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Abstract

Blood flow rate ( _Q) in relation to arterial lumen radius (ri) is commonly modelled according to theoretical

equations and paradigms, including Murray’s Law ( _Q / r3i ) and da Vinci’s Rule ( _Q / r2i ). Wall shear stress (s) is

independent of ri with Murray’s Law (s / r0i ) and decreases with da Vinci’s Rule (s / r�1
i ). These paradigms are

tested empirically with a meta-analysis of the relationships between _Q and ri in seven major arteries of the

human cephalic circulation from 19 imaging studies in which both variables were presented. The analysis shows

that _Q / r2:16i and s / r�1:02
i , more consistent with da Vinci’s Rule than Murray’s Law. This meta-analysis

provides standard values for _Q, ri and s in the human cephalic arteries that may be a useful baseline in future

investigations. On average, the paired internal carotid arteries supply 75%, and the vertebral arteries supply

25%, of total brain blood flow. The internal carotid arteries contribute blood entirely to the anterior and

middle cerebral arteries and also partly to the posterior cerebral arteries via the posterior communicating

arteries of the circle of Willis. On average, the internal carotid arteries provide 88% of the blood flow to the

cerebrum and the vertebral arteries only 12%.
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Introduction

The structure of the arterial tree has attracted the atten-

tion of scholars for centuries. Even before the blood was

shown to circulate by Harvey in 1628 (Willis, 2016), Leo-

nardo da Vinci described the branching of the arteries in

mathematical terms, indicating that the cross-sectional area

of a parent artery was equal to the sum of the cross-sec-

tional areas of the two child arteries branching from it

(Richter, 1970), a relationship that is now called ‘da Vinci’s

Rule’. In other words, the square of the diameter of a par-

ent artery should be equal to the sum of the squares of the

diameters of the two child arteries. More than three cen-

turies later, in an attempt to analyse the structure of the

arterial tree as an efficient energy-conserving system, Cecil

Murray proposed that, to minimise energy losses, the cube

of the diameter of the parent artery should be equal to

the sum of the cubes of the diameters of the two child

arteries, a relationship that became known as ‘Murray’s

Law’ (Murray, 1926). Murray’s Law was a formal treatment

of what was proposed by Thomas Young in 1808, that is,

the ratio of the diameters of the parent and child vessels is

21/3 : 1 (Sherman, 1981). Mathematically, these paradigms

can be expressed in terms of vessel radius, and represent

two cases of the general relationship:

rnp ¼ rnc1 þ rnc2; ð1Þ

where rp is the radius of a parent artery, rc1 and rc2 are

the radii of its two child arteries, and n is 2 for da Vin-

ci’s Rule and 3 for Murray’s Law.

It is clear that characteristic arterial size is determined by

dynamic remodelling of the vessel diameter in response to

blood velocity near the wall (Langille, 1996; Simons et al.,

2016). The force of blood flowing over the endothelial sur-

face interacts with a junctional mechanosensory complex

involving VEGFR protein that effects adjustments of wall

dimensions to normalise the velocity near the wall (Baeyens

et al., 2015). The normal ‘set-point’ is considered a regu-

lated value of wall shear stress (WSS; dyn cm�2). WSS can

be evaluated from haemodynamic theory (Secomb, 2016).

The famous haemodynamic paradigm that relates laminar

flow rate to vessel size is the Poiseuille-Hagen (P-H)
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equation, which is a solution to one of the incompressible

Navier-Stokes equations:

DP ¼ ð8 _Qg LÞ
ðp r4i Þ

; ð2Þ

where DP is the pressure difference required to achieve

a rate of laminar flow ( _Q) of a fluid of given viscosity

(g) in a straight, horizontal tube of length (L) and inner

radius (ri). The pressure (P = force/area) driving flow acts

on the cross-sectional area of the tube (A = p r2i ), yield-

ing a force (Fp):

Fp ¼ ADP ¼ ðp r2i Þ ð8 _Qg LÞ
ðp r4i Þ

¼ ð8 _Qg LÞ
r2i

: ð3Þ

The flow creates a balancing frictional force (Fs) which

equals WSS (s) occurring along the total inner surface area

of the tube (S = 2 p ri L):

