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Abstract

We first establish weak convergence results regarding an inertial Krasnosel’skii-Mann iterative method for approximating
common fixed points of countable families of nonexpansive mappings in real Hilbert spaces with no extra assumptions on the
considered countable families of nonexpansive mappings. The method of proof and the imposed conditions on the iterative
parameters are different from those already available in the literature. We then present some applications to the Douglas—
Rachford splitting method and image restoration problems, and compare the performance of our method with that of other
popular inertial Krasnosel’skii-Mann methods which can be found in the literature.
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1 Introduction

Many results regarding the approximation of fixed points
of nonexpansive mappings have been established in the lit-
erature (see, for example, Bauschke and Combettes 2011;
Bauschke et al. 2011; Berinde 2007; Cegielski 2012; Kras-
noselskii 1955; Mann 1953; Chang et al. 2002 and references
therein). Recently, several iterative methods for constructing
common fixed points of families of nonexpansive mappings
have been proposed and studied. For instance, the results in
Bauschke (1996), Kimura et al. (2005), O’Hara et al. (2003),
Shimizu and Takahashi (1997), Shioji and Takahashi (1997)
concern approximating common fixed points of finite fami-
lies of nonexpansive mappings, while those in Aoyama et al.
(2007), Cho et al. (2008), Klin-eam and Suantai (2010), Nil-
srakoo and Saejung (2009a), Nilsrakoo and Saejung (2009b),
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Sahu et al. (2013) aim at finding common fixed points of
countable families of such mappings.

Inertial Krasnosel’skii-Mann iterations have been proposed
in order to improve the convergence speed of the already
available methods for finding fixed points of nonexpansive
mappings. Some of these results can be found, for exam-
ple, in Bot et al. (2015), Dong (2020), Dong et al. (2018),
Dong et al. (2019), Dong et al. (2019), Maingé (2008),
Vong and Liu (2018). Numerical examples concerning image
reconstruction and signal processing have shown that the
inertial Krasnosel’skii-Mann iterative methods outperform
the classical Krasnosel’skii-Mann iterative methods (see, for
instance, Bot et al. 2015; Dong 2020) through optimum
choice of the inertia and iterative parameters. One of the
major contributions of these results is that they indicate how
to weaken and relax the conditions imposed on the inertial
term. More recent results in this direction can be found in
Dong (2020).

One of the limitations of the inertial Krasnosel’skii-Mann
iterative methods in Bot et al. (2015), Dong (2020), Dong
et al. (2018), Dong et al. (2019), Dong et al. (2019), Maingé
(2008), Vong and Liu (2018) is that some strong assumptions
are imposed on the inertial factor of the proposed methods.
In addition, these inertial Krasnosel’skii-Mann methods are
only considered for a single nonexpansive mapping. As far
as we know, no inertial-type Krasnosel’skii-Mann iterative
methods have been proposed and studied for countable fam-
ilies of nonexpansive mappings so that results pertaining to
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such methods imply the results concerning known inertial
Krasnosel’skii-Mann methods as corollaries.
This leads us to ask the following question:

Question: Can we propose a new and useful inertial-type
Krasnosel’skii-Mann iterative method for countable families
of nonexpansive mappings in Hilbert spaces?

Our aim in this paper is to give an affirmative answer to this
question. We now present a brief summary of our answer:

e We propose an inertial-type Krasnosel’skii-Mann itera-
tive method for approximating common fixed points of
countable families of nonexpansive mappings in Hilbert
spaces with new conditions on the iterative parameters.

e We establish a weak convergence theorem for our pro-
posed method under weak conditions on the iterative
parameters.

e We give some applications of our results to the inertial
Douglas—Rachford splitting method.

e We present numerical illustrations of our proposed
method and compare our method with some important
and recent inertial Krasnosel’skii-Mann iterations which
are available in the literature. Our numerical experiments
show that our method has a faster convergence speed than
these recent inertial Krasnosel’skii-Mann iterations.

The organization of the paper is as follows. In Sect.2, we
present the relationship of our results with existing ones in
the literature and highlight the contribution of this paper to
existing results. In Sect. 3, we present several results which
will be needed in our convergence analysis. The convergence
analysis of our inertial-type Krasnosel’skii-Mann iterative
method for countable families of nonexpansive mappings
is presented in Sect.4. We provide some applications of
our results to solving monotone inclusion problems and the
Douglas—Rachford operator splitting method in Sect. 5. Sec-
tion 6 contains numerical implementations of our theoretical
analysis. Concluding remarks are given in Sect. 7.

2 Relation with existing results

Let H be a real Hilbert space with scalar product (-, -) and
induced norm || - ||. A mapping T : H — H is said to be
nonexpansive if

ITx =Tyl <llx =yl Vx,y€H.

One of the most important methods for finding a fixed point
of a nonexpansive mapping 7 is the Krasnosel’skii-Mann
iteration (Krasnoselskii 1955; Mann 1953; Reich 1979): x; €
H’

Xnp1 = —ap)xy + 0oy, Tx, Yn=1,2,..., 2.1
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where «,, € (0, 1). It is well-known that the Krasnosel’skii-
Mann iteration (2.1) converges weakly to a fixed point of
T under some appropriate conditions on {«j,}. For more
details regarding the convergence of (2.1), see, for example,
Bauschke et al. (2004), Chidume (2009), Cho et al. (2008),
Genel and Lindenstrauss (1975), Goebel and Reich (1984),
Opial (1967), Reich (1979), Yao and Liou (2008) and refer-
ences therein.

Recently, convergence results for a combination of the
Krasnosel’skii-Mann iterative method (2.1) and an inertial
extrapolation step (that is, inertial Krasnosel’skii-Mann iter-
ations) have been considered in the literature. It has been
shown that the addition of an inertial extrapolation step to
existing optimization methods does increase the convergence
speed of the optimization methods (see, for instance, Alvarez
and Attouch 2001, Attouch et al. 2000, 2014, Attouch and
Czarnecki 2002, Attouch and Peypouquet 2016, Beck and
Teboulle 2009, Bot and Csetnek 2016a, 2016b, Chen et al.
2015, Lorenz and Pock 2015, Maingé 2008, Ochs et al. 2015,
Polyak 1964). In particular, the inertial Krasnosel’skii-Mann
iteration is of the form: x¢o, x1 € H,

{ Wy = X + O, (X — Xp—1) (2.2)

Xpp1 = (1 —ap)wy, + oy Twy,

where 6, € [0, 1) is the inertial factor and «, € (0, 1).
Weak convergence results for (2.2) have been established in
Bot et al. (2015), Dong (2020), Dong et al. (2018), Dong
et al. (2019), Dong et al. (2019), Maingé (2008), Vong and
Liu (2018). Several conditions have been imposed on {6, } in
order to obtain weak convergence of {x,} to a fixed point of
T. For instance, the following conditions were imposed on
{6,} in several papers in order to obtain the convergence of
(2.2), which follows the style of (Alvarez and Attouch 2001,
Theorem 2.1)

oo
06 <6 <1 Oulln—xu1l® < o0. 2.3)

n=1

Although the summability condition (2.3) can be verified in
practice by using a suitable on-line rule, it involves the iter-
ates {x,} and {x,_1} that are a priori unknown. Thus, it is
desirable to give alternative conditions in which the knowl-
edge of the iterates is not required.

