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Abstract

Doctor of Philosophy

Digital toolbox for the generation and detection of vectorial structured light

by Keshaan SINGH

Light has been an invaluable tool in the development of the modern world, with
the myriad of applications increasing along with our degree of control over it. From
the development of coherent light sources, to the shaping of amplitude and phase,
this development has not ceased for the past half century. The field of structured
light, borne out of the necessity and desire for control over light, has been growing
steadily in recent years. In the spatial domain, the control over light’s polarization
(i.e., the local planes in which the electric and magnetic fields oscillate) has been the
most recent avenue of improvement, providing enhancements to a variety of appli-
cations ranging form microscopy and communication to materials processing and
metrology. This class of light, commonly referred to as vectorial light, often requires
specialized equipment in order for its its creation before its numerous benefits can
be exploited. These tools often incur high costs and suffer from limitations relating
to the diversity of vectorial light they can create, wavelength dependence and slow
refresh rates.

This thesis follows the development of a series of digital tools for the versatile
generation and analysis of vectorial light using low-cost core technologies which can
operate at high rates over a broad wavelength range. We follow the development of
the generation tool in the context of its application in generating novel accelerating
polarization structures, emulating vectorially apertured optics, generating probes
to measure birefringence and chirality and creating synthetic spin dynamics. The
development of the analysis tool is explored by investigating its application in per-
forming automated digital Stokes polarimetry measurements, completely character-
izing the internal degrees of freedom of arbitrary vectorial light and acting as a polar-
ization and wavelength independent wavefront sensor. We then demonstrate how
these tools can be used, in conjunction, to investigate the fundamental invariance
of vectorial light to perturbing channels and how this invariance can be exploited
in a highly robust novel communication scheme. In addition to demonstrating the
applicability and versatility of these vectorial light tools, the applications offered a
means to highlight areas for the optimization for the design. This culminated in the
ongoing prototyping of versatile, fast, broadband devices which operate stably and
have a small physical footprint.
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Impact of scattering across multiple subspaces. (a) The initial vec-
tor beam is geometrically represented by an equatorial state vector
of unit length on a single ¢/ = £4 HOPS, indicative of a maximally
non-separable pure state. The experimental basis states are shown
on the poles (as intensities with their respective polarization state on
the right) and the vectorial sum (amplitude and polarization struc-
ture) is shown on the equator. The tilted lens deforms the initial mode
into (b), and this new state can be mapped to multiple HOPSs, each
spanned by a different OAM and radial mode (c). Each of these poten-
tially describes a mixed state of some degree of non-separability (non-
unit and/or non-equatorial state vectors). The (d) scattering proba-
bilities and (e) phases over the OAM (¢) and radial (p) modes for the
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stituting the subspace and corresponding VQF for the vector field in
that particular subspace can be represented with a graph having a set
of vertices (as the contributing states) connected by weighted edges,
respectively. The weights of the edges correspond to the VQE. . . . . .
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(BI) approach reveals an invariance. Experimental data (points) show
excellent agreement with theory (dashed curves). The insets show
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modal sphere for three example turbulence strengths (low, medium
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the experimental turbulence ensemble. Error bars are plotted as stan-
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Unravelling turbulence. Cross-talk matrices for preparation and mea-
surement in the original basis for (a) no turbulence and (b) medium
turbulence (D/ry = 1.6). (c) Measuring or (d) preparing in the ad-
justed basis removes the cross-talk. (e) The unitary action of the chan-
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vectorial homogeneity, with the vectorness given in the insets. Below
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5.7 Real-world channels. (a) Measured VQF as a function of time for
an ¢ = £10 beam over a temperature controlled hot plate (~ 200
mm path), with the inset showing a zoomed time window. The right
panel shows the averaged VQF for particular temperature settings for
¢ = £1 and ¢ = +5 beams, showing the invariance of the vectorness
for a basis independent (BI) measurement, and a decay when mea-
sured in a basis dependent (BD) fashion. (b) Particle movement (mea-
sured in x and y co-ordinates) in an optical trapping and tweezing
system shows a trap stiffness decrease by 10 x when aberrated, recov-
ering by 6x when a pre-channel unitary is applied. (c) Delivery of
vectorial light through a 1 m length of few-mode optical fiber shows
a low Fidelity of 39% due to cross-talk when measured in the original
basis, but increasing to 90% when measured in the adjusted basis. (d)
After a 50 mm passage through a liquid medium, the vectorness re-
mains intact (for input VQF of 0.5 and 1) even for chiral media such
as D-Limonene. The graph shows VQF measurements for / = £2 and
¢ = =£5 through various liquids. The insets in the right panel show
¢ = £20 and ¢ = £50 output beams after the D-Limonene sample,
both with a VQF above 0.99 (measured in a basis independent manner).105
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5.9 Experimental demonstration. a) Diagram showing the setup used
to generate vector fields with tune-able concurrence (EMITTER) and
measure the concurrence (RECEIVER) after propagating through heated
air (CHANNEL) - [L; - lens, HWP; - half-wave plate, WP - Wollaston
prism, DMD; - digital micro-mirror device, LP - linear polarizer, CCD
- charge-coupled device]. b) Exemplar multiplexed binary amplitude
holograms used to holographically control the concurrence of gen-
erated beams via weighting parameter a - associated bit strings are
displayed. c) Exemplar Stokes intensities which are integrated over
the dashed circles in order to calculate the concurrence [Py - horizon-
tal, Py - horizontal, Pp - diagonal and Pr - right-circular polarization
integrated powers]. . . . ... ... L L L oo 109
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Noise, statistical variation and bit-errors. a) Mean received concur-
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(circles) and turbulent (triangles) air, error bars are visible in the in-
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Chapter 1

Introduction

Light has played an invaluable role in our development throughout recorded his-
tory and likely before. One can imagine our primitive ancestors having a sense of
security as their dwellings were illuminated by the first man-made fires. In more
conventional forms, it is believed that ancient Middle-Eastern societies used obser-
vations of refraction in quartz to produce lenses 3000 years ago [1]. For millennia
this level of control over incoherent and unpolarized light afforded us many tools to
communicate and observe the universe as well as our place in it [2]. A momentous
leap in control came in 1960, when Theodor Maiman constructed the first laser giv-
ing us power over spatially and temporally coherent light [3]. This highly controlled
source helped sculpt the modern world as we know it, from barcode scanners, print-
ers and thermometers to the global undersea fiber optic network, industrial manu-
facturing and precision medical procedures [4-10]. These advances were enabled
by the simple planar wavefront and Gaussian amplitude profile characteristic of the
fundamental mode of conventional laser cavities. Within the last four decades a
resurgence in our desire to improve our control over light has emerged and has, as
expected, led to an avalanche of new applications, provided monumental improve-
ments to existing ones and opened new avenues to probe the fundamental nature
of the indispensable resource that is light. These latest advancements have focused
on the manipulation of light’s various degrees-of-freedom (DoFs) birthing a field
referred to as structured light [11]. The DoFs can be further categorized into the
temporal and the spatial domains, while this thesis will focus on the latter (as will
be discussed throughout the remainder of this chapter) it can be noted that temporal
light shaping enabled by tools such as ultra-fast pulsed lasers have spurred incredi-
ble advances [12].

