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Abstract

Symmetry is a powerful tool for finding analytical solutions to differential equations, both
partial and ordinary, via the similarity variables or via the invariance of the equation under
group transformations. It is the largest group of transformations that leaves the differential
equation invariant. It is now known that this differential equation method plays the same
role when it comes to the study of difference equations. Difference equations can be used
to model various phenomena where the changes occur in discrete manner. The use of sym-
metries on recurrence equations, usually, leads to reductions of order and hence eases the
process of finding their solutions. One of the aims of this work is to employ symmetries
to generalize some results in the literature. We present new generalized formula solutions
of a class of difference equations and we investigate the periodicity and behavior of these
solutions.
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1 Introduction

Difference equations have attracted a lot of attention. In practice, they are are used to model
phenomena in which the variable is discrete. The idea of symmetries was pioneered by
Sophus Lie (1842—1899), where he applied it to differential equations. In 1987, Maeda
demonstrated that some modified version of Lie’s approach could also be applied to find
solutions of ordinary difference equations [12].

P< M. Folly-Gbetoula
Mensah.Folly-Gbetoula@wits.ac.za

School of Mathematics, University of the Witwatersrand, 2050 Johannesburg, South Africa

Département de Mathématiques, Faculté des Sciences, Université de Lomé, 1515 Lomé, Togo

Published online: 25 June 2025 €\ Springer


http://orcid.org/0000-0002-3046-0679
https://doi.org/10.1007/s13370-025-01342-5
http://crossmark.crossref.org/dialog/?doi=10.1007/s13370-025-01342-5&domain=pdf&date_stamp=2025-6-20

122 Page 2 of 16 M. Folly-Gbetoula, K. Anani

In this study, we use Lie symmetry analysis to find solutions of a certain class of dif-
ference equations. Due to the generality of the proposed symmetry analysis method, it is
applicable to a wide range of models governed by high-order difference equations, which
naturally arise in diverse fields such as mathematical biology, economics, and physics. Our
work is inspired by the work of Sanbo and Elsayed [13], where the authors studied the dif-
ference equations

Tn—9
1+ Tn 1Tn_3Tn—5Tn—7Tn—9

Tpp1 = , n=0,1,.... €))

In their work, Sanbo and Elsayed [13], obtained expressions for solutions of (1) and ana-
lyzed the dynamical behavior of these solutions. The solutions were proved by mathemati-
cal induction.

Our approach is different from the method Sanbo and Elsayed used to find the solutions.
We use Lie symmetry analysis to solve the generalized difference equation:

Tn—9
)
an + bnxnflxn,73xn75xnf7xn79

Tp+1 =

@

where a,, and b,, are real numbers, and x;,7 = 0, ..., 9 are the initial values. Clearly, this is
more general than what was considered by Sanbo and Elsayed. For similar work on differ-
ence equations, see [1-4, 10, 11].

1.1 Symmetries for difference equations

Consider the tenth-order ordinary recurrence equation

o0
Tn+10 = Q(”v TnyTn4+2, Tn+4; Tn+6, mn+8)7 67 7é Oa (3)
n

where €2 is a smooth function and » an independent variable. The solution of (3) may be
expressed as

xn = f(n,c1,...,c10), 4)
where fis an arbitrary function.
Definition 1.1 The forward shift operator is given by
S:n—=n+1, Sz, = Tpti- (5)

The tenth-order ordinary recurrence equation (3) admits a prolonged symmetry generator
X given as
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X :Qain +Q(n+2,2,42) T +Q(n+4,zp44) T + o
Q(n +6, xTHG)axLM +Q(n+8, mn+8)m,
that satisfies the symmetry condition
S1YQ - X =0. @)

The function @ = Q(n, x,,) is called the characteristic of the group of transformations. For
more details on this, see [5-9].

2 Main results
We will use Lie point symmetry in this section to obtain solutions to the tenth-order ordi-

nary recurrence equation (2). We consider the equivalent tenth-order ordinary recurrence
equation

Int10 = A, + annznf;l:rn+4:rn+6xn+g’ ®)
of (2), where A,, = an49 and B,, = b,,+9. Applying the condition (7) to (8), we obtain
QU +10,) = Q) 5 = QUi+ 2,42) 5o = Q-+ 4u4a) - N
- Q(n+6, xn%)ﬁxn% —Q(n+8, xn+g)% =0,

where 2 is the right-hand side expression in (8). At this step, any convenient operator can
be applied to (9), provided that it leads to a reduction in the recurrence equation. Applying
the operator