To overcome this setback, the authors in Bot et al. (2015)
provided the following conditions: the inertial sequence {6,,}
and the coefficient {o;,} satisfy

0=0, <0, <Opp1 <0 <1Vn>1, 0<Iliminfa, <ay,
_8-016(1+6)+65+0]

< , (2.4)
S[1+6(1+0)+08+0]
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with

0%(1+6) + 6o
T e &)
where o, 6 > 0. Similar conditions were assumed in Dong
et al. (2018), Dong et al. (2019), Dong et al. (2019), Maingé
(2008), Vong and Liu (2018).
Summing up, we highlight our contributions in this paper as
follows.

e Clearly, conditions (2.4) and (2.5) are very complicated
and restrictive. In particular, it is difficult to determine the
upper bound 6 of the inertial sequence {6, }. To circum-
vent these difficulties, we provide new conditions on the
inertial sequence {6,} and the coefficients {«,} in (4.1).
In contrast to the above conditions, our proposed con-
ditions in (4.1) are much more relaxed. For instance, in
Propositions 4.13-4.15, we have provided several sim-
ple ways of choosing the inertial sequence {6,} and the
coefficients {«,} so that our proposed conditions in (4.1)
are satisfied.

e Our proposed algorithm does not involve the on-line rule
> Onllxy — xp—1]I> < oo assumed in (2.3). Instead,
we propose another way of choosing the inertial parame-
ters which is different from the one used in (Alvarez and
Attouch 2001, Theorem 2.1).

e Furthermore, in the case where 6,, = O for all n > 1, the
authors in Bot and Meier (2021) imposed some strong
assumptions, which are difficult to satisfy in practice, on
the countable families of nonexpansive mappings (see
condition (iii) of (Bot and Meier 2021, Theorem 2.1)).
Our method (even with 6, not necessarily equal to 0)
does not require such strong and restrictive conditions
on the countable families of nonexpansive mappings.
Moreover, to the best of our knowledge, no inertial-type
Krasnosel’skii-Mann iterative method has so far been
proposed and studied for countable families of nonex-
pansive mappings. Thus, the techniques employed in this
paper are different from the ones which have up to now
been used in the literature.

e Our results are applied to solving image restoration prob-
lems.

3 Preliminaries

In this section, we recall and present several results which
will be needed in our convergence analysis.

Lemma 3.1 (Opial 1967). Let C be a nonempty subset of H
and let {w,} be a sequence contained in H that satisfies the
following two conditions:

(1) lim |Jw, — y| exists forany y € C;
n—od

(ii) every subsequential weak limit point of {w,} belongs to
C.

Then, {wy} converges weakly to a point in C.

Definition 3.2 A mapping 7 is said to be demiclosed if when-
ever a sequence {w,, } weakly converges to y and the sequence
{Tw,} strongly converges to z, it follows that T'(y) = z.

The next result is well-known (Browder 1968).

Lemma 3.3 Let C C H be nonempty, closed and convex, and
let T : C — C be a nonexpansive mapping. Then, I — T is
demiclosed at 0.

We now specialize a result in Bruck (1973) (proved for all
strictly convex Banach spaces) to real Hilbert spaces.

Lemma 3.4 Let C be a nonempty, closed and convex subset
of H. Let {Si} be a sequence of nonexpansive mappings of C
into H and let {B} be a sequence of positive real numbers
such that Z,fil Bx = 1. If the intersection ﬂ,filF(Sk) of
the fixed point sets of { Sk} is nonempty, then the well-defined
mapping T = Z,fil Bk Sk has a fixed point and F(T) =
N F(Sk).

Let x;,+1 = x, + 6, (x;; — xp—1). Then, we have foralln > 1
(Attouch and Cabot 2020),

n
Xntl = Xn = ]—[9,/ (x1 — x0),
J=1

which implies that

n—1 1

Xp = x| + Zl_[@j (x1 = x0)-

j=1j=1
Thus, the sequence {x,} converges if and only if x; = x¢ or

oo I
if > [0 < oo.
=1 j=1
Therefore, throughout this paper, we assume that

00 !
SUTTei | <00 viz1 (3.1)
=i \j=i
Next, we define the sequence {z;} in R by
00 l 00 I
n= > |[Iei]=1+>_I]e (3.2)

I=i—1 \j=i I=i \j=i
i—1
with the convention that [] 6; = 1Vi > 1.
j=i
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Remark 3.5 (See also Attouch and Cabot 2020). In view of
assumption (3.1), the sequence {#;} given by (3.2) is well-
defined and

i =146ty Vi>1. 3.3)

In the following proposition, we provide a criterion for ensur-
ing assumption (3.1).

Proposition 3.6 (Attouch and Cabot 2020, Proposition 3.1).
Let {6,,} be a sequence such that 6, € [0, 1) Vn > 1. Assume
that

1 1
_ =c,
n—oo \ 1 — 6,11 1 -6,

lim
for some ¢ € [0, 1). Then,

(1) Assumption (3.1) holds, and t,, 11 ~ m asn —
o0,

(i) The equivalence 1 -6, ~ 1 —0,,41 holds true asn — oo.
Hence, t,41 ~ th4p asn — oo.

Remark 3.7 An example of a sequence satisfying assumption

GB.Diso, =1-2,0> 1.
Indeed, we have

. 1 1
lim —
n—o0 \ 1 — 6,41 1-6,
1

1 1
= lim (:(n—i— 1) — 7n> =-¢€l0,1),

which by Proposition 3.6 implies that assumption (3.1) holds.
Note that this example (6, = 1 — %, 0 > 1) falls within
the setting of Nesterov’s extrapolation methods, and many
practical choices for 6, satisfy assumption (3.1) (see Attouch
and Cabot 2020, Beck and Teboulle 2009, Chambolle and

Dossal 2015, Nesterov 1983).

