P (1'2: + f‘&"_’gﬂ_‘*ﬂ) s (5.39)
(g 1 MEEDEIBEEIN oy ao)

Since we have only three couplings, the non zero moments are

3, 15,
92—2734-!-87!!6

~27g4 + 5700

M
M,

n

It

41



213
My = gy 1"'.2"!1’(;
My = dym
ﬁ'{ﬁ = i {5-41)
We may now explicitly construct the factor 11{£),

L]
Wz} = 32 ({2~ 1) b b (5 0 1N -1 M)

=l

i g ¢, 4
= gy = g (3’ o+ -‘-f-) + ga (2:" o 2yt 31") (5.42)

Now, for the & = 3 multieritleal polnt, one obtaing the eritlcal volue n!‘ the
couplings by sobling My = My =2 0, M £ 0, for £ > 2
Thus, at the eritival poind, wo have the mmlltimw

k 4
0 = gj SrE + ol (i)
0 = -2y bvdm (8.44)
The erltical value of the eut inteeval is given by (5,44},
2 f;,") ;
Sl o ot B
2 (4) = (545)

Inserting the abeve in {§.43) glvee

= \/539-:{;:.‘; (5.A8)

Now, (6.07) Is valld {or sl coupllngs, Including the cxit*~al polut, and thus we
tmay wrile

I . 3 b
| R = G o T ~ {5.47)
* Insorting (5.45) and (5.46) in (5.47) altows ur Lo conc . that
. ) y
yﬁ - 2?0 (dc iB}
from which follows N
o {3}

gf = (4,49)
9



For the sake of convenience, we fix gy = 1, which will simplily what ollows.? One
row finds, (rom (5.45), that the critical point is

nl= 12 {5.50}

Thus, we have determined Lhe erliical values of the couplings. One can readily
verily thal, taking g§ = 1/9, and g§ = 1/270, one may lactor (5.447) as

'QEI;',{ (vt -12)"=0 (5.51)

which demonstrates that we have tuned the couplings such tliat, on either side of
the sytumelry axis, we have three colncident roots, wlich is indicative of the fuet
. Lhat we have roached the & = 3 multicritieal point. The next step is Lo obtaln
the continuum form of the density.

The & = 3 scaliug thuil ia defined lyy choosing the couplings gy, ga to scale as

o = gf - AP (5.52)
and . “
> o — — r. [
z= 2%C (5.58)
The approach to the continuum is coutrolled by seiiing
Y=gl - A (5:5.,
Roealling that ,
Glz) = I—j-n"(z) - ixeh{ 2) {3,65)

the donsity ausalz Is wrliten

Tz} = %II(:)\M“ -t (5.56)

In order to obtain the continuum form of the & = 3 nndtieriical denshy, all that
remains is ¢ insert the above scaling relations jnto (5.42), and expand Lhe ansatz

In powers of a.
Lengthy computation verifies the caneelling of torms fneac e ¢ in 11(2), and
thus the leading order contribution is given by the cocllicients of %%,

*This iy permitbed, since enly the relative strengihs of U couplings nte of siguificance, wtul
aro dictated by equntion (6.:37)



wd(at)

|

Vi Y _a L 4
Tx/f—mﬁ*[a T+ ggh e+ gt )+ 0l

At T (E"" + AV & Ef\m) + O™ (5.57)
540 2 8 ‘

and letice we identily

wp(E) = /£ ~ ALP (62 + %AWE ¥ gn'.!]:!) (5.58)

a5 thie universal form of the densily corresponding Lo the & = 3 wmulticritical
point, which Is seent fo corvespond with that derived carlier by means of the
string equation.
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6. STABILISATION AND SUPERSYMMETRIC
MATRIX MODELS

In the previous sections, we approachod the Issue of slabilisation via slochasiie
guantization. An allernatlve approach might he Lo considor superayimadeieing
the watrix model. The motivation for doing so may be realised by noling Uiad,
in the lormalism of supersymmetric guantiun mecharwes, one v show fhad the
aperator deseribing thue Lranslations of the theory i3 vorition ps

Hs = %{Q,Q} - (6.1

where § and @ are the supercharges of the theory, Requiring th -t the vacuum
be invariant umler the action of the sugercharges yields the condition

¢lo)=0 (6.2)

One notey that, if the vacuum skate is Lo leave supersymmeiry usbroken, the
action of the Hmmilionian on the vacuum s preseribed due o vie above reuires
mant,

g0y =10 (6.3)
and thus one has a zero ground state suergy. EF the vacwuan does not prosecve
supersymunotry, the ground siate energy will o positlve, due Lo the pusitive
defiplée nature of the Uamiltonian, This discussion has direct parallels with that
of slabilisation by means of slochastic guanlization,

- In what follows, we will explore several approaclios to this subjeet.

6.1, The Marinari Parisi Model

The following discussion s taken in part [rom [}, although related resulls were
obtained hulependently in [0],
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We will first consider the supersynmotric madrix model of Marinari and Parisi
[7], with action

s1¢)= [ didndosrr (éu,tmgqa () (8.4)
where the covatianl deivative 1; on superspace has the form
D; = 8y, + ;0 (6.5)
and the superpolential bas the genorie loria |

W)=Y buT'r(D") (6.8}
It .

