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Abstract

The two-fluid flow behind a slender stationary symmetric object, as well as a slender symmetric
self-propelled body, is investigated and governing equations are derived. These flows are also
known as the classical and momentumless wakes, respectively, where the drag of the momen-
tumless wake is zero. The upper fluid has a lower density so that instabilities do not form. As
an initial study, the case where the two fluids have the same mainstream speed is considered.
The fluid interface is unknown, but will be derived during the solution. Since the two fluids
have the same mainstream speed, a two-fluid boundary layer upstream of the object will not
form. A perturbation on the mainstream flow is considered in order to derive the far wake
equations downstream of the object. The problem is formulated in terms of stream functions
for the upper and lower fluids which reduces the number of unknowns in each fluid to one,
while increasing the order of the partial differential equation by one. Conservation laws for
the upper and lower fluid for each wake are derived using the multiplier method and conserved
vectors are obtained. Conserved quantities for the two-fluid classical and momentumless wakes
are calculated with the aid of the conservation laws. Lie point symmetries associated with the
conserved vectors are obtained and new invariant solutions are calculated. The new solutions
are compared with the existing solutions of Herczynski, Weidman and Burde [1]. Velocity pro-
files are plotted and analysed for different values of the parameters.

Keywords: Two-Fluid Flow, Classical Wake, Wake Behind a Self-Propelled Body, Similarity
Solutions, Conservation Laws, Lie Point Symmetries
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Chapter 1

Introduction

1.1 Introduction to wake flows

A wake is considered to be a region where the free flowing fluid of a constant speed is disturbed
downstream of a solid body aligned with the mainstream flow. Practical examples of wake
flows which are of much interest include a free flowing river perturbed by rocks or dams, ships
that create wakes while propelling through water and even aircraft that wade through the
condensation in the sky or wind turbines. Obstruction to the fluid flow can often result in
turbulent downstream flow which is characterised by a large Reynolds number. Symmetric
wakes can be categorised as ‘classical’ or ‘momentumless’ where the conserved quantity and
drag play an important role in the differentiation of these symmetric wakes.

Goldstein [2] originally investigated the two-dimensional steady flow of the laminar classical
wake behind a slender symmetric body aligned with the mainstream flow. Goldstein first
investigated the velocity of the wake for a distance that was 0.3645 to 0.5 of the length of
the slender body which was measured from the downstream end [2]. This was considered the
near wake. Further to this, Goldstein then investigated the velocity distribution of the wake
a considerable distance downstream behind the slender body which is referred to as the far
wake. Birkhoff and Zarantonello [5] expanded on this to study the momentumless laminar
wake behind a slender symmetric self-propelled body. Herczynski, Weidman and Burde [1]
also later investigated the momentumless wake behind a self-propelled body, however, this was
along the interface of a two-fluid stream. The second moment of the axial momentum deficit is
conserved for the momentumless wake and the drag is zero, whereas the drag is conserved for
the classical wake. The Navier-Stokes equation in the boundary layer approximation is used to
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Chapter 1 – Introduction

derive the governing equation describing the flow in the wake.

Other types of wake flows include the turbulent planar wakes [20], two-dimensional laminar
classical wake of a shear thinning fluid [21] and the laminar axisymmetric classical wake for
power law fluids [22]. Tennekes and Lumley [20] studied and discussed the turbulent planar wake
where the eddy viscosity closure model was used to formulate equations for the mean velocities.
Tennekes and Lumley made use of a constant eddy viscosity and the results obtained were
compared against experimental observations. Prandtl’s [19] mixing length model was used in
order to obtain a finite wake boundary for the turbulent axisymmetric wake investigated by
Swain [23]. Prandtl was able to obtain a similarity solution by assuming large Reynolds numbers
and neglecting the kinematic viscosity term since it was assumed that the turbulent viscosity
was much greater than the kinematic viscosity. Here, it was also assumed that the mixing
length was proportional to the width of the boundary layer. Hunt [24] studied another type
of wake, called the wall-wake, for laminar and turbulent flows. A wall-wake flow is produced
downstream where an obstructing body is situated on the boundary wall. Since the entire
bottom half of the plane is inhabited by the wall, the fluid is then restricted to the upper half
of the plane. Therefore, this problem is not symmetric about the axis of the wake and the wake
is situated within a boundary layer.

1.2 Two-fluid wakes

Herczynski, Weidman and Burde [1] were among the first researchers to investigate the concept
of a laminar classical two-fluid wake. In this work, a stream of fluid flows over a parallel stream
of a different density and different viscosity, but the same mainstream speed. The two-fluid
system comes into contact with a slender object and a wake forms downstream. Herczynski,
Weidman and Burde considered the far wake flow in their research. Considering the fact that
the two fluids were of the same mainstream speed, the concept of a boundary layer forming
upstream of the object may be neglected. A non-standard similarity solution was used to find
analytical solutions in the boundary layer approximation for laminar two-fluid jets and wakes to
account for interface deflection in the presence of gravity [1]. Herczynski, Weidman and Burde
found that the interface of the classical two-fluid wake deflected upwards and the wake flow is
described as a sink of momentum upstream of the spatially developing flow. The position of
the fluid interface is determined by balancing the tangential stresses across the interface.

Two-fluid boundary layer flows were first studied by Keulegan [6] and Lock [7]. Keulegan con-
sidered the flow of a stream of fluid on top of another fluid at rest [6]. He used Prandtl’s

2



Chapter 1 – Introduction

boundary layer theory and a method of successive approximations in order to solve for the
two-fluid boundary layer flow. Lock expanded upon Keulegan’s work. Lock obtained an ap-
proximate solution through the use of the momentum equation [7]. He determined that the
solutions were dependent on the velocity ratio, U2

U1
, of the two fluids and the product of the

density and viscosity ratios, ρµ. Numerical solutions were obtained for the case where the lower
fluid is at rest as well as for one non-zero value of the velocity ratio. Therefore, the study of the
laminar two-fluid wake with different mainstream speeds was first studied by Lock. Potter [8]
made use of the works of both Keulegan and Lock to find more accurate approximations to the
velocity distribution in the laminar boundary layer of two viscous incompressible fluids. Both
fluids are considered to be moving co-current but at different velocities. Numerical solutions
were derived through the use of a sextic polynomial for the velocity distribution in the boundary
layers. These numerical solutions were compared against Keulegan and Lock’s solutions.

Recall that Herczynski, Weidman and Burde studied the classical two-fluid wake for the case
where the mainstream speeds of the two fluids are the same [1]. There is a significant difference
between this case and that of two fluids flowing with different mainstream speeds. When
the two streams flow at different speeds, a two-fluid boundary layer forms upstream of the
object. The problem of the two-fluid classical and momentumless wakes will be investigated in
this dissertation where the two fluids have the same mainstream speeds so that the two-fluid
boundary layer upstream of the object may be neglected. A conserved quantity is used to
complete the solution for the far wake flow and similarity solutions will be considered.

1.3 Conservation Laws

Conservation laws are an important factor in the study of differential equations. Furthermore,
the use of the Lie symmetry approach has been valuable when solving problems in fluid me-
chanics. There has been a lot written regarding the many applications of symmetry methods
to turbulence problems [26] - [28]. The conserved quantity plays an extremely important role
in completing the solution process in jet flows where it is used to solve for the unknown ex-
ponent in the similarity solution since the homogeneous boundary conditions are not sufficient
to aid in this process. Schlichting [40] [41] studied the laminar two-dimensional free jet where
the conserved quantity may be determined through physical arguments or through the use of
boundary conditions and the continuity equation where Prandtl’s momentum boundary layer
equation is integrated. Squire [44], Riley [39] and Schwarz [43] employed the method of inte-
grating Prandtl’s momentum boundary layer equation across jets to determine the conserved
quantity for radial free jets. Similarly, Goldstein [4] applied this method to determine the con-

3



Chapter 1 – Introduction

served quantity for an axisymmetric free jet. The method of using physical aruguments based
on the conservation of volume flux in an incompressible fluid was used by Watson [45] for the
two-dimensional liquid jet and Riley [39] and Watson [45] for the radial liquid jet to obtain the
conserved quantities. Symmetry methods were applied and the group invariant solution was
derived through the use of a linear combination of the Lie symmetries of the flow’s governing
equation in the work by Mason [29] for a laminar two-dimensional jet and Ruscic and Mason [30]
for the laminar axisymmetric jet. Here, the arbitrary constants in the linear combination of
Lie point symmetries were solved through the use of the conserved quantity and the boundary
conditions. It is important to note that the conserved quantity does not only play a key role
in the solution process for jet flows but for wake flows as well and there has been significant
progress made in deriving conserved quantities for PDEs.

The different methods that exist in order to establish conservation laws for a PDE can be found
in [31] - [36]. Naz [9] summarised that there are nine different approaches that may be used
to determine conservation laws for PDEs. Well known methods include Noether’s theorem [13]
which requires a Langrangian function and the direct method by Laplace [38] which is also
considered the most elementary approach. Another approach used to determine conservation
laws is the multiplier method developed by Steudel [18]. In this method, the conservation law is
written in characteristic form. The characteristics are the multipliers of variational equations,
but this result is not true in general. The works of Bluman, Cheviakov and Anco [36] as well
as Olver [37] demonstrate that all non-trivial conservation laws of a PDE are produced by the
multiplier method.

A modified approach which involves adding a symmetry condition to the direct method was
developed by Kara and Mahomed [14]. Kara and Mahomed derived a condition which allowed
for a Lie point symmetry to be associated with a conserved vector. The Lie point symmetry
associated with the conserved vector, which produces the conserved quantity, was employed
to generate an invariant solution instead of the linear combination of all Lie point symmetries
of the PDE. This approach is considered to be more direct and has been applied in multiple
works which can be found in [10] - [12]. There is also an approach that associates multipliers
to symmetries developed by Anco and Kara [48]. In this dissertation, the conservation laws
for PDEs for the two-fluid classical and momentumless wakes are derived using the multiplier
method. It is important to note that the methods around conservation laws referred to thus
far relate to turbulent flows but can be used for problems relating to laminar flows as well.
Once the conserved quantity is determined, the Lie point symmetries may be derived followed
by new invariant solutions. These solutions can be compared against the existing solutions of
Herczynski, Weidman and Burde [1].
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Chapter 1 – Introduction

1.4 Outline of dissertation

This dissertation is outlined as follows:

• Chapter 2: the mathematical model for the laminar classical and momentumless two-fluid
wake is provided. The governing equations are derived using the Navier-Stokes equations
which are non-dimensionalised. The boundary layer approximation is imposed and the
far-wake equations are found. The boundary and interface conditions are presented for the
two-fluid problem. The conserved quantities for the classical and momentumless two-fluid
wakes are then derived. The boundary layer equations and the boundary and interface
conditions are then formulated in terms of the stream function.

• Chapter 3: similarity solutions are used to solve the problem presented in Chapter 2. A
scaling transformation is introduced and the invariant solution is derived. The conserved
quantity is used to determine the position of the interface for both the classical and
momentumless wakes. The method developed by Herczynski, Weidman and Burde [1] is
also applied to the boundary layer equations although the conserved quantity derived in
this dissertation is used instead of the conserved quantity derived by the authors. The
velocity profiles for all solutions are plotted.

• Chapter 4: the theory and systematic process relating to conservation laws and in par-
ticular the multiplier approach which, as mentioned, was developed by Steudel [18], is
discussed in order to determine the conserved vectors and conserved quantities relating
to the governing PDE of the two-fluid far wake flow. The elementary conserved vectors
will be derived first in terms of the velocity components. It will be necessary to deter-
mine which conserved vector is relevant to the problem discussed in this dissertation as
we notice four different conserved vectors arise. Once the correct elementary conserved
vector has been determined, the elementary conserved quantity for the two-fluid far wake
can be obtained in terms of the velocity components for the classical and momentumless
wakes.

• Chapter 5: in this chapter the conserved vector and conserved quantity are written in
terms of the stream function for those conservation laws relating to the classical and
momentumless two-fluid far wakes. It is important to note that the general form of
the conserved vector must be used which accommodates both fluids. The Lie point
symmetry associated with the elementary conserved vector is obtained for the classical
and momentumless two-fluid far wakes. The invariant solution may then be calculated
from the Lie point symmetry.

5



Chapter 1 – Introduction

• Chapter 6: the conclusions drawn are presented in this chapter.
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Chapter 2

Mathematical Model

2.1 Derivation of boundary layer equations

In this section, the laminar two-fluid wake of a symmetric body is explored. It is important
to note that the governing equations and boundary and interface conditions for the classical
wake and the wake behind a self-propelled body are the same and the difference lies in the
conserved quantities. Consider a stream of viscous fluid flowing over a parallel stream which
has a different density, viscosity, but same mainstream speed. Both fluids are incompressible
and the flows are laminar. The two-fluid flow comes into contact with a slender stationary
symmetric object or slender symmetric self-propelled body whose leading edge is located at
the interface of the two fluids with a zero angle of incidence. A Cartesian coordinate system
(x, y) is used where the origin is defined to be at the trailing edge of the object. Let the index
i = 1 correspond to the top fluid and i = 2 correspond to the bottom fluid. The mainstream
velocities, densities, and kinematic viscosities are denoted by Ui, ρi, and νi respectively. The
fluid interface is given by y = φ(x). The flow is shown in Figure 2.1.

7



Chapter 2 – Mathematical Model

Figure 2.1: Two-fluid wake flow.

Region 1 in Figure 2.1 depicts the upstream flow before coming into contact with the object.
In this problem U1 = U2 = U . Here, U1 relates to the mainstream speed of the top fluid and
U2 relates to the mainstream speed of the bottom fluid. The two-fluid flow makes contact with
the slender object in Region 2 which then leads to the creation of a wake. Region 3 is the
wake that is produced behind the object, which is called the near-wake. The wake generated
a considerable distance downstream behind the object is shown in Region 4 and is called the
far-wake. The work done in this dissertation will focus on the far-wake. Region 5 in Figure 2.1
depicts the two-fluid boundary layer flow that forms. Let the x and y velocity components in
the far-wake region be denoted by ui and vi and the pressure by Pi. The model is derived from
the Navier-Stokes equation which is non-dimensionalised in terms of characteristic quantities
defined for the top fluid. The x and y components of the Navier-Stokes equation are given by:

ui
∂ui
∂x

+ vi
∂ui
∂y

= − 1

ρi

∂Pi
∂x

+ νi

(
∂2ui
∂x2

+
∂2ui
∂y2

)
, (2.1.1)

ui
∂vi
∂x

+ vi
∂vi
∂y

= − 1

ρi

∂Pi
∂y

+ νi

(
∂2vi
∂x2

+
∂2vi
∂y2

)
− g, (2.1.2)

where g is the body force per unit mass in the y-direction.

The continuity equation for the incompressible fluid is:

∂ui
∂x

+
∂vi
∂y

= 0. (2.1.3)
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The kinematic viscosity, νi, is given by:

νi =
µi
ρi
. (2.1.4)

The process of non-dimensionalisation will now be applied to equations (2.1.1) - (2.1.3) using
the following dimensionless variables:

x∗ =
x

l
, y∗ = Re

1
2
y

l
,

u∗i =
ui
U
, v∗i = Re

1
2
vi
U
, P ∗i =

Pi
ρ1U2

, (2.1.5)

where the Reynolds number, Re, is given by:

Re =
Ul

ν1

. (2.1.6)

Here, l is the characteristic length of the two-fluid boundary layer.

Substituting the dimensionless variables (2.1.5) into equation (2.1.1) produces:

u∗i
∂u∗i
∂x∗

+ v∗i
∂u∗i
∂y∗

= −ρ1

ρi

∂P ∗i
∂x∗

+
νi
Ul

∂2u∗i
∂x∗2

+
νiRe

Ul

∂2u∗i
∂y∗2

, (2.1.7)

and therefore,

u∗i
∂u∗i
∂x∗

+ v∗i
∂u∗i
∂y∗

= −ρ1

ρi

∂P ∗i
∂x∗

+
1

Re

νi
ν1

∂2u∗i
∂x∗2

+
νi
ν1

∂2u∗i
∂y∗2

. (2.1.8)

Neglecting terms of O(Re−1) reduces equation (2.1.8) to:

u∗i
∂u∗i
∂x∗

+ v∗i
∂u∗i
∂y∗

= −ρ1

ρi

∂P ∗i
∂x∗

+
νi
ν1

∂2u∗i
∂y∗2

. (2.1.9)

Similarly, the y-component in dimensionless form may be found by substituting the dimension-
less variables (2.1.5) into equation (2.1.2):

u∗i
Re

∂v∗i
∂x∗

+
v∗i
Re

∂v∗i
∂y∗

= −ρ1

ρi

∂P ∗i
∂y∗

+
1

Re2

νi
ν1

∂2v∗i
∂x∗2

+
1

Re

νi
ν1

∂2v∗i
∂y∗2

− 1√
Re

lg

U2
. (2.1.10)

Neglecting terms of O(Re−1) and O(Re−2) in equation (2.1.10) results in:

ρ1

ρi

∂P ∗i
∂y∗

= − gl

U2

1√
Re

, (2.1.11)
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that is

ρ1

ρi

∂P ∗i
∂y∗

= − 1√
Re

1

F 2
, (2.1.12)

where

F =
U√
g l

(2.1.13)

is the Froude number. The Froude number is the ratio of the mainstream velocity, U , to the
speed of small amplitude waves in a fluid of depth l.

Assuming that the Froude number is large so that no stationary lee waves develop and that

1√
Re

1

F 2
≤ O(

1

Re
), (2.1.14)

equation (2.1.12) reduces to

∂P ∗i
∂y∗

= 0, (2.1.15)

which gives that P ∗i is a function of x∗ only.

Non-dimensionalising the continuity equation, equation (2.1.3) produces the following result:

∂u∗i
∂x∗

+
∂v∗i
∂y∗

= 0. (2.1.16)

The boundary and interface conditions are discussed in the next section.

2.2 Boundary conditions and interface conditions

The boundary conditions on u∗i are deduced based on the following reasoning. As y∗ tends to
+∞, the velocity component in the x-direction tends to the upper fluid mainstream velocity
U1. In non-dimensionalised form U1 becomes 1. As y∗ tends to −∞, the velocity component in
the x-direction tends to the lower fluid mainstream velocity U1. In non-dimensionalised form
U1 again becomes 1. The first derivative of u∗i with respect to y∗ would then tend to zero.

u∗1(x∗,∞) = 1, u∗2(x∗,−∞) = 1,
∂u∗1
∂y∗

(x∗,∞) = 0,
∂u∗2
∂y∗

(x∗,−∞) = 0, x∗ ≥ 0. (2.2.1)
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The equation of the unknown interface is y = φ(x). In dimensionless form the interface is

y∗ = φ∗(x∗), φ∗ =
φ

δ
, δ =

l√
Re

. (2.2.2)

At the interface the velocity and stress components must balance because the fluids are viscous.
Since the two fluids do not mix, a fluid particle on the interface remains on the interface as the
fluid evolves.

Consider a fluid particle on the interface that must remain on the interface. This condition is
given by

D

Dt
(y − φ(x))|y=φ(x) = 0 (2.2.3)

which applies for both fluids. We therefore have in dimensionless form

v∗i (x
∗, φ∗)− u∗i (x∗, φ∗)

dφ∗

dx∗
= 0. (2.2.4)

Now consider the continuity of the components of the stress vector at the fluid interface.

The two-dimensional viscous stress tensor, T i, in dimensional form is

T i =

[
τ i11 τ i12

τ i21 τ i22

]
, (2.2.5)

where τ i21 = τ i12.

By Cauchy’s formula the j-component of the stress vector, tij(n), on a surface with unit normal
n is

tij(n) = nkτ
i
kj. (2.2.6)

The unit normal n in the +y direction is given by

n =

[
0

1

]
. (2.2.7)

Therefore by Cauchy’s formula, since the stress tensor is symmetric,[
ti1
ti2

]
=

[
τ i11 τ i12

τ i21 τ i22

][
0

1

]
=

[
τ i12

τ i22

]
. (2.2.8)
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Now, from the Navier-Poisson law for a viscous incompressible fluid, in dimensional form

ti1 = τ i12 = µi

(
∂ui
∂y

+
∂vi
∂x

)
,

ti2 = τ i22 = −Pi + 2µi
∂vi
∂y

. (2.2.9)

The characteristic quantity for the stress vector and the stress tensor is the characteristic
pressure ρ1U

2
1 . Thus,

t∗i1 = τ ∗i12 =
µi
µ1

(
1√
Re

∂u∗i
∂y∗

+
1

Re
3
2

∂v∗i
∂x∗

)
,

t∗i2 = τ ∗i22 = −P ∗i + 2
µi
µ1

1

Re

∂v∗i
∂y∗

. (2.2.10)

The tangential and normal stress components must balance at the interface. Therefore,

τ ∗112 (x∗, φ∗) = τ ∗212 (x∗, φ∗),

τ ∗122 (x∗, φ∗) = τ ∗222 (x∗, φ∗). (2.2.11)

Finally consider the velocity components. Matching the tangential and normal velocity com-
ponents at the interface gives

u∗1(x∗, φ∗) = u∗2(x∗, φ∗),

v∗1(x∗, φ∗) = v∗2(x∗, φ∗). (2.2.12)

In dimensionless form, equations (2.2.4), (2.2.11) and (2.2.12) provide the following interface
conditions at y = φ(x). Terms of O(Re−

3
2 ) are neglected in the tangential matching condition

for the stress but terms of O(Re−1) are retained in the normal matching condition for the stress.
The normal matching condition for the stress at the interface y = φ(x) will be considered further
later:

µ1
∂u∗1
∂y∗

(x∗, φ∗) = µ2
∂u∗2
∂y∗

(x∗, φ∗), (2.2.13)

2
µ2

µ1

1

Re

∂v∗2
∂y∗

(x∗, φ∗)− 2

Re

∂v∗1
∂y∗

(x∗, φ∗) = P ∗2 (x∗, φ∗)− P ∗1 (x∗, φ∗), (2.2.14)

u∗1(x∗, φ∗) = u∗2(x∗, φ∗), (2.2.15)

v∗1(x∗, φ∗) = v∗2(x∗, φ∗). (2.2.16)
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2.2.1 Pressure difference across the interface

Consider Figure 2.2 in aid of the derivation of the pressure difference across the interface.

Figure 2.2: Pressure difference across the interface

We know that

Upthrust = weight of fluid displaced, (2.2.17)

and therefore at the interface

Upthrust on y = φ(x) = (P2(x, φ(x))− P1(x, φ(x))) A (2.2.18)

and

Weight of fluid displaced = ρ1φ(x)Ag − ρ2φ(x) A g

= (ρ1 − ρ2)φ(x) A g. (2.2.19)

Therefore

(P2(x, φ(x))− P1(x, φ(x))) A = (ρ1 − ρ2)φ(x) A g (2.2.20)
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and

P2(x, φ(x))− P1(x, φ(x)) = (ρ1 − ρ2)φ(x) g. (2.2.21)

Now we can non-dimensionalise (2.2.21) using the dimensionless variables (2.1.5) and (2.2.2)
which gives

P ∗2 (x∗, φ∗(x))− P ∗1 (x∗, φ∗(x)) =

(
1− ρ2

ρ1

)
φ∗(x)

l g

U2

1√
Re

. (2.2.22)

But using the Froude number (2.1.13), (2.2.22) becomes

P ∗2 (x∗, φ∗(x))− P ∗1 (x∗, φ∗(x)) =

(
1− ρ2

ρ1

)
φ∗(x)

1

F 2
√
Re

. (2.2.23)

This condition is used later in Chapter 3 to derive the invariant solution using Herczynski,
Weidman and Burde’s method.

2.3 Introducing the velocity deficit

In the far wake region, region 4 in Figure 2.1, a perturbation on the oncoming flow is considered.

Consider the following expansions

u∗i = 1− w̄i, (2.3.1)

v∗i = 0 + v̄i, (2.3.2)

P ∗i = 0 + P̄i, (2.3.3)

where w̄i, v̄i and P̄i are small such that their squares are products can be neglected. The di-
mensionless variable w̄i is a function of x∗ and y∗ and is the velocity deficit in the wake in the
x-direction.

Substituting equations (2.3.1) and (2.3.2) into equation (2.1.16) results in:

−∂w̄i
∂x∗

+
∂v̄i
∂y∗

= 0. (2.3.4)

Substituting equations (2.3.1)-(2.3.3) into equation (2.1.9), and neglecting squares are products
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of w̄i and v̄i results in:

∂w̄i
∂x∗

=
ρ1

ρi

dP̄i
dx∗

+
νi
ν1

∂2w̄i
∂y∗2

. (2.3.5)

Now in the two inviscid mainstream flows, Euler’s equation reduces to

dP ∗i
dx∗

= 0. (2.3.6)

Thus by mainstream matching:

dP̄i
dx∗

= 0. (2.3.7)

Equation (2.3.5) reduces to:

∂w̄i
∂x∗

=
νi
ν1

∂2w̄i
∂y∗2

. (2.3.8)

Therefore, the boundary layer equations are:

−∂w̄i
∂x∗

+
∂v̄i
∂y∗

= 0, (2.3.9)

∂w̄i
∂x∗

=
νi
ν1

∂2w̄i
∂y∗2

. (2.3.10)

The boundary conditions in terms of the velocity deficit are given by

w̄1(x∗,∞) = 0, w̄2(x∗,−∞) = 0,
∂w̄1

∂y∗
(x∗,∞) = 0,

∂w̄2

∂y∗
(x∗,−∞) = 0, x∗ ≥ 0. (2.3.11)

The interface conditions (2.2.13) to (2.2.16) in terms of the velocity deficit are

µ1
∂w̄1

∂y∗
(x∗, φ∗) = µ2

∂w̄2

∂y∗
(x∗, φ∗), (2.3.12)

2
µ2

µ1

1

Re

∂v̄2

∂y∗
(x∗, φ∗)− 2

Re

∂v̄1

∂y∗
(x∗, φ∗) = P̄2(x∗, φ∗)− P̄1(x∗, φ∗), (2.3.13)

w̄1(x∗, φ∗) = w̄2(x∗, φ∗), (2.3.14)

v̄1(x∗, φ∗) = v̄2(x∗, φ∗). (2.3.15)
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2.4 Conserved quantity for the two-fluid wake

In this section, the conserved quantities for the classical two-fluid wake and the two-fluid wake
behind a self-propelled body will be derived.

2.4.1 Classical two-fluid wake

In order to determine the conserved quantity, equation (2.3.10) will be integrated across the
wake with respect to y∗ from y∗ = −∞ to y∗ = +∞.

Start at the lower fluid:

∂w̄2

∂x∗
=
ν2

ν1

∂2w̄2

∂y∗2
. (2.4.1)

Multiplying by ρ2
ρ1

gives,

ρ2

ρ1

∂w̄2

∂x∗
=
µ2

µ1

∂2w̄2

∂y∗2
. (2.4.2)

Integrate (2.4.2) with respect to y∗ at constant x∗ from y∗ = −∞ to y∗ = φ(x∗):

ρ2

ρ1

∫ φ(x∗)

−∞

∂w̄2

∂x∗
(x∗, y∗)dy∗ =

µ2

µ1

∫ φ(x∗)

−∞

∂2w̄2

∂y∗2
(x∗, y∗)dy∗. (2.4.3)

Now, ∫ φ(x∗)

−∞

∂2w̄2

∂y∗2
(x∗, y∗)dy∗ =

∂w̄2

∂y∗

∣∣∣∣φ(x∗)

−∞
(2.4.4)

=
∂w̄2

∂y∗
(x∗, φ(x∗))− ∂w̄2

∂y∗
(x∗,−∞). (2.4.5)

However, from the boundary conditions (2.3.11),

∂w̄2

∂y∗
(x∗,−∞) = 0. (2.4.6)

Thus, ∫ φ(x∗)

−∞

∂2w̄2

∂y∗2
(x∗, y∗)dy∗ =

∂w̄2

∂y∗
(x∗, φ(x∗)). (2.4.7)
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The left-hand side of (2.4.3) is rewritten using the Theorem for Differentiation Under the
Integral Sign which states in general that [42]

d

dx

∫ φ2(x)

φ1(x)

f(x, y)dy =

∫ φ2(x)

φ1(x)

∂f

∂x
(x, y)dy + f(x, φ2(x))

dφ2

dx
− f(x, φ1(x))

dφ1

dx
. (2.4.8)

The lower limit in (2.4.3) is y = −∞. In order to apply the Theorem replace the lower limit
−∞ by −Bx where B > 0 is a constant and let B →∞. Then

d

dx

∫ φ(x∗)

−Bx
w̄2(x∗, y∗)dy∗ =

∫ φ(x∗)

−Bx

∂w̄2

∂x∗
(x∗, y∗)dy∗ + w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗
− w̄2(x∗,−Bx)B.

(2.4.9)

Now from the boundary conditions

w̄2(x∗,−∞) = 0 (2.4.10)

Assume the stronger condition that

lim
B→∞

w̄2(x∗,−Bx)B = 0. (2.4.11)

Let B →∞ in (2.4.9). Then

d

dx

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ =

∫ φ(x∗)

−∞

∂w̄2

∂x∗
(x∗, y∗)dy∗ + w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗
(2.4.12)

and therefore∫ φ(x∗)

−∞

∂w̄2

∂x∗
(x∗, y∗)dy∗ =

d

dx

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ − w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗
. (2.4.13)

Substituting (2.4.7) and (2.4.13) into (2.4.3) gives

ρ2

ρ1

[
d

dx

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ − w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗

]
=
µ2

µ1

∂w̄2

∂y∗
(x∗, φ(x∗)). (2.4.14)

Next consider the upper fluid:

∂w̄1

∂x∗
=
∂2w̄1

∂y∗2
. (2.4.15)

Integrate (2.4.15) with respect to y∗ from y∗ = φ(x∗) to y∗ =∞ at constant x∗:∫ ∞
φ(x∗)

∂w̄1

∂x∗
(x∗, y∗)dy∗ =

∫ ∞
φ(x∗)

∂2w̄1

∂y∗2
(x∗, y∗)dy∗. (2.4.16)
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Now, ∫ ∞
φ(x∗)

∂2w̄1

∂y∗2
(x∗, y∗)dy∗ =

[
∂w̄1

∂y∗
(x∗, y∗)

]∞
φ(x∗)

=
∂w̄1

∂y∗
(x∗,∞)− ∂w̄1

∂y∗
(x∗, φ(x∗))

= −∂w̄1

∂y∗
(x∗, φ(x∗)), (2.4.17)

since boundary condition (2.3.11) gives

∂w̄1

∂y∗
(x∗,∞) = 0. (2.4.18)

To rewrite the left-hand side of (2.4.16), use again the Theorem for differentiation under an
integral sign. Consider

d

dx∗

∫ Bx

φ(x∗)

w̄1(x∗, y∗)dy∗ =

∫ Bx

φ(x∗)

∂w̄1

∂x∗
(x∗, y∗)dy∗ + w̄1(x∗, Bx)B − w̄1(x∗, φ(x∗))

dφ(x∗)

dx∗
,

(2.4.19)

where B > 0 is a constant. Now from the boundary conditions

w̄1(x∗,∞) = 0. (2.4.20)

Assume the stronger condition

lim
B→∞

w̄1(x∗, Bx)B = 0. (2.4.21)

Let B →∞ in (2.4.19). Then

d

dx∗

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ =

∫ ∞
φ(x∗)

∂w̄1

∂x∗
(x∗, y∗)dy∗ − w̄1(x∗, φ(x∗))

dφ(x∗)

dx∗
(2.4.22)

and therefore∫ ∞
φ(x∗)

∂w̄1

∂x∗
(x∗, y∗)dy∗ =

d

dx∗

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ + w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗
. (2.4.23)

Substituting (2.4.17) and (2.4.23) into (2.4.16) gives

d

dx∗

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ + w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗
= −∂w̄1

∂y∗
(x∗, φ(x∗)). (2.4.24)
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Equations (2.4.14) and (2.4.24) separately do not produce a conserved quantity because the
right-hand sides are not zero. Therefore, there is not a conserved quantity for the upper fluid
nor a conserved quantity for the lower fluid. There is one conserved quantity for the whole
wake consisting of the upper and lower fluids.