The corresponding finite sum expression of {7;} is defined for
i,n>1by

n—1 l n—1 l
bj) =1+ 6; ). i<n,
R (jl:[i ’) = (,11 ’) =T

0, otherwise.

tin ==

Similarly to Remark 3.5, we see that {t; ,} is well-defined
and

lin=1+0itiz1,Vi>1, n>i+1 (3.5)
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Lemma 3.8 (Attouch and Cabot 2020, Lemma B.1). Let
{an}, {6,} and {b,} be sequences of real numbers satisfying

an+1 < Opay + b, forevery n > 1.
Assume that 6, > 0 for everyn > 1.

(a) Foreveryn > 1, we have

n n—1
Zai < f,na1 + Zti—i-l,nbiy
i=1 i=1

where {t; ,} is as defined in (3.4).
(b) Under (3.1), assume that the sequence {t;} defined by
o
(3.2) satisfies > tiy1[bil+ < oo. Then, the series
i=1
> lail+ is convergent and
i>1

Y lails < nilarls + ) tialbils
i=1

i=1
where [t]+ := max{t, 0} forany t € R.

Lemma 3.9 (Attouch and Cabot 2020, Lemma 2.1). Let {x,}
be a sequence in H and let {0,} be a sequence of real num-
bers. Given a point 7 € H, define the sequence {I',} by
Ty = 1llx, — z||°. Then,

Fn+1 -y - en(rn - Fn—l)

1
=50+ O %0 — Xn—111* + (Xpp1 — Wy, Wy — 2)

1
+5 g1 = wall?, (3.6)

where wy, = x;, + 0, (X, — Xp—1).
Lemma 3.10 We have

20, y) = IIxI? + Iyl = llx — yII?
= lx + yI> = lIxlI> = lyI* Vx, y € H.

4 Main results

We begin by listing the assumptions that we use in our con-
vergence analysis.

Assumption 4.1 (a) {ﬁ,’f} is a family of non-negative num-
bers with indices n,k € N, where k < n and the
following conditions are satisfied:

Q) Y Bi=1vn>1;
(i) lim g5 >0 Vk > I,
n—0oo
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— Bl < o0

(i) Yooy Yor_y 18K,

(b) {Sk} is a countable family of nonexpansive mappings
such that N2, F(Sk) # ¥;

(¢) 6, € [0,1) and o, € (0, 1) for all n > 1 such that
hm 1nf o, > 0. Assume further that there exists € €

(O 1) such that for n large enough, we have

(I —op-1)

(1—e¢) (I —6y—1)

n—1

1 —ay)
> Butns (1 40, + [a—(l —6,)
n

_dmenn) gn_l)L),

Op—1

“4.n

Remark 4.2 Condition (a) in Assumption 4.1 is satisfied
when (see Aoyama et al. 2007)

—k

27k k=n
forn, k > 1 withk <n.

Remark 4.3 Condition (c) in Assumption 4.1 is different from
the conditions imposed on {6, } in Botetal. (2015), Dong etal.
(2019), Dong et al. (2019), Dong et al. (2018), Dong (2020),
Maingé (2008), Vong and Liu (2018).

We now introduce our new inertial-type method.

Algorithm 4.4 Choose sequences {6,,} and {«,,} such that the
conditions from Assumption 4.1 hold. For arbitrary xo, x| €
H, let the sequence {x,} be generated by

!wn = xp + On(xn — Xu—1), “4.3)

Xpe1 = (1 —ap)wy, + oy ZZ:] ﬁ,ljSkw,,, Vn > 1.
We begin our analysis with the following lemmas.
Lemma4.5 Let Assumption 4.1 hold and let {x,} be a

sequence generated by Algorithm 4.4. Then, the following
inequality holds:

Fn+l - Iﬁn =< On(rn - Fn—l)

1
— oy (1 —ay)lwy

+ L 00+ 62 — x|
) n n n n— )

n
2 : k 2
k=1

where Ty := %||x, — z||> Vz € N2 F(Sk).

Proof Let z € N2, F(Sk). Then, from (4.3) and Lemma
3.10, we obtain

(Xpp1 — Wy, Wy — 2)

n
= —ap{w, — Zﬁy]:Skwns wy, — 2)
n n
= —ay(w, — Z,B;]:Skwns Wy — Z,Bﬁskwrﬁ — oy {wy
k=1 k=1
n n
= BESiwn. Y BESewn — 2)
k=1 k=1

n
1
k 2 2
= —aylwy = Y Ay Scwnl® = Sau | lwy =212 =
k=1

n n
= BrSiwal® = 1Y By Skwn — z||2:|
k=1 k=1

n
Uy k 2 On 2
= = lwn = 3 BaScwnll® — - llwn =zl

k=1
o n
n k 2
+ 1D By (Siwn = 2]
k=1
n o
= 2 BuSiwal® = = lhwn — 2
k=1

n
o % 2
+ (0 88) wa =zl
k=1
n
= BrSiwal*.
k=1

Op
=< _7”wn

(4.4)

Using (4.4) in Lemma 3.9 and noting that x,+1 — w, =
Un (22:1 ,35, Skw, — w,), we obtain

1
Fost = D < 0Ty = Do) + 500 + O 1xn — Xn—11?

l n
—5enllwn =3 By Sewnl?

k=1

1 2
+5 lxn+1 — wyl

= Qn(rn - Fn—])

1 2 2
+§(9n + en)”xn — Xp—1]l

1 n
— (1 —an)wy — ;ﬁﬁskwn||2.

]

Lemma 4.6 Let assumption (3.1) and Assumption 4.1 hold,
and let {x,} be a sequence generated by Algorithm 4.4. Then,
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the following inequality holds:

1

n

(1 —
)
; o1
i=1
1_ .
—Oitiy1 (1 +6;i + |:( 'al)(l —0i)
1
(1 — ;1)
——q —ei_lﬂ ) xi — xi— 1112
i1 +

l—«
<24|I'1 = Io| +2T‘o-|-t1u

where t; is as defined in (3.2).