Fs ¼ S s ¼ 2 p ri L s: ð4Þ

because Fp = Fs, so

s ¼ ðð8 _Qg L=r2i Þ
2p ri L

¼ 4 _Qg

p r3i
: ð5Þ

Equation (5) is attributed to Poiseuille, but for distinction

from the P-H equation, we have previously called it the

‘shear stress equation’ (Seymour et al., 2015, 2016). In imag-

ing studies, WSS can also be calculated from the derivative

of the velocity gradient near the wall, and the results lar-

gely concur with values calculated from the shear stress

equation in the common carotid artery (Zarins et al., 1983).

For physiological studies, Eq. (5) is more useful than the sim-

plified version, s = (ri DP)/(2 L), because DP and L are diffi-

cult to evaluate.

If, for any artery, _Q / rni , then s / rn�3
i . In particular, if

n = 3, as in the case of Murray’s Law, then _Q / r3i and

s / r0i ; the exponent of 0 indicates that WSS is a con-

stant throughout the arterial tree. Under da Vinci’s Rule,

n = 2 and so _Q / r2i and s / r�1
i ; the negative exponent

indicates that WSS decreases in larger vessels of the arte-

rial tree.

The literature has conflicting information on the scaling

of arterial size and blood flow rates. Much of the 20th cen-

tury literature assumed that arterial WSS is constant at

about 10–20 dyn cm�2, implicitly affirming Murray’s Law

(Ku, 1997). However, natural selection does not necessarily

conform to single factors, nor is it necessary for the value of

the exponent n to be a constant throughout the arterial

tree. In fact, n generally varies between 2 and 3 in experi-

mental studies, but it is uncertain how n varies predictably

in real arteries (Karau et al., 2001).

Murray’s Law is upheld in studies of the small-medium

arteries where the exponents n are nearly 3 for blood flow

rate in relation to arterial diameter, and nearly zero for

WSS. For example, flow rate varies with diameter to the

power of 2.76 in human retinal arteries (Riva et al., 1985),

similar to retinal arteries of rhesus monkeys (Zamir &

Medeiros, 1982). Blood flow in cremaster muscle arteries of

rats scales with diameter to the power of 3.01 (Mayrovitz &

Roy, 1983). Blood flow in pial arteries on the surface of the

brain of cats scales with diameter to the power of 2.98

(Kobari et al., 1984).

Conversely, da Vinci’s Rule has received partial support by

several investigators who have shown that WSS is not con-

stant in the major arteries of humans and other mammals.

In human studies, WSS varies between 2.9 to 15 dyn cm�2

in the aorta and its immediate branches, and WSS decreases

in arteries of larger radius at a power of �0.5 (Cheng et al.,

2007). Interspecific studies also indicate that WSS is not a

constant in individually named arteries (aortas and carotid

arteries) of different-sized mammals, but decreases allomet-

rically with increasing body mass to the approximate power

of �0.2 (Greve et al., 2006; Cheng et al., 2007; Weinberg &

Ethier, 2007).

Part of the variability in arterial radius, blood flow rate,

and WSS undoubtedly relates to the fact that metabolic

rates of some tissues are extremely variable, in particular

the locomotory muscles. Flow rate in the femoral artery can

increase 10-fold between rest and activity (Jorfeldt & Wah-

ren, 1971); the femoral artery therefore shows low WSS at

rest but, during activity, values are comparable to those in

the similarly sized common carotid artery (Kornet et al.,

2000). In contrast, brain perfusion is well autoregulated,

varying less than approximately 20% regardless of whether

a person is resting, physically or mentally exercising, or

sleeping (Sokoloff et al., 1955; Armstrong, 1983; Hellstr€om

et al., 1996; Ogoh & Ainslie, 2009; Sato & Sadamoto, 2010;

Hiura et al., 2014). The diameters of the cerebral arteries

also change very little between rest and activity (Hellstr€om

et al., 1996) or in response to physiological changes in blood

pressure and blood gas levels (Payne, 2016). Therefore, a

tighter pattern of arterial variables, such as size, flow rate

and WSS, may emerge in the circulation to the brain.

