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Abstract

The two-fluid flow behind a slender stationary symmetric object, as well as a slender symmetric
self-propelled body, is investigated and governing equations are derived. These flows are also
known as the classical and momentumless wakes, respectively, where the drag of the momen-
tumless wake is zero. The upper fluid has a lower density so that instabilities do not form. As
an initial study, the case where the two fluids have the same mainstream speed is considered.
The fluid interface is unknown, but will be derived during the solution. Since the two fluids
have the same mainstream speed, a two-fluid boundary layer upstream of the object will not
form. A perturbation on the mainstream flow is considered in order to derive the far wake
equations downstream of the object. The problem is formulated in terms of stream functions
for the upper and lower fluids which reduces the number of unknowns in each fluid to one,
while increasing the order of the partial differential equation by one. Conservation laws for
the upper and lower fluid for each wake are derived using the multiplier method and conserved
vectors are obtained. Conserved quantities for the two-fluid classical and momentumless wakes
are calculated with the aid of the conservation laws. Lie point symmetries associated with the
conserved vectors are obtained and new invariant solutions are calculated. The new solutions
are compared with the existing solutions of Herczynski, Weidman and Burde [1]. Velocity pro-

files are plotted and analysed for different values of the parameters.

Keywords: Two-Fluid Flow, Classical Wake, Wake Behind a Self-Propelled Body, Similarity

Solutions, Conservation Laws, Lie Point Symmetries
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Chapter 1

Introduction

1.1 Introduction to wake flows

A wake is considered to be a region where the free flowing fluid of a constant speed is disturbed
downstream of a solid body aligned with the mainstream flow. Practical examples of wake
flows which are of much interest include a free flowing river perturbed by rocks or dams, ships
that create wakes while propelling through water and even aircraft that wade through the
condensation in the sky or wind turbines. Obstruction to the fluid flow can often result in
turbulent downstream flow which is characterised by a large Reynolds number. Symmetric
wakes can be categorised as ‘classical’ or ‘momentumless’ where the conserved quantity and

drag play an important role in the differentiation of these symmetric wakes.

Goldstein |2] originally investigated the two-dimensional steady flow of the laminar classical
wake behind a slender symmetric body aligned with the mainstream flow. Goldstein first
investigated the velocity of the wake for a distance that was 0.3645 to 0.5 of the length of
the slender body which was measured from the downstream end |2]. This was considered the
near wake. Further to this, Goldstein then investigated the velocity distribution of the wake
a considerable distance downstream behind the slender body which is referred to as the far
wake. Birkhoff and Zarantonello 5] expanded on this to study the momentumless laminar
wake behind a slender symmetric self-propelled body. Herczynski, Weidman and Burde [1]
also later investigated the momentumless wake behind a self-propelled body, however, this was
along the interface of a two-fluid stream. The second moment of the axial momentum deficit is
conserved for the momentumless wake and the drag is zero, whereas the drag is conserved for

the classical wake. The Navier-Stokes equation in the boundary layer approximation is used to
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derive the governing equation describing the flow in the wake.

Other types of wake flows include the turbulent planar wakes |20, two-dimensional laminar
classical wake of a shear thinning fluid |21] and the laminar axisymmetric classical wake for
power law fluids |22]|. Tennekes and Lumley [20] studied and discussed the turbulent planar wake
where the eddy viscosity closure model was used to formulate equations for the mean velocities.
Tennekes and Lumley made use of a constant eddy viscosity and the results obtained were
compared against experimental observations. Prandtl’s [19] mixing length model was used in
order to obtain a finite wake boundary for the turbulent axisymmetric wake investigated by
Swain [23]. Prandtl was able to obtain a similarity solution by assuming large Reynolds numbers
and neglecting the kinematic viscosity term since it was assumed that the turbulent viscosity
was much greater than the kinematic viscosity. Here, it was also assumed that the mixing
length was proportional to the width of the boundary layer. Hunt [24] studied another type
of wake, called the wall-wake, for laminar and turbulent flows. A wall-wake flow is produced
downstream where an obstructing body is situated on the boundary wall. Since the entire
bottom half of the plane is inhabited by the wall, the fluid is then restricted to the upper half
of the plane. Therefore, this problem is not symmetric about the axis of the wake and the wake

is situated within a boundary layer.

1.2 Two-fluid wakes

Herczynski, Weidman and Burde [1] were among the first researchers to investigate the concept
of a laminar classical two-fluid wake. In this work, a stream of fluid flows over a parallel stream
of a different density and different viscosity, but the same mainstream speed. The two-fluid
system comes into contact with a slender object and a wake forms downstream. Herczynski,
Weidman and Burde considered the far wake flow in their research. Considering the fact that
the two fluids were of the same mainstream speed, the concept of a boundary layer forming
upstream of the object may be neglected. A non-standard similarity solution was used to find
analytical solutions in the boundary layer approximation for laminar two-fluid jets and wakes to
account for interface deflection in the presence of gravity |1]. Herczynski, Weidman and Burde
found that the interface of the classical two-fluid wake deflected upwards and the wake flow is
described as a sink of momentum upstream of the spatially developing flow. The position of

the fluid interface is determined by balancing the tangential stresses across the interface.

Two-fluid boundary layer flows were first studied by Keulegan [6] and Lock |7]. Keulegan con-

sidered the flow of a stream of fluid on top of another fluid at rest [6]. He used Prandtl’s
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boundary layer theory and a method of successive approximations in order to solve for the
two-fluid boundary layer flow. Lock expanded upon Keulegan’s work. Lock obtained an ap-
proximate solution through the use of the momentum equation |7]. He determined that the
solutions were dependent on the velocity ratio, g—f, of the two fluids and the product of the
density and viscosity ratios, pu. Numerical solutions were obtained for the case where the lower
fluid is at rest as well as for one non-zero value of the velocity ratio. Therefore, the study of the
laminar two-fluid wake with different mainstream speeds was first studied by Lock. Potter [§]
made use of the works of both Keulegan and Lock to find more accurate approximations to the
velocity distribution in the laminar boundary layer of two viscous incompressible fluids. Both
fluids are considered to be moving co-current but at different velocities. Numerical solutions
were derived through the use of a sextic polynomial for the velocity distribution in the boundary

layers. These numerical solutions were compared against Keulegan and Lock’s solutions.

Recall that Herczynski, Weidman and Burde studied the classical two-fluid wake for the case
where the mainstream speeds of the two fluids are the same [1]. There is a significant difference
between this case and that of two fluids flowing with different mainstream speeds. When
the two streams flow at different speeds, a two-fluid boundary layer forms upstream of the
object. The problem of the two-fluid classical and momentumless wakes will be investigated in
this dissertation where the two fluids have the same mainstream speeds so that the two-fluid
boundary layer upstream of the object may be neglected. A conserved quantity is used to

complete the solution for the far wake flow and similarity solutions will be considered.

1.3 Conservation Laws

Conservation laws are an important factor in the study of differential equations. Furthermore,
the use of the Lie symmetry approach has been valuable when solving problems in fluid me-
chanics. There has been a lot written regarding the many applications of symmetry methods
to turbulence problems [26] - [28]. The conserved quantity plays an extremely important role
in completing the solution process in jet flows where it is used to solve for the unknown ex-
ponent in the similarity solution since the homogeneous boundary conditions are not sufficient
to aid in this process. Schlichting [40] [41] studied the laminar two-dimensional free jet where
the conserved quantity may be determined through physical arguments or through the use of
boundary conditions and the continuity equation where Prandtl’s momentum boundary layer
equation is integrated. Squire [44], Riley [39] and Schwarz [43] employed the method of inte-
grating Prandtl’s momentum boundary layer equation across jets to determine the conserved

quantity for radial free jets. Similarly, Goldstein [4] applied this method to determine the con-
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served quantity for an axisymmetric free jet. The method of using physical aruguments based
on the conservation of volume flux in an incompressible fluid was used by Watson [45] for the
two-dimensional liquid jet and Riley [39] and Watson [45] for the radial liquid jet to obtain the
conserved quantities. Symmetry methods were applied and the group invariant solution was
derived through the use of a linear combination of the Lie symmetries of the flow’s governing
equation in the work by Mason [29] for a laminar two-dimensional jet and Ruscic and Mason [30]
for the laminar axisymmetric jet. Here, the arbitrary constants in the linear combination of
Lie point symmetries were solved through the use of the conserved quantity and the boundary
conditions. It is important to note that the conserved quantity does not only play a key role
in the solution process for jet flows but for wake flows as well and there has been significant

progress made in deriving conserved quantities for PDEs.

The different methods that exist in order to establish conservation laws for a PDE can be found
in [31] - [36]. Naz [9] summarised that there are nine different approaches that may be used
to determine conservation laws for PDEs. Well known methods include Noether’s theorem [13]
which requires a Langrangian function and the direct method by Laplace [38] which is also
considered the most elementary approach. Another approach used to determine conservation
laws is the multiplier method developed by Steudel [18]. In this method, the conservation law is
written in characteristic form. The characteristics are the multipliers of variational equations,
but this result is not true in general. The works of Bluman, Cheviakov and Anco [36] as well
as Olver [37] demonstrate that all non-trivial conservation laws of a PDE are produced by the

multiplier method.

A modified approach which involves adding a symmetry condition to the direct method was
developed by Kara and Mahomed [14]. Kara and Mahomed derived a condition which allowed
for a Lie point symmetry to be associated with a conserved vector. The Lie point symmetry
associated with the conserved vector, which produces the conserved quantity, was employed
to generate an invariant solution instead of the linear combination of all Lie point symmetries
of the PDE. This approach is considered to be more direct and has been applied in multiple
works which can be found in [10] - [12]. There is also an approach that associates multipliers
to symmetries developed by Anco and Kara [48]. In this dissertation, the conservation laws
for PDEs for the two-fluid classical and momentumless wakes are derived using the multiplier
method. It is important to note that the methods around conservation laws referred to thus
far relate to turbulent flows but can be used for problems relating to laminar flows as well.
Once the conserved quantity is determined, the Lie point symmetries may be derived followed
by new invariant solutions. These solutions can be compared against the existing solutions of

Herczynski, Weidman and Burde |[1].
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1.4 Outline of dissertation

This dissertation is outlined as follows:

e Chapter 2: the mathematical model for the laminar classical and momentumless two-fluid
wake is provided. The governing equations are derived using the Navier-Stokes equations
which are non-dimensionalised. The boundary layer approximation is imposed and the
far-wake equations are found. The boundary and interface conditions are presented for the
two-fluid problem. The conserved quantities for the classical and momentumless two-fluid
wakes are then derived. The boundary layer equations and the boundary and interface

conditions are then formulated in terms of the stream function.

e Chapter 3: similarity solutions are used to solve the problem presented in Chapter 2 A
scaling transformation is introduced and the invariant solution is derived. The conserved
quantity is used to determine the position of the interface for both the classical and
momentumless wakes. The method developed by Herczynski, Weidman and Burde [1] is
also applied to the boundary layer equations although the conserved quantity derived in
this dissertation is used instead of the conserved quantity derived by the authors. The

velocity profiles for all solutions are plotted.

e Chapter 4: the theory and systematic process relating to conservation laws and in par-
ticular the multiplier approach which, as mentioned, was developed by Steudel [1§], is
discussed in order to determine the conserved vectors and conserved quantities relating
to the governing PDE of the two-fluid far wake flow. The elementary conserved vectors
will be derived first in terms of the velocity components. It will be necessary to deter-
mine which conserved vector is relevant to the problem discussed in this dissertation as
we notice four different conserved vectors arise. Once the correct elementary conserved
vector has been determined, the elementary conserved quantity for the two-fluid far wake
can be obtained in terms of the velocity components for the classical and momentumless
wakes.

e Chapter 5: in this chapter the conserved vector and conserved quantity are written in
terms of the stream function for those conservation laws relating to the classical and
momentumless two-fluid far wakes. It is important to note that the general form of
the conserved vector must be used which accommodates both fluids. The Lie point
symmetry associated with the elementary conserved vector is obtained for the classical
and momentumless two-fluid far wakes. The invariant solution may then be calculated

from the Lie point symmetry.
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e Chapter 6: the conclusions drawn are presented in this chapter.



Chapter 2

Mathematical Model

2.1 Derivation of boundary layer equations

In this section, the laminar two-fluid wake of a symmetric body is explored. It is important
to note that the governing equations and boundary and interface conditions for the classical
wake and the wake behind a self-propelled body are the same and the difference lies in the
conserved quantities. Consider a stream of viscous fluid flowing over a parallel stream which
has a different density, viscosity, but same mainstream speed. Both fluids are incompressible
and the flows are laminar. The two-fluid flow comes into contact with a slender stationary
symmetric object or slender symmetric self-propelled body whose leading edge is located at
the interface of the two fluids with a zero angle of incidence. A Cartesian coordinate system
(x,y) is used where the origin is defined to be at the trailing edge of the object. Let the index
1 = 1 correspond to the top fluid and i = 2 correspond to the bottom fluid. The mainstream

velocities, densities, and kinematic viscosities are denoted by U;, p;, and v; respectively. The
fluid interface is given by y = ¢(z). The flow is shown in Figure .
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Figure 2.1: Two-fluid wake flow.

Region 1 in Figure depicts the upstream flow before coming into contact with the object.
In this problem U; = Uy = U. Here, U; relates to the mainstream speed of the top fluid and
U, relates to the mainstream speed of the bottom fluid. The two-fluid low makes contact with
the slender object in Region 2 which then leads to the creation of a wake. Region 3 is the
wake that is produced behind the object, which is called the near-wake. The wake generated
a considerable distance downstream behind the object is shown in Region 4 and is called the
far-wake. The work done in this dissertation will focus on the far-wake. Region 5 in Figure
depicts the two-fluid boundary layer flow that forms. Let the x and y velocity components in
the far-wake region be denoted by u; and v; and the pressure by P;. The model is derived from
the Navier-Stokes equation which is non-dimensionalised in terms of characteristic quantities

defined for the top fluid. The x and y components of the Navier-Stokes equation are given by:

Ui— + Vj— = —— vi| —= , 1.
ox dy p; Ox ox?  Oy?
81}1» (%i 1 8R aQUZ' 82’01'
i— tv—=———4v| — — g, 2.1.2
Yor Ty pi Oy V<3$2+3y2> I (212)
where g is the body force per unit mass in the y-direction.
The continuity equation for the incompressible fluid is:
8’&7; (%i
=0. 2.1.3
ox * dy ( )
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The kinematic viscosity, v;, is given by:

_

V; .
Pi

(2.1.4)

The process of non-dimensionalisation will now be applied to equations (2.1.1)) - (2.1.3)) using

the following dimensionless variables:

*

x—z
Sl

, Y= Re%%,

U; 1
. —, * = R 2 —, P* = ,
7 U Ui € U % 0 U2

where the Reynolds number, Re, is given by:

o

1

Re

Here, [ is the characteristic length of the two-fluid boundary layer.

Substituting the dimensionless variables (2.1.5]) into equation ([2.1.1)) produces:

ou; ou; p1 0P v O%uf  v;Re 0%u}

Ui g o Oy* - p; Oz UL 92 Ul oy*?’

and therefore,

ou} ouf  poPr 1 v Pup | v 0%y

U —— + v — — —_—— +— .
b Ox* L Oy p; Or*  Rewvy 0r*® vy Oy*?

Neglecting terms of O(Re™!) reduces equation (2.1.8) to:

LJour o Oul p1 OPF v 0%u}
u; ) == — .
' O+ L Oy pi Ox* vy Oy*?

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

Similarly, the y-component in dimensionless form may be found by substituting the dimension-

less variables ([2.1.5)) into equation ([2.1.2)):

up Quf v vy p OB 1 1 0% n 1 v v} L g
Redz*  Redy*  p; Oy  Re?1v, 02 Rev, 0y /ReU?

Neglecting terms of O(Re™!) and O(Re™?) in equation (2.1.10)) results in:

poPr gl 1
pi Oy* U?\/Re’

(2.1.10)

(2.1.11)
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that is
FL - _ —, 2.1.12
pi Oy* VvV Re F? ( )

where
F = _U (2.1.13)

Vol

is the Froude number. The Froude number is the ratio of the mainstream velocity, U, to the

speed of small amplitude waves in a fluid of depth [.

Assuming that the Froude number is large so that no stationary lee waves develop and that

1 1 1
< O(— 2.1.14
Ve = O (2.1.14)
equation (2.1.12)) reduces to
P
O _y, (2.1.15)
oy*

which gives that P’ is a function of z* only.

Non-dimensionalising the continuity equation, equation (2.1.3)) produces the following result:

ouf  Ovf

]

or*  Oy* -

0. (2.1.16)

The boundary and interface conditions are discussed in the next section.

2.2 Boundary conditions and interface conditions

The boundary conditions on u! are deduced based on the following reasoning. As y* tends to
+00, the velocity component in the z-direction tends to the upper fluid mainstream velocity
U;. In non-dimensionalised form U; becomes 1. As y* tends to —oo, the velocity component in
the z-direction tends to the lower fluid mainstream velocity U;. In non-dimensionalised form
U, again becomes 1. The first derivative of u; with respect to y* would then tend to zero.

ouy ous

L(z*, 00) = 0,

oy*

ui(z*,00) =1, wuj(z*, —o0) =1,

(%, —00) =0, 2*>0. (2.2.1)

10
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The equation of the unknown interface is y = ¢(z). In dimensionless form the interface is
=ew),  e=% i=— 2:2:2)
Yy : 5 N 2.

At the interface the velocity and stress components must balance because the fluids are viscous.
Since the two fluids do not mix, a fluid particle on the interface remains on the interface as the

fluid evolves.

Consider a fluid particle on the interface that must remain on the interface. This condition is

given by

2y = 0a)lyote) = 0 (223

which applies for both fluids. We therefore have in dimensionless form

d *
1?(%*,¢*)-—1J(w*,¢*)di* =0. (2.2.4)

Now consider the continuity of the components of the stress vector at the fluid interface.

The two-dimensional viscous stress tensor, 7%, in dimensional form is

T =

i i
To1 Tog

R
12 ] , (2.2.5)
i i
where 75, = T{5.

By Cauchy’s formula the j-component of the stress vector, té(n), on a surface with unit normal

n is

th(n) = nyr;. (2.2.6)

The unit normal n in the +y direction is given by

n:[O]. (2.2.7)

1

Therefore by Cauchy’s formula, since the stress tensor is symmetric,

th Ty Tao 1 T3o

11
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Now, from the Navier-Poisson law for a viscous incompressible fluid, in dimensional form

by = Tip = M 8_y+0x )
. . 81)@'

The characteristic quantity for the stress vector and the stress tensor is the characteristic

pressure p;UZ. Thus,

i wi _ i ( 1 duj i 1 oy )
= T = — s
VT \VRe 0y Rel O
15 =To9g = — P +2—— . 2.2.10
2 T2 i T 11, Re dy* ( )

The tangential and normal stress components must balance at the interface. Therefore,

7—1*21 (1’*, ¢*) = ng(x*’ ¢*>7

Ton (2%, 07) = 133 (2, ¢). (2.2.11)

Finally consider the velocity components. Matching the tangential and normal velocity com-

ponents at the interface gives

vi (", ¢%) = v3(x", ¢"). (2.2.12)

In dimensionless form, equations (2.2.4), (2.2.11]) and (2.2.12)) provide the following interface

conditions at y = ¢(z). Terms of (’)(Re_%) are neglected in the tangential matching condition

for the stress but terms of O(Re™!) are retained in the normal matching condition for the stress.

The normal matching condition for the stress at the interface y = ¢(z) will be considered further

later:
2 1 av; * % 2 (%T % % * (% % %0 % %
-0 - =P - P 2.2.14
/L1R€8y*( @) Reay*<x’¢> 5 (@, ¢%) (", 9%), ( )
uj(z*, ¢%) = uz(z”, ¢), (2.2.15)
vy (a”, ") = vy (2", ¢%). (2.2.16)
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2.2.1 Pressure difference across the interface

Consider Figure in aid of the derivation of the pressure difference across the interface.

F
Yy
P.(x, ®)
P, ‘
Area A
e % y=ox)
P_(x, ®) D(x)
|
P, v 9
—-
° X
- A =
Figure 2.2: Pressure difference across the interface
We know that
Upthrust = weight of fluid displaced, (2.2.17)
and therefore at the interface
Upthrust on y = ¢(z) = (Pa(z, ¢(x)) — Pi(z, ¢(x))) A (2.2.18)
and
Weight of fluid displaced = p1é(z)Ag — ped(z) A g
= (p1 — p2)o(z) Ag. (2:2.19)
Therefore
(Pa(z, ¢(x)) — Pi(z, ¢(x))) A= (p1 — p2)o(z) Ag (2.2.20)

13
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and
Py(w,¢(x)) = Pi(w, ¢(x)) = (p1 — p2)o(2) 9. (2.2.21)
Now we can non-dimensionalise (2.2.21]) using the dimensionless variables (2.1.5) and ([2.2.2])

which gives

P o) = il o) = (1 2 ) (2.2.22)
But using the Froude number (2.1.13)), (2.2.22]) becomes
Py, (o)) = P07 (a) = (1= 2 o) 2229

This condition is used later in Chapter |3 to derive the invariant solution using Herczynski,
Weidman and Burde’s method.

2.3 Introducing the velocity deficit

In the far wake region, region 4 in Figure[2.1] a perturbation on the oncoming flow is considered.

Consider the following expansions

uf =1 —w;, (2.3.1)
v =0+ 7;, (2.3.2)
P/ =0+ P, (2.3.3)

where w;, 7; and P; are small such that their squares are products can be neglected. The di-
mensionless variable w; is a function of * and y* and is the velocity deficit in the wake in the

z-direction.

Substituting equations (2.3.1]) and (2.3.2)) into equation (2.1.16|) results in:
Ow; N 0v;
ox*  Oy*

=0. (2.3.4)

Substituting equations (2.3.1))-(2.3.3)) into equation (2.1.9), and neglecting squares are products

14
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of w; and v; results in:

ow;  p dP;  v; 0*w

o de* Tk (2.3.5)
Now in the two inviscid mainstream flows, Euler’s equation reduces to
(fiik =0. (2.3.6)
Thus by mainstream matching:
Zf: =0. (2.3.7)
Equation ([2.3.5) reduces to:
gfj - Z—lgjﬁ (2.3.8)
Therefore, the boundary layer equations are:
—gfj + g; =0, (2.3.9)
Ow; _ 1 Ot (2.3.10)

The boundary conditions in terms of the velocity deficit are given by
0w, ( Ows
oy* oy*
The interface conditions (2.2.13)) to (2.2.16) in terms of the velocity deficit are

wy(x*,00) =0, wy(x*,—00) =0, z*,00) =0, (%, —00) =0, z*>0. (2.3.11)

Ow Ow
ula—l?jj@*,w) = 1o 8;"3 (a*, ¢"), (2.3.12)
2 1 8172 * Lk 2 81—)1 * %\ D * Lk D * %
2Z§a_y*(x 7¢)_Ea_y*($ ,¢)—P2(.T 7¢)_P1(x 7¢)7 (2313>
By (2%, 6") = Wl 6°), (2.3.14)
(@, ¢) = Bal(z", 6%). (2.3.15)
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2.4 Conserved quantity for the two-fluid wake

In this section, the conserved quantities for the classical two-fluid wake and the two-fluid wake

behind a self-propelled body will be derived.

2.4.1 Classical two-fluid wake

In order to determine the conserved quantity, equation (2.3.10)) will be integrated across the

wake with respect to y* from y* = —oo to y* = 4o00.