0 A, 7]

L=—r ,
axn an%$'7L+4xn+6xn+8 axn+2

(10)

to (9) and simplifying give

2 n

Q. «
— @ (ny2n) + —2Q(n, ) + @ Q(n 4 2, T,10) +
Tn T+

Qn +4,Tn44)
4

Qp N An
——Q(n+6,zn16) + Qn+8,2n45) =0,
Tn+6 Ln+8 (1 1)

where Q' (n, z,,) denotes the derivative of Q with respect to z,,. To overcome the challenge
of dealing with different arguments, we differentiate (11) with respect to x,, and obtain the
following:
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d

drn

(Q'(n, ) + ;Q(mxn)) =0. (12)

Thus, the solution is
Q(n, mn) = 'Ynmi + anzy + By, (13)

where «,, 3, and -, are some functions of .
By substituting Q(n, z,,) in the symmetry condition (7), we obtain that 7, = 8, =0,
and «,, must satisfy

Qp+Qppo+Qnpat+anyetansg = 0. (14)

Thus, the symmetry generator takes the form

0 0

where o, satisfies (14). Note that the same symbol is used for the generator and its prolon-
gation. The solutions of (14) are

i(2knw)

a, =e 10, (16)
k=1,2,3,4,6,7,8,9. It follows from (15) and (16) that

 2kenn 0
X, = i2ks , 17
k € x" amn ( )

k=1,2,3,4,6,7,8,9, are symmetries of (8). We introduce the canonical coordinate
defined as

1 1
S 7/ Q(n7mn)dmn B / An Ty @, (18)

we get

Span = In |z, (19)

Let F, = exp {—(Snan + Sn+20n+a + Snt6nt6 + Snisants)}. Hence, we have

1
F, = . (20)
TnTn42Tn4+4Tn+6Tn+8

We note that
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oknx  OF, 2k(n42)m oF,, 2k(ntd)w oF,,
X(Fn) =e'"10 Tn + e’ 10 Tn+2 + e’ 10 Tn+44
0 n amrz+2 a:L"rH—él
j2k(n+0)m oF,, j2k(nt8)m oF,,
_|_ e 10 xn 6 + e 10 xn 8
axn%\ 637n+8
4 2knz PRLICES)L PRLICESOL, PRLICEROL
- e’ 10 + e 10 + e 10 + e 10
(21)

1-2k(71+8)7'r) —1
“+e° 10
InTn+42Ln+4Tn+6Tn+8

1
= (an + Qp42 + Qpt4q + An+t6 + an+8)
TnTn+2Ln+4Tn+6Ln+8

=0.

Shifting equation (20) twice and substituting the expression of x,19 given in (8), we
obtain

Frio = AyFy + B,. (22)

By iterating (22), we get

n—1 n—1 n—1
Fonyj = Fj (H A2t+j> +y <B2z‘+j 1T A2k2+j> » =01 (23)

t=0 ka=i+1
Also,

Tn4+10 = Fiwmn’ (24)

whose iteration yields

$10n+k=$k<H Fios- ), k=0,1,2,...,9

-0 1()S+k+2
n—1 F N K,
. T 10s42[ 5 4T(k) , (25)
=0 F105+2ng+r(k)+2
. Faes+ 15D +r(h)
in R LTCHEENE Y FoRne

because we can always write any integer i in the form i = 2| % | + 7(i), where 7(i) is the
remainder when a is divided by 2 and |- | is the floor function.
Substituting equation (23) into equation (25), we get
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5s+[&]—1 5s+[&]—1 5s+[&]-1
et Frw) I Asiray |+ 2 Boitrty I Avkarr)

t=0 i=0 ko=i+1

T10n+k :.”L‘kl;([) Py Yy 5o 15]
o Fry HO Agtpriy | + ZO Boitrey II Aokorrai)
t= =

ko=i+1

sst| &)1 SetLEl=1 (o sstlk)ol
1 [ Asiry |+ 2 Tt I Ak
t=0 i=0 ko=it1
ka 55+ 5] sstlsl [ Sst| %] ’
H Agtqrky | + Z %;()k) [T Askair

(26)

ky=it1
where 1/ Fy (1) = (k) Tr (k)42 (k) 44T (k) +6 L7 (k)+8-

3 Casewhere A,, = Aand B,, = B

Let A,, = A and B,, = B be fixed in equation (26). We obtain

5s+[%j—1
_y Abstlsl + % > A°
o) s=0
Tion+k =T H Y 27)
=0 gos+i+lf) 4 B 22 As
s

)

