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Chapter 1

Introduction

A brief search on www.ams.org with the keyword “Markov operator” produces some
684 papers, the earliest of which dates back to 1959. This suggests that the term
“Markov operator” emerged around the 1950’s, clearly in the wake of Andrey Markov’s
seminal work in the area of stochastic processes and Markov chains. Indeed, [17] and
6], the two earliest papers produced by the ams.org search, study Markov processes
in a statistical setting and “Markov operators” are only referred to obliquely, with no
explicit definition being provided. By 1965, in [7], the situation has progressed to the
point where Markov operators are given a concrete definition and studied more di-
rectly. However, the way in which Markov operators originally entered mathematical
discourse, emerging from Statistics as various attempts to generalize Markov pro-
cesses and Markov chains, seems to have left its mark on the theory, with a notable

lack of cohesion amongst its propagators.

The study of Markov operators in the L? setting has assumed a place of importance in
a variety of fields. Markov operators figure prominently in the study of densities, and
thus in the study of dynamical and deterministic systems, noise and other probabilistic
notions of uncertainty. They are thus of keen interest to physicists, biologists and
economists alike. They are also a worthy topic to a statistician, not least of all since

Markov chains are nothing more than discrete examples of Markov operators (indeed,
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Markov operators earned their name by virtue of this connection) and, more recently,
in consideration of the connection between copulas and Markov operators. In the
realm of pure mathematics, in particular functional analysis, Markov operators have
proven a critical tool in ergodic theory and a useful generalization of the notion of a

conditional expectation.

Considering the origin of Markov operators, and the diverse contexts in which they
are introduced, it is perhaps unsurprising that, to the uninitiated observer at least,
the theory of Markov operators appears to lack an overall unity. In the literature there
are many different definitions of Markov operators defined on L*(u) and/or L'(1u)
spaces. See, for example, [13, 14, 26, 2], all of which manage to provide different
definitions. Even at a casual glance, although they do retain the same overall flavour,
it is apparent that there are substantial differences in these definitions. The situation
is not much better when it comes to the various discussions surrounding ergodic
Markov operators: we again see a variety of definitions for an ergodic operator (for
example, see [14, 26, 32]), and again the connections between these definitions are

not immediately apparent.

In truth, the situation is not as haphazard as it may at first appear. All the definitions
provided for Markov operator may be seen as describing one or other subclass of
a larger class of operators known as the positive contractions. Indeed, the theory
of Markov operators is concerned with either establishing results for the positive
contractions in general, or specifically for one of the aforementioned subclasses. The
confusion concerning the definition of an ergodic operator can also be rectified in
a fairly natural way, by simply viewing the various definitions as different possible
generalizations of the central notion of a ergodic point-set transformation (such a

transformation representing one of the most fundamental concepts in ergodic theory).

The first, and indeed chief, aim of this dissertation is to provide a coherent and
reasonably comprehensive literature study of the theory of Markov operators. This

theory appears to be uniquely in need of such an effort. To this end, we shall present
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a wealth of material, ranging from the classical theory of positive contractions; to a
variety of interesting results arising from the study of Markov operators in relation
to densities and point-set transformations; to more recent material concerning the
connection between copulas, a breed of bivariate function from statistics, and Markov
operators. Our goals here are two-fold: to weave various sources into a integrated
whole and, where necessary, render opaque material readable to the non-specialist.
Indeed, all that is required to access this dissertation is a rudimentary knowledge of
the fundamentals of measure theory, functional analysis and Riesz space theory. A
command of measure and integration theory will be assumed. For those unfamiliar
with the basic tenets of Riesz space theory and functional analysis, we have included

an introductory overview in the appendix.

The second of our overall aims is to give a suitable definition of a Markov operator on
Banach lattices and provide a survey of some results achieved in the Banach lattice
setting, in particular those due to [5, 44]. The advantage of this approach is that
the theory is order theoretic rather than measure theoretic. As we proceed through
the dissertation, definitions will be provided for a Markov operator, a conservative
operator and an ergodic operator on a Banach lattice. Our guide in this matter will
chiefly be [44], where a number of interesting results concerning the spectral theory of
conservative, ergodic, so-called “stochastic” operators is studied in the Banach lattice
setting. We will also, and to a lesser extent, tentatively suggest a possible definition
for a Markov operator on a Riesz space. In fact, we shall suggest, as a topic for
further research, two possible approaches to the study of such objects in the Riesz

space setting.
We now offer a more detailed breakdown of each chapter.

In Chapter 2 we will settle on a definition for a Markov operator on an L' space,
prove some elementary properties and introduce several other important concepts.

We will also put forward a definition for a Markov operator on a Banach lattice.

In Chapter 3 we will examine the notion of a conservative positive contraction. Con-
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servative operators will be shown to demonstrate a number of interesting properties,
not least of all the fact that a conservative positive contraction is automatically a
Markov operator. The notion of conservative operator will follow from the Hopf de-
composition, a fundmental result in the classical theory of positive contractions and
one we will prove via [13]. We will conclude the chapter with a Banach lattice/Riesz
space definition for a conservative operator, and a generalization of an important

property of such operators in the L' case.

In Chapter 4 we will discuss another well-known result from the classical theory of
positive contractions: the Chacon-Ornstein Theorem. Not only is this a powerful
convergence result, but it also provides a connection between Markov operators and
conditional expectations (the latter, in fact, being a subclass of the Markov operators).

To be precise, we will prove the result for conservative operators, following [32].

In Chapter 5 we will tie the study of Markov operators into classical ergodic theory,
with the introduction of the Frobenius-Perron operator, a specific type of Markov
operator which is generated from a given nonsingular point-set transformation. The
Frobenius-Perron operator will provide a bridge to the general notion of an ergodic
operator, as the definition of an ergodic Frobenius-Perron operator follows naturally

from that of an ergodic transformation.

In Chapter 6 will discuss two approaches to defining an ergodic operator, and establish
some connections between the various definitions of ergodicity. The second definition,
a generalization of the ergodic Frobenius-Perron operator, will prove particularly
useful, and we will be able to tie it, following [26], to several interesting results
concerning the asymptotic properties of Markov operators, including the asymptotic
periodicity result of [26, 27]. We will then suggest a definition of ergodicity in the
Banach lattice setting and conclude the chapter with a version, due to [5], of the
aforementioned asymptotic periodicity result, in this case for positive contractions on

a Banach lattice.

In Chapter 7 we will move into more modern territory with the introduction of the
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copulas of [39, 40, 41, 42, 16]. After surveying the basic theory of copulas, including
introducing a multiplication on the set of copulas, we will establish a one-to-one

correspondence between the set of copulas and a subclass of Markov operators.

In Chapter 8 we will carry our study of copulas further by identifying them as a
Markov algebra under their aforementioned multiplication. We will establish several
interesting properties of this Markov algebra, in parallel to a second Markov algebra,
the set of doubly stochastic matrices. This chapter is chiefly for the sake of interest

and, as such, diverges slightly from our main investigation of Markov operators.

In Chapter 9, we will present the results of [44], in slightly more detail than the original
source. As has been mentioned previously, these concern the spectral properties of
ergodic, conservative, stochastic operators on a Banach lattice, a subclass of the

Markov operators on a Banach lattice.

Finally, as a conclusion to the dissertation, we present in Chapter 10 two possible
routes to the study of Markov operators in a Riesz space setting. The first definition
will be directly analogous to the Banach lattice case; the second will act as an analogue
to the submarkovian operators to be introduced in Chapter 2. We will not attempt
to develop any results from these definitions: we consider them a possible starting

point for further research on this topic.

In the interests of both completeness, and in order to aid those in need of more
background theory, the reader may find at the back of this dissertation an appendix

which catalogues all relevant results from Riesz space theory and operator theory.



Chapter 2

Markov Operators

The classical literature dealing with Markov operators on a L' space can be confusing
in the myriad of ways in which a Markov operator is defined. We present here a brief
overview of some possible definitions. Following this, we suggest an extension to the

Banach lattice setting.

We recall a few relevant facts. Let E be a Riesz space. An operator, T: E — FE, is a
linear transformation on E. Let E be a Riesz space, and let T" be an operator on E.

We call T positive it T f > 0 for all f € E such that f > 0.

Now let E' be a Banach lattice. We recall that the adjoint of an operator T', denoted
by T*, is the operator defined on the dual E*of E, that satisfies (T*f*)f = f*(Tf)
forall f € E, f* € E*.

Let (€2,%, 1) be a o-finite measure space. It is a well known fact that the dual of
LYQ, 3, u) is L°(Q, X, 1) under the identification given by

P = 1) = /Q £ dp

for all f € L'(u), f* € L*°(u). Therefore, if T is an operator on L'(x) we have the

following duality relation:
[ansan= [ @ r)
Q Q

6
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2.1 The classical approach

Definition 2.1 Let E be a Banach lattice, and let T be an operator on E. We call
T a contraction if ||Tf|| < ||f]| for all f € E.

Note, by the definition of the operator norm, that T is a contraction if and only if

1T < 1.

Theorem 2.2 Let E be a Banach lattice and let'T : E — E be a positive contraction.

Then T™ 1s also a positive contraction.

Proof: Consider f* > 0. Then, for f € E,
(T f)f=(Tf) =0
since T’ is positive.

Secondly, for any f* € E*,

1T || = sup{ (T ) f]] ‘ f € E such that || f]] < 1}
= Sup{| Hl ‘fEEsuChthat ||f||§1}
< sup{\ Hl ‘ f € E such that ||Tf]| <1}
< Sup{Hf 9l ‘ g € E such that ||g]] < 1}

171l

Definition 2.3 Let (€2, %, 1) be a o-finite measure space. An operator P on L™ (£, %, 1)

is submarkovian if it satisfies the following conditions:

(a) P is positive.

(b) P1<1.
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(c) If fr 10, then Pfr | 0.

The third condition is known as monotone continuity (or o-order continuity in Riesz

space theory). An equivalent condition is that if f* T f* in L™, then Pf* 1 Pf* in

L. One approach to defining a Markov operator is to simply define it as a positive

contraction on L!(11), as seen in [13]. Another approach, used in [14], is to define a

Markov operator as a submarkovian operator on L*(2). These two approaches are

basically equivalent, as the following theorem demonstrates. The definition of the

operator 1" in part (b) is due to [14].

Theorem 2.4 Let (2,3, 1) be a o-finite measure space.

(a) Let T : L'(u) — L'(u) be a positive contraction. Then, T* is submarkovian.

(b) Let P : L*>®(u) — L®(u) be a submarkovian operator. Then, there exists T :

LY(u) — LY(n) such that T is a positive contraction and P = T*.

Proof:

(a) We know that 7™ is a positive contraction by Theorem 2.2.

Let f € L (x). Then,

("0 f=1T) = Tflly < Iflly =1f,

Thus, T%1 < 1.

Now assume that f* | 0, where {f} is a sequence in L>(u). Thus, f¥(f) | 0
for all f € L (n). Then, for any f e L (u),

(T f)f = L(Tf) L,

since T is positive. This completes the proof.
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(b) We make use of the identification, as Banach lattices, which exists between the
set of all signed measures that are absolutely continuous with respect to u, and
the set of L'(u) functions. This identification is a well-known consequence of
the Radon-Nikodym Theorem. Define T acting on a signed measure X in the

following way:
(TA)(A) = / P\,

where A is a measurable set and A < u. It is easy to verify that T\ is again a
signed measure absolutely continuous with respect to p. Now use the Radon-

Nikodym Theorem to define T acting on f € L'(Q) in the following way:

if d\ = fdp then d(T\) = (Tf)dpu,

d(TN)
A and (

where o

are the respective Radon-Nikodym derivatives of A and T'\.

We now verify that P = T*. Let f € L'(u), let A\ be the signed measure
identified with f and let f* € L () (the case for arbitrary f* follows easily).

[y au= [ pran

and, by the definition of T'f,

Jansdu= [ aw.

Secondly, let s = ). a;14, be an arbitrary step function. Then

/s d(TN) = /ZailAi d(TA
= ;;i(T/\)(A

= Zai/PlAi dX

= /Ps dA,

where we used the Monotone Convergence Theorem and the linearity of P to

First, note that

get the last step. Now, we can find a sequence {s,} of step functions such that
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sp T f*. As P is submarkovian, it follows that Ps, T Pf*. Thus,

[ansan = [ amy

= lim [ s,d(TX)

n—oo

= lim [ Ps,d\

n—oo

= /lim Ps,d\

n—oo

= /Pf*dA

~ [ ser)an

where the fourth line is again an application of the Monotone Convergence

Theorem.

If fe L}r(,u), then the corresponding measure A will also be positive. Thus T'\

will define a positive measure, and, hence, T'f will be positive.

Finally, let f be an arbitrary element of L'(u). Then,
[t < [@rerr) a
= [y [ 1@y
< / (fT+[7) du

= /!fl dp.

While in this dissertation we will not define Markov operators as positive contractions,
the study of these operators will remain important, as we will define Markov operators
as a subclass of the positive contractions. Many of the results presented in forthcoming

chapters will thus be stated for positive contractions in general.

We proceed using the definition used in [26] for the L' case.
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Definition 2.5 ([26, p.37]) Let (2, %, ) be a o-finite measure space and T: L (u) —

L*(p) a positive linear operator for which
ITFI = 1] for all f € L ().

Then T is called a Markov operator.

It should be noted that if 7" is a Markov operator on an L!(u)-space, then ||T|| = 1;

moreover, since AL-spaces have order continuous norm, 7" is also order continuous.

Proposition 2.6 Let (0,3, 1) be a o-finite measure space and T: L*(p) — L*(u) be

a positive linear operator. Then T is a Markov operator if, and only if,

/Qdeu:/Qfdu,

for all f € L'(u).

Proof: Let f be an arbitrary element of L'(x) and assume T is Markov. Then we

have

[ rran = [TG7 =)
- /QTf+—Tf—du

_ /QTf+du—/QTf du
_ /Qﬁdﬂ—/gf‘du

= | fT—f du
Q

Q

The converse result is obvious, since || f||, = [ fdpif f>0. W

The following result is taken from [26, p.38].
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Proposition 2.7 Let (0,2, 1) be a o-finite measure space and T: L' () — L*(p) a
Markov operator. Then, for every f € L', T has the following properties:

(o) (TH)T <TfT,
(b) (Tf)-<Tf,
(c) [(THI <TIf],
(&) T < A-

Proof: For (a): from the definition of f* and f~, we have

(TH" = (Tf=Tf)"
= max(0,Tf* —Tf")
< max(0,7f")

— Tft

Similarly, we can show (b). Inequality (c) is a straighforward application of (a) and

(b):
Tfl=(Tf)"+(Tf) <Tf +Tf =TIf|.

Finally, we acquire (d) by integrating (c) over €

I = / Tf| dp

We have thus established that the Markov operators are a subclass of the positive
contractions. It is worth noting that the proofs of parts (a), (b) and (c) can easily be

rephrased to apply more generally to positive operators on a Riesz space.
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Definition 2.8 Let (£2, %, 1) be a o-finite measure space. An operator P on L™ (2, X, 1)

is markovian if it is submarkovian with P1 = 1.

Theorem 2.9 Let (0,3, 1) be a o-finite measure space. Then T : L'(u) — L'(u) is

a Markov operator if, and only if, the adjoint T™ is markovian.

Proof: We already know from Theorem 2.4 that 7' is a positive contraction if, and

only if, T* is submarkovian.

Note that for f € L*(u),
Il ={f.1).

Assume that T is a Markov operator. Then by Proposition 2.6
(f,T°1) =(Tf,1)=(f,1),
for all f € L'(u). Hence T1 =1

Now assume that 7*1 = 1. Then

(T'f,1) = (f,T"1) = (£, 1).

Proposition 2.10 Let (0, %, i) be a o-finite measure space and T: L' () — L'(u) a
Markov operator. Then ||T*|| = 1.

Proof: Since T* is a positive contraction and 7%1 = 1, we get 1 = [|1]| = ||T*1|| <
1T <1. =

Finally, we note that it is possible to uniquely extend any operator 7" on L'(f2) to
all non-negative measurable functions in the following way: let f be a measurable
function. If f, T f, where {f,} is a sequence of step functions, then define T'f =

lim T'f,,. A similar procedure extends the adjoint T™.
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2.2 The Banach lattice case

The aim of this section is to suggest a possible extension of the definition of a Markov
operator to Banach lattices. We use both the properties of Markov operators, in the

L' case, and the properties of their adjoints as motivation.

Definition 2.11 Let E be a Banach lattice. A positive linear contraction 7: £ — E

is called a Markov operator if there exists 0 < e* € E7 such that T"e* = e*.

It is well known that if 7" is a positive linear operator defined on a Banach lattice F,
then 7T is continuous. It is also well known that if the Banach lattice £ has order

continuous norm, then the positive operator 7' is also order continuous.

We note that the Markov operators, according to this definition, are again contained
in the class of all positive contractions and that the adjoint 7™ is also a positive
contraction. This definition will find utility in Chapter 9. We will also establish a
result concerning the asymptotic properties of all positive contractions on Banach

lattices in Chapter 6.



Chapter 3

Conservative Operators

In this chapter we introduce the notion of a “conservative” positive linear contraction
on an L' space. This concept arises from the well-known Hopf decomposition of the
underlying space into “conservative” and “dissipative” parts - an important result
which we shall present in its entirety. Following this, we shall explore a number of
interesting properties demonstrated by conservative operators, chief among them be-
ing the fact that a conservative positive linear contraction is automatically a Markov
operator. In addition, we shall give due consideration to results concerning subin-
variant, superinvariant and invariant functions and the neat relationship between the
“absorbing” and “invariant” sets of a conservative operator. Finally, we shall suggest
a definition for a conservative operator in more generalized settings, and demonstrate
its potential usefulness with a result which mimics one of the most important prop-
erties of a conservative operator in the L! sense. The classical material concerning
the L' setting is taken from [13], [23] and [12], while the suggested Banach lattice

extension is due to [44].

15



CHAPTER 3. CONSERVATIVE OPERATORS 16

3.1 The classical case

3.1.1 The Hopf decomposition

Let (2,3, ) be a o-finite measure space. We discuss here the Hopf decomposition of
the space 2 into “conservative” and “dissipative” parts. Each positive contraction on
L'(9Q,%, 1) has a unique decomposition of this form associated with it. The proof for
this result is taken from [13, Ch.2]. We begin with an important result from ergodic

theory that will be intrinsic to the proof.

The following proof is due to [15].

Theorem 3.1 (Hopf Maximal Ergodic Lemma) Let f be an element of L*(0, %, i),
let T : L'Y(p) — L' (i) be a positive contraction and define

E:{xEQ:supika(x)>O}.
0

no3_

Then fEf dp > 0.

Proof: Note that f may take on negative values. Define, for each k = 0,1,2, ..., the

operator Sy in the following way:

Sof = 0,
k—1
Sef =Y TVf for k> 0.
=0

Now, for n = 0,1,2,..., define S; f(x) = maxo<g<n Spf(x) for x € Q. Note that
St f >0, since Sof = 0. Define

E,={zeQ:5 f(z)>0}.

Since S f is an increasing sequence of functions, E, is an increasing sequence of sets
and it is clear that £, T E. Thus [, fdu T [ f dp. Hence it is sufficient to show
that | p, J dp >0 for all n, in order to achieve the desired result.
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For 0 < k <mn, S}f > Spf. Thus for all z
TS, f(x) = TSif(x),
since T' is positive. Furthermore,
f@) + TSy f(x) = f(x) + TSpf(x) = Spy1 f(2).
Hence,

f(x)+ TSt f(x) > max Sif(z).

1<k<n+1
If x € E,, then S f(z) = maxj<p<, Spf(z), since Sof(x) = 0 < S}t f(z). The

previous inequality thus gives
flx)+TSHf(x) > SHf(x) for x € E,,

or

f(x) > Stf(x) =TS} f(z) for x € E,.

Hence, fEn fdu > fEn Stfdu— fEn TS f du. However, fEn Stfdu= [,SFf du,

since S;F f can only take the value 0 outside FE,. Thus

fanz [ Sirdu- [ 785 duz0,
E, Q Q

since ||T|| < 1 (that is, | Tu|| < ||ul| for all w € L*(x)). This proves the result. ®

Theorem 3.2 (Hopf Decomposition) Let T be a positive contraction on L'(Q, 3, p).
Then associated with T is a unique C C 2, such that Q@ = CUD (where D =Q—C).

This decomposition has the following properties:

(a) Let f € L (Q). Then Y ;> T"f(x) =0 or co for allz € C.

(b) Let f € LL(Q). Then Y - T"f(x) < oo for all x € D.

Proof: Let f and g be any positive L'(u) functions. Set

Apy= {m eQ: ika(x) = oo,iTkg(x) < oo}.
k=0 k=0
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If v € Ay, then > 0 TF(f — ag)(x) = oo for every a > 0. Thus we have, for a > 0,

n

As, C {x €0 supZTk(f—ag)(x) > 0} = B,.

" k=0

By the Hopf Maximal Ergodic Lemma,
0 < [ (F-ag) du

< /fdu—a/ g du.
Q Asg

Since this inequality holds as a — oo, and f is an L' function (hence fQ fdp < o0)
it follows that [ A, 9 dp = 0. The same argument applies to the function 7"¢g; and
since Ay, = Agpng we conclude that [ A, T"g dy = 0 for every n > 0. This implies
that > "2 T"g(x) = 0 for © € Ay, In other words, for z € Q and f,g € L} (), if
v o T*f(x) = oo, then either Y 7o T*g(z) = o0 or > ;2 T g(x) = 0.

Now choose fy € L*(p) such that fo > 0 (such a function exists since Q is o-finite;
for instance, if B,, T Q with u(B,) < oo, set fo = 27" u(B,, — B,_1)"' on B, — B,,_1).
Note, since fo > 0 and T is positive, that for any x € Q, > ;7 T*fo(z) # 0. Now
define

C:{xEQ:ikag(x):oo}, D=Q-C.
k=0

This definition is independent of our choice of f; (indeed, by what we have already
shown: for any 0 < f; € L', Y77 T* fo(z) = oo implies > oo, T% fi(x) = oo, and
vice versa.) Now take arbitrary 0 < f € L'(u). Whenever > 2 T* f(z) = oo, then
also > p2  T* fo(x) = co. This implies that > po  T*f(z) < co on D. If z € C then
> reo T* fo(z) = oo which implies Y ;7 T fo(z) = oo or 0. This concludes the proof.
|

Definition 3.3 The C discussed in the above theorem is known as the conservative
part of ) while D is referred to as the dissipative part. If 2 = C', then T is called a

conservative operator.
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Remark As an alternative to the above proof, one can set
X:{f:ogfgl, T°f < f, lim(T*)”f:O}

and then

D=|J{z:f>0}

fex
can be used to prove the result directly without resorting to the Hopf Maximal Ergodic

Lemma. This approach is utilized in [14].

A similar result can be proven for the adjoint, 7*. Again, the proof is taken from [13,
Ch.2]. It is worth noting that the result concerning D for T will not hold for 7™ in

general, as it is possible to find positive contractions such that 2 = D but T*1 = 1.

Theorem 3.4 Let T be a positive contraction on L'(Q, 3, 1) and let @ = C U D be

its Hopf decomposition.

(a) If 0 < f* € L>®(u) then > o o(T*)*f*(x) = 0 or oo for all x € C.

(b) There exists a sequence of sets B, T D such that Y oo o(T*)¥1p, (x) < oo for all
x € €.

Proof:

(a) Let f* be a fixed element of L*>°(u). Suppose there is a set A C C with u(A) >0

and
o0

STV () < M < oo

k=0

for x € A. Take f € L'(u) such that f = 0 outside A and f > 0 on A. Then

<Zka,(T*)”f*> = <f7Z(T*)’“f*>
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Since A C C, Y22, T f is either 0 or co there. Since f >0on A, Y ;7 TFf =
00. Thus the only way the above inequality can be true is if (7)™ f* = 0 on A,
and this holds for any n =0,1,2,....

(b) Let f > 0 be an element of L'(u); thus, > o T*f < oo on D. Now choose
f* € L*(p) such that f* =0on C, f* > 0on D and (> o7 T*f, f*) < oco.
For instance, if D,, T D with p(D,) < oo (and we can find such D, since ) is

o-finite) choose

f*(z) = 27" min (Z T f ) w(Dy, — Dyp_y)

on D, — D,,_1. Thus (f,> 7 (T*)Ff*) < cc. Since f > 0, it follows that

o0

Z F < 0.

k=0

Set B, = {x € Q: f*(z) > 1}. Then f* > 115 and B, 1 D. Hence

> (T ) < TS < o
=0 k=0

Now multiply both sides of the above inequality by n to get the result.

3.1.2 The conservative part

The next simple result will prove to be useful.

Lemma 3.5 Let T be a positive contraction on LY(Q, 3, ). Then T*14 < 1 for any

measurable set A.

Proof: Recall from Chapter 1 that the adjoint of a positive contraction is sub-markovian.

Hence T%1 < 1 and T is positive. Therefore, since 14 <1,

T 1, <T*1<1.
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Lemma 3.6 Let T be a positive contraction on L'(Q,3,u) and let B € X with
w(B) > 0. If T*1ge(x) = 0 for all x € B, then T restricted to L*(B) is a positive

contraction on L'(B).

Proof: 1t is clear that a restriction of 7" will again be a positive contraction - what needs
to be shown is that the restriction of T' to L'(B) maps back into L'(B). Consider
f € L'(u) such that f is supported on B (that is, f(z) = 0 for x € B¢ and thus
f € LY(B)). Then

/CTf d,LL == <Tf, ]-BC> = <f, T*ch> = O,

since f =0 on B°and T*1gc = 0 on B. Thus T'f = 0 on B®. Hence T" maps elements
of L*(B) back into L'(B). ®

Theorem 3.7 Let T be a positive contraction on L'(Q, 3, 1) and let @ = CU D be
its Hopf decomposition. The restriction of T to L'(C) is a positive contraction on

LYC, %, ).

Proof: Theorem 3.4 (b) gives us that

ST ) = 3P ) € 3

k=0 k=1 k=0
for all x € Q, where B, T D. Hence, by Theorem 3.4 (a), T*1p, = 0 on C. Thus
T*1p(x) =0 for all x € C. By Lemma 3.6, we get the result. ®

Thus in the next few results, we may as well let 2 = C.

Definition 3.8 Let T be an operator on a Riesz space. We call f € E invariant or

a fized point of T if Tf = f. We call f subinvariant if Tf < f and superinvariant if
Tf=>1[.
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We recall from Chapter 1 that both 7" and T™ can be extended to accept any mea-

surable function.

Theorem 3.9 Let T be a positive contraction on L'(Q, %, 1) and assume Q = C,

where C' is the conservative part.

(a) If the measurable function 0 < f < oo is subinvariant with respect to T*, then
T f=f.
(b) If 0 < f* € L™ is superinvariant with respect to T*, then T*f = f*.

(c) If the function 0 < f € L'(u) is subinvariant with respect to T, then Tf = f.

Proof:

(a) Let f be a measurable function as in the statement. Take g € L'(u) such that
g > 0and (g, f) < co. Then

<Z Thg, f - T*f> = <g, D (T - Z(T*)’“f>

k=0
= (g,

g f> - <ga (T*)N+1f>
< (9. f)

< 00,

and this bound is independent of N. Since {fov:o T kg} is an increasing se-
quence of L' functions, we can apply the Monotone Convergence Theorem to

get, as N — oo,

k=0
Since Y ;7 T%g = 0o on C = Q, it follows that f —T*f =0 on Q.

(b) Let 0 < f* € L* have the property that 7*f > f*. Let M = ||f*||. M — f*

is thus a measurable function and M — f* > 0. By (a), it is easy to see that
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T*1 = 1, from which it follows that T7*M = M. Thus T*(M —f*) = M-T*f* <
M — f*. Using part (a) again, the previous inequality is in fact an equality, and

thus T* f* = f*.

(c) Suppose 0 < f € L' satisfies Tf < f. As in (b), we use the fact that 7*1 = 1.
We have

(L1) ={T1) =(Tf1).

This implies that (f — T f, 1) = 0. Since, by assumption, f —T'f > 0, it follows
that f —Tf = 0.

In the above proof, we used the fact that a conservative operator T" has the property

that T*1 = 1. We now state this fact as a corollary.

Corollary 3.10 Let T be a positive contraction on L'(Q, 3, 1) and let @ = CUD be
its Hopf decomposition. Then T*1 =1 on C.

Proof: By Lemma 3.5, T*1s < 1. This implies, by Theorem 3.9, that T#1s = 1.,

where 14 is of course the restriction of 1 to C. M

The above fact goes some way towards motivating our definition for a Markov operator
on an L! space in the last chapter. Recall that we defined a Markov operator on L' as a
positive linear operator T with the property that [|Tf|| = || f|| for all f € L'(u),. We
also noted that if 7" is a positive contraction (another popular definition for a Markov
operator in the literature) with the property that P*1 = 1 then this is equivalent to
saying T satisfies our definition of a Markov operator. Thus any positive contraction
restricted to the conservative part is a Markov operator (in the sense of the last

chapter).
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3.1.3 The absorbing and invariant subsets of ('

We now turn our attention to the so-called “absorbing” subsets of C', and their rela-

tionship to the “invariant” subsets of C.

Definition 3.11 Let T be a positive contraction on L' (2,3, 1). Let A be an element
of 3. Set
LL(A)={feLl(Q):f>0, f(x) =0forz ¢ A}.

We call A absorbing with respect to T if T'f € LY (A) for all f € L1 (A). Let C be the

class of all absorbing sets contained in C', the conservative part.

In Theorem 3.7, we demonstrated that T restricted to L'(C') maps back into L'(C').

Hence (' is an absorbing set.

Definition 3.12 Let T be a positive contraction on L*(€2,3, u). Let A be a subset
of Q. We call A invariantif T*14 = 14. We denote by Z the class of all invariant sets

contained in C, the conservative part.

By Corollary 3.10, we have that C' is invariant under 7.
The following results are adapted from [12, pp.356-358| and [13, pp.7-§].

Theorem 3.13 Let T be a positive contraction on L'(Q, 3, 1) and let @ = CUD be

its Hopf decomposition. Then I, the invariant sets contained in C', form a o-algebra.

Proof: We have already noted that C' is itself invariant. It remains to show that 7 is

closed under complements and countable unions.

Let A€ Z, and let B =C — A. Note first that 13 = 1c_4 = 1¢ — 14. Then

T =T (¢ —14) =Tl =T 14 = 1c — 14 = 13,
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since C and A are both invariant.

Let A,B € Z. Note, since T™ is positive and 14 < 1luup and 1 < 1y4.p, that

T*1aup > max(T*14,T*1g). Then

la+1lp = T"(1a+1p)

T*(1aup + lans)

T*1 408

v

Vv

max(7T*14,T*1p)

= laus.
This gives us the two inequalities. Firstly, by Lemma 3.5,

1>T*1408 > laus;

thus
T*lAUB =1 ifz e AUB.
Secondly,
la+1p>T 1aus > 0;
thus

T*1405 =0 ifz ¢ AUB.

