ON THE FIRST TWO EIGENVALUES OF
STURM-LIOUVILLE OPERATORS

JOHANNES NAMO MASEHLA

ABSTRACT. Among the Schrédinger operators with single-well po-
tential defined on (0, 7) with transition point at 7, the gap between
the first two eigenvalues of the Dirichlet problem is being investi-
gated. We also show how this extends former results with sym-
metric potential. Finally we will consider an analogous Dirichlet
problem of vibrating strings with single-barrier densities for the
ratio of the first two eigenvalues.

1. INTRODUCTION

General bounds on the gaps and ratios between eigenvalues of Sturm-
Liouville operators have been the object of considerable attention.
The gap between the first two eigenvalues is of particular interest be-
cause it represents the first excitation energy. The research was initi-
ated by Singer, Wong, Yau, and Yau in [14] for the multidimensional
Schrodiger operator. Their work was followed by improvements for the
one-dimensional case with Dirichlet boundary conditions.

In this research report, we analyze the paper written by Micklos
Hoérvarth in [7]. We consider the Dirichlet problem for Schrédinger
operators:

(1.1) —y" +V(z)y =Ny
V € L'(0,7) and real-valued acting on (0, 7),
(1.2) y(0) = y(m) = 0.

Ashbaugh and Benguria in [2] proved that if V' is a symmetric single-
well potential, then (see [7]) the first two eigenvalues of the Dirichlet
problem satisfy:

(1.3) Ao — A\ >3
with equality if and only if V' is constant. Hérvarth then demonstrated

a natural way to remove symmetry. The main result is that (1.3) still
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holds for non-symmetric single-well potential if transition point remains
the midpoint.
We next consider another Dirichlet problem for vibrating strings:

(1.4) —u" = Xo(z)u
in (0,7)
(1.5) uw(0) =u(r) =0

where o(z) is a positive density function. Huang proved that (see [7])
in the class of concave densities or symmetric single-barrier densities
the first two eigenvalues of (1.4)-(1.5) satisfy

A2
1.6 — >4
(16) 2>
and in the class of symmetric single-well densities we have,
A2
1.7 =<4
(L.7) 2 <

In (1.6) and (1.7) equality holds if and only if ¢ is constant. Hérvarth
then showed that (1.6) and (1.7) holds also for non-symmetric densities.
The scope of my research report with respect to the manuscript [7] is
to provide fully detailed proofs of the theorems, lemmas and corollaries
presented in this manuscript. We will begin with the preliminary sec-
tion to introduce definitions and statements of theorems. Some of the
known results will be stated without proofs. The two main theorems
will be stated and proved in the last section. In the first part we deal
with the Dirichlet problem for Schrodinger operators and the second
part with Dirichlet problem for vibrating strings. I will include proofs
of results that are not stated in [7] but are relevant for this research.
I will show that there exist an optimal single-well potential in some
compact set. The existence of an optimal single-barrier density can be
proved in a similar manner.

2. PRELIMINARY DEFINITIONS AND BASIC RESULTS

We let
(2.1) Tu(z) = (— () (x)) + glx)u(z))

with (), q(x), -1 € L
(a,b).

For real A, every non-trivial solution of u of (7 — A)u = 0 may be
written in the polar form

a,b) and p(z),r(x) > 0 almost everywhere in

u(x) = plx) sin (),
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p(x)u'(x) = p(x) cos O(x),
where 6(.) is called the Priifer angle and satisfies
u(z)
p(x)u'(x)
Consider the regular Sturm-Liouville operators A, s on (a,b) with
the separated boundary conditions

0(x) = arctan

u(a) cosa — p(a)u'(a) sina = 0

u(b) cos 8 — p(b)u'(b) sin 3 = 0,
o, € R. Tt is well known that A, g is self-adjoint in L?*(a,b) (see
[15],p.199).
Let u(.,\) be the solution of (7 — A\)u = 0 satisfying the initial
conditions,

u(a) = sinq,
p(a)u'(a) = cos
and (., \) be the corresponding Priifer angle function satisfying 6(a, \) =
a. A real number A is an eigenvalue of A if and if only if

0(b,\) = mod 7w
As stated in ([15],p.199) we have that

Theorem 2.1. Let T be a reqular Sturm-Liouville expression on (a,b)
with p(z) > 0 and A, p a self-adjoint realization of T with separated
boundary condition and o € [0,7),3 € (0,x]. Then the spectrum of
A consists of infinitely many simple eigenvalues and is bounded from
below. If the eigenvalues are arranged such that

AM <A< A3<...< )\, — 0,

then the eigenfunction u, corresponding to the eigenvalue A\, has exactly
n —1 zeros in (a,b).

The Dirichlet problem (1.1)-(1.2) is a special case of Theorem 2.1
with p(z) = r(x) = 1,q(z) = V(z) whereas the Dirichlet problem
(1.4)-(1.5) is a case with r(x) = o(z),q(x) = 0 and p(z) = 1 when
a = 0,0 = m in both cases.

It is well-known (see [5],p.186) that the solutions of the differential
equation

_y// — Ay
satisfying y(0) = 0 are of the form

y(z) = A; sin(vV/\z)
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where A; is a constant. Hence for the differential equation
—y"+qy =y
q € R, the solutions are of the form

y(z) = Bysin(\/ A — qx).
3. SPECIAL RESULTS

Definition 3.1. A function V is called a single-well function with tran-
sition point at ¢ € [0, 7] if V' is non-increasing in [0, ¢] and nondecreasing
in [c, 7).

Definition 3.2. A function V is called a single-barrier function with
transition point at ¢ € [0, ] if it is nondecreasing in [0,¢] and non-
increasing in [c, 7].

Let
Ay ={V|0 <V < M,V is a single-well potential with transition at g},

where M > 0.

Now consider the Dirichlet problem (1.1)-(1.2) with V' € Ay;. The
eigenvalues Ai, Ao, ... arranged such that 0 < A\ < Ay < ... refer to this
problem.

Definition 3.3. An optimal single-well potential V; € Aj; is when
Ao — Aq is minimal with respect to V' € Ay,.

Proposition 3.4. For each M > 0, there is an optimal single-well
potential Vy € Ayy.

