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Abstract. The maximum edge bi-clique (MEB) problem is the problem of
finding a bi-clique with the maximum number of edges in a bipartite graph.

In this paper, we have proposed a mathematical model for MEB along with

an ADMM (Alternating Direction Method of Multiplier) based algorithm. Al-
though the constraint set of the mathematical model resembles the matrix

decomposition involving the adjacency matrix of a given graph, we have in-

cluded the weighted ℓ1-norm in the objective function. We provide an analysis
showing how the weighted ℓ1-norm induces rapid sparsity and, therefore, faster

convergence of the ADMM algorithm. In addition, we have suggested a ‘nat-

ural’ condition with which to identify the MEB in random graphs. We have
tested our mathematical model by running the ADMM algorithm on planted

bi-cliques as well as on randomly generated graphs. Numerical comparisons
with a recent algorithm using planted bi-cliques have shown the superiority

of our approach. The errors obtained for random graphs have shown near-

exact recoveries. Finally, we have applied our algorithm to real-world bipartite
graphs for which bi-cliques have been recovered successfully.

1. Introduction. Bi-clique is a fundamental structure of bipartite graphs. This
structure is widely used in a variety of bipartite applications to capture cohesive
sub-graphs. Real-world applications of bi-cliques span numerous fields. In social
network analysis, bi-cliques can represent tightly connected communities or inter-
est groups between users and content. In bioinformatics, they can model interac-
tions between genes and conditions in gene expression data. In e-commerce plat-
forms, bi-cliques can capture frequent co-purchasing patterns between customers
and products. Similarly, in recommendation systems, they can highlight subsets of
users and items with strong mutual affinities. In cybersecurity, detecting suspicious
user-resource interactions, such as dense bipartite sub-graphs, is key to anomaly
detection.

Consequently, solving the Maximum Edge Bi-Clique (MEB) problem has broad
practical implications for pattern discovery, prediction, and anomaly detection in
real-world systems with inherently bipartite structures.
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A bipartite graph (or bi-graph) consists of vertices that can be separated into two
independent and disjoint sets. A bi-clique in such a graph is a complete bipartite
sub-graph.

Let Gb = (V,E) = (V1∪V2, E ⊆ (V1×V2)), where V represents the set of vertices
and E represents the set of edges of Gb, be a bipartite graph with two independent
and disjoint sets, V1 and V2, such that every edge links a vertex in V1 to one in V2.

Note that a bi-clique (V ∗
1 , V

∗
2 ) has |V ∗

1 | + |V ∗
2 | vertices and |V ∗

1 | × |V ∗
2 | edges.

When |V ∗
1 | = |V ∗

2 |, then the problem is also called balanced bi-clique problem.
A bi-clique is defined as maximum if it is of the largest size, measured either by

the number of vertices (vertex-maximum), known as the maximum vertex bi-clique
problem, or by the number of edges (edge-maximum), known as the MEB problem.
In the maximum balanced bi-clique problem the goal is to find a complete bipartite
graph with a maximum number of vertices, and it has been proved to be NP-
complete; see [15]. Peeters [21] has shown that the MEB problem is NP-complete.
On the other hand, [15] has shown that the maximum vertex bi-clique problem
is solvable in a polynomial time when the input graph is bipartite. However, the
problem is NP-complete when the input graph is not bipartite; see [24].

In this paper, we propose a novel mathematical formulation for the MEB prob-
lem based on matrix decomposition, which integrates a weighted ℓ1-norm in the
objective function. Unlike traditional formulations that treat low-rank and sparse
components with uniform penalties, our approach adaptively penalizes the sparse
component using a dynamically updated weight matrix, enabling faster sparsity in-
duction and improved convergence. This structure not only enhances the quality
of bi-clique recovery, but also promotes near-binary solutions, making the output
more interpretable and practically useful. The proposed model is solved using a cus-
tomized Alternating Direction Method of Multipliers (ADMM) algorithm designed
to exploit the separability of the objective while incorporating adaptive weighting.
Theoretical analysis establishes conditions under which exact recovery is guaran-
teed, while extensive experiments on both synthetic and real-world bipartite graphs
demonstrate that our approach achieves superior performance in terms of accu-
racy, recovery rate, and computational efficiency when compared to recent baseline
methods.

The remaining sections of the paper are organized as follows. Section 2 presents
the related approaches to the MEB problem. Section 3 presents the model for MEB
and the ADMM algorithm for the proposed model. Then we present the theoretical
recovery and the uniqueness of the solution in Section 4. In Section 5, we evaluate
the performance of the proposed algorithm for recovering the planted bi-clique,
recovering the maximum bi-clique from randomly generated graphs, and also the
maximum bi-cliques from real-world bipartite graphs. Finally, we make our final
remarks in Section 6.

2. Related work. Lyu et al. [17] have proposed a progressive bounding framework
to find the bi-clique with the maximum number of edges in large-scale real-world
datasets. They have also extended the branch-and-bound algorithm for the MEB
problem.

A rank-one non-negative factorization model for the MEB has been proposed by
[12]. In this formulation a bi-clique is constructed by minimizing the number of
edges outside the bi-clique instead of maximizing the number of edges inside. Gillis
and Glineur [13] have also proposed an approximate rank-one matrix factorization
problem as a continuous characterization of the MEB problem.
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The MEB problem is known to have no good approximation algorithm. However,
based on some assumptions, Ambühl et al. [2] have obtained hardness results for
the MEB problem. The paper [18] presents conditional inapproximability results
for the MEB problem based on the expansion hypothesis of a small set.

Currently, the majority of algorithms that solve the MEB problem enumerate all
maximal bi-cliques in the given graph; see [16, 1] and [11]. Nussbaum et al. [19]
have developed a pruning strategy that avoids enumerating all maximal bi-cliques.

Recently, [23] have introduced an algorithm based on integer programming to de-
termine the MEB in bipartite graphs. In a recent paper, [6] have proposed the dens-
est sub-graph algorithm to identify the densest subgraph and densest sub-matrix
problems, which can be seen as a generalization of the MEB problem. However, the
main drawback of these algorithms is that the MEB size must be known a priori.

A nuclear norm heuristic has also been proposed for the planted bi-clique prob-
lem; see [3] and [4]. It has been shown that when the given bipartite graph contains
a planted bi-clique of sufficiently large size, the proposed heuristic is exact.

