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APPENDIX B

REViEW OF MODERN ASYMPTOTIC EXPANSIONS

Order Notation

Two types of order symbols will be used
f(e) = O[g(e)] as e~ O

if there exists a positive number A independent of ¢ and e, > 0 such

0
that
[f(e)] < A |g(e)]| for all [e] < €, (B-1)
This condition can be replaced by
limit £
el B0 R (8-2)

f(e) = o[g(e)] as e +0 if for every positive number &, independent

of € there exists an % such that

[f(e)| <6 [gle)| for all [e| < (B-3)

0

This condition can also be replaced by

5 i o w

Asymptotic Series
In general given a series

a

m 5
- where a is independent of x
m=0 x

e~

we say that the series is asymptotic and write

y ° i - 8 x|+ | (B-5)
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if and only if
y = I Daoflx™ as xoe (B-6)

This condition may be written as

N-1 a N
y* § 2+0[x™] a5 x+» (B-7)
m=0 x
Asymptotic Sequences
A sequence is called asymptotic if

Gn(e) = O[én_](c)] as e+ 0 (B-8)
where Gn(e) is a sequence i functions.

Asymptotic Expansions

An asymptotic eapansion is given by

e Lo amém(a) as e~ 0 (B-9)

if and only if
N-1
y = mZO amdm(e) + O[Gn(;)] as ¢ »0 (B-10)

where Gm(e) is an asymptotic sequence ond the a  are independent of
e. Clearly an asymptotic series is a special case of an asymptotic
expansion.

Non-uniform Expansions

In a parameter perturbation the quantities to be expanded can be
functions of one or more variables besides the perturbation parameter.
If we develop the asymptotic expansion of a function f(X,c) where X
is in general a vector (but can be scalar) independent of ¢ in terms of
the asymptotic sequence dm(c) we have

M®Hia) - mzo am(X)Gm(c) as e+ 0 (B-11)

where the coefficients am(x) are functions of X only. This expansion
is said to be uniformly valid if

T ————
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if and only if

N a N
y = 1 D+o[|x]™] as x e (8-6)

m=0 xm

This condition may be written as
N-1 a N
. . T o(Ix] ] as x » = (B-7)
m=0 X

Asymptotic Sequences
A sequence is called asymptotic if

Gn(c) = O[Gn_l(e)] as e+ 0 (B-8)

where & (¢) is a sequence of functions.

Asymptotic Expansions

An asymptotic expansion is given by

g L amsm(e) as ¢~ 0 (B-9)

if and only if
N-1
y = mZO a.6n(c) + 0[5 (e)] as e~ 0 (8-10)

where Gm(e) is an asymptotic sequence and the a  are independent of
€. Clearly an asymptotic series is a special case of an asymptotic
expansion.

Non-uniform Expansions

In a parameter perturbation the quantities to be expanded can be
functions of one or more variables besides the perturbation parameter.
If we develop the asymptotic expansion of a function f(X,e) where X
is in general a vector (but can be scalar) independent of ¢ in terms »f
the asymptotic sequence Gm(c) we have

f(X,e) - m(X)Gm(c) as ¢~ 0 (B-11)

] a
m=0
where the coefficients am(x) are functions of X only. This expansion
is said to be uniformly valid if

e 30 o o e
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N-1
fhe) = T ap(Xsg(e) + s (Kee) (8-12)

where RN(X,e) = 0[6N(e)] uniformiy for all X of interest. Otherwise

the expansion is said to be non-uniform or singular. For the uniform
condition to hold am(x)am(e) must be small compared to the preceding

term am_](X)Gm_](e) for each m. Since dm(c) = o[am_](e)] as e -0
one requires that am(x) be no more singular than am_](x) for all values
of X of interest if the expansion is te be uniform.

Limit Processes

In nerturbation problems one defines a limit process as follows:
let f(4,c) be a function of position and some parameter ¢ where X is
an abbreviation for the co-ordinates ¢, n.

