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ABSTRACT 
 

The multi-disciplinary accelerator based facilities at iThemba LABS are used intensively for 
nuclear physics experiments, radiotherapy and the production of radioisotopes. To increase the 
beam intensity for radioisotope production and to improve the beam quality of the 66 MeV 
proton beam, a double-gap horizontal half-wave flat-topping resonator has been developed for 
the separated-sector cyclotron to operate at the associated fixed frequency. This type of flat-
topping resonator has never before been implemented in a cyclotron and this study is the first 
to show that it can be done, featuring a special characteristic not offered by other types. The 
resonator is reviewed against the other types of resonators that are already in use at other 
institutes around the world.  
 

The flat-topping voltage of the selected type has a sinusoidal half-wave distribution along a 
radial line in each of its acceleration gaps with the nodal points located on the injection and 
extraction orbits. The flat-topping voltage therefore progressively increases from zero at both 
of the two most critical orbits in a cyclotron to a maximum at about halfway between them. As 
a result will this resonator, apart from its basic function to reduce the energy spread in the 
beam, not decrease the orbit separation at the injection and extraction orbits in the cyclotron, 
as is the case with other types of flat-topping resonators. This advantageous feature implies 
that the beam pattern in the cyclotron is not affected in the regions of the delicate injection and 
extraction components and therefore will these components or the operational control of the 
beam not require any modification to accommodate the resonator. 
 

In order to design a resonator that will meet our requirements, the theory of the beam 
dynamics and resonator characteristics were studied to ascertain the expected improvement in 
beam quality and beam intensity when a flat-topping resonator is implemented with the 
cyclotron. All resonator types were considered and studied in terms of their power dissipation, 
voltage distribution, harmonic number, space requirements and influence on the beam. The 
horizontal half-wave resonator type, with two acceleration gaps, was selected as the most 
suitable for our application, because of its preferred electromagnetic characteristics and its 
geometric shape that permits the installation inside an existing vacuum chamber through an 
existing flange. Initially a half-scale resonator model was build to test the feasibility of such a 
resonator and also to verify the calculation methods. 
 

Transmission line methods and numerical field analysis in 3D were applied to determine the 
resonator characteristics. In the former method a computer program, POISSON, was used to 
calculate curvilinear squares on sections through a triangular-shaped transmission line and in 
the latter method a commercial computer program, SOPRANO, was used. SOPRANO is part 
of an internationally acclaimed suite of programs and the acquired knowledge and skill to use 
this state-of-the-art software for the studying and designing of such and other electromagnetic 
devices also put the institute amongst the front-runners in the world.  
 

The calculated characteristics of the half- and full-scale resonator models, the study of the 
different electromagnetic modes that resonate in close proximity to the required frequency, the 
heat transport modelling and the theory and implementation of the coupling and tuning 
devices are all in good agreement with their respective measured results and are reported in 
this document. 

 

This study lead the way to have the first-ever double-gap horizontal half-wave flat-topping 
resonator in a cyclotron successfully commissioned at iThemba LABS and the first tests with 
beam report very stable operation. Accelerator physicists now have another option to utilize 
for the establishing of flat-topped acceleration voltages. 
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CHAPTER 1 
 

INTRODUCTION AND MOTIVATION 
 

 

1.1 INTRODUCTION 
 
 
iThemba Laboratory for Accelerator Based Sciences (iThemba LABS) is a multi-

disciplinary research centre, which provides beams of accelerated charged particles and 

facilities for particle radiotherapy, basic and applied nuclear physics research and the 

production of radioisotopes for nuclear medicine and industry. 
 
In the nineteen sixties the future need and demand for improved accelerated particle 

beams in South Africa were discussed amongst physicists in South Africa. The main 

accelerators in operation at that stage were the variable-energy cyclotron at the Council 

for Scientific and Industrial Research (CSIR), the 6 MV Van de Graaff accelerator of the 

Southern Universities (SUNI) near Faure, the 6 MV Tandem Van de Graaff accelerator at 

the University of Witwatersrand and a 4 MV Van de Graaff at the then Atomic Energy 

Board, nowadays called the Nuclear Energy Corporation of South Africa (NECSA). The 

locally-built CSIR cyclotron could accelerate light ions to the following maximum 

energies: 15.3 MeV for protons, 17 MeV for deuterons, 34 MeV for alpha particles and 

39 MeV for Helium-3 ions. Deuteron and Helium-3 beams were, apart from for nuclear 

physics research, also used for the production of radioisotopes for South African 

hospitals and industries. Radioisotopes were also regularly exported to Europe and the 

USA. Experience gained with the design, construction and use of the CSIR cyclotron 

gave physicists the confidence to start with the design of a separated-sector cyclotron 

(SSC) - a new type of cyclotron then under construction at the University of Indiana and 

the Swiss Institute for Nuclear Research (SIN), which later became the Paul Scherrer 

Institute (PSI). A feasibility study for a national accelerator facility followed and its 

recommendation [Rau75, Rep75, Abr75] for a K = 200 MeV facility with a separated-

sector cyclotron [Wil63] and two solid-pole injector cyclotrons (SPC1 and SPC2) was 
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approved by Government in 1975 and the National Accelerator Centre (NAC) was 

established in 1977 as a multi-disciplinary research institute under the auspices of the 

Council for Science and Industrial Research (CSIR). Construction of these, by the NAC 

custom-designed, cyclotrons and associated beam lines started in 1978 and became 

operational during 1986. 
 
 
The Southern Universities Nuclear Institute (SUNI), which has been incorporated into 

NAC, commissioned a commercially acquired 6 MV CN Van de Graaff accelerator in 

1963 [Kon64]. It is capable of delivering beams of light and heavy ions with a low 

energy spread. A commercial linear accelerator was also incorporated with the existing 

facilities in 2001, in conjunction with private medical physicians. 
 
 
In 2002 National Accelerator Centre was renamed as iThemba Laboratory for 

Accelerator Based Sciences, iThemba LABS. 
 
 
Currently the above mentioned Van de Graaff and linear accelerators, the main 

accelerator, a K = 200 separated-sector cyclotron, SSC, and two K = 8 solid-pole injector 

cyclotrons, SPC1 and SPC2, are in operation at iThemba LABS. The injector cyclotron, 

SPC1, with its internal ion source, is routinely used for the acceleration of protons only, 

whereas the SPC2 provides beams of heavy ions and polarized protons from two external 

ion sources. 
 
 
A separated-sector cyclotron, which requires an injector cyclotron, was chosen as the 

main accelerator [Rau75] for, amongst others, its good beam transmission for the high 

beam intensities required at high energies for the production of radioisotopes. Because 

the dees in a separated-sector cyclotron are located in the spaces between the sector 

magnets, the magnet pole gaps can be made small, which results in good vertical focusing 

of the beam, and the dee voltages can be much higher than in a solid-pole cyclotron, 

thereby leaving relatively large open spaces between adjacent orbits at extraction for the 

insertion of extraction components. Because of the small pole gaps it is possible to make 

the magnetic field isochronous up to the last orbit in the cyclotron, after which the field 

drops fast enough with radius to extract the beam in a single turn. This further increases 
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the orbit separation and enhances beam extraction. The open spaces, called valleys, 

between magnet sectors also allow the installation of a flat-topping system [Con92a] with 

which the energy spread, and consequently the radial width of the beam, is decreased to 

yield better beam separation between adjacent turns at extraction, thereby limiting 

activation of extraction components, which makes maintenance and repair work less 

hazardous for staff. 
 
 
A solid-pole cyclotron with a maximum energy of 8 MeV for protons was chosen as an 

injector cyclotron for the SSC for the acceleration of light-ion beams, because of its 

compactness, its relative simple construction, the high beam intensities that can be 

obtained with an internal ion source and the fact that it does not require another pre-

accelerator. SPC1 and the SSC have since the commissioning at the end of 1986 operated 

on a 24 hour per day and 7 day per week schedule. A second solid-pole injector 

cyclotron, SPC2, for acceleration of heavy ions and polarized hydrogen ions was later 

built. 
 
 
One of the initial design requirements for the cyclotrons at iThemba LABS was to deliver 

proton beams at energies of below 80 MeV with a beam intensity of 100 µA for the 

production of radioisotopes for medical and industrial applications. Eventually it was 

decided to use a 66 MeV proton beam for the production of radioisotopes because this 

would be the most suitable beam energy for neutron therapy, and time-consuming energy 

changes could be eliminated by using the same beam for both applications. The 

radioisotopes that are produced regularly on a weekly basis at iThemba LABS are: 67Ga, 
123I(solution, capsules and diagnostic agent, MIBG], 81Rb/81mKr generators and 18F-FDG. 

Long-lived radioisotopes produced on demand are: 22Na, 22Na positron sources, 68Ge, 
82Sr, 139Ce and 88Y. These radioisotopes are delivered to all the major hospitals in the 

Republic of South Africa and most of the radioisotopes with long half-lives are exported 

to the USA [Van04]. 
 
 
The external beam intensities from SPC1 and the SSC for the 66 MeV proton beam are 

limited to 300 µA and 150 µA, respectively. In SPC1, one of the main contributing 
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factors to this limitation is the increase in the energy spread in the beam, and consequent 

radial broadening of the beam, with increasing beam intensity due to space-charge forces. 

By accelerating longer beam pulses the influence of space charge on the beam can be 

reduced, but then the energy spread in the beam and the radial width also increases due to 

the sinusoidal dee voltage. With wider beams the free space between turns for the 

extraction components are smaller and the extraction efficiency decreases, resulting in 

further activation and even overheating of these components. In the SSC space-charge 

forces play a less significant role. The beam pulse length has to be kept small to limit the 

energy spread and the beam width. Therefore beam pulses from SPC1 are focused 

longitudinally in the transfer beam line with a beam buncher before injection into the 

SSC. The pulse length to which the beam can be focused in the SSC is limited by the 

energy spread in the beam from SPC1. 
 

 

1.2 MOTIVATION 
 
 
The demand for the carrier-free radioisotopes produced at iThemba LABS, from both the 

local and overseas market, has increased over the past few years because new advances in 

the medical applications of radioisotopes not only demand higher activities, but also 

require the development of new procedures and products. Two turn-key, low energy 

cyclotrons have been commissioned in Gauteng since mid-2005, mainly for the 

production of 18F-FDG. The present and future demand for quality radio-pharmaceuticals 

[Nor02] from both the local and international market warrants upgrading of the existing 

facilities at iThemba LABS to be able to produce the quantities required by the clients, 

thereby ensuring long-term partnerships and generate income. Since the cyclotrons have 

from the start been operated 24 hours per day and 7 days per week, beam time for the 

production of radioisotopes cannot be increased. Therefore, to increase the income from 

the production of radioisotopes, the beam intensity has to be increased. Acquisition of a 

dedicated cyclotron has also been considered, but has been discarded, because of the cost 

involved, especially since a new building with shielded areas are required. 
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To increase the maximum extracted beam current for the 66 MeV proton beam from the 

present 150 µA to 500 µA, longer beam pulses will have to be accelerated in both SPC1 

and the SSC, without increasing the energy spread in the beam. Since this is not possible 

with sinusoidal dee voltages, additional resonators will have to be installed to flatten the 

dee voltages in the time intervals in which particles are accelerated, i.e. at the dee voltage 

peaks, hence the descriptive name flat-topping. The implementation of such flat-topping 

rf systems in SPC1 and the SSC will increase the external beam intensities delivered by 

these machines and also their extraction efficiencies for longer beam pulses than are 

presently accelerated. 
 
 
The implementation of a flat-topping system in SPC1 has already been described 

[Con92b]. It was demonstrated experimentally that a proton beam with an intensity of 

600 µA can be extracted from SPC1 with such a flat-topping system, operating at the 

fifth harmonic of the main rf frequency; the first cyclotron to operate with the flat-top dee 

voltage superimposed on the main dees.   
 
 

The longer beam pulses delivered by SPC1 with a flat-topping system, for injection into 

the SSC, will cause a large energy spread during further acceleration in the SSC and 

therefore increase beam losses in the extraction system and beam lines to the isotope 

production facilities unless a flat-topping system is also installed in the SSC. Such a 

system would permit acceleration and extraction of 66 MeV proton beams with 

intensities of up to 500 µA with practically no losses. The main components of such a 

system are a resonator, a power amplifier and a feedback system, with which the 

amplitude and phase of the dee voltage can be stabilized to within very tight tolerances 

[Con92c]. 
 
 
The resonator will have to fit in the available space in one of the valley vacuum 

chambers, that are partly filled with diagnostic equipment and injection and extraction 

components, and has to be installed through one of the existing ports of the chamber to 

exclude costly re-machining of the chamber and long down-time of the SSC, which will 

result in a loss of the present income from the production of radioisotopes, and 

suspension of the nuclear physics experiments as well as the treatment of patients for six 



 6 

to nine months. The design has also to allow for access to service the resonator and other 

equipment in the cyclotron. These severe restrictions have a strong influence on the 

design of the resonator. To optimize the resonator design the beam characteristics in the 

SSC have to be calculated. 
 
 
Flat-topping systems for the improvement of the beam intensity and quality have been 

implemented at several accelerator facilities. The system for the RIKEN AVF cyclotron 

[Koh98] is modelled on the SPC1 flat-topping system, in which the main dees and 

resonators resonate simultaneously at two different frequencies. The first successful flat-

top acceleration in a cyclotron was achieved in 1979 [Bis79] with the 590 MeV ring 

cyclotron at the Swiss Institute for Nuclear Research (SIN) at Villigen, Switzerland (later 

renamed the Paul Scherrer Institute (PSI)). A single cavity-type flat-topping resonator 

operating at the third harmonic of the main rf frequency of 50 MHz is used. At the 

Research Center for Nuclear Physics (RCPN) at the University of Osaka, Japan, a 30 kW 

single-gap flat-topping resonator was installed [Sai86, Sai89, Sai92] in the ring cyclotron 

during the late nineteen eighties. It operates in the frequency range 90 MHz to 155 MHz, 

the third harmonic of the main rf system. At the Japanese Institute of Physical and 

Chemical Research (RIKEN) a flat-topping resonator is used in the 4-sector intermediate 

stage ring cyclotron (IRC). A similar flat-topping resonator is planned for the 6-sector 

super-conducting ring cyclotron (SRC). These flat-topping resonators are modified 

versions of the flat-topping resonator used in the ring cyclotron of RCPN [Sak01]. During 

2000 the Japanese Atomic Energy Research Institute (JAERI) at Tagasaki, tested models 

of flat-topping resonators for the AVF cyclotron [Kur01]. A theoretical study of a flat-

topping resonator with variable frequency for the SSC was done but never implemented 

[Con92d]. 
 
 
This dissertation deals with a fixed-frequency flat-topping resonator for the high-intensity 

66 MeV proton beam at iThemba LABS. The resonator that has been selected for this 

purpose is of a new type and design and is different from those used in any of the existing 

cyclotrons. It is therefore important to study its characteristics and influence on the beam. 
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1.3 OUTLINE OF THE DISSERTATION 
 
 
 
The structure of the dissertation is as follows: 

 

• The facilities at iThemba LABS are briefly described in chapter 2. 

 

• Chapter 3 deals with the theory of beam dynamics in resonators, particularly energy 

spread, a review of the types of resonators and the selection of a resonator type. 

 

• Chapter 4 deals with the computational physics used for studying the resonator 

characteristics. 

 

• Chapter 5 deals with the calculated and measured resonator characteristics for both 

the half scale and the final resonator. 

 

• Chapter 6 deals with the theory and implementation of the tuning and coupling 

systems of the resonator. 

 

• Chapter 7 deals with the heat transport modeling and its application for the cooling 

of the resonator. 

 

• Chapter 8 gives a contextual review of the selected resonator. 

 

• Finally, the conclusions drawn from this study and recommendations for further 

work on intense proton beams of high quality at iThemba LABS are given in 

chapter 9.  

 
 
 
 
 

-o-O-o- 
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CHAPTER 2 
 

THE CYCLOTRONS AT iTHEMBA LABS 
 
 

2.1  INTRODUCTION 
 

The solid-pole injector cyclotron for light ions, SPC1, has an internal ion source, 

capable of delivering intense beams of light ions and is mainly used for acceleration 

of proton beams for proton and neutron-therapy as well as for the production of 

radioisotopes. Light and heavy ion beams produced in an external electron cyclotron 

resonance (ECR) ion source and polarized protons from a second external ion source 

are accelerated in the second solid-pole injector cyclotron, SPC2, before injection into 

the SSC. SPC1 and SPC2 are cyclotrons with maximum proton energies of 8 MeV 

and the beam energies of all three machines can be varied by a factor greater than 10. 

 

Beams from the SSC can be directed to vaults for radioisotope production, neutron 

therapy, proton therapy, a 1.5 m scattering chamber, a K = 600 QDD magnetic 

spectrometer and AFRODITE, a gamma spectrometer array, for nuclear physics 

experiments. The 66 MeV proton beam is routinely switched between neutron therapy 

and radionuclide production. 

 

The facilities of iThemba LABS are shown in figure 2.1. The facilities are operated 

according to the typical tight time schedule shown in figure 2.2.  

 

2.2 LAYOUT OF THE CYCLOTRONS AND THEIR MAIN 
PARAMETERS 

 
2.2.1 The separated-sector cyclotron (SSC) 
 
The variable-energy SSC is the main accelerator at iThemba LABS and was designed 

to accelerate protons up to 200 MeV, though occasionally it accelerated protons to 

227 MeV for special purposes. The layout of the SSC with its four sector magnets, 

SM1, SM2, SM3 and SM4 and vacuum chambers with its resonators and diagnostic 

equipment is shown in figure 2.3. The main parameters of the SSC, together with 

those of SPC1 and SPC2, are listed in a table 2.1 at the end of this chapter [Con92e]. 
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A: Scattering chamber beam line 
D: Collimated neutron beam facility 
ECR: ECR ion source (basement level) 
F: High-energy gamma-ray detectors 
G: Gamma-ray angular correlation table 
L: Low-energy experimental area 
P: Polarized-ion source (basement) 
SPC1: Solid-pole injector cyclotron for light 

ions 
SPC2: Solid-pole injector cyclotron for heavy 

or polarized ions 

Figure 2.1: Layout of the cyclotron facilities at iThemba LABS. 
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The SSC has a diameter of 13.2 m and a height of 7 m. The vacuum chambers are 

mounted in the pole gaps and in two valleys. The four sector magnets, with a sector 

angle of 34°, weigh about 1400 tons in total and are positioned to an accuracy of 0.1 

mm. The maximum magnetic flux density of 1.3 T can be obtained in the 66 mm pole 

gap by means of the main coils around the poles and additional coils around the yoke 

pieces. The additional coils are also used to correct differences between the four 

sector magnets. The currents through 29 trim-coils mounted on each pole surface are 

adjusted with every energy change to isochronize the magnetic field. The 4 magnet 

sectors ensure that the beam repeatedly traverse the two λ/2-resonators, that are each 

capacitively coupled to a 150 kW power amplifier with a frequency range of 6 to 26 

MHz. The maximum dee voltage is 220 kV, resulting in an energy gain of 0.88 MV 

per turn. Several feedback systems keep the dee voltage and phase of the high Q-value 

resonators stabilized and tuned by compensating for beam loading and temperature 

changes. Similar feedback systems are used for the injector cyclotrons.  
 
The injection system of the SSC consists of two bending magnets and a magnetic 

inflection channel (MIC). The beam is extracted with two septum magnets (SPM1 & 

SPM2). An electrostatic extraction channel (EEC) is also available but has seldom 

been used to avoid the complication of aligning the beam through three extraction 

components. The large spaces between magnet sectors allow resonators with high dee 

voltages to obtain good orbit separation at extraction.  With the dees located outside 

Figure 2.2. The continuous utilization of the beam is shown in the operating 
schedule of the cyclotron facilities at iThemba LABS. 
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the pole gaps of the magnets it permits the use of small pole gaps and thus resulting in 

strong vertical beam focusing.  
 
The SSC accelerates beams of light and heavy ions as well as beams of polarized 

protons. Proton beam intensities of more than 100 µA, at 66 MeV, are extracted from 

the SSC for the production of radioisotopes. Activation of the components of the SSC 

is limited, owing to the high extraction and transmission efficiency of the SSC, which 

is typical 99.8% [Con01]. 
 

2.2.2  The light-ion solid-pole injector cyclotron (SPC1)  
 
SPC1 pre-accelerates and provides beams of light ions, mainly protons, that can be 

injected into the SSC for further acceleration. The layout of SPC1 is shown in figure 

2.4. It uses an internal Penning Ionization Gauge (PIG) ion source to produce the 

intense beams of protons required for neutron therapy and radioisotope production. It 

has two 90° dees, connected to quarter-wave resonators, and driven by 20 kW power 

amplifiers, for acceleration on harmonic numbers either 2 or 6, depending on the 

charge/mass ratio and final energy of the accelerated particle. Dee voltages of up to 60 

kV and three constant-orbit geometries are required to accommodate the desired 

energy ranges and beam currents for the light ions. The beam is extracted from this 

four-sector cyclotron, with radial magnet sectors, at an extraction radius of 0.476 m, 

with an electrostatic channel and two active magnetic channels. A third passive 

channel steers the beam into the beam line.  
 

2.2.3 The second solid-pole injector cyclotron (SPC2) 
 
The layout of SPC2 is shown in figure 2.5. SPC2, which has a K-value of 10 for 

heavy ions, pre-accelerates and provides beams of both heavy ions and polarized 

hydrogen ions for the SSC, from its two external ion sources respectively, i.e. an ECR 

ion source and a polarized ion source, as shown in figure 2.6. The diagnostic 

equipment includes a harp, which can be positioned near the extraction radius for 

minimization of the energy spread by adjustment of the magnetic field. SPC2 is in 

many respects similar to SPC1 but uses axial injection through spiral inflectors from 

the two external ion sources. 
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 Figure 2.3. Layout of the separated-sector cyclotron. 

1 meter   
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Figure 2.4. Layout of SPC1. 

  1 meter 

1. Σ∆R Probe No.1  7. 1st Magnetic Channel Collimators 
2. RADAX Slits       and Liner (MEC1) 
3. 2nd Radial Slit  8. 2nd Magnetic Channel Collimators 
4. Σ∆R Probe No.2       and Liner (MEC2) 
5. 2nd Axial Slit  9. Passive Magnetic Channel 
6. EEC Collimators       Collimators 

Quarter-wave coaxial type resonators 
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Figure 2.5. Layout of SPC2. 

  1 meter 

1. Inflector Collimators 10. 1st Magnetic Channel Collimators 
2. Σ∆R Probe No.1         and Liner (MEC1)   
3. RADAX Slits  11. 2nd Magnetic Channel Collimators 
4. 2nd Radial Slit          and Liner (MEC2) 
5. Σ∆R Probe No.2  12. Passive Magnetic Channel  
6. 2nd Axial Slit         Collimators 
7. Visual Display Plates 
8. Harp 
9. EEC Collimators        

Quarter-wave coaxial type resonators 
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Figure 2.6.  Side view of SPC2 and the polarized ion source, combined with a top view of the ECR source, respectively together 
with the H- and Q-beam lines leading to the axial injection from below the cyclotron. The acronyms of the  magnets  starting with 
B and Q respectively refer to Bending Magnets and Quadrupole Magnets and L and R both refer to Solenoid Magnets. 
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Table 2.1: iThemba LABS cyclotron parameters. 

 

SSC K-value 

Injection radius (hill) 

Extraction radius (hill) 

Magnetic flux density 

Magnetic sectors 

Resonators 

Dee voltage 

Power amplifier 

RF power dissipation 

Frequency range 

Harmonic numbers 

Frequency variation 

200 

1.01 m 

4.422 m 

1.26 T (max.) 

4 x 34° sectors 

2 x 49° deltas, λ/2 

250 kV (max.) 

150 kW 

80 kW/resonator 

5 – 27.5 MHz 

4 & 12 

Short-circuit plates & variable 

capacitors 

SPC1 K-value 

Extraction radius 

Magnetic flux density 

Number of sectors 

Resonators 

Frequency range 

Harmonic numbers 

Ion source (internal) 

8 

0.476 m 

0.86 T (max.) 

4 

2 x 90° dees, λ/4 

5 – 27.5 MHz 

2 & 6 

Internal PIG source 

SPC2 K-value 

Extraction radius 

Magnetic flux density 

Number of sectors 

Resonators 

Frequency range 

Harmonic numbers 

Ion sources (external) 

10 

0.476 m 

0.86 T (max.) 

4 

2 x 90° dees, λ/4 

5 – 27.5 MHz 

2 & 6 

ECR source & polarized ion 

source 

-o-O-o- 
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CHAPTER 3 
 

THE THEORY OF BEAM DYNAMICS IN 
RESONATORS AND A REVIEW OF RESONATOR 
SYSTEMS 
 
 

3.1 INTRODUCTION 
 

The extraction efficiency of a cyclotron with high beam power must be close to 100% 

in order to minimize operational problems with cooling and activation of its extraction 

components. This can only be achieved by ensuring that the energy spread in the 

beam, and consequently the radial width of the beam, is minimized [Gor67, Sch76]. 

The extraction efficiency and energy spread of the beam in the SSC depend on the 

pulse length and energy spread of the beam at injection. It is therefore important to 

calculate the beam width and orbit separation inside the machine, especially at 

extraction. The beam intensity from SPC1 is limited to 300 µA without flat-topping, 

because the beam pulse length in the machine has to be restricted to ensure single-turn 

extraction in the SSC. Beam pulses from SPC1 are focused longitudinally in the 

transfer beam line with a buncher, just before injection into the SSC. The available 

beam intensity is restricted to 150 µA to limit the beam loss to less than 1 µA on the 

extraction components of the SSC and thereby it is ensured that the activation of these 

components are kept below 1 mSv.h-1, which is essential for the safety of personnel 

when maintenance is required. To increase the maximum extracted beam current for 

the 66 MeV proton beam from the present maximum of 150 µA to 500 µA, longer 

beam pulses will have to be accelerated in both SPC1 and the SSC, without increasing 

the energy spread in the beam. This can be done with the implementation of flat-

topping rf systems in both SPC1 and the SSC. 
 

The design of any additional equipment for the accelerator facilities must be such that 

no costly modifications to existing equipment are required. Cost and restrictions 

posed by the existing valley vacuum chambers and existing equipment mounted 

inside these chambers, are important determining factors in the selection and design 

of a flat-topping system for the SSC. The resonator must fit into the existing space 

available inside a vacuum chamber, other than those that are already occupied by the 
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main resonators and it must be installed through one of the existing ports of the 

chamber. The design must also allow for access to service the resonator and other 

equipment in the cyclotron.  
 

This chapter will deal with the expected improvements in beam quality and intensity, 

different types of resonators and the limitations on a flat-topping system by the 

existing facilities in the SSC. For this purpose use has to be made of the results of the 

calculation of the resonator characteristics that will be described in chapter 4, except 

in the case of a cavity resonator for which simple analytic expressions are applicable. 

To select a suitable resonator type and determine its influence on the beams, several 

iterations between orbit and resonator calculations had to be carried out. For the sake 

of brevity these iterations are not described in detail here. 

 
3.2 THE ENERGY SPREAD AND BEAM WIDTH IN A 

CYCLOTRON WITH AND WITHOUT FLAT-TOPPING 
 

3.2.1 Energy spread, beam separation and orbit separation 
 
The energy gained per turn by a particle in a cyclotron that is operated with a 

sinusoidal dee voltage and without a flat-topping resonator, is given by: 
 

( )cosdT QV φ δθ∆ = +    (3.1) 

 

with Q the charge of the particle, Vd the dee voltage at the acceleration gap, φ the 

phase of the main rf with respect to the beam and δθ the phase deviation of the 

particle from the central particle in the beam bunch.  

 
The beam quality in a cyclotron with a sinusoidal accelerating voltage is determined 

to a great extent by the energy spread and consequently the radial beam width at the 

extraction orbit. The undesirable energy spread causes radial broadening of the beam 

in the cyclotron and therefore reduces the separation between two successive turns. It 

is essential to have these turns separated at extraction to ensure a beam of good 

quality to the user and prevent activation and possible overheating and damage to the 

extraction components. The beam separation between any two successive turns in a 

cyclotron is mainly important at the injection and extraction orbits in a cyclotron, to 
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ensure a clear beam pass through the injection and extraction components [Gor67]. 

The orbit separation is calculated as the distance between the radii of two successive 

orbits. The radial position of any orbit in a separated-sector cyclotron is not constant 

and has its maximum at the azimuthal center of each sector magnet (hill radius) and 

the minimum radial position (valley radius) at the azimuthal center of the valleys 

between the sector magnets. Beam and orbit separation and the radial broadening of 

the beam are schematically illustrated in figure 3.1. The area in grey represents the 

intrinsic width of the beam without energy spread and the shaded area is the tail of 

beam, which develops due to the energy spread in a beam bunch. Any change in 

acceleration voltage will be most noticeable in a change in the orbit separation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

When a flat-topping resonator, which operates at the nth harmonic number of the main 

resonator frequency, is added to the cyclotron, the gain in energy per turn becomes: 

( ) ( )cos cosd fT QV QV n nφ δθ ϕ δθ∆ = + − +   (3.2) 

with Vf the flat-topping voltage at its acceleration gap, and ϕ the phase of the 

resonator with respect to the beam.  
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Figure 3.1. A schematic representation of the orbit separation (i.e. is the distance 
between two successive orbits), the beam separation (i.e. the radial gap between two 
orbits containing no beam) and the beam width due to the energy spread, which is 
added to the intrinsic beam width. 
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The energy spread in a cyclotron without a flat-topping system is [Con92f]: 
 

  1 cos
2

E
E

δθ∆
= − ,     (3.3) 

 

with E∆  equal to the maximum difference in energy between any two particles in a 

bunch, E the energy of a particle at the center of the bunch and δθ  the length of the 

beam bunch in main dee voltage rf-degrees. The comparative energy spread in a 

cyclotron with a flat-topping acceleration system operating at the nth harmonic of the 

main frequency, can be calculated from [Con92g] 
 

2

2 2 2

1 11 cos cos
1 2 2

E n n
E n n n

δθ δθ ∆   = − − +     −    
.  (3.4) 

 

The energy spread in a cyclotron, with and without a flat-topping system, is shown in 

figure 3.2 for flat-topping harmonics n = 2, 3, 4, 5 and 6. This shows that a cyclotron 

with a fixed maximum allowable energy spread, can accelerate larger bunch lengths 

when a flat-topping system is implemented at a harmonic frequency of the 

fundamental accelerating voltage. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2. A cyclotron with a flat-topping system can accelerate larger bunch 
lengths than when without a flat-topping system, for any given energy spread. The 
calculated energy spread without a flat-topping resonator is compared to that 
with a resonator operating at harmonic numbers n = 2, 3, 4, 5 and 6. 
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The increase of the radial beam width, ,R∆  on a specific orbit in a cyclotron is 

directly proportional to the energy spread and is given by:  

1
( 1)

R E
R Eγ γ

∆ ∆
=

+
,    (3.5) 

with R  the radius of that orbit and γ  the ratio of its energy to its rest energy.  