This thesis follows the development of a set of self-contained, low-cost digital
tools which allow for the versatile generation and detection of vectorial structured
light: that is, light where the amplitude, phase and polarization are controlled. The
remainder of Chapter 1 outlines applications and provides an overview of existing
tools and techniques used to create and measure structured light, making note of
existing limitations. Chapter 2 contains pre-requisite theory describing: scalar and
vector spatial modes, Jones and Stokes-Mueller polarization formalisms as well as
complex amplitude modulation schemes using phase and amplitude modulators.
Theory relevant to specific subsequent chapters is presented within them. Chapter
3 describes the development of a versatile tool for the generation of vectorial struc-
tured light, demonstrating the effectiveness of the iterations through the generation
of novel vectorial fields as well as providing a source to probe arbitrary birefringent
materials. Chapter 4 follows the development of a versatile tool for the analysis
of vectorial structured light, while demonstrating the effectiveness through digital
Stokes polarimetry measurements, complete vectorial field characterization and a
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broadband implementation of a stable, high-resolution wavefront sensor. Chapter
5 contains an investigation into the robust nature of vectorial light (using the de-
veloped tools) and a description of a novel robust information encoding scheme
enabled by its findings. Chapter 6 will summarize the conclusions of the work and
consider prospectives for the future of these digital tools.

1.1 Applications for vectorial structured light

The field of modern communication using light has historically relied on the fun-
damental Gaussian mode in both optical fiber and free-space, where the most con-
ventional form of encoding referred to as on-off keying (OOK) assigns a bit value
of 0(1) to the absence(presence) of light at the receiver [13]. The introduction of
structured light, in the form of higher-order spatial modes significantly increased
the data transmission rate. The orthogonality of spatial modes in a given basis allow
multiple OOK signals to be superimposed into a single beam and separated at the
receiver, multiplying the amount of data transferred by the number of modes used
through this process known as mode-division-multiplexing (MDM) [14]. A signifi-
cant problem with the MDM protocol is the potential for the transmission channel
to induce modal mixing/crosstalk, this occurs both in atmospheric turbulence and
optical fiber, and results in errors in the received signal [15]. Initially only scalar (ho-
mogenously polarized) spatial modes were used in MDM, however vector (inhomo-
geneously polarized) modes can also form orthogonal bases and some investigations
demonstrated that they present less power scintillation through turbulence [16, 17].
This lower scintillation did not, however, translate into resilience to crosstalk as was
later shown [18]. In Chapter 5 we present a novel encoding scheme, demonstrated
using our digital tools, which exploits a property of vector beams which is truly
invariant to atmospheric turbulence and shows promise in mitigating modal disper-
sion in fiber.

Metrology, being the science of measurement, has long benefited from the funda-
mental Gaussian mode as its planar phase has provided a bedrock for interferomet-
ric profilometry and wavefront sensing. For instance, conventional determination
of the thickness of thin-films (on the order of nm) involves inspecting the interfer-
ence of Gaussian X-ray beams reflected off of the films at different angles requiring
complex, dangerous and expensive diffractometers [19]. Structured light offers a
more elegant solution in the form of first-order Hermite-Gaussian modes (see Chap-
ter 2). These modes feature a half-wave phase discontinuity along their center, the
depth of which is altered proportional to the film thickness when reflecting from a
film-substrate interface. This altering of the discontinuity effectively mixes the first-
order mode with the fundamental and when the relative weightings are measured
the thickness of the film can be determined from only two power measurements
[20]. Another example of structured light addressing metrology needs is in the form
of optical wavefront sensing. Common wavefront sensors include high resolution
(but vibration sensitive) inteferometric sensors which interfere the beam of interest
with a fundamental reference to extract the wavefront, and stable low resolution
Shack-Hartmann lenslet arrays which focus individual segments of the beam of in-
terest in order to determine local wavefront gradients [21]. Wavefront sensing using
structured light involves exploiting the orthonormality and completeness of spatial
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mode bases. This allows any optical field propagating in free space to be decom-
posed into a given spatial mode basis. With the measured complex weightings of
the basis elements, the entire field (including the wavefront) can be reconstructed at
high resolution [22]. An additional benefit provided by the structured light approach
is the ability to determine the field’s propagation dynamics using its constituent
modes. This modal propagation scheme avoids the numerical artefacts prevalent
in many numerical propagation approaches [23]. Chapter 4 follows the develop-
ment and demonstration of a tool that is able to perform arbitrary modal projections
even on vectorial light as well as the demonstration of a tool used to digitally prop-
agate a field in order to perform high sensitivity wavefront sensing using another
approach which utilizes the transport-of-intensity equation [24]. Another form of
metrology widespread in industry is the measurement of birefringence (or optical
chirality when relating to circular polarizations), where it is used to determine the
handedness of chiral molecules in pharmaceuticals, the stresses in polymers/glasses
and the concentrations of sugars in food /beverages. Conventionally this is done us-
ing a fundamental probe beam which has its polarization modulated by peizo-optic
modulators (or rotating waveplates) before and after the sample and the resulting
intensity projected using a linear polarizer [25, 26]. A curious aspect of this practice
is that the piezo-optic materials/wave plates are birefringent themselves; Chapter
3 describes how our tools used to generate vectorial light can also be implemented
to measure birefringence in a spatially resolved manner by exploiting holographic
interference as opposed to birefringence itself.

In the field of microscopy, the traditional resolution limit is determined by the
Abbe criterion which occurs around half of the illuminating light’s wavelength [27].
Structured light assisted in the development of a field of superesolution microscopy
which surpasses this limit. This is achieved through the selective deactivation of
flourophores using beams containing a phase vortex where the intensity null at the
vortex leaves active flourophores in regions allowing for resolutions in the order of
10 nm [28, 29]. The limitation of this technique is, however, still associated with how
tightly the structure can be focused. Considerations of the time reversal of spheri-
cal waves emitted by atomic sources reveal that the focusing limit can surpass the
Abbe criterion if the longitudinal polarization component of the optical field is sig-
nificant [30]. To this end, radially polarized vectorial light fields which exhibit larger
longitudinal polarization components than their scalar counterparts (when tightly
focused) have enabled resolutions exceeding the subwavelength level [31]. Another
considerable field of microscopy is that of light-sheet microscopy, where a cylindri-
cal lens is used to focus a laser beam along a single axis into a thin sheet before
entering a sample. The light scattered perpendicular to the direction of the sheet is
imaged and the sheet translated axially to provide a 3-dimensional reconstruction
of the sample. Fundamental modes naturally diffract upon propagation leading to
a loss of power along the sample in the propagation direction. The utilization of
structured Bessel-Gaussian modes (see Chapter 2) mitigates this effect due to their
approximate non-diffracting nature [32]. Chapter 3 outlines the generation of vec-
torial Bessel-Gaussian beam superpositions which exhibit azimuthally accelerating
and decelerating propagation dynamics, generated using an early iteration of the
digital tool for vectiorial light generation.

The implementation of high powered lasers in materials processing has allowed
for accurate automated cutting and drilling procedures to be implemented using fo-
cused fundamental Gaussian modes. The rectangularly structured cross-sections of
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flap-top beams have naturally improved the accuracy of such procedures [33]. The
previously discussed tight focusing superiority of radially polarized vector beams
provides higher power densities for these processes [34]. The propagation invari-
ance of Bessel-Gaussian beams has also lent itself to superior performance in deep
hole drilling [33]. Chapter 3 includes an outline for a digital tool with the capability
of generating all these structures at low power, which can be subsequently amplified
for the above applications utilizing procedures such as those described in [35].

Optical manipulation involves using the minute forces which focused light can
exert in order to trap and generally control microscopic objects. Naturally funda-
mental beams provided the initial steps in developing the technology, however not-
ing that the axial and transverse forces are dependent on the intensity and trans-
verse intensity gradient respectively makes it clear that structuring the beams will
enhance operation [36]. Beams with optical vortices (e.g. Laguerre-Gaussian beams,
see Chapter 2) have been used to create so-called optical spanners which can allow
particles to circulate within their profiles [37]. The introduction of vectorial light,
has led to propagation invariant flat-top beams which can be used to more reliably
trap particles for in-situ fluorescence measurements [38]. In Chapter 5 we show how
unitary aberrations which reduce the performance of an optical trap can be compen-
sated for through appropriate characterization and pre-correction.