Furthermore, the superlicld € is known (o have the expansion

B = M — iyt — by 00,8 (6.7)
where M and P are bosonle matrices, the ;"5 fermivnic matrices, and the ;s
read Cirageman munbers, The Lagrangian Is wrlilen

L= [ dndore (%mq»ﬂ.,m 4 :'W(tb)) (6.8)

It Is possible to integrate out the Grassman co-ordinatns, Expanding the kinetic

lerm yields . )
) Dy =i M iy = il - i 1 {6.9)

and
D® = s AT 4 fu b 0y o+ ivhy ~ 10, F° {6.10)

Coustructing the kinolie picco,

Db Dyl = =01 0p NP — Oy3p ] - Oatpy M o Sy ipi 0203 ~ vy — Pt

vy gy b e i Bty = gy ' o= Oy O 1 (6.11)

Oita may now lutegrate over the Grassman co-ordintes, recalling Lhat
f 0 haelladtly = 1 (6.12)
and '
f dd; = 0 (6.13)

ar



One thus sees that the only termis that need he cansidered are those quadratic In
g, and f4, hience one readily obtains

f DD, Bdbdly = AP — (w.ei;, - J;M) o (6.14)
The kinetic pigce of the Lagrangian Is thus wrilten
l ¥ ! . H H I T )
Lian = 5Miiblji = 5 (b = dabess) + 5085 (615)

In order to obtain an effeclive Lagrangian which does not depend on Lhe Grass-
mann co-ordinates, one must stlll integrale vul Lthe depondunes of Lie potential on
the #;. In order to do so, it proves convenient Lo exploil the fael that Grassmann
co-ordinates square o zere. Accordingly, let us consider the formal binomial
expansion of Prd™ ¢

L "o, afq, ho n{n~—1) (_Ll’_)g (_{_l'_)a
Tr(¢") = Tr(M + o) —I‘r(h (1+M+-—-—————2! i +0 Yy
{6.16)
whero we have defined & = —iyy §) — ity +if 0y &, Tvaluating the term quadratic

in @, one obtains
ol = 20189 hs {6.17)

It is thus clear that any terms of higher order In o must vanish, and thus (6.16)
bocomes

TH") = Tr (M" + M Lo n(n — 1M™20,0,9 q»,) (6.18)
Substituting for «,

Tr(®®) = Tr(M™+ M P8 — indf™ by + inM* 100, F
dre(n = DYM™20, 053y 1) (6.19)

The ellectlve potential is now casily compuled,
f dd, f AW (D) = - f dfy f iyt Gan( M"Y
Fin(n - 1) f do; f A0 ban M ™ ey (6.20)
which. using (6.12) and {0.13) is
f diy f W () = ;:JJ" (191 ) ~ in{n — DT (o M™24a)) (6.21)
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In the interests of brevity, let us define

W{M) = 3" b T'r(M™) (6.22)
™
in which cage, oW M)
J W( 11’! . - Il
oMy ;”“"“‘" )i (6.23)
aad .
FW{M)

M Sl S, — fR—2 . 24
aﬂ’faﬂalwij ; bun{n — L){ M ).ﬂia_m (6.24)

ilence, the above may be rewrillen as

- WM WM
f dih B iW{ D) = M(I }I}, “f’me (E‘M:;

The [wll Lagrangian may now be writton dow,

VN CE

e o i . : | 1. .. OW(MY
L = EM;;'M;‘:‘ -3 (i!niﬁfruf - %ﬁtflz;s) + :z‘ﬁ'ijl‘jf + "ﬁ?“—l Fyj

{M } .

Notice that the field F has no tite derivatives, and hence I8 not a dynamical
vartable, Thus, we may eliminale it via its cquation of motion

aL ‘o
Eron =0 (6.27)
which ylelds .
5 o OW(AD) o
Inserting (6.28) in (8.20) gives rise Lo the following Lagrangian, _
Sl g b g LOWMOWM) . PPW(M)
L = 2MI}MJl' 2 (‘f’lu'ﬁ'lat #“aij"’ﬂjl) 2 aﬂ’fj{ t')!”;j . ”/’lu l‘).ﬁ!ﬁabfﬂ '?"EM
Let us compute the momenta conjugale to each ficld:
T dL ¥ "
‘IMU = m = MJ; [5.60)
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1 i .
g,y = —r"“w’“j = Eff'm' {6.31}

Similarly, ,
= S (6.32)

Before proceading further, let us consider the equalions of motion for the fermionle

fiolds oy ¢ .
DW(M)

P = —a—mm (G.33}
and
2347
P(M) (60

o = mff'm
Onz may now climinale the time derivaiives of the fermionic fialds, following
which-the Hamiltonian may be writien dowu,

PW(M) 1OV (M) DW(M)

;o l LI 5

where one tniposes She canonical commutalor

(Mg, s Mud = ~idixd51 (6.36)
It is convenient to introduce the fermionic vperators

1 . . .

W= 7 (i + ivhay) {6.37)
and 1

Uy = Efifw - 143;5) (6.38)

following which, the fermionic anti-comnutators may be concigely writlen as
{'i'ij r lI\"mn]‘ = éim‘sju _ {G.39)

while the amiHonian takes the form

I I b PW(M) | LIW(M) IV (M)
1= gl Ung + 300 Wik gy & 550, o

(6.40)
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The Hamittonian (6.40) may be written as

i .
= 51020} (6.41)
whara the supercharges are!
OW(M) ,
ot = .
QT =¥y (ll.w,. + i oM ) {6.42)
ad DW(M)
Q=¥ (u;,.._. -~ ‘L.._..,.._) (6.43)
MATHE T oMy,

siguifying that the Hamiltonlan describes a supersyumnetric quanium mechanics
as discuased above.

The main difficulty associated with considering the complete set of states
In tlis model is that the bosonic and fermionic componenis of the superlield $
may 1ot be slmultancously diagonalised. lowever, a consistent truncation of the
theory exists [27], which pertnils one to consider some stales of non zero fermion
nwmber whilst maintaining manifest supersynunelry.

Taking the matrix & which diagonalises M, let us now forin the new malrix
Udit, As statod above, since the fermionie matrices cannob share & common
cigenbasis with M, this new watsix will not be diagonal, In whal follows, we will
restrict ourselves Lo considering only tle disgonal entrice of this matrix, that is

(veut) =a+o(vwot), + (vieut) o+ 50 (Urut) (6.44)

where we bave defined ike complex Grassman numbers # = dg {U) +62), and the
A are the cigenvalues of A, Defining new leruionic operators iy = (U 'ifb"f) W

1ﬁf Ue T) » we consider only fermionic slates wlich may be constracied by
tlie application of these operators on the ililbert space.