Nonetheless, there is disagreement about the scaling pat-

tern in the major arteries of the human cerebral circulation.

For example, a study that measured the lumen radii of the

parent and branch arteries of the internal carotid, anterior

cerebral and middle cerebral arteries from angiographs of

healthy individuals found that the branching exponent n

was 2.9 � 0.7 (� SD), thus implying that Murray’s Law pre-

vails and WSS is constant (Rossitti & L€ofgren, 1993). Another

study of blood flow rate and cross-sectional area (A) of the

human internal carotid artery and vertebral artery also sup-

ported Murray’s Law, with flow being proportional to A1.84,

which corresponds to a very high n = 3.74 (Cebral et al.,

2008). In contrast, the branching exponent for lumen
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diameter in these three major cerebral arteries has been

measured as 2.06, and the flow rate exponent as 2.45,

thereby indicating that WSS increases in the smaller arteries

and supporting da Vinci’s Rule more than Murray’s Law

(Chnafa et al., 2017).

The present investigation is a meta-analysis of 19 imaging

studies of blood flow rate and size in seven major cephalic

arteries of humans. It analyses the relationships between all

of the major arteries supplying the brain, and it represents

the largest sample of studies that provide data for both

flow rates and artery sizes in the same publication. It was

gathered to test the applicability of Murray’s Law and da

Vinci’s Rule in a system of relatively constant blood flow

and to establish an empirical dataset useful for estimation

of blood flow rate from measurements of cephalic arterial

size in humans.

Methods

The literature was searched for studies involving in vivo measure-

ments of major cephalic arteries from humans, including the com-

mon carotid (CCA), internal carotid (ICA), vertebral (VA), basilar

(BA), anterior cerebral (ACA), middle cerebral (MCA) and posterior

cerebral arteries (PCA). Techniques included phase-contrast mag-

netic resonance imaging (PC-MRI), transcranial Doppler ultrasound

(TCD), multi-gate spectral Doppler ultrasound (MSDU), colour

duplex Doppler ultrasound (CDDU) and high resolution ultrasound

(HRU). Very many papers were screened, but studies were accepted

only if they reported paired values for both blood flow rate and

arterial lumen size under normal arterial blood pressure, so that

WSS could be calculated independently for individual publications.

There was no a priori reason to dismiss certain studies, so all data

meeting these criteria were accepted as reported. Some variation

may have resulted from differences in technique or image resolu-

tion, but there is no significant difference if exclusively PC-MRI stud-

ies are used in the analysis as compared with ultrasound studies

(see Results). No weighting of studies with different sample sizes

was undertaken to avoid pseudo-replication involving techniques,

laboratories, subject populations, etc. The object of the meta-study

was to treat an individual study as a single datum for each reported

artery.

Blood flow rates were taken as reported means from presumably

healthy adult individuals (control or disease-free groups). In a few

cases, flow rate was calculated from mean velocity multiplied by

cross-sectional lumen area. Arterial lumen radius was calculated

from either diameter or cross-sectional area of in vivo images. WSS

was calculated from each pair of data using the shear stress equa-

tion (Eq. 5), assuming a constant blood viscosity of 0.04 dyn s cm�2

(Schmid-Sch€onbein et al., 1969; Amin & Sirs, 1985). This equation ig-

nores actual viscosity at the wall, which may be slightly lower than

the blood in general, as well as velocity changes during the cardiac

cycle, blunted velocity profiles that occur in major arteries, and

effects due to curves and bifurcations (Reneman et al., 2009). How-

ever, flow in the measured arteries is essentially laminar (Winkel

et al., 2015) and effectively Newtonian (McGah & Capobianchi,

2015). If a full parabolic profile is assumed, according to Poiseuille

flow conditions, the WSS may be underestimated (Dammers et al.,

2003; Reneman et al., 2009). Measured in vivo velocity profiles for

the human carotid artery that account for these factors yield WSS

values of 11–13 dyn cm�2 (Reneman & Hoeks, 2008; Reneman et al.,

2009). We found that the mean from seven common carotid artery

WSS values in the present study was within this range

(12.01 dyn cm�2), providing confidence that our method is accurate

and valid to calculate the scaling exponent of WSS on arterial

radius.