It should be noted that these are but a small subset of an incredibly large range of
applications which exploit structured vectorial light, that have arisen in just the last
few decades. Interested readers are advised to consult review papers which outline
many more of the applications enabled by scalar and vectorial structured light [11,
39, 40].

1.2 Current tools for generating and analysing vectorial struc-
tured light

It should be clear that the development of the aforementioned applications, which
are clearly relevant in many aspects of modern society, have benefited substantially
from the introduction of structured light in the form of tailored intensity and phase
profiles. Even greater advances are achieved when introducing the structured po-
larization of vectorial light. Consequently, the development of tools for both the
generation and analysis of vectorial structured light is of great importance in taking
these (and future) advances from proof-of-concept lab demonstrations to commer-
cially available and viable options for widespread industrial implementation. We
will first discuss static elements which by design are able to produce a single (or set
of) structured light mode(s) by exploiting various physical processes, we will then
discuss dynamic approaches involving the implementation of liquid crystal spatial-
light-modulators (SLMs) and digital micro-mirror devices (DMDs).

One common method of generating vectorial light is using a device called a g-
plate, a static device which is comprised of liquid crystals on a film sandwiched
between glass plates [41, 42]. The crystals themselves are birefringent, meaning that
light polarized along the crystals fast-axis experiences a different refractive index
than light polarized along the orthogonal slow-axis. The thickness of the crystals
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are designed to induce a half-wave phase difference between the fast- and slow-
polarization axes. This causes circularly polarized light passing through the de-
vice to acquire a geometric-phase dependent on the orientation of the crystals [43].
Conventionally the crystals are given an azimuthally varying orientation resulting
in right-/left-circularly polarized light being imparted with equal but oppositely
charged (denoted by £2q) helical phase profiles. Consequently, passing linearly po-
larized light through a g-plate leads to the generation of vector vortex modes (see
Chapter 2). The specific type of vector vortex mode (of a given charge) can be con-
trolled by the orientation of the input linear polarization and electronically address-
able variations of g-plates allow for control over the desired charge. It is notable
that the symmetry in geometric phase prevents the generation of asymmetrically
charged components required, for instance, in creating vectorial flat-top beams. A
notable deficiency of a g-plate is that it is a pure-phase element. This means that
additional radial mode orders are introduced proportional to the charge [44]. This
lack of amplitude control can lead to problems when coupling vector modes into
optical fiber for communication applications. Q-plates are also designed for a single
or small band of wavelengths (due to the refractive index being wavelength depen-
dent). This significantly reduces their versatility. In Chapter 3 the geometric phase
profiles of a liquid crystal g-plate is measured using one of our digital tools.

Another type of vectorial light generating device which has seen much devel-
opment of late is the metasurface, a static device that can exploit both propagation-
/dynamic-phase and geometric-phase in order to structure amplitude and phase in
orthogonally polarized components independently, thus overcoming many of the
obstacles faced by liquid crystal g-plates [45, 46]. This improved degree of control
is afforded by the subwavelength nature of the device, composed of nanostructured
posts each with customised height, width, length and angular orientation allowing
for locally tunable dynamic-phase, birefringence and geometric-phase respectively.
These devices have been implemented in Stokes polarization cameras, a tool with
the ability to measure the spatially varying polarization structures of vectorial light
[47]. While metasurfaces provide a high degree of control over vectorial light, their
static nature limits their versatility since multiple specially fabricated optics will be
required for different vector beams/applications, while their phase based modula-
tion limits their ability to produce the amplitude envelopes of true spatial modes
similar to g-plates. The birefringence of a dielectric metasurface is measured using
our digital tool in Chapter 3.

The static nature of the devices/optics discussed so far have all been limited to
a large degree in the variety of scalar/vector spatial modes they are able to create.
Naturally the use of dynamically addressable devices for the generation of vectorial
light has sought to remedy this. Two such classes of devices have found a place in
recent years: SLMs and DMDs (the operational principles of each are covered in de-
tail within Chapter 2). SLMs are comprised of pixels filled with birefringent liquid
crystals between a glass substrate and mirror (while transmission based SLMs exist
the reflective arrangement is more commonly employed and our discussions will be
restricted to these). A transparent electrode on the glass surface is used to apply a
potential difference across individual pixels which induces a rotation in the crystals
proportional to the applied voltage, this changes the path length of incident light
through the pixels and consequently the relative phase induced by the birefringence
[48]. This allows for the phase of light polarized along the crystal slow-axis to be
controlled in a dynamic manner, furthermore a diffraction grating can be encoded
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allowing for the amplitude of light in the first diffraction order to be controlled by
locally adjusting the depth of the grating [49] (Chapter 2 contains an overview of
this encoding technique). For the purposes of creating vectorially structured light
this scalar modulation can be integrated into interferrometric arrangements which
facilitate the independent control and combination of arbitrary orthogonally polar-
ized spatial modes. In Chapter 3 we utilize an SLM based vectorial light generator to
create vector fields with accelerating and decelerating propagation dynamics. These
schemes allow for the generation of an extremely large subset of the infinite pos-
sible vectorial light fields on demand, however the necessity for multi-element in-
terferometers leads to instability in the intra-modal phase between the orthogonally
polarized components which results in fluctuations between types of vector modes
(e.g. the fluctuation between radially and azimuthally polarized vector modes will
lead to a drastic variation in tight focusing enhancement). SLMs are available which
operate in different wavelength regimes (e.g. visible from 400 nm to 650 nm, near-
infrared from 650 nm to 1100 nm and telecommunication from 1.4 ym to 1.7 ym). To
operate effectively at a well defined wavelength (e.g. 633 nm) the device will need
to be calibrated appropriately (due to the wavelength dependence of the refractive
index) which limits their versatility when rapid generation at multiple wavelengths
is desired.

DMDs are devices which were initially designed for, and are still employed in,
projector technology. They are comprised of an array of individually addressable
mirrors generally <10 ym in size, the mirrors can be made to actuate about their
hypotenuse by angles of +12° corresponding to the binary pixel values of 0 or 1
[50]. Based on this reflective operation, the devices can function as binary amplitude
elements and a grating can be introduced where local shifts in the grating enable
phase control based on path length differences [51]. A more detailed explanation
of this procedure is given in Chapter 2. DMDs provide some inherent advantages
over SLMs: their refresh rates reach >9 kHz which far surpasses the 60 Hz rates of
SLMs [52, 53], they are polarization insensitive allowing them to modulate and com-
bine orthogonal components directly (this concept is explored throughout Chapters
3 to 5), they operate calibration-free over a broad wavelength range (400 nm to 900
nm by design, however some work has displayed operation in the telecomunica-
tions regime >1 yum [54]). Perhaps most notably DMDs are low cost with evaluation
models available for 3000 USD in stark contrast to SLMs which start around 15000
USD (these are approximate average prices at the time of writing this thesis). Conse-
quently the majority of tools developed in the work contained in this thesis utilized
DMDs to facilitate versatile, high-speed, broadband and low cost vectorial light con-
trol.

We have considered a few of the most commonly employed light shaping tech-
niques. There are however other schemes such as inter-cavity generation [55] and
nanostructured silica based modal-plates [56]. Interested readers are directed to a
good review for more information about the aforementioned and additional light
shaping techniques [57].



Chapter 2

Preliminary Theory

Parts of this chapter are based on the paper:

Singh, K., Tabebordbar, N., Forbes, A., & Dudley, A. Digital Stokes polarimetry and its
application to structured light: tutorial. JOSA A, 37(11), C33-C44. (2020).

This chapter will cover the preliminary theory relating to scalar and vector spa-
tial modes, the Stokes-Mueller and Jones polarization formalisms as well as complex
amplitude modulation using both SLMs and DMDs. Any additional theory requisite
for the following chapters will be introduced as it becomes relevant.