In this limit process denoted by 1im], X 1is held fixed while
e » 0. The resulting limit function is then denoted by

113 f(X,e), X fixed (B-13)

F](x) = lim]f(x,e)
Now by the repeated application of this 1imit process with a suitably
chosen sequence &p(e) one obtains the follewing expansion

P L ag(08ye (8-14)

This is identical to the Poincare type expansion for som2 snall parameter.

Nov if this expansion is singular one can then define another limit
process which will generate a new expansion valid in the region of
non-uniformity. In the second limit process the point X will not be
fixed but will move along a curve & = const in such a way that the
ratio

;l = -g—(:)- is fixed.
The second limit process can be defined as follows: let F(a,c), as before,
be a physical quantity depending on position and e. The limiting
function appreoachad in the second limit process will be denoted by

Fole,n)  or limyF and defined by
2 2

Fplesn) = VimgF + 1M E(efc)  gin fixed  (B-15)
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Note that the first 1imit of F depends on F only while the second
depends also on the choice of co-ordinates (see Kaplun (1967) for an
exposition on optimal co-ordinate systems). A repeated application of
the second limit process gives an expansion of the form

2o mgoa,;‘(e)Bm(s.r".) (B-16)

Usually in most problems it is necessary only to define two-limit processes,
but this need not be the case (see van Dyke (1964)). ,

An ~.pansion cannot v: expected to satisfy conditions that are
imposed in the region where the expansion is singular. Hence insufficient
boundary conditions are generally available for the expansion. The
missing conditions are obtained by matching the expansions. The possibility
of matching the expansions rests on the existence of an overlap domain

where any two o~ ~s are valid (see Kaplun (1967)).
Accords “e (1964) it is only possible to match a
parameter per :xpansion that is singular in the co-ordinates or

a co-ordinate expans... that is non-uniform in other co-ordinates. One
cannot match two different parameter perturbation expansions, i.e. for
lorge and small values cf the Reynolds number. This also applies to
co-ordinate type expansions.

To match the expansions one can either use Kaplun's (1967) method
or van Dyke's (1964) method. They are essentially both the same, but
van Dy%e's method is much simpler to use.

To match two expansions the matching princ.ple according to van Dyke
is as foliows:

the m-term inner expansion of the N-team outer expansdion
= the n-term outer expansion of the M-tewm {nner expansion. (B-17)

fa
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APPENDIX C
MATCHING PROCEDURES
Asymptotic Matching of the Boundary Layer Expansion with the Upstream

Expansion

1-Term upstr2am expansion by - &oz(?,i)
Rewritten in terms of boundary layer
variabies and expanded for large Re = aoz(?.l) + sei
1-Term boundary layer
expansion &2 - ¢ox(?,x)

Rewritten in terms of upstream
variables and expanded for large Re

Qox(f"“’)
oo Bltee) = (1)

Similarly, to determine the

boundary condition (3.22)

2-Term upstream expansion $ &o(F,z) + —lzél(f,i)
Rewritten in terms of boundary Re*
layer variables and expanded for
large Re ‘= 60(5.1) + Rei$1(?,1)
1-Term boundary layer
expansion 3 - —J;¢O(F,x)
Rewritten in terms of upstream Re
variables and expanded for
large Re = —l;{¢0(9,m) EATEES
Re
Now matching terms of O(Reé}
h(r1) = - e - e].

where the 1.h.s. is just the displacement thickness.
Asymptotic Matching of the T-Term Upstream Expansion with a 1-term

Downs tream £xpansion

1-Term downstream expansicn e —lgwo(r,z)
Rewritten in terms of upstream Re
A 1 1
variables and expanding for large Re = ——;¢ (—-,2)
Re? © Re

e o
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APPENDIX D

NUMERICAL SOLUTION OF THE ROUNDARY LAYER EQUATION WITH AN UNKNOWN

PRESSURE DISTRIBUTION (THE FIRST TERM OF THE DOWNSTREAM EAPANSION

Finite Differe: e Equations
For computational purposes equation (3.28) is rewritten as