Hence T*1 405 = 14up. Finally, since T* is monotonely increasing, we get, for A; € 7,
1Ui’i1 A = h,gn 1U?:1 A — hern T*1U?:1 Ai = T*1U£’il A

so 7 is closed under countable unions. W
Theorem 3.14 Let T be a positive contraction on L*(0, %, ) and let Q = CUD be its
Hopf decomposition. Then A C C' is absorbing if and only if A = {x : >~ T"f(x) = oo}

for some f € L1 (Q).

Proof: For f € L, we write Cy = {z € Q: 312 T* f(z) = oo}



CHAPTER 3. CONSERVATIVE OPERATORS 26

Suppose A is an absorbing subset of C. Take f € L'(u) such that f > 0 on A
and f = 0 outside A. Since A is absorbing, T%f = 0 outside A for all k. Hence
Soreo TFf =0 outside A, and Y, 7% f will be strictly positive on A. Since A C C,
this implies that Y ;7% f = oo on A. Thus A = C.

Conversely, suppose A = C}. Let g € L% (1) be 0 on A and strictly positive outside A.
Since Y 72, T* f is finite outside A and (2 is o-finite, we can write 2 — A as a disjoint
union of sets G; = {x € Q:ig(x) < Y02, T%f(z) < (i +1)g(z)} of finite measure.
We prove A is absorbing by contradiction. Assume A is not absorbing. Then there
exists h € L (A) such that Th is not supported by A. It follows that there is an ¢ for
which the set G = G, satisfies fGTh dp = a > 0. For each k£ =0,1,2,..., we have
JoT(kh) dp = ka. Now let f, be any sequence in L! () such that f, T oo on A.
Then lim,, fQ (kh V fn) — kh dp = 0, since large enough n implies kh V f, = f,. Thus

lim/T((k:hvfn) —kh) du=0,
noJa

and hence lim,, [, T(khV f,) du— [, T(kh) di = 0, and so lim,, [, T(khV f,) du = ka
and therefore lim,, fG Tf, du > ka for all k. Thus lim, fG Tf, du = oco. We now
obtain the required contradiction by constructing a sequence f,, for which the above

relation fails. Since Y 7 T*f = 0o on A4,

n—1

fn = Zka

increases to oo on A. For each n, f, < > 02 T*f and T'f, < > ;2 T"f, so, by the
definition of G,

/Tfnd,uﬁ(i+1)/gdu<oo,
€ a

since ¢ € L*. Thus we obtain a contradiction, which means A must be absorbing.

Theorem 3.15 Let T be a positive contraction on L'(Q, %, 1) and let @ = C U D be

its Hopf decomposition.
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(a) The class C is the class of all subsets A of C' such that T*14 = 14 on C (in

other words, the absorbing sets and invariant sets coincide on C').
(b) The class C is a o-algebra of sets.

(c) A nonnegative measurable function f < oo on C' is C-measurable if and only if

T f=f onC.

(d) A function f* € L>®(C) is C-measurable if and only if T*f* = f* on C.
Proof:

(a) Let A € C. By Lemma 3.5, 714 < 1 = 14 on A. Since A is absorbing,
T14 = 14 = 0 outside A, so T*1, < 14 on C. Thus, by Theorem 3.9,
T*14 =14 0on C. Hence C C T.

Now suppose A € Z. Then also B = C' — A € 7, since 7 is a g-algebra. So
T*1p=1p on C. Now if f € L} (A), then

/Tfdu=/T*1B-fdu=/1B-fdu=o,
B Q Q

since f is supported on A. This implies that Tf = 0 on B, and hence T'f €
LY (A). Thus Z C C.

(b) This follows directly from part (a) and Theorem 3.13.

(c) Assume Q = C.

Take 0 < f < oo such that T*f = f. Since T*1 = 1, it follows that T*(f —a) =
f — a for any constant a > 0. Write f —a = (f —a)"™ — (f — a)7; thus
fma=T"(f=a)=T"((f —a)") =T*((f —a)”). Now T*((f —a)") = (f —a)":
this is clear if (f —a) (x) =0 and if (f —a)~(z) > 0 then

—(f=a)" =(f=a)=T"(f—a) =T"((f—a)")-T"((f—a)") = =T"((f—a)").

Also, since f is nonnegative, 0 < (f —a)~ < a, so (f —a)~ € L. Hence part
(b) of Theorem 3.9 is applicable, and we get T*((f —a)~) = (f —a)~. It follows
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easily that T*((f — a)™) = (f — a)*. Similarly, T*(n(f — a)*) =n(f —a)™ for
any n = 0,1,2,.... Now note that

min(1,n(f —a)") <1 and min(1,n(f —a)*) < n(f —a)*t
implies that
T*min(1,n(f —a)?) <T*1 and T* min(1,n(f —a)") < T*(n(f —a)™),
and hence
T* min(1, n(f — a)*) < min(T*1, T*(n(f — a)™)).

As we have shown that T*(n(f —a)™) = n(f —a)™, and Q = C, it follows that
T*min(1,n(f —a)™) = min(1,n(f — a)™). Taking the limit, we get

lim min(1,n(f —a)*) | Liysays

so by the monotone continuity of T™, T*1fssq) = l{f>e. This implies that
{f > a} is invariant, and thus absorbing, for every a > 0, with the consequence

that f is C-measurable.

Conversely, suppose that 0 < f < oo is C-measurable. Then f can be approx-
imated by a sequence of step functions of C - where such a step function is
simply a linear combination of characteristic functions of sets from C. Clearly,
these step functions will be invariant under 7 (as each individual characteristic

function will be invariant). By the monotone continuity of 7%, we get T*f = f.

Suppose f* € L>(C).
If f* is C-measurable, then so are (f*)* and (f*)~, and thus, by part (c),
T fr=1((f)") =T((f)) = ()" = () =1
Conversely, suppose that T*f* = f*. Then
() =T f+T((f) =T f = f =)
on the support of (f*)*. Hence T*((f*)*) > (f*)* on C. By Theorem 3.9, it

follows that T*((f*)*) = (f*)* on C. By part (c) above, (f*)* is C-measurable.

Similarly, (f*)~ is C-measurable.
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Finally, we demonstrate the existence of a minimal subinvariant function to a given
positive function, under certain conditions, and the relationship of such functions to

the invariant sets. These results are taken from [13, pp.19-21].

Proposition 3.16 Let T be a positive contraction on L'(Q, %, 1), and let g satisfy
0 < g < 1. Then there exists a function g. which is minimal with respect to the

conditions that ¢ < goo <1 and T goo < Goo.

Proof: Let gy = g and define g, = max(g,T7*g,_1). We show by induction that the
functions g, satisfy ¢ < g, < gni1 < 1. The case n = 0 is obvious. Now assume
the condition is true for n: that is, assume it is true that ¢ < g, < g,41 < 1. This

implies, by the positivity of T, that
T"g <T%g, <T gpy1 <T71 <1
It follows from the above inequality that
max(g,T"g,) < max(g,T*gn11) < max(g,1) = 1.

Hence, g,11 < gnio < 1, so the case for n + 1 is true.

Set goo = limy, 0o gn- Then g < goo < 1 and goo = max(g, 7" goo) > T*goo. To
show that ¢., is minimal, assume h also satisfies ¢ < h < 1 and T*h = h. By
induction, we show that g, < h for every n: it is obvious for the case n = 0.
Assume the condition is true for n; that is, g, < h. Then T*g, < T*h, and thus

Gn+1 = max(g,T*g,) < max(h,T*h) = h. Hence g, = lim,, oo g, < h also. N

For characteristic functions, the minimal invariant function discussed above has an

explicit form. Let M 4. denote multiplication by the characteristic function of A¢.

Proposition 3.17 Let T be a positive contraction on L'(Q, %, 1) and let

(e 9]

in= Y (MsT*)F14.
k=0



CHAPTER 3. CONSERVATIVE OPERATORS 30

Then i4 is minimal with respect to the conditions 14 <14 < 1 and T"iq < i4.

Proof: 1t will suffice to show that
gn = 1A + (MAcT*)lA + ...+ (MAcT*)nlA,

where the functions g, are as they were in the last proposition. Again we use in-
duction. The formula obviously holds for n = 0. Assume it holds for n, we will

demonstrate this implies it holds for n + 1. Since T%g, < T*1 < 1, we have

gn+1 = max(la,T"gn)

= 14+ (MAcT*)lA + ...+ (MAcT*)nJrllA.

Theorem 3.18 Let T be a positive contraction on L'(Q, %, 1), let Q = C U D be
its Hopf decomposition and let A C C. Let iy be the minimal subinvariant function
for the characteristic function 14, as discussed in the previous proposition. Then

14 = 1y+, where A* is the minimal invariant set which contains A.

Proof: 1t is easy to show that the intersection of absorbing sets is again an absorbing
set. Since on C' the invariant sets and absorbing sets coincide, we can find the mini-
mum invariant set containing A by simply taking the intersection of all the absorbing

sets containing A.

Now T*14+ = 14« and 14 < 14« < 1; since 74 is minimal with respect to these
conditions, i4 < 14-. Conversely, set A° = {z : i4(x) = 1}. Clearly A C A°. Further,
ia =14 =1 0n A% Thus T%i4 = T"140 on A°, and so 140 = iq = T%i4 = T*1 40
on A°. On C' — A° 1,0 is zero, so again T*140 = 140. Thus A° is invariant on C.
Thus the minimality of the definition of A* shows that 14« < 140 < i4 on C, and

thus 14+ =i4 on C. |
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3.2 The Banach lattice/Riesz space case

Using the classical case as a guide, we suggest an extension of the notion of conser-

vative operator to the Banach lattice case. This material is due to [44].

Definition 3.19 Let E be a Banach lattice and T: E — FE a positive linear operator.

Then T is called conservative if

@b(Zn:Tif) 1, 0o forall 0<¢ € E*and 0 < f € E.

Theorem 3.20 Let E be a Banach lattice, T: E — E a positive linear conservative

operator and 0 < i € E*.

(a) If T* <, then T* = 1.

(b) If T* is contractive and T*p > 1), then T*ip = 1.

Proof: (a) Let 0 < f € E. Since > ,T"f 1, and 0 < ¢ — T*1, it follows from the

inequality

0 < (b—T% (ZT)
= Y((f) - (T" )”“@D(f)
v(f),

IN

which holds for all n € N, that
< (- T (ZT’ ) 1w < 0(),
Since T' is conservative, we have that ¥ — Ty = 0; i.e., T* ) = .

(b) Let 0 < f € E. Since > (T'f 1o, 0 <T*) — ¢ and |T*|| < 1, it follows from
the inequality

0 < @v-w (3 T)
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= (T)"(f) = ¥(f)

< (T)"(f)
< @)™
< Nl

which holds for all n € N, that
0< (=) (D T'7) 1o < Il
=0
But T is conservative and therefore we have that 7%y — ¢ = 0; i.e., T =1. N

Furthermore, we give a Riesz space analogue of the preceding definition and theorem.

The proof of the theorem is similar to that of the Banach lattice case.

Let Eg, denote the set of order continuous linear functionals on E.

Definition 3.21 Let E be a Dedekind complete Riesz space with Eg; # {0} and

T: FE — E a positive linear operator. Then T is called conservative if

w(wa) 1o oo forall 0 <€ Eyand0< f € E.
=0

Theorem 3.22 Let E be a Dedekind complete Riesz space with, T: E — E a conser-
vative positive linear operator and 0 < € Eg. If T*) < 1), then T = 1.



Chapter 4

The Conservative Chacon-Ornstein

Theorem

In this chapter we discuss the well-known Chacon-Ornstein Theorem, which provides
a connection between Markov operators and conditional expectations (the latter in
fact being a subclass of Markov operators). To be precise, the theorem deals with the

convergence properties of objects of the form

_ Z?:o T"u
B > g I

where 0 < u,v € L'(u) and T is a positive contraction on L'(x). Indeed, the

tn

Chacon-Ornstein Theorem tells us that ¢, converges to a finite limit, and, if we
restrict ourselves to a conservative operator, we can identify this limit in terms of

conditional expectations. This result can be found in [13, Ch.3].

A more general identification of the limit, beyond the conservative case, can be put
forward, but the tools required are beyond the scope of this document. Of most
interest to us will be the formulation of the Chacon-Ornstein Theorem for positive
contractions that are both conservative and ergodic - in this case, the identification

of the limit is particularly simple in form, being the quotient of two integrals.

At the outset, we remind ourselves of the definition of a conditional expectation in the

33
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L' case. Let u € L'(u) and let 3; be a g-subalgebra of .. We define the conditional

expectation of u to be the ¥; measurable function E[u|%;] which satisfies

/Audu:/AE[u@i] du

forall A € ¥;. If (2, X, ) is a finite measure space it is easy to see that E[u|Y;] exists
for all uw € L'(11) by the Radon-Nikodym Theorem.

The properties of conditional expectations are discussed in [1],[33],[34] and [35]: per-
tinent to our present purpose is that a conditional expectation is in fact a Markov
operator, with the additional properties of being a projection which leave the 1 func-
tion invariant. That is, the conditional expectations form a subclass of the Markov

operators.

If (Q,%, ) is o-finite, then it is fairly easy to show that the conditional expecta-
tion of a function exists too, as long as we make an appropriate restriction on our
o-subalgebra. As we generally deal with a o-finite space, we shall state precisely
under what conditions conditional expectations can be defined, when considering the

identification of the Chacon-Ornstein limit for conservative positive contractions.

The subtleties concerning the definition of conditional expectations can be neatly
bypassed for the conservative, ergodic case, however; by utilizing a useful contruction
called the “filling scheme” to prove this result directly (that is, without having to
derive it from more general versions of Chacon-Ornstein). We present this proof, as
found in [32, pp.119-134] and follow it with a discussion of more general formulations

of the Chacon-Ornstein Theorem.

4.1 The filling scheme

Let (9,3, 1) be a o-finite measure space, let f,g > 0 be elements of L'(x) and let
T : L'(n) — L'(u) be a positive contraction. The filling scheme is based upon the

following geometric idea: we think of f as a “sand function”, denoting the amount
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of sand piled above each point of 2. We think of ¢ as denoting a “depth function”,
denoting the depth of a hole lying below each point of 2. Graphically, we may
visualize f as lying above the 2-axis, while —g lies below the Q-axis. Now we let
the sand drop into the hole - that is, we minus g from f. This produces a new sand
function, given by h™ = (f — ¢g)™, and a new depth function, given by h™ = (f —g)~.
In other words, we have
h=f—g=h"—h".

Now we use the operator T" to transport the pile of sand; that is, we apply T to our
new sand function. Thus at the next stage, we start with a sand function Th*™ and
a depth function A~. We then continue as we did with the original functions and
allow the sand to drop into the hole to arrive at a new sand distribution function
hi = Th™ — h~. Continuing in this manner, we build a sequence hg, hy, ho,... of

L*(p) functions. We provide the following inductive definition of the filling scheme.

Definition 4.1 Let (2,3, 1) be a o-finite measure space, let f,g > 0 be elements
of L'(u) and let T : L*(u) — L'(u) be a positive contraction. We define the filling

scheme for f,g and T' as follows:

ho=f—g
hnH:Thj{—h’

n

forn=0,1,2,...

A short proof for the Chacon-Ornstein Theorem, for the conservative, ergodic case,

will emerge from the observation that if [h du < 0 then Y 2 At < occ.

n=0""n

Since the decomposition of a function into positive and negative parts is a minimal

decomposition, we immediately get two basic properties of the filling scheme. Firstly,
hy < h, foralln > 0.
This just says that the depth of the hole continues to decrease at each point. Secondly,

hi . <Th}! foraln>0.
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This says that some sand may fall into the hole every time the sand is moved.

In the filling scheme, let H~ denote the decreasing limit of the A, (that is, h, | H™)
and let A= {x € Q: H (z) > 0}. Note that H~ € L'(p) and lim [ h, dp | [ H™ du

as n — oo by the Dominated Convergence Theorem.

Proposition 4.2 Let (2, %, 1) be a o-finite measure space, let f,g > 0 be elements of
LY(p) and let T : L' () — L*(p) be a positive contraction. Under the filling scheme
for f,g and T, let H- and A be defined as above. Then

hioy < (TMy)" 'Y forn=0,1,2,...,
where M e denotes multiplication by the characteristic function of A°.

Proof: Since h,, > H~ > 0 on A, and h;, and h; are disjoint, we have that h =0

on A for all n. Thus A"

ni1 < Th! implies that

B < T(Lachyy) < (TMac)hy).
Hence, since T' is positive, we get by induction that
hi < (TMye)" R,
|
Also note that if T" is a Markov operator, that is, if
/Tf dy = /f du for all fe L (u),
then for all n,

/hnﬂd,u:/Tthu—/hnd,u:/hidu—/hn d,u:/hnd,u.

In other words, the difference between the amount of sand and the size of the hole

remains constant under the hypothesis that 7*1 = 1. As we saw in the last chapter,



CHAPTER 4. THE CONSERVATIVE CHACON-ORNSTEIN THEOREM 37

this holds automatically when T is conservative. Furthermore, if T" is Markov, then

for all n,

/hd,u:/hndu:/h,fd,u—/hnduﬁlim/h;{du—/Hd,u,

as n — 00, because
/h,:d,ul/H_d,uasnﬁoo

—/hnd,uT—/Hd/Laanoo.

implies that

The next proposition suggests how the connection between the filling scheme and the

Chacon-Ornstein Theorem may be established.

Proposition 4.3 Let (2,%, u) be a o-finite measure space, let f,g > 0 be elements
of LY(u) and let T : L'(u) — L'(u) be a positive contraction. Let f,q and T be related

under the filling scheme. Then there are u,, € L'(u) with u, > 0 almost everywhere,

such that
n—1 n—1
Zka = Zh;%—un and
k=0 k=0
n—1 n—1
> Trg=> T by +uy
k=0 k=0
form=0,1,2,....

Proof: Define

Uy = 07
Uup = (g—h,_1) +Tup—1 forn>1.

We shall prove by induction that these u,, satisfy the requirements. For n = 1:

0
h +ur=ht+uy=h* +(g—h)+T0=f=> T"f
k=0
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and

0
hy +ui =h™ +uy :h*+(g—h*)+T0:g:ZTkg.
k=0
Note also that u; = g — h~ > 0 since g > h™~. Hence the case for n = 1 is proved.

Assume now that the formulas hold for n. Firstly, since ¢ > h™ > h,, by the basic

properties of the filling scheme, we have u,,; > 0. Further,
Th; = hj1 + Ry, hk+1 + (hl: - h1;+1)>

so by the induction hypothesis

n—1 n—1
T T =Ty hf +Tu, = th+1+ —hy) + Tu,
k=0 k=0

Hence

= f+zhk:+1+ —9)+(9—h,)+Tu,

(where we have used that f — g+ h~ = h'*). For the other formula, by the induction

hypothesis,
n—1 n—1
Ty TFg=> T""*h; +Tu,.
k=0 k=0
Therefore
n n—1
Y Thg = g+ T Fh +Tu,
k=0 k=0
= g+ > T"Fh; —h, +Tu,
k=0
- Z Tnikh]; + un+1.
k=0
|

It is worth remarking that not only does the filling scheme provides a proof of the

Chacon-Ornstein Theorem, it can also be used as a tool to prove both the Hopf
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decomposition (independently of the Hopf Maximal Ergodic Lemma) and the Hopf
Maximal Ergodic Lemma itself. It can also be shown that this last implication can
be reversed: the Hopf Maximal Ergodic Lemma leads to the filling scheme. Hence,
in some sense, the two are equivalent. These results are presented in [32, pp.123-125,

pp.130-131].

4.2 The Chacon-Ornstein Theorem for conserva-

tive, ergodic operators

The filling scheme will provide the means for a fairly simple proof of the Chacon-
Ornstein Theorem, in the conservative, ergodic case. Ergodicity is a notion we shall
only introduce in any detail in the following two chapters, but for now we provide
the following defintion. First we recall the definition of a conservative operator from
the last chapter. A positive contraction T': L'(u) — L'(u) is called conservative if
u € L! () implies that Y2 T%u takes only one of the two values 0 or co almost
everywhere (in other words, the point set {2 equals C, the conservative part in the Hopf
decomposition). We also recall from the last chapter that a conservative operator is
Markov. Further, T'is called conservative ergodic if u € L}r(,u), u not identically zero,

implies that Y72 T"u = oo almost everywhere.

Let (2,3, 1) be a o-finite measure space. Suppose, for the next two results, that
T : L'(u) — L'(p) is a conservative, ergodic, positive contraction, 0 < f, g € L*(p),
h = f—g, and hq, hs, ... are associated to f and g by the filling scheme. Furthermore,
as in the last section, let

A={z:H (z) >0}

and, for k=0,1,2,.. .,
vp = (MacT*)F1 4.

Lemma 4.4 If u(A) >0, then Y ;- v, = 1 almost everywhere.
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Proof: First we will prove by induction that

Z Vg + (MacT*)"14c = 1 almost everywhere,
k=0
forn=20,1,2,.... For n =0, the formula gives
0
ka + (MacT*)Lae =vg 4 Lae = 14+ Lae = 1.
k=0
Now assume the formula holds for n. Then
n+1

Z Vi + (MAcT*)nJrllAc
k=0
n+1

= v+ > vk + (MaT*)(MaT*)" 1 s
k=1

= 1A+(MAcT*) {ZUk“I"(MACT*)n]_AC}
k=0

= 1a+ (MaT")(1)

- 1A + 1Ac

= 1 almost everywhere,

40

where we have used the fact that since T is conservative, T*1 = 1. Since the v are

nonnegative, clearly the (M4cT*)"14c decrease almost everywhere with n to w > 0.

We thus have
Z vy +w=1
k=0

and

w=0on A.

Furthermore, MsT*w = w, since the limits of (McT*)"14c and (MpcT*)" 11 4e

will be the same. This last fact implies that T*w > w, so by the properties of a

conservative operator (see Theorem 3.9), we have T*w = w almost everywhere. It is

also clear that w € L, since it is bounded above and below by L* functions. We

show that w = 0 almost everywhere. Choose f € L% (1) such that f is not identically

zero and suppf C A. Then [ f-w dp =0, giving

/:Z_:ka'wd“:/f':Z_:T*@UdMZ/f'nwdu:o_
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Since ZZ;(I) Tk f — oo almost everywhere, this is impossible unless w = 0 almost

everywhere. This proves the result. ®

It is worth noting that the above result can be proven using Proposition 3.17 and
Theorem 3.17, by utilizing the fact that for a conservative ergodic operator, the only
invariant sets with respect to 7' are trivial (a fact we shall only encounter in the

chapter on ergodic operators.)

Lemma 4.5 Assume H~ is not identically zero on 2. Then

/h;r dp ] 0 asn— oo and Z h < oo almost everywhere.
k=0

Proof: From the proof of Proposition 4.2, we have
ht < (TMae)ht | < ... < (TMuye)"ht forn=0,1,2....
Therefore, for each n, k =0,1,2, ...,
/h:{ cop dp < /(T]MAC)”hJr v dp

= /h+ . (MACT*)n’Uk- d,Uz

= /th * Un+k d/uL

Now if we sum over k and use the Dominated Convergence Theorem (which is ap-
plicable since b 77 _ v, < bt and ht 32 v,p < AT forall j = 0,1,2,...) and

Lemma 4.4, we find

/h; dp = /h;ka du
k=0
= Z/h;f v dp
k=0
Z/h+ “Unyk A
k=0
= /h+ Zanrk djt.
k=0

IN
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Since Z,;“io Unak | 0 almost everywhere as n — oo, we conclude that f h* E;O_O Unak dpe |

0 as n — oo. Hence [h du | 0 as n — oco. On the other hand, S - v and

n=0 n
ht Zn o Untk are both increasing sequences of nonnegative measurable functions,
over j, and thus we can apply the Monotone Convergence Theorem when summing

over n to get

/Zh:-vk dﬂg/h+20n+k dug/lﬁ dp < oo.

Thus )", h! < oo almost everywhere on each Ej; = {x € Q: v,(z) > 0}. Since
>, Uk > 0 almost everywhere on (2, there exists, for almost any x € €, a k such that

vi(z) > 0. Hence, Q = Uy Ej, in the almost everywhere sense, and thus Y °° ' ht < oo

n=0""n

almost everywhere on €. W

Theorem 4.6 (Chacon-Ornstein; Conservative, Ergodic Case)
Let T : LY(Q, 3, ) — LY, 3, i) be a conservative, ergodic, positive contraction and
let f,g € L (). Then

o ko T (@) _ [ f dp
e Yy Thy(x) S g dp
for almost every x € {.CE eN: > Try(x >O}.

Proof: We may suppose that g is not identically equal to zero. Consider first the case

when [ f dp < [ g du. Let h = f — g and apply the filling scheme. Then

0>/f_9dlt=/hdu:/h:du—/h;duﬁlim/h:du—/f]—d,u,

as n — oo. This implies that H~ cannot be identically zero, and thus Lemma 4.5

applies, giving [ b dp < oo almost everywhere. By Proposition 4.3,

k
hmsup’;+Tf

n—1 7 + nflu

< limsup Z2=0"F 4 Jimsup k=0 "

~~n—1 g n—1
n—oo Zk:OT q n— o0 Z Tk

n—1 4+ n— 1Tk n—1 Tnfkflh_
< limsup % + lim sup fl—(i — lim sup kioﬂfl k
n—00 Zk:OT qg n—00 Zkz OTkg n—00 k=0 Tkg
< 0+1-0

I
—_
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almost everywhere on {z € Q: > 77 T*g(x) > 0}. Let

—1 g

T f(x

Qn(fr9) = ——k”
o 1"g(x)

If p > 0, then Q,(pf,9) = pQn(f,g). Now we drop the assumption that [ f du <

[ g du: let f,g be arbitrary elements of L}r(u), with g not identically equal to zero.

We can choose p > 0 so that [ pf du < [ g dp and thus apply the above estimate to

get
1
limsup @, (f,9) < =
n—00 p
Letting p tend to {g o> e find that
. [ fdu
limsup Qn(f,9) < :
meup @nlf: 9) J g dp

If f =0, then the result follows easily. Otherwise, interchange f and g to get

liglsogan(g,f) < f? Z’;.

= inf,, 7 for a sequence {f,}, it follows that

Tk Tk
lim inf —1f = lim < inf &= Z 1 /
n—00 Zn Tk n—oo | j>n ZJ Tk

o 1
- n1—>Hc>10 EJ 1 Tkg
Supj>n Z] ka

1

1
supy, fn

Now, since

En 1 Tk
Zn,1 ka

limsup,,_,

Hence,
1 _ S fdu

n—1 ‘
lim sup,,_, %n 1;: 7 f g du

liminf Qn(f, 9) =

This proves the result. ®
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4.3 Further notes on the Chacon-Ornstein Theo-

rem

For the sake of completeness, and for interest, we state more general forms of the
Chacon-Ornstein Theorem. We omit the proofs. The curious reader is directed to

[13, Ch.2] for a detailed discussion.

First, we state a preliminary result to Chacon-Ornstein.

Lemma 4.7 (Chacon-Ornstein Lemma) Let (Q, X, 1) be a o-finite measure space

and T a positive contraction on L'(u). Let 0 < u,v € L' (u). Then

Tn—i—lu
lim —— =
n—oo Z?:O Ty
The above result actually proves Chacon-Ornstein for a select subset of L' functions.
If w is of the form uw = s — T's then the numerator of p, telescopes and we get
B s(x) T"s(x)
- Yoo o) Y T hu(z)

If QO = C then clearly the first fraction tends to zero on {z : > T"v(x) > 0} and

tn(T)

we have just shown the second fraction also tends to zero.

Theorem 4.8 (Chacon-Ornstein) Let (2,3, u) be a o-finite measure space and T

a positive contraction on L'(u). Let 0 < u,v € L*(u). Then

Z?:o 1T"u(x)

tn(r) = S

Z?:o T ()

tends to a finite limit on the set {z : Y . ,T"v(z) > 0}.

In order to identify this limit, we now determine the conditions under which condi-

tional expectations can be defined.



CHAPTER 4. THE CONSERVATIVE CHACON-ORNSTEIN THEOREM 45

Lemma 4.9 Let (Q,3, 1) be a o-finite measure space and T a positive contraction
on L'(u). Let C be the conservative part of 2 and C the o-algebra of absorbing sets.
Then C can be decomposed uniquely as C = C' U C? where C' € C and C' = UA,
where A,, € C with u(A,) < oo. Further, u(A) =0 or oo for all A C C?. Also, E[u|C]
is well-defined on C* for every 0 < u € L'(u) and satisfies E[u|C](z) = 0 if and only

if Yoo T"u(z) = 0.

Theorem 4.10 (Chacon Identification Theorem) Let (2, %, 1) be a o-finite mea-
sure space and T a positive contraction on L'(u). Let Q = C' and let 0 < u,v €

LY(u). Then
YL, Tul) | Ef)
n—oo 3 i Tmu(z)  Efv|C(x)

on the set {z : > T v(x) > 0}.




Chapter 5

Frobenius-Perron Operators

We now deal with a specific example of a Markov operator on an L'(u) space: the
so-called Frobenius-Perron operator, and its adjoint, the Koopman operator. This
section will provide the bridge from classical ergodic theory to our next chapter on
ergodic operators, as Frobenius-Perron operators and Koopman operators both rep-
resent operators which arise from nonsingular point-set transformations - the basic
subject matter of ergodic theory. Hence we shall witness a natural progression from

the concept of an ergodic transformation to an ergodic operator.

5.1 Nonsingular and measure preserving transfor-
mations

We begin this chapter with an overview of the types of point-set transformations we

shall require in order to define the Frobenius-Perron operator. The material in this

section is taken from [23, pp.1-7] and [26, pp.41-49, pp.51-71]. This section serves

only the purpose of providing background information and we thus omit the proofs.

Definition 5.1 Let (€2,%, 1) be a o-finite measure space. A linear transformation

46
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S : Q — Qis called measurable if ST1(A) € ¥ for all A € 3.

Definition 5.2 Let (€, 3, ) be a o-finite measure space. A transformation S : 2 —
Q is called nonsingular or null preserving if it is measurable and u(S—'(A4)) = 0

whenever A € ¥ has the property u(A) = 0.

Note that in some instances, as in [23], transformations with the above characteristics
are referred to only as “null preserving”, whilst the term “nonsingular” is reserved for
null preserving transformations that are also invertible. For our purposes, the above

definition of nonsingular is adequate.

Definition 5.3 Let (€, 3, ) be a o-finite measure space. A transformation S : 2 —
Q is called measure preserving if it is measurable and p(S™!(A)) = u(A) for all A € 3.

The measure in this case is referred to as invariant with respect to S, or S-invariant.

Note that every measure preserving transformation is nonsingular.