Proof From (4.3) and Lemma 3.10, we obtain

n
k 2 -2
1Y BrSkwn — wall* = o [ Xns1 — X — Xy — Xn—1)
k=1

+(1 = 0) (e — xp—D 17
= o, 21 Xn1 — 2% + Xpo1 ||

+or, 2 (1= 00)211xn — Xn—t |12

+20, 2(1 = 0) (Xn1 — 22 + Xp—1, Xy — Xp—1)
= o, 21X 1 — 2% + Xp1 ||

o (1= 6% 120 — X111

-2 2
2 (1= 0) [ 11 =
2 2
It = %=t = a1 = 25 + X1

-2 2
=, Qn”xn-i-l — 2xp + Xp—1|]
-2 2 2
+a, (I =67 Mlxn — xp—1l

(1= ) [t = all® = 5 = 5111
> o (1= 60)° xn — 21 |
(1= 6)[ 041 = 22

— b = x-1117]- 45)

Using (4.5) in Lemma 4.5, we get

1
Fott = Tn < 60 (T = Tuot) + 500 + O %0 — X1l

(1 —60)llx1 — xol%,

n—1
1
+ E ti+1,n|:(§(9i +67)
i=1

10—

: (1= 6%) s = xia 2
o

(=60 (i1 =i 2=l =i 1) ]

o

Lets; := 1;;“’ Noting that #; , < #; Viand T, > 1 Vn > 1,
we get

n—1
> tivta] (5101 =007 = @ +6D) i = xica 2
i=1
i (1= 00 (i = 20012 = i = xi-112) |
=< 2tl,n(Fl - l—10) + 2(1—‘() - Fn)
<21|I'y = Lol + 20,

which implies that

2111y — To| 4+ 2T
n—1

=t (5101 = 007 = @ + D) Ixi = xi-a 2
i=l1
s (1= 00 (I = il = i = xi-11?) ]
n—1

=3t (501 = 007 = @ +6D)) i — xima 2
i=1

n—1

+ 3 (st (1=6i-D=ti1,05:(1=6) ) Ixi =1

i=1

2 2
Ft108i—1 (1 =051 | X —Xn—111"—11,250(1—06p) || x1 —x0|

n—1

=t (510 =60 = 6 +6D) ) I — x|
i=1

n—1

+ 3 (tni-1 =81 =ti15:(1=6) ) i i1 |

i=1
2
—t1,50(1 — 0p)||x1 — xol|

n—1

=t (510 =60 = 6 +6D) ) I — x|

i=1

1

=5 (=) (= 6216 — X1 n-l )
| +>° (ti,nSi—1 (1- 9i—1)—ti+1,nsz'(1—9i)) [l —xi—1l

—30 =) (1= 0) [ =l = ow = xut 2] 0=

It follows from Lemma 3.8(a) and (4.6) that

n

Ty —To=)Y (i = Ti1) < t1.(T' = To)
i=1
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46) t1so(1 — o) [lx1 — xo |1

n—1

=3 [t (5:1=602=6+67)) +tinsi-1 (1=6,-1)

i=1
2
—tix1n8i(1—6)] lx;i — xi—1]|

— t150(1 — 6p) [lx1 — xol1*. 4.7)
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Now, from (3.5), we obtain

tirtn (501 = 6% = 6+ 6D)
+ tinSi—1(1 = 0i—1) — tix1,08i(1 = 6;)
= tista(si(1 — )% — (6 +61))
+si1(1 = 6;-1) + 0itig1 pnsi—1(1 —0;—1)
— tix1nsi(1 —6;)

=si1(1 —0;—1) = Oitiy1 (Si(l —6;)

+ 146 =51 (1= 6-)

> si1 (1= - = 0t (146, + [s(1 = )
—sim1(1=6,-0], ). (48)
Combining (4.7) and (4.8), and noting that s; = l;?‘f Vi, we
arrive at the desired conclusion. O

Lemma 4.7 Let assumption (3.1) and Assumption 4.1 hold,

and let {x,} be a sequence generated by Algorithm 4.4. Then,
o0
n+10nl1Xn — Xn—1 ”2 < 0Q.
n=1

Proof We may assume without any loss of generality that
inequality (4.1) holds true for all n > 1. That is,
(I =€)sp—1(1 —6p—1)

= Oatur (1460 + [s50(1 = 62) = s5m1(1 = 6,-0)] )
4.9)

> 1

e

where s, = % This implies that

€sp—1(1 —0p—1) < sp—1(1 — 1)
— Outa1 (14 60 + [s0(1 = ) = 551 (1 = 6,-0)], ) Vn
(4.10)

> 1.
Also, using (4.9), we obtain

Ontnt1 < su—1(1 — 6—1)
—~ Outa1 (60 + [s0(1 = 6) = 5011 = 6], )

—esy—1(1 —=6,-1)

< sp—1 (I —6,-1). (4.11)

Combining (4.10) and (4.11), we find that

€Ontpy1 < sp—1(1 — 1)
- Gnln+1<1 +0n + [Sn(l —0p) —sp—1(1 — 0}1—1)]+) vn

> 1.

Now, replacing n with i and applying Lemma 4.6, we obtain

n—1
2
> ebitigillxi — xiall < 20|01 — Tol

i=1

+ 200 + t1so(1 = 6p) [lx1 — xoll*. (4.12)
Taking the limit as n — oo in (4.12), we see that
o
> bitipillxi — xia* < oo,
i=1
which yields the desired conclusion. O

Lemma 4.8 Let assumption (3.1) and Assumption 4.1 hold,
and let {x,} be a sequence generated by Algorithm 4.4. Then,
we have the following assertions:

(a) lim |x, — z|| exists for all z € NZ2 | F(S) and conse-
n—od
quently, {x,} is bounded.

(b) lim |[x, — wy| =0.
n—oQ

(c) Mim || 3%y By Scwn — wall = 0.
Proof (a) From Lemma 4.5, it follows that

1—‘ln—i-l -y <6, (Fn - 1—‘n—l)

1
+5(6+ 07 ) lvs 30112
n

1
= san(l—an)llwn = Y By Sewnll®

k=1
< 60 (T = Tt ) + Ol = 011

1 n
= sen(l—amllwn = Yy Sewnl® (4.13)
k=1
= 60 (T = Tt ) + Ol — 30112 (4.14)

Applying Lemma 3.8(b) and Lemma 4.7 to (4.14), we get
o0

that ) [Fn—l*nq] < 00.Since T, = %||xn—z||2, we
n=1 +

conclude that lim ||x, —z|| exists forall z € N2, F(Sk).
n—o0

Hence, {x,} is bounded, as asserted.
(b) From (4.3) and Lemma 4.7, we obtain

00 00
2 2
Ztn—H lwy, — X117 < Ztn+19n”xn — Xp—1I” < oo.