Start at the lower fluid:

811‘)2 1] 821172

= — . 2.4.1
ox* v Oy*? ( )
Multiplying by Z—f gives,
p20Wy i “’22‘ (2.4.2)
p1Ox* g Oy*
Integrate (2.4.2) with respect to y* at constant x* from y* = —oo to y* = ¢(z*):
(=) 9 ¢(=") 9245
P2 Wa M2 Wo
rz oy ) dyt = 22 o yt)dy*. 92.4.3
o] B (Y)Y o) ay*Q( y*)dy (2.4.3)
Now,
4) 52z, i, |7
Ly )dyt = 244
[ G =5 2.4.9)
0o 0o
= * ) — ¥, —00). 2.4.5
S 6() — "~ (245
However, from the boundary conditions (2.3.11)),
0o
¥, —o0) = 0. (2.4.6)
oy* (
Thus,
o) 92y O
/_ e (", y")dy* = oy (z*, d(x)). (2.4.7)

16
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The left-hand side of (2.4.3)) is rewritten using the Theorem for Differentiation Under the
Integral Sign which states in general that [42]

4 [0 @20) 9 f

ey = [ Sy + S 0ale)

e RO N C PR

dl' 1 (x

The lower limit in (2.4.3) is y = —oo. In order to apply the Theorem replace the lower limit
—o0 by —Bx where B > 0 is a constant and let B — oo. Then

d 9@ ") o do(x*
% . ( U )dy = /Bm axf(x*7y*)dy* —f—wg(m*’gb(x*)) Q;EE* ) _ZIJQ(I‘*7—B$) B.
(2.4.9)
Now from the boundary conditions
wy(x*, —00) =0 (2.4.10)
Assume the stronger condition that
lim wy(x*, —Bz)B = 0. (2.4.11)
B—oo
Let B — oo in . Then
d P(x*) P(x*) 8@ d [L’*
| ws(z*, y*)dy* :/_OO axf(x*,y*)dy*+2D2(x*,¢(:v*)) qcbi(x*> (2.4.12)
and therefore
P(z*) 8@2 . . . d (x*) B . . B . . dgb(m*)
/_OO B (Y)Y = - wa (™, ")y — wa(a”, $(%)) — = (2.4.13)
Substituting (2.4.7)) and ( into ) gives
P2 d ¢(=) _ * % * - * * d¢($*> 2 an * *
—|= dy* — . 2.4.14
1[dx/_m Bl g )y — e, o) U | < 2SR e ). (240)

Next consider the upper fluid:

ow, 0*w

= . 2.4.15
dx*  Oy*? ( )
Integrate (2.4.15)) with respect to y* from y* = ¢(x*) to y* = co at constant x*:
* Jw > 9%y
* )yt = Tyt )dy. 2.4.16
/x*) B (Y)Y /¢<x*> e (2%, y")dy ( )



Chapter 2 — Mathematical Model

Now,

< 9%y 0w, >
— (@",y")dy" = { . (x*,y*)}
/¢(a:*> dy*? dy o)

= Soka"o0) = 5oka", 6(a")
_ _g‘;j (2%, 3(a")), (2.4.17)
since boundary condition ([2.3.11]) gives
ng (2%, 00) = 0. (2.4.18)

To rewrite the left-hand side of ([2.4.16)), use again the Theorem for differentiation under an

integral sign. Consider

d Bx Bx (911_)1 d¢(x*)
el — * * d * * * d * _ * B B T * *
dz* ¢(x*)w1($ )% /¢><x*) Ox* (@%y7)dy" + (2", Ba) (e, (") dx*
(2.4.19)
where B > 0 is a constant. Now from the boundary conditions
wy(x*, 00) = 0. (2.4.20)
Assume the stronger condition
lim w,(«*, Bx) B = 0. (2.4.21)
B—oo
Let B — oo in (2.4.19)). Then
d [ _ < Owy _ do(z”)
* * d * — * * d * _ * * 2‘4'22
i L e = [ SRy o) T (2422
and therefore
> aw * * * d > — * * * — * * d x*
/ ) axi(:v )y = dx*/ o (@t y")dy" + w2, ¢aT)) qfi(x*)- (2.4.23)
¢(z) ¢(z*)
Substituting (2.4.17)) and (2.4.23)) into (2.4.16) gives
d [> _ _ do(x*) 0w,
— Yt )dy* * * =— * ). 2.4.24
i L P o) T = R o) (2420

18
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Equations (2.4.14) and (2.4.24)) separately do not produce a conserved quantity because the

right-hand sides are not zero. Therefore, there is not a conserved quantity for the upper fluid
nor a conserved quantity for the lower fluid. There is one conserved quantity for the whole

wake consisting of the upper and lower fluids.

Adding equations (2.4.14)) and (2.4.24)) gives
2l [ ey - e o) G [T e e o)

E dz* J_ dz* dx* [y dz*
MQaw? * * 811_)1 * *

= — x5, 0(x")) — T, o(x”)). 2.4.25
PO o) — it 6(a”) (24.25)

However, from the interface condition (2.3.12)), (2.4.25)) reduces to

: " h do(x*
oo [ e+ /. ma iy | = | Pl o)) - 07| G
(2.4.26)

The velocity deficits, w; and ws, in (2.4.26|) are dimensionless and small such that their squares

and products can be neglected. From (2.1.5) and (2.2.2))

. @ !
oF = 5 0= \/ﬁ’ (2.4.27)
where 0 is an estimate of the width of the wake. For the far wake w; << 1, wy << 1 and
¢* << 1. The right-hand side of is therefore second order in smallness and can be
neglected. Second order terms in smallness have already been neglected in the analysis. The
right-hand side of will be investigated again later when ¢(z) has been determined. It
should be noted that the right-hand side of is first order in smallness and cannot be
neglected. It is zero because of the interface condition (2.3.12)). The term on the right-hand

side of ([2.4.26)) is therefore neglected. Equation ([2.4.26f) reduces to

_ W1 Wa
nET

d [p» #(z*) 00
. [—/ wa (™, y*)dy* +/ wl(x*,y*)dy*] =0. (2.4.28)
drr | prJ o )
Thus,
s o(x) o0
= wa(x*, Yy )dy" + / wy (2", y*)dy" = constant independent of z*. (2.4.29)
P1J—co B(z*)
Hence,
P2 1) o)
o wy(x™, y*)dy* + / wy (2", y")dy* = D*, (2.4.30)
1o o)

19
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where

D

D= =
mU

(2.4.31)
and D is the drag per unit width on the obstacle and D* is the dimensionless drag. The
conserved quantity (2.4.30]) agrees with the conserved quantity derived by Herczynski, Weidman
and Burde [1].

2.4.2 Two-fluid wake behind a self-propelled body

The wake behind the self-propelled body is referred to as a momentumless wake. For a self-
propelled body, the total drag on the body is zero. Hence from (2.4.30]), for the two-fluid wake
behind a self-propelled body,

D s ¢(=*) oo

D=— = —/ wa(x*, y*)dy* +/ wy (", y*)dy* = 0. (2.4.32)
plU P1 J—co o(x*)

Condition (2.4.32)) is first order in w; and wy and is the defining condition for a momentumless

wake. It must always be satisfied and determines the form of the conserved quantity for the

momentumless wake.

In order to determine the conserved quantity, equation (2.3.10) will be multiplied by 3*? and

then integrated across the wake with respect to y* from y* = —oo to y* = 4o00.

Start at the lower fluid:

3@2 1) 8211_}2
= = . 2.4.33
ox* v y*? ( )

Multiply by 3*? and integrate with respect to y* at fixed point z* from y* = —oco to y* = ¢(z*).

own) 0w v [P0 07w
*2 2 * * * 2 *2 2 * * *
— dy* = —= dy*. 2.4.34
/oo y ax*(fﬂ,y)y oY 8y*2(w,y)y ( )

Consider the left-hand side of (2.4.34]) and apply again the Theorem for differentiation under
the integral sign. Replace the lower limit —oo by —Bx where B > 0 is a constant. Then

d o) B b(a*) w0 OWa , 0 e - dé(a¥)
dx* /_Bx Y S wa(x”, Yy )dy —/_Bm Y %(l’ LY ) dyT + o (xF) wa(x™, d(z")) o
— B? 2* wy(2*, —Bx)(—B). (2.4.35)

20
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From the boundary conditions

Assume that

Let B — oo in ([2.4.35)). Then

d ¢($*) *2 - * * * QS(:C*) *2611}2 * * * 2 *\ — * * d¢(x*)
dx*/oo Y wa (2, y*)dy —/oo Yo @y )dy + ¢ (%) Wy (2", p(2*)) e
(2.4.38)

and hence

@) 9@ d o) do(z*
/ 222 (2 ) dy / y 2wy (2", Y )dy* — ¢* () Wz, p(a)) Hat)

o Ox* T dr e dz*
(2.4.39)
Now consider the right-hand side of (2.4.34]). Assume that
P
lim y* 2 (x*,y") =0, lim y*wy(z*,y") =0. (2.4.40)
y*——o00 ay* y*——o0
Then, integrating twice by parts gives
*2 2/ % % * %2 2/ % % * 2/ % % *
dy* = — 2 d
/_oo Y ay*Q(:c,y)y Y ay*(:v,y)m /_Oo yay*(ﬂf,y)y
2/ % 811_)2 * * *\ — * * @) _ x ok *
= ¢ (z >8_y*($ ,0(x7)) = 2¢(x")wa (2", ¢(27)) + 2 Wo (2", y")dy”.
(2.4.41)
Substitute (2.4.39) and (2.4.41)) into ([2.4.34])
d_ (") VRN . Co
[ i - G o) D) =
dz* J_ dz
é(z”) I,
v * * * * w * * * — * *
2l [ mte oy + )G o) - 20l o) (202

Hence,

d e vy [P0
/ y*2s (2*, Y ) dy* = 2— / wa (™, y*)dy* + second order terms. (2.4.43)

dx* 00 %1 00

21
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Now we need to write the right-hand side of (2.4.43) in the form of the drag, D*, given by

(2.4.32). We therefore multiply ([2.4.43|) by Z—TZ—;. Hence,

prn_d
p1 Vo dx*

#(z*) P(x*)

/ y* 2wy (¥, y ) dy* = 9f2 wa(x*, y*)dy* + second order terms. (2.4.44)
—00 P1J -

Now consider the upper fluid:

ow; 9%y
or* ay*Q‘

(2.4.45)

Multiply by 3*? and integrate with respect to y* at fixed point z* from y* = ¢(z*) to y* = oo.

> Oy > 0?1,
*2 * * * *2 * * *
Yo (% yt)dy =/ Y @y )dy" (2.4.46)
/sﬁ(:v*) O sz O0y*?

Consider the left-hand side of (2.4.46)). Replace the upper limit co by Bx where B > 0 is a

constant and apply the Theorem for differentiation under the integral sign. Then

d Bz Bz awl
/ y*2u_}1(x*, Yy )dy* = / *2 (", y")dy" + B? 2w, (z*, Bzx) B

dz* Jo(er) s
— () @ (2, ¢><x*))d‘2(gf). (2.4.47)
But from the boundary conditions
wy(x*, 00) = 0. (2.4.48)
Assume that
Jim_ (27, Br)B* = 0. (2.4.49)

Let B — oo in (2.4.47)). Thus

d *2 — * * * *2611—}1 * * * 2 *\ — * * d¢ (.fL'*)
= — ¢*(x AN 2.4.
dx* /¢(x*)y @2 y7)dy /¢(z*)y ox* («% y")dy (z7)wr (27, #(27)) dx* ( 50)

and therefore
> ow d [~ _ ) d ()
*2 ! * ¥ * *2 * ok * 2/ * * *
dy” = d . (2451
/ﬂﬁ)y o (@Y )dy dﬂ/d)(z*)y @1 (2%, Y )dy” + ¢ (@) (@7, o (") == )
Now consider the right-hand side of (2.4.46]). Assume that

1 (g;*7 y*) — ()7 lim y*U_h(x*, y*> =0. (24_52)

y*—oo ay* y*—o0
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Then, integrating twice by parts gives

> *8211_)1 * ok * *awl x ok
/ Yo (Y )yt =yt (", )
¢

@) Oy 9y &)
2/ % awl * * *\ — * * > _ * % *
=—¢'(z )ay* (%, o(x7)) + 20 (a7 )1 (2", ¢(27)) + 2 ( )wl(aj Y )dy"
P(x*
(2.4.53)
Substitute (2.4.51)) and (2.4.53)) into ([2.4.46|)
d > * *\ — * * do(z”
T [ ey o) G
* — * * * 2 * awl * * *\ — * *
2 ( )wl(x Y )dyT — ¢ (z )ay* (2", ¢(2")) + 2¢(z")w: (2", y). (2.4.54)
(z*
Hence,
d * *2 — * * * > — * ok *
Yy rw (2, y)dyt = 2 w1 (2", y*)dy" + second order terms. (2.4.55)
dz* J gar) )

The right-hand side of (2.4.55) has the same form as in the drag, D*. Now, the upper and
lower parts of the wake may be combined by adding (2.4.44) and (2.4.55)),

d V ¢(I*) * — * * * > * — * * *
I {@—1/ Yy 2wy (a*, y*)dy +/ yPwy (z*, g )dy* | =
T p1V2 ) oo $(a”)

$(a*) o0
2 [@ / wy (", y*)dy* + / u‘n(x*,y*)dy*} + second order terms. (2.4.56)
Pl J -0 #(z*)

However, since the total drag, D*, on the body is zero, it follows from ([2.4.32)) that
(z*)

oo

wa(x™, y*)dy* + / wy (x*, y*)dy*= 0. (2.4.57)
B(x*)

@ ¢
P1J -

Therefore, (|2.4.56]) reduces to

d é(x*) oo
{@ﬂ/ Y 2wy (¥, y*)dy* —l—/ y*zwl(x*,y*)dy*} = second order terms. (2.4.58)

Neglecting second order terms gives,

o(x) 00

y* 2o (2*, Y™ ) dy* +/ y**w, (2*, y*)dy* = constant independent of z*. (2.4.59)
P(x*)

P2 1

P12 J_x
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Let
P2 #=") *2 — * % * P1 > *2 — * % *
K=U|= Yy rwe (2, Yy )dy" + — Yy (27, y*)dy
V2 J oo V1 Jg(ae)
P1| P2 #(=) *2 — x % * > *2 — x ok *
=U=|=— y*Pwa(a*, y*)dy* + y (", y")dy* (2.4.60)
nilv2pJ-s o(x*)
and define
K
K =2 (2.4.61)
Up
Then,
po V1 (z*) ) o0 ) )
K="= Yy (2", y*)dy* —|—/ y*“wy (¥, y*)dy" = constant independent of x*.
P12 J_ o(x*)
(2.4.62)

The quantity K* is the conserved quantity for the two-fluid momentumless wake.

We now see why we multiplied equations (2.4.33) and (2.4.45)) by y*? before integrating. It was

necessary to integrate twice by parts to reduce the second derivative gz/fg’ to w;(z*, y*) which

occurs in the total drag, D*.

Herczynski, Weidman and Burde |1] obtain for the conserved quantity for the two-fluid mo-

mentumless wake

P(x*) 00
K=Up {%/ y* 2wy (2, ) dy* +/ y*le(a:*,y*)dy*l. (2.4.63)
1 o(a)

They proved that

9 o) o
U [pa / Y2y (z*, Y )y + py / y*2w1(w*,y*)dy*] =

0" " J oo #(a*)
H(x*) 0o
2 [m/ Wy (2", y")dy™ + / wy (7, y*)dy*} (2.4.64)
—oco B(z*)
and then stated for a momentumless wake
B(z*)
/ wa(z*,y*)dy* =0 (2.4.65)
and
/ wy (¥, y*)dy* = 0. (2.4.66)
B(z*)
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However, the integrals (2.4.65|) and ([2.4.66|) are not separately zero. It is the sum of the integrals

in the total drag, D*, given by (|2.4.57) which vanishes. The total drag, D*, given by (2.4.32)
for the classical two-fluid wake was derived and used by Herczynski, Weidman and Burde [1]

as the conserved quantity for the classical two-fluid wake.

2.5 Introducing the stream function

Stream functions v¥;(x,y) are introduced, defined by

* % al — * ok
U_}z(xvy>_azj*a Ui(xay)

Oy
Oz’

(2.5.1)

The stream function allows the number of unknowns in each fluid to be reduced from two
to one, but the order of the partial differential equation is increased by one. The continuity
equation is identically satisfied and equation ([2.3.10) becomes

1 . 203%
0x*oy* v Oy*3’

(2.5.2)

The boundary conditions (2.3.11]) in terms of the stream function are

o, O, Py, Py )
By (x*,00) =0, oy (x*, —00) = 0, e (x*,00) =0, e (%, —00) =0, x*>0
(2.5.3)
In terms of the stream function the interface conditions (2.3.12)) to (2.3.15]) become
827701 * % 82¢2 * %
H1 ay*g (Q? 7(25 ) = M2 3y*2 (Q? ,(z) ), (254)
2 1 a2¢2 * 1k _l ale * %\ D x k\ P * gk
ulRe&B*@y*(x agb) Reax*ay*(x 7¢)_P2<x agb) Pl(x a¢)7 (255)
Oy Oy
* * — * * 2. .
" 07) = G2, (256)
awl % kY an * %

This concludes the mathematical formulation of the problem.
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2.6 Conclusions

In this chapter, the Navier-Stokes equations were used in order to derive the boundary layer
equations for the classical and momentumless two-fluid wakes. The governing equations, as well
as the boundary and interface conditions, for the classical wake and the momentumless wake are
the same. The difference between these two symmetric wakes is the conserved quantities that
they satisfy, which will be explored further in the next chapter. The Navier-Stokes equations are
non-dimensionalised and a perturbation on the oncoming flow is considered. The velocity deficit
is introduced through the perturbation in the z-component of the velocity in order to simply the
problem and derive the boundary layer equations. The boundary and interface conditions are
derived through balancing tangential and normal stress components and tangential and normal
velocity components. These conditions are also expressed in terms of the velocity deficit. The
conserved quantities for the classical and momentumless wakes are derived and finally the

problem is expressed in terms of the stream function for each fluid.
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Similarity Solutions

3.1 Introduction

Herczynski, Weidman and Burde [1]| derived a model based on the two streams of fluid having
different densities and viscosities, but the same mainstream speed. This case prevents the
need to consider a boundary layer forming upstream of the object. The model is derived from
the Navier-Stokes equation which is non-dimensionalised in terms of characteristic quantities
defined for the top fluid. The density of the lower fluid is greater than the density of the
upper fluid for stability. Herczynski, Weidman and Burde determined that despite the relative
magnitude of their absolute fluid kinematic viscosities, the interface of classical two-fluid wakes
deflected upward [1]. It was also stated that analytical solutions for the two-fluid classical wake
based on the boundary layer approximation characterise asymptotic Goldtein |2| wakes that
penetrate differently into each fluid domain. In this chapter the solution will be derived through
the use of a scaling transformation as well as the process utilised by Herczynski, Weidman and
Burde. It will be applied to the model derived in Chapter [2|and compared against the solutions
derived by Herczynski, Weidman and Burde.

In order to keep the notation simple, the bars and stars will be suppressed in the dimensionless

quantities.

The governing equations from ([2.5.2)) are given by:

0*Y; N ﬁa‘%
0xdy vy Oy3’

subject to the following boundary and interface conditions where the unknown interface is

i=1,2, (3.1.1)
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defined as

The boundary conditions are:

oy

o0) =0,

The interface conditions are:

3.2 Invariant solution for the classical two-fluid wake

y = ¢(z)
0 0? 0?
ai;(l’,—OO):O, a;él(xaoo) :07 aj;( 7_00) :07 x>0
0? 0?
Ml%( 7¢) _MQWQZ;Q( 7¢>7
1 0? 2 02
ot (0.0) ~ g (5:0) = Pa,8) = Pi(o,0),
) Oy
a_y(xa¢) - a_y(xvqb)a
o o0,

L (5,0) = S 2 (w,6),

Consider the following scaling transformation

where A is a constant. Substituting (3.2.1)) into equation (3.1.1]) and simplifying gives

T = Aalj) g = Aby7 77;1 = Ac¢ia

821/_}1 _ )\2117(1&831/_}2‘

0z0y v 0y

Equation (3.1.1) is invariant under the scaling transformation provided

that is,

2b—a =0,

28
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. (3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)
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Thus, equation (3.1.1)) is invariant under the scaling transformation
=Mz =Xy, U=\ (3.2.5)
Suppose that a solution of is
Vi = fi(z,y). (3.2.6)

Then, a solution of the invariant transformed partial differential equation is given by

U = fi(Z, 7). (3.2.7)
Substituting into (3.2.7)) gives
by = fi( A%z, \by). (3.2.8)
Substitute into for v;, we obtain
X film,y) = fi(Az, Ny). (3.2.9)

Differentiating (|3 with respect to A gives

fz afi

AT filw,y) = 26N e + Ay V55" (3.2.10)
Let A =1, then z =z and y = y, and f(z,y) satisfies
b i afi
b =cf;. 3.2.11
e oy oy cf ( )

Equation (3.2.11]) is a linear first order partial differential equation. The differential equations
of the characteristic curves of (3.2.11)) are

de dy df;
—_— === 3.2.12
200 by cf; ( )
The first pair of (3.2.12)) gives
2=t (3.2.13)
€r2
where t;; is a constant. The first and last terms of (3.2.12)) gives
f; = tio, (3.2.14)
€26
where t;5 is a constant. The general solution of the first order linear PDE (3.2.11])) is
tio = Fi(ta), (3.2.15)
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where F; is an arbitrary function. Therefore, we have

i, y) = 2F, (i) (3.2.16)
€r2
where
c
= —. 2.1
w 5 (3.2.17)

The solution which leaves equation (3 invariant under the scaling transformation is

Yi(z,y) = 2 Fi(§), (3.2.18)
where
§= ﬁl (3.2.19)
€Tr2

Substitute (3.2.18)) into equation (3.1.1)) where y is expressed in terms of x and £. Simplifying
gives
s A3 F d?’F, dF;
v +(1-2w)
vy d&3 dg? dg

= 0. (3.2.20)

The value of w cannot be determined from the boundary conditions. It can be obtained,

however, from the conserved quantity (2.4.30|), expressed in terms of the stream function:

@) 9 o0
P2 Vo Oy
D = / ,y)d +/ —(z,y)dy, 3.2.21
o 83/( y)dy o) ax( y)dy ( )

where D, the dimensionless drag on the obstacle, is a constant independent of x. Express D in
terms of the similarity variables £ and Fj. Integration in (3.2.21)) with respect to y is performed

at a given fixed value of x. Hence,

dy = z2d¢ (3.2.22)
and becomes
¢(z)
D= %x“ /_ - ‘il—idg / » %dg (3.2.23)
3

The drag, D, is independent of z if

w=0, ¢<f) =k, (3.2.24)
T2
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where k is a constant. Thus,
k
dF dF;
@ T2 ¢ + / —1d5 (3.2.25)

and the equation of the interface is
o(z) = ka2, (3.2.26)

where the constant k is still to be determined. The differential equation (3.2.20)) becomes

v, °F,  d°F, dF,

— = 3.2.27
vy d&3 +€d§2 + d¢ ( )
Equation (3.2.27) can be rewritten in the form
v 3F;, d [ dF;
2— — = 0. 2.2
" d§3+d§( dg) 0 (3.2.28)

This is an example of the Double Reduction Theorem by Sjoberg [46]. If a PDE is reduced to
an ODE by a symmetry associated with a conservation law then the ODE can be integrated
at least once. In the reduction performed here, the parameter w in the scaling transformations
was determined by the conserved quantity, . The two reductions are to reduce the PDE
to an ODE and then to reduce the third order ODE to a second order ODE.

Consider now the boundary and interface conditions given by (2.5.3) to (2.5.7). Now, from
(B-2.18), (-2.19) and (3.2.24),

Giley) =F©), €= (3.2.29)
Hence,
0 1 dF; o, 1 dF;
= = —— 3.2.30
ox 2x° dE’ oy g3 dE’ ( )
20, 1 [dF,  d°F 20 1d°F,
o _ _ ) d +§d - T _1dF (3.2.31)
0xdy x2 | d€ dg? oy? x dg?
The boundary conditions ([2.5.3)) become
dFy B d*F, B
d_f(oo) =0, i (00) =0, (3.2.32)
dFy d*Fy
= =0. 2.
B =0 T2(-x) =0 (32.3)
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The interface conditions (2.5.4) to (2.5.7)) at the interface £ = k, expressed in terms of F;(§),

become

dFy dFs
d_g(k> = d_§<k)’

d2F1 (k}) . @szQ
gz > dg?

(),

2
Rexs

1 e\ dFy _ . o)) — T, QT
(1—Z>d—§(k:)—Pz( 6(2)) — Pi(z, 6().

(3.2.34)

(3.2.35)

(3.2.36)

Interface conditions ([2.5.6) and (22.5.7)) reduce to the same condition in terms of F;(&) given by

(3.2.34)). Conditions ([3.2.34) and (]3.2.35|) were used to simply interface condition (3.2.306|).

Now, integrating (3.2.28|) with respect to £ gives

V; dQFZ d.FZ
v der S de

A;.

(3.2.37)

Impose boundary conditions (3.2.32)) and (3.2.33|) for 7+ = 1 and ¢ = 2 respectively. Assume

that % tends to zero sufficiently rapidly as & — +oo that

. dFl . ng
1 — = 1 — =0.
Jm e =0 Iim e =0
Then
Al - Ag — 0
Thus,
V; d2E dF —0
vy d€? d§ o
Now let
dF;
W;(&) = )
© =%
ODE (3.2.40) now becomes
V; dm
2— W; =0
o dg ¢
and
dm . 141
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(3.2.40)

(3.2.41)

(3.2.42)
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Solving for W; gives

W; = exp (B]) exp < - %52), (3.2.44)

where B} is a constant. Therefore,

dF; 141
‘=B - =& 2.4
where B; = exp (B}). Imposing interface condition (3.2.34]) on (3.2.45|) gives
1 lv
By exp ( — Zk2> = Byexp ( — Zy—:kz) (3.2.46)
Substituting (3.2.45)) into (3.2.43)) and imposing interface condition (3.2.35|) produces
1 1
k|l Brexp [ —=k2) = 2Byexp [ — =242) | = 0. (3.2.47)
4 P1 4,
Applying condition (|3.2.46|) into (3.2.47)) gives
1
k(l - @) By exp < - —k2) — 0. (3.2.48)
P1 4
However, we consider the case in which
Also,
B #0, (3.2.50)

because if B; = 0 then from (3.2.46|), B = 0 and then

ZZ € =0, wilz,y) 0. (3.251)
Thus, from (3.2.48|)
k=0. (3.2.52)
Then, becomes
B, =By =B. (3.2.53)

The interface is the z-axis and on the interface it follows from (3.2.45)) that

Ow; _ l@( )
oy  x de2

— 0. (3.2.54)
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The turning point in the velocity profile is therefore on the interface.

Now, the constant B may be determined. The conserved quantity (3.2.25)) becomes

0 00
P2 ar; / dry
D == —=d¢é + —d¢. 3.2.55
P1J-oo d€ ¢S ( )
However, from (3.2.45))
dFQ o 1%} 2
dFy 1,
Thus, replacing £ by —& in the first integral, we obtain
B e} o0 1
D=B|2 [ ep ( - 152) de +/ exp (— —g2> dg] (3.2.58)
LP1 Jo 4vy 0 4
P2
|1
where
I = / Texp [ - e )ae (3.2.60)
0 4V2 ’
I = exp | — =¢&° )d¢. (3.2.61)
0 4
In (3.2.60)) let
V1 9
—& = .2.62
e (3262)
and therefore
1
w\? [* 1
I, = (—) / u” 2 exp (—u)du. (3.2.63)
141 0

Letting 14 = 15 in (3.2.63)) gives

Ilz/ ue exp (—u)du. (3.2.64)
0
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Substitute (3.2.63)) and (3.2.64)) into (3.2.59)). This gives

1
3 [ee]
D=B [& (ﬁ> + 1] / w2 exp (—u)du.
P1\ "1 0

However, the Gamma function is [47]

I'(n) = / u"texp (—u)du, n > 1.
0

Thus,

/OOO w2 exp (—u)du = r(%) = /7.