Definition 5.4 Let (2,3, 1) be a o-finite measure space and let S : Q@ — Q be a
measurable transformation. A set A € ¥ is called absorbing (or S-absorbing if clarity
is needed) if A C S7!'(A) almost everywhere. A set A € 3 is called invariant (or
S-invariant) if A = S7!(A) almost everywhere. A measurable function f is called

invariant or S-invariant if f = f oS almost everywhere.

As is often the case when dealing with integration theory, the almost everywhere

formulation of the above concepts will suffice.

It is easy to show that the family of absorbing sets Z form a o-algebra. It is also
easy to show that f is S-invariant if and only if f is Z-measurable. In fact, once
we have defined the concepts of a Frobenius-Perron operator and Koopman operator,

it will become clear that the family Z of S-invariant sets is in fact the same as the
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family C of invariant sets of the Frobenius-Perron operator, as discussed in Chapter
3. Similarly, the set of S-invariant functions corresponds with the set of invariant
functions, again in the sense of Chapter 3, of the Frobenius-Perron operator. In other

words, the similar terminology is fitting.

It is clear that if A € X is S-absorbing or S-invariant, then any orbit of the form =z,
Sz, S%x, ... will never leave A if x € A. Indeed, if A is S-invariant, one may as well
study A and 2 — A separately, as no element outside A will be carried into A under
the transformation, and no element inside A will leave A under the transformation.

This observation provides impetus for the next defintion.

Definition 5.5 Let (€2,X, 1) be a o-finite measure space and let S : Q@ — Q be a
nonsingular transformation. Then S is called ergodic if we have that A € X being

S-invariant implies that u(A) =0 or u(2 — A) = 0.

If S is ergodic it essentially means that {2 cannot be written as the disjoint union of
two invariant sets.

We now consider assorted necessary and sufficient conditions for ergodicity.
Theorem 5.6 Let (2,3, 1) be a o-finite measure space and let S : Q — Q be a

nonsingular transformation. Then S is ergodic if and only if for all measurable f :

2 — R we have that
f(z) = f(S(z)) for almost all x €

implies that f is constant almost everywhere.

Theorem 5.7 Let (2, %, p) be a o-finite measure space, let S : Q@ — Q be a measure
preserving transformation and take A, B € ¥.. Then each of the following conditions

1s equivalent to S being ergodic.

(a) If n(A) > 0, then p((UpZy SFA)%) = 0.
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(b) If u(A) > 0, u(B) > 0, then there exists k > 0 such that u(S~*AN B) > 0.

(¢) Forall A,B € %, lim, .o, n~' Sp—yu(S™*ANB) = p(A)u(B)u(Q)~".

The first equivalence, (a), tells us that if A is a set of strictly positive measure then
the set of points which never map into A under any number of iterations of S is a
set of measure zero. The second, (b), tells us that if A and B have strictly positive
measure then there is a set of points in B, of strictly positive measure, that map into

A after a certain number of iterations of S.

We now state some interesting and well-known results from classical ergodic theory.

Theorem 5.8 (Birkhoff Individual Ergodic Theorem) Let (2, %, 1) be a o-finite
measure space, let S :  — € be a measure preserving transformation and let
f :Q — R be an integrable function. Then there exists an integrable function f*

such that .
F(@) = lim -5 (5 (x)
k=0

for almost all x € €.

It can be shown that f* = f oS almost everywhere and if () < oo, then || f*||,, =
[f1l e

Theorem 5.9 Let (0,3, 1) be a finite measure space, let S : Q — € be a measure
preserving and ergodic transformation and let f : Q — R be any integrable function.

Then
im — E f k r)) = —F—— f(x)u(dx

for almost all x € €.

In the language of classical ergodic theory, this theorem tells us that the average of
f along the trajectory of S (or, rather, the “time” average of f) is the same as the

space average of f.
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We close this section with the definition of two other types of “chaotic” behaviour
measurable transformations may possess, mixing and exactness. These definitions

will be generalized for Markov operators in due course.

Definition 5.10 Let (€2, X, i) be a probability space and let S : 2 — € be a measure
preserving transformation. We call S mizing if

lim u(ANS(B)) = p(A)u(B)

n—oo

for all A, B € ..

Definition 5.11 Let (2, X, 1) be a probability space and let S : Q — 2 be a measure
preserving transformation with the further property that S(A) € ¥ for all A € ¥.
We call S ezxact if

lim p(S"(A)) =1

n—oo

for all A € ¥ such that u(A) > 0.

Essentially the definition of exactness tells us an exact transformation will fill the

entire space after enough iterations upon a set of strictly positive measure.

It can be shown that exactness implies that S is mixing, and if S is mixing, then it

is ergodic.

5.2 Frobenius-Perron and Koopman operators

With the necessary background concerning nonsingular operators, we now turn to
the subject of Frobenius-Perron operators and Koopman operators. Several notions
of convergence for sequences of functions will be relevant in this section, so we begin

with the appropriate definitions.
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Definition 5.12 Let (€2, %, 1) be a o-finite measure space, let p be an integer such
that 1 < p < oo and let ¢ be the number which satisfies 117 + é = 1. Let {f,} be a

sequence of functions such that f,, € L. Then we call

(a) {fn} Cesaro convergent to f € LP if
fim 23" () = (7
im — =
oo T ) ) g>
k=1
for all g € L9,
(b) {fn} weakly convergent to f € LP if
for all g € LY,
(c) {fn} strongly convergent to f € L if
nh—>nolo ||fn - fHLp =0.
Proposition 5.13 Let (2,3, 1) be a o-finite measure space and let T : L'(u) —

L' (1) be a Markov operator. Then for every sequence { fn} of functions in L*(p) that

satisfy the condition

fn— f weakly

we have

Tf, —Tf weakly.

Proof: Let T* denote the adjoint of T'. By definition, (T'f, f*) = (f,T* f*) for all
f* € L*®(u). Since {f,} is weakly convergent, it follows that (T'f,, f*) = (fn, T*f*)
converges to (f,T*f*) = (T'f, f*) for all f*e€ L>*. N

Due to the above proposition, we say that every Markov operator on L' is weakly

continuous.

Also of importance to Frobenius-Perron operators is the concept of a density.
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Definition 5.14 Let (Q, %, ) be a o-finite measure space. A function f € L'(p) is
called a density if f > 0 and fﬂ fdp=1.If f is a density and invariant, we call f a
stationary density. We denote the class of all densities by D.

The following material is taken from [26, pp.41-49, 51-79].

Definition 5.15 Let (2, X, 1) be a o-finite measure space and let S be a nonsingular
transformation on €. The Frobenius-Perron operator associated with S is the unique

operator P : L'(u) — L'(u) satisfying

/APf duz/s_l(A)fdu

for f € L'(u) and A € 3.

It is worth noting that the existence of Frobenius-Perron operators is easily shown
using the Radon-Nikodym Theorem. Indeed, for 0 < f € L' we can define a finite

measure v which is absolutely continuous with respect to p in the following way:

v(A) = / fdpforall AeX.
S71H(A)

This is clearly a measure as S~ (|J; A;) = J; S7'(A;) for A; € ¥ and it is absolutely
continuous via S’s nonsingularity. By the Radon-Nikodym Theorem there exists
Pf € L' such that
/ Pf du=v(A) for all A€ ¥,
A

which obviously defines a Frobenius-Perron operator for the positive cone of L. If we
now take any f = f* — f~ € L'(u) then we can extend P in the following way: let
Pf=Pf* — Pf~. Again the condition for a Frobenius-Perron operator is satisfied.
It is easy to show, using the nonsingularity of S and the fact that if the integral of
two functions agree over any A € X, then they are equal almost everywhere, that P

is uniquely defined by using the above procedure.

It is clear from the definition that a Frobenius-Perron operator is linear, and, further,

a Markov operator. It is also interesting to note that if we take S, = So .7. oS,
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which is again a nonsingular transformation, then the Frobenius-Perron operator P,
associated with S,,, is in fact P, where P is the Frobenius-Perron operator associated

with S.

Proposition 5.16 Let (2,3, 1) be a o-finite space, let S be a nonsingular transfor-
mation on 0 and let P be the Frobenius-Perron operator associated with S. Assume
that 0 < f € L'(u) is given. Then we have that {x : f(x) #0} C S~ ({x : Pf # 0})
almost everywhere. Furthermore, for every A € ¥.: Pf(x) = 0 for almost every xz € A

if and only if f(x) =0 for almost every x € S~(A).

Proof: The definition of the Frobenius-Perron operator gives

/1A'Pfd/i:/1s—1(A)'fd/%
0 0

for any A € ¥. Thus Pf(z) = 0 for almost every z € A gives

/ Ls—1(ay - f dp =0,
Q

which implies that f(z) = 0 for z € S7'(A) almost everywhere. The converse is

similar.

Now set A =Q —{ze€Q: Pf(x)#0}. We have Pf(z) =0 for x € A, so f(z) =0
for z € S71(A), by the previous part. Hence {x: f(z) #0} € Q — S7!(A). Since
ST A)=Q — S~ ({x: Pf #0}), this completes the proof. —H

We now discuss the Koopman operator, which turns out to be the adjoint operator

of the Frobenius-Perron operator.

Definition 5.17 Let (2, %, 1) be a o-finite measure space and let S be a nonsingular
transformation on §2. The Koopman operator U : L () — L*(u) associated with S

is defined in the following way:

for f e L>®, x €.
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The nonsingularity of S ensures that U is well-defined, in the almost everywhere
sense, as this guarantees that f; = fs almost everywhere implies that fi 0S5 = fy 0.5

almost everywhere (since if S(x) is situated in a set of measure zero, then so is x).

Proposition 5.18 Let (2, X, 1) be a o-finite measure space, let S be a nonsingular
transformation on ) and let P and U be the Frobenius-Perron operator and Koopman
operator associated with S respectively. Then (Pf,qg) = (f,Ug) for all f € L* and
g € L. In other words, U is the adjoint operator of P.

Proof: Firstly, let ¢ = 14, a characteristic function. Then, using the definition of a

Frobenius-Perron operator,

(f.Ug) = /Qf-Ugdu
- /f-(leS)du
Q

= /f'ls—l(A) dp
Q

S RL
S=1(A)

= /Pf dp
A

= (Pf.9).

Since we have proved the result for characteristic functions, it obviously holds for
all simple functions. As each g € L™ can be approximated by simple functions, we

simply pass to the limit to complete the proof. MW

As the adjoint of a Markov operator, the Koopman operator displays the usual prop-

erties of such adjoints: for one thing, it is a positive contraction.

We are now in a position to fully establish the connection between the definition

of invariant set given in Definition 3.12 (that is, with respect to a given positive
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contraction) and that given in Definition 5.4 (that is, with respect to a nonsingu-
lar transformation). Let S be a nonsingular transformation and U its associated

Koopman operator. Let A € 3 be given. It is clear that A = S~*(A) if and only if
1 ifzeA
0 ifxg A

La(5(x)) =

This shows that the invariant sets of the Koopman operator are precisely the same
as the invariant sets of the nonsingular transformation from which it is formed. It is
easy to see that the invariant functions of the Koopman operator also match up with

the invariant functions of the nonsingular transformation.

We now discuss the connection between Frobenius-Perron operators and invariant

measures.

Theorem 5.19 Let (2,3, 1) be a o-finite measure space, let S : 2 — Q be a non-
singular transformation and let P be the associated Frobenius-Perron operator. Con-

sider 0 < f € L*(n). Then

I/f(A):/Afd,u Aex

defines an invariant measure if and only if Pf = f. In other words, if and only if f

is invariant (a fized point).

Proof: Consider 0 < f € L'(u), and assume Pf = f. Let A € ¥. By the definition

of the Frobenius-Perron operator,
() = [ fan= [ Prdu= [ fau=v(a).
S-1(A) A A
This demonstrates that vy is S-invariant.

Now assume v; is S-invariant - that is, v;(S™1(A)) = vy(A) for all A € 3. This can

be written as

/1(A)fd,u:/Afdﬂ for all A € 3.
P
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Again using the definition of the Frobenius-Perron operator, the above gives
/fd,u:/Pfd,u for all A € X,
A A
with the consequence that Pf = f almost everywhere. H

As is often the case when dealing with L! functions, the above theorem should only

be interepreted in the almost everywhere sense.

As an immediate consequence of the above, we arrive at the following corollary.

Corollary 5.20 Let (2,3, 1) be a o-finite measure space, let S : Q — Q be a non-
singular transformation and let P be the associated Frobenius-Perron operator. Then

W18 an invariant measure if and only if P1 = 1.

We now turn our attention to the connection between Frobenius-Perron operators

and ergodic transformations.

Definition 5.21 Let (€2, %, 1) be a o-finite measure space, let S : 2 — € be a non-
singular transformation and let P be the associated Frobenius-Perron operator. If S

is ergodic, we say that P is an ergodic operator.
The first result is in essence a restatement of Theorem 5.6.

Theorem 5.22 Let (2,3, 1) be a o-finite measure space, let S : 2 — Q be a non-
singular transformation and let U be the associated Koopman operator. Then S is

ergodic if and only if all the fized points of U are constant functions.

In preparation for the next theorem, we present a useful lemma concerning the fixed

points of a Markov operator.

Lemma 5.23 Let (0,3, 1) be a o-finite measure space, let T : L*(p) — L' (i) be a
Markov operator and let f € L*(p). If Tf = f then TfT = f* and Tf~ = f~.
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Proof: Using Theorem 2.7 and the fact that T'f = f, we have
fr=(TH<Tf" and f~=(Tf) <Tf".
Also,
Tf —f* d Tf~—f| du = T+ Tf| du— trfl d
Lrr =) s [ =) an = [ @5 e ) au [ )

Q = [ 7isdn= [ 111

= [Tl = LAl
= 0,

where we arrive at the last line using the fact that 1" is a Markov operator. Since the

two intergrands in the first line are both nonnegative, it follows that T f* = f* and

Tf~=f. =

Theorem 5.24 Let (2,3, 1) be a o-finite measure space, let S : 2 — Q be a non-
singular transformation and let P be the associated Frobenius-Perron operator. If S
is ergodic, then there is at most one stationary density of P. On the other hand, if

P has a unique stationary density f. such that f. > 0, then S is ergodic.

Proof: We prove the first part of the theorem by contradiction. Assume S is ergodic
and f; and f, are different stationary densities of P. Set g = f; — fo. By the linearity
of P, g is again a fixed point. By the previous lemma, we know that g™ and ¢~ are
also fixed points:

Pgt =g¢" and Pg- =g .
Since, by assumption, f; and f5 are not only different but also densities, we have that

gt and g~ are not identically equal to zero. Set
A={ze€Q:g"(z) >0}

and

B={zeQ:g (z)>0}.
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A and B are disjoint sets of nonnegative measure. Using Proposition 5.16 and the

fact that g7 and ¢~ are invariant, we have
Ac SYA) and B c STY(B).

Note that since A and B are disjoint, so are S7}(A) and S7'(B). It is easy to show

using induction that

ACSTH(A) CS?A)...CcS™A)
and

BcSYB)cS?*B)...c ST(B),

for any n =0,1,2,..., where S™"(A) and S™"(B) are disjoint for all n. Now define
A=|]JS™"(A) and B= [ S™(B).
n=0 n=0
These two sets are clearly disjoint. Also, since A C S71(A),
STHA) = s A =5 =4
n=1 n=0

Hence, A is S-invariant. Similarly, we can show that B is S-invariant. The sets A
and B cannot be of measure zero, since A and B are not of measure zero. Thus we

have constructed two nontrivial invariant sets, contradicting the ergodicity of S.

We prove the second part again by contradiction. Assume P has a unique stationary
density f. > 0, but that P is not ergodic. Since P is not ergodic, we can find a
nontrivial invariant set A, with A = S71(A). Since the set of invariant sets is closed
under complementation we also have Q — A = B = S7!(B). Using A and B, we
may write f, = 14 fs + 15 fs. Now 14/, is zero on B, and hence, by Proposition 5.16,
P(14f.) is zero on S7Y(B) = B. Likewise, P(1pf,) is zero on A. Consequently, since

Lafe+ 1pfe = P(1af.) + P(1gfs),

we have

1Af* = P(lAf*) and 1Bf* = P(le*)
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In the above equalities we may replace 1af, by fa = 1af./||1afl; and 15f, by
8 =18f./||11Bfsl;, since f, is positive on both A and B. Hence,

fa=Pfs and fp=Pfp,

and so we have arrived at two distinct invariant densities. This produces a contra-

diction, so S must be ergodic. N

Note that the above theorem tells us that if we have a probability space and S is

ergodic and measure-preserving, then 1 is the unique stationary density of 5.

If we are dealing with a probability space and a measure preserving transformation,
we have the following neat characterizations of the concepts of ergodicity, mixing and

exactness.

Theorem 5.25 Let (2, %, 1) be a probability space, let S : Q — Q be a measure pre-

serving transformation and let P be the associated Frobenius-Perron operator. Then

(a) S is ergodic if and only if the sequence {P"f} is Cesaro convergent to 1 for all
feD;

(b) S is mizing if and only if the sequence {P"f} is weakly convergent to 1 for all
feD;

(c) S is exact if and only if the sequence {P™f} is strongly convergent to 1 for all
febD.

Before presenting the proof for the above theorem, we present the following equivalent
restatement of the theorem in terms of L'(u) functions, as opposed to just densities.

This restatement will be of use in the proof.

Corollary 5.26 Let (2, %, 1) be a probability space, let S : 2 — Q be a measure pre-

serving transformation and let P be the associated Frobenius-Perron operator. Then



CHAPTER 5. FROBENIUS-PERRON OPERATORS 60
(a) S is ergodic if and only if

lim — Z<Pkf g> (1,9)

for f € L'(p), g € L=(p);
(b) S is mizing if and only if

lim (P"f,g) = (f,1) (1, 9)

n—oo

for f € L'(u), g € L=(p);
(c) S is exact if and only if
T ([P — (£, 1)) = 0

for f € L\(n).
Proof: We only prove part (a), the other parts are similarly easy. First, assume

lim — Z (P*f,g)={f,1)(1,g) forall fe L' (u) and g € L®(n).

n—oo N

Obviously, the above applies to any f € D, and since in this case (f,1) = ||f||, = 1,

we get the result.

Now assume

lim —Z<Pkf g> 1,g9) forall fe D.

n—oo M,

The result is obvious for f = 0. Let f be an element of L! () that is not identically
equal to zero. Then f/| f||, is a density, and hence, applying our assumption and

multiplying through by || f||,, we get

1 PEfg) = (1 1)(1,9).
ngrolonz< fr9) =IfIl (L.g) = (£, 1) (1, 9)
For arbitrary f € L'(u), the result now follows easily using f = fT— f~. 1

We now return to the proof of Theorem 5.25.

Proof:
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(a) This follows easily from Corollary 6.22, which we shall meet in the next chapter.

(b) Assume S is mixing, which, by definition, means

lim (AN S™(B)) = u(A)u(B) for all A, B € X.

n—oo

This can be rewritten in integral form as follows:

lim [ 14-(1poS™) du:/lA du /13 dp.
Q Q

n—oo Q

By applying the definition of the Koopman operator we obtain

lim (14, U"1p) = (14,1) (1, 15) .

n—oo

Thus we have proved the result for f = 14 and ¢ = 1 and hence for all
characteristic functions. Clearly the relation must hold for simple functions
too. Now, let g be an arbitrary element of L*° and f an arbitrary element of
L'. We recall that g is the uniform limit of simple functions g, € L* and f is
the strong limit (in the L' norm) of simple functions f; € L' (by way of the

Monotone Convergence Theorem). Using the triangle inequality, we have

(P "f,g) — (£, ) {(Lg)l < [P"f,9) — (P" fr: gr)]
+ (P frs k) — (frr 1) (L, 1)

We shall show that the right hand side of this inequality can be made as small as
we like for large n. For € > 0, choose k so that || fy — f]|; < eand ||gx — 9|, < e

Then the first term on the right hand side of the above inequality satisfies

[(P"f,g) — (P" fi, gr)]
< [(P"f.9) = (P"fi, )1 + P" [y 9) — (P [, i)
= KP"(f = fu), @)l + [(P" frs 9 — gr)]
L1 =0 -ol dut [ 1Pia =l dn

1P (f = f)ll lglloe + 1P filly llg — grlloe (HOlder’s inequality)

IA

IN
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A

< If = felli llglloe + [1felly [lg = gkl ( since P is Markov)

< ellgll +ellfelly

< ellgle +elfe = flly + [1f11)
< e(llglle + 171 + ©)-
Analogously,

[(fi: 1) (L, g) = (1) (L, g)| < €(llglloe + [[£1]1 + ©)-

Thus these terms are arbitrarily small for small €. As for the middle term,

(P fir g) — (fi, 1) (1, gk)|

converges to zero as n — oQ. Hence,

(P f,9) — (P" fies gi) | FI(P" frer 9r) — (S 1) (L, gi) [ fre, 1) (1, g&) — (f5 1) (1, 9)]

can be as small as we wish it to be for large enough n. This completes the proof

in this direction.

Conversely, we get the result if we set f =14 and g = 15.

(c) Assume that {P"f} strongly converges to (f,1). Now let A € ¥ such that
w(A) > 0 and define

fa(x) = (1/pu(A))1a.

Clearly, fa is a density. Define the sequence {r,} by
rn=|1P"f =1
It is clear that this sequence converges to zero. We have

u(s"a) = o

= / P"fa dM—/ (P"fa—1) du
"(A) Sn(A)

> /SH(A)P fAdu—/(P fa—1) du

Q

= / Pan du — Tp.
"(4)
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By the definition of the Frobenius-Perron operator, we have

/ P fa dpi— / Fadp
Sn(A) S—n(Sn(A))

Since S7"(S™(A)) contains A and f4 is only nonzero on A, the last integral is

equal to 1. Thus we have
p(S™(A) > 1 —rp,.
As p(S™(A)) <1 (since 2 is a probability space) this demonstrates that

lim p(S™(A)) =1,

n—oo
and hence S is exact.

We shall not prove the converse here, as the proof requires techniques beyond
the scope of this document, and this result will not be used again. For a proof,

consult [28].

Clearly, parts (a) and (b) can be restated in terms of the Koopman operator.



Chapter 6

Ergodic Operators

Now that ergodic operators have been introduced when dealing with Frobenius-Perron
operators, we are in a position to abstract, and define such objects in terms of more
general operators. Once again, several approaches are taken towards such a definition
(although, all those dealt with here can be seen, in one way or another, as abstractions
from the Frobenius-Perron case). We have thus split the classical discussion into two

sections, namely the L>(u) case and the L'(u) case.

6.1 The L*(u) case

The definition of an ergodic operator offered in this section, and the results that follow

it, are taken from [14, pp.284-285].

Definition 6.1 Let (2, %, ;1) be a probability space, let A € ¥ and let T be a positive
contraction on L'(u) and T* its adjoint. We call T ergodic (or A-ergodic, if there is
the possibility of confusion with the L' definition we shall see shortly) if T*1,4 = 14
implies that p(A)(1 — u(A)) = 0.

64
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The connection between this definition and that applied to the Frobenius-Perron
operator is very natural: a Frobenius-Perron operator is ergodic if and only if all the
invariant sets associated with it (that is, all the sets for which their characteristic
functions are invariant under the associated Koopman operator) are trivial: they
either have a measure of zero or one. This scenario is obviously reproduced by the

above definition.
The first result concerning ergodic operators is a direct result of the following theorem.
Theorem 6.2 Let (2,3, u) be a probability space and let T be a conservative positive

contraction on L'(u) (that is, Q = C, where C is the conservative part). Let f > 0
and T*f = f Then T*l{x:f(x)>a} = ]-{x:f(x)>a}-

Proof: This fact was demonstrated as part of the proof of Theorem 3.15, part (b).
|

Corollary 6.3 Let (2,%, 1) be a probability space and let T be a conservative and
ergodic positive contraction on L'(u) and T* its adjoint. If f >0 and T*f < f then

f is constant almost everywhere.

Proof: This follows easily from the above theorem. H
The above result clearly mirrors Theorem 5.22.
Theorem 6.4 Let (2,5, 1) be a probability space and let T be a conservative and

ergodic positive contraction on L'(u) and T* its adjoint. Let f* € L*(u) have the
property that f* >0 but f* is not identically zero. Then Y - (T*)"f* = cc.

Proof: As is often the case in integration theory, it will suffice to prove the result for

f* =14, where A € ¥ such that u(A) > 0. Set

Ay = {x €N (T7)"1a(z) > %} ;A = {x DY (T*)"La(z) > 0} .
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Clearly Ay T Ay and
N
Lay SN (T*)"1a.
n=0

The above implies, by the positivity of T, that

N
T*14y <N (T*) 14

n=1

If # ¢ Ay, then 3.°° (T*)"14(z) = 0 and hence 3. (T*)"14(z) = 0. Thus
T*1ay(x) = 0if 2 ¢ Ay. It follows, since 714, < 1, that T*1,, < 14_. Let
N — oo to conclude that T*1,4__ = 14._. Consequently, by the previous corollary,
la, =1 and so Ay = Q. Finally, since T is conservative, if Y > (T%)"14(z) > 0
then Y 2 ((T*)"1a(z) =c0. W

6.2 The L'(u) case

6.2.1 The definition of an ergodic operator

Our next definition for an ergodic operator is taken from [26, p.79]. Here, ergodic
operators are defined with respect to Markov operators, as both we and [26] have
defined them. This definition of ergodicity is an obvious generlization of Theorem

5.25.

Definition 6.5 Let (2,3, 1) be a probability space and let T': L' () — L*(u) be a
Markov operator with the property that 71 = 1. Then
(a) we call T ergodic if the sequence {T™ f} is Cesaro convergent to 1 for all f € D;
(b) we call T mixing if the sequence {T™ f} is weakly convergent to 1 for all f € D;

(c) we call T ezact if the sequence {T"f} is strongly convergent to 1 for all f € D.
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We now prove three results which help to establish the connection between the above
definition of ergodicity, the definition from the last section (A-ergodicity), the defini-
tion for operators on Banach lattices we introduce later and the definition given for

Frobenius-Perron operators.

The first result shows that the above defintion shares an important property with the

Frobenius-Perron operator definition.

Theorem 6.6 Let (2,3, 1) be a probability space and let T : L*(p) — L'(u) be an

ergodic Markov operator. Then 1 is the unique stationary density of T

Proof: Assume f € D is a stationary density of T'; that is, Tf = f. As T is ergodic,
we have that

o1
lim —
n—oo M,

> (T*f.g) = (1,9) forall g € L™
k=1

However, we also have that
1 n
n
k=1
1 n
= > (f.9)
k=1
= (/9.
Thus, (f,g) = (1,g) for all g € L*°. In other words,

/fgd,u:/gduforallgELoo.
Q Q

Clearly, this is true if f = 1. On the other hand, if f # 1, then g must be a constant
function almost everywhere, which is obviously not the case as g can be any L™

function. Thus, f=1. N

The next result shows that the ergodic Markov operators are a subclass of the A-

ergodic positive contractions.

Theorem 6.7 Let (0,2, 1) be a probability space and let T : L'(u) — L'(p) be an

ergodic Markov operator. Then T is A-ergodic.
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Proof: Let A € X satisfy T"14 = 14. As T is ergodic we have

n

However,
1 n
- Z <ka7 ]-A>
n
k=1
= li(f (T*)14)
n )
k=1
1 n
= E Z <f7 1A>
k=1
= <f7 1A> :
Thus, (f,14) = (1,14) for all f € D. In other words,

/fd,u:/lduforallfeD.
A A

This is only possible if ©(A) =1 or if u(A) = 0 (since f isn’t necessarily equal to 1),

proving the result. H

The next result shows ergodic Markov operators have a property we have witnessed
in one way or another in all previously defined versions of ergodicity, and provides

further impetus for our eventual definition of an ergodic operator on a Banach lattice.

Theorem 6.8 Let (2,3, 1) be a probability space and let T : L*(u) — L'(u) be an

ergodic Markov operator. If g € L™ satisfies T*g = g, then g is a constant function.

Proof: Let g € L™ satisfy T*g = g. As T is ergodic we have
1
lim —Z<ka,g> =(1,g) forall f € D.

However,
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= (T

Thus, (f,g) = (1,g) for all f € D. In other words,

/fgdu:/gdﬂforallfeD.
Q )

This is clearly true if g is constant (as fQ fdu= fQ 1 dp =1). If we assume g is not
a constant, then the above can only be true if f is equal to 1 almost everywhere, a

contradiction. This proves the result. H

6.2.2 The asymptotic properties of Markov operators

The convergence of the iterates of positive contractions is an important issue in er-
godic theory, not least of all because of its connection to invariant functions. The
importance of invariant functions has already been underlined in the Frobenius-Perron
case, where it was witnessed that finding a fixed point for the operator is equivalent
to finding a measure invariant with respect to the given transformation. A simple
demonstration of the link between convergence of iterates and fixed points is as fol-
lows: if T'is a Markov operator for which {T™ f} converges to f, € L' for some f € L',
then {T" f} = {T"(Tf)} converges simultaneously to f, and T'f,, and thus f, will

be invariant under 7. However, establishing this kind of convergence is not easy.

In this section we examine the asymptotic properties of various types of objects
connected to Markov operators, and determine consequences for ergodic, mixing and
exact operators (as they were defined in 6.5), for Frobenius-Perron operators and for

the existence of stationary densities.
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Asymptotic properties of the averages A, f

The first objects we investigate are averages of the form
1 n—1
Anf == T,
n
k=0

where T is a given Markov operator and f € L'(u). There is a surprising link between
the convergence of these objects and invariant functions. These results are taken from

[26, pp.86-94].

We shall require the concept of precompactness for this discussion.

Definition 6.9 Let (2,%, 1) be a o-finite measure space. A class F of functions
from LP(p) is called weakly precompact if any sequence {f,} in F contains a weakly

convergent subsequence {f,, } which converges to an f. € LP(u).

Definition 6.10 Let (2,3, 1) be a o-finite measure space. A class F of functions
from LP(u) is called strongly precompact if any sequence { f,,} in F contains a strongly

convergent subsequence { f,, } which converges to an f. € LP(u).

We state without proof a simple and useful condition for determining the weak pre-

compactness of sets in LP, which we shall utilize later in this section.

Proposition 6.11 Let (Q, %, 1) be a o-finite measure space and let g € L'(1) be a
nonnegative function. Then the set of all functions f € L'(u) such that

|f(x)| < g(z) for almost every x € Q

is weakly precompact in L' ().

Proposition 6.12 Let (2,3, 1) be a o-finite measure space and let T : L'(u) —
L' (i) be a Markov operator. For all f € L'(u),

lim ||A,f — A,Tf||, = 0.
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Proof: By definition,
1o~ 1 o 1
A f —ATf=— L = —(f=T"f).
nf = AT == T == T'f =—(f = T"f)
k=0 k=1
Thus by the triangle inequality
1 mn
1Anf = AT flly < — (L + 1T 1)
Since T' is a contraction, this gives
2
1Af = AT fll < — (£l -
Finally, 2 || f||; — 0 as n — oo, which completes the proof.  ®
Theorem 6.13 Let (2,3, 1) be a o-finite measure space, let T : L' — L' be a

Markov operator and let f € L*(p). If there exists a weakly convergent subsequence

{A,, [} of the sequence { A, f}, converging to f. € L*(u), then Tf, = f..