2.1 The paraxial Helmholtz equation

To begin, let us consider Maxwell’s equations [58]:

V.-D=p, 2.1)
@-E:O, (2.2)
L 0B

VXE—_gl (2'3)
@xﬁzﬂ%?, (2.4)

where E and B are the electric and magnetic fields respectively, p is the charge
density distribution, | is the current density field. D and H are the electric and
magnetic flux densities determined as

D=eE+D, (2.5)

S

H=—B-M, (2.6)
Ho

where P and M are the respective polarization and magnetization fields due to
bound charges and currents, g and yg are the vacuum permittivity and permeability
respectively. For our purposes we can assume the absence of charge and current
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densities (i.e., p = J = 0), additionally for a discussion of propagation through free-
space we have no polarization and magnetization (i.e. P = M = 0) resulting in the
simplified set of equations

V-E=o0, 2.7)
V-B=o0, (2.8)
. . OB

V xB= yoeo%f. (2.10)

We can now derive a wave equation for the electric field by taking the curl of Eqn.
2.9, exploiting the vector identitiy V x (V x A) = V(V - A) — V2A and substituting
in Eqns. 2.7 and 2.10

~r~ 10%E
2 _
V2E — S5 =0, (2.11)

where ¢ = (eoyo)_l/ 2 is the vacuum phase velocity of light. It should be noted

that an identical equation (and subsequent solutions) can be acquired for B using
Eqgns. 2.10, 2.8 and 2.9. This equation has a solution for light of angular frequency w
of the form

E = Epeikrwn) (2.12)

where Eo is the electric field value at 7 = 0 with 7 being the three dimensional
position vector, k is the wavevector indicating the direction of wave propagation
with magnitude/ Wavenumber given by k = k| = =T which is related to the angular
frequency according to c = . Substituting this solutlon into Eqns. 2.7 and 2.8 allows
us to see that the electric(magnetic) field vectors oscillate normal to the propagation

direction since k - Ey = 0. Substituting Eqn. 2.12 into Eqn. 2.11 simplifies into the
Helmholtz equation

V2E+KE =0, (2.13)

if we now consider points close to the beam axis with wavevector angles devi-
ating from the propagation axis at small angles we can apply the small angle ap-
proximation, which can be expressed by restricting the Cartesian components of the
wavevector according to

2, (2.14)

this allows us to rewrite our solutions as

E(7) = U(7)e*, (2.15)

where U(7) is the vectorial complex amplitude envelope which describes the
shape of the field in any two orthogonal polarizations, under the paraxial approxi-
mation the variation of U in z is small enough to ignore the 2 az Y term which appears

when substituting the paraxial solutions in Eqn. 2.15 into Eqn. 2.13 which simplifies
into the paraxial Helmholtz equation
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FIGURE 2.1: Plots of the normalized intensity (to the maximum in each mode) and phase of
various a) Laguerre-Gaussian, b) Hermite-Gaussian and c) Bessel-Gaussian modes.

—

vl + 2ik%g =0, (2.16)

where V7 is the Laplacian in the plane transverse to the propagation direction.
Solutions to this equation determine the states of light which can propagate through
free-space in a paraxial manner. The vectorial nature of U, which relates to the po-
larization of the fields, can be greatly simplified by exploiting the linear nature of
the equation where solutions to the scalar form of the paraxial Helmholtz equation
ou

Vil +2ik5- =0, (2.17)

can be superimposed in any two orthogonal polaizations to reveal solutions to
the vectorial paraxial Helmholtz equation (Eqn. 2.16).

2.2 Scalar spatial modes

2.21 Laguerre-Gaussian modes

We can find solutions to the scalar paraxial Helmholtz equation (Eqn. 2.17) in vari-
ous coordinate systems using the separation of variables. To begin we can consider
cylindrical coordinates which gives the following

19 9 1@ d
Sl o 4 2ik— | U =0. 2.1
<r8r+ar2+r28¢2+ Zaz)u 0 (2.18)

Solutions U to the above equation are referred to as the Laguerre-Gaussian (LG;,)
modes and are denoted using radial p and azimuthal / indices. These modes have
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intensity profiles characterized by cylindrically symmetric ring patterns and are de-
fined by the following expression [59]

2p! \/E . 22 2
LGL — p: r L\ll r e esz el o 2p+ll+1)E(2)
p w2(z)m(p + 1) \ w(z) P\ w?(z) = \sf-’\/‘—f—/
7 VoV VIT

I N I

(2.19)

where factor I represents the mode normalization. Factor II represents the inten-
sity null at the center of beams with nonzero |I|. Factor III contains the Laguerre

function (L|P”) amplitude envelope. Factor IV is the Gaussian amplitude envelope.
Factor V describes the wavefront curvature of radius R(z) = z(1+ i—%) where the

Rayleigh length zg = w is the distance over which the beam waist w(z) doubles.
Factor VI shows the azimuthally varying phase defined by the integer topological
charge I corresponding to /71 units of orbital angular momentum (OAM) per photon
in the quantum regime [60]. Factor VII defines the Gouy-phase { = arctan

which is scaled by the mode order M = (2p + |I| + 1). This phase originates from

the uncertainty in the wavevector directions for spatially confined modes [61]. Plots
of the intensity and phase of a variety of LG;, modes are given in Fig. 2.1.a.

2.2.2 Hermite-Gaussian modes

We could also solve Eqn. 2.17 in Cartesian coordinates which takes the form

P P d
<82 ay2+2ka> =0, (2.20)

solutions U to the above equation are referred to as Hermite-Gaussian (HG})')
modes and are denoted using the horizontal n and vertical m indices. These modes
have characteristic rectangular grid like intensity patterns and are defined by the
following equation [62]

T 2 i1 .
HGm — 21 n—m Hn \/E Hm \/y e_wZ<Z) elkﬁ ez(m+n+1)c§(z) (221)
" w?(z)Tn!m! w(z) w(z) ;.IH__/;?G_,\_ v L
N—— —

I I

where factor I is the mode normalization. Factor II is the Hermite function
(Hy,(m)) dependent amplitude envelope in the x and y directions. Factors Il and
IV represent the same behaviour as in the LG;J modes. Factor IV is still determined
by the Gouy phase scaled by the HG mode order M = (m + n + 1). The inten-
sity and phase distributions of a variety of HG;' modes are given in Fig. 2.1.b. One
interesting and useful property of both the LG%7 and HGJ modes is that they form
complete orthonormal bases of modes. This orthonormality allows all diffracting,
monochromatic, paraxial fields which could propagate in free-space to be expressed
as a linear superposition of these basis elements.
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2.2.3 Bessel-Gaussian modes

Another set of modes which are of relevance to the work presented in this thesis are
the Bessel-Gaussian (BG;) modes denoted by an azimuthal index / similar to that of
LG;, modes. Bessel-Gaussian modes are a physically realizable form of Bessel modes
which are propagation invariant (i.e., non-diffracting) optical fields that satisfy the
scalar form of Eqn. 2.13 in cylindrical coordinates. Bessel modes have infinite trans-
verse spatial extent, while the BG; modes have a Gaussian envelop, and are defined
as [63]

_2

BGy = Jy(kir) ¢ &%, (2.22)

Yy - I

where factor I contains the amplitude envelope dependent on the Bessel function
of the first kind (order ) ] ;| scaled according to the radial wavevector component k;.
Factor II represents the Gaussian envelope with fixed waist wy. Factor III represents
the Gouy-phase which has a linear dependence on the axial wavevector component
k, = \/k* —k%. These modes are approximately non-diffracting within the range
Zmax = k;ﬂ, meaning their intensity profiles remain almost unchanged over this dis-
tance, the intensity and phase profiles of various BG; beams are shown in Fig. 2.1.c.