Recent developments in bi-clique enumeration and matrix decomposition have
advanced the state-of-the-art in dense sub-graph detection and graph learning.
Chen et al. [10] proposed an efficient algorithm for bi-clique counting in large bi-
partite graphs, achieving scalability through combinatorial optimizations. Zhou et
al. [26] presented a convex programming-based framework for anchored densest sub-
graph search, which is conceptually related to the maximum edge bi-clique (MEB)
problem. From a decomposition perspective, Bertsimas et al. [5] developed a dis-
crete optimization method for sparse plus low-rank matrix decomposition, which
provides theoretical guarantees for exact recovery under certain conditions. Fur-
thermore, Zhai and Zhang [25] introduced a learnable graph-regularized matrix
decomposition framework that adaptively encodes structural information, showing
promise for graph-based data recovery. Our work builds on these insights by for-
mulating the MEB problem as a convex optimization task involving low-rank and
sparse components, guided by a dynamically weighted ℓ1-norm.

3. Our approach to maximum bi-clique. We propose a matrix decomposition
approach to mathematically model the MEB problem. The matrix decomposition
has a number of applications in image analysis and computer vision, see [22].

We have taken the matrix decomposition approach for the planted bi-clique prob-
lem. The matrix decomposition problem separates a given matrix Mb into a low-
rank and a sparse component by solving the problem.

min
L,S∈RN×M

rank(L) + λ∥S∥0

s.t. L+ S =Mb,

where ∥S∥0 = card(S) is the number of non-zero entries in S; λ is the regularization
parameter;. Both the rank function and ℓ0-norm minimization are non-convex. The
nuclear norm ∥L∥∗ is the sum of singular values σi(L); it is used as the convex

relaxation of the rank function, and the ℓ1-norm, ∥S∥1 =
∑N

i=1

∑M
i=1 |Sij |, is used

as the convex relaxation of ∥S∥0.
Given a bipartite graph Gb = (V1∪V2, E), |V1| = N and |V2| =M , the adjacency

matrix Mb of Gb is an N ×M matrix of zeros and ones that represents the relations
between the vertices of Gb. In the context of the bi-clique problem, if we include
self-loops and assign 1 to the diagonal elements of the adjacency matrix Mb, then
Mb can be split into a rank-one matrix L (corresponding to the maximum bi-clique)
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and a sparse matrix S. Here, we assume that the bi-clique is of size n×m. Hence;
matrix L of rank one corresponds to the bi-clique with block of size n × m with
entry values one and remaining entries zeros. The entries of Mb that correspond
to the edges outside the bi-clique go to S. Thus, we consider the following convex
formulation for MEB and the planted bi-clique problems:

min
L,S∈RN×M

∥L∥∗ + λ∥S∥1 (1)

s.t. Mb − L− S = 0, (2)

Sij ∈ [0, 1], (3)

where Mb is the input adjacency matrix; L and S are the optimization variables;
∥L∥∗ is the nuclear norm defined as the sum of singular values σi(L), the ℓ1-norm

∥S∥1 is defined as
∑M

j=1

∑N
i=1 |Sij |. We refer to problem (1)-(3) as the ‘regular’

matrix decomposition formulation for the planted bi-clique problem.
The main difficulty of the above model is that the entries of optimal L and S

may not be integers. In fact, this was observed for the nuclear norm minimiza-
tion model by Ames [3] who rounded each entry of the optimal L to the nearest
integers. The rounding of entries causes noisy recovery, as indicated by a number
of figures presented in [3]. In the following, we propose our mathematical model
that can overcome the above difficulty. The main concept of our approach is to
use the weighted ∥S∥1 norm in the objective function (1). We have demonstrated
a posteriori that the weighted ∥S∥1 norm is central to achieving the integer value
of the entries of L and S. We have taken a systematic approach to generate the
weights. We approximating each term of ∥S∥0,

∥S∥0 = #

{
1 if Sij ̸= 0,

0 otherwise,

with the function,

ψ(Sij) =
Sij

Sij + ρ
, Sij ̸= −ρ, ρ > 0. (4)

The function ψ is concave in [0,∞) with ψ′(Sij) > 0 for all Sij ≥ 0, ψ′(0) <∞.
Before presenting the mathematical model, we make a graphical comparison of

ψ(x) in (4) with other approximations of ∥x∥0 in the case of a single variable. The
comparison in Figure 1 shows that ψ(x), ρ → 0, gives a better approximation of
∥x∥0 than |x| and log(|x|+ ρ). This motivates our choice of small values of ρ.

Our method extends recent work on sparse and low-rank decomposition, par-
ticularly the discrete optimization framework by Bertsimas et al. [5]. We adopt a
dynamically weighted ℓ1-norm to promote sparsity, drawing inspiration from adap-
tive graph-regularized models [25], while tailoring the formulation to the bi-clique
recovery problem.

Hence, our choice of function ψ(Sij) further validates the claim made in [9] that
the ℓ1-norm is not a good approximation for the ℓ0-norm. Furthermore, in our
mathematical model Sij = −ρ can be easily avoided, since Sij ∈ [0, 1]. We write
our relaxed objective function as ∥L∥∗ + λΦ(S),

Φ(S) =

N∑
i=1

N∑
j=1

ψ(Sij). (5)
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Figure 1. Comparison between ψ(x), the penalty log function
log(|x| + ρ), ℓ1-norm and ℓ0-norm in the case of single variable,
ρ = 0.05.

We now construct a convex surrogate of Φ(S) in a known feasible SJ−1, say at
(J − 1)-th iteration of an algorithm. It follows from the concavity of ψ that

ψ(Sij) ≤ ψ((SJ−1)ij) + ψ′((SJ−1)ij)(Sij − (SJ−1)ij).

