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1. INTRODUCTION

1.1. The matrix model approach to the sum over random surfaces

The introduction of extended one dimensional objects (popularly called "strings")
to replace point particles as fundamental physical objects has been met with
mixed success. The rationale behind such a replacon.ent has no direct experi-
mental evidence,' (although the necessity of tho string approach was first implied
by a relatively successful attempt to explain resonances, due 1.0 Veneziano) and
has its roots ill an attempt to combat the pathological behaviour of 11 quantum
field theoretic formulation of gravity, This undesirable behaviour sterns from the
ultraviolet divergences which occur when computing quantum correctlons about
some leading classical couflguratiou. This behaviour is a. feature of many quau-
tum field theories; however, in most cases renormaliaatlon schemes permit the
removal of unwanted infinities, a notable exception being a. quantum field theo-
retic formulation of gravity which is non-rnnormallzable.

The rudiments of the striug picture are as follows. Oue ill trod uces a ouo
C:imellsional object, which sweeps out 11 two dimensional worldsheot ill a physical
spacetime. Excitations of the string manifest themselves as the appenranco of
particles such as photons or electrons. This is to be contrasted with the approach
of traditional quantum field theory, where the' dprl.ron is described by (1, quantum
field distinct [rom that of the photon, anrl the Lagl'l1llgilLll corresponding 1,0 the
dynamics of the interacting particles would contain both quantum Ilelds.

'I'hua one sees that some form uf unillcation has been attempted, whereby
distinct excitations of one underlying object give rise to the spectrum of observed
particles. Apart from this aesthetically pleasiug aspect of the string approach,
one finds that, by and large, tho pathology encountered ill traditional QFT'S2
110 longer arises. One may attemp; to explain this heuristlcally by noting that

lit docs, however, have convincing theoretical evidence: calculatious within the string frame-
work have reproduced Hawking radiation, The original calculation was an uneasy marringe of
general relativity and quantum mechanics.

2QFT is taken to denote "quantum field theory"
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string interactions are represented by topology changes 0)1 the string worldsheot
manifold. As opposed to Lhe illl,emcLioH vl'J'ticr'/i of QFT's tho luteraction ([(WS

not take place at a single spacetime point, lWU thus is Iwt Lorentz invariant. OUI!
may regard the interaction as 'smeared out '. Ultmviolet divergences are found to
arise in QFT's when two vertices are f,)IUI<I to approach each other with arbitrary
closeness, The prescription to regularize a QFT simply corresponds to 'smearing
out' the interaction vertices, such Lh;d, the iutcractious no longer L1Llwplace at
a single spacetime point, a f{'atum which is naturally incorporated ill the string
picture.

In addition, one finds that UII' spec trum of exciuuions associated with stl'iugs
necessarily contains a spill 2 vector boson, thl) virtual particle which is thought
to mediate the gravlratlonal interaction. This is greatly eucollr;tr;lJIg ill view
of the fact that one is able to defino a porturbatlvo expar-siou or striug theory
aJout a classical background which is Ilnlte aud anomaly free at I-loop [1], thus
avoiding the staggering technical dHiteullies associated with poillt particle theories
of quantum gravity.

However, the strlng approach is not without its subtleties. III particular, 011('

runs into dillicultles when quautiziug strings, slucc conformal symmetry is not
respected ill an arbitrary number of spacetime dlmcnsious. Ouo requires confer-
mal symmetry to ensure the dlllcoruorphisru lnvarlance of the string worldshcet.
Dimensions in which the coufOruW.JI1110IlW.ly docs !luL arise are denoted "crlilcal"
dimensions. The critical dimension depends 011 (,he Humber of local suporsynuue-
tries defined all the worldshect. One may construct conformally Iuvariant string
actions for N = 0, 1, 2 and 4 10('.a1 supersymmetries (on the worldshcct ): the
critical dimension for ,'II = II [the bosonic string) is d = :'W. N = 1 SU1W('SYlll-

merry requires 10 dimenslons, N = 2 requires 4, while N = ,;\does not seem
to make sense, requiring a, negative spacetime diuionslon. Thus, if one wishes
to ellminate the conformal anomaly, the level of local supcrsynunctry uniquely
fixes the dlmenslouallty of spacetime, In order to 1I11tkn wlIl,ad with tho Iout
physical spacetime dlmenslons, a reasonable utcchanism of coiupactlficatlou must
be postulated.

In the non-critical theories, one docs 1101. have t!w luxury ·,f such cancellatlous,
and the confonnal anomaly is manifest. TIl<' slgulflcaucc of' LIds is that the world
sheet metric and matter fields 110 longer decouple, Ono is 1I0W 110 louger able to
integrate out the world sheet metric completely, and cousequently one is required
to quantize these additional degrees d' freedom. Quantizing the worldshect metric
is equivalent to a theory of two dhucusional cuclkloan quantuui gnwiLy. Moreover,
the string co-ordinates may be re.uterpretod as conlcnual matter fields coupled



to the world sheet gravity.
The motivation for studying theories of non-critical strings arose primarily

in an attempt to obtain non-porturbative insights into string models; formerly,
there were five consistent string theories, dclincd only in terms of porturbativo
expansions. In the case of non-crltical string- "Loy models", the double scaling
limit allows one to obtain contribuuons from all topologies. and thus must be
regarded as a non-perturbative technique. Spell non porturbativo iusights into
critical strings have been realised only recently, with the advent of lief theory,
which appears to be the unique theory underlying the five "different" string the-
ories. In particular, a supereymmctric matrix model has been proposed, which
purports to describe M theory in the light cone gallgc f:37J.

lin this dissertation, our emphasis will focus mainly on ~hed = (}model, which
may be interpreted as pure two dimensional quantum gravity, or equivalently, as
the propagation of a string in a zero dimensional spacetime.

1.1.1. The Correspondence between tho d:;::: 0 Hormitian Matrtx Model
mid 2d Quantum Gravity

The following discussion is a synthesis of the approaches in refs [:351,[2].
Let us consider the (",-,rj,illuumapproach. One starts with the Einstein-Hilbert

a!:Lion
(1.1)

where 9 is the determinant of the metric tensor corresponding 1,0 the two di-
mensional euclidean space, and R. is the Hied curvature scalar. III two dimensions,
the Gause-Bonnet theorem requires that

J cll:z:.,fijR = 4rr(2 - 2h) (1.2)

where h is the genus of the surface, The first term stralghtfor- _.l'dlyyields the
area of the surface. The partition function is written

Z J I,' -s (1.")IlU = .,fg/IV C • oJ

At this stage a caveat should be entered regarding the definition of the integration
measure. lL is implicit in the above writing of ZI/f/ that the measure be defined
modulo diflcomorphlsms. Formally, one is required to factor out the volume of
the group of difleomorphlsms, and thus one has

Zqg =J JJ!}JlVe-S =:z (00 illl c2(J-u)/G-AA { lJ!lllJl (1.'1)
Vd 'I'~Oiu .J8u1tI v.J



where the Iunctioual integration over the mol.rir is now confined to a, surface of
fixed area and genus, In other words, one would like to eliminate equivalent
rcparametrisations to consider only tho volume of i.he moduli 51 are. This is
rather non-trivial ill the continuum, and consequently one might rather consider
the partition function defined 011 a lattice,

Let us consider constructing surfaces of any glvcn genus via a "random tri-
angulation", [3] where the triangles may be taken to be equilateral with a. unit
area, Consequently, the area of a surface comprising a triangles is simply n. The
prescription huplied by the measure J" Q~ now becomes a SIIllI over lnequiv-

• "9 A "d
alent triangulations corresponding 1,0 a,' surface of fixed genus, constructed frOlI)
u triangles. Therefore, the equivalent lattice 1'01'111 of (I"') is written

00 00

Z' - ~ ~ (,2(1-0)/(;-11,. ('
fl!J - L.., W . '!ItCt

11=0,,=0

( 1.1})

where G,q,OI corresponds to the discretlzed measure. Thus, WI' have restated the
problem in the hope that the computation of G9,,, will prove to be more tractable
than the sum over metrics ill the continuum.

Let us ccnsider triangulating ;},compact, 2 Hided gouus !/ surface without. ••
boundary. The topological properties of the triangulated surface are precisely
those of the underlying surface, since the two are homcomorphlc, Oue is easily
able to verify the genus of any such surface by means of the Euler-Poincare'
characteristic. Specifically, one has tho relation

\f - E + F = 2 - 2ft (1.6)

where V corresponds to the number of vertices, E the number of edges, and F
the number of triangles comprising the surface. Further, in the specific case of
a. triangulation, one has 1he identity :lP = 2E, (which is easily seen to hold if
one considers the simplest case of an unbounded triangulated surface, the tetra-
hedron) permitting one to rewrite the above as

1V - -F = '2 - 211.
'2

(1.7)

To proceed further, ht us consider the cl ::: 0 hcnultian matrix model, with
partition function

( 1.1:1)
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where M is a N X N hermitian matrix, with Lit!' actlou

S=!A/2 __ LM3

2 3#
( l.D)

One may now consider traditional porturbatlou theory ill the coupllug g, ill
which case oue has

2:J 1'12 ( "T7'(A/3<'))Z = dM c-2"" q<>N-7.---.-·_
a . (a!)nu!

If one wished to evaluate the a'th term, one would lay down n three point vertires
and connect them via propagators in the usual way, hearing in mind that the
diagrammatic structure of the propagator [tnt! vertex has been altered since the
matrices carry two Indices. The diagrams lIOW require double lilies to specify til!'
flow of the matrix indices. 0111' notes further l.1ml, any such dlagram yields (1, factor
N"~ corresponding to the vertices, a factor NO for }) propagators, and NI for l
closed loops, as the factor NO for each propagator arises since the propagator
is formally the inverse of the quadratic term ill the matrix action, while the
perturbative expansion (1.10) demands that each vertex contribute it factor of
N-l/2 to the diagram. Furthermore, each loop requires a sum OVer contractr«]
matrix indices, yielding liii =: N. Now, let us conslder the lattice dual to the
Feyman diagram. It is not. difficult to see LllltL the interaction vortices correspond
to the faces of triangles, the propagators arc dual to the edges, and loops dual 1,0
the vertices. Thus, the powers of N corresponding I,() the Feyulll1t1l diagmlll lll<l,y

be rewritten in terms of the geometric compououts of the dual lattlce as follows,

( 1.10)

(t p- - + t :.;: - - .J, V
2 2 '

(1.11)

which is nothing but the Euler-Poincare' characteristic of the dual lattice, as
discussed above. If we were to rescale AI -> # AI, the action scales as S -> N S,
and thus we have made the N dependence of the action explicit. It, is then
clear that, considering I;ite Feyruuan diagl'1tlll, one has a factor of N-P for ]J

propagators, N" for 0: interaction vertices, and a factor Nt for l closed loops.
Thus, the overall power of N is 0: - })+ l, which may he written in tenus of the
geometrical componeuts of the dual lattice as follows

F- E+ V =2-'211. ( 1.12)

One sees that our resealing has not allccted the topological expansion. Thus,
if one considers a surface of genus h 01' higher, any diagram carrying the factor
N2(1-h) may be inscribed upon it without self intersection.

G



The matrix structure of the associated diagrams arn crucial in the ldcutifica-
tlon of such diagrammatic expansions with surfaces, The scilar integml

admits the same diagrammatic expansion without the double line "How" and is
thus unable to specify the. oriontatiou of the surface,

A diagrammatic expansion 1.0 represent su rfaces must necessarily include only
connected diagrams. Thus it is expedient. to consider the free energy, which is
defined 'u the usual way by

(1.14)

One may now consider a perturbative expansion in the free energy, which gener-
ates only connected diagrams. As before, We have

F = N"'r/' (M3"')
'" (:J!)n C

(l.Hi)

where the subscript c denotes the connected diagrams.
In summary, in order to evaluate f'c" and consequently the free energy, one is

required to draw all distinct connected diagrams with 0: vertices, and adjoin Litem
~y means of propagators. In view of the fact that one wishes t,u consider a sum
over surfaces, one may choose to arrange contributions corresponding to specific
gcnuses as an eXIH111sionin the powers of N associated with each diagram,

0<1 0(1

N'J.P = LI:N'J.(l-h)!J"'Fi,,,,
"=0",=0

where PI. represents the 5U11\ of all distinct diagrams which may he Inscribed Oil

a. surface of genus h without self-crossing. One sees iuunodiately th'Lt. the large
N limit yields the sum of all dlstiuct counectod diagrams which may he inscribed
on a. planar surface.P li'urthel'!'lorc, if one considers the dual lattice corrospondiug
to the the three point vertices, aile sees that tho diagrams inscribed on a surface
of fixed genus may be taken to represent 11 random triaugulatiou in the spirit. of
discretized quantum gravity.

Om' now realises that the expansion (1.16) corresponds exactly to the lattice
descriptiou of '2d quantum gravity, provided that OIW makes the idcntlflcatious

CU6)

(1.17)

3The realisation that one may construct a perturbatlou cxpausiou in N was first explored by
t'lIooft, in the context of qeD [4J.



c-A = [I ( l.ll'l)

noting that the object FI"a corresponds precisely to (,'h" .. Consequently, the par-
tition function of discretized 2d quantum gmvity is described hy the free energy
of the d = 0 hermitian matrix model. In the ahnvo, We have considered ran-
dom triangulations of the surface. The above argument is perfectly general, and
extends to the discretization of a surface by any goucral n-gon. TIH' couplings
in the matrix potential may always he chosen to yield the correct powers of N
under the rescaling M -l VNM, thus ensuring the existence of a topologic.i]
expansion. Indeed, for an arbitrary power u, tll(~ correct sra.linv; is ensured hy
the choice N,m-I T7'(Mn). Thus one ran reconsider the above discussion with
the general action S = Ln N,'!i~-lT7'(M"} (and thus a discrotlzation involving
different polygons) without threatening the gl!m'I'allty of tho above arguments.

In the next section, we will discuss a rucchauisru of obl.ainiug continuum re-
sults from the hermitian matrix model. In the continuum limit, Lite ability to
generate diagrams with all admixture of vertices cau be shown to rnpresent tho
coupling of conformal matter fields to gravity. Tho cubic action used above yields
a. continuum limit which describes pure gravity in tlH' ahscuco of matter Iields.

1.1.2. The Oont inuum Limit of the d. == 0 model

In order to make contact with continuum descriptions of quantum gra,vity (specif-
ically, the Liouville model) one would like lo define a contluuuru limit.. The
outcome of any such limit must be insensitive to the specific nature of tlw dis-
cretization employed.

Heuristically, such a, limit involves Luning the couplings in the matrix action
to a critical point, such that the perturbation series defined by (1.15) diverges.
Naively, one then expects the area. of I,lw discretized surface to diverge, since the
number of vertices has become infinite. To define a. continuum surface of Iinite
area" one would consider scaling the area of the elementary n-golls to zero.

It has been demonstrated that, for some ton piing !J in the vicinity of the
critical coupling !le, the genus II. contrlbutiou to tho free energy, "1..[[1], scales as

Fj,[!Jl'" ([1- !/0)(2-""0)(1-") (1.19)

where the critical exponent 10 labels the universality class. III the case of random
triangulations generated by the cubic potou tial (I,!)), "II) = -1/2. The average area
of a surface is clearly proportional 1.0 the number of vertices Ct in the diagram,
and therefore one has



[
iJ ] 00< a >= 0 (/-;-111 F,,[IJ] r " --.' iJy . !J - Yc

( 1.20)

where we have chosen to exhibit the unit area of the triangles explicitly as 0,
Clearly, as g --;. gc the area diverges for fixed b. If one wishes to regain a coutiuuuui
surface of finite area, (1.20) suggests tha.t Oil'; take b -I 0 ill <t, correlated JJ1<tIlJIPr.
thus keeping the product b < (t > finite. III summary, ouo tunes tho coupling
constants to their critical values, while siiuultuucously rescaling I,he area, of til<'
"elementary" polygons to ;10.1'0, in order to obtaln ,L continuum :;Ufl'aee.

There are strong indications th'Lt the matrix model does iJ.deed describe con-
tinuum gravlty ill the coutlnuum, the first of which is Lim!. the scaling behaviours
of both models are found to coincide. Addit.ionally, couuuuurn wrn';atio!l func-
tions computed ill the matrix model scheme are found to rorresi md with th »ae
obtained via the Liouville picture. (See the review (aG] [01' a dlscussion.]

Unfortunately, the above considerations are relevant only in the liUt:t N .....00,
and consequently involves only contributions corresponding to spherical topolo-
gies. Naturally, one would p.efer to rapture contributions from all genu.res. To
do so, lei, us reconsider the scaling behaviour of (1.lO), which implies that

(1.21 )

Further, one knows that

( 1.22)

and therefore, one sees tt:at if one defines the strlug coupling constant.

( 1.23)

(1.22) may be rewritten as a genus expansion in this coupling <LS follows

N2 F :: 2: 1."-1 fI,
"=0

(1.:N)

One sees that if one were 1.0 take N --> 00, and !1 --;. gc ill such a way as (.0

keep K constant, one would obtain contributions to till' free energy from <LIl genus
surfaces, This technique of retaining contributions [!'01lI higher gellus surfaces in
the limit of large N is known as the double sealing limit, Iirst Implemented in
refs (32], (33} and [34}. One sees that SHell a techuiquo is a w~LYof perlormlng the
sum over all topologies, and thus may be regarded as yieldlng :L non porturbutive
insight into non-critical strings.



As llscusscd earlier, tho abovo techniques are applicablo to g<'lH'ral potentials,
and not merely tlte cubic potential. Ilowovor, the lntroductlou of more Af'll!'l'ul
potentials introduces dllloring :-.calillg properties, such tha,t til!! scaling CXpolH1I1L
'Yo takes on diflorent values, To btl more specitlc, 0(1(' has (,lie gmwl'ct! relatlou
'Yo = -;h-, where Tn is the m'th multlcritical point, Such theories doscrlho t1w

ll f r 1 tt' 'L' I 1 I I 1 :1(:1-2'" ,Jcoup ng (I COl110l'Jlla ma er io graNI y, Wit 1 L 10 contru c iarge c = - :.!m=r'
III gCUOl'lt.i, ouo has Lhe so called mlnlmal rouforural lip) • 1,1J(~(Jl'j('s(t.he 'mlul-

mal' requires a Iiuito number of primary Ilelda) whlch are labello« by (,WO relatively
prime integers, (1), IJ), Unitary dis(,I'e(,(! till'oj'ie's mak« up n, suhset of I,his gellC'l'al
class, labelled by (11/. + 1, '/II,), Tho herrultiau un« matrix model describes a. class
of minimal conformal Ileld theories Inbolk«] by (21/1.- [,2) a,(, its double I:H'alillg
multicrltlcal points. Thus, the theories dellued hy the matrix model an' generally
not unitary, although one sees that the m = 2 multicrltlcallty of t.ho hermltlau
one matrix WC' '31 describes 11 unitary thcory,

In thls dissertation, we wi: -uainly confine ourselves to thl' dlscusslou of purl'
gravity, with central charge c = 0, and thus 1/1. = 2, unless stiLted otherwise,

'0



2. THE CONTINUUM LIMIT OF THE d =0
HERMITIAN MATRIX MODEL

The d = 0 1110del describes a string worldshcct omhcddcd in zero spa,cetiJlll' di-
mensions. The model is defiued by the partitiou Iunctlou

z::: J dM (,-'IW(M) (2.1)

where M ls an N X N hermitian matrix, and t.1lt'pot<'lILia.l is taken to bt~ of the
form

( )
k/2-1 \fk

IT(M) = ~M2 _.!L. _1'_
2 N k

(2.2)

As discussed earlier, the rescaling M ~"l< VFiAJ will pertu't us to cia,ssify dlagraiu«
corresponding to a specific genus according to I,heir (Jowers of N.

The measure dM has the explicit form

llAf = IT (lllc( Mij )ellm( Mij) IT dMii
i<i

One sees that in zero spacetime dhneuslous th<' path lutogral is merely ii, weighted
Integral over the space of hcrmitlan matrlces AI, since AI does not depend Oil any
spacetime parameters,

Note that the action TrV(AJ) dillpla,ys it muulfest lnvarlanco limier the group
[leN), due to the cyclic nature of the trace. The invarianco under this symmetry
suggests the change of variables from tho matrices JlJ to tlw eigenvalues ,\j, ill
which case one only integrates over N d('gl'oes of freedom. Performing BIl('1l a
change of variables, one arrives at the well known result

(2.a)

N
Z = J II o; II<Ai - Ai)'2 -: L", V(.\"a)

i=:l i<j

where we have discarded it numerical Iactur rcrrespondiug to tho volume of the
group U(N). One recognises the Iactor ni<j(Ai - Aj)'}. as tIll' Jucoblan of the
transformation.

(2.4)

11



One may perform a further slrH,ighLfOl'wn.nl rewriting uf Clotl), 1,0 yidd

N

Z fn l\ "',,,, hd'\'-.\JI-'" V(.\",)== ( '\i cLJ rl wm

i=1

(2.5)

Let us consider recasting (2.5) in such a w;w as (,0 exploit this syuunotry, hy
transforming to the collective variable

N
(//(;1:) =: 2: b(;/: - AI} (2.G)

This objr.ct obeys, by definition,

(2.7)

Writing (2.5) ill terms of the density variable, ()fIP "as

(2.8)

Now, in order to identify the domlnaut large N l'JlIIigllJ'n,l,ioll, UII<' must pxhibil
N explicitly. One knows that. the potential dC[le!l(;s 011 N implicitly, and I'Ul'thel'
N dependence is found in the coutruiut. ThIlS, one must rescale such that both
the potential and the constraint 110 longer depoud 011 N. To do so, one performs
the independent rescallngs

(2,9)

and
(<!.lG)

where We have doflnod Ii == N1,1), Tilt, dill ire of couplings ill t.lto rela.tion (2,2)
ensures that under such it n~Hl'll,lillg,

V(;v) ::: I' (Ill,,:) :::/:JIf(a:) (2.11)

and
(2.12)

The barred fields have 110 lmpliclt depcudonco Oil {i, J<'UI'I.lWI', (Vl) hccotues

Z == f dc/JCP2U t!.'r/l(.l') J 'f>(ll)tl!J11I j;'-vl- f ,1;1'1'(;,,)1'(.,,)) {~.13)

12



In oJ'(I(~1'to compute the lC'adilll!; colllip;umLiuli ussociated with this "ollcctive
action", one considers the varlatlou with ['('51)(.'('1. (,(1 a single l~jp;('tl':a[ue AI: :

l~, [ L: lul,\; - '\;1- L V(,\d] = [)
( k j.j (j;6,;) i

(2,14)

One must therefore solve the equatiou

(2. Iii)

One sees tlHlt (2.15) may bp re-written as all integral equation for nIP rescaled
density variable!

f eMu) 1'1dy-- = -I' (;1:) (2,IG)
;1: -!,' 2

This is known as the saddlepolnt <'C1'ta.LiOIl, whirl: was Iirst solved ill [OJ. (The
bars have boon dropped for couvenlcnce: however, lise or the ronstrnluod fields is
lmplied.) The function I/J(y) descrlhcs the density of elgenvalues of 1~hermitian
matrix. 111the limit of large N, one requires that Llll' oigenvalues of it honnltlan
matrix be distributed along [1, Ilnlte Interval Oil the real axis.'.! Thus, 1/1(11) must
have compact support on the real axis. ill order I,{) solve (2,16) lot us introduce
the function

G(.;;) = jb (Iy 71(l/)
,~ '" - .v

(2.17)

One sees that the analytic structuu. of' 0(.;;) in SII('h tltn,1,there is a cut aloug (,lIP

real axis from a to b.
Let us consider evaluatlng (2, I 'j'J a,t the point. z = ;I~+ ic ;

r'( .) J l· (/!{!I)
It :1:+ H = 1.11. (' 0).1: - 11- u:

(2.1S)

Writtcll ill this Iashlon, one 8(>('8 tha.I. we hav« displaced I.h(' pol!' above Uw real
axis, Consequently, this integl'allll;J,'y he Illtl'titioHed ill Uw following \lmy,

(2.l!l )

lTllO dash superhu.rosed Oil thl' ill!(,gral ,;igll iJnpJi"H the priucipal value prcscriptiutl.
2'1'hl1 clgeuvalucs of hermitiall 1IliltriccH ale renl.



where we have parametrized the contour hy taking ;/; = y + ((iO. 011P has t.1w
result

A similar analyls allows us to conclude

. f ril(Y) ,0(:1:± H) = dy-'- + !1fq)(;r:)
.1: -y

Ilcnce, one sees that the imaginal'j' part uf the oporatcr 0(::) ylolds the dcuslty
of eigenvalues. (In!' is now able to suggest ". fortn for 0(::),

G(::).::: ~VI(::) -I- fi*i (2.:.tl)

with 1f2(p2(:c) = -~(;v), Ior z inside tho cut,
Depending on the form of the potential, one may lutroduce a,1I ansatz for I,h(~

Junction ~(z), We require ,1 one cut solution:! which pososses the symmetry of the
potential. Such requirements will permit us to d(~t.t'rlllille the structure of tl(::), up
to some unknown constants, However, one requires further infortnal.ion rcgardlug
the behaviour ofG(z) in order to fix the values of such unknown constants ill terms
of the continuum values of the "physical" couplings. Such infornratlon is suppllnd
by the. asymptotic behaviour of G(z) :

, 11& ql( II) I 1& I)
(T(Z)lllll ..... 00 = - dy---'-/- ~ - dl/rp(y) = z,

Zn l-y;; z J« ::
(2.2:1)

where we have employed tho coustralnt (2.l2). Ouo expands yf.6(z) asymptoti-
cally in powers of z, requiring tht1t (2.22) rorroapoud wil,1t (2.2:1). In such It way
one is able to express the coupling constants ill terms of the lntcrval ol' eompact
support of rjl(a:). One is then able to dctormln« the aiLicltl value of the couplings,
following which it is possible to reallso the coutinuum lluut,

Lei; us specialise to the quartic potential, 1.1l give n deal' indication of how the
continuum limit is achieved ..