Proof. Let (fn)nen be a sequence in Ay, We want to show that (f,,),
has a convergent subsequence in L'(,7). Since each f, is nonde-
creasing, it has at most countably many discontinuity points. Choose
ay,ag, ..., in (%,7) such that {a;,as,...,} is dense in (7, 7) and none
of ay,as, ..., is a discontinuity point of any f,.

Since 0 < f,, < M for all n, we can define a subsequence (fi;)32; of
(f”)n such that ((flﬁj(al));il is convergent.

oo

Let (fa2;)52, be a subsequence of (f;)$2, such that (fz’j(ag))jzl
is convergent. Continuing in this manner we have that for each ay
bounded subsequences ( fk7j(ak));il are convergent.

Consider the diagonal subsequence ( fn].)j = ( fjvj);;' Then ( fn].)j is
also convergent at ay since it is a subsequence of a convergent sequence
at ay. ..e. there is f such that

fn;(ar) — flak)
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as j — 00. Next we show the limit f is a nondecreasing function.
Since all f,, are nondecreasing, it follows that f(a;) < f(ax) ifa; < ag
which implies f is nondecreasing.
For x € (3, ) define

f(x) = sup{f(q)) | a; < 2}
If x = ag, then this coincides with the above definition since f is
increasing. Let € > 0 be given, then there is k£ such that a; < x and

fax) — f(2)] <€

by definition of f(z). f(x) is also nondecreasing by definition.
For a continuity point x € (3, 7) of f, choose ay,,, ax, such that

ag,, — I

from below and

Qp, — T

1
from above. This is possible since {a;. | k¥ € N} is dense in (F, ).
Then

flak,,) = liminf f, (a,,) < liminf f, (z) < limsup f,,(2)
j j j

and
limsup f,;(v) < limsup f,,(ax,) = f(ar,)
j j
since the f,.’s are nondecreasing functions. But
flag,,) = f(z)
and
flaw,) — f(z)

since f is continuous at x. Hence
f(z) <liminf f, (z) < limsup fr,(2) < f(z)
J J
which implies

lim f,,(z) = £()

Thus we have shown that f, (z) — f(z) € Ay ae. in L'(5,7) and by
Lebesgue’s Dominated Convergence Theorem,

i [ "1, (@) = Flaldo = [l |f, (o)~ f)lde =0

J]—/00 J

Similarly we can construct a convergent subsequence ( — f“j);‘;1 of
(— fu)nen on a dense subset of (0, g)



6 JOHANNES NAMO MASEHLA

The set {Ao(V) — A\ (V) : V € Ay} is bounded below. So there is a
sequence (Vy,)nen C Aps such that

Tim (Aa(V) = (V) = inf{a(V) = (V) V € Ay}

Since we have shown that every sequence in Ay, has a convergent sub-
sequence, we may assume that there is V) € Aj; such that

lim V,, =V,
in L'(0, 7).
For the differential equations
~y" +Voy = Ny
and
4"+ Voy = Ny

the complete knowledge of the set of solutions can be obtained if we
know the fundamental matrix of the associated first order system (see
[5]p.69,[13]p.69). The solutions depend on the parameters of these
differential equations. The solutions y(z, \) of

-y +V(z)y =Ny

with boundary conditions y(0,A) = 0 and y'(0,\) = 1 depend an-
alytically on A and continuously on V. The eigenvalue equation is
y(\, ) = 0. Hence by Rouché’s theorem the eigenvalues depend con-
tinuously on V. Then, for the first and second eigenvalues

T}Lflglo (A2(Va) =M1 (Va)) = inf{ (V) =M (V) : V € Ay} = Ma(Vo) =M1 (Vo)
U

Definition 3.5. We normalize the eigenfunctions y,, corresponding to
eigenvalues A, such that y, > 0 for small x > 0 and

(3.1) | =

Proposition 3.6. Consider the Dirichlet problem (1.1)-(1.2) with V €
LY (0, 7). If y1,yo are respectively the first and second eigenfunction then
£ 4s decreasing on (0, ).

Y1

Proof. We only need to show that (Z—f)/ < 0. y; has no zeros and is

positive in (0, 7) by Theorem 2.1. y, has an inner zero xq,0 < x¢ < 7,
and yo > 0 in (0,29) and yo < 0 in (zg, 7).
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then

Oy ) [ o) + o)
() / (et () + (D) dt

by fundamental theorem of calculus and the fact that y,,(0) = 0 for all
n. Substituting v/ = (V — \,)y, in the above equation for n = 1,2 and
simplifying we get

/Oz yi()ys (t)dt = /0’” Y (O(V(£) = Ao)ya(t)dt
= [ VemOn - [ Janon

/Ox o (t)y! (1)t = /Of” Yo () (V(E) — M)y (t)dt

= /0 ’ V() g () (t)dt — /0 ) Ay (t)y(t)dt
Then

3/2(515) r 1 z B
(y1(x)) - y%(l‘)/{) ()\1 )\Q)yl(t)?ﬁ(t)dt <0

since Ay < Ay and y1,y2 > 0 on (0, zp).
Similarly on (zg,7),

(2 — i) [ oot + i)t = [ a0 + o1 Oubie)dn)

1 ™ s
== ([ @O0 =20t = [0V = M)
1 s
= —m/x (A1 = A2)y1(D)ye(t)dt <0
since Ay < Ay and yyy2 < 0 on (xq, 7). O

Following from the above proposition we have points x4 with
0<zr_ <zo<zy <7

such that

12| <1
U1
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for x € (x_, x4 ) and

for z € (0,2_)U(z, m). Note that we take z_ = 0 if 22 does not attain
the value 1 on (0,20) and z = 7 if z—f does not attain the value —1 on
(‘r()’ 7T) .
From above

2 <

n
for

r € (x_,x)

which implies

%<1
ie.
(3.2) s —yi <0
for x € (z_, x,) and similarly
(3.3) ys — i >0

for x € (0,2_) U (x4, m).
Proposition 3.7. Consider the Dirichlet problem:
=y (@,t) + V(z, t)y(x,t) = At)y(,1)
with boundary conditions
Yn(0,t) = yp(m, t) = 0.