Hence, we have

Φ(S) =

N∑
i=1

N∑
j=1

ψ(Sij)

≤
N∑
i=1

N∑
j=1

(ψ((SJ−1)ij) + ψ′((SJ−1)ij)(Sij − (SJ−1)ij))

= Φ̃(S),

where ψ′((SJ−1)ij) =
ϵ

((SJ−1)ij+ρ)2 . Φ(S) satisfies

Φ(S) ≤ Φ̃(S) and Φ(SJ−1) = Φ̃(SJ−1). (6)

We now ignore the constant terms in Φ̃(S) and treat the remaining expression
as the surrogate for Φ(S). The concept of a surrogate function has been reported
in [14]. Hence, the surrogate becomes

N∑
i=1

N∑
j=1

ψ′((SJ−1)ij)Sij =

N∑
i=1

N∑
j=1

|HijSij | = ∥H ◦ S∥1,

where H is a constant matrix with entries ρ
((SJ−1)ij+ρ)2 . It is clear that the entries

of H are strictly positive. The symbol “◦” is known as the Hadamard product. The
function Φ(S) defined in (5) is a concave function. However, the surrogate function
∥H ◦ S∥1 at SJ−1 is convex, which we refer to as the weighted ℓ1-norm, where the
weights are computed dynamically. We now compare our surrogate function, the
‘regular’ convex relaxation, and the relaxation suggested in [9] for the case of a
single variable in Fig. 2 in the interval [ρ, 1] for a sufficiently small ρ. Our surrogate
function for the case of a single variable is given by ∥hx∥1, h = ρ

(x+ρ)2 ; ρ = 0.005 is
constant.
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Figure 2 illustrates that the surrogate is a low-lying flat-like convex in [ρ, 1],
allowing an algorithm to iterate over a range and provide sparse solutions using the
proximal operator.

Figure 2. Comparison between the convex surrogate function
∥hx∥1, the function ∥hx∥1, h = 1

|x|+ρ , ρ = 0.005, suggested in

[9], and ℓ1-norm in the case of single variable.

We initialize the optimization algorithm with (L0, S0), HJ = ρ
((Sk−1)ij+ρ)2 (=

Hk−1), k = 1, J = 0, then update the matrix H after every l number of iterations
of the algorithm. We then take the corresponding iterations.

{(L0, S0), (Ll, Sl), (L2l, S2l), (L3l, S3l), ...}, (7)

and denote it as the subsequence {(LJ , SJ)}, where (LJ , SJ) is the last solution at
epoch J . The relation between J and k is as follows. If mod (k, l) = 0, then we
increase J by 1, and update the value of HJ through HJ = ρ

((Sk−1)ij+ρ)2 , where

mod (a, b) is the modulo operation that finds the remainder after dividing a by b.
Thus, we propose our mathematical model for the MEB problem as follows:

min
L,S∈RN×M

∥L∥∗ + λ∥H ◦ S∥1 (8)

s.t. (2)− (3), (9)

where the ℓ1-norm ∥H ◦ S∥1 is defined as
∑M

j=1

∑N
i=1 |HijSij |; the symbol “◦”

denotes the Hadamard product. The elements Hij of H are as follows:

Hij =
ρ

(Sij + ρ)2
, ρ > 0, (10)

whereHij > 0 and ρ is a small constant, e.g. ρ = 0.05, where the matrixH (constant
matrix with entries ρ

((SJ−1)ij+ρ)2 ) is updated at each epoch k of the algorithm used

to solve it. We note that at the beginning of each iteration of the algorithm used
to solve (8)-(9), the value of Sij will be known. The positive effect of the weight
matrix H has been established, both mathematically and numerically.

We have used the ADMM algorithm to solve the above model since the objective
function in (8) is separable. Before presenting the algorithm, we start with the
singular value thresholding and proximal operator which have been used in all the
iterations of ADMM.
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Let X be a matrix of size N ×M and of rank r. Assume that the singular value
decomposition of X is defined by X = UΣV T , where U ∈ RN×N , V ∈ RM×M ,
and Σ ∈ RN×M . Then for δ > 0, the SVT (Singular Value Thresholding) operator
proposed by [7] is given by:

SV Tδ(X) = UDδ(Σ)V
T ,

where Dδ(Σ) = Diag(max{(σi − δ), 0}). For a constant matrix H ∈ RN×M and
δ > 0, the STTδ (soft thresholding or shrinkage operator) proposed by [20] is given
by:

STTδ(X,H) = sgn(X) ◦max(|X| − δH, 0).

The scaled form of the augmented Lagrangian is as follows; see [22]:

Lδ(L, S, µ) = ∥L∥∗ + λ∥H ◦ S∥1 +
δ

2
∥Mb − L− S +

1

δ
µ∥2F − 1

2δ
∥µ∥2F , (11)

where δ > 0 is the penalty parameter; µ is the Lagrange multiplier; ∥.∥F denotes the
Frobenius norm. The entries of the constant matrix are found in the most recent
update of S, e.g.; (Hk−1)ij =

ρ
((Sk−1)ij+ρ)2 . The ADMM iterates are as follows:

Lk = argmin
L

Lδ(L, Sk−1, µk−1), (12)

Sk = argmin
S

Lδ(Lk, S, µk−1), and (13)

µk = µk−1 + δ(Mb − Lk − Sk). (14)

The pseudo-code for the ADMM algorithm is given in Algorithm 1.

Algorithm 1 The ADMM algorithm for finding the maximum bi-clique

Input: Adjacency matrix Mb, regularization parameter λ > 0, ρ > 0, and δ > 0
Initialization: Start with feasible LJ = Lk−1, SJ = Sk−1, Hk−1 = H(= HJ), and set
µk−1 = 0, k = 1, J = 0
(a) Set (Hk−1)ij = ρ

((Sk−1)ij+ρ)2
, for i ∈ {1, 2, ..., N}, j ∈ {1, 2, ...,M}, where

(Sk−1)ij ∈ {0, 1}
WHILE Stopping condition not satisfied

(b)

Lk = argmin
L

1

δ
∥L∥∗ +

1

2
∥M − L− Sk−1 +

1

δ
µk−1∥2F

= SV T 1
δ

(
Mb − Sk−1 +

1

δ
µk−1

)
(c)

Sk = argmin
S

λ

δ
∥H ◦ S∥1 +

1

2
∥M − Lk − S − 1

δ
µk−1∥2F

= STTλ
δ

(
Mb − Lk +

1

δ
µk−1, Hk−1

)
= sgn

(
Mb − Lk +

1

δ
µk−1

)
◦max

(∣∣∣∣Mb − Lk +
1

δ
µk−1

∣∣∣∣− δHk−1, 0

)
(15)

(d) Update µk via (14) and (Hk)ij = ρ
((Sk)ij+ρ)2

, set k = k + 1

(e) If mod (k, l) = 0, then update (Hk)ij = ρ
((Sk)ij+ρ)2

, set LJ = Lk, SJ = Sk,

HJ = Hk, µJ = µk, and J = J + 1.
ENDWHILE
Output: The recovered matrix Lk represents the bi-clique
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Remark 3.1 (Effect of Initialization). The performance of Algorithm 1 is influenced
by the choice of initialization for the matrices L and S. In our experiments, two
strategies were compared:

• Random initialization: S0 is initialized with 1s with probability p, and
L0 =Mb − S0. This initialization strategy is adopted throughout this paper.