2.3 Stokes and Jones polarization formalisms

As previously mentioned, the linear nature of Eqns. 2.16 and 2.13 allow the solutions
to their scalar counterparts to be superimposed with orthogonal polarizations in
order to express the vector solutions. Before we can discuss these vectorial solutions
we need to understand light’s polarization. There are two treatments which will be
used throughout this thesis: the Stokes-Mueller formalism and the Jones formalism,
which become interchangeable under certain conditions (namely where the degree-
of-polarization, to be discussed later in this chapter, is equal to unity.) Due to this
both formalisms remain valid throughout this thesis.

2.3.1 Stokes vectors, the Poincaré sphere and Mueller matrices

We begin by considering two monochromatic plane waves polarized (i.e., oscillat-
ing) in the orthogonal x and y directions [64]

Ex(y) = on(y) COS (wt + 6x(y)> . (2.23)

Here Eg,(,) are the amplitudes, and J,, are phases. Using trigonometric identi-
ties yields the following ellipse equation
2
B, B2k
E3, " E3, EoEoy

cos(d) = sin(J), (2.24)

where § = (Sy — 0y is the phase difference between the waves. We can then substi-
tute Eqn. 2.23 into Eqn. 2.24 and exploit the following time averages (since physical
observables are generally of time averages of optical wave oscillations)
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T
.1 2 1
Th_r)r;o T /cos (wt = by(y))dt = 5 (2.25)
0
1 ‘ 1
Tlgrgo T / cos(wt — by) cos(wt — &,)dt = 5 cos(d), (2.26)
0

to obtain the following expression

(Egx + E§,)* — (E3, — E5,)* — (2E0xEoy c0s(8))* = (2EoyEoy sin(4))?, (2.27)

sz s2 S3 s?

where, as indicated by the underbraces, each term represents the square of what
are referred to as the Stokes parameters S; which can in general spatially vary in
the transverse plane. The parameters (wWhen normalized) can be understood as fol-
lows: Sy € [0,1] represents the total field intensity, S; € [-1,1] = Iy — Iy repre-
sents the difference between the horizontally and vertically polarized components,
Sy € [—1,1] = Ip — I4 represents the difference between the diagonally and anti-
diagonally polarized components and S3 € [—1,1] = Ig — I represents the differ-
ence between the right- and left-circularly polarized components. Here I; represents
the intensity projection of a certain polarization component. The Stokes parameters
contain complete information about light’s polarization which is conveniently de-
scribed and visualized using an ellipse with an orientation angle 1 and ellipticity
angle x which can be calculated as

i = arctan (gj) € [—%, g] , (2.28)
X = arctan <;Z> e [0,7]. (2.29)

The ellipse represents the path traced out by the electric field vector upon prop-
agating one wavelength. An example ellipse is shown on the right of Fig. 2.2. The
Stokes parameters are commonly collected into a Stokes vector S = [Sg, S1, S5, S3]7.
The Stokes vectors for various states of polarization are given in Tab. 2.1

Polarization Stokes vector
Horizontal (1 1 0 0) T
Vertical (1 -1 0 O) g
Diagonal | (1 0 1 0)"
Anti-diagonal (1 0 -1 O) g
Right-circular (1 00 1) g
Left-circular | (1 0 0 —1) T

TABLE 2.1: Stokes vectors for various sates of polarization

The Stokes parameters are also used to determine the degree-of-polarization
(DOP) according to
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S? 4+ 554852
DOP = 1+7§+3 elo,1], (2.30)
50
Poincarcé sphere Polarization ellipse

v

S=(S,, S, S3) = (cos2xcos2y, cos2xsin2y, sin2y)

FIGURE 2.2: Diagram showing the relationship between the Cartesian co-ordinates of the
Poincaré Sphere and the ellipticity and orientation angles of the polarization ellipse.

where values from 0 to 1 respectively represent unpolarized (i.e randomly oscil-
lating) to completely polarized (i.e., oscillating according to a well defined ellipse
orientation) light. In this thesis no consideration of unpolarized or partially polar-
ized light is necessary and all discussions which follow will assume DOP = 1. The
Stokes parameters also serve as the Cartesian coordinates of a parameter space in
which an abstract graphical a tool referred to as the Poincaré sphere is constructed.
This unit sphere, illustrated in the left of Fig. 2.2, is constructed with right- and left-
circular polarizations on the North and South poles respectively and linearly polar-
ized states spanning the equator. The DOP dictates the magnitude of the reduced
Stokes vector [S1, S, S3]T and the azimuthal 2¢ and polar 2 angles of the vector are
respectively related to the ellipse orientation and ellipticity angles. Various optical
elements can be used to control light’s polarization. The effect of these elements
can be represented using Mueller matrices M which are used to operate on an input
Stokes vector §in resulting in an output Stokes vector §out according to

§out - Mgin s (2'31)

the Mueller matrices for certain optical elements are shown in Tab. 2.2.

2.3.2 Jones vectors and Jones matrices

While the Stokes parameters and Mueller matrices allow for a complete descrip-
tion of polarized and partially /unpolarized light, the large matrices are uneccessary
when dealing with purely polarized states. A reduced representation in the form
of 2 x 1 Jones vectors ] and 2 x 2 Jones matrices | which operate on them, offers a
convenient alternative. The first(second) row of the Jones vector contains the hori-
zontally(vertically) polarized component of the field. The Jones vectors of example
polarization states are given in Tab. 2.3, where we also introduce the quantum me-
chanics inspired ket notation which is commonly used when discussing vectorial
structured light and will be adopted throughout this thesis.
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Component Abbreviation Mueller matrix
1 cos(26) sin(20) 0
. . 1 | cos(20) cos?(20) cos(20)sin(20) 0
Linear polarizer LP 2 | sin(20) cos(20)sin(26) sin?(26) 0
1 0 0 0
1 0 0 0
0 cos(40) sin(40 0
Half-wave plate HWP 0 sin(( 4 9)) B CO(S (229) 0
0 0 -1
1 0 0 0
0 cos?(20) sin(20)cos(20) —sin(26)
Quater-wave plate QWP 0 sin?(20) —sin(26)cos(26) cos(26)
0 sin(26) — cos(26) 0

TABLE 2.2: Mueller matrices for various optical elements (0 is the angle of the transmis-
sion/fast axis from the x—axis).

Polarization | Ket notation | Jones vector
Horizontal |H) <(1)>
Vertical V) <(1)>
Diagonal |D) % <1)
Anti-diagonal |A) % <_11)
Right-circular IR) % (_11
Left-circular |L) %[2 C)

TABLE 2.3: Jones vectors for various sates of polarization. Note the chosen the phase con-
vention expressing right-circular polarization with a —7r/2 phase delay between the vertical
and horizontal components.

Jones vectors can be converted into the latter three Stokes parameters according
to a Hopf map where

S1 =1Ll — R, (2.32)
S, =2Re{J1];}, (2.33)
Sz =2Im{J1J5}. (2.34)

The Hopf map defines a many-to-one relationship between a 4-dimensional hy-
persphere to a 3-dimensional sphere, in the above case the real and imaginary parts
of the two Jones vector components lie on the hypersphere and are mapped to the
three real Stokes vector components which lie on the Poincaré sphere [65]. The Jones
matrices for various optical elements are given in Tab. 2.4, these can be converted
into Mueller matrices according to
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M=A(f&)A™, (2.35)
1 0 O 1
A 1 0 0 -1
A=191 1 ol (2.36)
0 i —1i 0

where ® represents the Kronecker product (i.e., element-wise multiplication).

Component Jones matrix
cos?(9) sin(0) cos(0)
LP (sin(@) cos(0) sin?() )
cos(20)  sin(26)
sin(20) — cos(29))

HWP <

1+icos(20)  isin(26)
QWP % ( isin(26) 1—- iC05(29)>

TABLE 2.4: Jones matrices of various optical elements (¢ is the angle of the transmission/fast
axis from the x—axis).