3Thc one cut structure is equivalent 10 1'l"llIIriuA tllt1 exponential falloff of 10011 umplitudcs ill
the limit ofinfinite loop size. [15J

1·1



2.1. The d = 0 Continuum Limit corresponding to the quartic
Potential

We seek to solve the equation"

f l (/J(y) - I (~ :1)(y--- - - ~- z
:1: -1/ 2

(2.2,1)

for the density, ql(:I:). In tho spirit of till' prccodiug discussion, we tako

0(;:) = V'(.:) + fi:(;j (2.25 )

where 6.(z) is related to the density ill the simp]o fashlou descrlbod above. The
I'o rill of ~(z) corresponding to a quartic. potential is, for a synuuotrlc l111H:LLz,

(2.26)

where tlw constants 0:,r remaiu to bo fixed ill terms or lJ. s 1'101.Ling .6.(::) yields
11 graph symmetric about 1.11(' vertical axls, with foul' roots. The roots lnbollcd
by ±I bracket the cut interval, with the roots ±n exterior to it. To achieve tho
k ;:: 2 uiulticrltlcal point, one wishes incur the accumulntlou of lUI extra. root at.
the cut endpoint.

In order to do so, let us expand (2.2!i) about, Lhe point z:= 00, 1,0 yield

, s ( 1 'l 2) r'1. I,» ')'2) 1" ( 1 2)&(Z)I' = - 1 - -"V - (~ + - \n - - + -,- 1 - -"V
1111._00 2 2 ' 4z \ 4 I(jz:l 2 I

(2.27)

Requiring agreement with tho asymptotic oxpanslou (2.2;l) givos riso to LIlli fol-
lowing equations:

(2.28)

(2.2!l)

l1nd ')'''( I)H':.!;:: - 1- -12
1(j' 2 (2.:lO)

·We have fixed ",=1 for convenience.
hIt is also conventional to denote V(~) = -Ll(:), ,IS will be shown lnl.cr in the context o[ thc

tl == 1 model.
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Thus, we have expressed the interval of support of </1(.1:) ill terms of tlw physicul
couplings. 0111'may further eliminate n from (2.2!l), and solve Ior "( ill tonus uf
g,

2 2
",2 == _ ± -1./1-12[1
I a :l (2.:H)

It has been demonstrated that the rriLinJ value of the wllplill~ is rcachod when
12 becomes complex, since the energy is i.o longer analytic !.lWI·e. 'rhus, fir [or
the quartic potcntlal is found to be

I
f/,' = 1~ (2.:12)

The value Dc corresponds to tlte value of Ih~ coupling which ensures the di-
vergence of the planar diagrams, as explained ahuvo, Thin valuo of tho cullplillg
requires that <LU extra zero of llld density accumulate at one of the endpoints of its
support. Quite generally, the m'th multicritical point requires au accumulation
of m - 1 Zeros at the endpoints uf tIl(' supper] of the donsiLy. FoI' convenionco,
(2.31) may be re-written <LS

2
"Y'
l == :l± 2J(!J) (:l.a:.!)

with a similar expression for (x:

, 2
n~ := 3" f f(y) (2.:H)

The cut is located iu the interval (-,,(,'Y), A plot of \~JJ Oue would liko to I,[we'
D! -+ "(, and consequently we lto(,fllhal. as one varies!J from zero to Ue, the function
J (U) varies smoothly through the interval ~ < f(u) < O. 'I'horelore the choice of
signs

2
1'l ::;J - '2J(!I) (2.af> )

(2.:W)

eusures consistency with Iigure (l.l). With the boneflt of hindsight, one sons thtLl,
tuning!I to its critical value lie is equivalent to requiring n _, "(, as u;, ::: ~ ::; ,;.
Alternatively, one might first have determined tlte eritlea] value of 12 .antl hence
ge, by forcing tho Iocal maxlnuuu e to zeru, which is equivalent 1.0 requiring It -> ,.

The scaling limit is defilled by

(2.a?)



and
(2.38)

where a a plays the role of a. short distance cut-ell' with dlruousious of length,
WI ,.1~ is taken to zero in the continuiuu limit. 10'1'0111 (2.:l7) one sees that, in the
vic' .ty of the critical point, oquatlous (2.:35) and (2.a6) become

-yl = -y: _ Vi.a

(1'2 = n2 + ~v'i\ft
c 2

Thus, inserting these expressions into the ausatz for the density,

(2.'10)

one obtains

(2.41)

for (> Vii.
Thus, r;1te universal [OI'1ll for the density corresponding to the '1/1, = 2 multl-

critical point is, up to a rescaling' of a,

(2.42)

as given ill [15].

2.2. The cl = 0 Continuum Limit corresponding 1;0 the Cubic Po-
tential

Let us now consider extracting tlte coutiuuum Iorrn of the density by moans of
the cubic potential, in order to explicitly demonstrate the equivalence between
the cubic and quartic continuum limits.

As before, OUI' starting point is the equation

fdyl(l(Y) =~(;;_zi)
:1: - y 2

17



One chooses the ansatz

(2.44)

noting that it is no longer svuunetrlc. TIH' Iactnr in front or the square root
is chosen to ensure Llmt 110 ]lOWI.'!,8 of z and z'l contribute asymptotically. As
before, one expands G(z) = ~V'(;;) + J3:TZ) abnut the point z --. oo, requiring
the correct asymptotic behaviour to yield the following set 01 equations:

a '},
-( U+ /,) - (It + ')');;::(\',
4
I 2-~(11-")') (1-(n+7»::::9
16

(2.4U)

Introducing the variable a ;;::n + 'Y, our is readily able to derive tltr equation

(l(0' - l)(<r - 2) - 89 = U (2.47)

with the help of relations (2.45) and (2AG). Olle el1ll show that the energy picks
up a. singularity where equation (2.47) acquires it double 1'001.. Thus, one Iinrls
the critical value of the coupling is given hyl'

2 1
U" = 4:12 (2.48)

The reader may easily verify that equation (2.'17) acquires it double root for this
value of the coupling,

In the vicinity of 1.1.(' critical point, OlW llmy write

u = ric - Au'},

In what follows, we choose to take UC :::: 1/12v'3. One then readily finds {,jmt
the critical value of (1 for this value of the wllpliug is fTc = 1 - 1/v'3. Thus, 1.0
obtain an expansion in powers of n, one notes tlmL i!.Pratitig (:JA7) about tlw
point 0' = eTc - Aa yields

(2.[iO)

One is interested only ill powers of O( ct) since, due 1.0 Lite structure of the ansata,
higher powers cannot yield the correct scaling of IN2 iLL the critlcal point.

GChoosillp; the sign of !Ie corresponds to choosing which zero will accnmulatc al the endpoint
of support of ,p.



Using the equations (2.45) and (2AO) one is able to claim series expansions
for both it and 7, in tenus of a., \Vh()1'(~we have implicitly taken n > I:

v!:!+l,- 2(\'= --r.- - VAlL + O(a. ) (2.51)
2Va

l-v!:! 2
7 = -2-· - + 0((£ ) (:l.52)

It is seen that I docs not scale, to order 0((/.2). In the limit IL -+ 0, oue
requlres o-» eYe I and thus (tc = (V3 + 1)/oz,f:l.

To cor-alder the continuum limit more closely, one writes

~ = ~(z -IL)j((~ - z)(z -,) (2.5:1)

with JL = 1 - t!T, in which case one Sees that, in the vicinity of the critical point,
IL scales as

1
It = (\' + -VAac 2 (2.54)

Thus, as one tunes 0 -+ oe,the density <\,115,11,'1 acquires a double root al, the
endpoint of its support, which is a signature of the continuum limit.

In the vicinity of the critical point, we take

(2.55)

The density has the Iorm

1T¢(Z) = ~(IL - z)~ z)(z -7) (2.56)

noting that it is the imaginary part of G(z).
Substituting the relations (2.51), (2.52) and (2.55) in the above expression

yields

(2.57)

and thus one finally obtains

I ( 2 )1/'1. ( Al/2\ 1:- ,7r¢(() = a3/22 v'3 (+ T) V( - Al/2 + 0((/'1'1.) (2.58)

with ( > Al/2. This result is equivalent to the form of I,he density obtained by
means of the quartic potential, up 1,0 an Irrelevant numerical factor which may be
absorbed into a. Thus one sees that the density has a universal form regardless of
the underlying matrix action, where we consider ouly potentials associated with
the in = 2 multicritlcal point.



3. STABILISATION AND STOCHASTIC

QUANTIZATION

In our discussion of the previous Becti, u, tho oquivalenco of the cubic and quar-
tic continuum limits was demonstrated. There ,1tH, however, various dilllcnltlcs
associated with the cubic. action, which defines a, "bou.omloss" theory. N;1tU-
rally, the "bottomless" nature of the action is lnvisible in perturbation theory,
and a signature of bottomless theories are UIC appearance of lnstantons, which
are intrinsically non perturbative ollects. These correspond to the tuunellng of
eigenvalues into the iufinite potential well. III general, critical matrlx potentials
of even multicritlcallty k are bottomless, ~111d will admit such nouperturbative
instabilities. (15), [14J, [1GJ. [Ull.

Various attempts to "stabllise" such bottomless theories have been proposed,
in particular the method of Gl'e"llsite cl at [1:1].

Let us briefly review the method of stochastic quantlzutlou, which ls employed
in the study of euclidean field theory, and is of key importance ill the understand-
ing of stabilisation mechanisms.

Stochastic quantization is generally used ill the context of a d diiuenslonal
euclidean field theory, defined by all adieu S[rpJ. As usual ill field theory, one
would wish to compute correlators of some observable G[rp],

(3.1 )

To do so, let ,1" <onslder the Fokker -Plauck Iorrualism, III this case, correlators
are computed ill he following manner,

(G[rp]) = lim Jf 'PrpG[rp)w[rp, r)
·7-+00

(:1.2)

where lJt[rp,rJ j, considered to be a probability dis(,ribut; »n, and r is to he regarded
as a 'flctitlour.' time, The propagation of 111[1",' HI the 'fictitious' time is governed
by the equation

20



where lItp in a Hamiltonian of the Fokker-Planck type. 11 is of tho form

I sU ~.iJ
lIn' = -'ic' iJ'{J C-· iJ'{J

which is clearly not hermitian. In fad, the hermitlan conjugate of (:.1.4) is

LrtIFP =

{:l..'.i )

Note that (;~)t= -;<p' but ill the above Ute overall mlnus sign remains un-
changed, since we conjugate twice.

One readily sees front (3.3) that the propagator may furmaHy be written

(:\.6 )

Ii. is important to note tlia,t /I],.}' is related by a. similarity transforruatiou to
a hermitian Hamiltonian:

rr - c8/'2JJt C-8/,l
- 1"P' (;~.7)

The slgnlllcauce of tlus is th,,~ the cigonvalucs {If lIn' must be real. 'I'll!' 1l01l-

hermeticity of !IFP implies that oue should be cautious when considering the
states upon which one allows the Hamiltoniun to ad. in particular, consider the
following inner product, where the hcrmiiiun Hamiltonian arts Oll its I';,,;rmsta,tes,

(nl 11 In) (:l.8)

which is readily rewritten with th« dd of (:1. 7) as

where we have scaled
(a.l0)

and
(a.ll)
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Thus, one readily sees that tho eigellstates of lIn' and 1ft·!, arc InL), and lun),
repcctlvoly, It is also clear thM if

(n 1m) :: bit'll (:I. I:.!)

then so too one has

from tho above dcllnltlons,
A key point I'cglLrdiuf!; tlif' stochlLst,j(' fOl'ilHdiHlll is Hilllpl.y t.hat (.11(' 11<'1'llIi-

LhLlI f01'1lI of the Fokkce-Planck II'LlIliI('(llliaH lIlH.y htl wl'il.(.f!h ill a. posltlv«, setul
dollnlto fonu

I .t •
11 ::::--II ":2

(:1.14)

where the operator ,I tah'fl the form

• _ 'i/~ iJ .'1/2/1 = c' -;-,{'
c).."

(a.lii )

implying t.hat t.lm t'UCl'P;Y spectrum is not only I'md, hilt posltlvo sNnj· definite, ic
that &'1 ~ 0. If one were to 11.9811111(> tho exlstcuro of 11 grcttnd stut« wavctunctlona!
with zero clgcnvaluc with respect to the h!'I'luitiall Ilurnlltouiau, ouo could write

Inserting tho explici] form of Il , OIl<' ohtaillS all oqnntion COl' tlw ground sta.t,('
wavofunction 111,

(i!.. _!OS) (.iJ .!OS) ( In) = () (:3.17)
Ocp 'l Orp UI.{J 4 '2. ()lp cp

The above cq1Hl.Lioll has two possible noilltiollS,lllLll101'y (cp In) :: (',-812 and (cp IO) =:
C8/2, For ,1 W(JlIdefined (hounded) actlon S[.."J one would choose (cp 10) ::: c:-s/~
as 11 normallsable waveluuctlonal of tlw IWl'lnit,l;LIl Fokkor Planck Ilamlltunlan,
Moreover, as We shall domonstrat« in WItlLt 1'01l0WI1, the cholco of 1'0111 tlou (cp IO) :::
c-sl2 is crucial to the I'Pl'OV(']'Y of tho ('.OI'I'Cl't rorrelutors in til(> lliult T _,. 00.

From tho ddillitiollS (:J.IO) and (:l,ll) il. hN'UIll<'S d<';I,I' that, ('I-" In) =: \ -8/"J

implies
(;I, J t{)

and
(O},lcp) = I (a.lf))



Let us consider the v!.:ject

(:3,20)

Inserting a complete set of states, the above becomes

I, {('I,l()) I' ~((,'lc-J/J.'I'TllIn}(71/,II(I(O)}
IIll .1 '" T = 1111 ~

T-OO T-OO " (n[,lnu)

Since the kct Inn} i. an eigenstat.1' of IIt'I" 0111' tIlay fUl't[wl' write

[' (("I" ()) n 2:-- -< T (011/.11)(7/,/, II[I(O)}
Jill ,7 ').', T = IIll «=» (I)

1"->00 T-+n" " ut, nu

Taking the limit as T _, 00, and assuming I,hat. thOI'(I is all ellt'J'gy gap to tho Iir:-;t
excited sta,te,l one has

I, (('IIII(») = ((;1OIl)(O{, I'~«())r~lJo ,1 ~ r (0[., IOu)

Inserting a complete set of states allows us to I'(,Wl'iLI' (0[, lOll) as

where we havo employed the relations (a,lH) aud (:l,U)), valid for eu = O. Siiullarly,
one has

(PI tlu) = J dsp WI tp)(tp IOu)

= J cltpP[tp)c-s (:1,20 )

Furthermore, a consistent notion of probability requires that

(Ot 1'lI(O») = J dtp (ODI tp)(tp IW(O») = 1 (a,26)

Thus, one sees that the object

(:1,27)

\'l'ha.t is, MSUUlC 110 dcgcncrncy of the gr()uud stnto,



as claimed earlier, Thus, Dill' notes that stochastic quantixation provides an
alLer iativc means of quantizing it theory, which j,; IHtI't,icuhtrly appropriate in LII('
case (If the d = 0 model. This issue will bo "tldl'('sspd hltm',

Additionally, stochastic quantizatlon ph1YS lL koy role ill Ilt•.hili':illg it 1.1wDI'Y.
When considering the case of a bottomless ili.~Li()1I in t.he wltt.ext. of 8 (,,111tI;LI'<I QFT,
the theory is not well defined. Ideally, whaL ouo would wish to do is to incor-
porate. some .uethod of stnbillsatlon, such that the dI'm'(,iv(' a.diol' so uiJtaitwd
yields the same perturbative expansion as that of LlIH original hottomlos» a,r.tj(lll,
Furthermore, one migh] rcnsouahly require couslstout lal'l-\eN and t'Jassimlliltli(,H.

The manner ill which this is ac('olllpllsiH'd rollos Oil tIt(> refll1t<:elll<'lIl, or tho
euclidean corrolator as !.he defining objc('I, of tIl(> 1,Ill1ory hy !.he send punitive
dclinl to Fokkor- P 1;111 ck If amlltoniau,

Let us first couskler the case of a bounded action. 011(' WUI'kH lrotu I,IIP per-
spective or ,1 standard quantum mechanics, In other words, one Inserts the l1l'l.iOll

ill the Fokker-Planck action, and solves [01' lho corresponding wavefuuctiouuls,
As discussed above, the enel'gy eigenvaluo co = 0 has, <Illite generally, Ljw cerro-
spending wavefunctlonal (tp 10) = e-8['Pl/'.l. The central issue hero, however, is the
normallsahillty of the Boltsmann weight, In I,he case of a bounded action, Ule
Boltzmann weight is noruralisablc, and thus thl' wavofuuctlonal (tp 10) = r,-S[rpJ/2
corresponds to a physical state, The ground sl,tLI,(~energy is thus given by ~o :-.::O.

In the case of 11bottomless action, UI10 again linds the solution (tp 10) c, ('-I;(CP]/2
correspoudlng to co = ().However, this wavcfuuctional is not uormalisable, aud
consequently cannot represent a physical stato. Titus Uw "tI'IW" gr()ulldst(l,t(~ of
the system must satisfy eo > 0 clue to 1;110 semi posltive delinltc nature of Uw
hainiltonlan.? The wavefunctloual which corresponds to tho first non Zl1l'O elle!'gy
eigenstate may be rcgardod as the physical ground state. In the illLel'l'sl,:; of
obtaining It stabilised theory, one may write this wavefunctional ill the SllggoHliv(l
form

The proposal Ior stabilisation is thus to 1'('pI;1(,(, tho previous boUulllless actlon
with the effective action corresponding to tIll' physica.l gl'OlIud st'Ltll. 0[\(, may
thus rather couslder the stablllscd euclidean correlators

as being meaningful.



III Llw following I>ccLiolis We' will r('('asl. tit" tl ::::0 model, !'lllp!llying t,hl' Ior
mallsm of stochuatlc qunntizatiuu, At this 8tHg!', it is 1101, .tt. a.ll deal' wlwtlwl'
tho la,l'ge N bohavlour of Llw original tl := 0 t.11l'ol'Y is modlflod by this ['('writing
of the titl'Ol'y,3 III what follows, W(' will doiuoustratc tim!. they arc, ill fa.ct" con-
slstent. In gonoral, we will 11(;(. employ t.!l\' full machlnory or sLi1biJiHatioll ill this
dlssertutlou-rathcr, we will use the term to illlply tlw l'OIVI'Hillg of the Iheory ill
terms of the Fokker-Plauck llauu.toulau.

For the moment, let us discuss the d := 1 uiodol, which has gJ'md. relnvance for
what follows,

3.1. Collective Pield Theory and the rl =: 1 model

The tl :=1 model is dofiuod by the quauuun ruechnulcs of a. N X N 1l<'J'lIliLiNI
matrix,

II = '1'1' ( -~ U~~~ + V(M»)

III orJ<'I' to facilitate tho study of Lhis modol, it is oxpcdlei.t to make u f'imngp of
variables to luvarlau] collective varlablca [2,IlJ, sluco it is tho singlot snclor which
has relevance for liMing theory. Tho collcctlve lield approacf to d ::: 1 strings was
Ilrst considered ill (2[)]. Collective field tlwol',Y is based Oil I,ho iclPlltilimtio)l of .1
symmetry of the theory, following \Vitil'h it dllUlgl' of' vuriablos is mado (,0 it [{('t,
of collective Iielda which are malllfc'IiI,ly invariant under LIds symmetry, For ttw
moment, we will consider maklng a t.ha.ugo of varluhlos to gOlwrk ('llll('l'Liv(' liol<1l1
</Ii, which arc assumed to be illvat'iallL under U(N) trnuslonnntlons,"

Let us first consider tho kinotlc t(1l'tll ,I>

(:J,:JO)

I iI~
II :=-----

o 2 iJJIli/J Mji

Invoking the chain l111e penults us to wrlto

(a,:H)

31'he corrcspoudeuce 011 the level of the sphere was first delllullstmtcd ill (14] ill til<' context
of the Marlnarl Parisi model,

·0110 lIIay thil.k of this ,til rcforlllllliltiuJ.; the th('ory ill terms uf "IVlllf\I' invarlant" <1I1'\lltitil'8,
5ltepcatcd indices imply sunnuallon, unless expressly stlll,l.d til Uti! coutrnry,

'I)'... J



and again

(a.a:l)

III wha! follows, it will prove couvonlout to deflno the Iollowlug variables

iN" i),/)",
Hnm ;:;; iJAlij Ui\[ji (:1.:14)

0241",

wm ;:;;- ()J\1jjiJillji (;).:J5)

The nlLm Illay be considered to describe loops joining, while l'OUVOI'Sl{V the Wm

depict loop splitting processes, which will become clearer as (HIt' works with tIm
specific forms of tho invariant variables. Tho kinctlr piece of the Hamiltonian
thus takes the form

I( i) iJ 0)JI 0 :::;; Wm !lA - Hnm -;--),J -, ",IT
'" V'{'m ( ({III. (/'1

'
11

(:l.:lG)

In order to canonlcally quantize this llanilltoulan, 0110 is required tu lmposo 1Jl()
conunu tator

[11")1, tPlII) = -iblllll (:1.:17)

ill whlch case one readily sees that 11"" = _i-:--,i! ;:;; -ii)". Oue is HUW ablo to
, I 'j'l\

rewrite (3.:30) in terms of 110 coujugato IllO!ll(,III,UIll as follows

11~ ::: ~ (iw",1I"m + £2"",11""11",,,) (a.:lH)

One notes tlmt tho above llamlltoulun Ill) longer retalns lIl!' PI'O]lI1I'(,yof I1xplidt
IWl'1uit.lcity, following the change of varlablo» to colloctlv« llolds, III order Io
undorstand why this is so, let us consider the oxpoctatlou value or nil observable
computed prior to the change of varlablos:

(:l,a!))