In the non-relativistic case the increase in radial beam width becomes [Gor67]: 

       
2

R E
R E

∆ ∆
=      (3.6) 

From equations 3.3 and 3.6, a 66 MeV proton beam bunch with an injection phase 

length of 18 rf-degrees, will have an energy spread of 0.0123 MeV at the SSC valley 

extraction radius of 3.62 m and an additional radial beam spread of 20.1 mm. The 

same cyclotron with the same injection conditions and a flat-topping system installed 

in a valley can accelerate much bigger bunch lengths with the same energy spread and 

additional radial beam spread at extraction. See Appendix B that describes the hard-

edge formulas for the orbit pattern of the SSC. These increased bunch lengths and the 

factor by which the beam currents can be expected to increase for different harmonic 

numbers of the flat-topping system, are tabulated in table 3.1. 

 

The increased bunch lengths and therefore higher currents obtained with the flat-

topping system from the SSC, necessitates improved beam quality from the injector 

cyclotron with its own flat-topping system and also from the longitudinal bunching in 

the transfer beam line. The flat-topping system on the injector cyclotron has already 

been implemented and tested [Con92h]. The particle density, J, extracted from the ion 

source in relation to the dee voltage, Vdee, of the injector cyclotron, is given by 

3
deeJ V∝ . The increased particle intensity, due to the longer time that the dee voltage 

Table 3.1 : The calculated bunch length that can be accelerated and the factor 
of increase when implementing a flat-topping system for 66 MeV protons, 
tabulated for a typical energy spread of 0.0123 MeV and its specific additional 
radial beam spread of 20.1 mm, due to the energy spread. 

With flat-topping Expected gain 
(with 66 MeV protons) 

Without flat-
topping n=2 n=3 n=4 n=5 n=6 

Bunch length accepted  (rf-degrees) 18 60.4 49.6 43.1 38.7 35.5 

Bunch length gain factor x1 x3.35 x2.76 x2.39 x2.15 x1.97 
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has a high value, with the addition of a flat-topping system, will improve the 

calculated beam intensity ratios for the SSC. 

 

These calculated additional beam widths due to the energy spread in a cyclotron with 

and without a 2nd harmonic flat-topping resonator, are shown in figure 3.3 as a 

function of the length of a 66 MeV proton beam pulse in the SSC. Later in this 

chapter it will be shown that with the second harmonic and for crossing of the 

acceleration gaps at the peak of the dee voltage, the dee width is too large to fit in the 

vacuum chamber.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The additional beam width due to energy spread, for the same flat-topping resonator, 

operating at the third harmonic, is shown in figure 3.4.  
 

The time structures of particles crossing the accelerating gaps of different dee shapes 

are illustrated in Appendix A. 

Figure 3.3. The additional radial beam width due to the energy spread in the SSC, with 
and without a 2nd harmonic flat-topping acceleration system and using 1.016 m and 
4.422 m as radii for the injection and extraction orbits, respectively. For any given 
pulse length the beam width at injection and extraction will be reduced. 
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The calculations to predict the improvement of the beam in the SSC with a flat-

topping system, operating at the third harmonic number of the main rf, was further 

improved by using the hard-edge values of the cyclotron (see appendix B) into a 

computer program (see appendix C). In the computer model it is assumed that the 

magnetic field is isochronous, a linear main voltage gradient exists from injection to 

extraction and a sinusoidal change of flat-topping voltage with radius, with the 

maximum value about halfway between the injection and extraction orbits, at which 

the voltage is zero. A bunch of particles is represented by three particles: the central 

one, which is accelerated at the peak of the main dee voltage, accompanied by a 

particle on either side of the peak of the rf cycle. The leading and lagging particles are 

initially separated from the central particle by one half of the bunch length (in main 

rf-degrees). The different phase angles are ,lead lag centandθ θ θ . A beam of zero inherent 

Figure 3.4. The additional radial beam width due to the energy spread in the SSC, 
with and without a 3rd harmonic flat-topping acceleration system and using 1.016 m 
and 4.422 m as radii for the injection and extraction orbits, respectively. For any 
given pulse length the beam width at injection and extraction will be reduced with 
flat- topping. 
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width and typical injection conditions for a final energy of 66 MeV protons are used 

as the initial parameters to begin the calculations on the injection orbit. Calculating 

the change in energy spread and accompanying beam width as the beam progresses 

from injection to extraction requires that the energy and radial position of each of the 

three particles is calculated for every orbit. The results of each orbit are used as the 

starting conditions to calculate values for the next orbit and the process is repeated 

until the extraction orbit position is reached. 

 

The energy spread, the additional beam width due to the energy spread, the orbit 

separation and beam separation were calculated at the middle of the valley for every 

orbit from injection to extraction for different flat-topping voltage values, Vf, and 

particle bunch phase length values, cent lag cent leadδθ θ θ θ θ= − + − . Combinations of 

voltages and bunch phase lengths were used to calculate and compare the beam 

quality at extraction, with and without flat-topping. The results at the extraction orbit 

in the middle of the valley, at a radius of 3.62 m, are summarized in table 3.2. The 

sets of variables that were used in the calculation are listed in tables C.1a to C.1f in 

Appendix C. 
 

Table 3.2: The cyclotron hard-edge formulae were used to calculate the 
improvement in the quality of the beam at extraction with the flat-topping 
voltage of 72.3 kV.  
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0 -7.5 0 7.5 0.54 13.4 21.9 8.5 3.5a, 3.6a 

72.3 -7.5 0 7.5 0.014 0.34 21.8 21.3 3.5b, 3.6b 

72.3 -15 0 15 0.029 0.72 21.8 21.1 3.5c, 3.6c 

 

The energy spread at extraction improves significantly from 0.54 MeV to 0.014 MeV 

for a bunch length of 15 rf-degrees with flat-topping. Even a bunch length of 30 rf-

degrees, with flat-topping, corresponds to an energy spread of only 0.029 MeV. The 
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additional beam width due to the energy spread also significantly reduces from about 

13 mm to about 0.5 mm for both beam bunch lengths of 15 and 30 rf-degrees. The 

orbit separation at extraction is practically unchanged, because the flat-topping 

voltage is zero at extraction. The combined effect is that the beam separation 

increases from 8.5 mm to about 21 mm with flat-topping, which is a dramatic 

improvement in beam quality. 

 

The different initial conditions of flat-topping voltages and particle phases that were 

used in the computer program for these hard-edge formulation results, are tabulated in 

Appendix C, together with graphical displays of the calculated energy spread and 

additional beam width due to the energy spread, for every orbit at the center of a 

valley. The calculated additional beam width for these conditions is also shown for 

every orbit at the middle of a hill, though not important, since the flat-topping 

resonator can physically only be installed in the valley regions.  
 

 

3.2.2 Canceling of longitudinal space-charge (LSC) effects 
 

Space-charge causes an azimuthal electric field component in a beam bunch and can 

destroy the turn separation in the cyclotron [Joh68a]. The voltage gain per turn due to 

this electric field has to be added to the energy gain due to the main rf-voltage. The 

leading particles of the beam bunch will be accelerated and the lagging particles will 

be decelerated, thereby increasing the energy spread in the beam. This increase in 

energy spread of the beam has to be compensated as far as possible or minimized in 

order to ensure single-turn extraction for high beam intensities. Quantitative analysis 

of the longitudinal space-charge effect is complex because in the calculation of the 

resultant force on a particle in the beam bunch, not only the contribution of the 

remaining particles in the bunch has to be taken into account, but also those of all the 

other beam bunches along the same radial line, as well as the contributions of the 

mirror charges in the horizontal walls of the vacuum chambers and in the dee plates. 

In addition, the fact that the intrinsic length of a beam bunch increases from injection 

to extraction by a factor of about 4 (depending on particle type and the energy) and 

the change in the shape of the bunches due to the space-charge force have to be taken 

into account. According to Joho [Joh68a] the effect becomes evident for beam 
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intensities higher than about 170 µA. Up to this level the LSC-effect is masked by 

other more prominent effects, like the accrued energy spread, as described earlier in 

the chapter. 
 
For bunches with a small phase length, and without a flat-topping resonator, the LSC-

effect can partially be compensated for by acceleration of the beam bunches at a 

leading phase angle with respect to the main rf. 
 
For longer bunch lengths, it is necessary to operate a flat-topping resonator slightly 

out of phase with respect to the main resonator, in order to partially compensate for 

the space-charge effect on the beam. This phase difference between the flat-topping 

and main voltages causes a tilting of the flat-topped voltage, with which the leading 

and lagging particles receive different energy gains with respect to the central particle.  
 
The LSC-effect can therefore be eliminated to a first order of magnitude by a mere 

shifting of the phase between the two resonators. See Appendix D for a more detailed 

analysis, as described by Joho [Joh68a, Joh81]. However a proper study of the LSC-

effect has to be done in order to quantify the parameters that have an influence. 

 

3.3 LIMITATIONS ON THE IMPLEMENTATION OF A FLAT-
TOPPING RESONATOR IN THE SSC 

 

3.3.1 Geometric restrictions 
 

The choice of geometry and harmonic frequency for the flat-topping resonator are, 

amongst others, determined by cost, the number of acceleration gaps, the vertical, 

azimuthal and radial space available in the cyclotron and access to other equipment 

inside the vacuum chambers. Extending such a resonator to regions outside the 

vacuum chamber will be too costly to implement in the SSC. These prerequisites 

severely restrict the design of the resonator and limit the width of the resonator to half 

the width of a valley vacuum chamber of the SSC. The position of the collimator 

blocks on the eastern side of the north valley vacuum chamber poses a problem for 

the positioning of the resonator in this chamber. A flat-topping resonator in this 

chamber would also prevent access to the magnetic inflection channel. It is therefore 

not possible to install two additional resonators, one in each of the opposing valley 



 29

vacuum chambers. The location of a single flat-topping resonator will therefore have 

to be in the south valley vacuum chamber of the SSC. A resonator design for the 

south valley vacuum chamber must be such that it will not block the radial path of the 

injected beam through the chamber. The resonator has to be installed through the 

existing port for the electrostatic channel and the pulse selector will remain in its 

position on the center line of the vacuum chamber. 
 

3.3.2 The azimuthal angle, radial length and harmonic number 
 

The azimuthal angle of a double gap resonator, for a given particle energy, can be 

selected from a range of possible values to best suit the required harmonic frequency 

and the geometric restrictions. The largest useful phase range for any given energy 

spread can be obtained with the harmonic frequency of double the main frequency 

[Joh68b], but the azimuthal angle and radial length available for the resonator also 

determine the selection of the harmonic frequency (see Appendix A). The resonator 

angles for the respective harmonic numbers were calculated from one half period of 

the dee voltage under consideration, and the speed of the particle. Higher numbers of 

half periods is not an option, because of the already restricted azimuthal space in the 

vacuum chamber. The radial space required is determined by the resonator type for 

which one half wavelength has to fit in the vacuum chamber. Such calculated 

resonator angles and radial lengths of a flat-topping resonator, dedicated to a 66 MeV 

proton beam in the SSC, are shown in figure 3.7 for different harmonic numbers. 
 

The restricted radial space in the existing valley vacuum chamber of the SSC is one of 

the main reasons for excluding the second harmonic as an option for the horizontal 

half-wave resonator. A quarter-wave resonator operating harmonic number two would 

fit radially into the vacuum chamber, but the dee angle would be too large for peak 

crossing of the particles through the acceleration gaps and the orbit separation at 

injection and extraction would decrease drastically as will be discussed in section 

3.4.2 below. 

 

The largest double-gap resonator that can be fitted into the azimuthal space has a dee 

angle equal to one-third of those of the main resonators and will therefore operate at 

three times the main rf frequency. 
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The third harmonic is a good choice, because the required radial distance of just over 

3 m lies within the geometry of the vacuum chamber. 
 

The azimuthal angle of about 16.5° between the centre-lines of the accelerating gaps 

can be accommodated with minor local modifications to the geometry of the resonator 

to reserve space for the EEC on the extraction orbit, and the pulse selector. 

 

3.4 TYPES OF RESONATORS 

 

Different types of resonators were investigated [Con98] and compared with the aid of 

analytical formulae, the computer program COC [Cro87] that uses the measured 

magnetic field and radial voltage distribution of the main and flat-topping resonators 

to calculate the orbits in the SSC and the 3d numerical field analysis computer 

program, SOPRANO Version 1.4 and OPERA-3d Version 2.6 from Vector Fields 

ANGULAR AND RADIAL GEOMETRIC PARAMETERS OF A 
DOUBLE-GAP FLAT-TOPPING RESONATOR 
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 Figure 3.7. Calculated flat-topping resonator angles and the radial space required, at a 

few harmonic frequencies. The angles were calculated using one half period of the 
resonance frequency as the transit time for the particle to cross the resonator from the 
middle of one acceleration gap to the next and the particle speed at injection and 
extraction. 
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[Vec_1]. Wherever possible the results were verified with calculations using 

transmission-line models for the resonators. To understand the SOPRANO software, 

calculations were initially done for a resonator for which accurate analytical 

expressions are available. 
 

3.4.1 Single-gap resonator 
 

The resonance frequency, f, of a rectangular cavity resonator, as shown in figure 3.8, 

can be calculated from its basic dimensions and is given by [Con92i]: 

          
2 2

2
c d a

f
ad

+
= , 

with  c = the velocity of light in vacuum 

 d = radial length of the cavity 

a = height of the cavity 

  

For a particular resonance frequency there exist many possible combinations of length 

and height as shown in figure 3.9 for the frequency spectrum from 30 MHz to 100 

MHz at intervals of 5 MHz. A cavity, which operates at a frequency of 50 MHz, will 

require a height of about 5.75 m for a radial length of about 3.5 m, and is therefore not 

suitable for installation in the vacuum chamber of the SSC, that has a height of only 1 

m, which implies that a completely new vacuum chamber would be required. 

Height, a 

Radial 
length, d 

Azimuthal length 

Beam 

Figure 3.8. A schematic diagram of a cavity resonator of which the frequency 
is determined by the ratio of its radial length, d, and its height, h. 
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Although its radial voltage distribution across the acceleration gap is advantageous for 

the control of the beam, the applied voltage would be double the required voltage of a 

double gap resonator of related design. 
 

A variation of the cavity resonator as described by Saito [Sai86] was also calculated 

with the program SOPRANO. The unsuitability of a single-gap resonator for our SSC, 

taking the space requirements into account, was verified. This type of resonator was 

therefore not considered further. 
 
3.4.2 Double-gap resonators 
 

Vertical half-wave and horizontal quarter-wave resonators are well studied and used 

in various cyclotrons around the world [Rog84], but no double-gap horizontal half-
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Figure 3.9. Dimensions of a rectangular cavity-type resonator for the frequency 
spectrum from 30 to 100 MHz at intervals of 5 MHz. 
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wave resonator exists anywhere at accelerator facilities. The resonator characteristics 

shown here were calculated with the computer programs COC and SOPRANO. 
 
3.4.2.1 Vertical half-wave resonator 
 

For the flat-topping in the SSC the vertical half-wave resonator, shown in figure 3.10, 

was discarded on the basis that it would be very difficult to install through an existing 

flange and in the available space of the valley vacuum chamber. The required height 

of 0.94 meter implies that the upper and lower halves cannot be mounted and installed 

as a single unit through the existing ports into the vacuum chamber.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The radial distribution of the acceleration voltage is very sensitive to characteristics of 

the resonator geometry and it will therefore require the building of a model with 

several geometric adjustments to ensure that the correct distribution is obtained.  Any 

such deviations may cause unacceptable reduction in orbit separation at the injection 

and extraction orbits. A higher order of accuracy will also be required with the 

manufacturing of such a resonator, which implies extra costs. 

 

Figure 3.10. The geometry, electro-mechanical and beam properties of the vertical half-
wave resonator. 
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3.4.2.2 Horizontal quarter-wave resonator 
 

A double-gap horizontal quarter-wave resonator, as is frequently used in cyclotrons, 

was also considered. It would cover only half the radial width up to the extraction 

orbit of the SSC and would therefore drastically reduce the orbit separation at 

extraction, since the resonator has to operate out of phase with the main resonators. 

The basic geometry and main characteristics are shown in figure 3.11. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
3.4.2.3 Horizontal half-wave resonator 
 

The development of this type of resonator for a cyclotron is a novel design and 

therefore will require a detailed study of its characteristics. It has a radial voltage 

distribution that is zero at the injection and extraction radii and therefore will have no 

influence on the beam separation at these orbits. The geometrical shape of such a 

resonator is also relatively simple and can be accommodated within the geometrical 

constraints, with good mechanical stability and comfortable access to regions where 

Figure 3.11. The geometry, electro-mechanical and beam properties of the 
horizontal quarter-wave resonator. 
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water-cooling will be required and also for remote control of adjustable components. 

The geometry and main characteristics are shown in figure 3.12. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The double hump in the beam width can be explained by taking the voltage 

distribution into account. Initially, along a radial line, the flat-topping voltage is to 

compensate for the energy spread introduced by the main resonators. At larger radii 

the flat-topping voltage is higher and begins to decrease the energy spread in the beam 

until a minimum beam width is reached. Further at larger radii the energy spread is 

over-compensated and the beam width starts to increase, but the flat-topping voltage 

decreases to zero at extraction, where the over-compensated energy spread is 

decreased by the additional energy spread introduced into the beam by the main 

resonators. 

 

 

 

 

Figure 3.12. The geometry, electro-mechanical and beam properties of the horizontal 
half-wave flat-topping resonator. 
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3.4.3 Advantages of having two flat-topping resonators in opposite valleys 

 
Because of the relatively low injection energy of 3.15 MeV and the high flat-topping 

dee voltage, it would have been better (depending on the radial voltage distribution of 

the flat-topping resonator) to use two flat-topping dees in opposite valleys in order to 

keep beam centering errors small and therefore to limit the influence of resonances in 

the betatron oscillations. The improvement in beam quality that can be obtained with 

two flat-topping resonators is slightly better than when only one flat-topping resonator 

is used. Figure 3.13 shows the calculated beam width for beam pulse length of 40°, 

with two flat-topping resonators that have the same radial voltage distribution as the 

main resonator, to be about 5 mm in comparison with a 20° pulse length without flat-

topping. For the two flat-topping resonators the beam width at extraction is 

marginally better than in the case of a single flat-topping resonator. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
3.5   SELECTING A TYPE OF FLAT-TOPPING RESONATOR 
 

Considered all these restrictions, it was decided to study a double-gap horizontal half-

wave resonator to be implemented in the south valley vacuum chamber of the SSC 

[DeV04], as shown schematically in figure 3.14. 
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Figure 3.13. Beam width due to energy spread as a function of radius for a 20º beam 
pulse without flat-topping (thick line) and for a 40º beam pulse with a flat-topping 
system, consisting of two dees in opposite valleys. The profiles of the radial voltage 
distributions of the flat-topping resonators were taken to be identical to that of the 
main resonator. The result for the two flat-topping resonators is slightly better at 
extraction than for a single resonator, as was shown in figure 3.12. 
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The resonator will operate at 49.12 MHz, i.e. at the 3rd harmonic of the main rf 

frequency. Figure 3.15 shows a 3d drawing of the final resonator geometry with the 

top half partly removed to show its inner structure. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.14. The flat-topping resonator in the south valley vacuum 
chamber of the SSC, shown in relation to existing components.  

Figure 3.15. Three-dimensional drawing of the flat-topping resonator with the top 
part cut away, showing the: 1. lower dee housing, 2. acceleration gap, 3. top of the 
upper dee plate, 4. beam gap, 5. short-circuit plate at injection, 6. short-circuit 
plate at extraction, 7. and 8. ports for coupling and tuning  components, 9. bottom 
dee plate, 10. plate for detuning of an unwanted resonance mode. 
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3.6    SUMMARY 
 

• Physical constraints in the north valley vacuum chamber prevent the use of two 

flat-topping resonators. 

• A single-gap resonator does not fit into the available space of the vacuum 

chamber. 

• The installation of a vertical half-wave resonator will be difficult and its voltage 

distribution is very sensitive to any deformation of the resonator. 

• The beam separation at extraction with a horizontal quarter-wave resonator is not 

as good as can be achieved with other resonators.  

• A double-gap horizontal half-wave flat-topping resonator that operates at the 3rd 

harmonic frequency of the main rf, can be implemented in the existing south 

valley vacuum chamber, without any major changes to the existing equipment. 

• This type of resonator does not exist anywhere at cyclotron facilities and therefore 

requires a detailed study of its characteristics. 

• This type of resonator does not affect the acceleration voltage at the injection and 

extraction orbits and therefore will it not decrease the orbit separation at these 

orbits. This advantageous feature is unique to the selected type of resonator only.  

• The addition of such a resonator implies that higher intensities (larger beam pulse 

lengths) can be accelerated with lower energy spread and reduced radial spreading 

of the beam in the machine. From the calculations it is estimated that the 

maximum current of 150 µA without flat-topping can be increased to about 350 

µA. The flat-topped dee voltage of the injector cyclotron will result in beam 

bunches to be extracted from the ion source with a higher particle density and 

result in even higher currents to be finally extracted from the SSC. 

• Longitudinal space-charge effects can be partially compensated for by adjusting 

the phase of the flat-top dee voltage away from its optimum value for low beam 

intensities. 
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CHAPTER 4 
 

COMPUTATIONAL PHYSICS FOR THE 
STUDYING OF THE RESONATOR 

CHARACTERISTICS 
 
4.1    INTRODUCTION  
 
The method of simulating a resonator by a number of homogeneous, but different, 

transmission line segments connected in series has been used to design the resonators 

of the SSC [Bot75] and SPC1 as well as the flat-topping system of SPC1 [Con92j]. 

The same method has also been applied to make the initial design and determine the 

approximate dimensions of a horizontal half-wave flat-topping resonator for the SSC. 

The more sophisticated computer program, SOPRANO, was then used to calculate the 

characteristics of the resonator with a more detailed 3d geometrical description of the 

electrodes. The different methods used to calculate the SSC flat-topping resonator are 

discussed in this chapter. 

 
4.2   CALCULATING THE RESONATOR CHARACTERISTICS 

WITH THE TRANSMISSION LINE METHOD  
 
Figure 4.1 shows the eleven segments used for the calculation of the resonator 

characteristics. The dashed lines indicate the centerlines of the different segments. 

The end plates, P and Q, in the figure are short-circuit plates between the inner and 

outer conductors of the corresponding segments and are simulated as resistors for the 

purpose of the calculations.  

 

 

 

 

 

 

 

 

  
 

P 

Q 
S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 

 

  

Figure 4.1. Schematic representation of the outline of the half-wave 
resonator. Transverse sections were made for calculating the resistance per 
meter and the characteristic impedance of each segment of the resonator.  
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A typical cross-section of the top half of a resonator segment with calculated 

equipotential and field lines is shown in figure 4.2. The first step is to determine the 

resonance frequency for given resonator dimensions. The sending-end impedance of 

the first segment is calculated with the short-circuit plate as termination. This 

impedance is then used as the receiving-end impedance of the next segment for which 

the sending-end impedance is again calculated. This procedure is carried out up to the 

last segment at which the sending-end impedance in parallel with the resistance of the 

short-circuit plate of the last segment is calculated, in the case of a half-wave 

resonator as shown in figure 4.1. The frequency at which the calculation is done is 

then varied until resonance is obtained, i.e. until the reactance is zero. Thereafter the 

voltage and current distributions as well as the power dissipation in the resonator can 

be calculated, as described below. The frequency at which the calculation is done can 

also be kept constant and the length of one of the end resonator segments can be 

varied to obtain resonance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 4.2. The upper halve of a cut through the resonator showing the inner and outer conductors 
with the calculated curvilinear squares. 
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4.2.1 Impedance distribution  
 
The characteristic impedance of a transmission line with resistance R per meter, 

inductance L per meter and capacitance C per meter, at a frequency 
2

f ω
π

=  is given 

by: 

0
R LjZ

Cj
ω

ω
+

=  

     1L Rj
C Lω

= −  

     0 1i
RZ j

Lω
= −     (4.1) 

 

with 1j = −  and Z0i the characteristic impedance of an ideal line without resistance. 

In the case of cyclotron resonators the conductance between the inner and outer 

conductors is zero and has therefore been omitted from the equations above.  

 

The sending–end impedance, Zs, of a transmission line at a distance d from the 

receiving-end terminated with an impedance, Zr, is given by [Joh50a]: 
 

0
0

0

cosh sinh
cosh sinh

r
s

r

Z d Z dZ Z
Z d Z d

γ γ
γ γ

+
=

+
   (4.2) 

where γ = jα β+  is the propagation constant of the transmission line. 

 
The real term of the propagation constant is the attenuation constant and the complex 

term gives the phase constant of the traveling wave. The following high-frequency 

approximations can be made [Joh50b]: 
1

02 /R Zα =  and    (4.3) 

2LC
c
ω π

β ω
λ

= = = ,   (4.4) 

1v
LC

=  

where  λ = the wavelength, 

 v = is the phase velocity, i.e. the speed of the traveling electromagnetic wave. 
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It is assumed that the speed v of the transverse electromagnetic, TEM, waves in a 

cyclotron resonator is the speed of light in vacuum due to the good vacuum conditions 

inside the resonator. 

 

The constants R, L, C and Z0 have to be determined for every segment of the resonator 

by analyzing curvilinear squares [Kra92a], such as in figure 4.2, that were calculated 

with the computer program POISSON, for 2d numerical field analysis. The space 

between the outer and inner conductors of each segment is divided into curvilinear 

squares, which represent transmission-line cells, each with an arbitrary length, d, and 

each cell carrying the same total electrical current. For the calculation of the 

characteristic impedance cells between two field lines are in series and those between 

two equipotential lines are in parallel, as shown in figure 4.2 for a typical sectional 

geometry of the upper halve of the SSC flat-topping resonator. Due to the time 

consuming process of creating curvilinear plots with complicated boundary conditions 

for each section through the resonator, the detail variations in geometry, like the 

capacitors and the rectangular cut in the outer conductor for the electrostatic 

extraction channel, were not built into the geometrical description for these 

calculations. The fact that each cell carries the same total electrical current and has the 

same voltage across it is used in the calculations below and also in chapter 7 for 

determining the cooling requirements.  

 

The inductance per meter, L0, and capacitance per meter, C0, for each curvilinear 

square, is given by [Kra92b]: 

0 0L µ= , 

0 0C ε= ,  

with 7
0 4 10µ π −= ×  H.m-1 = permeability of vacuum and 

12
0 8.85 10ε −= ×  F.m-1 = permittivity of vacuum. 

 

The characteristic impedance of each cell is therefore approximated by: 

0 0 0 0 0/ / 376.7 120vZ L C µ ε π= = = Ω ≈ Ω , 

which is the characteristic impedance of free space. 
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The characteristic impedance and capacitance and inductance per meter for a 

resonator segment with m cells between the dee and outer conductor and n cells along 

the surface of the dee, can now be calculated: 

0 0i v
mZ Z
n

=  

 
0

nC
m

ε=  (F.m-1), 

0
mL
n

µ=  (H.m-1).   (4.5) 

 

4.2.2 Calculation of the resistance per meter 
 
Electric currents in the resonator flow in thin layers on the side of the conductors that 

border the electromagnetic field. The surface resistance on the outer surface of the dee 

and the inner surface of the outer conductors can be calculated by making use of the 

surface resistance of the material from which the resonators are made [Ram65a]: 
 

/S rfR fπ µ σ=  (Ω)    (4.6) 

with  σ  the conductivity of the material in mho.m-1, 

µ  the permeability in H.m-1 and 

frf  the frequency in Hz. 
 

In appendix E the electrical properties of some conductor materials are listed. For 

copper, the surface resistance is given by: 

( ) 72.61 10S rfR Cu f−= ×  
 

The skin depth for copper [Ram65b] is given by: 

0.066 / rffδ =  (m)    (4.7) 

The electrical resistance of a copper plate of the resonator, assuming a homogeneous 

current distribution, is given by: 

72.61 10Cu plate s rf
l lR R f
w w

−
− = × = × ×     (Ω), (4.8) 
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where l is the length (in m) of the plate in the direction of current flow and w (in m) is 

the width of the plate, perpendicular to the direction of current flow, as shown in 

figure 4.3. The resistance per meter can be calculated from equation 4.8 for l = 1 m. 

 

 

 

 

 

 

 

 

 

 

 

For calculation of the power dissipation in the resonator it is assumed that current 

density over the width of a single curvilinear square, at the surface of an electrode, is 

constant. However, the current density varies over the length of a segment, as defined 

in figure 4.1. The resistance per meter of a curvilinear square, Rcs, can be calculated 

from the surface resistance and its width, w: 

( )per meter /cs sR R w=  

The rate of power dissipation per meter at any point along a segment in a curvilinear 

square is then: 
2

2
cs cs

cs
I RP =  (W)    (4.9) 

with Ics the current that flows in the curvilinear square. The aim is to find a resistance 

per meter that can be used in an equation similar to the one above, but with I the total 

resonator current at any point along a segment. The width of the different curvilinear 

squares at the electrode surfaces have to be used for this purpose. To simplify the 

calculation the curvilinear squares at the electrode surfaces have been divided in two 

groups, each with its own average width of a square. 

 

Figure 4.3. Schematic representation of a metal plate, with length, l, width, 
w, and thickness, d, carrying a current I for the calculation of the resistance. 
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The structures of all the segments shown in figure 4.1 are the same, but the width 

dimensions differ. The parameters used in the calculations are shown in figure 4.4. 