2.4 Vector spatial modes, vectorness and the higher-order Poincaré
sphere

2.4.1 Vector modes

Now that we have established the necessary polarization formalism we can express
solutions to Eqn. 2.16 as a superposition of scalar spatial modes with orthogonal
polarizations

[¥) = [U1)|Py) + |U2)|P-), (2.37)

where we have adopted ket notation with |Uj,)) representing the spatial DoF,
when we project into the position basis these are revealed to be spatial modes such
as the LG;, HG]! or BG; modes as well as their superpositions (i.e., (F|Uy)) =
Uy (o) (7))- |P+) are orthonormal Jones vectors representing the polarization DoF (i.e.,
(Py|P-) = ¢;; where 4;; is the Kronecker-delta). The result of this superposition is an
optical field which can have spatially varying polarizations. Figure 2.3 shows exam-
ples of the intensity and polarization distributions of some example vector spatial
modes.

2.4.2 Vectorness

The example vector modes shown in Fig. 2.3 contain orthonormal spatial compo-
nents (i.e., (Uj|Uz) = d12). In general the spatial modes are not orthonormal, for
instance if |U;) = |U) the mode is simply a scalar mode solution. The impact of
the orthonormality of the constituent spatial modes is the degree of inhomogeni-
ety of the polarization distribution which is commonly referred to as the vectorness
[66]. The vectorness can be quantified as followed: first we can form an orthonormal
pair of spatial modes ,|U. ), using our arbitrary modes by applying the the Gram-
Schmidt orthonormalization procedure [67]
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FIGURE 2.3: Intensity and polarization distributions of some vector spatial modes.
-~ 1, ~ -
|Us) = (2(1 £ (U |U2)))2 ([Uh) £ [U2), (2.38)
~ ul 2
(Ui 2)) = 1 (2.39)

(Uyo) Uy 2))

We can then express our vector mode in this orthonormal spatial and polariza-
tion basis as

%) = aU,) [Py) + DU [P-) +e[U)[P) +d[U)[P).  (240)

Inspecting Eqn. 2.40 reveals how our vector mode takes the exact form of qubit
state where instead of two particles being entangled we have two DoFs being non-
separable, this is one of the motivations behind adopting the ket notation. The fol-
lowing convenient expression exists for the entanglement entropy of a 2-dimensional
qubit state referred to as the concurrence [68]

C =2|ad — bc|, (2.41)
C = /(W) (L) — (W) P, (2.42)

where Eqn. 2.42 follows from substituting Eqns. 2.38, 2.39 and 2.40 into 2.41. The
same way C € [0, 1] provides a measure of the degree of entanglement in qubit sys-
tems it provides a measure of non-separability between the spatial and polarization
DoFs (i.e., vectorness) of our vector beams, where C = 0 corresponds to a homoge-
neously polarized scalar mode and C = 1 indicates an inhomogeneously polarized
vectorial field.

2.4.3 Higher/Hybrid-order Poincaré spheres

The same way the Poincaré sphere provides a useful graphical aid to understand
light’s polarization, we can construct an analogue to visualize how the vectorness
changes for a specific vector field of the form
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FIGURE 2.4: HOPSs for a variety of vectorial superpositions.

¥) = Vall)|R) + VI = alli)|L), (2.43)

where we have considered orthonormal spatial and right-/left-circular polariza-
tion bases, where « € [0,1] and B € [0,27t] describe the respective relative am-
plitudes and phases. A higher order Poincaré sphere (HOPS) can be constructed,
which contains all possible vector modes (for a fixed pair |U )) with the constituent
orthogonally polarized scalar modes on the poles and purely vector modes on the
equator, where a(p) dictates the polar(azimuthal) angle. It is notable that some-
times a distinction is made between spheres constructed with modes having simi-
lar(different) order M as higher-(hybrid-)order [69], for simplicity we will adopt the
same acronym for both. An example of some HOPSs are given in Fig. 2.4.

2.5 Complex amplitude modulation schemes

Now that we have an understanding of scalar and vector spatial modes, it is clear
that the manipulation of both light’s amplitude and phase is essential in their cre-
ation and analysis. This combined control is often referred to as complex amplitude
modulation (CAM), since the absolute value and argument of a complex number
relate to the amplitude and phase respectively. We will now cover some widely em-
ployed schemes for CAM using two digital devices.

2.5.1 Liquid crystal spatial light modulators (SLMs)

As mentioned in Chapter 1, SLMs function by applying controllable voltages across
individual liquid crystal filled pixels. This causes rotation of the crystals changing
the path length of light through the cells allowing for the birefringence of the crystals
to impart a desired phase on the interval [0,27r]. We want to impart a complex
modulation U(x,y) described by

U(x,y) = A(x,y)e ") (2.44)

where (x,y) are the 2-dimensional pixel coordinates, A(x,y) is the desired am-
plitude and ¢(x, y) the desired phase at each pixel. We need to do this by employing
a phase transmission function T(x, y) dependent on A and ¢, i.e.,

T(x,y) =49, (2.45)
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FIGURE 2.5: a) Grayscale image of an SLM hologram used to produce an LG} mode. b)

Diffraction orders produced by the SLM hologram (the desired information is contained in

the +1 diffraction order). c) Cross section (taken from the dashed red line in (a) of the phase

modulation produced by the SLM hologram). It is worth noting the function f(A) which
modulates the depth of the phase grating.

to this end let us consider a Fourier series expansion of T(x,y) in the ¢ domain
[49]

00 T
T(x,y) = 2 (271)—1/E@(Af(ﬁ)e—iwd(l,eiw (2.46)
g=—00 o
o

q

where cj? are the expansion coefficients of order g dependent on the amplitude

A(x,y). We can ensure that the desired field U(x,y) is captured in the g = 1 order
by requiring ¢! = aA where « is a positive constant. This enforces the following
conditions

7T

/ sin(D(A, ¢) — ¢)dg =0, (2.47)
/ cos(P(A, @) — ¢)de = 2maA. (2.48)

While various functions ® (A, ¢) satisfy the above conditions we will restrict our
discussion to the following

(A, 9) = f(A)sin(g), (2:49)

where for now f(A) is an unknown function. Substituting this into Eqn. 2.45
allows us to apply the Jacobi-Anger expansion giving

T(x,y) = A = T [(F(A))e, (2.50)
g=—oc0

comparing this to Eqn. 2.46 reveals that cg‘ = J;(f(A)). Considering the previous
condition for 4 = 1 results in the following form of f(A) which can be evaluated
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FIGURE 2.6: a) Binary image of a DMD hologram used to produce an LG} mode. b) Diffrac-

tion orders produced by the DMD hologram (the desired information is contained in the +1

diffraction order). c) Cross section (taken from the dashed red line in (a) of the amplitude
modulation produced by the DMD hologram.

numerically

f(A) =] (aA) (2.51)

where ]| () indicates an inverted first order Bessel function of the first kind.
This gives us the result for the pure phase hologram Hgy (¥, y) to be displayed on
an SLM which will result in the encoding of the desired complex field U(x,y) in
the first diffraction order which can be isolated by introducing a phase grating with
spatial carrier frequencies gy

Hsim(x,y) = J; H(aA(x,y)) sin (271(gxx + gyY)) (2.52)

where « is chosen based on the desired grating depth. An intuitive understand-
ing of the resulting pure phase hologram is as a grating designed to maximize diffrac-
tion of power into the first diffraction order where reducing the grating depth in
a spatially varying manner (according to J; !()) allows for amplitude control (i.e.,
a depth of 0 will result in no diffraction into the first order). Figure 2.5 contains
a schematic of SLM holograms displaying how they facilitate complex amplitude
control. As mentioned, to operate at a given wavelength the SLM will need to be
calibrated in order to facilitate the correct phase modulation described in Eqn. 2.52.