2

du* . | AT I L %
Vet VeE ar* = ey
. *
33;(r*u*) + r*%%; =0 » (D-2)
1
1 = r*[ u*dz* (D-3)
0
The boundary conditions become
WAre,0) = vA(re,0) = 0 (D-4)
u(r*,1) = v*(r*,1) = p*(1) = 0 (D-5)
w(V//Re,z) = 1 (D-6)

where the donwstream variables are defined as

« - uwRe * Rey s &
u U Sl i > h
s BRE, pro= (p-p)R U = ,
h 0% £ 2
ol 4nh

(D-7)

The method cmployed was based on a technioue developed by Bodoia and

Osterle (1961) (see also Hornbeck (1973) for further details).
Figure D.1 explains the notation.
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$5 u 3 k=n+1 ‘

K=n -4—
k +1 T

k s ez

-
k= ]
k -2
J-1 J J+1
z*
k=0

Fig. D.1 - Notation for finite difference equations

The finite difference analog for the momentum equation is

u(d,K) (UKL= WK gy g ) (Lot~ v(IHTKo1),

p(J+1) - p(J) u(J+1,K+1) - 2u(J+1,K) + u(J+1,K-1)¢ .
t Ar [ A 2 ] 0
z

The continuity equation (D-2) is defined in a rether peculiar manner

R [yLJ+1,K+1)2+ u(J+1,K)] ! rJ[gLJ,KH); u(J,K)]

Ar

+ rJ{q[!(J‘H,K"‘])A; V(J‘H ,K)] = 0 (D“g)

The reason for the above finite difference analog for the continuity
equation can be senn if one sums (D-9) over all K, equation (D-9)
reduces to
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N r N
u{J+1,0) + 2 § u(J+1,K) = ;r——{u(J,O) +2 3 u(J,K)] (D-10)
J+1 k=1

k=1
which is just the finite difference analog of the trapezoidal rule
for (D-3). The procedure enables the numbzr of unknowns to be reduced
from 2n +2 to n + 2 which results in a considerable saving in
computing time. For convenience we rewrite (D-8) and (D-5) as

[- YKL - oy, ke1) + UKL 4 2o3y(001 k)

. Az Az
v(J,K i ] g
i 2 e ;;fﬂu(J+I,K+1) * 5= pIH1) =
2
= u(J9X) + p(y)
o 1)

Equations (D-10) and (D-11) represent a set of n+l linear algebraic
equations in n+1 wunknowns. This set can be rewritten in matrix
notation as

A(d+1) = x(J) (9-12)

where A is the coefficienti matrix evaluated at nositicn J and x(J)

is the known values of u(J,K) and p(J) at position J.

Although A 1is a sparse matrix it does not have a tridiagonal
character and the efficient Gaussiar elimination scheme cannot therefore
be used. Instead we have inverted the matrix using a Gauss-Jordan
*echnique. A disadvantage of this method is the computing time required
which is proportioniu. to N3 where N is the number of linear equations.
To obtain accurate results Bodoia and Osterle (19F1) in their studies
on the parallel plate channel were forced to make N as large as 50
which results in a considerable amount of computing time. A method
ot circumventing this problem is to make use of a variable grid. This
ensures that the grid spacing near the wall is sufficiently small to
give accurate results while near the centre of the channel where the
velocity gradients are not so steep, the grid is much coarser.

When forward or backward schemes of order Ar or Az are used,

a variable grid technique presents no problem since such differences
only involve two points and these can be contained in a region of any
given mesh size. However when central differences are used as in the
momentum equation difficulties occur in evaluating the diffe ‘ences at a
point of mesh size change.

L




This can easily be seen if one studies Figure D.2

Z*

Fig. D.2 -~ Notation for change in step size

A central difference scheme for a velocity at L involves knowing the
velocity at L +1 as well as q. The velocity at q can be
evaluated by passing a parabola through the values of u(J+1,L+1)
u(J+1,L) and u(J+1,L-1) and the interpolated value is then given by

2
wg1,0) = Fu(IALL-1) + 2(1-u(an,L)