Therefore, substituting (3.2.67)) into (3.2.65)) produces

1

ORI

P1\ "1
Now,
1 1 1
e =) = ()
P\ p1\ P2t pitn)
Therefore
D D yz

ﬁ[1+ (%)2] VT 1+X5]

The solution is governed by the parameter

P14
X = ’
P22

as in Herczynski, Weidman and Burde [1] and in Lock [7].

3.2.1 Visual representation of the solution

(3.2.65)

(3.2.66)

(3.2.67)

(3.2.68)

(3.2.69)

(3.2.70)

(3.2.71)

The invariant solution derived in Section [3.2]is visually represented in Figures [3.1] and [3.2]
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10 T T y y T y y y T y y g T r T " T

-10 1 " " " 1 " " " 1 " " " 1 " " " 1 " " "
0.90 0.92 0.94 0.96 0.98 1.00

Figure 3.1: The velocities ui(x,y) and us(z, y) of the classical two-fluid wake plotted against y

atz=2for D=1,2 =1and 4 =1
P2 2 12 2

The velocity profile is given by

B 142
u(z,y) =1—w(x,y) =1— —Fexp ( — —y—), (3.2.72)

T3 4 x

B B B 1 vy 92
ug(z,y) =1 —wo(z,y) =1— x—%exp ( — 172?) (3.2.73)
and
D

B= —. (3.2.74)
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10— T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

0.99 1.00

B
0.93 0.94 0.95 0.96 0.97 0.98

Figure 3.2: The velocities ui(x,y) and us(z, y) of the classical two-fluid wake plotted against y

atz=2for D=12 =1and 4 =1
P2 2 Vo 5

The effective width of the lower half of the wake in Figure [3.2] is greater than in Figure [3.1}
This is because the ratio £ is greater in Figure [3.2) than in Figure . The diffusion of velocity
due to viscosity is therefore stronger in Figure [3.2] resulting in a larger effective width in the

lower half of the wake.

3.3 Approach of Herczynski, Weidman and Burde on the

classical two-fluid wake

We return to the PDE (3.1.1)) in dimensionless form

P - ﬁag%
oxdy vy Oy3’

i=1,2. (3.3.1)
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The conserved quantity is given by (3.2.21)):

o(x) 00
D = @/ %(x, y)dy +/ %(x, y)dy = constant independent of z. (3.3.2)

The boundary conditions in dimensionless form are from (3.1.3)

o 0%

8—;@, o0) =0, 6y21 (z,00) =0, (3.3.3)
20 0%y
8_3/2(:[’ —o00) =0, W;(];’ —00) = 0. (3.3.4)

The interface conditions in dimensionless form are from (3.1.4)) to (3.1.7)

o O

Iy _ Oy
%(% ) = %(% ), (3.3.6)
82¢1 82¢2
e (8:0) = 17 5 (@,0), (3.3.7)
1 9%, 2 9% P2 1
T - =({1-= 3.
1o Re (%ay(x’ 2 Re 0x0y (z,9) 01 ¢() F2/Re’ (3.3.8)
where the Froude number is
U
F=—. 3.3.9
Vil (339
The coordinate expansion and the expansion of the interface deflection is given by
(0) 1w 1
Vi(z,y) = f;7(n) + x—%fi (m+0{— |, (3.3.10)
CREIPC NLC ) 1
¢(x) = ¢ + o + = + 0¥ + O - |, (3.3.11)
€Tz T2 T
where
¢, oW, 3P ¢ are constants (3.3.12)
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and

(3.3.13)

Simplifying (3.3.10)), (3.3.11) and (3.3.13)) as much as possible before substituting into (3.3.1))

is necessary. This is done by considering the conserved quantity and boundary and interface

conditions. Consider first the conserved quantity

#(z) 0 00
P2 o Oy
D:—/ —(x,y dy—l—/ —(x,y)dy. 3.3.14

Express in terms of the variables fi(n) and 71 where

y — o) on 1

U:x—§, a—yz I (3.3.15)
Also,
y = a3+ ¢(x), (3.3.16)
and therefore at constant z,
dy = x2dn. (3.3.17)
Now,
%@ZZ = x_é%ij) + x_ld{;;) + O(x_g). (3.3.18)

Thus, substituting (3.3.18)) into (3.3.14)) gives

0 (0) (1) 00 (0) (1)
DZ@/ (£+x_;dfg —|—O(:L’_1>)dn+/ (dfl +x‘%dfl +O(x‘1>)dn'
p1 ) \ dn dn o \ dn dn

(3.3.19)
In (3.3.19)), on the interface
n="2" f(x) = 0. (3.3.20)
€z y=¢(z)
Now
D = constant independent of x, (3.3.21)
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provided
d (1) d (2)
22?7 =0, {l%rz =0, ... (3.3.22)
d 1) d (2)
‘2177 =0, ‘2177 =0,... (3.3.23)

The limits are independent of x because of the definition of . Thus D is independent of x if

F5 () = constant, n>1, (3.3.24)

£ () = constant,  n > 1. (3.3.25)

The transformation (3.3.10f) becomes

wi(z,y) = £(n) + constant. (3.3.26)
But since
i i
w; o v = (3.3.27)

the additive constant in 1); does not contribute to w; and v;. Therefore, the additive constant

can be taken as zero,

iley) = £ (). (3.3.28)
Suppress (0) in fi(o) and the transformation reduces to
vi(z,y) = fi(n), (3.3.29)
p=4=00 (3.3.30)
€xr2
d(x) = 9O + 27 26M +2719? +27716®) 1 O (x_Q) . (3.3.31)
Let us further evaluate
on on
— —. 3.3.32
oy’ Ox ( )
Now
g V=0 x2(z), (3.3.33)
€Tr2 €2
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and
From (3.3.33)),
on  ly 1 _s _1do
Frmi + 37 o(r) —x T (3.3.35)

Using (3.3.34)) to eliminate y and simplifying gives
on  1n _1do

Substituting (3.3.31)) into (3.3.36|) gives
1
O _ 10 20 4 860 4 3073500 L o 47l (3.3.37)
Ox 2% 2
and
an 1
— = —. 3.3.38
oy 2 ( )
The transformed boundary conditions (3.1.3]) are
dfy @ fi
— = — =0 3.3.39
Too=0, o) o (3.3.39)
df d* fa
—(— =0 — (= = 0. 3.3.40
o) =0, (o) (3.3.40)
The transformed interface conditions (3.1.4) to (3.1.6) are
dfy df
“L0) = “2(0), 3.3.41
) = 220) (3.3.41)
d*fi pia d* fo
—(0) = ——= .3.42
0 =200, (33.42)
1 Mz) dfa _3 ( /)2) 1
—(1=-——=)=—0)z 2 =(1—-— x). 3.3.43
Re( M1 d77( ) P1 FQ\/R6¢( ) ( )
The fourth interface condition (3.1.7)) is the same as (3.3.41)).
It follows from (|3.3.43]) that
o(z) = o2, (3.3.44)
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In order to derive a solution for the classical two-fluid wake, the transformations will need to
be substituted into the PDE . Thus, using (3.3.29)), (3.3.37)), (3.3.38) and (3.3.44)

81/11 1 alfZ

_ 3.3.45
Py 1dfi
== 3.3.46
oy?  xdn?’ ( )
P 2 d’ f;
=x 2 3.4
o7 x R (3.3.47)
LTI Y (R () B PO L (3.3.48)
oxdy 2" dn K dn? 2 dn?’ o
Substitute (3.3.45)) to (3.3.48)) into PDE (3.3.1)) which gives
vi d’f; df; d2fz 2
2— B 3.3.49
vy dn? s dn ( dn) 3¢ ( )

For the far wake, x >> 1 and terms O (9%2) are neglected. The ODE (3.3.49) reduces to

v; d°f; dfi
p =0. 3.
TR (ndn) 0 (3.3.50)

Integrate (3.3.50) with respect to n. This gives

Vi d2fi dfi
2— — = A, 3.3.51
vy dn? —H?d?? ( )

where A; is a constant.

Imposing the boundary conditions (3.3.39) and (3.3.40) at n = £oo for ¢+ = 1,2 respectively
gives

Hence,
Vi d2f’L dfz
=0. 3.3.53
v dn? dn ( )
Let
df;
W; = —. .3.54
dn (3.3.54)
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Hence
i dW;
ot i L W =0 (3.3.55)
vy dn
Solving (3.3.55)) gives
1 V1 o
W, = B; ———n"). 3.3.56
o (- 12) (3350
Substituting (3.3.54)) back into (3.3.56) gives
df; 1
d_]; = B, exp ( — —V—1772), (3.3.57)
where B; is a constant.
Substituting interface condition (3.3.41)) into (3.3.57)) gives
B, =By, = B. (3.3.58)
Now
d2fi 1 %1 1 V1 o
———B - —— 3.3.59
0 27, nexp( 1" ( )
and therefore
d*f;
0)=0 3.3.60
20) (33.60)
The interface condition ((3.3.42)) is identically satisfied.
Since
oy 1 df;
;= =2 3.3.61
YT oy T o dy (3:3.61)
and
o df; On
;= =21 3.3.62
! Jxr  dnox ( )
in order to calculate w; and v; it is sufficient to know %. However, we will continue and solve

for fi(n). The streamlines are obtained from ¢; and therefore from f;(n). Now from (3.3.57)

df; 1
dfi =Bexp(—1ﬂn2)
Vi

(3.3.63)
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and integrating both sides with respect to n from 0 to n gives

filn) — fi(0) = B/O exp < ilyj 2) ds.

Now a stream function is determined up to an arbitrary constant. Choose

Thus

The error function is

erf(x / exp (—u?)du.
\/_
Transform (3.3.66)) to an error function. Let

Ly o 2
4 y; s
then
%
n = 2(&) U.
n
Thus

c\
3

@]

4

o}
RN

|
| —
AN

w

[\
N———
oW

w

Il
R

=)
RSN
N~
[

)

=
VR
| —
VR
AN
N——
NI

3
N——

Hence from ([3.3.66]),

()(())

Using the conserved quantity (3.3.19)) with ( and m

the constant B can be determined in the same way as in Section [3.2] Therefore,

B = :

(3.3.64)

(3.3.65)

(3.3.66)

(3.3.67)

(3.3.68)

(3.3.69)

(3.3.70)

(3.3.71)

(3.3.72)
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From interface condition (|3.3.43)),

o0 = El ] ﬂg @2 ), (3.3.73)

\Y Re 1— p2 d77
P1
But
d
%(0) ~ B. (3.3.74)
n
Hence
1 — E2 F2

where B is given by (13.3.72)).

For each side to balance in condition (3.3.43)) we require

F*V/Re = O(Re), (3.3.76)
that is
F? = O(VRe). (3.3.77)

This is consistent with the assumptions made on F'in (2.1.11)) and (2.1.12) when deriving the
boundary layer equations.

3.3.1 Visual representation of the solution

The solution derived in Section [3.3] through the use of the Herczynski, Weidman and Burde
method is visually represented in Figures [3.3) and [3.4, The same values for D and for the ratios

2L and Z_; as chosen in Figures and were chosen in Figures and for comparison.

P2

Once 28 and = have been chosen, the ratio £ is determined from £ = “£2
P2 12 H2 12 v2 p1
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10— T T T T T T T T T T T T T T T T T T T T T T T T T

_10 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

Figure 3.3: The velocities u (z, y) and us(x, y) for the classical two-fluid wake, given by (3.3.78))
and (3.3.79) and derived using the method of Herczynski, Weidman and Burde |[1], plotted

againstyatleforDzl,Z—;:%and%:%.
The velocity profile is given by
B 1(y — 2
u(z,y) =1—wi(z,y) =1 — —exp (— —M), (3.3.78)
T2 4 T
B 1 — 2
us(z,y) =1 —we(z,y) =1 — —exp (— Zﬂm> (3.3.79)
€Tr2 Uy xz
where
H1 F?2 1
=B — 3.3.80
¢() o N ( )
o
and
D
B= — (3.3.81)
2
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-10 1 " " " 1 " " " 1 " " " 1 " " " 1 " " "
0.90 0.92 0.94 0.96 0.98 1.00

Figure 3.4: The velocities u (z, y) and us(x, y) for the classical two-fluid wake, given by (3.3.78))
and (3.3.79) and derived using the method of Herczynski, Weidman and Burde |[1], plotted

: _ _ 1 p 1 _ 1
agalnstyatx—lforD—l,p—;—iandZ—;—g.

The interface is displaced by

o(z) = o2, (3.3.82)
The graphs in Figures [3.3] and [3.4] have the same form as in Figures [3.1] and [3.2] but displaced
on the y-axis by distance

o(x) = P2, (3.3.83)

The solution of Herczynski, Weidman and Burde [1] tends to the solution derived in Section
in the limit £ — oo, that is in the limit ¢(x) — 0.

Both solutions make the approximation in the PDE for the far wake that terms of second
order in smallness can be neglected. Herczynski, Weidman and Burde make the further
approximation that the term of order =2 in the ODE ([3.3.49) can be neglected.
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3.4 Invariant solution for the two-fluid momentumless wake

The following results from the two-fluid classical wake remain valid

Vi(z,y) = 2 Fi(§), (3.4.1)
wi(xvy) = %1/; (z7y)7 (3'4‘2>
e=2% (3.4.3)

To obtain w we use the conserved quantity

pan [0 2 =
K==— yrwsa(x, y)dy + v wi (x, y)dy. (3.4.4)
P1 V2 #(x)
Now
O o 1dF;
.= . 3.4.5
wi = ) = 3L (3.45)
Thus
E F;
K = @ﬂxw“/ f &df + @t 5 bdf = constant independent of z.  (3.4.6)
p1V2 —o0 d§ <;) /3
The sufficient conditions for (3.4.6) to be satisfied are
w+1=0, w=—1, (3.4.7)
(b(:f) =k, o(x) = ke, k = constant. (3.4.8)
€Tr2
Thus
1
vila,y) = —F(Q), (3.4.9)
1df;
(o) = 5 (3.4.10)
and the conserved quantity (3.4.6) becomes
E:
_rn / e2d 2dg / £2 —d§ (3.4.11)
P1 V2
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The PDE in dimensionless form

P _ ;i
0xdy vy Oy

is now expressed in terms of the similarity variables. From (3.4.3))

o _ 18
or 2z’
o _ 1
8y x% '
Using (3.4.3)), (3.4.9)), (3.4.13)) and (3.4.14) produces
oy 1 dFy|
o = 53 2RO + €5
0 1 dF; d*F;]
v L 2R
Jyox o2x3 | d§ dg? |
o0 _ 1 dF,
dy ZE% d§ ’
v 1
oy? a2 de2’
Oy _ 1 &R,
(9y3 N x% dg?’ ’

Substitute (3.4.16)) and (3.4.19) into (3.4.12)) which gives
v; d>F; d*F; 3dFi B

— 0.
v d€3 e dg? * d§
Now
ngFi _d ngi _dF;
gz dg\” d¢ ¢
Substituting (3.4.21f) into (3.4.20)) and simplifying gives
(&F, d (dF)\ dF,
A (e 227 ),
v d&3 dE\” dE dé
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(3.4.12)

(3.4.13)

(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

(3.4.19)

(3.4.20)

(3.4.21)

(3.4.22)



Chapter 3 — Similarity Solutions

Equation (3.4.22)) illustrates the Double Reduction Theorem [46] that if the form of the sim-
ilarity solution is obtained from a conserved quantity then the ordinary differential equation

can be integrated at least once.

The boundary conditions are the same as for the classical wake:

C;—};l(oo) =0, (3.4.23)
d;? (00) = 0, (3.4.24)
Cil—}?(—oo) =0, (3.4.25)
d*F,
d§22 (—o0) =0, . (3.4.26)

Further boundary conditions may be added later such as no entrainment of the fluid at y = £o0c.

The interface conditions (2.5.4]) to (2.5.7]) at the interface & = k, expressed in terms of F;(§),

become

dFy . dF,

— (k) = —(k 4.2
(k) = 20, (3.427)
d2F1 125 d2F2
k)=— 4.2
d§2 ( ) I d§2 ( )7 (3 9)
3 ,U2) dFy
1——)——(k) = Py(z,0(x)) — Pz, p(x)), 3.4.30
(1= 2 D) = P o) - Palo, 60 (3.430)
Now integrate (|3.4.22) with respect to &,
v; dQ.FZ d.FZ
o e +¢ i +2F; = A;, A; = constant. (3.4.31)

20
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The additional assumption that there is no entrainment of fluid at y = +o00 is made

1 dF;
J(z,y) = —— | 2F, ‘1, 4.32
o 1) = =0z 206 + €52 (3.4.32)
and for no entrainment of fluid at y = +oo,
v1(z, 00) = 0. (3.4.33)
Thus
dF
2F (00) + =2 =0. (3.4.34)
A€ emoo
Imposing the boundary conditions ({3.4.24]) and (3.4.34) on (3.4.31)) gives
A =0. (3.4.35)
Similarly by imposing the boundary conditions at y = —oo it can be shown that
Ay = 0. (3.4.36)
Thus
v; d*F; dF;
—- L4 2F; =0. 4.
o dE +€d§ + 0 (3.4.37)
Multiplying (13.4.37)) by £ and simplifying gives
v, [ d ([ dF; dF; d
2— | — S = =+ —(EF) =0. 3.4.38
| (E) | en =0 (3:4.3%)
Integrating (3.4.38)) gives
dE V1 o
— F,+ —&°F, = E,, 4.
§ i + 2%5 (3.4.39)
where F; = constant. Consider first ¢ = 1. From (3.4.23))
dF,
-1 = 0. 3.4.40
() (3.4.40)
Assume that
dF
=L =o. (3.4.41)
A€ |emoo
Then from no entrainment ((3.4.34]),
Fi(c0) = 0. (3.4.42)
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Assume further that
E2F(€)]e=00 = 0. (3.4.43)
Imposing the boundary conditions at £ = 400 on gives
E; =0. (3.4.44)

Similarly by imposing the boundary conditions at £ = —oo on ([3.4.39)) it can be shown that

Ey, =0. (3.4.45)
Equation (3.4.39)) reduces to
dE V1 o
=(1—-—¢&|F, 4.4
¢ d§ ( 2Vi£ ) (34.46)
and therefore
dE 1 11
=(=-—-— ) 4.4
F ( f 5) d (3.4.47)
The ODE (3.4.47) is variable separable and integrating gives
InF,=1Iné — 2L¢2 4+ B, (3.4.48)
4Vi
where B is a constant. Therefore,
v
F(€) = Bi€exp ( - 4—552), (3.4.49)
where
B; = exp (BY). (3.4.50)
Now
1
R = Bicew (- 1¢), (3.451)
v
F5(€) = By exp ( - 4—;252). (3.4.52)

The boundary conditions ((3.4.23|) to (3.4.26)) are all satisfied because of the exponential be-
haviour of the solution. Now consider interface condition (|3.4.28|), then

1
By k exp ( _ Zk?) — By k exp ( - 4”711{2). (3.4.53)
2

o2
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Substituting (3.4.46)) into interface condition (3.4.27)) gives

1 1 141 11/1
Bil1- =K — k) =By 1 - —FkK — =K. 3.4.54
1( Qk)exp( 4 > 2( 2vy )exp( 4 vy ( )

The cases k = 0 and k # 0 need to be treated separately. This is because (3.4.53|) has k as a
factor. It is identically satisfied when k = 0 and cannot be used when k # 0.

Now, from (3.4.53), (3.4.54) becomes

1 1 121
1— -k =1--—k 3.4.55
2k 2 1%) ( )
That is
1 141
“F(1-—)=0. 3.4.56
(-2 (3.4.56)
Thus
either £ # 0 and - 1, (3.4.57)
Vo
or k = 0 and no condition on -*. (3.4.58)

Vo

Considering (3.4.53|) again, £ = 0 and k£ # 0 may be investigated separately.

3.4.1 Thecase k =0

When k = 0 equation (3.4.53)) is identically satisfied and (3.4.54)) reduces to
By = By = B. (3.4.59)

No condition is placed on the ratio Z—; Now

Fi(€) = Bexp ( - 252), (3.4.60)
F5(§) = B exp ( - };—;52) (3.4.61)

and
Fy(§) = BEexp ( - %%&2)- (3.4.62)
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Thus
dF; - Ly Ly
T (f)—B(l 2%5 )exp( 41/1'5 >, (3.4.63)
d*F; B VI eo Ly
de? (&) = —sz< - Z’f ) exp ( - sz > (3.4.64)
Substituting (3.4.64)) into the interface condition (3.4.29) gives
B 9 1, P2 Vi, Lo
Zl—(6- - Ple—2 —-A ~ 0. A.
k4{ (6 k)exp( 4k)+p1<6 V2k exp 10 k 0 (3.4.65)

Since k = 0, equation (|3.4.65|) is identically satisfied and no condition is obtained.

The interface condition (3.4.30)) gives the pressure difference across the interface. When k& = 0,

from and
Fi(§) = Blexp ( - %152), (3.4.66)
%(5) _ 3(1 _ %g?) exp < - %g?). (3.4.67)
Thus
‘%(k) = B<1 - %/&) exp < — ikz) = B, (3.4.68)

since k = 0. Hence (3.4.30)) becomes

ot (1 — @)B = Py(,0) — Pi(x,0). (3.4.69)

3
R K1

3.4.2 Calculation of the constant B when k£ =0

The conserved quantity for the two-fluid momentumless wake is from ((3.4.11])

pm/ ng? de + / §—d§ (3.4.70)

P12

Now

k=0, ¢=-"2 (3.4.71)
€2
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and
1
RO = B (- 1) (34.72)
1
Fy(€) = BEexp < - 1252) (3.4.73)
Va
Express (3.4.70) in terms of the invariant solution given by (3.4.72)) and (3.4.73)). Now
dF2 1 V1.9 1 V1 9
— =B|l—--— - —— 3.4.74
&= B|1-52¢ e (- 12¢), (3474
dF} 1., 1,
— =B|l1—-= — =& ). 4.
TS B[ 2§]exp( 45) (3.4.75)
Thus (3.4.70) becomes
K=8B @ﬂ/ (1ot o (1 d5+/ (1LY exp (= Le2)ael,
p1va Jo 219 4y 0 2 4
(3.4.76)
which can be written as
K=B {@ﬂg n 11} , (3.4.77)
pP1 V2
where
e 2 1 V1 9 1 V1 9
I, = Ell1—=—& |Jexp | —=——& |d¢, (3.4.78)
0 2 1) 4 Uy

I = /0 h ¢2 (1 - %8) exp ( - }ﬁ) dé. (3.4.79)

The following results are used for the Gamma function [47]

I'(n) = /000 2" texp (—z)dz, (3.4.80)
I'(n)=(n—-1)Cn-1), n>1, (3.4.81)
FG) = VT (3.4.82)
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Consider first Iy, (3.4.78)). Let

Then

and therefore

Thus

The integral I; is obtained by setting Z—; = 11in I,. Hence
[1 - —4\/E
Substituting (3.4.88)) and (3.4.89)) into (3.4.77) gives

K:—4\/EB[@(@>§+1].

P1\ "1

But

-
-
-

2(z) e - ()
P1 \ V1 P1 \ P2 1 H1p1 .

Hence (3.4.90) takes the form

1

K:—4\/7?B{(M2p2)2+1},

H1p1

o6

(3.4.83)

(3.4.84)

(3.4.85)

(3.4.86)

(3.4.87)

(3.4.88)

(3.4.89)

(3.4.90)

(3.4.91)

(3.4.92)
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and therefore
K

B=— —. (3.4.93)
4\/E{1 + (%) ]
The solution is governed by the parameter
x =2 (3.4.94)
P22
Therefore,
K v
B=— X2 (3.4.95)
4|1+ xé}

3.4.3 The case k #0

Return to equations (3.4.53)) and (3.4.54)) where k& # 0. Replacing B; in (3.4.54)) using ([3.4.53))

gives
1
(ﬂ—4>ﬁ&em(——ﬂﬁ):o (3.4.96)
1) 4 1)
and since By # 0 it follows that
Vi
—=1. 4.
” (3.4.97)
Equation (3.4.53)) becomes
1
ﬂ%——Bﬁkema(——Z%)::O (3.4.98)
and therefore
By = Bs. (3.4.99)
Hence
1
ﬁxg)__zBeq>(-Z§2), i=1,2. (3.4.100)

Consider next the interface condition (3.4.29)),

d2F1 L) — /,Lgd2F2

=1 ), (3.4.101)
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Now
dF; .. 1 1
i (€)= B(l — 58) exp < - ;152), (3.4.102)
d*F, B 1
jez (&) = & - 0w ( - ﬁ) (3.4.103)
and becomes
(1 - %)k(lﬁ —6)Bexp ( - %/&) = 0. (3.4.104)

Now if p1 = po then since v = vy and v = % it follows that p; = ps. The upper and lower

fluids would then have the same density and the same viscosity and be one fluid. It is therefore

assumed that py # ps. Hence is satisfied provided
k* =6, (3.4.105)
that is, provided
k=+vV6 or k=—6. (3.4.106)
From the equation of the interface is

y = ka? = +v/623. (3.4.107)

The remaining interface condition (|3.4.30) determines the pressure difference across the inter-

face,

3 M2) dFy
1——)——(k) = P(z,0(x)) — Pi(x,¢(x)). 3.4.108
(1= 22) T = P ot - Pr(o, o0 (3:4.108
From (3.4.102)),
dF 3
—1(+V6) = —2Bexp | — = (3.4.109)
d¢ 2
and (3.4.108)) becomes
6 3
N R o Bexp| — = 77 = Py(z, :I:\/éa:%) — Pl(x,:l:\/gx%). (3.4.110)
Re 1 2
Since v = vy it follows that
F2 P2 (3.4.111)
1 P1

for stability.
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3.4.4 Calculation of the constant B when k = ++/6

The conserved quantity for the two-fluid momentumless wake is from (3.4.11])

_ M/ 56”72 §+/ ngl , (3.4.112)

pl V2

Now

2o, (3.4.113)

Fi(¢) = Bexp < - }152) (3.4.114)
dF; 1 1

= B<1 — 552) exp ( — 152)’ (3.4.115)

k= +V6. (3.4.116)

Substituting the results into the conserved quantity (3.4.112)) gives
P2 2 1y L e 1 1,
K=B - = - - - = - - . (3411
(g ) (i [T (e ge)om (-4 amn
Consider first & = ++/6. Then (3.4.117) becomes

T > 1 1 P2 ve 1 1
s (e ma)er (i () [ (e mae) oo (5

(3.4.118)

Next consider k = —/6 then (3.4.117) becomes

ool (0) [ (e 2o () [ (1)

(3.4.119)
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Let

First consider (3.4.120]). Let

Then

R 1
L = 4/ u? exp (—u)du = 4" (g) = 2F<§) = 2\/T.
0

Now consider (3.4.121)) and make again the transformation (3.4.124)). Then

< s 1
Iy = 16/ u? exp (—u)du = 16T (—) = 12F(—) = 12y/7.
0

In order to evaluate the integrals I3 and I, we introduce the Error Function

A useful transformation is

Equation ((3.4.127)) becomes

0

0

5

2 2

erf(x) = % /01‘ exp (—u?)du.