In order o consider the dyuamtics of the singles seetor, one niust expross tha
Hamiltonian in terms of the radial degroes of I‘remlmu, Docotnpostng M into its
radial and augular parts, one can show that

) Ul ularlin: 9

a t
—_— [ LI Y —_— Ah
7t = 2 m i gy W W T (6.43)

ngm, R

"Nole that for a hermiitian matrix A, = Al
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Utilising the above, the supercharges may he writlen explicitly in terms of radial
and angular variables,

L9 W) (veut): ( P ) '
— it e — g kn
Q = 7/3{ ( ‘OA.- oA ) t ;,é;, SV Uy "'amn' N (6'46}

L8 W) (EUt) ? )
LR kn .
Q -¢,( b+ ) e (engm) @7y

The singlet sector is populated with wavelunctions depending only on (A,Q’f’f) .
Such a wavelunction is readily construcied,

e ) = o A) TT 0 10} (6.48)
i
It can be shown that the subapace of such wavelunctions is invariant under Lhe

action of (6.46) and (G.47) ensuring ihe consislency of the Lruneatior, and fur-
thermore that the form of the supercharges in the subspace is glven by

Q= vﬁ( d"\ s———-"’;‘}:\)) (6.49)
Q1=-¢.( w(A)) é:h_"“ (6.50)

One notes that conjugating (6.48) does not yield {6.50); liowever, 1his is as a
result of the fact that the change of varinbles has incurred a non-trivial Jacobian
in direct analogy with the d = I model. As hefore, in order o restere explicit here-
miticity, one is required to scale the wavelunctions @ — J'/%p and the momonia
p — JU 2,012 1} is not necessary to scale the fermionie fields, since they may
only enter linearly into the change of co-ordinates, and thus thelr contribution
Lo the Jacobian js teivial.
" Ierforming the rescalings, one obtains

v O AW 10Ind
Q—-Qq —tﬁ;( vty v +2"EJA;

Ak - '\ﬂ) (6.52)

(i5.61)

0 W) iohJ
TR idlJ
9= """( trnt e Tz on E
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One may now require QF = Y, and thus one finds that the Jacobiau is given by

dlnJ t .
N :% Ai— Ay (6.53)
Heace, in the singlet sector we have Lhe supercharges
LOWers(A)
R N IS B
G = (m T ) (6.54)
7 (A
Q= (m 4 i) (6.55)
dA;
where )
Wers(A) = W(A) =3 In[dp - Ayl {6.56)
Ik

The Hamiltonian describing the dyunamics of the singlet seclor is nuew readily
constructed, following the preseription (4.d1),

PWerg(A) L ("’W”” (“)2 (6.57)
t})u,-i?,\_f 2 N it
In order to consider the dominant behaviour at large &, it will prove conveniens
to recasl the above in the collectivo field theory furmalism, In order Lo do su, we

futroduce the fields

1 | ST
H = goamy + Sl o]

) = dp= Zﬁ(‘-ﬂ - i)
go(z} = - Zd(::: - i)
Pz} = - Z_‘S(W - vl

#(2) = =308 - a)ef (6.58)
The above fields bave the following t:um‘mu Lation refations,?
[elehely)] = —it(z-y),
fo{a), wi(s)) = i%f:r)ﬂ.eﬁ(w-y).
o) )] = iesaude - ),
{#(e), ¥l ()} = ()8 - y). (6.59)

*Piese relations are readily shown witk the nid of the idenlity, 5{(z—,) [ (%) = d(z—= ) f{z).
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Ono may now write the supercharges (G,54) and (6,.55) in Lerms of the continuum
fieids by noting that, at the classical lovel, [ dn2E=5 5 S8 e 65, and use of the

chain rule allows us fo wrile S ‘9“ -—;EE—T, i whleh case one has
@ = [ deyita) (H(L)—:M )) (6.60)
and
t o ) '
Q j dai{z) (:r(.::) " wm) (6.61)

The Hamiltonian is now readily conglrueied (rom Lhe supercharges, and i= -e+ilien
2
o= % f dad(z)o(z) 4-.1 e ( . 'EV])

~3 ] 3 5twet wea. (o)

Ry W .
j dz | dyip(a)t, (p)] (w,ﬁ,)ﬁtpm) (6.62)

As usual, one has the contraing on the collective field [ deg(a} = N

8.2, Supersymmetrized Collective Field Theory

Another means by which one might construcl a supersymmetrized matrix model,
is to consider exiending the bosonic colleclive field theory. This was first done i

(17,

The key ingight here Is that the kinetic term
flf' ) q 1
b=5[5¢-% f ded® = f davlc)p (6.63)
uisy ba rewritien as
1 . ,
= 5 [ 4 [ dupz gt (6.64)
where, as before, ¢ = de and one has the molric

1 .
Huey = ""b"a.‘)‘ﬁa - {0.05)
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Such o theury hax a standard superiymmelrization, given by the Lagrawgion

=z 5 (gd® = g " DIWVONYY b oWt gat? 4 W Dy
+¢‘f’1‘ D Wt = gty g gt {6.66)

whore ¢°(t) aro the hosonle welablos, gai{y) s o mretsle, B = Wi(y) (o
superpotential and %y are tie Cheistollol symbols, ‘Thix can 1w uhl..mlum! by &

Lt

classical point transforuation &f = ("), ¢ = (W") P Trom e Lagringgion

N
L=} (i o -(0-W y ) + 12,#"#& }_,[ah,.xf ALY (6.67)

i=1 i=+]