• Zero initialization: S0 = 0, and L0 =Mb.

The algorithm converged more quickly with random initialization, requiring
fewer iterations and exhibiting slightly better numerical accuracy. However, both
strategies led to successful recovery of the bi-clique, confirming the robustness of
the algorithm with respect to initialization.

From steps (a) and (d) in Algorithm 1, we see that the weights used in H ◦ S
change with each iteration k. These adaptive weights are central to obtaining integer
solutions, which are explained below.

The ‘regular’ model (1)-(3) can be solved by adapting Algorithm 1 where the
ADMM iterates are as follows:

Lk = SVT 1
δ

(
M − Sk−1 +

1

δ
µk−1

)
, and (16)

Sk = STTλ
δ

(
M − Lk +

1

δ
µk−1, I

)
= sgn

([
M − Lk +

1

δ
µk−1

]
ij

)
◦max

(∣∣∣∣∣
[
M − Lk +

1

δ
µk−1

]
ij

∣∣∣∣∣− λ

δ
, 0

)
. (17)

where I is the identity matrix. The update of µk is the same as in (14).
We compare λ∥H ◦ S∥1 in our model (8)-(9) with λ∥S∥1 in the ‘regular’ matrix

decomposition model (1)-(3), using the iterates of Algorithm 1. A comparison of
the ADMM iterates (15) and (17) of Sk shows that (15) carries additional informa-
tion from (k − 1)-th to k-th iteration via (Hk−1)ij = ρ

((Sk−1)ij+ρ)2 . It follows from

Hk−1 that (Sk−1)ij −→ 0 ⇒ (Hk−1)ij −→ 1/ρ, ρ << 1.

Before making further comparisons, we look at the shrinkage parameter τ = λ
δ

in (15) and (17). The theoretical value λ = 1√
max{N,M}

has been suggested by [8].

Clearly, τ = λ
δ is a small fraction provided δ > 1 (a value we have implemented).

A comparison of the shrinkage operators (15) and (17) suggests that if (Sk−1)ij
is small or close to zero, then (λδ ) (Hk−1)ij in (15) is larger than λ

δ in (17). This
implies that

(Sk)ij = sgn

([
M − Lk +

1

δ
µk−1

]
ij

)
◦max

(∣∣∣∣ [M − Lk +
1

δ
µk−1

]
ij

∣∣∣∣− λ

δ
, 0

)
,

has more chance of staying fractional than

(Sk)ij = sgn
([
M − Lk + 1

δµk−1

]
ij

)
◦max

(∣∣∣∣ [M − Lk + 1
δµk−1

]
ij

∣∣∣∣− λ
δ (Hk−1)ij , 0

)
,

as λ
δ (Hk−1)ij >

λ
δ . In later stages of the algorithm, when the (majority) entries of

Sk−1 approach zero in iteration k − 1 then this information is fed into iteration k
via Hk−1 with (Hk−1)ij > 1, (Hk−1)ij −→ 1

ρ when (Sk−1)ij −→ 0. This increases

the probability that

(∣∣∣∣ [M − Lk + 1
δµk−1

]
ij

∣∣∣∣− λ
δ (Hk−1)ij

)
in (15) is negative, re-

sulting in (Sk)ij = 0. The iterate (17) of the regular model lacks this characteristic,
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therefore (Sk)ij remains a fraction if

∣∣∣∣ [M − Lk + 1
δµk−1

]
ij

∣∣∣∣ > λ
δ . On the other

hand, (Sk−1)ij approaching 1 implies (Hk−1)ij < 1. However, in this case, the
integer value of (Sk)ij is a gradual optimization process rather than an immediate
event.

4. Theoretical guarantee for exact recovery. Let the rank of L be r. The
low-rank matrix L can be written as L = UΣV T , U = [U1, U2, ..., Ur], V =
[V1, V2, ..., Vr], where U and V are the left and the right singular vectors of L,
respectively; Σ is a diagonal matrix with diagonal entries (σ1, σ2, ..., σr), where σi
is the i-th singular value of L.

Let T denote the linear space of low-rank matrices; see [8]:

T := {UZ⊤ + Y V ⊤ | Z ∈ RN×r, Y ∈ RM×r}, (18)

and denote by Ψ the linear space of sparse matrices, see [8]:

Ψ := {S ∈ RN×M | |supp(S)| = s}. (19)

Based on some assumptions about low-rank and sparse matrices, we present the
incoherence conditions for the guaranteed recovery for L and S. Let us start with
a rank-one matrix L∗, the optimal solution to (8)-(9). We can easily see that the
only non-zero singular value (the maximum singular value) of L∗ is

√
nm. That is

σ1 = ∥L∗∥ = ∥L∗∥∗ =

√∑min(N,M)
i=1 σ2

i = ∥L∗∥F =
√∑N

i=1

∑M
j=1(L∗)2ij =

√
nm,

since σi = 0, i = 2, 3, ...,min(N,M). It follows that the elements of UU⊤ and V V ⊤

are from the sets {0, 1
n} and {0, 1

m}, respectively, and the elements of U and V are

from the sets {0, 1√
n
} and {0, 1√

m
}, respectively, since L∗ =

√
nmUV ⊤.

For the perfect disentanglement of the low-rank and the sparse components,
we need to assume that the low-rank component L∗ is not sparse. This can be
accomplished by ensuring that the columns space of L∗ is not aligned with the
standard basis vectors. This is guaranteed by the following conditions in [8] with a
parameter µ:

max
j

∥U⊤ej∥22 ≤ µr

N
, max

j
∥V ⊤ej∥22 ≤ µr

M
, with 1 ≤ µ ≤ min(N,M)

r
,

and

∥UV ⊤∥∞ ≤
√

µr

NM
, with 1 ≤ µ ≤

√
NM

r
.