2.5.2 Digital micro-mirror devices (DMDs)

As discussed in Chapter 1 DMDs function by tilting mirrors by +12° angles in or-
der to act as binary amplitude gratings. We, again, want to modulate the complex
amplitude U(x, y) given by

U(x,y) = A(x,y)el?¥) (2.53)

We can define a 1-dimensional binary amplitude grating produced by the DMD
as

T(x) = )Oi rect (x_(m““)xo) (2.54)

wXxo

m=—oo
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where m represents each opening in the grating at the position p of width w, form-
ing series of spatial "pulses’. We can expand T(x) into a Fourier series according to
[70]

s X

T(x)= ), Sm(;nTw) 2P Mg (2.55)

Cm

we can see that the coefficients ¢, dictate the amplitude and phase diffracted
into the m™ order. In order to control amplitude and phase into a given order we
can make the pulse width w(x, y) and position p(x, y) spatially varying respectively
according to

w(x,y) = %arcsin(A(x,y)), (2.56)

1
plry) = 5—o(xy), (2.57)

where we are now treating a 2-dimensional pulse train to shape the 2-dimensional
complex amplitude U(x,y). To produce the desired amplitude hologram Hpuip
these can be substituted into the following expression

Hpup(x,y) = % + %sign[cos(Zn(gxx + gyy) +27p(x,y)) — cos(mw(x,y))],
(2.58)
where ¢, (y) are spatial carrier frequencies used to separate the first diffraction
order into which the desired field is encoded. The encoding can be understood as
larger pulse widths in the grating leading to larger amplitudes being diffracted into
the first order while local shifts in the pulse position allow for propagation phase
control through small path length differences. Figure 2.6 show examples of DMD
holograms and how they function.
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Chapter 3

A versatile vectorial light generator

This chapter is based on the papers:

Singh, K., Buono, W. T., Forbes, A., & Dudley, A. Accelerating polarization structures in
vectorial fields. Optics Express, 29(2), 2727-2737. (2021).

Singh, K., Buono, W. T., Chavez-Cerda, S., & Forbes, A. Demonstrating Arago-Fresnel laws
with Bessel beams from vectorial axicons. JOSA A, 38(9), 1248-1254. (2021).

Singh, K., Buono, W. T., Fernandes, M. A., Dudley, A., & Forbes, A. Spatially resolved
birefringence measurements with a digital micro-mirror device. Optics Express, 29(21),
34616-34628. (2021).

Singh, K., Ornelas, P, Dudley, A., & Forbes, A. Synthetic spin dynamics with
Bessel-Gaussian optical skyrmions. Optics Express, 31(10), 15289-15300. (2023).

We will now discuss the development of a tool capable of generating arbitrary vecto-
rial fields. We will explore the development in the context of demonstrations of the
various approaches using both SLMs and DMDs which lead to novel observations
and applications. Firstly, we will explore the use of an SLM and Mach-Zehnder in-
terferometer to generate vectorial Bessel mode superpositions which exhibit acceler-
ating and decelerating propagation dynamics. Secondly, we investigate how a DMD
can be simultaneously used as a complex amplitude modulating device and inter-
ferometer drastically reducing the number of elements needed to generate vectorial
fields, the first demonstration of this approach is for the emulation of an axicon lens
with vectorial spatial dependence and the second demonstration is using the DMD
to generate a series of probes used to digitally measure spatially resolved birefrin-
gence. Finally, we consider an alternative DMD arrangement which further reduced
the size of the setup required and demonstrate its effectiveness in generating vector
beams which can be made to emulate magnetic spin dynamics. The chapter will
conclude with key observations and comparisons observed through the testing of
the various iterations.
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3.1 SLM based generator used to produce accelerating polar-
ization structures

3.1.1 Introduction

Light travels on a straight line at a constant velocity regardless of the speed of the ob-
server. Despite this universal law, light can be tailored to produce exotic effects by in-
terference, for example, transversely accelerating [71], radially accelerating [72] and
angularly accelerating [73, 74] forms of structured light have been demonstrated,
and even examples in curved space [75]. These effects have been extended to other
waves too, including matter [76, 77]. Such accelerating waves have found a myriad
of applications, including optical sorting, plasma control, particle acceleration and
many others (see Refs. [78, 79] for good reviews).

The aforementioned work considered the intensity structure of the light (or its
equivalent in other waves), whereas it is now topical to control other DoFs including
polarization [39, 80, 81]. There have been significant advances in the latter, tailoring
polarization not only in the transverse plane (2D) but also along the propagation
direction for 3D polarization structures [82]. These include singularity lines [83],
polarization knots [84, 85], high-order Poincaré structures [86, 87], longitudinally
varying polarization structures [88-90] and rotating polarization structures in free-
space [91-93]. Of particular relevance to our work is the advances in producing
accelerating polarization states, thus so far achieved in free-space by varying the
Gouy phase of scalar beams [90] and in non-linear media [94-96]. The interest in
such beams is diverse, including selection rules in parametric processes [97, 98],
eletromagnetic induced transparency [99], and the chiral interactions of light with
matter [100, 101].

In this work, we demonstrate the first accelerating state-of-polarization (SOP)
with vectorial light propagating in free-space, where a non-homogeneous polariza-
tion structure can be made to periodically accelerate and decelerate, independently
from the spatial profile. We derive the analytical expressions for the acceleration of
the Stokes vector and intensity patterns for each polarization basis, which we inter-
pret as a simulation of accelerated Optical Activity (OA) during free-space propaga-
tion. In addition to achieving accelerated OA, we demonstrate how the accelerated
intensity transport associated with each polarization component, results in an ac-
celerated trajectory in the Poincaré sphere, as well as the transfer of optical current
between various local positions within the optical field.
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3.1.2 Concept and Theory
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FIGURE 3.1: Diagrams illustrating: (a) the intensity of scalar components used to generate an

angularly accelerating/decelerating polarization structure (phases included as insets) and

(b) the angularly accelerating/decelerating trajectory with propagation of the right (red) and

left (blue) circularly polarized components of the resulting vector mode. The values used in
these simulations are / = 1and 6 = 7.

Consider the following two scalar fields, which represent weighted superpositions
of oppositely charged Bessel beams (i.e., weighted petal beams)

u; = Ji(rky) [cos (Z) ¢'? + sin <z> e‘”“”] ekaz | (3.1)
0 —ilg ; 6 ilg | ,ik;z
U, = Ji(rky2) |cos 5)e -+ sin 7)) e 27 (3.2)

where r and ¢ are the radial and azimuthal cylindrical coordinates, J;() are the
Bessel polynomials of order /, while 6 is a morphology (weighting) parameter and z
is the propagation distance. The differences between the two fields are the topologi-
cal charges £I and the transverse and axial wavevector components k;, k.. It should
be noted that these beams are naturally attenuated by a Gaussian envelope e~ (r*/wp)
(i.e., they are superpositions of BG; beams where wy is the Gaussian beam waist),
this factor is omitted for brevity as it does not significantly impact subsequent ar-
guments. The intensity and phase of the respective scalar components are shown in
Fig. 3.1.a. These fields can be path interfered through a Beam Splitter (BS) according

to the Jones matrix operation (where LI{”/2 = Uy /)

out in in in
<u}mt> = 1 (1 ! ) <u}n> = 1 <u}n i u%n) : (33)

us 2\1 1) \Uj 2 \uj" - uy
If these fields are in orthogonal polarization basis states, there are two other bases
which will satisfy the following relationships, post path interference, U,y < Uy £
Up and Us/g o< Uy il (eg. 1,2,3,4,5,6 = H,V,D,A,R,L = D,A,H,V,L,LR =
R,L,H,V,A,D - for purely linear and circular basis states). Therefore the Stokes
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intensity distributions, which can be used to fully describe the polarization structure
of the resulting vector beam, can be determined by taking each field and multiplying
by its complex conjugate (i.e., I; = U;U;). These intensity distributions are given by