In this case, tho bosoni- - laldes g® =+ (e}, and guh = oy = gighle - ¥)s in
which eage ono has th Mgian

T AR A (O

v [t () =5 [ e f wtven v (g

Cue s able to rowrlte the abave as
- de & = N de 4e ‘f
L= g A af”(w(w)) zf (i)

A (o8] - )1 0 (2

—-"fd.l:jd!![’f’ () ()] (ﬂ‘p{:}'r:;{ . ) {649)

by wenns of o partial lalegratlon. The reason for doing s, I that the above
furm engures Vhe manifosl hermitlelly of the momentan conjugate to ¢, I can be
demonsirated that the twa furins of the Lagrangion aro equdvalent at the gitantam
levol,

In oxdor 1o canonieally quatitize the Uoory, ore now conpites e conjugake
mumenta in the wsuai way, to yield

x(r) = fa;-[u,( ¢) w’m(g’)]
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24

Hp = «-35’1 - (G.70)
One must perform a constrained guantization, and thus in the above we ideatily
tie second closs constraint

Hy =

hl"

um--;-

X

‘ .
gt + 5 (6.71)

X

-s-iﬁ-s-“%.

Enploying Dirac brachets, one obtaiug

fle)y w(y)}
[w(e), (1)}
{fa). vH()}
IR}

{w(ie), (0}

0
(e ~y)
flatd(e ~y)
{w{a), v.f-*(wl =
§{y)

B ply) T

Irte), w0} = ;‘;Jj}’mu » ©.72)

o(a) = m(#) = [ ('f:) Wl (’é’)] (6:73)

one ks abie to write the Ilamiltonlan y the form

2
I = fd.mr{-n)fa’!{vf‘)"("’) 'k g_f'“ #e) (ﬁ\ﬁ( '»‘))
.....- l‘f.l' ) W ML -'-?-.!:E-\

Ll ) W

# % 1t u

Takisg

with the commutation redations

fotahp)] = iakitts - )
i
[ole), #YyN = i%«(.nw,,a{m-y) (6.79)

o5



which follow directly from the commutators {6.72), Oue nvtes thad the above
Hawlltonian and commulation relatlons coincide precisely with the continnm
deseription of the Maripari-Parisi model. Hence the supersymmelrizalion of the
besonic colleclive ficld theory is equivalent Lo the Marinati-*arisi model, ag lirst

shown in [5).
One should nole that the above commutalors indicate thal the bosonie tmo-
mentum dees not conumute with the fermionie fields, which 1s rather undesizalle,

Scaling o = /@, and 94 = /!, one soes that
[x{a), VE(y)] = 0 (6.76)

[5 (), Vil = 0 (6.77)

as required,
Writing the Hamilioulan in terms of the rescaled Nelds,

1 fdn
i 3% (e (@tte-vian)
1 .
- . ...!"..._ .
+5 [ daote) (f a2 - w (-v))
b ol ()
de[yt, 1,!1]&; (f t!y ”Sa W'(a.))
l e [
3 f de [va Jaa), & - f dy PV (6.78)
Lot us consider the Targe & Hmit of the above Iimniltuniaﬁ. One would jike
o exlibit A, in order to determine Lthe planar contribution, and thus we must

scale & — VN, ¢ — VN$, @ = Nip, = s N~42 gud vt = @I iy which
rase ohe has the scaling behaviour

n o= 37{;; / ’f;"‘ (¢, 5 ((w)vﬂ-w(a,w)))
de(z) (f By - W'(a )
-5 f dafott, #*];r (j dy—”—”f—- - W'(a:))

fdn [vsfm f oy w(w‘ fa}] 6.79)
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It Is then clear thal, In the thnit of large N, there are no fermiouic contributious
10 the Hamiltenian, and the dominant term

: N? i : 2 .
Jin = S f d(z) U dy;‘—f—_{'—;}- - W"{.c)) (6.40)

is the Tamiliar latge N cxpression for the Fokker-Planck Uawiltonian. In this
insiance, the exisience of a zero onergy eiganstate implies Lt the vacaum stato
is Invariaat under the aclion of the supercharges, by {6.41). 5 vacuuwm slate with
nou vanishing energy therefore lmplies supersymmetry breaking, One ssey from
the above large & form of the Hamiltoniau that unbroken supersymmelry ot the
clagsical level requires that the deusily salisly

R ST TR .
fd;,m_y W) = 0 (€81

llonce, the Maripari-Parisi model v the linit of large & cutresponds Lo the
stabilisation of d = 0 busouic potentials, Que seey that the classical backgroaneds
oblakned via solutiong of vhe stabillied € = 0 miodels can be reinterprobeg .
large N solutions of the Marinari~Parisi model whicli preserve supersymuatey o
leading ordar,

6.3, The Supereigenvalue Model

To conclude Lhis dissortation, we will review somo aspocts of tie olher successful
approach Lo coustruciing a supersymmetric analogus of the ohe matrix model,
the superelgenvalue model, proposed by Alvaroz-Gawme’ el af [238),]24].

The term ‘makrix model’ is misleading, since the theory is ¢asl in terms of
bosonic and ferimionic “elgenvalues”, and o traditional foreidalion in toems of
the original malrix varlables (If, Indeed, i exinls) rewains elusive, A somowhat
unorthuodox matrlx formulation of the supereigenvalue mode] cxdsts [20]; however,
ils form depends on N, and s consequently diflieult Lo exploit,

The contral idea belind this model Is the generallsation of tho algebraie strue-
ture of the bosonic matrix model, Specifieally, in fhe bosenle case we demon.
strated that the hermiticity requiroment of the slochastic awmiltonian in the
collectiva field deseriplion led bo Lhe equalion

G s =0 (6.42)

Coupling the partition fLnciion to sources j, one wag able Lo rewrite the abom
condition as o series of constrainle acllng ou Lhe partition funetion

Ofzy=10 (6:33)
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For ihe congistency of the collective field theory deseriplion 1§ I8 requirod thal Lhe
aperators OF close an algebra, reallsed 1o ke case of the one matrix model by the
presence of a Virasoro structure, In the conlexi of the supereigenvalue model,
the approach is centred on generalising the Virasoro generstors Lo the ¥ = 1
supersymmetric case. Reasoning by snalogy with the hernitlab malrix model,
one requires thal these generalors annihalate a suitably goveralised pactition
Tuuctlon, Tollowlng which the form of tho Jarohian may he deduced. As discussed
above, it Is nol, known i such an object originates from a change of variales and
hetice we use the term provisionally.