Adding equations (2.4.14) and (2.4.24) gives

ρ2

ρ1

[
d

dx∗

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ − w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗

]
+

d

dx∗

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ + w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗

=
µ2

µ1

∂w̄2

∂y∗
(x∗, φ(x∗))− ∂w̄1

∂y∗
(x∗, φ(x∗)). (2.4.25)

However, from the interface condition (2.3.12), (2.4.25) reduces to

d

dx∗

[
ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗
]

=

[
ρ2

ρ1

w̄2(x∗, φ(x∗))− w̄1(x∗, φ(x∗))

]
dφ(x∗)

dx∗
.

(2.4.26)

The velocity deficits, w̄1 and w̄2, in (2.4.26) are dimensionless and small such that their squares
and products can be neglected. From (2.1.5) and (2.2.2)

w̄1 =
w1

U
, w̄2 =

w2

U
, φ∗ =

φ

δ
, δ =

l√
Re

, (2.4.27)

where δ is an estimate of the width of the wake. For the far wake w̄1 << 1, w̄2 << 1 and
φ∗ << 1. The right-hand side of (2.4.26) is therefore second order in smallness and can be
neglected. Second order terms in smallness have already been neglected in the analysis. The
right-hand side of (2.4.26) will be investigated again later when φ(x) has been determined. It
should be noted that the right-hand side of (2.4.25) is first order in smallness and cannot be
neglected. It is zero because of the interface condition (2.3.12). The term on the right-hand
side of (2.4.26) is therefore neglected. Equation (2.4.26) reduces to

d

dx∗

[
ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗
]

= 0. (2.4.28)

Thus,

ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ = constant independent of x∗. (2.4.29)

Hence,

ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ = D∗, (2.4.30)
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where

D∗ =
D

ρ1U
(2.4.31)

and D is the drag per unit width on the obstacle and D∗ is the dimensionless drag. The
conserved quantity (2.4.30) agrees with the conserved quantity derived by Herczynski, Weidman
and Burde [1].

2.4.2 Two-fluid wake behind a self-propelled body

The wake behind the self-propelled body is referred to as a momentumless wake. For a self-
propelled body, the total drag on the body is zero. Hence from (2.4.30), for the two-fluid wake
behind a self-propelled body,

D∗ =
D

ρ1U
=
ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ = 0. (2.4.32)

Condition (2.4.32) is first order in w̄1 and w̄2 and is the defining condition for a momentumless
wake. It must always be satisfied and determines the form of the conserved quantity for the
momentumless wake.

In order to determine the conserved quantity, equation (2.3.10) will be multiplied by y∗2 and
then integrated across the wake with respect to y∗ from y∗ = −∞ to y∗ = +∞.

Start at the lower fluid:

∂w̄2

∂x∗
=
ν2

ν1

∂2w̄2

∂y∗2
. (2.4.33)

Multiply by y∗2 and integrate with respect to y∗ at fixed point x∗ from y∗ = −∞ to y∗ = φ(x∗).∫ φ(x∗)

−∞
y∗2

∂w̄2

∂x∗
(x∗, y∗)dy∗ =

ν2

ν1

∫ φ(x∗)

−∞
y∗2

∂2w̄2

∂y∗2
(x∗, y∗)dy∗. (2.4.34)

Consider the left-hand side of (2.4.34) and apply again the Theorem for differentiation under
the integral sign. Replace the lower limit −∞ by −Bx where B > 0 is a constant. Then

d

dx∗

∫ φ(x∗)

−Bx
y∗2w̄2(x∗, y∗)dy∗ =

∫ φ(x∗)

−Bx
y∗2

∂w̄2

∂x∗
(x∗, y∗)dy∗ + φ2(x∗) w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗

−B2 x2 w̄2(x∗,−Bx)(−B). (2.4.35)
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From the boundary conditions

w̄2(x∗,−∞) = 0. (2.4.36)

Assume that

lim
B→∞

w̄2(x∗,−Bx)B3 = 0. (2.4.37)

Let B →∞ in (2.4.35). Then

d

dx∗

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ =

∫ φ(x∗)

−∞
y∗2

∂w̄2

∂x∗
(x∗, y∗)dy∗ + φ2(x∗) w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗

(2.4.38)

and hence∫ φ(x∗)

−∞
y∗2

∂w̄2

∂x∗
(x∗, y∗)dy∗ =

d

dx∗

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ − φ2(x∗) w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗
.

(2.4.39)

Now consider the right-hand side of (2.4.34). Assume that

lim
y∗→−∞

y∗2
∂w̄2

∂y∗
(x∗, y∗) = 0, lim

y∗→−∞
y∗w̄2(x∗, y∗) = 0. (2.4.40)

Then, integrating twice by parts gives∫ φ(x∗)

−∞
y∗2

∂2w̄2

∂y∗2
(x∗, y∗)dy∗ = y∗2

∂w̄2

∂y∗
(x∗, y∗)

∣∣∣∣φ(x∗)

−∞
−
∫ φ(x∗)

−∞
2y∗

∂w̄2

∂y∗
(x∗, y∗)dy∗

= φ2(x∗)
∂w̄2

∂y∗
(x∗, φ(x∗))− 2φ(x∗)w̄2(x∗, φ(x∗)) + 2

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗.

(2.4.41)

Substitute (2.4.39) and (2.4.41) into (2.4.34)

d

dx∗

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ − φ2(x∗)w̄2(x∗, φ(x∗))

dφ(x∗)

dx∗
=

ν2

ν1

[
2

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ + φ2(x∗)

∂w̄2

∂y∗
(x∗, φ(x∗))− 2φ(x∗)w̄2(x∗, φ(x∗))

]
. (2.4.42)

Hence,

d

dx∗

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ = 2

ν2

ν1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ + second order terms. (2.4.43)
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Now we need to write the right-hand side of (2.4.43) in the form of the drag, D∗, given by
(2.4.32). We therefore multiply (2.4.43) by ρ2

ρ1

ν1
ν2
. Hence,

ρ2

ρ1

ν1

ν2

d

dx∗

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ = 2

ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ + second order terms. (2.4.44)

Now consider the upper fluid:

∂w̄1

∂x∗
=
∂2w̄1

∂y∗2
. (2.4.45)

Multiply by y∗2 and integrate with respect to y∗ at fixed point x∗ from y∗ = φ(x∗) to y∗ =∞.∫ ∞
φ(x∗)

y∗2
∂w̄1

∂x∗
(x∗, y∗)dy∗ =

∫ ∞
φ(x∗)

y∗2
∂2w̄1

∂y∗2
(x∗, y∗)dy∗. (2.4.46)

Consider the left-hand side of (2.4.46). Replace the upper limit ∞ by Bx where B > 0 is a
constant and apply the Theorem for differentiation under the integral sign. Then

d

dx∗

∫ Bx

φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ =

∫ Bx

φ(x∗)

y∗2
∂w̄1

∂x∗
(x∗, y∗)dy∗ +B2 x2w̄1(x∗, Bx)B

− φ2(x∗) w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗
. (2.4.47)

But from the boundary conditions

w̄1(x∗,∞) = 0. (2.4.48)

Assume that

lim
B→∞

w̄1(x∗, Bx)B3 = 0. (2.4.49)

Let B →∞ in (2.4.47). Thus

d

dx∗

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ =

∫ ∞
φ(x∗)

y∗2
∂w̄1

∂x∗
(x∗, y∗)dy∗ − φ2(x∗)w̄1(x∗, φ(x∗))

dφ(x∗)

dx∗
(2.4.50)

and therefore∫ ∞
φ(x∗)

y∗2
∂w̄1

∂x∗
(x∗, y∗)dy∗ =

d

dx∗

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ + φ2(x∗)w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗
. (2.4.51)

Now consider the right-hand side of (2.4.46). Assume that

lim
y∗→∞

y∗2
∂w̄1

∂y∗
(x∗, y∗) = 0, lim

y∗→∞
y∗w̄1(x∗, y∗) = 0. (2.4.52)
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Then, integrating twice by parts gives∫ ∞
φ(x∗)

y∗2
∂2w̄1

∂y∗2
(x∗, y∗)dy∗ = y∗2

∂w̄1

∂y∗
(x∗, y∗)

∣∣∣∣∞
φ(x∗)

−
∫ ∞
φ(x∗)

2y∗
∂w̄1

∂y∗
(x∗, y∗)dy∗

= −φ2(x∗)
∂w̄1

∂y∗
(x∗, φ(x∗)) + 2φ(x∗)w̄1(x∗, φ(x∗)) + 2

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗.

(2.4.53)

Substitute (2.4.51) and (2.4.53) into (2.4.46)

d

dx∗

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ + φ2(x∗)w̄1(x∗, φ(x∗))
dφ(x∗)

dx∗
=

2

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ − φ2(x∗)
∂w̄1

∂y∗
(x∗, φ(x∗)) + 2φ(x∗)w̄1(x∗, y∗). (2.4.54)

Hence,

d

dx∗

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ = 2

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ + second order terms. (2.4.55)

The right-hand side of (2.4.55) has the same form as in the drag, D∗. Now, the upper and
lower parts of the wake may be combined by adding (2.4.44) and (2.4.55),

d

dx∗

[
ρ2

ρ1

ν1

ν2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]

=

2

[
ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗
]

+ second order terms. (2.4.56)

However, since the total drag, D∗, on the body is zero, it follows from (2.4.32) that

ρ2

ρ1

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗= 0. (2.4.57)

Therefore, (2.4.56) reduces to

d

dx∗

[
ρ2

ρ1

ν1

ν2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]

= second order terms. (2.4.58)

Neglecting second order terms gives,

ρ2

ρ1

ν1

ν2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ = constant independent of x∗. (2.4.59)
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Let

K = U

[
ρ2

ν2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

ρ1

ν1

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]

= U
ρ1

ν1

[
ρ2

ν2

ν1

ρ1

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]
, (2.4.60)

and define

K∗ =
Kν1

Uρ1

. (2.4.61)

Then,

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗ = constant independent of x∗.

(2.4.62)

The quantity K∗ is the conserved quantity for the two-fluid momentumless wake.

We now see why we multiplied equations (2.4.33) and (2.4.45) by y∗2 before integrating. It was
necessary to integrate twice by parts to reduce the second derivative ∂2w̄i

∂y∗2
to w̄i(x∗, y∗) which

occurs in the total drag, D∗.

Herczynski, Weidman and Burde [1] obtain for the conserved quantity for the two-fluid mo-
mentumless wake

K = Uρ1

[
ρ2

ρ1

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ +

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]
. (2.4.63)

They proved that

U
∂

∂x∗

[
ρ2

∫ φ(x∗)

−∞
y∗2w̄2(x∗, y∗)dy∗ + ρ1

∫ ∞
φ(x∗)

y∗2w̄1(x∗, y∗)dy∗
]

=

2

[
µ2

∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ + µ1

∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗
]

(2.4.64)

and then stated for a momentumless wake∫ φ(x∗)

−∞
w̄2(x∗, y∗)dy∗ = 0 (2.4.65)

and ∫ ∞
φ(x∗)

w̄1(x∗, y∗)dy∗ = 0. (2.4.66)
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However, the integrals (2.4.65) and (2.4.66) are not separately zero. It is the sum of the integrals
in the total drag, D∗, given by (2.4.57) which vanishes. The total drag, D∗, given by (2.4.32)
for the classical two-fluid wake was derived and used by Herczynski, Weidman and Burde [1]
as the conserved quantity for the classical two-fluid wake.

2.5 Introducing the stream function

Stream functions ψi(x, y) are introduced, defined by

w̄i(x
∗, y∗) =

∂ψi
∂y∗

, v̄i(x
∗, y∗) =

∂ψi
∂x∗

. (2.5.1)

The stream function allows the number of unknowns in each fluid to be reduced from two
to one, but the order of the partial differential equation is increased by one. The continuity
equation is identically satisfied and equation (2.3.10) becomes

∂2ψi
∂x∗∂y∗

=
νi
ν1

∂3ψi
∂y∗3

. (2.5.2)

The boundary conditions (2.3.11) in terms of the stream function are

∂ψ1

∂y∗
(x∗,∞) = 0,

∂ψ2

∂y∗
(x∗,−∞) = 0,

∂2ψ1

∂y∗2
(x∗,∞) = 0,

∂2ψ2

∂y∗2
(x∗,−∞) = 0, x∗ ≥ 0.

(2.5.3)

In terms of the stream function the interface conditions (2.3.12) to (2.3.15) become

µ1
∂2ψ1

∂y∗2
(x∗, φ∗) = µ2

∂2ψ2

∂y∗2
(x∗, φ∗), (2.5.4)

2
µ2

µ1

1

Re

∂2ψ2

∂x∗∂y∗
(x∗, φ∗)− 2

Re

∂2ψ1

∂x∗∂y∗
(x∗, φ∗) = P̄2(x∗, φ∗)− P̄1(x∗, φ∗), (2.5.5)

∂ψ1

∂y∗
(x∗, φ∗) =

∂ψ2

∂y∗
(x∗, φ∗), (2.5.6)

∂ψ1

∂x∗
(x∗, φ∗) =

∂ψ2

∂x∗
(x∗, φ∗). (2.5.7)

This concludes the mathematical formulation of the problem.
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2.6 Conclusions

In this chapter, the Navier-Stokes equations were used in order to derive the boundary layer
equations for the classical and momentumless two-fluid wakes. The governing equations, as well
as the boundary and interface conditions, for the classical wake and the momentumless wake are
the same. The difference between these two symmetric wakes is the conserved quantities that
they satisfy, which will be explored further in the next chapter. The Navier-Stokes equations are
non-dimensionalised and a perturbation on the oncoming flow is considered. The velocity deficit
is introduced through the perturbation in the x-component of the velocity in order to simply the
problem and derive the boundary layer equations. The boundary and interface conditions are
derived through balancing tangential and normal stress components and tangential and normal
velocity components. These conditions are also expressed in terms of the velocity deficit. The
conserved quantities for the classical and momentumless wakes are derived and finally the
problem is expressed in terms of the stream function for each fluid.
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Similarity Solutions

3.1 Introduction

Herczynski, Weidman and Burde [1] derived a model based on the two streams of fluid having
different densities and viscosities, but the same mainstream speed. This case prevents the
need to consider a boundary layer forming upstream of the object. The model is derived from
the Navier-Stokes equation which is non-dimensionalised in terms of characteristic quantities
defined for the top fluid. The density of the lower fluid is greater than the density of the
upper fluid for stability. Herczynski, Weidman and Burde determined that despite the relative
magnitude of their absolute fluid kinematic viscosities, the interface of classical two-fluid wakes
deflected upward [1]. It was also stated that analytical solutions for the two-fluid classical wake
based on the boundary layer approximation characterise asymptotic Goldtein [2] wakes that
penetrate differently into each fluid domain. In this chapter the solution will be derived through
the use of a scaling transformation as well as the process utilised by Herczynski, Weidman and
Burde. It will be applied to the model derived in Chapter 2 and compared against the solutions
derived by Herczynski, Weidman and Burde.

In order to keep the notation simple, the bars and stars will be suppressed in the dimensionless
quantities.

The governing equations from (2.5.2) are given by:

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

, i = 1, 2, (3.1.1)

subject to the following boundary and interface conditions where the unknown interface is
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defined as

y = φ(x). (3.1.2)

The boundary conditions are:

∂ψ1

∂y
(x,∞) = 0,

∂ψ2

∂y
(x,−∞) = 0,

∂2ψ1

∂y2
(x,∞) = 0,

∂2ψ2

∂y2
(x,−∞) = 0, x ≥ 0. (3.1.3)

The interface conditions are:

µ1
∂2ψ1

∂y2
(x, φ) = µ2

∂2ψ2

∂y2
(x, φ), (3.1.4)

2
µ1

µ2

1

Re

∂2ψ2

∂x∂y
(x, φ)− 2

Re

∂2ψ1

∂x∂y
(x, φ) = P2(x, φ)− P1(x, φ), (3.1.5)

∂ψ1

∂y
(x, φ) =

∂ψ2

∂y
(x, φ), (3.1.6)

∂ψ1

∂x
(x, φ) =

∂ψ2

∂x
(x, φ). (3.1.7)

3.2 Invariant solution for the classical two-fluid wake

Consider the following scaling transformation

x̄ = λax, ȳ = λby, ψ̄i = λcψi, (3.2.1)

where λ is a constant. Substituting (3.2.1) into equation (3.1.1) and simplifying gives

∂2ψ̄i
∂x̄∂ȳ

= λ2b−a νi
ν1

∂3ψ̄i
∂ȳ3

. (3.2.2)

Equation (3.1.1) is invariant under the scaling transformation provided

2b− a = 0, (3.2.3)

that is,

a = 2b. (3.2.4)
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Thus, equation (3.1.1) is invariant under the scaling transformation

x̄ = λ2bx, ȳ = λby, ψ̄i = λcψi. (3.2.5)

Suppose that a solution of (3.1.1) is

ψi = fi(x, y). (3.2.6)

Then, a solution of the invariant transformed partial differential equation is given by

ψ̄i = fi(x̄, ȳ). (3.2.7)

Substituting (3.2.5) into (3.2.7) gives

λcψi = fi(λ
2bx, λby). (3.2.8)

Substitute (3.2.6) into (3.2.8) for ψi, we obtain

λcfi(x, y) = fi(λ
2bx, λby). (3.2.9)

Differentiating (3.2.9) with respect to λ gives

cλc−1fi(x, y) = 2bλ2b−1x
∂fi
∂x̄

+ bλb−1y
∂fi
∂ȳ

. (3.2.10)

Let λ = 1, then x̄ = x and ȳ = y, and f(x, y) satisfies

2bx
∂fi
∂x

+ by
∂fi
∂y

= cfi. (3.2.11)

Equation (3.2.11) is a linear first order partial differential equation. The differential equations
of the characteristic curves of (3.2.11) are

dx

2bx
=
dy

by
=
dfi
cfi

. (3.2.12)

The first pair of (3.2.12) gives

y

x
1
2

= ti1, (3.2.13)

where ti1 is a constant. The first and last terms of (3.2.12) gives

fi

x
c
2b

= ti2, (3.2.14)

where ti2 is a constant. The general solution of the first order linear PDE (3.2.11) is

ti2 = Fi(ti1), (3.2.15)
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where Fi is an arbitrary function. Therefore, we have

ψi(x, y) = xωFi

(
y

x
1
2

)
, (3.2.16)

where

ω =
c

2b
. (3.2.17)

The solution which leaves equation (3.1.1) invariant under the scaling transformation (3.2.5) is

ψi(x, y) = xωFi(ξ), (3.2.18)

where

ξ =
y

x
1
2

. (3.2.19)

Substitute (3.2.18) into equation (3.1.1) where y is expressed in terms of x and ξ. Simplifying
gives

2
νi
ν1

d3Fi
dξ3

+ ξ
d2Fi
dξ2

+ (1− 2ω)
dFi
dξ

= 0. (3.2.20)

The value of ω cannot be determined from the boundary conditions. It can be obtained,
however, from the conserved quantity (2.4.30), expressed in terms of the stream function:

D =
ρ2

ρ1

∫ φ(x)

−∞

∂ψ2

∂y
(x, y)dy +

∫ ∞
φ(x)

∂ψ1

∂x
(x, y)dy, (3.2.21)

where D, the dimensionless drag on the obstacle, is a constant independent of x. Express D in
terms of the similarity variables ξ and Fi. Integration in (3.2.21) with respect to y is performed
at a given fixed value of x. Hence,

dy = x
1
2dξ (3.2.22)

and (3.2.21) becomes

D =
ρ2

ρ1

xω
∫ φ(x)

x
1
2

−∞

dF2

dξ
dξ + xω

∫ ∞
φ(x)

x
1
2

dF1

dξ
dξ. (3.2.23)

The drag, D, is independent of x if

ω = 0,
φ(x)

x
1
2

= k, (3.2.24)
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where k is a constant. Thus,

D =
ρ2

ρ1

∫ k

−∞

dF2

dξ
dξ +

∫ ∞
k

dF1

dξ
dξ (3.2.25)

and the equation of the interface is

φ(x) = kx
1
2 , (3.2.26)

where the constant k is still to be determined. The differential equation (3.2.20) becomes

2
νi
ν1

d3Fi
dξ3

+ ξ
d2Fi
dξ2

+
dFi
dξ

= 0. (3.2.27)

Equation (3.2.27) can be rewritten in the form

2
νi
ν1

d3Fi
dξ3

+
d

dξ

(
ξ
dFi
dξ

)
= 0. (3.2.28)

This is an example of the Double Reduction Theorem by Sjöberg [46]. If a PDE is reduced to
an ODE by a symmetry associated with a conservation law then the ODE can be integrated
at least once. In the reduction performed here, the parameter ω in the scaling transformations
was determined by the conserved quantity, (3.2.21). The two reductions are to reduce the PDE
to an ODE and then to reduce the third order ODE to a second order ODE.

Consider now the boundary and interface conditions given by (2.5.3) to (2.5.7). Now, from
(3.2.18), (3.2.19) and (3.2.24),

ψi(x, y) = Fi(ξ), ξ =
y

x
1
2

. (3.2.29)

Hence,

∂ψi
∂x

= − 1

2x
ξ
dFi
dξ

,
∂ψi
∂y

=
1

x
1
2

dFi
dξ

, (3.2.30)

∂2ψi
∂x∂y

= − 1

2x
3
2

[
dFi
dξ

+ ξ
d2Fi
dξ2

]
,

∂2ψi
∂y2

=
1

x

d2Fi
dξ2

. (3.2.31)

The boundary conditions (2.5.3) become

dF1

dξ
(∞) = 0,

d2F1

dξ2
(∞) = 0, (3.2.32)

dF2

dξ
(−∞) = 0,

d2F2

dξ2
(−∞) = 0. (3.2.33)
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The interface conditions (2.5.4) to (2.5.7) at the interface ξ = k, expressed in terms of Fi(ξ),
become

dF1

dξ
(k) =

dF2

dξ
(k), (3.2.34)

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k), (3.2.35)

1

Rex
2
3

(
1− µ2

µ1

)
dF1

dξ
(k) = P2(x, φ(x))− P1(x, φ(x)). (3.2.36)

Interface conditions (2.5.6) and (2.5.7) reduce to the same condition in terms of Fi(ξ) given by
(3.2.34). Conditions (3.2.34) and (3.2.35) were used to simply interface condition (3.2.36).

Now, integrating (3.2.28) with respect to ξ gives

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

= Ai. (3.2.37)

Impose boundary conditions (3.2.32) and (3.2.33) for i = 1 and i = 2 respectively. Assume
that dFi

dξ
tends to zero sufficiently rapidly as ξ → ±∞ that

lim
ξ→+∞

ξ
dF1

dξ
= 0, lim

ξ→−∞
ξ
dF2

dξ
= 0. (3.2.38)

Then

A1 = A2 = 0. (3.2.39)

Thus,

2
νi
ν1

d2Fi
dξ2

+ ξ
dF

dξ
= 0. (3.2.40)

Now let

Wi(ξ) =
dFi
dξ

. (3.2.41)

ODE (3.2.40) now becomes

2
νi
ν1

dWi

dξ
+ ξWi = 0 (3.2.42)

and

dWi

dξ
= − ν1

2νi
ξWi. (3.2.43)
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Solving for Wi gives

Wi = exp (B∗i ) exp

(
− ν1

4νi
ξ2

)
, (3.2.44)

where B∗i is a constant. Therefore,

dFi
dξ

= Bi exp

(
− ν1

4νi
ξ2

)
, (3.2.45)

where Bi = exp (B∗i ). Imposing interface condition (3.2.34) on (3.2.45) gives

B1 exp

(
− 1

4
k2

)
= B2 exp

(
− 1

4

ν1

ν2

k2

)
. (3.2.46)

Substituting (3.2.45) into (3.2.43) and imposing interface condition (3.2.35) produces

k

[
B1 exp

(
− 1

4
k2

)
− ρ2

ρ1

B2 exp

(
− 1

4

ν1

ν2

k2

)]
= 0. (3.2.47)

Applying condition (3.2.46) into (3.2.47) gives

k

(
1− ρ2

ρ1

)
B1 exp

(
− 1

4
k2

)
= 0. (3.2.48)

However, we consider the case in which

ρ1 6= ρ2. (3.2.49)

Also,

B1 6= 0, (3.2.50)

because if B1 = 0 then from (3.2.46), B2 = 0 and then

dFi
dξ

(ξ) = 0, wi(x, y) = 0. (3.2.51)

Thus, from (3.2.48)

k = 0. (3.2.52)

Then, (3.2.46) becomes

B1 = B2 = B. (3.2.53)

The interface is the x-axis and on the interface it follows from (3.2.45) that

∂wi
∂y

=
1

x

d2Fi
dξ2

(k) = 0. (3.2.54)
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The turning point in the velocity profile is therefore on the interface.

Now, the constant B may be determined. The conserved quantity (3.2.25) becomes

D =
ρ2

ρ1

∫ 0

−∞

dF2

dξ
dξ +

∫ ∞
0

dF1

dξ
dξ. (3.2.55)

However, from (3.2.45)

dF2

dξ
= B exp

(
− ν1

4ν2

ξ2

)
, (3.2.56)

dF1

dξ
= B exp

(
− 1

4
ξ2

)
. (3.2.57)

Thus, replacing ξ by −ξ in the first integral, we obtain

D = B

[
ρ2

ρ1

∫ ∞
0

exp

(
− ν1

4ν2

ξ2

)
dξ +

∫ ∞
0

exp

(
− 1

4
ξ2

)
dξ

]
(3.2.58)

= B

[
ρ2

ρ1

I2 + I1

]
, (3.2.59)

where

I2 =

∫ ∞
0

exp

(
− ν1

4ν2

ξ2

)
dξ, (3.2.60)

I1 =

∫ ∞
0

exp

(
− 1

4
ξ2

)
dξ. (3.2.61)

In (3.2.60) let

ν1

4ν2

ξ2 = u, (3.2.62)

and therefore

I2 =

(
ν2

ν1

) 1
2
∫ ∞

0

u−
1
2 exp (−u)du. (3.2.63)

Letting ν1 = ν2 in (3.2.63) gives

I1 =

∫ ∞
0

u−
1
2 exp (−u)du. (3.2.64)
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Substitute (3.2.63) and (3.2.64) into (3.2.59). This gives

D = B

[
ρ2

ρ1

(
ν2

ν1

) 1
2

+ 1

] ∫ ∞
0

u−
1
2 exp (−u)du. (3.2.65)

However, the Gamma function is [47]

Γ(n) =

∫ ∞
0

un−1 exp (−u)du, n > 1. (3.2.66)

Thus, ∫ ∞
0

u−
1
2 exp (−u)du = Γ

(
1

2

)
=
√
π. (3.2.67)

Therefore, substituting (3.2.67) into (3.2.65) produces

D = B

[
ρ2

ρ1

(
ν2

ν1

) 1
2

+ 1

]√
π. (3.2.68)

Now,

ρ2

ρ1

(
ν2

ν1

) 1
2

=
ρ2

ρ1

(
µ2

ρ2

ρ1

µ1

) 1
2

=

(
ρ2µ2

ρ1µ1

) 1
2

. (3.2.69)

Therefore

B =
D

√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] =

D χ
1
2

√
π

[
1 + χ

1
2

] . (3.2.70)

The solution is governed by the parameter

χ =
ρ1µ1

ρ2µ2

, (3.2.71)

as in Herczynski, Weidman and Burde [1] and in Lock [7].

3.2.1 Visual representation of the solution

The invariant solution derived in Section 3.2 is visually represented in Figures 3.1 and 3.2.
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Figure 3.1: The velocities u1(x, y) and u2(x, y) of the classical two-fluid wake plotted against y
at x = 2 for D = 1, ρ1

ρ2
= 1

2
and ν1

ν2
= 1

2
.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− B

x
1
2

exp

(
− 1

4

y2

x

)
, (3.2.72)

u2(x, y) = 1− w2(x, y) = 1− B

x
1
2

exp

(
− 1

4

ν1

ν2

y2

x

)
(3.2.73)

and

B =
D

√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (3.2.74)
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Figure 3.2: The velocities u1(x, y) and u2(x, y) of the classical two-fluid wake plotted against y
at x = 2 for D = 1, ρ1

ρ2
= 1

2
and ν1

ν2
= 1

5
.

The effective width of the lower half of the wake in Figure 3.2 is greater than in Figure 3.1.
This is because the ratio ν2

ν1
is greater in Figure 3.2 than in Figure 3.1. The diffusion of velocity

due to viscosity is therefore stronger in Figure 3.2 resulting in a larger effective width in the
lower half of the wake.

3.3 Approach of Herczynski, Weidman and Burde on the
classical two-fluid wake

We return to the PDE (3.1.1) in dimensionless form

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

, i = 1, 2. (3.3.1)

37



Chapter 3 – Similarity Solutions

The conserved quantity is given by (3.2.21):

D =
ρ2

ρ1

∫ φ(x)

−∞

∂ψ2

∂y
(x, y)dy +

∫ ∞
φ(x)

∂ψ1

∂y
(x, y)dy = constant independent of x. (3.3.2)

The boundary conditions in dimensionless form are from (3.1.3)

∂ψ1

∂y
(x,∞) = 0,

∂2ψ1

∂y2
(x,∞) = 0, (3.3.3)

∂ψ2

∂y
(x,−∞) = 0,

∂2ψ2

∂y2
(x,−∞) = 0. (3.3.4)

The interface conditions in dimensionless form are from (3.1.4) to (3.1.7)

∂ψ1

∂y
(x, φ) =

∂ψ2

∂y
(x, φ), (3.3.5)

∂ψ1

∂x
(x, φ) =

∂ψ2

∂x
(x, φ), (3.3.6)

µ1
∂2ψ1

∂y2
(x, φ) = µ2

∂2ψ2

∂y2
(x, φ), (3.3.7)

2
µ1

µ2

1

Re

∂2ψ2

∂x∂y
(x, φ)− 2

Re

∂2ψ1

∂x∂y
(x, φ) =

(
1− ρ2

ρ1

)
φ(x)

1

F 2
√
Re

, (3.3.8)

where the Froude number is

F =
U√
gl
. (3.3.9)

The coordinate expansion and the expansion of the interface deflection is given by

ψi(x, y) = f
(0)
i (η) +

1

x
1
2

f
(1)
i (η) +O

(
1

x

)
, (3.3.10)

φ(x) = φ(0) +
1

x
1
2

φ(1) +
1

x
φ(2) +

1

x
3
2

φ(3) +O
(

1

x2

)
, (3.3.11)

where

φ(0), φ(1), φ(2), φ(3) are constants (3.3.12)
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and

η =
y − φ(x)

x
1
2

. (3.3.13)

Simplifying (3.3.10), (3.3.11) and (3.3.13) as much as possible before substituting into (3.3.1)
is necessary. This is done by considering the conserved quantity and boundary and interface
conditions. Consider first the conserved quantity

D =
ρ2

ρ1

∫ φ(x)

−∞

∂ψ2

∂y
(x, y)dy +

∫ ∞
φ(x)

∂ψ1

∂y
(x, y)dy. (3.3.14)

Express in terms of the variables f (n)
i and η where

η =
y − φ(x)

x
1
2

,
∂η

∂y
=

1

x
1
2

. (3.3.15)

Also,

y = x
1
2η + φ(x), (3.3.16)

and therefore at constant x,

dy = x
1
2dη. (3.3.17)

Now,

∂ψi
∂y

= x−
1
2
df

(0)
i

dη
+ x−1df

(1)
i

dη
+O

(
x−

3
2

)
. (3.3.18)

Thus, substituting (3.3.18) into (3.3.14) gives

D =
ρ2

ρ1

∫ 0

−∞

(
df

(0)
2

dη
+ x−

1
2
df

(1)
2

dη
+O

(
x−1

))
dη +

∫ ∞
0

(
df

(0)
1

dη
+ x−

1
2
df

(1)
1

dη
+O

(
x−1

))
dη.