The X-parameters define the width of the 11 segments and are listed in table 5.1. The 

calculations were done for an acceleration gap, G, of 60 mm. The following 

parameters were kept constant for the calculations: H = half height of the resonator = 

272.5 mm, hd = height of the dee = 35 mm and g = half vertical beam gap = 17.5 mm.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The calculated curvilinear cells of each segment are divided into two groups, which 

are the high current density (paths A1=ABCD and A2=JKL in figure 4.4) regions and the 

remaining ones, representing the regions of lower current density (B1=DE and 

B2=LMN). The former are located mainly on the vertical conductor surfaces and the 

latter mainly on the horizontal conductor plates. Points A and J were chosen to be half 

the vertical beam gap away from the nearest corner, in order to ensure that the fringe 

fields across the acceleration gap are included in the calculation. Point D on the inner 

conductor is selected one acceleration gap away from point C, the top corner of the 

upper inner conductor. Point L, on the outer conductor, is located at the end of the 

electrical field line that stems from D. For each cross-section made through the 

Figure 4.4. A schematic drawing of a typical cross section of the upper half of the 
flat-topping resonator, that was used in the program POISSON to calculate the field 
distributions. The positions indicated on the conductor surfaces with letters A-E and 
J-N were used for the counting of the number of curvilinear squares. Paths A1=ABCD 
and A2=JKL are chosen such as to contain the same number of parallel cells along 
the conductor surface and likewise for paths B1=DE and B2=LMN. The bold arrows 
schematically indicate the general direction of current flow in the end plates only, as 
indicated by P and Q in figure 4.1. 
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resonator, the length of path A1 = AB + BC + CD = g + hd + G. The length of path A2 = 

JK +KL = g + KL and it will have the same number of field cells as on A1, due to the 

method of selecting the position of L. The paths B1=DE and B2=LMN are the remaining 

lengths along the respective conductors and represent the regions of lower current 

density on the section that also have the same number of cells.  

 
The curvilinear cell plot of each section was used to calculate the resistance of each 

segment. The total resistance of the segment is calculated from the resistance of the 

two subgroups and then adjusted to account for the four-fold symmetry of conductors. 

The derivation of the equation for the total resistance in terms of the number of 

curvilinear cells, is described below: 

 
For a total current I the currents IA1, IA2, IB1 and IB2 flow, respectively, along the paths 

A1, A2, B1 and B2 and are given by:  

1 2
A

A A
A B

nI I I
n n

 
= =  + 

  and  

1 2
B

B B
A B

nI I I
n n

 
= =  + 

 

where nA and nB are the number of curvilinear cells in regions A and B, respectively 

 

The respective resistances per meter of paths A1, A2, B1and B2 are: 

1
1

1
A s
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R R
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 
=  

 
, 
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, 
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B s

B
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 
=  

 
 and 

2
2

1
B s

B

R R
w

 
=  

 
,    (4.10) 

with 1 2andA Aw w  the respective total widths of the inner and outer conductors in the 

selected region of high current density, 1 2andB Bw w  the respective total widths of the 

inner and outer conductors in the region of low current density. 



 47

The power dissipation per meter in the segment is the sum of the power dissipations in 

all the defined sub-regions and can be expressed in terms of the counted number of 

cells and the resonator geometry: 

 

1 2 1 2A A B BP P P P P= + + +  

2 2 2 21 1 1 1
1 1 2 2 1 1 2 22 2 2 2A A A A B B B BI R I R R I R I= + + +  

2 2 2 2
21

1 2 1 22
A A B B

A A B B
A B A B A B A B

n n n nI R R R R
n n n n n n n n

        
 = + + +       + + + +         

(4.11) 

 

Therefore the effective resistance per meter in ohm (of one quarter of the segment) is: 
 

2 2 2 2

1 2 1 2
A A B B

eff A A B B
A B A B A B A B

n n n nR R R R R
n n n n n n n n

       
= + + +       + + + +       

 

2 2 2 2

1 2 1 2

1 1 1 1A A B B
s

A A B A A B B A B B A B

n n n nR
w n n w n n w n n w n n

        
 = + + +       + + + +         

 

( )
2 2

2
1 2 1 2

1 1 1 1s
A B

A A B BA B

R n n
w w w wn n

    
= + + +    

+     
.   (4.12) 

 

From the four-fold symmetry the total resistance per meter of the segment is given by: 
 

/ 4t effR R=    Ω. 

 

The effective surface resistance per meter can also be expressed in terms of the 

average cell widths in each of the different defined paths. 1 2 1 2, , andA A B Bw w w w  in 

equation 4.12 can be replaced by 1 2 1 2. , . , . .A A A A B B B Bn w n w n w and n w  

respectively, where 1 2 1 1, , andA A B Bw w w w  are the respective average widths of a 

cell. Equation 4.12 then becomes: 

( )2
1 2 1 2

1 1 1 1s
eff A B

A A B BA B

RR n n
w w w wn n

    
= + + +    

+      
  (4.13) 
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4.2.3 Calculation of the resistance of the short-circuit plates. 

 

The vertical end plates of the resonator are short-circuit plates, although with very 

small but nevertheless finite resistances, in the transmission line model. The direction 

of the currents that flow from the inner conductor to the outer conductor are 

schematically shown in figure 4.4 with bold arrows in one half of the figure and they 

vary in direction from horizontal in the acceleration gap to vertical near the azimuthal 

center of the resonator. For the calculation of the resistance of these plates, the 

currents were again divided into the regions of low and high current density, where 

the former is regarded as flowing along the vertical distance EN and the latter along 

the horizontal distance G.  

 

The current in a curvilinear square in a plate, Ics, is given by: 

( )4cs
A B

II
n n

=
+

 

The associated power dissipation of such a short-circuit plate Pscp, with the average 

width of a curvilinear square in the region of high and low current density, Aw  and 

Bw , respectively, is calculated as follows from its four-fold symmetry: 

     
2

4
2

cs scp
scp

I R
P =  

( )
( )

2

2
4

d
s

A B A A B B

H h gI GR
n n n w n w

   − −
= +   +   

 

 

( )
( )21

2 2
1

4
d

s
A A B BA B

H h gGI R
n w n wn n

   − −
= +   

+    
 (4.14) 

 

The resistance of a short-circuit plate Rscp is therefore given by: 

     
( )

( )
2

1
4

d
scp s

A A B BA B

H h gGR R
n w n wn n

   − −
= +   

+    
  (4.15) 
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A shunt, or parallel resistance can also be calculated for a resonator. The shunt 

resistance at a point along the dee where the dee voltage is Vd, is given by: 
2

2
d

SH
VR

P
=  

with P the total power dissipated in the resonator. 

 

 

4.2.4 Calculation of the current and voltage distributions along the resonator, 
as well as the power dissipation and the Q-value  

 
A locally developed computer program, SSCFLAT [Bot04a], was used to calculate 

the impedances and subsequently the voltage, current and power distribution, at a 

specified frequency, along the resonator, using the division of the resonator in 

segments as in figure 4.1 and the sending-end impedance calculated as described 

above. The program is an adapted version of the program FLATOP that was 

successfully used with the design of the flat-topping resonator of SPC1 [Con92h]. 

 

The program SSCFLAT uses the calculated impedance and resistance per meter 

values obtained from the curvilinear plots and as well as the resistances of the vertical 

short-circuit plates.  

 

A voltage is applied at one side of the resonator. The voltage and current at the 

junction of this segment and the next one are then calculated. These voltage and 

current values are used as the sending-end values for the next segment as illustrated in 

figure 4.5. That receiving-end becomes the sending-end of the next section, until the 

complete resonator is covered. The resistance of plate A is used as the receiving-end 

impedance of segment #11. The resistance of the other vertical plate, B, is added in 

parallel to the impedance of segment #1. 

 

From these values the power dissipation can be calculated. 
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The applied voltage is adjusted until the required maximum acceleration voltage of 

about 72 kV is reached, which occurs at a position about halfway between the vertical 

plates. 

 

The voltages and currents at the sending- and receiving-ends are expressed as phasors 

in terms of their respective peak values. To obtain actual voltages the sinusoidal time 

variation has to be included. The real and imaginary components, Er and Ei, of the dee 

voltage at the receiving-end of a segment are calculated as follows from the sending-

end values [Joh50c]: 

r irE E jE= +
 

    0cosh sinhs
s

ZE l l
Z

γ γ
 

= − 
 

  (4.17) 

 

Figure 4.5. A schematic representation of the eleven resonator segments for the 
calculation of the voltage and current distributions at the resonance frequency. A 
voltage is applied and adjusted at plate B until the required maximum voltage is 
obtained somewhere along the length of the resonator, and thereby creating the 
voltage, current and power distribution along the length of the resonator. 

 

Short 
circuit 
plate A 

r s 

1          2          3          4          5           6          7          8          9          10       11 

r s 

r s r s 
r s r s 

r s r s 
r s 

r s 
r s 

Plate B 



 51

 

and the current at the receiving-end is: 

r irI I I= +  

0

cosh sinhs
s

ZI l l
Z

γ γ
 

= − 
 

,   (4.18) 

where 

l = the distance from the sending-end to receiving-end, i.e. the length of a 

segment, 

Es = the voltage at the sending-end, 

Is = the current at the sending-end, and 

Zs = the sending-end impedance calculated above. 

 

The amplitudes of the voltage and current at the receiving-end are respectively: 

2 2
A r irE E E= +  and 

 2 2
A r irI I I= + .    (4.19) 

The phases of the voltage and current at the receiving-end are respectively: 

 i
E

r

arctanr
E
E

θ =  and 

  i
I

r

arctanr
I
I

θ = .    (4.20) 

 
The power dissipation, P, at the receiving-end of a segment, is the dissipated power in 

all the remaining segments up to and including the short-circuit plate. It is calculated 

from: 

( )1
r r i i2P E I E I= +     (4.21) 

 

The Q-value, is calculated as follows: 

2 PowerQ f
Dissipated power

π=    (4.22) 
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4.3 NUMERICAL FIELD ANALYSIS FOR CALCULATING 
THE RESONATOR CHARACTERISTICS IN 3D 

 
4.3.1    Introduction 

 
The commercial computer program SOPRANO, which uses finite-element methods to 

perform 3d numerical field analysis of rf systems, was used to calculate the resonance 

frequencies of the different modes of a finite-element mesh-geometry that accurately 

describes the resonator in three dimensions. SOPRANO is one of the analysis 

modules of the software suite OPERA-3d [Vec_1] and is used to compute high-

frequency electromagnetic fields in three dimensions. SOPRANO has two modules:  

a) SOPRANO-EV for solving resonator problems containing lossless, isotropic 

dielectrics. It calculates the different modes of the resonator and returns the 

characteristic frequencies (eigenvalues) and the related modes of vibration 

(eigenvectors). 

b) SOPRANO-SS for solving the wave equation to calculate the electric field. It 

calculates the steady-state fields at a specified frequency. 
 

Only the SOPRANO-EV-module was used in this study to determine the resonator 

characteristics. The calculated SOPRANO database contains all pre-defined 

geometrical structures, the electromagnetic field information and the stored energy in 

the system for each of the calculated eigen-values within the range requested by the 

user.  
 

The methods and accuracy of obtaining information with the SOPRANO program 

were tested by performing calculations for a co-axial cable resonator, for which the 

characteristics can be calculated from exact analytic expressions. A half-scale model 

was specially built for testing the basic principles of the horizontal half-wave 

resonator and also to some extent validate the calculation techniques used with the 

finite-element method. The measured and calculated results show good agreement 

within the limitations of the model and are presented in chapter 5. 
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4.3.2 The eigen-value solver SOPRANO-EV 
 

In the calculations of the resonance frequencies and field distributions SOPRANO 

automatically assumes that all the electrodes of the resonator are perfect electrical 

conductors (PEC) in vacuum. These are good approximations at high frequencies, 

since resistance per meter is typically in the order of mΩ and Z0 in the order of several 

tens of ohms. The current and voltage distributions are therefore mainly determined 

by the Z0-values. The potential difference ije , between any two nodes i and j in the 

SOPRANO model, along a path, ijl , is given by [Vec_2]: 

      .
ij

ij
l

e = ∫ E dl  

where E  is the electric field and dl the line segment along the path of integration.  
 

At high frequencies the electric field in the cavity obeys the vector wave equation: 

   
2

2

1 ( )
t
ε

µ
∂

∇× ∇× = −
∂

EE , 

with the electric field perpendicular to the electrodes at their surfaces, since they are 

assumed to be PEC. The Neumann boundary condition, 0× =E n , is therefore applied 

by SOPRANO at all the conductor surfaces of the cavity. When it is assumed that all 

the materials within the cavity have linear electromagnetic properties, as in the case of 

the flat-topping resonator for the SSC, the vector wave equation can be reduced to the 

vector Helmholtz equation for each individual mode m, using the Lorentz gauge to 

ensure a uniquely defined set of equations :      

          21 0mεϖ
µ

∇× ∇× − =E E , 

with mϖ  the eigenvalues of the modes. SOPRANO reduces the above equation to an 

eigenvalue equation from which the eigenvalues and eigenvectors are solved [Vec_1]. 

 
To obtain the required resonance mode at 49.1 MHz and optimize other 

characteristics, like the stored energy, power dissipation, Q-value, voltage and current 

distributions with SOPRANO and its post-processor, described below, the dimensions 

of the resonator electrodes were varied. 
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4.3.3    The SOPRANO post-processor 

 
The post-processing module, OPERA-3d POST permits easy access for the user to 

create graphical displays of the results from calculations with SOPRANO and to do 

further in-depth numerical analysis as required by the user. The graphical displays are, 

apart from portraying results, handy tools for immediate assessment of the legitimacy 

of the definition of the model and its boundary conditions. In complex 3d-structures it 

also often leads to insight into characteristics and phenomena not expected and 

subsequently lead to new avenues of calculations and design. User-defined command 

programs were used to extract information from the calculated database. These 

programs and other post-processing features permit calculation of any user-defined 

integral over any line, surface or volume within the finite element structure. The radial 

voltage distribution along the acceleration gaps, the electric and magnetic energy 

stored in the resonator can be obtained by calculating appropriate line and volume 

integrals over the volume enclosed within the resonator. 

 

4.3.4 The power dissipation in the resonator 
 
In a resonator at high frequencies, at which the skin depth is small in comparison with 

the thickness of the conductor and the internal inductance can be neglected, the linear 

current density is equal to the tangential component of the magnetic field:  

= ×J n H     (4.23) 

with n  the normal vector to the surface and H  the magnetic field. 

 

The power dissipation P in the resonator can be calculated from the linear current 

density distribution at the walls of the resonator, obtained for perfect conductors, and 

the finite conductivity of the resonator material [Ram65c]: 
21

2 .S
S

P R= ∫ H dS          (W.m-2) 

 (4.24) 

with S the total inner surface of the resonator and Rs the surface resistance of the 

resonator material at the resonance frequency of rff . 
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4.3.5  Calculation of the stored energy and the Q-value 
 
The stored energy in the resonator can be calculated either by integrating the peak 

magnetic or electric energy density over the volume included by the resonator 

electrodes: 
 
The maximum stored magnetic energy in the volume V included between the 

resonator electrodes is: 

    21
02 .m r

volumeV

U dVµ µ= ∫∫∫ H    (4.25) 

with 0µ  = the permeability of vacuum and rµ  the relative permeability. 

 
The quality factor, Q, of the resonator can be calculated from the stored energy, U, 

and power loss, P, in the resonator.
 

0 2( ) rf mf Ustored energyQ
average power loss P

πϖ
= =

  (4.26)
 

with  rff =  the resonance frequency of the resonator [Ram65d]. 

 
The peak stored energy in the magnetic field is equivalent to the maximum energy 

stored in the inductance L: 

   21
max2mU LI= ,  

with maxI  the maximum amplitude of the current.  

 

The Q-value of the inductor at resonance is given by:
 

0LQ
R

ϖ
=

.
 

Many conditions may contribute to differences in calculated and measured Q-values, 

like for example, the quality of the polished surfaces, the direction of the polishing 

action and the quality of welds and movable contacts. It can be expected that 

Qmeasured < Qcalculated . 

 

 

 
-o-O-o- 
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CHAPTER 5 
 

RESONATOR DESIGN AND MEASUREMENT 
 
 
5.1 INTRODUCTION 
 

Both methods described in the previous chapter were used to make an initial design of 

the flat-topping resonator before a half-scale model was built to verify some of the 

calculations. Thereafter calculations were mainly done with the computer program 

SOPRANO to optimize and finalize the design. To avoid repetition, all the 

intermediate steps in reaching a final design are not described here. In the next section 

the dimensions and drawings of the final design are discussed. Thereafter the results 

of calculations with the transmission line method are presented. The half-scale model 

and measuring techniques in general are then described. Thereafter follows the 

calculations of the 3d electromagnetic field distributions in the resonator with 

SOPRANO. Finally measurements on the full-scale resonator and some refinements 

in the basic design, such as separation of the unwanted nearby resonance frequency 

from the required frequency, the effect of dimensional changes due to temperature 

changes on the resonance frequency, the transit time factor and the effect on the beam 

due to vertical electrical field components in the acceleration gap are dealt with in this 

chapter. The adjustable capacitors for coarse tuning, the coupling and tuning loops 

and the power dissipation are discussed in following chapters. 

 

5.2   RESONATOR DIMENSIONS AND CONSTRUCTION 

 
The schematic layout of the orientation of the double-gap horizontal half-wave flat-

topping resonator in relation to the center of the SSC is shown in figure 5.1. The 

radial length of the beam-exit acceleration gap is shorter than the entrance gap due to 

the cut-away section for the EEC. The centerlines along the middle of the acceleration 

gaps do not intersect at the center of the cyclotron, which implies that the resonator is 

slightly displaced on a radial line. The azimuthal angle of the resonator was selected 

such that the path distance between the centers of the acceleration gaps will ensure 

peak voltage crossings of the gap for the selected 3rd harmonic mode. The lengths of 
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both acceleration gaps vary from 60 mm at injection to 100 mm at extraction. Several 

geometrical dimensions were varied to achieve the required and optimum 

characteristics for the resonator.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The coordinates and parameters for defining the geometry of the resonator are given 

in figure 5.2. The dimensions are shown without considering the thickness of the 

conducting surfaces, but are accurate indications of the distances between electrodes 

inside the resonator, i.e. the dimensions that determine the resonant modes of the 

resonator and its associated electromagnetic field distributions. 
 
Coordinates that are fixed for all calculations are (in mm): 

• X- and Y-axis of the coordinate system aligns with the South-North-line and 

East-West-line, respectively, and cross at the center of the cyclotron 

• O: Center of the cyclotron at coordinates (X;Y) = (0; 0) 

• R: Origin of the flat-topping resonator at (-158.562; 29.95) 

• A: (-803.07; 20.816) 

• B: (-3820; 98.496) 

• C: (-3820; 900) 

• D: (-3544.47; 900) 

Figure 5.1. Schematic layout and orientation of the flat-topping resonator in relation to 
the center of the SSC showing the variation in azimuthal distance between the 
acceleration gaps. The acceleration gap varies from 60 mm at injection to 100 mm at 
extraction.  
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• E: (-3544.47; 1247.555) 

• F: (-803.07; 282.551) 

• G: Position of the central axis of the capacitor (-2085; 391.47) 
 

Parameters that are fixed for all calculations are: 
• Length AB = 3017.93 mm 

• Length BC = 801.504 mm 

• Length CD = 275.53 mm 

• Length DE = 347.924 mm 

• Length EF = 2906.288 mm 

• Length AF = 261.735 mm 

• Length BE = 1182 mm = maximum width of the resonator 

• a1 = 1.8542° = the angle subtending the center line in the first acceleration gap 

and due south 

• a2 = 10.6960° = the angle GOX 

• a3 = 19.0540° = the angle subtending the center line in the second acceleration 

gap and due south  

• g1 = 60 mm = the length of the acceleration gap at the first beam orbit through 

the resonator at the entrance to the resonator 

• g2 = 60 mm = the length of the acceleration gap at the first beam orbit through 

the resonator at the exit of the resonator 

• g3 = 100 mm = the length of the acceleration gap at the last beam orbit through 

the resonator at the entrance to the resonator 

• g4 = 96.3 mm = the length of the second acceleration gap adjacent to the 

cutaway section for the EEC. 
 
Parameters that were varied to obtain different results are: 

• hRes = height of the resonator (inner dimension; final value = 465 mm) 

• hDee = height of the dee (final value = 35 mm) 

• hBeam = vertical gap for the beam between dees (final value = 40 mm) 

• Cdia = diameter of capacitor plate (final value = 212 mm) 

• Sdia = diameter of the capacitor stem (final value = 32 mm) 

• hCap = height of the capacitor plate (final value = 15 mm) 
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• dCap = height between capacitor plate and the surface of the dee 

• wT = inner width dimension of the tuning loop (final value = 315 mm) 

• hT = inner height dimension of the tuning loop (final value = 98 mm) 

• wC = inner width dimension of the coupling loop (final value = 54.1 mm) 

• hC = inner height dimension of the coupling loop (final value = 100 mm) 

• P1 = length of the capacitance plates on the dees (final value = 810 mm) 

• P2 = side length of plate at larger radius (final value = 514 mm) 

• P3 = side length of plate at smaller radius (final value = 271 mm) 

• Integration paths LE and LX on median plane. 
 

In all the discussions in this chapter, except where deviations are explicitly 

mentioned, these parameter values are used. The total inner conducting surface of the 

resonator is 14.36 m2 and the resonator volume is equal to 1.0689 m3. 

 
Figures 5.3 and 5.4 show the resonator during construction and installation in the 

SSC, respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 5.3. The assembled lower half of the resonator. 
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Copper plate of 2 mm thickness, which is more than adequate for the calculated depth 

at which currents are expected to flow, was used for the construction of the resonator. 

The vertical end plates (short-circuit plates) and the vertical sides of the dees were, 

however, made of 10 mm thick copper plates for additional mechanical stability of the 

structure and also for better heat conduction in the regions of highest current density. 

The large flat copper surfaces were welded together to obtain the required length. The 

top and bottom dee plates are welded to the two halves of the short-circuit plate at 

extraction. Near injection, home-made contact fingers were used to connect the dee 

plates to the short-circuit plate.  
 
 

 

 
Figure 5.4. Installing the resonator in the south valley vacuum chamber of the SSC, 
through an existing port. 
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5.3 CALCULATED RESULTS FOR THE FULL-SCALE 
RESONATOR, USING THE TRANSMISSION-LINE 
METHOD  

 

 
The characteristics of the flat-topping resonator were calculated according to the 

methods described in chapter 4. The surface resistivity, Rs, for copper at 49.1 MHz, is 

1.829 mΩ and the penetration depth in the surface is 9.4 µm. The current density at a 

depth of 9.4 µm below the surface is 36.9 % of the density at the surface. At this 

depth the current is 45° out of phase with the current at the surface. The ratio m/n, 

obtained from the counted number of series and parallel field cells at each section, is 

substituted into equation 4.5 to calculate the characteristic impedance, capacitance 

and inductance per meter for every section. The calculated results are listed in table 

5.1 for the case of a constant acceleration gap distance of 60 mm. The segment length 

is 0.279 m. 
 
Table 5.1. The calculated surface resistance, Rt, characteristic impedance,  
capacitance and inductance (per meter) at each of the sections of the 
resonator for an acceleration gap of 60 mm. The length of a segment is 0.279m. 

 

The calculated surface resistances of the front plate (nearest to the injection orbit) and 

the rear plate (near the extraction orbit) are listed in table 5.2 with the respective 

dimensions used in the calculation. 
 

Rt C (pF/m) L (nH/m) Section/
segment 

Xb 
(mm) 

Xc 
(mm) 

Xd 
(mm) nA nB 

(Ω/m) 
m/n Z0i(Ω) 

ε0*n/m 1/c/Z0i µ0*m/n Z0i/c 
S1 66.6 126.7 176.7 57.9 11.1 6.1x10-3 0.123 46.3 72.0 72.0 154.5 154.4 
S2 108.0 168.1 218.1 57.9 11.1 4.6x10-3 0.122 46.1 72.3 72.4 153.8 153.8 
S3 149.4 209.5 259.5 60.0 19.0 4.0x10-3 0.110 41.6 80.1 80.2 138.8 138.8 
S4 190.8 250.9 300.9 62.1 26.9 3.5x10-3 0.100 37.5 88.9 89.0 125.1 125.1 
S5 232.2 292.3 342.3 57.7 31.3 3.1x10-3 0.098 36.8 90.6 90.6 122.8 122.8 
S6 273.6 333.7 383.7 60.0 39.0 2.8x10-3 0.089 33.6 99.2 99.3 112.1 112.1 
S7 314.9 375.0 425.0 56.1 42.9 2.6x10-3 0.085 31.9 104.5 104.6 106.4 106.4 
S8 356.3 416.4 466.4 52.9 46.1 2.3x10-3 0.077 29.0 115.0 115.0 96.7 96.7 
S9 397.7 457.8 507.8 54.4 54.6 2.1x10-3 0.072 27.1 123.0 123.1 90.4 90.4 

S10 439.1 499.2 549.2 56.4 62.6 2.0x10-3 0.069 25.9 128.7 128.8 86.4 86.4 
S11 480.5 540.6 590.6 54.7 65.3 1.9x10-3 0.066 24.8 134.4 134.5 82.7 82.7 
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Table 5.2. The 
calculated surface 
resistance, Rscp, of the 
two short-circuit 
plates of the flat-
topping resonator and 
the geometrical 
parameters used for 
the calculation. 
 

 

 

 

 

 

The applied voltage is adjusted until the required dee voltage, as shown in chapter 3 

calculated with the program COC, of about 62 kV is reached, which occurs at a 

position about halfway between the vertical plates. The sending- and receiving-end 

currents and the power dissipation of each segment is also calculated simultaneously. 

The calculated voltages and currents at the junction between segments are shown in 

figure 5.5. The power consumption is 15.2 kW and the Q-value is 6020. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Parameter Unit FRONT PLATE REAR PLATE 

Rs mΩ 1.829 1.829 

G m 0.06 0.06 

H m 0.22 0.22 

hd m 0.35 0.35 

g m 0.175 0.175 

wA1 m 0.1125 0.1125 

wA2 m 0.2282 0.2044 

wB1 m 0.0066 0.4205 

wB2 m 0.1709 0.6087 

Rscp mΩ 5.179 1.475 
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Figure 5.5. The calculated voltage and current distribution in the resonator. 
Segment #0 represents the values at the sending-end of segment #1. 
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5.4   CALCULATED AND MEASURED RESULTS FOR THE 
HALF-SCALE MODEL 

 
5.4.1 Measuring techniques and equipment 
 

The main resonator characteristics to be measured are the resonance frequencies, the 

Q-value and the power dissipation. If unwanted resonances close to, or at multiples of 

the required frequency, are present, it is important to modify the resonator dimensions 

to shift these resonances away from the frequency at which they can influence the 

operation of the resonator. Since the output of a power amplifier in general contains 

harmonics, resonances at these frequencies can be excited and may lead to damage of 

contact fingers or feed-throughs. To change the frequency of an undesired resonance 

the field pattern at this frequency has to be understood. 

 

To measure the resonance frequencies, power can be coupled to the dee through a 

loop or a capacitor. Another loop or capacitor can be used to detect the signal, for 

instance an rf-voltmeter, as shown in figure 5.6. A small transformer can also be 

inserted in series with the loop or capacitor, coupled to the generator. If a network 

analyzer is available there is no need for a second loop or capacitor. All these 

methods, as well as a vector impedance meter connected directly between the dee and 

the outer conductor, have been used to do measurements on the half-scale model and 

the full-scale resonator. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Signal 
generator 

Vector 
voltmeter 

Figure 5.6. Schematic representation of the measuring setup with the signal generator 
and vector voltmeter connected to probes that are positioned in the acceleration gap 
of the resonator. 
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The signal generator and the vector voltmeter, that were used to measure the dee 

voltage, were coupled capacitively to the dee. The smallest coupling, with sufficient 

signal strength for measurement, was used for both the signal input and measuring 

probe, in order to ensure minimal disturbance of the field distribution in the resonator. 

The cable of the signal input probe was terminated with a commercial 50 Ω-resistor at 

the probe plate in order to minimize changes in the input voltage on the plate during a 

change in the frequency of the signal generator. Care was taken with the input signal 

to have symmetric coupling to the upper and lower dees and thereby reducing the 

excitation of unwanted resonances at which a voltage difference may exist between 

the two dee plates. The Q-value was also determined with the signal generator and 

vector voltmeter by measuring the frequency interval ∆f between the two points at 

which the measured voltage is down by a factor 1
2

from the maximum value on the 

response curve at the resonance frequency fr. The Q-value is given by: 

rfQ
f

=
∆

 

On the full-scale resonator the Q-value was also measured with a network analyzer. 

The results of the two methods agree. 

 

The following equipment was used for various purposes: 

1. Signal generator: Rohde & Schwartz 100 kHz–1000 MHz; SMX  826.457.62 

2. Network analyzer: Agilent 4395A; 10 Hz – 500 MHz. 

3. RF Vector impedance meter, Hewlett Packard model 4815A. 

4. Vector voltmeter, Hewlett Packard model HP 8405A. 

5. Current transformer, Tektronix CT-1. 
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5.4.2 Half-scale resonator 
 

The resonator structure consisting of the outer conductor plates and dee, with the 

cutaway section for the EEC as shown in figure 5.7, was assembled with nuts and 

bolts. The power dissipation and the Q-value will be very different from the 

calculated values because of the poor connections between the different electrodes. 

The resonance frequency and the voltage distribution should, however, be in good 

agreement with what was calculated since both depend to a large extent on the Z0-

values. The scaling laws for resonator models are listed in Appendix I [Bot74]. With a 

radial length of about 1.5 m, the horizontal half-wave model should resonate at 

approximately 100 MHz. The power is inductively coupled via a loop and tuned by 

another loop. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The inner structure and components of the half scale resonator are shown in figure 5.8 

with the top lid (upper outer conductor) removed to the side. One of the manually 

adjustable capacitors, in the region of maximum dee voltage, is also visible.  

 

 

 

Figure 5.7. The half-scale resonator with the cutaway section where the EEC fits in 
and the connections to the coupling and tuning loops. Here the tuning loop is not 
shorted, but used as a loop for measurement. 

λ/2 = 1.5 m -->  f0 = 100 MHz

Cut-away 
section for 

the EEC 

Measuring probe 

Connections to the tuning and coupling probes 
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Good agreement was obtained between the measured and calculated resonance 

frequencies. The measured frequency was 101.45 MHz and the calculated frequency 

was 99.6 MHz, as shown in figure 5.9, together with the electric field distribution on 

the finite-element structure of the outer conductor. Tight mechanical tolerances are 

required both in the manufacturing of the resonator and positioning of the probe for 

measurement of the dee voltage distribution. The distance between the probe and the 

dee has to be kept constant as it is moved along the gap in the radial direction. The 

amount of detuning of the resonator by the probe depends on the radial position. This 

further distorts the measured results, depending on at which radial position the probe 

was when the frequency of the signal generator was adjusted for resonance. The 

voltage distribution was measured in the respective acceleration gaps with the pick-up 

probe inserted into a gap and without retuning of the resonance frequency for every 

radial position of measurement. The measured results are shown in figure 5.10 for one 

acceleration gap as a normalized electric field, together with the calculated results for 

both gaps.  
 