By direcl analogy with Lhe bosonle case, one starls by choosing an aclion of
Lhe [orm

N
VW0 = 503 (oeM + Gy 3 08F) (6.54)
ko=l

whore the (1. aro the fermionle couplings, aud 8, A; the fermionic and bosonic
eigenvalues, respectively, One can then wrile the partition [unction as

7= f TT dadti A(A, B~V (6.85)
i

where we have introduced Lhe measure A(A, 8), whose form remains unspecified.
Wa now introduca the super-Virasora generators, welilen in Lemus of the bosonde
and fermlonic conplings ns [ollows,

1 m

& ey .80
2 %, Gt L O

nooop el I PN o

L : (
"= ZNJ 2 aykaﬂn-k +;§ Jk -?‘Ng (EI/J 2 d‘;l FEron Coimi
]
+ 3 (§+9) c‘ac (o)
i=1/2 i
The approach of Alvares Gaumé el ¢f, is Lo require thal

(:'“..ng =0 {6.84)

for n = 0. It is sullteiont to ingpose tle relalion (6.88), since Ly, Z = 0 will Lhen i+
satisfied automadically, sluce L, may he expressed in tertng of anticommutators
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of (. Heneo, we roquire the consistency couditions to hold by construclion, as

mienns of delermining the measure,
Peremitting Gy /s to act on the partition function, one readily obtains

o N m N e\
(N Y Gy AN Y S ki AS - S E 3 a,,\&,\;s—l—f-) = 0

k=0 i=1 b= i=1 k=t iz=i jual
(6.89)

One can oquivalently write Lthe abuve as
}‘u )‘a
(z,\" (00 e.w‘) )_Ja.» ey ) 0 {6.00)

where we have employed the identily Ypog AFAF~!~* T’T"’ ael it is unde-
stood thal the derivatives oporste on the .u:l.iou loLegrating the above by parta
allows the derivatives to act on the measure, yielding

ZA“( Ay )A(A 0) = ARG 0t A4 " (6.91)
;N oy v -
This equa.tion has the wnique solutlon

Al 0) =TT\ ~ ;= 8iBy) {6.92)

i<

Thus, we have determined the Jacoblan of the niwlel,

In view of the fact that the couplings in the hosunie potential are often po.
garded ag sources for loop operators in Lhe hosonic waarix model, in the su-
pereigenvalita model i tr then natural to defipe Lhe connected ‘hybrid (mfm)'th
supetiovp carrelator ag

I'V(Z1 1usry zﬂlzit Teap ‘7‘:u) =

?, b 1 1
—_ +” ] { i T
= N (E Pt Zz,, oy E T z“:"'m - )lk,,.> (6.04)

i

Furlhermare, 1§ will prove convenient Lo rlvl‘um V(A = 5 e dd, and ¥()) =

3oE0 Cer173A
As in the bosonle case, Lhe loop equations of Lhe suporeigenvalue model are

cncoded in the statements
Cupis =0 (6.94)
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InZ=10 {6.05)
{or » 2 —1. Thus we reconsider (8.89) shifting the index 1 — n 4 1, to yield

-t e
<N 2 EC"""’*’\HM + & Z: ZLM AR LS S jypu t > =0
f L J

k=0 ¥=1 k=t i=1 i
{6.06)
Multiplying the above by ¥, z=*~2 and summing, yiclds
fl: ’\'I'l+|. Au+|
N Z‘P(A;)-—--—— + N 2 V'(,\. ‘ Z S {6.97)
i=1 iml Ai tgtf Ai = ’\J

We now assume thab the bosonic cigenvalnes lave compact support on Lhe real
axis. In what lollows, our goal will be Lo consider the exlension of Ambjurn’s
formalism to the supereigenvalue model, whiclt was developed in refs [25),[26].

To this end, it proves fruilful Lo reformulate thie above i Lerms of contour in-
legrals, requiring that the contour @ enclose all poles of the superloop operators?,
ang that it incure no contribution at inlinity. One Lhen obiains

dw V(W) iw W(w) e
i+ § 2 Y ) = W ()4 W el) (698

whore we have rewritten (6.971 it terms of connected correlators. Similarly, Jhe
condition (G.05) gives tise to Lae equalion

_‘{li Viw)eo I}k W)Ww]) L d f dw W(w)W(wl)
o 2mi ER 24z zrri 2 -t

= (W(lz)=-wczr)W*<~|)+ 7 (W02 = oW (s, lemar) J6.09)

These ‘superloop® equations are seen Lo be (irassmann odd and aven, rospecilvely.
The sorrelator {6.93) may be oblained by the application of supetioop inser-
tion operalors, acting on the [ree enorgy F)

] & é é ,

Wy aloions) = gqrs S V0 T UAN (6.000)

YAs in the boonic case, we assume & oie cil structure.
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where we havo defined

é 1 J
WLANREUI U E. S 6.101
§¥(2) ,;; zntl H’fwl'lf'z ¢ )

d .
e i s 0
V() ™ 2 O

nel) <

{6.102)

as the superloop insertion eperators.