n=1 n=1

Sincet, > 1Vn > 1, weconclude that lim |w,—x,| =
n— o0
0.
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(c) Applying Lemma 3.8(a) to (4.13), we obtain

n

r,—To=Y) (i —Ti-)

i=1

<tin (Fl - Fo)

n—1
2
+ ) tigin [91' llxi — xi—1ll

i=1
] n
— sl — o) w; - ;ﬁ,’fskwinz]

<1 (1 —To)
n—1

2
+ )tk — x|

i=1

—1 n

ln

k 2

=5 2 tivtnei(l—op)llwi =Y By Siwi |,
i=1 k=1

which implies by Lemma 4.7 that

1n—l n
5 D tietndti(h = e)lwi = 3 By Sew; |
i=1 k=1

n—1
<To+u(T1—To)+ Y tip16illx — xi—1])* < oo
i=1

Since tj+1,, = 0 for i > n, letting n tend to oo, and
applying the monotone convergence theorem, we get

1 o n
5 2 timai(l—ap)lhwi = Y By Siwi|* < 00, (4.15)
i=1 k=1

Replacing i with n in (4.15), noting thatf,, > 1 Vn > 1,

and using the condition imposed on {«;, }, we obtain from

(4.15) that lim [[w, — Y7 _; BXSkwy | = 0, as asserted.
n— o0

O

Now, we give the weak convergence result below.

Theorem 4.9 Let assumption (3.1) and Assumption 4.1 hold,
and let {x,} be a sequence generated by Algorithm 4.4. Then,
{x,} converges weakly to a common fixed point of {Si}.

Proof Letz € N7 | F(Sk). Since Sy is nonexpansive for each
k, we have

| Skx — z|l < llx —z|| Vx € H,z € N2, F(Sk)-

Therefore,

n
D IBESexll < lx =zl + 21l

k=1

@ Springer

because Y }_, BX = 1. Now, define

n
Tux = ZﬁﬁSkx, xeH.
k=1

It follows from condition (a)(i) in Assumption 4.1 that 7}, is
nonexpansive for each n. Clearly, N2 | F(Sx) C N2 F(T).
Using condition (a)(ii), we see that for each k > 1, there
exists ng > 1 such that ,B,’fo > 0. Hence, F(T,, C
F(Sx) Yk = 1 by Lemma 3.4, and so N2 F(T,) C
F (Sx) Yk > 1. Therefore,

N0, F(Ty) = NS F(S) # 0.

n=1

Let B be a bounded subset of H. Since N2, F(Sy) # 9,
we know that {Sxx : x € B,k > 1} is bounded. Define
M = sup{||Skx|| : x € B, k > 1}. Then for each x € B and
n > 1, we have

n+1 n

I Tur1x = Toxll = 11 ) By iy Six — Y By Sixll
k=1 k=1

n

<Y 1BE = BEISkxIl + B 1 Skqrx]
k=1
n n

<D 1Bt = BaIM + (1 - Zﬂrli+l)M
k=1 k=1
n n n

=Y I8k = B+ (B =D B )M
k=1 k=1 k=1

n
<2M Y IBE, - B

k=1

(4.16)
Therefore,

n
sup{[|Tps1x — Tuxl| s x € BY <2M Y 1B, — BLI.
k=1

Using condition (a)(iii), we obtain that

o0
ZSUP{HTon — Tux|| : x € B}

n=1

o n
<2M Y ) IBr — Bul < oo

n=1 k=1

(4.17)

Now, for [, m > 1 with > m, we get

-1
k k k k
B = Bl < D 1Bhy — Bl
n=m
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for all k > 1 and k < m. Hence - >
- = ’ <> BB M+ ) BM.
m m -1 k=1 k=m+1
k_ gk < kK _ gk
Z 1B = Pl = Z Z: Busr = Pal Passing to the limit, we see that
k=1 k=1n=m
-1 m
k k i =
_ Z Z 18k, — BX| mh_r)noonx Tx, x e H. (4.18)
n=m k=1
-1 n As a matter of fact, it also follows directly from (4.17) that
< Z Z 1B 11— BEI. the sequence {7, x} is Cauchy for each x € H. Indeed, let
n=m k=1 k,l > 1 Dbe such that k > [. Then,

Taking the limit, we get

m o0 n

k k k k
DB =Bl <Y D 1Bk — Bl < o0,
k=1 n=m k=1

where ¥ := lim ¥, k > 1. Thus,
n—oo

m—0oQ

m
lim Z 18X — gk =0.
k=1

Therefore,

o
IA

o0 m
k o k _
1> B 1= lim [ g —1
k=1 k=1
m m
S T k _ k
= lim [ > = Byl
k=1 k=1
m
: k ky _
< Jim 31t = gl =0,
k=1
andso Y 12, gk = 1.

Next, define a mapping 7' by

o0

Tx = ZﬁkSkx, x € H.
k=1

It follows from Lemma 3.4 that T is a nonexpansive self-
mapping of H such that

F(T) = N2, F(S) = N, F(Ty)

since /3" > 0 Vk > 1. Furthermore,

m o

I Tx = Txll = 1) By Six — Y BFSex]
k=1 k=1

o0

< 1Y B = BHSxl+ D 18 Sex]

k=1 k=m+1

I Tix — Tix|l < sup{||Txu — Tiu|| : u € B}
< sup{[|Tu — Ty—1u| : u € B}
+sup{|| Tx—1u — Tyul| : u € B}

k—1
<> sup{Ts1u — Tyull s u € B

n=I

o0
<> sup{ITs1u — Tyl s u € B,

n=lI

Hence, the sequence {7,,x} is Cauchy and converges strongly
to a point 7x in H. Furthermore,

ITx = Tix|| = lim [[Txx — Tix||
k— 00

o0
< D sup{ITs1u = Tyull : u € B}

n=I

forallx € Hand! > 1. So,
sup{|Tx — T;x| : x € B}

o0
<Y sup{l|Turiu — Toull - u € B).

n=I

Thus,

lim sup{||Tx — T;x|| : x € B} = 0. (4.19)
[—o0

Now,

ITwn —wnll < 1Twp — Tywnll
Hxn1 = Xnll + X0 = Tywall
Hllxn = Xp1ll + X0 — wall
= 1Twp — Tywnll + 2[xXp+1 — Xnll
Hlxn = wall 4 [1xn — Towy |
< sup{||Tx = Tox| : x € B} + 2[lxpq1 — Xa
Hlxn — wall + llxn = Tywall. (4.20)
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Using Lemma 4.8 (b) and (c), we get

n

k
lxn = Town |l = llxa = Y Br Scwall
k=1

n
k
< 1Y B Skwn — wall
k=1

+|lx; — wy|| > 0 as n — oo. 4.21)