+ ;1 u(J+1,L+1) (D-13)
y
AZ
2
where y = XET'
The derivatives at L become
au*| | u(Jd+1,L+1) - u(J+l,q)
az*! 20z \B=18)
L 2
22u* . u(J+1,L41) -~2u(J+1,L) + u(Jd+1,q) (D-15)
e 2
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1
]

where wu(J)1,q) is given by (D-13).
The finite difference analog of the integral centinuity equation is
also slightly modified and becomes

rJ+][{u(J+1,O) + ZkZIU(J+]'K) +u(J+],L)}~§~-+

N Az,
{u(J+1,L) + 2 E u(Jﬂ,K)}—?—] =
k=L+1 "

+

L-1 AZ,
Y‘J[{U(J,O) + 2 2 U(J,K)+U(J,L)}-'2—'- +
K=]

AZ
51 (D-16)

+

{u(J,L) + z E uidJd.K)
K=L+1

If a grid size change in the radial is required, 1.e. ary L0 ar, no
problems are encountered since all the finite differences for this
direction are either backward or forwerd.

Inherent Errcrs in the Computational Procedure

In determining the flow rate in the channel a transverse integration
of the radial velocity component must be made. This automatically
introduces a finite error into the calculations which can be compensated

by redefining the initial velocity profile as

1
0,K) = —————s 0-17

A detailed description of the analysis leading to the above result is
given by Hornbeck (1973) and will therefore not be discussed.

Stability

Hornt 1973) and Bodoia and Osterle (1961) have done a stability
analysis on the finite difference schemes giveu in section A.  The
difference equations were found to be stable for all positive values of
the velocity components and the following conditions were found to be
applicable when negative velocity components are encountered

e e ey mmrm— i R
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Ar 1
iy (D-18)
|ulaz .

and

v » /R ; (0-19)

- Ar

This is rather fortunate since it is now possible to integrate through
a region of reverse flow.

Lomputer Program ;

Figure D.3 is a listing of the program while Figure D.4 is a
simplified flow diagram. A brief description of the program is given |
below.

The coefficient matrix A which is only a function of the J
step is inverted using a Gauss-Jordan elimination routine. In order
to reduce round-off errors, maximization of pivotal elements is employed. i
Once the inversion is complete the vector x(J+1) may be determined
explicitly since (D-12) can be rewritten as

th

x(341) = A Tx(J) (D-20)

To evaluate the v(K,J+1) components we make use of (D-11) which is also
an explicit formula for the v(K,J+1) components as all the u(K,J+1) are

now known. Once the v(K,J+1) components have been evaluated it is then

possible to compute the new coefficient matrix for the J+1 step, &nd so

on.

Accuracy
The differences between this problem and the parallel plate channel

are: .
i) the form of the continuity equation, and '
ii) the initial boundary condition.

These differences constitute a minor part of the program and it was possible
therefore to run the program for the parallel plate channel as well. The
resulus could then be checked against the results of Bodoia and Osterle
(1961) which have been conveniently tabulated in Hornbeck's (1973)
monograph.




To obtain sufficient accuracy the following requirements had to

be met:
i) The program had to be written in the double precision mode.
ii) The initial ax step had to be of the order of 1 x 107°.
After a number of steps the ax could be increased slowly
to attain a final value of 3 x 1073,
iii) The variable grid spacing was very critical and after a considerable

amount of numerical experimentation the following grid was

adopted:
For 1<2<0,3 Az, = 0,030435

b 2 (D-21)
and 0,3 <z<0 6z, = 0,1

Using this grid the difference between Bodoia and Osterle's (1961) results
were

Up = U
-85 « 100 < 0,5 (0-22)
ugc
where
ue *© centre line velocity
uge *© Bodoia and Osterle's centire line velacity

Figure D.6 is a summary of the numerical experimentation with the variable
grid. The accuracy can be further improved by using a finer grid but
this increases quite substantially the computing time required.(Note:

the computing time required, as pointed out earlier, is proportional

to N° where N s the number of grid points.)
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READ
Re N M

=1
AR=1010%

A 4

=10

N

<:laloo

OHR22605

3

AR2110

|

DEFINE
B.C.

{

J= 1
AZz201

J=J41

e
v

<..

4

| S —

Az:opoal i

= 1o

CALCULATE
A(,))

CALCULATE

A‘1

L 4

CALCULATE
U,v,P

1

PRINT
U,v,P

Fig. D.4 - Simplified flow diagram
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