Values are presented as means with 95% confidence intervals

(CI), and are compared with ANOVA calculated with Microsoft EXCEL

add-in StatistiXL (www.statistixl.com). Arithmetic data were plotted

on arithmetic axes and power equations fitted with graphing and

statistical software (GRAPHPAD Software Inc., La Jolla, CA, USA).

Results

Paired data for blood flow rate ( _Q, cm3 s�1) and arterial

lumen radius (ri, cm) were obtained from 19 imaging stud-

ies involving major arteries of the human cephalic circula-

tion of healthy adult individuals (raw data available in

Supporting information). The means and 95% CI of _Q, ri
and calculated WSS (s, dyn cm�2) are given in Table 1. Data

for exclusively PC-MRI studies are presented in Supporting

Information Table S2, but they are not significantly differ-

ent from the entire set. For example, _Q in the ICA averaged

3.95 � 0.55 cm3 s�1 in seven studies involving PC-MRI and

4.18 � 0.35 cm3 s�1 in six studies that used ultrasound (t-

test: P = 0.52). Other arteries were represented in fewer

studies, also with no significant differences.

The contributions of each cephalic artery to total brain

blood flow are summarised in Table 2. The two ICAs supply

75% and the two VAs 25%, of total brain blood flow. Sin-

gle ICA flow (4.05 cm3 s�1) is slightly greater than the sum

of single ACA + MCA flows (3.62 cm3 s�1), and slightly less

than the sum of single ACA + MCA + PCA flows (4.61

cm3 s�1). However, the lower 95% confidence limit of indi-

vidual ICA flow is 3.72 cm3 s�1, which is greater than

ACA + MCA flows, but less than ACA + MCA + PCA flows

(Table 1). This indicates that, on average, the ICA con-

tributes blood entirely to the ACA and MCA, and also partly

to the PCA through the posterior communicating artery

(PCoA) of the circle of Willis (Fig. 1). The VA also contributes

to the PCA, as well as to the arteries of the upper spinal

cord, brainstem and cerebellum. Thus the ICAs account for

88% and the VAs for 12% of cerebral perfusion.

The mean ICA flow (4.05 cm3 s�1) is about one-half that

of the CCA (8.09 cm3 s�1), and the difference (4.04 cm3 s�1)

should equal flow to the external carotid artery (ECA),

which is nearly equal to ICA flow. However, published mea-

surements of ECA flow rate are about 51–65% of that in

the ICA on the same side (Sch€oning et al., 1994; Scheel

et al., 2000; Hoi et al., 2010). The discrepancy is possibly

attributed to branching of the superior thyroid artery, the

lingual artery and the ascending pharyngeal artery from

the ECA, which occurs close to its junction with the ICA

(Fig. 1). It is possible that published measurements of ECA

flow were made above this branching.

Calculated WSS is lowest in the larger CCA and VA, and

highest in the smaller MCA and ACA (Table 1). A full-
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factorial ANOVA and Student-Newman-Keuls post hoc test

show that WSS is significantly higher (P < 0.05) in the MCA

and ACA than in the other arteries (except for the MCA and

BA, which are close to significant; P = 0.07). WSS in the

MCA and ACA are not significantly different from each

other (P = 0.92). WSS in the PCA is not significantly differ-

ent from that in other arteries; however, the sample size for

this artery is low (n = 3 studies).

Mean values of flow rate ( _Q, cm3 s�1) and WSS (s,

dyn cm�2) are plotted in relation to lumen radius (ri, cm) in

Fig. 2. Allometric power equations, derived from seven data

points, for the cephalic arteries of humans are: _Q = 82.6

r
2:16� 1:13 ð95%CIÞ
i (R2 = 0.83) and s = 3.44 r�1:02� 1:29

i

(R2 = 0.45). Alternatively, polynomial regression equations

(log _Q = �0.20 log r2i + 1.91 log ri +1.82, and log s = �0.20

logr2i –1.09 log ri +0.53), derived from a larger analysis of 20

named arteries in nine species of mammals (Seymour et al.