Proof: First, note that TA,, f = A, Tf. Thus {A,,Tf} converges weakly to T'f..
Since {A,, T'f} has the same limit as {A,, [}, it follows that T'f, = f.. ®

Our next result is a technical lemma which we shall employ to prove the next theorem.
Before embarking on the lemma, however, we state a well-known consequence of the

Hahn-Banach Theorem.

Theorem 6.14 Let M be a linear subspace of a normed linear space X, and let
x9 € X. Then g is in the closure M of M if and only if there is no bounded linear

functional f on X such that f(x) =0 for all x € M but f(xq) # 0.

Rephrasing this theorem in the language of L' spaces, we have the following:

Proposition 6.15 Let (2,3, 1) be a o-finite measure space and let E C L'(p) be a

linear subspace. If fo € L' and fy is not an element of the closure of E, then there is

a fi € L™ such that (fo, i) #0 and (f, f&) =0 for f € E.
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Lemma 6.16 Let (Q,3, 1) be a o-finite measure space, let T : L' — L' be a Markov
operator and let f € L'(u). Furthermore, assume there erists a subsequence {Ag, [}
of {Anf} such that {A,, f} converges weakly to f. € L*(u). Then for every e > 0

there exists r,g € L', with ||r||, < €, such that
1

f—f=Tg—g+r

Proof: Note that by Theorem 6.13, we know that T'f, = f.. We shall prove the result
by contradiction. Suppose that for some € there does not exist an r such that the

equation is true. If this were the case, then f — f, is not an element of the closure of

T — I)L'(Q) and thus, by Proposition 6.15, there must exist fi € L* such that
0

(f = f [5) #0
and
(h,f3) =0 forall h € closure(T — I)L*(Q).

In particular

(T-DTf, f5) =
Thus

(T f5) =(T7f, f5) forj=0,1,2,....
By induction,
(T°f. f5) = {£.£5)-

As a consequence,

IS =L =
Jj=0 7=0

or
(Anf, fo) = (f. fo)-
Since {A,, f} converges weakly to f., we have
nlglgo <Aoénf7 f(>)k> = <f*7f(>)k> )

and thus (f, f§) = (fs, f§), which gives (f — f., fi) = 0. This results in a contradic-

tion, so an appropriate » must exist. W
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Theorem 6.17 Let (2,3, 1) be a o-finite measure space, let T : L' — L' be a
Markov operator and let f € L'(u). If the sequence {A,f} is weakly precompact,

then it converges strongly to an invariant function f. € L'(u) (that is, Tf. = f.).
Furthermore, iof f € D then f, € D.

Proof: As {A,f} is weakly precompact, there exists a subsequence {A,, f} which
converges weakly to some f, € L'. By Theorem 6.13, we know T'f, = f,.. Given

e > 0, we can use the previous lemma to write f — f, in the form
f—fi=Tg—g+r,
where g € L' and r € L' such that ||r||, < e. Thus we have
An(f = f+) = An(Tg — g) + Anr.
Because T'f, = f., it follows that A, f. = fs, and so
[Anf = Fully = 1Anf = Anfilly < 1An(Tg = 9y + [ Anr ], -

By Proposition 6.12, ||A,(Tg — g)||; — 0 as n — oco. Also, as T" is a contraction,

1 n—1 1 n—1
[Anr|l; < ﬁz [T, < gz I7lly = lIrlly <e.
k=0 k=0

Thus for sufficiently large n,
[Anf = fill; <e.

Hence {A, f} converges strongly to fi.

Now assume f € D. This means that f > 0 and || f||, = 1. Since T is Markov, we
have that Tf > 0 and ||T'f||; = 1. Further, 7"f > 0 and ||T"f]|, = 1. It follows that
A,f > 0 and ||A,f|l; = 1 - in other words, A, f is a density for all n. Hence the
strong limit of {A, f} will be a density, and so f. € D. ®

A simple condition for the existence of stationary densities can be derived from this

result.



CHAPTER 6. ERGODIC OPERATORS 74

Corollary 6.18 Let (0,3, 1) be a o-finite measure space and let T : L' — L' be a
Markov operator. If, for some f € D, there exists g € L*(u) such that

T"f <g

for all n, then there exists a stationary density f. € D of T.

Proof: Using our assumption, it follows that

n—1 n—1
1
0<Af==3 Tf<-> g=yg
k=0 k=0

Thus |A, f| < g. By Proposition 6.11, {A, f} is weakly precompact, and thus Theo-

rem 6.17 completes the result. W

The next result shows that under certain conditions the roles can be reversed, and a

stationary density may imply convergence of the averages.

Theorem 6.19 Let (2,3, u) be a o-finite measure space and let T : L' — L' be a
Markov operator with a unique stationary density f. € D. If f.(x) > 0 for all x € Q,
then

nh_{goA"f = fi forall f € D.

Proof: First assume f/f, is bounded. Let ¢ = sup {(f/f.)(x) : x € Q}. Then

TFf < T*(cf,) = cT*f, = cf.,

from which it follows

Thus, by Proposition 6.11, {A, f} is weakly precompact, and thus, by Theorem 6.17,
strongly convergent to a stationary density of T'. As f, is the sole stationary density

of T'; we get the result for this case.
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Now let f be an arbitrary element of L'(u). Set f. = min(f,cf.) for c =0,1,2,....
We then have

f=g7fetre

||fc||1

c — 1— c c-
’ ( rmm)f+f‘f

Since fi(x) > 0 we also have

where

lim f.(z) = f(x) for all z,

C—00

and clearly f.(z) < f(z). Thus the Dominated Convergence Theorem is applicable,
giving || f — fell; — 0 and || f|l; — || f]l; = 1 as ¢ — oo. Using the explicit represen-
tation of r, it is clear that ||r.||, — 0 as ¢ — oo. Thus for € > 0 we can choose ¢ such
that ||r.||, < €/2. Then

[Anrelly < lrelly < €/2.

Now note that f./ || f.||; is a density bounded by the function ﬁ f«, and hence f./ f.

is bounded by ¢. The first part of the theorem then gives

1
An e Jc — Jx
H Qmmf> /

N " ||J C” ‘

The above theorem has obvious implications for ergodic Markov operators, by Theo-

<
1

N

+ ||An7“c||1 <€
1

|MJ—ﬁM=H <Wnﬂ+n)—ﬂ

for sufficiently large n. M

rem 6.6, where it is stated that the unique stationary density of such an operator is

1.

Corollary 6.20 Let (Q,3, i) be a probability space and let T : L' — L' be an ergodic
Markov operator. Then

lim A,f =1 forall f €D.
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In fact, this corollary may be restated for all f € L'(u) in the following manner:

Corollary 6.21 Let (2,3, i) be a probability space and let T : L' — L' be an ergodic
Markov operator. If f € L'(u), then

lim A, f =k,

n—oo

where k is some constant.

A similar consequence can be derived for Frobenius-Perron operators, using Theorem

5.24.

Corollary 6.22 Let (Q,%, 1) be a probability space and let P : L' — L' be the
Frobenius-Perron operator associated with the measure preserving transformation S :

Q — Q. Then S is ergodic if and only if

1

n—oo M

n—1
Y Pif=1forall f€D.
k=0

Proof: Since S is measure-preserving, we have P1 = 1 by Corollary 5.20. If S is
ergodic, then, by Theorem 5.24, f, = 1 is the unique stationary density of P, and
hence Theorem 6.19 provides the result. Conversely, we assume that

n—1

1
lim — g P*f=1forall feD.
n—oo M,
k=0

If f is a stationary density, then f = lim, .o+ S PRf = 1. Thus 1 is the sole

stationary density of P. Using Theorem 5.24 again, it follows that S is ergodic. = H

Asymptotic periodicity of Markov operators

In this section we examine a class of Markov operators, known as the weakly constric-

tive operators, whose iterates demonstrate the property of asymptotic periodicity.
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Definition 6.23 Let (2,X, 1) be a o-finite measure space and let T : L'(u) —
L'(u) be a Markov operator. We call T' weakly constrictive if there exists a weakly

precompact set F C L' such that

lim d(T"f,F) =0 for f € D,

n—oo

where d(f, F) denotes the distance, in L' norm, between the element f and the set

F (that is, d(f,F) =inf {||f —gll, : g € F}).

Theorem 6.24 (Spectral Decomposition Theorem) Let (2,3, u) be a o-finite
measure space and let T : L'(u) — L'(u) be a weakly constrictive Markov operator.

Then there exists an integer r, two sets of nonnegative functions, g; € L'(u) and

ki € L>®(n), i = 1, ..., r, and an operator Q : L' — L' such that, for every
feLi(p), )
Tf(x) =Y Al(Fgi(x) + Qf () (6.1)
i—1
where

M) = / F(@)ki() p(d).

The functions g; and the operator Q have the following properties.

(a) Fori# j, gi(x)g;(x) = 0. Thus, the functions g; have disjoint supports.

(b) For each i, i = 1, ..., r, there exists a unique a(i) such that Tg; = ga()-
Furthermore, go(iy # ga@) for @ # j. Thus, T serves to permute the functions

Gi-

(c) For any f € L*(n), || T"Qf]| — 0 as n — oo.

We omit the proof of the Spectral Decomposition Theorem, in favour of a more
general version of the same result (based in the Banach lattice setting) which shall be
presented in the last section of this chapter. The interested reader is directed towards
[24] for a proof of the above result, and towards [27] for a similar result, also in the

L? setting, for a more restricted class of functions.
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The above result establishes the periodicity of weakly constrictive operators by shed-
ding light on how successive applications of T" actually work. Firstly, note that we

can now write 77! f in the following way:
T =Y X()gany + TR
i—1

where (i) is « applied n times to i. Since T simply permutes the functions g; and

r is finite, it is clear that the sequence

Z Ai(f)ga"(i)

is periodic with periodicity less than r!. In fact, rewriting this sum in the following

way
Z )\a—n(z’) (f)gz';
i=1

where a~" denotes the inverse permutation to o™, makes it clear that each application
of T' only serves to rearrange the coefficients of the functions g; in the above sum. As
|P"Qf|| — 0 as n — oo, we feel justified in labelling weakly constrictive operators

as being asymptotically periodic.
We now explore some of the consequences of Theorem 6.24.

Proposition 6.25 Let (2,3, 1) be a o-finite measure space and let T : L'(u) —

LY(u) be a weakly constrictive Markov operator. Then T has a stationary density.

Proof: 1t is easy to verify that
1 T
f= - Z 9i
k=1
is in fact a density, where r and g; are as they were defined in Theorem 6.24. Because

of property (b) from Theorem 6.24,

1 T
Tf= ;Zga(i) =/,
h=1

which completes the proof. ®
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Proposition 6.26 Let (Q,3, 1) be a probability space and let T : L'(u) — L'(u) be
a constrictive Markov operator with T1 = 1. Then representation 6.1 of T'f takes the

simple form
Tf(x) =Y N(f)Ia(x)+Qf(x)  forall f € L' (),
i=1

where 14,(x) = @1&@). The sets A; form a partition of 0 (that is, | J, Ai = Q and
A;NA; = ¢ for all i # j). Furthermore, p(A;) = p(Aangy) for all n.

Proof: Applying representation 6.1 from Theorem 6.24 to f = 1, we have

T =" M-y (L)gi + T"Q1.

i=1
We know the summation part of this representation is periodic, from our considera-

tions following the statement of Theorem 6.24. Therefore there exists a 7 such that

7 <rland a " (i) = ¢. Then
T = Z Xi(D)g + T Q1.
i=1

Now, taking the limit as n — oo, and using the fact that 1 is stationary, we get

1= Z Ai(1)gs.
i=1
Since the functions g; have disjoint supports, the above implies that for x € A;, where
A; is the support of g;,
1= Xi(1)g;(z).
That is,
gi = [1/N(1)] 14,.

It is also now clear that U; A; = €. Furthermore, since every g; is a density, we have

1= o dn= [ Un@ du=a)/n@),

from which it follows that X;(1) = p(A;). Moreover, applying 7" to 1 =37, X;(1)g;

gives

1= Z )‘i(l)ga"(i)a
=1
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again using the stationarity of 1. Employing the same reasoning we did earlier, it

follows that
gar(i) = [1/Ai(1)] Aan i)
Then
p(Aan(iy)/Xi(1) = /an"(z‘) dp=1= /Qgi dp = p(Ai) [ Ai(1),
and so p(Aan)) = 1(A4;) foralln. M

We now present conditions for ergodicity, mixing and exactness for weakly constrictive

operators. Firstly, we are reminded that a permutation {a(1),a(2),...,a(r)} of
{1,2,...,r} is called cyclical (or, simply, a cycle) if there is no invariant subset of
{1,2,...,7} under a. That is to say, if « is applied r times to any member of
{1,2,...,r}, then the permutation will run through every element of the set.

Theorem 6.27 Let (2,3, i) be a probability space and let T : L'(u) — L'(u) be a
weakly constrictive Markov operator with T1 = 1. Then T is ergodic if and only if
the permutation {a(1),a(2),...,a(r)} of {1,2,...,r} in representation 6.1 of T is

cyclical.

Proof: First recall the definition of the average A, f,
1 J
Auf(x) == T f(x).
Thus, with the aid of Proposition 6.26, A, f can be written as

Anf(x) = Z [% ._ Aa](z)(f)] TAz<x) + @nf(l’),

where the remainder @n f is given by
n—1 T
~ 1 ) _
Quf(z) == TIQf, Quf = =D M(Hla + [
j=0 =1

Now consider the coeflicients
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Since the sequence {)\afj(i)} is periodic in 7, the above summation must always have

a limit as n — co. Let this limit be A\;(f).

Now, assume that « is a cyclical permutation. Then, the limits A;(f) must be in-
dependent of 7, since every piece of the summation, that defines the coefficients, of

length r for different ¢ consists of the same numbers but in a different order. Thus,
lim A, f =Y Mf)1a,
i=1
Furthermore, since « is cyclical, it follows from Proposition 6.26 that ;1(A;) = u(4;) =
% for all 4, j and, in addition, 14, = r1,,, so that

lim A, f = rA(f).

n—oo

Now, for f € D, taking the norm on both sides gives A\(f) = L since Q is a probability
space and lim,, .., A, f is also a density. It follows that {T™f} is Cesaro convergent

to 1 for all f € D and, therefore, ergodic.

We prove the converse by contradiction. Assume that 7" is ergodic but that « is not
cyclical. Thus {a(7)} has an invariant subset I. Now consider f defined by

T

fla) =) eda(z),

i=1
where ¢; # 0 if i belongs to the invariant subset I of the permutation v of {1,2,...,r}

and ¢; = 0 otherwise. Then,
ij = Z Ca—j(i)TAi,
i=1

since T714, = 14 by property (b) of Theorem 6.24. Thus, by definition,

ad (i)’
1 n—1 T T 1 n—1

Anf =- > (Z CaJ'(z)TAZ-) = (5 2 Caf(z‘)) ;.

j=0 i=1 =1 7=0

Now, consider the coefficients

1 n—1
o 2 Cator
=0
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. . - . ~1
Since « is periodic, the coefficient % Z;’L:o Ca-i (i) Must converge to some c;. It follows

that
,
nh—>noloAnf = ZcﬁAi.
i=1
It is clear that ¢ # 0 if 7 € I, and ¢ = 0 otherwise. Thus, the limit of A, f is not
a constant function with respect to x and, hence, T' cannot be ergodic by Corollary

6.21. This is a contradiction; hence, if T' is ergodic, the permutation o must be

cyclical. ®

Theorem 6.28 Let (2,3, i) be a probability space and let T : L'(u) — LY(u) be a
weakly constrictive Markov operator with T1 = 1. If r = 1 in representation 6.1 of

T, then T is exact.

Proof: Assume r = 1. Then, using Proposition 6.26,
T = AL+ T'QF.
Taking the limit, we have by 6.24 (c) that
Jim T f = A(f)L,

Now, if f € D, the above gives

1:‘

Y, T

| = IAALL = A,

since T preserves the norm of f. Thus A(f) = 1, which shows that {7 f} is strongly

convergent to 1 for all f € D, and T is therefore exact. ®

Theorem 6.29 Let (2,3, 1) be a probability space and let T : L'(u) — L*(u) be
a weakly constrictive Markov operator with T1 = 1. If T is mizing, then r = 1 in

representation 6.1 of T

Proof: Assume T' is mixing. Take f € D given by
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Therefore, by property (b) of Theorem 6.24,

T"f =14

an(1)®
Since T is mixing, {T" f} converges weakly to 1. However, note that

c ifa™(1)=1

<Tnf7 1A1> =
0 if Ozn(l) # 1.

Hence, {T" f} will converge weakly to 1 only if o”(1) = 1 for all sufficiently large n.
Since T" being mixing implies it is also ergodic, « is a cyclical permutation. Thus, r

cannot be greater than 1, demonstrating that r=1. H

Definition 6.30 Let (2,X, 1) be a o-finite measure space and let T : L'(u) — L'()
be a Markov operator. We call {T"} asymptotically stable if T has a unique stationary
density f* € D and

lim ||T"f — f*| =0  for every f € D.
Theorem 6.31 Let (Q, 3, 1) be a o-finite measure space and let T : L'(u) — L'()

be a weakly constrictive Markov operator. If there exists a set A € ¥ with p(A) > 0
and for every f € D there is an integer no(f) such that

T"f(x) >0
forn > no(f) and for almost all x € A, then {T™} is asymptotically stable.
Proof: Since, by assumption, T is weakly constrictive, the representation of Theorem
6.24 is valid. We first show that » = 1 in this representation.

Assume r > 1 and choose an integer iy such that A is not contained in the support

of g;,- Let 7 be the period of the permutation . Then

TnTgio (:ﬂ) = YGio (:E)
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for all n. Clearly, T""g;, cannot be strictly positive on A as A is not contained in
the support of g;,. Thus, we have found a density for which our assumption in the

Theorem fails. Hence, we have a contradiction and r = 1.

Since r = 1, T"*! f can be written in the form

" = Mg +T"QF,

from which it follows that

lim T"f = A(f)g.

n—oo

Let f € D; then lim, .., 7" f will also be a density. Thus, if we integrate both sides
of the above equation, it follows that A(f) = 1. Thus,
lim T"f =g,

n—oo

for all f € D, from which it also follows easily that g is a fixed point of T". Hence, T'

is asymptotically stable. W

6.3 The Banach lattice case

We suggest a definition for ergodicity in the more generalized setting of Banach lattice.

This definition proves its utility in Chapter 9.

Definition 6.32 Let T" be a Markov operator on a Banach lattice and let 0 < e* €

Ball(E*), be invariant under 7*. Then T is said to be e*-ergodic if, given ¢ € E*,
W(Tf)=v¢(f) == dce Ry for which ¢ = ce”.

It should be noted that if 7" is ej-ergodic and ej-ergodic, then cie] = cqe3; hence,

c1 = g since e}, e5 € Ball(E*),, from which we get ef = e3.

Again, we shall make use of this definition in Chapter 9.
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6.3.1 The asymptotic periodicity of Markov operators in the

Banach lattice setting

We now present the promised version of the Spectral Decomposition Theorem for

Markov operators in the Banach lattice setting. This material is based on [5].

Definition 6.33 Let E be a real Banach lattice. Let T : E — FE be a positive
contraction (that is, f > 0= Tf >0 and ||T|| < 1.) We say that T is constrictive if

there exists a compact set F' C E such that
lim d(T"f, F) =0 whenever |f] <1,

n—o0

where d(g, F) =inf {||f — gl : f € F}.
Definition 6.34 Let E be a real Banach lattice and let f € E. The w-limit set of f
is defined to be the set
w(f) = {gEE:g:klim T f for some ny —>oo}.
We write Q@ = (J;pw(f). If T'is constrictive, then it is clear that w(f) is a nonempty,

closed (and, hence, compact) and T-invariant subset of the compact set F', for all

f € E. Furthermore, € is closed and T-invariant.

Lemma 6.35 Let E be a real Banach lattice and let T : E — E be a constrictive

positive linear contraction.

(a) Let f,g € E. If g € w(f), then w(g) = w(f).

(b) The restricted operator T'|,yy is an invertible isometry.
(c) Let f € Q. Then ||T"f|| = ||f]| for every n.

(d) For any f € Q) there exists a sequence ny such that T~" f converges to some

fleq.
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(e) The set Q is a finite-dimensional linear subspace of E and T restricted to €2 is

an invertible isometry with T > 0.

Proof:

(a)

Let z € w(g). Then z = lim T™ g for some ny — oco. However, by assumption,
g € w(f). So g =lmT™f. Hence, z € w(f). Thus, w(g) € w(f). The
proof of w(f) C w(g) is part of a more general result in which this is contained;

consult [9, p.98].

This result is well known from the theory of dynamical systems. For a proof of

a more general result in which this is contained, consult [9, p.98].

Since T is a contraction, it is clear that the sequence

A= 1T 1]

is nondecreasing and nonnegative for every f € Q. It follows from part (a) that
f € w(f); hence,
Tf—f

for some n; — oo. Combining the above two facts gives
LA =1T"flf =0
for all n.

By part (b), T is an invertible isometry on w(f). Hence, T™"f € w(f) for all
n and thus the sequence {T~"f} is in w(f). Since w(f) is also compact, there

must exist ny — oo such that 77" f converges to some element of w(f).

We show that € is a linear subspace. Let f, g € Q. Using part (d) and compact-
ness, we can choose a sequence nj, — oo such that 77" f and T~ "t g converge

in Q to f" and ¢’ respectively. Then,

17" (f +9) = (F+ )l = T = f+T™g =gl



CHAPTER 6. ERGODIC OPERATORS 87

= [T =T ) + T (g = Tg)

< =T+l - Tl 0

Thus, f+ g € Q. Clearly, if f € Q, then tf € Q for every scalar ¢t. It follows

that €2 is a linear subspace of E.

Next, we show that T restricted to €2 is an isometry. Let f,g € . Using part
(c), the linearity of T" and the fact that f — g € Q, we obtain

ITf =Tgll =1T(f =l = If =9l
which means that T'|q is an isometry.

Since T' is constrictive, it is clear that the unit ball in 2 is relatively compact.

Hence, 2 is finite-dimensional.

We show that T-! > 0. Consider 0 < f € Q. Since T is a bijection, f = Tg,

for some 0 < g € ). Then

Tf=T"'Tg=g>0.

Lemma 6.36 Let E be a real Banach lattice and let T : E — E be a constrictive
positive linear contraction. If f € Q and ny — oo are such that T™ f — f and

T | f| — g for some g € Q, then T™g — g.

Proof: As T is constrictive, we know that w(g — | f]) is nonempty. Let f; be any limit

point of the sequence T" (g — |f|). Thus T™i g = T™(|f| + g — |f]) — g+ f1, for

any subsequence ny, of ni. We may choose a subsequence my, of ny such that
T™g—g+fi=h

T™(g+ f1) =T g+T™fi = g+ f1+ fo = hs

T g+ fi+...+fj) =g+ fi+.. .+ fiz1 = hjp,
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where fj11 € w(f;) for all j =1,2,.... Now since E, is closed and 7' is positive, we
have

g = lim T |f] = | lim 77 f| = |£],
and thus g—|f| > 0, from which it easily follows that f; > 0 for every j. Furthermore,
by Lemma 6.35 part (a), we have w(|f]) = w(g) = w(h1) = ... = w(h;), and

h; € w(|f]) for every j. Also, since T' is an isometry on €2, it follows that

A5l =11y = hj-all
= [T h; = T™hj|]
= [[hjr1 = hyll
= | finll,

and so || f;|| =const. Now we assume that || fi|| # 0. Let j,k € Nsuch that 1 < j < k.
Then ||hy — hj|| = [|f; + fis1 + ... + fel| = ||f;]] =const. Thus we can find disjoint
open balls around any two elements of the sequence {h;} and hence this sequence is
discrete. However, as w(]|f|) is compact, this is impossible. Thus we conclude that

| f1]l = 0 and hence f; = 0 for every j, proving the result.

Lemma 6.37 Let E be a real Banach lattice and let T : EE — E be a constrictive
positive linear contraction. If ) C Q is a T-invariant lattice for the ordering inherited
from E and if {g1,92,...,9s} is a linear basis in € such that the g; are positive,

normalized and mutually disjoint in ', then T'g; = ga(j) for some permutation o of

the set {1,2,...,s}.
Proof: Note that the existence of an appropriate basis follows from Theorem 26.11 in
29]. Thus f =>"°_, t;g; > 0if, and only if, ¢; > 0 for j =1,2,...,s.

Let [2° denote R® equipped with the supremum norm. Since (2 is finite dimensional,

we can find a positive linear operator S : {2 — [3°, such that

ng = €y,
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where ey, ey, ..., e; denotes the standard basis in [$°. It is clear that S™! exists and

is also a positive linear operator. Hence,
Q=8So0ToS™!

defines a positive linear operator on [ and, furthermore, Q! is also positive. It
is well known that there exists a permutation « of {1,2,...,s} and a sequence of

positive scalars 71,73, ...,r, such that
Qej = Tjea(j)-

Hence,

Tg;=S5"oSoT oS ej= 5" (riean) = Tidati),

for every j = 1,2,...,s. Since ||T'f|| = || || for every f € Q, by Lemma 6.35 part (c),
it follows that r; = 1 for every j. Thus, T'g; = goj). W

Lemma 6.38 Let I/ be a real Banach lattice and let T' : & — E be a constrictive
positive linear contraction. For every f € ) there exists a sequence ny — oo and a
T-invariant lattice Q' with modulus |-|" such that:

(a) the element f is in Q;

(b) for every g € V', limy_, T g = g;

(c) the limit imyg_o, T™ |g| exists and is an element of ', where |-| denotes the

modulus in E.

Proof: By Lemma 6.35 part (a), there exists a sequence my, such that 77 f — f. Let
le{gEQ:inm Tm’“g:g}.

It is easy to verify that Q! is a T-invariant linear subspace of Q. Using compactness,

we can find a subsequence mj, such that limy, .., T |g| exists for every g € Q. Let

ng{geﬁzklime}cg:g}.
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Clearly, Q' C Q2. It follows from Lemma 6.36 that
klim T lg| € Q* for every g € Q.

. . . ) O 1+17 .
By induction we can obtain sequences {mi} p_y Where {mfj } ., s a subsequence

of {mi}:;l for every j, and subspaces ¥ of € such that

lim T™g =g, and klim T lg| € Q7! for every g € QY.

k—o00
Since (Q is finite dimensional and the sets 7 are linear subspaces, there must exist
a j such that Q7 = /1 = .. Set & = O and ny = m], for k = 1,2,.... Clearly,
x € Q. We show that ' is a lattice. To this end, we show that €2’ has a modulus;
that is, we show that sup{g, —g} exists in Q' for every g € Q. For every g € 0,
define
g = lim T |g].

Then,

9l = ‘khm Tg| < lim T™ |g| = |g|".
Furthermore, if h € €' such that A > |g|, then for every k we have T™*h > T™ |g|
and

h= lim T"h > lim T 9] = g/

Hence, in €, sup {g, —g} = |g|". Thus, €' is a lattice, which concludes the proof.

Proposition 6.39 IfT is a constrictive positive contraction on a real Banach lattice
E, then the set Q) is a finite-dimensional lattice in E with a normalized, positive,
mutually disjoint basis {q1,ge,...,9,}. Moreover, there ezists a permutation « of

{1,2,...,r} such that Ty, = ga(j).-

Proof: We already know that €2 is a finite-dimensional linear subspace from Lemma
6.35 (e). If we can also prove that €2 is a lattice, then Theorem 26.11 from [29]
guarantees the existence of an appropriate basis, and Lemma 6.37 provides us with
the existence of the permutation a. Thus, all that remains is for us to prove that 2

is a lattice.
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By Lemma 6.38, for every f €  there exists a T-invariant lattice 2’ such that f € €.

By Lemma 6.37, there exists a permutation « such that
Tg; = ga(j) for all j,

where {g1, g, . . ., gs} is a positive, normalized, mutually disjoint basis of ). Let ¢t € N
be the period of the permutation «. Thus, T%f = f. In this manner, we can find for
every f €  a natural number ¢ such that T"f = f. In particular, if {g1,92,...,9:}
is a basis of 2, we can find for each g; a t; such that T%g; = g;. Thus, for

d=]]t-
j=1
it follows that
T = id|q.

We now show that lim, .., 7"¢|f| exists for every f € Q. By the compactness of
w(|f|), find n; such that
lim 7| f| = g € Q.

J—00
Since

Ifl =T < T f| < T |f| = ...

and thus, y > T |f] for all n, it follows that
limsup ||g - 7"'f|| = lim |lg = T™f][ = 0.
Now, as in the proof of Lemma 6.38, the formula
71 = tim 7]
defines a modulus in 2. Thus, 2 is a lattice. ®
Now we present our main result. The proof is based on [27].
Theorem 6.40 Let E be a Banach lattice and let T : E — E be a positive, lin-

ear contraction. If T is constrictive, then there exists a sequence of positive nor-

malized vectors gi,qa,...,g- in E and a sequence of positive (bounded) functionals
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A, Ao, ..., A on E such that

lim

n—oo

™ (f— i)\l(f)gz) H =0 foralfeeFl.
i=1

Furthermore, there exists a permutation o of the set {1,2,...,r} such that T;, = ya)-

Proof: Let Q be the lattice of all limit vectors and {g1, g2, . . ., g-} a basis as in Proposi-
tion 6.39. Since T is constrictive, there exists for every f € E scalars A;(f),..., A:(f)
such that

— 0.

T(f = N()g;)
j=1
It remains to show that the A; are linear. Let f,h € E. Hence,

0 = lm T"(f+h— D N(f +h)g,)
j=1

= nh_}rgo (T” (f — Z Aj (f)g]> +1™ (h - Z Aj (h>gj)

+ 1" (Z (A () + Ai(h) = Aj(f+h))9j>> ,

j=1
so the third component must converge to 0. Therefore, by Lemma 6.35 part (c),

r

D )+ Ai(h) = N (f + 1)) g

j=1

= lim
n—oo

™ (Z (A () + X5 (h) = A;(f + h))w) H

Jj=1

= 0.

By the linear independence of the vectors g; we obtain the additivity of the A;. Clearly
by the linearity and positivity of 7" we get the positivity of \; as well the homogeneity

A(tf) =th(f). =



Chapter 7

1-Preserving Markov Operators

In this section we consider Markov operators which preserve the 1 function. The main
tool in this study shall be a class of bivariate functions known as copulas. Copulas
were relatively recently introduced in statistical theory, in [39], [40], [41], [42] and
[16], as the means by which joint distribution functions are “coupled” with their
univariate margins. For our immediate purposes, the chief interest of copulas lies in
their connection to Markov operators: if we take our measure space to be (I, B(I), \)
(where I is the unit interval and A is Lebesgue measure), it can be shown that a
certain subclass of Markov operators lies in one-to-one correspondence with the class

of copulas defined on I x I.