Clearly, if ouc wished to rewrite the above illl,('gl'a.\ ill terms or the </Ii's, 01\(' must
include tho Jacobian J[(/I] of the truusfonuatlou

2U



OUO readily sees that the above IInw be rowrittcu

((J) = J dqIIPlqlj(j'[</J]IP[lp] (;).41 )

where we have defined 6'[4)] == .I[l/ljl/2(}[(p]J[e/lj-1/2, and «P[ep] _ .1 ['/11'/2W[0].
Thus, to write the Inner product in tho HIHU'l' of (,hI' IlI'W ill vari a,1l I, variables with
respect Lo It Ldvial measure requires tha.1. (HII' J'os!'a]p the wnvofuurtionals and

operators accordingly.
As 11 result, one sees that tho llamlltoulau (:1.;)8) must be transformed as

lIb == JI/'}. Ilurl/2 (:3.42)

in order to retain hermitlcity, III principle, knowing Llw Jacobiau would permit us
to write down a hermitian Ilumlltoulan. III practice, one enforces the IlPl'luiticity
requirement as 11, moans of oht.Il.illhg it <lilli'rell !.ilLl equation Lo COllipu to J.

Let U5 consider trausfonuiug thl' coujuguxo momontum
...' _ .11/2 ... ,-1/,2"u. - lint

which 'becomes
, iU 1 J (71"" = 2 )I n + 71"" :lA'I)

One is able to transform (:l,llS) by insertiug the rolatlou (:1.'14), and roqulrlng all
explicitly no-i-herrnltiau terms to vanish. 'I'hus, one has

11' 1 (. I () ") ( 11':)0= 2' j,Wm7l"m + .')1)/171"))171")1 :IJ ,)

which, after expanding the above, an.l Ilsiug LII(1i<iI'ItLit.y 1l"nHu1I! 7I")t= -iiJltH"", 7I"m+
HII7,,1l"'17l"m, yields the hcnuitlan kinetic plcec of tlw Hamiltonian

1I~= ~71"nHnm1l"n+~HnIllOnDm III J-JWnDn lu.! -~(i)nlJlJ)S2l1!u(UlIIlll J) (:1,<10)

on condition that J satisfy

(:JA7)

where we have dellned the operator cit == ullin"", +w". Ouo rail now fortnally
eliminate all mention of the Jacoblan from th(\ Ilamlltoniau, by IlWH.IIS of tho
l'elatjr 11 (:JA7), Lo yield

J[~ = ~7I"nnnm7fn - JUmU"n"m - JOnW" + ~(Wn + um!2",n)n;,:,(wm + u"H"m)
(:1,,18)
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This is the kinetic term of the hermitian rl == 1 Ilnrulltoniau, in terms of generic
invariant variables. One may rewrite the above in the manifestly hermitian Iorm

11' == !6hn-t()ht
o 2 <> <xII o

where we have defined the operator

();~ == -ouu; + ~(W<V + u",H",,,) (3.50)

The superscript. II. serves to euiphasizc tho nssoclutlou of tlw ahov« oporato. with
the manifestly hermitian form of tho llamlltouluu. One should noto tha.t Llw
hcnnit.an conjugate of 6~ has the following action 011 the square rout of the
Jaco blan,

·"t 1/2 __ 1_ 't _
0", ./ - 2./1/2°"./ - 0 (:l.51 )

We have constructed the Hamiltonian 011 the reduced invariant. subspace, and
in so doing obtained a dlflereutial equation specllylng tIle Jacobian associated
with the change to luvarlaut collcctlve Ilelds, Thus far, we have employed generic
invariants; however, we shall now specialist! to the density description.

It proves convenient to compute W,~,and HII'll ill tenus of the invariant vari-
ables <Pk == T1'(eikM), and to then transform the result to m space, since

.I() Jell.: -ikr,/(fi:G = -c 'vJk
271"

(a.52)

We consider computing Wk, where

(a.53)

One obtains
Wk = /.fuk rll/r/Jkl(/Ik_kl

where we have made lise of the identity

(a.55)

It is now a simple matter to compute the form of Wk ill w space, by simply fourier
transforming (a.54). The result is

( .. ) - "0. f 1 -'-OrjJ(_.:.:I: )..;_:rp(.=...:_Y)
W .l. - '" J'" r u=:

;1: - II
(:1.56)
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Que now computes the Iorm of H(a:, a:l) in a slmilar lushlou, In Ii!space, one easily
finds

(3.57)

w Ilich takes the form

(:1.5H)

ill .'1: space.
Further, note Lh,1t . j ,lJH(.r,a:')

OmH"m -> doc UrI,(;if'
which is readily shown to vanish, sluce

The. Hamiltonian Illay HOW be written

JI~ = 1 I D
-jd.vdw'1f(;C)H(.I:,;V')7r(;C') - -I jd;l: n.l( )''''(;1:)
2 ' {"P .v

+~j d,c d:c'w (a:)n-1 (a:, a:/)w(;l:')
8

(a,GO)

Let us treat the term

(:l,G1 )

Inserting the fonu of We;!)~, ,111t] inLcgl'l1tillg by parts twice, penults us to wrlto
the above as

~.j t"d',! (fd' (/I(a:)¢(l/») 'J 'J (1-1(., ..1 (f i·( ,lie,___:;I:/)...:_:.(p(;:..:,y»)
) (.1, ,C IJ (~'(J,IH .1".1, ) (!I-,~ • a:-y ;/:-y

Inspecting; the form of n(;I!,;I:'), one observes that n-1(a:,.I:') must involve llll'
inverse operations D;IU;,I, ill which case one requires the derivatives acting 011
the inverse to nullify the effect of such oppmtol's. Thus, tlw above oxpressiou
assumes the following form

(:J.na)

:w



which, after integrating over t.he delta Iunctiou , yields

J J (f (1'(1J))2- (Ll: cly-'-'-'
2 ;I: - y

(:I,G4)

The last term which requires conaidoratiou is

J l Dw(x,')
( :I:Dc/J(,c)

(:1,(;5 )

It is a simple matter to verify timt the actlou .J' == L,,. !h/l'7'M" assumes the
form jV(x)c/J(:c)dx in x space. The final Iorm of the Hatulltonian is ohtalucd by
including a 1agl'ange iuultiplier IlF to enforce the constraint f d:l:(jJ(:c) == N. The
full d == 1 Ilamlltonlau in x space thus reads

H' ::: IJ' , IJ (I (jJ(I/)):.!- (Lv(Dxrr)c/J(.I:)«(J",'lI") + - ([;C(/J{oZ:) - dy-'-
2 2' x-y

+J d:VV(;C:)ljJ(:I:) - /LJo' (J d:I:(jJ(:I:) - N)
+~Jcl;l:c/J(:l:) lilll,iJJ,IJ",11I j;l: - :1:'12 x_,,,

p.GG)

(:l.G7)

The well known Identity

1 J. (f (/I(Y) ) 2 11"2 J a- d.I:¢I(:V) dy-- == -;- cl:I:¢ (:c).
2 .C - 11 G ,

permits us to write

The d::: 1 Hamiltonian Ilnally is

II' ;.:: iJrl:V(i)X1l")¢J(;C){UJ!1I")+ ~J~J da!¢P(:t:)+I(l3:(V(:I:)-,J,jo')¢i(;r:)

+-21 jd:vc/J(:v) lim i};cUx'III l:t: - ;(/1 (:1.70)
. :c-+:t'

aD



In order to determine the leading configuration ill the limit of large N, one roseales
x -> ~.", <P -+ v'1J0/,11' ...... v'1J11' I and IlF -> Iitir, following which, till' above
beco-nes

whore the potential scales as (2,11), and till' ronstrain! ls a.gain givnn hy (2.12).
One notes that the logarltluuically divergent I,CI'lll is subloading ill N ill COIII{J1LI'-

ison to the bracketed term, and titus only contributes :1t the one loop level.
The leading configuration is obtained by minimising the dorniuant tcnn

(:3.72)

which. yields the solution

11'0/u(a:) = /2(tLF - V(ol:)) (:3.7:3)

It is well known tha,t tho d == 1 model lII<1,Y be regarded as tho theory of nou-
interacting fcnuions in a potential well V(;I:), whore the elgenvalues of the hermi-
tian matrix M represent the Iormlonlc co-ordinates, and the collective field 1/10(;(;)
plays the role of a (classical] Iermionie «('!lsity. The dosignatiun of the Jagrauge
multiplier IL}? then becomes evident, since it plays the role of the Icrrul level.
The continuum limit is approach cd ill this instance by LUlling It1" to a quadratic
maximum, The deslguation V(;!:) III the discussion of I,bo d _. 0 uiodol should
!lOW become clear, since one has

(:1.74)

where we have set /tp =: O. The absence of the lagraugo urultiplier ill this insLaIH'('
will be addressed in the following section, when discussing stabilised d =: 0 models,

3.2. The Stabilised d = 0 model

Let us consider the semi positive definite, hermitian Fokkor-Planck Ilamlltoniau

(a.75)

:n



with Ai = C-S/2 ij~, cS/2• Permitting the derivatives to act, the above Ilamlltonlan
may equivalently be written

(:1.7G)

whe.e we work with N X N hermitian matricos M. The semi positive definite
nature of this Ilamiltonian is the key issue ,15 regards stabilisation, since it has a
bounded energy spectrum regardless of the nature of the actlou, LeL us consider
recasting the Hamiltonian (3.7G) in tenus of invariant collective varlables (/I;.
Consider first the term

111 =.!. ((),".'):l
Jp 1\ OM (:~.77)

Making use of the chain rule, ono is easily able to demonstrate thai, the above
becomes

(:l.78)

We U(lW specialise to the density variables

(:3.70)

It is easily seen that, ill ;1:space, the action becomes ,J' = J d.t:(P(.t:)V(;!~), ill width
case (3.78) is written

II} = .!.Jd:cJdY n(a:,y)-. _8_ (jcl/(/J(a:')V('l:I») ~ (jdyl(P(yl)V(yl»)
p 8 c\(/i(;1:) • b!fJ(Y) .

(:l.SO)
Using tl, revlous result

(:l.ill)

and inserting the above into (:l.SO) and porforiuing ,1 few partial lutogrations, one
obtains

(:J.S2)

lJet us now consider the term

(3.sa)



which is again easily transfortuod via LlIP chain rule to the invariant collective!
variables

2 J (llH iPS )
II 17) =:t Wi U(Pi - Hij ih/J;iNJ (;1.8,1)

As before, In ;~ space one has

(:J.H5)

Writing IIJ)) ill x space, one finds

(:1.86)

For an actlou linear in (/1, (whiclt we will consider) it is clear thaI, tlw second term
above docs not contribute, and one is left with

(:3.07)

All tlia,l, rcmalns to consider is tlw kinetic terrn. This I,CI'Ill was analysed above
<111d, following the restoration of henueticity, W,tS found to take the form

iI' ==

The compk te stochastic Ilamlltouian thus reads

(3.90)

which llHLy equivaleutly be written

JIll' = ~Jd:l;(D3:11")r/I(m)(iJ~"1f')+2Jcl:l:(/'(:I:) hm OxiJx,luj.I:-:r.':
2 3:- "I
1 J (f c/I(Y) V'(;C»)2+- d:l:ql(:I:) dy-- ---
2 :I: - y 2

(J.DI)

aa



in this Instance, 0111' takes It].' == 0, uthl'l'Winl' I,hl' positivI' dl'iiuiL(' nature of till'

Fokkor-Planck Ilumlltoulan would 1)('lost, (:OIlIiPI(ll!'lltly, 011(' fiuds til!' fllll()wjll~
cllcctlvo potollLit11 for tlw stiLbiIilwd d::;: 0 1111)(11,1:

with the lop;ttl'iLluuil'.ltlly dlvergeut tcnn and thl' ldlll'til' vierI' HuhII'H,diup; ill N.
Thus, in the limit of hLJ'gl' N, (,Ill' <'lfpeLiVl' poLPIII,i:t1 dl'L(,l'lIIiu(ls til!' Il'11dillp; ('011-
ligumt,ioll.
Ilcuriatrcnlly, the abuvn exprcsslon lrupllos thai, If) ~ n, 1)1' .r rlllt.M - ~}!'l, HiUI'('

¢(m) ;:: O. OIlC should thus (IXjH'l'i, l,haL Ii ::= () tmluliollS iLL N lUllS!, ho
rcprod 111:0<1 hy this term,

gxplidtly, one rcqulrcs

COL' tltH JU(Lding conllguratlou, with

= ~ I r[,!:lp(;lI) (/. tll/jl(l/) )\ 2 - ~ j' d.1'(N,I:) / rlIJ1J(y} 1/
/
(.1') - ~JEl

2 , . ,I: ~. l/ ,I , ;/: - 11

+k J cl,I:I/I(J:)II/~(;I:) (:I,!)5)

where wo have sytumotrlzod thl' s(I('uud Lt'I'lll, and usnd tlw id"lltj~,y (:I,(jH).
t,eL us 110W eonslder tho ('(tHO \l1(;I~) :;-~ (41.1: - il. l'(\l'fOl'luillg till! fUIU'LioH,tl

diJli.'l'onLial.iolls yil'ld:;

1 tl
1~~lrll

7r'.!cfl(;t:)2 + (1:2,/ + idYl + H'z - W,IJ) + ~.VI('I:)2 ~" () (a.!Hi)

whore Wj =: J (tJ::l:i(/)(:I:). Hinl'll uno is {~{)uliid(\l·jll~ th!' casl' ()fl~H.Yllllll!'(.t'i<' pOI.llut,jal,
one llULY soL Wt = 0,

One Ilnally obtains

47T'.!if/' + II(a:2,11+ W~ - v.)!/) + w'.l,r'i - 2wJ'" + ,I,'l ::: () (:I.Oi)



III which case, one may solve for 4•. Note, hOIVPV(W, tlia,t a.1l•• such solution has ;L

self conslstcucy coudltlou due 1,0 Lhe appoaranco of ,/I in the dcllnltlon of 1\'2. Itt
order to confirm that this stabilised sol II tion duos I'PJ>I'odU(,,!, it := 0, we cousidor
mapping each of the above coelllcleuts of ;1: onl!) Liw correspoudiug roefllrients of
the tl := 0 ansal,z,

(:l.!JH)

to ClISUl'(I t.hat they reproduce the l'OI'1'pd oquatlous ddiniul-', 1.111' posltlon of tho
cut ill terms of the couplings, Furthenuoro, by cousldoriug tho doflultlou of' (,'(z)
for:: large, G(::) := L:n .~~~'I , Olin is able to ruad ull' th(' P(jU(I,t,iOIl dcllnlug IV2 by
cousldcrlng tho ('oollidollts ;:-2 ill t.11l'largo ,~ oxpausiou of "Iw tl :.::;0 (,I11;;\.I,z, and
couflrmlug whether till' mnpplug in til(' two srhotnos ('lll'l'!'SPOlllIH,

Equating coclllcieuts of :: in tho two schemes ylolds tho ('(Illa,l,jous

:.)
I 2

W::-:: -+n2

and
(:l.lOO)

One sees that the Iirst equation corrcspouds pl'l'l'is(>l,v wlth rl e, O. SqUlLl'illg (:l.on),
inserting the result ill (3,100) and porfornring HOIlI(' suuple all-',eiJr'L ylolds

(:I.JOl)

which is the correct d ::::0 oquatlou dl's(,l'ibilll~ tIll' posltlun of tho cut as n, function
of the coupling.

The expression Ior 1;11(1W2 in tho srahlllsod 11111(1('1 is

n"1,2
H'" :.::;WI' - --

r. " ,I (:1..102 )

which, aftol' lnsortlng equations (:J,!l!l) and (:l.l(ll) is roadily shown to correspuud
with (2,30), Thus, in thl1 lluilt N .... 00, tho ('U hie <'<11;(' of I,ltl' d = 0 model is
equivalently described by the sl.a.hilis<'ll model,

Let us HOW cousider tito case or till' cuhlr poLPlltia.l, where OIl!' L;tkl's

w., I 'I1'('1')- -'I'· - -"".' - 2" 3" (!I.IO:l)



following the usual rnscalings such t,lmt til(' collectlvo Ih,ld obeys

J ua:(p(a:) :;: !J (:J.J(H)

Following the same procedure as above, 011(' is ablo to obtain tll(' d ::: 1
expression for the density, which is giveu by

(:UOG)

As before, in order to make contact with Uw tl:::: 0 solution, OIl(' maps th!! d:::: I
expression for the density unto tlte (l.IlS1Lt~

2 2 1 .)
'ff 1/) (z):::: 1(:; -/£)"(0 - z)(z -1') (:1.100)

Doing S0, yields the equations
/Y

w:::: '2 + It

w'). :::: (1:')' + 21M]' + 1,,2

(3.107)

(3.108)

(:l.10!))It ( It)(1::: -- (t'V + -/Y
.1 2 I 2 ..

and

«(l.llO)

One sees tlw,t the equatlons (3.107) and (a,lOx) imply it consistency condltlon,
Squaring (3.107) and eqUiLtiug the result with (a.l0H) yields

cr~
1t1':::: '4 - ITIL

Thls equation ma~ he further reflucd by iUlwt'l,jug LI1(1equatlon [OJ' p"

:ler'.!
(1:{::: T-crw

(a.Ill)

(a.1l2)

This equation complies with the lil'st of tho cl::: 0 result«,
Further, inserting the relations (a.lll) all!! (:1.107) ill (:l.lOO), and performing

some manlpulatlons yields

cr(er - 2w)(/Y - w) =: 'tI.[} (a.l13)

ao



ill i,;:;rccllIollt with (2.47).
All thu,t romulus is to verify tho ('(',ldvakuC(' of til!' ruomouts. The expression

obtained in the context of tlHJ 1l :::: 0 model is

-5, a2
"(2 11'1' (' , ) I" "Wj ::::-(al + 'il) + __ + - 1t2 + ,,2 + - (n - "()«x2- ,,(',I) (:J.J 1<1)

250 ' 121l G.J :l2

Now, using the idoutity dl + "(,I z: {n - "()2(1< + 20'2,2, a.J1l1pPJ'I'Ol'lllillg various
manipulationa, yields

-!i 2 2 It"( 'l 1/' 2WI == --(u - "V) (1 + -(II' -1') + --(It - "V) a (:l,II!i)2M I (j.f :12 I

Employing equations (:l.ll:.!) and (:U07), (Jill' obtains
(f2

Hrl ::::G4(ao' - 2w)(a - :.!w)

'I'ho oxprcssiou for Wj ill the d ::::1 model is

1 2WI == W[/ + '4,1. ct1'

(:l.llG)

(:3 117;

Employing the relations (;.1.112), (a.ll:l) lwei (a.l07) ono rogalns the rosult {:l.ll<i).
Thus 0111.1 sees that the stabilised model IH ill I'Il!i agreement with LItO d :::: 0

solution.

3.3. The Schwinger Dyson (Loop) Equations

Consider tile general correlation function

(P('P»):::: J dsp P(tp)(~-S('P) (:J.Wl)

Let us make a variutiou ill Lht\ field tp _, sp + e, wlioro ( is understood to b(1 all
infinlteshnal constant. Expaudillg to order ( ylolds

J cl<pP( tp -I- ()c-S(rp+c) .:: J clip F[tp) c-8(orl + (J cltpC~~~l- rl~~~)P[<p)) c-H

(a.1Jn)
If one requires the iuvariance of (:I.J 10) under such (I, transfortuatlon, aile sees
tha.t this requlrcuiout is expressed Hsll

j'tl( ')O~ tiC{' dtp F(tp)c-.'i('P) (:1.120)

°Mora t,rivinlly, aile might note tha.t Lhi~is simply t,he illl'l'~ral of n total tlcrh ,ILiVl', lid thus
vanishes,



This Is known as the Schwinger- Dyson 01' loop equatlou, which tlw WII'(!latOI'H
must obey. In full,

(
'[,r 1 , ....[ 1 )
Il 'l 'I-' J tt . t'/' 1'[ J-----'~') -dJdep clcp (:1.121 )

if one were to consider P[cp] as arising Iroui I,lw Jirst variation of some quantlty,
S,LY ({[ep], one could rewrite til<! abovo as follows

(:),122)

One may llnk the above (,0 stochastic '(1HLIlti;ml,ion. Previously, W(~ demon-
strated that

(O[cp]) = llm (01 c-II}.'J'T IIJI(O)} :::: J d'f)O[cp]c,-S
r-oo J rlcpc-s

under the assuruptlcn en = (J,. implying Llmt tho zero elgoustato has the j'<JI'IIl
('I..' IOn) = c-S['I'J •

The correlator (3.12;,) cannot dcnoud 011 (,II<' fietitiol1s time r ill ',he limit
r ....00. Thus, let us consider the ob it'd

(a,12:1)

lim iJr{G['PD = 0
T-H'X ..l

which ie seen to be

(;J.125)

where we have inserted a complcto Hot of states, and assumed tlmt I,lwy are
properly normallzcd. III tho limit. r .... 00, 0110 obtains

lim Ur({;[epJ) "" llm (GI if]..), IOn) = 0
'1-+00 . 1 '-'t..\.l

(:1.126)

where we have employed (:1.20). Taking the complex coujllgal,(1 (If tltl' above
(w]JtU'C we asaumc ('<1111matrix I'I"Ulcul.,:) it,,{! iJl~d 1,lug a coIllI'IB(,(1 1->01,of l:IL;1t(lS,

yields

lim Dr(G[cpJ) = J tlrp (Gill cp) (cpl flFl'I(,')
T ..... OO

= f dcp (iP(~ _ US !)(,'j" {,-s:::: ()
• iJcp'l iJcp iJcp (a.127)



which ,U'C seen to be the Schwinger- Dysoll equatlons of (1, ouclidcan <jlJ<LIlLlIlII field
theory, as derived above, It must be emphasized lhat thls discussion of stochustlc
quantization is distinct from tlw issue of stabilisatioll, which is a modllicatlon of
the theory. Here we Me lutcrcsted only in ~he [ink between the st,(ttcnH1nl, (:l.l::!'l)
and the Schwinger-Dyson equations of a field theory.

The stochastic quautlzatlon approach to loop equations in Yang-Mills L1WOl'Y
was elucidated in [30]; Ull] employed Lhis approach ill lL uuuierical analysia 0]'

Schwinger-Dyson equations in t.h(\ one mutrix case,
The stochastic F'old(cl'-~PliLllCk ll<Llllill,olli1l.1l iii (';tsily I'HWl'jI,tcli ill tenus 01 cnl-

lectlvc fields7 as

(:U2H)

more compactly as
where We have defined .nS,i :: 1'7' (fIR/Iff,) . The Ilamlltoulan may bo wrltteu

(:1,1 :If))

wlth o{l == -0,jjfJj -I- Wj, and Wj :: Wi -I- 0,(.1', i). This partltioning is not quito as
arbitrary as it might Ilrst appear since the (};"'s are required to dose au algebra.
to ensure the consistency of tho collective Held theory description.

Taking iflll ::: '['7'M" as 0111' collective variable, the above lIamiltollil1!1 is writ-
ten

(a.130)

One can easily show that tho pieces ludepcndent of tho ad-iou ('jmw lL Vlrasoro
algebra, taldllg

(:U:ll)

and defining 011+2 ::: L,,, it is OH,SY 1,0 vot'ify that

[/~,,,L"d = (n - 1I1.)LII~ III

for positive modes n ~ 0, whlch is Lll(' form or thE' classical Virasoro a.lpplmL. Onn
Il\ay niakc contact with it conformal fidel tht'Ol'eLk drscl'ipLioll, by defining tho

7The collective fleld treatment of till! stochastic Ihuulltouia« 1Va.~/ll'Ht given ill ,)-16.

:If)



modes
J

eXn :::: -h(/I", (t_1t :::: - V211.11"!t.
valid Ior n > O. H is easy to verify thut tht~ couuuututlou rolatlou

(:1.1 a:l)

holds. The above expressions arc romlniacent of tho mode expansions of a, COII-
IormalIleld theory. In particular, (:l.l:ll) may \)0 rewritten (1S8

which (11'0 recognised to be til(' Virusoro gPll<'raLol's assoclutcd with the energy
momentum tensor of a free boson in (l conformal Ilcld theory description,

1'(z):::: f :L'1I : ;;-,,-2 ::::~ : I}zr/I(;;)Oz'/I(;;) :
11:::-00 2

where the colons are takell to imply normal (J1'(lol'ing.
Let us consider the d:::: 0 partition Iuuctlon Iollowlng ;t chango of va,l'i<thll'H to

collective Iields rlletl ill the pI'CSCIH'e of sources j",

(:J.!:J7)

One ltHty rewrite (3.137) rather suggestively, by defining the object .Is ( (/I) ::::
J(rfJ)c-8(r/.), ill which case

Thus, it would ,WPC<M' thnt the object Z(.n is nothing but ' • Laplace trausform
of the rescaled Jacobian, Js. In till' provlous section it was dcmonstratod tita,t
the Jacobian must satisfy tho difrerential equation

• t
OJ=O (3.1:1!J)

to exhibit tho explicit hntmil.icity of the kinetlc piece of the collectivo cL :::: 1
IIamiU()uian. In tU1'II, tilt' objcc] .I,.; iH required to CIlS111'(~ tho hermlticlty of

BOno notes that we have rescaled the fields to obtain the required Iuctor of & associated with
Virasoro; this factor arises naturally when cousldnring thl! hermitian lunu of the llumlltoulun,
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the nou-hcnultian Fokkor-Plauck llamlltonlan, following LllP cha.II!t;(' 1.0 lnvnrlaut
collective variables.