Here, ∥.∥2 is the Euclidean norm, and ∥UV ⊤∥∞ is the infinity norm defined as the
maximum component of UV ⊤ in magnitude.

For our problem, it is easy to see that

1

n
= max

j
∥U⊤ej∥22 ≤ µ0r

N
,

1

m
= max

j
∥V ⊤ej∥22 ≤ µ1r

M
, ∀j, (20)

hold for 1 < µ0 ≤ N
r and 1 < µ1 ≤ M

r , respectively. By construction of Mb and L∗,

UV ⊤ has nm non-zero entries, each of the entries is 1√
nm

. It is also easy to see for

our problem that the joint incoherent condition holds when 1 < µ ≤
√
NM
r since

1√
nm

= ∥UV ⊤∥∞ ≤
√

µr

NM
, 1 < µ ≤

√
NM

r
. (21)
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The equations in (20) and (21) show that both incoherent conditions hold for
our matrix L∗. The second condition for guaranteed recovery is that the sparsity
pattern of S∗ does not have to be too structured. To achieve this; Bernoulli model
with probability p will be considered. We construct S∗ such that |supp(S∗)| <
p(NM − nm), this due to the fact that n×m entries out of N ×M are fixed to be
ones for the bi-clique; in this case, we can adjust the probability p for the support of
S∗. Thus, we use probability p to construct S∗ such that (Sij)∗ = 1 with probability
p and 0 with probability 1− p. To determine the structure of the sparsity pattern
in S∗, the variances of each of the columns or rows are calculated. The components
of each row are associated with a random variable that assumes 1 with probability
p and 0 with probability 1− p. Therefore, it follows that the mean and variance of
the random variables are p and p(1 − p). For each row and column, the expected
cardinality is Np and Mp, respectively. Similarly, the variance for each row and
column is Np(1− p) and Mp(1− p), respectively. Therefore, we can conclude that
no pattern is guaranteed, since the expected value of Np(1− p) or Mp(1− p) is the
same for every row and column. That is,∣∣V ar(Si∗)− V ar(Sj∗)

∣∣ < ε1,
∣∣V ar(S∗i)− V ar(S∗j)

∣∣ < ε2, (22)

for any ε1, ε2 > 0, where V ar(Si∗) and V ar(Sj∗) are the variances of the entries of
the i-th row and the j-th column, respectively.

Given the above incoherence conditions (20)-(22) in L∗ and S∗, recovery is guar-
anteed by convex optimization. We have the following theorem.

Theorem 4.1. Suppose L∗ is an N×M matrix of rank r that obeys the incoherence
conditions (20) and (21). Moreover, the entries for all rows or columns of S∗ satisfy
(22). Then there exists a numerical constant c such that, with probability at least
1− cN−10, the output (L∗, S∗) of the optimization problem

min
L,S

∥L∥∗ + λ∥H ◦ S∥1, (23)

s.t. Mb = L+ S,

Sij ∈ [0, 1], (24)

λ = α√
max(N,M)

, 0.0027 < α < 0.15, is exact, provided that

rank(L∗) ≤ τ

√
N

ρ0 log
2 max(N,M)

, τ ≥ 1, s < NM − nm,

ρ0 = s
NM , where s < NM − nm, is a positive constant.

The proof of Theorem 4.1 is based on the assumptions of specific standard iden-
tifiability conditions for the sparse and low-rank components in (20), (21), and (22),
see [8, 22]. The range of α has been numerically found in the section below.

5. Computational results. In this section, we present computational results of
our algorithm on the planted bi-clique problems, MEB from randomly generated
graphs, and on a number of real-world bi-clique problems. All experiments are
computed in Matlab 2021b, under the following machine configurations: Intel core
i7, 3.60GHz CPU and 16GB of RAM. Here, we evaluate the performance of Algo-
rithm 1 by applying it to identify the planted bi-cliques in given graphs, to find
maximum bi-cliques in random graphs (where no bi-cliques are planted) and finally
to identify bi-cliques for real-world graphs.
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Parameter selection and sensitivity. The performance of Algorithm 1 de-
pends on a few critical parameters: the regularization parameter λ, the weight
parameter ρ, and the penalty parameter δ. In the following, we summarize the
selection strategy and sensitivity of each.

Regularization parameter λ: Following the theoretical results in [8], we use
λ = α√

max(N,M)
, where α is a scalar that controls the trade-off between low-rank

and sparsity. Through numerical trials, we found that α ∈ [0.0027, 0.15] works
well in various graph sizes. For all experiments in this paper, we use α = 0.08,
which yields a stable and near-optimal performance. Sensitivity tests show that
performance is only slightly outside this range.

Weight parameter ρ: This parameter controls the shape of the weighting
function Hij = ρ

(Sij+ρ)2 . A small ρ emphasizes zero entries in S more strongly,

encouraging sparsity. We fix ρ = 0.05 based on previous studies [22] and confirm
its effectiveness in datasets. Values smaller than 0.01 may over-penalize and hinder
convergence.

Penalty parameter δ: The augmented Lagrangian penalty δ affects the rate
of convergence in ADMM. We use a data-adaptive setting δ = 1

mean(Mb)
, where

mean(Mb) is the average value in the adjacency matrix. Empirical results show
that this choice balances the update scales in L, S, and the multiplier µ.

In general, the algorithm shows strong robustness to parameter variations, par-
ticularly when λ and ρ are kept within the above ranges.

5.1. Planted bi-cliques. Let V ∗
1 × V ∗

2 denote the planted bi-clique, |V ∗
1 | = n,

|V ∗
2 | = m. Let Mb represent the adjacency matrix of the bipartite graph Gb(V1, V2,

E), |V1| = N , and |V2| =M . We set (Mb)ij = 1 for (i, j) ∈ V ∗
1 ×V ∗

2 . The remaining
edges (i, j) ∈ (V1 × V2)\(V ∗

1 × V ∗
2 ) are included with probability p. The proposed

algorithm has been tested and achieved a very similar accuracy for p ∈ [0.5, 0.85]
for all the problems considered. However, here we present results based on a value
of p of 0.5.