We first recall a few relevant facts. Recall that the uniform norm of a function f is

defined as follows:

1/ lloe = sup {[f(2)| : 2 € Domf}.

That is, it is simply the L* norm of f. Note that this norm may be used to define a

topology on the vector space of all continuous real functions defined on I2.

93
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7.1 Basic properties of copulas

We begin with a discussion of the basic definitions and properties in the theory of

copulas. The material in this section is taken from [10] and [31].

7.1.1 2-Increasing Functions

A copula is a special case of a so-called 2-increasing function. We now define the latter
and present some useful results concerning these objects. As usual, we denote the
real line (—o0o, 00) by R, while R? = R x R denotes the cartesian product (—oo, 00) x
(—00,00). We denote the extended real line, [—o0, 00|, with R, and its cartesian

product by R’

Definition 7.1 Let S, S5 be nonempty subsets of R. A function H : S; x Sy — R

is called 2-increasing if
H (x3,y2) — H (w2,91) — H (21,92) + H (z1,31) 2 0 (7.1)

for all z1, x5 € S7 such that 1 < x5 and y;,y2 € Sy such that y; < y».

A 2-increasing function is meant, in some sense, to be analogous to a nondecreasing
function of one variable. It is worth noting, however, that inequality (7.1) does not
imply that H is nondecreasing in each argument, or vice versa. A further assumption

upon H will guarantee this property, as we shall see.

Lemma 7.2 Let Si,S, be nonempty subsets of R and let H : S; x Sy — R be a
2-increasing function. Let x1,x9 be elements of Sy such that x1 < x9 and let yy,ys be

elements of Sy such that y; < yo. Then the function given by

t— H<t7y2) - H(tayl)
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1s nondecreasing on Sy and the function given by
t— H(xg,t) — H(l’l,t)

1s nondecreasing on Ss.

Proof: A direct consequence of (7.1). ®

Definition 7.3 Let S;,S» be nonempty subsets of R and suppose that S; has least
element a; and Sy has least element as. Let H : S; x S — R be a 2-increasing

function. We say H is grounded if H (a1,y) = H (z,a3) = 0 for all z € S; and y € 5.

Lemma 7.4 Let S1,Sy be nonempty subsets of@ with least elements aq and ay re-
spectively. Let H : Sy X So — R be a grounded 2-increasing function. Then H 1is

nondecreasing in each of its arquments.

Proof: Replace x1 with a; and y; with as in Lemma 7.2. The result follows immedi-

ately. H

Definition 7.5 Let 57, S be nonempty subsets of R. Assume that S; has greatest
element b; and Sy, has greatest element by. A function H : S X So — R is said in this
case to have margins, and its margins are the functions F' : Sy = Rand G: S; — R
given by

F(x) = H(x,by) for all x € Sy;

G(y) = H(b1,y) for all y € Ss.

Lemma 7.6 Let Si, S, be nonempty subsets of R and let H : S; x Sy — R be a

grounded 2-increasing function with margins F and G. Then for all x1,x5 € S1 and

Y1,Y2 € So,

[H (22, y2) — H(z1, y1)| < [F22) — F(21)] +[Gy2) — Gly)l-
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Proof: By the triangle inequality,
| H (22, y2) — H(x1,41)| < |H(22,52) — H(w1, y2)| + [H (21, y2) — H(z,31)]-

Assume 77 < x9. By Lemmas 7.2 and 7.4,

0 < H(z2,y2) — H(z1,y2) < F(22) — F(29).
On the other hand, if we assume x5 < 7, then

0 < H(w1,y2) — H(w2,92) < F(21) — F(22).
This implies that for all 1, zs € S,

|H (22, y2) — H(z1,y2)| < [F(22) — F(21)].
Similarly, we can show that for all y;,ys € S5,

[H (21, y2) — H(x1,1)] < |G(y2) — Gy)]-

The result follows. [ ]

7.1.2 Copulas

Denote by I the unit interval [0, 1].

Before defining copulas, we first define the notion of a subcopula (of which a copula
is a special case). The rationale behind this is that many of the results for copulas,
in fact, hold for subcopulas. Furthermore, the distinction between the two becomes
important in the proof of Sklar’s Theorem, regarded as one of the most important

results in the theory of copulas.

Definition 7.7 Let Si,S> be nonempty subsets of I, each of which contains 0 and
1 (that is, for both S; and S, 0 serves as the least element and 1 serves as the
greatest element). Define a two-dimensional subcopula (or, briefly, a subcopula) to be
a grounded 2-increasing function C’ : S} x Sy — R with the property that C'(u, 1) = u
and C'(1,v) = v for all u € S} and v € S.
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Note that, since 0 < C’'(u,v) < 1 for all (u,v) € S; x Sy, the range of C’ is also

contained in 1.

Definition 7.8 Define a two-dimensional copula (or, briefly, a copula) to be a sub-

copula with domain I2.
In other words, a copula is a function C' : I? — I with the following properties:

1. For all u,v € I,
C(u,0) = C(0,v) = 0. (7.2)

and

C(u,1) =w and C(1,v) = v. (7.3)

2. Define
Vo ([ur, us] X [v1,v3]) := Clug,v1) — C(ug,v2) — C(ug, v1) + C(uz, va).
Then for every wuy,uy, vy, vy € I such that u; < us and vy < o,
VC([ul, UQ] X [’Ul, Ug]) Z 0. (74)
We denote the family of copulas with C.

Theorem 7.9 Let Si,S5, be nonempty subsets of I, each of which contains 0 and 1,
and let C" : S1 X Sy — I be a subcopula. Then, for all (u,v) € S; X Sy, we have that
max(u+ v —1,0) < C'(u,v) < min(u, v).

Proof: Let (u,v) be an arbitrary point in Sy x Sy. Then, by Lemma 7.4, C'(u,v) <

C'(u,1) = w and C'(u,v) < C'(1,v) = v. Hence C'(u,v) < min(u,v). Furthermore,

applying the fact that C’ is 2-increasing to the points (u, 1), (v, 1), we get

C'(1,1) = C'(1,v) — C'(u, 1) + C"(u,v) > 0,
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which implies that C’'(u,v) > u + v — 1. Coupled with the fact that C'(u,v) > 0, it

follows that C'(u,v) > max(u+v —1,0). ®
It can be shown that the functions defined by
W{(u,v) = max(u+ v — 1,0)

and

M (u,v) = min(u, v)

are in fact copulas themselves. Indeed, for any u € I,
W(u,0) = max(u — 1,0) = 0,
and similarly, W (0,v) = 0 for any v € I. Furthermore, for any u € I,
W(u,1) =max(u+1—1,0) = u,
and similarly, W (1,v) = v for any v € I. Now note that u; < us implies that
max(u; +v —1,0) < max(us + v — 1,0)
for any v € I. Thus,

Viv ([ug, ug] X [v1, v2])
= W(uy,v1) — Wiug,v1) + Wiug,va) — Wi(uy, vs)
= (max(u; +v; —1,0) — max(ugy + vy — 1,0)) +
+ (max(ug + ve — 1,0) — max(u; + vo — 1,0))

> 0.

The proof that M is a copula is also a simple matter of verification. Thus, by the
previous result, every copula is bounded above by the copula M and below by the
copula W. The copula W is referred to as the Fréchet-Hoeffding lower bound and M
as the Fréchet-Hoeffding upper bound. This suggests a partial ordering on the set C

of all copulas.
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Definition 7.10 Let C} and Cy be copulas. Then C is smaller than Cy (or, alter-
natively, Cy is larger than C7), and we write C; < Cy, if Cy(u,v) < Cy(u,v) for all
u,v € 1.

In other words, M is the largest element and W is the smallest element in C.

Another copula which shall recur frequently in our study is the product copula, defined
by

H(u,v) = uv for all (u,v) € I%

Again, it is a simple matter to verify that II is indeed a copula.

Theorem 7.11 Let Sy,.S, be nonempty subsets of I, each of which contains 0 and 1,

and let C" : Sy x Sy — I be a subcopula. Then, for every ui,us € S1 and vy, vy € So,
|C,(UQ,’U2) — C"(ul, Ul)l S |U2 — U1| + |U2 - U1| . (75)

Hence, C" is uniformly continuous.

Proof: An application of Lemma 7.6. H

Definition 7.12 Let C be a copula and let a € I. The function from I to I, defined

by t — C(t,a), is called the horizontal section of C at a. The function from I to I,

defined by t — C(a,t), is called the vertical section of C at a.

Corollary 7.13 Let C' be a copula and let a € I. Then the horizontal and vertical

sections of C at a are both nondecreasing and uniformly continuous.

Proof: A direct result of Lemma 7.4 and Theorem 7.11. N

Theorem 7.14 Let C be a copula. Then

(a) i) for any v € I, the partial derivative OC/Ou exists for almost all u;
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i) forv, uw e l,
0 <9C(u,v)/0u < 1; (7.6)

(b) i) for any u € I, the partial derivative 0C/Ov exists for almost all v;

ii) for such u, v € I,
0 < 9C(u,v)/0v < 1. (7.7)

Furthermore, the functions u — 0C(u,v)/0v and v — OC(u,v)/0u are well defined

. 2 2 .
and nondecreasing almost everywhere on I. Consequently, 88(’;(;;”) and aacv(auf) exist

almost everywhere.

Proof: The existence of the partial derivatives follows from the fact that the vertical
and horizontal sections of the copula are nondecreasing and hence differentiable al-
most everywhere. Inequalities 7.6 and 7.7 follow from both the fact that the sections
are nondecreasing (and hence their partial derivatives are positive) and from inequal-
ity 7.5, by setting v; = vy for inequality 7.6 and u; = us for inequality 7.7. If v; < s,
then the function u — C(u,vy) — C(u,v1) is nondecreasing by Lemma 7.2; hence,
0C (u,v9) — C(u,v1)/0u is well defined and nonnegative almost everywhere on /. It
follows that v — 9C(u,v)/0u is well defined and nondecreasing almost everywhere

on I. A similar result holds for u +— 0C(u,v)/0v. ®

For convenience, we denote the first-order partial derivatives of a copula in the fol-
lowing way:

D\C = 9C/ou

and

DQC = 60/8’0

In preparation for the next result, we make the following remark: let o be a measure

on the Borel sets in 2, with the property that

a([0,2] x [0,1])) =2 and «([0,1] x [0,y]) =y, (7.8)
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for all z,y € I. We can then define a function C' in the following way,

C(z,y) = a([0,2] x [0,]).

It is easy to verify that C is a copula. Hence, every Borel measure on I? which satisfies

the above conditions generates a copula.

The proof of the next result is our own, with certain aspects based on that of [10].

Proposition 7.15 Let A be a copula and let € > 0 be given. Then there exists a

copula B such that
|A =Bl <e

where B has the property that gj—aBy and % are equal and bounded almost everywhere.

Proof: We provide an outline of the proof, omitting some of the more arduous details.

Choose N € N such that N > 2. Now cut [? into N? congruent squares S;;, i, j
1,2,...,N. Let A\ denote Lebesgue measure. Define the function ( in the following

way:

N N
VA(SU
B9 3 )
i=1 j=1 A(Siy)
for any Borel set B.

The fact that [ is a measure follows easily from the properties of the Lebesgue measure

A

We show that (3 can induce a copula. Let x € I be given. Let k be the largest element
of {1,2,..., N} which satisfies % < z. Observe that ([0, z] x [0,1]) can be written
as follows:

Va(Stki1);)

A(S(k+1)5) A(S (415 1 ([0, 2] x {0, 1])).

'MZ

5 ([O’x] X [O’ 1]) = ZZVA(SZJ) +

i=1 j=1 j=1
Using the definition of Vy, it may be shown that

k

Ziw Si) ZVA([ } 0. 1])

i=1 j=1
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= (o4 )

k

N

In a similar fashion, it can be shown that

N 1
Va (S(k+1)') = A7
2, V4 (Bteenn) =

Furthermore,

1 k j—1 7
—/\ S N Oa Oal = NZ)‘ AT AT ) AT
Ty S0 (01 0.0) = 3 ([e] < 557 )

k 1
_ 2 _ _
- (=)< (7))
= Nz —k.
Thus,
B ([0, z] x [0, 1]) —%—i—x—%—x.
Similarly,

B(10,1] x [0,9]) = v.
Hence, by the discussion preceding the proposition, § induces a copula. We shall

denote this copula by B.

Note that for any (x,y) € I?, there exists a vertex (z;,y;) of some square S;; such
that
o=l +ly - il < 5
T —x; -y < =.
Also, since 3(S;;) = Va(S;j),we have A(z;,y;) = B(x;,y;). Thus,

|A(z,y) = B(x,y)]

< Az, y) — Alws, ;)| + | A2, y5) — B, y;)| + | B(wi, ;) — B(x,y)|
< 2(o =il + |y — y)
< €

where the second last line follows from Theorem 7.11. Thus,

|A—B|, <e
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Since B is a copula, 2 W and both exist almost everywhere by Theorem 7.14.

We show that

823(13, y) 82 Z i VA(‘S@]

= 1 lmost h
92y 8y 8:6 M(Sy) s,; almost everywhere.

=1 j=1

Let (z,y) € I?, then (z,y) € S;; for some (i,j) € N x N. If (z¢,y0) denotes the
coordinate of the south-western vertex of S;;, then the area of the rectangle S;; N

[0, 2] x [0,y] is (x — xo)(y — yo), which is also the Lebesgue measure of the rectangle.
Thus,

A(Si; N10,2] x [0,y]) = (z — 20)(y — %o)-
Consequently,

0? 0?
—A(S5;; N0, 0,y]) =1=—=A(5;; N[0, 0,y]).
oA 0.2 x [0.4]) =1 = 55 A(S 1[0, x [0.4)
If (x,y) & Sk and Sk N[0, 2] x [0,y] # ¢, then Sk N[0, 2] x [0,y] can be written as
the union of rectangles, each of which has at least one side in which the variable x or

y is absent in the description. Then

o A(Sk N[0, 2] x [0,y]) =0 = o

)\(Skl N [0,.%] X [O,y])

Oyox 0x 0y
If (z,y) &€ Sk and Sy N[0, 2] x [0,y] = &, then A\(Sy N[0, 2] x [0,y]) = 0. Thus
0? 0?

0=

)\(Skl N [0, SL‘] X [0, y])

)\(Skl N [0,1’] X [O,y])

0yox 0x0dy

This means that for any (z,y) € I? and any (7,7) € N x N,

0? 32

By construction, B(z,y) = ([0, x] x [0,y]); thus, it follows from the definition of
that

o2
)\( 8y8

Mz
5

A(Si; N[0, 2] x [0, 4])

02B(z,y) al
Oyox ; ‘

N
= 2

=1 3

1

15 almost everywhere.

Mz
>’§

7 (
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Similarly,
N

82 N V
&Bay ZZ )\A( 15 almost everywhere.

i=1 j=1
This completes the proof.

However, in addition, we relate the partial derivatives g— and 8 B to the Radon-

Nikodym derivative jf

Observe that  may be written in the following form:

)= [ (SH)

Furthermore, if A(B) = 0, then clearly 3(B) = 0. Thus, [ is absolutely continuous

with respect to A and the Radon-Nikodym theorem is applicable. By the almost

everywhere uniqueness of the Radon-Nikodym derivative, it follows that

., almost everywhere.

The above result may be rephrased in the following manner: the subset of all copulas

Dae ay aya are bounded and equal almost everywhere

with the properties tha

(where B is a member of the aforementioned subset), is dense in C.

Finally, we show that the class C of copulas is a compact, convex subset of the space

of all continuous functions on 72, under the topology of uniform convergence.

For the next result, we first recall the most basic elements of the theory of convex
spaces. Let C be a subset of a real or complex vector space. C'is said to be convex
if for all z,y € C and all t € [0,1], (1—t)z + ty € C. It can be shown that the
intersection of convex sets is again convex. Hence, for a subset S of a real or complex
vector space, we define its convex hull to be the smallest convex set which contains
S (the convex hull is thus the intersection of all convex sets which contain S). A
conver combination of the vector space S is a sum of the form Y ,_, Az, where

x1,To, ..., T, are vectors in S and Aj, Ao, ..., A\, are nonnegative scalars such that
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A+ X +...+ A = 1. It can be shown that every convex combination of elements of
a convex set (' is in (', and furthermore, for a subset S of a vector space, the convex
hull of S is nothing more than the collection of all convex combinations formed from

elements of S.

We also recall that a family F C C(M, N), where (M, d) and (NN, p) are metric spaces,
is said to be equicontinuous at xo € M if for each € > 0 there exists d.(z9) > 0 such
that d(zo,z) < 0c(zo) implies that p(f(xo), f(z)) < € for every f € F. We say that

F is an equicontinuous family if it is equicontinuous at every point in M.

Theorem 7.16 Let C denote the class of all copulas. Then C is a compact, convex
subset of the vector space of all continuous real functions defined on I?, under the

topology defined by the uniform norm.

Proof: 1f C,Cy are copulas and t € [0, 1], then it is a simple matter to verify that
(1 —t) Cy + tCy satisfies the properties of a copula.

Since I? is compact, the Arzeld-Ascoli Theorem implies that C will be compact if and
only if C is equicontinuous and closed. The fact that the set of copulas is equicon-
tinuous follows from Lemma 7.6. To show the set is closed, we need only show that
for any uniformly convergent sequence of copulas, the limit is again a copula. This is

again a simple verification, as such a limit preserves all of the copula properties. W

We use the following well-known result to arrive at the next corollary: if an equicon-
tinuous family of functions, defined on a compact set, converges pointwise, then it

converges uniformly.

Corollary 7.17 Let {C,} be a sequence in C. If {C,} converges pointwise, then

{C,} converges uniformly.

Thus pointwise and uniform convergence are equivalent on C.
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7.1.3 Sklar’s Theorem

No discussion of the theory of copulas is complete without mention of Sklar’s The-
orem, which accounts for much of the interest copulas have generated in statistics.
We thus include Sklar’s Theorem, in the interests of completeness, although it will
not be used in this dissertation. In brief, Sklar’s Theorem describes how copulas
“couple” multivariate distribution functions to their univariate margins (hence the

term “copula”). The material in this section is again taken from [31].

Definition 7.18 We call a function F : R — R a distribution function if F is non-

decreasing and F'(—oo) = 0 and F(+o00) = 1.

Definition 7.19 We call a function H : R x R — R a joint distribution function if

H is 2-increasing and, for all z,y € R,
H(z,—o00) = H(—o0,y) =0

and

H (400, +00) = 1.

Consider a joint distribution function H. Then H is grounded, and has margins given
by F(z) = H(z,0) and G(y) = H(oo,y), for 7,y € R. By virtue of Lemma 7.4, F

and G are distribution functions.

Sklar’s Theorem relies on the following lemma. We omit some of the details from the

accompanying proof (all of which constitute easy but laborious checks).

Lemma 7.20 Let Si,S5; be non-empty subsets of I and let C' : S; x S — R be a
subcopula. Then there exists a copula C' such that C(u,v) = C'(u,v) for all (u,v) €

S1 x Sy. This extension is generally non-unique.

Proof: As C" is nondecreasing in each argument and uniformly continuous, we may

extend C’, by continuity, to the function C” : S; x S, — R, where S;, S, are the
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respective closures of Sy, Sy. It is clear that C” is a subcopula. We now extend C”
to a function on I?. Let (a,b) be an arbitrary point in /2. Let a; be the greatest
element and as the least element of S; that satisfy a; < a < ao. Similarly, let b; be
the greatest element and by the least element of S, that satisfy b; < b < by. Note

that if a € S;, then a; = a = ao, and likewise if b € Sy, then by = b = by. Let

(a — (11)/(@2 — al), if a; < ag,

A =
1, if a; = ay;
i (b—bl)/(bg—bl), if b1 <b2,
1 pr—
1, if by = by,
Now define
C(a,b) =

(1 — )\1)(1 - /11)0”((11, bl) + (1 - )\1)#10”((11, bg) + /\1(1 - ,ul)C'”(a2, bl) + )\1#10/,(&2, b2)

It is easy to see that C(a,b) = C"(a,b) if (a,b) € S; x S;. The only property that
requires additional elucidation to see that C'is a copula, is that C'is 2-increasing. Let
(¢,d) be another point in 1% satisfying a < ¢ and b < d, and let ¢, dy, ca, do, Ao, 1o be
related to ¢ and d as ay,ay,as,as, A\, puy are related to a and b. In order to evaluate
Ve(la, b] X [c,d]), we need to consider several cases, depending on whether or not
there is an element in S; strictly between a and ¢, and whether or not there is an
element in S, strictly between b and d. In the simplest case, there is no element in S;
strictly between a and ¢, and there is no element in S strictly between b and d, so
we have a; = ¢y, as = ¢9, by = dy and by = dy. Substituting the relevant terms into

Ve(la, b] x [e,d]) yields, with simplification,
Ve(la, b] x e, d]) = (A2 = A1) (p2 — pa)Ve([ar, az] x [by, bo]).

The above expression is positive, as ¢ > a and d > b imply that Ao > Ay and ps > .
At the other extreme, we have the case where there is at least one element of S

between a and ¢ and at least one element of Sy between b and d. Thus a < ay < ¢; < ¢
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and b < by < d; < d. Evaluating Vo ([a,b] X [¢,d]) in this case yields

Ve(la, b x [e,d]) = (1= A)paVe(lar, ag] X [di, do]) + p2Ve([az, e1] X [dy, da])
+XouaVe(ler, co] X [dy, da)) + (1 — A1) Ve([ar, as] X [ba, di])
+Ve(lag, c1] X [ba, di]) + XaVe([eq, co] X [ba, di])
+(1 = M) (1 = p1)Ve(lar, az] x [b1, bs])
+(1 = p)Ve(laz, ea] X [br, ba]) + Aa(L — pa)Ve([e1, co] x [by, b))
Each of the rectangles to which Vi is applied in the above expression produces a

postive quantity, and each of the coefficients is also positive. Hence, the expression

is nonnegative. The other cases are similar, ending the proof. MW

In order to illustrate the potential for the above extension to be non-unique, consider

the subcopula C” defined on {0, 1} x {0,1}, by
C'(0,0) =C"(0,1) = C"(1,0) =0 and C'(1,1) = 1.

Following the procedure outlined in Lemma 7.20, we arrive at the copula C' = II (that
is, the product copula) as the extension of C’. However, it is clear that any copula

will agree with C” on its domain, and hence its extension is non-unique.

Theorem 7.21 (Sklar’s Theorem) Let H : R S Rbea joint distribution func-
tion with margins F' and G (that is, F(x) = H(x,+00) and G(y) = H(+00,y) for
z,y € R). Then there exists a copula C such that

H(z,y) = C(F(x), G(x))

for all z,y € R. If F and G are continuous, then this copula is unique. Otherwise, it
is only unique on RanF x RanG. Conversely, if C : I*> — I is a copula and F : R — |
and G : R — I are distribution functions, then H(z,y) = C(F(z),G(x)) defines a

joint distribution function with margins F' and G.

Proof: Consider H, a joint distribution function with margins F' and G. By Lemma

7.6,
|H (2, y2) = H(zy, y1)| < [F(22) = F(1)] +1G(y2) = Gy,
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for all a1, 29, y1,y> € R. Thus if F(2,) = F(x3) and G(y1) = G(y»), then H(x1,y,) =
H(z2,y2). Hence the set of ordered pairs

{(F(2),G(y)), H(z,y))|z,y € R}
constitutes a well-defined bivariate function, C’, whose domain is RanF’ x RanG.

We verify that this function is a subcopula. First we note that for each u € RanF
there exists an o € R such that F(x) = u, and similarly, for each v € RanG there
exists a y € R such that G(y) = v. Let u € RanF. Then

C(u,1) = C(F(z),G(+))
= H(z,+00)
= F(x)

= u.
Similarly, C(1,v) = v for v € RanG. Further,

Clu,0) = C(F(z),G(-00))
= H(z,—0)

= 0.

Similarly, C'(0,v) = 0. Finally, consider (uy,v1), (u2,v2) € RanF x RanG, such that
u; < ug and vy < vy and let (z1,y1), (72,y2) be the corresponding elements in R’
(that is, u; = F(x1), and so on). As F' is nondecreasing, u; < uy implies z; < x,

and, similarly, v; < vy implies y; < yo. Thus,

VC'([“l?“Q] X [U17U2])
= C'(ug,v9) — C"(uz,v1) — C'(uy,v3) + C'(uy, vy)
= H(xa,y2) — H(xa,y1) — H(x1,2) + H(x1,11)

0,

AV

since H is 2-increasing. Thus C’ is a unique subcopula.
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Now, if F' and G are continuous, then RanF x RanG = I?, so (" is in fact a unique
copula. Otherwise, we can apply Lemma 7.20 to C’, to get a copula C' which is only

guaranteed to be unique on RanF' x RanG.
The converse to this result is a matter of straightforward verification. W

Sklar’s Theorem may be restated so that it expresses a copula in terms of a joint
distribution function and the quasi-inverses of its margins (as opposed to expressing
a joint distribution function in terms of its margins and a copula). A “quasi-inverse”
is a notion similar to that of an inverse, but suitable for nondecreasing functions

which may not be continuous or strictly increasing.

Definition 7.22 Let F' be a distribution function. Then a quasi-inverse of F'is any

function F~!: I — R with the following properties:
(1.) if ¢t is in RanF, then F~'(t) is any number x in R such that F(z) = ¢; that is,
for all t € RanF, F(F~(t)) = t;
(2.) if t is not in RanF’, then F~!(t) = inf {z|F(z) >t} = sup{z|F(z < t)}.
Corollary 7.23 Let H be a joint distribution function and F' and G its margins. Let

C" be the unique copula associated with H, as in the proof of Theorem 7.21. Let F~*

and G~ be the respective quasi-inverses of F' and G. Then for any (u,v) € Dom(C’,

C'(u,v) = H(F(u), G (v)).

7.1.4 The product of copulas

We now introduce a product operation on copulas that will be crucial in establishing

the connection between copulas and Markov operators.
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Definition 7.24 Let C and C5 be copulas. We define the product of C; and C5 to

be the function C} * Cy : I2 — I given by
1
(Cy % C)(u, v) = / DyCi(u,t) - DiCo(t,v) dt,
0

for (u,v) € I”.
Theorem 7.25 Let C7 and Cy be copulas. Then Cy x Cy is a copula.

Proof: Let u,v be elements of I. Then

1 1
(Cl * Cg)(u, O) = / D201<U,t) . D102<t, 0) dt = / 0dt=0
0 0

and
1 1

() % Co)(u, 1):/ DyCh (1) - DyCo(t 1) dt:/ DyCi(u,t) dt = Cy(u,1) = u.
0 0

Similar results hold for (Cy % C3)(0,v) and (Cy % C2)(1,v). Now let uy, us, v1,vs be
elements of I such that u; < us and vy < ve. To show that C x Cs is 2-increasing,

we have

(C1 % Cb) (12, v9) — (C % Co) (112, 01) — (Ch % C) (11, v5) + (Ci + Co) (i, v1)

= /1 DyC1(ug, t) D1Cy(t, v9) — DaCh(ug, t) D1Cy(t, v1) — DoCh(uy, t) D1Cs(t, v9) +
JFODQO1 (wr, ) D1 Cy(t, v1) dt

_ /0 Dy [C(ttn. 1) — Cr(uun, )] D [Calt. 0a) — Calt.on)] .

As a consequence of Lemma 7.2, Dy [C (uz, t) — C1(uy, t)] and Dy [Ca(t, va) — Ca(t, v1)]
are both nonnegative, and thus C; x Cy is 2-increasing. Hence C; x Cy is a copula.

The product operation on the set of all copulas exhibits some of the typical properties
we associate with multiplication, if we consider the product copula II as the null

element, and Fréchet-Hoeffding upper bound M as the identity element.
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Lemma 7.26 Let C' be a copula. Then
IxC=CxI1I=1I

and

M+«xC=CxM=C.
Proof: Let (u,v) be an arbitrary element of I?. Then

1 1
I+ C)(u,v) = / DoIl(u, t)D,1C(t,v) dt = / uD,C(t,v) dt = uv.
0 0

Similarly, (C'*II)(u,v) = uv. Hence IIx+C' = C'x1I = II. Now note that Do M (u,t) =1
for t < w and DyM (u,t) =0 for t > u. Hence

(M + C)(u, v) = /0 DaM () DyC(t, ) di = /0 " DiC( ) di = Clu, ).

Similarly, (C' * M)(u,v) = C(u,v). Hence, M xC =C*xM =C. R

Note that
WxC#CxW,
because
(W« C)(u,v) =v—C(1 —u,v)
and

(C*xW)(u,v) =u—C(u,1 —v).

Hence, the *-product is not commutative. It is however associative, a fact we shall

observe when we study it in relation to Markov operators.
It can also be shown that W x W = M.

The following three results can be found in [10].

Theorem 7.27 As a binary operation on C, the set of all copulas, the product oper-

ation is right and left distributive over convex combinations.
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Proof: We show that the product operation is left distributive - the other case is
similar. Let A be a copula and let >, _, A\,C) be a convex combination of elements

from C. Then

A % (ZT: /\ka> (z,y)
— /1 Do A(x,t) - Dy (Z Aka) (t,y) dt
0 k=1

r 1
- S n / DyA(z,1) - DyCilt,y) dt
k=1 0

= D M(AxCh).
k=1

Theorem 7.28 Let B be a copula and let {A,} be a sequence of copulas in C such
that A, — A. Then, A, * B— Ax B and B*x A, — B x A.

Proof: We prove A, * B — A x B. The second result is similar. Consider ¢ > 0. Let

(z,y) be an arbitrary element of I?, and define

9(t) = B(t,y)

and
fu(t) = Az, t) — Ay(2, ).
Clearly ¢’ and f] are elements of L>°(]), since the derivatives of copulas are bounded

above by 1. In particular, ||f/|., < 2. Furthermore, since ¢ € L'(I) and the step

functions are dense in L', there is a nonzero step function

k
o = Z aili
i=1

such that ||¢ — ®[|; < €, where 0 = 2y < 1 < 23 < ... < 2 = 1 and 1; is the
characteristic function of [x;_1,z;]. Since f,(x;) — 0 for each ¢, there is an N such

that for n > N
| fn(zi) = falzicy)] <

€
k
iy lail
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for all . Then, for n > N,

1
A +B— AxB| = / JOL) dt’
0
1 1
< |[ o -ewiro a+| [ ewno
0 0
k o
< 2+ Z |a;] - / fr(¢) dt‘
i=1 Ti-1
k
= 2+ Z |ail - [fu(2i) — fo(@iz1)]
i=1
< e,
where we arrive at the third line using Holder’s inequality. This gives the result. W

Finally, we show that the x-product is associative. First, we state a well-known

theorem which we will require (for a proof, see [4, p.283]).