2019), describe the human data well. Indeed, the sums of

squared residuals of the logged flow rate data are nearly

identical for the two models (0.115 for the interspecific

polynomial regression equation and 0.107 for the human

power equation). Focusing on patterns within individual

arteries, there is no obvious relationship between _Q and ri
(Supporting Information Fig. S1A), but a clear inverse rela-

tionship appears between WSS and ri (Fig. S1B).

Discussion

Patterns of cranial blood flow

The primary motivation for this meta-analysis was to

establish standard values for blood flow rate and arterial

size in the major cephalic arteries of humans. This analy-

sis includes 19 imaging studies of seven main arteries,

compared with a previous meta-analysis of six studies of

the common carotid artery only (Cheng et al., 2007).

Only one of the 19 studies included all seven arteries

(Zhao et al., 2015). Thus the present analysis goes as far

as possible to reduce potential bias in individual studies

and produce the best summary so far. The results are

useful as a baseline against which future investigations

can be compared, for example, clinical human studies

and those concerning human evolution.

The literature indicates that there is little net flow of

blood from one side of the brain to the other when the cir-

cle of Willis is complete. Previous studies show that flow

rates are nearly identical in the left and right ICAs, but not

necessarily in the VAs (Enzmann et al., 1994; Sch€oning

et al., 1994; Sato & Sadamoto, 2010; van Ooij et al., 2013;

Zhao et al., 2015). This aligns well with measurements of

the nearly equal sizes of unpressurised cerebral arteries in

the two hemispheres (Burlakoti et al., 2017, 2018). Impor-

tantly, the ICA supplies the ACA and the MCA that service

most of the cerebral cortex. The PCA receives blood mainly

from the VA, supplemented by the ICA via the PCoA, and

calculations based on our mean values indicate that the

cerebrum receives 88% of its perfusion from the ICAs and

only 12% from the VAs. This provides confidence that esti-

mates of blood flow rates derived from ICA foramen size

that capture the majority of cerebral perfusion and

Table 1 Mean � 95% CI arterial lumen radii, blood flow rates and calculated wall shear stress (WSS) of single arteries of the human cephalic cir-

culation based on data from 19 PC-MRI and ultrasound imaging studies. Data for exclusively PC-MRI studies are given in Supporting information

Table S1.

Artery

Number

of studies

Radius (ri, cm) Flow rate ( _Q, cm3 s�1) WSS (s, dyn cm�2)

Single n Mean 95% CI Mean 95% CI Mean 95% CI

Common carotid (CCA) 7 0.327 0.016 8.05 1.00 12.0 2.2

Internal carotid (ICA) 13 0.239 0.015 4.05 0.33 16.1 3.0

Basilar (BA) 3 0.190 0.021 2.39 0.29 18.2 4.1

Vertebral (VA) 8 0.186 0.014 1.37 0.21 11.3 3.0

Middle cerebral (MCA) 7 0.159 0.021 2.41 0.42 36.2 15.7

Posterior cerebral (PCA) 3 0.150 0.019 0.99 0.14 16.2 7.0

Anterior cerebral (ACA) 5 0.129 0.027 1.21 0.10 35.5 18.5

Table Mean total blood flow rates of the paired cephalic arteries of

humans (= twice the single flow rates). Also shown are the percent-

age flow rates relative to total brain blood flow rate.

Variable cm3 s�1 cm3 min�1 % total

Total brain flow rate 10.8 650 100

ICA 9 2 8.1 486 75

VA 9 2 2.7 164 25

(ACA + MCA) 9 2 7.2 434 67

(ACA + MCA+PCA) 9 2 9.2 553 85

PCoA 9 2* 0.9 53 8

*Posterior communicating artery (PCoA) flow is calculated (ICA –

ACA – MCA) and its direction is from ICA to PCA. See Table 1

for other artery abbreviations.
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Posterior
cerebral
artery