5s+[£]-1
-1 APTLEL 4 B 00 ) f o (k) 1 4% () 16T 7 (k) 1.8 Z A®

=z [ [] 5&+L J (28)

0 APHILE) - B (1) % (1) 427 () 4427 ()60 (k)8 ZO As

n—1

1+B(0‘s‘+[ DTr () Tr (k) 42T 7 (k) £4% 7 (k) 167 (k) 8
T when A = 1;

ksl;[ I+ BGs+ [ 5 [+ 1)@ (k) Tr (k) 42T 7 (k) 44T (k) 46T (k)+8
= (29)

n—1 A5.<+L§J+B(1 Ais+[ J)

Tr(k)Tr(k)+2%r T, 5T (ke
T (R)Pr(k)+2T7(k)+4T7 (k) +6T7 (k) +8 ,whenA;él'

i k A°S+1+L 1
s=0 gPetitlgly BU- Ty (k) Tr (k) +287 (k) +4T7 (k) +6 L7 (k) +8

fork=0,1,2---,9.
3.1 Casewhere A = —
For the case A = —1, we have

L5 _(_q)s
F (-1 + )%mirf(k)H?T(k)+2$7(k)+4$T(k)+6»’vr(k)+8

. (30)

T1on+k = Tk ( 1>L Iy 1))
520 —(=1)s + BEDZ DD g 2 k) 2 (k) 44T 7 (k) 46T (k)18
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The above implies that:

e Fork=0,1;
Tk if n even (31a)
Tiontk = T : , a
10n+k 71+Bmkmk+2;k+4mk+6mk+8 if n odd
e Fork=2,3;
_f w if n even
L1on+k = { (=1 + Bxp_2TpTrioThiaThas) if n odd (31b)
e Fork=4,5;
Tk if n even 310)
T10n - Tk 4 5 C
10n+k *1+Bﬂ'ﬁk—4mk—k2mkl’k+2mk+4 if n odd
e For6,7;
| =g if n even
T1on+k = { Tp(—1+ BTy _6Tp_aTk_oTpTpi2) if nm odd (1d)
e Fors§,9;
Tk if n even Gle)
Tiontk = z ; .
Lon+k (*1+Bxk—8mk—k6mk—4$k—2$k) if n odd ©

3.2 Known results

Recall that we shifted equation (2) forward 9 times to obtain (8), the solution of which is
provided by (29). We reverse the equations in (29) 9 times to obtain the solution of the dif-
ference equation (2), which is given as

n—1
1+ B(5s + T (k) — 9T (k) —TLr (k) —5 L (k) —3L () —
Tronh_9 =Th_ 9H L J) 7(k)—9L7(k)—7L7(k)—5L7(k)—3LT(k)—1 7 (32)
1+ B(5s+ | J + 1).r.,.(k),gw.,.(k),7$T(k),5337.(k),3$7.(k),1
if A=1;and
e . . _abs+l k)
PoOASStLED p BUSA ) g ot (7 (k)= 5T ()~ 3T (k) -1
T10n+k—9 = Tk—9 - » (33)

) _ a5s+14+1%)
iZo ASstitls) 4 BUSA F ) 0m )T () -5 (k)3T (k)1

if A # 1. If we set
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i=9-Fk (34a)
then,
Ji_y_ k
151 =4-15), (34b)
and
7(j) =1 —7(k), (34c¢)

fork =0,1,...,9. Therefore, from (32), (33) and (34), we have

n—1 j
14+ BGs+4— |2 D)@ ()8 ()6 — ()AL — () —2T —7(
o5 =15 ( LEJ) G)=8T=7()=6T-1() AT ()-2T1() (35
2o L+ BOs +5 = [51)2r()-8T—r(j) 6T —7(j)-1% —r(j)~2T~7(j)

if A=1;and

n—1 g5s4d_|d| , B(1—A®+i-l3) i )
T A 4 PO e ) s ()67 r () 4T 1 ()28 ()

Faon=g = 5 1| BO—A¥tomLE) - (36)
320 AP 4 SIS () T () 6% () 4T 7 () 2T ()
ifA#1.
3.2.1 Thecase: A = 1land B =1
a 4
Set Mj =5— %], Pj = [[ ar(j)42r and z_; = a;. We have
k=0
4
P = [T artyar = 2-r()-s2r () =62 r(5)-4T—r(5)-2T—1(s)- G7
k=0