Theorem 7.29 (Differentiation Under The Integral Sign) Let I be an open in-
terval, with f : R x I — R. Suppose we have that:

(i) for everyt € I the function Fy(x) = f(x,t) is integrable;

(ii) for almost all x € R, G,(t) = f(x,t) is differentiable on I (with respect to t);

(iii) there exists H : R — R with H € L*(\), where \ denotes Lebesque measure,

such that for each t € I we have the estimate:

L) < o),

holding for almost every x.

Then the function g(t) = [ f(x,t) dx is differentiable on I and we have the formula

g0 = [ Dt an

Theorem 7.30 The binary operation * is associative on C.
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Proof: Let A, B and C be copulas. We show that

Ax(BxC)=(AxB)=*C.

By Theorem 7.28 and Proposition 7.15 it suffices to consider B in C for which the
induced measure (3 is absolutely continuous with respect to Lebesgue measure. Fur-
thermore, by the direct consequences of Proposition 7.15, we may assume that Dy Dy B
and Dy Dy B exist almost everywhere, are bounded and integrable and are equal almost

everywhere. Fix x and y and set

and

Then

A (BxC)(my) = /Olf’ g(/ DyB(L,s) ’()d> dt

:/ f'(t) . D1DyB(t,s) . ¢'(s) ds dt

0

i "(s) — (/D1 (t,s). f ()dt> ds

= [(AxB)x

O

I
Q

where we used Fubini’s Theorem in the fourth line and differentiation under the

integral sign to get the second and fourth line. H

7.2 Copulas and Markov operators

We now discuss the connection between Markov operators and copulas. The material
from this section is adapted from [2]: the proofs for all but one result are our own. In
this section we are concerned with the measure space (I, B(I), A), and so all mention

of L' (or L(I)) refers to L*(I, B(I), ), and similarly for L (or L*°(I)).
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We first define the subclass of Markov operators which shall be shown to correspond

to the class of copulas.

Definition 7.31 Consider T : L'(I) — L'(I). We call T a 1-preserving Markov
operator if T is a Markov operator on L'(I) (that is, T is positive and | Tf||, = || I,
for all f € L1 (I)) with the following additional property:

T1=1, (7.9)

where 1(z) =1 for all z € [0, 1].

We now demonstrate that every 1-preserving Markov operator generates a copula,
and every copula, in turn, generates a 1-preserving Markov operator. Furthermore,
these mappings are inverses of each other. In short, a one-to-one correspondence

exists between the two.

Theorem 7.32 Let C : I? — I be a copula. Then the operator T defined on
LYI,B(I),)), by
(Te f)(x) - dx/ DyClx,t)f(t) dt (7.10)

for all f € L'(I), is a 1-preserving Markov operator.

Proof: Tt is clear that Tt is a linear operator. Let f be an aribtrary element in LY (I).
From Theorem 7.14, we know that DoC'(z,t) > 0 and « — DyC/(x,t) is an increasing
function. Hence, as f is also positive, x — fol DyC(z,t)f(t) dt is nonnegative and

increasing, and thus, for all z € [0, 1],

Tof(z /D2 (x,t)f(t) dt > 0.
T dr

Furthermore, we have

ITefll, = / (Tef) () da

_ /01 {% /0 DuCe (1) di| d
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— /1 DoC(1,8) f(t) dt—/1 D,C(0,1) f(t) dt

- /Olf(t) dt

= 7l

Using the reasoning of Proposition 2.7, it follows from T being positive and ||T¢ f||, =
| fl; for all f > 0, that T¢ is a contraction. Hence, || Tof||, < oo for all f € L*(I),
and thus Tz maps back to L'(7). Finally,

(Te1)(z) = % /0 DyC(a, )1(E) dt

d 1
-2 /0 DyC(a, 1) dt
- Lo ) - o.0)
dx ’ ’
d
4,
= 1.

Thus, (Te1)(z) =1 = 1(z), for all z € [0,1]. Thatis, Tc1=1. W

Theorem 7.33 Let T : L'(I) — LY(I) be a 1-preserving Markov operator. Then the
function Cr defined on I? by

Crl,y) = /0 (T1oy)(s) ds, (7.11)

for (z,y) € I, is a copula.

Proof: Let x,y be arbitrary elements in I. Then

1

(T1[07y} ) (S) dS

1
Loy (s) ds

OT(L y) =

S— —

= 1ds
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Furthermore,

CT(Z', 1) =

Also, we have

Cr(0,y) = (T1o4))(s) ds

and

CT(LL’, O) =

Thus, for all x,y € I,
Cr(z,1) =z and Cr(l,y) =y

and

CT(.%', O) = C’T(O,y) = 0.

Now let x1, x9, Y1, y2 be elements of I such that z; < x5 and y; < y». Then

Cr(x2,92) — Cr(x2,11) — Cr(21,92) + Cr(21, %)
(T1[07y2})(8) dS —/ (T1[07y1})(8) dS —/0 (T1[07y2])(8) dS +/0 (T1[07y1})(3) ds
0

/
= [ @0 = 06 ds = [T~ a5 ds
/

aywmx@ds—l (T1 4y )(s) ds
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since T is positive. Hence, Cr is 2-increasing. Thus, Cr is a copula. R
Proposition 7.34 The maps C'+—— T and T —— Cr are inverses of each other.

Proof: Let C' be a copula. Then

Cr.(z,y) = /090 (Tcl[o,y}) (s) ds

d 1
D20(87 t)]-[O,y] (t) dt) ds
ds J,

(i
_ /0 (i/DQ st)dt) ds
D s

Now let T' be a 1-preserving Markov operator. Then

(Ten)f(z) = / DaCr, )£ (1) dt

- da: . dt (/ Tlpy(s )ds> f(t) dt
d ['d 1
= - i o (/0 T1.4(5)1[0,2(5) ds) f(t) dt

d [l ([
= ([ rtna as) g0 a

d 1
= i T 1jo.)(t) f (1) dt

:d/on

= Tf(x).
m

The proof for the next result is taken from [2].

Proposition 7.35 Let {T,} be a sequence of 1-preserving Markov operators on L' (I, B(I), \)
and let {C,} be the corresponding sequence of copulas. If {T,} converges to the 1-
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preserving Markov operator T in the operator norm of L', then C, converges uni-

formly in I? to Cr, the copula corresponding to T

Proof: Let (x,y) be an arbitrary point in /2. Then

|C(z,y) — Cr(z,y)|
=\/GHMM@w—ACHMM@@

S / ‘T]_()y dS—(T]_Oy] | ds
< [ 1= Tt0] ax

0
< T, =T,

which proves the assertion. H

Theorem 7.36 Let A:1? — I and B : I? — I be copulas, where B has the additional
properties that %{93;/ and % are bounded and equal almost everywhere. Let Ty and

Tp denote the corresponding 1-preserving Markov operators. Then

TA e} TB = TA*B- (712)

Proof:
Let f € L'(I) and let € I. Then

(TA*Blf)(z)
= ddm Dy(A* B)(z,s)f(s) ds

:zéogﬂfbﬁ@wpﬁagﬂﬂgm
_iilLfDM@@.@Dﬁ@@ﬁbmyk
_ {/m m)D@m@ﬁw@@

_ //DgxtDDﬁ@$j@ﬁ®
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_ %/01 /01 DoA(z,1) . DiDsB(t,5) . f(s) ds dt
_ %/01 DyA(z, ) Uol DiDyB(t,s) . £(s) ds} dt
_ %/01 DyA(z, 1) [% /01 DuB(t,s) . £(s) ds} dt

— difv/o DoA(z, t)(Tsf)(t) dt
— ((TAOTBNC)(:U)?

where the fourth and ninth lines are applications of differentiation under the integral

sign and the seventh line is an application of Fubini’s Theorem. H

The correspondence between 1-preserving Markov operators and copulas can be re-
lated to conditional expectations. As we noted at the beginning of Chapter 4, the
properties of conditional expectations are discussed in [1],[33],[34] and [35]: perti-
nent to our present purpose is that conditional expectations on a probability space
(Q,%, p) are in fact Markov operators, with the additional properties of being pro-

jections which leave the 1 function invariant.

Conversely, we have the following result from [34].

Proposition 7.37 Let (Q,%, p) be a finite measure space and 1 < p < oo. If T :
LP(u) — LP(u) is a positive contractive projection with T1 = 1, then there exists a

unique o-algebra F C X such that

Tf=E(f|F) forall feLP(u).

As every conditional expectation has the property ||E(f|F)| = || f| for all f > 0,
f € L, the above result shows that if T : L' — L! is a positive contractive projection
with 71 = 1, then T is also a 1-preserving Markov operator. Thus, there is a one-
to-one correspondence between the class of Markov operators on L'(I, B(I), \) which
hold the 1 function invariant and are projections, and the conditional expectations on
LY(I,B(I),\). That is, a 1-preserving Markov operator is a conditional expectation

if, and only if, it is a projection.
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Theorem 7.38 Let C : I? — I be a copula with the properties that %@Cy and g;g;

are bounded and equal almost everywhere. Let T : LY(I) — LY(I) denote the corre-
sponding 1-preserving Markov operator. Then T is a conditional expectation if, and

only if, C is idempotent with respect to the x-product (that is, Cx C = C').

Proof: Follows from the above discussion and Theorem 7.36. M



Chapter 8

Markov Algebras

As a sequel to the previous chapter, we present some further interesting properties of
C, the family of all copulas. We now consider C in the context of it being a Markov
algebra. Markov algebras are introduced, as a generalization of C, in [10], where C
is studied alongside a second Markov algebra indentified by the authors: the set of
all doubly stochastic matrices. Following their lead, we present first results from [10]
concerning these matrices and then those concerning copulas, in an effort to draw
an analogy between the two (and perhaps suggest results which may pertain to all

Markov algebras).

This chapter presents something of a divergence from our central investigation into

Markov operators. We include it chiefly for interest.

Definition 8.1

(a) A subset M of a real Banach space is called a Markov algebra if M is compact,
convex and has defined on it a product operation which is associative, continuous

in each coordinate and which possesses null and unit elements.

(b) Let M be a Markov algebra and let n,& € M, and A € I. A Markov algebra M

123
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is symmetric if it possesses a continuous operation  — 1’ satisfying
(n")" =n,

A+ 1 =XN8" =X " + (1=

and

()" =¢¢"

Theorem 8.2 The set C of all 2-copulas is a symmetric Markov algebra under the -
product operation, defined in the last chapter, with null element I1(x,y) = xy and unit
element M (z,y) = min(z,y) and the transpose operation given by CT(x,y) = C(y,x)
for all copulas C.

Proof: The necessary properties of C' and the sproduct were discussed in the last
chapter. The fact that the transpose operation fulfills the desired properties (including

the fact that C7 will again be a copula) is easily verified.

We now introduce the other Markov algebra of interest, with properties that are in

many respects analogous to those of C.

Definition 8.3 We call an n x n matrix a doubly stochastic matriz if all of its entries
are nonnegative and the sum of each of its rows and columns is 1. We denote the set

of all doubly stochastic n x n matrices by D".

Theorem 8.4 The set D" is a symmetric Markov algebra under the usual matriz
multiplication operation (with the null element being the n X n matriz whose entries
are each % and the unit element being the n X n identity matriz) and the usual matriz

transpose operation.

Proof- The compactness of D" follows from the Heine-Borel Theorem for R, since

it is clear that D" is a closed and bounded subset of R™. The rest of the relevant
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properties are also easily verified. Note that the tranpose of a doubly stochastic

matrix is again doubly stochastic. H

We shall refer to the above unit element as M, and the null element as P,. For the
remainder of this chapter, we shall refer to the null element of C as P and the unit
element, as usual, as M, in order to underline the connections between D" and C.
Furthermore, for the sake of readibility, we shall write the x-product of copulas A and

B as AB.

We require a few more preliminaries from the theory of convex sets.

Definition 8.5 Let K be a convex set. An element n of K is called extreme if

n=X+(1—-X)Cand X € (0,1) implies that n = £ = (.

Theorem 8.6 (Krein-Milman Theorem) Let X be a locally convex topological
vector space, and let K C X be a compact convexr subset. Then K 1is the closed

convex hull of its extreme points.

8.1 The Markov algebra of doubly stochastic ma-

trices

We present results concerning the invertible elements, idempotents and center of D™.

Of utility will be a well known result due to Birkhoff, which we state without proof.
Theorem 8.7 An element of D" is extreme if and only if it is a permutation matrizx.

A permutation matrix is of course an n X n matrix with only one nonzero entry, with

the value of 1, in each row and column (and is thus clearly doubly stochastic).

Theorem 8.8 An element QQ of D™ has an inverse in D™ if and only if it is extreme.

In this case, the inverse of Q is QT.
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Proof: First, let us assume () is extreme. By the previous theorem, that means @ is
a permutation matrix and therefore invertible, with its inverse being its transpose.

Now assume () is invertible and Q = AA + (1 — X\) B, for some A € (0,1). Then
M=Q'Q=)Q'A+(1-)NQ'B.

As M is a permutation matrix, and hence extreme, this means that Q'A = Q'B =
M = Q7 'Q. It entails that A = B = Q. Since Q is extreme, it is a permutation

matrix and thus has its transpose as its inverse. H

Corollary 8.9 Any element of D™ can be written as a convexr combination of per-

mutation matrices.

Proof- As D™ is a compact, convex subset of R**, the Krein-Milman Theorem is appli-
cable, with the result that any element of D" can be written as a convex combination

of the extreme elements of D". The result then follows from Theorem 8.7. [ |

Definition 8.10 We say an element Q € D" is idempotent if Q? = Q.

It is easy to show that the only invertible idempotent is M,,. It is also possible to

show that every idempotent in D" is symmetric (that is, if @ is idempotent, then

QT =Q).

We may define a partial ordering on the set of idempotents of D™ in the following
manner: for E, F' idempotents, F < F' if and only if F and F' commute, and EF =
FE = E. This definition leads to the next result.

Theorem 8.11 If E, F are idempotents of D™ and E < F, then E, < Fyy for k =
L,...,n (that is, the partial ordering of idempotents is associated with the pointwise
ordering of their diagonal elements). As a partial converse: If E and F are commuting

idempotents and (EF)g, = Exx, fork=1,...,n, then E < F.
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The proof for the above theorem closely mirrors the proofs for the copula case, The-
orems 8.22 and 8.23. For this reason, we omit the proof; or, rather, delay it until the

next section.

Definition 8.12 The center of D" is the set of elements of D" that commute with

all elements of D".

Theorem 8.13 The center of D™ is the interval

[Py, M,] = {(1 = NP, +AM, : 0< A< 1}.

Proof: Clearly any element of [P,, M,] is in the center. Suppose A € D™ is in the
center. Fix i # j and let () be the permutation matrix that interchanges i and j (that
is, QA will swap the ith and jth rows of A, AQ will swap the ith and jth columns of
A and QAQ will swap both the rows and columns of A). However, A is in the center,
so QA = AQ. This gives us, along with the obvious fact that the inverse of ) will be
itself, that QAQ = QQA = QQ'A = A. Hence,

14M3::‘4jk7 k 7éi7j7

Api = Agjy k#14,7,
Ay = Aji,
Ay = Ay,
Upon varying ¢ and j it is easy to see that any two diagonal entries in A are the same

an—1
n—1"

and that any two off diagonal entries in A are the same. Thus, if we choose A =
where a is a diagonal element in A, then it is easily verified that A = (1—\) P, +AM,,.
|
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8.2 The Markov algebra of copulas

8.2.1 The invertible and extreme elements of C

Definition 8.14 Let A, B be copulas. If AB = M, then we say A is a left inverse of

B and B is a right inverse of A.

If a copula A has both a left inverse L and a right inverse R, then, necessarilly, L = R,
since L = LM = LAR = MR = R. This gives us the next definition.

Definition 8.15 Let A be a copula. If A has both a left and a right inverse, we call

their common value the inverse of A. In this case, we say A is invertible.

Note that by the familiar properties of matrices, we did not have to distinguish
between left and right inverses when dealing with D" (as an element of D™ has a left
inverse if and only if it has a right inverse). After the main results, we shall construct

a family of copulas that are only right invertible.

Theorem 8.16 Let C be a copula. Then C' has a left inverse if and only if for each
y € I, D1C(x,y) =0 or 1 for almost every x € I; and if C' has a left inverse, then

CT is a left inverse of C.

Proof: First assume that for each y € I, D;C(x,y) = 0 or 1 for almost every = € [.
As y — D1C(z,y) is a nondecreasing function for almost every x € I (by Theorem

7.14), it follows that for u,v € I such that u < v,
D,C(z,u) - D1C(z,v) = D1C(z,u)

for almost every x € I (if D;C(z,u) = 0 then D1C(z,u) - D;C(z,v) = 0, and if
D1C(x,u) =1 then D;C(z,v) =1). Hence, for z,y € I,

1
CTC(z,y) = /DgCT(x,t)~DlC(t,y) dt
0
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= /1 D\C(t,z) - D1C(t,y) dt

- /01 D,C(t, min(x,y)) dt

= (C(1,min(z,y)) — C(0, min(z, y))
= min(z,y)

= M(x,y).

Thus C is left invertible, and C7 is a left inverse of C. Now suppose that C is
left invertible; that is, suppose there is a copula L such that LC' = M. Since 0 <
DC(z,y) <1 for almost all x € I, by Theorem 7.14, it follows that

0 < [DiC(x,y)]* < DiC(x,y),

for almost all z. Similarly, 0 < [DyC(z,y)]> < DyC(x,y), and the same results hold

for the partial derivatives of L. Then, for all y € I,

= LC(y,y)
— t/'1514x¢)-[hCXty)dt

([ Dt dt)é ([ pcwor dt)%
([ o) ([mewor o)
o ([ e o)

([ ncvns)
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where Schwartz’s inequality was used to arrive at the fourth line. We conclude that

the above series of inequalities may be written as equalities, and hence, from lines 6

and 7, 1
A[&C@M—W£@Mﬂﬁ:0
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Since the above intergrand is almost certainly positive, it follows that for all y > 0,
D1C(x,y) = 0 or 1 for almost all z. When y = 0, D;(z,y) = 0 for all x, by the

properties of a copula. This completes the proof. M

Corollary 8.17 Let C' be a copula. Then C' has a right inverse if and only if for
each x € I, DyC(z,y) = 0 or 1 for almost every y € I; and if C' has a right inverse,
then CT is a right inverse of C.

Proof: Suppose C' has a right inverse; that is, suppose there is a copula R satisfying
CR = M. Taking transposes, we have (CR)T = RTCT = MT = M. This implies
that RT is a left inverse of CT. By the above theorem, for each y € I, D1CT(z,y) =0
or 1 for almost all z € I. Since D;CT(z,y) = DyC(y,z), it follows that for each
y €I, DoC(y,z) =0 or 1 for almost all x € I. This achieves the desired result. The

converse is similarly accomplished by taking transposes. H

The next theorem demonstrates the analogy with D".

Theorem 8.18 Let C' be a copula. If C possesses a left or right inverse, then C' is

extreme.

Proof: Assume C' possesses a left inverse (the other case is similar). By Theorem
8.16, there exist disjoint sets U and V such that U UV = I?, and D;C = 0 almost
everywhere on U and D;C' = 1 almost everywhere on V. Suppose C = AA+(1—\)B
for some A € (0,1). Then D;C = A\D1A+ (1 — \)D1B. As 0 < DiA, DB < 1,
by Theorem 7.14, it follows necessarily that D1A = D1 B = 0 when D;C' = 0, and
D1A = DB =1 when D;C = 1. Thus D1A = DB = D,C almost everywhere.
Upon integration, we get A = B = (', showing that C' is extreme. H

Theorem 8.19 Left and right inverses in C are unique.
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Proof: Suppose C, a copula, has left and right inverses A and B. Then %A + %B is
also a left inverse, and therefore, by the above theorem, extreme. Thus A = B. The

case for right inverses is similar. W

We are now in a position to demonstrate the fact that copulas need not necessarilly
have both a left and right inverse. Consider the following family of copulas: for
0< A<, let

Y if y <Az,

Ci(z,y) = Az, if e <y<1—(1-A)az,

r+y—1, fl—-—(1-Ner<y<L
It may be verified that each C € C. Now, DoC = 0 or 1 for almost all y € I, implying
that C' is right invertible by Theorem 8.16. However, D;C' = X on a set of positive

measure. Thus C' is not left invertible.

The Krein-Milman Theorem is also applicable to C - thus every copula is a convex
combination of extreme elements. However, it remains, to our knowledge, an open
question whether every extreme copula is also invertible. Thus we are unable, at this
point, to draw a conclusion comparable to that in D" - that is, that every copula is

a convex combination of invertible elements.

8.2.2 Idempotents in C

We first recall the definition of idempotent copula. Let C be a copula. We call C'
idempotent if C? = C.

Definition 8.20 Let C be a copula. We call C' symmetric if CT = C.

Again, the results in this section are obviously analogous to those concerning D". As
with D", the idempotents in C have a natural partial ordering: for idempotents E
and F', F < F if and only if £ and F commute and FF = FE = FE. It is clear that
for any idempotent £, P < EE < M.
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We now define the diagonal of a copula, which serves as an analogy to the diagonal

of a matrix.

Definition 8.21 Let C' be a copula. We define the diagonal éc : I — I of C to be
the function given by

do(x) = C(z, x)

for all z € 1.

Theorem 8.22 Let E and F be copulas. If E and F' are symmetric idempotents and
E<F, then 0 < dp.

Proof: As ET = E and FT = F, we have D, E(x,y) = D1ET(z,y) = DyE(y, x) and,
similarly, D, F(z,y) = D2 F(y,z). By assumption, we also have E? = E, F? = F and
EF = FE = E. Therefore, for z € I,

op(z) —0pg(x) = F(z,x)—2E(x,z)+ E(x,z)
= F*(z,7) — 2FE(z,7) + E*(x, 1)

_ /l DyF(x,1) - DyF(t, 7) dt—2/1 DyF(a,1) - DyE(t,z) di +
+ / " DuB(e.t) - DyE(t. ) dt
- /1 [ [D2F (2, 0)]” = 2D, F(,1) - Dy B, t) + [D; B, t)] | dt

— /1 [DoF (,t) — DyE(x, )] dt

> 0.
This yields the result. ®

Now for the partial converse.

Theorem 8.23 Let E and F be copulas. If E and F are commuting symmetric
idempotents and dgpp = 0, then B < F.
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Proof: Under the assumptions, it is easy to verify that E'F is also a symmetric idem-
potent, and EF < E, F. Furthermore, EFE = E*F = EF = (EF)?, so that, by the
definition of the x-product,

/ 1 Dy(EF)(z,t) [D1E(t,z) — Di(EF)(t,z)] dt
= FEFE(z,7) — (EF)*(z,2)

= 0.
Since dpr = 0 we have dp2p = dp2, which gives

/ ' DyB(e.1) (DBt ) — Dy(EF)(t.2)] dt
= E*(r,7)— E°F(x,2)

= 0.
Consequently,

0 = EQI(x,x)—EQF(;c,x)—(EFE(x,a;)—(EF)Q(x,x))
= /0 [DyE(z,t) — Do(EF)(x,1)] [D1E(t, ) — Dy (EF)(t, )] dt

= /01 [D1E(t,z) — D1(EF)(t,x)] [D1E(t,x) — D1(EF)(t,z)] dt

— /1 [D\E(t,z) — Dy(EF)(t,z)]” dt,

so that D1E = Dy(EF), almost everywhere. It follows that £ = EF, proving the

result. [ ]

8.2.3 The center of C

Before we present the main result concerning the center of C, we discuss a useful
construction called a shuffle of a copula. This serves as an analogy to a permutation

of a matrix - an analogy we require to derive a result comparable to the D™ case.
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Let P:0=21 <19 <...<2x,=1Dbea partition of I and let ¢ be a permutation of
{1,2,...,n}. Let A be a copula with induced measure . We discuss first the notion
of a horizontal shuffle of A. The basic idea is to use the permutation o to “shuffle”
the vertical strips [xg_1, x) X [0, 1], carry along the measure « restricted to each strip
and generate a new copula from the resulting measure. In detail, let Az, = xp — 251
and let P, := up < w1 < ... < u, = 1 be the partition for which Au, = Azy).

Define « via

oz(,(B A g1, ) X [0, 1])

= o [(zag — we + B] N 20091, 7o) x [0,1])

for all Borel sets B, where e denotes the unit vector along the z-axis. The idea of the
above definition is that the new measure of the Borel set, where it intersects with a
vertical strip that has been shuffled, is simply the measure of the set using the original
measure, if we were to shift the set so that it intersects with the unshuffled strip in
the precisely the same way it intersects with the shuffled strip. The new measure o,
can be confirmed to be a measure with the requisite properties to induce a copula
A, which we call the horizontal shuffle of A. To be more explicit: for all y € I and

x € (ug_1,u) we have

As(7,y) = a.([0,2] x [0,y])

[wi-1,2] % 0,]) + 3 e (-1, ]  [0.9])

Jj=1

— N\

ey Oé()_
To(k)—1, Lolk)—1 + (T — kal)} X [079])

:a<1

+ O‘([xa(j)—laxa(j)] X [anD
1

T

<.
I

= A

/N

To(k)-1 + (LU - uk—1)7 y) - A(Ia(k)—h y)

kol

-1

+ (A(%(j)7 y) — A2 ()-1, y)>.

7j=1

In a similar fashion, by considering a partition of the y-axis, we may construct the

vertical shuffle A° of A, which equals ((AT),)”. We now offer a preliminary result
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on shuffles, that underlines how they function in a manner similar to permutation

matrices.

Lemma 8.24 For any partition P : 0 = 29 < 21 < ... < z, = 1 of I and any

permutation o,

A, = M, A,
AT = AM®

for all A €C.

Proof: First note that Dy M (z,y) = 1j4(y) for almost all y € I. Using the definition
of the x-product and the explicit formulation for a horizontal shuffle derived above,

we obtain, for z € [ug_1,u),
1
MUA(‘Ta y) = / |:D2M<ZL'U(]€),1 + (ZL‘ - uk—1)7 t) - DQM(xa(k)fla t)
0

+3 (DgM(wa(j),t) - DQM(xJ(j)_l,t)ﬂ DiA(t,y) dt

Jj<k

1
= /O |:1[Oazo—(k)71+(z_uk—1)]<t> - 1[07900(19)71](15)
+ Z (1[0,:va(j)]<t) - 1[0,$a(j),1]<t)>:| DIA(ta y) dt
i<k

= A<xa(k)—1 + (I - uk—l)a y) - A<xa(k)—17 y)

+Z ( To(j)s Y) A(xa(j)—hy))
— Aa(x,y).

For the second result, we utilize the transpose operation:

AT = (AT
(M ATy
= (AT)"(M,)"
= A<M0>T
= A((M"),)"

= AM,.
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Definition 8.25 The center of C is the set of copulas that commute with all elements

of C.

The proof for the main result proceeds along the same lines as the matrix case.

Theorem 8.26 The center of C is the interval [P, M| ={(1—t)P +tM : 0 <t < 1}.

Proof: Clearly (1—t)P+tM is in the center. Suppose A € C is in the center. Consider

any partition of
PIO:ZEQSI1<ZL’2§$3<$4§$5:1

for which z4—x3 = x0—21 =6 > 0and 6 < }1. Let o be the permuation of {1,2,3,4,5}
that swaps 2 and 4 and leaves the other elements invariant. It can be readily verified,
by considering the various cases involved, that for this o, M = (M,)" = M,. Lemma
8.24 and the fact that A is in the center then gives: A7 = AM? = M°A = M,A = A,.
Consequently, a, = a?, where «a, and o are respectively the measures induced by
A, and A?. Let o be the measure induced by A. Let R;; = [x;_1,2;) X [xj_1,%;)
and set ¢ = x3 — x1. It follows readily from the definitions of a, and a“, and their

relationship to «, that for any Borel set B,
a(B) = Oé(B + 662), if BC RipU R35 U Rxo

OC(B) = Oé(B + 661), if BC Rsy U R23 U R25
Oé(R24) = OJ<R42)
a(Ry2) = a(Raa),

where ey, e; respectively indicate the unit vectors along the x and y-axis. It follows,
upon varying x; and € for fixed 9, that any two squares of side ¢ with sides parallel

to those of [0, 1], which do not intersect the line y = x except possibly at one vertex,
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have the same a-measure and also that any two squares of side 0 with opposite
vertices on the line y = x have the same a-measure. Let S be a square of side § with
sides parallel to those of [0,1]?, which does not intersect the line y = x, and let T
be a square of side § with opposite vertices on this line. Let A and v be such that
a(S) = A% and o(T) = vé6*. Suppose now that § = - for some integer m. Since
a([0,1]?) = 1, and we can divide up [0, 1]? into squares of side § (those along the
diagonal with a-measure of 7" and those off the diagonal with a-measure of ), it is
true that
m(m — 1)A6* + mvé* = 1.
Solving this for v we get
v=A+(1-X)/o
and thus

a(T) = (1 — \)d + \6>.

It is not difficult to show that the proportionality constant A is independent of 4 and,

since the Lebesgue measure (denoted by ) of a rectangle is simply its area, that

for any rectangle R which does not intersect the diagonal except possibly at a vertex.

Thus, for x <y,

A(x,y) - O‘([Oul‘] X [Ovy])
= ([0, z] x [0,z]) + ([0, x] x [x,y])
= (1=Nz+?+ Az(y — x)

= Ay + (1 - Nz,

Similarly, if y <  then A(x,y) = Azy+ (1 —\)y. Consequently, A = AP+ (1 —\)M.
|



Chapter 9

Stochastic Operators

In this section we use the definitions suggested in earlier chapters for Markov operator,
conservative operator and ergodic operator on a Banach lattice to arrive at several
results on the spectral theory of “stochastic” operators on a Banach lattice. This
material is based on [44]. First, however, we offer relevant background information

from the theory of Banach lattices.

9.1 Complexification of Banach lattices

We describe in this section how one may go about complexifying a real Riesz space -
that is, how one may take a given real Riesz space E, and use it, in a sensible way, to
create a Riesz space F +iE over the complex plane. As we shall see, this can be done
in a very natural manner, with one exception: a little care must be given in the choice
of a complex modulus. Once the modulus has been chosen in an appropriate way, the
most important basic results for the real case (concerning ideals, bands and the like)
can be transferred to the complex case. This section shall just be an overview, and

thus contain no proofs: for a more detailed treatment, see [46, Ch.6].

Let E be a real Riesz space. We can define addition and complex scalar multiplication

138
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on F x E, the Cartesian product of F with itself, in the following way:

(fi,91) + (f2,92) = (fr + fas 91 + 92)

and
(a+1iB)(f,9) = (af — Bg, Bf + ag)

where «a, 3 are real numbers, and fi, f2, 91,92, f,9 € E. These operations imbue
FE x E with a complex vector space structure, which we denote by E' +¢FE. Note that
(0,9) = i(g,0), and it is clear that F stands as subset of E +iF, since we can identify
f with (f,0). Thus it makes sense to write (f,g) as f + ig, since

(fi9) = (f,0)+(0,9) = (f,0) +i(g,0) = f +ig.