0.99 cm s3 –1

Internal
carotid
artery

4.05 cm s3 –1

Anterior
communicating

artery

Posterior
communicating

artery
0.44 cm s3 –1

Superior
cerebellar

artery

Anterior
interior

cerebellar
artery

Basilar
artery

2.39 cm s3 –1

Vertebral
artery

1.37 cm s3 –1

Common
carotid
artery
58.0 cm s3 –1

Superior
thyroid
artery

Ascending
pharyngeal

artery

Laryngeal
artery

Anterior
cerebral
artery

1.21 cm s3 –1

Middle
cerebral
artery

2.41 cm s3 –1

External
carotid
artery

10 mm

Fig. 1 Major arteries of the healthy adult human cephalic circulation joining the Circle of Willis (cerebral arterial circle). Vessel diameters are drawn

to scale for the major arteries examined in this study (dark red). Selected smaller arteries (pink; not to scale) are shown but were not directly mea-

sured, and other small cephalic arteries are omitted. Mean values of blood flow rate ( _Q, cm3 s�1) are indicated next to each artery on one side

only. Data are from Table 1.
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represent well cerebral metabolic rate in hominins among

the primates (Seymour et al., 2015, 2016).

The low contribution by the VAs in humans is associated

with variability in flow patterns among individuals. Flow

rates in the PCoAs that connect the ICAs to the PCAs are

small and apparently not essential. Flow along the PCoAs

can be in either direction and is unpredictable in individuals

that have either one or two of these arteries (Kl€otzsch

et al., 1996; van Ooij et al., 2013). One or both of the PCoAs

are absent in about 25% of humans (Lippert & Pabst, 1985).

In contrast, absence of the ICAs is very rare, loss of one ICA

occurring in less than 0.01%, and two ICAs in less than

0.001%, of the population (Alexandre et al., 2016).

da Vinci’s Rule and Murray’s Law

The paradigms describing the circulation assume that it is a

series of fractally bifurcating tubes. Although the major

cephalic arteries do not conform to this model, but are

rather a non-fractal, anastomosing network in which the

arteries communicate in the circle of Willis (Fig. 1), we

assessed them as if they conformed, being partly justified

by the fact that there is little net flow between hemispheres

and cephalic flow rates are remarkably constant. Therefore,

the working hypotheses are that the data for artery sizes

and flow rates should have exponents of n = 2 for da Vin-

ci’s Rule or n = 3 for Murray’s Law.

The exponent for blood flow rate in relation to lumen

radius derived from the human cephalic arteries is

2.16 � 1.13 (Fig. 2A), and the exponent for calculated WSS

is �1.02 � 1.29 (Fig. 2B). Although the 95% CI values

include 3.0 or 0.0, respectively, the exponents are in much

closer agreement to da Vinci’s Rule than to Murray’s Law.

Increasing WSS in smaller cephalic arteries is similar to the

results of a previous study of the ICA, MCA and ACA only

(Chnafa et al., 2017). The two studies are also similar in

showing a steep inverse relationship between WSS and

radius between artery groups (Fig. S1B). We suspect that

this is an artefact related to study-specific differences in

measurement of lumen radius. Radii of all of these arteries

are always highest in two studies (Enzmann et al., 1994;

Zhao et al., 2015) and always lowest in three studies (Fahrig
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Fig. 2 (A) Blood flow rate ( _Q, cm3 s�1) and

(B) calculated wall shear stress (s, dyn cm�2)

in seven major cephalic arteries in relation to

lumen radius (ri, cm) in humans. Means and

95% confidence intervals are presented for

the arteries, common carotid (CCA), internal

carotid (ICA), basilar (BA), vertebral (VA),

middle cerebral (MCA), posterior cerebral

(PCA) and anterior cerebral (ACA). The solid

lines are least square regressions from means

of the present data, where _Q = 82.6 r2:16i

and s = 3.44 r�1:02
i . The dotted lines

represent polynomial regressions from

previous analyses for arteries of mammals in

general, where log _Q = �0.20 log r2i + 1.91

log ri +1.82, and log s = �0.20 log r2i –1.09

log ri +0.53 (Seymour et al. 2019).
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et al., 1999; Chnafa et al., 2017; Bouillot et al., 2018), yet

the flow rates are similar. This underscores the value of this

meta-study. There are investigations of size and flow in

human cephalic arteries that show similar increases in WSS

in smaller vessels but do not comment specifically on da

Vinci’s Rule or Murray’s Law (Enzmann et al., 1994; Fahrig

et al., 1999; Reymond et al., 2012; van Ooij et al., 2013; Zhao

et al., 2015). All of these studies are contrary to the conclu-

sions of constant WSS in these vessels (Rossitti & L€ofgren,

1993) and the cubic scaling of flow and diameter of the VA

and ICA (Cebral et al., 2008).