The key insight which allows for the consiruciion of Plelka’s itorallve scheme is
ihe knowledge that the free encrgy depends al most quadratically on the formionic
couplings, a rasult first oblained oblained by [21],[22}. One then sees that (6.100),
along with equations {$.101) and {6.102) implies Lhe [ollowing structwre for the
one superloop correlators

W{z|) = u(=) (6.103)

W{z|} = a2} 4 i() : (6.104)

where the functions u(p), u(p) and 2(p) sre first, zeroth and second order in
the fernuonic couplings, respectively. In order Lo follow the nolation of Plefkn it
will serve to rewrito equalions (6.08) and (6.90) in tecms of the above fuuctions,
[ollowing which, we rewrite Lhetu gradunted in the order of fermionic couplings,
Doing so yields four equations, listed in ascending order in tlie coupliags,

dw V (w) i
ﬁg» Mg ww) = ﬂ(z)? N"‘ 6V[z) u(z)— 2N-‘dz-‘ 6‘1'(*)1’(3,)"“" {6.105)

Vl
f.‘:-;;umz () ofw ]+ c::‘:’{”‘:u(w) w o{z)u(z) ¢ = N-‘ w( 1v(.z:) (6.106)
dw Viw), dw ¥'{w) dw V(w)
cmz—wu(w)-l" r,».Zmz w v(w )“.Jd 'Jm*-w o(w)

1 d
= u(2)i(z) - ;ju(z)a-;ﬂ 24 WW&(:) (6.107)

dw
ﬂi Eﬁ:'f”lﬁ(u):u(z)ﬁ(z) (6.108)
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We would Jike to consider the planar? limit of the above equalions. Taking
the limit ¥ — oo, one sees that (6.105) becomes

dw V! (w)

g g{w) = -uu(z)’ (6.109)

This equation, up to a factor of §, has the struciure of the planar loop equation
of the hermitian malrix model, which has been exlensively sludied. The solulion

is
dw V) T{z — a){a— .?:}] ¥
“O(z)_i-mz—w [[w—-:t:}[w-—-y) . (6.110)
where, as in the bosonic case, the contour €! encircles the ot bounded by [z, g1,
but the point » Is excluded. This equation is accompanied by awxilliary conditions
to ensure the correct asymptolic belaviour, up(#) ~ 2~ 88 5 — oo. :

These are " Vi)
0 w 14
1_fom T o (6.111)
and

duw V'(w)

=P e g.112

0 fa:hri\/iw—-m)iw—y) ( )

These conditions are easily oblained by expanding (6.110) about the poinl z = oo,
and talloring the coeflicients of z io oblain Lle required heliavigur,

Let us consider the first order equation in the planar limit. Bquation (6.106)

beromes i Vi) o V)
yg%u o ol )+J£ Imiz— w“"{"‘) w{#)tu(z) (6.113)

‘Ihis equation has the solution

dw Y(w) [(w )(w ~ y)

oAtz ~—w (z_m);_y)] *W (1.114)

wlere y is ah as yet undetormined constant, and €' is the contour defined in the
bosonic case. Notice that one does nol have the analogue of the bosonic conditions
to dictaie fhe movement of the cul in response Lo tuning the couplings.

wp(z) =

#The torm *planar’ shoudd be wsed will care in this Distance; sitce o mabds fotmulintion
remains elusive, the connection betwesn Jarge N and n genns expansion remains vhscure,
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In order to verily the above solnlion, consider constrocling the right hand side
ol (6.113) explicitly,

L e gl VG -
w(2)ug(z) = %m i 2wt (2~ wl{z— 27) [(w = #){w — y)]
du V"(w} X .
[e) riz —w VW — 2)(w ~ ) (6.115)

Constructing the left hand side yields

yg Jg 7 VW) [(z —a}{s hy)]
o, 2t Jo, 2wt (% — wh(w — 2) L{w - 2){w —~ )
rf do g de V()W) [(w ) - w]*
6, 2ri Jo 2mi(z - wilw — 21) [ = 2) (' ~ )
d V() X
0, Fri s~ 0 Jo = Nw = 9) (6.119)

The ecluiva,lenca of (8,115} and {6.116) is demousirated by considering the second
term of (6.1186),

}g' o }g 42 Vi)Y (w) [(w—m)(w—w]% (6.117)

23 v — w)(w =~ 2} L(F = 2)(# ~9)

Stretching the eontour Gy “over” ¢, one oblaing the condributions
f _?{ dr V() ¥w) [(w 2w ~ g) ]%
c, 2xiday ‘Zm (z wi(w — 2} L(& ~ e}z ~ ¥y}

f&l 21”.{"’" V() ¥ (w) [(w — ie){w ~ y}]% (6.118)

2t (z — wilw — &) (2 — &) — y)
Performing the integral over O, one picks up the pole 2/ = w, yielding
!
Mo Viw)¥(w) _ (6.119)

o 2t (z—w)
since the point z is excluded [rom the contour €. ln the remaining toarn, inler-
change s* and w, to yield

det Vi) (2~ a)e - ) ,
fdl'; 2xi Joy 2!?& -2 —w) | (@~ 2}~ y)] {0,120}
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One then sees thal, combinkng the first and secoud Lerms of {6,116}, yields (6.115).
Hence the solution is vorified,

The next step is Lo identify the lerndonic analogue of the busonic moments.
Thus, we proceed in analogy with the bosonic case, cousidering 1g{2), whera thoe
integral over the contour is taken to infinily. One has

(6.121)

wle) = § 2 ¥() [(m - a){w - 21} + X

e Amiz~w | (z~ )z~ y) iz~ )z~ 7)
A before, one deforns the contour &' Lo infinily, picking up the pole ad w = » as
one doas so. Thus, we consider

j{ o W{w) [(w - )(w ~ y)] d
C Uiz —w (:,,'—-;g)(g._.y)
_f e w) [(w= 2w~ y)_] t
v iz —w L {z—aXz~1)
o W(w) (w—a:)(w-y)]% .
f(}a miz—w [(z — )z~ p) {0.122)
Parforming the integral over O simply picks up Lho rosidue at w = 2, and yields