Furthermore, we can provide £+ ¢F with a partial ordering: f; +191 < fo+igo if and
only if fi < f and ¢1 < go. Thus we have a Riesz space on our hands, as it is clear
that the supremum of any two elements in F + iF will exist. In fact, this is precisely
the same partial ordering one can apply to E? to form a real Riesz space, but, as
we shall quickly see, the modulus which naturally arises out of this ordering is not
satisfactory for our present purpose. The obvious choice for a modulus, considering
the ordering, is as follows: |f +ig| = |f| + ¢|g|. The fact that this is not acceptable
becomes obvious when we consider the case £ = R. In this case, we would like
E +iE to behave like the complex plane, but, obviously, |z| 4 ily| # /22 + y2 for
x,y real. It is thus clear that we’d like a different definition for the modulus, one that
mirrors the most important properties of the normal complex modulus: |f| € E, for
f € E+iF and |f| = f for f € E,. As the square root operation may not exist for
an arbitrary Riesz space, we draw inspiration from the following equivalent definition

for the normal complex modulus:
jw| = sup { Re(we™™) : 0 € [0,27]}
for w € C. If we define the modulus in the following way (where z = f+ig € E+iF)

|2| = sup {Re(ze™") : 0 € [0,27]}
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then we get the properties we desire. Since Re(ze™%) = fcosf+gsin6, if f € E then
Re(fe™") = fcosf, which shows the above supremum exists and equals |f|. Also,
we have that

2| = sup {|Re(ze )| : 6 € [0,27]}

since

Re(ze ™) = —Re(ze™')

so if the supremum exists then it is a positive element of F. Of course, the question
arises: when can we be guaranteed that the supremum will exist? The next theorem

provides the answer, the proof of which can be found in [46, p.75].

Theorem 9.1 Let E be a real, uniformly complete Archimedean Riesz space, and

E +iFE it’s complezification. Then
2| = sup {Re(ze™") : 0 € [0,27]}

exists in E for all z € F+iE.

Note, following from [46, p.77], that we have the following equivalent formulation for
the modulus:

|z| = sup{|f|cos€+ lg|sinf : 0 <6 < g},
where z = f + ig.
Hence we shall always assume that E is Archimedean and uniformly complete (a
sufficient condition for both these properties is that E is Dedekind o-complete). The

next theorem tells us our choice of modulus guarantees us further properties we would

expect from a complex modulus. For the proof, again consult [46, p.76].

Theorem 9.2 Let E be a real, uniformly complete Archimedean Riesz space, and

E +1F it’s complezification. If z = f +1ig, 21,20 € E+1E and w € C, then

(o) [fI <z, 19l < 2] and [2] < |f] + 9],



CHAPTER 9. STOCHASTIC OPERATORS 141
(b) |z| =0 if and only if z =0,
(c) |wz| = |wllz],

(d) ||z1] — |22|| < |21 + 22| < |z1| + |22] (the triangle inequality).

We now define the concept of disjointness for our complexification.

Definition 9.3 Let E be a real, uniformly complete Archimedean Riesz space, and
E +1F it’s complexification. Two elements 27, zo of ¥ 4+ ¢E are said to be disjoint if

|21]|L|z2]. Furthermore, if D C E +iE we define the disjoint complement of D to be
D ={z€ E+iFE :|z| L]z for all zg € D}

Note the distinction between D=, the real disjoint complement of D, and D?, its

complex disjoint complement, if D C E.

Theorem 9.4 Let E be a real, uniformly complete Archimedean Riesz space, and

E +iF it’s complexification. Let z1, zo be elements of E 4+ 1 E.

(a) If z1, 2o are disjoint then

21 = 22| = |21 + 22| = [|21] = |22l = || + |22| = [21] V |22]-

(b) z1 = fi+igr, 20 = fa+1ige are disjoint if and only if f1 and g, are disjoint from
both fo and gs.

Proof for the above theorem can be found in [46, p.77].

Definition 9.5 Let E be a real, uniformly complete Archimedean Riesz space, and
E + iF it’s complexification. We call A C E + iFE an ideal if A is a complex linear
subspace, and, secondly, if for z4 € E + iE there exists z € A such that |z4| < |z|
then z4 € A. We denote by A, the set of all real elements in A; that is, A, = AN E.
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The next theorem describes the relationship between the ideals in £ and those in

E + iE. For the proof, see [46, p.78§].

Theorem 9.6 Let E be a real, uniformly complete Archimedean Riesz space, E+iFE
it’s complexification and let A be an ideal in E +iFE. Then

(a) A, is an ideal in E.

(b) A=A, +iA,. Conversely, if A C E is an ideal, then A. = A+ 1A is an ideal
m E+1F.

Definition 9.7 Anideal A in F+iF is called a band if A, is a band in E. The band

is called a projection band if A, is a projection band in F.

It can be shown that D? is a band for any subset D of E +iE. It can also be shown
that A% is the smallest band containing an ideal A in £ + iF, as in the real case.
Furthermore, it follows easily from A, ® (A,)* = E that A® A? = E + iE. Finally,
it is clear that if £ has the projection property, then so does FE + iF.

We now consider the case that F is a Banach lattice. The question arises, is there
a means to extend the norm on F in such a manner that £ + ¢F£ becomes a Banach

lattice too? If we define the norm ||-||, on E + ¢E in the following manner

12lle = {I1=]

where z € E +iE and ||| is the norm on E, then it can be easily shown that this

norm makes F + iF a Banach lattice.

Finally, we consider the issue of bounded linear operators on FE + ¢F, the details of
which are discussed in [46, Ch.19]. Recall that L°(E) denotes the ordered vector
space of order bounded linear operators on E (we write £°(F) instead if £ is a
Banach lattice). Firstly, note that R € L°(E) has a natural extension to an operator

on E+iF, namely R+ iR, where (R+iR)(f +ig) = R(f)+iR(g). In the work that
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follows, when we refer to a postive operator, T' > 0, we are in fact referring to the
extension of a positive operator on E. Now consider T € LY(E +iE). It is easy to
show that T'(f +1ig) = R(f)+1iS(g) where R, S € L*(E). Conversely, for any R, S in
LY(E), T defined as T'(f +ig) = R(f) +iS(g) is in L°(F +iFE). Thus it makes sense
to write T' = R+14S for T € L*(E +iE) and L*(E +iE) = L*(E) +iL°(E). Indeed,
if E is Dedekind complete, then L’(E) is a Dedekind complete Riesz space, and, as
we would expect, L*(E +iE) = L°(E) + iL°(E) still holds, where L*(E) + iL*(E) is
the appropriate complexification of L°(E) (and we think of it’s elements as operating
on elements in F + ¢F in the following way: (R + iS)(f + ig) = R(f) + iS(g)).
Thus, we have the ordered complex vector space L°(E + iE) = L*(E) + iL°(E) of
operators on F, which we are only guaranteed to be a complex Riesx space itself if
E is Dedekind complete. As a final point, consider the Riesz space E* = L°(E,R),
which is Dedekind complete as R is obviously a Dedekind complete Riesz space. It
can be shown that E* + iE* = (E + iE)* = L*(E + iF,C), a Dedekind complete

complex Riesz space.

The following theorem, adapted slightly from [46, p.237], shows that a useful property

of positive operators in the real case extends to the complex case.

Theorem 9.8 Let E and F' be Riesz spaces such that E is Dedekind o-complete and
F is Dedekind complete. Furthermore, let 0 < T be a member of L°(E, F). Then,

|Tz| <T(|z]) for every z € E+iE.

9.2 Spectral theory

We begin this section with a few brief words on the fundamentals of spectral theory.

Definition 9.9 A complete normed vector space B over the complex plane is called
a Banach algebra if it has an associative and distributive multiplication defined which

satisfies the following properties:
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(a) May) =z(A\y) = (A\z)y for all z,y € B and X a scalar.

(b) [leyll < [l Iyl for =,y € B.

We will assume that our Banach algebras have a unit e and that we can assume

without loss of generality that ||e|| = 1.

Remark If F is a Banach space, then £(FE) is a Banach algebra with multiplication

being the composition of functions.

Definition 9.10 Let B be a Banach algebra with unit e. We define the spectrum of

an element x € B as

o(x) = {\:x — Ae is not invertible in B} .

It is clear that the spectrum of a linear operator contains all the eigenvalues of the

operator.

Definition 9.11 Let B be a Banach algebra with unit e. We define the spectral

radius of x € B as

p(x) =sup {[A]: A € o(2)}.

We now state, without proof, two important and well-known theorems in spectral

theory.

Theorem 9.12 Let B be a Banach algebra with unit e. Then o(x) is compact and

not empty for every x € B.

Theorem 9.13 (The Spectral Radius Formula) Let B be a Banach algebra with

unit e. For every x € B, the following limit exists

: .
lim [l = p(a).

n—oo
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A brief word on notation: for the remainder of the chapter, we shall generally refer
to elements of Banach lattice E' with f or g, elements of E + ¢FE with z or w and

elements of E* 4+ ¢E* with v or ¢.

Definition 9.14 Let E be a real Banach lattice and 7: E — E. Then T is said to
be a stochastic operator if T' is a Markov operator with the property that
| T*¥|| = ||¢|| for all ¥ € E* +iE*.

We consider aspects of spectral theory of positive stochastic operators on Banach

lattices. The following results are based on [44].

Lemma 9.15 Let E be a real Banach lattice and 0 <T € L°(E) +iLY(E).

(a) If T*) = \ap, then T = X 9.
(b) If T is a stochastic operator and T*) = \ip, then |\ = 1.
(c) If T is a conservative stochastic operator and T*) = X\, then T*|| = |].

Proof: (a) Let z = f+ig € E4+iE and ¥ = 91 + 1tpy. AsT > 0 we have T'(f) € E
and T'(g) € E. Then

T*p(z) = ¢(Tz)
= (1 + i) (Tf +iTyg)
= [0(Tf) = o(Tg)] —ile2(Tf) +11(Tg)]
= [0i(Tf) = ho(Tg)] +ilo(Tf) + 11 (Tg)]
= (1 — i) (Tf —iTg)

= TY(z).

In a similar vein, we can show that A\(z) = A\)(Z), and we arrive at the equality we

desire.
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(b) Since T is stochastic we have that
[l = 79l = [[Apl = (ALl
and hence |\| = 1.
(c) It follows from (b) that |A\| = 1; since T* > 0, we get
T[] = [T*9] = (M| = [A|o] = [¢].
By Theorem 3.20(b), we have T*|¢)| = [¢p]. W

We remind the reader that if E is a real Banach lattice and z € E + iF, it is
well known that E.| + i), is a complex f-algebra (for further details, consult the

Appendix, section A.5).

Lemma 9.16 (see [45]) Let E be a Banach lattice and z € E+iE. If 0 < € E},
has the property that ¥(|z|) = |1(2)|, then

Y(zw) = Y(2)Y(w) for all w € By +iE)..

Proof: We prove the case where

()| =1 =(]z]).

The general case follows easily: if [¢(z)| = k = 1(|z]), then simply apply the previous

case to %z
Let ¢(z) = ¢, and let
2 =e 2= f+ig with f,g€ Ey.

Then
¥(z1) =1 and ¢(|z]) = ¥(|z]) =1,

with the result that ¢(|z1] — z1) = 0 and hence,

(2] = f) =0 and ¥(g) = 0.
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We prove that ¢(|g|) = 0. Indeed, we have

| 21| :sup{|f]c089+ lg|sinf : 0 <6< g},

and hence for every 0 <6 < 7,
|f] cos@+ |g|sinf < |z].

This implies that

P(lgl) sind < (|z1] = [g] cos#) = (1 — cos 0)4(|z1]).

Using standard trigonometric identities, it follows that

1 —cost

“(lgl) o
2sin*(%)

2sin(%) cos(%)

Cw(l)

Since tan(£) — 0 as § — 0, we obtain ¢(|g|) = 0.

Since w € Ej.| +1E),|, there exists k such that |w| < k |z|. Hence, using the positivity
of 1 and the fact that |z| is the unit,

0 < [p(wg)| < P(|lwg|) < ¥(k|z||g]) = kv (lg]) = 0,

and
[W(wlz] —wf)l < e(lw| (21 = f]) < k(| = f) = 0.
Consequently,
b(wz) = Y(wf) +i(wg) = Y(w|z]) = Y(w),
and finally
P(wz) = e“Plwa) = Y(2)y(w).
|

The following remark is useful in the sequel:
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Remark If 0 < T: F — F is an e*-ergodic conservative stochastic operator and v is

an eigenvector of T, then

e*

* _ *
By =F
since [¢)| = ce* for some ¢ € R,.

The following is worth noting before the next result: if ) is a compact Hausdorff

space and t € €2, then d; defined by

0(f) = f(t) VfeCQ)

is a scalar Riesz homomorphism on C(2). Thus, if F is a Riesz space with a strong
order unit e, then, by Kakutani’s M-space Theorem (see [38]), there exist scalar Riesz

homomorphisms on E.

Theorem 9.17 Let E be a real Banach lattice and 0 < T € LY(E) + iLE) an e*-
ergodic conservative stochastic operator. If T* = ), where A € C and € E*+iE*,
then

T*(g) =T ()T™(9) for all ¢ € Ejy + iE}y,.

Proof: Using Kakutani’s M-space Theorem, select a scalar Riesz homomorphism

0: Ef. +iE!. — C such that §(e*) = 1. Define
O(¢p) =0(T"¢) for all ¢ € EZ. +iE..
Then, by Lemma 9.15 (c), we get
[R(@)] = 16(T"¢)| = 6(|T"¢]) = 6(T"[¢]) = 2(|¢]).

Then
O(Pop) = P()P(o) for all ¢ € EX +iE%,

by the remark preceding the theorem and Lemma 9.16. Using the fact that J is a

scalar Riesz homomorphism and thus an algebra homomorphism, it follows that

(T (¢9)) = ©(¢¢) = B(P)B(d) = o(T™Y)d(T"¢) = 6((T")(T79)).

But then T*(y¢) = T*()T*(¢) for all ¢ € E +iE;,. W
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Corollary 9.18 Let E be a real Banach lattice and 0 < T € L(E) + iL(E) an
e*-ergodic conservative stochastic operator. If T*; = \p;, where X € C and 9; €
E* 4+ iE* fori e {1,2}, then there exists ¢ € C such that 1y = cibs.

Proof: Since 11,1, are eigenvectors of T, we have Elt/)l\ = E\tpzl = E7., from which

1,9 € EX +iE?, follow. Then, by Theorem 9.17 and Lemma 9.15(b),
T (¢1E2) = AX(¢1E2) = wlaz-

But T* is e*-ergodic; thus, ¥11, = ce* for some ¢ € C. However, 1, = 1, " in the

f-algebra £ +¢E’.. Thus, 1 =co. N

In our next result we illustrate that a stochastic root of a stochastic conservative

ergodic operator is ergodic and conservative.

Lemma 9.19 Let E be a real Banach lattice and 0 < T € LY(E) + iL(E) an e*-
ergodic conservative stochastic operator. Suppose there exists a stochastic operator
Q € LP(E)+iL*(E) (with Q*y =) and (Q*)™ = T*. Then Q is ergodic, conservative

and Q*e* = e*.

Proof: Firstly, we show that Q*e* = e*. Since Q*Y = 1, we have that T"¢ =
(Q*)"p = 1. As T is ergodic, it follows that ) = Ae*, A € C. Hence,

== QU= Q= Qe

Next, we show that @) is ergodic. Suppose that Q*¢ = 1), then T = 1, but since T'
is ergodic, ¥ = Ae*.
It remains to show that @ is conservative. Fix 0 < ¢ € E* and 0 < f € E. Then

D_(@Q)(@) = 3T (@) Tm 00

by which it entails that

mn

D (@) ((f)) T 00,

1=0
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Hence
@) N = Z(Q*)’(¢(f))Too
|

The following result is the main result of this section:

Theorem 9.20 Let E be a real Banach lattice and 0 < T € LY(E) + iLE) an e*-
ergodic conservative stochastic operator. If for some n € N there exists a stochastic
Q € LYE)+iL(E) for which Q™ =T, then, amongs the n-th roots of unity, 1 is the

only eigenvalue of T*.

Proof: Suppose that T*y = Ay where \* = 1. By Theorem 9.17, it follows that
Ty = \"Y™ = ¢p". But T is e*-ergodic; thus, there exists ¢ € C for which ¢™ = ce*.

We may assume that " = e*.
Define ¢ € E* +1E* by ¢ = Q*1. Then

(T7¢)z = T*(Q")z = Q" (T"Y)z = MQ"P)z = A (2).

By Corollary 9.18, there exists ¢; € C such that ¢ = c¢19; consequently, Q"¢ = c19).

Furthermore,
M =T = (Q")" = i
and since () satisfies the conditions for Lemma 9.19,
e =Q% =Q"Y" use (Y" =¢") = cfY" = " = Ae.

Hence, A\=1. =

The following result generalizes a result of Krengel and Michel (see [23]).

Corollary 9.21 Let E be a real Banach lattice and 0 < T € LY(E) +iL(E) an e*-
ergodic conservative stochastic operator. If for some n € N there exists a stochastic
Q € LYE)+iLYE) for which Q™ = T, then no mth root of 1 is a peripheral eigenvalue

of T* if m and n has a common factor.
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Proof: If n = pn* and m = pm*, with p > 1, and \™ = 1, then
() = ey =1

and hence A\ is not an eigenvalue of 7. Since the peripheral eigenvalues form a

group, A is not an eigenvalue of 7*. H

The following result generalizes a result of Iwanik and Shiflett (see [21]) and is the

main result of the section.

Theorem 9.22 Let E be a real Banach lattice and 0 < T € LY(E) + iL(E) a
stochastic operator that leaves e* invariant. Then T™ is e*-ergodic for some n € N if

and only if among the n-th roots of unity, 1 is the only eigenvalue of T™.

Proof: First, we show the necessity part of the statement. Assume there exists A € C
such that A" = 1, A # 1 and there exists v € E* + iE* such that 7"y = \i.
As T is ergodic and X\ # 1, there can be no ¢ € C such that ¢» = ce*. However,
(T*)™p = A™p = 1), which shows that 7" cannot be ergodic.

Now for the sufficiency part of the statement. Suppose that 7™ is not ergodic, then
there exists ¢ € E* +iE* such that (T%)") = 1 but ¢ # ce* for any ¢ € C. Let A be
an nth root of unity. Algebraically,

2" —1=(x—A)(z - )z -\ (z—\"D(z-1).
In terms of T we have
0=[(T)" =1 = (T" = AT =N - (T* = A" Vo,

where ¢g = (T* — I)tp = T*p —1p. As T is ergodic thus T*1) — 1 # 0 and so ¢y # 0.
Now set

¢ = (T" = N"7)dj
for j €1,---,n—1. Let k be the largest j such that ¢; # 0. Note that £ <n —1
and for this k& we have that

(T* _ )\nfkfl)(bk = 0.
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Thus A" %=1 is an eigenvalue of 7%, proving suffiency. M



Chapter 10

Markov Operators on Riesz Spaces

A generalization of Markov operators to the Riesz space setting appears to be a
trickier proposition than that of a generalization to Banach lattices. Indeed, the def-
initions of both positive contractions and Markov operators in the L' setting revolve
around the properties of the norm of such operators. It seems clear that in order to
generalize these objects to a purely order theoretic environment, we must shift our
attention to the properties of the adjoints of these operators. We recall from Chapter
2 that the adjoint of a positive contraction is submarkovian, while the adjoint of a
Markov operator is markovian. Importantly, the definitions of both markovian and
submarkovian operator, in the L* setting, does not in any way utilize the norm on
that space. In this chapter, we will briefly consider two possible approaches to the
study of Markov operators in a Riesz space setting. In the first, we will define Markov
operators as a breed of positive operator, the order adjoint of which displays certain
properties. In the second, we will model our definition on that of a submarkovian
operator and consider how we may construct an analogue of L' to which we may

extend the operator.

153



CHAPTER 10. MARKOV OPERATORS ON RIESZ SPACES 154

10.1 An analogous definition to the Banach lattice

case

We first recall the definition for a Markov operator we offered at the end of Chapter
2:

Definition 10.1 Let E be a Banach lattice. A positive linear contraction T: £ — E

is called a Markov operator if there exists 0 < e* € E7 such that T"e* = e*.

It is well known that if T" is a positive linear operator defined on a Banach lattice F,
then T is continuous. It is also well known that if the Banach lattice E' has order

continuous norm, then the positive operator T is also order continuous.

Let E be a Riesz space and let
Ej, ={¢: E — R, ¢ is linear and order continuous }

denote the Dedekind complete Riesz space of order continuous linear functionals on
E. Tt is well known that Ej) # {0} need not hold (see [3]), and to avoid trivialities,
we shall consider Riesz spaces E for which Ej, # {0}.

Let T™ denote the order adjoint of T: ' — E.

We use the above definition and the fact that L'(u) has order continuous norm to

motivate the following tentative definition for a Markov operator on a Riesz space:

Definition 10.2 Let E be a Dedekind complete Riesz space such that Ej, # {0}.
A positive order continuous linear operator T: E — FE is called a Markov operator if

there exists 0 < e™ € Ly, such that T~e™ = e™.

Recall that if £ is a Banach lattice with order continous norm, then Eg = E* (see
46, p.37]). Thus if E = L'(u), it is plain to see that every Markov operator in the

L' sense is also a Markov operator in the Riesz space sense.
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Furthermore, we may now follow the definition for an ergodic operator on a Banach
lattice given in Chapter 6 (Definition 6.32), to provide an analogous definition in the

Riesz space case:
Definition 10.3 Let T" be a Markov operator on a Dedekind complete Riesz space
and let 0 < e* € £, be invariant under 7. Then 7' is said to be e*-ergodic if

W(Tf)=v¢(f) = 3Fce Ry for which ¢ = ce”.

10.2 A Riesz space definition for submarkovian op-

erators

We recall our definition of a submarkovian operator on an L>(u)-space:

Definition 10.4 Let (£2,%, 1) be a o-finite measure space. We call the operator
T:L>(pu) — L™(p) submarkovian if it has the following properties:

a) T is linear and positive,

b) T(1) <1,

¢) T is o-order continuous.
We also recall that this definition is essentially equivalent to that of a positive con-

traction on L'(u). Furthermore, if we replace condition b) with T'(1) = 1, then T is

markovian and, hence, equivalent to a Markov operator on L!(u).

Keeping in mind the fact that if (2, ¥, 1) is a probability space, then 1 is a weak order
unit on L (), we wish, in the above definition, to replace L>(u) by a o-Dedekind

complete Riesz space F with a weak order unit e.

We first construct an analogue of L'(1).
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10.2.1 Extending o-order continuous maps

We first introduce further terminology from the theory of Riesz spaces.

Definition 10.5 A Riesz subspace V of E is said to be

e order dense in E, if for all u € E., there exists a net (v,) C V such that

OSUOLTQU7

o super order dense in E, if for all u € E, there exists a sequence (v,) C V such

that 0 < v, T, u.

Definition 10.6 A Riesz space E is said to be universally complete if E is Dedekind
complete and every subset A of F which consists of mutually disjoint elements (that
is, |z| A ly] = 0 for all z,y € A, x # y), has a supremum in E. A Riesz space E* is
a universal completion of E, if E* is universally complete and E* contains E as an

order dense Riesz subspace (see [47]).

Every Archimedean Riesz space has (up to a Riesz isomorphism) a unique universal

completion and if e is a weak order unit for E, then e is a weak order unit for E*.

Our interest in universal completions stems from the following connection in the

measure space setting:

If (Q,3, ) is a probability space and E = L'(u), then E* = L%u) (that is, E*

consists of the y-measurable functions).

In what follows, we will be interested in the o-version of universal completions.

Definition 10.7 A Riesz space E is said to be g-universally complete if E is Riesz
space isomorphic to a super order dense Riesz subspace of some o-Dedekind complete
Riesz space (see [3, 47]). A Riesz space E°" is a o-universal completion of E, if E7"

is universally complete and E’" contains E as an order dense Riesz subspace.
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A o-universal completion is (up to a Riesz isomorphism) unique and if e is a weak

order unit for F, then e is a weak order unit for £,

The following result is based on the idea of a maximal domain of a positive linear

o-order continuous map, as can be found in [18, 20, 25].

Proposition 10.8 Let E be Riesz space which admits a o-universal completion, F' a
o-Dedekind complete Riesz space and T : E — F' a positive linear o-order continuous

map.

(a) Let E1(T), denote the set of all x € ET* for which there exist (v,) C E, such
that 0 <z, T x and (T'z,) order bounded in F. If

7(z) =sup Tz,

forallz € E\(T),, where (v,) C Ey with x,, T x and (T'z,,) order bounded in F,
then 7 : E1(T), — Fy is a well defined increasing additive o-order continuous

map.
(b) Let

E\(T) == E\(T),

and define T : E1(T) — F by

for f € E\(T). Then

(i) E1(T) is a o-order dense order ideal of E°" containing E.

(i) T is the unique o-order continuous positive linear extension of T to E1(T).

Moreover, if e is a weak order unit for E, then e is a weak order unit for E1(T).

Proof. The proof is an adaptation of [25, Proof of Lemma 5.2]. For the convenience

of the reader, we present the adapted proof.
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(a) Let v,y € Ey(T), with z <y, then there exist (z,), (y,) € E} with z,, T = and

Yn T y such that the increasing sequences (T'z,,) and (T'y,) are order bounded in F.

Let s = sup,, Tx,, and t = sup,, T'y,. (Since F is o-Dedekind complete, these suprema
exist in F.) As x < y, it follows for any fixed n € N that x, A ¥, Tm x,. By the
o-order continuity of T, we get T'(z, A Ym) Tm T,. Thus

sup T(xy, A Yp) = supsup T(z, A ym) = sup Tx,, = s.
But T'(z, A Ym < Ty T t. Consequently, s < t. Now, if x = y, the above reasoning
gives t = s, making 7 well defined. Having deduced that 7 is well defined, the above

inequality can be written as 7(z) < 7(y), proving 7 to be an increasing map.

We now prove that 7 is additive. Let z,y € Ey(T), and (z,), (ym) € E; be sequences
with z,, T = and y,, T y. Defining (n/,m’) < (n,m) by n’ < n and m’ < m, we have
that (z,4y,,) is an increasing sequence with supremum z+y. In addition, (T(x,+ym))

is an increasing and bounded sequence; thus,

T(2n) + T(Ym) = T (@0 + Ym) Tnm) T(2 +9)
which, upon taking suprema with respect to n and m, yields

T(x) +7(y) < 7(x +y).

Let (w,) be an increasing sequence in E, with supremum = + y and having (Tw,)
order bounded in F'. From the Riesz decomposition property, there exist increasing
sequences (u,) and (v,) in E, with u, < z and v, < y for all r, such that w, = u, +v,.

Combining these results gives
T(2) +7(y) = T(ur) + T(vr) = Tw, T 7(x + ).
Hence, 7(z) + 7(y) = 7(x + v).

We now show that 7 is o-order continuous. Let x,,x € Ei(T), such that =, T z.

As F' is o-Dedekind complete, from the monotonicity of 7, it follows that Tz, =
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Tx, T h < 7z, for some h € F. But x € Ei(T)_, so there is an increasing sequence

+
(ym) C E4 with y,, Tz and Ty,, T 7(z) = 72. In particular, (y, A x,) C Ey is a
sequence for which (ym A 2n) Tmn) @ and (T'(ym A x,,)) is order bounded in F. Thus,

T (Y A T3)) Tammy T2 But, T (Y A ) < 72, T h, giving h > 7.

(b)(i) We first show that F;(T) is a Riesz subspace of E7*. Let x € F1(T'). Then
r = u — v, where u,v € Ey(T),. Select u,,v, € E such that 0 < u, T v and
0

< Uy, T v, with (T'u,,) and (Tv,,) order bounded in F. In E°* we have that 7 < u
and = <v. Thus 0 <u, AzT TuAzt =27 and 0 < v, Az~ TvAz~ =zx. Since
T(up Aat) < Tu, and T(vy A x7) < T, it follows that 2,2~ € Ey(T'),. Thus,

E\(T) is a Riesz space.

Let u € Ey(T), and 0 < 2 <u where x € E7*. To show that Fy(T') is an order ideal
in E7%, by [46, p.28], it suffices to prove that x € Ey(T). As u € Ey(T),, there is a
sequence (u,) C E, with u, T w and (T'u,) order bounded in F. Then (u, A z) is a
sequence in £, with u, Az T uAx =z and (T(u, A x)) is order bounded by 7(u) in

F, thus x € Ey(T).

Since £ C FE1(T) C E°* and E is super order dense in E7* it follows that E;(T) is

super order dense in £,

Consequently, if e is a weak order unit for F, then e is also a weak order unit for both

E and Ey(T).

(ii) As 7 is additive, the definition of T makes it the unique additive extension of 7
to Ey(T). Since T is additive and E;(7") an ideal of the Archimedean Riesz space
E’* and thus Archimedean, it follows that T is linear, cf. [46, §20]. The positivity

and o-order continuity of T follow from that of 7. O

The space Ei(T) in the above result, may be seen as playing the role of an L!-space.

Proposition 10.8 yields a description of E7* in terms of E;(T), as we shall see after

the following definition:
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Definition 10.9 Let E and F' be Archimedean Riesz spaces and T' : £ — F a

positive linear o-order continuous map. If F has a o-universal completion, set
E§(T)y ={z e El":aNze Ey(T)y forall z € E4(T),}

and

E§(T) = E§(T). — E§(T)s.

As motivation for the next result, we note that for a probability space (2, %, 1), we

have that L0(u) = (Ll(u))u.

Proposition 10.10 Let E and F be Riesz spaces and T : E — F' a positive linear
o-order continuous map. If E has a o-universal completion and F is o-Dedekind

complete, then E7" = E§(T).

Proof.  We first show that Ey(7") is a Riesz subspace of E7". Let x € Ey(T'). Then
xt € B and x = y — z, where y,z € Eo(T);. Let u € Ey(T),. Select u, € E
such that 0 < u, 1 u, with (T'(u,)) bounded in F. Then 0 < u, Ax™ T uAx" and
0<u, Az~ TuAz .In E7 we have that 2t <y and 2 < z (see [46, p. 20]. Since
TuNzt) <T(uAy)and T(uANx”) < T(uA z), it follows that ¥, 2~ € Eo(T);.
Thus Ey(T) is a Riesz subspace of E7".

Since £ C E1(T) C Eo(T) C E* and E is super order dense in E7", it follows that

Ey(T) is super order dense in E7".