Also, note that

n
1
k
l E By Skwn — wpll = — lIxp4+1 — xpl.
k=1 &n

Using Lemma 4.8 (c) and lim inf,,_, o ¢, > 0, we see that

lim |[x,41 — x,|| = 0. (4.22)
n—oo

Next, using Lemma 4.8 (b), (4.19), (4.21) and (4.22), we
infer from (4.20) that
lim ||Tw, — w,| = 0. (4.23)
n—oo

Since the sequence {x,} is bounded, there exists a sub-
sequence {xnj} C {x,} such that Xn;—p € H. Since
(xp—wy,) — 0asn — oo, weobtainthatwy,j—\p € H.Now
(4.23) and Lemma 3.3 imply that p € F(T) = ﬂ,filF(Sk).
Summing up, we have established that

(i) nlLHgQH)W; — z|| exists for each z € NZ2 | F(Sk);

(ii) any weak subsequential limit point of {x,} belongs to
Ne2 F(Sk). It now follows from Lemma 3.1 that the
whole sequence {x,} converges weakly to a point in
N2 F(Sk), as asserted. O

For a single nonexpansive mapping, we have the following
corollary from Theorem 4.9.

Corollary4.10 Let S : H — H be a nonexpansive map-
ping such that F(S) # 0. Assume that {«,} and {6,,} satisfy

Assumption 4.1 (c). Suppose {x,} is generated as follows:
X0, X1 € H,

Wy = Xy + 60, (xy — Xp—1)
Xn+1 = A —a)w, +a,Swy, Yo > 1.

Then, {x,} converges weakly to a fixed point of S.

We give some comments about our contributions in this paper
as follows.

@ Springer

Remark 4.11 (a) In Condition (iii) of (Bot and Meier 2021,
Theorem 2.1), some strong assumptions, which might
be difficult to check in applications, are imposed on the
countable families of nonexpansive mappings in order
to obtain convergence. In our convergence analysis of
Theorem 4.9, we do not impose any such extra conditions
on the countable families of nonexpansive mappings in
order to obtain weak convergence.

(b) Our method of proofs in Lemmas 4.5,4.6, 4.7, 4.8, The-
orem 4.9 and the imposed conditions on the iterative
parameters in Assumption 4.1 are different from the
methods of proofs and the conditions imposed in Bot
et al. (2015), Dong (2020), Dong et al. (2018), Dong
et al. (2019), Dong et al. (2019), Maingé (2008), Vong
and Liu (2018).

Remark 4.12 1t is worth noting that many practical choices
for the inertial sequence {6, } and the coefficients {«,} satisfy
(4.1). In fact, in the following propositions, we present sev-
eral ways of choosing {6,} and {«,} so that (4.1) is satisfied.

Proposition 4.13 Assume that {0,} is an increasing real

sequence that satisfies 6, € [0, 1) Vn > 1 with lim 6, =6
n— o0

such that the following condition holds:

1—-36 >0.

Then, (4.1) is satisfied.

Proposition 4.14 Suppose that 6, € [0, 1) Vn > 1 and that
there exists ¢ € [0, %) such that

. 1 1
lim — =c
n=>00 \ 1 — Oy 1—6,

and

On (1 +6,)

lim inf(1 — 6,)> > lim sup
1—2c¢

n—00 n—>00

Then, (4.1) is satisfied.

Proposition 4.15 Suppose that 6, € [0, 1) for alln > 1.
Assume that there exist ¢ € [0, 1) and ¢ € [c, 1) such that

. 1 1
lim — =c,
n—=>00 \ 1 — 61 1 —6,

Yn+1 — Vn

im =c
n—00 y, (1 — 6,)
and
0,(1+6
liminf y, (1 — 6,)*> > lim sup Onll +8n)
n—o00 n—00 —C

where y, = 5% Then, (4.1) is satisfied.

2a,



An inertial-type method for solving...

16581

The proofs of Propositions 4.13—4.15 can be derived by
slightly modifying the proofs in Attouch and Cabot (2020).

5 Applications

In this section, we use Theorem 4.9 in order to solve mono-
tone inclusion problems.

Recall that an operator A : D(A) C H — 2 is said to
be monotone if

(u—v,x—y)>0Vx,ye D(A), ue Ax,v € Ay,
and maximal monotone if it is monotone and its graph
G(A) :={(x,y) :x € D(A), y € Ax}

is not properly contained in the graph of any other monotone
operator.

The resolvent operator J, 4 associated with A and y > 0
is the mapping J, 4 : H — 2H defined by
Jyax) = +yA)~'x, xeH,y>0. (5.1
The resolvent operator J,, 4 is single-valued, nonexpansive
and everywhere defined on H whenever A is maximal mono-
tone (see, for example, Bauschke and Combettes 2011).
Moreover, x € A~'(0) (where A~'(0) := {x € H : 0 €
A(x)}) ifand only if x = J,4(x) Yy > 0.

Let us consider the following monotone inclusion prob-
lem:

Find x € H such that 0 € Ax, 5.2)

where A is a maximal monotone operator defined on H.

Corollary5.1 Let A : H — 2% be a maximal monotone
operator such that A~'(0) # @. Suppose {x,} is generated
by: xo,x1 € H,
Wy = Xy + 0y (X — Xp—1) (5.3)
Xp+1 = (1 —o)wy +anJyaw, ¥ = 1, '

where 0, € [0, 1), a, € (0, 2) foralln > 1 and liminf o, >

n—oo
0. Assume that there exists € € (0, 1) such that for n large

enough, we have

-0l _g,
oy

= entn—H (1 + 0}1 + |:(2 — an) (1 - en)

[o47]

_M(l _ 9’1_1)] ) )
+

Apn—1

Then, {x,} converges weakly to a point in A~'(0).

Proof Let x* € A~'(0). Observe that

2 2
l%n41 = 2117 = [[(wn — x™) +an(Jy Awn — wy)||
2
= [lwn — x™[I7 + 200 (W — x*, Jyawn — wp)
2 2
'HYnHJyAwn — wpl|

2 2
< llwp — x¥|| —an2—ap)llJyawn —wall”.

(5.4)

Following similar arguments to those used above (from
Lemma 4.5 to Theorem 4.9) and noting that A~L0) =
F(Jy 1), we obtain the desired conclusion. O

Next, we apply our results to the Douglas—Rachford split-
ting method for solving the following monotone inclusion
problem involving two operators:

Find x € H suchthat 0 € (A + B)x, (5.5
where A, B : H — 2 are maximal monotone operators on
a Hilbert space H (see Douglas and Rachford 1956, Lions
and Mercier 1979).