The derivative of the n-th eigenvalue \,(t) with respect to t, A is given
by

Ap = / Viyldx
0
where the eigenfunctions y, are normalized as in (3.1) and V(x,t) €
LY(0,7) is a potential function that depends integrably on x and differ-
entiably on t.
Proof.
—Yn(@,t) + V(@ ya(z,1) = Aa(t)yn(z, t)
for each eigenfunction y,(z,t) and its corresponding eigenvalue A, (t).
Differentiating the above equation with respect to t we get
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multiplying by vy, we get

Integrating with respect to x from 0 to T,
(3.5)

/—y’ﬁyndva/ Vyidx—l—/ Vynynda::/ /\ng)nynd:c—i—/ Any2da.
0 0 0 0 0

The first term becomes

/-ﬂ@ﬂx——%mﬂ+/1%%ﬂ
0 0

= / Unnda
0

0

=— / Jynda
0
:/X%—w%%m
0

after integrating by parts twice and using the boundary conditions and
the fact that

yn(ovt) = yn(ﬂ-7t) = 0.

An = / Vylde
0

Hence

O

Proposition 3.8. For M > 4, an optimal Vo € Ay is a step function
with at most one jump on (0, 7).

Proof. Let Vi, Vi € Ay be single-well potentials. Define

(3.6) V(z,t) =tVi(z) + (1 — t)Vo(z).
then
(3.7) V(z,t) = Vi(z) = Vo(z)

The derivative of A, with respect to t, }\n, is given by Proposition 3.7
which implies

(38 (e = / "(Va() — Vola)) (2. 1) — o (a, 1))dt.
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It is shown in Proposition 3.4 that there is an optimal potential which
we now take it to be V) € Ay,

We distinguish 3 cases:

(1) <§ <y

Let

i ={ 1) o
On (0,z_) U (xy,m)

B f Wo(z2) = Vo(z) <0 forz e (0,2_)

Vi(z) = Volw) = { Vo(zy) — Vo(z) <0 for x € (z4,7)

since Vp(z%) is a minimum of V; respectively on (0, z_] and [z, 7).
On (z_,zy) for z € (x_, %),

Vi(z) = Vo(z) = Vo(az—) — Vo(x) = 0
since 7 is the transition point of a single-well. For x € (3, z4)
Vi(z) = Vo(z) = Vo) = Vo(z) = 0

also by the fact that V;(x,) is maximum of Vj on (5, z4).

By the optimality of Vj the derivative (A — A1) must be nonnegative
at t =0:

0< (s Aj = / "(Va(a) - Vole))(2(x, 0) — 4z, 0))de

Since the product (Vi (z) — Vo(z))(v3(x,0) — y#(x,0)) is non-positive by
above and inequalities (3.2), (3.3), this is possible only when V;—V; = 0
i.e. when

Vi=V
almost everywhere. 1i.e. the optimal potential Vj; must be a step-
function with the only jump at 7. This proves the proposition in this
case.

(2) 5 <az_.
Let BE) on (0
Vile) = { Vo(926+) on (x7_,7r)
then V; € Ay,
Vi(2) = V() = Va(5) = Vo(a) <0
on (0,z_),
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on (x,,7) and

Vi(z) = Vo(x) = Vol(zy) = Vo(z) =2 0
on (z_, ) since Vj is non-decreasing on (5,z4) D (z_,2). Define V'
as in (3.6). Then
V(z,t) = Vi(z) - Vo(x)
Ve Ay if 0 <t < 1. Then by the optimality of Vj the derivative
(A2 — A1) must be non-negative at ¢ = 0 :

0< (s —Aj = / "(Vi(a) - Vola))(2(x, 0) — 4z, 0))da

But the product (Vi(z) — Vo(z))(y3(x,0) — y3(x,0)) is non-positive on
(0, 7). This is only possible when
Vi=W

i.e. if Vj is a step function with the jump at z_. We want to show that
the transition point must be at 7.
Let

39 = {4 )

Recall that _
[ w0 =1
0

/ W2 (e,0) = 1
0

by normalization condition. Then
0= [ (B.0) = y2(e,0))ds
0
~ [ (3.0~ e.0)dr+ [ (A(w0) (o 0)da
0 T_

and

the first term is positive by equation (3.3) which implies the second
term is negative. i.e.

/0 (2, 0) — (2, 0))de > 0,

[ a0~ i 00 <o
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With V' defined as
V(z,t) =tVa(z) + (1 — t)Vo(2)
by the optimality of Vy =V

0< (= \j = / " (Vale) = V(@) (3, 0) — 42z, 0))d
_ / T (Wale) — Vol@) (32, 0) — 42z, 0))da

+ [ 0@ = Vil 6300 0) ~ . 0)do

= —i(3) [ 3(w.0) = y3(a.0)ds

HO=To(e) [ (00) ~ (0o
the first term is non-positive since the integral is positive by above,
the second term must be non-negative. i.e. M — Vy(xy) < 0 since the
integral is negative. i.e.

M < Vo(zy)
But M is the upper bound which implies
Vo(zy) =M
and
T
W(5) =0

i.e. the optimal potential Vj must be of the form V5. We will show this
is impossible.

The second eigenfunction of the potential V5 (Equation 3.9) can be
expressed by

(2) = Asin(yv/ ) on (0,z_),
YU =\ Bsin(vAs — M(r — 1)) on (z_,7).
The constants (A, B) # (0,0) must be chosen such that ys is continuous

at x_. The only inner zero x¢ is on (x_,x,), so on (0, 7) y2 # 0 since
5 < x_ < x. This is only possible when

m
\/ )\25 <T
ie.
/\2 <4
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For M > 4, Ay — M < 0 which implies
0 = ya(zo) = Bsin(\/ Ao — M (1 — xp))

is impossible.
(3) z4 < § ( similar to the above case )

Let

1
By ={o| i < 0 < M,p is a single-barrier density with

. . . 7T
transition point atE},

where M > 1.
We now consider the Dirichlet problem (1.4)-(1.5). The eigenvalues
A1, Ag, ... arranged such that 0 < Ay < Ay < ... refer to this problem.