60

(3.4.120)

(3.4.121)

(3.4.122)

(3.4.123)

(3.4.124)

(3.4.125)

(3.4.126)

(3.4.127)

(3.4.128)

(3.4.129)



Chapter 3 — Similarity Solutions

This form is useful when integrating by parts. It satisfies the condition

()

erf(x) = % /000 72 exp (—t)dt = Nz =1

Consider now I3 and make the transformation (3.4.124]). This gives

3

I3 = 4/2 u? exp (—u)du.
0

Now, integrating by parts

3 3 3
2 3 12 1 [2 1
/2 u2 exp (—u)du = [— exp (—u)u{ +3 /2 u” 2 exp (—u)du
0 0

Thus from (3.4.131))

1 1
3\? 3\ 2 3
e ()) - a(2) o -2).
Similarly by making the transformation (3.4.124)),

3

I, = 16/2 u? exp (—u)du.
0

Integrating by parts gives

3
3 3

3 1
exp ( — 5) + 24/2 u? exp (—u)du.
0
Using (3.4.132), (3.4.135]) becomes

= as(2) oo (- 2) eavmen((2))

N
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(3.4.130)

(3.4.131)

(3.4.132)

(3.4.133)

(3.4.134)

(3.4.135)

(3.4.136)
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Therefore,

I, = 27,

I, = 124/7,

nens((3) ) -o(5) o (-3)
e iran((3)) - (3) w0 (-3)

Substituting (3.4.137)) to (3.4.140) into (3.4.118)) and (3.4.119)) gives

oo () () -5 6) = ()
el (o) (o)) - 26)
Let
-((3)

K, = —4\7B @+1+<@—1)S,
L P1

=

[N
[SIE

[V
~_
|
ot
S
VRS
N o
~_
[
0]
]
o}
VRS
|
DO o S
N——— (;2
h kS
VR
|
DO o
~_
~~_

then

K ——4yaB|®2 11— (@—1)5 .
L P1 P1

=((3)) - 6) e ()

= 0.9167355 — 0.7709016

We can calculate S as

= (0.1458.
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(3.4.137)

(3.4.138)

(3.4.139)

(3.4.140)

(3.4.141)

(3.4.142)

(3.4.143)

(3.4.144)

(3.4.145)

(3.4.146)
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Solving for the constant B gives

K
k=+v6: B=DB,=-— <0, (3.4.147)
4ﬁ{g—j+1+ <g—f—1)s
K
k=—-v6: B=B_ =-— <0. (3.4.148)

Az (z-0)9
3.4.5 Summary of the invariant solutions for a momentumless wake

In this section the three solutions for the wake behind a self-propelled body are summarised.

The results are useful for plotting the graphs of the velocity profile.

3.4.5.1 Casel: £E=0

Ey(§) = B exp < - —V1§2>, =2, (3.4.149)
7 €Tz
dE o B 141 v; 2 1 V1 9
20 {21/1 §}exp< 47/2'5 >, (3.4.150)
CE_ D) gfok g -l (3.4.151)
d€2 N 4 v; 141 P 41/1‘ ’ o
B=- K = k__x : (3.4.152)
2 4y 1
i ()]
x =28 (3.4.153)

P2tz
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( ) 1 dF;
wi(@,y) = —5—=
I
- 24 {22 - 52] exp ( - —ﬂf),
202 Vi | 1 v;
By 22 de2
__ﬁ n 25 62—52 _lﬂé‘?
o 4x2\ v P 4y, ’
1 dF;
vi(7,y) _2_352{2Fi<5>+£ dﬁ}

3.4.5.2 Case 2: k=+6

First consider the results satisfied by both k = +v/6 and k = —/6.

ﬂ:1, &:@>1,
UV H1 P1

Yy
gz_la

X2
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(3.4.154)

(3.4.155)

(3.4.156)

(3.4.157)

(3.4.158)

(3.4.159)

(3.4.160)

(3.4.161)

(3.4.162)
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w;(x )—id—F
(3 7y _l‘% dé—
B 1
_ 9 _ g2 S
21‘%( f)exp( 46)7
o _ 1 EF
oy a2 de?
_ B _ Lo
— e 6-ew - ¢),
1 dF
Uz(x7y)__ﬁ|:2F+£d_§:|v 7'_1727

65

(3.4.163)

(3.4.164)

(3.4.165)

(3.4.166)

(3.4.167)

(3.4.168)

(3.4.169)
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Next consider the results dependent on whether k& = +/6 or k = —+/6.

o k=+V6
¢(x) = ka? = +V617, (3.4.172)
B=B, =-— K <0. (3.4.173)
4ﬁ{/fj—j+1+ (g—j - 1)3}
o k=-6
o(x) = kx?2 = —/6x2, (3.4.174)
B—B - K < 0. (3.4.175)

Al (50

Finally we note an important property of the interface of the momentumless wake with k£ =
++/6. From (3.4.168)

a;; - —52 (6 — €2) exp ( - 352). (3.4.176)
Hence
%IZZ' =0 (3.4.177)
when
€ =+, (3.4.178)
that is, when
y = £V6x2. (3.4.179)
But the equation of the interface is
y = +v6x. (3.4.180)

Hence the interface passes through the turning points of the velocity deficit w;(z,y).
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3.4.6 Visual representation of the solution

The invariant solution for the momentumless wake for £ = 0 derived in Section [3.4] is visually
represented for 2 = § in Figure 3.5(and for 2 = ¢ in Figure

ISp—Tr——————— 1 L L T A L A B

10

-5k 4
—10F 4
—15F 4
B 0.9990 0.9995 1.0000 1.0005 1.0010 1.0015 1.0020 1.0025

Figure 3.5: The velocities u(x,y) and uy(z,y) for the momentumless two-fluid wake for £ = 0

plotted against y at z = 6 for K =1, % = % and Z—; = %

The velocity profile is given by

(1.9) = 1 —wy(2,y) = 1 — —— B2 v Ly (3.4.181)
u(x =1 —w\T =1 - — — | X _ - 4.
1\Z, Y 1\, Y 21:% T p 4 )
(1) = 1 — wo(z,y) — 1 — —— B[22 v Ly’ (3.4.182)
U2(T = 1 —wel\T =1 - — — — — | €X _ = 4.
2hY 2%y 213 Uy vnox P dvy x
and
K
B _ . (3.4.183)
2
4\/7?{1+Z—j(5—j) }
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-10

-20

0.9995 1.0000 1.0005 1.0010 1.0015

-30

Figure 3.6: The velocities uy(z,y) and uy(z,y) for the momentumless two-fluid wake for k =0

1

plotted against y at x = 6 for K =1, % = % and l’j—; =:.

We see that the effective width of the lower half of the wake in Figure [3.0]is greater than that
in Figure [3.5] This is due to the stronger diffusion of velocity caused by the larger viscosity
ratio 12 in Figure @

The invariant solution for the momentumless wake for k& = ++/6 derived in Section is
visually represented for +v61in F igure and for —+/6 in Figure
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y
10 T T T T T T T T T T T T T T T T T T T T T T T
5 - -
\
0 u
|
_5 - _
-10 L L L L L L L L L 1 L L L 1 L L L 1 L L L 1
0.998 1.000 1.002 1.004 1.006 1.008

Figure 3.7: The velocity u(x,y) for the momentumless two-fluid wake for k& = ++/6 plotted
against y at x = 3 for K =1, % = % and S = 0.1458.

The velocity profile is given by

u(z,y) =1 —w(z,y)=1-— Bg (1 — y—Z) exp (— %yj) (3.4.184)

T2 2

and

K
B, =-— . (3.4.185)

4ﬁ{g—j+1+ (/ﬁ—j—l)s}
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0.996 0.998 1.600 1.002 1.004 1.006 1.008

Figure 3.8: The velocity u(x,y) for the momentumless two-fluid wake for & = —/6 plotted
1

=1 and S = 0.1458.

againstyatx:?)forK:l,E—i

The velocity profile is given by

B_ 2 1 2
u(z,y) =1 —wi(z,y) =1— (1 - ?2/_3:) exp ( - Z%) (3.4.186)

3
T2
and

B_=-— K . (3.4.187)

G

Figures 3.6], and all have the same form, however, the point of the interface on the

y-axis differs. The interface is given by

N

y = kx2. (3.4.188)

When k£ = 0, the interface is at y = 0 as for Figures [3.5] and The interface lies on
Yy = +v/622 in Figure and y = —V6z2 in Figure which are the local turning points for
the velocity profile.
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3.5 Approach of Herczynski, Weidman and Burde on the
two-fluid self-propelled wake

An outline will now be given of the derivation by Herczynski, Weidman and Burde |[1| of
the solution for the two-fluid momentumless wake but using the conserved quantity, (2.4.62)),
which is based on the requirement that the total drag on the body is zero and not the conserved
quantity, (2.4.63), used by Herczynski, Weidmand and Burde.

The PDE for the stream function in dimensionless form is given by

Pt Y 1

= — . 3.5.1
0xdy vy Oy ( )
The conserved quantity for the two-fluid momentumless wake which we will use is
«_ P21 7 2 =
K*=—=— y wa(z,y)dy +/ y wi(z,y)dy. (3.5.2)
P1V2 J o(z)
The boundary conditions are the same as for a classical two-fluid wake:
0
aiyl(:c, ) = 0, (3.5.3)
0%
6y21( ,00) =0, (3.5.4)
0
ai;(x, —0) =0, (3.5.5)
ey
0y (x, —00) = 0. (3.5.6)
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The interface conditions are

0 0
o) = 5 2w o(a), (35.7)
0 0
P p(a)) = G2, 6(2)), 3.55)
0% 0%
Gy 0 0l@) = 725 2 (@ 0(), (35.9)
2 [ 0%y 1y _ P2 1
2|2 o) - ot | = (1- 2 o) (3.5.10)
where the Froude number is
U
F=—. 3.5.11
N (3.5.11)
Assume that
F = Rei. (3.5.12)

The terms on each side of (3.5.10]) therefore balance.

The coordinate expansion and expansion of the interface deflection used by Herczynski, Weid-

man and Burde [1] are given by

vile,y) = K0 + a2 [ ) + a7 P ) + a2 £ () + O, (3.5.13)
(z) = ¢ +2726M + 2719 4 2726® 4+ 27290 + O(z73), (3.5.14)
where
¢ W 6 ¢ p* are constants, (3.5.15)
and
n:ylgﬂ (3.5.16)

Equations (3.5.13) and (3.5.14)) are expansions in powers of 22 for the far wake. As for the

classical wake, this extends the coordinate expansion of Goldstein [3] to an expansion of ¢(z).
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These equations will be simplified as much as possible before substituting into the PDE (4.3.3)).
This is done by using the conserved quantity and the interface conditions. Express the integrals

of the conserved quantity in terms of fi(")(n) and 7. From (3.5.16|)

on 1
— 3.5.17
dy a3 ( )
and
y =z2n+ ¢(x). (3.5.18)
At constant =z,
dy = z2dn. (3.5.19)
Now
M N
dy = d
dy 4 an g
dr” , dfY Ldf! s df®)
Sipptr ol PR et 4 O(27?) | dy. 3.5.20
dn+x2dn+x dn+w2d77+<x)n ( )
Also,

y* = an® + 202¢(x)n + ¢(x)”
= aon’ + a2 2060 + 2206 + 607 + 272206 + 20 V)

+ 27 200® + 2006 1 ¢M2) 4 27229 + 2603 4+ 2616 + O(272).  (3.5.21)

Thus, using (3.5.20) and (3.5.21)) and simplifying
LU [ 2 df” G g0, 4 }
=7 n
dn

y 3y i i ]dn+x2{

df?® ary dr©
+2° [7]2L + 2¢(°)nL + (200 + ¢(02) fn }dn

dn dn
o[ adf df’ df ar®
+a72 |t 42 i 2n¢M) 209 4 26V ) =i | g
P25 T 0o 1 60 T 0+ 20060 Ly
+O(z™1). (3.5.22)

73



Chapter 3 — Similarity Solutions

Now

o) 9 © 9
Kr=20 yzﬂdy + / y2ﬂ y = constant independent of x. (3.5.23)
P1V2 J ay o(x) 8y

Substitute the expansions (3.5.13)), (3.5.14) and (3.5.16]) into (3.5.23)). The limits of integration

with respect to n become
0 00
/ dn, / dn, (3.5.24)
—00 0

which are independent of x. The integrands in ([3.5.23) are given by (3.5.22) for ¢ = 2 and

1 = 1. Separating by powers of x produces the following.

0 (0) 0o (0)

d d

X @ﬂ/ WZZLdnjL/ 772d—1d77. (3.5.25)
P1V2 J oo n 0 n

Since K* is independent of x, this coefficient must vanish. Hence

an’ _, A

— 0, — 0. 3.5.26
a7 i ( )
T Making use of (3.5.26)) gives
0 (1) 00 (1)
d, d,
L2 nQLdnJr/ 2y, (3.5.27)
pLva ) o dn 0 dn

Since K* is independent of x, this coefficient must vanish. Hence

ar’ _, A

= =0. 0.2
=0 =0 (3.5.28)
2% Making use of (3.5.26)) and (3.5.28)) gives
0 dr? < qr@
@ﬂ/ 772de77+/ . (3.5.29)
P1V2 J_ dn 0 dn

This coefficient is independent of x. We take the leading term in the expansion (3.5.13) in

powers of 2~2 which gives K* independent of . Hence

wlea) = 2170 +0( ) (3530

€xr2
. . _1
We can stop here because we are making an expansion in powers of x~2 and neglect terms of

lower order than x°. The conserved quantity is

0 o 6
d d
K* = @ﬂ/ nQLdnjL/ 29, (3.5.31)
0

P1V2 J d77

To keep the notation simple, we will write f¢(2) as f;.
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3.5.1 Interface and boundary conditions

Consider first ,
0y fi2 0%ty
a—yz(x,cb( ) = 0 (2, (). (3.5.32)
Now
1
Yi(z,y) = Efi(n)v (3.5.33)
oy _sdf;
= 2 —_, 3534
dy » ( )
52%’ =2 d2fi
57 = (3.5.35)
Also, when y = ¢(z) then n = 0. Thus
0% @

Therefore, interface condition (3.5.9)) becomes

d2f1 0 _@deQ 0

= . 3.5.37
dn? p1 dn? ( )
Similarly interface condition (3.5.7)) becomes
dfv .\ df
%(0) = (0). (3.5.38)
Consider next interface condition (3.5.10). Then from ([3.5.34))
1 3 _sdf; s d?f; On
= "y -2 -1 3.5.39
Oxdy 2 dn e dn? Ox ( )
and
i 3 _sdfi sd?f; O
= ——r 2 T2 — . 5.4
ety (0 = 5 0+ RO F] (3540

Then equation ([3.5.10) becomes

2 13 _sfdf \  padfs 3 pa dfo o d*h In
Re[Qx (dno mdn(o))” (m dnz(o dnz(o) Oz

(- h)ew
(3.5.41)
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Using (3.5.37)) and (3.5.38)), equation ([3.5.41)) reduces to

and therefore

VERe (| _ p2> dn
p1
Thus
o(x) = Va3,
where

: (1-5)
() _ g L ") df

()

p1

Express the remaining interface condition (3.5.8|) in terms of the transformation. Now

1
Vi(z,y) = —fi(n)
x
and
oY, 1 1 df; on
or a2 () + x dn Oz’
But
y— oz
n— l( )
T2
=Y — O3,
T2
Hence
on  1ng 5 (5),,.—4
oxr 2z 2¢ v
Now ((3.5.47]) becomes
oY, 1 1 df; In 5
ox a2 Z(77)—{—.7cd77( 2 +2

(0).

(3.5.42)

(3.5.43)

(3.5.44)

(3.5.45)

(3.5.46)

(3.5.47)

(3.5.48)

(3.5.49)

(3.5.50)
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and

ou; L gysd

I (z,0(x)) = —ﬁfz‘(o) + 2¢

The interface condition (3.5.8)) becomes

dfy
dn

1

) 1
_Pfl(()) + §¢(5)

But from (3.5.38)), (3.5.52) reduces to

f1(0) = f2(0).

This is a new interface condition that does not apply to the classical wake.

The boundary conditions (3.5.3)) to (3.5.6)) become:

T (oe) =0
o) =0,
P () =0,

L x)=0

This completes the simplification of the transformation (3.5.13)) to (3.5.15)).

3.5.2 Solution of the self-propelled two-fluid wake

We now derive the solution for the two-fluid momentumless wake. Return to the PDE

1 o 233%
0xdy vy Oy

7

(0)z~° = —ﬁfz(o) +

(3.5.51)

(3.5.52)

(3.5.53)

(3.5.54)

(3.5.55)

(3.5.56)

(3.5.57)

(3.5.58)
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Make the following transformations:

1
Yi(z,y) = p i(n), (3.5.59)
n= y_—?(x) (3.5.60)
T2
o(z) = P, (3.5.61)
on Ui 3) (5),.—4
—=—-+5 5.62
9e 2w 2% T (3:5.62)
on 1
= T 3.5.63
dy  xz ( )
Thus
oYy _sdf;
= - 3.5.64
oy v dn’ ( )
82¢i -2 dzfz
P _ i,
=a 2 3.5.66
Iy L dn3’ ( )
8277Z)i 1 5 dfz deZ 5 (5) 11 dzfz
=—-r 2|3 - e . 3.5.67
0x0y 2 2{3dn+ndn2} +2¢ v dn? ( )
Substitute (3.5.66|) and (3.5.67)) into the PDE (3.5.58)) and simplifying gives
v, Bf; a2 f; df; a2 f;
gl O )i iy 3% g8l 5
vy dn? T dn? * 3dn 597w dn? (3.5.68)

For the far wake x >> 1 and terms O (x%) are neglected. The solution is more accurate than

that for the classical wake in which larger terms (’)(x%) were neglected. The ODE (3.5.68

reduces to

v 13 fz 12 fz Alfz
gt Jt +32 =0. .5.69
o +n—>%5 +3 ; 0 (3.5.69)
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Before integrating (13.5.69)) we will calculate the velocity components which will be required in

the boundary conditions:

v 1dp

v Oy  r3dn ( )
i = =—=fn) -1+t 0" =, 3.5.71
! Ox ac2f (n) 2x277d7] * 2¢ x® dn ( )
ow, 0 (1 df 1 d*f;
= ) = = ) 3.5.72
5 =55 ora) = o (3:572)
Now the ODE (3.5.69) can be rewritten as
vi d’f; d df; df;
2— — | n— 2—— =0. 3.5.73
vy dn? * dn (ndn) - dn ( )
Integrating (3.5.73) with respect to n gives
i AP f; df;
s / + ni +2f; = A;, A; = constant. (3.5.74)

vy dn? dn

The boundary conditions at n = oo are given by (3.5.54) to (3.5.57). We make the additional

assumption that there is no entrainment of fluid at y = 400, that is

vi(z,+00) =0 and  wy(z, —o0) =0. (3.5.75)

Then from (|3.5.71)) for ¢ =1,

]. ]_ dfl 5 (5) ]_ dfl .
() =5 T 2 gy (0 =0 (3.5.76)
From ((3.5.54))
dfy
- = 0. 3.5.77
(o0) =0 (35.77)
Assume that
Cdn
dm oy =0 (3.5.78)

We will find later from the solution that % — 0 exponentially as n — oo and therefore (|3.5.78

is satisfied.
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Then ([3.5.76) becomes

(3.5.79)

In equation (3.5.68)), terms of (’)(%) were neglected. Terms of order 9%2 are retained. Hence

from (F5.79)
fi(o0) = 0.
Substituting (3.5.55)), (3.5.78) and into produces
A =0.

Similarly by imposing the boundary conditions at n = —oco we find that
fa(—o0) =0 and As = 0.

Equation (3.5.74)) becomes

Cd? f.
Gridfi | dfi

2f; =0.
vy dn? ndn 2=
Multiply (3.5.83)) by n which gives
I/l d2 7 Z

and simplifying to integrate gives

df; df; 5
2V1[dn( dn) dn} ( 1) =0.

Integrate (3.5.85)) with respect to 7,

V; dfz v;
2=~ —2—fi+n’f; = C},
vy dn 1z

where C7 is a constant. Thus

dfl V1 o .
ndn_fz_l'Qynfz—Cu

%

where C; is a constant.

From the boundary conditions (3.5.54)) and (3.5.80))

dfy

n=+40o0: dn

80

——(00) =0, fi(c0) =0 (no entrainment).

(3.5.80)

(3.5.81)

(3.5.82)

(3.5.83)

(3.5.84)

(3.5.85)

(3.5.86)

(3.5.87)

(3.5.88)
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Assume the stronger conditions

lim Ui 0. lim n* fi(n) = 0. (3.5.89)
Thus
C,=0. (3.5.90)
Similarly, from the boundary conditions and
n=—o0 le—]:j(—oo) =0, Ja(=00) =0, (3.5.91)
and assume the stronger conditions
i n =0 TP fa() =0 (3.5.92)
Thus
Cy =0. (3.5.93)
Equation (3.5.87)) reduces to
% _ (% _ 2”_;77) di. (3.5.94)

The ODE (|3.5.94)) is variable separable and the solution is

v
fi(n) = Bin exp ( — 4—;n2), (3.5.95)
where

B; = constant. (3.5.96)

The boundary conditions (3.5.89|) and (3.5.92)) are indeed satisfied because of the exponential

behaviour of the solution.

Consider now the interface conditions. The interface condition (3.5.38)) is

dfr df
—(0) = ==(0). 3.5.97
) =20 (35.97)
But f;(n) is given by (3.5.95|) and therefore
dfi Vi oo LI
Yi_pl1-2 _ e, 5.
i Z[ 2%17 } exp ( 4%17 (3.5.98)
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Hence

df;

- Bi7
%o

and the interface condition ([3.5.97) becomes

Consider next the interface condition (3.5.53))

f1(0) = f2(0).

From ([3.5.95) for f;(n) we see that the condition is identically satisfied.

Consider next the interface condition (3.5.37))

d*fi (0) = &dzfz
dn? iy dn?
From ((3.5.9§)), it can be derived that
d*f; 3, v 21
—Jr Bz -1 71 .3 T2 ]
dn? 2 y; T 4VZ-277 P 4Vin
Thus
d*fi
0=

and interface condition (3.5.102) is identically satisfied.