III order 1.0 dotcnnlno th(~equation whlch ./,., must. satisfy, multiply (:l.la!J) 011

the lef~ by the factor c-s, 1.0 yield

gmploying' the identity

Jsc)jf!ij + f'tijr.-sDiJ = Di(HiJJS) -I- Hjj.!,.,DiS

one may readily rewrite (:1.140) ill the form

(:3.1·11)

Di(D.ij.JS) + (HijiJiS +wi)Js = ()
which is further written as

(:3.142)

(:3.14:3)

ill tenus of our previous dellnitlous, This result limy be oxprossed iuoro corupnctly
as

It is simple to rhow that, as 011(' expects, commutation of the) operator 6;;+~giVlls
rise to a.Vlrasoro structure.

The above implies I,lmt ouc IllltY consldor

o = J rl~)(6rt./s) c-J'q'

= r dr/J(Dr/'k(Hi/.«jI)./s) +w(jJ).Js) c-J·.p.,
= J d({I(JsniJd/d w(d/)./,.,) c-j·,p (:1.145)

where, ill the last line, we have integrated by parts and allowed the dorivatlve to
ad Oll the exponential. The relevance of tlw sources now becomes l'JC<L1', since
making the correspcndcnces

(:3.1<1£3)

penults one to write

o = (HiI.( -Ujk)jk + w( -·i)Jk)) J rlif)Js c-N,

= (}j'lZ(j) (:1.1,]7)
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Thus, one sees that thc operators Oi" an' required 1,0 iLunilmlatc the pM'tiLion
function. Furthermore, it should now bewme clmLl' that the operators c}i'i IUllSI,
close an algebra, since (a,147) requires

[(Ji', OJ''JZ(j) = 0 (a,14H)

which implies in tum that
(:J.l'lD)

Thus, if (a.l,j4) is to have a solution, tIl(' operators ();" ruus] dose au algobra.
As stated above, the existence of a Virasoro structure ill thn one matrix model
ensures that such a solution may be realised. The object Js is the Jacoblan
required to ensure the hermiticity of the nou-hcrmitlau stochastic Ilamlltonlan,
following the change to invariant collective varlables.

The result (3.145) may easily be rederlved in the context of Ute stochastic
quantization formalism. Recall tha.t the Schwinger Dyson equation may be writ-
ten in the context of a d + 1 dlmcusional qua.III,1I1ll field theozy as

lim Dr(G[AJJ) = J eli\[ (Olll AI) (Mllipp 1(,') = 0r->oo
(:3.150)

where IIFP denotes the non-hcnultian Fokkcr-Plauck Hamiltonian, and
litnr->oo(OH 1M} = c-s is the grouudstal,o wavofuuctlonal. Now, let us make

the change of variables AI -> lPi, incurring <I, Jacobian ./(Ip) :

Redefining .Is( ¢) = J( IjJ)C-S, and tnklng Ute honnltlau co.ijugato yields

(:3,15 !)

Due to the above dcflnitlons, Ilt!' = iJ",();~t, and thus the result (a,144) is re-
claimed, with the sources l« = O.

In summary, the roqulreuiont that the stochastlc Fokkor-Plauck Ilamlituulan
exhibit explicit henuitlcity yields ,111 equation for the Jacobiau JS(I{I), which may
be rewritten as a. set of constralnts actlng Oll tho partition function. In order to
ensure the consistency of the collective field descrlptlon, it, is required tlmt these
constraints close an algebra, which is ensured ill the OIlC' matrix model by the
existence of it Virasoro structure,
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4. THE CONTINUUM FORM OF THE
FOKKER--PLANCK HAMILTONIAN

4.1. The Macroscopic ]LoopApproach

The above discussion of the ell uivaloncc of the cxpress.ou (:1.127) wHh l,h'LL of tho
Schwinger-Dyson equations of a quantum Held theory suggests tlw.L one might
construct a. strillt~ fleld theory by consldering It stochastic quantization approach
to the d ;::: 0 model. This was accomplished independently by [10], (12]. The
following discussion is a syuthc-is or I,IIP approaches of [10], [ll]1LIlO [12],

In order to construct ,1 continuum Fokker-Planck Ilamill.onlan, it i..I,ra,ditional
to choose the macroscopic loop ,LS the collective variable, (b(l) ;::: l'7'(;.JM). As
usual, one proceeds by computing the quantities H(l, i') and w(l).

Proceeding by definition, it is easy to show t,ll,tt

12(1,i') ;:::ll'I/)(l + il) (4.1 )

and

w(l) ;:::-ll dll.p(ll)ql(l - il) (4.2)

In order to achieve the continuum limit, it will prove convenient to work ill the ::
representation. Laplace transforming (4.1) yields

n( ~I) _ D') (f(z') - U(z)
01," Z,,,y - ,:;C::' :;_ z'

where G(z) == TI'z2M• Furth " noting (.hat (4.2) is a couvolution, the laplace
transform is readily Iound:

('1.3 )

In order to proceed further, one would like to oxhlblt N explicitly. To this end,
one should seek the analogue of the constraint on the dcnslty variable. Tho
corresponding constraint in this case is given hy

~ f (J(z)rlz;::: N
2'1r-t



where the contour is chosen to enclose the rigouvahws of AI. The contribution from
the contour at infinity vanlshes. Thus! 011(1 need only cousidor till' conscqueuces
of the residue theorem. It is thou deal' that, ill order to rid tile coustralnt of
N, one must perform the independent rescalings :: .-; VNz, U(::) -> VNU(z),
following which (4.4) becomes

-~f G(z)clz ::: 1
21ft.

All that remains is to detenuluo tho ~('alillg of Lll(1cuujllgate uiomoutum,
which is readily in Ierred from the cauoulcal ("(JlIllllul,al,()1'

[1l'(z), (f(z')] ::: ::-~
..,-,._

('I.G)

Performing the above rcscallngs on the couuuutator (.I.G) yieldc;

['y1l'(Z),VNG(2')]::: ""jl_~,
v/'lz-z

It is thus clear that, ill order to preserve the cunoulcal commutator hlltWN111 the
rescaled operators, one demands I::: N-1. UClH'l'., we require 7l'(z) _, N-l7f(:i).

The Fokkcr-Planck Ilamlltoulau is

fIll) ::: - / ri;/ / d/,'(Z;:: ~:(z)i)z7f(z)()~I1f(ZI) + / liz iJ,,(P(z)7I"(z)«1.1'l)

+ /dzn(S,z)7f(z) (d.O)

Rescaling the kinetic term yields

JIki" 1 / =i lJ:(Z') - (1'(2)" ("') I)tv :::-N2 (J,,~ (Z .. ,,--{ 1l' Z)(lz'7r(Zz-z

It is straightforward to dctermlne that

/ dz i)zCP(z)7i(z) -> / c[2 D.(;2(2)7I"(;;)

III order to consider the scaling of the last tenu, lot us I'omll the doliuition
ncb', z) = T7' a"Jtt a~%:).This tertu may bo rewritten as

,I It ' OS11{,~, Z ) ::: ( ;;11(;;, Z lUGe;;) (.1.12)



The action ill z space is such llmL Lit(' puu-ntlul resomhlos a. source for t1l!~()1)(~1'-
ators U(z),

where the contour {: encloses the poles of (;(::), It is thou ('It'lLI' 1,IH~t

H(S,.::') =:: j dzH(::,z')V(::)

ill wltidt case tJWI'('sCltlillgs :: _, VN:: 1I.lld (,o(::) -> VWU(,:) illlply

.n(.1', (4.15)

provided that tho couplings in thl'
It. is then quite clear that

ndl tlmt V(,::) ..... N \l(i).

jcLzH(S,Z)1l'("'J (,I.Hi)

Ilcnce, the Fckkor-Planck llumlltunlan oxhlblth.;

JIll' = - ~'}.J dz' J d:;a(::~):::,,'(/;)i)z1l'(z)O~'rr(;/)"" J tLz U~(P(/;)1r(d)17)

+J tlzH(S,,~)1l'(z) (4.1H)

III order to proceed Iurtho» .o tako

W 'l I 'jJ~l = _;: __ ;.;'
2 a

To tl'('lI,t the term incorporating th!' actlou, ouo rccalla that

n(~'1)= DT'I'\I(A/)i}¢l(l)
, , UAlij VMji (·1.20)

which rnay be Writ,tCII

n(s, I) ::::[1/' C~JINI)
In order to 11l0Vl1 to the Z reproseutatlon, 011(' thus cousldcrs

(,1.21 )



0110 may readily dl1111011stl'l1I,(' thai" intpgmting by parts,

Furthermore,

loOO dl c-IZUrqJ(I) = z2(J(;;) - zrjJ(l)lt,,,ou - iltr/.(l)it;:;() (·1.2,1)

whore We intogratcd by pa,rLs, and employed I,h(l 1'(1:;1111, (,1.2:1),
Thus, 0110 has

Now, we couslder th,. qun.lltit,y rf(l)II",U' TIIP rescaling» Z -, VNz. (1(:;) ->

..(NU( z) Imply thl~t C/(.ii) "" -}/['7';:[1I7' Thus, sluco (!( z) = h.r cllc-/'~'l'l'( 11M),
one sees t;iHLt¢(l) 5' *1'1'«(:111/). in whirh CH.~t' rjl(l)II:::O :: :J,.'l'I'l = 1. Tho objl'('t
ulq)(l)ll=o =- 'l','M may bo rogiLt'ded as an initial coudltlun whlrh rumalus to be
fixnd.

Tho lo'oki. z-Plnuck Ilauilltonlan iti !lOW writ-t(HI

HI ,_ - ~2 J elz' J cliG('~~)_-::(:':)i)::rr(;:M/rr(,;/)+ / el;; (),~r:~(;;)rr(z)

+J (lzDE (.<:~,_ zW )O( z) + (,)~-Z - UI'IJ(l)II:;,u) (,1.21))

OUI' goal Is 1,0 compute a coutluuum 1'0I'III Ior the above IIamlltoulan , and thus
we consider the scaling relatlous

( 1.2'1)

and
w = "~r+ (/.2A

We Iutther introduco thn shlftod Iicld U(z) :

('( ") j 1''1 .) I :1/2( '(o., Z = -2\z -;;w ... (L f.., (4,2!l)

Tho required scaling of tho {·oujugn,t(· llI11IlIC'IILUlll lilay hI' ohtalucd by aualogy
with tho procedure used to obtain tho Hcaiinf.\ ill N, namely, by (,IHlHid"tillg t lIP
canoulcal commutator. 0110 ObI alus



Let us consider the potential t.('l'1II

which yields, following' the substitutlou of (4.2!1),

('l..l2)

In the above we have replaced i)tc/l{l)II:::;(J hy (he Iamillar notatlon H',. II. should
be noted th;LL the shift was made ill such it way as to en,lIed tit!' term linear in
(,'(2), thus eliminating unphysica! I,ad(>olr lntoractions. Compurlsou of the tenu
ill curly brackets with expression (a.lOli) indicates tll<l.l, it. is Hone other thall tho
continuum expression for the disk amplitude derived via f,h(' stablllscd ct :::; 0
model.

The potentla! tonu reads

('1.:1:1 )

Now, let \IS turn to the. kinetic term. Inserting; Ute expressiou for the field, (IL2!J)
one notes that the shift cannot coutrlbuto, and one h;LS

- (/,1/2 / ie / It,G(~/) _o (:(~) 'J, i),
N2(£5 I., tu; ~ ~ ~' C(It' ~'7l' (,I.a,l)

whore till' expression N-2(L-5 has the correct scallng dlmouslun for tho S(lIULJ'(~ or
the coupling COIIst,LIIL, fi,. 011(> takes N -> 00, C! ..... 0 ill a correlated fashion t such
that I;, is held fixed, Thus, tht' Iiual [01'111 of tho coutlnuum Iltuulltonian reads

11" 1/2 ( 2/ le/dl:,O(e) - ({(elU 'J /11:(('2 e) ('2(t) 'J e)il,=-a fi, c., .., E.-E.' (If'C~'7l'+ c., ((., - '0<, )(e7l'(<.)

(,1.:35 )
The factor (Ll/2 may be absorbed into the definition of the stochastlc tlrno, OUl'

notes that in the above the sped lie form or I,he potcutla! used to dlscrotize the
surfaces was absorbed into tlw universal f01'1lI of thc disk amplitude. FUI't.lwI'IIlO)'(l,
the above hamiltonian is ell hie ill the fields, which nile requires 1.0 reprod lIW I,;,
possible string lnteractions, One set's that., in tite ruutinuum,

nC(1: 1:) 'J 0 (,'(e) - (,'(0"' ,."., = (e'e--~-_-;;-
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may be regarded as representing the merging of ('oUtiUlIUlII loops, and I,hat

(4.:17)

represents continuum loop splitting. Ou« couk] thus rowrlto ill<' above as

i[III = -,,~J deJ de'H<'{e.01l'(e)1l'(e') _.J tlew"w 1l'(e) + J c!.e(,'~(~)iJ(lr{()

(".aK)
Tho processes encoded in tho ahuvo 1Ia.llIiltollia.1I ar(' 1l1OI'(~ pasily iutpl'pJ'l'tpd ill
terms of loop Ilclds,

= _ (00 u, l'" (lt2};,2lll~,vt(ll + lz)III(lI)ljI(12l
in In

-1')0 dtl1'Xl dl2(l1 + 12)l/1t(l!)lllt(l2)1/I(l1 + lz)

- L)O dlpu(l)I/I(l) (,1.,10)

where one now has t.le field I.ltt(l') whirh iii th« Inverse laplace 1,1'1~nSrOl'm of G(e),
and lJ!(l), the inverse Iaplacc transform of tho momentum wujuga,l,e to Ole}.
Additionally, Po(l) is the inverse laplace transforn: of iJ~C:6(O. Furthenuorc, one
has

[1/1(1),'jit(l'») = o(l-t')

which follows directly from the inverse laplace transform of tho canonical COIll-

mutator between the field G(e) ant! Its conjugate 1ll01ll1lUtUJlI.

We therefore interpret the operator I/I(l) as dpstl'Oyillg it loop of IPllgth l, and
1/11(/') as creating a loop of bllgLh l', The Iirst term in tIL!' above Ilamlltoulan is
then seen to represent (,1,(, process whereby I,w!) loops of lCllgth I, ;wtll2 merge to
form a. slugle loop of length t, + I'},. The second term corrospouds to the spliUing
of a loop of lelll~th l, + 12, into two loops of lengths IJ and 12• Tho last torui
represents a string tadpole interaction, whereby lLU incident string dlsappears,

Noting that the pre-continuum Ilaiulltoniau has a Virasoro structure, it is
naturai to inquire wl.,!Lhcl' such lL structur« survives the trausitlon to the coutln-
uum. To this end, one would like to construct, tIl(' contlnuum ~khwillgel" Dyson
equation, which is defined by
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which is simply the conjugato or (:1.127), whor« one takes the stuto

Ie:) = cf ,1I.1(1)1jI1(1) 10)

The usc of sources penults Uf' to rewrite (,[,'10) as

o == l>Odill" cll'});,2(l1 + l2).1(l1 + l2)7!.1~fJ b.1~12) Z('/)

+100

rill 1'X> 11l2111~.](l1).J(/2) bJ(llli + [2) Z(J)

+100

rllp(I)J(I)Z( J) (4.'14)

One wishes to consider connected corrolators, ,111d thus one should ruther work
with In ZeJ). The above then becomes

o ==

(4.'15)

Ily changing varlubles of integration, one may further' rewrite «1.'15) as

o = (00 dLJ(l)1 rill' (_1I2IHZ(./) hlnZ(./) blllZ(J))
io . io ( bJ(I')6J(I-I') + O'/(l') 0.1(1-1')

+x21°O dIJ(l)ll di'l 100

Cll'.!(l')[/~~.~~l~~·:';

+ 10'''';) r1lJ(l)li'clllp(l) (,J/lG)

Wo took In Z(J) to be tile gCIIOI'atillg Iunel.ional rOI' loops; Lha,t is, we coupled the
sources to continuum loop operators, such t.hat uiultiloop correlators 11.1'(' obtained
by repeated dHfel'euti1LtiollS of Z(J). OIl(' should note tha.t if Z(.!) slLtlslies

[ r il' ( Pill Z(J) bill Z(.!) bill Z(./))
io a oJ(l')o.l(I- I') + bJ(l) bJ(1 _[I)

+x21 rl lU'l roo (ll' .1(1,)[,0111 Z(J) + I rt dl'p(l)
io io 6J( l + t') io

o =

till



th"ll it iHclearly a solution of t,]w Srhwingor Dyson cquntlou (·'..10), FIIJ'tllPJ'llIOl'O,
the resemblance of the above to the pro- continuum loop equutlous of t.ll!' matrix
model is striking. In order to idolltify llIUI'(' dearly the appcarunco of a Virasoro
structure it will prove convenient to work with tho ~ roprcseutatlon,

III the coutinuum, tho loop operator 'ld(l) which erc1lttos it loop of lcngl.h lllla.y
be expressed as a sum of local operators 11", which may he thought of as insert.lug
"punctures" ill the string worldshcet, Spcclflcally, L11!'continuum 1'01'111 of the loop

, ,r, .l -2"""1' t is eivou l ,'d(l)- ,:l" 1"'H/2 'J '1'1',operator lor t 10 1It - CII uca POIII, IS givou )y ,.. - /. L...1t;::1l 1'(,,+:1/2) 1 '" US
implies thitt requiring the SOUI'(',(1 to Imt,ilify

r" dIJ(l)l"+1/2 = ~1'(1I + a/'2)/t"io ~.
ensures that one may rewrite the gellcratillg functional ln Z( J), and itt; associated
correlators, in terms of such local opPI'at,OI'H l1n, sinco the source term takes the
form J dIJ(I)\~t(l) = I:/1.1t11"

n;::U

We thus consider the Laplace tmnsform of 1,1](1Schwinger- Dyson equation

o = I {I [l' ({i21I1Z(J) (11112(,/) tlIUZ(.J»)
ill ( DJ(I')bJ(l-I') + {l,f(l') 6J(I-[')

.21 r tl'/(I')I' b III Z(.J).1 (I)+1. io ai, bJ(1 + I') r P

Let tiS factor the partltion Iuuctiou into a, product of universal and 11011 univoral
parts,

(4.51)

where Zu (Znon) corresponds to the universal (non-uulversal) part of the parfition
Iunctlon, Thus, one has

() III Z(.J) bill ZlIon(J) Ii In Z,,(J)
bJ(l') = bJ( I') + DJU')

Now, Z"OIl(J) takes the form

Z"on(J) = cf r1/(.J(I).I(I)+~' f clldl',/(I).I(1')C(I,I') (4,5a)

where Q(t) refers 1.0 the non-universal piece of the disk amplitude, aud C(l, l')
the non-universal contribution to till' cylinder amplitude. Fur tlw 711.= '2 critical
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point, Q(l) takes the form

(<I.til{)

while
C( I I') == ,,2 ,/[[i

, 211' I + l'
(.l,titi)

is valid for all critical points.
OHe theroforo sees thai (4.52) becomos

(4.56)

Our choice of source permits us to rewrite .II!'. above in terms of correlators of
local operators as

81n Z(.I) (-5/2 3A [-1/2 /;,21'''' LI
'
J([')..j7]i .2",: lIZ h 111Z,,(J)

--:'"-:-::7:--'-::: -------+-- ( --+" '-' .
8J(I) r(-~) 8 r(~) 211' 0 1+1' n>ur(n+~) bit"

- (4.57)
Let \IS consider the first term of (.1.50):

I ('dl' o211l~,,(.J)
./0 OJ(II)b.J(I-I')

which, after substituting (4.57), takes the form

{' I b (1!.'1. (N M)
11u dl 8J(( -I') '.l11' 1u clll./(/t) II + I'

-j I {'dl'--(~-- (,;,'l L I,,-rlf'). 0III Z1L(./)) (4.5!J)
Jo OJ(l- I') n;::O r'(n + V 01'11

The other terms vanish due to the action of the Iunctloual derlvativc. Ono has

10
, / s (,;.2100 , M)

I dl-5J'1 11);-- (li1o(/1 - (/-1 ))1--'
• 0 I ~ - '.l7i' 0 I + I

I [" ril' 0__ (1;,'l '" t"+1/2 _L (b Iu Z" (./)) \+ ,0 8J(/-{I) ,t1'(1t+~)bll," bJ(l-t')) (,l.GO)
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where we have permitted L1wfUlletillmti derivatlvo to act 011 (.In' source t!'l'lll, and
commuted the order of dHrerentiatidl1. This yields

n,21' . 11 l"'+l!'}.(l- [')",+1 2 b~III 7, (I)- v1f(I-I')+tv,lt L tll' . "11' ('l.GI)
271" 0 >0 U l'en + a/2)f'(m + a/,l.) lJlt"Oltmrll,ft_

after illl,()gratillg over the ddta Iunctlou <tile! illserl.ing the allsa,!.:!. (4.57).
III order to evaluate the abovo, 11'(.us recall the id(HltiLy

1''''' n. l'ell/F(/f)OCI-If) = 1'X> elll('-I'~l"(II).10"") (1l2c-12eG(I:z) (,I.G2)

which is readily proven, following a change of lntegratlou varlablos. Further,
recalling the integral representation of Iho I' Iunctlou

rex) = 1'YJ dyc-Uy",-l (tI.Ci:!)

allows us to conclude that

LX> die-leI" = ~"~"l 1'(11+ l) ('1.64)

Since j is a convolution, using (4.G2) yields

D (
A ~ t_m_Jl_30'lI1l Zu(J) 1.2 1)- e K, L-" -----+--

>0 0P'1I6ILm L6 ~2m,n_

as the Laplace transform uf (4.61).
We now consider the second tcnn of (tI.50),

(4.65)

, rJO II -I~ roo 11,0In Z,,(./) {J III Zll(J)
U( J() (C Ju c bJ(I') bJ(l- If)

Using the idell~iLy (4.62) is is readily seen tha.t 01lC must evaluate

O• ( t" it -I~b In Zu(J)) 2
e Jo e C M(l)

(,l.UG)

(,l,G7)

Hence, we consider

1"" (l-5/2 .• \ l-I/. .2 ["" rIT;lll)(lie-Ie __ ,__ :!.!_ __ +!::_ dl'./([I)_V_'"
o I'(- ~) s 1'( ~ ) 2rr , 0 I + ['

["" il -Ie ( .2 Intl/
2

0 (0 III Zu(J»))+ ( C /" ---- ---
,0 )~ r(n +~) (SP.n M(t-t')
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Of the above, we first evaluate

{'X> (ltc-Ie (,t,.2 t" di'J([') vTli)io 211" io 1+['

Realising that the Laplace trausfonu illhihits L1wmagnitudo of l through oxpo-
nential damping, we may cousklcr a sllmlll (\XI><\,Il~i()1I

(<1.70)

Recalling the choke of the SQUIT(',

('1.71)

Uy definition of the loop operator, only modes with positive n contrlbut«, and
hence the expansion (4.70) implies that the tcnn (,1.00) does not coul.ribut« 1;0

the Laplace transform, since all powers of n in thr expansiou of I' arc negatlve.
The remaining terms are

1'110Laplace transform may then be stralghtforwardly performed, Lu yield

Thus, the Laplace transform of (4.GO) is

The third term of (4.50) is

,21 1')<) il' 1(l')I,b In Z,,(.1)
t. .10 tu. bJ(1 + I') (,1.75)



which becomes, after inserting Li.e i111Si1Lz

...2l [00 ell'J(l')l' ([ ~ 1,):5/2 _ aA (/ + 1'(/2 + :~2 roo dIIJ(l1) vlt(l + l'} \
10 ie-i) 1:\ f(2) 2rr1u [l+{+tJ

At roo it'J(II)I' (E(/+ ('),,+1/2 bill Zu(J)) ('],76)
+Ib io ( \,,~U 1'(n + :1/2) b,l."