Algorithm 1 has been initialized with a feasible S, generated randomly, of ones
with probability p = 0.25 and zeros with probability 1 − p = 0.75. The feasible
L is then initialized as L = Mb − S. Throughout our numerical tests, we have
used a constant regularization parameter λ. According to our numerical analysis,
Algorithm 1 provides almost insensitive results for λ = α√

max(N,M)
for any α ∈

[0.0027, 0.15], see [22]. We have estimated the range, [l, u], for α as follows. First,
we calculate three ranges [li, ui], i = 1, 2, 3, corresponding to c = 0.25, 0.5 and 0.75,
respectively, in s = 1

2 (NM − nm), n = cN , m = cM . We plot α (= max(N,M)/s)
against max(N,M) for each value of c and obtain [li, ui] for α. We then take
l = min li and u = maxui, i = 1, 2, 3. We have used α = 0.08 for all pairs (N,n)
and (M,m) for the results presented here. The values of ρ in (10) are within the
range [0.05, 0.42], see [22]. We have used ρ = 0.05 for the results presented here.
The value of δ in (11) we have used is δ = 1

mean(Mb)
, where mean(Mb) is the average

value of the entries in Mb.
For the regular model, the final solution of the ADMM algorithm is denoted

(L1, S1), while for the proposed model (8)-(9), the final solution is denoted (L2, S2).
For each algorithm, the relative error errLi is calculated using the Frobenius

norm.

errLi =
∥Li − L∗∥F

∥L∗∥F
, i = 1, 2,



MAXIMUM EDGE BI-CLIQUE VIA MATRIX DECOMPOSITION 6281

where L∗ corresponds to V ∗
1 × V ∗

2 , the planted bi-clique.
We terminate Algorithm 1 when

∥Mb − Lk − Sk∥F ≤ ϱ (25)

holds, where (Lk, Sk) is the solution in iteration k, ϱ = 0.0001.
We have used bipartite graphs of sizes 200× 150, 500× 350, and 1000× 800. For

a bi-clique of size n×m, we fixed n and set m = 10, 20, ...,M − 10, fix the value of
m and let n = 10, 20, ..., N −10. For each value of n and m the procedure described
above to generate the bipartite graph Mb is repeated 15 times. Hence, the number
of problems considered for graphs of sizes 200 × 150, 500 × 350, and 1000 × 800 is
495, 1245, and 2535, respectively, and therefore the total number of test runs was
4275.

Convergence analysis. The convergence of Algorithm 1 was observed across all
test cases by monitoring the residual ∥Mb − Lk − Sk∥F . We set the stopping cri-
terion to ϱ = 10−4, and in all experiments, the algorithm converged within 50–120
iterations depending on the size of the problem. The residual decay was smooth
and monotonic, confirming the stability of the ADMM updates. No divergence or
oscillatory behavior was detected in any of the runs, indicating robust numerical
performance across both planted and random graph instances.

We first start with a bipartite graph of size 200× 150 where the input adjacency
matrix Mb is constructed as above. For the bi-clique of size n×m, we fix the value
of n to 100 and vary the value ofm; we have usedm = 10, 20, ...,M−10. We also fix
the value of m to be 70 and vary the value of n; we have used n = 10, 20, ..., N −10.

Comparison of methods. To validate the effectiveness of our proposed model, we
compare it with two baseline methods: the ‘regular’ matrix decomposition model
and the Densest Sub-graph Algorithm (DSA). The ‘regular’ model refers to the
classical convex relaxation based on nuclear norm and ℓ1-norm minimization, for-
mulated as:

min
L,S

∥L∥∗ + λ∥S∥1 subject to Mb = L+ S, Sij ∈ [0, 1],

which we solve using the same ADMM framework as Algorithm 1 but with fixed
weights (that is, H = I, the identity matrix). This model does not dynamically
adapt to the sparsity structure of S and often results in fractional solutions with a
lower sparsity.

The DSA method, introduced in [6], formulates the densest sub-graph problem
as a convex optimization problem and requires the densest sub-graph size (bi-clique
size, which is n×m) as input. This limits its applicability to cases where the true
size of the planted or maximum bi-clique is known in advance. We implemented
DSA according to the authors’ specifications and used known planted sizes for a
fair comparison.

Together, these two baselines allow us to evaluate the advantages of our adap-
tive weighted ℓ1-based model in terms of accuracy, convergence, and robustness to
initialization and noise.

We have compared Algorithm 1 with the Densest Subgraph Algorithm (DSA)
proposed by [6] for all the problems considered in this section. Before comparisons
are made between our algorithm and DSA, it is important to note that the imple-
mentation of DSA has an intrinsic requirement. Unlike our algorithm, DSA requires
the size n ×m of the planted bi-clique as input, and therefore cannot be applied
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to randomly generated graphs. Figure 3 shows the average errors obtained, where
the y axis indicates the average of relative errors; this average is determined over
15 runs for each problem. The value n or m on the x-axis denotes the varied part
of the size of the planted bi-clique while the other part remains fixed.

(a) N = 200,M = 150, and
with m = 70 fixed

(b) N = 200,M = 150, and
with n = 100 fixed

Figure 3. The average recovery errors for bi-clique of size nm,
Mb ∈ R200×150.

Figure 3 shows that the ADMM algorithm for the regular model has worse errors
than that of the proposed model for all pairs (N,M) and (n,m). In addition, the
ADMM algorithm for the regular model shows that the error improves for higher
values of n andm, that is, for the easiest problems. On the other hand, our proposed
model (8)-(9) achieves errors less than 10−8 for all n,m ≥ 30 for N = 200. However,
the errors produced by DSA are about 10−5.

We now present the probability of recovery for each problem where recovery
means that the obtained solution has an average error less than 10−8 forAlgorithm
1 and about 10−5 for DSA, see [6], DSA fails to produce errors less than 10−5. This
is demonstrated in Figure 4 for all N , M , n and m. Figure 4 shows that both
algorithms are comparable, noting that ADMM produces smaller errors than DSA.

(a) N = 200,M = 150, and
with m = 70 fixed

(b) N = 200,M = 150, and
with n = 100 fixed

Figure 4. The average recovery probabilities for bi-clique of size
nm, Mb ∈ R200×150.



MAXIMUM EDGE BI-CLIQUE VIA MATRIX DECOMPOSITION 6283

The average recovery probabilities for bi-cliques of sizes n ×m are presented in
Figure 4a (respectively, Figure 4b) correspond to the results in Figure 3a (respec-
tively, 3b).