Finally consider the interface condition (3.5.42))

SNy _ 1 (1 _r\,0e
Re(l Nl)dn(O) FZ\/E<1 p1)¢'

Using (3.5.99) and (3.5.100)), (3.5.105)) becomes

i(l — &) = ;<1 — @)¢(5)
Re i1 F?V/Re P

Hence

(3.5.99)

(3.5.100)

(3.5.101)

(3.5.102)

(3.5.103)

(3.5.104)

(3.5.105)

(3.5.106)

(3.5.107)
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3.5.3 Calculation of constant B

It remains to calculate the constant B which is obtained from the conserved quantity. We know
that

0 e’}
d d
g [0, +/ L. (3.5.108)
p1e ) o dn 0 dn
df2 [ LS V1 o
Y2 _pl1- 2L - 3.5.109
i _ 20, | &P ;) ( )
dfl [ 1 2 1 2
_pl1—- — 2. 3.5.110
i _ 51 } exp ( 17 ( )

Substituting (5.2.2)) and (5.2.3]) into (5.2.1)) and simplifying gives

o 1 o 1 1
Kr=2n / (1 - i?f exp | — —ﬂnz dn + B/ ”(1—2n*)exp( —=n|dy
P12 Jo 2v9 4 vy 0 2 4

- B[@ﬂlg +Il}, (3.5.111)
P12
where

< L, L,

I, = (| 1—=n)exp| —=n°)dn, (3.5.112)
; 2 4
& 141 ]_1/1

I, = 21— —n? ———=n*)d 5.11

2 /D n( 2V2n>exp( 4V277) n (3.5.113)

Equation (5.2.4) for K* is exactly the same as (3.4.77)) for K derived in Section [3.4.2] The
integrals I; and I, were also evaluated in Section It was found from equation ([3.4.90)

that

K* = —47B {1 + % (Z—j) 2} . (3.5.114)
Thus
B—— M (3.5.115)
)
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But
: : b
@(ﬁ>._@(&ﬁ> _(WW> S (3.5.116)
P11\ P1\ P2 1 P11 X2
where
_ p (3.5.117)
P2fb2

The solution is therefore governed by the parameter y and

N

K= X

B:_4ﬁ{1+xé]

(3.5.118)

We have found that the solution for the momentumless wake for £ = 0 and the solution for the
momentumless wake using the method of Herczynski, Weidman and Burde but the conserved
quantity, , depends on the parameter x. Herczynski, Weidman and Burde used the
conserved quantity

K s b(x) ) >,
= Yy ws(x, y)dy + y w (z,y)dy (3.5.119)
P1 P1J -0 #(x)

which is not consistent with zero total drag on the body and found that the solution depends

on a new parameter

3
Q=2
P2y

(3.5.120)

3.5.4 Visual representation of the solution

The solution derived in Section through the use of the Herczynski, Weidman and Burde
method is visually represented in Figures and . The same values for the ratios 2—; and
ot as chosen in Figures and were chosen in Figures and for comparison. Once

2L and £ have been chosen, the ratio £ is determined from £ = 222,
P2 V2 M2 M2 V2 p1
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0.996 0.998 1.000 1.002 1.004 1.006 1.008

Figure 3.9: The velocities u;(z,y) and uy(x,y) for the momentumless two-fluid wake, given by

(3.5.121)) and (3.5.122)) and derived using the method of Herczynski, Weidman and Burde [1],

plotted against y at x = 0.55 for K = %, Z—; = % and ;1 = %

The velocity profile is given by

wi(z,y) =1 —wi(z,y) =1— x% 1- %(y — qb(x))2] exp < _ = i<x>)2), (3.5.121)
us(z,y) =1 — wa(z,y) = 1 — x% 1- %Z—;@ - i(x))Q] exp (— Z—; (v = f<x>)2> (3.5.122)
and
B=— K (3.5.123)
e
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0.998 1.000 1.002 1.004 1.006

Figure 3.10: The velocities u; (x,y) and us(x,y) for the momentumless two-fluid wake, given by

(3.5.121)) and (3.5.122)) and derived using the method of Herczynski, Weidman and Burde [1],

plotted against y at x = 0.55 for K = %, Z—; = % and ;1 = %

The graphs in Figures [3.9 and [3.10 have the same form as in Figures [3.5 and [3.6] but displaced

on the y-axis by distance
o(z) = Va5, (3.5.124)

The solution of Herczynski, Weidman and Burde tends to the solution derived in Section
in the limit 2 — oo, that is in the limit ¢(z) — 0.

3.6 Conclusions

Two solutions for the classical and momentumless two-fluid wake were derived in this chapter.
A scaling transformation was introduced and an invariant solution was found for the classical
and momentumless wakes through imposing of the boundary and interface conditions to reduce

the resulting PDE. The results were also visually represented and it was found that the classical
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wake has an interface at the y-axis while the momentumless wake has three different potential

interfaces.

Subsequent to this, the method by Herczynski, Weidman and Burde was studied and replicated.
The conserved quantity derived in this dissertation differed to that of Herczynski, Weidman and
Burde. It was decided to use the conserved quantity derived in Chapter [2| because it satisfied
the condition that the total drag on the body is zero. The coordinate expansion and expansion
of the interface deflection that was used by Herczynski et al. was also incorporated into the
derivation of the solution and a new corrected solution was found for the momentumless wake.
The solutions for the classical and momentumless wakes were also visually presented and are

similar to the solutions using the scaling transformation, however, the interface is deflected.
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Chapter 4

Derivation of Conservation Laws

4.1 Introduction

In this chapter the conservation laws for a single fluid wake and a two-fluid wake will be
explored. In Section a brief review of the relevant theory regarding conservation laws
and the different approaches that exist will be discussed [9]. In Section the boundary
layer equations for the two-fluid wake are considered. The conserved vectors are determined
by elementary manipulations through the use of multipliers. Once the conserved vectors are
found they will be used to determine the conserved quantity. This is done in Section for
the classical two-fluid wake flow and for the two-fluid wake flow behind a self-propelled body.
Section concludes this chapter by summarising the conclusions.

4.2 Conservation Law Theory

The formulation of physical laws like the balance laws for energy and momentum play a role in
the mathematical idea of a conservation law [9]. Conserved quantities may be used in solving
differential equations where a similarity solution exists. Boundary conditions are also used in

the solution process.

There are many different methods that may be applied in finding conservation laws and con-
served vectors. One such method is Noether’s theorem [13|. This method relies on the use

of a suitable Lagrangian for Euler-Lagrange differential equations. Conserved vectors are de-
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termined by a formula based on the Noether symmetry associated with a specific Lagrangian.
There are methods that do not rely on the use of a Lagrangian including the direct method
which was first used by Laplace, however, in this dissertation we make use of the multiplier ap-
proach developed by Steudel [18] which can be used to generate conservation laws for a system

of partial differential equations (PDEs).

Consider a k-th order system of PDEs of n independent variables and m dependent variables

given by:

Gj(l’,iﬂ,w(l), ...,1D(k)) = 0, j = 1, 2, IS (421)

The independent and dependent variables are denoted by z = (x!, 22, ..., 2") and ¢ = (1,42, ..., ™)
respectively. The collection of i-th order partial derivatives of the dependent variables is denoted

by ;). The system given by (4.2.1) is assumed to be of maximal rank and locally solvable.

The total derivative of 1) with respect to z* is given by:

W =Dy(), ¥l =D,D;(¥), .., (4.2.2)
where the total derivative operator with respect to 2! is presented as:
8
D; = ! + ) — 4. i=1,2,...,n. 4.2.3
a @/ﬂ Ui a 5 (4.2.3)

The Euler operator can annihilate a differential function if and only if the differential function

is a total divergence. The Euler operator is defined as:

0
+z: L i=12m, i <ig < ..<i,. (4.2.4)
s>1 8¢11 s
The symmetry operator is given by:
.o,
X=&_"+ , <y < ... <, 4.2.5
gax’ 8¢J+; i1 zsaw“ B 11 S S S ( )
where ¢/, are given by:
¢ = Di(iY) = ¥3Di(€7), (4.2.6)
:L?l...is - DZS( ;,']1...2'5_1) - ily)il...is_lDis (fp)’ S > ]‘ (427>

A set of functions T, T2, ..., T" consists of the components of a local conserved vector if and

only if they satisfy

DT =0, (4.2.8)
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for all solutions of system (4.2.1]).

The multiplier A has components A, A%, ..., A". The multiplier can depend on the indepen-
dent and dependent variables and the partial derivatives up to the k-th order of the dependent
variables. The multiplier for system (4.2.1]) has the following property:

AjGj<£U,@ZJ,1/J(1),...,w(k)) = DjTj, (4.2.9)

for all functions 1.

The determining equations may be obtained by applying the Euler operator to equation (4.2.9))

giving:
Ey; [APGP} =0, 7=1,2,...m (4.2.10)

The determining equations (4.2.10) are not only satisfied for all solutions of system (4.2.1]
but for all functions 1 = (¢',4?,...,4™). The determining equations (4.2.10)) can be solved by
separating powers and products of the partial derivatives of ¢/ since the partial derivatives of

Y7 are independent.

After determining the multiplier A, solutions for ¢ may be considered, followed by calcu-
lating the components of the conserved vector T'. The conserved vector T' = (T*,T? ..., T™) is
invariant under the action of the symmetry operator (4.2.5) [16] provided

X(T') +T'Dy() = T*Dy(€) =0, i=1,2,..m, (4.2.11)

where X is prolongated to as high an order in the derivatives as required. A generator (4.2.5))
that satisfies (4.2.11]) is called a Lie point symmetry associated with the conserved vector T'
of the system (4.2.1)). The invariant solution generated by X can be determined once the Lie
point symmetry X has been found.

4.3 Conserved Vectors

In this section the elementary conserved vectors are derived for the boundary layer equations

8wi V; 82’LUZ‘

83;‘ - yla—y2’ (431)

8wi 8vz~
_ = 0. 4.3.2
pe + 3y 0 (4.3.2)
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When z, y, w;, v; and the partial derivatives of w; and v; are considered as independent variables,

the notation wiz, Wiy, Wiy, Vig, Viy, Vizy Will be used.

Multipliers Ay = Ay (w;, v;, x,y) and Ay = Ay(w;, v;, x, y) for the system of equations (4 and

(4.3.2) have the property that
Vi

for all functions w;(x,y) and v;(x,y).

The total derivative operators are defined as:

r — ax T awl T 6% 1T awm 1T 31)@-1 1TY 8w¢y 1LY a'Uiy
D 0 . 0 + 0 n 0 + 0 n 0 n 0

Wiy Viy 73— wy (% Wiye 7 Viye 73—

v ay v ow Y 8 w ow v (%iy v 8wm Y 8vix

The determining equations for multipliers A; and A, are:

- ”
Ewi Al (wlx - y_wiyy) + A2(_wl$ + Ui?/) =0,
L 1

- ”
Evi Al (wlx - y_wiyy) + A2(_wl$ + Uiy) =0,
L 1

where E,,, and E,, are the standard Euler operators and are given by:

) 0 ) ) ) )
E, = - D, - D D? D,D D2 —
o P own Y wn 0w T  bwny Y By,
) 0 ) ) ) )
E,=—— —D,— —D D2 D,D D> _
POy 0V;y y@vzy * i + yavmy + Y Oy

The expansion of equations (4.3.6)) and ( gives:

OA v; OA
awj (wzx - V_lwiyy> + awf( Wig + 'Uzy) + D (AQ Al) - _D2(A1) O

(%Z- 8'UZ'

91

oA i oA
1 (wm a Z_wiyy) + _2(_wiz +viy) — Dy(Ag) = 0.
1

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)
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When expanded, equations (4.3.10) and (4.3.11f) become

ws % _ ﬁw 8A1 —w 8A2 1o, 8/\2 _ 8/\1 —w 8A1 — 8A1 4 aAQ 1w %4»
ow;, v Youw  ow; Y ow; ox " ow; o, ox " Ow;

v VY ow0vs vy Yovidy v Y ou v Y Yowiovs vy VY ovr T s
8A v; 8/\1 8/\2 8_/\2 aAQ aAQ 8A2
ix T WiyyTy . T Wiz i - — Wiy — Uiy — V. 4.3.13
v 8vi 11 v 44 8vi v (%Z- T Y 81}1» 8y v Y 8wz v Y 31}1- 0 ( )

Now the partial derivatives of w;(z,y) and v;(x,y) in (4.3.12)) and (4.3.13) are independent
because (4.3.3]) holds for all functions w;(z,y) and v;(x,y) and not only for solutions of the two

partial differential equations (4.3.1)) and (4.3.2)). We can therefore separate equations (4.3.12)
and (4.3.13]) by equating the coefficients of powers and products of the partial derivatives of w;

and v;.
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Separating equation (4.3.12)) gives the following results.

Wi -

wiyy :

Vig -

viyy :

Vigy Wiy -

The remainder is

0=0,

PN

dyow;

0%\,

ow? 0

0N,

8wi N 07

Oy 0Ny 0
81},' 6’1}1» o

aAQ 2& 82A1
ow; vy Oyov;
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(4.3.14)

(4.3.15)

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)

(4.3.22)

(4.3.23)
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Separating equation (4.3.13]) gives the following results

0N, OAs
o — = 4.3.24
Wiy 20 " oo, 0, (4.3.24)
0\,
o = 4.3.2
w'Ly awz 07 ( 3 5)
OA
Wiyy - av-l =0, (4.3.26)
Vjy 0=0. (4.3.27)
The remainder is
O\,
e p—Y 4.3.28
0 (13.28)
Now
Al =A1(wi,vi,x,y), A2 = Ag(wi,vi,x,y). (4329)

From equations (4.3.17), (4.3.18)), (4.3.21)), (4.3.25)) and (4.3.28)

A=A (z,y), Ao = Ay(2). (4.3.30)

With this form for A; and A, there is only one other equation not identically zero, the remainder
(4.3.23))

dA2 _ % v; 82/\1

%(;1:) 5 (x,y) — V—la—yQ(QZ,y) = 0. (4.3.31)

To make progress we look for a multiplier A; that is independent of x. Instead of looking for
multipliers of the form (4.3.29) we should have looked for multipliers of the form

Al - Al(wi7vi7y)7 A2 — A2(wi7vi7'r7y)' (4332>
With

equation (4.3.31)) becomes

dA2 o v; d2A1

) 4.3.34
W= W (4.3.34)
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By the technique of separation of variables, each side of (4.3.34])) must be a constant, 2a;. Thus

dA

T (@) =2,
V; dQAl
=z -9
1 dy2 (y> ay

Hence, integrating

v
Ai(y) = Gli?f + asy + as,

As(x) = 2a17 + ay,

(4.3.35)

(4.3.36)

(4.3.37)

(4.3.38)

where ay, a3 and a4 are constants. The factor =t in (4.3.37)) cannot be transformed away by

letting

151
bl = —Q
Vi

because a; also occurs in (4.3.38]). Therefore,
Vi
A1 (y) [wm - V—wiyy] + Ao () [—wip + viy] = DmT(li) + DyT(Qi)
1

for all functions w;(x,y) and v;(x,y).

4.3.1 Case 1: Momentumless wake (a; # 0)

Consider
ap =1, as =0, asz =0, as =10
Then
V1 o
M) =27 Mol =2
and

Vil/ {w Vlwyy}"‘ T[—wig + viy) @ T Pyl

for all functions w;(z,y) and v;(z,y).
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(4.3.39)

(4.3.40)

(4.3.41)

(4.3.42)

(4.3.43)
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We have to find the conserved vector [T(;, T2 )] Now (4.3.43) is

v Fww wz‘yy} + 22[~wiz + vy] = DoT(s) + Dy TG (4.3.44)

Consider

D, {Vl yrw; — 21’%} + Dy[—yzwiy + 2yw; + 2z

V1 o 9

= —Y Wiy — 2W; — 20Wip — 2YWiy — Y Wiy + 2w; + 2yw;y + 2205,

_ .2l

=Y _,wm wlyy + ZZL‘[—U)H + Uiy]~ (4345)
Hence

Zl v [wm B ?wiyy} + 22[~wie +viy] = Dy {ﬂ?fwi - QWUZ} + Dy[—y wiy + 2yw; + 2xv;]
7 1 [

(4.3.46)

for arbitrary functions w;(z,y) and v;(z,y). When w;(x,y) and v;(x,y) are solutions of the
system of PDEs

ow; _ v 0*w;

= 4.3.47
Ox V1 ay ( )
8wi 8%
_ =0 4.3.48
Ox * oy ’ ( )
then (4.3.46)) reduces to
D, [Vl yPw; — 2xwi] + D, { - waiy + 2yw; + 21’1}11 = 0. (4.3.49)
v PDE (£3.47) and
Thus a conserved vector of the system of PDEs ) and (| m is
TL = ﬂwai — 2w, (4.3.50)
O
T(%-) = —y*wyy, + 2yw; + 23v;. (4.3.51)
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4.3.2 Case 2: Classical wake (a3 # 0)

Consider
a; =0, as =0, as =1, as = 0.
Then
Ai(y) =1, As(z) =0
and
Wiz = ety = DT + DT,
n

We have to find the conserved vector [T(;, T(;]. Consider

Vi Vi
Dz[wz] + Dy — T Wiy | = Wiz — — Wiyy-
4! 4!

Hence

Vi v
Wiy — _wz’yy = Dx(wz) + Dy — _wiy
151 %1

for an arbitrary function w;(z,y). When w;(x,y) is a solution of the PDE

8’(1)7; . v; 82w,-
or vy Oy?’

then (4.3.56|) reduces to

Dr [wz] + Dy [ - ﬁwly} =0.
vi ] lpoe
Thus a conserved vector of the PDE (4.3.57) is

1

Ty = wi,
I/,

T2 = ——w;
@) oy Vi
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(4.3.52)

(4.3.53)

(4.3.54)

(4.3.55)

(4.3.56)

(4.3.57)

(4.3.58)

(4.3.59)

(4.3.60)
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4.3.3 Case 3: Combination wake (ay # 0)

Consider
a; =0, ar =1, az =0, ay = 0.
Then
My)=y, N(2)=0
Now
Ai(y) [wm - Z—iwiyy} + Ao () [—wiz + viy] = DTy + DT,
Thus
y {w - Z—jwiyy} — D,T}, + D,T2.
Consider

V; V;
D, [ywil + D, { — YWt

Vi Vi

1

Vi
" vy

Hence
v; v v
i — —Wiyy | = Dy i| + Dy | — —ywiy + —w;
o -] o5 e
for an arbitrary function w;(x,y). When w;(z,y) is a solution of the PDE

8wi . v; 82wi
oxr 1y Oy?’

then (4.3.66|) reduces to

=0.

V; V;
“ PDE

151

Thus a conserved vector of the PDE (4.3.67)) is

T(li) = yw,

Vi
T = V—l(wi — YWiy).

98

Wi | = YWip — —Wiyy — ——YWiyy +
1%} 1%

V;

1%} Y

(4.3.61)

(4.3.62)

(4.3.63)

(4.3.64)

(4.3.65)

(4.3.66)

(4.3.67)

(4.3.68)

(4.3.69)

(4.3.70)
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4.3.4 Case 4: Remaining case (a4 # 0)

Consider
a; =0, as =0, az =0, as = 1. (4.3.71)
Then
Ai(y) =0, Ao(x) = 1. (4.3.72)
Now
Av(y) {wm - Z—iwiyy} + (@) [~wis + viy) = DT + D,TR). (4.3.73)
Thus
Wiy + Uy = DxT(li) + DyTé)- (4.3.74)
Consider
D, [—w;| + Dylvi] = —wiy + viy. (4.3.75)
Hence
— Wiy + Viy = Dy[—w;] + Dylv;] (4.3.76)

for arbitrary functions w;(z,y) and v;(z,y). When w;(z,y) and v;(z,y) are a solution of the
PDE

8wi (91),‘
_ =0 4.3.77
then (4.3.76|) reduces to
Thus a conserved vector of the PDE (4.3.77)) is
Tiy) = —wi, (4.3.79)
T2Z-) = v;. (4.3.80)
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4.3.5 Case 5: Linear combination of conserved vectors

Consider
ay # 0, as # 0, az # 0, ag # 0. (4.3.81)
Then
A(y) = alng + asy + as, Ao(x) = 2a12 + ay (4.3.82)
and

v v;
|:a1 ;1y2 + azy + ag} {wm — V—wiyy] + 2012 + ay][—wip + viy] = DmT(li) + DyT(QZ-) (4.3.83)
i 1

for all functions w;(z,y) and v;(z,y).
We have to find the conserved vector [T(li), T(QZ.)]. Based on our experience with the four conserved

vectors separately, we consider

[ v
D, |a; (ﬁgfwi — wai) + as(yw;) + az(w;) + a4(—wi)} +

2 Vi Vi v;
y a1 (=Y wiy + 2yw; + 22v;) + as | — —ywy, + —w; | +az| — —wiy | + as(v;)
1%} 1%} 121

V1 o Vi v; v;
= | Y| Wia = Wiy + 20 (—wip +viy) | +az|y Wia ) Wiyy + as | Wiz — oy Winy + as[—wiy + viy]

Vi

v Vi
— (alfgf + azy + Clg) <wm — V—wiyy) + (2zar + ag)(—wig + viy). (4.3.84)
; 1

Equation (4.3.84)) is satisfied for arbitrary functions w;(z,y) and v;(x,y). When w;(z,y) and
v;(z,y) are solutions of the system of PDEs

8wi V; szi

o = ” —8y2 , (4.3.85)

8wi (%Z»
_ =0 4.3.86
Ox * oy ’ ( )
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then (4.3.84) reduces to

[ v
D, |ay (inwi — 2:1:wi> + as(yw;) + az(w;) + a4(—wi)} +

V; V; v;
D, al(—waiy + 2yw; + 2zv;) + a2< — —yw;y + —wi> + CL3( — —w,-y> + a4(fui)}
151 151 151

PDE (4.3.85) and (4.3.86)

- 0. (4.3.87)

Thus the general conserved vector of the system of PDEs (4.3.85)) and (4.3.86|) with multipliers
Ai(y) and Ag(x) is of the form

1%
T(ll) = aq <;1y2w@ — 2xwl) -+ ag(ywi) + Clg(wi) + a4(—wl-), (4388)

T(Zi) = a1 (—y*wiy + 2yw; + 2xv;) + az( - ﬁyw@'y + ﬁwi> + a3< - ﬁwiy> + aq(v;). (4.3.89)
4! 41 V1

The conserved vector with components (4.3.88)) and (4.3.89)) is a linear combination of four
conserved vectors obtained by setting all a; = 0 except one, in turn. The four conserved

vectors are

a=1 a =0, 1#1:

T = £y2wi — 2zw;, (4.3.90)

(2

T? = —y*wiy + 2yw; + 22v;. (4.3.91)

T = %(wZ — Ywiy). (4.3.93)
1
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T' = w;, (4.3.94)

T? = ——wy, (4.3.95)

T' = —wy;, (4.3.96)

T? = ;. (4.3.97)
The general conserved vector T is the linear combination
T =a,TY + 0, TP + ;T® + a0, 7@, (4.3.98)
We can think of
TV, 7@ TG @ (4.3.99)

as forming a basis of conserved vectors of the PDEs (4.3.85)) and (4.3.86) for multipliers A;(y)
and Ay(z).

4.4 Conserved quantities

We now treat 7" and T2 as functions of the independent variables x and y:

T =T (,y), (4.4.1)

Tl - Tl(m7y7 wi(xvy)7vi(xv y)vwix(x7y)a wiy(*ra y)avix(xay)a U’iy(xv y>a )7 (442)
T’ _ D, T" (4.4.3)
O = D, , 4.
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and
T? =Tz, y), (4.4.4)
T2 = T2($7 Y, wi(zv y)7 Ui(xa y)v wix(xa y)a wiy('xa y)7 Uix(xa y)a Uiy(xa ?/), )7 (445)
oT?
— =D,T>. 4.4.6
oy v ( )
Thus
oT! oT?
D,T'+D,T? = — — . 4.4.7

The conserved vectors with x and y regarded as independent variables therefore satisfy

oT? oT?
%@j’ y) + 8—y(x, y) = 0. (4.4.8)

4.4.1 Conserved quantity for the two-fluid classical wake

The conserved quantity for the classical wake is obtained from the conserved vector

T(li) = wy, T(2i) = _Z_iwiy (4.4.9)

and the interface condition (shear stress at the interface)

owq o Qwy

—(x,0(x)) = ——(x, d(x)). 4.4.10
(o ota)) = 20 0(a) (4.4.10)
We derive expressions for aa%(a:, ¢(x)) and 88—“;(20, o(x)).
4.4.1.1 Lower fluid
ow
T = T2 = 272 4411
w27 Vl ay ( )
Now
ort  or?
— 4+ —=—=0 4.4.12
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and therefore

8 8 1%)] (9w2 .
%(wz) + a—y( - V_la_y) = 0. (4413)

Since (4.4.10)) has the factor % we multiply (4.4.13) by Z—f. Hence

p2 Ows M2 0*ws

— = — . 4.4.14
p1 Ox p Oy ( )
Integrate both sides of (4.4.14) with respect to y from y = —oo to y = ¢(x).
é(x) o(x) 52
P2 Ow, 2 0“wo
— —(x,y)dy = — x,y)dy. 4.4.15
ol 5 (L Y)dy o) 8yg(y)y ( )
Consider first the right-hand side of (4.4.15)):
#(x) 02w, Ows #(x)
dy = | —= 4.4.16
/Oo 0y (z,y)dy {ay (w,y)] N ( )
- %—‘ZQ(@«, é(x)) — %—‘;2(33, — o). (4.4.17)
However, from the boundary condition at y = —oo,
0
aﬂ;(x, —0) = 0. (4.4.18)
Hence
¢(z) 82w2 8w2
| Gy = G o) (14.19)

Consider next the left-hand side of (4.4.15)). To evaluate the left-hand side of (4.4.15)) replace
the lower limit by —Bx where B > 0 is a constant. Using the formula for differentiation under

the integral sign [42]

o() o(x)
% . wa(z, y)dy = /_Bz %(m,y)dwwz(x@(x))%f) — wy(x, —Bz)(—B). (4.4.20)

Now from the boundary conditions
ws(x, —o0) = 0. (4.4.21)
Assume the stronger condition that

lim wy(z, —Bz)B = 0. (4.4.22)

B—oo
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Let B — oo in (4.4.20)). Then

d %@ é(z) Owsy do(x)
ety = [ G+ wale, o)
and therefore
(@) G d #(z) do(z
/ a—;(g;, ydy = — wy(,y)dy — wa(, ¢(x))%
Substitute (4.4.19)) and (4.4.24)) into (4.4.15)),
¢(z) g ¢(x) 52
P2 Wa 2 Wa
72 2 dy = == d
AT (z,y)dy " /_OO o (z,y)dy,
which gives
[ o )y — st o) 2] = 2002 o)
01 dx - 2\, Yy )ay 2\4 dr - [0 ay ) :

Thus

L1 aw2 - d 02 #(x) P2 dqb(x)
Zc‘?_y(x’gb(x)) = %([71 /oo wQ(x,y)dy) - Ew2($’¢(9ﬂ')) dr

4.4.1.2 Upper fluid

For the upper fluid,

™ —w, T12--2M
b 8y
Now
oTt  oT? _0
Ox oy ’
therefore

dun _ Fwy
oxr Oy’

Integrate both sides of (4.4.30) from y = ¢(x) to y = oo with respect to y:

e 8w1 e 8211)1
0L y)dy = / (2 y)dy.
/<z><w> Ox o) Oy
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(4.4.24)

(4.4.25)

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

(4.4.31)
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Consider first the right-hand side of (4.4.31]).