Every calculated point on the graph was obtained by integration of the electrical field 

component across each of the acceleration gaps. The measured distribution shows 

reasonable agreement with those calculated using the finite-element model and 

SOPRANO. The next step was to perform the calculations for a full-scale finite-

element model and then build and measure the resonator. 

 

Figure 5.8. The half-scale resonator model with the top lid (upper outer conductor) opened 
to show the dee plates, acceleration gaps, coupling loop and adjustable capacitor. 
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Figure 5.10. The measured normalized electrical field in one of the acceleration gaps 
of the half-scale resonator, with the calculated SOPRANO results for both gaps. 

CALCULATED AND MEASURED ELECTRICAL FIELD 
ACROSS THE ACCELERATION GAP OF THE HALF SCALE 
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Figure 5.9. The calculated resonance frequency of 99.6 MHz for the horizontal half-wave 
model shows good agreement with the measured value of 101.45 MHz, without paying 
attention to the fine tuning of the capacitors or tuning loops. The electrical field distribution 
that is superimposed on the finite-element structure of the outer conductor, shows the half-
wave in the radial direction (longest dimension) with red denoting the highest and blue the 
lowest value of electrical field. The small electrical field value at the two vertical end plates 
and at the location of the capacitor stem is clearly visible. 
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5.5    RESULTS OF CALCULATIONS WITH NUMERICAL 

FIELD ANALYSIS IN 3D AND MEASUREMENTS ON THE 
FULL-SCALE RESONATOR 

 

 

5.5.1 Electromagnetic field distribution 

 

The resonator electrodes are defined in terms of infinitely thin, perfect conductors in 

SOPRANO. These conductors represent the inside of the outer conductors and the 

outside of the inner conductors, to define the space between them where the 

electromagnetic field exists. The detail of the electromagnetic field distribution in the 

resonator is best shown with drawings, as those in figures 5.11 and 5.12, of different 

resonator sections showing the electrical field and magnetic field distributions in pairs 

at the same instant. The bottom outer conductor, the bottom capacitor and the 

coupling and tuning loops with the respective field distributions, with the maximum 

values indicated in red and the minimum values with blue, are shown. The electric 

field is almost zero at the vertical end plates, with a maximum value about halfway 

between them, where the capacitor plates are located. The magnetic field is at its 

strongest at the vertical end plates, which indicate the regions of high current density 

and therefore heat dissipation. In figures 5.13 and 5.14 the bottom dee plate (shown 

without the capacitor plate that was later added to shift the unwanted frequency) is 

included. In figures 5.15 and 5.16 the top dee plate is also included. 
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Maximum electric field 

Minimum electric field 

Minimum magnetic field 

Maximum magnetic field 

Figure 5.11 and 5.12. Calculated electric (top) and magnetic (bottom) field distributions for the bottom 
outer conductor, vertical end plates, bottom capacitor and coupling and tuning loops. The maximum 
electric field occurs about halfway between the end plates and the maximum magnetic field at the end 
plates. At the regions of maximum magnetic field the current densities are the highest. 
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Figure 5.13 and 5.14. Calculated electric (top) and magnetic (bottom) field distributions for the same 
geometry as in the previous two figures, but with the bottom dee plate included. 
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 Figure 5.15 and 5.16. Calculated electric (top) and magnetic (bottom) field distributions for the same 
geometry as in the previous two figures, but with the top dee plate included. 
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5.5.2  Calculated resonance frequency, Q-value, stored energy, scaling of the 
calculated power dissipation and the radial voltage distribution 

 

The rms-values were calculated for all the integral-values in the post-processor, but 

adjusted within the control program to represent the peak-values. Applying equations 

4.23 to 4.26 give the calculated Q-value in terms of the stored energy. The average 

calculated Q-value obtained with SOPRANO is 10573, with a difference of less than 

2% between the values obtained with the stored magnetic and electric energy. In 

private communication with Support Services of Vector Fields Ltd. it was learned that 

such a low percentage difference is an indicator that the finite-element simulation is 

adequately subdivided into sufficient finite elements over all regions for whatever 

field gradient may exist in that region. 

 

The frequency, Q-value and non-scaled results of the SSC flat-topping resonator 

calculations with SOPRANO are listed in table 5.3, where all the final dimensions 

were used except for dCap = 70 mm, wT = 234 mm, hT = 82 mm, wC = 173 mm and  

hC = 34 mm. The conductivity of copper is taken as 5.8x10-7 mho.meter-1. 

 
     Table 5.3. Calculated parameters of the flat-topping resonator 

 
 
The calculated results are scaled by calculating the potential difference value at a 

position where the required operational voltage is known, e.g. at the position of 

maximum acceleration voltage across an acceleration gap. Such calculated potential 

differences were obtained by calculating the integrals of the electric field along paths, 

LE and LX, respectively, in figure 5.2. This path forms a straight line along the orbital 

path across the acceleration gap in the median plane. The length of the integration 

Frequency 49.126 MHz 

Power dissipation due to surface resistance (RMS) 1.62x10-7 W 

Stored energy, magnetic (Est-RMS) 5.50x10-12 J 

Stored energy, magnetic (Est-peak) 1.10x10-11 J 

Power loss, P 6.37x10-7 W 

Q-value 10573  
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path is typically 300 mm, from a point on the defined boundary of the configuration, 

through the gap and in between the dee plates. 

 

The integrals of the electric field component along these selected paths, at the position 

X = -2085 mm where the maximum acceleration voltage is expected, are: 
 

. 0.266515LE y
LE

dLψ = =∫ E  V       and       . 0.268485LX y
LX

dLψ = =∫ E  V 

 
and are shown in figures 5.17 (a) and 5.17 (b), respectively. 

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

For a maximum applied voltage of Vmax = 62 kV, the average scaling factor that was 

used is: 

       
( )( )

max 231776
/ 2LE LX

VScale
ψ ψ

= =
+

 

 

The calculated power consumption in the resonator when operated at 62 kV is then: 

[ ]
( )

2

2 7
62

620006.37 10 9154 .
0.266515 0.268485 / 2

kV calcP P Scale W−
 
 = × = × × ≈
 + 

 

 

  

Figure 5.17 (a) and 5.17 (b). The maximum acceleration voltages, in arbitrary units, across the 
entrance (left) and exit (right) acceleration gaps are calculated by integration of the electric 
field component (Ey) along paths LE and LX, in figure 5.2, at a projected position of 2085 mm 
from the center of the cyclotron along the center line of the south valley vacuum chamber. 
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The radial voltage distribution was calculated by integrating the potential difference 

across the acceleration gaps at radial positions varying from the injection orbit radius 

to the extraction radius. Wherever these integrals were calculated, the path never 

extended further than the center-line of the resonator, in order to have maximum 

inclusion of the effects of the acceleration gap and minimum influence of the other 

gap. These radial voltage distributions at the entrance and exit gaps are shown as a 

function of the radius in the cyclotron in figure 5.18. The capacitors of the resonator 

were at the radial position of maximum acceleration voltage, as was shown at point G 

in figure 5.2. 
 
The maximum electric field strength is about 8.9 kV/cm for a gap size of 7 cm, which 

is far below the limit of 88.5 kV/cm, according to Kilpatrick’s criterion [Cha99] (see 

Appendix H). Sparking-over in the acceleration gaps should therefore not be a 

problem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 5.18. The calculated radial voltage distribution across the acceleration gaps 
of the flat-topping resonator, scaled to a maximum value of 62 kV, as a function of 
the radial distance from the cyclotron center. The difference in voltages at the 
higher radii is mainly due to the cut-away section for the EEC. 
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5.5.3   Measuring the Q-value 
 
The signal generator was coupled capacitively to the dee with small input and 

measuring signal probes, for reasons as described in paragraph 5.4.1. The cable of the 

signal input probe was, as described before, again terminated with a commercial 50 

Ω-resistor at the probe plate. The input signal was also symmetrically coupled to the 

upper and lower dees whereby the chance of a voltage difference between the two dee 

plates was minimized. The plate of the coupling probe was removed as far as possible 

from the dee plates, though close enough to have sufficient signal strength for the 

measurement.  

 

A screen print from the network analyzer shows a measured Q-value of 8335 at a 

resonance frequency of 49.81 MHz in figure 5.19. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.19. A screen print of the network analyzer showing the measured 
resonance frequency of 49.81 MHz and a Q-value of 8335. 
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In conjunction with the personnel of the rf-division of iThemba LABS a final set of 

measurements was obtained with the resonator installed in its position inside the south 

valley vacuum chamber and with all its tuning devices connected. The Q-value was 

measured with the network analyzer connected to the coupling loop. The tuning loop 

was set to about 20° with respect to the median plane. The top and lower capacitor 

plates were adjusted to obtain the maximum Q-value at the required frequency. The 

results are listed in table 5.4. 
 

Table 5.4. The final measured Q-values and resonance 
frequencies for different settings of the capacitor gap distances. 

 

 

 

 

 

 

 

 

 

 

Deductions from the measured values: 

a. The frequency changes by 17.55 kHz/mm change of plate position (average of 

changes for measurements #3 and #5 and measurements #7 and #9). 

b. The Q-value changes by 604 per mm for a large change in the position of a 

plate (see measurement #3 and #5). 

c. The Q-value changes by 391 per mm for a small change in the position of a 

plate (see measurement #7 and #9). 

d. The Q-value of the resonator is very sensitive to a change of the gap of one of 

the capacitor plates, i.e. in a deviation from symmetry. A change of 0.5 mm 

already has a measurable effect on the Q-value (see measurements #8 and #9). 

e. The power dissipation of the resonator changes by about 100 W for a 0.5 mm 

displacement of one capacitor plate. 

It is to be taken into account that the measurements of the capacitor plate positions are 

not very accurate and this should be considered when the data is analyzed. 

# GAP TOP 
(mm)

GAP BOTTOM 
(mm) Q-VALUE FREQUENCY 

(MHz)

1 21.90 19.15 7200 49.1100
2 18.15 19.15 7600 49.0545
3 15.20 19.15 5700 49.0077
4 18.80 19.15 7700 49.0645
5 19.50 19.15 7800 49.0777
6 20.30 19.15 7700 49.0880
7 20.30 17.95 6900 49.0625
8 20.30 19.70 7700 49.0900
9 20.30 20.20 7780 49.1050  
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5.6 SEPARATING THE RESONANCE FREQUENCY OF THE 
UNWANTED MODE FROM THE WANTED MODE 

 
The resonator, of which a cross-section is shown in figures 5.20 (a) and (b), can also 

be considered as three parallel strip-line resonators. Since the three lines have the 

same lengths the resonance frequencies are close together. Two of these lines are 

formed by the top and bottom dee plates and the top and bottom outer conductors, 

respectively. The third line is formed by the two dee plates only. These lines have two 

oscillating modes near 50 MHz. In the desired mode, the dee plates have the same 

voltage and phase and there is no electrical field in the gap between the two plates. In 

the other mode, the voltages on the dee plates are 180° out of phase and there is a 

strong field in the dee gap with high currents flowing on the inner surfaces.  

 
The schematic drawings show the instantaneous electromagnetic field distributions 

for the two modes with the electric field, E , denoted with solid arrows and the 

magnetic field, H , with dashed lines or conventional symbols representing field lines 

perpendicular to the surface of the paper. The density of the lines is an indication of 

the field strength. In the unwanted mode electromagnetic waves are strongly radiated 

from the acceleration gap. 

 

The coupling loop excites the desired mode, but any deviation from symmetry with 

respect to the median plane will cause excitation of the unwanted mode, if its 

frequency is close to the operating frequency. The coupling loop itself is also 

unsymmetrical with respect to the median plane. The same applies to the tuning loop. 

Space limitations prevented the use of symmetrical loops. The frequency of the 

unwanted mode had therefore to be changed to a value away from the operating 

frequency. The effects of the unsymmetrical loops and other deviations from 

symmetry have been studied with SOPRANO and the computer program 

MICROCAP [MIC88], in which the three lines and the loops were presented by a 

large number of lumped-parameter circuit elements [Bot04b]. The effect of 

symmetrical coupling and tuning as well as the influence of the additional dee plates 

were also studied. Figure 5.21 shows the circuit diagram. 
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Adequate separation of the frequencies was obtained by inserting a capacitor plate, 

CP, on the inside of each dee plate, parallel and near to the median plane at a radial 

position where the electric field has a maximum. Figure 5.22 shows one of these 

plates welded in its position inside the dee plate. Some of the water-cooling pipes on 

the inside of the dee plate can also be seen. The dimensions of the plate are 810 mm, 

514 mm and 271 mm (see figure 5.2). 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

To understand the change in frequency of the unwanted mode the two dee plates with 

their end connections between them can be considered as two quarter-wave resonators 

joined in the center (opposite the installed plate). The resonance condition for such 

resonators of length l is [Joh50d]: 

0
1 2tan ,
d

Z l
C c

π ω
β β

ω λ
 = = = 
 

.   (5.1) 

By installing the plates the capacitance between the dees, Cd, was increased, thereby 

reducing the frequency. 
 
To measure the resonance frequencies of the two modes simultaneously with a 

network analyzer, a loop was inserted in an acceleration gap at an angle of 45° with 

respect to the median plane and also with respect to the gap, and protruding inside the 

dee, to excite both modes. The measured separation of the frequencies is shown in 

figure 5.23 with the unwanted mode at 43.3 MHz and the required one at 49.81 MHz. 

 

Figure 5.22. A 
copper plate 
welded to the 
inside of a dee 
plate (indicated 
with a dotted line) 
for separation of 
the two resonance 
frequencies. The 
addition of the 
plate decreased 
the resonance 
frequency of the 
unwanted mode by 
about 6 MHz 
without affecting 
the frequency of 
the wanted mode. 
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Table 5.5. Calculated and measured resonance frequencies of the flat-topping 
resonator, before and after the addition of the capacitor plates inside the dee 
plates.  
 

There is also a distinct difference in the Q-value of the two resonance modes. From 

the sharpness of the displayed resonance peaks it can be seen that the wanted mode is 

a much sharper resonance and therefore has a much higher Q-value. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
The calculated shift in frequency, obtained with SOPRANO, agrees with the 

measured results and is listed in table 5.5. The calculated magnetic field distributions 

on the lower dee and one vertical plate, after the addition of the capacitor plates, are 

shown in figures 5.24(a) and (b), for the two modes respectively. 

 

 

WANTED 
MODE 

UNWANTED 
MODE FREQUENCY 

(MHz) in-phase out-of-phase 
DIFFERENCE 

CALCULATED 50.56 49.50 1.06 Before 
adding the 

plate MEASURED 50.51 49.34 1.17 
CALCULATED 50.62 43.68 6.94 After adding 

the plate MEASURED 49.81 43.30 6.51 

Figure 5.23. A screen-dump of the network analyzer showing the resonance 
frequencies of the two horizontal half wave modes after the capacitor plates 
were installed inside the dee plates. The measured frequency of the wanted mode 
decreased by 0.7 MHz, whereas the frequency of the unwanted resonance 
decreased by 6.0 MHz. The changes in the calculated values agree. 

43.3 MHz
49.81 
MHz43.3 MHz
49.81 
MHz
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Figure 5.24(a). The calculated magnetic field 
distribution is shown on the lower dee and vertical 
plate near injection, for the wanted mode and its 
associated resonance frequency of 50.62 MHz, 
after the insertion of the capacitor plate. The 
region of highest field density is between the dees 
and outer conductors, which are not shown. 

Figure 5.24(b). The calculated magnetic field 
distribution is shown on the lower dee and vertical 
plate near injection, for the unwanted mode and its 
associated resonance frequency of 43.68 MHz, after 
the insertion of the capacitor plate. The region of 
highest field density is between the two dees, of 
which the upper dee is not shown here. 
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5.7  CALCULATED INFLUENCE OF TEMPERATURE CHANGE 
ON THE RESONANCE FREQUENCY 

 
 
5.7.1  Introduction 
 
The change in resonance frequency due to an increase in the temperature of the 

electrodes of the resonator was calculated analytically and also with SOPRANO, 

which gives more accurate results since the full 3d geometry is incorporated in the 

simulated finite-element model. 

 

The length, L, of an electrode, at a temperature T, is given by [Hal74]: 

( )0 01L L T Tα= + −       (5.2) 

where  0L  is the length at t0,  

  α   is the linear expansion coefficient of the material. 

 

The change in the length ∆L is given by: 

    ( )0 0 0L L L L T Tα∆ = − = − .   (5.3) 

 

The effect on the resonance frequency was calculated for copper using a linear 

expansion coefficient of 1.68x10-5 K-1 and temperature increase of 15 K. 

 
5.7.2 Change in the length of the resonator 
 
Equation 5.18 is used to calculate the order of magnitude that can be expected before 

doing calculations with SOPRANO. For a resonator length of 3 m, the increase in 

length is:  

0.756L mm∆ = .  

 

The fractional change in resonance frequency is 

0.756
3000

f L
f L

∆ ∆
= − = − . 

 

This means a decrease of 12.4 kHz in the resonance frequency. 
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In the finite-element configuration the length of the resonator was increased by 1 mm 

through a radial displacement of coordinates A and F in figure 5.2. A decrease of 17.3 

kHz in the resonance frequency was calculated. 

 

5.7.3 Change in the width of the resonator 
 
The increase in the average width of the resonator for a 15 K temperature increase is 

calculated to be 0.17 mm, using equation 5.3. 
 

The width is not in a simple way related to the resonance frequency of the resonator 

and was therefore implemented in two ways on the finite-element model for 

calculations with SOPRANO. Firstly the increase in the width was applied evenly on 

either side and in the second case the total increase was introduced at the exit side 

only. The calculated decrease in resonance frequency was 1 kHz for the symmetric 

adjustment and 1.3 kHz for the non-symmetric case. 

 

5.7.4 Change in the height of the resonator 
 
Equation 5.3 was again used to a change in the height of the resonator for a 15 K 

temperature increase. The change in height of the resonator was implemented in two 

ways in the finite-element model. It was applied firstly by raising only the upper lid 

and in the second instance dividing the increase evenly between the upper and lower 

lids. Care was taken that the capacitors that are fixed to the respective lids, were 

adjusted as well. The calculated increase in resonance frequency was 0.33 kHz for 

both the symmetric and non-symmetric cases. 

 

5.7.5 Summary 
 
From these calculated results it is clear that the change in frequency due to the 

increase in the length of the resonator for a temperature increase of 15 K, is 

significant and has to be compensated by adjusting the tuning loop. The results with 

SOPRANO are summarized in table 5.6. 
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Table 5.6: Calculated changes in resonance frequency due to changes in the 
dimensions of the resonator for a temperature increase of 15 K. 

 

Changes in the resonator dimensions due to buckling of the electrodes could not be 

calculated and are therefore not included in the calculations of changes in the 

resonance frequency above.  

 

5.8    THE ACCELERATION GAP AND THE TRANSIT-TIME 
FACTOR 

 

5.8.1   Introduction 
 
The ions of the beam bunches move through regions of time-varying electric fields in 

the acceleration gaps of the resonator. It is therefore necessary to calculate the effects 

of such transit time in the acceleration gaps of the flat-topping resonator.  
 

The time-dependant voltage across the gap is: 
 

( )0 cos 2 rfV V f tπ=     (5.4) 

 
with V0 the maximum value of the dee voltage,  frf  the frequency and t the time.  

 
At a radius R, a gap size g and harmonic number h, the transit-time effect reduces the 

dee voltage by a factor [Joh68c]:  

( )
( )

2

2

sin gh
R

gh
R

    (5.5) 

As shown in Appendix F this factor is independent of the phase of the ion.  

Change 
in : 

Symmetric/ 
Non-

symmetric 

Location of 
adjustment 

Geometric 
adjustment 

(mm) 

Change in 
frequency 

(kHz) 

Length Non-symm Resonator nose 1.00 -17.29 

Symmetric Entrance & exit 0.08 -1.05 
Width 

Non-symm Exit 0.17 -1.38 

Symmetric Top & bottom 0.06 0.33 
Height 

Non-symm Top 0.12 0.33 
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Figures 5.25 (a) and (b) show the change in the effective acceleration voltage for 

harmonic numbers h=3 and h=5 respectively and for different acceleration gaps as 

the beam progresses through the cyclotron. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

5.8.2   The transit-time factor for the SSC flat-topping resonator 
 
The effect of the transit-time is particularly pronounced at smaller radii in the 

cyclotron and for high harmonic numbers. It is therefore advisable to select the lowest 

permissible harmonic number for the application and to have small acceleration gaps 

near injection, but since the dee voltage in the flat-topping resonator is zero at 

injection there can be little effect from the transit-time in this radial region. 
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Figures 5.25 (a) and (b). The effective acceleration voltage of the resonator decreases as either 
the harmonic number or the acceleration gap increases and it increases as the radial position 
in the cyclotron increases, due to the transit time factor. The transit-time factors are shown for 
acceleration gap lengths of 50 mm to 100 mm with step size of 10 mm in between. 
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Applying equation 5.5 with values derived from the geometrical parameters listed in 

table 5.7, the transit-time factors were calculated for the SSC flat-topping resonator at 

the respective acceleration gaps and for harmonic frequency number h=3. The results 

are shown in figure 5.26 and the maximum reduction of 0.2% at injection is 

negligible. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Origin distance 
(meter) 

at P1a 
(fig 5.1) 

at P1b 
(fig 5.1) 

at P2a 
(fig 5.1) 

at P2b 
(fig 5.1) resonator   cyclotron 

Coord X -0.8031 -0.8031 -3.820 -3.5445 -0.1586 0 

Coord Y 0.0508 0.2526 0.1485 1.1994 0.0299 0 

Acc. Gap 0.0600 0.1000 0.0600 0.0971   

TRANSIT-TIME FACTOR (h=3)

0.9975

0.9980

0.9985

0.9990

0.9995

1.0000

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

RADIAL POSITION PROJECTED onto the X-AXIS (meter)

FA
C

TO
R

ENTRANCE GAP
EXIT GAP

Figure 5.26. The calculated transit-time factor is shown for the acceleration gaps 
that vary from 60 mm at injection to 100 mm at extraction, and harmonic frequency 
number 3. The values for the exit gap is shown only up to about 3.5 meter because 
of the cut-away section to leave space for the EEC. 

Table 5.7. Dimensions (in meter) for the calculation of the transit-time factor at 
harmonic number 3. 
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5.9   TOLERANCE ON DIFFERENCE IN DEE VOLTAGE ON 
THE TOP AND BOTTOM DEE HALVES DUE TO A 
VERTICAL DISPLACEMENT OF THE DEE PLATES 

 
 

The upper and lower halves of the flat-topping resonator must resonate in phase and 

therefore always be at the same voltage and consequently have no vertical electrical 

field between the upper and lower plates. However, any vertical offset of the 

resonator or any other asymmetry with respect to the median plane may cause a 

potential difference, and therefore an electrical field, between the two dee plates. This 

electrical field will deflect the passing beam vertically (z-direction), but also have a 

focusing effect and was studied to determine its influence on the beam dynamics. 

 
The frequencies of the vertical betatron oscillations for every equilibrium orbit of a 

proton with extraction energy of 66 MeV from the SSC, were calculated with the 

computer program COC and implemented with a spreadsheet program to calculate the 

vertical motion created by the combined effects of the inherent betatron oscillations of 

the SSC and the displacement of the dee plates of the flat-topping resonator. 

 
The calculated vertical betatron frequencies, zν , are shown as a function of the kinetic 

energy of the particle in figure 5.27. 

 

 

 

 

 

 

 

 

 

 

 

 

 

VERTICAL BETATRON OSCILLATION IN THE SSC
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Figure 5.27. The vertical betatron oscillations in the SSC are 
calculated with the computer program COC for equilibrium orbits of 
a proton with extraction energy of 66 MeV. 

zν
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The voltages that appear between the dee plates, Vz, due to vertical displacements of 

the dee plates relative to the median plane, were calculated with SOPRANO at the 

exit acceleration gap and expressed as a percentage of the acceleration voltage Vacc. 

The vertical displacements and divergences of the beam at extraction were obtained 

from the calculated phase-plots of the beam for the different calculated Vz/Vacc-ratios 

and an initial particle displacement and divergence of 0 mm and 0 mrad respectively 

(see Appendix J). The relation between the vertical displacement of the dee plates 

with respect to the median plane, the subsequent voltage between the dee plates and 

the eventual vertical displacement of the beam at extraction, is shown in figure 5.28.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The calculated vertical displacement and divergence of the particle at extraction due 

to a 10 mm vertical displacement of the dee plates (equivalent to Vz/Vacc ≈ 20%) are 

only a fraction of a millimeter and milliradian respectively. Therefore it can be 

concluded that, if a vertical displacement of the dee plates do exist, its effect on the 

vertical motion of the beam will be insignificant and calculations of a higher order of 

accuracy are not required. 

Figure 5.28. The calculated vertical displacement and divergence of a 66 MeV proton 
at extraction due to a voltage (Vz) between the dees, caused by a vertical 
displacement of the dees relative to the median plane. 

THE EFFECT OF A VERTICAL DISPLACEMENT OF THE DEE 
PLATES ON THE VERTICAL DISPLACEMENT AND DIVERGENCE 
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5.10    SUMMARY 
 
• The selection of the horizontal half-wave resonator is very well suited for our 

purpose, despite all the physical restrictions, pre-requisites and the fact that such a 

type of resonator was never before implemented in a cyclotron. 

• The calculated and measured results show that the required electro-magnetic 

characteristics fulfill the requirements for acceleration of beams of higher 

intensity and also for the improvement of their quality. 

• The construction of the half-scale model also has its worth for confirmation of the 

calculation methods and for gaining experience with the measurements. The 

model is still available at the iThemba LABS site and is used for training of 

students. 

• The calculation methods complemented and confirmed each other and were in 

general satisfactory. The calculations occasionally led to a better insight and the 3-

dimensional understanding of the electromagnetic functioning of the resonator, 

particularly in the regions where analytical formulae or ordinary transmission line 

techniques are not adequate to predict the fields.  

• The higher power dissipation and lower Q-value that was obtained with the 

transmission line method can be explained in terms of the smaller acceleration 

gaps that were used in the calculations and the consequently higher currents. 

• The temperature effects on the characteristics will be minimal, but not negligible. 

In retrospect it can be said that it would have been better to use thicker copper for 

most of the electrodes, mainly to have a more rigid structure that would not 

require internal support structures and pre-tensioning of the structure. However, 

the components would then have been more difficult to machine and handle in the 

workshop.  

• The reduction in the effective dee voltage due to the transit-time factor can be 

ignored. 

• Minor vertical displacements of the dee plates relative to the median plane will 

have little effect on the beam and can therefore also be ignored. 

 

 

-o-O-o- 
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CHAPTER 6 
 

THEORY AND IMPLEMENTATION OF THE 
TUNING AND COUPLING SYSTEM OF THE 

RESONATOR 
 

6.1 INTRODUCTION 
 
It was shown in chapter 5 that the required horizontal half-wave mode has a field 

distribution with high magnetic fields and currents on and near the vertical end plates and 

a low magnetic field about halfway between the plates. The electric field is high near the 

middle of the resonator and low at the end plates. The coupling of the power amplifier 

can be done inductively with a loop where the magnetic field is high, or capacitively 

where the electric field is high. 

 

The geometry of the existing valley vacuum chamber and its access ports will permit 

either inductive coupling at the rear of the resonator or capacitive coupling from above 

and below the resonator at a radial position about halfway between the vertical plates of 

the resonator. The ports in the vacuum chamber at the rear side of the resonator permit 

easy access for a coupling loop, whereas the offset of the ports in the region for 

capacitive coupling, will require more complicated driving mechanisms for the capacitor 

plates. Because of its inaccessibility the vertical plate near injection is not suitable for 

mounting of the coupling and tuning components. It was therefore, from a mechanical 

point of view, decided to couple the power inductively at the rear of the resonator. Since 

all other existing resonators at iThemba LABS are excited capacitively, this resonator 

will be the first with inductive coupling. An adjustable tuning loop will also be installed 

for the same reasons as above at the rear of the resonator below the coupling loop. Two 

smaller fixed loops for measuring the dee voltage are also installed at the rear. Two 

adjustable capacitors are installed symmetrically with respect to the median plane at a 

radial position of maximum dee voltage, to be used as a coarse tuning device, but without 

the capability of remote adjustment. The sizes of these devices and their effect on the 

resonator have been calculated. 
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6.2 THE INDUCTIVE LOOPS 
 
 
6.2.1. General description and location of the loops 
 
The power amplifier will be connected to the resonator via a 50 Ω-cable through a 

coupling loop, which can be rotated by remote control. The coupling loop is mounted on 

the rear plate in the bottom half of the resonator and the short-circuited tuning loop in the 

top half of the resonator. The smaller pick-up probes are mounted symmetrically about 

the median plane. The locations of the rotatable coupling and tuning loops are shown in 

figure 6.1 with their orientation adjusted for zero coupling to the dee. 

 

 

 

 

 

 

Figure 6.1. A drawing of the inside of the rear vertical plate of the resonator 
with the coupling and tuning loops and pick-up probes mounted on it. The two 
major loops are shown rotated to the 0°-position, that is parallel to the 
median plane and the position of zero flux linkage. The grooves and contact 
fingers in the plate at which the end of the horizontal inner and outer 
conductors are embedded in the plate are also visible. A part of the driving 
mechanism for the tuning loop is visible at the extreme rear, outside the 
vacuum chamber. The approximate position of the extracted beam orbit is 
shown schematically. 
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To determine the dimensions of the coupling and tuning loops the resonator is considered 

as a series resonant circuit that has, near the resonance frequency, the same 

characteristics as the resonator [Bot79]. The coupling and tuning loops are each 

considered as an inductance in series with a resistance. The loops are coupled to the 

resonator through their mutual inductances.  

 

The tuning loop is a closed loop that reflects a reactance and resistance in series with the 

dee plates of the resonator opposite the loop. The reflected reactance retunes the 

resonator and the amount of retuning can be adjusted by turning the loop, thereby varying 

the mutual inductance between the loop and the resonator dee. 

 

The coupling loop has to present the desired impedance to the power amplifier at the 

terminals of the loop outside the vacuum chamber. For the amplifier to see a pure 

resistive load of 50 Ω, the reactance must be zero. These two conditions are met by 

turning the loop, thereby varying its mutual inductance with the dee, and by detuning the 

resonator with its resonance frequency away from the operating frequency, i.e. the 

standard condition for a cyclotron resonator coupled to an amplifier. The voltage and 

current distributions in the resonator and the positions where the loops are located in the 

resonators have to be taken into account in determining the parameters of the equivalent 

series RLC-circuit of the resonator. 

 

6.2.2. The coupling loop 
 

The equivalent circuit of the resonator and coupling loop is shown in figure 6.2. 