Define

Rya:=2J,o—1 and Ryp:=2J,p—1

for the corresponding reflections (also called Cayley oper-
ators), and observe that these reflections are nonexpansive
mappings.

One can show that 0 € Ax + Bx if and only if x =
JyB(y), where y is a fixed point of the nonexpansive map-
ping Ry AR, p. The Douglas—Rachford splitting method for
solving Problem (5.5) is as follows:
X1 = (1 = ap)xy +anRyARyan, n>1 (5.6)
Modifying (5.6), we obtain the following weak convergence
result.

Theorem 5.2 Let y € (0, 00) and assume that O € ran(A +
B). Assume that {«,} and {6,} satisfy Assumption 4.1 (c).
Suppose that the sequence {x,} is generated by: xo, x| € H,

{ Wy = Xy + 0, (xy — Xp—1)

xn+1=(1_an)wn+an(2JynA_I)(2Jy,,B_I)wn Vn>1.
5.7

Then, {x,} converges weakly to some point y € H such that
Jypy € (A+ B)"N0), that is, x := Jy By is a solution to
the monotone inclusion problem (5.5).

Proof Define T := R,aR,p. Then, T is nonexpansive.
Applying Theorem 4.9, we reach the desired conclusion. O

@ Springer



16582

C.lzuchukwu et al.

6 Numerical experiments

In this section, our focus is on the numerical implementation
of our proposed algorithm regarding some of the applications
which are presented in Sect. 5. This also involves comparing
its performance with that of some algorithms in the literature.
The codes are written in MATLAB 2016 (b) running on a
personal computer with an Intel(R) Core(TM) i5-2600 CPU
at 2.30GHz and 8.00 Gb-RAM.

Example 6.1 In this example, we consider Problem (5.5) and
use Algorithm (5.7) for the numerical experiments.

As for y,, we adopt the method in Dong and Fischer
(2010), Dong (2020) for updating y;, in the following man-
ner. We assume, in addition, that A is continuous. At the n-th
iterative step, with a known y,,, we first calculate

_ 7ullAGn) = ACu-)|
! 22 — Xn1]l

’

and then, we update y,, by

1.5y, if p, <0.5,
Y+l = Vs if 0.5 < p, <2,
0.5y, if pp > 2.

6.1)

Let

Q:={xx;>20,i=1,---, N} andlet

D —1I
—I D —I
A] — A e ,
—I D —1I
—I D
O I
-1 0 1
A — hc
)
-1 O I
-1 0
be two N x N block tridiagonal matrices, where N = m2,
1
h = , ¢ = 100, I is the m x m identity matrix, and
m+1
D is the m x m matrix 41 + M + MT with M; ; = 1 if
j=i+1,i=1,---,m—1,and M; ; = 0 otherwise.

Now, let A = A; + A3 and consider the following comple-
mentarity problem which is also discussed in Dong (2020,
Section 5);

0eAx —b+ 989 (x)

@ Springer

where 08¢ is the sub-differential of the indicator function
defined by

0, ifxeo,

So(x) =

¢ too, if x ¢ 0.
Setting b = Aeq, where e is the first column of the identity
matrix of order N x 1 corresponding to the matrix A, we see
that x* = e is the unique solution to the complementarity
problem. Thus, we set

b:=Ae;, A(x):=Ax—b, B(x):=050(x).

Then, J,, p(w,) = Pg(w,) = max{0, w,}.
The results of the numerical experiments are presented in
Figs. 1 and 2, and in Tables 1 and 2.

Example 6.2 (Image Restoration Problem). Consider the
following problem:

min {||Dx — b|[3 + ylIxIl1},

xeRN

(6.2)

where y > 0, x € R is the original image to be recov-
ered, b € RM is the observed image and D : RN — RM
is the blurring operator. In order to solve the above problem
via numerical computations, we choose the regularization
parameter y = 5¢~2. Furthermore, we consider the 256 x 256
Cameraman image and the 128 x 128 medical resonance
imaging (MRI) from the MATLAB Image Processing Tool-
box. Moreover, we use the Gaussian blur of size 9 x 9 and
standard deviation ¢ = 4 to create the blurred and noisy
image (observed image). Also, we measure the quality of the
restored image using the signal-to-noise ratio defined by

SNR = 20 x 1 el
TR e, )

where x is the original image and x™ is the restored image.
Note that the larger the SNR, the better the quality of the
restored image. We also choose the initial values as xo =
0cRY*N andx; =1 e RVXM,

Our results are reported in Figs. 3 and 4, and in Tables 3 and
4. Figures3 and 4 show the original, blurred and restored
images, while Tables 3 and 4 show the CPU time and the
SNR values for each algorithm.

For the numerical comparisons, we employ different choices
of 6, and «, as chosen in Bot et al. (2015), Dong et al.
(2018), Dong (2020), Maingé (2008), Vong and Liu (2018).
We conduct the following experiments.
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102 T T T 102 T T T T
—+— Our Alg. 4.7 —+— Our Alg. 4.7
—O— Bot et al Alg. —<— Bot et al Alg.
—&— Dong et al Alg. ) —&— Dong et al Alg.
10" Dong Alg. 1 10" Dong Alg. E
—#— Mainge Alg. —#%— Mainge Alg.
Vong & Liu Alg. Vong & Liu Alg.

TOL

10_4 I I I 10_4 I I I I
0 50 100 150 200 0 50 100 150 200 250
Number of iterations Number of iterations
Fig.1 Comparison for Example 6.1 (Experiment 1): Left: N = 400; Right: N = 1600
102 T T T T 102 T T
—+— Our Alg. (4.7) —+— Our Alg. (4.7)
k —<— Bot et al Alg. —<— Bot et al Alg.
% ——©— Dong et al Alg. ——©— Dong et al Alg.
107 % Dong Alg. 3 10"} Dong Alg. E
—#— Mainge Alg. —#— Mainge Alg.
Vong & Liu Alg. Vong & Liu Alg.
4 100 4
4 X107 4
=
i 1072 4
wmm N ‘
’Wﬂmm"mw ‘ - - ~""N--~'~‘~ . o
103k LT 103 F o |
10_4 | | | | 10_4 | | | | |
0 50 100 150 200 250 0 50 100 150 200 250 300
Number of iterations Number of iterations
Fig.2 Comparison for Example 6.1 (Experiment 2): Left: N = 2500; Right: N = 3600
Eable 11 1\61111meErlcal .results]for N Alg. (5.7) Bot et al Dong et al Dong Maingé Vong & Liu
xample 6.1 (Experiment 1) Alg Alg Alg Alg Alg
400 CPU Iter 1.0433 1.9486 177 2.2572 1.6639 1.9411 1.9003
136 177 185 153 172 167
1600 CPU Iter 21.0291 30.3693 32.1375 23.5890 29.9312 26.9191
156 218 229 170 214 192
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Table 2 Numerical results for
Example 6.1 (Experiment 2)