¥(z). In order lo consider C', recall Lhat, jor w > 2z, whero [z, 3] < |2, one has
the expansion

L - oz | =y 1y
2mw 2u=u{(“"’-"}"+' o (0.128)

as in the hosonic case. Insertlng the above ik the integrad over ¢, one i able to
wiite

o 9(w) [(w =~ w)w— If)]
ot qmiz—w [ (z—x)(z—-1)

~ 1 {(z-—-,l)""'””j-(g !f)"-lﬁk}
et Ve

(6.124)
whera we have defined the fermionte moments,
- dw  ¥{w) - ‘
= *-fi-, 2t {w — a gt {w =~ 2)(w =) {6.125)

and

Aw = _éu _;J:r:,(; (03)11V(w el - ) (6.120)
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for n  I. Thus, one sees that vg{z) way be wiltien as

{(3 — ")“-lsu + (3' - y]u_lAu} X . 1ayre
= U]

w(z) = ¥(2) E Y G5 L) T (6420)
To {ully delermine tp(z}, all thal remalus is tu uncever Lhe explicit forn of the
unknown x, Following Plefka, lot us intro Juce Lhe basis functions to [reilitato
this task. The full machinery of these hasis [+ actions Is cequired for Lhe schome
of lterative solutlon developed by Ambjorn in the bosonic casn, aud extoded
by Plefka Ju the case of the supercigenvalue model, Wi will so e coucerned
with develgping the iterative scheme; however, the basis functions shuplily the
I ~n hfon somewhat.

= (os‘“’( }- L A W) M w) (6.128)
k=1
1 H, el L

A (=6‘ 15}~ g $(2) My, ..1) (6.129)

where _
¢L () = (5~ 2)"[(z = a)a ~ )]/ {6.1:30)
#I(=) = (o= ) (- )z - )7 (6.131)

Noxt, wa define the lnear operator

Vi) = f 2 L ) (6.182)

wlich acts on the basis functions in the fodowing way,

(V! uu(:)) )] —:—-—l————-

* {zg—apm

(ff' - uu(z)) yr(z) C»‘:Lfa‘-ﬁ

To consider tho computation of y, we nust sxamine equations (§.107) and
(6.108) in the planar imit. Tlhus, wo consider

fl

H

(6.133)

ot o Ld ot dw ¥w) tw Vi)
(V _“O('s))"“ - zdzjrz.!m::—w (w}~ T (w)

‘":2‘1’0(3);;;%(3) (G.134)
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Ater a good deat of compatition, one can shiow tat

(9 - o(2)) o = AEE =X gy M Vg (6

2 (e~ e qee-y)
{n which case, one may voad oif Lhe sotulion lop iy,
1-.:( E ] Wz !\.'.{a’\l o \} )5 .
fip(%) = - G.lu

tutroducing e planar order 3 eyuation,

f dw Wiw) . . .
5{, Trieew e fig{w) =2 oyl 2)tiul %) (8.187)
ote ran show, sltor Jusorbing {6.186) and (6, 027], that

. LE(E) - yHAL - 1) L Aa(Ag — \)(E = X) (6.138)
SR ~yFp—1) 2 gt =g)ip ) '

The coeffleiont ¥ 16 thus Tound du he

v e 35k A) (6.139)

Thas, (G.121) roads

do Wiw) fw = d)w-n1F 1 EidA, .
fﬁ!m..-w[_(g...,}(u_m] +2‘/(:_-£“‘“y] {0,110}

ke c.amining (6.127), ono sees thal B ey sow be writion as
‘:.‘ {[-’! - d‘}"’ '-I b [:’: m\y?umIA“}
1;;.; V’c ﬂﬁ :m

. o | m= ;
= Y TEERES 44D

where v have defined His) = }...m; f(& - 218, 4 (& = yP'An), Nolo Liad

wp(2) haw o explicit dopondence an =y, Ay,
Wao have thus congtenetod the ‘planat® one loop eorrelator Gnear in the fornionie

coupligs,

vy{w) =

w(z) = W(z)-
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6.3.1. The Cratinuum Limit of the Supersigenvalue Model

Thoe ansdysls of the scaling limit for the bosonie cuantidies of the modal was frst
considered by Awbjgra in the conlext of the hormitlan matrix moded {18), The
scaliug for the lormlonic quantities was originelly performed by Alvarez-Gaume
et af {24], although the following presontalion is based on the aualysis of PMefin
[25],(26}. We will discuss the continuuin limit of the supercigenvalue model in a
rather general way. '

"Tha earlior discussion of Lthe role of the momonts in defining the critical sub-
space ol conpling constants tn the liermitian mairix modd js carvied throngh
unaltered to the busonic seclur of Lhe suporcigrivabie model, and thus, for the
m'th imulticeilical point, wheee the extra zeroes aro clioson Lo aeenmuate ot o,
wo require that

Mi(af 2 el = Malgi 2ot} = = Muai{gh 2o pe) =0 (6.542)
M(gfyony) # 0 k2m (6.143)

with Jf # @8, { 2 1. One directly goneralisos this i the case of the {ermionke
couplings,

aﬁ(fﬂ‘”m V) = o Ept{€f, 2esthe} = 0
Ep(flrivaye) # D k2w
with Ay 4 0,7 2 2, One notes bhat one does not sl Lhe moiments 2y, Ay le zero,
gince the fermione correlator wy{z) dovs not depend an Hiom,
As usual, the approach to the continwum is controlled by selling
@ o= mg-aAli® {6.144)
) + (16 (Gn 145)

]

Qne way now conskder tha sealing of y, the cut esdpoinl, by assuming that the
critical coupling Is reached as

g1 = [(w)gi {6,146}
wheare the form of f{c} hag yet fo bo determined. Imposing the conditions (8.111)
and (G.11%), one can deduece that

Y=o~ a™ (6.147)

and
J=1r~a® {6, 148)
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{1 readily lollows [rom the above that one has the (offowing scaling beliavionr for

the bosonle moments,
My~ @=¥ {6.148)

while the higher f momoents, and J moments do not scale.