We now perform numerical studies using larger values for N , M , n, and m. The
relative error values are shown in Figure 5 and Figure 6 for problems corresponding
to Mb ∈ R500×350 and Mb ∈ R1000×800, respectively.

(a) N = 500,M = 350, and

with m = 200 fixed

(b) N = 500,M = 350, and

with n = 250 fixed

Figure 5. The average recovery errors for bi-clique of size nm,
Mb ∈ R500×350.

(a) N = 1000,M = 800, and
with m = 150 fixed

(b) N = 1000,M = 850, and
with n = 600 fixed

Figure 6. The average recovery errors for bi-clique of size nm,
Mb ∈ R1000×800.

Figures 5 and 6 show that, while ADMM produces small errors than DSA; both
algorithms outperform the regular model.

The average recovery probabilities for bi-cliques of size nm using Mb ∈ R500×350

and Mb ∈ R1000×800 are shown in Figures 7 and 8, respectively. Figure 5a (re-
spectively, Figure 5b) corresponds to the results in Figure 7a (respectively, 7b).
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Similarly, Figure 6a (respectively Figure 6b) corresponds to the results in Figure 8a
(respectively 8b).

(a) N = 500,M = 350, and
with m = 200 fixed

(b) N = 500,M = 350, and
with n = 250 fixed

Figure 7. The average recovery probabilities for bi-clique of size
nm, Mb ∈ R500×350.
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(a) N = 1000,M = 800, and
with m = 150 fixed

(b) N = 1000,M = 800, and
with n = 600 fixed

Figure 8. The average recovery probabilities for bi-clique of size
nm, Mb ∈ R1000×800.

The results summarized in Figures 7 and 8 demonstrate near-perfect recovery
of planted bi-cliques with our algorithm with probability equal to one for most of
the cases considered. However, DSA does not achieve perfect recovery for several
problems as shown in Figures 7 and 8.

In Figure 9 we present the average number of iterations needed by Algorithm 1
for producing average error of 10−8 and DSA to produce an average error of 10−5.
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(a) N = 200, M = 150, and with

n = 100 fixed

(b) N = 500, M = 350, and with
n = 250 fixed

(c) N = 1000, M = 800, and with

n = 600 fixed

Figure 9. The average number of iterations for each problem with
varied m.
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(a) N = 200, M = 150, and

with m = 70 fixed

(b) N = 500, M = 350, and
with m = 200 fixed

(c) N = 1000, M = 800, and

with m = 150 fixed

Figure 10. The average number of iterations for each problem
with varied n.

Figures 9 and 10 show that our algorithm produces better quality errors with a
smaller number of iterations than DSA on average.
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The total run-time and average run-time per iteration needed by our algorithm
and DSA are summarized in the following figures.

(a) N = 200, M = 150, and

with n = 100 fixed

(b) N = 500, M = 350, and

with n = 250 fixed

(c) N = 1000, M = 800, and

with n = 600 fixed

Figure 11. Average runtime for each problem with varied m.



6288 SALMA OMER AND MONTAZ ALI

(a) N = 200, M = 150, and

with m = 70 fixed

(b) N = 500, M = 350, and
with m = 200 fixed

(c) N = 1000, M = 800, and

with m = 150 fixed

Figure 12. Average runtime for each problem with varied n.

Figures 11 and 12 show the average run-time for all pairs (N,n) and (M,m) for
the problems considered. The averages are taken over 15 runs on each problem.
These figures show that our algorithm performs better than DSA in finding the
optimal solution in both cases when m and n are varied.
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Figures 13 and 14 show the average runtime per iteration for all the problems
considered, where our algorithm performs slightly better, on average.

(a) N = 200, M = 150, and

with n = 100 fixed

(b) N = 500, M = 350, and
with n = 250 fixed

(c) N = 1000, M = 800, and
with n = 600 fixed

Figure 13. Average runtime per iteration for each problem with
varied m.
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(a) N = 200, M = 150, and

with m = 70 fixed

(b) N = 500, M = 350, and

with m = 200 fixed

(c) N = 1000, M = 800, and

with m = 150 fixed

Figure 14. Average runtime per iteration for each problem with
varied n.
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To clarify the scaling of our proposed approach, we sketch the number of FLOPS
(Floating Point Operations per Second) needed per iteration. Figure 15 shows the
average number of FLOPS needed per iteration for N = 200 and N = 500.

(a) N = 200, M = 150, and

with m = 70 fixed

(b) N = 500, M = 350, and

with m = 200 fixed

Figure 15. Average number of FLOPS per iteration.

Figure 15 shows that the number of FLOPS needed per iteration is O(N3). It
also shows that our proposed algorithm needed less number of FLOPS than DSA.

5.2. Bi-cliques in random bipartite graphs. We have also performed experi-
ments on random bipartite graphs in which edges are assigned with probability p.
These results are presented in the following table, where n ×m is the size of the
maximum bi-clique obtained by our algorithm. We have used the same stopping
condition in (25) but calculated the errors using the condition.

Error =

∣∣∣∣ N∑
i=1

M∑
j=1

(L∗)ij − ∥L∗∥
∣∣∣∣, (26)

where L∗ is the optimal low-rank solution obtained. For random graphs, it is
difficult to accurately estimate the errors of the solved problem. However, due to
our established result ∥L∗∥ = σ1 =

√
mn, shown earlier, our suggested formula (26)

serves as a natural measure for the recovery of the maximum bi-clique based on the
nodes in the bi-clique.

The solution (L, S) is initialized as in the case of planted bi-clique. A total of
48 runs have been performed considering a number of (N,M) pairs. The results
presented in each row of Table 3 are obtained from a single run. We have used two
values for N , that is, N = 200, 500 and varied M to create the pair (N,M) for this
experiment. We have used p = 0.85 to generate Mb ∈ R200×M and p = 0.88 for
Mb ∈ R500×M for each M considered. We have used higher values for p to ascertain
that a reasonable size of the maximum bi-clique, (n,m), is formed in each random
graph. The results obtained show the perfect recovery of maximum bi-cliques that
have little or no errors.