25

SNR

N Alg. (5.7) Bot et al Dong et al Dong Maingé Vong & Liu
Alg Alg Alg Alg Alg
2500 CPU Iter 57.0660 78.6224 82.3426 60.4150 77.6415 68.2888
167 233 245 180 229 202
3600 CPU Iter 134.1133 171.8811 184.0907 133.1440 191.7407 150.7633
176 246 259 189 242 210
. . . Original Cameraman Blurred Cameraman
—¥— Our Alg. (4.7) |
Bot et al Alg.
——+—— Dong et al Alg.
Dong Alg.
Mainge Alg. B
Vong & Liu Alg. [
Bot et al Alg. Dong et al Alg.

10

20 30 40 50
Number of iterations

SNR

—¥— Our Alg. (4.7)
Bot et al Alg. A

——+—— Dong et al Alg.
Dong Alg.

Mainge Alg. 4
Vong & Liu Alg.

10 15 20 25 30
Number of iterations

Original MRI

Algorithm (4.7)

Fig.3 Comparison for Example 6.2 (Experiment 1): Top: Cameraman; Bottom: MRI
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Blurred MRI

Dong et al Alg.

Vong & Liu Alg.

Bot et al Alg.
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30 i i i i Original Cameraman Blurred Cameraman
¥— Our Alg. (4.7)
Bot et al Alg.
Dong et al Alg. | 4
Dong Alg.
Mainge Alg.
Vong & Liu Alg.
Algorithm (4.7) Bot et al Alg. Dong et al Alg.
o
z
)
1 Dong Alg. Mainge Alg.  Vong & Liu Alg.
OI' | Y : . l‘
5 ) I ) I
0 100 200 300 400 500
Number of iterations
25 . . . . Original MRI Blurred MRI

—¥— Our Alg. (4.7)
Bot et al Alg.
Dong et al Alg.
Dong Alg.
Mainge Alg.
Vong & Liu Alg.

Algorithm (4.7) Bot et al Alg. Dong et al Alg.

Vong & Liu Alg.

5 1 I 1 L .

0 100 200 300 400 500
Number of iterations

Fig.4 Comparison for Example 6.2 (Experiment 2): Top: Cameraman; Bottom: MRI

Experiment 1 6, = min{0.9, 001(n+1)|1x,,—xy, planda, = 10?1%

Algorithm (5.7): 6, = 20 11 T and o, = 20 + (n+1)2‘ (Vong and Liu 2018, (rmlMann)) 0, = 0 50 =04 1=
n

(Bot et al. 2015, Algorithm 5): e)n =0.11 and @, = 0.8. 0.5,y = 0.9, By = griyyr and & = —gn+1)1+ogl

(Dong et al. 2018, Algorlthm 3.1): 6, = 0.5, 0 = 0.4, A = For Example 6.1, we choose in this experiment, x| =

0.5, y» = 0.9 and B, = ones(N, 1) and xo = zeros(N, 1) with N € {400, 1600}.

(Dong 2020, Algorithm 1("1}“1 Section 4): 8, = 0.21 and &, = We use the stopping criterion ||x, —x*|| < 1073. The numer-

0.7. ical results for this experiment are given in Table 1, Table 3,

(Maingé 2008, Algorithm 1.2): and Figs. I and 3.
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Table 3 Numerical results for Example 6.2 (Experiment 1)

Algorithms Cameraman MRI
CPU SNR CPU SNR

Alg. (5.7) 0.5115 23.0193 0.1063 16.3613
Botet al Alg 1.1789 19.2980 0.3273 12.7975
Dong et al Alg 1.2531 19.3447 0.4366 12.8332
Dong Alg 1.2559 19.2528 0.3302 12.7639
Maingé Alg 1.2091 19.3465 0.3335 12.9002
Vong & Liu Alg 1.1615 20.5500 0.3327 12.7093

Table 4 Numerical results for Example 6.2 (Experiment 2)

Algorithms Cameraman MRI
CPU SNR CPU SNR

Alg. (5.7) 10.0794 29.3923 1.3977 22.6102
Bot et al Alg 14.6114 28.5300 3.3212 21.5432
Dong et al Alg 17.9912 28.5362 3.3575 19.8321
Dong Alg 17.9181 28.5185 3.6683 21.3077
Maingé Alg 16.9046 28.5375 3.4686 21.5423
Vong & Liu Alg 15.7208 27.2374 3.9504 21.0194

Experiment 2

; .p — 99 1 _ 1 1
Algorithm (5.7): 6, = 35 — ol and o, = 77 + CE IR

(Bot et al. (2015), Algorithm (g): 6, =0.04 and o, = 0.9.
(Dong et al. 2018, Algorithm 3.1): 0, = 5%, u = 0.8,
A=1,y,=09and B, = W

(Dong 2020, Algorithm 1 in Section 4): 6, = 0.14 and o, =
0.8.

(Maingé 2008, Algorithm 1.2):

6, = min{0.9, n0-°1(n+1)|1|xn—xn,1u} and o, = 10?1%.
(Vong and Liu 2018, rmiMann): 6,, = TZH’ nw=081r=1,
Yo = 0.9, By = gy and & = .

For Example 6.1, we choose in this experiment, x| =
ones(N, 1) and xg = zeros(N, 1) with N € {2500, 3600}.
We use the stopping criterion ||x, — x*|| < 1073.

The numerical results for this experiment are given in Table 2,
Table 4, Figs.2 and 4.

7 Final remarks

In this paper, we have presented a modification of the inertial
Krasnosel’skii-Mann iterative method for approximating a
common fixed point of a countable family of nonexpansive
mappings with new conditions on the iterative parameters.
Using this method, we have obtained weak convergence
results in Hilbert spaces. We have applied our results to
monotone inclusion problems and to the Douglas—Rachford
splitting method for finding a zero of the sum of two max-
imal monotone operators. We have also presented several

@ Springer

numerical implementations which illustrate our theoretical
analysis.
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