Let us consider the term

_!!.!_ {'XJ ell'J([')['(I + 1')-5/2
l'(-~) 1u (4.77)

Again, performing a small I expansion, one has

(I + 1')-5/2 == 1'-5/2 f: n" (f,)"
,,=U

(4.78)

where an represents the n',,!t binomial coelliclcut of the expansion. One notes
that there are no coutribuuons due to this iutegral, since all (lowers of I' are
negative. Similarly, consider

_ :lA1,,2/ roo rlJ'J(J')['(1 + /')-1/2
SI'(t) 1u (4.70)

One lias the expansion

(I + /')-1/2 == 1'-5/'2,tu 0:" U)"
Clearly, the only coutrlbutlon arises from the n == 0 term, which yields

_ :l. Alb21 [00 [['J(I')[1I/2 == _ aA I
8r(t) 10 ( 1G Ilo

by definition of the source, J(I). The Laplace trausfortu of this term is then

(.U.\O)

(.Ull)

aA!ooo I~ :II. I--Ilo u« 'I == --'LO-IG· 0 IG' ~2
(4.82)

Next, We consider

/.;"1 [""'lIl'J(I')[' r'eU1J(lt)V1t(l+J')
2rr10 10 11-1-1+1'

/j·l



To this end, one expands

(,1.,,\,1 )

in wnlch case, the only contributions arc

(4.85 )

Laplace transforming,

Jlij (~) roo dlc-l~l == IJij 1'(2) = _ )1,6 D~!
271' 4 )0 8 e· H ~

'vVe now consider

".41t" dl'J(1')I' L (l :H'),,:l/2 bIll Zu(J)
)0 ,,;::0 l(n+2) OIL"

Writing the binomial coellicionts ill terms of the gamma function yields

(4.87)

(<I.riS)

in which case,

Recalling our definition of the S()lII'Ct1, one hus the roquireuron;

k$n+l ('1.90)

and so, altering the sum over 1.::

".4J L roo dl'J(l')I"I-kt3/2 'f ')[k, bill Zu(J) (,1.01)
I1?:'0)0 k=Or(n+~-k)l(k+l) all"

Employing the relation (<1.71) permits us to w ri to

11+ I 1'( + fi /')lk _.I Z (J)
.2( '\' '\' n 'J - r.; v II "" '
K LJ LJ JLII-k+l 'j i c

I1?:.Ok=U r(n + ~- 1.:)1 (J~+ 1) (Ill"
Vl.D2)



Maldng use of the recursion pruperty 1'(:1:+ I) = ;d'(.I:),

11.+1 ( '1) II: c I '/ (J)2 • (I 11 1".1" •

/'i, ILL /ll1-k+1 n - k + ~ 1'«( + .I) II I
II~Uk=O III

(,I.na)

The Laplace transform of LItis object is just

2' ,-- ~ ( :I) 1 bbl ZIl(.!)
-K, i)~6 L-- P,n-k+1 II. - I. + il tk-j:T b 1

n?;O k=u \, I "

Choosing La set Tn =: n - k + 1, aud noting Lh'LL the limits .If the SIUll remain
unaltered, yields

2, ,,~( I) 1 {lIn 1511(./)
-Ii De ~ ~ lIm In + 2' <:1L-",+2 all

II~Om=ll \, It

(4.05)

Lastly, DeG~(e)is the laplace transform of (Ju(l), and is I,hus already kuowu to be3e - ~A from 0111' previous matrix model calculatlous.
Ilence, the Laplace transform of (,1.[)O) is

o :::

2!)L::'l:';i:.! (+1) I 61I1Z,,(J)-" u.' It 1U - --_~ m '2 ':"-111+2 Olt
'I?:O ",=0 \, '1

. ((II~ aA ) 1) '( :I :! \-rJe - ~ -;Ilu - - (Je -e + -A~
H l() e " j

(.LOG)

Expanding the squared term, one notes th;LI, terms l11'ising from the sltift cancel
the tadpole interaction, yielding

o =: -'b;,'IDe Lt em-a b In 15,,(.1) <I III 15,,(.1)
n~1J ",::.0 O/lm-n brl"

.21) '\' ~ ( I) I bIllZ,,(.J)
-~ ~6 L.- Pm 11/, + 2" ClI-m-1-2 bit

,,~Om=!) .. "

/j{)



(d.H7)

In the above, terms ill ~ which arc no] summed over ('OIHiLituLn tlw remnants
of the f:,:ft, Rcqulrlng 0<1('11 roclllclent corrospondlug I.u a, Iw,l'I,kuliw PUW(,I' of
e to vn,";sli as a cousequeuco of linear iudopcudonce one obtains all lnflulto bt"

ries of construlnta which the unlvorsal partltlou function must obey, Hl'tting thn
coefficient of e-1 to zero readily yields

I D 1 (( 'II ) 2 ( ) -o ( I ) 'J)I, /iI' .):.)"-. (,
i2-{) + 2 .2 - - -2- + -('11\ +L 1/. +;) /""-') -- Z,,:: U (,I.!lX)
\ itl f, )' """ .. ( 1'11-1

which corresponds to the L'1 modo of the Vlrasor» ;thl'nlW1. Similarly, one obtalns
for e-2,

(A!W)

and lastly, for (,-111 with m;:: ;},

where}J;:: 0,
Ouo may verify that tho above coustraluts do:,.· a. Vlrasoro algehm (10),[; 1)

(,1.1()1)

domouetratlng that the Vlrascro structure has illdt'l'd survived t.hl' transltlou to
the coutluuum, and iJuplyilJ{l; thi1L tho cOllHtraiuLIi III1LY ho solvod elllll>ilit(llltiy.
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'1.2. The Density Approach

In this section, we will consider tho density upproich to it contiuuum Fokkor-
Planck Ilamlltoniau, which is more dcslrable thuu the traditioual ;; representation
for (1 number of reasons. Firstly, the lU<tchiul'l'Y of tho Fourier "mllsform is more
easily delLlt with, as opposed to the subtlotioa associated wlth the convergence
of inverse Laplace transforms, 10'11thcnnure, in the previous scctlou, ill order to
obtuiu the correct continuum llmit it was necossary to suhtrac! n. uon-uuivorsal
piece from the one point disk amplitude. III what follows, it will 1)(1sill WII Lha,1.
this shift is somewhat troublesome. Addltionally, in the z roprcsentatiou 1,111.'
continuum Ilaurlltonlau was found to be non-local. All of these dlllicultics MO
resolved satisfactorily when consldorlng t,hp dellsity formalism, which has enjoyed
great success ill the study of till.' C == 1 string.

~;elltral to our couslderntlons is the I'xisl,ell(,(, of all a.lgpbra.ic sl,rltrl,III'(~, which
arises in it natural WiLy when cousldering th!' collective field theoretic dcscriptlon
of rnatrlx models. [11 particultu', (,hp e>dsl'('Il(~(I or lUI qlgphl'a,k structuro obeyed
by the operators OJ under couunutatlon (~IISUH'S 1,lmt the «quatlou

(4.102)

has a solution, at least locally, If this were nut so, OlIO could not 1'08tOI'(\ tl'l~explicit
ltcrmltlclty of tho Hamiltonian following the chango to lnvnrlant rollcctlvo fields.
Previously, wc showed thlLt such all algobrulc structure is realised ill (,he e :::.:0
matrix model ill tit!.' Ionn of n,Virasoro i1Ig(~bmihowever, the (hoke of wllel'tivl'
fields

I/In ..- TrAIn, 11- > 0
1/1(/) = Trc'A!, I :> 0

permitted us to capture it sluglo posltlve Irequcncy Vlrasoro algebra.
In tho density formulation, 011(' recasts tho tll!'ol'Y ill tonus of the collectiv«

field
(.[.10'1)

where !J is able to assume both positive, and Il!'p;a,tiv(l values. 0111' first stop ill
studying tho dr-nslty description wlil bp to vl'I'iry 1,lw OXisl,(11H'Oof a. Vil'aMII'D
structure in k space.
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To this end, recall that
()i = -HiJiJj + Wi

In k space, this operator is wrlttou as!

(1.106)

One would like to verify that the conunutation of this OIHH' •.uor with itself yields
the required algebraic structure; we consider

[k1: elk" k" tjl(k + 1/')rr(k"),/,; 1:,dk'I.:'I/J(I,; + 1.:')1'1(1/)]

= kk1:tl.k"k"(/I(I~ + 1/') 1:lll/k'b(l/'-/~ -I,;)rr(k')

100, j("''' /I-kk -00 elk I/(p(k + 1/) -00 Ilk I~ o(/':' - k -1.:")lr(l/') (11.1(7)

Integrating ave!' the delta Iuuctious yields

;~/J1:dk'//(I. + I.:')tjl(l. + I,;+ //)1'1(1/)

JOO
,11/ . ,I t. I .'. (,' t.

- -00 dl: N (I. - k)tjl(/" + /. )1'1\1"-!.) (,1.108)

Changing variables in the second integral 1/ -4 I.:' - I~, penults one to write

-ki~(k ,- k)l°O d/,:'I/(pW + k + k)rr(l/) (/LlO!})
-00

The next couuuutator we consider is[-,~1:dk" k"¢(k + k")rr(l/') , foil dl/tjJ(I. - k')(/I(k')]

= - r dk'(k _ k'h(f.: + k - k')(P(I/) _ (II dk'l/(p(I. + 1/)(/1(1.' - k(pIO)
~ ~

where we have integrated over the delta Iuuctlons arising from the action of the
conjugate momentum. The last couunutator we need evaluate is

[fuJi dk"(p(k - k")IP(I/'), - 1:cll.:' k'tjl(l. + k')rr(//)]

= + fui: dk"(k - k")tjl(f.: + /,:- I/')¢(I/') + 10" dl;;"/,:"tjJ(I' + 1/')tjJ(i~ -(k(~J 11)

1Note that we have sct i'll'(/.:) .... '11'(1.:), This is conventional, we shall introduce it later when
required.
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Making the change of varialles k" == 1/ + i.: in th<, second illtpgl'al of (,LllO),
and combining the resu'. wi~,iL the first integral of (4.111) yields

rk+k
10 (1I/'(l~ - k")4}(1~+ I.: - I/')¢I(I/') (,1.112)

Similarly, setting I~+ 1.:1/= 1/ in the second integral of (4.111), and combining the
result with the first Integral of (,1.110), yields

r dk'W - 1.:)1/>(1.:')(/)(/.: + k -1.:')
()

('l.ll:l)

'l'hus, combining (4.111) and (,1.11:1) ono has

rk+k
(k - 1.:) 10 ell..:'C/I( 1.:')41(1, + k ._ 1/)

Assembling the commutators, aile ohtalus

(rOO ... {k+k )
(k - k) \ - 1-00 dk'I/c/J(I/ + I.:+ 1.:);r(I/) +.10 dl,;'lft(I/),/J(k + I.: -I.:')

It is thus clear that, under conuuutatlou,

[c}(k),O(l.:)] z: (I.: - k)cJ(I.:+ ;::)

and thus the operator 0(1.:) docs indeed close iL Vii'aS01'O algebra, wl 1,]1OU t a.central
extension.

In what follows, it will j>I'OV(! useful to rewrite Lil(' operator ()(I.:) h,y' means of
th<l following identity for w(/.:) :

(4.117)

This identity is seen to yield the usual expression Ior w(k) by spliUing the region
of integration as follows: 2

1-11/':' (0 1.:'w(l~) :::: -k 1'./I(P(k+I/)(/I(-I/)dl/-I.: -1/"Ir/J(k+k')(jJ(-'/)tll.:'
-00 to; J-k I,

-k roo .!!_(/I(k-!- /.:')1/1( -1.:')dJ/ (/1.118)
Ju WI

2WithollL loss of generality, we couslder " > o.
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A change of variables /,:' .....~k - ,.' in the first il'tegral yields

w(l~) = r ,/ 10
/':'Jo I~'I 'I)(I~+ k')q,( ~k')tlk' ~ /. -k Ik'ie/J(/': + f.:')(p( ~I./)clk'

£00 l"
~k .z,¢(k + k')c{.( ~k')dk'

,0 11.:'1
(4.119)

giving

(4,120)

as required.
Ilence, we may now rewrite the operator Ci(l.:)as follows,

. 1"". ( J )O(k) == ~ -00 dk'H(k, /.:'; cjJ) i1r(/':') - Ik'i'/I( -1.:')

where "'e have reintroduced tho [actor of i lIIelltlonnd earlier,
Recall that tho Jacobian must satisfy

The bracketed term of (,1.121) looks reminiscent of tho auullatlou operator
corresponding to a massless boson. In Iact, t ne can show that, it is the opera-
tor 611(k) associated with the hermitian form of the Hamlltoulan which may be
interpreted in this way. Recall that this operator' satlsflos

(4.123)

In order to see this 1l10r(~clearly, let us fluctuate about it trivlal background

(/1.124)

<tnd
p(;1:) == ~i)J.'1f'

with the corresponding Illude expansions

(·1.125)

(,1.126)

and
('1.127)

(il



The oscillators (t):, C!:k satisfy the commutation relations

flY):, (tk') ::::kb(J~+ k')

[c!:):, u):') ::::M(/': + 1/) (4.128)

and

(,I. 12!l)

OM can then verify that the fields satisfy Llw canonical couunutatiou relation,

[]I(X), 7/(,I:')J == -i6(;c - ~:')

Let us 1\OW consider taking tile spatial dorivativ> of (,1.120), yleldlng

Defining
(/1.132)

and
CI:_(t + ~:);::JfOO dl.:(i:kCi):(t+.·)

-00

(4.133)

one S'}CS tll(tt (4.131) llIay be written more succinctly as

The delinitlons (4.132), (4.1:33) correspond 1.0 right and left moving degrees of
freedom, respect] vcly.

Requiring the hermctlclty of the field ql(;I:) Iorces the oscillators tn obey

Uk = (tt (4.135)-k
6,_): = -t (4.1:16)It_k

One may write Jl(:c, t) in terms of the left and righi, moving degrees of freedom
as follows,
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Thus, one sees that the right and lef] movers may be expressed. in terms of the
fields as

(4,1:38)

in ;1: space.
In whaL follows, it will prove couveulcnt to consider t!w Fokker -Plauck Hamil-

tonian with a trivial background,

(4.130)

Otic can easily verify that this llHty be rewriuon ill tenus of rigid. and left movers
by means of (4.1:38) as follows

II = _1_ (0:'+') _ n;l )
1211"' - (4.140)

which will prove useful when expressing the contluuum Hamiltonian ill tenus of
right and left movers.

Recalling the defini tion of (p(/J), (4,104), one sees that

(4,141)

and tl1US one naturally defines the .1: space representntiou as

.I() J clio: ,I.(k) .-ill",If> x = -'I" C
211'

One is then forced to choose the following transforms Ior the conjugate motncn-
tum,

(4.1I!tj)
and

since we wish to preserve the cauouical commutator between the two fields ill
both s and k space.

lt is then straightforward fWIIl (4.1:31) to show that ill I~spate, cue has

cfi(k) ::::(X_I, - 5.·k (4.145)



where we have suppressed the time dependence of the oscillators, and that

t4.ltiG)

recalling that lJ(X) == -0",11"(;1:).
In order to make contact with the interpretation of (,1.i2a), let lis consider

the operator

('1.147)

which is readily rewritten as

J J II.: f -illy
1?(:c) = - dl.:il':1f'(I.:)cik;r - i ~(W·)- dy_C __

~1l' J a: - y ('1.14H)

By means of contour integration arguments, one call easily show that

(4.149)

where we have taken half of the resid !IPS at the poles ill accord with the principal
value prescription, and defined

(k) :::: { I/.;< 0 }
-1 I.: < 0 (4.150)

Ilence, setting k -e+ -I.: ill the second intt~gral uf (4.14.'\) ouo obtains

17(x) = - J ri/'; (if.:rr(J.:) + ~«(1.:)4)( -1.:») cikJ'

Inserting (4.145) and (4.146) in the above, one obtains

(4.152)

Thus, one sees that one has the correspondence

~ (O'k(1 + (1.:» + a-k(1 - (1.:»)) = ik7r(J.:) + ~((J.:)(/J( -I.:) (4.15:3)

Ilence, for I.:> 0, one has



and [or /.;< G,

Q", ::: -ik1f(-k) - ~q'>(f,)

Note Lhal" from (3.W) one has

(4.155)

-t(I' 100 I ,i) 10" I~J::: -00 elh H(I~,k) DI/I(/.:) + 2"w(k)

which is readily rewri Hen as

(4.156)

6t.(k) :::~k Joo dl/(/I(I;; + 1/) (ik'1f(//) + ~«(I, ')(f;( -1.:'))
-00 2 (4.15'1)

The relation (4.123) requires that

k1:elk'rf>(/, + k') (il.hr(l/) + ~«(I.:')</I( -1.:'») ./1/2 ::: 0 (4.158)

which can b~ restated as

(4.150)

for all/J.
In tenus of the relations (4.154) and (4.155) this may be rewritten as

C¥", D ::: 0, I.: > 0

Q" I) ::: 0, I;;< 0 (4.160)

which is nothing but thp. defining statement of the Fock vacuum. The linearization
of the constraint points to a possible o5'L(2, R) rcpresentatiou.

4.2.1. The Continuum Form of the Fckker-Planck Hamiltonian in the
Density Formalism and Yoneya's Multicritical Continuum Hamil-
tonian

In the previous section a coutinuum lortu of tho Fokker-PIanck Ilamiltoulau in
I;he z representation was written down, To accomplish this, a shift, was made
to cancel the non universal contribution • J the one point disk amplitude arising
from the potential term,
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Specifically, we shifted

O(z) -+ ~1/'(z) + O(aO

= ~1/I(Z) + (J,!l/2G(t;) + O(a5/2) (.t.WI)

Recall that G(z) consists entirely of nogativc powers of a, whilst the potential
is generically a polynomial in z, The trouble arises when considering the powers
of z in G(z) to constitute a basis; one sees I,hat such ,t basis is inca.pa.ble of
constructing a shift comprising positive powers of z. To overcome I,his difficulty
we will consider constructing a continuum Hamiltonian ill the density formalism,
where such complications do not arise. Moreover, we will argue that such a
Hamiltonian assumes the same local form for a:J cri ticali tics.

The Fokker-Plank Ilamlltonlan is written iii the density formalism as

II, ,= _1_ J d:vql(x) (Ox7ri + ,{2 Jf d:l:ql(a:) (I ely <li(:IJ) _ 1/'(;/:») 2
1 2{J2 2 a: _ y 2

Expanding the squared term, and using the identity

one may rewrite (4.1G2) as

I J '2 (J21f2 J .1111' = 2{J2 d:cql(X) (Ox1l") + -6- ri;v</p(.v)

_fJ2 J rlX</I(:t) (f ely </iCy) 1)'(.1:) - ~v'·(:v»)2 x-y 4
As discussed previously, the leading conflguratiou is given by

liVel/ = 0
at/I

which yields the following solution for <Po,

11"2 2 If (/Jo(IJ) I 2-2 (Po(x) = - dy-'- (v'(:I:) - 1/'(Y») + -11'(;/:)
, 2 J:-Y 1:1

Let us perturb ('1.164) about It classical background tjJu(a:) by settlng

ql(;c) = 1/Io(;C) + bU.,,71( a:)

G6

(,1.162)

(4.163)

(".1 (j<})

(4.165)

(4.166)

('\.l(7)



Notice that LIte factor of f)-I is consistent with the naive N ......00 limit, ill that
¢(x) ......¢o(x) ill this limit. Further, one writes

uxrr(:l:j == - r:JJI(a:) (4.168)

Defore proceeding, let us briellv consider the time of !light formalism, which plays
a large role in the continuum limit of the d == I model. Consider the classical
motion of a particle of unit mass in ,L potpntialv(:l:), which has a, tot;d energy

I 2
lip == 2:i; + v(x) (".1(i!))

where IIp plays the role of the Fermi level. This naturally implies that the classical
velocity of the particle is given by

ds: /cir == 2(f1p - lI(a:) (4.170)

Recall that, in the d = 1 picture, the rooted tcnu is none other than the classical
background rpo(:r.), which was found by minimising the eflective potential. Thus,
one has

l
ds:

(T= ---
1f¢o( a:)

(4.171)

In the continuum, approached in the case of d == 1 by adjusting f1 (,0 the quadratic
maximum of the potential, it was demonstrated that the thnc of flight became
infinite, thus genera.tinl:, an extra dimension, and elevating the d = 1 model 1;0

the status of a two dimensional theory. In the case of a := 0, we set

J ({;,;
r= 1f¢o(:c) (4.172)

Considering the standard symmetric. ansatz, and evaluating the time of flight fur
OHe cycle, one has

Recall that, when approaching the coutinuuru limit for 11/. == 2, one requires the
accumulation of an extra root at the rut endpoint, implying b -+ a, Naively, it
would seem that one has the same mechanism as found ill r1 == 1, whereby an
extra dimension is generated; however, this is not the case. Let us scale x ......(ly,
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(4.17'1)

Thus, if the siochastic time is to survive the continuum limit, (lite must rescale dr'
::::a1/2dr when considering the 'In == 2 multlcrltlcallty. All intorestlng cousequencc
of this observation is that, whilst r is !lut Ilnite when ;tl'p(,(J<Lchill~ I.II<!coutluuum,
the rescaled stochastic time rl is. To Sec this, recall that

('1.175)

Inserting the scaling relations Ior a: aud 'Y, 011(' finds that

(4.17G)

and hence, when considering r' == var, one notes Lha!. the rescaled time of flight
remains finite as a: -. 0, and no extra, dimension is generated.

Expanding the kinetic term of (4.lG4) about (p(lI

(4.177)

Now We consider the terms

_~fJ2 J d:cqJ(;v) (/ dy (p(y) v'(x) - ~v'(:~ )2)
2 x-y 4

which may be rewritten as

(4.178)

(4.179)

with the aid of the large N configuration (4.166). Note that the terms lineal' ill
07} cancel, signifying that rPo(x) is indeed a mininuun of the effective »otential.
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The Hamiltonian may now be wri ttcn as

Hlp =

('1.1~O)

Of particular interest are the terms quadrat'« in U7/, since they permit us 1,0

read off the spectrum of l,jle theory. Consider the last, term of (4.lHO)

lJd n ()(f1 01J11)tl/(;r;)-1l1(y)- Xu",1/ a; ( Y-'_
4 :r.-y .;-1/

This lion-local term quadratic in DI/ modifies the spectrum of the theory in a
non-trivial way, Unless it can be argued to vanish, the interpretation of the
theory as co-wurlsing a massless scalar is in jeopardy.

Explicitly lnse:ting a cubic potential, one can easily demonstrate tha,j. this
term vanishes. where we invoke f d~;( ()",71) = O. However, lite insertion of a quar! lc
potential gives l'i,~!'to torms of the form f da:;c(()J,1/), which cannot be argued to
vanish. The only possibility which remains is that the term may not survive the
continuum limit.

In order to consider the continuum liruit corresponding to tlw m = 2 multi-
critical point, let us reconsider the shin (4.167), where we rescale ;c -t ajj and
ignore non universal contributions to the background,

(4.1Hl)

(fi(ay) = a3/2~o('[j) + /LOyl/(Y)

= (£1/2¢('[j) = (L3/2 (¢o(y) -:- Ija~/2 Dy7/UJ)) (4.182)

Recall that in the previous section regarding the continuum form of the Fokker-
Planck Hamiltonian, the product (1(L5/2 was held fixed, while LIle limits Ii -> 00,
a -~ 0 were taken. This product is the string coupling constant, u, Thus, we
define

(fi(O) = ;PolY) + }"Uy7/(Y)
no

Let \IS consider the non-local tcnu in the coutinuum limit. Following the
discussion regarding the rescaling of the stochastic time, one sees that ill order
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to coutributo ill the contlnuum it must, scale as a half lntogor power, va. Naively
inspecting this term under the r()scalin~~;1: ..... !L.t:, ono notes Llmt, jlOW<'!'S of a ill
the measure cancel those arlslng froth tl\(J derivatives; thus I,he only coutributlons
obtained arise from the pot,elll,lal.