Definition 3.9. An optimal single-barrier density oy € B), is when :\\—
is minimal with respect to o € Byy.

The existence of an optimal single-barrier density can be proved in
similar way as in Proposition 3.4 for the single-well potential.

Definition 3.10. We normalize the eigenfunctions u,, such that u,, > 0
for small x > 0 and

(3.10) / u?odr =1
0

Proposition 3.11. Consider the Dirichlet problem (1.4)-(1.5) with
0 < o€ LY0,7). Ifuy, us are respectively first and second eigenfunction
then 32 is decreasing on (0, 7).

Proof. We only need to show (Z—f), < 0. On (0, zo)

(L2 Ly (e) — uale)i (2)

u?(x
1 v " / /
~ w2(2) (/0 (ua () usy(t) + uy(t)ui(t))dt

—/x<m< (E) -+ (£t () )
1

u2x

~—

— up(t)uy (1))dt

\\

(m

A
o
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by the fundamental theorem of calculus and the fact that u,(0) = 0
for all n. We used the fact that u; > 0 and us > 0 on (0, xg) in the last
step. Similarly on (xg, 7)

(2@ L (o) — uale el (2)

uy () u?(z)
1 " n !/ /
a7 | 0 + w0 o)
+ oy | )+ ()
1 " " —u u//
=7 [ (00 — ey o)
1 s
- / Ot — Ao)o(t)un () us ()t
<0
since u; > 0 and uy < 0 on (zg, 7). O

Then it follows that there exist x4, 0 < x_ < xg < x4 < 7 such that

(3.11) u —uj <0
on (0,z_) U (z4,7) and
(3.12) uf —uy >0

on (x_,xy).
Proposition 3.12. For the Dirichlet problem:
—u"(x,t) = At)o(x, t)u(x,t)
with boundary conditions
U, (0,t) = uy(m,t) =0

for allt and n. The derivative of the n-th eigenvalue \,(t) with respect
to t, \, is given by

(3.13) A\, = —)\n/ ou’dz
0

where the eigenfunctions w, are normalized as in (3.10) and o(x,t) €
LY (0, 7) is a density function which depends integrably on x and differ-
entiably on t.
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Proof.
—ul (z,t) = N, () o(x, t)un(x, t)

for each eigenfunction u,(x,t) and its corresponding eigenvalue A, (¢).
Differentiating the above equation with respect to t we get

Multiplying by wu,, and integrating with respect to = from 0 to m we get

™

/ (Wl + Aot + \you2 + N\ 0ityu, ) de = upil, o — / ul ul, dx
0

—l—)\n/ guidw+/ AnOU,, dx+/ Ap 0Uy Uy dx
0 0

:—unu;\ng/ Ut d 4+ A, +/ A (Oup + ountly,)dz
0 0

:/ (u”—i—)\ngun unda:+)\ +/ A ouZ dx
0 0

)\n = —)\n/ Q'uidx.
0

after integrating twice by parts and using boundary conditions u,,(0,t) =
Up (1) = 1, (0,t) = Uy, (7, t) = 0.

which gives

O

Proposition 3.13. For M > 1, an optimal density oy € By 1s a step
function with at most one jump on (0, ).

Proof. Let gy, 01 € By be single-barrier densities. Define

(3.14) oz, 1) = tor(z) + (1 - )oo(x)
Then
(3.15) o(z,t) = o1(z) — oo(z)

The derivative of \, with respect to t, A, is given in Proposition 3.12.
Then

/\2 N >\2 )\2

) =220
(/\1) )\1 )\% 1
N [T N [
=2 oud(z,t)de + —2/ ous (z,t)dx
A 0 A 0
A s
o] (o) = o) (e, 1) — (e, 0)da
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There exist an optimal density giving the minimal ratio 22 which we

)
now take it to be g9 € Bj;. We distinguish 3 cases: '
(o <§ <y
Let
r_) on (0,2
iy ={ mle) n @
2

On (0,z_) U (x4, m),

0= 0lo) - afo) = {

since go(x_) and go(z4) are maxima of gy respectively on (0,z_) and
(@s,m). On (z.3)

oo(z_) — oo(x) >0 forz e (0,2_)
oo(z1) —0o(x) >0 for z € (zvy,m)

01(z) — 00(7) = 0o(7-) — 0o(z) <0
since go(z_) is the minimum of gy on (z_,%). On (§, z4),
o1(x) — eo(x) = oo(z+) — 00(x) <0

since go(z4) is the minimum of gy on (3, ). So
o1(z) = oo(z) <0

on (z_,xy). p € By if 0 <t < 1. By the optimality of g, (f\‘—j) must
be nonnegative at t =0 :

0< (;—j) = i—?/{: (01(z) — 00()) (i (x,0) — u3(x,0))dx

But the product (01(z) — 00(x)) (uf(x,0) — u3(x,0)) is non-positive by
above and inequalities (3.11) and (3.12). This is only possible when
01 — 0o = 0. i.e. when
01 = Qo

hence the optimal density o9 must be a step function with the only
Jump at 7. This proves the result in this case.

(2) § <

Let

o ={ S ol
Then ¢; € Bys. On (0,2_),

™

01(x) — oo(x) = 90(5) —o0(z) >0

since gg(%) is the maximum of gy. On (x4, ),

01(x) — 00(x) = 00(24) — 00(x) >0
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since gop(z4) is the maximum of gy on (zy, 7). So

o1(z) = oo(z) > 0
on (0,z_)U[zy, 7). On (z_,xy),

o1(x) = eo(x) = eo(4) — eo(x) <0
since gg(z) is a non-increasing function on (5, z4) D (x_, x+).
o € By if 0 <t < 1. Then by the optimality of o, (:\\—f) must be
nonnegative at t =0 :

0< (;—j) = ;—?/Oﬂ (01(z) — 00()) (ui(x,0) — u3(x,0))dx

but the product (o1(z) — 0o(2)) (ui(z,0) — u3(x,0)) is non-positive by
above and inequalities (3.11) and (3.12). This is only possible only
when p; — gp = 0. i.e. when