(3.3.19)

In (3.3.19), on the interface

η =
y − φ(x)

x
1
2

∣∣∣∣
y=φ(x)

= 0. (3.3.20)

Now

D = constant independent of x, (3.3.21)
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provided

df
(1)
2

dη
= 0,

df
(2)
2

dη
= 0, ... (3.3.22)

df
(1)
1

dη
= 0,

df
(2)
1

dη
= 0, ... (3.3.23)

The limits are independent of x because of the definition of η. Thus D is independent of x if

f
(n)
2 (η) = constant, n ≥ 1, (3.3.24)

f
(n)
1 (η) = constant, n ≥ 1. (3.3.25)

The transformation (3.3.10) becomes

ψi(x, y) = f
(0)
i (η) + constant. (3.3.26)

But since

wi =
∂ψi
∂y

, vi =
∂ψi
∂x

, (3.3.27)

the additive constant in ψi does not contribute to wi and vi. Therefore, the additive constant
can be taken as zero,

ψi(x, y) = f
(0)
i (η). (3.3.28)

Suppress (0) in f (0)
i and the transformation reduces to

ψi(x, y) = fi(η), (3.3.29)

η =
y − φ(x)

x
1
2

, (3.3.30)

φ(x) = φ(0) + x−
1
2φ(1) + x−1φ(2) + x−

3
2φ(3) +O

(
x−2

)
. (3.3.31)

Let us further evaluate
∂η

∂y
,

∂η

∂x
. (3.3.32)

Now

η =
y − φ(x)

x
1
2

=
y

x
1
2

− x−
1
2φ(x), (3.3.33)
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and

y = φ(x) + ηx
1
2 . (3.3.34)

From (3.3.33),

∂η

∂x
= −1

2

y

x
3
2

+
1

2
x−

3
2φ(x)− x−

1
2
dφ

dx
. (3.3.35)

Using (3.3.34) to eliminate y and simplifying gives

∂η

∂x
= −1

2

η

x
− x−

1
2
dφ

dx
. (3.3.36)

Substituting (3.3.31) into (3.3.36) gives

∂η

∂x
= −1

2

η

x
+ x−2φ(1) + x−

5
2φ(2) +

3

2
x−3φ(3) +O

(
x−

7
2

)
(3.3.37)

and

∂η

∂y
=

1

x
1
2

. (3.3.38)

The transformed boundary conditions (3.1.3) are

df1

dη
(∞) = 0,

d2f1

dη2
(∞) = 0, (3.3.39)

df2

dη
(−∞) = 0,

d2f2

dη2
(−∞) = 0. (3.3.40)

The transformed interface conditions (3.1.4) to (3.1.6) are

df1

dη
(0) =

df2

dη
(0), (3.3.41)

d2f1

dη2
(0) =

µ2

µ1

d2f2

dη2
(0), (3.3.42)

1

Re

(
1− µ2

µ1

)
df2

dη
(0)x−

3
2 =

(
1− ρ2

ρ1

)
1

F 2
√
Re

φ(x). (3.3.43)

The fourth interface condition (3.1.7) is the same as (3.3.41).

It follows from (3.3.43) that

φ(x) = φ(3)x−
3
2 . (3.3.44)
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In order to derive a solution for the classical two-fluid wake, the transformations will need to
be substituted into the PDE (3.3.1). Thus, using (3.3.29), (3.3.37), (3.3.38) and (3.3.44)

∂ψi
∂y

=
1

x
1
2

dfi
dη
, (3.3.45)

∂2ψi
∂y2

=
1

x

d2fi
dη2

, (3.3.46)

∂3ψi
∂y3

= x−
3
2
d3fi
dη3

, (3.3.47)

∂2ψi
∂x∂y

= −1

2
x−

3
2

(
dfi
dη

+ η
d2fi
dη2

)
+

3

2
x−

7
2φ(3)d

2fi
dη2

. (3.3.48)

Substitute (3.3.45) to (3.3.48) into PDE (3.3.1) which gives

2
νi
ν1

d3fi
dη3

+
d

dη

(
η
dfi
dη

)
= 3φ(3)d

2fi
dη2

x−2. (3.3.49)

For the far wake, x >> 1 and terms O
(

1
x2

)
are neglected. The ODE (3.3.49) reduces to

2
νi
ν1

d3fi
dη3

+
d

dη

(
η
dfi
dη

)
= 0. (3.3.50)

Integrate (3.3.50) with respect to η. This gives

2
νi
ν1

d2fi
dη2

+ η
dfi
dη

= Ai, (3.3.51)

where Ai is a constant.

Imposing the boundary conditions (3.3.39) and (3.3.40) at η = ±∞ for i = 1, 2 respectively
gives

A1 = A2 = 0. (3.3.52)

Hence,

2
νi
ν1

d2fi
dη2

+ η
dfi
dη

= 0. (3.3.53)

Let

Wi =
dfi
dη
. (3.3.54)
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Hence

2
νi
ν1

dWi

dη
+ ηWi = 0. (3.3.55)

Solving (3.3.55) gives

Wi = Bi exp

(
− 1

4

ν1

νi
η2

)
. (3.3.56)

Substituting (3.3.54) back into (3.3.56) gives

dfi
dη

= Bi exp

(
− 1

4

ν1

νi
η2

)
, (3.3.57)

where Bi is a constant.

Substituting interface condition (3.3.41) into (3.3.57) gives

B1 = B2 = B. (3.3.58)

Now

d2fi
dη2

= −1

2

ν1

νi
B η exp

(
− 1

4

ν1

νi
η2

)
(3.3.59)

and therefore

d2fi
dη2

(0) = 0. (3.3.60)

The interface condition (3.3.42) is identically satisfied.

Since

wi =
∂ψi
∂y

=
1

x
1
2

dfi
dη
, (3.3.61)

and

vi =
∂ψi
∂x

=
dfi
dη

∂η

∂x
, (3.3.62)

in order to calculate wi and vi it is sufficient to know dfi
dη
. However, we will continue and solve

for fi(η). The streamlines are obtained from ψi and therefore from fi(η). Now from (3.3.57)

dfi
dη

= B exp

(
− 1

4

ν1

νi
η2

)
(3.3.63)
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and integrating both sides with respect to η from 0 to η gives

fi(η)− fi(0) = B

∫ η

0

exp

(
− 1

4

ν1

νi
s2

)
ds. (3.3.64)

Now a stream function is determined up to an arbitrary constant. Choose

fi(0) = 0, i = 1, 2. (3.3.65)

Thus

fi(η) = B

∫ η

0

exp

(
− 1

4

ν1

νi
s2

)
ds. (3.3.66)

The error function is

erf(x) =
2√
π

∫ x

0

exp (−u2)du. (3.3.67)

Transform (3.3.66) to an error function. Let

1

4

ν1

νi
s2 = u2, (3.3.68)

then

η = 2

(
νi
ν1

) 1
2

u. (3.3.69)

Thus ∫ η

0

exp

(
− 1

4

ν1

νi
s2

)
ds =

(
π
νi
ν1

) 1
2

erf

(
1

2

(
ν1

νi

) 1
2

η

)
. (3.3.70)

Hence from (3.3.66),

fi(η) = B

(
π
νi
ν1

) 1
2

erf

(
1

2

(
ν1

νi

) 1
2

η

)
.

Using the conserved quantity (3.3.19) with (3.3.24) and (3.3.25),

D =
ρ2

ρ1

∫ 0

−∞

df
(0)
2

dη
dη +

∫ ∞
0

df
(0)
i

dη
dη, (3.3.71)

the constant B can be determined in the same way as in Section 3.2. Therefore,

B =
D

√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] . (3.3.72)
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From interface condition (3.3.43),

φ(3) =
F 2

√
Re

(
1− µ2

µ1

)
(

1− ρ2
ρ1

) df2

dη
(0). (3.3.73)

But

df2

dη
(0) = B. (3.3.74)

Hence

φ(3) = B

(
1− µ2

µ1

1− ρ2
ρ1

)
F 2

√
Re

. (3.3.75)

where B is given by (3.3.72).

For each side to balance in condition (3.3.43) we require

F 2
√
Re = O(Re), (3.3.76)

that is

F 2 = O(
√
Re). (3.3.77)

This is consistent with the assumptions made on F in (2.1.11) and (2.1.12) when deriving the
boundary layer equations.

3.3.1 Visual representation of the solution

The solution derived in Section 3.3 through the use of the Herczynski, Weidman and Burde
method is visually represented in Figures 3.3 and 3.4. The same values for D and for the ratios
ρ1
ρ2

and ν1
ν2

as chosen in Figures 3.1 and 3.2 were chosen in Figures 3.3 and 3.4 for comparison.
Once ρ1

ρ2
and ν1

ν2
have been chosen, the ratio µ1

µ2
is determined from µ1

µ2
= ν1

ν2

ρ2
ρ1
.
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Figure 3.3: The velocities u1(x, y) and u2(x, y) for the classical two-fluid wake, given by (3.3.78)
and (3.3.79) and derived using the method of Herczynski, Weidman and Burde [1], plotted
against y at x = 1 for D = 1, ρ1

ρ2
= 1

2
and ν1

ν2
= 1

2
.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− B

x
1
2

exp

(
− 1

4

(y − φ(x))2

x

)
, (3.3.78)

u2(x, y) = 1− w2(x, y) = 1− B

x
1
2

exp

(
− 1

4

ν1

ν2

(y − φ(x))2

x

)
(3.3.79)

where

φ(x) = B

(
1− µ2

µ1

)
(

1− ρ2
ρ1

) F 2

√
Re

1

x
3
2

(3.3.80)

and

B =
D

√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (3.3.81)
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Figure 3.4: The velocities u1(x, y) and u2(x, y) for the classical two-fluid wake, given by (3.3.78)
and (3.3.79) and derived using the method of Herczynski, Weidman and Burde [1], plotted
against y at x = 1 for D = 1, ρ1

ρ2
= 1

2
and ν1

ν2
= 1

5
.

The interface is displaced by

φ(x) = φ(3)x−
3
2 . (3.3.82)

The graphs in Figures 3.3 and 3.4 have the same form as in Figures 3.1 and 3.2 but displaced
on the y-axis by distance

φ(x) = φ(3)x−
3
2 . (3.3.83)

The solution of Herczynski, Weidman and Burde [1] tends to the solution derived in Section
3.2 in the limit x→∞, that is in the limit φ(x)→ 0.

Both solutions make the approximation in the PDE for the far wake that terms of second
order in smallness can be neglected. Herczynski, Weidman and Burde [1] make the further
approximation that the term of order x−2 in the ODE (3.3.49) can be neglected.
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3.4 Invariant solution for the two-fluid momentumless wake

The following results from the two-fluid classical wake remain valid

ψi(x, y) = xωFi(ξ), (3.4.1)

wi(x, y) =
∂ψi
∂y

(x, y), (3.4.2)

ξ =
y

x
1
2

. (3.4.3)

To obtain ω we use the conserved quantity

K =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy. (3.4.4)

Now

wi =
∂ψi
∂y

(x, y) = xω−
1
2
dFi
dξ

. (3.4.5)

Thus

K =
ρ2

ρ1

ν1

ν2

xω+1

∫ φ(x)

x
1
2

−∞
ξ2dF2

dξ
dξ + xω+1

∫ ∞
φ(x)

x
1
2

ξ2dF1

dξ
dξ = constant independent of x. (3.4.6)

The sufficient conditions for (3.4.6) to be satisfied are

ω + 1 = 0, ω = −1, (3.4.7)

φ(x)

x
1
2

= k, φ(x) = kx
1
2 , k = constant. (3.4.8)

Thus

ψi(x, y) =
1

x
Fi(ξ), (3.4.9)

wi(x, y) =
1

x
3
2

dfi
dξ

(3.4.10)

and the conserved quantity (3.4.6) becomes

K =
ρ2

ρ1

ν1

ν2

∫ k

−∞
ξ2dF2

dξ
dξ +

∫ ∞
k

ξ2dF1

dξ
dξ. (3.4.11)
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The PDE in dimensionless form

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

(3.4.12)

is now expressed in terms of the similarity variables. From (3.4.3)

∂ξ

∂x
= −1

2

ξ

x
, (3.4.13)

∂ξ

∂y
=

1

x
1
2

. (3.4.14)

Using (3.4.3), (3.4.9), (3.4.13) and (3.4.14) produces

∂ψi
∂x

= − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
, (3.4.15)

∂2ψi
∂y∂x

= − 1

2x
5
2

[
3
dFi
dξ

+ ξ
d2Fi
dξ2

]
, (3.4.16)

∂ψi
∂y

=
1

x
3
2

dFi
dξ

, (3.4.17)

∂2ψi
∂y2

=
1

x2

d2Fi
dξ2

, (3.4.18)

∂3ψi
∂y3

=
1

x
5
2

d3Fi
dξ3

. (3.4.19)

Substitute (3.4.16) and (3.4.19) into (3.4.12) which gives

2
νi
ν1

d3Fi
dξ3

+ ξ
d2Fi
dξ2

+ 3
dFi
dξ

= 0. (3.4.20)

Now

ξ
d2Fi
dξ2

=
d

dξ

(
ξ
dFi
dξ

)
− dFi

dξ
. (3.4.21)

Substituting (3.4.21) into (3.4.20) and simplifying gives

2
νi
ν1

d3Fi
dξ3

+
d

dξ

(
ξ
dFi
dξ

)
+ 2

dFi
dξ

= 0. (3.4.22)
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Equation (3.4.22) illustrates the Double Reduction Theorem [46] that if the form of the sim-
ilarity solution is obtained from a conserved quantity then the ordinary differential equation
can be integrated at least once.

The boundary conditions are the same as for the classical wake:

dF1

dξ
(∞) = 0, (3.4.23)

d2F1

dξ2
(∞) = 0, (3.4.24)

dF2

dξ
(−∞) = 0, (3.4.25)

d2F2

dξ2
(−∞) = 0, . (3.4.26)

Further boundary conditions may be added later such as no entrainment of the fluid at y = ±∞.

The interface conditions (2.5.4) to (2.5.7) at the interface ξ = k, expressed in terms of Fi(ξ),
become

dF1

dξ
(k) =

dF2

dξ
(k), (3.4.27)

F1(k) = F2(k), (3.4.28)

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k), (3.4.29)

3

Re x
5
2

(
1− µ2

µ1

)
dF1

dξ
(k) = P2(x, φ(x))− P1(x, φ(x)), (3.4.30)

Now integrate (3.4.22) with respect to ξ,

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

+ 2Fi = Ai, Ai = constant. (3.4.31)

50



Chapter 3 – Similarity Solutions

The additional assumption that there is no entrainment of fluid at y = ±∞ is made

vi(x, y) = − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
, (3.4.32)

and for no entrainment of fluid at y = +∞,

v1(x,∞) = 0. (3.4.33)

Thus

2F1(∞) + ξ
dF1

dξ

∣∣∣∣
ξ=∞

= 0. (3.4.34)

Imposing the boundary conditions (3.4.24) and (3.4.34) on (3.4.31) gives

A1 = 0. (3.4.35)

Similarly by imposing the boundary conditions at y = −∞ it can be shown that

A2 = 0. (3.4.36)

Thus

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

+ 2Fi = 0. (3.4.37)

Multiplying (3.4.37) by ξ and simplifying gives

2
νi
ν1

[
d

dξ

(
ξ
dFi
dξ

)
− dFi

dξ

]
+

d

dξ
(ξ2Fi) = 0. (3.4.38)

Integrating (3.4.38) gives

ξ
dFi
dξ
− Fi +

ν1

2νi
ξ2Fi = Ei, (3.4.39)

where Ei = constant. Consider first i = 1. From (3.4.23)

dF1

dξ
(∞) = 0. (3.4.40)

Assume that

ξ
dF1

dξ

∣∣∣∣
ξ=∞

= 0. (3.4.41)

Then from no entrainment (3.4.34),

F1(∞) = 0. (3.4.42)
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Assume further that

ξ2F (ξ)|ξ=∞ = 0. (3.4.43)

Imposing the boundary conditions at ξ = +∞ on (3.4.39) gives

E1 = 0. (3.4.44)

Similarly by imposing the boundary conditions at ξ = −∞ on (3.4.39) it can be shown that

E2 = 0. (3.4.45)

Equation (3.4.39) reduces to

ξ
dFi
dξ

=

(
1− ν1

2νi
ξ2

)
Fi, (3.4.46)

and therefore

dFi
Fi

=

(
1

ξ
− ν1

2νi
ξ

)
dξ. (3.4.47)

The ODE (3.4.47) is variable separable and integrating gives

lnFi = ln ξ − ν1

4νi
ξ2 +B∗i , (3.4.48)

where B∗i is a constant. Therefore,

Fi(ξ) = Biξ exp

(
− ν1

4νi
ξ2

)
, (3.4.49)

where

Bi = exp (B∗i ). (3.4.50)

Now

F1(ξ) = B1ξ exp

(
− 1

4
ξ2

)
, (3.4.51)

F2(ξ) = B2ξ exp

(
− ν1

4ν2

ξ2

)
. (3.4.52)

The boundary conditions (3.4.23) to (3.4.26) are all satisfied because of the exponential be-
haviour of the solution. Now consider interface condition (3.4.28), then

B1 k exp

(
− 1

4
k2

)
= B2 k exp

(
− ν1

4ν2

k2

)
. (3.4.53)
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Substituting (3.4.46) into interface condition (3.4.27) gives

B1

(
1− 1

2
k2

)
exp

(
− 1

4
k2

)
= B2

(
1− ν1

2ν2

k2

)
exp

(
− 1

4

ν1

ν2

k2

)
. (3.4.54)

The cases k = 0 and k 6= 0 need to be treated separately. This is because (3.4.53) has k as a
factor. It is identically satisfied when k = 0 and cannot be used when k 6= 0.

Now, from (3.4.53), (3.4.54) becomes

1− 1

2
k2 = 1− 1

2

ν1

ν2

k2. (3.4.55)

That is

1

2
k2

(
1− ν1

ν2

)
= 0. (3.4.56)

Thus

either k 6= 0 and
ν1

ν2

= 1, (3.4.57)

or k = 0 and no condition on
ν1

ν2

. (3.4.58)

Considering (3.4.53) again, k = 0 and k 6= 0 may be investigated separately.

3.4.1 The case k = 0

When k = 0 equation (3.4.53) is identically satisfied and (3.4.54) reduces to

B1 = B2 = B. (3.4.59)

No condition is placed on the ratio ν1
ν2
. Now

F1(ξ) = Bξ exp

(
− 1

4
ξ2

)
, (3.4.60)

F2(ξ) = Bξ exp

(
− 1

4

ν1

ν2

ξ2

)
(3.4.61)

and

Fi(ξ) = Bξ exp

(
− 1

4

ν1

νi
ξ2

)
. (3.4.62)
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Thus

dFi
dξ

(ξ) = B

(
1− 1

2

ν1

νi
ξ2

)
exp

(
− 1

4

ν1

νi
ξ2

)
, (3.4.63)

d2Fi
dξ2

(ξ) = −B
4

ν1

νi
ξ

(
6− ν1

νi
ξ2

)
exp

(
− 1

4

ν1

νi
ξ2

)
. (3.4.64)

Substituting (3.4.64) into the interface condition (3.4.29) gives

k
B

4

[
− (6− k2) exp

(
− 1

4
k2

)
+
ρ2

ρ1

(
6− ν1

ν2

k2

)
exp

(
− 1

4

ν1

ν2

k2

)]
= 0. (3.4.65)

Since k = 0, equation (3.4.65) is identically satisfied and no condition is obtained.

The interface condition (3.4.30) gives the pressure difference across the interface. When k = 0,
from (3.4.62) and (3.4.63)

F1(ξ) = Bξ exp

(
− 1

4
ξ2

)
, (3.4.66)

dF1

dξ
(ξ) = B

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
. (3.4.67)

Thus

dF1

dξ
(k) = B

(
1− 1

2
k2

)
exp

(
− 1

4
k2

)
= B, (3.4.68)

since k = 0. Hence (3.4.30) becomes

3

Re
x−

5
2

(
1− µ2

µ1

)
B = P2(x, 0)− P1(x, 0). (3.4.69)

3.4.2 Calculation of the constant B when k = 0

The conserved quantity for the two-fluid momentumless wake is from (3.4.11)

K =
ρ2

ρ1

ν1

ν2

∫ k

−∞
ξ2dF2

dξ
dξ +

∫ ∞
k

ξ2dF1

dξ
dξ. (3.4.70)

Now

k = 0, ξ =
y

x
1
2

, (3.4.71)
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and

F1(ξ) = Bξ exp

(
− 1

4
ξ2

)
, (3.4.72)

F2(ξ) = Bξ exp

(
− 1

4

ν1

ν2

ξ2

)
. (3.4.73)

Express (3.4.70) in terms of the invariant solution given by (3.4.72) and (3.4.73). Now

dF2

dξ
= B

[
1− 1

2

ν1

ν2

ξ2

]
exp

(
− 1

4

ν1

ν2

ξ2

)
, (3.4.74)

dF1

dξ
= B

[
1− 1

2
ξ2

]
exp

(
− 1

4
ξ2

)
. (3.4.75)

Thus (3.4.70) becomes

K = B

[
ρ2

ρ1

ν1

ν2

∫ ∞
0

ξ2

(
1− 1

2

ν1

ν2

ξ2

)
exp

(
− 1

4

ν1

ν2

ξ2

)
dξ +

∫ ∞
0

ξ2

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
dξ

]
,

(3.4.76)

which can be written as

K = B

[
ρ2

ρ1

ν1

ν2

I2 + I1

]
, (3.4.77)

where

I2 =

∫ ∞
0

ξ2

(
1− 1

2

ν1

ν2

ξ2

)
exp

(
− 1

4

ν1

ν2

ξ2

)
dξ, (3.4.78)

I1 =

∫ ∞
0

ξ2

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
dξ. (3.4.79)

The following results are used for the Gamma function [47]

Γ(n) =

∫ ∞
0

xn−1 exp (−x)dx, (3.4.80)

Γ(n) = (n− 1)Γ(n− 1), n > 1, (3.4.81)

Γ

(
1

2

)
=
√
π. (3.4.82)
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Consider first I2, (3.4.78). Let

1

4

ν1

ν2

ξ2 = u. (3.4.83)

Then

I2 = 4

(
ν2

ν1

) 3
2
[ ∫ ∞

0

u
1
2 e−udu− 2

∫ ∞
0

u
3
2 e−udu

]
(3.4.84)

and therefore

I2 = 4

(
ν2

ν1

) 3
2
[
Γ

(
3

2

)
− 2Γ

(
5

2

)]
. (3.4.85)

Now applying (3.4.81) and (3.4.82)

Γ

(
3

2

)
=

1

2
Γ

(
1

2

)
=

√
π

2
, (3.4.86)

Γ

(
5

2

)
=

3

2
Γ

(
3

2

)
=

3

2

1

2
Γ

(
1

2

)
=

3

4

√
π. (3.4.87)

Thus

I2 = −4

(
ν2

ν1

) 3
2√

π. (3.4.88)

The integral I1 is obtained by setting ν1
ν2

= 1 in I2. Hence

I1 = −4
√
π. (3.4.89)

Substituting (3.4.88) and (3.4.89) into (3.4.77) gives

K = −4
√
πB

[
ρ2

ρ1

(
ν2

ν1

) 1
2

+ 1

]
. (3.4.90)

But

ρ2

ρ1

(
ν2

ν1

) 1
2

=
ρ2

ρ1

(
µ2

ρ2

ρ1

µ1

) 1
2

=

(
µ2ρ2

µ1ρ1

) 1
2

. (3.4.91)

Hence (3.4.90) takes the form

K = −4
√
πB

[(
µ2ρ2

µ1ρ1

) 1
2

+ 1

]
, (3.4.92)
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and therefore

B = − K

4
√
π

[
1 +

(
µ2ρ2
µ1ρ1

) 1
2
] . (3.4.93)

The solution is governed by the parameter

χ =
ρ1µ1

ρ2µ2

. (3.4.94)

Therefore,

B = − K χ
1
2

4
√
π

[
1 + χ

1
2

] . (3.4.95)

3.4.3 The case k 6= 0

Return to equations (3.4.53) and (3.4.54) where k 6= 0. Replacing B1 in (3.4.54) using (3.4.53)
gives (

ν1

ν2

− 1

)
k2B2 exp

(
− 1

4

ν1

ν2

k2

)
= 0 (3.4.96)

and since B2 6= 0 it follows that

ν1

ν2

= 1. (3.4.97)

Equation (3.4.53) becomes

(B1 −B2)k exp

(
− 1

4
k2

)
= 0 (3.4.98)

and therefore

B1 = B2. (3.4.99)

Hence

Fi(ξ) = B exp

(
− 1

4
ξ2

)
, i = 1, 2. (3.4.100)

Consider next the interface condition (3.4.29),

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k). (3.4.101)
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Now

dFi
dξ

(ξ) = B

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
, (3.4.102)

d2Fi
dξ2

(ξ) =
B

4
ξ(ξ2 − 6) exp

(
− 1

4
ξ2

)
(3.4.103)

and (3.4.101) becomes (
1− µ2

µ1

)
k(k2 − 6)B exp

(
− 1

4
k2

)
= 0. (3.4.104)

Now if µ1 = µ2 then since ν1 = ν2 and ν = µ
ρ
it follows that ρ1 = ρ2. The upper and lower

fluids would then have the same density and the same viscosity and be one fluid. It is therefore
assumed that µ1 6= µ2. Hence (3.4.104) is satisfied provided

k2 = 6, (3.4.105)

that is, provided

k = +
√

6 or k = −
√

6. (3.4.106)

From (3.4.8) the equation of the interface is

y = kx
1
2 = ±

√
6x

1
2 . (3.4.107)

The remaining interface condition (3.4.30) determines the pressure difference across the inter-
face,

3

Re x
5
2

(
1− µ2

µ1

)
dF1

dξ
(k) = P2(x, φ(x))− P1(x, φ(x)). (3.4.108)

From (3.4.102),

dF1

dξ
(±
√

6) = −2B exp

(
− 3

2

)
(3.4.109)

and (3.4.108) becomes

− 6

Re

(
1− µ2

µ1

)
B exp

(
− 3

2

)
x−

5
2 = P2(x,±

√
6x

1
2 )− P1(x,±

√
6x

1
2 ). (3.4.110)

Since ν1 = ν2 it follows that
µ2

µ1

=
ρ2

ρ1

> 1 (3.4.111)

for stability.
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3.4.4 Calculation of the constant B when k = ±
√

6

The conserved quantity for the two-fluid momentumless wake is from (3.4.11)

K =
ρ2

ρ1

ν1

ν2

∫ k

−∞
ξ2dF2

dξ
dξ +

∫ ∞
k

ξ2dF1

dξ
dξ. (3.4.112)

Now

ν1

ν2

= 1, (3.4.113)

Fi(ξ) = Bξ exp

(
− 1

4
ξ2

)
, (3.4.114)

dFi
dξ

= B

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
, (3.4.115)

k = ±
√

6. (3.4.116)

Substituting the results into the conserved quantity (3.4.112) gives

K = B

[
ρ2

ρ1

∫ k

−∞

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ +

∫ ∞
k

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ

]
. (3.4.117)

Consider first k = +
√

6. Then (3.4.117) becomes

K+ = B

[(
ρ2

ρ1

+ 1

)∫ ∞
0

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ +

(
ρ2

ρ1

− 1

)∫ √6

0

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ

]
.

(3.4.118)

Next consider k = −
√

6 then (3.4.117) becomes

K− = B

[(
ρ2

ρ1

+ 1

)∫ ∞
0

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ −

(
ρ2

ρ1

− 1

)∫ √6

0

(
ξ2 − 1

2
ξ4

)
exp

(
− 1

4
ξ2

)
dξ

]
.

(3.4.119)
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Let

J1 =

∫ ∞
0

ξ2 exp

(
− 1

4
ξ2

)
dξ, (3.4.120)

J2 =

∫ ∞
0

ξ4 exp

(
− 1

4
ξ2

)
dξ, (3.4.121)

J3 =

∫ √6

0

ξ2 exp

(
− 1

4
ξ2

)
dξ, (3.4.122)

J4 =

∫ √6

0

ξ4 exp

(
− 1

4
ξ2

)
dξ. (3.4.123)

First consider (3.4.120). Let

1

4
ξ2 = u. (3.4.124)

Then

I1 = 4

∫ ∞
0

u
1
2 exp (−u)du = 4Γ

(
3

2

)
= 2Γ

(
1

2

)
= 2
√
π. (3.4.125)

Now consider (3.4.121) and make again the transformation (3.4.124). Then

I2 = 16

∫ ∞
0

u
3
2 exp (−u)du = 16Γ

(
5

2

)
= 12Γ

(
1

2

)
= 12

√
π. (3.4.126)

In order to evaluate the integrals I3 and I4 we introduce the Error Function

erf(x) =
2√
π

∫ x

0

exp (−u2)du. (3.4.127)

A useful transformation is

u2 = t. (3.4.128)

Equation (3.4.127) becomes

erf(x) =
1√
π

∫ x2

0

t−
1
2 exp (−t)dt. (3.4.129)
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This form is useful when integrating by parts. It satisfies the condition

erf(x) =
1√
π

∫ ∞
0

t−
1
2 exp (−t)dt =

Γ

(
1
2

)
√
π

= 1. (3.4.130)

Consider now I3 and make the transformation (3.4.124). This gives

I3 = 4

∫ 3
2

0

u
1
2 exp (−u)du. (3.4.131)

Now, integrating by parts∫ 3
2

0

u
1
2 exp (−u)du =

[
− exp (−u)u

1
2

] 3
2

0

+
1

2

∫ 3
2

0

u−
1
2 exp (−u)du

= −
(

3

2

) 1
2

exp

(
− 3

2

)
+

√
π

2
erf
((

3

2

) 1
2
)
. (3.4.132)

Thus from (3.4.131)

I3 = 2
√
π erf

((
3

2

) 1
2
)
− 4

(
3

2

) 1
2

exp

(
− 3

2

)
. (3.4.133)

Similarly by making the transformation (3.4.124),

I4 = 16

∫ 3
2

0

u
3
2 exp (−u)du. (3.4.134)

Integrating by parts gives

I4 = −16

(
3

2

) 3
2

exp

(
− 3

2

)
+ 24

∫ 3
2

0

u
1
2 exp (−u)du. (3.4.135)

Using (3.4.132), (3.4.135) becomes

I4 = −48

(
3

2

) 1
2

exp

(
− 3

2

)
+ 12
√
π erf

((
3

2

) 1
2
)
. (3.4.136)
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Therefore,

I1 = 2
√
π, (3.4.137)

I2 = 12
√
π, (3.4.138)

I3 = 2
√
π erf

((
3

2

) 1
2
)
− 4

(
3

2

) 1
2

exp

(
− 3

2

)
, (3.4.139)

I4 = 12
√
π erf

((
3

2

) 1
2
)
− 48

(
3

2

) 1
2

exp

(
− 3

2

)
. (3.4.140)

Substituting (3.4.137) to (3.4.140) into (3.4.118) and (3.4.119) gives

K+ = −4
√
πB

[
ρ2

ρ1

+ 1 +

(
ρ2

ρ1

− 1

)(
erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

))]
, (3.4.141)

K− = −4
√
πB

[
ρ2

ρ1

+ 1−
(
ρ2

ρ1

− 1

)(
erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

))]
. (3.4.142)

Let

S = erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
, (3.4.143)

then

K+ = −4
√
πB

[
ρ2

ρ1

+ 1 +

(
ρ2

ρ1

− 1

)
S

]
, (3.4.144)

K− = −4
√
πB

[
ρ2

ρ1

+ 1−
(
ρ2

ρ1

− 1

)
S

]
. (3.4.145)

We can calculate S as

S = erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
= 0.9167355− 0.7709016

= 0.1458. (3.4.146)
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Solving for the constant B gives

k = +
√

6 : B = B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] < 0, (3.4.147)

k = −
√

6 : B = B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] < 0. (3.4.148)

3.4.5 Summary of the invariant solutions for a momentumless wake

In this section the three solutions for the wake behind a self-propelled body are summarised.
The results are useful for plotting the graphs of the velocity profile.