To infer the scaling of til(' potential, recall tha.t

f t/lo(lI) I I- (ly--::.:: -1/ (<I:)
, X - Y 2

A naive rescallng of the left haud side 11 ..... all yields 11. POWI)!' of (£3/2, whereas
the rigl hand side, it polynomial {)ol,cllthtl, should glvo riSI'1 to integer PUWPJ'li of
a, This a1>pal'ent paradox is resolved by rcallslng that, a.fLe!' rescallng y ..... au OIl

the left hand srdc, powers of <t must entlu' into tho limits of integration,
Whilst it is difficult to do this cotuputntlon explicitly, ono might ruther con-

sldor

which is a slmpler illtegmll,(') perlorin, but lIev()I,theless ill tho same spirit" When
cousldcring tile fit ::: 2 lllu1l.kl'itieal point, lL naive l'()scltlin{!; of tit<' lefL hand side'
gives an overall power of aU/')" yot !J scales as

2
{j ::: !J~ - It

siguifying that further coutrlbutlons of (t must rcsldo in tho limits of lntegratiou,
Let .IS employ tho quartic lLllS[I,tz

(tl.lHG)

with the scaling relations in t.Jw viduity of tIlt' crltlcal [Joint given by

('1.1H7)

We wish to evaluate
(,I.lHH)
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which, after inserting the relations (4.1H7), becomes

1J ( 1 0:.:2) ba:2- d(o'v) 20a' + -CL - _. \ 4th - (L - -
2 ."' 2 "d " ,'! (4.tH9)

The dependence of the limits of inlegmtil!lI 011 ex may be determined by seWn!!;
the argument beneath the rooted term to zoro, and solving for the roots, which
yield the limits of Integration relevant to 0:1:,

0:1: = 22M(/,'Yr ± 'Yo I - -~
'Yo

2 2( a 0' 2))= Ie ±'r 1- 2'2+ (IL
'Y~

where We have used Lhc!fact. Lhat, ill Lhe conLinuum lilllil., II -t O. Further, we may
neglect terms of order (Da;)2 as yielding nou-unlversal contributions [or In = 2.
To leading order, we evaluate

1 r ( t )-I, d( 0:1:) :la.c + -n y'2;i:;;-=a2 a/2 2
where r is an urbltrary cut, oll', since we arc only Iutcrostcd ill l'xtl'a.d.ing tile
powers of a,

Let us consider the rescaling o;r: _,. a~, ill whlch case ohtaius

1L5/21~ ( 1). --,- cl~ 2~+;- ~1
2 1/2 :l

To perform this integral one llllLy partitlou it in the following way,

(4.W2)

(4.193)

from which one obtains

(4.l!l4)

Inserting the limits of integration, 011(1 has tho following

(/,5/2[~(2f)3/2 (1- .!:.)* ~ (21')5/2 ( _ .!:.)snJ
2 .2 (/. 21' + 5 a 1 21' (4.l!)5)
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Performing a small a expansion of tho above, one obtains

Thus, one notes that the tenus llucar in (L cancel, and the correct sealing for
9 is obtained. Our motivation [or studying tile above int('.rral Is to emphaslze
that the above analysis suggests that the potential scales with lutoger powers of
a. Examining the uou local term quadratl« ill ih/, olin sees 1,11(1tthls luiplles all

overall integer scaling of
As a result, one sees that the non-local term quadratlr in 07/ cannot survive

the continuum limit, since. ,) requires va for 71/. = !J.
In fact, one can argue that this term must vanish for all crltlcalitlcs, since

the stochastic time will always require resealing by non integer powers of iL, as
is easily seen by adaptiug the time of !light argument given earlier, notlng that,
the universal form of the density for the 7n = :.I multicritlcal point scales as (£5/2,

implying that the stochastic Limo must be rescaled by (N2. In general, for the
m'th multlcrltlcal point, one requires tlmt we rescale 1" = ak-:J/21'• Thus, since
the non-local term will always scale with intt'W'J' powers of (t Ior a.1Icrlticalltloa,
it cannot contribute in the continuum limit.

One notes tbt, when consklorlng integrated quantities in the coutlnuurn limlt,
the integrands must be multlpllod by apprupriato continuum powers of a, and/or
""' before driving the up pot' limit to lulluity as (L --> O.

Similarly, the lion-local t01'1II qundratlc ill the background cannot contribute
in the continuum since, rescaling tho storhasl.lr time by n, factor va, one sees I,hat
one cannot obtain the integer powers of (L required to construct /i,2.

In order to consider the continuum lhult or (,I.HHl), 01W scales ;c -- (tl/, and
sets (p(x) --> a3/2(fi(ij), to obtalu

(4.107)

where we have absorbed the factor va into the rodoflnltlou of the stochastic thuo,
and set f;, == 13(£5/2.

The above expression coincides wll.h Yonoya's suggestion for a. uiulticrltlcal
continuum Hamiltonian consistent with the string equation [aG]. One notes tha.t,
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evaluating ~rcll at ifio. the cllcctlve potential is no lougor positive dofluit«, im-
plying that one may no longer consider the above to be a Fokker-Planck type
Hamiltonian.

However, one still has the condition

(4.1!lR)

and thus one sees that the continuum background minimises tlte eHct.Live potou-
tial, as it must.

Further, it is important to realise that tll<' above llamiltonian is valid for all
critlcalltles. 1 ~'or a general multlcrltical poir.t m :::: l, one scales ,n -r-+ (I'1i1 and
¢J(;r;) -t (l1-'icjJ(fj), with the string coupling; ('onstant defined by N, =: /3a/+'i. As
noted earlier, the stochastlc time requires arescaling r .....al-:J/~r. One (';111 easily
check that inserting tho above scalings ill (4.lRO), one l'eg,tlns (4.1U7), recalling
tha.t the non-local terms vanish for all niti('a,lil.ics.

In order to consider the connection to the string equation, iL proves convenient
to reformulate the above in tonus of right and [('ft, movers,

I J 1"+II :::: - d!J (7/- - l)~(V) )rlp
411" <¥_

(4.H19)

where we have identified ]1!)(1;) ::: i/Ju(V), and recalled the relation (4.1:ltl).
As stated above, Yonoya's motlvatlou for introducing such a Ilumiltonlan rests

on the reLet tha,t one must recover (,II<'S&!'illg ('quat,ioll in the Wutill1111111.
To tId" end, we consider the statlunnry equation,

IJ2(!J) - Jl~(Y) :::: 0

One call compare this with the string equatlou,

(i1.~OO)

[P,q]::: 1 (.1.201)

which arises most Ilaturally ill the context of orthogonal polynomials.
One Call show tltaL, ill the double scaling limit, q is defined as a hermitian

dillercntlal operator of degree ~,

(.1.202)

where d is a diI;eJ'elltial operator, and " is the speclflc heat,



A I' which satisfies the Ileisenborg algebra is
2Hl-1

/'=CJ~ ('1.203)

I I 1.' • li I' 1 . f /) 2111-1 • I dw iere Lie subscript uu lcatos I,tat, III tie expansion o ,~-2-Wit I respect to ,
only the positive powers of d are retained.

For the Tn = 2 multicritlcal point 0110 expands (J3/2 , bearing in mind tha.t It

and d do not commute, and discards negative powers of tl; to obtain

'j aI' = d' - J {IL, rL} (,1.204)

Squaring P, and neglecting derivatives of the specillc heat ltl. tree level, one obtains

" (' l j !I" 21'0' = el' - ;Jw' + -'lL~d,I (4.205)

The tree approximation is classical ,,1IIee it excludes OIlC loop ellccts, and is thus
equivalent to large N. Rewriting pJ ill terms of q, 0110 obtains

2 '1:3 1 'IPo = q' - -'uq + _·It',1 <1
(4,206)

One notes that, making i.ll(, ldentlflcations

Po -> 7r¢0 (4.207)

and
(4.208)

with 1/, = ..;A, thaI we have directly obtained the contluuum [ortn of the density.
For m ::::3, one sets

(4.209)

and expands, retaining only positive powers of tl; as before. Ouo can show, by
the same method of calculation, tha Loue obtains the result

'2 "5 'j '2 15" 0 5Po = CJ" + -sc q - -,-It q + -,-'ItH ()4 6/1 (4.210)

whore one considors coutrlbutlous Iroui trco lovol only.
Thus (4.206) implles, for the' 1IL = 2 multicritlcal density,

(,1.21l)
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and similarly (/1.210) suggests tlmt, for 11/. :::; :I,

(,1.212)

In what follows, this result will be compared wltI; that obtained by mort. tradi-
tional methods.

One sees that the stationary equation of (4.190) implies the string equation,
where one makes the above correspondences.

In summary, we have taken tIl(> continuum lluilt of tlw Fokker-Plauck llamil-
tonian in the density formulatlon, to yield a local coutinuum Ilamiltoulun valid
for all crltlcalities, which is consistent with the stl'iug equation. This Hamiltonian
is no longer of the Fokkcr-Planck typo, since the ollcctlve potentia.! ovaluated at
the classical. configuration is non ZCl'Q.
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5. THE MOMENTS F'ORMALISM AND THE 'In = 3
MULTICRITICAL POINT

III this section, 1'1(1 will coustrucl the iorm of the In ::::a multlcrttical deusity, by
means of the moments fOl'llH1li5111 of AmhjIJrJl cl at flOJ. The l'e,1501lS 1'01' doing
so are twofold; firstly, Wlll111 consldoring higher criticalitics, it provides a much
more expedient method of extracting the cl'iti(~al values of the couplings than
the traditional saddlopolnt analysis. Secondly, thn following Iormallsm proves to
generalise naturally ill the case of a particulur supersynunctrlo oxteusion of tile
bosonic matrix model which will he examined later: hence it will be advantageous
to develop the formalism in the context of the bosouic matrix model.

We consider the matrix model partition function written ill tenus of the (ligen.
values,

Z(u):::: fIT cl,\j~2(,\;) c-s
•

(G, L)

where the notation Z(g) suggests Lhn,t we consider the couplings themselves as
sources for the field <PII == L:i Ai', with S == Ell u"4),,, and .6,2(,\i) the usual Van-
dermonde determinanv. We showed vll'licr that the partition function obeys

O"Z(u) == 0 (5.2)

where the O,,'s were found to close a, Virasoro algebra under counuutation, re-
quired for Ute consistency of the collective field <11>1>1'0;1('11. Specifically, ill the
previous section, we dcmoustratcd I,hat On could be written as

I "
0'1 ::::L (t-ma,,+m + 2L n"(V,,_r

m r:::O
(5·:n

where the modes may be written ill tCl'IlIS of the couplings as fellows

o
0:)1 == -/2-,-, It> 0

Dg" (5"1)

76



and
(5.5)

Thus,

(
'J It 'p )

O"Z(g):::: Lmgm~)--( - + L: D ~ Z(g):::: 0
!II ( !lm+n ,.=0 [Ir 91l-r

Allowing the derivatives to act, and performing SOllie trivial rewritiugs, one hal'
the correlator

(5.6)

(5.7)

Multiplying the above correlator by ;;-,,-2, and sununlng over n yields

L ~/(Ai) - I:__1 1- = 0
. z - Ai .4. Z - '\i Z - )..j
I Ir-J

(5.8)

One can rewrite the above as

1 'l}1(W) G(w) _ (P(z) "'" 0
.Ie: z - w

(!i.O)

where we have chosen the contour C such that it encircles the CUL,l yet excludes
the point z = w. Further, rewriting Ute ahovo in tNIIIS of COII1Wct.(!d Cl'f'l'eI;).tOI'o'"

one obtains

i V'(W) '( ,2 1,
--(I w) - G (z) + "2(I(Z,=) = 0 (5.10)

G z - w iv

We would like to consider the phLIHU' limit or the above equation. 'raking the
limit N -+ 00, one sees that (5.10) becomes

f dw l)I(W)(' () o ( )2
21ri;=-;;:; 7(1 W :::: 10 Z (5.11)

One call readily verify by dlroct substltutiou ill (5.11) that tlw solution is

I'. iii rlw 1l'(W) [(.Z-;I:)(=-:l:)]2GII(Z) = - ) ---2 u27riz-w (W-:I:)(W-Y)
(5.12)

IWc nssume tha.t the loop operator hilS a. oue cut strlldllfC.
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where, as before, the contour C encircles Lilt' cut houu ·1by [;1:, y], but Uw point
z is excluded. This equation is accompauied by auxilllary conditions to ensure
the correct asymptotic behaviour, 00(':» '" ;;-1, as z .... 00,

L clw v'ew)
o = J~:2rri-/'F.(w=_===;r:'2')(==w=_=~"" (5.13)

L rlw Wl"(W)
2 = Je ·-2rr-i-J'F.(w=-=;i:~)(=W=-=Y==) (Ii.ltl)

These conditions are obtained by expaudlug (5.12) about z = 00, aud onforciug
the required asymptotic ;;-1 behaviour. At first sight, this solution bears lit-
tle resemblance to the ansatz proposed when solvlng t.he saddlopoint equation;
however, we will demonstrate that the two are equivalent.

Let I1S reconsider (5.12), where one deforms l,he contour C to infiuity, picking
up the pole, at w = z as aile does so. Thus we consider

~ / dw 1,I(wl [(;;-;/:)(;;_;':)]2
2Jl;21riz-w (w-;t)(w-y)

I= _!l dW?//(W) [(z-a:)(z-y)]:i
2J'all 21ri z - w (w - .l;)(W - y)

I+!,[ rlw 1J1(W) (Z-.I:)(Z-V)]2
2 J'c", 21ri z - W (w - :z:)(w - 1/)

(5.15)

where the contour C" encircles the point, w = z, and C' is taken to infinity.
Performing the integral over (:11 simply picks III' the residue ILt w = z, and yields
~1/(Z).

III order to consider UlG Integral over G', note that, for Iwl > 1=1, where (;/:,yJ
< Izl, one has the expansion

1 100 {(z-.I:)" (Z-Y)"}---_._ +
z-w- 2,~ (w-;v),,+l (w-y),,+1 (5.16)

Inserting the above in the integral over C', one is able to write
I~i dw 1)/(W) [(z-:n)(z-v)],

2 Jal 2rri z - w (w - :l:)(w - y)

= -h/(z - x)(z - y) f {(p - :1:),,-1M" + (]I _ y)"-l./,,}
,,=1

(5.17)
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where we have defined the moments,

i dw ll/(W)Ah = -----,-....,.:,.....;__--.,--c 2rri (w - 3:)k+I/2(w _ y)I/2

J. = l dw v'ew)
k J'c 2rri (w - :l:)1/2lw - 1/)k+I/').

(5.18)

(5.10)

Ilence, the planar solution uf the hermitian matrix model may be written as

Go(z) = ~VI(Z) - ~l1(z)V(z - x)(z - 1/)

where we have defined

(5.20)

00

IT(z) == L ((z - ;C),,-l M" + (z - 1/)"-1.[,,)
,,=1

(5.21)

which is the form of Go(z) encountered ill the context of the saddlepoint analysis.
The above formalism, whilst appearing cumbersome, is useful in that it allows one
to readily extract the critical values of the couplings and cui. interval. The above
form of H(z) may be seen to correspond to two series expansions, centred about
each end of the cut. As will be shown, such a rewriting enables us to control the
accumulation of roots at the endpoints with great ease.

In ordet to fully appreciate this, let us Taylor expand lI(z) about the endpoint
of the cut z = :1:,

(5.22)

and about the endpoint z = 1/,

H(z) = 11(1/)+ t (z-1/)" Id"lI(z) I
,,=1 n! dz" z=y

One can combine the above expansions to yield

H(z) == ~ (H(x) + H(y» +f (z ~ ~;)" Irl"I:~IZ)1 -1- f (z:- f)" Id"l:~"z)I
2 ,,=1 2n. elk z=x ,,=1 271.. tls: Z=!I

(5.24)
Comparing the above with (5.21), one makes the identifications

J
Ml + J1 = 2" (lI(:l:) + II(U» (5.25)
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M. = _I IdkIl(z) I
k'!-l 2/d dzk

z=.r
(5.26)

1 Irlkn(Z) I
h+l = 2k! dz!.:

Z=lI

III order to specify the critical values of the couplings, recall that the m'(,h mul-
ticritical point calls for the accumulation of 11£ - 1 zeroes aI, one of (,he endpoints
of support of the density, where the density i~of the Iorm

(5.27)

1J'<,b(z) = II(z)J(;~ - z)(z - Y) (5.21)

Consider a polynoml.J of the form

'5.2!l)

where we have enforced the accumulation of zeroes at ;~. For such a Iunctiou, one
must have

Id'llI(z) I-t-,-,- =O,n=m-l
(Z z=.r

Irl
kll(.7) I ../. I,>
d k r: 0, to _ m
Z

:;=3.~

(5.:30)

(Ii.a t)

Thus, inspecting the ldcntiflcatlons (5.25), (5.26) and (5.27), aile sees tIm!" [or
the m'th multicritical point, we require tha.t

M1(U'{, Xc, Yc) ;= J'd2(U[, ;V", Yc) = ... = Mm-l (gi, ;Ue, Ye) ;= 0

iI'h(ur. Xc, Ye) f. 0, h ;:::7n

(5.32)
(5.33)

with the .h '5 generally non-zero, Using the conditions (5.:32) ill concert with
(5.13) and (5.1'1) will permit us to solve Ior the ,ljf's and the continuum values of
the cut interval, (Xc,1Ic)' For the m = 2 multicritlcal point, ouo simply requires
that lvIt vanish. An analogous analysis exists for I,h~ accumutation of zeros ,1(, the
opposite endpoint of the cut, whereby Que replaces the AI's with the J's. We will
now extract the continuum Iorm of the 111- = a nutlticrltlcal density, by means of
this formalism.

We employ a symmetric potential which will support the gcueration of a I~= :l
multlcri ticall ty,

(
_ ? I" 1 (l

1J "')= .!!l2Z -g,,'Jz +!N'6Z (5.:111)
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where we have taken tn > O. The advantage of such a choice is tlmt (5.l;}) is a.u-
tomatir .tUy satisfied. We thus consldei the second coudltlon, which now becomes

2 = ,{ dw wvl(w)
)'e '21fi .jw2 - ,2 (5:35 )

where we have set y ::: -X, and ideutrfled a: = ±-y as the cut endpoints, The
contour C is taken about inflnlty, and thus we may expand tht, denomh.ator of
the integrand (5.35) about the point w = 00, to yield

i dw (. 1 (7)2 a (')" fi (1')(1 (,)7) I--; 1+ - ~ + - - + - - + 0 - '/) (w) = '2
a 21f~ 2 w 8 w Hi w w

(!i.:Ib)

Inserting the explicit form of the potential, we may pick up the poles to yield

(5.a7)

as the coudition all the couplings as ,t funetion of the cut endpoints. Recalling
thil.t our G'(z) is symmetric one may write

1 1 rr=: 00
G'(z) = 2V'(Z) .- 4V z" - ,2 2.: (z - ,),,-t AI" + (z + 7),,-1( -1),,+1 Mn)

,,=1
(5.:18)

re we have noted that, for a synuuetrk. potential, the moments satisfy
f,;h - ~-l)k+lJk. Out' next task is 1,0 CQUFtrHct Llw moments explicitly. This is
readily done front (5.18), where we expand the integrand about w ::: 00, and pick
up the poles appropriately to yield

u, = 9k+1 + I.:-YYkY), + )'2 G + ~'\ + 1)) [}k+3

3 (I.: k(k + 1)(1,; + 2»)+1' .2 + (j !lk'H (5.39)

4 (:l 1k(1 1) I~(k + J )(J.: + :l)(J.: + ;1)) (r. 10)+7 8" + 4" . ; + + '24 !lk+5 +... ,l.'

Since we have only three couplings, the non zero moments are

a:l 15 4
:::: Y'l - 2"' !I.! + 81' s«
= -'2-yy,j + 5,3yu
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Ma 21:1
== -'1,+,), ~IJ('" ::!' )

A1.1 - 4')'!/<I
Mr, == U<I (5.41)

We muy now explicitly construct tll(' factor 11(.::),

Ii

ll(z) == 2: ((z - ')')11-1 Mil + (z 'I- 'Y)1I-1 (- J )"+1 M,,)
11",1

( '), ')''J.) (' '), 'l a 4)== 2U2 - 2Y<I Z +"2 +!lCl 2.:: I + z 'Y +;j1' (5.<12)

Now, for tlro /J == a lllulLkriLklll puint, (111(1 ohtllius t.lH' 1~l'iLk(11value or Llw
couplings hy solitillg All :::; AI'), :...:0, J\[j f; O. for i :> 2.

Thus, at the cl'iti('ul ]Joint, W(1 IIM'I' tho rondltlou«

O ~:I ~ " lli.1 r= !/2.' '2'Yt!/4 + H''Y''YG
I) 2'" I r. 'J "\ == .. iI'I" ,,')',.[Ill

The crltlcal value of tho ('III, illLN'vat is givpu by (!iAiI),

(!i.,Ia)

(5.,1,1 )

(IiA1i )

Inserting till! above ill (I).oj:!) give:'

(!i.,W)

Now, (5.37) is valld for all l'Ollplil1gs, lucludlug thl' (~rii' 'id point, and thus wo
may write

I z,' a c :» Il " H •
-'" (I" - _I','"' ". '-"'('~r' -.2 1('.1. WI' Ir l(j'" ('

Insertlng (5.46) and (SAG) ill (5"1i) allows till Ltl rom

(1i.,17)

. LllfI.t

(liAR)

from which follows
(1i.,W)
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For the sake of convenience, we fix [/2 ::: 1, which will simplify what follows.2 One
now Ilnds, from (5.45), that the critical point is

(5.50)

'rhus, we have determined the critical values of till.' couplings. Ouo ean readily
verify that, taking U,~::: 1/9, and u8 ::: 1/270,0111.' may Iactor (5.'17) as

1 (:I . ):1
SG~ "Ie - 12 ::: 0 (5.51 )

which demonstrates t!t,Lt we have tunod the couplings 811Ch that, on l'ithel' side of
the symmetry axis, We have three coincident roots, which is indicative of the f,Let
that we have reached the I~::: 3 multicrltical poiut .. The next step is to obtaill
the continuum form of the density.

The k ::: 3 scaling limit is defined hj choosing ti,l.' couplings !J.l, Un (.0 seale as

(5.52)

and a
z::: 10 - --(

2"1c

The approach to the continuum is controlled by setting

"12::: "I; - AJ/'la

Recalling that
G(z) ::: ~1l1(Z) - i'ITr/)(z) (:),55)

the deusity ausatz is written

lrr/)(z)::: ~1I(Z)l)'2 - Z2 (5.56)

In order to obtain the contluuum f01'1JI of the ,~ == a multlcrltlcu! density, all that
remains is t insert the above scaling relaiious into (5.<12), and expand the U.llsa.tz
in powers of a.

Lengthy computatlou verifies the cancelling of tenus linea!' ill a ill lI{z), and
thus the Ieadlng order contrlbutlcn is given by Ute coolllclouts of IN'l,

2Tllis is permitted, since ouly Lhn relative strengths of tho cnupliugs arc of siguiflcancc, aru]
arc dictated by cquatlou (5,37),



and hence we identify

(1i,58)

as tile universal form of tho density ccrrospcuding (.0 til(' k ::: 3 IlHdr,kl'itiml
point, which is seen to correspond with tlml derived earlier by means of lite
string equatlon.