01 = 0o

hence the optimal density gy must be a step function with the only
jump at x_. Now with

o(z,t) =tos(z) + (1 —t)o1(x),

M on(0,z_)
02(w) = { L on (z_,m).

where

Recall that
/ u?(z,0)odr = 1
0
and
/ uy(x,0)odr = 1
0
by normalization condition in (3.10). Then
0= [ (13,0 ~ (e, 0)) oo
0
- [ @0 — e 0)ode+ [ (u0.0) — i3, 0)odo
0 T_

But u? — u3 < 0 on (0,z_) by inequality (3.11) and ¢ > 0. Hence

/Or— (ui(z,0) — u3(z,0))dz < 0
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/7T (ui(z,0) — u3(x,0))o(z, 0)dz = /7r (ui(2,0) — u3(x,0)) 00(x4)dz
>0

which implies

/7T (ui(z,0) — u3(z,0))dz > 0

since go(z4) > 0. By the optimality of g, (42) must be nonnegative
at t =0:
)\1 )\2 . B ™ ) )
0<=(5) = [ (0(x) —oo(x)) (ui(z,0) — u5(x,0))dx
N

N /Ow (02() — 01()) (ui(=, 0) — uy(w, 0)) dx
o [ (o) - ) (0.0) o, 0

™

= (M- Qo(§)) /Ox (ui(z,0) — u3(z,0))dx

+ (% — Qo(x+)) /Tf (u%(w,O) — ug(a:,(]))dx

The first term is non-positive since the integral is negative and M is
the upper bound. Hence the second term must be nonnegative i.e.

1
oo(z+) < i
but % is the lower bound which implies
1
oo(z4) = M
and .
oo(5) =M

So the optimal density go must of the form gy. We will show that this
is impossible. The second eigenfunction of g5 is given by

o) = { asin(y/ Ao Mz) on (0,z_),

bsin(\/%(w —x)) on (z_,m).

Constants (a,b) # (0,0) must be chosen such that uy is continuous at
x_. Since the zero of uy, zg is in (z_,xy),

VoMz_ <mw
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\/%(w—x) >

M< ——

and
which implies

and

(r—2_)’

M < Xy 5
T
Multiplying these inequalities we get

(m—wx_)> 7
< <1
x2 422
since z_ > % which contradicts the fact that M > 1. Hence the case
5 < w_ is impossible.

(3) 4 < § (similar)

M? <

t

4. MAIN RESULTS

Lemma 4.1. Define f(t) = v/t cot(vt%) for real t and let m > 0. Then
the first two solutions of the equation f(t) = —f(t —m) satisfy

ty —t1 > 3.
Proof. For t > 0,
cos(Vt5
Vi)
sm(\/fg)
is real since sinf and cos @ are real for real 6. Hence f is real.

We now show that f(t) is strictly decreasing on the intervals (—oo, 4), (4, 16),
and generally on (4n? 4(n + 1)?),n > 1. We have

f(t) = Vicot(ViZ) =

f'(t) = 2%/% cot(\/fg) — 4%/% tcch(\/%g)

_ 2cos(Vt5) sin(vVig) B Vi

O 4VEsin?(VIE) 4/t sin?(V/12)
B sin(vin) — Vi

 4VEsin?(ViT)

for t > 0,t # 4n?,
Let
g(z) =sinz — z
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g9(0) =0 and ¢'(z) = cosz—1 <0, then g(z) < 0 is a non-increasing
function for z > 0 which implies f’(t) < 0. i.e. f(t) is decreasing for
t € (4n? 4(n+1)?),n € NU{0}.
For t < 0,vt = \/—(—t) = iv/—L.
T

f(t) =V =(=t) cot(v/ =(=1)3)
—t cot(i\/—_tg)
—tcoth(\/—_tg) €R
since v/—1 and coth(y/—#%) are real.

Then
— cosh(y/—t%) —71  V/—t(sinh®(y/—tZ) — cosh®(y/—tZ

= 2y/—Tsinh(y/—1%) * (4\/—_15) sinh?(v/—£%)
_ 2cosh(y/—t5) sinh(v/—15) N —my/—t(—1)
4y/—tsinh*(v/—t5) 4y/—tsinh?(v/—1%)
_ /—tm — sinh(y/—tn)
 4y/—tsinh?(y/ %)

Let

d(z) = z — sinh z.
Then d(0) =0, d'(2) =1 —coshz < 0 for z # 0, and hence d(z) is a
decreasing function which is negative for z # 0. It follows that f'(¢) < 0
for t <0, and hence f(t) is a decreasing function of ¢ for ¢t < 0.
Consider h(t) = f(t)+ f(t —m) for m > 0. Let ¢; and ¢5 be the first
two zeros of h(t).

Claim 1 : t;(m) € (1,4) and ta(m) € (4, min{m + 4,16}) for all
m > 0.

f(t) and f(t — m) are both decreasing so h(t) = f(t) + f(t —m) is
also decreasing for all m > 0. f(t) has poles at t = 4n? and f(t — m)
has poles at t = m + 4n? for integers n > 1. For n = 1, f(t) has a pole
at t =4. As

t— 47, f(t) - —o0
and
t— 4% f(t) = oo

Then h(t) = f(t) + f(t —m) — +oo as t — 4. So h(t) has a pole at
t=4.
Let to be the first zero of f(t). Then h(ty) = f(to) + f(to —m) > 0 and
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h(t) < 0 ast — 47. So there is t1(m) € (t,4) such that h(t,(m)) = 0.
Hence t,(m) € (1,4) for all m > 0 since t; = 1.

We want to show that to(m) € (4, min{m + 4,16}) for all m > 0.
f(t) is decreasing and has exactly one zero between any two poles. So
h(t) is also decreasing and has exactly one zero between any two poles.
Hence the second zero to(m) € (4, min{m + 4, 16}) for all m > 0.

Claim 2: f(t1(m)) < 0 and f(t2(m)) > 0 for 0 < m < 8.