In the case of the ferntlonic couplings, the siluation is slighily dilfecent. In
particular, one dees not have an snalogue of the relations {6.111), (6.112} eulore-
ing the aympiotic hehaviour of the bosonic one luop correlutor, wlich constrain
thes wmbvement of tle cut tn response Lo the adjustmoent of the coupling cunstants,
ik In the above discussion, (6.111) and {6.112) were used Lo deduce e sealing
of the bosonie couplivgs gy fn the approach Lo Lhe continuum,

In the fermionle framawork, one does not have any such refations, leaving Lhe
issue of the scaling of the Terndonte coupling eoustants somowhat ad her,

One can therefore choose®

Guprps = 8 {6.150)

At this gtagn, il is importaat Lo realise that Lhe bozonic and foermlouic eritienl
points are labelled by the lutegers (i, n) respectively, which ace independont of
aach other, One can then show that the following scaling bohaviours are oblained,

El - f\l ~ g1 ]
Ep o~ a" M hemnn- ) (8.151)

It ie possible to relate Lhe two scaling seclors by imposing the sensibie e
quirement of Alvarez Gawmne’ ef el {24]; thet the one hosonie supoerdoop correlalor
sealo uniformly, de that wg{x) and du(z) scale fu tho same way.

One is aware, from our previous caleulalious in Lhe husonic sortor, Lthak the
purely bosonle correlator seales as

ug(z) ~ @M1 (6.152)
whore m I8 an intoger labolling the bosonic erilicalily,
Requiring that the besonic correlatur guadratic i the Tormionde couplings

fig{#) scale tn Lhe same way as wo(r) implies that the bosonle aued fermionic
scaling behaviours are no longer independent, and wmust satisly

n=tid | (6,153}

“B1n ihis instance, choosing tie mote cowvetdionnl scaling as in the Dusoic ease leadn to
inconsistencles, sluce bie inlegar n feballing the ferinjonic multleriticalilios assuiney half lntoper
values,
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Que may then dedueo the following seallivg properiies,

B ~ avrl.-k-l—-'l{?’ L'Efza ”‘1
B o~ alf >
A~ a3 01 {6.154)

Arined with Liese results, the anthors uf [R] were abile Lo show Uit the central

charge of the superconforinal field theory obladned in 1he cantineum ta

. {3 - 1)* 7 .

= e e 2 bl W T T ) ¥ 5

&= - 0, 3 w1 (05,158)
We are utable Lo anslyse the contlueam liib of Lhe superloop squations which
doseribe the & = 0 theory, slnce the ma = 1 crltiealily is not ameanable to Leentmont
by the techniques amployed in this diusertation, ay in Lthe horoule case, Them = 2
multicritical polnt corregponds Lo o contral charge of --%, which describos u non-
unibary auperconformal field theoty.
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Conclusion

In thls dlssertalion, we liave reviowed many of Lhe Lechniques applicable 1o the
matrix model approach to now-criticnl strings, The saddlepoint equatiou of [G]
was studiod and solved for bobh cubic and quaric potentinly, and the contlauun
limit correaponding to the m = 2 mulliciicical point was takon,

Tlhe colloctive field theory of the d = | modal was develuped, will an em-
phasls on the hermitichly requirement of tho vollective Tlamiltontan, whicl londs
nadurally to the realisation of un algebraie sirtcture in the ose maldx model,
The role of stochastie quaniization in the moeehanlsm of stabitisation mechanism
was discussed, The d = § theory was Lhen roweillen with Elo aid of 4he stochastic
Hamllionhian, whoreupon correspondence betwoon the large & configurations of
the 'd = 1" apptonch aud tho gaddlepoint equation was demonstrated explicitly
for hoth cubiv and quartic polentials,

The link hatween tho stachastic amiltenian and tho Schwinger-Dyson equa-
tions of a Buelidean quantam fold llnu:ry was demonstrated, Pmploying the aon
hermitian stochastic Hamiltouian in Uhe 2 represenlalion, the continuwm limit
was taken [or the & = 2 mullicriticality, to yinld a non-Jocal continoum lamilio
ulan, The continnum Schwinger-Dyson eo * tous wero tion derived, with o view
to extraciing a contluuum Vieasoro struet -y

In the followiug section, the possibllly of constructlng o :k‘llsll.y appronch way
explored, In partlenlar, a local continoum Hamiltonlon, valld for all critlealition
and cousistond with the sleiug equation was fo in agrentoont with Yoneya
{16},

}'l‘lm o= 3 mullicritical donsily was then con.  seled, vla the womenls for-
malism of Ambjern, as a prelude fo the diseossion of superssymetry e the con-
toxt of the matrlx model; in pariicular, the supereigenvalue muodel,

Tho possibility of supersymmelbrizing the matrix model as ap alteraative
maethod of stabillsation was then explored in Lhe followlng sections, The Marinasd -
Pariai model was studied, and alink was made to the supersymmetrized colloctive
fleld theory, The Jarge N configucations of the Martnari -atisi model wore shown
to be equivalent to those olitalned vin the stachasue quantizatlon approach.

Lastly, the supereigenvalue model of [23] was studied i the moments deseeip-
Lion, cwlminating fn the reafisation thed one tnay net couslder the continnym
limbt of Lhe superlvop oquations fur é = 0, sinece 1 corresponds to the mo= 1
multicritleality, which does not yield Lo traditionatl methods of analysis.
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