3.4.5.1 Case 1: k = 0

Fi(ξ) = B ξ exp

(
− 1

4

ν1

νi
ξ2

)
, ξ =

y

x
1
2

, (3.4.149)

dFi
dξ

=
B

2

ν1

νi

[
2
νi
ν1

− ξ2

]
exp

(
− 1

4

ν1

νi
ξ2

)
, (3.4.150)

d2Fi
dξ2

= −B
4

(
ν1

νi

)2

ξ

[
6
νi
ν1

− ξ2

]
exp

(
− 1

4

ν1

νi
ξ2

)
, (3.4.151)

B = − K

4
√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] =

K

4
√
π

χ
1
2[

1 + χ
1
2

] , (3.4.152)

χ =
ρ1µ1

ρ2µ2

, (3.4.153)
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φ(x) = kx
1
2 = 0, (3.4.154)

3

Re

(
1− µ2

µ1

)
B x−

5
2 = P2(x, 0)− P1(x, 0), (3.4.155)

ψi(x, y) =
1

x
Fi(ξ), (3.4.156)

wi(x, y) =
1

x
3
2

dFi
dξ

=
B

2x
3
2

ν1

νi

[
2
νi
ν1

− ξ2

]
exp

(
− 1

4

ν1

νi
ξ2

)
, (3.4.157)

∂wi
∂y

=
1

x2

d2Fi
dξ2

= − B

4x2

(
ν1

νi

)2

ξ

[
6
νi
ν1

− ξ2

]
exp

(
− 1

4

ν1

νi
ξ2

)
, (3.4.158)

vi(x, y) = − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
. (3.4.159)

3.4.5.2 Case 2: k = ±
√

6

First consider the results satisfied by both k = +
√

6 and k = −
√

6.

ν1

ν2

= 1,
µ2

µ1

=
ρ2

ρ1

> 1, (3.4.160)

ξ =
y

x
1
2

, (3.4.161)

Fi(ξ) = F (ξ) = B ξ exp

(
− 1

4
ξ2

)
, i = 1, 2, (3.4.162)
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dFi
dξ

=
B

2
(2− ξ2) exp

(
− 1

4
ξ2

)
, (3.4.163)

d2Fi
dξ2

= −B
4
ξ (6− ξ2) exp

(
− 1

4
ξ2

)
, (3.4.164)

− 6

Re

(
1− µ2

µ1

)
B exp

(
− 3

2

)
x−

5
2 = P2(x, φ)− P1(x, φ), (3.4.165)

ψi(x, y) =
1

x
F (ξ), (3.4.166)

wi(x, y) =
1

x
3
2

dF

dξ

=
B

2x
3
2

(2− ξ2) exp

(
− 1

4
ξ2

)
, (3.4.167)

∂wi
∂y

=
1

x2

d2F

dξ2

= − B

4x2
ξ (6− ξ2) exp

(
− 1

4
ξ2

)
, (3.4.168)

vi(x, y) = − 1

2x2

[
2F + ξ

dF

dξ

]
, i = 1, 2, (3.4.169)

erf(x) =
2√
π

∫ x

0

exp (−u2)du

=
1√
π

∫ x2

0

u−
1
2 exp (−u)du, (3.4.170)

S = erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
= 0.1458.

(3.4.171)
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Next consider the results dependent on whether k = +
√

6 or k = −
√

6.

• k = +
√

6

φ(x) = kx
1
2 = +

√
6x

1
2 , (3.4.172)

B = B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] < 0. (3.4.173)

• k = −
√

6

φ(x) = kx
1
2 = −

√
6x

1
2 , (3.4.174)

B = B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] < 0. (3.4.175)

Finally we note an important property of the interface of the momentumless wake with k =

±
√

6. From (3.4.168)

∂wi
∂y

= − B

4x2
ξ (6− ξ2) exp

(
− 1

4
ξ2

)
. (3.4.176)

Hence
∂wi
∂y

= 0 (3.4.177)

when

ξ = ±
√

6, (3.4.178)

that is, when

y = ±
√

6x
1
2 . (3.4.179)

But the equation of the interface is

y = ±
√

6x. (3.4.180)

Hence the interface passes through the turning points of the velocity deficit wi(x, y).
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3.4.6 Visual representation of the solution

The invariant solution for the momentumless wake for k = 0 derived in Section 3.4 is visually
represented for ν1

ν2
= 1

2
in Figure 3.5 and for ν1

ν2
= 1

5
in Figure 3.6.

0.9990 0.9995 1.0000 1.0005 1.0010 1.0015 1.0020 1.0025
-20

-15

-10

-5

0

5

10

15

u

Figure 3.5: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake for k = 0

plotted against y at x = 6 for K = 1, ρ1
ρ2

= 1
2
and ν1

ν2
= 1

2
.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− 1

2x
3
2

B

[
2− y2

x

]
exp

(
− 1

4

y2

x

)
, (3.4.181)

u2(x, y) = 1− w2(x, y) = 1− 1

2x
3
2

ν1

ν2

B

[
2
ν2

ν1

− y2

x

]
exp

(
− 1

4

ν1

ν2

y2

x

)
(3.4.182)

and

B = − K

4
√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (3.4.183)
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-30

-20

-10

0

10

u

y

Figure 3.6: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake for k = 0

plotted against y at x = 6 for K = 1, ρ1
ρ2

= 1
2
and ν1

ν2
= 1

5
.

We see that the effective width of the lower half of the wake in Figure 3.6 is greater than that
in Figure 3.5. This is due to the stronger diffusion of velocity caused by the larger viscosity
ratio ν2

ν1
in Figure 3.6.

The invariant solution for the momentumless wake for k = ±
√

6 derived in Section 3.4 is
visually represented for +

√
6 in Figure 3.7 and for −

√
6 in Figure 3.8.
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Figure 3.7: The velocity u(x, y) for the momentumless two-fluid wake for k = +
√

6 plotted
against y at x = 3 for K = 1, ρ1

ρ2
= 1

2
and S = 0.1458.

The velocity profile is given by

u(x, y) = 1− w1(x, y) = 1− B+

x
3
2

(
1− y2

2x

)
exp

(
− 1

4

y2

x

)
(3.4.184)

and

B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] . (3.4.185)
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Figure 3.8: The velocity u(x, y) for the momentumless two-fluid wake for k = −
√

6 plotted
against y at x = 3 for K = 1, ρ1

ρ2
= 1

2
and S = 0.1458.

The velocity profile is given by

u(x, y) = 1− w1(x, y) = 1− B−

x
3
2

(
1− y2

2x

)
exp

(
− 1

4

y2

x

)
(3.4.186)

and

B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] . (3.4.187)

Figures 3.5, 3.6, 3.7 and 3.8 all have the same form, however, the point of the interface on the
y-axis differs. The interface is given by

y = kx
1
2 . (3.4.188)

When k = 0, the interface is at y = 0 as for Figures 3.5 and 3.6. The interface lies on
y = +

√
6x

1
2 in Figure 3.7 and y = −

√
6x

1
2 in Figure 3.8 which are the local turning points for

the velocity profile.

70



Chapter 3 – Similarity Solutions

3.5 Approach of Herczynski, Weidman and Burde on the
two-fluid self-propelled wake

An outline will now be given of the derivation by Herczynski, Weidman and Burde [1] of
the solution for the two-fluid momentumless wake but using the conserved quantity, (2.4.62),
which is based on the requirement that the total drag on the body is zero and not the conserved
quantity, (2.4.63), used by Herczynski, Weidmand and Burde.

The PDE for the stream function in dimensionless form is given by

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

. (3.5.1)

The conserved quantity for the two-fluid momentumless wake which we will use is

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy. (3.5.2)

The boundary conditions are the same as for a classical two-fluid wake:

∂ψ1

∂y
(x,∞) = 0, (3.5.3)

∂2ψ1

∂y2
(x,∞) = 0, (3.5.4)

∂ψ2

∂y
(x,−∞) = 0, (3.5.5)

∂2ψ2

∂y2
(x,−∞) = 0. (3.5.6)
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The interface conditions are

∂ψ1

∂y
(x, φ(x)) =

∂ψ2

∂y
(x, φ(x)), (3.5.7)

∂ψ1

∂x
(x, φ(x)) =

∂ψ2

∂x
(x, φ(x)), (3.5.8)

∂2ψ1

∂y2
(x, φ(x)) =

µ2

µ1

∂2ψ2

∂y2
(x, φ(x)), (3.5.9)

2

Re

[
µ2

µ1

∂2ψ2

∂y
(x, φ(x))− ∂2ψ1

∂x∂y
(x, φ(x))

]
=

(
1− ρ2

ρ1

)
φ(x)

1

F 2
√
Re

, (3.5.10)

where the Froude number is

F =
U√
gl
. (3.5.11)

Assume that

F = Re
1
4 . (3.5.12)

The terms on each side of (3.5.10) therefore balance.

The coordinate expansion and expansion of the interface deflection used by Herczynski, Weid-
man and Burde [1] are given by

ψi(x, y) = f
(0)
i (η) + x−

1
2f

(1)
i (η) + x−1f

(2)
i (η) + x−

3
2f

(3)
i (η) +O(x−2), (3.5.13)

φ(x) = φ(0) + x−
1
2φ(1) + x−1φ(2) + x−

3
2φ(3) + x−2φ(4) +O(x−

5
2 ), (3.5.14)

where

φ(0), φ(1), φ(2), φ(3), φ(4) are constants, (3.5.15)

and

η =
y − φ(x)

x
1
2

. (3.5.16)

Equations (3.5.13) and (3.5.14) are expansions in powers of x−
1
2 for the far wake. As for the

classical wake, this extends the coordinate expansion of Goldstein [3] to an expansion of φ(x).
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These equations will be simplified as much as possible before substituting into the PDE (4.3.3).
This is done by using the conserved quantity and the interface conditions. Express the integrals
of the conserved quantity in terms of f (n)

i (η) and η. From (3.5.16)

∂η

∂y
=

1

x
1
2

(3.5.17)

and

y = x
1
2η + φ(x). (3.5.18)

At constant x,

dy = x
1
2dη. (3.5.19)

Now
∂ψi
∂y

dy =
∂ψi
∂η

dη

=

[
df

(0)
i

dη
+ x−

1
2
df

(1)
i

dη
+ x−1df

(2)
i

dη
+ x−

3
2
df

(3)
i

dη
+O(x−2)

]
dη. (3.5.20)

Also,

y2 = xη2 + 2x
1
2φ(x)η + φ(x)2

= xη2 + x
1
2 [2ηφ(0)] + x0[2ηφ(1) + φ(0)2] + x−

1
2 [2ηφ(2) + 2φ(0)φ(1)]

+ x−1[2ηφ(3) + 2φ(0)φ(2) + φ(1)2] + x−
3
2 [2ηφ(4) + 2φ(0)φ(3) + 2φ(1)φ(2)] +O(x−2). (3.5.21)

Thus, using (3.5.20) and (3.5.21) and simplifying

y2∂ψi
∂y

dy = x

[
η2df

(0)
i

dη

]
dη + x

1
2

[
η2df

(1)
i

dη
+ 2φ(0)η

df
(0)
i

dη

]
dη

+ x0

[
η2df

(2)
i

dη
+ 2φ(0)η

df
(1)
i

dη
+ (2ηφ(1) + φ(0)2)

df
(0)
i

dη

]
dη

+ x−
1
2

[
η2df

(3)
i

dη
+ 2φ(0)η

df
(2)
i

dη
+ (2ηφ(1) + φ(0)2)

df
(1)
i

dη
+ (2ηφ(0) + 2φ(0)φ(1))

df
(0)
i

dη

]
dη

+O(x−1). (3.5.22)
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Now

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2∂ψ2

∂y
dy +

∫ ∞
φ(x)

y2∂ψ1

∂y
dy = constant independent of x. (3.5.23)

Substitute the expansions (3.5.13), (3.5.14) and (3.5.16) into (3.5.23). The limits of integration
with respect to η become ∫ 0

−∞
dη,

∫ ∞
0

dη, (3.5.24)

which are independent of x. The integrands in (3.5.23) are given by (3.5.22) for i = 2 and
i = 1. Separating by powers of x produces the following.

x :
ρ2

ρ1

ν1

ν2

∫ 0

−∞
η2df

(0)
2

dη
dη +

∫ ∞
0

η2df
(0)
1

dη
dη. (3.5.25)

Since K∗ is independent of x, this coefficient must vanish. Hence

df
(0)
2

dη
= 0,

df
(0)
1

dη
= 0. (3.5.26)

x
1
2 : Making use of (3.5.26) gives

ρ2

ρ1

ν1

ν2

∫ 0

−∞
η2df

(1)
2

dη
dη +

∫ ∞
0

η2df
(1)
1

dη
dη. (3.5.27)

Since K∗ is independent of x, this coefficient must vanish. Hence

df
(1)
2

dη
= 0,

df
(1)
1

dη
= 0. (3.5.28)

x0: Making use of (3.5.26) and (3.5.28) gives

ρ2

ρ1

ν1

ν2

∫ 0

−∞
η2df

(2)
2

dη
dη +

∫ ∞
0

η2df
(2)
1

dη
dη. (3.5.29)

This coefficient is independent of x. We take the leading term in the expansion (3.5.13) in
powers of x−

1
2 which gives K∗ independent of x. Hence

ψi(x, y) =
1

x
f

(2)
i (η) +O

(
1

x
3
2

)
. (3.5.30)

We can stop here because we are making an expansion in powers of x−
1
2 and neglect terms of

lower order than x0. The conserved quantity is

K∗ =
ρ2

ρ1

ν1

ν2

∫ 0

−∞
η2df

(2)
2

dη
dη +

∫ ∞
0

η2df
(2)
1

dη
dη. (3.5.31)

To keep the notation simple, we will write f (2)
i as fi.
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3.5.1 Interface and boundary conditions

Consider first (3.5.9),

∂2ψ1

∂y2
(x, φ(x)) =

µ2

µ1

∂2ψ2

∂y2
(x, φ(x)). (3.5.32)

Now

ψi(x, y) =
1

x
fi(η), (3.5.33)

∂ψi
∂y

= x−
3
2
dfi
dη
, (3.5.34)

∂2ψi
∂y2

= x−2d
2fi
dη2

. (3.5.35)

Also, when y = φ(x) then η = 0. Thus

∂2ψi
∂y2

(x, φ(x)) = x−2d
2fi
dη2

(0). (3.5.36)

Therefore, interface condition (3.5.9) becomes

d2f1

dη2
(0) =

µ2

µ1

d2f2

dη2
(0). (3.5.37)

Similarly interface condition (3.5.7) becomes

df1

dη
(0) =

df2

dη
(0). (3.5.38)

Consider next interface condition (3.5.10). Then from (3.5.34)

∂2ψi
∂x∂y

= −3

2
x−

5
2
dfi
dη

+ x−
3
2
d2fi
dη2

∂η

∂x
(3.5.39)

and

∂2ψi
∂x∂y

(x, φ(x)) = −3

2
x−

5
2
dfi
dη

(0) + x−
3
2
d2fi
dη2

(0)
∂η

∂x

∣∣∣∣
η=0

. (3.5.40)

Then equation (3.5.10) becomes

2

Re

[
3

2
x−

5
2

(
df1

dη
(0)− µ2

µ1

df2

dη
(0)

)
+ x−

3
2

(
µ2

µ1

d2f2

dη2
(0)− d2f1

dη2
(0)

)
∂η

∂x

∣∣∣∣
η=0

]
=

1

F 2
√
Re

(
1− ρ2

ρ1

)
φ(x).

(3.5.41)
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Using (3.5.37) and (3.5.38), equation (3.5.41) reduces to

3

Re

(
1− µ2

µ1

)
df2

dη
(0)x−

5
2 =

1

F 2
√
Re

(
1− ρ2

ρ1

)
φ(x) (3.5.42)

and therefore

φ(x) = 3
F 2

√
Re

(
1− µ2

µ1

)
(

1− ρ2
ρ1

) df2

dη
(0)x−

5
2 . (3.5.43)

Thus

φ(x) = φ(5)x−
5
2 , (3.5.44)

where

φ(5) = 3
F 2

√
Re

(
1− µ2

µ1

)
(

1− ρ2
ρ1

) df2

dη
(0). (3.5.45)

Express the remaining interface condition (3.5.8) in terms of the transformation. Now

ψi(x, y) =
1

x
fi(η) (3.5.46)

and

∂ψi
∂x

= − 1

x2
fi(η) +

1

x

dfi
dη

∂η

∂x
. (3.5.47)

But

η =
y − φ(x)

x
1
2

=
y

x
1
2

− φ(5)x−3. (3.5.48)

Hence

∂η

∂x
= −1

2

η

x
+

5

2
φ(5)x−4. (3.5.49)

Now (3.5.47) becomes

∂ψi
∂x

= − 1

x2
fi(η) +

1

x

dfi
dη

(
− 1

2

η

x
+

5

2
φ(5)x−4

)
(3.5.50)
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and

∂ψi
∂x

(x, φ(x)) = − 1

x2
fi(0) +

5

2
φ(5)dfi

dη
(0)x−5. (3.5.51)

The interface condition (3.5.8) becomes

− 1

x2
f1(0) +

5

2
φ(5)df1

dη
(0)x−5 = − 1

x2
f2(0) +

5

2
φ(5)df2

dη
(0)x−5. (3.5.52)

But from (3.5.38), (3.5.52) reduces to

f1(0) = f2(0). (3.5.53)

This is a new interface condition that does not apply to the classical wake.

The boundary conditions (3.5.3) to (3.5.6) become:

df1

dη
(∞) = 0, (3.5.54)

d2f1

dη2
(∞) = 0, (3.5.55)

df2

dη
(−∞) = 0, (3.5.56)

d2f2

dη2
(−∞) = 0. (3.5.57)

This completes the simplification of the transformation (3.5.13) to (3.5.15).

3.5.2 Solution of the self-propelled two-fluid wake

We now derive the solution for the two-fluid momentumless wake. Return to the PDE

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

. (3.5.58)
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Make the following transformations:

ψi(x, y) =
1

x
fi(η), (3.5.59)

η =
y − φ(x)

x
1
2

, (3.5.60)

φ(x) = φ(5)x−
5
2 , (3.5.61)

∂η

∂x
= − η

2x
+

5

2
φ(5)x−4, (3.5.62)

∂η

∂y
=

1

x
1
2

. (3.5.63)

Thus

∂ψi
∂y

= x−
3
2
dfi
dη
, (3.5.64)

∂2ψi
∂y2

= x−2d
2fi
dη2

, (3.5.65)

∂3ψi
∂y3

= x−
5
2
d3fi
dη3

, (3.5.66)

∂2ψi
∂x∂y

= −1

2
x−

5
2

[
3
dfi
dη

+ η
d2fi
dη2

]
+

5

2
φ(5)x−

11
2
d2fi
dη2

. (3.5.67)

Substitute (3.5.66) and (3.5.67) into the PDE (3.5.58) and simplifying gives

2
νi
ν1

d3fi
dη3

+ η
d2fi
dη2

+ 3
dfi
dη

= 5φ(5)x−3d
2fi
dη2

. (3.5.68)

For the far wake x >> 1 and terms O
(

1
x3

)
are neglected. The solution is more accurate than

that for the classical wake in which larger terms O
(

1
x2

)
were neglected. The ODE (3.5.68)

reduces to

2
νi
ν1

d3fi
dη3

+ η
d2fi
dη2

+ 3
dfi
dη

= 0. (3.5.69)
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Before integrating (3.5.69) we will calculate the velocity components which will be required in
the boundary conditions:

wi =
∂ψi
∂y

=
1

x
3
2

dfi
dη
, (3.5.70)

vi =
∂ψi
∂x

= − 1

x2
fi(η)− 1

2x2
η
dfi
dη

+
5

2
φ(5) 1

x5

dfi
dη
, (3.5.71)

∂wi
∂y

=
∂

∂y

(
1

x
3
2

dfi
dη

)
=

1

x2

d2fi
dη2

. (3.5.72)

Now the ODE (3.5.69) can be rewritten as

2
νi
ν1

d3fi
dη3

+
d

dη

(
η
dfi
dη

)
+ 2

dfi
dη

= 0. (3.5.73)

Integrating (3.5.73) with respect to η gives

2
νi
ν1

d2fi
dη2

+ η
dfi
dη

+ 2fi = Ai, Ai = constant. (3.5.74)

The boundary conditions at η = ±∞ are given by (3.5.54) to (3.5.57). We make the additional
assumption that there is no entrainment of fluid at y = ±∞, that is

v1(x,+∞) = 0 and v2(x,−∞) = 0. (3.5.75)

Then from (3.5.71) for i = 1,

− 1

x2
f1(∞)− 1

2x2
η
df1

dη

∣∣∣∣
η=∞

+
5

2
φ(5) 1

x5

df1

dη
(∞) = 0. (3.5.76)

From (3.5.54)

df1

dη
(∞) = 0. (3.5.77)

Assume that

lim
η→∞

η
df1

dη
= 0. (3.5.78)

We will find later from the solution that dfi
dη
→ 0 exponentially as η →∞ and therefore (3.5.78)

is satisfied.
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Then (3.5.76) becomes

1

x2
f1(∞) = 0. (3.5.79)

In equation (3.5.68), terms of O
(

1
x3

)
were neglected. Terms of order 1

x2
are retained. Hence

from (3.5.79)

f1(∞) = 0. (3.5.80)

Substituting (3.5.55), (3.5.78) and (3.5.80) into (3.5.74) produces

A1 = 0. (3.5.81)

Similarly by imposing the boundary conditions at η = −∞ we find that

f2(−∞) = 0 and A2 = 0. (3.5.82)

Equation (3.5.74) becomes

2
νi
ν1

d2fi
dη2

+ η
dfi
dη

+ 2fi = 0. (3.5.83)

Multiply (3.5.83) by η which gives

2
νi
ν1

η
d2fi
dη2

+ η2dfi
dη

+ 2ηfi = 0, (3.5.84)

and simplifying to integrate gives

2
νi
ν1

[
d

dη

(
η
dfi
dη

)
− dfi
dη

]
+

d

dη
(η2fi) = 0. (3.5.85)

Integrate (3.5.85) with respect to η,

2
νi
ν1

η
dfi
dη
− 2

νi
ν1

fi + η2fi = C∗i , (3.5.86)

where C∗i is a constant. Thus

η
dfi
dη
− fi +

ν1

2νi
η2fi = Ci, (3.5.87)

where Ci is a constant.

From the boundary conditions (3.5.54) and (3.5.80)

η = +∞ :
df1

dη
(∞) = 0, f1(∞) = 0 (no entrainment). (3.5.88)
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Assume the stronger conditions

lim
η→∞

η
df1

dη
= 0, lim

η→∞
η2f1(η) = 0. (3.5.89)

Thus

C1 = 0. (3.5.90)

Similarly, from the boundary conditions (3.5.56) and (3.5.82)

η = −∞ :
df2

dη
(−∞) = 0, f2(−∞) = 0, (3.5.91)

and assume the stronger conditions

lim
η→−∞

η
df2

dη
= 0, lim

η→∞
η2f2(η) = 0. (3.5.92)

Thus

C2 = 0. (3.5.93)

Equation (3.5.87) reduces to

dfi
fi

=

(
1

η
− ν1

2νi
η

)
dη. (3.5.94)

The ODE (3.5.94) is variable separable and the solution is

fi(η) = Bi η exp

(
− ν1

4νi
η2

)
, (3.5.95)

where

Bi = constant. (3.5.96)

The boundary conditions (3.5.89) and (3.5.92) are indeed satisfied because of the exponential
behaviour of the solution.

Consider now the interface conditions. The interface condition (3.5.38) is

df1

dη
(0) =

df2

dη
(0). (3.5.97)

But fi(η) is given by (3.5.95) and therefore

dfi
dη

= Bi

[
1− ν1

2νi
η2

]
exp

(
− ν1

4νi
η2

)
. (3.5.98)
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Hence

dfi
dη

(0) = Bi, (3.5.99)

and the interface condition (3.5.97) becomes

B1 = B2 = B. (3.5.100)

Consider next the interface condition (3.5.53)

f1(0) = f2(0). (3.5.101)

From (3.5.95) for fi(η) we see that the condition is identically satisfied.

Consider next the interface condition (3.5.37)

d2f1

dη2
(0) =

µ2

µ1

d2f2

dη2
. (3.5.102)

From (3.5.98), it can be derived that

d2fi
dη2

= Bi

[
− 3

2

ν1

νi
η +

ν2
1

4ν2
i

η3

]
exp

(
− ν1

4νi
η2

)
. (3.5.103)

Thus

d2fi
dη2

(0) = 0 (3.5.104)

and interface condition (3.5.102) is identically satisfied.

Finally consider the interface condition (3.5.42)

3

Re

(
1− µ2

µ1

)
df2

dη
(0) =

1

F 2
√
Re

(
1− ρ2

ρ1

)
φ(5). (3.5.105)

Using (3.5.99) and (3.5.100), (3.5.105) becomes

3

Re

(
1− µ2

µ1

)
B =

1

F 2
√
Re

(
1− ρ2

ρ1

)
φ(5). (3.5.106)

Hence

φ(5) =
3F 2

√
Re

(
1− µ2

µ1

)
(

1− ρ2
ρ1

)B. (3.5.107)
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3.5.3 Calculation of constant B

It remains to calculate the constant B which is obtained from the conserved quantity. We know
that

K∗ =
ρ2

ρ1

ν1

ν2

∫ 0

−∞
η2df2

dη
dη +

∫ ∞
0

η2df1

dη
dη, (3.5.108)

df2

dη
= B

[
1− ν1

2ν2

η2

]
exp

(
− ν1

4ν2

η2

)
, (3.5.109)

df1

dη
= B

[
1− 1

2
η2

]
exp

(
− 1

4
η2

)
. (3.5.110)

Substituting (5.2.2) and (5.2.3) into (5.2.1) and simplifying gives

K∗ =
ρ2

ρ1

ν1

ν2

B

∫ ∞
0

η2

(
1− ν1

2ν2

η2

)
exp

(
− 1

4

ν1

ν2

η2

)
dη +B

∫ ∞
0

η2

(
1− 1

2
η2

)
exp

(
− 1

4
η2

)
dη

= B

[
ρ2

ρ1

ν1

ν2

I2 + I1

]
, (3.5.111)

where

I1 =

∫ ∞
0

η2

(
1− 1

2
η2

)
exp

(
− 1

4
η2

)
dη, (3.5.112)

I2 =

∫ ∞
0

η2

(
1− ν1

2ν2

η2

)
exp

(
− 1

4

ν1

ν2

η2

)
dη (3.5.113)

Equation (5.2.4) for K∗ is exactly the same as (3.4.77) for K derived in Section 3.4.2. The
integrals I1 and I2 were also evaluated in Section 3.4.2. It was found from equation (3.4.90)
that

K∗ = −4
√
πB

[
1 +

ρ2

ρ1

(
ν2

ν1

) 1
2
]
. (3.5.114)

Thus

B = − K∗

4
√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (3.5.115)
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But

ρ2

ρ1

(
ν2

ν1

) 1
2

=
ρ2

ρ1

(
µ2

ρ2

ρ1

µ1

) 1
2

=

(
ρ2µ2

ρ1µ1

) 1
2

=
1

χ
1
2

, (3.5.116)

where

χ =
ρ1µ1

ρ2µ2

. (3.5.117)

The solution is therefore governed by the parameter χ and

B = − K∗

4
√
π

χ
1
2[

1 + χ
1
2

] . (3.5.118)

We have found that the solution for the momentumless wake for k = 0 and the solution for the
momentumless wake using the method of Herczynski, Weidman and Burde but the conserved
quantity, (3.4.4), depends on the parameter χ. Herczynski, Weidman and Burde used the
conserved quantity

K

ρ1U
=
ρ2

ρ1

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy (3.5.119)

which is not consistent with zero total drag on the body and found that the solution depends
on a new parameter

Ω =
ρ1µ

3
2

ρ2µ3
1

. (3.5.120)

3.5.4 Visual representation of the solution

The solution derived in Section 3.5 through the use of the Herczynski, Weidman and Burde
method is visually represented in Figures 3.9 and 3.10. The same values for the ratios ρ1

ρ2
and

ν1
ν2

as chosen in Figures 3.5 and 3.6 were chosen in Figures 3.9 and 3.10 for comparison. Once
ρ1
ρ2

and ν1
ν2

have been chosen, the ratio µ1
µ2

is determined from µ1
µ2

= ν1
ν2

ρ2
ρ1
.
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Figure 3.9: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake, given by
(3.5.121) and (3.5.122) and derived using the method of Herczynski, Weidman and Burde [1],
plotted against y at x = 0.55 for K = 1

10
, ρ1
ρ2

= 1
2
and ν1

ν2
= 1

2
.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− B

x
3
2

[
1− 1

2

(y − φ(x))2

x

]
exp

(
− 1

4

(y − φ(x))2

x

)
, (3.5.121)

u2(x, y) = 1− w2(x, y) = 1− B

x
3
2

[
1− 1

2

ν1

ν2

(y − φ(x))2

x

]
exp

(
− 1

4

ν1

ν2

(y − φ(x))2

x

)
(3.5.122)

and

B = − K∗

4
√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (3.5.123)
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Figure 3.10: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake, given by
(3.5.121) and (3.5.122) and derived using the method of Herczynski, Weidman and Burde [1],
plotted against y at x = 0.55 for K = 1

10
, ρ1
ρ2

= 1
2
and ν1

ν2
= 1

5
.

The graphs in Figures 3.9 and 3.10 have the same form as in Figures 3.5 and 3.6 but displaced
on the y-axis by distance

φ(x) = φ(5)x−
5
2 . (3.5.124)

The solution of Herczynski, Weidman and Burde [1] tends to the solution derived in Section
3.4 in the limit x→∞, that is in the limit φ(x)→ 0.

3.6 Conclusions

Two solutions for the classical and momentumless two-fluid wake were derived in this chapter.
A scaling transformation was introduced and an invariant solution was found for the classical
and momentumless wakes through imposing of the boundary and interface conditions to reduce
the resulting PDE. The results were also visually represented and it was found that the classical
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wake has an interface at the y-axis while the momentumless wake has three different potential
interfaces.

Subsequent to this, the method by Herczynski, Weidman and Burde was studied and replicated.
The conserved quantity derived in this dissertation differed to that of Herczynski, Weidman and
Burde. It was decided to use the conserved quantity derived in Chapter 2 because it satisfied
the condition that the total drag on the body is zero. The coordinate expansion and expansion
of the interface deflection that was used by Herczynski et al. was also incorporated into the
derivation of the solution and a new corrected solution was found for the momentumless wake.
The solutions for the classical and momentumless wakes were also visually presented and are
similar to the solutions using the scaling transformation, however, the interface is deflected.
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Derivation of Conservation Laws

4.1 Introduction

In this chapter the conservation laws for a single fluid wake and a two-fluid wake will be
explored. In Section 4.2 a brief review of the relevant theory regarding conservation laws
and the different approaches that exist will be discussed [9]. In Section 4.3 the boundary
layer equations for the two-fluid wake are considered. The conserved vectors are determined
by elementary manipulations through the use of multipliers. Once the conserved vectors are
found they will be used to determine the conserved quantity. This is done in Section 4.4 for
the classical two-fluid wake flow and for the two-fluid wake flow behind a self-propelled body.
Section 4.5 concludes this chapter by summarising the conclusions.

4.2 Conservation Law Theory

The formulation of physical laws like the balance laws for energy and momentum play a role in
the mathematical idea of a conservation law [9]. Conserved quantities may be used in solving
differential equations where a similarity solution exists. Boundary conditions are also used in
the solution process.

There are many different methods that may be applied in finding conservation laws and con-
served vectors. One such method is Noether’s theorem [13]. This method relies on the use
of a suitable Lagrangian for Euler-Lagrange differential equations. Conserved vectors are de-
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termined by a formula based on the Noether symmetry associated with a specific Lagrangian.
There are methods that do not rely on the use of a Lagrangian including the direct method
which was first used by Laplace, however, in this dissertation we make use of the multiplier ap-
proach developed by Steudel [18] which can be used to generate conservation laws for a system
of partial differential equations (PDEs).

Consider a k-th order system of PDEs of n independent variables and m dependent variables
given by:

Gj(x, ψ, ψ(1), ..., ψ(k)) = 0, j = 1, 2, ...,m. (4.2.1)

The independent and dependent variables are denoted by x = (x1, x2, ..., xn) and ψ = (ψ1, ψ2, ..., ψm)

respectively.The collection of i-th order partial derivatives of the dependent variables is denoted
by ψ(i). The system given by (4.2.1) is assumed to be of maximal rank and locally solvable.