 

 

 

 

 

 

 

Figure 6.2. The equivalent 
circuit of the coupling loop and 
the resonator, linked with the 
mutual inductance M. Ls, Rs 
and Cs form the equivalent 
circuit of the resonator. Rp and 
Lp describe the electrical 
characteristics of the coupling 
loop. 

M 

Coupling loop Resonator 
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This circuit can further be described by the circuit diagram in figure 6.3, in which the 

resonator characteristics are incorporated in the primary circuit as a reflected resistance 

Rr and reactance Xr [Bot05]: 

 

The reflected components are given by: 
2 2

2 2
s

r
s s

M RR
X R

ω
=

+
 and    (6.1) 

2 2

2 2
s

r
s s

M XX
X R

ω−
=

+
    (6.2) 

with 1
s s

s

X L
C

ω
ω

= − .    (6.3) 

 

The impedance, Zi, of this circuit must now be adjusted to  

obtain the condition of a resistance of 50 Ω and zero reactance : 

 0 50 0i i i p rZ R jX R R j j= + = + + = + , (6.4) 

which means [Ter55]: 
2 2

2 2 0s
i p r p

s s

M XX X X L
X R

ω
ω= + = − =

+
.  (6.5) 

 

Since the resistance Rp of the coupling loop can be made much smaller than 50 Ω, the 

equation 6.4 can be simplified to: 
2 2

2 2 50s
r

s s

M RR
X R

ω
= =

+
 Ω.     (6.6) 

 

The mutual inductance can now be eliminated from equations 6.5 and 6.6 to obtain an 

expression for: 

50
p s

s

L R
X

ω
=       (6.7) 

 

This expression for Xs can now be used to calculate M from (6.6): 

Figure 6.3. The equivalent 
circuit diagram where the 
resonator is incorporated 
in the primary circuit. 
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( )2 2

2

50 s s

s

X R
M

Rω

+
=  . 

The value of, Ls or Cs, for a 50 Ω impedance can now be calculated from: 

1
s s

s

X L
C

ω
ω

= −      (6.8) 

and 

1
2r

s s

f
L Cπ

= .     (6.9) 

 

Instead of the above procedure the resonance frequency can be kept fixed and the 

operating frequency changed. The amount of detuning in a cyclotron is typically in the 

order of tens of kilohertz, which is small in comparison to the operating frequency. 

 

The self-inductance of the coupling loop was calculated by applying the law of Biot and 

Savart piecewise for the different parts of the loop to calculate the flux through the loop 

for a given current. The mutual inductance was calculated from the magnetic flux in the 

resonator, considering the lower half of the resonator as a parallel-plate transmission line. 

 

 The loop in the resonator is assumed as located at a single point in the resonator, as 

shown in figure 6.4, where the total impedance of the resonator and the loop is the sum of 

the impedances to the right and left of the selected point, jT L R S SZ Z Z R X= + = + . 

 

The coupling loop has been made from round copper tubing with an outer diameter of 

15.9 mm. The main dimensions are shown in figure 6.5. The loop with its mounting 

sleeves is shown in figure 6.6. 
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 Figure 6.6. The coupling loop with its mounting sleeves. 
 

 

Boundary position of 
the rear vertical plate 
of the resonator 

Axis of rotation 

unit = mm 

Figure 6.5. A side view section of the coupling loop in relation to the position of the 
vertical back plate of the resonator and the axis of rotation. The loop is made from round 
copper tubing, with 15.9 mm outer diameter. 

Figure 6.4. Schematic representation of the coupling loop in the resonator. The resonator 
impedance is the sum of the impedances to the left and the right of the center line of the loop. 

ZL ZR 
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The currents and voltages mentioned here and below are phasors and do not include the 

sinusoidal time variation, which should be included to obtain physical currents.  

 

The resistance of the coupling loop itself, excluding the reflected resistance is: 

 
7 7 0.542.61 10 2.61 10 49100000 19.8 m

0.05CL
lR f
w

− −= × × = × × = Ω , (6.10) 

 
with f = 49.1 MHz, the resonance frequency, l = 250 mm, the length of the loop and w the 

circumference of the loop. The outer circumference of the copper tube is πd, with d = 

15.9 mm the outer diameter of the tube used to manufacture the loop. (The surface 

resistance and other electrical properties of copper are tabled with a few other materials 

in Appendix E.) 

 

The current required in the coupling loop to supply the calculated power of about 10 kW 

to the 50 Ω resonator load, is given by: 

 

       2 2 10000 20
50CL

L

PI A
R

×= = =  ,   (6.11) 

 
with P the power dissipation in the resonator and RL, the load resistance of 50 Ω. 

 

The voltage across the loop is: 

 
        20 50 1000CL CL LV I R A V= = × Ω = .   (6.12) 

 

The power dissipation in the loop due to its resistance is: 

 
    ( )221 1

2 2 20 50 18.3CL CL LP I R A W= = × × Ω = ,   (6.13) 

 
which is significantly less than the power dissipation in the resonator. 
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6.2.3. The tuning loop 

 

The resonator and tuning loop are approximated, similar to what has been done for the 

coupling loop, by the following circuit: 

 

 

 

 

 

 

 

 

 

 

 

The parameters of the tuning loop are Ll and Rl and those of the resonator R, C and L. 

Without the tuning loop, or with the loop parallel to the dee, the resonance frequency of 

the resonator is given by: 

1
2rf LCπ

=      (6.14) 

The resonator and tuning loop can, as before, be described by the following circuit (figure 

6.8), but now with the reflected resistance Rr and reactance Xr in series with the 

resonator: 

 

 

 

 

 

 

 

 

Figure 6.7. The tuning loop is coupled 
to the resonator through their mutual 
inductance M. R, C and L form the 
equivalent circuit of the resonator. Ll 
and Rl describe the electrical 
characteristics of the tuning loop.  

M 

Resonator Tuning loop

Figure 6.8. The tuning loop described as a reflected 
resistance and reactance in series with the resonator. 
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again given by equations 6.1 and 6.2, i.e.: 
2 2

2 2
s

r
s s

M RR
X R

ω
=

+
      (6.15) 

and 
2 2

2 2
s

r
s s

M XX
X R

ω−
=

+
     (6.16) 

with s lR R=  and s lX Lω= . 

 

The resonance frequency with the tuning loop can be calculated from: 

1 0rL X
C

ω
ω

− + = ,     (6.17) 

which becomes, with Xr substituted: 

( )

2 2

2 2

1 0l

l l

M LL
C L R

ω ω
ω

ω ω
− − =

+
 .    (6.18) 

 

Since the reactance of the loop lL ω  is much larger than the resistance, which can be 

made small by using copper tubing with a large diameter, a further simplification is 

possible by neglecting Rl in the equation above: 
21 0
l

ML
C L

ωω
ω

− − = ,     (6.19) 

which yields the following expression for ω: 

( )2
l

l

L
C LL M

ω =
−

.     (6.20) 

 

The resonance frequency can therefore be adjusted by adjusting M, i.e. by turning the 

tuning loop. The self and mutual inductances of the tuning loop has been calculated in a 

similar way as those of the coupling loop. 
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The voltage induced in the tuning loop is given by: 

l dV M j Iω=      (6.21) 

with Id the current in the dee opposite the loop center. 

 

The absolute value of the current, considered as a phasor, in the loop is given by: 

2 2 2
l l

l

l l

V VI
MR L ωω

= ≈
+

.   (6.22) 

 

The power dissipation in the loop has been calculated similar to what was done for the 

coupling loop. 

 

The water-cooled tuning loop is made of round copper tubing with an outer diameter of 

15.9 mm. The main dimensions are shown in figure 6.9. The loop with its mounting 

sleeve, the external motor drive and cooling water couplings is shown in figure 6.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 6.9. A 3d-drawing of the tuning loop with the main dimensions that determine the 
magnetic flux linkage. 
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82 

15.9 
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The tuning effect of rotating the tuning loop from the angle of minimum coupling to the 

magnetic field, which is 0° (parallel to the median plane), up to the angle of maximum 

coupling, 90°, was measured and is shown in figure 6.11. The change in the frequency 

and the resonance frequency are shown. The tuning range of the loop is about 180 kHz. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.10. A picture 
of the tuning loop with 
its mounting sleeve and 
external motor drive. 

MEASURED DETUNING OF THE RESONATOR BY ROTATION 
OF THE TUNING LOOP
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Figure 6.11. The resonance frequency of the resonator as a function of the angle with 
respect to the plate of the tuning loop. 
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6.2.4. Probes for dee voltage measurement 

 

Two identical small probes for measurement of the dee voltage are installed on the rear 

vertical plate, symmetrically about the median plane. The induced voltages in these loops 

are used for stabilization of the dee voltage and phase. Figure 6.12 shows a picture of one 

of these probes with its extensions to the regions outside of the resonator. The locations 

of the probes are shown in figure 6.1. 

 

 

 

 

 

 

 

 

 

 

 

 

6.3 THE CAPACITORS 
 

6.3.1 General description and location 
 
A capacitor is installed on each of the horizontal plates of the outer conductors, about 

halfway between the two vertical end plates (see figure 5.2) for coarse tuning of the 

resonance frequency and to balance any asymmetries between the upper and lower halves 

of the resonator. The capacitors are not adjustable by remote control and have therefore 

to be set to a position that will permit the tuning loop an adequate adjustment range for 

fine-tuning. The capacitors are positioned in the region where the electric field strength 

between the inner and outer conductors is a maximum and therefore have its maximum 

effect on the resonator. Once in operation, the vacuum chamber has to be ventilated to 

adjust the capacitor plates. This happens seldom, a few times per annum. One of the 

Figure 6.12. A pick-up probe. The 
induced signal is proportional to the 
current in the dee and consequently 
the dee voltage. 
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capacitors is shown mounted on the inside of an outer conductor in figure 6.13. In figure 

6.14 the upper capacitor is shown in relation to the inner conductors and vertical plates, 

without the outer conductor. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The capacitor plates have a diameter of 212 mm and a thickness of 15 mm and have been 

made with rounded edges to prevent sparking. The stem has a relatively large diameter of 

32 mm to ensure good heat conduction. The capacitors are electrically connected to the 

outer conductor through contact fingers. Figure 6.15 shows a capacitor with its contact 

fingers. 

 

 

 

 

 

  
Figure 6.13. The capacitor 
connected to the outer 
conductor of the resonator. It 
is used for coarse tuning and 
electro-magnetic balancing of 
the upper and lower halves of 
the resonator. 

Figure 6.14. A drawing of the resonator without the 
upper outer conductor.  

Lower outer 
conductor 

Two inner 
conductors 

Upper 
capacitor 
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6.3.2 Electrical characteristics of the capacitor plates 
 
The capacitance, C, between a circular capacitor plate, with diameter, DC, and the flat 

surface of the inner conductor, which is a distance, dC, away from the plate, is roughly 

approximated by (the accurate calculations of the change in the resonance frequency due 

to the capacitor adjustments have been done with SOPRANO): 

     
( )2

2
02

CD

C

C
d

π
ε= ,     (6.23) 

Figure 6.15. A 3d-drawing of a capacitor plate with its contact fingers. 
 φ 212 

15 

φ 32 
Contact fingers 

unit = mm 
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where 0ε  is the permittivity of free space. The factor 2 in the equation is included to take 

edge-effects into account. With the capacitor located at the known maximum dee voltage, 

Vd, and the resonance frequency, 
2

f ω
π

= , the current in the stem of the capacitor is: 

 

S dI V Cω= .     (6.24) 

 

The current density on the stem, which has a diameter of DS, is: 

 

S
S

S

IJ
Dπ

= .     (6.25) 

 

The dissipated power in the stem, which has a length of lS, is: 

 

2 71
2 2.61 10 S

S S
S

lP I f
Dπ

− 
= × 

 
.   (6.26) 

 

The good approximation of the resistance of the capacitor plate is: 

 
72.61 10 ln

2
C

PL
S

DR f
Dπ

−  ×=  
 

.   (6.27) 

 

The dissipated power in a capacitor plate is: 

 
21

2PL S PLP I R= .     (6.28) 

 

Tuning of the resonator by the adjustment of the gap between a capacitor plate and the 

inner conductor (dee) was calculated with a spreadsheet program. It was assumed that the 

resonator is a homogeneous co-axial transmission line with short-circuit plates one half-

wavelength apart and an average impedance was used for the full length of the resonator. 
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The impedance value was adjusted to obtain a calculated length for the resonator, at the 

operating frequency, that equals the actual length. For the calculation it was also assumed 

that the capacitor is located exactly halfway between the vertical end plates. The 

reactance of the parallel combinations of the two capacitors, and the reactances XL and 

XR, of the left and right-hand sections of the resonator as shown in figure 6.16, are 

calculated. The frequency is then adjusted to obtain zero total reactance. The parameters 

are shown in the schematic representation of the resonator as a co-axial transmission line. 

 

 

 

 

 

 

 

 
 
 
 
 
 
 

The reactances to the left and right hand sides of the capacitor are: 

 

( )0 tanL LX Z lβ=  and 

( )0 tanR RX Z lβ=      (6.29) 

 

with / cβ ω=  and lL and lR the resonator lengths to the respective sides of the capacitor. 

The total reactance of the two capacitor plates in parallel is: 

 

   1
2CX

Cω
= − .     (6.30) 

 

Figure 6.16. A schematic representation of the calculation procedure to determine the 
tuning effect of the capacitors set at a specific distance from the inner conductor of the 
flat-topping resonator. The resonance frequency is adjusted until the total reactance of 
the resonator with the capacitors included is zero. The total reactance is calculated by 
first adding the reactance of the capacitor in parallel to the reactance to the left and 
then add the sum in parallel to the reactance to the right. 

ZL=RL+jXL ZR=RR+jXR 
XC/2 

XC/2 
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The total reactance is calculated by adding the reactance of the capacitors connected in 

parallel to the parallel reactance of the two resonator reactances: 

 

L C
R

L C
T

L C
R

L C

X X X
X X

X
X X X

X X

 
 + =

 
+ + 

 

 

      L C R

L C C R R L

X X X
X X X X X X

=
+ +

.   (6.31) 

 

The frequency was iteratively adjusted (using internal functions of the spreadsheet 

programs) until the total reactance, XT, is zero, which implies that a new resonance 

condition is obtained and the difference from the original resonance frequency is the 

tuning effect of the capacitors, for the specific gap between the capacitor and dee plate. 

 
 
6.3.3 Measured and calculated values 
 

The calculated results obtained with the analytical formulas and assumptions above, 

compare well with the calculated results with the SOPRANO program and measured 

data. The calculated deviation in resonance frequency due to the symmetrical insertion of 

the capacitor plates are shown in figure 6.17(a) and (b) for different gap distances 

between the capacitor plates and the dee plates. When the capacitor plates are set at 38 

mm from the dee plates the frequency is about 4.5 MHz lower than with the capacitor 

plates fully retracted. Similarly, the resonance frequency drops by about 1.1 MHz with 

the plates separated by 162 mm from the dee plates, which is the maximum gap 

attainable. The associated capacitance of one capacitor plate, which varies from about 

16.5 pF to 3.8 pF is also shown in the same figure. 
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CALCULATED CHANGE IN FREQUENCY AND CAPACITANCE AS A 
FUNCTION OF THE POSITION OF THE CAPACITOR PLATES
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Figure 6.17(a). The calculated variation in the resonance frequency of the flat-topping 
resonator as a function of the position of the capacitor plates.  

Figure 6.17(b). The calculated variation in resonance frequency of the flat-topping resonator 
as a function of the position of the capacitor plates compared to the measured values. The 
changes in frequency are w.r.t. the resonance frequency with the capacitor plate gap at 162 
mm. The calculated values from SOPRANO were normalized to the other data. 
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6.4 THE EFFECT OF THE LOOPS AND CAPACITORS ON THE 
RESONANCE FREQUENCY : RESULTS OF CALCULATIONS 
WITH SOPRANO 

 
The resonance frequency of the resonator with, and without the tuning devices and the 

plate for separation of the frequencies, as calculated with SOPRANO, are listed in table 

6.1 (the default geometric parameters of the resonator, as given in Chapter 5, were used 

for the calculations): 

 
Table 6.1. The calculated effects of the tuning devices and coupling loop on the 
resonance frequency. 

 

The absence of a capacitor implies that the capacitance gap between the outer conductor 

and the adjacent dee plate is 177 mm. Comparison of the values listed in the table can be 

used in various ways to illustrate the effect of the tuning devices: 

a. Introduction of the capacitors with a gap of 140 mm from the dee plates, changes the 

resonance frequency by -324 kHz. (Compare #1 and #4). 
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1 Absent 0 0 Absent Absent 50.7950 Gap = 177 mm 
2 Absent 0 0 20 Absent 49.7560  
3 Absent 0 0 140 Absent 50.6277  
4 Absent 0 0 140 140 50.4707  
5 Absent 240x70 240x70 140 140 50.5569  
6 Absent 240x70 240x70 53.75 53.75 48.9980  
7 Absent 315x98 0 140 140 50.5598 Compare to #5 
8 Absent 0 315x98 140 140 50.4939 Less FE than #9 
9 Absent 0 315x98 140 140 50.4922 More FE than #8 

10 Absent 100x54.1 315x98 140 140 50.7016 Less FE than #11 
11 Absent 100x54.1 315x98 140 140 50.6981 More FE than #10 
12 Present 0 0 140 140 50.6230 Compare to #4 
13 Present 0 0 70 70 49.0890  
14 Present 234x82 0 70 70 49.1170  
15 Present 234x82 173x34 70 70 49.1260  
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b. If only one capacitor is introduced at a 140 mm gap, the change in frequency is -167 

kHz. (Compare #1 and #3). 

c. Reducing the gap of the capacitor in (b) from 140 to 20 mm changes the frequency by 

–872 kHz. (Compare #2 and #3). 

d. Changing the capacitor gaps (same for both capacitors) results in the following 

changes in frequency as listed in table 6.2: 

 

Table 6.2. The effect on the resonance frequency of an 
adjustment in the capacitor plate position. 

 

 

 

 

 

 

 

The change in frequency should be considered together with the different geometrical 

configurations that were used for the calculations. 

e. Introduction of the two loops, each 240x70 mm, changes the frequency by +86 kHz. 

(Compare #4 and #5). 

f. Turning the tuning loop from a position of minimum flux linkage, i.e. parallel to the 

median plane, to a position of maximum flux linkage, i.e. 90° with respect to the 

median plane, will change the frequency by -22 kHz and -9 kHz, respectively for loop 

sizes of 315x98 mm (compare #4 and #8) and 173x34 mm (compare #14 and #15). 

Apart from the difference in loop dimensions, the capacitor settings were significantly 

different for the two sets of calculations, because the plates for the shifting of the 

frequency were not installed for the first set. These calculated ranges of the tuning 

loop do not correlate with the measured values shown in figure 6.11. The most 

probable reason for this discrepancy is the crude representation of the loops, which 

are relatively small in relation to the complete resonator. However, the measured 

detuning range of a tuning loop on the resonance frequency of the half-scale resonator 

was 26.3 kHz, which is equivalent to 13.15 kHz for the full-scale resonator. 

CHANGE 
IN GAP 
(mm) 

CHANGE IN 
FREQUENCY 

(kHz) 

CHANGE IN 
FREQUENCY 

(kHz/mm) 

COMPARE 
CALCULATIONS 

-37 -324 ~9 #1 and #4 

-70 -1534 ~22 #12 and #13 

-86.25 -1559 ~18 #5 and #6 
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g. In calculation #7 the dimensions of a single loop, that will have the same resonance 

frequency as the two loops in calculation #5, was iteratively determined. It provided 

guidance and confirmation as to the length of the coupling loop that will be required 

and calculation #8 followed. 

h. The introduction of the capacitor plates for shifting the unwanted frequency mode by 

about –6 MHz also had a minor shift of +152 kHz on the frequency of the wanted 

mode, as one would expect from the fact that in this mode the field inside the dee is 

limited to the dee edges at the acceleration gaps. Compare #4 and #12. This change 

could easily be compensated for by other means. 

i. The accuracy of the results from the numerical procedures can depend on the 

selection of the finite-element distribution and density in the defined structure of the 

FE model. Comparison of calculations #8 and #9 show that the number of the finite 

elements used for the lower resolution calculations are adequate, since the 

configurations with the larger number of elements changed the frequency by only –1 

kHz. Similarly, for calculations #10 and #11 the change in the frequency is only –3.5 

kHz 
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CHAPTER 7 
 
 

HEAT TRANSPORT MODELLING 
 
 
7.1     INTRODUCTION 
 

With a power dissipation of 10 kW in the resonator it has to be water-cooled in order to 

prevent over-heating of the components and to prevent changes in the dimensions, which 

would cause detuning of the resonator. A maximum temperature rise at any point in the 

resonator of 10 K above the water temperature was therefore specified. The cooling pipes 

also have to be fixed to the resonator components in such a way that it will not cause 

vibration of the electrodes. The two methods used to calculate the distribution of the 

cooling pipes, using basic analytic formulae, are discussed in this chapter together with 

the calculated results. 

 

 

7.2     DISTRIBUTION OF THE PIPES FOR WATER COOLING  
 
7.2.1 Calculation of the distances between adjacent cooling water pipes 

 
The currents in the resonator electrodes will flow on the outer surfaces of the inner 

conductors (dee plates) and the inner surfaces of the outer conductors. For a skin depth of 

9.4 micron (see chapter 5) and minimum thickness of 2 mm for the copper plates of the 

electrodes, the plate thickness does not determine the electrical resistance. 

 

For a plate with length, l, width, w, thickness, d, surface resistance, Rs, through which a 

current flows with a peak value Ipeak, homogeneously distributed over the width, at 

frequency frf, the following parameters can be calculated: 
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1. electrical resistance (Ω)        

s
lR R
w

=    ,        (7.1) 

2. power dissipation (W)    
2

2
peakI

P R=   and       (7.2) 

3. power dissipation per unit volume (W.m-3) 
2 2

22 2
peak peak

s

I IPQ R R
lwd lwd w d

•

= = = .     (7.3) 

 

In a resonator, made from copper and operating at 49.1 MHz, the equations above can 

reduce to (refer to Appendix E for the electrical properties of copper): 
 

( )31.829 10s
l lR R
w w

−= = ×       (7.4) 
 

( )
2 2

31.829 10
2 2

peak peakI I lP R
w

−= = ×      (7.5) 
 

( ) ( ) ( )22
3 3

21.829 10 1.829 10
2 2

peakpeak IIP lQ
lwd lwd w w d

•
− −= = × = ×   (7.6) 

 
 

and with the surface current density, /peakJ I w= , expressed in A.m-1, equation 7.6 
becomes: 

 

( ) ( )2

31.829 10
2
peakJ

Q
d

•
−= ×     (7.7) 

 

The distance D, in meter, from any point on the surface of the conductor to the nearest 

cooling water pipe is given by (see appendix G for the derivation of the formula): 
 

2 TD
Q

η
•

∆
= ,      (7.8) 

 

where η = the heat conductivity of the conductor (382 W.K-1.m-1 for copper) and T∆  the 

allowed rise in temperature, in Kelvin, above the cooling water temperature [Hol72]. 



 117 

The formulae were applied on the calculation with the resonator divided into segments 

and with the SOPRANO post-processor model to calculate the required distribution of the 

cooling pipes for the flat-topping resonator in two different ways. 

 

 

7.2.1.1 Calculation of cooling pipe distribution on segments of the resonator 
 

The power dissipation and the placing of the cooling pipes were calculated by viewing 

the resonator as a number of transmission line sections, as described in chapter 4, and 

using the calculated currents for each segment to calculate the cooling requirements at 

different points on each segment. The position of the center of each segment and their 

respective distances from the vertical plate nearest to the injection orbit, P, are shown in 

figure 4.1. Calculations were also done for sections flush against the vertical plates, and 

also for each of the vertical plates themselves.  

 

For each segment the current density and distance to the nearest cooling pipe were 

calculated on radial lines at the positions a to l as shown in figure 7.1. The respective 

positions of these lines were selected to cover the range of expected current densities. 

The calculations were done for a temperature rise of T∆ =10 K above the water 

temperature.  

 

Except for the vertical plates P and Q and the plate that forms the vertical part of the 

inner conductor plates, which has a thickness of 10 mm, all the other conducting surfaces 

are made from copper plate with a thickness of 2 mm. 
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The current density is highest in the region where the lip (a, b, c and d) of the dee and the 

outer conductor next to the lip (g, h and i) are connected to the vertical plates P and Q. 

The current density at the smaller plate P near injection is higher than at the larger plate, 

Q, near the extraction orbit. Figures 7.2 and 7.3, respectively, show the high and low 

current densities on the radial lines along the positions a to l, from vertical plate P to 

plate Q. The graphs were smoothed to emphasize the trend. The actual calculated values 

are listed in table 7.1, together with the calculated values for Q
•

 (listed as Qp). 

 

The distances from points on these lines to the nearest cooling pipe were also calculated 

at 10 K above the cooling water temperature. The overall picture of how the distance to 

the nearest cooling pipe varies along the already indicated radial lines, are shown in 

figure 7.4 and the data is also listed in table 7.1.  

 

Figure 7.1. A typical cross-section of the upper half of the flat-topping resonator that was 
used in the POISSON program to calculate the field distribution for given boundary 
conditions and different dimensions of each section. The positions of radial lines along the 
length of the resonator surface where the current densities and distances to the nearest 
cooling pipe were calculated, are indicated by a • . The plate thickness is 2 mm throughout, 
except for at the dee lip region (a,b,c and d) and  the vertical end plates, which have a 
thickness of 10 mm. 
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Figure 7.2 (top) and 7.3 (bottom). The smoothed current density in A/mm along different 
radial lines on the resonator surface (a to l), calculated for the vertical plate P, at each of 
the 13 sections through the resonator and for plate Q. The actual distances between the 
sections are given in figure 4.1. The highest current densities are near and on the vertical 
plates, especially plate P, which is nearest to the injection orbit. The dee lips and the 
conducting surfaces nearest to them have the highest current density. The current 
densities are listed in table 7.1. 
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1

a

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0
5 5 0
6 0 0

1

b

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0
5 5 0
6 0 0
6 5 0
7 0 0
7 5 0
8 0 0

1

c

0

5 0

10 0

15 0

2 0 0

2 5 0

3 0 0

3 5 0

4 0 0

1

d

0
2 0
4 0
6 0
8 0

10 0
12 0
14 0
16 0
18 0

1

e

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0
5 5 0
6 0 0
6 5 0
7 0 0
7 5 0
8 0 0
8 5 0

1

f

0
2 0 0
4 0 0
6 0 0
8 0 0

10 0 0
12 0 0
14 0 0
16 0 0
18 0 0
2 0 0 0

1

g

0
2 0
4 0
6 0
8 0

10 0
12 0
14 0
16 0
18 0
2 0 0
2 2 0
2 4 0
2 6 0

1

h

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0

1

i

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0

1

j

0
5 0

10 0
15 0
2 0 0
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0
5 5 0
6 0 0
6 5 0
7 0 0
7 5 0
8 0 0
8 5 0

1

k

0
5 0 0

10 0 0
15 0 0
2 0 0 0
2 5 0 0
3 0 0 0
3 5 0 0
4 0 0 0
4 5 0 0
5 0 0 0
5 5 0 0
6 0 0 0
6 5 0 0

1

l

0
2 0 0
4 0 0
6 0 0
8 0 0

10 0 0
12 0 0
14 0 0
16 0 0
18 0 0
2 0 0 0
2 2 0 0

1

Figure 7.4. The calculated distances in mm from points on radial lines (a to l) along the 
surface of the resonator to the nearest cooling duct, in order to comply with the permitted 
temperature rise of 10 K above the water temperature. Each horizontal axis has the 
longitudinal position starting at vertical plate P, through the 13 cross-sections, to the vertical 
plate Q. The actual values are listed in table 7.1. 
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POS. a z(mm) J Qp d  POS. b z(mm) J Qp d 
PLATE P 0 9.2 7.701E+06 31.5  PLATE P 0 5.4 2.637E+06 53.8 

S0 0 9.2 7.701E+06 31.5  S0 0 5.4 2.637E+06 53.8 
S1 131.6 9.0 7.399E+06 32.1  S1 131.6 5.3 2.533E+06 54.9 
S2 392.1 7.8 5.487E+06 37.3  S2 392.1 4.7 1.975E+06 62.2 
S3 652.6 4.0 1.476E+06 71.9  S3 652.6 3.0 8.020E+05 97.6 
S4 915.8 4.0 1.462E+06 72.3  S4 915.8 2.8 6.908E+05 105.2 
S5 1177.6 2.3 4.832E+05 125.7  S5 1177.6 1.8 2.859E+05 163.5 
S6 1439.5 0.5 2.427E+04 561.0  S6 1439.5 0.4 1.372E+04 746.1 
S7 1701.3 1.1 1.087E+05 265.1  S7 1701.3 0.7 4.060E+04 433.8 
S8 1961.8 1.9 3.151E+05 155.7  S8 1961.8 1.4 1.711E+05 211.3 
S9 2223.7 2.9 7.512E+05 100.8  S9 2223.7 2.1 4.016E+05 137.9 

S10 2485.5 3.8 1.285E+06 77.1  S10 2485.5 3.0 8.222E+05 96.4 
S11 2748.7 5.3 2.598E+06 54.2  S11 2748.7 3.8 1.295E+06 76.8 
S12 3000 5.3 2.598E+06 54.2  S12 3000 3.8 1.295E+06 76.8 

PLATE Q 3000 5.3 2.598E+06 54.2  PLATE Q 3000 3.8 1.295E+06 76.8 
                   

POS. c z(mm) J Qp d  POS. d z(mm) J Qp d 
PLATE P 0 10.1 9.319E+06 28.6  PLATE P 0 10.1 9.319E+06 28.6 

S0 0 10.1 9.319E+06 28.6  S0 0 10.1 4.659E+07 12.8 
S1 131.6 9.9 8.953E+06 29.2  S1 131.6 9.9 4.477E+07 13.1 
S2 392.1 10.3 9.754E+06 28.0  S2 392.1 10.3 4.877E+07 12.5 
S3 652.6 6.8 4.271E+06 42.3  S3 652.6 6.8 2.135E+07 18.9 
S4 915.8 4.9 2.183E+06 59.2  S4 915.8 4.9 1.092E+07 26.5 
S5 1177.6 3.3 9.862E+05 88.0  S5 1177.6 3.3 4.931E+06 39.4 
S6 1439.5 0.8 5.576E+04 370.2  S6 1439.5 0.8 2.788E+05 165.5 
S7 1701.3 1.5 2.055E+05 192.8  S7 1701.3 1.5 1.028E+06 86.2 
S8 1961.8 2.2 4.288E+05 133.5  S8 1961.8 2.2 2.144E+06 59.7 
S9 2223.7 3.5 1.148E+06 81.6  S9 2223.7 3.5 5.741E+06 36.5 