6. STABILISATION AND SUPERSYMMETRIC

MATRIX MODELS

In tho previous sccrlons, we approached tho issue uf sLttbili~a,tioh yilt st,udl,L"Lie
quantization. All altoruatlvo approach rulgh; bo to couslder slq.pI'HYlmlI'Mi:~ing
the matrix model. The motivation for doing so mH,Yhe rcallsod by noLing I,hat,
ill the formalism of supersynunctric quuntum tuecluuir«, l)'lt' ,"'n show that tho
operator dp,~cribillg thue tl'allsjations of the' theol'j is \ ':itl,pu »s

(G. I)

where q and Q arc the supercharges of the theory, Requiring th ,t the vacuum
be Invariant under the action of the superchurges ylelds tho condition

Cd 10) = 0 (6,2)

One notes thitt, if the vacuum stltLe is to leave superaynunc try unbroken, the
action of the Ilarnlltonlan 011 the VlH~IIIIll\ is proscribed due to LII(1<1boVI' rnqulre-
ment,

/Is 10) = 0 (o·:n
and 1,1LUsone has ;t Zt1I'O ground state l1llnl'gy. If tho va,'.II111ll dons not preserve
supcrsyrnmctry, tho ground state cllorgy will hn posltlvc, due to tho pusltlvo
deflulte nature of tlw Ilrunlltonian, This dlscusslon JIiI,S dlrect parullels with thai,
of stabll'satlon by means of stochastlr quantlzatlon.

III what follows, we will explore several U'PPl·O(1I'.!WS to this subject.

6.1.. The Marlnari Parisi Model

The following dlscusslou is taken ill part from [Ii], altbough related rosulta wore
obtained Independently ill [OJ.
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Wo will flrst consider the supersynuuetrlc matrix 1I10doi of Marinari and Parisi
(7], with action

(6A)

where the covariant derivative f)j 011 SUPN':i!H1CP has the Corm

(0.5)

and the superpctentia! has tho goucrlc [ortn

W(<II)::: Lli,:I'I'('I)tl)
H

(fiJj)

Furthermore, tho superfleld II' is known to have th(\ expauslou

(6.7)

wher« M and F arc bosonic matrices, I,ll<.'1/1/S Iermloulc matrlces, and the OJ's
real Grassman numbers. The I,a.gra,llgi1t1l is writ tell

(G.H)

lL is possible to integrate out the Grassmau co ordinates, gxp,wdillg tho IdllOI,ic
Icrm yields

(6.B)

and
f),~lr) ::: i02A'.r + V') 01 (}2+ ith - WI P

Constructing the klnotlc pipet',

D) q,Dz<I! ::: -0102M2 - 01V'2il + °2',/11AI + h/lt li') (}l (}2 - "ft! 1/'2 - 'if'l'/''),
-011/'11' - iOl()2~}·J'I/}2 - O2"hp - ()1()2P2 (G.11)

(6.10)

One llH1Y now Integrate over the Gl'aSSllHLIl co ordlnutce, recalling that

«i.l2)

aud J dOj = 0 (6.1:l)



0110 thus sees th[Lt the only tel'lllS that, need be consldered are t.lwse quadratic ill
(h and (J2, hence one readily obtains

J DI<1>lJ2({ldfltd02 = AI'}, - i (1/ti1ill - ',iJ1V'2) +}I'2
The kinetic piece of the Lagrangian is thus written

1·. i ( . . ) IL,., ::: - MooM .. _. - 1/'1' ",/'1'" - 11"" "1/"'" + - F" F '"tIL 2 IJ JI 2 f 1.1¥ JI I .1) .)1 2 '.7 .11 (G. If>)

In order to obtain au ellectlve Lag1'lLllgia,1lwhich does not depend 011 the Grass-
mann co-ordinates, one must still illt<'gra,I,(' out tho dcpoudcuco of (,lit' potontlal Oil

the (Jj, In order to do so, it proves convenient to exploit the f;L(',tthat Grassmann
co-ordinates square to zero. Accordingly, let us consider the formal binomial
expanslon of Tl'4," :

TI'(~TJ")= T7'(M + 0:)11 ::: 'b (1M" (1 + nn + n(n - 1) (..'.:-)2 + 0 (..'.:-):1))
. AI 2/ M 111

((UG)
where We have defined Cl! == -hi'! 01 -iV'202+UJI (}'},F. l~valtH1tillg the term quadratic
ill a, one obtains

(G.17)

It is thus deal' that ally terms of highor order ill (¥ must vanish, and thus (G.lG)
becomes

1'1'(<1>") ::: T1' (Mil + nM11
-
1ct + n(n - I)MtI

-
20J (}27/'l'l/J2)

Substituting for a,

1'l'(pll) :::: 'I'l·(M!1. + inMII-1VJI(J1 - inMIL-I'V'2()2 + inJi.I71-I()I()2}1'

+n(n - 1)Mn-2(/t02VII '1/12) (G.I0)

(G.1H)

Tho cllcctlvo potential is now easily computed,

J dOl J d02i~V(4J) = - J dOl J dfJ2()t(J2n(M"-I)F

+in(n - 1) J dOl J d(}2f}I(}2UM"-21/'I'If!2 (G.20)

which using (0.12) and (G.!:.!) is

J clOt J d(}2il¥(tJi)::: Enbll ('l'l'(MII-J P) _. in(n - 1)T1'(1/iIMlI-2-V'2)) (G.21)
11
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In the Interests of brevity, le~ us defluo

W(M) ::: :L 1J,/l'r(M")
n

(6.22)

in which case,
()W(M) _ '--b (Aln-I)"
DM.. - W lin )1

I) It

{(i.:.W)

and
()'lH!(M) _ ,__ . ,,-2 ,.
DM iJM - wb"n(n- !)(M ),hDJ"

Clti IJ "

Ilence, the above may be rewritten as

(0.24 )

J . - iJJ;V(.M},. (J'lW(M)
dOld02~W(tl»= ,)M.. hj-t'lhiiiJ\[-.u\[ lhkl

c . 1,1 1, IJ 1· kl

The [till Lagrangian m,ty 110W be written down,

(6.215)

L ::: !1vI"AI,., - ~ (.,/'I,··i'I" _ "!~'2..• /'2''') + .!.p.p., + nW(M) p.2 IJ )1 2 I I) ~ JI I) ~)I 2 IJ)I ;)1l1U 1,1

, ()2vT/(M)
-~1/llijDMijDA'h/1!'2kl (6.2G)

Notice that the field P has no thue dcrivatlvcs, and hence is nul, a dyuamlcal
variable. 'rhus, we may eliminate it via its equation of motion

in =0
DFke

(6.27)

which yields
1 i)W(M)
i'ij = - {)Mji

Insetting (6,28) ill (G.26) gives rise to the following Lagl'augiall,

(G.2H)

L ::::.!.l\I"~f ...: (.1'1 , ..,i'l "_ .i'2''''!I'2'')-.!. iJW(M) ()W(M) ',/ iPW(A1),(
2 I) JI 2 ¥ I)¥')I ¥ I) JI 2 Dlllji DAIU tl/'li,j Dl\ltiuM/.:/ ylZkl

(G.29)
Let us compute the momenta conjugate to each Iiold:

1 iJL .
• fA/i) :::::UAlii =., Mji (G,:.IO)



and
DL I:

H." = -. -::: -l!rt"• It) !I,,} ., J'u ~11ij 4
(6.a 1)

Similarly,
(G.a2)

Defore proceeding further, let us consider the cquatlous of motion for the Iermioulc
fields VIi:

(0.3:1)

and

(6.34)

One may now eliminate the Lime derivatives of the fermlouic fields, following
which the Hamiltonian may be written dowu,

where one imposes the canonical l'01llIllUt11(,OI'

((j.aG)

IL is convenient to introduce the Iermlonic oporutors

(G.a7)

and
(G.:m)

following which, the Iennlonic anti -commutators may be concisely written as

((j.ao)

while the Hamiltonian takes the Iorm

so



The Hamiltonian (6AO) may he written as

II = ~{q"j} (6.'11)

where the supercharges al'pl

t _ 1/ .. (. .lJW(M))q - I'J lIMJ• + t DM
j
; (0.'12)

.. (. .iJW(Ml)q = Wij JIMJ• - ~ Did".
J'

signifying that the Hamiltonian describes a supersyrumetric quantum mechanics
as discussed above.

The main difficulty associated with considering the complete set of states
in this model is that the bosonic and Iermionic components of the superfleld <P
may not be simultaneously dlagonalised. However, a. consistent, truncation of the
theory exists [27], which permits one to consider SOUlC states of 11011 zero fermion
number whilst maintaining manifest supersyunuel.ry,

Taking the matrix U which dlagonallses M, let us 1I0W form the new matrix
U<put. As stated above, since the fermlouic matrices can not share a common
elgenbasis with M, thi~ new matrix will not be diagonal. In what follows, we. will
restrict ourselves t') considering only the diagoual ontrlos of this matrix, th;tt is

(0.44)

where we have defined the complex Grassman numbers 0 = '* ({)t + i(J2) I and the

Ai are the eigenvalues of M. Defining new Icrmlouic operators l/Ji ::: (U Iy (It) ii I
1fl! = (UW (It) , we consider only Iermionlc states which lllay be constructed by
the applicatlon of these operators 011 the Hilbert space.

In order to consider the dyuamlcs of the singlet sector, one must express tlw
Hamiltonian ill terms of the radial degreos of freedom. Decomposing M into its
radial and angular parts, one can show tha,t

.E: = 2: ut u, .E:- 2: U.i"JJmkUlIi 0
DMij 't' JIII"11 DAm J. k All - Am DUnk• n.,...l1~1 •

(0.45)

INote that for ;J, hermitian matrix A'J = it;•.

no



Utilising the above, the supercharges may he written explicitly in terms of radial
and angular variables,

t ( . () .OW(>')) . (uwut):" ( {))*Q = '1/Ji =» -1,-O'~ - t 2: ~ _ >. UIIIJl{)[f
". ", k;en' k" km

t _ . (_.!!_ .OW(A») _ . (UWUt) kn: ( _!!_)
Q -'if), t{)I,+t {)I. 12: ~ _A U",,,,,U

AI 1'" k=f;n.' k 'JI, U kn:

(G.46)

(6.'17)

The singlet sector is populated with wavefunctious depending only on
Such a wavefunction is readily constructed,

(6.48)

It can be shown that the Sl1bspace of such wavcfunctions is invariant under the
action of (G.46) and (6.47) ensuring the cousisteucy of the truncatior, and fur-
thermore that the form of the supercharges ill the subspace is given by

(6.49)

Qt = 'if'i (-i-/!- + iDl~T(")) - i2: _l_
iJ '\i 0Ai kim A", - All

One notes that conjugating (0,49) does not yield (G.50); however, this is as a
result of the fact that the change of variables has incurred it non-trivial Jacobian
in direct analogy with the d = 1 model. As before, ill order 1.0 restore explicit her-
mitlclty, one is required to scale the wavefuuctions tp ~ Jl/2<p and the momenta
1); ~ Jl/21JjJ-l/2. It is not necessary to scale the Iennionic fields, since they may
only enter linearly into the change of co-ordinates, and thus their contribution
to the Jacobian is trivial.

(6.50)

Performing the rescalings, one obtains

Q QJ = ,I,t (_.,,!,!_ _ .OW(,\) :£Oln .!)
-t v! tVA; t {)'\j + 2 OAj

(li,51 )

Qt Q't ,I ( • 0 .OW(,~) un«: .~ , )
-t = 'v" -t-- + t--- + --- - t LJ

I O>'i OAi 2 0,\; k..L).k - An
'y-lt

(6.52)
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One may now require Qtt :::qt, and thus OIH' Ilnds that tho .Iaeobiau is given hy

D,It~:!.:::2:_1_
D~\; ,;ion '\i - An

Hence, in the sluglet sector we have the supercharges

O ::: .I,t ( '_ .VH!eJJ('\»)
" Y, 1l', t VAi

«(i.fi::!)

(fUjrl)

Qt _ ..I), (~' + .iiJWe//(A»)
-VI "I ' ()Ai (1i.55)

where
WcJ1(A)::: W(A) - :L1nl,\k - Ad

I<k
The Ilamlltonlan describing the dyuauiics of the slnglet sector is U"W roadily
constructed, following the prescriptiou (GA 1),

II ::::! ~[..,)t ",tJ02WCff('\) ~ (DWrff('\»)
2

21l'·\7f',\+ 2 Y" V J VAiVA.; + 2 ()Ai

(G.5G)

(!i.fi7)

In order to consider the dominant behaviour at large N, it will provo convenient
to recast the above in the collective field theory Iurmallsm. In order 1.0 do so, We
Introduce the flelds

</lCx) -- iJx'f' = 2::::: b(~: - ;I:i)

4)a(:v) - -L 0(:1: - a:i)7ri

'v,(a; ) :::: -L li(:l: - a:dV'i

'1/' t(.v) :::: -L 6(a: - :ci)v'/ (G.58)

The above fields have the following couuuutatlou J'('];~tions,2

[a(:c), a(y)] :::: -i6(:v - y),
.V,t .

[a(x),1/,t(iJ)] = 1'7(;1:)0",6(;1: - y),
(/'

.1/' .[a(:c), if,(y)] :. tj(.I')c)J,b(.I: - y),
("

{4J(a:),v,t(y)} ::: 11(;/:)0(;1: - y). (G.5!)

2These relations are readily shown with the aid of the identity, 6(x- x, l[(x) = 6(x-x.)[(x,}.
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One may now write the supercharges (0.5<1) :\.Ild (i.5fl) In terms uf the continuum
fields by noting that, at the classical level, J d:!:~(J·-·r,;,{~,(;"-'''J)::::0ij. .ind use of tho

chain rule allows us to write qJII' :::: ,'T:), in which caso one has
( iV', utp J't

(6.GO)

CLnd
((j.n J)

The Ilamlltonian is now readily constructed from tho supercharges, and j, ... ··iI,Lell

IT ::

(G.G2)

As usual, one has the contraint on tho collective field J d:z:t/I(iI:) :::: N.

6.2. Supersymmetrized Collective Field 'I'heory

Another means by which one might construct it supersyuunctrizcd utatrix model,
is to consider extending the bosonic collortlv« field theory. This was first dono in
[17J,

The key insight here is tlmt the kinetic term

IJ (l:I:'2 1l'2 J 1 ') !1L:::: 2' 7ftp - G (;l!t/J' -. (;):1)(;1:)1/) (G.G:3)

may be rewritten as

L = ~J cia: J r1:IJ~(a:, t)[/J'lI~(!I, l) (G.Gt!)

where, as before, 41::::u"tp and one has the rnetric

UXY:::: _,(1 ){i(;I: - :IJ)v a!
((i.G5)



Such n. theury IIIlH it standard 1H1{lI'I'\YIlIIlII'LI'i1.ILLiou. p;iv(!11 hy till' La!.\l'nll!~iall

I, = ~ (li'IY,II,li' .- !t"i)" IV ill, IV) f' i1/,III!/III,Jjl'! + fl/,j'Il"h.",Ii" 1/'"

+1)t~1':~.t()rtW~)'1- I/,t"iJllihWif,I, (li,CHi)

where q"(i) an) tho hosonlc Vltl'i.tbJrH, f/'Il,(q) in it mntric, W ::':H'(I/) (,it('

superpotoutia! and l'~d ;t1'{1 th!' (:ltl'illtoll'pl S,YIII llOls, 'l'hls mil Ill' oht.a.ilH'd hy .L

clnaslcul point tl"\1\sflll'nw.tiul! ;I~i::.:,1~i(If'I), t/,i :;; (H:};:) ti'" from Lhll Lagmllp;ian

III this case, tho bosonl
which C,LS() (Jilt' 11m; til

'i.thl(11l If" -4 'f'(,I~), ami YII!' _c~ .tl.rll :;;;; ;dJ:jh(OI! 'c, 11). in
Ulp;inll

()11I\ is ablo to rewrite tho ahuv(' all

hy UWlt1i1l of It )llLl'l,ia.l IU(.l'gl'a.tloll. Tit!' rouson COl' d(linf~ au, ill t.h.LI, Llul a,huwl
Ionn enaures tho IImllif"llt hl'l'llIiLi<'ity of (.[1(1muuiontum ('oujup;a(1 to ,p. It ('an 11(\
dlllllolHltl',tL!'r! that tho Lwu fOl'lllH or lite' Lagmnp,iall arc' ('<J1tiva,lc<llf, .tL Lllllllu<tatulll
Iovol.

III ol'cI(\1' I.) c.anollil'ally ()II:tIlU(;(\ (,)\(1 lh!'Ol'Y, <lilt' (lOW ('ompIILl's I.hl' ('olljuga,ll'
momenta, ill tho \181m; wa,y, to ylokl

!J.I



II",
i if'!

::: 2 qJ

III/,t
i 1/' (0,70)- 21/1

Quo must porfol'lll a, constralned qlHtlltiimtioll, and thus ill tho above W(\identify
the second class constraint

i v,t
\: :;:: !I1/' - .--'2 I/>

i "/':x :::: Il,/,f + 2 'J
gmployillg Dlrac bl'ad, ..lll, one lli>tltiUH

((i. 71)

[op(w), 'p(y)] ::::

[cp(J:),1l'(y)] ::::

{ 1/'( ,,: ).1,1J t( y)} _.
['P(a:kif' (!I ) J ~,..~

(71"(.1:),1/1(1/ )] -

o
ib(,I: ~ y)
!/I{.I:)b(a: - y)
[cp(,l:), if,t(v)j::: 0
i IN11)
•.~--' )0,,<1(.1: -1/)'2 op(y
i I/,t( 1/)

:::: ~,- . .:..·O,.b(;r.- II)
'2 CP(lI)" •

(H,n)

T.tkiug

wlth tho ('OlllllluLatiull l'(,ja.tio1is

(0,70)

{)Ii



which follow directly from the couunutators (G,72). Our uotos tlH1t thl' above
Hamiltonian and commutatlon rolatlous coincide precisely with tho coutlnuuru
description of the Marlnari-Parlsl model, 11011('(' tho supcrsyuuuotrization of the
bosonic collective field theory is equivalent, to tho Marlnarl -l'urlsl model, as first
shown ill (5).

One should note that tho above conunututnrs indk,Lte that t,h(' bosonic mo-
mentum docs not commute with the Icnnloulc Ilokls, which is l'll t111'l' undesirable.
Scaling if) ~ ,(([JI/I, and 1/,t -> 0Pv,t, one SOl'S tlHLt

[11"(:1:),.j;i;rf1(l1))::: 0

['11"(:1:), vf.i;'v,t) = 0

(G,7G)

(<i,77)

as req ulrod,
Wl'il.ing the llamilt,olli<LII ill terlllS of Llw rescaled Ilclds,

Let us consldor tho large N limit, of I,hl' above Jlurulltouluu, 0110 would like
to exhibit N, in order 1,0 dotonuine the pl.11U11' contributlon, and thus WI' must,
scale ;v -+ VNX,IP -> VNif" tp -> Nip, 11"_, 11"N-:l/2 and if't .....,,/,tNl/\ ill which
case one has the scaling bchavlour

(G. ;(1)

!)(l



H is then clear that, ill the limit of largo N, there are 110 Icnuiouic contrlbutlous
to the Hamiltonian, and the dominant term

N~ J ( 'J )2lim JI = -2 . Ihl{i(:I!) j. ely (u'P - lV/(,r)
N-~oo ;/: - y

(Ci,HO)

is the famillar large N cxprcsslon for tlte Fokker Planck llarulltonlau. In thi:i
instance, the existence of a Zl'I'O oucrgy l'ip;ollst,lLt.!' im pJi('s th .I, tJw vacuum stato
is Invariant under the action of the SIIIH'l'l'J'iLJ'gr'S, by ((i.,ll). J vacuum Htato with
non vanishing energy therefore lmpllos suporsynuneu'y hroaklug. Ono S"(~S Iroiu
the above large N form of th!! Ilamiltoniau that unbroken supersyuuuctry nt, I,h(~
classical level requires that the dousity satisfy

jllt/"(Y) - W'(;I:):;'~ 0 (G.'iJ)
'.1.' -y

Helice, tho Mal'iual'i··Parisi model ill tIll' li.ult of largo N currespouds to tho
stabilisation of d = 0 bosoulc potential«, One sees that the claaslcal backgrounds
obtained via solutions of die st,Lb:Used d = 0 models can be l'eintel'prnL(,(1 :I."
largo N solutions of the Marlnari-Parisi model which pI'CSPl'Ve eupcrsynunctcy to
leading order.

6.3. The Supereigenvalue Model

To conclude thls dlsscrtatlou, we will review soruo aspects of tho other sucrrssful
approach to constructing a supcrsynunetric analoguo of the one matrlx model,
the suporelgonvaluo model, proposed hy AlvaJ'l'z-·Gallllle' et al [~3J,[24J,

The term 'matrlx model' is misleading, aluco the theory is cast ill terms of
bosonic and Iermlonlc "elgeuvalues", .LIId a traditloua! Iortnulntion ill t(·t'lIl1'; (If
the orlgluul iuatrlx variables Of, Indeed, it exists] remains otusivo, A sciucwhat
unorthodox matrix Ioruiulatlou of the suporelgnnvaluo mode exists [20j; however,
its form depends Oil N, and is cOllselluputly dllllcult l.o exploit.

The central Idea behind thls model is tho gonorallsntlou of tho algebmk struc-
ture of the bosonic matrix model. Speeifkatl,Y, ill f,lIo bosonlc rase we <!PllWU-
straced that the hermltlclty requlrnmeut of the stuchastle llamiltonlnn in the
collective Held dcscrlptlou led 1.0 tho ('IIuatluu

(; I '}.Is "" 0 ((Lil~)

Coupling the partltlon fllteiiou to sources j, one was abl« to (,('II/ritl' tho 1Lbo''''
ccndltlou M a series of rOllstl'n.iuts acting Oil the pn.I'tition Iunction

!Ii



For the couslateucy of the collective Held tlwol'Y d(l/H'riptIOIl it is required that 1,11('
operators 6:; close nil algebru, reallsed in tlto case of th(l one matrix model hy the
presence of a, Vlrasoro structure, III the context of' tilt' superelgouvalue tucdel,
the approach is centred 011 genernlislug tho Vlrasoro gO!l!!I'lttOI'S to t.lw N "" 1
superaynuuetric case, Reasoning hy unalogy with the hertnltlau matrix model,
one requires that these gonorators annlhalat« 11 sulbably generalised partition
Iunetlon, following which the f01'1Il of the Jacohian tuay !)(1 deduced. As dlscussod
above, it is not known if such au ubject ol'igitmtm; from a dllwgl' of varlablos and
hence we use the term provisionally.

1Jy direct analogy wlth Llw bosonlc case, Olin starts by chooslug all iLdioll of
the form

N

V("\,O) = 2:L (fI!;'\~+ (k+~.(J,"\7)
k ;=1

where the (k+/r arc the Ionnlonlc coupllngs, aud Oi, Ai the Ienulonlc nrul bosonic
eigenvaluea, respectively. OIlC' can ~hell write tho pmtiJ ion function as

(G.H" )

z = J IlrtAidOi6.(A, (J)c-NV(.\,O)
I

(6.85 )

whore we have Introduced I.hl' measure A(,\, (/), whose form rerualus uuspcclflod.
We 1I0W introduce the supet-Virasoro g('IWl'l1tOI'S, wrlttou ill 11'1'1111>of tho bosoulc
and fermlonlc couplings as follows,

({i.H6)

1 ~ ()2 ~ n 1 1I~J!,1.(n .) I) 0
La = 2 N~' s: "-1 -n-- + c: IJ!Jk-n-- + ;-N' 'J c: ;;'- t -:--)'-.\ -,-

• k:;:() t [J/..v[Jn-k k:::l U!/k+1I 2 i::.d/2 '" I (~i ('~II--i

+ f: (~+i)(i-;!) «(j,H7)
1=1/2 2 i}~i+11

Tho approach of Alvarez GiLlllHQ cl at, is to require thai,

(6.8H)

for n ;:::O. It is sulflcicnt to impose the rolatlou (I>.H8), since l'IIZ = 0 wlll then L
satisfied I1tll,OlllaLically, slueo Lu limy bo (~XpreSHNIin t,{1I'lUH of antlconuuutators



of Gn, Hence, we require the couslsteucy conditions to hold by coustruction, as
means of determining the measure,

Permitting On-l/2 to act on the partltlou fuuctlou, one readily obtains

Oue can equivalently write the above as

( G,!IO)

1 J.: 1 k \lI_ \Ii
whore We have employed the ldontlty Ek~(J ,\',\r - . =: '.\,-:1) , milt it is under-
stooel that the derlvatlves operate 011 tho action. lu tpgl'fl.ting the above by IHLl'ts
allows the derivatives to act 011 tlw JJ}c(tStlI'O, yielding

~ )l (i) o ) '""""'-'? - Aj'
~ '\ - DOj + Oi i)'\i i:l.{'\, 0) =: D.(,\, 0) ~ 0; ,\, _ ,\;
t . 1~~J oJ

(G.n 1)

This equation has the unique solutlon

A(-', 0) =: IT('\; - '\J - (}iOJ)
i<i

( (i.!l2)

'rhus, we have determined the Jacohlau of the model.
In view of the ['LC.t that th,~ coupllngs in the bosonic potential aI'(' olton re-

garded as SOUl'CeS for loop operntore ill the bosonic IlIH .•fix model, in tl)(' su-
pereigcnvalue model it is then natura! to define LIIP counocted 'hybrid' (nlm)'lh
suporloop correlator as

=: Nn+m-2 \'" _Oi_ ... ~ (Ii '" I ... ,-- I ) (G.ua)L.J - _ \. ~ ~ _ t . LJ ...I _ \k L.J ....I _ \ I.