0= h(ti(m)) = f(t(m)) + f(t:(m) —m))

But f(t1(m)) < f(ti(m) — m) since f(t) is decreasing on (—o0,4).
Hence we must have f(t1(m)) <0 and f(t1(m) —m) > 0.
to(m) € (4,7) if m < 3 from the claim above. So f(t2(m)) > 0 for
m < 3 since f(t) is decreasing on (4,16) and f(t) =0 at t = 9.
For3<m<8att=m+1, f(t—m)=0.So

h(im+1)=f(m+1)>0
since m+1<9. f(9) =0so
h(9) = £(9 —m) <0
since 1 < (9 —m) < 4 if m > 5. Hence ty(m) € (m + 1,9) which
implies f(to(m)) > 0if m > 5. h(m+1) = f(m+1)>0if 3 <m <5.
€

But there is a pole at t = m +4 < 9. So to(m) € (m+ 1,m + 4) if
3 <m < 5. Hence f(ta(m)) >0 for 0 < m < 8.

Claim 3: Fix m, so that ¢;(m) = t; for i = 1,2 then f'(ta—m) < f'(t2)
for 0 <m < 8.

() = — T _ ot (Vi
f(t)—2—\/gcot(\/1_f§) V(1 + cot (\/EQ))ZL\/E
= Vot (ViT) - T (1 L Vicot(viT)P)
then
, 1 T 1,5
(4.1) F(t) =5 f(6) = 7 (1+ (1))
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where ¢t # 0. So we have expressed f'(t) as a function of f(t).

f'(ta =m) = f'(t2) =

™

mf(t2 —m) — mf2(t2 —m)

1
g )+ 4%#(@)

f(t2) ™
Tta—m)  A(r = m)f (t2) — 2—t2f(t2)

T
+ Ef2(t2)

tg—m

(t —m)ty

+ 3t —m)f (1))
= mf(tQ)(m_T% - %mf(b))

since f(ta) = —f(ta —m). ta > m + 1 since ta(m) € (m +1,9). So
to —m >1>0, f(ty) > 0,m — 2ty < 0 by Claim 2 which implies
(4.2) fl(ta —m) < f'(t2)
Claim 4: f'(t; —m) > f'(t;) for 0 < m < 8.
We show that .
Flt—m) > 7

and .
f/<t1) < _Z
! ™ - f(tl) i
f(t1)+z 2, 4t1f2(t)
<0

since f(t1) < 0so f'(t;) < —7.
%: f(t)(l_ 7Tf(t))

/
t
Since f’(0) must be finite, 1—= ( ) — O whent =0.1— ”f( ) is increasing
with ¢ since f(t) is decreasmg. So1— % and t have the same sign

m and t; — m have the same sign. Then

[ty —m)+ 7 = ";811::;‘3 (1- Wf(tl; ™) 50

since f(ti1(m)—m) > 0. Hence f'(t; —m) > —7.

which implies 1 —
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Claim 5: t;(m) and t5(m) are increasing functions in m. For i = 1,2

differentiating

in m we get

(4.3) f'(ti(m))ti(m) = f'(t:(m) —m)(1 — ti(m))

From (4.3) f'(t;(m) —m) and f'(t;(m)) are always negative so (1 —
ti(m)) and t;(m) must have the same sign. If t;(m) <0, 1 — t(m) > 0
which contradicts the fact that (1 — ¢/(m)) and ¢;(m) must have the
same sign. Hence t;(m) > 0 and 1 — t/(m) > 0.

From (4.3) for i = 1 we get

(1) m) = 7/t (m) —m)(1 ~ £ (m))
> f(ti(m))(1 = t1(m))
from the Claim 4 above. Hence

1
t, < =
1 (m) 5

for 0 < m < 8. From (4.3) for i = 2 we get
f'(ta(m))ty(m) = f'(ta(m) —m)(1 — t5(m))
< f'(t2(m))(1 = t5(m))

from Claim 3. Hence

1
t —
o(m) > 5
for 0 <m < 8. So
! 1 !

then
(tg — tl)’(m) >0
i.e the function t5 — t; increases with m. For 0 < m < 3,
h(1)=f(1)+ f(1—=m) >0
and
h(m+1)=f(m+1) <0
since f(t) is decreasing with t. Hence t;(m) € (1,m + 1) since h(t) is
also decreasing. So

and
lim to(m) =4

m—0
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by Claim 1. So
limo(tQ(m) —t1(m)) = 3.

Hence t; — t; > 3 for 0 < m < 8. Note that t, jumps at m = 0. For
m > 8, to(m) € (9, min{m + 4,16}) and t;(m) € (1,4). So ty —t; >
5 > 3. Hence ty — t; > 3 for all m > 0.

O

Theorem 4.2. Let V' be a (not necessarily symmetric) single-well po-
tential on [0, 7] with a transition point at a = /2. Then the first two
eigenvalues of the Dirichlet problem (1.1)-(1.2) satisfy

Ao — A1 >3

with equality if and only if V' is constant. If a # /2, there are single-
well potentials V' with Ay — A\ < 3.

Proof. It was shown in Proposition 3.8 that for M > 4 the optimal 1}

must be of the form
Voz{ 0 on (0,7),

or

Vo—{ m on (0, %),

0 on (§,m).

for some m > 0 since the potential can be shifted and the difference
in eigenvalues is unaffected. Since the differential equations of the
two potentials yield the same eigenvalue we deal only with the first
form of Vj. The eigenfunction corresponding to the eigenvalue A can be
expressed as

o) = C'sin(v/Az) on (0, %),
y(w) = { Dsin(vA —m(m —x)) on (§,m).

The nonzero constants C, D have to be chosen such that y(x) is C'-
smooth at 7. This is possible if and only if the ratios % are the same
from both sides i.e.

(4.5) \/Xcot(\/xg) = —VA—mcot(VA— m%)
The eigenvalues are real solution A of (4.5). We allow cases when both
sides of the equation are infinite. But by Lemma 4.1 Ay — Ay > 3 if
m > 0. Hence the optimal Vj (where Ay — A; = 3) is when m = 0 i.e.
the optimal potential Vi must be constant. This proves the Theorem
in the case when the transition point a is at 7.
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Suppose § < a < 7. Let
t ifxe(0,a)

Viz,t) = { 0 ifze (a: 7r)’.

Then for t = 0, the eigenfunctions are given by
Yn(z,0) = A, sinnz.