S10 2485.5 4.3 1.650E+06 68.0  S10 2485.5 4.3 8.250E+06 30.4 
S11 2748.7 6.4 3.742E+06 45.2  S11 2748.7 6.4 1.871E+07 20.2 
S12 3000 6.4 3.742E+06 45.2  S12 3000 6.4 1.871E+07 20.2 

PLATE Q 3000 6.4 3.742E+06 45.2  PLATE Q 3000 6.4 3.742E+06 45.2 
                   

POS. e z(mm) J Qp d  POS. f z(mm) J Qp d 
PLATE P 0 2.3 4.813E+05 126.0  PLATE P 0 1.4 1.849E+05 203.3 

S0 0 2.3 2.407E+06 56.3  S0 0 1.4 9.243E+05 90.9 
S1 131.6 2.3 2.312E+06 57.5  S1 131.6 1.4 8.880E+05 92.8 
S2 392.1 2.3 2.469E+06 55.6  S2 392.1 0.9 3.652E+05 144.6 
S3 652.6 1.4 8.997E+05 92.1  S3 652.6 0.6 1.678E+05 213.4 
S4 915.8 1.2 6.124E+05 111.7  S4 915.8 0.4 6.460E+04 343.9 
S5 1177.6 0.7 2.360E+05 179.9  S5 1177.6 0.2 2.192E+04 590.4 
S6 1439.5 0.2 1.115E+04 827.7  S6 1439.5 0.1 2.030E+03 1940.0 
S7 1701.3 0.3 4.324E+04 420.3  S7 1701.3 0.2 1.169E+04 808.3 
S8 1961.8 0.5 1.340E+05 238.8  S8 1961.8 0.4 6.125E+04 353.2 
S9 2223.7 1.0 4.342E+05 132.6  S9 2223.7 0.5 1.378E+05 235.5 

S10 2485.5 1.1 5.614E+05 116.7  S10 2485.5 0.7 2.425E+05 177.5 
S11 2748.7 1.6 1.113E+06 82.9  S11 2748.7 0.5 1.344E+05 238.5 
S12 3000 1.6 1.113E+06 82.9  S12 3000 0.5 1.344E+05 238.5 

PLATE Q 3000 1.6 2.226E+05 185.3  PLATE Q 3000 0.5 2.687E+04 533.2 

Table 7.1. The calculated current density, J (A.mm-1), the density of the heat dissipation, 
Qp (W.m-3), and the distance, d (mm), to the nearest cooling pipe along radial lines at each 
of the cross-sectional positions (a to l). Each radial line runs from plate P through S0 to 
S12 and ends at plate Q. (The table continues on the next page for positions g to l.) 
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POS. g z(mm)  Qp d  POS. h z(mm) J Qp d 
PLATE P 0 8.4 6.471E+06 34.4  PLATE P 0 5.1 2.330E+06 57.3 

S0 0 8.4 3.236E+07 15.4  S0 0 5.1 1.165E+07 25.6 
S1 131.6 8.3 3.109E+07 15.7  S1 131.6 5.0 1.119E+07 26.1 
S2 392.1 7.8 2.743E+07 16.7  S2 392.1 4.7 9.876E+06 27.8 
S3 652.6 3.8 6.629E+06 33.9  S3 652.6 2.7 3.248E+06 48.5 
S4 915.8 3.7 6.141E+06 35.3  S4 915.8 2.3 2.449E+06 55.8 
S5 1177.6 2.3 2.416E+06 56.2  S5 1177.6 1.5 1.074E+06 84.3 
S6 1439.5 0.5 1.214E+05 250.9  S6 1439.5 0.3 4.460E+04 413.9 
S7 1701.3 1.0 4.568E+05 129.3  S7 1701.3 0.6 1.822E+05 204.8 
S8 1961.8 1.7 1.285E+06 77.1  S8 1961.8 1.1 5.837E+05 114.4 
S9 2223.7 2.9 3.756E+06 45.1  S9 2223.7 1.9 1.575E+06 69.6 

S10 2485.5 3.4 5.280E+06 38.0  S10 2485.5 2.3 2.455E+06 55.8 
S11 2748.7 4.7 1.027E+07 27.3  S11 2748.7 3.2 4.677E+06 40.4 
S12 3000 4.7 1.027E+07 27.3  S12 3000 3.2 4.677E+06 40.4 

PLATE Q 3000 4.7 2.053E+06 61.0  PLATE Q 3000 3.2 9.354E+05 90.4 
                   

POS. i z(mm) J Qp d  POS. j z(mm) J Qp d 
PLATE P 0 4.4 1.762E+06 65.9  PLATE P 0 2.3 5.040E+05 123.1 

S0 0 4.4 8.808E+06 29.5  S0 0 2.3 2.520E+06 55.1 
S1 131.6 4.3 8.462E+06 30.0  S1 131.6 2.3 2.421E+06 56.2 
S2 392.1 4.0 7.468E+06 32.0  S2 392.1 2.1 2.041E+06 61.2 
S3 652.6 2.4 2.529E+06 55.0  S3 652.6 1.3 7.137E+05 103.5 
S4 915.8 2.0 1.827E+06 64.7  S4 915.8 1.0 4.568E+05 129.3 
S5 1177.6 1.3 7.457E+05 101.2  S5 1177.6 0.7 2.360E+05 179.9 
S6 1439.5 0.3 3.163E+04 491.5  S6 1439.5 0.2 1.049E+04 853.6 
S7 1701.3 0.5 1.243E+05 247.9  S7 1701.3 0.3 3.729E+04 452.7 
S8 1961.8 1.0 4.235E+05 134.3  S8 1961.8 0.5 1.340E+05 238.8 
S9 2223.7 1.6 1.112E+06 82.9  S9 2223.7 0.9 3.938E+05 139.3 

S10 2485.5 2.0 1.757E+06 65.9  S10 2485.5 1.1 5.378E+05 119.2 
S11 2748.7 2.8 3.696E+06 45.5  S11 2748.7 1.5 1.012E+06 86.9 
S12 3000 2.8 3.696E+06 45.5  S12 3000 1.5 1.012E+06 86.9 

PLATE Q 3000 2.8 7.391E+05 101.7  PLATE Q 3000 1.5 2.024E+05 194.3 
                   

POS. k z(mm) J Qp d  POS. l z(mm) J Qp d 
PLATE P 0 0.2 5.111E+03 1222.6  PLATE P 0 0.3 9.635E+03 890.5 

S0 0 0.2 2.555E+04 546.8  S0 0 0.3 4.817E+04 398.2 
S1 131.6 0.2 2.455E+04 557.8  S1 131.6 0.3 4.628E+04 406.3 
S2 392.1 0.2 1.365E+04 748.2  S2 392.1 0.4 6.974E+04 331.0 
S3 652.6 0.1 7.679E+03 997.5  S3 652.6 0.4 6.956E+04 331.4 
S4 915.8 0.1 2.722E+03 1675.4  S4 915.8 0.3 4.781E+04 399.8 
S5 1177.6 0.0 1.040E+03 2710.4  S5 1177.6 0.2 1.892E+04 635.4 
S6 1439.5 0.0 1.902E+02 6337.3  S6 1439.5 0.1 1.830E+03 2043.5 
S7 1701.3 0.0 6.463E+02 3438.1  S7 1701.3 0.2 1.169E+04 808.3 
S8 1961.8 0.1 5.186E+03 1213.7  S8 1961.8 0.4 6.125E+04 353.2 
S9 2223.7 0.1 6.010E+03 1127.5  S9 2223.7 0.5 1.378E+05 235.5 

S10 2485.5 0.2 1.311E+04 763.3  S10 2485.5 0.7 2.425E+05 177.5 
S11 2748.7 0.1 6.919E+03 1050.8  S11 2748.7 0.5 1.344E+05 238.5 
S12 3000 0.1 6.919E+03 1050.8  S12 3000 0.5 1.344E+05 238.5 

PLATE Q 3000 0.1 1.384E+03 2349.7  PLATE Q 3000 0.5 2.687E+04 533.2 

Table 7.1. (continued) 
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7.2.1.2    SOPRANO calculations of adjacent pipe distances 

 
The same formulae as above were applied in the post-processor of the SOPRANO 

database to calculate the Q
•

-values and distances to the nearest cooling pipe. The average 

current density, J , and direction of the current at any point on the surface were 

calculated from = ×J n H , where n  is the area vector of the finite-element and H  the 

calculated tangential magnetic field component at that surface element. The results are 

illustrated in figures 7.5(a) and (b), which respectively show the calculated magnetic field 

(black arrows) and current density distribution (red arrows) on a perspective view of the 

rear vertical panel of the resonator. Only a small section of the dee plates and outer 

conductors are shown connected to the rear plate, but the remaining parts of the resonator 

are not shown. The coupling and tuning loops were not included in this calculation. This 

method is convenient for calculating the magnetic field at every finite-element of the 

SOPRANO database and thereby obtain a distribution of Q
•

 over the complete resonator 

surface. 

 

The magnetic field distribution, which is equivalent to the electric current density, is 

highest on the vertical plate of the resonator near injection, where the dee plates connect 

to it, as is shown in figure 7.6 with the top outer conductor removed from the figure. The 

magnetic field distribution on the conducting surfaces with the maximum values on the 

inside of the vertical end plate near extraction is also shown. The magnetic field direction 

is indicated by the arrows on the conductor surfaces. 

 

 

 

 

 

 



 124 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.5(a) and (b). A perspective view of the inside of the rear section of the resonator showing 
that high currents on the surface occur where high magnetic fields are located. The figure at the 
top shows the calculated magnetic field (black arrows) on each of the finite-elements that form the 
conducting surfaces and the bottom figure shows the current density distribution (red arrows) on 
the same selected geometry. The coupling and tuning loops were not included in these 
calculations. The beam entrance acceleration gap is on the left side of each picture. The size of the 
arrows and the colour spectrum indicate the magnitude of the calculated field. Red indicates a 
maximum field strength and blue the least.  
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The result of one such calculation of distance to the nearest cooling pipe is shown in 

figure 7.7. As with the previous figure, only the region where the maximum current 

density is expected is shown. The range for the distances to be displayed on the finite-

element geometry are pre-selected and applied with the post-processing features of the 

SOPRANO database, which then gives a spectrum of distances on the copper surface. 

The spectrum shown in the figure varies between 40 mm (blue) and 200 mm (red). It 

implies that any point in the red region should have a cooling duct within 200 mm from it 

and similarly any point in the blue region should have a cooling duct within 40 mm from 

it, in order to comply with the selected maximum temperature rise of 10 K. This method 

of plotting a selected distance region, permits determination of the distance to the nearest 

cooling duct for any point on the conducting surface of the resonator. 

Figure 7.6. The calculated magnetic field density is highest (red) where the dee plates 
connect to the front end plate, near injection. The upper outer conductor is not shown and 
the arrows indicate the direction of the magnetic field that circulates the dee plates.  

 

 
H 
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The regions outside the limits of the selected colour spectrum (shown in black) will 

require a distance greater than 200 mm to the nearest cooling pipe. These regions can also 

be analyzed by selecting other boundaries for display, as is shown in figures 7.8(a) for the 

full length of the resonator and in 7.8(b) for a view of the vertical plate near extraction. 

With the smallest calculated distance from a point on the surface to the nearest cooling 

pipe to be in the order of 40 mm, is easily attainable with the geometry available. These 

calculated results agree with those obtained with analytic expressions. 

 
Figure 7.7. The required distance from any point on the surface of the copper to the nearest 
cooling pipe, in order to allow a maximum temperature rise of 10 K, is shown as a contour 
spectrum on a part of the FE model for the flat-topping resonator. The pre-selected 
boundaries are from 40 mm (blue) to 200 mm (red).  
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Figure 7.8 (a) and (b). The calculated distance to the nearest cooling pipe, shown over the full length 
of the finite element model of the resonator (picture at the top), for selected limits of 40 mm 
(indicated by blue) and 1200 mm (red). The upper outer conductor plates and some tuning 
components are omitted from the display. In the bottom picture the inside of the vertical plate near 
the extraction orbit can be seen. The areas indicated by the black colour has the lowest calculated 
current densities and will require a cooling pipe at a distance beyond the red scale.  
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7.2.2 The layout of the cooling pipes according to the calculated spacing  
 
 
The calculated distribution of the cooling ducts is shown in figure 7.9 for the outer 

conductor and in figure 7.10 for the dee, which provides more coolant to the conducting 

surfaces than what was calculated for the 10 K limit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The flow of the water through the cooling ducts may cause vibration, which can detune a 

resonator system with a high Q-value and cause amplitude and phase modulation of the 

dee voltage with detrimental effects on the beam quality. The vibrations caused by water 

flow can be minimized by keeping the water velocity below 2 m.s-1 and by rigidly fixing 

the pipes to the conducting surfaces. The pipes leading to and from the cooling pipes 

fixed to the resonator surfaces, are positioned in regions of low magnetic field to prevent 

the induction of electro-magnetic forces in the loops formed by the pipes and conductor 

Figure 7.9. A drawing of the flat-topping resonator with its cooling pipe 
distribution on the outer conductors and end plate near the injection orbit, 
mounted on its pods and with the vacuum chamber flange at the back. 
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surfaces. These pipes are also bent away from the copper surface to minimize the transfer 

of vibration to the resonator. 

 

The cooling pipes were first tack-welded and then soft soldered to the conducting 

surfaces, except in regions of high electric fields where hard soldering was used to 

prevent sputtering. Soft solder has a high surface resistance and tends to sputter in 

regions of high electric fields and will deposit a thin layer on the conducting surfaces, 

which will increase the power dissipation in the resonator. 
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Figure 7.10. The cooling ducts on the inside of the dee.
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CHAPTER 8 
 

CONTEXTUAL REVIEW OF THE DOUBLE-GAP 
HORIZONTAL HALF-WAVE FLAT-TOPPING 

RESONATOR 
 
The double-gap horizontal half-wave resonator type that was implemented with the SSC 

at iThemba LABS, is a novel design and therefore required a thorough study of its 

characteristics. The flat-topping resonators in operation at cyclotrons around the world 

are listed in table 8.1.  
 

Table 8.1. The flat-topping resonator types in operation with cyclotrons around the world. 

COUNTRY LOCATION CYCLOTRON FLAT-TOPPING RESONATOR TYPE 

CANADA Vancouver TRIUMF auxiliary quarter-wave rectangular transmission line 

Osaka (RCNP) AVF Cyclotron 1x quarter-wave coaxial 

Osaka (RCNP) Ring Cyclotron 1x single-gap cavity 

Saitama (RIKEN) RRC 1x single-gap cavity 

Saitama (RIKEN) fRC 1x single-gap cavity 

Saitama (RIKEN) IRC 1x single-gap cavity 

Saitama (RIKEN) SRC 1x single-gap cavity 

JAPAN 

Saitama (RIKEN) AVF Cyclotron 1x quarter-wave coaxial 

iThemba LABS SPC1 1x quarter-wave coaxial SOUTH 
AFRICA iThemba LABS SSC  1x double-gap horizontal half-wave 

Villigen (PSI) Injector 2  2x single-gap cavities SWITZER    
LAND Villigen (PSI) Ring Cyclotron 1x single-gap cavity 

 

Like all the other flat-topping resonator types, the selected type of resonator will also 

reduce the energy spread that is acquired during the acceleration of the beam. Though, it 

has the unique advantage above the other types, that it does not reduce the orbit 

separation at the injection and extraction orbits, which are the most critical orbits in a 

cyclotron, both for determining the quality of the extracted beam and from an operational 

point of view. The combined effect of the reduction in energy spread and maintaining the 
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orbit separation at injection and extraction will ensure a beam of highly improved quality. 

Consequently it will be possible to accelerate beams of much higher intensity and with a 

reduced chance of unnecessary activation of accelerator components. 

 

The choice of resonator type was determined, amongst others, by physical factors such as 

the available space in the existing vacuum chambers and access to components of the 

resonator for remote control, but the important considerations from an electromagnetic 

and beam dynamics point of view were the relative simplicity of the system and the fact 

that the orbit separation in the cyclotron is unaffected at injection and extraction.  

 

The option of instituting an acceleration voltage that has the main and flat-topping 

voltages both superimposed on the main resonator, as in the case of the SPC1, was not 

used because this method is applied in cyclotrons only when the available space prevents 

the implementation of a dedicated separate resonator. The separated-sector magnets of 

the SSC and the existing vacuum chambers allow enough space to have a separate 

resonator that can be operated independently from the main resonators.  

 

The single-gap, cavity-type flat-topping resonator [Bis79] is used in cyclotrons where the 

space between the sector magnets is very restricted, like in high energy machines where 

many sectors of spiraled contour shape is used. This type was ruled out for the SSC 

because the dimensions of such a resonator for the required resonance frequency implied 

the costly manufacturing of a new vacuum chamber for the cyclotron. Apart from the cost 

it will also require that the present accelerator schedule is halted for a few months, which 

is unacceptable. Its power consumption will also be relatively high if compared with 

double-gap resonators of similar design. The design of the selected type permitted the 

installation of the complete assembled resonator through one of the ports of the vacuum 

chamber. It was done during a normal service period and therefore did not affect the 

operational schedule at all. 

 

The double-gap vertical half-wave type of resonator, which is often used in cyclotrons 

[Rog84], is very useful for its ability to be adjusted over a relative wide frequency range. 
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Though calculations showed that its established radial voltage distribution is very 

sensitive for the geometry of the electrodes and will require the building of a model with 

several iterations of geometric adjustments to ensure that the requirements are met. The 

manufacturing tolerances will be of a higher order than for other types. Such a resonator 

will also have to be assembled inside the vacuum chamber, because it will be too high to 

fit through the entrance port.  

 

The horizontal quarter-wave flat-topping resonator is a type that could be considered, 

though it will reduce the orbit separation at extraction and have higher power 

consumption than the selected horizontal half-wave resonator. 

 

The voltage distribution in our design has a simple half-wave sine structure with its nodes 

fixed at the radial extremities of the resonator. The near zero voltages in the regions of 

the most important orbits in the SSC, injection and extraction, are advantageous for the 

orbit separation and from an operational viewpoint. The set procedures of injecting and 

extracting the beam is not affected and therefore will not require any changes to the 

existing diagnostic equipment that are located on these orbits. The main disadvantage of 

the chosen type of resonator is that the beam width is not a minimum everywhere along a 

radial line in the cyclotron, due to the fact that the voltage distributions of the flat-topping 

and main resonators do not match. The beam may cross betatron resonances in the 

cyclotron and subsequently cause severe blow-up of the beam, which will be worse for a 

broad beam. However, in the case of the SSC at iThemba LABS, the beam width is a 

minimum when it crosses the νx = νz resonance. The resonance frequency of our 

resonator is fixed for a specific energy only, but in principle it can be adapted to 

accommodate other resonance frequencies as well. 

 

 

 

 

 

     -o-O-o- 
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CHAPTER 9 
 

SUMMARY AND CONCLUSIONS 
 

 
The beam intensity of the 66 MeV proton beam, accelerated at an rf frequency of 16.373 

MHz, was limited to 150 µA by beam losses at extraction in the separated-sector 

cyclotron. The maximum beam intensity that can be obtained from the injector cyclotron 

SPC1 is 320 µA, as was originally designed. At this intensity, in SPC1, the effect of 

longitudinal space-charge forces is noticeable and an increase in the internal beam 

intensity does not lead to an increase in the external beam current. Longer beam pulses 

and higher intensities, up to 600 µA, are now available from SPC1, since a flat-topping 

system has been installed in SPC1. To limit the energy spread acquired in the SSC, with 

the long beam pulses now available from SPC1, a flat-topping system for the SSC is 

required. Various types of resonators were considered and their respective effects on the 

beam were studied. This led to the selection of a horizontal half-wave resonator for the 

SSC. The choice was determined, amongst others, by physical factors such as the 

available space in the existing vacuum chambers and access to components of the 

resonator for remote control. Important considerations from an electromagnetic and beam 

dynamics point of view were the relative simplicity of the system and the fact that the 

orbit separation in the SSC is unaffected at injection and extraction. Extraction will be 

much easier, because of the reduced energy spread in the beam at extraction. 

 
The upgrading of the SSC to provide higher beam intensities for the 66 MeV proton 

beam required the studying of the major factors that influence the quality and intensity of 

the beam. The flat-topping of dee voltage has already been well established at several 

accelerators around the world, though the selected type of resonator for the flat-topping 

of the SSC has never been implemented in a cyclotron before and therefore required a 

thorough design study.  

 

The resonator operates at the third harmonic of the main rf, 49.12 MHz, to obtain 

maximum reduction of energy spread in the beam. The second harmonic could not be 
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used due to the size of the required resonator and the physical constraints of the available 

space. Beam bunches with a length of about 50 rf-degrees can now be accelerated for the 

same energy spread as before. 

 
The improved beam characteristics that can be expected from the implementation of such 

a flat-topping system were also calculated with a spreadsheet program using the hard-

edge formulation for the SSC. The energy spread at extraction will reduce from 0.54 

MeV to 0.014 MeV for an initial beam bunch of 15 rf-degrees. The orbit separation at 

extraction will change from 8.5 mm to 21.3 mm. Even increasing the injection phase 

length to 30 rf degrees will have an energy spread of only 0.029 MeV and a similar beam 

separation at extraction. The additional beam width due to the energy spread will change 

from 13.4 mm to 0.34 mm and to 0.72 for the respective cases.  

 
It was shown that with adjustments of flat-topping dee voltage phase, the first order 

effects of the longitudinal space-charge effect, that are of importance at high beam 

intensity beams can be compensated for. 

 
The use of the transmission line method with a division of the resonator in segments 

again proved its worth in determining the approximate resonator characteristics. The 

computer program POISSON for 2d finite-element numerical field analysis was used to 

find the characteristic impedances of the segments by careful selection of boundary 

conditions on each segment to create curvilinear squares, from which the calculations 

were done. Since the resonator is a complex 3d structure, the characteristics of the 

resonator were calculated to a higher order of accuracy by use of a commercial computer 

program, SOPRANO, for numerical field analysis with finite elements. The versatility 

and accuracy of the latter method proved to be indispensable for detailed insight. Once a 

finite-element model of the resonator is created, changes to the dimensions and shape are 

relatively easy to implement, which permits a high turn-over of calculations. Simulating 

other known geometries and the comparison of the calculated and measured results for 

the half-scale resonator, confirmed both the accuracy of the mathematical codes used by 

the software and the discretisation strategy that was followed for the full-scale resonator. 
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A method was found to shift an inherent unwanted resonance in the resonator away from 

the desired frequency. 

 

The distribution of the cooling pipes for the resonator was calculated. 

 

The coupling and tuning loops as well as capacitors were studied and their characteristics 

calculated. In retrospect symmetrical coupling and tuning components with respect to the 

median plane should have been considered at an early stage in the design of the resonator 

or remotely adjustable tuning capacitors from outside the vacuum system should have 

been used to optimize the Q-value and minimize the power dissipation. Both these 

options would however have complicated the design and construction of the resonator. 

 

The resonator was built, commissioned and successfully tested with beam. 

 

With the completion of the second buncher for the transfer beam line and the high 

intensity target stations, iThemba LABS will be in a position to increase its production of 

radioisotopes. The better quality of the flat-topped 66 MeV proton beam can be utilized 

for the neutron therapy beam as well. 

 

Beam intensities of 200 µA have been extracted from the SSC with the flat-topping 

system in operation at full power. The resonator operates according to expectations and is 

stable at full power. The coupling and tuning loops function without any problems. 

Further tests and optimization are required to obtain the expected beam intensity of about 

500 µA. 

 

Finally, it can now be stated that the first-ever horizontal half-wave flat-topping resonator 

has been successfully implemented in a cyclotron. 

 

 

-o-O-o- 
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APPENDIX A 
 

BASIC FLAT-TOPPING PRINCIPLES 
 

 

A.1 THE HARMONIC NUMBERS OF A CYCLOTRON 
 

In some cyclotrons the orbital frequency, pf , of the ions is the same as the frequency, 

df , of the dee voltage. This is often, but not always, the case. For continuous beam 

delivery there must be a fixed relationship between the frequencies and orbital periods, in 

fact they have to be integer multiples of each other.  The ratio between the rf frequency 

and the particle frequency is called the harmonic number, h: 

 

/ / 1,2,3, 4,...d p p dh f f hτ τ= = =   (A.1) 

with andd pτ τ the rf and orbital periods, respectively. 

 

The choice of a harmonic number depends not only on practical considerations such as 

the available frequency range of the RF system but also the shape of the dees, and more 

particularly the angles which the dees subtend at the center of the machine.  All the 

harmonic numbers are not permissible for a given dee angle. For some harmonic 

numbers, so called dead harmonics, acceleration is not possible. Closely related to the 

harmonic number of a cyclotron is the number of dees and the phase difference, if any, 

between the dee voltages. Many combinations of these parameters are used. Only 

cyclotrons with two dees are discussed here. In this special case, which applies to the 

three cyclotrons at Faure, the following rules apply [Bot04b]: 

 
For uneven harmonic numbers the dee voltages have to be 180° out of phase, since after 

half a turn, from the entrance to the first dee, the voltage on the second dee must have the 

same polarity as that which the first dee had when the ion entered it. Also with an uneven 

harmonic number an uneven number of RF half-periods have elapsed during the time 

interval that the ion moved from the entrance of the first dee to the entrance of the second 
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dee, with the consequence that the phase of the voltage on the second dee has to be 180° 

out of phase with the first for acceleration. This is illustrated in figure A1. 
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Figure A1. Uneven harmonic numbers h=1 (left) and h=3 (right) and 180° dees with the dee voltages 
180° out of phase. 
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For 180° dees only uneven harmonic numbers will lead to acceleration, because with an 

even harmonic number the dee voltage would have the same polarity when the ion leaves 

the dee as when it entered it since in this case a full number of RF periods have elapsed 

during the time that the particle traversed the dee. If an uneven harmonic is used, as it 

should be, an uneven number of half periods would have elapsed while the ion traversed 

the dee and the polarity of the dee voltage would be the opposite of what it was when the 

ion entered the dee. Acceleration therefore takes place as the particle leaves the first dee 

and enters the second dee. In summary: for acceleration an ion has to traverse a dee in an 

uneven number of RF half periods and it takes half an orbital period to move through a 

180° dee. The harmonic number has therefore to be uneven. 

 
For even harmonic numbers the dee voltages have to be in phase, since after half a turn, 

from the entrance to the first dee, the voltage on the second dee must have the same 

polarity as that which the first dee had when the ion entered it, but with an even harmonic 

number an even number of RF half-periods (a full number of RF periods) have elapsed 

during the time interval that the ion moved from the entrance of the first dee to the 

entrance of the second dee, with the consequence that the phase of the voltage on the 

second dee has to be the same as that of the first dee to be ready for acceleration. This is 

illustrated in figures A2 and A3. 

 

For 90° dees only even harmonic numbers will lead to acceleration, because with an 

uneven harmonic number (such as h=1 for instance) the dee voltage would have the same 

polarity when the ion leaves the dee as when it entered it, since in this case an uneven 

number of quarter RF periods have elapsed during the time that the ion traversed the dee. 

Though not all even harmonic numbers, like h=4, will result in acceleration. 
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Figure A2. Even 
harmonic number 
h=2 with two 90° 
dees and with the 
dee voltages in 
phase, as in SPC1 
and SPC2.  

Figure A3. Even 
harmonic number 
h=6 with two 90° 
dees and with the 
dee voltages in 
phase, as in SPC1 
and SPC2. 
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If an even harmonic is used an uneven number of half periods has to elapse while the ion 

traverses the dee and the polarity of the dee voltage would now be the opposite of what it 

was when the ion entered the dee, for h=2 and h=6, but not for h=4. Acceleration 

therefore takes place as the particle leaves the first dee. In summary: for acceleration an 

ion has to traverse a dee in an uneven number of rf half periods and it takes a quarter of 

an orbital period to move through a 90° dee. The harmonic number has therefore to be at 

least two. A harmonic number of four means four quarter-periods or two full RF periods, 

for the ion inside the dee, and are therefore not suitable for acceleration. A harmonic 

number of six implies that the ions will spend six quarter RF periods, i.e. three half 

periods, inside the dee and that satisfies the condition for acceleration. 

 
The dee shapes of the separated-sector cyclotron at Faure are shown in figure A4. 
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Figure A4. Acceleration in the separated-sector cyclotron with harmonic number 4. 
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A.2 BEAM QUALITY WITH A FLAT-TOPPING RESONATOR 
OPERATING AT THE 3rd HARMONIC 

 

A.2.1 Harmonic number 
 

For an orbital frequency pf  and harmonic number, h, with the main and flat-topping 

resonators operating at frequencies, mf  and nf , respectively, the relation between these 

parameters are given by: 

n m pf n f nh f= = ,     (A.2) 

with n the harmonic number of the flat-topping resonator. 
 

A.2.2 Flat-topping voltage 
 

A harmonic voltage of suitable amplitude and phase is added to the main accelerating 

voltage, which results in a waveform with a flat top. This is the flat-topped voltage that is 

used to accelerate the beam. The principle is illustrated by adding the 3rd harmonic 

voltage to the main accelerating voltage for one rf cycle as shown in figure A5. 
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Figure A5. Addition of a 3rd harmonic voltage of suitable amplitude to one cycle of the 
main dee voltage, to obtain an effective flat-topped voltage for acceleration of the beam. 
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A.2.3 Energy gain per turn 
 

The energy gained by a particle during one revolution at radius r in a cyclotron, is given 

by: 

[ ] [ ] [ ] ( )cos cosp p m nE h Q V r h Q V r h n Q V r nκ θ η θ= = +   (A.3) 

 

with h = the harmonic number at which the cyclotron is operated,  

n = the harmonic number of the flat-topping frequency, 

Q = the charge state of the ion 

[ ]pV r = total acceleration voltage per revolution, 

[ ]mV r = amplitude of the main rf voltage, 

[ ]nV r = amplitude of the flat-topping rf voltage, 

θ = phase angle between particle and main rf voltage 

 κ =  the number of acceleration gaps in the main resonator 

 η = the number of acceleration gaps in the flat-topping resonator. 

 

A.2.4 Energy spread 
 

The particles in a beam bunch do not traverse an acceleration gap in a cyclotron at the 

same instant and are therefore not accelerated at the same phase angle of the dee voltage. 