The total derivative of ψj with respect to xi is given by:

ψji = Di(ψ
j), ψjip = DpDi(ψ

j), ...., (4.2.2)

where the total derivative operator with respect to xi is presented as:

Di =
∂

∂xi
+ ψji

∂

∂ψj
+ ψjip

∂

∂ψjp
+ ..., i = 1, 2, ..., n. (4.2.3)

The Euler operator can annihilate a differential function if and only if the differential function
is a total divergence. The Euler operator is defined as:

E∗ψj =
∂

∂ψj
+
∑
s≥1

(−1)sDis

∂

∂ψji1...is
, j = 1, 2, ...,m, i1 ≤ i2 ≤ ... ≤ is. (4.2.4)

The symmetry operator is given by:

X = ξi
∂

∂xi
+ ηj

∂

∂ψj
+
∑
s≤1

ζji1...is
∂

∂ψji1...is
, i1 ≤ i2 ≤ ... ≤ is, (4.2.5)

where ζji1...is are given by:

ζji = Di(η
j)− ψjpDi(ξ

p), (4.2.6)

ζji1...is = Dis(ζ
j
i1...is−1

)− ψjpi1...is−1
Dis(ξ

p), s > 1. (4.2.7)

A set of functions T 1, T 2, ..., T n consists of the components of a local conserved vector if and
only if they satisfy

DiT
i = 0, (4.2.8)
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for all solutions of system (4.2.1).

The multiplier Λ has components Λ1,Λ2, ...,Λn. The multiplier can depend on the indepen-
dent and dependent variables and the partial derivatives up to the k-th order of the dependent
variables. The multiplier for system (4.2.1) has the following property:

ΛjGj(x, ψ, ψ(1), ..., ψ(k)) = DjT
j, (4.2.9)

for all functions ψ.

The determining equations may be obtained by applying the Euler operator to equation (4.2.9)
giving:

E∗ψj

[
ΛpGp

]
= 0, j = 1, 2, ...,m. (4.2.10)

The determining equations (4.2.10) are not only satisfied for all solutions of system (4.2.1)
but for all functions ψ = (ψ1, ψ2, ..., ψm). The determining equations (4.2.10) can be solved by
separating powers and products of the partial derivatives of ψj since the partial derivatives of
ψj are independent.

After determining the multiplier Λ, solutions for ψ may be considered, followed by calcu-
lating the components of the conserved vector T . The conserved vector T = (T 1, T 2, ..., T n) is
invariant under the action of the symmetry operator (4.2.5) [16] provided

X(T i) + T iDp(ξ
p)− T pDp(ξ

i) = 0, i = 1, 2, ..., n, (4.2.11)

where X is prolongated to as high an order in the derivatives as required. A generator (4.2.5)
that satisfies (4.2.11) is called a Lie point symmetry associated with the conserved vector T
of the system (4.2.1). The invariant solution generated by X can be determined once the Lie
point symmetry X has been found.

4.3 Conserved Vectors

In this section the elementary conserved vectors are derived for the boundary layer equations

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

, (4.3.1)

−∂wi
∂x

+
∂vi
∂y

= 0. (4.3.2)
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When x, y, wi, vi and the partial derivatives of wi and vi are considered as independent variables,
the notation wix, wiy, wixy, vix, viy, vixy will be used.

Multipliers Λ1 = Λ1(wi, vi, x, y) and Λ2 = Λ2(wi, vi, x, y) for the system of equations (4.3.1) and
(4.3.2) have the property that

Λ1

(
wix −

νi
ν1

wiyy

)
+ Λ2(−wix + viy) = DxT

1
(i) +DyT

2
(i) (4.3.3)

for all functions wi(x, y) and vi(x, y).

The total derivative operators are defined as:

Dx =
∂

∂x
+ wix

∂

∂wi
+ vix

∂

∂vi
+ wixx

∂

∂wix
+ vixx

∂

∂vix
+ wixy

∂

∂wiy
+ vixy

∂

∂viy
+ ... (4.3.4)

Dy =
∂

∂y
+ wiy

∂

∂wi
+ viy

∂

∂vi
+ wiyy

∂

∂wiy
+ viyy

∂

∂viy
+ wiyx

∂

∂wix
+ viyx

∂

∂vix
+ ... (4.3.5)

The determining equations for multipliers Λ1 and Λ2 are:

Ewi

[
Λ1

(
wix −

νi
ν1

wiyy

)
+ Λ2(−wix + viy)

]
= 0, (4.3.6)

Evi

[
Λ1

(
wix −

νi
ν1

wiyy

)
+ Λ2(−wix + viy)

]
= 0, (4.3.7)

where Ewi and Evi are the standard Euler operators and are given by:

Ewi =
∂

∂wi
−Dx

∂

∂wix
−Dy

∂

∂wiy
+D2

x

∂

∂wixx
+DxDy

∂

∂wixy
+D2

y

∂

∂wiyy
− ... (4.3.8)

Evi =
∂

∂vi
−Dx

∂

∂vix
−Dy

∂

∂viy
+D2

x

∂

∂vixx
+DxDy

∂

∂vixy
+D2

y

∂

∂viyy
− ... (4.3.9)

The expansion of equations (4.3.6) and (4.3.7) gives:

∂Λ1

∂wi

(
wix −

νi
ν1

wiyy

)
+
∂Λ2

∂wi
(−wix + viy) +Dx(Λ2 − Λ1)− νi

ν1

D2
y(Λ1) = 0, (4.3.10)

∂Λ1

∂vi

(
wix −

νi
ν1

wiyy

)
+
∂Λ2

∂vi
(−wix + viy)−Dy(Λ2) = 0. (4.3.11)
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When expanded, equations (4.3.10) and (4.3.11) become

wix
∂Λ1

∂wi
− νi
ν1

wiyy
∂Λ1

∂wi
− wix

∂Λ2

∂wi
+ viy

∂Λ2

∂wi
− ∂Λ1

∂x
− wix

∂Λ1

∂wi
− vix

∂Λ1

∂vi
+
∂Λ2

∂x
+ wix

∂Λ2

∂wi
+

vix
∂Λ2

∂vi
− νi
ν1

∂2Λ1

∂y2
− νi
ν1

wiy
∂2Λ1

∂y∂wi
− νi
ν1

viy
∂2Λ1

∂y∂vi
− νi
ν1

wiy
∂2Λ1

∂wi∂y
− νi
ν1

wiyy
∂Λ1

∂wi
− νi
ν1

wiywiy
∂2Λ1

∂w2
i

−

νi
ν1

viywiy
∂2Λ1

∂wi∂vi
− νi
ν1

viy
∂2Λ1

∂vi∂y
− νi
ν1

viyy
∂Λ1

∂vi
− νi
ν1

wiyviy
∂2Λ1

∂wi∂vi
− νi
ν1

viyviy
∂2Λ1

∂v2
i

= 0, (4.3.12)

wix
∂Λ

∂vi
− νi
ν1

wiyy
∂Λ1

∂vi
− wix

∂Λ2

∂vi
+ viy

∂Λ2

∂vi
− ∂Λ2

∂y
− wiy

∂Λ2

∂wi
− viy

∂Λ2

∂vi
= 0. (4.3.13)

Now the partial derivatives of wi(x, y) and vi(x, y) in (4.3.12) and (4.3.13) are independent
because (4.3.3) holds for all functions wi(x, y) and vi(x, y) and not only for solutions of the two
partial differential equations (4.3.1) and (4.3.2). We can therefore separate equations (4.3.12)
and (4.3.13) by equating the coefficients of powers and products of the partial derivatives of wi
and vi.
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Separating equation (4.3.12) gives the following results.

wix : 0 = 0, (4.3.14)

wiy :
∂2Λ1

∂y∂wi
= 0, (4.3.15)

w2
iy :

∂2Λ1

∂w2
i

= 0, (4.3.16)

wiyy :
∂Λ1

∂wi
= 0, (4.3.17)

vix :
∂Λ2

∂vi
− ∂Λ1

∂vi
= 0, (4.3.18)

viy :
∂Λ2

∂wi
− 2

νi
ν1

∂2Λ1

∂y∂vi
= 0, (4.3.19)

v2
iy :

∂2Λ1

∂v2
i

= 0, (4.3.20)

viyy :
∂Λ1

∂vi
= 0, (4.3.21)

viywiy :
∂2Λ1

∂wi∂vi
= 0. (4.3.22)

The remainder is

∂Λ2

∂x
− ∂Λ1

∂x
− νi
ν1

∂2Λ1

∂y2
= 0. (4.3.23)
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Separating equation (4.3.13) gives the following results

wix :
∂Λ1

∂vi
− ∂Λ2

∂vi
= 0, (4.3.24)

wiy :
∂Λ2

∂wi
= 0, (4.3.25)

wiyy :
∂Λ1

∂vi
= 0, (4.3.26)

viy : 0 = 0. (4.3.27)

The remainder is

∂Λ2

∂y
= 0. (4.3.28)

Now

Λ1 = Λ1(wi, vi, x, y), Λ2 = Λ2(wi, vi, x, y). (4.3.29)

From equations (4.3.17), (4.3.18), (4.3.21), (4.3.25) and (4.3.28)

Λ1 = Λ1(x, y), Λ2 = Λ2(x). (4.3.30)

With this form for Λ1 and Λ2 there is only one other equation not identically zero, the remainder
(4.3.23)

dΛ2

dx
(x)− ∂Λ1

∂x
(x, y)− νi

ν1

∂2Λ1

∂y2
(x, y) = 0. (4.3.31)

To make progress we look for a multiplier Λ1 that is independent of x. Instead of looking for
multipliers of the form (4.3.29) we should have looked for multipliers of the form

Λ1 = Λ1(wi, vi, y), Λ2 = Λ2(wi, vi, x, y). (4.3.32)

With

Λ1 = Λ1(y) (4.3.33)

equation (4.3.31) becomes

dΛ2

dx
(x) =

νi
ν1

d2Λ1

dy2
(y). (4.3.34)
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By the technique of separation of variables, each side of (4.3.34) must be a constant, 2a1. Thus

dΛ2

dx
(x) = 2a1, (4.3.35)

νi
ν1

d2Λ1

dy2
(y) = 2a1. (4.3.36)

Hence, integrating

Λ1(y) = a1
ν1

νi
y2 + a2y + a3, (4.3.37)

Λ2(x) = 2a1x+ a4, (4.3.38)

where a2, a3 and a4 are constants. The factor ν1
νi

in (4.3.37) cannot be transformed away by
letting

b1 =
ν1

νi
a1 (4.3.39)

because a1 also occurs in (4.3.38). Therefore,

Λ1(y)

[
wix −

νi
ν1

wiyy

]
+ Λ2(x)[−wix + viy] = DxT

1
(i) +DyT

2
(i) (4.3.40)

for all functions wi(x, y) and vi(x, y).

4.3.1 Case 1: Momentumless wake (a1 6= 0)

Consider

a1 = 1, a2 = 0, a3 = 0, a4 = 0. (4.3.41)

Then

Λ1(y) =
ν1

νi
y2, Λ2(x) = 2x (4.3.42)

and

ν1

νi
y2

[
wix −

νi
ν1

wiyy

]
+ 2x[−wix + viy] = DxT

1
(i) +DyT

2
(i) (4.3.43)

for all functions wi(x, y) and vi(x, y).
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We have to find the conserved vector [T 1
(i), T

2
(i)]. Now (4.3.43) is

y2

[
ν1

νi
wix − wiyy

]
+ 2x[−wix + viy] = DxT

1
(i) +DyT

2
(i). (4.3.44)

Consider

Dx

[
ν1

νi
y2wi − 2xwi

]
+Dy[−y2wiy + 2ywi + 2xvi]

=
ν1

νi
y2wix − 2wi − 2xwix − 2ywiy − y2wiyy + 2wi + 2ywiy + 2xviy

= y2

[
ν1

νi
wix − wiyy

]
+ 2x[−wix + viy]. (4.3.45)

Hence

ν1

νi
y2

[
wix −

νi
ν1

wiyy

]
+ 2x[−wix + viy] = Dx

[
ν1

νi
y2wi − 2xwi

]
+Dy[−y2wiy + 2ywi + 2xvi]

(4.3.46)

for arbitrary functions wi(x, y) and vi(x, y). When wi(x, y) and vi(x, y) are solutions of the
system of PDEs

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

, (4.3.47)

−∂wi
∂x

+
∂vi
∂y

= 0, (4.3.48)

then (4.3.46) reduces to

Dx

[
ν1

νi
y2wi − 2xwi

]
+Dy

[
− y2wiy + 2ywi + 2xvi

]∣∣∣∣
PDE (4.3.47) and (4.3.48)

= 0. (4.3.49)

Thus a conserved vector of the system of PDEs (4.3.47) and (4.3.48) is

T 1
(i) =

ν1

νi
y2wi − 2xwi, (4.3.50)

T 2
(i) = −y2wiy + 2ywi + 2xvi. (4.3.51)
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4.3.2 Case 2: Classical wake (a3 6= 0)

Consider

a1 = 0, a2 = 0, a3 = 1, a4 = 0. (4.3.52)

Then

Λ1(y) = 1, Λ2(x) = 0 (4.3.53)

and

wix −
νi
ν1

wiyy = DxT
1
(i) +DyT

2
(i). (4.3.54)

We have to find the conserved vector [T 1
(i), T

2
(i)]. Consider

Dx[wi] +Dy

[
− νi
ν1

wiy

]
= wix −

νi
ν1

wiyy. (4.3.55)

Hence

wix −
νi
ν1

wiyy = Dx(wi) +Dy

[
− νi
ν1

wiy

]
(4.3.56)

for an arbitrary function wi(x, y). When wi(x, y) is a solution of the PDE

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

, (4.3.57)

then (4.3.56) reduces to

Dx

[
wi

]
+Dy

[
− νi
ν1

wiy

]∣∣∣∣
PDE (4.3.57)

= 0. (4.3.58)

Thus a conserved vector of the PDE (4.3.57) is

T 1
(i) = wi, (4.3.59)

T 2
(i) = − νi

ν1

wiy. (4.3.60)
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4.3.3 Case 3: Combination wake (a2 6= 0)

Consider

a1 = 0, a2 = 1, a3 = 0, a4 = 0. (4.3.61)

Then

Λ1(y) = y, Λ2(x) = 0. (4.3.62)

Now

Λ1(y)

[
wix −

νi
ν1

wiyy

]
+ Λ2(x)[−wix + viy] = DxT

1
(i) +DyT

2
(i). (4.3.63)

Thus

y

[
wix −

νi
ν1

wiyy

]
= DxT

1
(i) +DyT

2
(i). (4.3.64)

Consider

Dx

[
ywi

]
+Dy

[
− νi
ν1

ywiy +
νi
ν1

wi

]
= ywix −

νi
ν1

wiyy −
νi
ν1

ywiyy +
νi
ν1

wiy

= y

[
wix −

νi
ν1

wiyy

]
. (4.3.65)

Hence

y

[
wix −

νi
ν1

wiyy

]
= Dx

[
ywi

]
+Dy

[
− νi
ν1

ywiy +
νi
ν1

wi

]
(4.3.66)

for an arbitrary function wi(x, y). When wi(x, y) is a solution of the PDE

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

, (4.3.67)

then (4.3.66) reduces to

Dx

[
ywi

]
+Dy

[
− νi
ν1

ywiy +
νi
ν1

wi

]∣∣∣∣
PDE (4.3.67)

= 0. (4.3.68)

Thus a conserved vector of the PDE (4.3.67) is

T 1
(i) = ywi, (4.3.69)

T 2
(i) =

νi
ν1

(wi − ywiy). (4.3.70)
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4.3.4 Case 4: Remaining case (a4 6= 0)

Consider

a1 = 0, a2 = 0, a3 = 0, a4 = 1. (4.3.71)

Then

Λ1(y) = 0, Λ2(x) = 1. (4.3.72)

Now

Λ1(y)

[
wix −

νi
ν1

wiyy

]
+ Λ2(x)[−wix + viy] = DxT

1
(i) +DyT

2
(i). (4.3.73)

Thus

−wix + viy = DxT
1
(i) +DyT

2
(i). (4.3.74)

Consider

Dx[−wi] +Dy[vi] = −wix + viy. (4.3.75)

Hence

−wix + viy = Dx[−wi] +Dy[vi] (4.3.76)

for arbitrary functions wi(x, y) and vi(x, y). When wi(x, y) and vi(x, y) are a solution of the
PDE

−∂wi
∂x

+
∂vi
∂y

= 0, (4.3.77)

then (4.3.76) reduces to

Dx[−wi] +Dy[vi]|PDE (4.3.77) = 0. (4.3.78)

Thus a conserved vector of the PDE (4.3.77) is

T 1
(i) = −wi, (4.3.79)

T 2
(i) = vi. (4.3.80)

99



Chapter 4 – Derivation of Conservation Laws

4.3.5 Case 5: Linear combination of conserved vectors

Consider

a1 6= 0, a2 6= 0, a3 6= 0, a4 6= 0. (4.3.81)

Then

Λ1(y) = a1
ν1

νi
y2 + a2y + a3, Λ2(x) = 2a1x+ a4 (4.3.82)

and[
a1
ν1

νi
y2 + a2y + a3

][
wix −

νi
ν1

wiyy

]
+ [2a1x+ a4][−wix + viy] = DxT

1
(i) +DyT

2
(i) (4.3.83)

for all functions wi(x, y) and vi(x, y).

We have to find the conserved vector [T 1
(i), T

2
(i)]. Based on our experience with the four conserved

vectors separately, we consider

Dx

[
a1

(
ν1

νi
y2wi − 2xwi

)
+ a2(ywi) + a3(wi) + a4(−wi)

]
+

Dy

[
a1(−y2wiy + 2ywi + 2xvi) + a2

(
− νi
ν1

ywiy +
νi
ν1

wi

)
+ a3

(
− νi
ν1

wiy

)
+ a4(vi)

]

= a1

[
ν1

νi
y2

(
wix −

νi
ν1

wiyy

)
+ 2x(−wix + viy)

]
+ a2

[
y

(
wix

νi
ν1

wiyy

)]
+ a3

[
wix −

νi
ν1

wiyy

]
+ a4[−wix + viy]

=

(
a1
ν1

νi
y2 + a2y + a3

)(
wix −

νi
ν1

wiyy

)
+ (2xa1 + a4)(−wix + viy). (4.3.84)

Equation (4.3.84) is satisfied for arbitrary functions wi(x, y) and vi(x, y). When wi(x, y) and
vi(x, y) are solutions of the system of PDEs

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

, (4.3.85)

−∂wi
∂x

+
∂vi
∂y

= 0, (4.3.86)
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then (4.3.84) reduces to

Dx

[
a1

(
ν1

νi
y2wi − 2xwi

)
+ a2(ywi) + a3(wi) + a4(−wi)

]
+

Dy

[
a1(−y2wiy + 2ywi + 2xvi) + a2

(
− νi
ν1

ywiy +
νi
ν1

wi

)
+ a3

(
− νi
ν1

wiy

)
+ a4(vi)

]∣∣∣∣
PDE (4.3.85) and (4.3.86)

= 0. (4.3.87)

Thus the general conserved vector of the system of PDEs (4.3.85) and (4.3.86) with multipliers
Λ1(y) and Λ2(x) is of the form

T 1
(i) = a1

(
ν1

νi
y2wi − 2xwi

)
+ a2(ywi) + a3(wi) + a4(−wi), (4.3.88)

T 2
(i) = a1(−y2wiy + 2ywi + 2xvi) + a2

(
− νi
ν1

ywiy +
νi
ν1

wi

)
+ a3

(
− νi
ν1

wiy

)
+ a4(vi). (4.3.89)

The conserved vector with components (4.3.88) and (4.3.89) is a linear combination of four
conserved vectors obtained by setting all ai = 0 except one, in turn. The four conserved
vectors are

a1 = 1, ai = 0, i 6= 1 :

T 1 =
ν1

νi
y2wi − 2xwi, (4.3.90)

T 2 = −y2wiy + 2ywi + 2xvi. (4.3.91)

a2 = 1, ai = 0, i 6= 2 :

T 1 = ywi, (4.3.92)

T 2 =
νi
ν1

(wi − ywiy). (4.3.93)
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a3 = 1, ai = 0, i 6= 3 :

T 1 = wi, (4.3.94)

T 2 = − νi
ν1

wiy. (4.3.95)

a4 = 1, ai = 0, i 6= 4 :

T 1 = −wi, (4.3.96)

T 2 = vi. (4.3.97)

The general conserved vector T is the linear combination

T = a1T
(1) + a2T

(2) + a3T
(3) + a4T

(4). (4.3.98)

We can think of

T (1), T (2), T (3), T (4) (4.3.99)

as forming a basis of conserved vectors of the PDEs (4.3.85) and (4.3.86) for multipliers Λ1(y)

and Λ2(x).

4.4 Conserved quantities

We now treat T 1 and T 2 as functions of the independent variables x and y:

T 1 = T 1(x, y), (4.4.1)

T 1 = T 1(x, y, wi(x, y), vi(x, y), wix(x, y), wiy(x, y), vix(x, y), viy(x, y), ...), (4.4.2)

∂T 1

∂x
= DxT

1, (4.4.3)
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and

T 2 = T 2(x, y), (4.4.4)

T 2 = T 2(x, y, wi(x, y), vi(x, y), wix(x, y), wiy(x, y), vix(x, y), viy(x, y), ...), (4.4.5)

∂T 2

∂y
= DyT

2. (4.4.6)

Thus

DxT
1 +DyT

2 =
∂T 1

∂x
(x, y) +

∂T 2

∂y
(x, y). (4.4.7)

The conserved vectors with x and y regarded as independent variables therefore satisfy

∂T 1

∂x
(x, y) +

∂T 2

∂y
(x, y) = 0. (4.4.8)

4.4.1 Conserved quantity for the two-fluid classical wake

The conserved quantity for the classical wake is obtained from the conserved vector

T 1
(i) = wi, T 2

(i) = − νi
ν1

wiy (4.4.9)

and the interface condition (shear stress at the interface)

∂w1

∂y
(x, φ(x)) =

µ2

µ1

∂w2

∂y
(x, φ(x)). (4.4.10)

We derive expressions for ∂w1

∂y
(x, φ(x)) and ∂w2

∂y
(x, φ(x)).

4.4.1.1 Lower fluid

T 1 = w2, T 2 = −ν2

ν1

∂w2

∂y
. (4.4.11)

Now

∂T 1

∂x
+
∂T 2

∂y
= 0, (4.4.12)
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and therefore

∂

∂x
(w2) +

∂

∂y

(
− ν2

ν1

∂w2

∂y

)
= 0. (4.4.13)

Since (4.4.10) has the factor µ2
µ1

we multiply (4.4.13) by ρ2
ρ1
. Hence

ρ2

ρ1

∂w2

∂x
=
µ2

µ1

∂2w2

∂y2
. (4.4.14)

Integrate both sides of (4.4.14) with respect to y from y = −∞ to y = φ(x).

ρ2

ρ1

∫ φ(x)

−∞

∂w2

∂x
(x, y)dy =

µ2

µ1

∫ φ(x)

−∞

∂2w2

∂y2
(x, y)dy. (4.4.15)

Consider first the right-hand side of (4.4.15):∫ φ(x)

−∞

∂2w2

∂y2
(x, y)dy =

[
∂w2

∂y
(x, y)

]φ(x)

−∞
(4.4.16)

=
∂w2

∂y
(x, φ(x))− ∂w2

∂y
(x,−∞). (4.4.17)

However, from the boundary condition at y = −∞,

∂w2

∂y
(x,−∞) = 0. (4.4.18)

Hence ∫ φ(x)

−∞

∂2w2

∂y2
(x, y)dy =

∂w2

∂y
(x, φ(x)). (4.4.19)

Consider next the left-hand side of (4.4.15). To evaluate the left-hand side of (4.4.15) replace
the lower limit by −Bx where B > 0 is a constant. Using the formula for differentiation under
the integral sign [42]

d

dx

∫ φ(x)

−Bx
w2(x, y)dy =

∫ φ(x)

−Bx

∂w2

∂x
(x, y)dy + w2(x, φ(x))

dφ(x)

dx
− w2(x,−Bx)(−B). (4.4.20)

Now from the boundary conditions

w2(x,−∞) = 0. (4.4.21)

Assume the stronger condition that

lim
B→∞

w2(x,−Bx)B = 0. (4.4.22)
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Let B →∞ in (4.4.20). Then

d

dx

∫ φ(x)

−∞
w2(x, y)dy =

∫ φ(x)

−∞

∂w2

∂x
(x, y)dy + w2(x, φ(x))

dφ(x)

dx
(4.4.23)

and therefore ∫ φ(x)

−∞

∂w2

∂x
(x, y)dy =

d

dx

∫ φ(x)

−∞
w2(x, y)dy − w2(x, φ(x))

dφ(x)

dx
. (4.4.24)

Substitute (4.4.19) and (4.4.24) into (4.4.15),

ρ2

ρ1

∫ φ(x)

−∞

∂w2

∂x
(x, y)dy =

µ2

µ1

∫ φ(x)

−∞

∂2w2

∂y2
(x, y)dy, (4.4.25)

which gives

ρ2

ρ1

[
d

dx

∫ φ(x)

−∞
w2(x, y)dy − w2(x, φ(x))

dφ(x)

dx

]
=
µ2

µ1

∂w2

∂y
(x, φ(x)). (4.4.26)

Thus

µ2

µ1

∂w2

∂y
(x, φ(x)) =

d

dx

(
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy

)
− ρ2

ρ1

w2(x, φ(x))
dφ(x)

dx
. (4.4.27)

4.4.1.2 Upper fluid

For the upper fluid,

T 1 = w1, T 2 = −∂w1

∂y
. (4.4.28)

Now

∂T 1

∂x
+
∂T 2

∂y
= 0, (4.4.29)

therefore

∂w1

∂x
=
∂2w1

∂y2
. (4.4.30)

Integrate both sides of (4.4.30) from y = φ(x) to y =∞ with respect to y:∫ ∞
φ(x)

∂w1

∂x
(x, y)dy =

∫ ∞
φ(x)

∂2w1

∂y2
(x, y)dy. (4.4.31)
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Consider first the right-hand side of (4.4.31).∫ ∞
φ(x)

∂w1

∂x
(x, y)dy =

[
∂w1

∂y
(x, y)

]∞
φ(x)

(4.4.32)

=
∂w1

∂y
(x,∞)− ∂w1

∂y
(x, φ(x)). (4.4.33)

However, from the boundary condition at y = +∞

∂w1

∂y
(x,∞) = 0. (4.4.34)

Hence ∫ ∞
φ(x)

∂w1

∂x
(x, y)dy = −∂w1

∂y
(x, φ(x)). (4.4.35)

Consider next the left-hand side of (4.4.31). Apply again the Theorem for differentiation under
the integral sign. Replace the upper limit as in the integral by Bx where B > 0 is a constant.
Then

d

dx

∫ Bx

φ(x)

w1(x, y)dy =

∫ Bx

φ(x)

∂w1

∂x
(x, y)dy + w1(x,Bx)B − w1(x, φ(x))

dφ(x)

dx
. (4.4.36)

But from the boundary conditions

w1(x,∞) = 0. (4.4.37)

Assume the stronger condition

lim
B→∞

w1(x,Bx)B = 0. (4.4.38)

Let B →∞ in (4.4.36). Then

d

dx

∫ ∞
φ(x)

w1(x, y)dy =

∫ ∞
φ(x)

∂w1

∂x
(x, y)dy − w1(x, φ(x))

dφ(x)

dx
(4.4.39)

and ∫ ∞
φ(x)

∂w1

∂x
(x, y)dy =

d

dx

∫ ∞
φ(x)

w1(x, y)dy + w1(x, φ(x))
dφ(x)

dx
. (4.4.40)

Substitute (4.4.35) and (4.4.40) into (4.4.31) which gives

∂w1

∂y
(x, φ(x)) = − d

dx

∫ ∞
φ(x)

w1(x, y)dy − w1(x, φ(x))
dφ(x)

dx
. (4.4.41)
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4.4.1.3 Two fluids

Equations (4.4.27) and (4.4.41) do not separately generate conserved quantities. We do not
have a conserved quantity for the upper fluid and a conserved quantity for the lower fluid.
There is one conserved quantity for the whole wake consisting of the upper fluid and the lower
fluid. Substitute (4.4.27) and (4.4.41) into the interface condition (4.4.10):

∂w1

∂y
(x, φ(x)) =

µ2

µ1

∂w2

∂y
(x, φ(x)). (4.4.42)

Then

− d

dx

∫ ∞
φ(x)

w1(x, y)dy − w1(x, φ(x))
dφ(x)

dx
=

d

dx

(
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy

)
− ρ2

ρ1

w2(x, φ(x))
dφ(x)

dx
,

(4.4.43)

and therefore

d

dx

[
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy

]
=

[
ρ2

ρ1

w2(x, φ(x))− w1(x, φ(x))

]
dφ(x)

dx
. (4.4.44)

But from the interface condition

w2(x, φ(x)) = w1(x, φ(x)). (4.4.45)

Thus

d

dx

[
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy

]
=

(
ρ2

ρ1

− 1

)
w1(x, φ(x))

dφ(x)

dx
. (4.4.46)

The term

w1(x, φ(x))
dφ(x)

dx
(4.4.47)

is second order in smallness and is therefore neglected. Second order small terms have already
been neglected in the derivation of the diffusion equation for the wake. Note that the terms in
(4.4.42) are first order in smallness and cannot be neglected. If these terms could be neglected
then we would have conserved quantities in the upper and lower wakes separately. By neglecting
(4.4.47), equation (4.4.46) reduces to

d

dx

[
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy

]
= 0. (4.4.48)

Hence

ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy = constant independent of x (4.4.49)
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and

D∗ =
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy, (4.4.50)

where D∗ is the total dimensionless drag on the obstacle. The constant D∗ is the conserved
quantity for the two-fluid classical wake. In the solution which we derive for the two-fluid
classical wake, φ(x) = 0 and the term (4.4.47) is zero. Equation (4.4.48) is then satisfied
without the assumption that the term (4.4.47) can be neglected.