Then, equation (35) becomes

n—1
MW‘%Q(1+@+mm ’ %)

which is the same as Theorem 2 in [13].
322 Case: A = land B = —1

In this case, equation (35) is given as
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(1= (5s+M; —1)P
. . _ J J
T10n—j a; LI(; ( 1 (58 ¥ MJ)P] >7 (39)
which is the same as Theorem 5 in [13].
323 Case: A = —1land B =1
In this case, equation (36) becomes
n—1 = o 1—(—1 55+1\/Ij—1
1 5s+M;—1 4 (1=(=1) )P
Tion—j5 = a5 H ( ) - (17(71)52.s+Mj) J ) (40)
=0 (_1)5S+1\/1j + 5 Pj
which was obtained in Theorem 7 of [13].
3.24 Case: A = —1and B = —1
As above, in this case, equation (36) yields
n—1 55+ M;— (m1=(=1)>+M5—2)
e e
T1on—j = Qj H 2 ’ ) (41)

4 _(_1\bst+M,;—1
0 (_1)55+Mj+( 1=( 1>2 1 )Pj

which was obtained in Theorem 10 of [13].

4 Periodic property and stability

In this section, we provide sufficient conditions for existence of periodic solutions with
periods 1, 5, 10 and 20. We further prove that the equilibrium points are non-hyperbolic.

Theorem 1 Let x,, be a solution of

xn
Tp+10 = 42
" -1 + anxn+2xn+4xn+6xn+8 ( )
with initial conditions z;, 7 = 0, ..., 9; and B is a non-zero constant. Then equation (42)

has a 20-periodic solution.

Proof Clearly, A = —1. It follows from (31) that the 20-periodic solutions are given by
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Zo

<oy L0y L1, X2, L3, T4y L5, L6, L7, T8, LY, )
-1+ B$01‘2$4$61‘8

T
,.’Eg(—l + BZ‘Q$2$41‘61’8), :Cg(—]. + B$1m3$5$71‘9),
—1+ Bxixsxsrrxg 43
T4 P 148 ) (43)
, ,xe(— ToLoX4TGTS ),
—1+ Bxoxoxyrers —1 + Brixzxsrrg 6 O 2TAT6ES
Zs Zg
x7(—1+ Brizszsxre ,
( 1ESTETTES ), —1+ Bxozozsrers —1+ Brixszsrrxg’
O
In Fig. 1, we use the initial conditions xz9=1;21 =—1;20=2;.
x3=—224 = 1/4;25 = 1; 16 = —1; 27 = 2; 08 = —2; kg = 1/4From the graph, we can
verify that the solution is indeed periodic with period 20.
Theorem 2 Let x,, be a solution of
Tn
Tn4+10 = 44
" A+ BXnTn2Tn {4Tn 16Tn 8 (44
with initial conditions z;, i = 0,...,9;and A # 1 and B some non-zero constants. If the
initial conditions satisfy
1-A
TiTi42Li4+-4Li4+6Li+8 = ? (45)
and
Ti F Tivo, Ti # Tits, (46)
Fig.1 Graph of . . ——
In+10 = —1—TnTp2Tn44Tn+6Tn+8
3
2
| l
o {i i
il i i i
g of il it
il it Vil piili
i b ! _;'
i
!
Y
-3
-4
0 20 40 60 80 100
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then equation (44) has a 10-periodic solution.

Proof Assuming x;T;io%;14%i+6Tit8 = % as stated in Theorem 2, equation (29)

reduces to
o A5t J+< A5f+L J)B<1—A)
B
< 47)

1— A5t+L 41 1-A
B
)#(*5")

T1on+j =Tj )
t=0 ASt+lz]+1 4

=1;. (48)

Imposing the condition x; # x;+2,x; # T;15, we note that the solution is periodic with

period 10. O
In Fig. 2, we use the initial conditions z¢p=1;21=—1;29=2;

x3=—2204 = 1/4;m5 = —1/4; 26 = 357 = —3; 28 = 2/3; xg—2/3 for A=2 and
B = —1. They satisfy

ToLaT4TEUS = T1L3T5T7Ty = 5 and x; # Tiy2,T; # Tits. (49)

From the graph, we can verify that the solution is indeed periodic with period 10.

Theorem 3 Let x,, be a solution of

Tn
A+ BrpTpi2TnaTnt6Tn48 (50)

Tn4+10 =

with initial conditions z;, i = 0,...,9;and A # 1 and B some non-zero constants. If the

initial conditions satisfy

—-= x(n)

Fig.2 Graph of 5

x = Lo
n 10 = 2Tt ATt 6Tt s

.