> 8w1 {8@01 :|OO
IO e dy = | 2 1.4.32
/¢ o (@, 9)dy = | 7~ (@,9) » (4.4.32)
. (9?1)1 awl
= a—y(% 00) — a—y(% ¢(x)). (4.4.33)

(91111
—_— =0. 4.4.34
5ok (2,00) =0 (1.4.31)
Hence
* Jw, 0w
[ iy =~k o) (14.35)

Consider next the left-hand side of (4.4.31]). Apply again the Theorem for differentiation under
the integral sign. Replace the upper limit as in the integral by Bz where B > 0 is a constant.
Then

d [P Bz gw do(x
i m = [ Gy e BB o) G (1as0)
But from the boundary conditions
wy(z,00) = 0. (4.4.37)
Assume the stronger condition
lim wy(z, Bx)B = 0. (4.4.38)
B—oo
Let B — oo in (4.4.36)). Then
d [~ * Jw, do(x)
— dy = — dy — 4.4.
i L v = [ Gy o) T (1.4.39)
and
> Jwy d [ do(x)
——(wy)dy = — [ wi(z,y)dy + wi(z, ¢(x)) : (4.4.40)
Substitute (4.4.35) and (4.4.40) into (4.4.31]) which gives
ow d [~ do(x
Totwo@) =~ [ty = e o) G (1441
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4.4.1.3 Two fluids

Equations (4.4.27) and (4.4.41)) do not separately generate conserved quantities. We do not
have a conserved quantity for the upper fluid and a conserved quantity for the lower fluid.

There is one conserved quantity for the whole wake consisting of the upper fluid and the lower
fluid. Substitute (4.4.27)) and (4.4.41)) into the interface condition (4.4.10)):

ow, o Owy

oy (B 0W@) == S 6(x)). (4.4.42)

Then
d [~ do(zr) _d (py [*¥ P2 dé()
~ s [, @y = wile 6@) = (2 [ wntey) - e, o) 52
(4.4.43)

and therefore

é(z) o
T2 [ wteis [ weis] = | Zuate. o) - e o) G @as
But from the interface condition
wa(x, p(x)) = wy(z, ¢(x)). (4.4.45)
Thus
d [ps @ o (P2 do(z)
The term
wi (z, () dfi(f) (4.4.47)

is second order in smallness and is therefore neglected. Second order small terms have already
been neglected in the derivation of the diffusion equation for the wake. Note that the terms in
(4.4.42)) are first order in smallness and cannot be neglected. If these terms could be neglected
then we would have conserved quantities in the upper and lower wakes separately. By neglecting
(4.4.47)), equation (4.4.46)) reduces to

d [ ps o(x) 0o
—{—/ wg(x,y)dy+/ wl(x,y)dy] = 0. (4.4.48)
d [ prJ - o(x)
Hence
P2 #(x) 00
—= wo(z,y)dy + / w1 (z,y)dy = constant independent of x (4.4.49)
P1J -0 o(x)
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and

o(x) 00
- / ws(a, y)dy + / w(a,y)dy. (4.4.50)
1) s 6()

where D* is the total dimensionless drag on the obstacle. The constant D* is the conserved

quantity for the two-fluid classical wake. In the solution which we derive for the two-fluid
classical wake, ¢(x) = 0 and the term (4.4.47)) is zero. Equation (4.4.48]) is then satisfied
without the assumption that the term (4.4.47)) can be neglected.

4.4.2 Conserved quantity for the two-fluid momentumless wake

The conserved quantity for the momentumless wake behind a self-propelled body is obtained

from the conserved vector
T(li) = ﬂwai — 2zw;, Té) = —waiy + 2yw; + 2zv; (4.4.51)
Vi

and the condition that the total drag on the obstacle is zero:

b(x) o0
D* = %/ wg(:zt,y)dy+/ wy (x,y)dy. (4.4.52)
1 o)

We derive expressions for

b (z) 00
/ ws(x,y)dy and / wy(z,y)dy. (4.4.53)
- ¢

4.4.2.1 Lower fluid

The components of the conserved vector are

0
7_’1 — ﬂwaQ — 2mw2’ T2 = —y2ﬂ + 2yw2 + 2,’,131}2. (4454)
Vo dy
Now the conservation law can be expressed as
ort  or*
S W | 4.4.55
o oy =0 ( )
therefore
0 V1 o 0 Qan
il (et -2 — -y —==+2 2 =0. 4.4.56
m(uﬂ“” xw?)*@y( gy TR 450
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However, consider

0 0 B Owy  Ovy\
5y (20ua) + 5 (2ow) = ~2uy + 2x( S a—y) — ou

since from conservation of mass

Equation (4.4.56]) becomes

0 0 0
— (ﬂgfwg) — 2wy + _( — yQE + 2yw2> = 0.
0x \ vy Y

Integrate (4.4.59)) with respect to y from y = —oo to y = ¢(z).

Now
) dw Ow 7
2 2 2 2
—(—y"—=—+2 =| -y —+2
/_oo oy "V wa)dy { Yoy T W}m
2 8w2
=—9 (fv)a—y(x, ¢(z)) + 20(z)ws(z, P(x))
3w2
2
— 2 - o
+ (3/ ay > o + (2yws)|y=
But, from the boundary conditions at y = —oco
wsy(x, —o0) =0, aa—u;(:c, —0) =
We assume the stronger conditions
8w2
2
=—00 — Y, a4 =0
ywa(x, y)ly= 0. v, (@) .
Then (4.4.61)) becomes
()
[ o (= )y = =60 0, ) + 2660wt o)
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o(z) g m #(z) o(z) 9 Owsy
— | — dy — 2 d — (= == +2 dy = 0.
[ g a2 [ atian [5G e Jau =

(4.4.57)

(4.4.58)

(4.4.59)

(4.4.60)

(4.4.61)

(4.4.62)

(4.4.63)

(4.4.64)
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Also to rewrite the first term in (4.4.60)) use the Theorem of differentiation under the integral

sign. Replace the lower limit —co by —Bxz where B > 0 is a constant. Then

d o(x) ¢(z) ow do(x
2 s = [P s+ o) e, o)
— B* 2* wy(z, — Bx)(—B). (4.4.65)
But from the boundary conditions
wsy(x, —00) = 0. (4.4.66)
Assume the stronger condition
lim B? wy(x, —Bx) = 0. (4.4.67)
B—x
Let B — oo in (4.4.65)). Then
d o(x) é(z) ow do(x
[ rsewa = [ RSR w + F o) T e
and therefore
@) A d @ dolz
| SR [ ety - 2wt o) e
Using (4.4.64)) and (4.4.69), equation (4.4.60)) becomes
2 [ ey =2 [ Pun(e gy - L e)unte o) 50
ow
- ¢2($)a—y2($, ¢(2)) + 20(x)ws(z, P(z)). (4.4.70)
4.4.2.2 Upper fluid
The components of the conserved vector are
T' = y?wy — 2zwy, T2 = —y2% + 2yw; + 2zv;. (4.4.71)
Y
Now the conservation law can be expressed as
ort  or*
gt oty 4.4.72
o "oy =0 (4.4.72)
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and therefore

0 0 0
8_x<y2wl — 2zwy) + 8_3/ < — yQ% + 2ywq + 295111) =0.

Now,

0 0 . 0w1 82}1 B
%(—2xw1) + a—y(val) = 2w, + Qx( B + a—y) = —2uwy

since from conservation of mass

8w1 81)1
——+ —=0.
ox + oy
Therefore, (4.4.73]) becomes

0 0 ow
%(yzwl) — 2U)1 + a_y ( - yQa_yl + 2yw1) = 0.

Integrate (4.4.76]) with respect to y from y = ¢(x) to y = +o0:

< 0 o < 0 Oow,
—(wal)dy—2/ wl(x,y)dy+/ —(—yz— +2ywl)dy =0.
/¢<x> O $(o) o(x) OY dy

Now

/ 2( 2y 2yw1)dy = {— 2L 2yw1}
¢ Ay o(z)

0
=~y @) ey

y=00

8w1

+¢%(2) (2, 6(2)) = 20(x)wi (z, $()).

dy

But from the boundary conditions at y = +oo,
wi(x,00) =0,
Assume the stronger conditions

ywl<x?y)‘y=<>o:()7 Yy _<$?y) = 0.

Yy=0o0

Then (4.4.78) becomes

< 9 2% w :237%1‘ ) — 2w (2 .
/¢> (—y +2y 1>dy ¢ )8y< L () — 20(x)w (, p(z)).

) 0y dy
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(4.4.73)

(4.4.74)

(4.4.75)

(4.4.76)

(4.4.77)

(4.4.78)

(4.4.79)

(4.4.80)

(4.4.81)
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In order to rewrite the first term in (4.4.77) we apply again the Theorem for differentiation
under the integral sign. Replace the upper limit co in the integral by Bx where B > 0 is a

constant. Then

d [P* Bz ow do(x
iz J yiwi(z, y)dy = /W) y*— @)y + B o wn(x, Br) B — ¢ (x)wn (v, ¢(x)) gfl(x )
(4.4.82)
But from the boundary conditions at y = +o0
wi(x,00) = 0. (4.4.83)
We assume the stronger condition
lim B* w,(z, Bz) = 0. (4.4.84)
B—oo
Let B — oo in (4.4.82)). Then
da [~ , <, 0w do(x)
— dy = — dy — ¢° 4.4.85
i L = [ ey~ o o) (1.4.85)
and therefore
< 0w d [~ do(x)
2% 2 2
—_— dy = — d . 4.4.
[ v Gt = g [ e s+ @ e o) T (1456
Using (4.4.81)) and (4.4.86|), equation (4.4.77) becomes
> d [~ do(x
2 [ty =1 [ ey + o) S
o(a) dz Jo) dz
9 8’LU1
462 (0) Gt 0(@)) — 20()un (. (). (4.4.87)

4.4.2.3 Two fluids

Equations (4.4.70) and (4.4.87)) do not separately generate conserved quantities and there is
not a conserved quantity for the upper wake and a conserved quantity for the lower wake. This

is because the terms

é(z) 00
/ wa(,y)dy, / wy (0, y)dy, (4.4.88)
- @

o0 (z)
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are only first order in smallness and cannot be neglected. They are eliminated using the property

of a self-propelled wake that the total drag is zero:

o(x) o0
D = %/ ws(z, y)dy +/ wi(z,y)dy = 0. (4.4.89)
1) oo b(2)

Substitute (4.4.70]) and (4.4.87)) into (4.4.89)

#() 0
o [ Putady - 2 aun(e, o) 7 - @) G 0, 0(0) + 200 s 0(0)
b [ iy o) G ) Gl 6) 20 o) =0
(4.4.90)
Simplifying gives
d #(z) e d
|2 [ty [ o] = e o) G
2282 0, 0(a))6%(0) — 22 ua(o 6(2)) o) — s () e) 5
)
- aiyl(x, &(2))0(x) + 2w (z, 6(2))d(x). (4.4.91)
Let
R(o(e), wn,2) = Lune, 6(2) (@) 22 4 292 0162 (0) — 2220 (1, () ()
Y p dv py Oy pr
— )0 G = T 0,0 (0) + 2o 0()0le). (1492)
The function R(¢(z),wr,ws) depends only on second order terms in smallness. Equation
becomes
#(z) o0
%[%Z—:/_w yPws(z,y)dy + /(b(z) y2w1(x,y)dy] = R(¢(x), wy,wy). (4.4.93)

If we neglect R(¢p(x), wy,ws) then

d | p211n /¢(x) 2 /OO 2 }
— == wa(x,y)dy + wi(zx,y)dy| = 0. 4.4.94
- [p1y2 Y 2(@, y)dy o 1(z,y)dy ( )
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Hence

o(x) 00

y2wy(x, y)dy +/ y*wy (x,y)dy = constant independent of .  (4.4.95)
#(x)

P2

P12 J_x

K* =

The constant K* is the conserved quantity for the two-fluid momentumless wake. As discussed
in Chapter [2|it differs from the conserved quantity derived by Herczynski, Weidman and Burde
1]

4.4.2.4 Simplification of R(¢(z),w;, ws)

Consider interface conditions

w1 (2, ¢(x)) = wa(z, P(x)), (4.4.96)
o e L TR
a—y(rc,¢(m)) - ay( ,O(x)). (4.4.97)

By using (4.4.96) and (4.4.97)), equation (4.4.92) for R can be simplified to

Rlofa) wn,wz) = (2 = 1) st ote)oto) (of0) 2 - 2)

P1
%1 8w1 2
# (2= 1) S o ol (1.498)

The quantity R will be investigated further in Chapter [5

4.5 Conclusions

Conservation laws were discussed in this chapter. The multiplier approach developed by Steudel
[18] was applied in order to generate the conservation laws for the system of PDEs governing the
classical and momentumless two-fluid wakes. The relevant theory was reviewed and a systematic
method in which to apply the multiplier approach was outlined. Four conserved vectors in terms
of the velocity components were generated. The linear combination of conserved vectors was
also derived. The first conserved vector related to the wake of a self-propelled body. The second

conserved vector belonged to a new type of wake which can be referred to as the combination
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wake. It will not be considered further here. It had been found earlier for a one-fluid wake [17].
The third conserved vector described the classical wake. The final conserved vector was related
to the conservation of mass equation. The conserved vectors will be formulated in terms of the

stream function in Chapter

Using the conserved vectors the conserved quantities for the classical two-fluid wake and the
momentumless two-fluid wake were derived in a systematic way. They agree with the conserved
quantities derived in Chapter Although the conserved vectors were derived for the upper
wake and the lower wake separately the conserved quantities depend on both the upper and
lower wakes. There is not a conserved quantity for the upper wake and a conserved quantity

for the lower wake.

It may be cumbersome to find higher order multipliers by hand and could be investigated using

software programs. Unfortunately this will not be useful in this dissertation.
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Chapter 5

Associated Lie point symmetries and

invariant solutions for the two-fluid wake

5.1 Introduction

We consider the classical wake behind a fixed body and the wake behind a self-propelled body.

The wake behind a self-propelled body is sometimes referred to as the momentumless wake.

We first consider the classical wake and calculate the Lie point symmetry associated with the
conserved vector for the upper wake and the Lie point symmetry associated with the conserved
vector for the lower wake and then use the two associated Lie point symmetries to generate the

invariant solution for the two-fluid classical wake.

We next consider the momentumless wake and calculate the Lie point symmetry associated
with the conserved vector for the upper wake and the Lie point symmetry associated with the
conserved vector for the lower wake and the use the two associated Lie point symmetries to

generate the invariant solution for the two-fluid momentumless wake.

The problem will be formulated in terms of the stream function for each wake.
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5.2 Mathematical formulation in terms of the stream func-

tion

We summarise the formulation in terms of the velocity components in Section and the

stream function in Section

5.2.1 Velocity components formulation

PDE:
awi . v; 82wi
oxr v Oy
Boundary conditions:
w1y (l’, OO) =Y,
8’[1)1
it -0
ay ( 700) Y

way(x, —00) = 0,

5w2

Interface conditions where the interface is y = ¢(x):
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(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)
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(5.2.8)

(5.2.9)
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5.2.2 Stream function formulation

PDE:
82%‘ o 233%
0xdy 1y Oy’
Boundary conditions:
O
— =0
ay ( 7OO> )
2
%f; (w,00) =0,
s
—(z,—00) =0
8y ( Y ) )
Py
0y (x,—00) = 0.

Interface conditions where the interface is y = ¢(x):

0 0

Tk, 0(o) = 5 2w 0(a).

0 0

0, 6(0) = S, 6(0)),

00w 6a)) = 12000 )

dy? p Oy? ’
pra 1 0%y 2 0

Eﬁm(l‘a ¢(z)) — Eax—ay(fc’ ¢(z)) = Po(z, ¢(x)) — Pi(z, d(x)),

where

wz(xay>:8_7§(xay)u UZ(ZL‘,y>: 8%‘2
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(5.2.12)

(5.2.13)

(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)

(5.2.18)
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5.3 Associated Lie point symmetries for the classical wake

The conserved vectors for the upper wake and lower wake of the classical two-fluid wake are

T =w', T= —Z—jw;, i=1.2
Now,
o
oy
Hence the conserved vectors are
o = %—15’ 6 = ,: wo =12

The Lie point symmetry

0 9 9
X = &y, ) g+ €, ) o+ w0 5

is associated with the conserved vector (5.3.3) provided [14] [15]

Xo)(T3) + T Dr(&F) — T Dr(€5) = 0, s=1,2,

where
8 8 6 8
0 0 0 0

D2:Dy:a_y+¢y%+¢wy%+¢yy%+
x Y

By expanding (5.3.5) we obtain the two components

s=1: X (T(li)) + T(li)Dz(fiQ) - T(%)D2(§z‘1) =0,

§=2: X() (Té)) + T(%)Dl(fil) - T(li)Dl(fiQ) =0.

(5.3.1)

(5.3.2)

(5.3.3)

(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

(5.3.9)

In order to keep the notation simple, in the following calculations the index (i) will be suppressed

in all quantities except in the ratio Z—l and in the interface conditions. The results apply to

both the upper and lower wakes and the index (i) or 1 and 2 can be inserted when necessary.
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5.3.1 Case 1: Equation (5.3.8]

X(TY) + T Dy (€%) — T?Dy(€Y) = 0.

Now
T' =1,
and
X(T") = X (¢by)
) 0 0

- (5 oz +§2_ v "op e %)%

= Ca.
But,

G = Da(n) = v Dy(€")

= Dy(n) = ¥1Ds(6") — 12 Ds(€).

Hence

G2 = Da(n) — 1 Do(€') — 2Dy (€2)

= Dyn(%yﬂ/}) - ¢ny(§1($ay>¢)) - ¢yDy(52(x7ya¢))

(‘377 35 ! o¢! oE”

- a9 + %aw ¢x %% aw % ay <¢y)

and therefore

X(Tl) = (2

0 ot ¢t 0E*
= T b b - b - W
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Also using
0 0
1 2y _ s O\ 2
TDuE) = (5 + gy )00 0)
8{2 8{2
=Yy y + (1y)° £ (5.3.16)
and
2p ey = Y 9 9\
TD2(£>— V1¢yy(ay+¢ya¢)§ (l’,yﬂﬁ)
v 08 o¢!
=5 ——hy, — ¢y¢yy IR (5.3.17)
Hence becomes
8£1 o0&t 852 8{2
I + wy aw % Q/way aw - % (%) w
552 208 1 0€! o'
% 8 (wy) ¢ vy 8_y¢yy wy¢yy @¢ . (5'3'18>
Separate according to powers and products of the independent partial derivatives of .
o0&t
Yythyy - EN =0, (5.3.19)
o0&t
’Qbyy . a_y = 0, (5320)
S
(T % =0, (5.3.21)
. On _
(I % =0, (5.3.22)
Uy 8—61 =0 (5.3.23)
e oy 3.
The remainder is
In
— =0. .3.24
ay 0 (5.3.24)
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Hence

5.3.2 Case 2: Equation (/5.3.9)

Consider next the second component, ((5.3.9):

X(T?) + T?Dy (") — T'Dy(£2) = 0.

Now
Vi
Tl = Iby, T2 = __¢yy
141
and
X(TH =-2X -
( ) vy (wyy) v, C22
But

and therefore

Caz2 = Ds(Ca) — YarDa(EF) = Ds(Ca) — ar Da(E1) — 22 Ds(€2).

Now from ([5.3.14))

_on .y on 08 ¢ o 08
G2 = Ay + ¢y% - wxa_y - wwwyw - @Dya_y - 7%@
and using the results , (o simplifies to
__o¢o¢
CQ - _a_y1/1y - %I/Jy
Thus
. 0 0 0 662 862 )
Do((2) = <8_y + @Dy% + %y@_@by) [_ G_y% _ %%
_ e, o, o8, 0g 0’
= T T 2 g0 T Ggr Y T gy Ve T 2 Vet
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(5.3.29)
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Also
¢21D2(§1) = ¢ymDy(fl(x)) =0,
and
&2 &2
U Da(E) = Ui Dyl€ (2 9,0) = G- + Gt
Substitute (5.3.33)), (5.3.34)) and (5.3.35)) into ([5.3.30)):
82§2 6262 6252 662 852

<22 - = 8y2 1/}3; - 2aya¢¢§ - 3¢2 ¢S - 2a_ywyy aw ¢y¢yy~

Hence from ([5.3.28))
vi 82 2 82 2 82 2 o 2 o 2
xX(1?) =2 a; ¥y + 25 §w¢§+ awiw;m Sy +3 iwywyy .
Also
2py(ehy = M
T D1(§ ) - _Vl dr wyya
and
17y (2 2 _o¢ o¢?

T Dl(g ) %( +wxaw)€ (xava) —% aw%%

Substitute (5.3.37), (5.3.38) and (5.3.39)) into (5.3.26). This gives
Vz 8252 8252 . @252 5 852 (952 Vz d§1
" 20g00 Yy T gz T2, Ve T3 | T
a 2
i¢xwy = 0.
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Separate according to the powers and products of the independent partial derivatives of ).

vi 088 _

Yythyy : 00 0, (5.3.41)
[ 0e2 det!
Py - 5—1{26—2 - %} =0, (5.3.42)
0E?
Yoty : 55 =0 (5.3.43)
1;82 2
Y3 : 5—1852 —0, (5.3.44)
i 62 2
P2 25—18y§¢ =0, (5.3.45)
i82 2 a 2
Wy Z—l 852 = a% —0 (5.3.46)
Now v; # 0. From (5.3.41)) and ({5.3.25|)
€ = (x,y). (5.3.47)

Equations (5.3.43), (5.3.44) and (5.3.45]) are identically satisfied. The system ([5.3.41)) to (/5.3.46))
reduces to

2%—§(x,y) = C;—il(x), (5.3.48)
%%2522 - aa—i(x,y). (5.3.49)
Differentiate with respect to vy,
%2_;22(93,@ = 0. (5.3.50)
Using , equation becomes
%—i(m,y} =0 (5.3.51)
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and therefore

Equation (5.3.48)) becomes

dfz B det
Zd_y(y) = E(ﬂc)-

By separation of variables, each side must be a constant, 2¢;. Thus

dgt de?
— f— 2 — pr—
and
¢H(z) =212 + 3, &(y) = ay + cs.
Since from ([5.3.25|),

n=n(x)

it follows that the Lie point symmetry (5.3.4) is

0 0 0
X = (2c17 + 62)% + (ay + CS>8_y + 77(35)%
We consider the general case for which ¢; # 0. Divide (5.3.57)) by ¢; and define
1 (&) C3 1
1 ’ C2 1 ) C3 1 ) 77 (I) c T](.T)

The associated Lie point symmetry (5.3.57)) becomes

. N NN
X* = (2x+c2)ax +(y+c3)ay +1 (x)az//
Suppressing the star gives
0 0 0
X = (2513' + Cg)% + (y + Cg)a—y + 77(.1')%,

where 7(z) is an arbitrary function.
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5.4 Invariant solution for classical two-fluid wake

Now ¢ = ¥(x,y) is an invariant solution of the PDE

i _ 1
oxdy vy Oy

generated by the Lie point symmetry X provided

X = Y(z,9))|yp=v(zy) = 0.

Thus

ov ov
(2 )G + (o) = (),

The differential equations of the characteristic curves are

dx dy av

rte)  (y+es) nlx)
The first pair of terms give

dx dy

Q(x—f—%) ytes

and integrating we obtain

Hence

where k; is a constant. The first and last terms in (5.4.4) give
dz dv

2r +cy ()

and therefore

2x + CQ)
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where ky is a constant. The general solution of the PDE (5.4.3) is

ko = F(ky), (5.4.10)
where F' is an arbitrary function. Hence
U(z,y) = F (k) +/I%. (5.4.11)
But ¢ = ¥(z,y). Hence
U(x,y) = F(&) + G(x), (5.4.12)
where
c— YT (5.4.13)

N

20}

G(z) = /x M (5.4.14)

20+ o)’

and n(x) is an arbitrary function. Hence the function G(z) is also arbitrary.

5.4.1 The constants ¢, and c3

The coordinate in the invariant solution is

y+c
&1 = &

e
(x + %cz>

We choose the origin of the coordinates in the upper and lower wakes to be at y = 0. Hence

(5.4.15)

c3 = 0. Also there is a singularity in £ at

1
z=—5C (5.4.16)

But a singularity, if it exists, will be at the obstacle, x = 0. Hence ¢, = 0 and

c=Y. (5.4.17)
Xz

[ NI

The similarity coordinate is the same in the upper and lower wakes. The Lie point symmetry

(5.3.60)) reduces to

0 0 0
X = 2$% + yO_y + n(m)%, (5.4.18)

where 7(z) is an arbitrary function.
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5.4.2 Conserved quantity

The conserved quantity for the two-fluid classical wake is
py [0@) 00

o L e (5.4.19)
P1J oo $(z)

where D* is the total drag on the obstacle. In Chapter 3| the conserved quantity was used to

determine the unknown parameter w; in the invariant solution

Yi(w,y) =2 Fi(§), &= (5.4.20)

e

Since the Lie point symmetry was associated with the conserved vector, the unknown parameter
has been determined and the invariant solution does not contain an unknown parameter. The

conserved quantity is used to obtain the equation of the interface.