Using the normalization condition we get

1:Ai/ sin? :—/ (1 — cos2nx)dx
0

sin 2nx
>y ———o

1.e.

Then y(x,0) = \/gsinx and ys(z,0) = \/gsin 2.

(e

a 2 a
/ (y3(2,0) — yi(x,0))dz = = / (sin® 2z — sin® x)dx
0 0

1 a

= —/ ((1 = cosdz) — (1 — cos2z))dx
T Jo
1 a

== / (cos 2z — cosdx)dx
T Jo

1 <sin2a sin4a>

o 2 4
sin 2a

= 11— 2a) <0

5 (1 — cos2a)

since sin2a < 0 and 1 — cos2a > 0 for § < a < 7. Then by (3.8)

(o — A — / (2(2,0) — (2, 0)dz < 0

so for small ¢ > 0 the single-well potentials V' (x,t) gives an eigenvalues

gap Ay — Ay < 3.
For a = m, we can choose

ot ifze(0,%F),
V(x,t)—{ 0 ifwxe (3 ).



26 JOHANNES NAMO MASEHLA

to get Aa — A1 < 3. By symmetry we can find a single-well potential
that gives Ag — Ay <3 for a < 3.
O

Lemma 4.3. Define f(\) = \/Xcot(\/xg) for real X and let m > 1.
Then the first two positive solutions of the equation f(\) = —f(Am)
satisfy

A2

— >4
A

As solutions we allow values of X for which f(\) and f(Am) are infinite.

Proof. Let VAZ =t and \/m = d. Then f(\) = Zcott and f(Am) =
27trd cot td. Hence we need to show that the first two positive zeros t;

and t, of the function
2t

(4.6) h(t) = — cott + dcot(td)

satisfy the inequality
to > 2t;.

cott is a decreasing functions (0, 7), (7, 27),etc and cot(td) is a de-
creasing functions (0, Z), (5, %) etc for d > 1. There is exactly one zero
of h between any two poles (i.e. 0,7, d ©. m, etc.). Hence h(t) is also a

decreasing function and has exactly one zero on (0,%). At t = 77,

h(t) = §(C0tt + dcottd) = %cott >0
T T
So there is t; € (35, min{%,7}) such that h(t;) = 0 since h(t) is a
decreasing function The next pole of h is at min{27, 7}. Hence there
is ty € (5, min{ =}, 7}) such that h(ty) = 0. Since we are only interested
in the ﬁrst two solutlons we will not consider other poles.
t; and to satisfy

2t; 2t;
—cott; = ——dcott;d
T s

which implies

1
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Claim 1: If d > 1 is increasing then t; decreases and t;d increases
with d.

%( — étan(ts)) = — (% sec?(ts)t + <_s_12) tan(ts))

( ts sin(ts) cos(ts) )
52 cos?(ts) s2 cos?(ts)
2ts — sin(2ts)

< 0.
252 cos?(ts)

So —% tan(t1s) decreases as s increases. Choose € > 0 such that for all
d € (d,d+e¢), thid € (3, 7). Hence

1 1
tant,; = _E tan(tld) > _J tan(tld’),

1
tant) = —3 tan(t)d').
If t; <}, then
tant; = 1 tan(t;d) > L tan(t;d’) > 1 tan(td’) = tant)
d d - d

So tant; > tant] which leads to contradiction since tant is increasing
on (0,%). Hence ¢; >t} and ¢; decreases as d > 1 is increasing.
7 = t1d is the first solution of

(4.8) tanT = —dtang

and t; is the first solution of
1
tant = —3 tan(td).

We showed that ¢; decreases as d > 1 is increasing. The above equa-
tions are similar except that in (4.8) d is replaced by 1. 1 decreases
as d increases. So the first solution 7, of (4.8) increases as d increases.
Hence t1d < t}d" which shows t;d increases as d > 1 is increasing. Note
that it can be shown that for 0 < d < 1, t; € (§,7) and t,d € (0, 5).

Claim 2: For 1 <d <3, t; < i—g.
Since t;d increases with d, it is sufficient to only check it for d = 3.
tl € (%pmln{%ag ) = (%7 %)
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1
tant; = -3 tan(3t;)

1 tan(?tl) + tan tl
31— tan(2t1) tan tl

2tanty
I Tan? + tant,

2
3 _ 2tan“t;
1 1—tan? ¢

B — tant;
1 —3tan?t;

tan3 11
3

S0
SR
2tant; (1 — gtan t1) =0,

tant ¢§<1
anit, = -
5)

sot; <G = Hencet1< Tfor1<d<3.

which implies

Claim 3: For 1 < d < 3,ty > 2t4.

For d = 3, t, = 7 since h(5) = 0. So it is true for d = 3 since t; < 7.
For 1 <d < 3, t1d< byClalmZ So 2tyd € (m, %) forall 1 < d < 3.
Consider cases: (i) 1 < d<?

tad € (m, min{27, 7d}) = (m,wd). Hence tod € (m, ).

(i) 2 <d<2
ty € (%, min{%, 7}) = (5, 7).
h(;—g)— ot(;;) 0.

So ty € (5,32, Hence tad € (m, 5).

and

since cot(22d) = 0. Then ¢, € (%, 22) which yield ¢5d € (%2, 2F). Hence
tgd € (71', 3777)
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For all the above cases if {; < 7, then t, > 2¢; since t; > 7. In each
case, t is a unique zero of h in the intervals (%, 3%) and (%, 3%).
When t; > 7,

Qtld, th € (’/T, 3771-)

On (3, g—g), tan t is increasing and —é tan(td) is decreasing with ¢ where
td € (m,%). For d > 1

tan?t; < d®*tan®t; = 1 —tan?t; > 1 — d*tan®t,
When T <t <3, 1—tan’t; <0 and 1 — d*tan®¢; < 0. Then

1 1
< .
1 —tan?t; 1 —d?tan’ty

(4.9)

Then by (4.7),

. 1 2tan(t;d
_Etan(%ld) = _ETn(Q(tl)d)
1 —2dtant,
T Tdl—dtanlt,
2tant,
1 Rtanlt,
From inequality (4.9)
2tant; 2tant;

tan2t; =

1 —tan?t; 1—d2tan?ty’
SO

1
—3 tan(2t;d) > tan 2t
Assume t9 < 2¢;. Then

1
tanty = —3 tan(tad)

1
> — tan(2t,d)
> tan 2t;

which implies tanty > tan2t; contradicting the fact that tant is in-

creasing on (5, ). Hence ty > 2t;.