The power equations set to the data in this analysis con-

form well to recent mathematical theory and to empirical

results from mammals in general. In particular, the expo-

nent of 2.16 for flow rate on radius (Fig. 2A) is similar to

the exponent of 2.33 expected by recent haemodynamic

theory of fractal-branching arterial trees (Huo & Kassab,

2012; Huo & Kassab, 2016). The present data are a subset of

a larger study of arterial flow rate and WSS on lumen radius

derived from 20 named systemic arteries among nine spe-

cies of mammals (Seymour et al. 2019). That study confirms

that a single exponent should not be applied to a broad

range of arterial size and that a second-order polynomial

equation best describes the log-transformed interspecific

data. The derivative of the interspecific equation (the slope

of the curve at any point) is equivalent to the exponent of

a power equation at that point. The derivative is approxi-

mately 2.1 for the largest artery in this study (CCA

ri = 0.327 cm) and 2.3 for the smallest (PCA ri = 0.150), so

2.16 is a reasonable exponent for these arteries. By compar-

ison, the derivative is near 3.0 in very small arteries such as

in the cremaster muscle of a rat, decreasing to about 2.0 in

the aorta of a human (Seymour et al. 2019). Thus da Vinci’s

Rule may be applied to large arteries and Murray’s Law to

small ones.

The failure of the major arteries of the cephalic circu-

lation to conform to Murray’s Law does not entirely

invalidate the idea that the structure of the circulatory

system results in the least energy required by the heart.

Our results are related to different functions of major

and peripheral arteries. The major arteries, including

those assessed in the present meta-analysis, buffer pul-

satile pressures from the heart and minimise energy loss

to reflected waves (Savage et al., 2008; Newberry et al.,

2015), whereas the peripheral arteries distribute the

blood according to the demands of the tissues and

reduce the velocity to allow time for gas exchange

(Zamir, 2001). It is clear that Murray’s Law applies well in

the peripheral arteries that are the major source of resis-

tance to flow (Womersley, 1955; Sherman, 1981; Zamir

et al., 1992; Savage et al., 2008; Reneman et al., 2009;

McGah & Capobianchi, 2015). Low resistance in the

major arteries is indicated by a small drop in mean blood

pressure of approximately 5 mmHg between the aortic

root and the MCA (Reymond et al., 2012). Murray

considered two factors to be important in affecting the

structure of the circulatory system – energy costs associ-

ated with pumping blood and energy costs of building

and maintaining the blood and vessels (Zamir, 1977). It is

not clear which factor has more influence, with some

modelling favouring pumping costs (Price et al., 2007)

and others favouring material costs (Tekin et al., 2016).

It is possible that the most important factor depends on

the level of branching.

Conclusion

In summary, blood flow to the human brain is relatively

constant and occurs through arteries that are usually bilat-

erally symmetrical. The ICAs supply 88% of the perfusion of

the cerebral (cognitive) part of the brain. Among all of the

seven major cephalic arteries, the relationship between

blood flow rate and arterial size lies closer to da Vinci’s Rule

than to Murray’s Law. Wall shear stress is not constant, but

increases in smaller arteries supplying the brain.
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Additional Supporting Information may be found in the online

version of this article:

Fig. S1. (A) Blood flow rate ( _Q, cm3 s�1) and (B) calculated wall

shear stress (s, dyne cm�2) in seven major cephalic arteries in

relation to lumen radius (ri, cm) in humans. The arteries are the

common carotid (CCA), internal carotid (ICA), vertebral (VA),

basilar (BA), anterior cerebral (ACA), middle cerebral (MCA) and

posterior cerebral (PCA).

Table S1. Data for cephalic artery size, blood flow rate and wall

shear stress taken from 19 published studies of adult humans.

Table S2. Mean � 95% CI arterial lumen radii, blood flow rates,

and calculated wall shear stress (WSS) of single arteries of the

human cephalic circulation based on data from 10 exclusively

PC-MRI studies.
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