Suppose x € E7*. If =0, then « € Ey(T). If z # 0, using the super order density,
there exists (x,) C Eo(T) such that 0 < x,, T x. Let z € E1(T),. Then x, Az T Az,
with z, Az € Ey(T); and, by the o-order continuity of T, we get T'(z, Az) T T(z A z).
Thus, T'(z A z) < T(z), showing that « € Ey(T)4. Hence, ET* = Eo(T'). O
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10.2.2 The definition of a submarkovian operator

We come back to our idea of extending the definition of a submarkovian operator on

L>=(w).

Definition 10.11 Let E be a o-Dedekind complete Riesz space with weak order
unit e which admits a o-universal completion. A positive linear o-order continuous

operator T : E — FE is called submarkovian if Te < e.

We may now use the above construction to extend 7" to £y (7)) and, thus, study such

operators in both an L™ type setting and an L! type setting.

10.3 Questions for further research

Of course, the true test for any attempted generalization is its ability to shed further
light on known results and place those results in a broader context. In the case of a
generalization of Markov operators, several pertinent questions arise from the classical
theory. For one, is it possible to produce an analogue of the Chacon-Ornstein Theorem
in the Riesz space setting (for that matter, is it possible in the Banach lattice setting)?
The filling scheme presented in Chapter 4 appears to be easy enough to restate in
more generalized settings; is it thus possible to use this technique in a similar way to
the L' case to arrive at a result similar to, or a direct generalization of, the Chacon-
Ornstein Theorem? For answers to such questions, we direct the reader towards [48]
and [49]. Secondly, which of the asymptotic properties of Markov operators in the
L' setting can be generalized? For instance, is it possible, using an order theoretic
notion of a limit, to establish a similar connection between the averages A, f and

invariant elements?

However, the answer to these questions is beyond the scope of this document. They

perhaps represent, along with the definitions presented earlier, a useful starting point
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for further investigations into the generalization of Markov operators.



Appendix A

An Introduction to Riesz Space

Theory

We present a brief overview of Riesz space theory, with a few touches of operator
theory and Banach space theory where needed. For a detailed presentation of the

results stated here, the reader may consult [46], [30], [37], [8] and [36].

In Section A.1 we define the notion of a Riesz space with related properties and
algebraic structures. Section A.2 is concerned with Riesz spaces which are equipped
with a norm, particular attention is paid to norm complete normed Riesz spaces or
Banach lattices. Sections A.3 and A.4 look at various classes of operators acting
between normed spaces and Riesz spaces respectively. Section A.5 demonstrates how

an associative multiplication may be imposed on a Riesz space with strong order unit.

A.1 Riesz spaces

The material in this section is drawn almost exclusively from [46]. We focus on a

special class of vector space endowed with partial ordering.

163
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Definition A.1 Let X be a partially ordered set.

1. If every subset of X consisting of two elements has a supremum and an infimum

then X is called a lattice.
2. We denote sup{z,y} by x Ay and inf{z,y} by 2 Vy for all z,y € X.

3. If X is a lattice. Then X is called a distributive lattice if z A (yV z) = (x Ay) V

(x A z)forall z,y,z € X.

Definition A.2 Let E be a real vector space.

1. If F has a partial ordering so that

(a) f<g=f+h<g+hforevery f,g,h € E and

(b) f>0= af >0 for every non-negative a € R,
then F is called an ordered vector space.

2. Let E be an ordered vector space, then the subset Cp = {f € E : f > 0} is
called the positive cone of E. An ordered vector space E with its positive cone
Cg is denoted (E, Cg). The cone Cg is said to be generating if E = Cg — Cg;
proper if Cp N (—Cg) = {0} and Archimedean if it follows from y — nx € Cg
for all n € N, with y € Cg and z € F that —z € Cg.

3. Let E be an ordered vector space, then for f,g € F with f < g we define an
order interval [f,g] by [f,g] :={h € E: f<h<g}.

4. If F is an ordered vector space and a lattice, then E is called a Riesz space.
We use the notation E, for the positive cone of a Riesz space E. If F, is

Archimedean, then F is called an Archimedean Riesz space.

5. Let E be a Riesz space, then for all f € E we have the notations f* = f V0,
fT=(=f)vVOo=—=(fA0)and |f| = fV(=f). Wecall f* and f~ the positive

and negative parts of f respectively.
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We collect some elementary consequences of the above definitions, the proofs of which

can be found in [46, Theorems 5.1, 5.2, 5.5 and 6.1].

Proposition A.3 Let E be a Riesz space and f,g € E. Then the following state-

ments hold:

1 [T fm € Esand | — f]=|f]

2. f=fT—=f, fTANf-=0and |f| = [T+ f~, moreover Ey is proper and

generating.
3. fVg=3(f+9)+3lf —gl and fAg=3(f+9)—3lf — gl

4 =19l < f +gl < 1f1+ gl

5. E is an infinitely distributive lattice.

The decomposition f = f* — f~ is unique in the sense that f = u—v with u Av = 0,
u >0 and v > 0 if and only if u = f* and v = f~ (cf. [46, Theorem 5.6]) and is
known as the minimal decomposition, for if f = u — v with « > 0 and v > 0, then

[T <wand f~ <w (cf. [46, Theorem 5.6]).
It is evident from 3 in the above proposition that E is a Riesz space if and only if

f € FE implies |f| € E. We look at some algebraic structures found in Riesz spaces.

Definition A.4 Let E be a Riesz space.

1. R C FE is called a Riesz subspace if R is a linear subspace of E and for all
x,y € R we have x A\y € Rand xVy € R.

2. SC Eiscalled solid if f € S=1[—|f|,|f|]] CS.

3. A C FE is called an ideal if A is a solid linear subspace.
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4. An ideal B C F is called a band if the supremum of every subset of B that is

bounded above is an element of B.

From the above definition we can deduce that A C F is an ideal if and only if A is
a linear subspace, f € A& |fle Aand 0 < g < f € A= g€ A Itis also worth
noting that any ideal A C E is a Riesz subspace of E and that the intersection or

algebraic sum of any two ideals is again an ideal.

The statements in the next definition are justified by [30, Propositions 1.2.5 and
1.2.6].

Definition A.5 Let E be a Riesz space and D C F.

1. The ideal Ap generated by D is the smallest ideal containing D and can be

expressed as

AD:U{n[—y,y]:nEN,y:|x1|\/...\/|xr|,xl,...,xTED}.

In the case where D = {f} we denote Ap by A;. We call Ay the principle ideal

generated by f and it can be expressed as

Ap={J{nl = 171170 s e N}

We also use the notation E; to denote Ay, as is customary in some of the

literature.

2. The band B, generated by an ideal A is the smallest band containing A and

can be expressed as

Ba={geB:lgl=suw(0,]g] N A)}.

The band generated by the principle ideal Ay is called the principle band gen-
erated by f and is denoted by By which can be expressed as

By ={ge B :lgl =sup{lg Anlf|:neN}}.
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3. An element 0 < e € F, is called a strong order unit if A, = F.

4. An element 0 < e € E, is called a weak order unit if B, = E. Note that
0 < e € E, is a weak order unit of F if and only if for every f € E, we have

that f = sup{f Ane:n € N}.

It is shown in [30, Corollary 1.2.14] that a positive element of a Banach lattice is a

strong order unit if and only if it is an interior point of £ .

Definition A.6 Let F be a Riesz space. We say that f, g € E are disjoint if | f|A|g| =
0 and is write f1g. If D is a non empty subset of E, then the set D? = {f € E :
flg Y g€ D} is called the disjoint complement of D. If Dy and D, are both non
empty subsets of E such that d;_Ldy for all d; € Dy and dy € Ds, then Dy and D,
are said to be disjoint and is denoted Dq 1 D.

Mutually disjoint elements exhibit some important properties which are listed below

(cf. [46, Theorems 8.1, 8.2 and 8.4]).

Proposition A.7 Let E be a Riesz space and D be non empty subset of E. Then
the following statements hold:
1. If fo=sup D and for f € E we have flg for all g € D, then f1 f.

2. If {f1,..., fu} is a mutually disjoint set of non-zero elements then this set is

linearly independent.
3. For f,g € E with fLg we have [f+g| = |f—g| = [f|+]g] = [lfI=1gll = [f]V]g]-
4. D% is a band.

5. D C D% DI = Did gng DI D = {0}

Definition A.8 Let E be a Riesz space and (f,,) be a sequence in E.
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1. If (f,) is an increasing (decreasing) sequence, we shall write f, T (f, |), more

over if f = sup,, f, (f = inf, f,) exists in £, then we shall write f,, | f (fn T f)-

2. We say (f,) converges in order to f if there exists a sequence (p,) in E such

that p, | 0 and |f — f,.| < p, for all n € N. We denote this by f,, — f (ord).

3. Let 0 < w € E. Then (f,) is said to converge u-uniformly to f if given £ > 0,
there exists N. such that n > N, = |f — f.| < eu. We denote this f, — f

(u-un).

4. If E is Archimedean, F is said to be uniformly complete if for every v > 0 in

E every u-uniform Cauchy sequence has a limit in E.

In general, we are not guaranteed unique u-uniform limits in a Riesz space unless it

is Archimedean, in this case u-uniform convergence implies order convergence.

Definition A.9 Let E be a Riesz space, let A be any set and consider the set
{fataeca C E of elements in E indexed by A.

1. We call {f,}aca an upwards directed net if for all oy, € A there exists
ag € A such that f,, > fa, V fa,- We denote this as f, T and if the supremum

f =supyecq fo exists in £ we shall write f, T f.

2. We say {fa}taca is a downwards directed net if for all oy, as € A there exists
ag € A such that f,, < fo, A fa,- We denote this as f, | and if the infimum
f =inf,c4 fo exists in F we shall write f, | f.

A set D in a Riesz space E can be upwards or downwards directed without being
indexed. If D is an arbitrary set which is bounded above (below), then by adjoining
all finite suprema (infima) to D, we can turn D into an upwards (downwards) directed

set without altering the set of upper (lower) bounds of D.
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Definition A.10 A non-empty subset D in a Riesz space FE is said to be upwards
(downwards) directed if for any two elements f and ¢ in D there exists an element h
in D such that h > fVg (h < fAg). We denote this as D 1 (D |) and if fo = sup D
(fo = inf D) exists in E we shall write D T fo (D | fo)-

Definition A.11 Let E be a Riesz space.

1. A Riesz space F is said to be Dedekind complete if the supremum of every subset
of E that is bounded above is an element of E and Dedekind o-complete if the
supremum of every countable subset of F that is bounded above is an element

of E.
2. Any band B in E satisfying B @ B? = F is called a projection band.

3. If every band in FE is a projection band, then E is said to have the projection
property.
4. If every principle band in F is a projection band, then E is said to have the

principle projection property.

The next important structural result is called the Main Inclusion Theorem and can

be found in [46, Theorem 12.3].

Theorem A.12 Let E be a Riesz space, then
1. E Dedekind complete = E has the projection property = E has the principle
projection property = E is Archimedean.

2. E Dedekind complete = E Dedekind o-complete = E has the principle projec-

tion property = E is Archimedean.
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A.2 Normed Riesz spaces and Banach lattices

In this section we introduce the notion of a norm on a Riesz space in a compatible
manner and look at some related results and properties. The material in this section

is mostly taken from [46].

Definition A.13 Let X be a real vector space.

1. Amap || - || : X — R is called a norm if

(a) ||f]| >0 for all f € X and ||f|| = 0 if and only if f =0,
(b) ||laf]| = |al]| f]| for all f € X and a € R and

() If +gll < Ifll + llgll for all f, g € X (this is known as the triangle
inequality).

2. The pair (X, || -||) is called a normed space.

3. If (X,||-||) is complete with respect to the norm, i.e. every norm Cauchy

sequence has a limit in X, then (X, | - ||) is called a Banach space.

4. The set ball(X) := {x € X : ||z|| < 1} is called the closed unit ball in X.

Let X be a normed space. The map d : X x X — R* defined by d(z,y) = ||z — y||
for all z,y € X is a metric on X. Thus X has a topological structure, we present

some defintions related to this structure.

Definition A.14 Let X denote a non empty point set and P(X) := {A: A C X}

denote the power set of X.

1. 7 CP(X) is said to be a topology on the set X if

(a) p €Tand X €71,
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(b) {U;}r, C 7 then N, U; € 7 and

(¢) {Ua}taea C 7 then U,y Ao € 7.

2. If 7 is a topology on X, then the pair (X, 7) is called a topological space, and
the sets in 7 are called open sets in X. We may drop the reference to 7 if there

is no confusion.

3. If 11 and 7 are topologies on X with 71 C 75 then 7 is said to be weaker than

Ty (or 7o is stronger than 7).

4. If X, Y are topological spaces and f : X — Y then f is called continuous if
U open in Y implies f~1(U) open in X and f is called open if U open in X
implies that f(U) is open in Y.

5. Let {fa}aca be a family of mappings from a topological space X to a topological
space Y. The weak topology on X generated by {fa}aca is defined to be the

weakest topology on X such that f, is continuous for each a € A.

Definition A.15 Let X be a topological space.
1. A partially ordered set A is said to be directed if for all ay, as € A there exists
az € A such that a3 > aq and az > as.

2. A net in X is defined to be a directed set A together with a map « — z, from
A into X. We shall denote a net by {z,}.

3. Anet {x,} in X is said to converge to x € X if for every open set U, containing

x there exists o such that a > «q implies z, € U,. We denote this as z, — .

It is worth noting that if X and Y are topological spaces, then f : X — Y is
continuous if and only if for every net {z,} with z, — = in X, we have f(z,) — f(z)

inY.

We introduce an order structure to the normed structure in a compatible way.
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Definition A.16 Let E be a Riesz space
1. If E is equipped with a norm || - ||, then || - || is called a Riesz norm if for all
f,g € E with |f| < |g|, we have that || f|| < |g]l-
2. A Riesz space I equipped with a Riesz norm is called a normed Riesz space.

3. If anormed Riesz space F is complete with respect to the norm, then E is called

a Banach lattice.

Note that every normed Riesz space is Archimedean. In general, the normed topology
does not coincide with the order topology. We establish some relationships between

the different modes of convergence (cf. [46, Theorems 10.3, 15.3, 15.4 and 15.7]).

Proposition A.17 Let E be a normed Riesz space and (f,) be a sequence in E.

Then the following statements hold:

1. fo — f (u-un) implies f, — f (ord).

2. fu— [ (u-un) implies f, — f (norm).

3. fu 1 and f, — f (norm) implies f, T f.

4. fu—g (ord) and f, — f (norm) implies f = g.

5. If D is an upwards directed set in E such that D converges in norm to fy, then

fo=supD.

The normed and order topologies do coincide on a normed Riesz space provided the

norm is order continuous. This notion is defined below.

Definition A.18 Let E be a Riesz space.
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1. FE is said to be order separable if for every subset of E possessing a supremum

in E contains a finite or countable subset having the same supremum.

2. F is said to be super Dedekind complete if E is order separable and Dedekind

complete.

3. The normed Riesz space E is said to have order continuous norm if for any
subset D | 0 in E, we have inf{||f|| : f € D} = 0. The norm is said to be

o-order continuous if for any sequence f,, | 0 in E we have || f,|| | 0.

A Banach lattice with order continuous norm is endowed with a useful structural

property as the following result indicates (cf. [46, Theorem 17.8]).

Theorem A.19 Any Banach lattice having order continuous norm is super Dedekind

complete.

We list some important characterizations of Banach lattices with order continuous

norm (cf. [46, Theorems 17.9 and 17.14] and [30, Theorem 2.4.2]).

Theorem A.20 For a Banach lattice E' the following conditions are equivalent:

1. E has order continuous norm.
2. E has o-order continuous norm and E 1s Dedekind o-complete.
3. Rvery sequence in E which is increasing and bounded above converges in norm.

4. Fvery order bounded disjoint sequence in E converges in norm to zero.

5. F is an ideal in E**.

We present some special types of Banach lattice which are commonly found in math-

ematical analysis.
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Definition A.21 Let (E, || - ||) denote a normed Riesz space.
1. (E,|| - ) is called an L-normed space if || - || satisfies ||z + y|| = ||=|| + ||y|| for
all x,y € F,. An L-normed Banach lattice is called an AL-space.

2. (E,|| -] is called an M-normed space if || - || satisfies ||z V y|| = ||z]| V ||y|| for
all z,y € F,. An M-normed Banach lattice is called an AM-space.

Every non-zero positive element in a Banach lattice can generate an AM-space as the

next proposition shows (cf. [38, Chapter II, §7, Proposition 7.2]).
Proposition A.22 Let E be a Banach lattice. For each e € E. the gauge function
of [—e, €], given by

Pe(x) :=nf{AN € R: e <z < )Xe} forallx el

is an M-norm on the principle ideal E. so that (E.,p.) is an AM-space with order

unit e and unit ball [—e, e]. Moreover, the canonical inclusion E, — E is continuous.

A.3 Operator theory on normed spaces

The results in this section are fundamental to functional analysis and will not be cited

explicitly, the reader is referred to [8] and [37] for a comprehensive presentation.

Definition A.23 Let X and Y be vector spaces.
1. We shall call a map T : X — Y a linear operator if we have T'(ax + By) =
aT'(z) + BT (y) for each a, f € R, z,y € X. Note that we denote T'(x) by Tx.

2. A linear operator P : X — X is called a projection if P’z = P(Px) = Px for
all x € X.
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3. We shall denote by id; : Z — Z the identity operator on a vector space Z
which is defined by idz(z) = x for all x € Z.

Definition A.24 Let X and Y be vector spaces and T': X — Y be a linear operator.

1. We denote the range of T by R(T) ={y € Y : 3z € X so that Tz = y}. We
note that R(7T') is a vector subspace of Y.

2. We denote the kernel or null space of T by N(T) = {x € X : Tx = 0}. We
note that N (T) is a vector subspace of X.

3. We define the rank of a linear operator to be the dimension of R(7T’) as a vector

space.

4. We define the nullity of a linear operator to be the dimension of N (7T) as a

vector space.

Definition A.25 Let X and Y vector spaces.

1. We shall denote by L(X,Y") the vector space of all linear operators from X into
Y. If X =Y then we shall write L(X, X) as L(X).

2. In the case where Y = R, we shall write L(X,Y) as X#. The elements of X#

are called linear functions and X7 is called the algebraic dual of X.

3. X## = (X#)# is called the algebraic bidual of X.

We note that a vector space X can be canonically embedded as a subspace of its bidual
under the injective linear mapping iy : X — X## defined by (2%, ix(2)) = (z, 27)
for all x € X and 27 € X#. We may view this as an abstract containment and

denote this as X C X##.

Definition A.26 Let X and Y denote normed spaces, and T" : X — Y denote a

linear operator.
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1. T : X — Y is called bounded if there exists a constant C' > 0 such that
|Tz|| < Cllz|| for all x € X.

2. T: X — Y is called an isometry if ||Tz|| = ||z| for all z € X.
3. T : X — Y is called a metric surjection if T is surjective and
[yl = inf{[lz[| : v € X, Tz =y}

for every y € Y. Metric surjections are sometimes referred to as quotient oper-

ators.

It is easily shown that a linear operator is bounded if and only if it is continuous,

therefore we will use these terms interchangeably.

Note that statement 3 in the above definition is equivalent to 7" : X — Y mapping the
open unit ball of X onto the open unit ball of Y. This implies that YV is isometrically
isomorphic to the quotient space X/N(T).

Definition A.27 Let X and Y be normed spaces.

1. We define the normed space £(X,Y) by L(X,Y) = {T € L(X,Y) : T is
bounded} together with the operator norm || - || defined by ||T'|| = sup{ ||Tz|| :
lz|| <1} for all T € L(X,Y). If X =Y then we shall write £(X, X) as L(X).

2. In the case where Y = R, we shall write £(X,Y’) as X*. The elements of X*

are called linear functionals and X* is called the continuous dual of X.
3. We call X** = (X*)* the continuous bidual of X.
If X is a normed space and Y is a Banach space, then £(X,Y) is also a Banach space
with respect to the operator norm. In particular, we have that X* is a Banach space.

We note that a normed space X can be canonically embedded as a subspace of its

bidual under the isometry iy : X — X** defined by (a*,ix(x)) = (x,z*) for all
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r € X and z* € X*. Again, we see this as an abstract containment where the
normed structure is preserved and we denote this as X — X**. The elements of
X — X** are sometimes referred to as induced linear functionals on X*. Since X**
is always a Banach space, the closure of X in X** is complete which shows every

normed space has a completion.

We now state some fundamental results from functional analysis.

Theorem A.28 1. (OPEN MAPPING THEOREM) A bounded linear surjection

acting between Banach spaces is open.

2. (CLOSED GRAPH THEOREM) A linear operator between acting Banach spaces

1s bounded if and only if its graph is closed.

3. (BANACH-STEINHAUS) Let X and Y be Banach spaces and S C L(X,Y). If
sup{||Tx| : T € S} < oo for all z € X, then sup{||T|| : T € S} < oc.

4. (HAHN-BANACH) If f is a bounded linear functional on a subspace of a normed

space, then f extends to the whole space with preservation of norm.

Corollary A.29 (HAHN-BANACH)
1. If X is a normed linear space and x € X, then there exists x* € X* of norm 1
such that x*(x) = ||z||.

2. If X is a normed space, then for all x € X we have ||x| = sup{|z*(z)]| : ||z*] <
l,z* € X*}.

3. If X is a normed space and x*(x) = 0 for all z* € ball(X™*), then x = 0; i.e.

ball( X*) separates the points in X .

Definition A.30 Let X and Y be normed spaces.
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1. Let T € L(X,Y). We define the adjoint T* : Y* — X* by
(2, Ty") = (T, y")
for all y* € Y* and = € X.

2. For T € L(X,Y), we call T** : X*™* — Y** the second adjoint of T

We collect some useful results involving adjoints.

Proposition A.31 Let X and Y be normed spaces, then the following statements
hold:
1. The mapping T — T* is an isometry of L(X,Y) into L(Y™*, X*).

2. The second adjoint T** : X** — Y™ s a unique continuous extension of T :

X =Y if X is reflexive, then T** =T.
3. T:X —Y s an isometry if and only if T* : Y* — X* is a metric surjection.

4. T : X =Y is a metric surjection if and only if T : Y* — X* is an isometry.

We define other weaker-than-norm topologies that exist on Banach spaces and their

duals.

Definition A.32 Let X be a normed space.

1. The topology on X generated by the norm is called the strong topology on X.

2. The weak topology on X generated by all the linear functionals in X* is called
the weak topology on X and is denoted by o (X, X*).

3. The weak topology on X* is denoted by o(X*, X**).
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4. The weak topology on X* generated by all the induced linear functionals on
X* is called the weak™ topology on X* and is denoted by o(X*, X). Evidently
o(X*, X) is weaker than o(X*, X*).

5. A normed space X is called reflexive if X = X in this case the weak and the

weak* topologies on X* coincide.

Let X be a normed space, then given a net {2 } in X* that converges to z* € X* in the
o(X*, X) topology, we have 2 —z* in the weak™ topology if and only if % (z) — z*(x)

forall z € X.

Theorem A.33 (BANACH-ALAOGLU) If X is a normed space, then ball(X*) is
o(X*, X) compact.

The above theorem is equivalent to saying that every net in ball(X*) has a weak*

convergent subnet.

A.4 Operator theory on Riesz spaces

In this section, we identify various classes of operators between (normed) Riesz spaces
and list some structural results involving these classes. The material in this section

is taken from [46] and [30].

Definition A.34 Let F and F denote Riesz spaces and T' € L(E, F).

1. T is called positive if T(E,) C F,. If T is positive we write T' > 0 and we denote
the space of positive operators by L, (F,F). It is clear that L(E, F') becomes
an ordered vector space under the ordering defined by T} > T, < T1 — Ty, > 0
for all 71,75 € L(E, F).
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2. T is called reqular if T'= T, — T, with 71,7, € L, (F, F'). We denote the space
of regular operators by L"(F, F') which is a vector subspace of L(E, F'). Note
that L, (FE, F) is a proper and generating positive cone of L"(E, F).

3. T is called order bounded if T maps any order interval in E into an order interval
in . We denote the space of order bounded operators by L°(E, F') which is a

vector subspace of L(E, F).

4. T is called order continuous if T is regular and for any downwards directed set
D C E with D | 0 we have inf{|T'f| : f € D} =0 in F. The vector space of all
order continuous operators in L"(E, F') is denoted by L™(E, F).

5. T is called o-order continuous if T' is regular and for any sequence (f,) in F
with f,, | 0 we have inf{|T'f,| : n € N} = 0in F. The vector space of all o-order
continuous operators in L"(FE, F') is denoted by L°¢(E, F).

6. T is called a Riesz homomorphism if for all f,g € E we have T(f V g) =
T(f)VT(g). A Riesz isomorphism is a bijective Riesz homomorphism.

Note that 1 is a Riesz homomorphism if and only if [ (f)| = ¢(|f]) for all f € E.
Riesz homomorphisms are necessarily positive.

The next theorem collects some fundamental structural results involving operators
defined above. These results can be found in [46, Theorems 18.3, 18.4 and 20.2] and
[30, Proposition 1.3.9] respectively.

Theorem A.35 1. For the Riesz spaces E and F', we have the inclusion

L"(E,F) C L°(E,F) C L'(E,F) C L*E, F) C L(E, F).

2. Let E be a Banach lattice and F be a normed Riesz space, then we have the

inclusion L"(E,F) C L*(E,F) C L(E, F).
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3. For E and F' Riesz spaces with F' Dedekind complete, we have
L'(E,F)=L"(E,F).

Moreover, we have that L™ (E, F) is a Dedekind complete Riesz space with L (E, F)

as positive cone.

4. For E and F be Riesz spaces with F' Dedekind complete, we have that L"(E, F)
and L¢(E, F) are bands in the Dedekind complete Riesz space L (E, F).

In view of 2 in the above theorem, we shall denote L (E, F'), L"(E, F) and L*(E, F)
by L. (E, F), L"(E, F) and L*(E, F) respectively whenever E is a Banach lattice and

F' is a normed Riesz space. The next proposition can be found in [30, Proposition

1.3.6).
Proposition A.36 Let E and F be Banach lattices. For every T € L"(E, F) we
define the r-norm of T by

T, =inf{||S]|: S € L (E,F), |[Tz| < Slz|V x € E}.

(L"(E,F),||-|lr) is a Banach space. Moreover, ||T|| < ||T||, for every regular operator
T:E — F. IfF, in addition, is Dedekind complete, then (L"(E, F),||||.) is a Banach
lattice such that | T||, = |||T| || for every reqular operator T : E — F.

We now turn our attention to dual spaces.

Definition A.37 Let E be a Riesz space.

1. We define the order dual of E to be E~ = L*(E,R).
2. We define the order continuous dual of E to be E; = L™(E,R).

3. We define the o-order continuous dual of E to be EY = L°(E,R).
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Note that £~ is a Dedekind complete Riesz space and that £} and E are bands
in £~. It is clear that £ C E C E~. The next result explains the relationships
between the normed dual and order dual on a normed Riesz space. The proofs can

be found in [46, Theorems 25.8 and 25.10].

Proposition A.38 Let E be a normed Riesz space, then the following statements

hold:

1. E* is an ideal in E™.

2. E* is a Dedekind complete Banach lattice with respect to the ordering inherited
from E~. Moreover, if G is an upwards directed set of positive elements in E*

such that G 1 ¢, then {||¢ll : ¢ € G} T |l¢oll-
3. If E is a Banach lattice, then E~ = E*.

4. If E 1s a Banach lattice with order continuous norm then E~ = E = E*.

The canonical embedding i : F — E** is in fact a Riesz homomorphism as well as
an isometry as the next result indicates. The following theorem is easily derived from

the above proposition and [46, Pages 204 and 205].

Theorem A.39 Let E be a normed Riesz space and ip : E — E** be the canoni-
cal embedding defined by (z*,ig(x)) = (x,x*) for all x* € E*. Then the following

statements are true.
1. ig: E — E* is a Riesz homomorphism and an isometry, the range of which is
contained in (E*);.

2. ip : B — E* preserves arbitrary suprema and infima if and only of E* C E.

In particular, this is true when E is an order continuous Banach lattice.
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AM-spaces and AL-spaces share a duality. The proof of the next proposition can be
found in [38, Chapter II, §9, Proposition 9.1].

Proposition A.40 The dual of each M-normed space is an AL-space, and the dual

of each L-normed space is an AM -space.

A.5 Multiplication on Riesz spaces

In this section we state results to the effect that a Riesz space with strong order unit
can be assigned a distributive, associative multiplication. In fact, it may be shown
that such a Riesz space is an f-algebra. In view of this fact, we state the elementary
properties of f-algebras. The material in this section is taken from [46, Chapter 18,
pp.225-230] and [29, Chapter 20, pp. 657-671].

Definition A.41

(a) A Riesz space F is called a Riesz algebra if there exists in E a distributive,

associative multiplication such that

fg>0 forall f,ge F,.

(b) A Riesz algebra F is called commutative if
fg=gf forall f,g e FE.

(c) A Riesz algebra E is called an f-algebra if E has the additional property that

fAg=0 implies (fh)ANg=(hf)ANg=0 forallheE,.
Theorem A.42 Any Archimedean f-algebra is commutative.

Theorem A.43 Any f-algebra E has the following properties.
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(i) Multiplication by a positive element is a Riesz homomorphism. That is, for any

f€E, and all g,h € E,
flagnh) = (fg) A(fh) and (g Ah)f = (gf) A (hf).
Similarly for g\ h. In particular, fg© = (fg)* and g™ f = (gf)*.
(ii) We have |fg| = |f||g| for all f,g € E. Furthermore,
(fo)"=fTg"+f g and (fg) =f"g +fg"

(iii) If f,g,h € E and flg, then hf Lg and fhlg. Hence, any disjoint complement

i E is a two-sided ring ideal.
() If fL1g in E, then fg=0. In particular, f*f~ = f~ft =0 for every f € E.

(v) For every f € E,

P20 and fft=frp=(1)220

(vi) For all f,g € E.,
FEng < (fg)n(gf) and [V g* > (fg) V (9f).
(vii) For all f,g € E,,

PPAG=(fNg)? and fPVg®>=(fVyg)?

We now outline how a multiplication may be developed on a Riesz space with a strong

order unit.

Theorem A.44 Let E be a Riesz space with the principal projection property and
strong order unit e € E (that is, E. = F). Let f € E be given. Therefore, there exist
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real numbers «, 3 such that ae < f < fBe holds. Then there exists a uniquely defined

operator 7 [f] in E such that
w[fle=f and ol <m[f] <P,
where I is the identity operator in E. If f is positive, we may choose o = 0 and so

7 [f] is positive.

Definition A.45 Let E be a Riesz space with the principal projection property and
strong order unit e € E. Define for any pair f, g € F the product fg by

fa=mlflg.

Theorem A.46 Let E be a Riesz space with the principal projection property and
strong order unit e € E. Under the above defined multiplication, E is an f-algebra

with unit element e.
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