4.4.2 Conserved quantity for the two-fluid momentumless wake

The conserved quantity for the momentumless wake behind a self-propelled body is obtained
from the conserved vector

T 1
(i) =

ν1

νi
y2wi − 2xwi, T 2

(i) = −y2wiy + 2ywi + 2xvi (4.4.51)

and the condition that the total drag on the obstacle is zero:

D∗ =
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy. (4.4.52)

We derive expressions for∫ φ(x)

−∞
w2(x, y)dy and

∫ ∞
φ(x)

w1(x, y)dy. (4.4.53)

4.4.2.1 Lower fluid

The components of the conserved vector are

T 1 =
ν1

ν2

y2w2 − 2xw2, T 2 = −y2∂w2

∂y
+ 2yw2 + 2xv2. (4.4.54)

Now the conservation law can be expressed as

∂T 1

∂x
+
∂T 2

∂y
= 0, (4.4.55)

therefore

∂

∂x

(
ν1

ν2

y2w2 − 2xw2

)
+

∂

∂y

(
− y2∂w2

∂y
+ 2yw2 + 2xv2

)
= 0. (4.4.56)
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However, consider

∂

∂x
(−2xw2) +

∂

∂y
(2xv2) = −2w2 + 2x

(
− ∂w2

∂x
+
∂v2

∂y

)
= −2w2 (4.4.57)

since from conservation of mass

−∂w2

∂x
+
∂v2

∂y
= 0. (4.4.58)

Equation (4.4.56) becomes

∂

∂x

(
ν1

ν2

y2w2

)
− 2w2 +

∂

∂y

(
− y2∂w2

∂y
+ 2yw2

)
= 0. (4.4.59)

Integrate (4.4.59) with respect to y from y = −∞ to y = φ(x).∫ φ(x)

−∞

∂

∂x

(
ν1

ν2

y2w2

)
dy − 2

∫ φ(x)

−∞
w2(x, y)dy +

∫ φ(x)

−∞

∂

∂y

(
− y2∂w2

∂y
+ 2yw2

)
dy = 0. (4.4.60)

Now ∫ φ(x)

−∞

∂

∂y

(
− y2∂w2

∂y
+ 2yw2

)
dy =

[
− y2∂w2

∂y
+ 2yw2

]φ(x)

−∞

= −φ2(x)
∂w2

∂y
(x, φ(x)) + 2φ(x)w2(x, φ(x))

+

(
y2∂w2

∂y

)∣∣∣∣
y=−∞

+ (2yw2)|y=−∞. (4.4.61)

But, from the boundary conditions at y = −∞

w2(x,−∞) = 0,
∂w2

∂y
(x,−∞) = 0. (4.4.62)

We assume the stronger conditions

yw2(x, y)|y=−∞ = 0, y2∂w2

∂y
(x, y)

∣∣∣∣
y=−∞

= 0 (4.4.63)

Then (4.4.61) becomes∫ φ(x)

−∞

∂

∂y

(
− y2∂w2

∂y
+ 2yw2

)
dy = −φ2(x)

∂w2

∂y
(x, φ(x)) + 2φ(x)w2(x, φ(x)). (4.4.64)
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Also to rewrite the first term in (4.4.60) use the Theorem of differentiation under the integral
sign. Replace the lower limit −∞ by −Bx where B > 0 is a constant. Then

d

dx

∫ φ(x)

−Bx
y2w2(x, y)dy =

∫ φ(x)

−Bx
y2∂w2

∂x
(x, y)dy + φ2(x) w2(x, φ(x))

dφ(x)

dx

−B2 x2 w2(x,−Bx)(−B). (4.4.65)

But from the boundary conditions

w2(x,−∞) = 0. (4.4.66)

Assume the stronger condition

lim
B→∞

B3 w2(x,−Bx) = 0. (4.4.67)

Let B →∞ in (4.4.65). Then

d

dx

∫ φ(x)

−∞
y2w2(x, y)dy =

∫ φ(x)

−∞
y2∂w2

∂x
(x, y)dy + φ2(x) w2(x, φ(x))

dφ(x)

dx
(4.4.68)

and therefore∫ φ(x)

−∞
y2∂w2

∂x
(x, y)dy =

d

dx

∫ φ(x)

−∞
y2w2(x, y)dy − φ2(x) w2(x, φ(x))

dφ(x)

dx
. (4.4.69)

Using (4.4.64) and (4.4.69), equation (4.4.60) becomes

2

∫ φ(x)

−∞
w2(x, y)dy =

ν1

ν2

d

dx

∫ φ(x)

−∞
y2w2(x, y)dy − ν1

ν2

φ2(x)w2(x, φ(x))
dφ(x)

dx

− φ2(x)
∂w2

∂y
(x, φ(x)) + 2φ(x)w2(x, φ(x)). (4.4.70)

4.4.2.2 Upper fluid

The components of the conserved vector are

T 1 = y2w1 − 2xw1, T 2 = −y2∂w1

∂y
+ 2yw1 + 2xv1. (4.4.71)

Now the conservation law can be expressed as

∂T 1

∂x
+
∂T 2

∂y
= 0, (4.4.72)
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and therefore

∂

∂x
(y2w1 − 2xw1) +

∂

∂y

(
− y2∂w1

∂y
+ 2yw1 + 2xv1

)
= 0. (4.4.73)

Now,

∂

∂x
(−2xw1) +

∂

∂y
(2xv1) = −2w1 + 2x

(
− ∂w1

∂x
+
∂v1

∂y

)
= −2w1 (4.4.74)

since from conservation of mass

−∂w1

∂x
+
∂v1

∂y
= 0. (4.4.75)

Therefore, (4.4.73) becomes

∂

∂x
(y2w1)− 2w1 +

∂

∂y

(
− y2∂w1

∂y
+ 2yw1

)
= 0. (4.4.76)

Integrate (4.4.76) with respect to y from y = φ(x) to y = +∞:∫ ∞
φ(x)

∂

∂x
(y2w1)dy − 2

∫ ∞
φ(x)

w1(x, y)dy +

∫ ∞
φ(x)

∂

∂y

(
− y2∂w1

∂y
+ 2yw1

)
dy = 0. (4.4.77)

Now ∫ ∞
φ(x)

∂

∂y

(
− y2∂w1

∂y
+ 2yw1

)
dy =

[
− y2∂w1

∂y
+ 2yw1

]∞
φ(x)

= −y2∂w1

∂y
(x, y)

∣∣∣∣
y=∞

+ 2yw1(x, y)|y=∞

+ φ2(x)
∂w1

∂y
(x, φ(x))− 2φ(x)w1(x, φ(x)). (4.4.78)

But from the boundary conditions at y = +∞,

w1(x,∞) = 0,
∂w1

∂y
(x,∞) = 0. (4.4.79)

Assume the stronger conditions

y w1(x, y)|y=∞ = 0, y2∂w1

∂y
(x, y)

∣∣∣∣
y=∞

= 0. (4.4.80)

Then (4.4.78) becomes∫ ∞
φ(x)

∂

∂y

(
− y2∂w1

∂y
+ 2yw1

)
dy = φ2(x)

∂w1

∂y
(x, φ(x))− 2φ(x)w1(x, φ(x)). (4.4.81)
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In order to rewrite the first term in (4.4.77) we apply again the Theorem for differentiation
under the integral sign. Replace the upper limit ∞ in the integral by Bx where B > 0 is a
constant. Then

d

dx

∫ Bx

φ(x)

y2w1(x, y)dy =

∫ Bx

φ(x)

y2∂w1

∂x
(x, y)dy +B2 x2 w1(x,Bx)B − φ2(x)w1(x, φ(x))

dφ(x)

dx
.

(4.4.82)

But from the boundary conditions at y = +∞

w1(x,∞) = 0. (4.4.83)

We assume the stronger condition

lim
B→∞

B3 w1(x,Bx) = 0. (4.4.84)

Let B →∞ in (4.4.82). Then

d

dx

∫ ∞
φ(x)

y2w1(x, y)dy =

∫ ∞
φ(x)

y2∂w1

∂x
(x, y)dy − φ2(x)w1(x, φ(x))

dφ(x)

dx
(4.4.85)

and therefore∫ ∞
φ(x)

y2∂w1

∂x
(x, y)dy =

d

dx

∫ ∞
φ(x)

y2w1(x, y)dy + φ2(x)w1(x, φ(x))
dφ(x)

dx
. (4.4.86)

Using (4.4.81) and (4.4.86), equation (4.4.77) becomes

2

∫ ∞
φ(x)

w1(x, y)dy =
d

dx

∫ ∞
φ(x)

y2w1(x, y)dy + φ2(x)w1(x, φ(x))
dφ(x)

dx

+ φ2(x)
∂w1

∂y
(x, φ(x))− 2φ(x)w1(x, φ(x)). (4.4.87)

4.4.2.3 Two fluids

Equations (4.4.70) and (4.4.87) do not separately generate conserved quantities and there is
not a conserved quantity for the upper wake and a conserved quantity for the lower wake. This
is because the terms ∫ φ(x)

−∞
w2(x, y)dy,

∫ ∞
φ(x)

w1(x, y)dy, (4.4.88)
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are only first order in smallness and cannot be neglected. They are eliminated using the property
of a self-propelled wake that the total drag is zero:

D∗ =
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy = 0. (4.4.89)

Substitute (4.4.70) and (4.4.87) into (4.4.89)

ρ2

ρ1

[
d

dx

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy − ν1

ν2

φ2(x)w2(x, φ(x))
dφ(x)

dx
− φ2(x)

∂w2

∂y
(x, φ(x)) + 2φ(x)w2(x, φ(x))

]

+
d

dx

∫ ∞
φ(x)

y2w1(x, y)dy + φ2(x)w1(x, φ(x))
dφ(x)

dx
+ φ2(x)

∂w1

∂y
(x, φ(x))− 2φ(x)w1(x, φ(x)) = 0.

(4.4.90)

Simplifying (4.4.90) gives

d

dx

[
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy

]
=
ρ2

ρ1

w2(x, φ(x))φ2(x)
dφ(x)

dx

+
ρ2

ρ1

∂w2

∂y
(x, φ(x))φ2(x)− 2

ρ2

ρ1

w2(x, φ(x))φ(x)− w1(x, φ(x))φ2(x)
dφ(x)

dx

− ∂w1

∂y
(x, φ(x))φ2(x) + 2w1(x, φ(x))φ(x). (4.4.91)

Let

R(φ(x), w1, w2) =
ρ2

ρ1

w2(x, φ(x))φ2(x)
dφ(x)

dx
+
ρ2

ρ1

∂w2

∂y
(x, φ(x))φ2(x)− 2

ρ2

ρ1

w2(x, φ(x))φ(x)

− w1(x, φ(x))φ2(x)
dφ(x)

dx
− ∂w1

∂y
(x, φ(x))φ2(x) + 2w1(x, φ(x))φ(x). (4.4.92)

The function R(φ(x), w1, w2) depends only on second order terms in smallness. Equation
(4.4.91) becomes

d

dx

[
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy

]
= R(φ(x), w1, w2). (4.4.93)

If we neglect R(φ(x), w1, w2) then

d

dx

[
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy

]
= 0. (4.4.94)
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Hence

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy = constant independent of x. (4.4.95)

The constant K∗ is the conserved quantity for the two-fluid momentumless wake. As discussed
in Chapter 2 it differs from the conserved quantity derived by Herczynski, Weidman and Burde
[1].

4.4.2.4 Simplification of R(φ(x), w1, w2)

Consider interface conditions

w1(x, φ(x)) = w2(x, φ(x)), (4.4.96)

∂w1

∂y
(x, φ(x)) =

µ2

µ1

∂w2

∂y
(x, φ(x)). (4.4.97)

By using (4.4.96) and (4.4.97), equation (4.4.92) for R can be simplified to

R(φ(x), w1, w2) =

(
ρ2

ρ1

− 1

)
w1(x, φ(x))φ(x)

(
φ(x)

dφ(x)

dx
− 2

)

+

(
ν1

ν2

− 1

)
∂w1

∂y
(x, φ(x))φ2(x). (4.4.98)

The quantity R will be investigated further in Chapter 5.

4.5 Conclusions

Conservation laws were discussed in this chapter. The multiplier approach developed by Steudel
[18] was applied in order to generate the conservation laws for the system of PDEs governing the
classical and momentumless two-fluid wakes. The relevant theory was reviewed and a systematic
method in which to apply the multiplier approach was outlined. Four conserved vectors in terms
of the velocity components were generated. The linear combination of conserved vectors was
also derived. The first conserved vector related to the wake of a self-propelled body. The second
conserved vector belonged to a new type of wake which can be referred to as the combination
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wake. It will not be considered further here. It had been found earlier for a one-fluid wake [17].
The third conserved vector described the classical wake. The final conserved vector was related
to the conservation of mass equation. The conserved vectors will be formulated in terms of the
stream function in Chapter 5.

Using the conserved vectors the conserved quantities for the classical two-fluid wake and the
momentumless two-fluid wake were derived in a systematic way. They agree with the conserved
quantities derived in Chapter 2. Although the conserved vectors were derived for the upper
wake and the lower wake separately the conserved quantities depend on both the upper and
lower wakes. There is not a conserved quantity for the upper wake and a conserved quantity
for the lower wake.

It may be cumbersome to find higher order multipliers by hand and could be investigated using
software programs. Unfortunately this will not be useful in this dissertation.
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Chapter 5

Associated Lie point symmetries and
invariant solutions for the two-fluid wake

5.1 Introduction

We consider the classical wake behind a fixed body and the wake behind a self-propelled body.
The wake behind a self-propelled body is sometimes referred to as the momentumless wake.

We first consider the classical wake and calculate the Lie point symmetry associated with the
conserved vector for the upper wake and the Lie point symmetry associated with the conserved
vector for the lower wake and then use the two associated Lie point symmetries to generate the
invariant solution for the two-fluid classical wake.

We next consider the momentumless wake and calculate the Lie point symmetry associated
with the conserved vector for the upper wake and the Lie point symmetry associated with the
conserved vector for the lower wake and the use the two associated Lie point symmetries to
generate the invariant solution for the two-fluid momentumless wake.

The problem will be formulated in terms of the stream function for each wake.
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5.2 Mathematical formulation in terms of the stream func-
tion

We summarise the formulation in terms of the velocity components in Section 2.3 and the
stream function in Section 2.5.

5.2.1 Velocity components formulation

PDE:

∂wi
∂x

=
νi
ν1

∂2wi
∂y2

. (5.2.1)

Boundary conditions:

w1(x,∞) = 0, (5.2.2)

∂w1

∂y
(x,∞) = 0, (5.2.3)

w2(x,−∞) = 0, (5.2.4)

∂w2

∂y
(x,−∞) = 0. (5.2.5)

Interface conditions where the interface is y = φ(x):

w1(x, φ(x)) = w2(x, φ(x)), (5.2.6)

v1(x, φ(x)) = v2(x, φ(x)), (5.2.7)

µ1
∂w1

∂y
(x, φ(x)) = µ2

∂w2

∂y
(x, φ(x)), (5.2.8)

2
µ2

µ1

1

Re

∂v2

∂y
(x, φ(x))− 2

Re

∂v1

∂y
(x, φ(x)) = P2(x, φ(x))− P1(x, φ(x)). (5.2.9)
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5.2.2 Stream function formulation

PDE:

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

. (5.2.10)

Boundary conditions:

∂ψ1

∂y
(x,∞) = 0, (5.2.11)

∂2ψ1

∂y2
(x,∞) = 0, (5.2.12)

∂ψ2

∂y
(x,−∞) = 0, (5.2.13)

∂2ψ2

∂y2
(x,−∞) = 0. (5.2.14)

Interface conditions where the interface is y = φ(x):

∂ψ1

∂y
(x, φ(x)) =

∂ψ2

∂y
(x, φ(x)), (5.2.15)

∂ψ1

∂x
(x, φ(x)) =

∂ψ2

∂x
(x, φ(x)), (5.2.16)

∂2ψ1

∂y2
(x, φ(x)) =

µ2

µ1

∂2ψ2

∂y2
(x, φ(x)), (5.2.17)

2
µ2

µ1

1

Re

∂2ψ2

∂x∂y
(x, φ(x))− 2

Re

∂2ψ1

∂x∂y
(x, φ(x)) = P2(x, φ(x))− P1(x, φ(x)), (5.2.18)

where

wi(x, y) =
∂ψi
∂y

(x, y), vi(x, y) =
∂ψi
∂x

. (5.2.19)
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5.3 Associated Lie point symmetries for the classical wake

The conserved vectors for the upper wake and lower wake of the classical two-fluid wake are

T 1
(i) = wi, T 2

(i) = − νi
ν1

wiy, i = 1, 2. (5.3.1)

Now,

wi =
∂ψi

∂y
. (5.3.2)

Hence the conserved vectors are

T 1
(i) =

∂ψi

∂y
, T 2

(i) = − νi
ν1

ψiyy, i = 1, 2. (5.3.3)

The Lie point symmetry

X(i) = ξ1
i (x, y, ψ

i)
∂

∂x
+ ξ2

i (x, y, ψ
i)
∂

∂y
+ ηi(x, y, ψ

i)
∂

∂ψi
(5.3.4)

is associated with the conserved vector (5.3.3) provided [14] [15]

X(i)(T
s
(i)) + T s(i)Dk(ξ

k
i )− T k(i)Dk(ξ

s
i ) = 0, s = 1, 2, (5.3.5)

where

D1 = Dx =
∂

∂x
+ ψx

∂

∂ψ
+ ψxx

∂

∂ψx
+ ψyx

∂

∂ψy
+ ..., (5.3.6)

D2 = Dy =
∂

∂y
+ ψy

∂

∂ψ
+ ψxy

∂

∂ψx
+ ψyy

∂

∂ψy
+ .... (5.3.7)

By expanding (5.3.5) we obtain the two components

s = 1 : X(i)(T
1
(i)) + T 1

(i)D2(ξ2
i )− T 2

(i)D2(ξ1
i ) = 0, (5.3.8)

s = 2 : X(i)(T
2
(i)) + T 2

(i)D1(ξ1
i )− T 1

(i)D1(ξ2
i ) = 0. (5.3.9)

In order to keep the notation simple, in the following calculations the index (i) will be suppressed
in all quantities except in the ratio νi

ν1
and in the interface conditions. The results apply to

both the upper and lower wakes and the index (i) or 1 and 2 can be inserted when necessary.
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5.3.1 Case 1: Equation (5.3.8)

X(T 1) + T 1D2(ξ2)− T 2D2(ξ1) = 0. (5.3.10)

Now

T 1 = ψy (5.3.11)

and

X(T 1) = X(ψy)

=

(
ξ1 ∂

∂x
+ ξ2 ∂

∂y
+ η

∂

∂ψ
+ ζ2

∂

∂ψy

)
ψy

= ζ2. (5.3.12)

But,

ζs = Ds(η)− ψkDs(ξ
k)

= Ds(η)− ψ1Ds(ξ
1)− ψ2Ds(ξ

2). (5.3.13)

Hence

ζ2 = D2(η)− ψ1D2(ξ1)− ψ2D2(ξ2)

= Dyη(x, y, ψ)− ψxDy(ξ
1(x, y, ψ))− ψyDy(ξ

2(x, y, ψ))

=
∂η

∂y
+ ψy

∂η

∂ψ
− ψx

∂ξ1

∂y
− ψxψy

∂ξ1

∂ψ
− ψy

∂ξ2

∂y
− (ψy)

2∂ξ
2

∂ψ
(5.3.14)

and therefore

X(T 1) = ζ2

=
∂η

∂y
+ ψy

∂η

∂ψ
− ψx

∂ξ1

∂y
− ψxψy

∂ξ1

∂ψ
− ψy

∂ξ2

∂y
− (ψy)

2∂ξ
2

∂ψ
. (5.3.15)

120



Chapter 5 – Associated Lie point symmetries and invariant solutions for the two-fluid wake

Also using (5.3.3)

T 1D2(ξ2) = ψy

(
∂

∂y
+ ψy

∂

∂ψ

)
ξ2(x, y, ψ)

= ψy
∂ξ2

∂y
+ (ψy)

2∂ξ
2

∂ψ
(5.3.16)

and

T 2D2(ξ1) = − νi
ν1

ψyy

(
∂

∂y
+ ψy

∂

∂ψ

)
ξ1(x, y, ψ)

= − νi
ν1

∂ξ1

∂y
ψyy −

νi
ν1

ψyψyy
∂ξ1

∂ψ
. (5.3.17)

Hence (5.3.10) becomes

∂η

∂y
+ ψy

∂η

∂ψ
− ψx

∂ξ1

∂y
− ψxψy

∂ξ1

∂ψ
− ψy

∂ξ2

∂y
− (ψy)

2∂ξ
2

∂ψ
+

ψy
∂ξ2

∂y
+ (ψy)

2∂ξ
2

∂ψ
− νi
ν1

∂ξ1

∂y
ψyy −

νi
ν1

ψyψyy
∂ξ1

∂ψ
= 0. (5.3.18)

Separate according to powers and products of the independent partial derivatives of ψ.

ψyψyy :
∂ξ1

∂ψ
= 0, (5.3.19)

ψyy :
∂ξ1

∂y
= 0, (5.3.20)

ψxψy :
∂ξ1

∂ψ
= 0, (5.3.21)

ψy :
∂η

∂ψ
= 0, (5.3.22)

ψx :
∂ξ1

∂y
= 0. (5.3.23)

The remainder is
∂η

∂y
= 0. (5.3.24)
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Hence

ξ1 = ξ1(x), ξ2 = ξ2(x, y, ψ), η = η(x). (5.3.25)

5.3.2 Case 2: Equation (5.3.9)

Consider next the second component, (5.3.9):

X(T 2) + T 2D1(ξ1)− T 1D1(ξ2) = 0. (5.3.26)

Now

T 1 = ψy, T 2 = − νi
ν1

ψyy (5.3.27)

and

X(T 2) = − νi
ν1

X(ψyy) = − νi
ν1

ζ22. (5.3.28)

But

ζij = Di(ζj)− ψikDj(ξ
k) (5.3.29)

and therefore

ζ22 = D2(ζ2)− ψ2kD2(ξk) = D2(ζ2)− ψ21D2(ξ1)− ψ22D2(ξ2). (5.3.30)

Now from (5.3.14)

ζ2 =
∂η

∂y
+ ψy

∂η

∂ψ
− ψx

∂ξ1

∂y
− ψxψy

∂ξ1

∂ψ
− ψy

∂ξ2

∂y
− ψ2

y

∂ξ2

∂ψ
(5.3.31)

and using the results (5.3.25), ζ2 simplifies to

ζ2 = −∂ξ
2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y. (5.3.32)

Thus

D2(ζ2) =

(
∂

∂y
+ ψy

∂

∂ψ
+ ψyy

∂

∂ψy

)[
− ∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]

= −∂
2ξ2

∂y2
ψy − 2

∂2ξ2

∂y∂ψ
ψ2
y −

∂2ξ2

∂ψ2
ψ3
y −

∂ξ2

∂y
ψyy − 2

∂ξ2

∂ψ
ψyψyy. (5.3.33)
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Also

ψ21D2(ξ1) = ψyxDy(ξ
1(x)) = 0, (5.3.34)

and

ψ22D2(ξ2) = ψyyDy(ξ
2(x, y, ψ)) =

∂ξ2

∂y
ψyy +

∂ξ2

∂ψ
ψyψyy. (5.3.35)

Substitute (5.3.33), (5.3.34) and (5.3.35) into (5.3.30):

ζ22 = −∂
2ξ2

∂y2
ψy − 2

∂2ξ2

∂y∂ψ
ψ2
y −

∂2ξ2

∂ψ2
ψ3
y − 2

∂ξ2

∂y
ψyy − 3

∂ξ2

∂ψ
ψyψyy. (5.3.36)

Hence from (5.3.28)

X(T 2) =
νi
ν1

[
∂2ξ2

∂y2
ψy + 2

∂2ξ2

∂y∂ψ
ψ2
y +

∂2ξ2

∂ψ2
ψ3
y + 2

∂ξ2

∂y
ψyy + 3

∂ξ2

∂ψ
ψyψyy

]
. (5.3.37)

Also

T 2D1(ξ1) = − νi
ν1

dξ1

dx
ψyy, (5.3.38)

and

T 1D1(ξ2) = ψy

(
∂

∂x
+ ψx

∂

∂ψ

)
ξ2(x, y, ψ) =

∂ξ2

∂x
ψy +

∂ξ2

∂ψ
ψxψy. (5.3.39)

Substitute (5.3.37), (5.3.38) and (5.3.39) into (5.3.26). This gives

νi
ν1

[
∂2ξ2

∂y2
ψy + 2

∂2ξ2

∂y∂ψ
ψ2
y +

∂2ξ2

∂ψ2
ψ3
y + 2

∂ξ2

∂y
ψyy + 3

∂ξ2

∂ψ
ψyψyy

]
− νi
ν1

dξ1

dx
ψyy −

∂ξ2

∂x
ψy

− ∂ξ2

∂ψ
ψxψy = 0. (5.3.40)
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Separate according to the powers and products of the independent partial derivatives of ψ.

ψyψyy : 3
νi
ν1

∂ξ2

∂ψ
= 0, (5.3.41)

ψyy :
νi
ν1

[
2
∂ξ2

∂y
− dξ1

dx

]
= 0, (5.3.42)

ψxψy :
∂ξ2

∂ψ
= 0, (5.3.43)

ψ3
y :

νi
ν1

∂2ξ2

∂ψ2
= 0, (5.3.44)

ψ2
y : 2

νi
ν1

∂2ξ2

∂y∂ψ
= 0, (5.3.45)

ψy :
νi
ν1

∂2ξ2

∂y2
− ∂ξ2

∂x
= 0. (5.3.46)

Now νi 6= 0. From (5.3.41) and (5.3.25)

ξ2 = ξ2(x, y). (5.3.47)

Equations (5.3.43), (5.3.44) and (5.3.45) are identically satisfied. The system (5.3.41) to (5.3.46)
reduces to

2
∂ξ2

∂y
(x, y) =

dξ1

dx
(x), (5.3.48)

νi
ν1

∂2ξ2

∂y2
=
∂ξ2

∂x
(x, y). (5.3.49)

Differentiate (5.3.48) with respect to y,

∂2ξ2

∂y2
(x, y) = 0. (5.3.50)

Using (5.3.50), equation (5.3.49) becomes

∂ξ2

∂x
(x, y) = 0 (5.3.51)
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and therefore

ξ2 = ξ2(y). (5.3.52)

Equation (5.3.48) becomes

2
dξ2

dy
(y) =

dξ1

dx
(x). (5.3.53)

By separation of variables, each side must be a constant, 2c1. Thus

dξ1

dx
(x) = 2c1,

dξ2

dy
(y) = c1 (5.3.54)

and

ξ1(x) = 2c1x+ c2, ξ2(y) = c1y + c3. (5.3.55)

Since from (5.3.25),

η = η(x) (5.3.56)

it follows that the Lie point symmetry (5.3.4) is

X = (2c1x+ c2)
∂

∂x
+ (c1y + c3)

∂

∂y
+ η(x)

∂

∂ψ
. (5.3.57)

We consider the general case for which c1 6= 0. Divide (5.3.57) by c1 and define

X∗ =
1

c1

X, c∗2 =
c2

c1

, c∗3 =
c3

c1

, η∗(x) =
1

c1

η(x). (5.3.58)

The associated Lie point symmetry (5.3.57) becomes

X∗ = (2x+ c∗2)
∂

∂x
+ (y + c∗3)

∂

∂y
+ η∗(x)

∂

∂ψ
. (5.3.59)

Suppressing the star gives

X = (2x+ c2)
∂

∂x
+ (y + c3)

∂

∂y
+ η(x)

∂

∂ψ
, (5.3.60)

where η(x) is an arbitrary function.
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5.4 Invariant solution for classical two-fluid wake

Now ψ = Ψ(x, y) is an invariant solution of the PDE

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

(5.4.1)

generated by the Lie point symmetry X provided

X(ψ −Ψ(x, y))|ψ=Ψ(x,y) = 0. (5.4.2)

Thus

(2x+ c2)
∂Ψ

∂x
+ (y + c3)

∂Ψ

∂y
= η(x). (5.4.3)

The differential equations of the characteristic curves are

dx

(2x+ c2)
=

dy

(y + c3)
=

dΨ

η(x)
. (5.4.4)

The first pair of terms give

dx

2

(
x+ c2

2

) =
dy

y + c3

(5.4.5)

and integrating we obtain

1

2
ln

(
x+

c2

2

)
= ln (y + c3) + constant. (5.4.6)

Hence

y + c3(
x+ c2

2

) 1
2

= k1, (5.4.7)

where k1 is a constant. The first and last terms in (5.4.4) give

dx

2x+ c2

=
dΨ

η(x)
(5.4.8)

and therefore

Ψ(x, y)−
∫ x η(x)dx

(2x+ c2)
= k2, (5.4.9)
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where k2 is a constant. The general solution of the PDE (5.4.3) is

k2 = F (k1), (5.4.10)

where F is an arbitrary function. Hence

Ψ(x, y) = F (k1) +

∫ x η(x)dx

(2x+ c2)
. (5.4.11)

But ψ = Ψ(x, y). Hence

ψ(x, y) = F (ξ) +G(x), (5.4.12)

where

ξ =
y + c3(
x+ c2

2

) 1
2

, (5.4.13)

G(x) =

∫ x η(x)dx

(2x+ c2)
, (5.4.14)

and η(x) is an arbitrary function. Hence the function G(x) is also arbitrary.

5.4.1 The constants c2 and c3

The coordinate in the invariant solution is

ξ1 =
y + c3(
x+ 1

2
c2

) 1
2

. (5.4.15)

We choose the origin of the coordinates in the upper and lower wakes to be at y = 0. Hence
c3 = 0. Also there is a singularity in ξ at

x = −1

2
c2. (5.4.16)

But a singularity, if it exists, will be at the obstacle, x = 0. Hence c2 = 0 and

ξ =
y

x
1
2

. (5.4.17)

The similarity coordinate is the same in the upper and lower wakes. The Lie point symmetry
(5.3.60) reduces to

X = 2x
∂

∂x
+ y

∂

∂y
+ η(x)

∂

∂ψ
, (5.4.18)

where η(x) is an arbitrary function.
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5.4.2 Conserved quantity

The conserved quantity for the two-fluid classical wake is

D∗ =
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy, (5.4.19)

where D∗ is the total drag on the obstacle. In Chapter 3 the conserved quantity was used to
determine the unknown parameter ωi in the invariant solution

ψi(x, y) = xωiFi(ξ), ξ =
y

x
1
2

. (5.4.20)

Since the Lie point symmetry was associated with the conserved vector, the unknown parameter
has been determined and the invariant solution does not contain an unknown parameter. The
conserved quantity is used to obtain the equation of the interface.

The conserved quantity is first expressed in terms of the invariant solution. Now

ψi(x, y) = Fi(ξ) +Gi(x), ξ =
y

x
1
2

(5.4.21)

and

wi =
∂ψi
∂y

=
dFi
dξ

∂ξ

∂y
=

1

x
1
2

dFi
dξ

, dy = x
1
2dξ. (5.4.22)

Hence from (5.4.19)

D∗ =
ρ2

ρ1

∫ φ(x)

x
1
2

−∞

dF2

dξ
dξ +

∫ ∞
φ(x)

x
1
2

dF1

dξ
dξ = constant independent of x. (5.4.23)

For D∗ to be a constant independent of x,

φ(x)

x
1
2

= k, k = constant. (5.4.24)

Then the equation of the interface is

φ(x) = kx
1
2 . (5.4.25)

The conserved quantity becomes

D∗ =
ρ2

ρ1

∫ k

−∞

dF2

dξ
dξ +

∫ ∞
k

dF1

dξ
dξ. (5.4.26)
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5.4.3 Partial differential equation for the velocity deficit

We next express the partial differential equation for the velocity deficit in terms of the invariant
solution:

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

. (5.4.27)

From (5.4.21)

∂ξ

∂x
= −1

2

ξ

x
,

∂ξ

∂y
=

1

x
1
2

, (5.4.28)

∂ψ

∂x
= − 1

2x
ξ
dF

dξ
+
dG

dx
,

∂2ψ

∂y∂x
= − 1

2x
3
2

(
dF

dξ
+ ξ

d2F

dξ2

)
, (5.4.29)

∂ψ

∂y
=

1

x
1
2

dF

dξ
,

∂2ψ

∂y2
=

1

x

d2F

dξ2
,

∂3ψ

∂y3
=

1

x
3
2

d3F

dξ3
. (5.4.30)

Therefore (5.4.27) reduces to the third order ordinary differential equation

2
νi
ν1

d3F

dξ3
+

d

dξ

(
ξ
dF

dξ

)
= 0. (5.4.31)

Equation (5.4.31) is an example of the double reduction theorem [46]. Since the general form
of the invariant solution was determined by the conserved quantity the ODE (5.4.31) can be
integrated at least once.

The ODE (5.4.31) is independent of the arbitrary function G(x) in the stream function (5.4.21).

5.4.4 Boundary conditions

Consider not the boundary conditions expressed in terms of the invariant solution (5.4.21). We
have

∂ψ

∂y
=

1

x
1
2

dF

dξ
,

∂2ψ

∂y2
=

1

x

d2F

dξ2
. (5.4.32)
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Then the boundary conditions (5.2.11) to (5.2.14) become

dF1

dξ
(∞) = 0, (5.4.33)

d2F1

dξ2
(∞) = 0, (5.4.34)

dF2

dξ
(−∞) = 0, (5.4.35)

d2F2

dξ2
(−∞) = 0. (5.4.36)

5.4.5 Interface conditions

We next express the interface conditions (5.2.15) to (5.2.18) in terms of the invariant solution.
The equation of the interface is

y = φ(x) = kx
1
2 (5.4.37)

and on the interface

ξ =
y

x
1
2

=
φ(x)

x
1
2

=
kx

1
2

x
1
2

= k. (5.4.38)

The results (5.4.21) and (5.4.28) to (5.4.30) are used to rewrite the interface conditions in terms
of the invariant solution.