This leads to an energy spread in the beam, determined by the maximum difference in 

applied acceleration voltage to any two particles in the bunch. The flat-topping system 

will allow the use of longer beam bunches and reduce the energy spread in the beam for a 

given bunch length, as is illustrated in figures A6(a) and A6(b) for n = 3. The optimum 

shape of the flat-topped wave is obtained when 
2

2
pd V

dθ
= 0 at 0θ = o , which implies that 

[ ] [ ]2n mV r V r
n
κ

η
= − . This reduced energy gain at the acceleration gap can be 

compensated for by an increase in the main dee voltage or by allowing more turns in the 

cyclotron, i.e. more crossings of acceleration gaps. 
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Figure A6(b). Higher beam intensities can be 
accelerated by using a longer phase length, nθ∆ , with 
the flat-topping system and still have less energy spread 
than that obtained without flat-topping. 

Figure A6(a). A beam bunch with a phase length of θ∆  
rf-degrees is shown superimposed on the dee voltage, 
with and without flat-topping. The energy spread in the 
beam is determined by the maximum difference in the dee 
voltage at the acceleration gap, which is nξ  and mξ , 
respectively, for the two conditions. 
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A.3 AZIMUTHAL ANGLE OF FLAT-TOPPING RESONATOR 
 
The azimuthal angle, α , subtended between the center-lines of the two acceleration gaps, 

for a given particle energy, can be selected from a range of possible values to best suit the 

required harmonic frequency and the geometric and power specifications. The largest 

useful phase range for any given energy spread can be obtained with a harmonic 

frequency of double the main frequency [Joh68a], but the angle and radial length 

available for the resonator also determine the harmonic number that can be used.  
 
The azimuthal position of a resonator has to be such that the center-lines of the two 

acceleration gaps are symmetric w.r.t. a radial line from the center of the cyclotron, as is 

schematically shown in figure A7. 

 

 

 

 

 

 

 

The flat-topping voltage changes phase during the time in which a particle traverses the 

double-gap resonator with an angle of α  subtended between its two acceleration gaps. 

The time the particle takes to traverse the flat-topping resonator, from the center of the 

first to the center of the last acceleration gap, must be equal to an uneven number of half-

periods of the harmonic frequency, in order to ensure in-phase crossing of the particles at 

the peak value of the voltage. If the time is equal to an even number of half-periods 

between the acceleration gaps will result in no acceleration. The azimuthal path length, L, 

between the centers of the entrance and exit gaps, over which the uneven number of half-

periods of the flat-topping resonator voltage elapses during the crossing of a particle, 

therefore has to be: 

(2 1) v , 1,2,3,...
2 n

mL m
f
−

= = ,    (A.4) 

with v the speed of the particle on the orbit.  

Figure A7. Alignment of the flat-topping resonator. 
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The azimuthal angle of the resonator is:  

( )
( )

(2 1)
2arctan

2
e i

e i

m L L
α

ρ ρ

 − −
=   − 

, 

     ( )
(2 1)or 2arctan
2

e

e f

m L
α

ρ ρ

 − =
 − 

,  

     
( )

(2 1)or 2arctan
2

i

i f

m L
α

ρ ρ

 − =
 − 

,    (A.5) 

with Le and Li the path lengths inside the resonator, and eρ and iρ  orbital radii on the 

center line of the resonator, at extraction and injection, respectively, and ρf  the radial 

position of the intersection of the center-lines of the acceleration gaps, as shown in 

figures A7 and A8.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The calculated azimuthal angles of such a flat-topping resonator for different harmonic 

numbers and the uneven number of half-periods that are associated with the distance 

traveled by the particle through the resonator, are shown in figure A9. 

 

 

Figure A8. The resonator angle for a given harmonic number can be determined 
from the orbital parameters and the particle speed on the two indicated orbits. 
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Figure A9. The calculated azimuthal angles of such a flat-topping resonator for 
different harmonic numbers of the fundamental frequency and different numbers of 
half-periods that are associated with the distance traveled by the particle through the 
resonator for acceleration. 
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APPENDIX B 
 
HARD-EDGE FORMULAE FOR THE SEPARATED- 
SECTOR CYCLOTRON AT iTHEMBA LABS 
 
The definitions of geometrical parameters used in the hard-edge formulae that apply to a 

single orbit in a separated-sector cyclotron with a magnet sector-angle of 2α , are shown 

figure B1, with the center of the cyclotron at O [Bot88]. The figure represents one half of 

one sector and one half valley of the cyclotron. Particle M moves along an orbit path 

VDK, with VD  the linear path in the valley region and arc DK  the circular path in the 

sector magnet. The distance of the particle from the cyclotron center is R inside the valley 

region, varying from the shortest distance, L in the middle of the valley to OD at the edge 

of the magnet sector. The radius of curvature in the magnet is ρ  and the maximum 

distance from the cyclotron centre, OK , is at the middle of the sector magnet and is also 

called the hill radius HR . 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure B1. The geometric parameters in the SSC used for deriving the hard-edge formulae. 
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The following relations can now be derived: 
 

( )tan 45VD
L

α= ° − ,      (B.1) 
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The hill radius, HR OC ρ= + , can also be expressed as: 
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The radius of curvature in the sector magnet is given by: 
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The distance from the center of the cyclotron to the center of radius of curvature is given 
by: 
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The radial distance from the center of the cyclotron to the orbit at the edge of the sector 
magnet is given by: 
 

( )

sin135 ,
sin

sin ,
sin 45

OD

OC

ρ
α

α
α

° =  
 

 
=  ° − 

 

( )

( )

( )

1 ,
cos 45

sin sin135 ,
sin 45 sin sin

sin135 .
sin 45 sin

H

H

L

R

R

α

α
α α α

α α

 
=  ° − 

  ° =   ° − +   

 °
=  ° − + 

 

 
 
 
 
The minimum distance from the cyclotron center, the valley ‘radius’, L,  is: 
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The total length of an orbit is given by: 
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Constant ratios apply to several of these parameters. In the SSC, with a sector angle of 
2 34α = ° , the hill-radius ratios are given by: 
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and the length of an orbit is given by: 
 

7.196BL L=  
     5.8974 HR=  . 
 
In a cyclotron with harmonic number h and frequency frf of the main resonator, the 
kinetic energy T of a particle with rest energy E0 is obtained from: 
 

the velocity of the particle is 
7.196

v rfL f
h

= , 

 

the relativistic velocity is 
7.196v rfL f

c hc
β = = . 

 
The kinetic energy of the particle is given by: 
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−

−

 = − −  

    = − −       

    = − −       

 

 
The length of any orbit is: 
 

1
22

0

0

1B
hc EL
f E T

−
  
 = −   +  

.      

 
 
The injection and extraction orbit lengths, Li and Le, at respective proton energies of 3.14 
and 66 MeV in the SSC, operating at 16.3736 MHz and with harmonic number 4, are: 
 

 iL = 5.9765 m 
 

 eL = 26.1113 m. 
 
 

-o-O-o- 

(B.35) 

(B.36) 

(B.37) 

(B.38) 

(B.39) 

(B.40) 
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APPENDIX C 
 

A SPREADSHEET PROGRAM TO CALCULATE 
THE ENERGY SPREAD AND RADIAL BEAM 
WIDTH OF THE BEAM IN THE SSC, USING THE 
HARD-EDGE FORMULATION. 
 
 
C.1 INTRODUCTION 
 
Acceleration with a sinusoidal accelerating voltage in a cyclotron introduces energy 

spread into the beam and consequent radial broadening of the beam. The orbit 

separation at extraction is therefore decreased and the beam quality deteriorates. It is 

essential to have these turns separated at extraction to ensure a beam of good quality 

to the user and to prevent activation and possible overheating and damage to the 

extraction components. The pulse selector in the SSC also only works with single-turn 

extraction. The beam and orbit separation and the radial broadening are schematically 

illustrated in figure C1. The area in grey represents the intrinsic beam width, due to its 

finite emittance, and the shaded area the tail of beam, that developed due to the 

energy spread in a beam bunch. 
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Figure C1. A schematic representation of the orbit separation, which is the distance 
between two successive orbits; the beam separation, which is the gap between two orbits 
and the beam width due to the energy spread, that is added to the intrinsic beam width.  
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The energy spread in the beam and the resulting increase in the beam in the SSC, with 

and without a 3rd harmonic double gap horizontal half-wave flat-topping resonator, 

was calculated by implementing the hard-edge values of the cyclotron in a computer 

program. These calculations were done at the azimuthal position in the middle of a 

valley and scaled to obtain the corresponding values at the middle of the sector 

magnet (hill). In the model it is assumed that the magnetic field is isochronous. The 

bunch of particles is represented by three particles: the central one, which is 

accelerated at the peak of the main dee voltage, accompanied by one on either side of 

the peak of the dee voltage.  

 

A beam of zero initial inherent width and typical injection conditions for a final 

energy of 66 MeV protons are used as the initial parameters to begin the calculations 

on the injection orbit. The results for each orbit are used as the starting conditions to 

calculate values for the next orbit and the process is repeated until the extraction orbit 

is reached. Calculation of the change in energy spread and accompanying beam width 

as the beam progresses from injection to extraction, requires that the energy of each of 

the three particles are calculated for every orbit. 

 

The program also provides means to calculate the effect of a positional error in 

placement of the resonator position on the injection orbit. 

 

C.2 THE EXPRESSIONS USED FOR THE CALCULATION 
 

The gain in kinetic energy per turn with a double-gap flat-topping resonator, operating 

at the nth harmonic number of the main resonator frequency, with 4 acceleration gaps, 

is given by: 

 

       ( ) ( )4 cos 2 cosd fT QV QV n nφ θ ϕ θ∆ = + ∆ − + ∆  (C.1) 

 

with Vd the main dee voltage, Vf the flat-topping dee voltage, Q the charge on the 

particle, φ the phase angle of the beam w.r.t. the main dees, ϕ the phase angle of the 

beam w.r.t. the phase of the flat-topping dee voltage and ∆θ the phase length of the 
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beam bunch. All phase angles are in terms of main dee voltage rf-degrees. Without a 

flat-topping system the second term becomes zero. 

 

The energy spread in a cyclotron without flat-topping is given by: 

 

  1 cos
2

E
E

θ∆ ∆
= − ,     (C.2) 

 

with E the energy of a particle at the center of the bunch. The energy spread in a 

cyclotron with flat-topping using the nth harmonic of the main frequency, can be 

calculated from:  

 

   
2

2 2 2

1 11 cos cos
1 2 2

E n n
E n n n

θ θ ∆  ∆ ∆  = − − +     −    
. (C.3) 

 

The increase in the radial beam width due to the energy spread, ,R∆  on a specific 

orbit in the cyclotron is directly proportional to the energy spread and is given by: 

    
( 1)

R ER
Eγ γ

∆
∆ =

+
,    (C.4) 

   

with R  the radius of that orbit and γ the ratio of total energy to the rest energy. In the 

non-relativistic case the increase in radial beam width becomes: 

       
2

R ER
E
∆

∆ = .    (C.5) 

The orbit separation is calculated as the distance between the radii of the central 

particle on two adjacent orbits. The radial position of a particle on any orbit in a 

cyclotron is not constant and has its maximum at the azimuthal center of each sector 

magnet and the minimum radial position at azimuthal center of the valleys between 

the sector magnets. The radial position and the beam width, due to the energy spread 

in the beam, do not only change from orbit to orbit, but also along an orbit. With flat-

topping the orbit separation will in general decrease, but the decrease in the radial 

width is much larger. 
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The beam separation between any two successive turns in a cyclotron is mainly of 

importance at the injection and extraction orbits in a cyclotron where the septa of the 

injection and extraction components are inserted between adjacent orbits. 

 

 

C.3 THE INPUT PARAMETERS FOR THE PROGRAM 

 

The input parameters are given in table C.1(a-f) below for the respective groups of 

particle, cyclotron geometry, main rf, flat-topping rf, beam bunch size and positional 

error. Some obvious parameters like the universal constants (e.g. c = speed of light) 

are not shown. 

 

 

Table C.1a : PARTICLE proton    

Charge Q 1.6x10-19 C 

Mass Mp 1.67262x10-27 kg 

Rest energy E0 938.27234 MeV 

Kinetic energy at injection Ei 3.1484 MeV 

Kinetic energy at extraction Ee 66.0 MeV 

Beta at injection βi 8.17x10-2  

Beta at extraction βe 3.57x10-1  

Table C.1b : SSC    

Harmonic number h 4  

Magnet sector angle α 34 deg 

Valley radius injection orbit Rvi 0.852 m 

Valley radius extraction orbit Rve 3.620 m 

Length of orbit / valley radius Lorb/Rv 7.196  

Radius hill / radius valley Rh/Rv 1.220  
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Table C.1c : Main RF    

Frequency of the rf frf 16.3736 MHz 

Frequency of the particle fd 4.093 MHz 

Main dee voltage at injection Vdi 180000 V 

Main dee voltage at extraction Vde 220000 V 

Phase difference to the beam at injection φi 0 Rf rad 

Phase difference to the beam at extraction e 0 Rf rad 

Table C.1d : Flat topping RF    

Frequency of flat topping rf  ff 49.1 MHz 

Peak voltage (use sinusoidal distribution) Vf 0 or 72.3 kV 

Phase difference to beam at extraction e 0 Rf rad 

Phase difference to beam at injection i 0 Rf rad 

    

Table C.1e : Beam Bunch    

Phase of the lagging particle with respect to 

the main dee phase 
r -Y Rf rad 

Phase of the central particle with respect to 

the main dee phase 
c 0 Rf rad 

Phase of the leading particle with respect to 

the main dee phase 
l +X Rf rad 

Table C.1f : Positional Error    

Positional error on injection orbit Aerr 0 mm 
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C.4 THE CALCULATION PROCEDURE 
 

The three particles that represent the particle bunch will each gain an amount of 

energy as it progresses from orbit k to orbit k+1. The following equations are 

applicable to the “central” particle only, but calculations for the other two are done 

with the appropriate substitution of their phases and positional parameters. 

 

A linear dee gradient in the dee voltage is assumed, using the selected voltage values 

at the injection and extraction orbit radii. The main dee voltage at the k-th orbit 

linearly scaled with the radial position is given by: 

 

( )v
v v

e i
ii kk e i

V Vd dV V R Rvd d R R

− 
 = + −
 −
 

 (C.6) 

 

and, similarly, to include a phase history of the particles, the phase of the main rf at 

the k-th orbit is given by: 

 

( )v v
v v

k i ik
e i

e iR R
R R

φ φ
φ φ

 −
 = + −

− 
 

  (C.7) 

 

The flat-topping voltage, which is zero at the injection and extraction orbits, varies 

sinusoidally with radius in between, and is given by: 

 

v v
sin

v vi

ik
k e

R R
V Vf f R R

π
 −
 =
 −
 

   (C.8) 

 

for the k-th orbit and the phase of the flat-topping resonator w.r.t. the phase of the 

beam is: 

( )v v
v vik

e i

e iR Rik R R
ϕ ϕ

ϕ ϕ
 
 −
 
 

−
= +

−
 (C.9) 
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The kinetic energy, E, of the central particle at orbit k+1 is then given by: 

 

( )4 cos( ) 2 cos 3 31 k k
T T QV QVc ck k d k f kφ θ ϕ θ= + + − ++ .  (C.10) 

 

The beam width is calculated from the radial positions of the three representative 

particles in the bunch and the orbit and beam separations are calculated from the 

particle positions at two adjacent turns. The beam width is the maximum difference in 

radial position of any two of the three particles. The orbit separation is the radial 

distance between the central particles of two successive turns, and the beam 

separation is the radial distance between the particle at the largest radius and the 

particle on the next turn at the smallest radius, all at the same azimuthal position.  

 

The energy spread, the additional beam width due to the energy spread, as well as the 

orbit and beam separations can now be calculated at the center of the valley for every 

orbit from injection to extraction. Combinations of voltages and bunch lengths can be 

used to calculate and compare the beam characteristics, with and without flat-topping. 

 

 

C.5 EXAMPLE 
 

The results for an orbital radius of 3.62 m in the middle of the valley for phase lengths 

of 15 and 30 rf-degrees, are summarized in table C.2. The complete sets of variables 

that were used in the calculation are listed in tables C.1(a-f). 
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 164

Table C.2: Calculated energy spread and beam widths with and without flat-
topping using the hard-edge formulae. The variables that were used in the 
calculation are listed in tables C.1(a-f). 

 
 

The energy spread at extraction decreases significantly from 0.54 MeV to 0.014 MeV 

for a bunch length of 15 rf-degrees with flat-topping. Even for a bunch length of 30 

rf-degrees, the energy spread is only 0.029 MeV with flat-topping. The additional 

beam width due to the energy spread also reduces significantly from about 13 mm to a 

fraction of a millimeter for both beam bunch lengths of 15 and 30 rf-degrees. The 

orbit separation remains practically unchanged, but the beam separation increases 

from 8.5 mm to about 21 mm with flat-topping. 
 

The calculated energy spread and additional beam width due to the energy spread, for 

the same initial conditions of flat-topping voltages and particle phases as above, are 

shown in figures C2(a-c) on the center line of a valley. The latter is also shown on the 

center-line of a hill. Similarly the energy spread is shown together with the beam 

separation in figures C3(a-c). In all these cases the energy difference between the 

central and lagging particle is exactly the same as between that of the central and 

leading particle. 
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0 -7.5 0 7.5 0.54 13.4 21.9 8.5 C.2a, C.3a 

72.3 -7.5 0 7.5 0.014 0.34 21.8 21.3 C.2b, C.3b 

72.3 -15 0 15 0.029 0.72 21.8 21.1 C.2c, C.3c 
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Figure C2(a). Calculated energy spread and additional beam width, due 
to the energy spread, along a radial line in the SSC for a 66 MeV proton 
beam with a beam bunch of 15 rf degrees, without flat-topping, at the 
azimuthal position in the middle of a valley, using the hard-edge 
formalism and assuming that the magnetic field is isochronous. An 
extraction radius of 3.62 m was used in the calculations. 

Figure C2(b). The same calculated parameters and conditions as in figure 
C2(a) but for a flat-topping voltage of 72.3 kV. 
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Figure C2(c). The same calculated parameters and conditions as in 
figure C2(b) but for a much larger bunch length of 30 rf degrees, with 
still an acceptable energy spread and beam width. 

Figure C3(a). Calculated energy spread and beam and orbit separation, 
due to the energy spread, along a radial line in the SSC for a 66 MeV 
proton beam with a beam bunch of 15 rf degrees, without flat-topping, 
at the azimuthal position in the middle of a valley, using the hard-edge 
formalism and assuming that the magnetic field is isochronous. An 
extraction radius of 3.62 m was used in the calculations. 
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Figure C3(b). The same calculated parameters and conditions as in 
figure C3(a) but for a flat-topping voltage of 72.3 kV. 

Figure C3(c). The same calculated parameters and conditions as in 
figure C3(b) but for a much larger bunch length of 30 rf degrees, with 
still an acceptable energy spread and beam width. 
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APPENDIX D 
 

CANCELLING OF THE LONGITUDINAL SPACE-
CHARGE EFFECTS IN THE BEAM 

 

 

D.1  INTRODUCTION 
 

Due to longitudinal space-charge (LSC) forces in a high-intensity beam the energy spread 

in the beam is increased and consequently the turn separation at extraction decrease and 

may cause overlapping of adjacent turns. To ensure single-turn extraction these forces 

have to be compensated [Joh68a]. The quantitative analysis of longitudinal space-charge 

effects is complex since the forces between the particles in the beam bunch, the particles 

in the adjacent beam bunches on a radial line, as well as the mirror charges in the 

resonator electrodes and the vacuum chambers have to be taken into account. The shape 

and length of the beam bunches vary from injection to extraction, even if space-charge 

forces are not taken into account 
 

The azimuthal electric field component, θε , across a beam bunch of phase length, δθ , 

due to space-charge forces can be written as [Joh68a]: 
2

1 0 2 0( ) ( ) ...θ κ φ φ κ φ φε = − + − + ,    (D.1) 

 where 0φ    = the phase of the central particle in a symmetric bunch, 

1 2 2
0 0 max

8 totI n
R

κ
ε ω δθ

≈ ,       (D.2) 

I     = the beam current, 

totn =  total number of revolutions, 

maxR =  maximum orbital radius in the cyclotron, 

0ε = permittivity of vacuum and 

0ω =  angular velocity of the main dee voltage. 

The voltage gain per turn due to the electric field is: 
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2LSCdV R
dn θπ ε=       (D.3) 

and has to be added to the main rf-voltage, with R =  the average radius of the orbit. 

Since θε  is strongly dependant on the azimuthal charge distribution in the beam bunch, it 

is assumed that the distribution is symmetric about the central particle of the bunch. The 

leading particles in the beam bunch will be accelerated and the lagging particles will be 

decelerated. In order to ensure single-turn extraction with high beam intensities, this 

elongation of the beam bunch has to be minimized by introducing methods to cancel the 

longitudinal space-charge effect described by equation D.3. This can be done by 

introducing a phase difference between the beam and the main rf resonator, or, if a flat-

topping resonator is used, by operating it at a phase offset w.r.t. the main resonator. If 

only the linear component of the azimuthal voltage is considered, the additional voltage 

becomes [Joh68a]:
 

         
12LSCdV R

dn
π δθκ=     (D.4) 

 

 

D.2 COMPENSATION WITHOUT FLAT-TOPPING 
 

For a short rf-phase length of δθ , the linear component of the force can be eliminated by 

accelerating the bunch at a leading phase angle, φ, of the fundamental accelerating 

voltage  

1 1( ) cos( ) ( )V V Vφ φ ξ φ= =     (D.5) 

The phase shift causes an increase in the total number of turns, 1( )n ξ φ−∝ , and is 

described by the dimensionless parameter, Κ , that is proportional to the slope of the dee 

voltage at the phase position of the center of the beam bunch, α : 

  0 0
( )( ) cos sin 0.5sin 2 0.5sind d

dn dn
ξ α α

ξ α ξ ξ α α α α′Κ ≡ = = − = − = −  (D.6) 

The maximum value of Κ  is 0.5 forα  = -45°. 
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In figure D1 the phase of the center of the beam bunch is shifted towards negative values 

by a constant value φ0 = α  to illustrate the effect. A voltage, Vα∆ , is created across the 

azimuthal width of the beam bunch, that can be used to cancel the longitudinal space-

charge force by decreasing the final energy spread, E∆ , in the beam bunch (figure D2). 

The requirement to eliminate the linear part of the LSC-effects for all the turns, obtained 

from equations D.3 and D.6, is: 

( ) 0LSC LSC totV V V nα ξ α δθ′∆ − ∆ = ∆ − =    (D.7) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

With this constant phase shift, the applied voltage across the azimuthal width of the beam 

bunch is : 1 1cos cos sin
2 2

V V Vα
δθ δθα α δθ α    ∆ = + − − ≈ −        

,  (D.8) 

which is used to cancel the voltage gain from the linear part of the  space-charge field.  

Figure D2. The energy spread in the beam bunch due to space-charge forces, is 
reduced by accelerating the bunch before the peak of the main dee voltage.  

δθ

E∆

Acceleration 
ahead of the 

peak 

Acceleration 
after the peak 

Figure D1. Accelerating the 
beam bunch, δθ , at a phase 
offset of α rf-degrees ahead of 
the voltage peak, creates a 
voltage difference, Vα∆ , across 
the bunch, that can be used for 
partial compensation of the 
longitudinal space-charge effect 
on short beam bunches by a 
constant phase shift of the main 
acceleration voltage. 

 ( )V φ  

phase φ  0φ α=

Vα∆  

δθ

beam 
bunch 
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From equations D.3 and D.8 the required constant phase shift α at a radius R, is then 

given as:    

1

1

2arcsin R
V

κ π
α

 
=  

 
.     (D.9) 

 

Overall compensation for all the orbits can be done with a constant phase shift by using 

of a representative average radius for all the orbits in the cyclotron, e.g. 2
max3R R< >= . 

The reduction of the voltage gain per turn due to the phase shift, will increase the number 

of turns in the machine by:  

( 0)
( 0)

cos
tot

tot
nn α

α
α
=

≠ = .    (D.10) 

 

From equations D.2, D.9 and D.10 

2 2 2
0 0 max 1 0 0 max 1

( 0) ( 0)8 2 32sin
3 cos

tot totI n R I n
R V R V

α απ
α

ω δθ ν δθ αε ε
≠ =< >

= =   (D.11) 

 

From  sin 2 2sin cosα α α=  and max
0 max 2

cR β
ν

π
=  follows that: 

 

  4
2 2 2 2 2

0 0 max 1 0 max 1 max 1

( 0) ( ) / ( ) /32sin 2 70 2.5 10
3

f i f itot
I E E e I E E eI n x

R V c V V
α

α
ν δθ β δθ β δθε ε

= − −
= ≈ ≈    (D.12) 

 

where  c = the velocity of light in vacuum, 

  Ef = the extraction energy, 

  Ei = the injection energy and 

  e  = average energy gain per turn. 

 

Compensation is only possible up to 45α °= . Beyond this angle the number of turns 

increases faster than the energy difference between the front and the rear particles in the 

bunch. The limiting current for single-turn extraction in the cyclotron, without flat-

topping is therefore given by: 
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2 2

5 max 1
max 4.5 10

( ) /f i

VI x
E E e

β δθ−=
−

    (D.13) 

 

For any given energy the maximum current will only depend on the acceleration voltage 

and bunch length. 
 

 

 

D.3  COMPENSATION WITH FLAT-TOPPING 
 

For larger bunch lengths it is necessary to operate the flat-topping resonator with a phase 

angle w.r.t. the main dee voltage, in order to partially cancel the space-charge effect on 

the beam. This phase error between the flat-topping and main voltages will cause a tilting 

of the flat-topped voltage. 

 

The applied voltage, with a flat-topping resonator operating at harmonic number n, and 

phase error, δφ , is [Joh68b]: 

       1 1( ) [cos( ) cos( )] ( )V V n Vφ φ η φ δφ ξ φ= − − = ,    (D.14) 

where 1V  is the peak voltage of the main resonator and 1Vη  is the peak voltage of the flat-

topping resonator. The tilting of the flat-topped voltage is shown in figure D3 for 

different phase errors ,0 0.05 ,0.1 0.2andδφ ° ° ° °= . The voltage 1V  is normalized to 1 and 

1Vη  is fixed at 2
1 1

1 19 0.111
n

V V= =  for the purpose of showing the tilting effect.  

 

For a quantitative analysis of the phase error, it is assumed that the azimuthal charge 

distribution in the bunch is symmetric around the phase of the central particle, 0φ , which 

implies that the electric field due to space-charge, θε , has the property that 
2

2
0

0d
d

θ

φ
ε

= . 
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With these assumptions the optimum cancellation of the space-charge effects is achieved 

when the linear term of the electric field in equation D.1 is cancelled. Therefore 0( )ξ φ  is 

independent of the ratio of the two dee voltages, η .    

0 0 02

1( ) 1 cos
n

ξ φ ξ φ = = − 
 

    (D.15) 

The current-dependant parameter for the cancellation of the linear part of the space-

charge is proportional to the slope of the dee voltage at 0φ , and is given by equation D.6 

as:  

0 0ξ ξ ′Κ ≡ .  

 

Figure D3. A phase difference between the flat-topping and main dee voltages will 
cause the  tilting of the effective dee voltage. Leading and lagging particles therefore 
experience different energy gains. The effect is shown for selected phase errors of 

0 , 0.05 , 0.1 0.2andδφ ° ° ° °=  and an harmonic number 3. The main voltage is 
normalized to 1 and that of the flat-topping resonator is fixed at 2

1
n

= 0.111.  
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The beam-loading angle, ψn, between the beam and the n-th harmonic introduced and 0φ  

is selected as the independent parameter to solve for η  and δφ  [Joh81]: 

     
3

1
0 02 2

0

tan tan
( 1)cosn

nn n
n

ψ φ δφ φ
φ

−  Κ
= − = + − 

  (D.16) 

The flat-topping dee voltage due to a phase shift, that is η∝ , then becomes: 

    
0

2

cos
cos nn

φ
η

ψ
=      (D.17) 

In a cyclotron with flat-topping operation at a harmonic number n = 3 of the main rf, the 

relation between a phase offset and the flat-topping voltage, is shown in figure D4 for 

different Κ -values. 
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Figure D4. Compensation of the linear part of the longitudinal space-charge forces with a 3rd 
harmonic rf-component, η , and a shift in the central beam phase, 0φ , w.r.t. the main rf. Κ is a 
dimensionless parameter that is proportional to the slope of the accelerating voltage at 0φ = . 
The optimum value of Κ  depends on the detailed shape of the azimuthal charge distribution and 
increases proportional to the beam current. 
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The total accelerating voltage with a 3rd harmonic component η  is: 

( ) cos cos (3 )V φ φ η φ δφ= − − .   (D.18) 

The total accelerating voltage is shown in figure D5 for different values of 0 , and .φ δφ η  

The position of the current-dependant parameter, Κ , which is the slope of the total 

voltage at the center of the beam bunch, is indicated with an “o” on each graph.Κ is 

dimensionless and an indication of the degree of compensation of the space-charge field. 
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In the separated-sector cyclotron at iThemba LABS, with 4 main acceleration gaps and 

flat-topping with harmonic number 3 and two acceleration gaps, the voltage gain per turn 

becomes: 

1 3( ) 4 cos 2 cos3( )V V Vφ φ φ δφ= − + .    (D.19) 

 

The change in acceleration voltage due to the introduced phase error is given by 

[Joh68d]: 

  3( 0) ( 0) 3 sin 3( ) totV V V V Vδφ δφ φ δφ φ δφ≠ =∆ = − = + =    (D.20 

 

Integrating this voltage gain over all the orbits gives 

( )tot totV V nφ φ δφ∆ = ,     (D.21) 

 

which has to cancel the effect of the space-charge field: 

    max 1
0

( ) 2 4
totn

LSC totV R dn R nθφ π κ φε∆ = ≈∫    (D.22) 

 

The phase detuning between the two resonators is determined from equations D.21, D.22 

and D.2: 

1 max
2

0 max0

4 5 tot

rev rev

R I n
V V R

κ
δφ

ν δθε= = .   (D.23) 

 

Since the acceleration voltage per turn is inversely proportional to the number of turns in 

the cyclotron, it will also be inversely proportional to the square of the phase offset 

between the flat-topping resonator and the main dee voltage: 

1/tot revn V∝   

              and 

  21/ revVδφ ∝      (D.24) 

 

-o-O-o- 
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APPENDIX E 
 

ELECTRICAL PROPERTIES OF SOME MATERIALS 
 
 
Table E.1: Electrical properties of some materials at frequency f (Hz). 