The conserved quantity is first expressed in terms of the invariant solution. Now

viley) = FO + Gilw), €= (5.4.21)
and
w; = %ﬁi = Ciz?g_j - xicil—i dy = x2dE. (5.4.22)
Hence from ((5.4.19)
D* = %/_ﬂ d}? d§ + " Cid—?df = constant independent of x. (5.4.23)
o2
For D* to be a constant independent of =z,
(i(? =k, k = constant. (5.4.24)
Then the equation of the interface is
o(x) = k. (5.4.25)
The conserved quantity becomes
D" = %/k 2 e 4 / @dg (5.4.26)
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5.4.3 Partial differential equation for the velocity deficit

We next express the partial differential equation for the velocity deficit in terms of the invariant

solution:
PP vi 0%
= — . 5.4.27
0xdy vy Oy ( )
From (42])
o€ 1¢ o 1
= 2> — = 5.4.28
oz 2z’ oy 3’ ( )
oY 1 dF dG 0% 1 (dF  d*F
i i Il = — — —_ 4.2
or = 22%de Tdn’ ogor o (df e ) (5.4.29)
0 1 dF 0? 1d*F 3 1 &*F
op _Ldar  ow _la¥ 0w _1d4F (5.4.30)
8y xr2 d§ 8y2 T d§2 6y3 €Tr2 d§3
Therefore ((5.4.27)) reduces to the third order ordinary differential equation
vid*F d [ dF
2 ——+ — (&) =0. 4.31
o e () 0 o430

Equation (5.4.31)) is an example of the double reduction theorem [46|. Since the general form
of the invariant solution was determined by the conserved quantity the ODE ([5.4.31) can be
integrated at least once.

The ODE ((5.4.31)) is independent of the arbitrary function G(x) in the stream function (5.4.21]).

5.4.4 Boundary conditions

Consider not the boundary conditions expressed in terms of the invariant solution (5.4.21)). We
have
oy  1dF Oy  1d°F

_ - _ - 4.32
oy g3 dE’ oy x dE2 (5-4.32)
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Then the boundary conditions (5.2.11)) to (5.2.14) become

C;—?(oo) —0, (5.4.33)
%(m) 0, (5.4.34)
%(—w) — 0, (5.4.35)
d;? (—o0) = 0. (5.4.36)

5.4.5 Interface conditions

We next express the interface conditions (5.2.15)) to ([5.2.18)) in terms of the invariant solution.
The equation of the interface is

and on the interface
1
Y o(x kx>
)

1
€r2

1 1
€xr2 €Tr2

(5.4.38)
The results (5.4.21)) and ((5.4.28]) to ((5.4.30)) are used to rewrite the interface conditions in terms
of the invariant solution.

Tangential velocity continuous (5.2.15)):

0u, O
a—y(:c,cﬁ(:c)) oy (x, p(x)), (5.4.39)
dFy . dFy
d_/f(k) = d_f(k) (5.4.40)
Normal velocity continuous (5.2.16)):
0 0
O () = 2. 0().
1 dF1 dG1 . 1 dFQ dGQ
_%kd_g(k) = _%kd_f(k) + T (5.4.41)
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Using (|5.4.40|), equation (5.4.41)) becomes

dGy  dG,
—_— = —. 4.42
dz dz (5 )
Tangential stress continuous :
32@/)1 2 821/12
=—= 4.4
oz 0la)) = 22 o(a), (54.43)
d2F1 2 d2F2
=— . 4.44
ae = ag W o440
Normal stress continuous :
pz 1 9%, 2 0%y
rz - B —— =P - P 4.4
1 po dFy po d*Fy _s 1 |dF d*F _3
— | ——=——=(k) — k— k 2+ —|—(k)+k k 2 = P, - P .
R O e ] B A e R e ] R N RS EN)
(5.4.46)
However, using (5.4.40) and (5.4.44), equation becomes
1 U2 dF1 d2F1 _3 1 dF1 d2F1 -3
|~ 20 -k ]t o [ S RS | = P (a) - Al o(e))
(5.4.47)
Hence
1 o\ dFy 3
(1= 2) B w2 = P o) - P00, (5.4.49
5.4.6 Velocity components
The velocity components become:
o _1dF;
wi(x,y) = 9y x TR (5.4.49)
Oy 1 _dF; dG;
vl y) =5 - =5 e (5.4.50)
where from ([5.4.42))
dGy  dGy
—_ = 4.51
dx dr’ (5.4.51)
and
Ow; &P 1d°F
] = == . 4.52
s (545
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5.4.7 Lie point symmetry

The Lie point symmetry ((5.4.18)) is
0

0 0
Xi= 2$% + Yay, + ﬁz(x)%

where from (5.4.14)) with ¢y = 0,

Thus

dGy 1 dGs 1

@ g =™

and it follows from ([5.4.51]) that

The Lie point symmetry is the same in both wakes:

0

0 0

ox oY

Also from (5.4.51)) and integrating

G1(x) = Go(x) + Gy, Gy = constant.

But

Vi(z,y) = Fi(§) + Gi(z).

(5.4.53)

(5.4.54)

(5.4.55)

(5.4.56)

(5.4.57)

(5.4.58)

(5.4.59)

Since a stream function is determined up to an arbitrary additive constant we can take Gy = 0

and then
Gi(z) = Go(z) = G(x)
and

Yi(x,y) = Fi(§) + G(x).
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5.5 Solution of the ODE for the classical two-fluid wake

The solution will be outlined for comparison with the similarity solution presented in Chapter

BB Section [3.2]

Return to the ODE

v &®F;  d [ dF;
2— — =0. 5.5.1
u1d§3+d§(§d§) (5:5.1)
Integrating with respect to & gives
v; d*F; dF;
S =4 5.2

where A;,7 = 1,2, are constants. At ¢ = 1, the following boundary conditions must be satisfied,

LR, Ry,
() =0, () =0 (5.5.3)

and therefore
A, =0. (5.5.4)

Similarly at ¢ = 2, the following boundary conditions are imposed,

d*F, dFs
and therefore
As = 0. (5.5.6)
Thus
v; d*°F; dF;
z = 0. 5.5.7
V& +¢ T (5.5.7)
Let
ark;
W, = —, 5.5.8
i (558)
then the ODE becomes
V; dI/VZ
2— W; = 0. 5.5.9
T +¢ (5.5.9)
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Separation of variables gives

dVVz %1
=——2E&d b1
= G (5.5.10)
and solving ([5.5.10]), we obtain
W;(§) = B; exp ( _n 52), (5.5.11)
4Vi
where B;, i = 1,2, are constants. Hence
dE V1 o
= B; ——& ). 512
-t (- e (55.12)

dF;
d¢

Since w;(x,y) and v;(z,y) given by (5.4.49) and (5.4.50) depend on and are independent of

F;(€), it is not necessary to integrate further and obtain F;(&).

5.5.1 Interface conditions

Impose on (5.5.12)) the interface condition (}5.4.40)):

dFy dF,
— (k) = —(k 5.5.13
Condition ([5.5.13) becomes
Brexp( — 112) = Byexp [ — L2 (5.5.14)
1 €Xp 1 2 €Xp Ay . -0.
Impose next the interface condition (}5.4.44]):
d2F1 2 d2F2
== k). 5.5.15
() = 222 (55.15)
Now, from (5.5.12))
d*F; 11y 1y
. _~p — 1t b
d£2 2 v; 25 eXP ( 4 I/,L'5 ) (5 g 6>
Then (5.5.15)) becomes
1 1
Bikexp ( - —k2) = 2B,k exp <— —ﬂ/&). (5.5.17)
4 P1 4y

Replace Bs in terms of B; using interface condition ([5.5.14]). Simplifying gives

1
k:(l . @) B exp < - —kQ) — 0. (5.5.18)
P1 4
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Now we are considering the two fluids with

p1L 7 P2

Also
By #0

because if By = 0 then from (5.5.14)), Bo = 0 and therefore

1 dF;
wi(x,y) =x"2 =0.

dg

Thus

5.5.2 Consequences of the result £ =0

5.5.2.1 Interface is the z-axis

Since

[V

¢(z) =ka2 =0

(5.5.19)

(5.5.20)

(5.5.21)

(5.5.22)

(5.5.23)

it follows that the interface is the z-axis. Also the turning point of the velocity deficit is on the

interface. For

%( )_leFi
gy Y T e

But from (5.5.12))

dQFi 1 141 1241
_-2leR _-Aa
e = 2,00 p(
and therefore
d’F,
(0 =0
Hence

(5.5.24)

(5.5.25)

(5.5.26)

(5.5.27)
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and the turning point is (x,0) on the z-axis.
Also, since k = 0, equation ((5.5.14]) reduces to

Hence from ((5.5.12)),

dF; 1
= Bexp ( — —ﬁfz). (5.5.29)

5.5.2.2 Conserved quantity

In Chapter {4}, Section [4.4.1] equation (4.4.50) it was found that

#(x) 00
D* = @/ wo(z, y)dy + / w1 (x,y)dy = constant independent of x (5.5.30)
P1J - ()
provided
P2 do(x)
L = 0. 5.5.31

The term in ([5.5.31) is second order in smallness because w; and % are both small and was ne-
glected because terms of second order in smallness had already been neglected in the derivation
of the diffusion equation. We see that since k = 0 the condition (5.5.31)) is identically satisfied.

5.5.2.3 y-component of velocity on interface

Now
o, 1 dF;, dG
, - - — .5.32
Uiy (2 4) Ox 2x£ dé + dr’ (5:5.32)
and
dG
Viy(2,0) = o (5.5.33)
But on the interface between two fluids the normal component of velocity vanishes. Hence
dG
Viy(x,0) = o 0 (5.5.34)
and therefore
1 dF;
(T, y) = ——&—. 5.5.35
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5.5.2.4 Stream function

The stream function is

vi(x,y) = Fi(§) + G(z). (5.5.36)
But since
% =0, (5.5.37)
it follows that
G(z) = Gy = constant. (5.5.38)
Hence
Yi(x,y) = Fi(§) + Go. (5.5.39)

Since a stream function is determined up to an arbitrary additive constant we can take

Gop=0 (5.5.40)
and therefore
viz,y) = Fi(§). (5.5.41)
5.5.2.5 Lie point symmetry
From ([5.4.57))
0 0 0
X1 =Xo=X=2r— — — 5.5.42
where from (5.4.54))
G(x) 1/%1 (2)d (5.5.43)
) == —n(z)dx. 5.
2 a:n
But
dG 1
—_— = =0 5.5.44
= () (55.44)
using (5.5.37)). The Lie point symmetry therefore reduced to
0 0
X =2r— —. 5.5.45
x&v * y@y ( )
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5.5.3 Determination of constant B

The constant B in (5.5.29) is obtained from the conserved quantity. Since ¢(x) = 0 the
conserved quantity ([5.5.30)) is

0 0o
D* — %/ w2(x,y)dy+/ wi(x,y)dy. (5.5.46)
1 J—-00 0
But
_1dF; Y 1 dr; Lvy
i , — 2 , — . d et 2d s = B _ = . . 4
wle) =o b = b ay—stae P opew(-12¢). G

Therefore, the conserved quantity can be rewritten as

0 [e)
D*=B L’O)—j /Oo exp ( — EZ—;@) d¢ +/0 exp ( — %8) df]. (5.5.48)

Equation (5.5.48)) for B is exactly the same as (3.2.58|) for B in the similarity solution. It was
found that

B = : (5.5.49)

which can be rewritten as

B= = (5.5.50)

where

_ Pia
P2tz

(5.5.51)

The parameter x is used in the paper by Herczynski, Weidman and Burde [1].

5.5.4 Visual representation of the solution

The invariant solution derived in Section [5.5]is visually represented in Figures [5.1] and [5.2]
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y
10 T T T T T T T T T T T T T
5 -
0 u
_5 -
-10 . . . . . . . 1 . . . . 1 . . . .
0.985 0.990 0.995 1.000

Figure 5.1: The velocities u(x,y) and us(x,y) of the classical two-fluid wake plotted against y

atszforDzl,g—;:Q—%andZ—;:L

The velocity profile is given by

B 192
u(z,y) =1 —wi(z,y) =1— —exp ( — —y—), (5.5.52)
T2 4 x
B 1 2
ug(z,y) =1 —wo(z,y) =1— I—%exp ( — ZZ_;%) (5.5.53)
and
D
B= _ (5.5.54)
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107 - - - - . - - - : . : : . . . . . . .
_

0 | u
-10r -
-201 -

- O.I96 | | | | O.I97 | | | | 0.I98 | | | | O.I99 | | | | 1.00

Figure 5.2: The velocities ui(x,y) and us(z, y) of the classical two-fluid wake plotted against y

atr=2for D=1,2 =1and & = 4.
’ p2 2 V2 20

The velocity profile (5.5.52)) and ([5.5.53)) is exactly the same as (3.2.72)) and (3.2.73) for the
similarity solution derived in Chapter [3] We therefore choose different values of the parameters

in the graphs from those used in Chapter 3 In Figure the effect of the density ratio is

investigated by taking /;’—; = % and > = 1. In Figure the effect of the viscosity ratio is
1

investigated by taking £ = 55 and E=3

From Figure it is seen that the higher value of the density ratio Z—f increases the width of
both the upper and lower wakes. From Figure it is seen that the higher viscosity ratio Z—f
increases the effective width of the lower wake.
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5.6 Summary of results for the classical two-fluid wake

The results derived for the classical two-fluid wake are summarised below.

k=0, o) =ke? =0, &= (5.6.1)
€Tr2
dbi _ _lne
G Bexp ( 1 yiﬁ ) (5.6.2)
B = & ot (5.6.3)
v (z) ]
vi(z,y) = Fi(§), (5.6.4)
) o)
_ O 1 dE
O 1 dF,
O L&F

(5.6.8)

The remaining interface condition ([5.4.48)) gives the pressure difference across the interface:

P, 0) = Pl o) = - (122 ) S e (5.6.9)
Using and , becomes
Py, 6(z)) — Pu(w, 6(x)) = é <1 _ %) DT = (5.6.10)
VAl ()]

If terms of order % are neglected then

Py(z,¢(x)) = Pi(z, ¢(x)) (5.6.11)

and the pressure is continuous across the interface.
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5.7 Associated Lie point symmetry for the wake behind a
self-propelled body

We suppress the symbol ¢ on ¥, w, v and Lie point symmetry X to keep the notation simple.The

conserved vectors for the upper wake and lower wake of the momentumless two-fluid wake are

0
T. = ﬂwa — 22w, T2 = —yz—w + 2yw + 2z, i=1,2. (5.7.1)
@ =, (4) oy
Now,
o o
= - 5.7.2

The conserved vectors expressed in terms of the stream function are

o o 2¢ o 3¢
Th = 2250 0pSt T = 2y 42 ~1,2. 7.
The Lie point symmetry
0 0 0
X =¢! — ! — — 74
@y v)g & @y v)g @y, ¥) 57 (5.7.4)
is associated with the conserved vector (T, T?) provided
X(T%) + T*Dy(¢F) = T*Dy(¢%) =0,  s=1,2. (5.7.5)
By expanding (5.7.5)) we obtain the two components
s=1: X(T) 4+ T Do(€2) — T? Dy (') = 0, (5.7.6)
s=2: X(T*) 4+ T*Dy(¢Y) — T'Dy(€%) = 0, (5.7.7)
where
8 0 9 0
Di=D,=— .
0 0 0 0
Dy=D,=— — — — + ... .
2 y 8y+@/ﬁya¢+¢$y8¢x+¢yya¢y+ (5.7.9)
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5.7.1 Case 1: Equation (/5.7.6)

From (5.7.6)
X(TY) +T'Dy(€%) — T?Dy(€') = 0. (5.7.10)
Now
T = %y%y — 221, (5.7.11)

and therefore

. 0 0 1%}
X(Tl)—(fa §—+7Ia¢+528%){ yPiby — 293%}

= 26", + 251y, + 1y — 2 (5.1.12)
But
(s = Dy(n) — ¥ Ds(n"). (5.7.13)

Hence

(2 = Dy(n) — YuDy(n")

= Dy(n) = ¢uDy(n') — ¥, Dy (1), (5.7.14)
and expanding gives
_ 877 a¢! o¢! g o0&
<2 - 5 ‘|‘ _¢¢y 8_y7vz):c ¢ 1/19:% _y1/}y - _¢¢ : (5'7'15>
Thus, from (5.7.12))
_ e 877 SPS o¢ 08
X( )_ 25 ¢y+2 y§ Py + v, ¢¢y ay@b:c d}d’:quz)y yd’y ¢¢
an ocl e o ae
— 2z ¢wy a_y¢m B, o Vaty — _yl/}y - _¢¢ (5.7.16)
Also
L0808 o¢ o
T'Dy(E) = .Y 2—% Y Yy 2 — 20 —% 2 %1# (5.7.17)
_ aél afl 51 afl aél 51
T2D2(§1) - _wyy 8w %%y + 2y % aw 1/12 2 _¢:c + 237 aw Q/way
(5.7.18)
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Using ((5.7.16)), (5.7.17)) and ((5.7.18)), equation ({5.7.10) becomes

— 2614, +2- y»s Yy + v ‘9” Wy %—i% af;wy ifwy—i—iws
2y 2i¢y+ﬂ : iw % a—gwy aizf
8_51¢yy ai%%y 851%_2 5_§¢ o 3_51%_2 33%%_0 (5.7.19)

Separate ((5.7.19)) by the powers and products of the partial derivatives of ¢ which are indepen-
dent.

a 1
Yy - % — 0, (5.7.20)
¢!
wyy . a_y = 0, (5721)
¢!
(5.7.23)
1
(o g% =0, (5.7.24)
) oel Yo Yig @ _ 8_51 o
Yy 2 +2Viy§ + (yiy 2z )3¢ 2y 8y =0, (5.7.25)
¢!
The remainder is
v 200, 00
Viy o 2x8y = 0. (5.7.27)
From (5720) and (E721)
51 = §1(x). (5.7.28)
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The remaining equations reduce to

—2¢(x )+2 y§ +(’;1y2 zx)@zo,

(]

Therefore

=), €=y, n=nly),
provided ([5.7.29) and (5.7.30) are satisfied.

5.7.2 Case 2: Equation ([5.7.7))

From (5.7.7)
X(T?) +T*Dy(¢") — T'Dy(€%) = 0.
Now
T? = =4y + 2yty + 221),.
Now
X(1%) = |¢ ; +¢ —+naa¢ +clazx +€25,zy “2265%

= 2€1¢x - 2y§2¢yy + 2€2¢y + 2:L‘<1 + 2y€2 - y2§22-

We need to calculate (;, ¢, and (55 where

Cn = Dn(n) — kan(gk)v

Now

C1 = Di(n) — 1 D1(€") — b Dy (€7)

_On  On o dg
Ox O dx

0&? &2

% - %% 77b ?/Jx%,
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(5.7.29)

(5.7.30)

(5.7.31)

(5.7.32)

(5.7.33)

(5.7.34)

(5.7.35)

(5.7.36)

(5.7.37)
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G2 = Da(n) — 1 Da(€') — haDs(E7)
677 €2 o0&,
- 5 + @z/}y a_y¢y - %lﬁ
Conside next (99:
Co2 = Da((a) — Yo Do (EF)
= Dy(Cé) - ¢xyDy(§1($)) - @Dnyy(fz)
= Dy(@) - wnyy(§2)~
Now
377 S o8
Dy(C2) D [ w% a—y% ad) w
But
on\ 9 0
D<a_y> = oy T ooyt
on On o
2u(55s) = s+ g+ i
852 B 6252 8252 ) 052
Dy( - a_y¢y> - ayg ¢y - aya¢wy - a_ywyz,n
o2 9262 922 6 2
Dy( — %1?;) = 8y§¢¢§ - azfg wi’ i¢y¢yy
and therefore
3277 0% Al 2 _o¢e e
3252 N 8252 852
~agon v T gy T Tgg Vit
Also
0€? 0€?
_wnyy@z) = _a_zwyy - %wywyy’
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(5.7.38)

(5.7.39)

(5.7.40)

(5.7.41)

(5.7.42)

(5.7.43)

(5.7.44)

82
s

(5.7.45)

(5.7.46)
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We then obtain

C22 =D (§2) - wny (52)

B 82 82 62?7 2 8252 8252 N 852
gty gt G 5gm Gt gypgti gy
9262 9262 6 2 o€? 92
- ay§¢¢§ - 5152 ¢ ilpyzﬁyy iyl/’yy ilpyd’yy (5~7~47>
We next evaluate the following two terms
1 1 1
T°Dy (€Y = —y? 5 wyy+2 5 ¢y+2x dt %, (5.7.48)
0 0 &> &>
7LD, (€2) = Ay gzpy A2 iwxwy éwyjuz iwmwy (5.7.49)
Return now to ((5.7.32)
X(T*)+T*Dy(¢') — T'Dy(€%) = 0. (5.7.50)

Substituting in ((5.7.34) for X (T?) gives
28y — 2yE%yy + 28%0y + 22C1 + 2yCo — yPCaa + TP D1 (€1) — T D1 (€%) = 0. (5.7.51)

Substituting (5.7.37), (5.7.38), (5.7.47)), (5.7.48]) and (5.7.49) into (5.7.51]) produces

0 det 0E? €2 0
2610, = 2+ 200, + 205+ 2T — 2T — 2T, 20T, + 2yl
852 852 28277 2 0% 2 0% (9 o
2 0°€? 3252 2 2 0€° o> 2 8252 39,2 o¢? 2 067
) ay2¢ a aw¢ _wyy+y a awiﬂ aw2w aw¢ywyy+y _wyy+
8 2 1 d 1 a 2 a 2
Y az} ¢ywyy 5 ¢yy + 2y df ¢y + 2:E 3 % Vj 2 ai 1/}?4 - ﬂ 2 82) ¢x1/}y + QI % ¢y
aéQw v, = 0. (5.7.52)
w Wy .
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Separate ((5.7.52)) according to the powers and products of the partial derivatives of .

Yy yy

Yy

%% :

Py :

Yo -

852
3y aw =0,
—2y€? + 2y2a—£2 87] y2d—51 =0
oy 8¢ dx ’
L8 265
81/1 =0,
2¢2
208,
Y b2
062 28277 8252
2 2¢2 1 2
st ) 0C L pUE 008 L 0 0

Yoy o 1”0 Ox o oy~

on

The remainder is

2
0,91 on 5,07

oy 2 22 _ g
ar Ty Vo 0

5.7.3 Solution for associated Lie point symmetry

(5.7.53)

(5.7.54)

(5.7.55)

(5.7.56)

(5.7.57)

(5.7.58)

(5.7.59)

(5.7.60)

So far it has been shown that &', €2 and 7 are of the form (5.7.31)) and that they satisfy the
conditions (5.7.29)), (5.7.30)) and (5.7.53) to ((5.7.59)).

From ((5.7.53) we have

and therefore

o 2
) =0
52 252($,y).
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Now from (5.7.30))

V; 83/
If
Ay o0,
then
0
I _o.
Ay
Therefore
n=n(z,¥).
The remainder (5.7.60|) reduces to
In
— =0.
ox
Hence
n=n().
Since €2 = £%(z,y), equation ((5.7.57)) reduces to
d*n
dy?

and therefore

() = e + as,

where a; and as are constants. From ([5.7.59))

Now from (}5.7.29)

el 141 9 V1 o _ (9?’] _
267 (x) + Q—Vi Y& + (—yiy Zx) a0 0.
Since,

gl(x) =z, 52 - él(x,y), 77(1/1) - a1¢ + as
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(5.7.63)

(5.7.64)

(5.7.65)

(5.7.66)

(5.7.67)

(5.7.68)

(5.7.69)

(5.7.70)

(5.7.71)

(5.7.72)

(5.7.73)
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equation ([5.7.29) reduces to
1

& =—zay (5.7.74)
Therefore
51@) = —a T, 52(?/) = —%my, n(Y) = a1 + as. (5.7.75)

We now verify that the remaining equations (5.7.54]) and ([5.7.58]|) are identically satisfied.

Consider the left-hand side of m

2 5 a77 y dfl
8y 82/1 dx

Equation (5.7.54]) is identically satisfied.

—2y& + 2y* =a1y® — ay® — eyt + a1yt =0. (5.7.76)

Consider the left-hand side of ((5.7.58])

0&? 6252 vy 285 de! 2 827) _
262 — 2y 8y+y By Viy D +2 y +2y8¢ 2y Gy

—ay + ary — 2a1y + 2a,y = 0. (5.7.77)
Equation (5.7.58]) is identically satisfied. Therefore all conditions are satisfied.

The associated Lie point symmetry is

o 1 0
X = - - §a1y8y (a1 + a2)8w (5.7.78)
Consider the general case in which a; # 0. Multiply (5.7.78|) by _E which gives
2 0 0 0
——X =2r— — — 5.7.79
a Py (q“ )aw 7
Let
. 2 . Q2
X =——X, == (5.7.80)
aq aq
Then
0 0 0
X" =2r— — =2 )—. 5.7.81
5 TV, (¢+C)a¢ ( )

We suppress the star. The associated Lie point symmetry for the upper wake and the lower

wake are of the form

0 0 8
X =2x— — =
Unlike the associated Lie point symmetry (5.3.60) for the classical wake, the associated Lie

point symmetry ((5.7.82)) for the momentumless wake does not contain an arbitrary function.