Tangential velocity continuous (5.2.15):

∂ψ1

∂y
(x, φ(x)) =

∂ψ2

∂y
(x, φ(x)), (5.4.39)

dF1

dξ
(k) =

dF2

dξ
(k). (5.4.40)

Normal velocity continuous (5.2.16):

∂ψ1

∂x
(x, φ(x)) =

∂ψ2

∂x
(x, φ(x)),

− 1

2x
k
dF1

dξ
(k) +

dG1

dx
= − 1

2x
k
dF2

dξ
(k) +

dG2

dx
. (5.4.41)
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Using (5.4.40), equation (5.4.41) becomes
dG1

dx
=
dG2

dx
. (5.4.42)

Tangential stress continuous (5.2.17):

∂2ψ1

∂y2
(x, φ(x)) =

µ2

µ1

∂2ψ2

∂y2
(x, φ(x)), (5.4.43)

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k). (5.4.44)

Normal stress continuous (5.2.18):

2
µ2

µ1

1

Re

∂2ψ2

∂x∂y
(x, φ(x))− 2

Re

∂2ψ1

∂x∂y
(x, φ(x)) = P2(x, φ(x))− P1(x, φ(x)), (5.4.45)

1

Re

[
− µ2

µ1

dF2

dξ
(k)− kµ2

µ1

d2F2

dξ2
(k)

]
x−

3
2 +

1

Re

[
dF1

dξ
(k) + k

d2F1

dξ2
(k)

]
x−

3
2 = P2(x, φ(x))− P1(x, φ(x)).

(5.4.46)

However, using (5.4.40) and (5.4.44), equation (5.4.46) becomes

1

Re

[
− µ2

µ1

dF1

dξ
(k)− kd

2F1

dξ2
(k)

]
x−

3
2 +

1

Re

[
dF1

dξ
(k) + k

d2F1

dξ2
(k)

]
x−

3
2 = P2(x, φ(x))− P1(x, φ(x)).

(5.4.47)

Hence
1

Re

(
1− µ2

µ1

)
dF1

dξ
(k)x−

3
2 = P2(x, φ(x))− P1(x, φ(x)). (5.4.48)

5.4.6 Velocity components

The velocity components become:

wi(x, y) =
∂ψi
∂y

= x−
1
2
dFi
dξ

, (5.4.49)

vi(x, y) =
∂ψi
∂x

= − 1

2x
ξ
dFi
dξ

+
dGi

dx
, (5.4.50)

where from (5.4.42)
dG1

dx
=
dG2

dx
, (5.4.51)

and
∂wi
∂y

(x, y) =
∂2ψi
∂y2

=
1

x

d2Fi
dξ2

. (5.4.52)
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5.4.7 Lie point symmetry

The Lie point symmetry (5.4.18) is

Xi = 2x
∂

∂x
+ y

∂

∂y
+ ηi(x)

∂

∂ψ
(5.4.53)

where from (5.4.14) with c2 = 0,

Gi(x) =
1

2

∫ x 1

x
ηi(x)dx. (5.4.54)

Thus

dG1

dx
=

1

2x
η1(x),

dG2

dx
=

1

2x
η2(x), (5.4.55)

and it follows from (5.4.51) that

η1(x) = η2(x) = η(x). (5.4.56)

The Lie point symmetry is the same in both wakes:

X1 = X2 = X = 2x
∂

∂x
+ y

∂

∂y
+ η(x)

∂

∂ψ
. (5.4.57)

Also from (5.4.51) and integrating

G1(x) = G2(x) +G0, G0 = constant. (5.4.58)

But

ψi(x, y) = Fi(ξ) +Gi(x). (5.4.59)

Since a stream function is determined up to an arbitrary additive constant we can take G0 = 0

and then

G1(x) = G2(x) = G(x) (5.4.60)

and

ψi(x, y) = Fi(ξ) +G(x). (5.4.61)
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5.5 Solution of the ODE for the classical two-fluid wake

The solution will be outlined for comparison with the similarity solution presented in Chapter
3, Section 3.2.

Return to the ODE

2
νi
ν1

d3Fi
dξ3

+
d

dξ

(
ξ
dFi
dξ

)
= 0. (5.5.1)

Integrating with respect to ξ gives

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

= Ai, (5.5.2)

where Ai, i = 1, 2, are constants. At i = 1, the following boundary conditions must be satisfied,

d2F1

dξ2
(∞) = 0,

dF1

dξ
(∞) = 0 (5.5.3)

and therefore

A1 = 0. (5.5.4)

Similarly at i = 2, the following boundary conditions are imposed,

d2F2

dξ2
(−∞) = 0,

dF2

dξ
(−∞) = 0 (5.5.5)

and therefore

A2 = 0. (5.5.6)

Thus

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

= 0. (5.5.7)

Let

Wi =
dFi
dξ

, (5.5.8)

then the ODE becomes

2
νi
ν1

dWi

dξ
+ ξWi = 0. (5.5.9)
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Separation of variables gives

dWi

Wi

= − ν1

2νi
ξdξ (5.5.10)

and solving (5.5.10), we obtain

Wi(ξ) = Bi exp

(
− ν1

4νi
ξ2

)
, (5.5.11)

where Bi, i = 1, 2, are constants. Hence

dFi
dξ

= Bi exp

(
− ν1

4νi
ξ2

)
. (5.5.12)

Since wi(x, y) and vi(x, y) given by (5.4.49) and (5.4.50) depend on dFi
dξ

and are independent of
Fi(ξ), it is not necessary to integrate further and obtain Fi(ξ).

5.5.1 Interface conditions

Impose on (5.5.12) the interface condition (5.4.40):

dF1

dξ
(k) =

dF2

dξ
(k), (5.5.13)

Condition (5.5.13) becomes

B1 exp

(
− 1

4
k2

)
= B2 exp

(
− ν1

4ν2

k2

)
. (5.5.14)

Impose next the interface condition (5.4.44):

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k). (5.5.15)

Now, from (5.5.12)

d2Fi
dξ2

= −1

2

ν1

νi
Biξ exp

(
− 1

4

ν1

νi
ξ2

)
. (5.5.16)

Then (5.5.15) becomes

B1k exp

(
− 1

4
k2

)
=
ρ2

ρ1

B2k exp

(
− 1

4

ν1

ν2

k2

)
. (5.5.17)

Replace B2 in terms of B1 using interface condition (5.5.14). Simplifying gives

k

(
1− ρ2

ρ1

)
B1 exp

(
− 1

4
k2

)
= 0. (5.5.18)
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Now we are considering the two fluids with

ρ1 6= ρ2. (5.5.19)

Also

B1 6= 0 (5.5.20)

because if B1 = 0 then from (5.5.14), B2 = 0 and therefore

wi(x, y) = x−
1
2
dFi
dξ

= 0. (5.5.21)

Thus

k = 0. (5.5.22)

5.5.2 Consequences of the result k = 0

5.5.2.1 Interface is the x-axis

Since

φ(x) = kx
1
2 = 0 (5.5.23)

it follows that the interface is the x-axis. Also the turning point of the velocity deficit is on the
interface. For

∂wi
∂y

(x, y) =
1

x

d2Fi
dξ2

. (5.5.24)

But from (5.5.12)

d2Fi
dξ2

= −1

2

ν1

ν2

ξB exp

(
− 1

4

ν1

νi
ξ2

)
, (5.5.25)

and therefore

d2Fi
dξ2

(0) = 0. (5.5.26)

Hence

∂wi
∂y

(x, 0) =
1

x

d2Fi
dξ2

(0) = 0 (5.5.27)
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and the turning point is (x, 0) on the x-axis.

Also, since k = 0, equation (5.5.14) reduces to

B1 = B2. (5.5.28)

Hence from (5.5.12),

dFi
dξ

= B exp

(
− 1

4

ν1

νi
ξ2

)
. (5.5.29)

5.5.2.2 Conserved quantity

In Chapter 4, Section 4.4.1, equation (4.4.50) it was found that

D∗ =
ρ2

ρ1

∫ φ(x)

−∞
w2(x, y)dy +

∫ ∞
φ(x)

w1(x, y)dy = constant independent of x (5.5.30)

provided (
ρ2

ρ1

− 1

)
w1(x, φ(x))

dφ(x)

dx
= 0. (5.5.31)

The term in (5.5.31) is second order in smallness because wi and dφ
dx

are both small and was ne-
glected because terms of second order in smallness had already been neglected in the derivation
of the diffusion equation. We see that since k = 0 the condition (5.5.31) is identically satisfied.

5.5.2.3 y-component of velocity on interface

Now

viy(x, y) =
∂ψi
∂x

= − 1

2x
ξ
dFi
dξ

+
dG

dx
, (5.5.32)

and

viy(x, 0) =
dG

dx
. (5.5.33)

But on the interface between two fluids the normal component of velocity vanishes. Hence

viy(x, 0) =
dG

dx
= 0 (5.5.34)

and therefore

viy(x, y) = − 1

2x
ξ
dFi
dξ

. (5.5.35)
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5.5.2.4 Stream function

The stream function is

ψi(x, y) = Fi(ξ) +G(x). (5.5.36)

But since

dG

dx
= 0, (5.5.37)

it follows that

G(x) = G0 = constant. (5.5.38)

Hence

ψi(x, y) = Fi(ξ) +G0. (5.5.39)

Since a stream function is determined up to an arbitrary additive constant we can take

G0 = 0 (5.5.40)

and therefore

ψi(x, y) = Fi(ξ). (5.5.41)

5.5.2.5 Lie point symmetry

From (5.4.57)

X1 = X2 = X = 2x
∂

∂x
+ y

∂

∂y
+ η(x)

∂

∂ψ
, (5.5.42)

where from (5.4.54)

G(x) =
1

2

∫ x 1

x
η(x)dx. (5.5.43)

But

dG

dx
=

1

2x
η(x) = 0 (5.5.44)

using (5.5.37). The Lie point symmetry therefore reduced to

X = 2x
∂

∂x
+ y

∂

∂y
. (5.5.45)
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5.5.3 Determination of constant B

The constant B in (5.5.29) is obtained from the conserved quantity. Since φ(x) = 0 the
conserved quantity (5.5.30) is

D∗ =
ρ2

ρ1

∫ 0

−∞
w2(x, y)dy +

∫ ∞
0

w1(x, y)dy. (5.5.46)

But

wi(x, y) = x−
1
2
dFi
dξ

, ξ =
y

x
1
2

, dy = x
1
2dξ,

dFi
dξ

= B exp

(
− 1

4

ν1

νi
ξ2

)
. (5.5.47)

Therefore, the conserved quantity can be rewritten as

D∗ = B

[
ρ2

ρ1

∫ 0

−∞
exp

(
− 1

4

ν1

ν2

ξ2

)
dξ +

∫ ∞
0

exp

(
− 1

4
ξ2

)
dξ

]
. (5.5.48)

Equation (5.5.48) for B is exactly the same as (3.2.58) for B in the similarity solution. It was
found that

B =
D

√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] (5.5.49)

which can be rewritten as

B =
D

√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] =

D χ
1
2

√
π

[
1 + χ

1
2

] (5.5.50)

where

χ =
ρ1µ1

ρ2µ2

. (5.5.51)

The parameter χ is used in the paper by Herczynski, Weidman and Burde [1].

5.5.4 Visual representation of the solution

The invariant solution derived in Section 5.5 is visually represented in Figures 5.1 and 5.2.
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Figure 5.1: The velocities u1(x, y) and u2(x, y) of the classical two-fluid wake plotted against y
at x = 2 for D = 1, ρ1

ρ2
= 1

20
and ν1

ν2
= 1.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− B

x
1
2

exp

(
− 1

4

y2

x

)
, (5.5.52)

u2(x, y) = 1− w2(x, y) = 1− B

x
1
2

exp

(
− 1

4

ν1

ν2

y2

x

)
(5.5.53)

and

B =
D

√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (5.5.54)
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Figure 5.2: The velocities u1(x, y) and u2(x, y) of the classical two-fluid wake plotted against y
at x = 2 for D = 1, ρ1

ρ2
= 1

2
and ν1

ν2
= 1

20
.

The velocity profile (5.5.52) and (5.5.53) is exactly the same as (3.2.72) and (3.2.73) for the
similarity solution derived in Chapter 3. We therefore choose different values of the parameters
in the graphs from those used in Chapter 3. In Figure 5.1 the effect of the density ratio is
investigated by taking ρ1

ρ2
= 1

20
and ν1

ν2
= 1. In Figure 5.2 the effect of the viscosity ratio is

investigated by taking ν1
ν2

= 1
20

and ρ1
ρ2

= 1
2
.

From Figure 5.1 it is seen that the higher value of the density ratio ρ2
ρ1

increases the width of
both the upper and lower wakes. From Figure 5.2 it is seen that the higher viscosity ratio ν2

ν1

increases the effective width of the lower wake.
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5.6 Summary of results for the classical two-fluid wake

The results derived for the classical two-fluid wake are summarised below.

k = 0, φ(x) = kx
1
2 = 0, ξ =

y

x
1
2

, (5.6.1)

dFi
dξ

= B exp

(
− 1

4

ν1

νi
ξ2

)
, (5.6.2)

B =
D∗

√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] , (5.6.3)

ψi(x, y) = Fi(ξ), (5.6.4)

X = 2x
∂

∂x
+ y

∂

∂y
, (5.6.5)

wi(x, y) =
∂ψi
∂y

= x−
1
2
dFi
dξ

, (5.6.6)

vi(x, y) =
∂ψi
∂x

= − 1

2x
ξ
dFi
dξ

, (5.6.7)

∂wi
∂y

(x, y) =
1

x

d2Fi
dξ2

. (5.6.8)

The remaining interface condition (5.4.48) gives the pressure difference across the interface:

P2(x, φ(x))− P1(x, φ(x)) =
1

Re

(
1− µ2

µ1

)
dF1

dξ
(k)x−

3
2 . (5.6.9)

Using (5.6.2) and (5.6.3), (5.6.9) becomes

P2(x, φ(x))− P1(x, φ(x)) =
1

Re

(
1− µ2

µ1

)
D∗ x−

3
2

√
π

[
1 +

(
ρ2µ2
ρ1µ1

) 1
2
] . (5.6.10)

If terms of order 1
Re

are neglected then

P2(x, φ(x)) = P1(x, φ(x)) (5.6.11)

and the pressure is continuous across the interface.
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5.7 Associated Lie point symmetry for the wake behind a
self-propelled body

We suppress the symbol i on ψ,w, v and Lie point symmetry X to keep the notation simple.The
conserved vectors for the upper wake and lower wake of the momentumless two-fluid wake are

T 1
(i) =

ν1

νi
y2w − 2xw, T 2

(i) = −y2∂w

∂y
+ 2yw + 2xv, i = 1, 2. (5.7.1)

Now,

w =
∂ψ

∂y
, v =

∂ψ

∂x
. (5.7.2)

The conserved vectors expressed in terms of the stream function are

T 1
(i) =

ν1

νi
y2∂ψ

∂y
− 2x

∂ψ

∂y
, T 2

(i) = −y2∂
2ψ

∂y2
+ 2y

∂ψ

∂y
+ 2x

∂ψ

∂x
, i = 1, 2. (5.7.3)

The Lie point symmetry

X = ξ1(x, y, ψ)
∂

∂x
+ ξ1(x, y, ψ)

∂

∂y
+ η(x, y, ψ)

∂

∂ψ
(5.7.4)

is associated with the conserved vector (T 1, T 2) provided

X(T s) + T sDk(ξ
k)− T kDk(ξ

s) = 0, s = 1, 2. (5.7.5)

By expanding (5.7.5) we obtain the two components

s = 1 : X(T 1) + T 1D2(ξ2)− T 2D2(ξ1) = 0, (5.7.6)

s = 2 : X(T 2) + T 2D1(ξ1)− T 1D1(ξ2) = 0, (5.7.7)

where

D1 = Dx =
∂

∂x
+ ψx

∂

∂ψ
+ ψxx

∂

∂ψx
+ ψyx

∂

∂ψy
+ ..., (5.7.8)

D2 = Dy =
∂

∂y
+ ψy

∂

∂ψ
+ ψxy

∂

∂ψx
+ ψyy

∂

∂ψy
+ .... (5.7.9)
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5.7.1 Case 1: Equation (5.7.6)

From (5.7.6)

X(T 1) + T 1D2(ξ2)− T 2D2(ξ1) = 0. (5.7.10)

Now

T 1 =
ν1

νi
y2ψy − 2xψy (5.7.11)

and therefore

X(T 1) =

(
ξ1 ∂

∂x
+ ξ2 ∂

∂y
+ η

∂

∂ψ
+ ζ2

∂

∂ψy

)[
ν1

νi
y2ψy − 2xψy

]

= −2ξ1ψy + 2
ν1

νi
yξ2ψy +

ν1

νi
y2ζ2 − 2xζ2. (5.7.12)

But

ζs = Ds(η)− ψkDs(η
k). (5.7.13)

Hence

ζ2 = Dy(η)− ψkDy(η
k)

= Dy(η)− ψxDy(η
1)− ψyDy(η

2), (5.7.14)

and expanding gives

ζ2 =
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ1

∂y
ψx −

∂ξ1

∂ψ
ψxψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y . (5.7.15)

Thus, from (5.7.12)

X(T 1) =− 2ξ1ψy + 2
ν1

νi
yξ2ψy +

ν1

νi
y2

[
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ1

∂y
ψx −

∂ξ1

∂ψ
ψxψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]

− 2x

[
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ1

∂y
ψx −

∂ξ1

∂ψ
ψxψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]
. (5.7.16)

Also

T 1D2(ξ2) =
ν1

νi
y2∂ξ

2

∂y
ψy +

ν1

νi
y2∂ξ

2

∂ψ
ψ2
y − 2x

∂ξ2

∂y
ψy − 2x

∂ξ2

∂ψ
ψ2
y, (5.7.17)

T 2D2(ξ1) = −y2∂ξ
1

∂y
ψyy − y2∂ξ

1

∂ψ
ψyψyy + 2y

∂ξ1

∂y
ψy + 2y

∂ξ1

∂ψ
ψ2
y + 2x

∂ξ1

∂y
ψx + 2x

∂ξ1

∂ψ
ψxψy.

(5.7.18)
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Using (5.7.16), (5.7.17) and (5.7.18), equation (5.7.10) becomes

− 2ξ1ψy + 2
ν1

νi
yξ2ψy +

ν1

νi
y2

[
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ1

∂y
ψx −

∂ξ1

∂ψ
ψxψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]

− 2x

[
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ1

∂y
ψx −

∂ξ1

∂ψ
ψxψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]

+
ν1

νi
y2∂ξ

2

∂y
ψy +

ν1

νi
y2∂ξ

2

∂ψ
ψ2
y − 2x

∂ξ2

∂y
ψy − 2x

∂ξ2

∂ψ
ψ2
y

+ y2∂ξ
1

∂y
ψyy + y2∂ξ

1

∂ψ
ψyψyy − 2y

∂ξ1

∂y
ψy − 2y

∂ξ1

∂ψ
ψ2
y − 2x

∂ξ1

∂y
ψx − 2x

∂ξ1

∂ψ
ψxψy = 0 (5.7.19)

Separate (5.7.19) by the powers and products of the partial derivatives of ψ which are indepen-
dent.

ψyψyy :
∂ξ1

∂ψ
= 0, (5.7.20)

ψyy :
∂ξ1

∂y
= 0, (5.7.21)

ψxψy :
∂ξ1

∂ψ
= 0, (5.7.22)

(5.7.23)

ψ2
y :

∂ξ1

∂ψ
= 0, (5.7.24)

ψy : −2ξ1 + 2
ν1

νi
yξ2 +

(
ν1

νi
y2 − 2x

)
∂η

∂ψ
− 2y

∂ξ1

∂y
= 0, (5.7.25)

ψx :
∂ξ1

∂y
= 0. (5.7.26)

The remainder is
ν1

νi
y2∂η

∂y
− 2x

∂η

∂y
= 0. (5.7.27)

From (5.7.20) and (5.7.21),

ξ1 = ξ1(x). (5.7.28)
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The remaining equations reduce to

−2ξ1(x) + 2
ν1

νi
yξ2 +

(
ν1

νi
y2 − 2x

)
∂η

∂ψ
= 0, (5.7.29)

(
ν1

νi
y2 − 2x

)
∂η

∂y
= 0. (5.7.30)

Therefore

ξ1 = ξ1(x), ξ2 = ξ2(x, y, ψ), η = η(x, y, ψ), (5.7.31)

provided (5.7.29) and (5.7.30) are satisfied.

5.7.2 Case 2: Equation (5.7.7)

From (5.7.7)

X(T 2) + T 2D1(ξ1)− T 1D1(ξ2) = 0. (5.7.32)

Now

T 2 = −y2ψyy + 2yψy + 2xψx. (5.7.33)

Now

X(T 2) =

[
ξ1 ∂

∂x
+ ξ2 ∂

∂y
+ η

∂

∂ψ
+ ζ1

∂

∂ψx
+ ζ2

∂

∂ψy
+ ζ22

∂

∂ψyy

]

= 2ξ1ψx − 2yξ2ψyy + 2ξ2ψy + 2xζ1 + 2yζ2 − y2ζ22. (5.7.34)

We need to calculate ζ1, ζ2 and ζ22 where

ζn = Dn(η)− ψkDn(ξk), (5.7.35)

ζmn = Dm(ζn)− ψmkDn(ξk). (5.7.36)

Now

ζ1 = D1(η)− ψ1D1(ξ1)− ψ2D1(ξ2)

=
∂η

∂x
+
∂η

∂ψ
ψx −

dξ1

dx
ψx −

∂ξ2

∂x
ψy −

∂ξ2

∂ψ
ψxψy, (5.7.37)
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ζ2 = D2(η)− ψ1D2(ξ1)− ψ2D2(ξ2)

=
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y . (5.7.38)

Conside next ζ22:

ζ22 = D2(ζ2)− ψ2kD2(ξk)

= Dy(ζ2)− ψxyDy(ξ
1(x))− ψyyDy(ξ

2)

= Dy(ζ2)− ψyyDy(ξ
2). (5.7.39)

Now

Dy(ζ2) = Dy

[
∂η

∂y
+
∂η

∂ψ
ψy −

∂ξ2

∂y
ψy −

∂ξ2

∂ψ
ψ2
y

]
. (5.7.40)

But

Dy

(
∂η

∂y

)
=
∂2η

∂y2
+

∂2η

∂ψ∂y
ψy, (5.7.41)

Dy

(
∂η

∂ψ
ψy

)
=

∂2η

∂y∂ψ
ψy +

∂2η

∂ψ2
ψ2
y +

∂η

∂ψ
ψyy, (5.7.42)

Dy

(
− ∂ξ2

∂y
ψy

)
= −∂

2ξ2

∂y2
ψy −

∂2ξ2

∂y∂ψ
ψ2
y −

∂ξ2

∂y
ψyy, (5.7.43)

Dy

(
− ∂ξ2

∂ψ
ψ2
y

)
= − ∂2ξ2

∂y∂ψ
ψ2
y −

∂2ξ2

∂ψ2
ψ3
y − 2

∂ξ2

∂ψ
ψyψyy (5.7.44)

and therefore

Dy(ζ2) =
∂2η

∂y2
+

∂2η

∂ψ∂y
ψy +

∂2η

∂y∂ψ
ψy +

∂2η

∂ψ2
ψ2
y +

∂η

∂ψ
ψyy −

∂2ξ2

∂y2
ψy −

∂2ξ2

∂y∂ψ
ψ2
y −

∂ξ2

∂y
ψyy

− ∂2ξ2

∂y∂ψ
ψ2
y −

∂2ξ2

∂ψ2
ψ3
y − 2

∂ξ2

∂ψ
ψyψyy. (5.7.45)

Also

−ψyyDy(ξ
2) = −∂ξ

2

∂y
ψyy −

∂ξ2

∂ψ
ψyψyy. (5.7.46)
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We then obtain

ζ22 = Dy(ζ2)− ψyyDy(ξ
2)

=
∂2η

∂y2
+

∂2η

∂ψ∂y
ψy +

∂2η

∂y∂ψ
ψy +

∂2η

∂ψ2
ψ2
y +

∂η

∂ψ
ψyy −

∂2ξ2

∂y2
ψy −

∂2ξ2

∂y∂ψ
ψ2
y −

∂ξ2

∂y
ψyy

− ∂2ξ2

∂y∂ψ
ψ2
y −

∂2ξ2

∂ψ2
ψ3
y − 2

∂ξ2

∂ψ
ψyψyy −

∂ξ2

∂y
ψyy −

∂ξ2

∂ψ
ψyψyy. (5.7.47)

We next evaluate the following two terms

T 2D1(ξ1) = −y2dξ
1

dx
ψyy + 2y

dξ1

dx
ψy + 2x

dξ1

dx
ψx, (5.7.48)

−T 1D1(ξ2) = −ν1

νi
y2∂ξ

2

∂x
ψy −

ν1

νi
y2∂ξ

2

∂ψ
ψxψy + 2x

∂ξ2

∂x
ψy + 2x

∂ξ2

∂ψ
ψxψy. (5.7.49)

Return now to (5.7.32)

X(T 2) + T 2D1(ξ1)− T 1D1(ξ2) = 0. (5.7.50)

Substituting in (5.7.34) for X(T 2) gives

2ξ1ψx − 2yξ2ψyy + 2ξ2ψy + 2xζ1 + 2yζ2 − y2ζ22 + T 2D1(ξ1)− T 1D1(ξ2) = 0. (5.7.51)

Substituting (5.7.37), (5.7.38), (5.7.47), (5.7.48) and (5.7.49) into (5.7.51) produces

2ξ1ψx − 2yξ2ψyy + 2ξ2ψy + 2x
∂η

∂x
+ 2x

∂η

∂ψ
ψx − 2x

dξ1

dx
ψx − 2x

∂ξ2

∂x
ψy − 2x

∂ξ2

∂ψ
ψxψy + 2y

∂η

∂y
+

2y
∂η

∂ψ
ψy − 2y

∂ξ2

∂y
ψy − 2y

∂ξ2

∂ψ
ψ2
y − y2∂

2η

∂y2
− y2 ∂2η

∂y∂ψ
ψy − y2 ∂2η

∂y∂ψ
ψy − y2 ∂

2η

∂ψ2
ψ2
y − y2 ∂η

∂ψ
ψyy+

y2∂
2ξ2

∂y2
ψy + y2 ∂

2ξ2

∂y∂ψ
ψ2
y + y2∂ξ

2

∂y
ψyy + y2 ∂ξ2

∂y∂ψ
ψ2
y + y2∂

2ξ2

∂ψ2
ψ3
y + 2y2∂ξ

2

∂ψ
ψyψyy + y2∂ξ

2

∂y
ψyy+

y2∂ξ
2

∂ψ
ψyψyy − y2dξ

1

dx
ψyy + 2y

dξ1

dx
ψy + 2x

dξ1

dx
ψx −

ν1

νi
y2∂ξ

2

∂x
ψy −

ν1

νi
y2∂ξ

2

∂ψ
ψxψy + 2x

∂ξ2

∂x
ψy+

2x
∂ξ2

∂ψ
ψxψy = 0. (5.7.52)

147



Chapter 5 – Associated Lie point symmetries and invariant solutions for the two-fluid wake

Separate (5.7.52) according to the powers and products of the partial derivatives of ψ.

ψyψyy : 3y2∂ξ
2

∂ψ
= 0, (5.7.53)

ψyy : −2yξ2 + 2y2∂ξ
2

∂y
− y2 ∂η

∂ψ
− y2dξ

1

dx
= 0, (5.7.54)

ψxψy :
ν1

νi
y2∂ξ

2

∂ψ
= 0, (5.7.55)

ψ3
y : y2∂

2ξ2

∂ψ2
= 0, (5.7.56)

ψ2
y : −2y

∂ξ2

∂ψ
− y2 ∂

2η

∂ψ2
+ 2y2 ∂

2ξ2

∂y∂ψ
= 0, (5.7.57)

ψy : 2ξ2 − 2y
∂ξ2

∂y
+ y2∂

2ξ2

∂y2
− ν1

νi
y2∂ξ

2

∂x
+ 2y

dξ1

dx
+ 2y

∂η

∂ψ
− 2y2 ∂2η

∂y∂ψ
= 0, (5.7.58)

ψx : ξ1(x) + x
∂η

∂ψ
= 0. (5.7.59)

The remainder is

2x
∂η

∂x
+ 2y

∂η

∂y
− y2∂

2η

∂y2
= 0. (5.7.60)

5.7.3 Solution for associated Lie point symmetry

So far it has been shown that ξ1, ξ2 and η are of the form (5.7.31) and that they satisfy the
conditions (5.7.29), (5.7.30) and (5.7.53) to (5.7.59).

From (5.7.53) we have

∂ξ2

∂ψ
(x, y, ψ) = 0 (5.7.61)

and therefore

ξ2 = ξ2(x, y). (5.7.62)
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Now from (5.7.30) (
ν1

νi
y2 − 2x

)
∂η

∂y
= 0. (5.7.63)

If

ν1

νi
y2 − 2x 6= 0, (5.7.64)

then

∂η

∂y
= 0. (5.7.65)

Therefore

η = η(x, ψ). (5.7.66)

The remainder (5.7.60) reduces to

∂η

∂x
= 0. (5.7.67)

Hence

η = η(ψ). (5.7.68)

Since ξ2 = ξ2(x, y), equation (5.7.57) reduces to

d2η

dψ2
= 0 (5.7.69)

and therefore

η(ψ) = a1ψ + a2, (5.7.70)

where a1 and a2 are constants. From (5.7.59)

ξ1(x) = −x ∂η
∂ψ

= −a1x. (5.7.71)

Now from (5.7.29)

−2ξ1(x) + 2
ν1

νi
yξ2 +

(
ν1

νi
y2 − 2x

)
∂η

∂ψ
= 0. (5.7.72)

Since,

ξ1(x) = −a1x, ξ2 = ξ1(x, y), η(ψ) = a1ψ + a2 (5.7.73)
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equation (5.7.29) reduces to

ξ2 = −1

2
a1y. (5.7.74)

Therefore

ξ1(x) = −a1x, ξ2(y) = −1

2
a1y, η(ψ) = a1ψ + a2. (5.7.75)

We now verify that the remaining equations (5.7.54) and (5.7.58) are identically satisfied.

Consider the left-hand side of (5.7.54)

−2yξ2 + 2y2∂ξ
2

∂y
− y2 ∂η

∂ψ
− y2dξ

1

dx
= a1y

2 − a1y
2 − a1y

2 + a1y
2 = 0. (5.7.76)

Equation (5.7.54) is identically satisfied.

Consider the left-hand side of (5.7.58)

2ξ2 − 2y
∂ξ2

∂y
+ y2∂

2ξ2

∂y2
− ν1

νi
y2∂ξ

2

∂x
+ 2y

dξ1

dx
+ 2y

∂η

∂ψ
− 2y2 ∂2η

∂y∂ψ
=

− a1y + a1y − 2a1y + 2a1y = 0. (5.7.77)

Equation (5.7.58) is identically satisfied. Therefore all conditions are satisfied.