"'1 "II '~!I 1\1" I, "'I " 'I k "!II 1\";",a1 'II (\i1 'm

Furthermore, it will j>1'OVIl convenient to rlellno V (/\j) = 2:-k::.u !ikAf, and III (t\i) =:
",'.Xl,. \ k
.0k::.::U ..,k+l/2"i .

As ill the bosonic case, t.ho loop cquatlous of the suporolgeuvaluo model are
on coded ill 1,he statomonts
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L"Z = 0 (6.05)

for n ;::-1. Tints We reconsider (6.S!J) shifting til(' index n -. n + I, to yield

Multiplying the above by EnZ-II-2 and summing, yields

~l J N (I. N ~~'+l _ ~I,'+I
N E \I!(,\i)--:--r + N L:V'(,\i)-:T - L OJ' I ~,_ ~~

i:=1 Z, I ;=1 z, I i:pj , I J
(6.!J7)

We now assume that the bosonic eigenvalues have compact support 011 tho real
axis. In what follows, our goal will Ill' to consider tile extension of Amhjeru's
formalism to tho superelgcnvaluo model, which was developed in refs [25],[26].

'1'0 this cud, it proves fl'llitful to reforuiulate UH~above in tenus of con lour in-
tegrals, requiring that tho contour C enclose <til poles of the superloop operators'',
and that it incurr 110 coutributlou at ill Iln lty, OUO then obtains

L dW.Y'(w)W(wD+ ,( dw. Ir(w) W{iw) = H'(zi)JV(lz) + ~W(zlz) (G.!JS)Ie 2n z - w Ie 21l't z - W N2

where we have rewritten (6 !J7' i I tenus of connected corrclators, Similarly, .ho
condition (6.!l5) gives rise to L,(! equation

L dw V'(w)., ~f( ,) + I.[tI(W)JV(WJ) _ ~..0_ f dw l{I(w)J1!(wi)
10 21l'i z - w 2 clz 21l'i z - w

= ~(W(lz)2_W(zi)W'(zi)+ ~2 (W(lz,Z)- (;!,H'(Z,z')IZ=ZI)6.f)O)

These 'superloop' equations arc seen to be (;rasSIlW,IlU odd and even, respectively,
The corrolator (6.93) may be obtained by tho applicntlou of superloop inser-

tion operators, acting 011 the free energy P,

(G.100)

~As ill the bosonic case, we assume it 0110 cu t structure,
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whore we have defined

(6.101)

and
(G,l02)

as the superloop insertion operators.
The key insight, which allows for the construction of Plelka's iterative scheme is

the knowledge that the free energy depends at, moat quadratically I)U the Icrmlunlc
couplings, a result first obtained obtained by [21J,[22J. Oue then sees tha,t (6.100),
along with equations (6.101) and (6,102) implies the following structure I'O\' the
0110 superloop correlators

W(zi) = lI(Z) (0.10;!)

W(.::!) == Il(z) + il(z)

where tlH' [unctions v(p), !t(p) and ft(/}) are ru'sl" zeroth and second order in
the Icnu.onlc couplings, respectively, In order 1,0 follow the notation of PlefJ(lt it
will serve to rewrite equations (6,08) and «(j.n!)) ill terms of the above Iuuctious,
following which, we rewrite them graduated ill the order of Iertnionic couplings,

Doing so yields four equations, listed in ascending order in the ccupliags,

i (lw \f'(w) i dw \}I(w) . 1 h
-2 .--v(w)+ ;;-;--ll(w):,::: lJ(z)ll(z) + N" ~( )v(z)a 1I't Z - W 0 .:.1I't Z - W M t' '" :'

(O.lOG)

i dw, V'(W)fL(W) + 1; dW,\}I'(W)v(w) _ ~~ If, dw, II/(W) l1(W)
J'c 211't z - W ]'0 211'1 Z - W 2 dz J(J 211't Z - W

= tt(z)ft(z) - ~l)(Z) ;~ v(.::) + 2~'161~',;) 1/,(::) (0.10'l)

,[ dw, IJl(W) fleW) = u(z)ft{z)
fe 27['tz-w (O.10H)
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We would like to consider the planar" limit of tho above equations. Taking
the limit N -4 00, one sees that (fi.l0fi) bocomea

f ri(1) \I'(w) I 2
-.--1to(w):,= -ltu(z)
27f~ z - w 2

((j.IO!))

This equation, up to a factor of i, has the structure ultho planar loop equ.,' inn
of the hermitian matrix model, which has been extensively studied. The solution
is

I()i rlv.J V'(,,) [(z - a:){z - ;1:)]:;
Uo z = ---c;21T'iz-w lw-a:)(w-y)

(G.IIO)

where, as in the bosonic case, tll(1 contour (! encircles the cut bounded by [:/:,!ll,
but the point z is excluded. This equation is accompanied by auxilliary couditlous
to ensure the correct asymptotic behaviour, lto(z) '" z-I, .l,S;; _,. 00.

These are
1 == l rlw w\f'(w)

Yo 21T'i J(w - a:)(w- y)
(6.111)

and
j rlw \I'(w)

0== J'c 27fi J(w - :v)(w - !J)'
(6.112)

These conditions are easily obtained by expanding (6.110) .1\)0111, the point z = 00,

i111d tailoring the coefllcients of z to obl .•Lin tho required hehaviour.
Let us consider the first order equation in tlw planar limit. equation (6.106)

becomes

i dw \f'(w) f dw III(w)
-.--vo(w) + ' --;--uo(w) = 1Io(Z)'lIu(Z)

C 211"1. Z - W 27f~Z - w

This equation has the solution

(6.113)

!) i dw lJ.!(w) [(W - a:)(w - y)] 2 X
Vo Z = I ----- +( c27fiz-w (z-x)(z-y) \I'(z-:l:)(z-1/)

(l.114)

where X is an as yet undetermined constant, and (.' is 1,11(1 contour defined ill Lite
bosonic case. Notice that one does not have the analogue of the bosonic conditions
to dictate the movement of the cut in response to tuning Lite couplings.

4The term 'planar' should be used with care ill this Instance: since IL matrix formulation
remains elusive, the connection between large N and a genus expanslon remains obscure,

102



In order to verify the above solution, consider constructing the right hand side
of (6.113) explicitly,

IJ dv.:_ / rlz' \f1(W)Ilt(Zl) l\Zl - :1:)(ZI - lJ}] 'i
JCit 21ri ](:2 2rri (z - w)(z - Zl) (w - u:)(w - y)
+ J !!.".!... \f1(W) __ X

](1, 2rri z - w j(w _=;=-::;j:)C7(W=_=Y::'-':Y

Constructing the left hand side yields

lIO(Z)1LO(Z) =
(fi.llfi)

,
J dw .£ £iZI l//(W)Ij/(ZI) [(Zl- ;1:)(ZI- y)] 2"

Ja, 2rri JC2 2rri (z - w)(w - Zl) (w - :1:)(W - y)
!.+ J _dw_.[ _!_lz' -:--\f_/~(Z...;'):._1l2' (_w.:...)_ [( w - x) (w - y)] ~

lal 21fi Ja2 21ri (z - w)(w - Zl) (Zl - :1;)(ZI - 1/)

J dw V'ew) X
+ lei '2rri z - w j(",' - x)(w - y)

(G.l1G)

The equivalence of (6.115) and (6.1 J G) is demoustrated by considering Ute second
term of (6.11G),

IJ dw J dz' \f1(ZI)\{I(W) [(w-a:)(w-v)]'i
Ie, 2rri Ja2 21ft \,.; - w)(w -- Zl) (;;1 - ;C)(ZI - y)

Stretching the contour C2 "over" C:" ouo obtains the contributions

(6.117)

IJ dw 1 dz' V'(z')Ilt(e") [(w-:V)(W-V)]2"
Je, 2rri JG~ 2rri (z - w)(tv _ ;;1) (Zl - :V)(ZI- y)

I1 dw 1 dzl V'(ZI)Ilt(W) [(w-;C)(W-Y)]'i
- JOI 2rri :ra~12rri (z - w)(w - Zl) (Zl - X)(ZI -11)

Performing the integral over C1, one picks up the pole Zl == w, yielding

J dev.V'(C,,)Ilt(w) = 0
1'c'1 211't (z - w)

(G.I1H)

(6.110)

since the point z is excluded from the contour C1• III til{' reuiulnlng tcnn, inter-
change Zl and w, to yield

,
J clw,[ dz' V'(W)I)!(ZI) [(Zl - a:)(z' - y)] i

To, 21ri Jc~27ri (z - ZI)(ZI - w) (w - X)(lV - y)
«(j.120)



One ~h()n sees that, combiulug tho first .111(1 second terms of(6.1 16), yiokls (G.llli).
Hence the solution is vorlfled,

The next step is to identify till' Iernriouic anuloguo of tilt, bosouic ttl umouts.
'rhus, we proceed in analogy with the bosonic case, cousiderlng flO(::)' WhNC tho
integral over the contour is taken to infinity, One h(18

,
Ie tlw \lI(w) [(W - ;t:)(w - 1/)]:i X

vo(z) = ---- . + --;:======a21riz-w (.0-;1:)(.0-1/) ~ii)(z-11)
(6.121)

As before, one deforms the contour G (,0 lnflnlty, plcking lip the pole at W :::::Z as
one does so. Thus, We consider

I
1 rlw '!J(W) [(W-:/:)(W-11)]'i
Jo 21riz - W (z - :1:)(:: -1I) ,

;::: L dw IIt(W) [(W - :c)(w -II)] 2'
- JOJl 21ri Z - ",. (z - :1:)(:: - 11f ,
+ L dw \lI(w) [(W-:l:){W-V)]2
J;;I 2'1!'i z - W (:: - :1:)(:: - y)

(0.122)

Performing the integral over C" simply picks up the residue at w :::::Z, and yields
\lI(;;). In order to consider C', recall that, for w > z, where [:1:,11) < Izl, ouo has
the expansion

(G.12:l)

as in the bosonic eMC. Insertlng the above in the iut()grltl OV(')' (.", one iii /1010 to
write

where We have defined the fenuloulc moments,

- i clw \lI(w) ~
':::'1= ) ., '( )" (w-:I:)(w-lI)0' ",1r~W - <I: •

(0.125)

and

i rlw ~I(W) V
11,'1 = 2' ( )(w - ;I:)(W - y)oi • 7ft W + u)" (6.1:W)
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Ior n ~ 1. Thus, one sees that vo(z) niay be wrlueu as

1 oo {( ~ "')"-lo;::>..L (~ 11),,-1A } , ,
t1u(Z)=IP(z)--" ~-.. '-"', ~-" It + \. . ((j.127)

2 ,f;t V(z - ;I:)(Z -11) V(;; - ;1')(:; - 1/)

To fully dctcnnlno vu(z), <til thiL(, rcmalns is to lI11('OVnr tho oxpllcit Iorm of (.ho
unknown ;y, Following PlcOGL, let us lntro lucc LlII' basis Iunctlous to Iacilltat«
this tM!L The full tuachinery of thoso basls f\ .ictlous ill required for the schomo
of ltarative solution dovolcped by Amb.ioru in tho bosouic case, aud (lxtoudud
by Plefka ill the case of tho suporolgcnvaluo model, V', will no' 'e concerned
with developing the iterative SChCIlH'i however, the basis Iunctious simplify the
f' '1,,' . ')' 1tiOU somewhat,

(0.128)

(G.12!l)

eN" .(;;) :: (~- .cr"[(:; - .1:)(:; - yJrI/2
(p;,H)(:;) "' (z _ y)-"[( ~- 'I:)(Z _ y)t1/:.l

Next, we dellne the llnonr operator

. f rlc...! V'(w)\I'f(:;)::.: () --.--](w)
21T~;; - W

(G,l:30)

(G.lal)

(G.1:32)

which acts on the basis Iuuctious ill the Ioilowlng wa.y,

((II _ lIn(z)) \(u)(.~) :;::

(V' - IIO(Z))1P("){z) --

To consider tho computatlon of A, wo must oxatulne equatlons (U. [07) mid
(G.l08) in the planar limit. Thus, we consider

1 d r cLw I:'(W) i dw ~'(w)--Jr. -.--lIo(W)- () --.--IIO(W)
2 d:; 0211'1;; - U) C 21t't;; - W

1 Ii
--IIO(Z)-1'u(;;) (!U;j'I)
2 dz
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ill which cnao, IIII(' IIllLy road ull' Lhn l'iuluLilJll 10)' IiI)!

( Ii,l:lll)

IIILl'Odu<'iug til<' planal' onlel' a oqnutlcn,

(il,lai)

one ran show, !l,ftM i1,sl'l'Lillg ((j,I:lG) i~lId(G,127),tlmL

((i. JaH)

Till' t'()('Hkil'llt \' ill thllH found til II('

x ~. ); rEI + AI)...
((i,taH)

'1'lwli, (0,121) I'PluJH

(0,1,10)

It" (',a,mining (0,127), ouo o(lCN tha.t it Ill .. .\' UIlW hi' Wl'it,11'1I iUi

lln(:;)

(O,H 1)

where \1 hav« (It'lilll'd l!(~):;:: l,:"o,',! {(.:;"" ,'~)"" I=:" -" (:~, !I}n.• lA,,} , Nol" that.
110(-::) 1mb "1 \x)lHdt d('IJ<'ucl('u('(' 1111E" AI.

Wo hnvo thus (',\I11strll('LNl 1.11(''plalliLI' 1I1lt' 10(1(1 l'Ul'l'l'llI.tf)1 llnour in tIll' {'ol'lniollit'
(~()UIIIilll~~'
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6.3.1. The Continuum Limit of the Suporcigenvalue Model

Tho aurJysis of the scaling lilUit fur tho bosonic :;tHtuliLiel:: of the model was first
considered by Ambj¢rtl ill the context of tilt' hormltlan matrix mod!'] [Hi]. Tho
scaling for the Iennloulc quantities was orlginally performed by AIV~Ll'or. Gaume
ct al [24], although the following prcsontatlou is based 01) tIw analysis of PJdim.
[25),[20]. We will discuss tho continuum limit. of t.ho suporclgcuvalu« model ill a
mthcl' general way,

The cal'liel' discussion of Lite role of tho moments ill dofluing Lll!' ('I'Hkal sub-
SllQ,CC of coupling constant» in tho henultiau matrix model is cal'riml Lhl'Ough
unaltered to the bosonic sector of til!' suporolgeuvaluo model, an I thus, for tho
m.'th lUulticritic,11 point, where the extra 7,(1I'()I'S al'O chosou to accumulatn at ;1:,
we require that

Ml(!lj,~:c,lJc) ;::; Ah(fJf"I:cl1/t'} ~ ... = MlII-t(f/f,il:",lh);::; U (G.j,12)
Ah(f/[,J:c,y,,) :f 0, k;:: m «l,14:J)

with J{ :f 0, I ;:: 1. Ouo dil'cdly goncrallscs this III thc case of tho Iennloulc
couplings,

82(ef;m~,vc) == .,.:;: 2"-1(er,~I:r,lJ(~):::: 0
8k( er. ;t:c,lIr) :f 0, k ~ n

with A/ :f 0, I ;:: 2. One notes L11l1t, one dces 1I0l tmt the 1Il,1l1H'1l1,s 8r, At t.1l 7,I1W,

since the Iermloulc correlator t)u(z} dol'S 1I0t dopI'Jll1 Oil tJWIt1.

As usual, the approach to titr coutluuum is controlled by Holling

(6.1<14)
(G.I.15)

0110 1l11l,Y now consider the scaling of 1J, thl' cut PlldpoillL, hy illiHlllllillg that 1,11<1
crlttcal coupling Is reached as

s» = f( (L)f/'k (lJ.14G)

where the fO]'111 of f«(L) has yet to be dotonnlnod, huposlng Lho couditlons (Ii-Ill)
and (6.112), one cau deduce tlmt

II - lit' '" n'" ((i,l·I'l)

and
f - 1 N am (O.l·lll)
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It readlly follows from th~ above tlmt one IH~stil(' following !ll~alillgbeluwiour (Ill'
tho bosonic moments,

(0,140)

while the higher M moments, and J moments do not scale.
In tho case of the Ienuionlc coupllngs, the sltuation is slightly dill(~l'ellt. In

particular, one does not have an analogue of the relations (lUll), (0.112) euforc-
ing the aymptotic behaviour of the bosoulc OIW loop correlator, which nJusLraiJl
the movement of the cut ill response to the adjustmou; of 1.111' coupling constants,
[Ik. III the above dlscusslon, (0.111) and (0.112) W(,1'1' 115ml to deduce V.l' scaling
of tho bosonic couplings Ok ill the approach to the contlnuum.

In the Icnulonlc Iramework, one docs nut have any such relatlons, lelwing I,hn
Issue of the scaling of the fcnulonlc coupling constants somewhat (/.Ii hew.

0110 can therefore choospu

( 0.150)

At this stagn, it is lmportant to realise that tho bosonic and Iermloulc ('I'itknl
points lWO labelled by the iutegN'fj (m,71.) rcspocl.ivoly, which M'(' indopcudont of
oach other. One can then show that the following Ht'aliug bohuviours arc ohtalned,

21 - Al N a,,-t/2
Sk N n,,-k+l/2, I~E [~, n - I) (ii.ili 1)

It is possible to relate the two sealing sectors by imposing tll(\ scnslhlo l'P

qulroment of Alvarea GItIIIII~1d at (2'(ji tlwt tho one bosonic snpol'luoJl corrolntor
scale uniformly, ic th:tL lLu(z) and uu( z) scalf' ill tll{1 sallie way.

0110 is aware, from our previous caleulaliolls in Lhe hoscnlc sector, thai, til!'
purely bosonic correlator scales as

(0.J1i<! )

wlroro In is au illLogcl' labelling tlw bosonlc fl'il.kalil.y.
H.l1Cjuil'ing that. t110 bosonic correlatur quadratic ill tho Ionuloulc couplings

110(';:) scale ill the same Wlty as 'l'I(Z) implies that tllP hosonlc and Iertulonle
scaling behavlours are lIO longer lndopoudout, and must sa.tisfy

n= m+ I ( 1i,II);l)
....._---------------- .....SIll this Instance, choosing the more couveutiouul ~("llillg us in I,hn hosunlc cns« h'lLdN tIl
inconsistencies, since the integer II labelling the Ienuloulc Il1ulticriLi<:aIiLi(,s i1SSUIIII!S half iIlLI!f\<:1'
values.

lOt{



One may then deduce the following scaling propcrtlcs,

Sk N alU-k+a/2, h E [2, m]
31. N 1t1/2, u » 111

Ac It 1/2, I > 1 (li,l/j,j)

Armed with those results, the author» of [H] W<'I'P lLbl1' to show lImt tlw ('(,IlLntl
charge of the aupcrcouformal field t,houl'Y oi>taiul'd ill t.ho ('ont.ilwuHl is

• (2m - I)'t 7
<::::::1- :::::0,-;-,., .. ,111.;:::1m :c.

(f). 1M)

We arc unablo to allnJyse tI1I' contlnuum lilllit. of LIt(1Hup(~d()op ('qUI1t,iIJJlS whieh
describe the c == 0 tllt'oI'Y, since 1.11(' 11/. ::::: 1 (~riLkality is not ameuuble to t,l'mLtmout
by tho techniques employed ill this dlsscrtutiou, aH ill the bosonic caso, Tho 1IL ::::: 2
multlcritical point corresponds to It central l'lta.I'gn uf -1, which dPlH',ribl~S H,non-
unitary auporcoufonnal field thcory.
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Conclusion
III this dlssertutlou, w!' hay!' rovlewod 1lJa.IlY of 1.11('tt'dlllil(lIoS uppllcahlo to tho

matrix model approach to 11011 critical strings. The saddlopolnt cquatiou of [v]
was studied and solved for both cubic and quartic potontlals, and the continuum
limit corrcspondlng to tho 711. :: 2 multlc, ,~kal point was taken.

TIl(> collective Ilcld theory of tho rl = 1 model was dovolopod, wHh nu em-
phasis on the honnltlclrv rcqulromont of tho rolloctlvo Ilamiltoulau, which loads
naturally to tho roallsatlon of an etip;ebl'ak structur« in till' ouo uiutrix ruodel,
The role of stochastl« quantlzutlo« ill tho moehaulstn of stablllsatlon mochanlstu
was discussed, '1'11(' (t :::: 0 tlll'ol'Y Was then rowrlttcu with tho aid or I.lw stlJchasl,il'
Ilamlltonlan, WhOl'CIiPOll WI'I'OSPlllHI('II('(l bl'tw{'!'11 tho I;t},!!;!'N conllguratlous of
the Ccl :: l ' approach and tho saddlopolut oquutlou was dOlllollstl'a,ted I'xpliritly
Iot both cubic and quartlc putontials.

'I'ho link between tho stodHl,sl.ie Humlltonlau and 1,110Schwlngor Dyson oqua-
tlons of a gll(',Udean quantum llold I.Iu)!]I'Y was domonstrutod, I':mployinp; til!' 1I01l

hormltlan stochastl« llumlltoulan in tho z reprcscntution, tllP coutlnuum limit
was taken fot' tlHl I,: =: 2 multlcrltlrallty, to yiold a non local coutlnuum 1111111ilto·
ulan. The contlnuum Schwluger -Dyt;OIl 1'(1 " l,ioliS wero thou derived, wlth a. vlow
to extracting 11continuum Vlrusuro st,l'lIel 'a'

III the Iollowlug section, tho posslbllity of ('onstl'u('.tinp; a donsity approucl: was
explored, III particular, a local contlnuum llumlltouluu, valld for all (~l'iLkaIiLi('H
and couslstet.t with tho string equntlon was 1'0 in agl'l'l'lI'(1l1t with YOIWj'.L

[ao).
Tho In ;::::llllultkl'itil'al dOllsit,y WOI; thou ('0(, .ictod, via till' 1Il0111l'lIts for-

malism of Ambjaru, as a prelude to tho discussion of SIIP{'1'SYlllllwtI'Y ill thl' ron-
text of Llw matrix model; ill parti('tiln.I', tho suporolgcnvalue model.

Tho possibility of SU]lOI'SYltlllwtl'it.illP; Uw tlw,tl'ix model ii,S an altoruutlvo
method of stublllsatlon was thou explored ill till' Iollowlug sections, Tho Marlnarl
Parls! model was studied, and a llnk was mad!' to tho suporsyuunctrlzod l'oUndiv('
field theory. The hLl'gt1 N conflguratlons of t,ho Marlnar! Parisi model W!'I'n hliUWII
to 00 equivalent to these obtnlncd vk, tho stuchnsuc ([llCLl1tizettioli approach.

Lastly, the superelgonvalue model of [2:1J was studied ill tho momouts dcscrlp-
Lion, culuilnutlug in tho realisatlon th.'I, UIlI' meW 1I0t consider tho continuum
limit of the supcrloop oquutlous for r :: 0, slnco it corresponds to tltn In ::::1
multlcrltlcallty, which dot'S not yield to tradltlonal mothnd« of analysis.
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