 
PERMEABILITY of VACUUM µ0 =  4π x 10-7  Henry/meter  

 CONDUCTIVITY 

σ 

Mho/meter 

RESISTIVITY   

1/σ 

Ohm.meter 

RELATIVE 

PERMEABILITY   

µ 

SURFACE 

RESISTANCE RS 

Ohm 

SKIN DEPTH      

δ 

mm 

SILVER 6.17 x 107 1.62 x 10-8 1 2.52 x 10-7 . f  64.2 / f  

COPPER 5.80 x 107 1.72 x 10-8 1 2.61 x 10-7 . f  66.0 / f  

ALUMINIUM 3.72 x 107 2.69 x 10-8 1 3.26 x 10-7 . f  82.6 / f  

BRASS 
(REPRESENTATIVE) 1.57 x 107 6.37 x 10-8 1 5.01 x 10-7 . f  127.0 / f  

IRON 0.971 x 107 10.3  x 10-8 ~2000 2.85 x 10-5 . f  3.61/ f  

SOLDER 
(REPRESENTATIVE) 0.706 x 107 14.2 x 10-8 1 7.73 x 10-7 . f  185.0/ f  

STAINLESS STEEL 0.137 x 107 73.0 x 10-8 1 1.70 x 10-6 . f  430.0 / f  
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APPENDIX F 
 

THE TRANSIT-TIME FACTOR 
 

In a cyclotron, acceleration of ions is achieved by creating a suitable rf-field in one or 

more gaps between conducting electrodes. In the gaps the ions of the beam bunches move 

through regions of time-dependant electrical fields and if the time spend in such a field is 

of the same order as the period of the field, the result can be that the beams are not 

accelerated at all. It is therefore necessary to calculate the effect of the transit time in the 

acceleration gaps of the flat-topping rf system. Figure F1 shows a simple schematic 

representation of an acceleration gap of width g between two electrodes, connected to a rf 

source, with the beam direction and electric field across the gap assumed uniform and in 

line with the z-axis.  

 

 

 

 

 

 

 

 

 

 

 

 

 

An average speed v  is assumed for the passing of the particles through the gap from time 

t1 to t2. This implies that the gain in energy is small in comparison to the energy of the 

ion. Further it is assumed that the ion moves in line with the electrical field. An ion with 

Figure F1. A schematic representation of an acceleration gap in an rf system with the 
beam direction and acceleration direction in line with the z-axis. The length of the gap 
is g and the applied sinusoidal alternating electric field has a peak value of E0. 

g 
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charge q travels in a time 2 1

2
t tt −

∆ =  from the entrance of the gap to the center of the 

gap. 

 

The time-dependant electric field along the axis of the gap is: 

( )0 cos 2z dE E f tπ=     (F.1) 

with E0 the maximum value of the applied field and fd the frequency of the dee voltage. 

The force on an ion with charge q is F qE=  and the gain in energy across the gap is:  

    .k
accros gap

T F d s= ∫  

         .
accros gap

qE d s= ∫  

         
2

1

v .
t

t

q E dt= ∫  

 

The effective applied acceleration voltage is : 

    /eff kV T q=  

          
2

1

0v cos(2 ).
t

d
t

E f t dtπ= ∫  

          ( )
2

1

0
2 / cos(2 ).

t

d
p t

R V g f t dtπ π
τ

= ∫  

      ( )
2

1

0
2 / cos(2 ).

t

d
d t

R V g f t dt
h
π π
τ

= ∫  

 

where R is the radius of the orbit, pτ  is the period of the ion, dτ  the period of the dee 

voltage and V0 the peak acceleration voltage.  

 

Assuming that the ion moves half the gap distance in a time:  

2 1( ) / 2
4 4

p

d

g ght t t
R f R

τ
π π

∆ = − = = , 
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the effective voltage becomes: 
2

1

0
2 ( / )cos(2 ).

t

eff d
d t

RV V g f t dt
h
π π
τ

= ∫  

      ( )
( )

0
0

sin 22 cos(2 ) d
d

d d

f tVR f t
h g f

ππ π
τ π

∆
=  

      
( )

( )
2

0 0
2

sin
cos(2 )

gh
R

d gh
R

V f tπ=  . 

The effective acceleration voltage is therefore reduced by a factor 

( )
( )

2

2

sin gh
R

gh
R

,    (F.2) 

which is independent of the phase of the ion. This reduction in dee voltage has to be 

considered in the selection of an harmonic number and acceleration gap. The transit-time 

factor for different harmonic numbers and acceleration gaps are given at different 

cyclotron radii in table F.1.  

 
Table F.1. The transit-time factor for different harmonic numbers and acceleration 
gap sizes at different cyclotron radii. 

 

 

 

h=1 h=2 h=3 h=4 h=5 
acc gap (mm) acc gap (mm) acc gap (mm) acc gap (mm) acc gap (mm) R (mm) 
50 100 150 50 100 150 50 100 150 50 100 150 50 100 150 

100 0.99 0.96 0.91 0.96 0.84 0.66 0.91 0.66 0.35 0.84 0.45 0.05 0.76 0.24 -0.15 
200 1 0.99 0.98 0.99 0.96 0.91 0.98 0.91 0.80 0.96 0.84 0.66 0.94 0.76 0.51 
300 1 1 0.99 1 0.98 0.96 0.99 0.96 0.91 0.98 0.93 0.84 0.97 0.89 0.76 
400 1 1 0.99 1 0.99 0.98 0.99 0.98 0.95 0.99 0.96 0.91 0.98 0.94 0.86 
500 1 1 1 1 0.99 0.99 1 0.99 0.97 0.99 0.97 0.94 0.99 0.96 0.91 
750 1 1 1 1 1 0.99 1 0.99 0.99 1 0.99 0.97 1 0.98 0.96 

1000 1 1 1 1 1 1 1 1 0.99 1 0.99 0.99 1 0.99 0.98 
1500 1 1 1 1 1 1 1 1 1 1 1 0.99 1 1 0.99 
2000 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0.99 
2500 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
3000 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
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Figure F2(a) and F2(b) show more detail in the change of the effective acceleration 

voltage for harmonic numbers h=3 and h=5 respectively and for different acceleration 

gaps as the beam progresses through a cyclotron. 
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Figures F2 (a) and (b). The effective acceleration voltage of a resonator, due to the transit-time effect, 
decreases as either of the harmonic number and acceleration gap increases and increases as the 
radial position in the cyclotron increases. The effect is shown for acceleration gaps from 50 mm to 
100 mm with intervals of 10 mm. 
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APPENDIX G 

 

CALCULATION OF THE SPACING BETWEEN 
COOLING DUCTS AND THE AMOUNT OF WATER 
REQUIRED FOR THE RESONATOR 
 

 

G.1    FOURIER’S LAW FOR HEAT CONDUCTION  
 

Heat generated in a body flows to regions of lower temperature by conduction. In a block 

of material with no internal heat sources or sinks, and therefore a uniform conduction the 

rate of heat flow per unit area is proportional to the normal temperature gradient. With 

the proportionality constant, k, inserted, Fourier’s law for heat conduction states: 

 

Tq kA
x

∂= −
∂

 (Watt)    (G.1) 

 

where q is the heat, A the cross section are of the material, T
x

∂
∂

 the temperature gradient 

in the selected x-direction of the heat flow, k is a positive constant specifying the thermal 

conductivity of the material and the minus sign reflects the fact that heat-flows from 

regions of higher to the lower temperature boundary.  

 

The rate of heat-flow generated per unit volume is qq
Adx

•

=  (W/m3). 

 

The complete conduction equation can be derived from the principle of energy 

conservation in an infinitesimal element of material, as illustrated in figure G1. 
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For a one-dimensional transfer of heat such an element has a volume Adx in the cartesian 

coordinate system, with A the surface area perpendicular to the direction of conduction. 

The heat conducted through one face of the element dx, plus the heat generated within the 

volume element Adx must equal the change in internal energy plus the heat conducted out 

through the other face of the element dx. This leads to the general three-dimensional heat-

conduction equation, through a Taylor series expansion, using only the first two terms for 

the derivatives at x+dx [Hol72]: 

 

   T T T Tk k k q c
x x y y z z

ρ
τ

• ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + + =    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
  (G.2) 

with  q
•

 the rate at which the heat is generated per unit volume, 

 c  the specific heat of the material, 

 ρ  the density of the material and 

 τ  the time. 

 

 
x dx 

Figure G1. A volume element Adx for one-
dimensional heat conduction along the x-
axis, from which the equation for heat 
conduction can be derived. 

generatedq q Adx
•

=  

xq  
x dxq +
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If a constant thermal conductivity is assumed, the equation becomes: 

     
2 2 2

2 2 2

1T T T q T
x y z k α τ

•

∂ ∂ ∂ ∂+ + + =
∂ ∂ ∂ ∂

    (G.3) 

where k
c

α
ρ

=  is the thermal diffusivity of the material. 

Equation G.3 can be transformed into either cylindrical or spherical coordinates with 

standard calculus techniques. 

 

 

G.2  DISTANCES BETWEEN COOLING PIPES AND REQUIRED 
WATER FLOW 

 

Constant temperature in a resonator is essential for stable operation. In practice water 

ducts are thermally soldered to the conducting surfaces in order to remove heat safely 

away from the resonator. Equations are derived below for the minimum distance from 

points of heat generation to the nearest cooling duct, which complies with the prescribed 

allowed temperature increase. Another equation is derived for the temperature on a 

conducting surface between parallel cooling ducts. Finally a formula for the required 

water flow is derived. 

 

G.2.1   Minimum distance from any heat source on a conducting plate to the nearest 
cooling pipe 

 

In order to determine the minimum distance required to the nearest cooling duct it is 

assumed that the thermal conductivity is constant and that all the heat is conducted one-

dimensionally. Selecting the direction of conduction along the Cartesian x-axis, equation 

G.3 is at equilibrium reduced to:  

           
2

2 0T q
x k

•

∂ + =
∂

     (G.4) 
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In figure G2 a conducting copper plate is kept at a constant temperature, T0, by a cooling 

duct at x=0. Heat is generated at a constant and homogeneous rate in the plate with length 

l. 

 

 

 

 

 

 

 

 

 

 

 

At the border x=l there is no heat flow, which implies that the temperature gradient must 

be zero, as shown in figure G2. Integrating equation G.4 twice, gives: 

1
T q x C
x k

•

∂ = − +
∂

    (G.5) 

and  

2
1 22

qT x C x C
k

•

= − + +    (G.6) 

with C1 and C2 constants that are determined by applying boundary conditions. 

 

Substituting the known temperature of T0 (at x=0) into equation G.6, gives: 

2 0C T=  

 

 

X x=l x=0 
T=Tl T=T0 

   q 
 
  q 

Cooling water 

X x=0 x=l 

Tl 

T0 

temperature 

Figure G2. Schematic presentation of a conducting plate and cooling duct. 
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and applying the zero temperature gradient at x=l to equation G.5, gives: 

1
qlC
k

•

= . 

 

The equation for temperature therefore becomes: 

2
02

q qlT x x T
k k

• •

= − + +     (G.7) 

 

The temperature at the maximum distance from the cooling pipe is: 

2
2

0 02 2l
q q l q lT T l l T T
k k k

• • •

= = − + + = +  ,   (G.8) 

which agrees with Fourier’s law for heat conduction. 

 

The maximum distance, l, between a cooling duct and any point that generate heat, is 

obtained from equation G.8: 

( )02 lk T T
l

q
•

−
=      (G.9) 

 

G.2.2   Dissipation of heat from a plate with homogeneous heat generated between 
two cooling ducts that are kept at constant but different temperatures 

 

Suppose the maximum temperature is at point, P, on a conducting copper plate 

somewhere between two parallel cooling ducts. The two cooling ducts are separated by a 

distance l that have temperatures T1 at x=x1 and T2 at x=x2. Figure G3 schematically 

shows the plate with the two conductors, as well as the expected shape of the temperature 

chart for the set-up with the unknown maximum temperature, Tm , at P, which is higher 

than the water temperature of both adjacent cooling ducts. 
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At the unknown position of maximum temperature, all the heat generated on the left-hand 

side of that point will flow to the cooling duct at temperature T1. Similarly all the heat 

that is generated at the right hand side of P will flow towards the cooling duct at 

temperature T2. For simplicity of the analysis the boundary position x1 is selected to be at 

the origin of the x-axis and therefore x2 is at coordinate position l. The boundary 

conditions are now applied to equation G.6 to obtain the solution for the temperature 

distribution between the two cooling ducts and find the position of and value for the 

maximum temperature, Tm. 

 

At x = x1 = 0  the temperature is:  

1 2T C= .     (G.10) 

 

At x = x2 = l  the temperature is:  

2
2 1 22

qT l C l C
k

•

= − + + .    (G.11) 

 

 

Figure G3. Temperature distribution in a conductor between two cooling ducts that 
are kept constant but at different temperatures T1 and T2 respectively.  
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Subtracting equation G.10 from G.11 to find a value for C1: 

2
2 1 12

qT T l C l
k

•

− = − +  

( )2 1
1 2

T T qlC
l k

•
−

∴ = +  

 

The equation for the temperature distribution between the two cooling ducts becomes: 

   2 2 2 1
1 2 12 2 2

T Tq q qlT x C x C x x T
k k l k

• • • − = − + + = − + + +
 
 

   (G.12) 

 

The maximum temperature between the two cooling ducts is located where the 

temperature gradient is zero: 

0T
x

∂∴ =
∂

 

 

  1 0q x C
k

•

∴ − + =  

 

 2 1

2
T Tq q lx

k l k

• •

−∴ = +  

 

    ( )2 1

2
k T T lx

q l
•

−
∴ = +  

 

Therefore the maximum temperature between the cooling ducts, which are kept at fixed 

temperatures, is located at: 

 

( )2 1
m 2

k T T lx
q l
•

−
= +       (G.13) 
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Substituting equation G.13 into G.12 gives the maximum temperature between the two 

cooling ducts as: 

 

2 2 1
m m m 12 2

T Tq qlT x x T
k l k

• • − = − + + +
 
 

 

 

     ( ) ( )
2

2 1 2 12 1
12 2 2 2

k T T k T TT Tq l q l l T
k l kq l q l

• •

• •

    − −−    = − + + + + +
    

    
 

 

     ( )2 2
2 1 2 1

2 8 22

k T T T Tql
kq l

•

•

− +
= + +  

 

     ( ) ( ) 2
2 1 2 1

2
1

2 8
T T k T T ql

kq l

•

•

 + − = + +
  

     (G.14) 

 
 
 
G.2.3  The water flow required to remove the generated heat away from the 

resonator 
 

The mass, m, of water per second required to remove heat produced at a rate P from an 

object, for an increase of ∆T in the water temperature, is given by: 

P Tm
c
∆= ,      (G.15) 

   

with c = the specific heat capacity of water = 4200 J.kg-1.K-1. 
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The formula for the power dissipation through cooling water can be written in different 

forms, depending on the choice of units: 

 

4.2P m T= × × ∆ ,  with P in watt, m in gram/second and T∆  in Kelvin. 

4200P m T= × × ∆ ,  with P in watt, m in kilogram/second and T∆  in Kelvin. 

 

The density of water is about 1 gram.cm-3 or 1 kilogram.liter-1. The equations above for 

the power can be used to calculate the volume of water required per unit time. 

 

V(liter/second) ( )
( )4186

P watt
T K

=
× ∆

 

 

V(liter/minute) ( )
( )69.77

P watt
T K

=
× ∆

 

 

V(m3/second) ( )
( )64.186 10

P watt
T K

=
× × ∆

   (G.16) 

 
The cooling duct for the water is usually rectangular copper tube with a round aperture 

for the water to flow through. The volume of water in 1 meter length of such a tube is 
2

1 1mV rπ= ×  m3, with r the radius of the cooling duct in meter. 

 

The minimum temperature of the water in the cooling duct must be kept above wet bulb 

temperature to prevent the formation of water on the outside of the copper duct and the 

maximum temperature should not exceed 50°C to prevent damage to sensitive equipment 

or injury to personnel. If a temperature rise of T∆  K is permitted from the inlet to the 

outlet water temperature, the temperature rise per meter length of the cooling duct is 

/T l∆  K.m-1, with l the total length of the tube between the inlet and outlet. If l is large 

the permitted temperature rise per meter becomes non-practical and the cooling duct has 

to be split into parallel water ducts. 
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The flow speed required for the dissipation of P (W.m-1) in n cooling ducts of length l 

and radius r and restricting the temperature rise to T∆  K, is: 

 

12

P l lk k
r T n c nπ

×
= =

× ∆ × ×
  m.s-1.   (G.17) 

 

The flow speed of the water, k, is if practically possible, kept below 2 m.s-1, to prevent 

corrosion of the copper surfaces in the bends of the cooling duct, due to turbulence. The 

volume of water (m3) that moves through the cooling duct at velocity k (m.s-1) in a time 

t∆ (seconds), is: 

 
1( ) mV t V k t= × × ∆ .     (G.18) 

 

The volume of water per minute is: 

 
1 60mV k× ×  m3  or 

1 60000mV k× × liter. 

 

The water pressure over the length of a water duct that will ensure enough flow for the 

required power dissipation, can be calculated from [Sch73]: 

 
7 19

4 41/ ( . ) 1.2 52L bar m V D−−∆Θ = × × ×     (G.19) 

 
with ∆Θ  the pressure drop (bar) over the length, L (meter), of the cooling duct, the 1.2 is 

a safety factor for bends in pipes and 52 is a unit conversion factor. The water flow, V, is 

in liter.min-1 and D, the diameter of the cooling duct, in millimeter. 

 

 

 

 

-o-O-o- 
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APPENDIX H 
 

KILPATRICK’S CRITERION 
 

The criterion for prevention of excessive sparking due to rf electric fields in vacuum, has 

been described by Kilpatrick as ( ) ( )2 8.5/1.643 kE
kf E e −= , with f the frequency in MHz 

and Ek the maximum allowed electric field strength in MV/m [Edw93]. 

 

The calculated maximum electric field strength, using Kilpatrick’s criterion, is shown in 

figure H1. The maximum electric field strength in the flat-topping resonator of the SSC is 

about 8.9 kV/cm at 49.12 MHz. 
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Figure H1. Kilpatrick’s criterion to prevent sparking in an rf-field in vacuum. 
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APPENDIX I 
 

SCALING OF THE RESONATOR PARAMETERS 
FOR A MODEL 

 
 

The parameters of a resonator model that is reduced by a factor F from the full-scale 
resonator, are [Bot74]: 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-o-O-o- 
 

PARAMETER FULL-SCALE MODEL 
Length D D/F 
Surface area A A/F2 
Volume V V/F3 
Resistance r r/F 
Capacity K K/F 
Inductance I I/F 
Resonance frequency f f.F 
Impedance Z Z 
Specific surface resistance ρ ρ. F  
Surface resistance RS RS. F  
   
Transmission line parameters:   
Resistance/meter R R.F. F  
Capacitance/meter C C 
Inductance/meter L L 
Characteristic impedance Z0 Z0 
   
Power dissipation (for the same voltage) P P. F  
Stored energy E E.F 
Q-value Q Q/ F  
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APPENDIX J 

 
A SPREADSHEET PROGRAM TO CALCULATE 
THE PHASE HISTORY OF THE VERTICAL 
MOTION IN THE SSC DUE TO A VERTICAL 
DISPLACEMENT OF THE DEE PLATES IN 
RELATION TO THE MEDIAN PLANE. 
 
J.1    INTRODUCTION 

 
Many electromagnetic effects in cyclotrons may have field components that cause 

betatron oscillations (vertical and radial oscillations of the particle about the position 

of its equilibrium orbit). An offset of the resonator dee plates with respect to the 

median plane will cause an electrical field, which will influence the vertical sinusoidal 

movement of the particles inherent to the design of the cyclotron. This electrical field 

will not only deflect the passing beam vertically (z-direction), but also have a 

focusing effect and was studied with the aid of a spreadsheet program that was 

developed to calculate the beam phase plot parameters of the motion caused by such a 

displacement of the dee plates of the flat-topping resonator in the SSC. 

 
J.2     THEORY 

 

It is assumed that the driving force is a vertical electrical field, Ez, in the gap, g, 

between the dee plates of the resonator due to the vertical displacement of the dee 

plates. The associated voltage between the dee plates is assumed to be a constant 

fraction of the acceleration voltage of the flat-topping resonator and is given by 

z pV F V= , where Vp is the flat-topping acceleration voltage and F the fraction. This 

voltage changes polarity during the transit of the particle at a frequency, f, given by: 

 

2 2 2h d df nf nhf nhω π π π ω= = = = ,   (J.1) 
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where hf  is the frequency of the main resonator, df  the orbit frequency, dω  the 

orbital velocity of the particle, n the harmonic number of the flat-topping resonator 

and h the harmonic number at which the cyclotron is operated. The voltage between 

the dee plates will therefore have a similar sinusoidal profile in the radial direction as 

for that of the flat-topping resonator voltage.  

 

The force that drives the vertical oscillation due to the vertical displacement of the dee 

plates is given by: 

sinz
z

qVqE t
g

ω= ,    (J.2) 

where q is the charge on the particle and t the time dependence parameter. It is 

assumed that the particle crosses the acceleration gaps at the peak values of the flat-

topping voltage (
2

t π
ω =  and 

2
t π

ω = − ). The effect of the voltage on the transit time 

of the particle will be insignificant. 

 

At a maximum kinetic energy of 66 MeV, the mass of the particle, m, is regarded as 

non-relativistic. Therefore are the vertical acceleration, velocity and displacement 

respectively given by: 
2

2 sinzqVd zz t
dt mg

ω
••

= = ,    (J.3) 

 

1coszqVdzz t k
dt mg

ω
ω

• −
= = +     (J.4) 

 

and 

 

1 22 sinzqVz t k t k
mg

ω
ω

−
= + +    (J.5) 
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For the initial boundary conditions at the entrance gap of the resonator, with 2t πω = − ,  

is  1 1cos
2

z
a

qVz z k k
mg

π
ω

• •  = = − − + = 
 

  

and 22 sin
2 2

z
aa

qVz z z k
mg

π π
ω ω

•   = = − − + − +   
   

. 

 

Therefore  1 ak z
•

=     and    2 2 2
z

a a
qVk z z

mg
π

ω ω

•

= − + . 

 

Equations J.4 and J.5 respectively becomes: 

    cosz
a

qVz t z
mg

ω
ω

• •−
= +     (J.6) 

and               2 2sin
2

z z
a a a

qV qVz t z t z z
mg mg

π
ω

ω ω ω

• •

= − + + − +    (J.7) 

 

 

At the exit edge of the resonator is 2t πω =  and the vertical velocity is the same as at 

the entrance edge, as determined from equation J.6: 

    2cosz
a a

qVz z z
mg

π

ω

• • •−
= + = , 

which implies that the axial momentum is not changed by the resonator.  

 

The vertical displacement at the exit edge is: 

       22 2sin
2 2
a az z

a
z zqV qVz z

mg mg
π π π

ω ω ω ω

• •

= − + + − +  

 22

2 sin az
a

zqVz z
mg

π π
ω ω

•

∴ = − + +   

         22 2

2 sin
12 12

az
a

d d

zqV z
mg

π π
ω ω

•

= − + +     (J.8) 

 

If it is assumed that the vertical displacement of the particle due to the resonator 

happens only at a single azimuthal position in the cyclotron and it oscillates vertically 
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with frequency zν , the vertical motion in terms of the angular position, θ , is given 

by: 

cos sinz zz A Bν θ ν θ= +     (J.9) 

and 

( ) ( )sin cosz z z z
d dz A B
dt dt
θ θ

ν ν θ ν ν θ
•

= − + .   (J.10) 

 

 

With v
d

d
dt R
θ

ω= = , where v is the angular velocity of the particle in the orbit and R  

the average radius of the orbit, equation J.10 becomes: 

[ ]v sin cosz z z zz A B
R

ν ν θ ν ν θ
•

= − + .    (J.11) 

 

 

When the vertical momentum of the particle is substituted by its vertical divergence, 

'

v v
dz dz zz
ds dt

•

= = = , equation J.11 becomes: 

[ ]' 1 sin cosz z z zz A B
R

ν ν θ ν ν θ= − + .    (J.12) 

 

 

Assuming that vertical displacement and divergence at the exit side of the resonator is 

respectively bz z=  and ' '
bz z= , equations J.9 and J.12 are used to derive the 

expressions for A and B. 

 

cos sinb z zz A Bν θ ν θ= +      (J.13) 

[ ]' 1 sin cosb z z z zz A B
R

ν ν θ ν ν θ= − +     (J.14) 
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These two equations are written as: 

2sin sin cos sinz z z
b z z z zz A B

R R R
ν ν ν

ν θ ν θ ν θ ν θ= +    

and 

' 21cos sin cos cosb z z z z z zz A B
R

ν θ ν ν θ ν θ ν ν θ = − +  . 

 

 

Adding the last two equations leads to the expressions for B: 

' 2 2sin cos sin cosz z
b z b z z zz z B

R R
ν ν

ν θ ν θ ν θ ν θ + = +   
 

 

'sin cosb z b z
z

RB z zν θ ν θ
ν

∴ = +     (J.15) 

 

Substituting the value of B into equation J.13 gives the value for A: 

           

'sin cos sin

cos

b b z b z z
z

z

Rz z z
A

ν θ ν θ ν θ
ν

ν θ

 
− + 

 =   (J.16) 

 
Substituting the values of A and B into equations J.9 and J.12 give the final 

expressions for the vertical displacement and divergence of the particle. 
 
J.3     INPUT PARAMETERS AND CALCULATION PROCEDURE 

 

Shown in figure J.1 are the frequencies of the vertical betatron oscillations, zν , for 

every equilibrium orbit of a proton with extraction energy of 66 MeV from the SSC 

that were calculated with the computer program COC and implemented with the 

spreadsheet program to calculate the additional vertical motion created by the 

displacement of the dee plates of the flat-topping resonator. 
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The vertical motion of the particle per turn in the cyclotron is calculated for a section 

that describes the movement while it is between the dee plates and another section 

that comprises the rest of the orbit until it reaches the resonator again. These values of 

vertical displacement and divergence for the second portion of the turn are added 

when the similar parameters for the next turn in the flat-topping section are calculated. 

In the program it is assumed that the resonator occupies 2
24
π  radians of each turn.  

 

A turn in the cyclotron is assumed to start and end at the entrance gap of the resonator 

for the calculation purposes. An injection energy of 3.14 MeV is used and an initial 

vertical displacement of 0 mm and divergence of 0 mrad are assumed before entering 

the first entrance gap of the flat-topping resonator for the first time. 

 

The change in vertical position and divergence is subsequently calculated at the exit 

gap of the resonator and then again at the entrance gap to complete the first turn. The 

calculated values of each turn are used to calculate the vertical motion at these 

azimuthal positions for the following turn.  

 

Figure J.1. The vertical betatron frequency for equilibrium orbits in the SSC, calculated 
with the computer program COC for a proton with extraction energy of 66 MeV. 
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The constants and variables that are used for the calculation are listed in table J.1. 
 
Table J.1. constants and variables used for calculating the beam phase plot of the 
particle due to a vertical displacement of the dee plates of the flat-topping resonator. 

DESCRIPTION VALUE UNIT 

Velocity of light c 2.99792458x108 m/s 

Rest mass of proton md 1.6726231x10-27 kg 

Charge on proton q 1.60217733x10-19 C 

Rest energy of proton E0 938.27234 MeV 

Frequency of the main resonator fh 16373000 Hz 

Injection energy Ti 3.14 MeV 

Extraction energy Te 66 MeV 

Voltage on main resonator Vh 207019 V 

Voltage on flat-topping resonator Vp 62000 V 

Fraction of Vp between dee plates F 0.15  

Harmonic number of the main resonator h 4  

Harmonic number of the flat-topping resonator n 3  

Orbit velocity of particle ωd 25718648 rad/s 

Valley radius at injection Li 0.83 m 

Valley radius at extraction Le 3.62 m 

Vertical distance between dee plates d 0.11 m 

 
The equations used for the calculations on 84 turns in the cyclotron, are given below. 
 

The average kinetic energy of the particle (in MeV) on orbit number j is: 

  1

1 6

4 2

1x10
jh p

j j

V Q V Q
T T −

−

− 
= +   

 
,   

where Q is the charge state of the particle. 
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The radial position on the orbit in the middle of the valley (in m) is: 

2
0

2 2
0 0

2
7.196 2

j j
j

h j j

T T EhcR
f T E T E

+
=

+ +
. 

 

 

The flat-topping voltage (in Volt) is: 

sin j i
j p

e i

R L
V V

L L
π

− 
=  − 

. 

 

 

The velocity of the particle (in m/s) is: 

2 1j j
j

c
υ γ

γ
= − ,  where 0

0

j
j

T E
E

γ
+

= . 

 

 

The distance traveled between the two acceleration gaps of the flat-topping resonator 

(in m) in a half period of the resonator is: 

2
j

j
h

s
nf
υ

= . 

 

The vertical displacement and vertical divergence of the particle at the exit gap of the 

resonator are respectively given by: 

 

'2
1 124j

m j
r j j

p

z V
z z z

V
π

− −= + +       (J.17) 

and 
'

1'
j

j

j
r

z

z
z

ν
−= ,        (J.18) 

 

where 
jzν  is the vertical betatron frequency of the orbit and zm is the maximum 

vertical displacement per turn (in mm), given by:    
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2 2 2

2
1000p

m
d d

qFV
z

h n m dω

−
= × . 

 

For the first orbit the first two terms on the right hand side of equation J.17 and the 

value of equation J.18 are zero. 

 

These intermediate values at the exit gap of the resonator are used to complete the 

calculation for the rest of the turn. The displacement and divergence are respectively 

given by: 

( ) ( )
'

23 23
24 24cos 2 sin 2j

j j j

j

r
j r z z

z

z
z z πν πν

ν
= +  

and 
 

( ) ( )' '23 23
24 24sin 2 cos 2

j j j j jj r z z r zz z zν πν πν= − + . 

 

The calculation process is terminated once the extraction radius is reached.  

 

 

J.4     RESULTS 

 

The calculated vertical displacement and divergence of the particle for the above set 

of parameters, where the voltage between the dee plates is 15 % of the flat-topping 

voltage, are 0.036 mm and -0.061 mrad respectively. The calculated beam phase plot 

to show the progress per turn is shown in figure J.2, indicated with solid markers. The 

values for injection are at the origin of the graph. The calculated values are artificially 

connected with a smoothed curve to visually show the progress of the vertical motion 

per turn. 
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Figure J.2. The calculated beam phase plot of the vertical motion in the SSC due to 
a voltage between the dee plates of the flat-topping resonator caused by a vertical 
displacement of the dee plates. The energy of the proton at the extraction orbit is 
66 MeV and the calculated vertical displacement and divergence are a fraction of a 
millimeter and a milliradian respectively. 
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