-3

0 20 40 60 80 100
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1-A
TOL1X2X3Xy4 — ——F—— (51)

B

and
Ti # Titz, Ti = Tits, (52)
then equation (50) has a 5-periodic solution.
Proof The proof is similar to the proof of Theorem 2 and is thus omitted. (J
In Fig. 3, we use the initial conditions

xo=1l;x1 = =120 = 2523 = =224 = 1/4;25 = L0 = —1;27 = 2528 = —2;29 = 1/4
for A = 2 and B = —1. They satisfy

1—
ToXToT4TEL = 5 and x; # Tiy2,Ti = Tits. (53)

From the graph, we can verify that the solution is indeed periodic with period 5.

Theorem 4 Let x,, be a solution of

Ln

A+ BTpTni2Tn1aTn6Tn+8

Tn4+10 =

(54

with initial conditions z;, i = 0,...,9;and A # 1 and B some non-zero constants. If the
initial conditions satisfy

1-A
a) = —— (55)
B
Fig. 3 Graph of —= x(n)
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Fig. 4 Graph of —— x(n)
Ty
€T =
N0 = T 2T 44T 16T 0t s
1.04
1.02
€ 1.00
)
0.98
0.96
0 50 100 150 200
Fig.5 Graph of Wl — —— xn)
Tn .
xT =
nt10 = 3 Tn 2Tt 4T 6Tn 8
0.8
0.6
z |
X |
[
0.4 L
\
.
[
|
i
0.2 !
4
N
i
.\ —
004 =
0 50 100 150 200

then equation (54) has a 1-periodic solution.
Proof The proofis similar to the proof of Theorem 2 and is thus omitted. (J

In Fig. 4, we use the initial conditions x; = 1 for A = 2 and B = —1. They satisfy

1-A
5 — 56
B 5 (56)
From Fig. 4, we can verify that the solution is indeed periodic with period 1. Despite the fact
that all the initial conditions are the same in Fig. 5, where for A = 3 and B = —1, we do not
A

have a 1—periodic solution because =; # 1’7.

Theorem 5 Given the equation
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Ln

Tn4+10 = (57)

b
14+ BrpTni2TnaTni6Tnts

the only equilibrium point £ = 0 is non-hyperbolic.

Proof The condition x = z/(1 + Bz®) yields the fixed point x = 0 and the characteristic
equation of (57) near 0 is A'® — 1 = 0 whose roots are the tenth roots of unity. The moduli
of the roots are all equal to 1. Thus, x = 0 is non-hyperbolic. [

Theorem 6 The fixed point T = 0 of (44) is (locally) asymptotically stable for |A| > 1.
Furthermore, the non-zero fixed points of (44) are non-hyperbolic for all A # 1.

Proof Using the fixed point condition on (44) leads to Z(A + Bz® — 1) = 0. For the first
part of the proof, observe that the characteristic equation of (44) near z = 0 is given by
A0 — L = 0. Hence, the roots \; satisfy |A;| <1 for [A| > 1. Thus, z =0 is locally
asymptotically stable when | A| > 1. For the second part of the proof, we find the non-zero
fixed points from the equation A + Bx® — 1 = 0. In this case, the characteristic equation of
(44) near a non-zero equilibrium point is given by

0=A—(A-DN —(A-DN —(A-DXN —(A-1)\* - A (58)
= %(AQ —A), with M\ # 1. (59)

There is a root of the characteristic equation (for example, A = €*2"/5) whose modulus is
equal to 1. [J

5 Conclusion

In this paper, we have confirmed and extended the findings of Sando and Elsayed [13] by
employing Lie symmetry analysis as a foundational tool. Specifically, we demonstrated
that the results obtained in our study are consistent with those presented in Sando’s work,
thereby validating their conclusions within a broader and more generalized framework. Our
approach not only reinforces the structural integrity of the equations previously analyzed
but also highlights the importance of symmetry methods in studying nonlinear difference
equations. Furthermore, we advanced the discussion by examining the periodicity and sta-
bility properties of solutions to a more general class of high-order difference equations than
those originally considered by Sando and Elsayed. We have proved the existence of non-
hyperbolic equilibrium points. This generalization broadens the applicability of their initial
results and provides a deeper understanding of the dynamic behavior of solutions of such
equations under more flexible assumptions. These contributions demonstrate the power of
symmetry techniques in revealing qualitative features of complex discrete systems and sug-
gest further avenues for exploration in related mathematical and applied contexts.
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