Four random bipartite graphs are generated for each pair (N,M). The corre-
sponding recovered bi-clique sizes are shown in the column under (n,m).
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Table 1. Random
graph with N = 200
fixed

(N,M) (n,m) CPU time Error

(200, 170)

(133, 119) 1.7462 0
(113, 119) 1.7383 3.9790e−13

(124, 104) 1.6812 4.2633e−14

(111, 106) 1.6811 7.1054e−14

(200, 145)

(111, 18) 1.2597 2.8422e−14

(132, 107) 1.5079 1.4211e−14

(108, 103) 1.4105 1.4211e−14

(101, 101) 1.3989 2.844e−14

(200, 100)

(139, 82) 0.7479 2.2737e−13

(126, 91) 0.8779 9.9476e−14

(118, 70) 0.7656 0
(95, 86) 0.7811 1.1369e−13

(200, 77)

(96, 67) 0.4822 7.1154e−14

(96, 74) 0.5032 5.6042e−14

(137, 67) 0.5321 1.5632e−13

(123, 72) 0.5036 7.1050e−14

(200, 45)

(108, 45) 0.2810 1.4211e−14

(85, 40) 0.2751 3.5527e−14

(80, 45) 0.2661 7.1053e−14

(95, 38) 0.2887 0

(200, 20)

(72, 20) 0.1338 0
(43, 18) 0.1259 0
(56, 17) 0.1294 7.1054e−14

(80, 19) 0.1135 2.1316e−14

Table 2. Random
graph with N = 500
fixed

(N,M) (n,m) CPU time Error

(500, 350)

(330, 283) 16.6764 0
(414, 327) 22.5961 1.7053e−13

(451, 329) 22.0645 1.1369e−14

(447, 338) 20.7785 5.6843e−14

(500, 265)

(461, 257) 14.5689 3.9790e−13

(476, 263) 15.0924 5.1159e−13

(468, 258) 12.8741 5.1158e−13

(460, 258) 13.7202 4.5475e−13

(500, 155)

(315, 149) 3.4211 1.9875e−13

(298, 146) 3.3781 1.7153e−13

(349, 148) 3.8173 8.5265e−14

(297, 144) 3.2799 1.1369e−14

(500, 100)

(123, 71) 1.3621 1.2412e−14

(107, 70) 1.2230 1.4211e−14

(122, 74) 1.1793 1, 4211e−14

(136, 67) 1.1785 1.1369e−13

(500, 70)

(140, 59) 0.7183 2.9433e−14

(139, 59) 0.7111 2.9433e−14

(160, 52) 0.7243 1.7053e−13

(121, 63) 0.6915 2.8421e−14

(500, 20)

(114, 18) 0.1380 2.8511e−14

(120, 18) 0, 1510 2.1316e−14

(94, 15) 0.1418 7.1055e−15

(128, 18) 0.1625 7.1055e−15

Table 3. Maximum bi-clique in random graphs

5.3. Bi-cliques in real-world bipartite graphs. Our experiments include a few
real-world graphs from the KONECT project1, which focuses on collecting network
datasets. We have considered bipartite graphs for network datasets, for which the
left nodes represent the users, and the right nodes represent the pages. Each edge
indicates an edit. The results of the real graphs are provided in Table 4. With
the value ρ = 0.05 in (10), we employ Algorithm 1 in the adjacency matrix of all
bipartite graphs considered.

Here, (N,M) represents the number of vertices on the left and right, respectively.
The corresponding recovered bi-clique sizes are shown in the column under (n,m).
The last column includes the runtime in seconds.

For all the seven datasets considered in Table 4, all bi-cliques are found with
errors occurring on [10−15, 10−13] using our approach. For comparison purposes,
we have also run DSA with input n×m from column 4, Table 4. The errors for all
seven problems are in [10−5, 10−3]. Despite the fact that DSA requires n ×m as
input to the program, the errors produced are far from satisfactory.

Our results demonstrate that the proposed algorithm not only recovers planted
bi-cliques with high accuracy but also scales effectively to real-world bipartite net-
works. This aligns with recent advances in large-scale bi-clique enumeration, such as
the efficient counting techniques developed by Chen et al. [10], which highlight the
feasibility of handling large bipartite structures in practice. Moreover, the convex
programming perspective adopted by Zhou et al. [26] for anchored densest subgraph

1http://konect.cc/.

http://konect.cc/.
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Graph (N,M) Number of edges (n,m) Runtime

Wikiquote edits (am) (138, 417) 630 (1, 168) 3.0057
Wikibooks edits (co) (73, 256) 500 (1, 92) 0.4479
Wikibooks edits (uz) (102, 398) 565 (1, 163) 1.3830
Wikibooks edits (za) (48, 142) 233 (1, 46) 0.4917
Wikipedia edits (atj) (83, 572) 6306 (4, 360) 16.4703
Wikipedia edits (aa) (182, 507) 1189 (2, 97) 4.0664
Wikiquote edits (ang) (109, 516) 1303 (2, 205) 5.3436

Table 4. Maximum bi-cliques in real-world graphs

search further supports the validity of convex models for the recovery of dense sub-
structures in noisy settings. Compared to these methods, our formulation offers
a unified, decomposition-based approach that recovers binary structure from noisy
data with minimal tuning.

6. Conclusion. We have suggested a mathematical model for the bi-clique problem
that differs from the regular matrix decomposition model. A benefit of our model
is that it produces binary solutions for the entries of the solution matrices. This
was achieved using the weighted ℓ1-norm. Our algorithm does not require input
from the user other than the adjacency matrix of the input graph. In addition,
the algorithm can be easily implemented without needing any external solvers.
Although the algorithm has been proposed for the planted edge bi-clique problem,
it has been tested on the MEB problem using random graphs with almost error-free
results. We also applied our algorithm to several real-world bipartite graphs, and
bi-cliques were successfully recovered.

Limitations and future work. While the proposed model demonstrates strong
empirical performance, several limitations remain. First, the theoretical advantage
of the weighted ℓ1-norm over the standard ℓ1-norm is not formally established within
a convex optimization framework; its benefits are currently supported by intuitive
analysis and numerical evidence. Second, the computational cost may increase for
very large graphs due to repeated singular value thresholding.

Future work will aim to provide a rigorous theoretical comparison of norm
choices, enhance scalability, and apply the model to specific real-world problems
such as recommender systems, gene-condition interactions, or fraud detection, where
solving the MEB problem has significant practical value. In particular, future re-
search should aim to formally explain why the weighted ℓ1-norm more strongly
promotes sparsity, potentially by analyzing its adaptive penalization mechanism
and its impact on the optimization landscape compared to the standard ℓ1-norm.
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