(5.7.82)
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5.8 Invariant solution for the momentumless two-fluid wake

Now ¢ = ¥(x,y) is an invariant solution of the PDE
32@/)1‘ Yy 33%

= — 5.8.1
0xdy v Oy ( )
generated by the Lie point symmetry X provided
X = Y(2,9))|p=w(zy) = 0. (5.8.2)
Using the Lie point symmetry ((5.7.82)), condition (5.8.2)) becomes
0 0 0
20— +y— — 2 — - —v(zy) =0, 5.8.3
Yar Yy (¥ +c) 90 (¢ = ¥(z, ) lp=v(ay) (5.8.3)
that is, provided
ov ov
20— — = —2(V . 5.8.4
v+ = AT+ (584)
The differential equations of the characteristic curves of the PDE ((5.8.4)) are
dr  dy A
P 5.8.5
20y 2(¥ +¢) ( )
The first pair of terms are
d d
— (5.8.6)
2z Y
and integrating gives
1
5 In(z) = In(y) + constant. (5.8.7)
Thus
S (5.8.8)
T2
where k; is a constant. The first and last term in (5.8.5)) give
dx dv
— = 5.8.9
2x 2(¥ +¢) ( )
and integrating we obtain
In(z) = —In(¥ + ¢) + constant. (5.8.10)
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Hence
(VU + ¢) = k, (5.8.11)

where ks is a constant. The general solution is

ky = F(ky), (5.8.12)
where F'is an arbitrary function. Hence
_ Y
(VU +c) = F(—1> (5.8.13)
€12
However, W(x,y) = ¢ and therefore
L[y
W= —F(—l) —c (5.8.14)
X €Tr2
Let
¢=2 (5.8.15)
T2
and then
1
Y(e,y) = —F(€) — (5.8.16)

5.8.1 Conserved quantity

In the approach in Chapter [3| for the momentumeless two-fluid wake, the conserved quantity

was used to determine the unknown parameter w; in the invariant solution

Vi(r,y) =2 Fi(§), €= (5.8.17)

e

Since the Lie point symmetry was associated with the conserved vector for the momentumless
two-fluid wake, the unknown parameter has been determined and the invariant solution does

not contain an unknown parameter:

viley) = RO, £=2 (5818)

1
€2

The conserved quantity gives the equation of the interface

y = ¢(x). (5.8.19)
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The conserved quantity for the momentumless two-fluid wake is given by (4.4.95|)

b(z)

y2w2(m,y)dy+/

é(x)

v o0
= P2
P12

We express the conserved quantity in terms of the invariant solution. Now

Oy
[ ay .
Hence
e 2 [N 00, +/
P1 V2 9 o(x)
Now
1 Yy %3 § %3
wl<x7y) T l<€>7 f :L‘%’ ax 2x7 ay
Hence

oYy 1dF; 08 %dFi

gy wdE oy T dE
Therefore the conserved quantity ([5.8.22)) becomes
K* p2 Vl z? 52dF2 5 52
p1 Ve d§ $(z)
z2
Since K* is a constant independent of x,
(b(?) =k, k = constant,
€Tr2
and
o(x) = ka?
The interface therefore is
y = ¢(x) = kx>

The conserved quantity becomes

R R
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dF
—1d§.

dg

y*wi (z,y)dy = constant independent of x.

(5.8.20)

(5.8.21)

(5.8.22)

(5.8.23)

(5.8.24)

(5.8.25)

(5.8.26)

(5.8.27)

(5.8.28)

(5.8.29)
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5.8.2 Partial differential equation for the velocity deficit

We express the partial differential equation

PPy v Yy
oxdy vy Oy

in terms of the invariant solution
1 (0
Yi(z,y) = —Fi(§), §=-7.
s T2

Now

o1 dF
o —2—3;2{217(5)4-5—},

——1 2

oydx 2t

2y 1 _5{3611? d2F]

Op _ 398 b LIF P
dy =~ dgT oyt T AT Oy
Substituting (5.8.31)) to (5.8.34)) into (5.8.30) and simplifying gives

wdF | d (AR R
v ded T de\"de e

0.

5.8.3 Boundary conditions

Z

_gd3F

s

(5.8.30)

(5.8.31)

(5.8.32)

(5.8.33)

(5.8.34)

(5.8.35)

Equations ({5.8.34)) are used to express the boundary conditions (5.2.11)) to (5.2.14)) in terms of

the invariant solution. We obtain for the boundary conditions

dFy

2 (o0) = 0.
o) =0
o) =0
o) =0

(5.8.36)

(5.8.37)

(5.8.38)

(5.8.39)
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5.8.4 Interface conditions

We express the interface conditions (5.2.15) to (5.2.18)) in terms of the invariant solution

Wley) = TR, €=

The interface is

%\H|Q§

y = ¢(x) = ka?
and on the interface
¢ = ¢(31:) _
x2

The partial derivatives of ¢ with respect to  and y are given by (5.8.32) to ([5.8.34)).

Tangential velocity continuous (5.2.15)):

I Oy
dFy, . dF,
Normal velocity continuous ([5.2.16)):
O Oy
dFy, . dF,
2F (k) + kd_é(k) =2Fy (k) + k Tz (k).
Using , equation reduces to
Fi(k) = F»(k)
Tangential stress continuous ((5.2.17):
Y 2 0%y
d2F1 o 125 d2F2
= e

155

(5.8.40)

(5.8.41)

(5.8.42)

(5.8.43)

(5.8.44)

(5.8.45)

(5.8.46)

(5.8.47)

(5.8.48)

(5.8.49)
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Normal stress continuous (|5.2.18]):
2:“2 1 9%y 2 0%y

1 Tee 020y (z,o(x)) — e 020y (2, ¢(2)) = Pao(z, d(x)) — Pi(z, ¢(x)), (5.8.50)
L[ gredBy e dh ] L[ o dPy gy i R T
Re{ 32T () KSR b o o 8RR T ) 1 KPR T )0
Substituting and reduces ((5.8.51)) to
% (1 - %) C;—Z?(k)xg = Py(z, ¢(z)) — Pi(z, d(z)). (5.8.52)

5.8.5 Velocity components

The velocity components expressed in terms of the invariant solution are

oy _sdF;
wi(z,y) = oy x ra (5.8.53)
oYy 1 dF;
ulon) = Gt = =z 2RO + €52 |, (5854
5.8.6 Lie point symmetry
We can take the additive constant ¢ in the stream function
1
U(ay) = TP —c (5.:8.56)

to be zero because it does not contribute to the velocity components. Therefore from ({5.7.82))

0 0 0
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5.9 Solution of the ODE for the momentumless two-fluid

wake

We will outline the solution for comparison with the similarity solution given in Chapter [3]

Section [3.4]

We return to the PDE ([5.8.35)),
v F;, d [ _dF; ar;
——=t+ (£ 2 =
v dE3 dEN\” dE d¢
Equation (5.9.1)) can be integrated at least once. This is another example of the Double Re-

duction Theorem of Sjoberg [46]. The invariant form of ([5.9.1)) was obtained by associating the
Lie point symmetry with a conserved vector. Integrate (5.9.1]) with respect to &:

0. (5.9.1)

V; dQ.FZ d.FZ
- + f
v de dé

where A; = constant.

Impose first the boundary conditions at £ = +00. The boundary conditions at £ = o0 are

dFy d*Fy
— =0 = 0. 5.9.3
We assume the stronger condition
. LdF

We will check that the solution derived satisfies this condition. We make the additional as-
sumption that there is no entrainment of fluid at y = +00. We will also check that the solution
derived satisfies this condition. From (5.8.54))

vi(z,y) = —% [ZFZ-(S) + fcil?} (5.9.5)
and the condition for no entrainment implies
vi(z, +00) = 0. (5.9.6)
Thus at £ = +o0,
v1(z,00) =0 2F(00) + f%}g g = 0. (5.9.7)

157



Chapter 5 — Associated Lie point symmetries and invariant solutions for the two-fluid wake

Since it is assumed that

. dFy
51—>oo§d_§<§) 0 (5.9.8)
it follows that
Fi(o0) =0. (5.9.9)

Therefore imposing the boundary condition at £ = 400 on ([5.9.2) we obtain
A =0. (5.9.10)

Similarly, by imposing the boundary conditions at £ = —oco on ([5.9.2) we find that

Ay = 0. (5.9.11)
Equation (5 becomes
v; dQE dF
—— +2F; = 9.12
by dE? +&— i 0. (5.9.12)
In order to integrate ([5.9.12)) multiply by &. This gives
o AF;
2F; = 9.1
et T el oer — (5.9.13)
which can be rewritten as
vi | d [ _dF; dF; d
2— | — Y - — |+ —(£F) =0. 5.9.14
| (E) - | e o910
Integrating with respect to & gives
dF;
—F+—¢&F, =E;, 5.9.15
& Fity 5 (5.9.15)
where Fj; is a constant. Consider first the boundary conditions at £ = +00. We have
dF'
Jim ¢ d_gl =0, Fi(c0)=0. (5.9.16)
Assume also the stronger condition
lim &% F(¢) = 0. (5.9.17)
£—o00

We will check that the solution derived also satisfies this condition. Imposing the boundary

conditions at £ = 400 on (5.9.15)) gives

B = 0. (5.9.18)
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Similarly by imposing the boundary condition at £ = —oo we obtain

Ey, = 0.

Therefore equation (5.9.15)) becomes

By separation of variables we obtain

and integration gives

where B is a constant. Hence

where

B; = exp (B]).

i

(5.9.19)

(5.9.20)

(5.9.21)

(5.9.22)

(5.9.23)

(5.9.24)

For the momentumless wake the velocity component v; given by (5.8.54) depends on F;(§) as

daF;

well as

dF;
dg

and v; given by ([5.6.6) and (5.6.7)) depend only on
Fi(8).

5.9.1 Boundary conditions

i and F;(§) was therefore derived. For the classical wake the velocity components w;

and it was not necessary to calculate

The boundary conditions ([5.8.36)) to (5.8.39)) are all identically satisfied because of the expo-

nential behaviour of the solution. The assumptions

. _dF .
51520 gd_gl =0, ghgo €2F)(00) = 0,
. dF2 o . 2 o
Jm Gge =0 Jim R (=00) =0

are also identically satisfied because of the exponential behaviour of the solution.
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5.9.2 Interface conditions

We express the interface conditions in terms of the solution (?7?) for F;(¢) and its derivatives:

1241 9
F = B, - = 9.2
= Bicon (- 1) (5:9.27)
dFl V1 9 V1 o
=B;(1- - — 9.2
i1 pe)ew (- fe), (5929
d*F; 1w V1 o V1 oo
=—-B;, — - — ——&). 9.2
b e(o- e )en (- i (5.9.20
Normal velocity (5.8.47)):
Fi(k) = Fy(k), (5.9.30)
Bk L) Zpy _lng, (5.9.31)
1k exp 1 = By k exp 1,7 ) 9.
Tangential velocity ([5.8.44)):
dF, dF,
— (k) = —=(k 5.9.32

1 1 v 1v
1— —k? — k) =By(1— =k — 2. 9.
Bl( 2k)exp( 4k;> Bg< 2V2k>exp( 41/2k (5.9.33)

Tangential stress ([5.8.49)):

d2F1 L _&dQFQ

= k 5.9.34
d£2 ,U/l d£2 ( )7 ( )
1 1
Bik(6—k)exp( — k) =Bk (6 - 282 ) exp | — 282, (5.9.35)
4 P1 vy 4 vy
where we used
2 _ P2 (5.9.36)
H1 V2 P1
Multiply the interface conditions ([5.9.31)), (5.9.33) and (5.9.35) by
L,
exp Zk (5.9.37)
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the following interface conditions are obtained

1
k,[Bl — Byexp (1(1 — ?)kz)} —0,
2

1
pl 1%} 4 125}

We consider two cases, k = 0 and k # 0.

5.9.2.1 Casel: £=0

Equations (5.9.38) and (5.9.40) are identically satisfied. Equation (5.9.39)) becomes

By =By =B.
The solution ([5.9.23)) becomes

F;=B¢ exp(— :;52)

5.9.2.2 Case 2: k#0

Equations (5.9.38]) to (5.9.40)) become

From ((5.9.43))

(5.9.38)

(5.9.39)

(5.9.40)

(5.9.41)

(5.9.42)

(5.9.43)

(5.9.44)

(5.9.45)

(5.9.46)
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Substitute (5.9.46|) into ((5.9.44). Thus

By (1 - ﬂ) exp (1 (1 - ﬂ) k:z) —0. (5.9.47)
Uy 4 1%}

For a non-trivial solution (Bs # 0) it is necessary that

n_g

vy = Vs, 5.9.48
) ( )
1]

From ((5.9.46)), since v = 15
By =By = B. (5.9.49)

With By = By = B and vy = 1, equation ((5.9.45)) reduces to
B (6 - k?) (1 - @) ~0. (5.9.50)
1
If py = po then since v; = 1y it follows that pu; = pe. There would be only one fluid. We

therefore assume

p1 # P2 (5.9.51)
Hence from , for B#0
6—-k*=0 (5.9.52)
and therefore
k = +6. (5.9.53)
The solution becomes
Fy(€) = B exp ( — 252). (5.9.54)

Finally, the fourth interface condition (5.8.52)) is

> -tz ©73 = Py(x,6(x)) — Pi(x, ¢lx
@(1 M) (07t = P(r.o(w) = Pi(e o(a). (5.9.55)

This interface condition gives the pressure difference across the interface.

When k£ = 0 we have from ([5.9.28))
dFy, 1, 1,
T (k)—B(l 2k)e:><p( 4]{:)

162

= B. (5.9.56)
k=0
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Therefore ([5.9.55)) becomes

3 H2 _5
1——)Bax 2 = PFy(z,0) — Pi(x,0).
(1= 2) Bt = A0 - RO

When k = +v/6 we have from (15.9.28))

dh ——(+V6) = B(1 — %k:?) exp (— ikz)

dg
= —QBeXp(— g)

k=+v6

Therefore (5.9.55)) becomes

5.9.3 Calculation of constant B when £ =0

The constant B is obtained from the conserved quantity which is when k = 0,

ez [ et [t

where F;() is given by ([5.9.42) and

_£3(1 - @) exp < . g) v7% = Py(x, +V6) — Py(x, £V6).

(5.9.57)

(5.9.58)

(5.9.59)

(5.9.60)

(5.9.61)

(5.9.62)

Equations (5.9.60), (5.9.61)) and (5.9.62)) are exactly the same as equations (3.4.70]), (3.4.74))
and (3.4.75)) used to calculate the constant B in Section for the similarity solution for the

momentumless wake. It was found that
K

(o)

which can be rewritten in terms of the parameter

_ P1H1
P22

B=—

N[

|
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as

5.9.4 Calculation of constant B when k = ++/6
The constant B is obtained from the conserved quantity (5.8.29)) with Z—; =1,
k 00
P2 o d I3 2 AF
k=2 [ eflac [Tt
P1 J—co dS k dg
where K is prescribed and k takes the values +v/6 and —v/6. From ((5.9.54))

R = Been - 3¢)

W _dE 1Y (T
%‘%‘415%@(f)

and

(5.9.65)

(5.9.66)

(5.9.67)

(5.9.68)

The value of the constant B will depend on whether & = ++/6 or k = —/6. Equations ({5.9.66))

and (5.9.68)) are the same as (3.4.112) and (3.4.115|) used in Section to calculate the
constant B for the similarity solution for the momentumless wake. The results (3.4.147)) and

(3.4.148)) therefore apply here:

K
k=-+V6: B=B, =— <0,

where

s—at((2)7) - 2 (2) e (- 2) o

and the Error Function is defined by

erf(z) = —— /0 " exp (—u?)du.

(5.9.69)

(5.9.70)

(5.9.71)

(5.9.72)
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5.9.5 Approximation in the conserved quantity for the momentumless

wake

In Section [4.4.2.4] the term neglected in the derivation of the conserved quantity for the mo-

mentumless wake, R(¢(x),wy,ws), was simplified. It was shown that

Rloa), w0 = (22 = 1o, o(e))oe) (060) 27 - 2)
# (2= 1) G o)) 5.9

There are three momentumless wakes.

5.9.5.1 Casel: £=0

Then
R(p(x), w1, wy) =0 (5.9.74)

and there is no approximation made in the derivation of the conserved quantity.

5.9.5.2 Case 2: k= +6

For this wake

— =1 9.
” (5.9.75)
Also
1 dp 1, 1
() =k a2, =3 kx (5.9.76)
and therefore
dp 1 ,
— ==-k*=3. 9.
gb(x)dw 5 3 (5.9.77)
Equation [5.9.73| reduces to
R((2), wr, ws) = (% - 1)w(x, (2))é(2). (5.9.78)
1
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Now
B 1
wy(z,y) = — (1 - 552) exp ( - —52) (5.9.79)
T2
and therefore
wy(z,y) = — (1 - —k:2) exp ( — —kQ) (5.9.80)
T2
2B 3
= ——exp ( — —> (5.9.81)
€Trz 2
= O(x—i’) as T — 00, (5.9.82)
7= O(:ml?) as & — 00. (5.9.83)

Also
o) =kx
(5.9.84)

1
as r — 00.
x

Hence
R($(z), w1, ws) = o(

For the three momentumless wakes there is no approximation for & = 0 and for k = /6 since

the neglected term is O <%) which is small for the far wake, x >> 1.

5.9.6 Visual representation of the solutions for the momentumless

wakes
The invariant solution for the momentumless wake for k£ = 0 is visually represented in Figures

B3 and B4l
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0.9998 0.9999 1.0000 1.0001 1.0002 1.0003 1.0004

Figure 5.3: The velocities u;(z,y) and uy(z,y) for the momentumless two-fluid wake for £ =0

plotted against y at z = 6 for K =1, Z—; = 2—10 and 7} = 1.
The velocity profile is given by
1 y? 142
1 —1—-—_RBla—L _ L 9.
ua(z,y) wy (2, y) o { x} exp< 1) (5.9.85)
() =1 —wp(ryg) =1~ Vplat2 ¥ Ly’ (5.9.86)
us(z,y) =1 —wy(z,y) =1— — ——=|exp| —=—= 9.
2 26 213 Vs v, T P 4y o
and
K
B=-— —. (5.9.87)
s
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Figure 5.4: The velocities u(x,y) and uy(z,y) for the momentumless two-fluid wake for £ = 0

: _ 1 op 1 _ 1
plotted against y at x = 6 for K =1, p—;—ﬁandZ—;—%.

The velocity profile (5.9.85)) and (5.9.86]) is the same as (3.4.181)) and ((3.4.182)) for the similarity
solution derived in Chapter [3] We draw graphs of the velocity profiles again but with different

values for the parameters from Chapter In Figure we choose 28 = % and 71 =1

P2
to examine the effect of the density ratio. In Figure the effect of the viscosity ratio is

“w — Lgnd & =1
P2

examined by choosing =5 5-

From Figure we see that the effect of the larger density ratio ‘;—; is to reduce the magnitude
of the velocity difference at the turning points in the wake. From Figure [5.4] we see that the

v2

effect of increasing the viscosity ratio 22 is to increase the effective width of the lower wake.

The effective width of the upper wake is not altered.

The invariant solution for the momentumless wake for k = 4+/6 is visually represented for ++/6

in Figure and for —v/6 in Figure .
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Figure 5.5: The velocity u(zx,y) for the momentumless two-fluid wake for k& = ++/6 plotted
against y at x = 3 for K =1, % = 2—10 and S = 0.1458.

The velocity profile is given by

7 7 . By y? 1y?
u(z,y) = ua(z,y) =1 —wi(x,y) = _x% (1 %) exp ( 1z (5.9.88)
and
K
B, — — . (5.9.89)

4\/%[%+1+ (%—1)5}

169



Chapter 5 — Associated Lie point symmetries and invariant solutions for the two-fluid wake
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Figure 5.6: The velocity u(x,y) for the momentumless two-fluid wake for & = —/6 plotted
1

against y at x = 3 for K =1, o = 2—10 and S = 0.1458.

The velocity profile is given by

u(z,y) = ug(z,y) =1 —wy(z,y) =1— ljg (1 — %) exp ( - }ly;) (5.9.90)
where
B =-— K (5.9.91)
i (z )]
and

NI

sat(2)) - (2 (- 2) o s

Since the velocity profiles are the same as in Chapter [3] for the similarity solution, a different
value for the density ratio, Z—; = 2—10, is chosen in Figures and .

It is seen in Figures and that the increase in the density ratio, Z—f = 20, produces a

decrease in the magnitude of the velocity deficit.

170



Chapter 5 — Associated Lie point symmetries and invariant solutions for the two-fluid wake

The interface is

D=

y=kxz. (5.9.93)

In Figures and , k = 0 and the interface is at y = 0. In Figure k = ++/6 and the
interface is at y = +v/622 while in Figure , k = —/6 and the interface is at y = —V/6x3.

5.10 Summary of results for the two-fluid wake behind a

self-propelled body

The results derived thus far for the two-fluid wake behind a self-propelled body are summarised

below.
1
0 0 0
wi(z,y) = v a;?, (5.10.3)
1 dF;
ow; ,d*F;
dy i (5.10.5)
When k£ =0,
"
v #1, (5.10.6)
R = Beew (- 1€, (5.10.7)
B=-— K . (5.10.8)
L+ ()]
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When k = +v6,
141 .
b 1, (5.10.9)
F(€) = BEexp (— is) (5.10.10)
B, = — K , (5.10.11)

4ﬁ{ﬁ—f+1+ (%—1)5]

K
B.=— (5.10.12)

Az (z-1)9

sear((D)) - 2 (@) (D) o o

5.11 Conclusions

We started Chapter [5] by summarising the formulation of the problem in terms of the stream
function which is the same for both the classical wake and the momentumless wake. The

boundary and interface conditions in terms of the stream function are also provided. This was
derived in Chapter 2]

The associated Lie point symmetry for the classical two-fluid wake was derived using the con-
served vector. This conserved vector was determined in Chapter [ The Lie point symmetry
was then used to derive the invariant solution. There is one exact solution for the two-fluid
classical wake. For this solution, the interface is at ¢(x) = 0. The results obtained by deriving
the invariant solution and solving the ODE are the same results as derived in Section [3.2] We
found that we could derive the solution for the classical two-fluid wake by a similarity solution

and also by the use of conservation laws and Lie point symmetries.

Similarly, we derived the Lie point symmetry associated with the conserved vector for the
momentumless wake and then used the Lie point symmetry to derive the invariant solution.

The results are the same as the results derived in Section [B.4] which means that we have
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developed two methods of deriving the solution for the two-fluid wake behind a self-propelled
body.
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Conclusions

In Chapter [2] the governing equations were derived for the two-fluid far wake. This was done
through non-dimensionalising the Navier-Stokes equations and then imposing the boundary
layer approximation. The equations have been expressed in terms of the velocity components
where the y-component of the mean velocity is given by © and the velocity deficit in the x-
direction is given by w. The situation was expressed diagrammatically and the problem of
the two-fluid wake was described. The boundary conditions were first derived in terms of
the velocity components and the dimensionless form given. The interface was first defined
by y = ¢(z), and the interface conditions were defined based on the fact that the velocity
and stress components should balance at the interface and a fluid particle on the interface
should remain on the interface. The conserved quantities for the classical and momentumless
wake were derived. A stream function, ¢, was introduced. The governing equations as well as
the boundary and interface conditions were defined in terms of the newly introduced stream

function.

In Chapter [3], a scaling transformation was introduced and an invariant solution was derived
for both the classical and momentumless wakes through the use of the boundary and interface
conditions, as well as the conserved quantity which aided in the determination of the equation
of the interface. For the classical two-fluid wake, the interface was determined to be at y =
0, whereas there were three potential interface equations determined for the momentumless
wake. Further to this, the method presented by Herczynski. Weidman and Burde [1| was
also replicated. For the momentumless wake a new conserved quantity was used which was
derived based on the condition that the total drag on the body is zero. The solution was
derived through the use of a coordinate expansion and expansion of the interface deflection.

The velocity profiles for all solutions were plotted and it is clear from the profiles that the

174



Chapter 6 — Conclusions

general shape of the velocity profiles were the same. The interface is deflected upwards in the

solution derived through the Herczynski. Weidman and Burde approach.

In Chapter [} conservation laws were discussed and the multiplier method was explored. The
multiplier method was applied to the governing equations for the two-fluid far wake flow. The
conserved vectors were determined in which four cases were discovered. The first belonged
to the wake of a self-propelled body, the second to the combination wake, the third to the
classical wake and the fourth was related to the conservation of mass equation. An alternative
method using a linear combination of conserved vectors was also used and this method easily
demonstrates how to generate the general form of the conserved vector and further break down
the general form into the four cases. All of the conserved vectors were obtained in terms of
the velocity components. The conserved quantities for the combined upper and lower wakes
were then obtained from the conserved vectors and boundary and interface conditions. For
the classical wake the matching of the tangential stress at the interface was used to derive the
conserved quantity while for the momentumless wake the requirement that the total drag on
the body is zero was used to derive the conserved quantity. The conserved quantities generated

in Chapter 4| are the same as the conserved quantities originally derived in Chapter

In Chapter [5] the conserved vectors and the conserved quantities for the classical and momen-
tumless two-fluid far wakes were rewritten in terms of the stream function which was introduced
in Chapter [2l Lie point symmetries associated with the conserved vectors derived in Chapter
[4] were determined for the classical and momentumless wakes. The Lie point symmetries were
then used to generate the invariant solutions. The solutions derived in this chapter are the
same as those derived in Chapter [3| using a scaling transformation. Hence, two methods have
been used to generate the invariant solution for the classical two-fluid wake and the two-fluid
wake behind a self-propelled body. The velocity profiles were also plotted. Since these are the
same as those in Chapter [3| different values of the parameters were used. One exact analytical
solution was derived for the classical wake where the interface is ¥y = 0 and three exact solu-
tions were derived for the momentumless wake corresponding to the three possible interface

positions.
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