Claim 4: For d > 3 we also have ty > 2t;.

for d > 3 since t; decreases as d
So we will consider the cases for

ty < 7 for d = 3, hence t; <
increases. Hence ty > 2ty if t5 >
which 5 < 7.

s
4
s
5"
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t1 € (&, min{%,2}) = (5, 2) and ¢, € (%, min{3F, 2}). At ¢ = 3%,

2t 2t
t) = —(cott + cot(td)) = — cott > 0.
T s

=
—~

3 2r o«

Hence t; € (35, min{=F, 7 }) since h is a monotone decreasing function
(% 27”) If 2t; < ?2’—2 then ty, > 2t; since ty > g—g. We consider the case
when 2t; > g—g.

Consequently 2t; € (g—g,g) and ty € (g—g,%) for 3 < d < 4. So

2t1d,tod € (3F,2m) if 3 < d < 4. tant is strictly increasing on (2%, 2)

and —é tan(td) is strictly decreasing with ¢ where td € (37”, 27). Simi-
larly we get 2t1d, tod € (3, 2r) for d > 4.

tan?t; < d?tan?t,
which implies
1 —tan?t; > 1 — d* tan? ¢5.
t1 < %,s01—tan?t; > 0. By (4.7)

d2 tan2 t1 = tan2(t1d) <1
since 2 < t;d < 7. Hence 1 — d*tan?¢; > 0. Then

1 1
< .
1 —tan?t; 1 —d?tan?ty

By (4.7),

1 1 2tan(td)
——tan(2t1d) = ——————
g tanChd) = = )
1 —2dtant,
- dl—dtan?ty
B 2tant;
1= d?tan?ty
By the above inequality
2tan tl 2 tan tl

tan 2t; = < ,
71 —tan?t;, 1 — d®tan’ty

SO

1
—3 tan(2t;d) > tan 2t
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Assume ty < 2t1, then
tanty = —é tan(tad)
> —é tan(2t1d)

> tan 2t1

so tanty > tan2t; contradicting the fact that tant is increasing on

(22, 2). Hence t, > 2t;. This proves the entire Lemma. O
Remark 4.4.

clllig tg(d) =T
SO

lim t5(d)d = .

d—1
but there is a pole at . Hence

, . 2t5(d) 2t5(d)
0= }ilir% h(ts(d)) = llliri (T cot to(d) + —

d cot(ta(d)d))

so there are solutions for which f(\) and f(Am) are infinite.

. ™
fmt(d) =5
then .
fmti(d)d =5
. L 24(d) 2t (d)
b:rr{h(tl(d))—}lgri( . cot t1(d) + - dcot(t,(d)d))

but there is a zero at g which shows that there are solutions for which
f(A) and f(Am) are zero. This shows that % =2ifd=1.1e. i—j =
for m = 1.

Theorem 4.5. Let ¢ be a (not necessarily symmetric) single-barrier
density function on [0,n] with transition point a = 5. Then the first
two eigenvalues of the Dirichlet problem (1.4)-(1.5) satisfy

with equality if and only if o is constant. If the transition point a # 7,
there are single-barrier densities o for which i—f < 4.

Proof. It was shown in Proposition 3.13 that the optimal density g

must of the form
{1 o (03)
9= m on (g, )

3 vl

Y
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or

)
)

for some m > 1 since when multiplying density by an appropriate con-
stant the ratio of eigenvalues in unaffected. The differential equations
of the above densities yield the same eigenvalues so we deal with the
first form. The eigenfunctions are given by

~ f m on (0,
711 on (3,

N v

)

u(z) = { csin(vAz) on (0, %),
dsin(vAm(r — 1)) on (Z,7).

Non-zero constants ¢ and d must chosen such that u is C''-smooth at
. This is only possible when the ratio % coincides from both sides at
. So

SIEINIE

(4.10) \/Xcot(\/xg) = —MCot(mg)

The eigenvalues are real positive solutions of the above equation. We
allow cases when both sides are infinite. But by Lemma 4.3 the first
two eigenvalues satisfy :\\—f > 4 if m > 1. Hence the optimal density oq
is obtained when m = 1 (see Remark 4.4) i.e. gy must be a constant.
This proves the Theorem in the case when the transition point a is at

s

Suppose 0 < a < 7. Let

t itz e (0,a),
g(x,t):{ 1 if(a,ﬂ(). )

As in the case of the single-well potential the eigenfunctions are given
by u,(x,1) = k,sinnz where k, > 0 for ¢t = 1. By normalization
condition

/ o(z, 1)ui(az, ldzr =1,
0

we get
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Then for t =1 :

(;—j) = :\\—j/oﬂ Q(u%(x, 1) — u3(z, 1))dx

2>\2 “ .92
_71')\1 . (Sln

= 2—)\2(/ (1 — cos2x)dx — / (1 — cos 4z)dx)
ﬂ-)\l 0 0

29 sin 2a sin 4a
_71'_)\1((@_ 5—) —(a——7))

x — sin® 293)d93

_ 2)Xy jcos2asin2a  sin 2a)

7T)\1 2 2
= 2 sin2a(cos2a — 1)
TTAL
<0

since sin2a > 0 and cos2a < 1 for 0 < a < 7. So for small ¢ > 1 there
are densities o(x,t) for which the eigenvalue ratio i—f < 4. Similarly for
5 < a < 7 the single-barrier density function

|1 ifze(0,a),
ol 1) = { t if x € (a,m).
gives f\‘—j < 4. For a = 0, the single-barrier density function
1 ifze(0,F),
o, 1) = { t ifxe (&, ).
gives i—f < 4. By symmetry for a = 7, the single-barrier density function

_Jt ifze(0,%),
Q(x’t)_{ 1 ifze (2 7).
< 4. ]

gives
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