The associated Lie point symmetry is

X = −a1x
∂

∂x
− 1

2
a1y

∂

∂y
+ (a1ψ + a2)

∂

∂ψ
. (5.7.78)

Consider the general case in which a1 6= 0. Multiply (5.7.78) by − 2
a1

which gives

− 2

a1

X = 2x
∂

∂x
+ y

∂

∂y
− 2

(
ψ +

a2

a1

)
∂

∂ψ
. (5.7.79)

Let

X∗ = − 2

a1

X, c∗ =
a2

a1

. (5.7.80)

Then

X∗ = 2x
∂

∂x
+ y

∂

∂y
− 2(ψ + c∗)

∂

∂ψ
. (5.7.81)

We suppress the star. The associated Lie point symmetry for the upper wake and the lower
wake are of the form

X = 2x
∂

∂x
+ y

∂

∂y
− 2(ψ + c)

∂

∂ψ
. (5.7.82)

Unlike the associated Lie point symmetry (5.3.60) for the classical wake, the associated Lie
point symmetry (5.7.82) for the momentumless wake does not contain an arbitrary function.
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5.8 Invariant solution for the momentumless two-fluid wake

Now ψ = Ψ(x, y) is an invariant solution of the PDE

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

(5.8.1)

generated by the Lie point symmetry X provided

X(ψ −Ψ(x, y))|ψ=Ψ(x,y) = 0. (5.8.2)

Using the Lie point symmetry (5.7.82), condition (5.8.2) becomes[
2x

∂

∂x
+ y

∂

∂y
− 2(ψ + c)

∂

∂ψ

]
(ψ −Ψ(x, y))|ψ=Ψ(x,y) = 0, (5.8.3)

that is, provided

2x
∂Ψ

∂x
+ y

∂Ψ

∂y
= −2(Ψ + c). (5.8.4)

The differential equations of the characteristic curves of the PDE (5.8.4) are

dx

2x
=
dy

y
= − dΨ

2(Ψ + c)
. (5.8.5)

The first pair of terms are

dx

2x
=
dy

y
(5.8.6)

and integrating gives

1

2
ln(x) = ln(y) + constant. (5.8.7)

Thus

y

x
1
2

= k1, (5.8.8)

where k1 is a constant. The first and last term in (5.8.5) give

dx

2x
= − dΨ

2(Ψ + c)
(5.8.9)

and integrating we obtain

ln(x) = − ln(Ψ + c) + constant. (5.8.10)
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Hence

x(Ψ + c) = k2, (5.8.11)

where k2 is a constant. The general solution is

k2 = F (k1), (5.8.12)

where F is an arbitrary function. Hence

x(Ψ + c) = F

(
y

x
1
2

)
. (5.8.13)

However, Ψ(x, y) = ψ and therefore

ψ =
1

x
F

(
y

x
1
2

)
− c. (5.8.14)

Let

ξ =
y

x
1
2

(5.8.15)

and then

ψ(x, y) =
1

x
F (ξ)− c. (5.8.16)

5.8.1 Conserved quantity

In the approach in Chapter 3 for the momentumeless two-fluid wake, the conserved quantity
was used to determine the unknown parameter ωi in the invariant solution

ψi(x, y) = xωiFi(ξ), ξ =
y

x
1
2

. (5.8.17)

Since the Lie point symmetry was associated with the conserved vector for the momentumless
two-fluid wake, the unknown parameter has been determined and the invariant solution does
not contain an unknown parameter:

ψi(x, y) =
1

x
Fi(ξ), ξ =

y

x
1
2

. (5.8.18)

The conserved quantity gives the equation of the interface

y = φ(x). (5.8.19)
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The conserved quantity for the momentumless two-fluid wake is given by (4.4.95)

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2w2(x, y)dy +

∫ ∞
φ(x)

y2w1(x, y)dy = constant independent of x. (5.8.20)

We express the conserved quantity in terms of the invariant solution. Now

wi =
∂ψi
∂y

. (5.8.21)

Hence

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

−∞
y2∂ψ2

∂y
dy +

∫ ∞
φ(x)

y2∂ψ1

∂y
dy. (5.8.22)

Now

ψi(x, y) =
1

x
Fi(ξ), ξ =

y

x
1
2

,
∂ξ

∂x
= − ξ

2x
,

∂ξ

∂y
=

1

x
1
2

, dy = x
1
2dξ. (5.8.23)

Hence

∂ψi
∂y

=
1

x

dFi
dξ

∂ξ

∂y
= x−

3
2
dFi
dξ

. (5.8.24)

Therefore the conserved quantity (5.8.22) becomes

K∗ =
ρ2

ρ1

ν1

ν2

∫ φ(x)

x
1
2

−∞
ξ2dF2

dξ
dξ +

∫ ∞
φ(x)

x
1
2

ξ2dF1

dξ
dξ. (5.8.25)

Since K∗ is a constant independent of x,

φ(x)

x
1
2

= k, k = constant, (5.8.26)

and

φ(x) = kx
1
2 . (5.8.27)

The interface therefore is

y = φ(x) = kx
1
2 . (5.8.28)

The conserved quantity becomes

K∗ =
ρ2

ρ1

ν1

ν2

∫ k

−∞
ξ2dF2

dξ
dξ +

∫ ∞
k

ξ2dF1

dξ
dξ. (5.8.29)
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5.8.2 Partial differential equation for the velocity deficit

We express the partial differential equation

∂2ψi
∂x∂y

=
νi
ν1

∂3ψi
∂y3

(5.8.30)

in terms of the invariant solution

ψi(x, y) =
1

x
Fi(ξ), ξ =

y

x
1
2

. (5.8.31)

Now

∂ψ

∂x
= − 1

2x2

[
2F (ξ) + ξ

dF

dξ

]
, (5.8.32)

∂2ψ

∂y∂x
= −1

2
x−

5
2

[
3
dF

dξ
+ ξ

d2F

dξ2

]
, (5.8.33)

∂ψ

∂y
= x−

3
2
dF

dξ
,

∂2ψ

∂y2
= x−2d

2F

dξ2
,

∂3ψ

∂y3
= x−

5
2
d3F

dξ3
. (5.8.34)

Substituting (5.8.31) to (5.8.34) into (5.8.30) and simplifying gives

2
νi
ν1

d3Fi
dξ3

+
d

dξ

(
ξ
dFi
dξ

)
+ 2

dFi
dξ

= 0. (5.8.35)

5.8.3 Boundary conditions

Equations (5.8.34) are used to express the boundary conditions (5.2.11) to (5.2.14) in terms of
the invariant solution. We obtain for the boundary conditions

dF1

dξ
(∞) = 0. (5.8.36)

d2F1

dξ2
(∞) = 0. (5.8.37)

dF2

dξ
(−∞) = 0. (5.8.38)

d2F2

dξ2
(−∞) = 0. (5.8.39)
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5.8.4 Interface conditions

We express the interface conditions (5.2.15) to (5.2.18) in terms of the invariant solution

ψi(x, y) =
1

x
Fi(ξ), ξ =

y

x
1
2

. (5.8.40)

The interface is

y = φ(x) = kx
1
2 (5.8.41)

and on the interface

ξ =
φ(x)

x
1
2

= k. (5.8.42)

The partial derivatives of ψ with respect to x and y are given by (5.8.32) to (5.8.34).

Tangential velocity continuous (5.2.15):

∂ψ1

∂y
(x, φ(x)) =

∂ψ2

∂y
(x, φ(x)), (5.8.43)

dF1

dξ
(k) =

dF2

dξ
(k). (5.8.44)

Normal velocity continuous (5.2.16):

∂ψ1

∂x
(x, φ(x)) =

∂ψ2

∂x
(x, φ(x)), (5.8.45)

2F1(k) + k
dF1

dξ
(k) = 2F2(k) + k

dF2

dξ
(k). (5.8.46)

Using (5.8.44), equation (5.8.46) reduces to

F1(k) = F2(k). (5.8.47)

Tangential stress continuous (5.2.17):

∂2ψ1

∂y2
(x, φ(x)) =

µ2

µ1

∂2ψ2

∂y2
(x, φ(x)), (5.8.48)

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k). (5.8.49)
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Normal stress continuous (5.2.18):

2
µ2

µ1

1

Re

∂2ψ2

∂x∂y
(x, φ(x))− 2

Re

∂2ψ1

∂x∂y
(x, φ(x)) = P2(x, φ(x))− P1(x, φ(x)), (5.8.50)

1

Re

[
− 3

µ2

µ1

dF2

dξ
(k)− kµ2

µ1

d2F2

dξ2
(k)

]
x

5
2 +

1

Re

[
3
µ2

µ1

dF1

dξ
(k) + k

µ2

µ1

d2F1

dξ2
(k)

]
x

5
2

= P2(x, φ(x))− P1(x, φ(x)). (5.8.51)

Substituting (5.8.44) and (5.8.49) reduces (5.8.51) to

3

Re

(
1− µ2

µ1

)
dF1

dξ
(k)x

5
2 = P2(x, φ(x))− P1(x, φ(x)). (5.8.52)

5.8.5 Velocity components

The velocity components expressed in terms of the invariant solution are

wi(x, y) =
∂ψi
∂y

= x−
3
2
dFi
dξ

, (5.8.53)

vi(x, y) =
∂ψi
∂x

= − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
, (5.8.54)

∂wi
∂y

(x, y) =
1

x2

d2Fi
dξ2

. (5.8.55)

5.8.6 Lie point symmetry

We can take the additive constant c in the stream function

ψ(x, y) =
1

x
F (ξ)− c (5.8.56)

to be zero because it does not contribute to the velocity components. Therefore from (5.7.82)

X = 2x
∂

∂x
+ y

∂

∂y
− 2ψ

∂

∂ψ
. (5.8.57)
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5.9 Solution of the ODE for the momentumless two-fluid
wake

We will outline the solution for comparison with the similarity solution given in Chapter 3,
Section 3.4.

We return to the PDE (5.8.35),

2
νi
ν1

d3Fi
dξ3

+
d

dξ

(
ξ
dFi
dξ

)
+ 2

dFi
dξ

= 0. (5.9.1)

Equation (5.9.1) can be integrated at least once. This is another example of the Double Re-
duction Theorem of Sjöberg [46]. The invariant form of (5.9.1) was obtained by associating the
Lie point symmetry with a conserved vector. Integrate (5.9.1) with respect to ξ:

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

+ 2Fi = Ai, (5.9.2)

where Ai = constant.

Impose first the boundary conditions at ξ = +∞. The boundary conditions at ξ = +∞ are

dF1

dξ
(∞) = 0,

d2F1

dξ2
(∞) = 0. (5.9.3)

We assume the stronger condition

lim
ξ→∞

ξ
dF1

dξ
(∞) = 0. (5.9.4)

We will check that the solution derived satisfies this condition. We make the additional as-
sumption that there is no entrainment of fluid at y = ±∞. We will also check that the solution
derived satisfies this condition. From (5.8.54)

vi(x, y) = − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
(5.9.5)

and the condition for no entrainment implies

vi(x,±∞) = 0. (5.9.6)

Thus at ξ = +∞,

v1(x,∞) = 0 : 2F1(∞) + ξ
dF1

dξ

∣∣∣∣
ξ=∞

= 0. (5.9.7)
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Since it is assumed that

lim
ξ→∞

ξ
dF1

dξ
(ξ) = 0 (5.9.8)

it follows that

F1(∞) = 0. (5.9.9)

Therefore imposing the boundary condition at ξ = +∞ on (5.9.2) we obtain

A1 = 0. (5.9.10)

Similarly, by imposing the boundary conditions at ξ = −∞ on (5.9.2) we find that

A2 = 0. (5.9.11)

Equation (5.9.2) becomes

2
νi
ν1

d2Fi
dξ2

+ ξ
dFi
dξ

+ 2Fi = 0. (5.9.12)

In order to integrate (5.9.12) multiply by ξ. This gives

2
νi
ν1

ξ
d2Fi
dξ2

+ ξ2dFi
dξ

+ 2ξFi = 0, (5.9.13)

which can be rewritten as

2
νi
ν1

[
d

dξ

(
ξ
dFi
dξ

)
− dFi

dξ

]
+

d

dξ
(ξ2Fi) = 0. (5.9.14)

Integrating with respect to ξ gives

ξ
dFi
dξ
− Fi +

ν1

2νi
ξ2Fi = Ei, (5.9.15)

where Ei is a constant. Consider first the boundary conditions at ξ = +∞. We have

lim
ξ→∞

ξ
dF1

dξ
= 0, F1(∞) = 0. (5.9.16)

Assume also the stronger condition

lim
ξ→∞

ξ2 F (ξ) = 0. (5.9.17)

We will check that the solution derived also satisfies this condition. Imposing the boundary
conditions at ξ = +∞ on (5.9.15) gives

E1 = 0. (5.9.18)
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Similarly by imposing the boundary condition at ξ = −∞ we obtain

E2 = 0. (5.9.19)

Therefore equation (5.9.15) becomes

ξ
dFi
dξ

=

(
1− ν1

2νi
ξ2

)
Fi. (5.9.20)

By separation of variables we obtain

dFi
Fi

=

[
1

ξ
− ν1

2νi
ξ

]
dξ (5.9.21)

and integration gives

ln(Fi) = ln(ξ)− ν1

4νi
ξ2 +B∗i , (5.9.22)

where B∗i is a constant. Hence

Fi = Bi ξ exp

(
− ν1

4νi
ξ2

)
, (5.9.23)

where

Bi = exp (B∗i ). (5.9.24)

For the momentumless wake the velocity component vi given by (5.8.54) depends on Fi(ξ) as
well as dFi

dξ
and Fi(ξ) was therefore derived. For the classical wake the velocity components wi

and vi given by (5.6.6) and (5.6.7) depend only on dFi
dξ

and it was not necessary to calculate
Fi(ξ).

5.9.1 Boundary conditions

The boundary conditions (5.8.36) to (5.8.39) are all identically satisfied because of the expo-
nential behaviour of the solution. The assumptions

lim
ξ→∞

ξ
dF1

dξ
= 0, lim

ξ→∞
ξ2F1(∞) = 0, (5.9.25)

lim
ξ→−∞

ξ
dF2

dξ
= 0, lim

ξ→−∞
ξ2F2(−∞) = 0 (5.9.26)

are also identically satisfied because of the exponential behaviour of the solution.
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5.9.2 Interface conditions

We express the interface conditions in terms of the solution (??) for Fi(ξ) and its derivatives:

Fi = Bi ξ exp

(
− ν1

4νi
ξ2

)
, (5.9.27)

dFi
dξ

= Bi

(
1− ν1

2νi
ξ2

)
exp

(
− ν1

4νi
ξ2

)
, (5.9.28)

d2Fi
dξ2

= −1

4
Bi

ν1

νi
ξ

(
6− ν1

νi
ξ2

)
exp

(
− ν1

4νi
ξ2

)
. (5.9.29)

Normal velocity (5.8.47):

F1(k) = F2(k), (5.9.30)

B1 k exp

(
− 1

4
k2

)
= B2 k exp

(
− 1

4

ν1

ν2

k2

)
. (5.9.31)

Tangential velocity (5.8.44):

dF1

dξ
(k) =

dF2

dξ
(k), (5.9.32)

B1

(
1− 1

2
k2

)
exp

(
− 1

4
k2

)
= B2

(
1− ν1

2ν2

k2

)
exp

(
− 1

4

ν1

ν2

k2

)
. (5.9.33)

Tangential stress (5.8.49):

d2F1

dξ2
(k) =

µ2

µ1

d2F2

dξ2
(k), (5.9.34)

B1 k (6− k2) exp

(
− 1

4
k2

)
=
ρ2

ρ1

B2 k

(
6− ν1

ν2

k2

)
exp

(
− 1

4

ν1

ν2

k2

)
, (5.9.35)

where we used

µ2

µ1

ν1

ν2

=
ρ2

ρ1

(5.9.36)

Multiply the interface conditions (5.9.31), (5.9.33) and (5.9.35) by

exp

(
1

4
k2

)
(5.9.37)

160



Chapter 5 – Associated Lie point symmetries and invariant solutions for the two-fluid wake

the following interface conditions are obtained

k

[
B1 −B2 exp

(
1

4

(
1− ν1

ν2

)
k2

)]
= 0, (5.9.38)

B1

(
1− 1

2
k2

)
−B2

(
1− ν1

2ν2

k2

)
exp

(
1

4

(
1− ν1

ν2

)
k2

)
= 0, (5.9.39)

k

[
B1(6− k2)−B2

ρ2

ρ1

(
6− ν1

ν2

k2

)
exp

(
1

4

(
1− ν1

ν2

)
k2

)]
= 0. (5.9.40)

We consider two cases, k = 0 and k 6= 0.

5.9.2.1 Case 1: k = 0

Equations (5.9.38) and (5.9.40) are identically satisfied. Equation (5.9.39) becomes

B1 = B2 = B. (5.9.41)

The solution (5.9.23) becomes

Fi = B ξ exp

(
− ν1

4νi
ξ2

)
. (5.9.42)

5.9.2.2 Case 2: k 6= 0

Equations (5.9.38) to (5.9.40) become

B1 −B2 exp

(
1

4

(
1− ν1

ν2

)
k2

)
= 0, (5.9.43)

B1

(
1− 1

2
k2

)
−B2

(
1− ν1

2ν2

k2

)
exp

(
1

4

(
1− ν1

ν2

)
k2

)
= 0, (5.9.44)

B1(6− k2)−B2
ρ2

ρ1

(
6− ν1

ν2

k2

)
exp

(
1

4

(
1− ν1

ν2

)
k2

)
= 0. (5.9.45)

From (5.9.43)

B1 = B2 exp

(
1

4

(
1− ν1

ν2

)
k2

)
. (5.9.46)
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Substitute (5.9.46) into (5.9.44). Thus

B2

(
1− ν1

ν2

)
exp

(
1

4

(
1− ν1

ν2

)
k2

)
= 0. (5.9.47)

For a non-trivial solution (B2 6= 0) it is necessary that

ν1

ν2

= 1, ν1 = ν2. (5.9.48)

From (5.9.46), since ν1 = ν2

B1 = B2 = B. (5.9.49)

With B1 = B2 = B and ν1 = ν2, equation (5.9.45) reduces to

B (6− k2)

(
1− ρ2

ρ1

)
= 0. (5.9.50)

If ρ1 = ρ2 then since ν1 = ν2 it follows that µ1 = µ2. There would be only one fluid. We
therefore assume

ρ1 6= ρ2. (5.9.51)

Hence from (5.9.50), for B 6= 0

6− k2 = 0 (5.9.52)

and therefore

k = ±
√

6. (5.9.53)

The solution (5.9.23) becomes

Fi(ξ) = Bξ exp

(
− 1

4
ξ2

)
. (5.9.54)

Finally, the fourth interface condition (5.8.52) is

3

Re

(
1− µ2

µ1

)
dF1

dξ
(k)x−

5
2 = P2(x, φ(x))− P1(x, φ(x)). (5.9.55)

This interface condition gives the pressure difference across the interface.

When k = 0 we have from (5.9.28)

dF1

dξ
(k) = B

(
1− 1

2
k2

)
exp

(
− 1

4
k2

)∣∣∣∣
k=0

= B. (5.9.56)
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Therefore (5.9.55) becomes

3

Re

(
1− µ2

µ1

)
B x−

5
2 = P2(x, 0)− P1(x, 0). (5.9.57)

When k = ±
√

6 we have from (5.9.28)

dF1

dξ
(±
√

6) = B(1− 1

2
k2) exp

(
− 1

4
k2

)∣∣∣∣
k=±

√
6

= −2B exp

(
− 3

2

)
. (5.9.58)

Therefore (5.9.55) becomes

− 6

Re
B

(
1− µ2

µ1

)
exp

(
− 3

2

)
x−

5
2 = P2(x,±

√
6)− P1(x,±

√
6). (5.9.59)

5.9.3 Calculation of constant B when k = 0

The constant B is obtained from the conserved quantity which is when k = 0,

K =
ρ2

ρ1

ν1

ν2

∫ 0

−∞
ξ2dF2

dξ
dξ +

∫ ∞
0

ξ2dF1

dξ
dξ, (5.9.60)

where Fi(ξ) is given by (5.9.42) and

dF2

dξ
= B

(
1− 1

2

ν1

ν2

ξ2

)
exp

(
− ν1

4ν2

ξ2

)
, (5.9.61)

dF1

dξ
= B

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
. (5.9.62)

Equations (5.9.60), (5.9.61) and (5.9.62) are exactly the same as equations (3.4.70), (3.4.74)
and (3.4.75) used to calculate the constant B in Section 3.4.2 for the similarity solution for the
momentumless wake. It was found that

B = − K

4
√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] (5.9.63)

which can be rewritten in terms of the parameter

χ =
ρ1µ1

ρ2µ2

(5.9.64)

163



Chapter 5 – Associated Lie point symmetries and invariant solutions for the two-fluid wake

as

B = − K χ
1
2

4
√
π

[
1 + χ

1
2

] . (5.9.65)

5.9.4 Calculation of constant B when k = ±
√

6

The constant B is obtained from the conserved quantity (5.8.29) with ν1
ν2

= 1,

K =
ρ2

ρ1

∫ k

−∞
ξ2dF2

dξ
dξ +

∫ ∞
k

ξ2dF1

dξ
dξ, (5.9.66)

where K is prescribed and k takes the values +
√

6 and −
√

6. From (5.9.54)

Fi(ξ) = B ξ exp

(
− 1

4
ξ2

)
(5.9.67)

and

dF1

dξ
=
dF2

dξ
= B

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
. (5.9.68)

The value of the constant B will depend on whether k = +
√

6 or k = −
√

6. Equations (5.9.66)
and (5.9.68) are the same as (3.4.112) and (3.4.115) used in Section 3.4.4 to calculate the
constant B for the similarity solution for the momentumless wake. The results (3.4.147) and
(3.4.148) therefore apply here:

k = +
√

6 : B = B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] < 0, (5.9.69)

k = −
√

6 : B = B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] < 0, (5.9.70)

where

S = erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
= 0.1458 (5.9.71)

and the Error Function is defined by

erf(x) =
2√
π

∫ x

0

exp (−u2)du. (5.9.72)
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5.9.5 Approximation in the conserved quantity for the momentumless
wake

In Section 4.4.2.4 the term neglected in the derivation of the conserved quantity for the mo-
mentumless wake, R(φ(x), w1, w2), was simplified. It was shown that

R(φ(x), w1, w2) =

(
ρ2

ρ1

− 1

)
w1(x, φ(x))φ(x)

(
φ(x)

dφ(x)

dx
− 2

)

+

(
ν1

ν2

− 1

)
∂w1

∂y
(x, φ(x))φ2(x). (5.9.73)

There are three momentumless wakes.

5.9.5.1 Case 1: k = 0

Then

R(φ(x), w1, w2) = 0 (5.9.74)

and there is no approximation made in the derivation of the conserved quantity.

5.9.5.2 Case 2: k = ±
√

6

For this wake

ν1

ν2

= 1. (5.9.75)

Also

φ(x) = k x
1
2 ,

dφ

dx
=

1

2
k x−

1
2 (5.9.76)

and therefore

φ(x)
dφ

dx
=

1

2
k2 = 3. (5.9.77)

Equation 5.9.73 reduces to

R(φ(x), w1, w2) =

(
ρ2

ρ1

− 1

)
w(x, φ(x))φ(x). (5.9.78)
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Now

w1(x, y) =
B

x
3
2

(
1− 1

2
ξ2

)
exp

(
− 1

4
ξ2

)
(5.9.79)

and therefore

w1(x, y) =
B

x
3
2

(
1− 1

2
k2

)
exp

(
− 1

4
k2

)
(5.9.80)

= −2B

x
3
2

exp

(
− 3

2

)
(5.9.81)

= O
(
x−

3
2

)
as x→∞. (5.9.82)

Also

φ(x) = k x
1
2 = O

(
x

1
2

)
as x→∞. (5.9.83)

Hence

R(φ(x), w1, w2) = O
(

1

x

)
as x→∞. (5.9.84)

For the three momentumless wakes there is no approximation for k = 0 and for k = ±
√

6 since

the neglected term is O
(

1
x

)
which is small for the far wake, x >> 1.

5.9.6 Visual representation of the solutions for the momentumless
wakes

The invariant solution for the momentumless wake for k = 0 is visually represented in Figures
5.3 and 5.4.
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Figure 5.3: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake for k = 0

plotted against y at x = 6 for K = 1, ρ1
ρ2

= 1
20

and ν1
ν2

= 1.

The velocity profile is given by

u1(x, y) = 1− w1(x, y) = 1− 1

2x
3
2

B

[
2− y2

x

]
exp

(
− 1

4

y2

x

)
, (5.9.85)

u2(x, y) = 1− w2(x, y) = 1− 1

2x
3
2

ν1

ν2

B

[
2
ν2

ν1

− y2

x

]
exp

(
− 1

4

ν1

ν2

y2

x

)
(5.9.86)

and

B = − K

4
√
π

[
1 + ρ2

ρ1

(
ν2
ν1

) 1
2
] . (5.9.87)
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Figure 5.4: The velocities u1(x, y) and u2(x, y) for the momentumless two-fluid wake for k = 0

plotted against y at x = 6 for K = 1, ρ1
ρ2

= 1
2
and ν1

ν2
= 1

20
.

The velocity profile (5.9.85) and (5.9.86) is the same as (3.4.181) and (3.4.182) for the similarity
solution derived in Chapter 3. We draw graphs of the velocity profiles again but with different
values for the parameters from Chapter 3. In Figure 5.3 we choose ρ1

ρ2
= 1

20
and ν1

ν2
= 1

to examine the effect of the density ratio. In Figure 5.4 the effect of the viscosity ratio is
examined by choosing ν1

ν2
= 1

20
and ρ1

ρ2
= 1

2
.

From Figure 5.3 we see that the effect of the larger density ratio ρ1
ρ2

is to reduce the magnitude
of the velocity difference at the turning points in the wake. From Figure 5.4 we see that the
effect of increasing the viscosity ratio ν2

ν1
is to increase the effective width of the lower wake.

The effective width of the upper wake is not altered.

The invariant solution for the momentumless wake for k = ±
√

6 is visually represented for +
√

6

in Figure 5.5 and for −
√

6 in Figure 5.6.
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Figure 5.5: The velocity u(x, y) for the momentumless two-fluid wake for k = +
√

6 plotted
against y at x = 3 for K = 1, ρ1

ρ2
= 1

20
and S = 0.1458.

The velocity profile is given by

u1(x, y) = u2(x, y) = 1− w1(x, y) = 1− B+

x
3
2

(
1− y2

2x

)
exp

(
− 1

4

y2

x

)
(5.9.88)

and

B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] . (5.9.89)
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Figure 5.6: The velocity u(x, y) for the momentumless two-fluid wake for k = −
√

6 plotted
against y at x = 3 for K = 1, ρ1

ρ2
= 1

20
and S = 0.1458.

The velocity profile is given by

u1(x, y) = u2(x, y) = 1− w1(x, y) = 1− B−

x
3
2

(
1− y2

2x

)
exp

(
− 1

4

y2

x

)
(5.9.90)

where

B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] (5.9.91)

and

S = erf
((

3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
= 0.1458 (5.9.92)

Since the velocity profiles are the same as in Chapter 3 for the similarity solution, a different
value for the density ratio, ρ1

ρ2
= 1

20
, is chosen in Figures 5.5 and 5.6.

It is seen in Figures 5.5 and 5.6 that the increase in the density ratio, ρ2
ρ1

= 20, produces a
decrease in the magnitude of the velocity deficit.
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The interface is

y = kx
1
2 . (5.9.93)

In Figures 5.3 and 5.4, k = 0 and the interface is at y = 0. In Figure 5.5, k = +
√

6 and the
interface is at y = +

√
6x

1
2 while in Figure 5.6, k = −

√
6 and the interface is at y = −

√
6x

1
2 .

5.10 Summary of results for the two-fluid wake behind a
self-propelled body

The results derived thus far for the two-fluid wake behind a self-propelled body are summarised
below.

ψi(x, y) =
1

x
Fi(ξ), ξ =

y

x
1
2

, (5.10.1)

X = 2x
∂

∂x
+ y

∂

∂y
− 2ψ

∂

∂ψ
, (5.10.2)

wi(x, y) = x−
3
2
dFi
dξ

, (5.10.3)

vi(x, y) = − 1

2x2

[
2Fi(ξ) + ξ

dFi
dξ

]
, (5.10.4)

∂wi
∂y

= x−2d
2Fi
dξ2

. (5.10.5)

When k = 0,

ν1

ν2

6= 1, (5.10.6)

Fi(ξ) = Bξ exp

(
− 1

4

ν1

νi
ξ2

)
, (5.10.7)

B = − K

4
√
π

[
1 +

(
µ2ρ2
µ1ρ1

) 1
2
] . (5.10.8)
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When k = ±
√

6,

ν1

ν2

= 1, (5.10.9)

Fi(ξ) = Bξ exp

(
− 1

4
ξ2

)
, (5.10.10)

B+ = − K

4
√
π

[
ρ2
ρ1

+ 1 +

(
ρ2
ρ1
− 1

)
S

] , (5.10.11)

B− = − K

4
√
π

[
ρ2
ρ1

+ 1−
(
ρ2
ρ1
− 1

)
S

] , (5.10.12)

S = erf

((
3

2

) 1
2
)
− 5√

π

(
3

2

) 1
2

exp

(
− 3

2

)
= 0.1458. (5.10.13)

5.11 Conclusions

We started Chapter 5 by summarising the formulation of the problem in terms of the stream
function which is the same for both the classical wake and the momentumless wake. The
boundary and interface conditions in terms of the stream function are also provided. This was
derived in Chapter 2.

The associated Lie point symmetry for the classical two-fluid wake was derived using the con-
served vector. This conserved vector was determined in Chapter 4. The Lie point symmetry
was then used to derive the invariant solution. There is one exact solution for the two-fluid
classical wake. For this solution, the interface is at φ(x) = 0. The results obtained by deriving
the invariant solution and solving the ODE are the same results as derived in Section 3.2. We
found that we could derive the solution for the classical two-fluid wake by a similarity solution
and also by the use of conservation laws and Lie point symmetries.

Similarly, we derived the Lie point symmetry associated with the conserved vector for the
momentumless wake and then used the Lie point symmetry to derive the invariant solution.
The results are the same as the results derived in Section 3.4 which means that we have
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developed two methods of deriving the solution for the two-fluid wake behind a self-propelled
body.
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Conclusions

In Chapter 2, the governing equations were derived for the two-fluid far wake. This was done
through non-dimensionalising the Navier-Stokes equations and then imposing the boundary
layer approximation. The equations have been expressed in terms of the velocity components
where the y-component of the mean velocity is given by v̄ and the velocity deficit in the x-
direction is given by w̄. The situation was expressed diagrammatically and the problem of
the two-fluid wake was described. The boundary conditions were first derived in terms of
the velocity components and the dimensionless form given. The interface was first defined
by y = φ(x), and the interface conditions were defined based on the fact that the velocity
and stress components should balance at the interface and a fluid particle on the interface
should remain on the interface. The conserved quantities for the classical and momentumless
wake were derived. A stream function, ψ, was introduced. The governing equations as well as
the boundary and interface conditions were defined in terms of the newly introduced stream
function.

In Chapter 3, a scaling transformation was introduced and an invariant solution was derived
for both the classical and momentumless wakes through the use of the boundary and interface
conditions, as well as the conserved quantity which aided in the determination of the equation
of the interface. For the classical two-fluid wake, the interface was determined to be at y =

0, whereas there were three potential interface equations determined for the momentumless
wake. Further to this, the method presented by Herczynski. Weidman and Burde [1] was
also replicated. For the momentumless wake a new conserved quantity was used which was
derived based on the condition that the total drag on the body is zero. The solution was
derived through the use of a coordinate expansion and expansion of the interface deflection.
The velocity profiles for all solutions were plotted and it is clear from the profiles that the
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general shape of the velocity profiles were the same. The interface is deflected upwards in the
solution derived through the Herczynski. Weidman and Burde approach.

In Chapter 4, conservation laws were discussed and the multiplier method was explored. The
multiplier method was applied to the governing equations for the two-fluid far wake flow. The
conserved vectors were determined in which four cases were discovered. The first belonged
to the wake of a self-propelled body, the second to the combination wake, the third to the
classical wake and the fourth was related to the conservation of mass equation. An alternative
method using a linear combination of conserved vectors was also used and this method easily
demonstrates how to generate the general form of the conserved vector and further break down
the general form into the four cases. All of the conserved vectors were obtained in terms of
the velocity components. The conserved quantities for the combined upper and lower wakes
were then obtained from the conserved vectors and boundary and interface conditions. For
the classical wake the matching of the tangential stress at the interface was used to derive the
conserved quantity while for the momentumless wake the requirement that the total drag on
the body is zero was used to derive the conserved quantity. The conserved quantities generated
in Chapter 4 are the same as the conserved quantities originally derived in Chapter 2.

In Chapter 5, the conserved vectors and the conserved quantities for the classical and momen-
tumless two-fluid far wakes were rewritten in terms of the stream function which was introduced
in Chapter 2. Lie point symmetries associated with the conserved vectors derived in Chapter
4 were determined for the classical and momentumless wakes. The Lie point symmetries were
then used to generate the invariant solutions. The solutions derived in this chapter are the
same as those derived in Chapter 3 using a scaling transformation. Hence, two methods have
been used to generate the invariant solution for the classical two-fluid wake and the two-fluid
wake behind a self-propelled body. The velocity profiles were also plotted. Since these are the
same as those in Chapter 3 different values of the parameters were used. One exact analytical
solution was derived for the classical wake where the interface is y = 0 and three exact solu-
tions were derived for the momentumless wake corresponding to the three possible interface
positions.
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