I, = J*(rks1)(1 + sinf cos 2l @), (3.4a)
I = J*(rky)(1 + sinf cos 2l @), (3.4b)

1
L= 5 (R @ + R, 0t ) (3.40)

1
L= 5 (R @ + R, @), (3.4d)

1
Is = 2 (R ei&ulq> + R%mg ) (3.4¢)

1
lo = 5 (R ®F + R2, 0f ), (3.4f)

where:
Rpetal(r/ kn, k2, l) = ]l(rkrl) + ]l(rer) 7 (35&)
Rring(r/ kn, kr2/l) = ]l(rkrl) - ]l(rkr2>; (3.5b)
and

. i _sinfcosAz
DL (9,6,A,2,1) = (1 +sinfcos Az) (1 +cos (219" F arctan Line ¥ cos Az} )) ’
(3.6a)

p I _cosfeosAz 31
DL (¢,0,A,2,1) = (1 £sinfsinAz) (1 + cos <2l(p + arctan [sin@ :I:sinAZ])) ;
(3.6b)

A=kp—ky. (3.6¢)

Here the "petal” and 'ring” factors, which contain the radial dependence define

central and outer regions of the transverse intensity profiles - while the @ 'P factors
which contain the azimuthal and propagation dependence describe the angular ro-
tation and intensity transport behaviour. It is clear from these expressions that the
input component intensities I;,, are propagation invariant and, consequently, the
total intensity profile. Other orthogonally polarized pairs of components exhibit a
7t phase difference in their behavior during propagation, while these pairs exhibit a
7t/2 phase difference between each other. The propagation dependent behaviour of
the polarization structure of the resulting vector mode is shown in Fig. 3.1.a.

The behavior of the spatial structure in the polarization indicates that upon prop-
agation there is an angularly accelerating trajectory of Stokes vectors (for both the
central and outer regions) on the surface of the Poincaré sphere. This is clear when
one considers the Stokes parameters (where generation in the H-V basis will be used
throughout the rest of our discussion, i.e., U;/, = Up,v)
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FIGURE 3.2: Diagram showing the change in total azimuthal angle of the beam profile with
right-circular polarization (S3 > 0) changing with propagation.

02590 =925, =0, (3.7)
025, = 2A2(R§etal - Rfmg) (—sin Azsin2l¢gp — cos Az(cos 21¢ + sin b)), (3.8)
0283 = ZAZ(Rieml - Rfing) (cos Azsin2l¢g — sin Az(cos2l¢ +sin#f)) . (3.9)

According to these expressions it is clear that beams generated as orthogonally
polarized superpositions of weighted petal beams will experience accelerated OA
about the generation axis. The negative sign between the central and outer compo-
nents indicate that this accelerated rotation will occur with a phase difference of 7
between the two regions (i.e., an angle of 7t between the ring and petal Stokes vectors
at any given propagation distance). During propagation, the trajectory taken by the
positive (red) and negative (blue) S3 components (i.e., the right and left circularly
polarized components respectively) in the central region can be seen in Fig. 3.1.b.
An interesting observation of the resulting polarization structure is that the total an-
gle A (in the transverse plane) covered by £5,,3 changes in a non-linear manner
with z, this behaviour is highlighted for S; in Fig. 3.2. We can note that it would be
difficult to observe this experimentally since the regions around ¢ = —7, 77 are low
intensity regions for 6 # 0. Thus, for the remainder of this article the value 6 = 7
will be used as this corresponds to the most prominent accelerating/decelerating
behaviour [73]. An important observation is that, as seen in Figs. 3.1.a and 3.2, the
polarization structure is not uniform, but Eqns. 3.7, 3.8 and 3.9 show that every point
in the spatial distribution of the polarization follows a path on the Poincaré sphere
during propagation that is identical, except for the starting point. We can note that
A would remain constant for a case of constant rotation (i.e. when 6 = 0).

The intensity transport, for the case of a coherent vector beam is best described
by the Poynting vector. This vector current contains both a term associated with the
phase structure (orbital component) as well as a term associated with the polariza-
tion structure (spin component) according to [102-105]



26 Chapter 3. A versatile vectorial light generator

= 2 = - = 1 =3 = =
P= ;—weo[ Im{E* - VE} +5 ¥ x Im{E* x E}], (3.10)

/

Orbital component Spin component

where c is the phase velocity of light, w is the frequency, € is electric permittivity
of free-space, V = (9x,9y,0;) and E = (Ex,Ey, E;). For our case we can assume
E, = 0, therefore

= CZ . . 1 . . A

where i,j = x,y. The x and y electric field components are the respective hor-
izontal and vertical polarization components E,, E, = Uy, Uy. Simulations of the
Poynting current (see Fig. 3.3) reveals no net intensity transport into and out of the
central region (i.e., f PBd7 = 0, in the bounds indicated by the dashed line in Fig. 3.3),
which corresponds to the intensity profile of the vector mode remaining the same
throughout propagation. This observation was validated through experimental ob-
servations, as well as the theoretical expressions Eqns. 3.4a - 3.4f.

Propagation Distance (m)

FIGURE 3.3: Simulations of the Poynting vector (top) and total intensity (bottom) of a H-V
superposition of weighted petal beams, the total intensity Sy remains invariant with propa-
gation.
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3.1.3 Experiment

FIGURE 3.4: Diagram showing the experimental set-up used to generate and characterize
petal beams with azimuthally accelerating polarization structures. HeNe - Helium-Neon
laser, EL - expansion lens, CL - collimation lens, SLM - spatial light modulator, M - mirrors,
MD - D-shaped mirror, FL - Fourier lens, HWP - half-wave plate, BS - 50:50 beam-splitter,
QWP - quarter-wave plate, LP - linear polarizer and CCD - charge-coupled device.

In this work, vector petal beams with radially self-accelerating polarization struc-
tures were generated experimentally using the set-up shown in Fig. 3.4. A HeNe
laser (wavelength 633 nm) was used to produce a horizontally polarized Gaussian
beam, which was expanded and collimated using lenses EL and CL, respectively.
The beam was then used to illuminate a PLUTO-2-NIR-015 SLM. It is notable that
this SLM model is designed to operate in the 650 nm to 1100 nm range, however
compensating calibration was applied for effective operation at 633 nm. The SLM
was addressed with phase holograms encoded via the complex amplitude modu-
lation scheme described in Chapter 2. The desired modulation H(x,y) was deter-
mined by computing the pixel-wise inverse Fourier transform of the weighted petal
beams using the discrete inverse Fourier transform matrix 7 -1 according to:

Hi o (x,y) = (F7H 06 y) (U2 (2, 9)) F (%, ). (3.12)

The two petal beams were given: | = —1, k,» = 0.75k,; = 0.75(0.0025k) (where k
is the total wavevector magnitude) and wy = 2.25 x 10~3 m; while the x-component
of the holographic grating frequency for the two beams were given opposite direc-
tions. The spatially separated first order diffraction components associated with the
two petal beams were then directed into a 50:50 beam-splitter (BS) through a series of
mirrors (M1 - M3), D-shaped mirror (MD) and Fourier lenses (FL - with focal lengths
f =750 x 1073 m forming a 2f system between the SLM screen and the coinciding
focal planes of these lenses). Prior to entering the BS a half-wave plate (HWP) was
used to convert the polarization of one of the beams to vertical. The intensity of the
six polarization components of the resulting vector beam was then imaged using a
FLIR Grasshopper3 CCD camera, after passing through a conventional Stokes po-
larimetry arrangement (quarter-wave plate (QWP) and linear polarizer (LP) [106]).
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FIGURE 3.5: Diagram showing the equivalence of focusing and positive propagation of a
beam generated in the focal plane of lens FL.

The Stokes intensity measurements were taken within z € [—zyax, Zmax], Where
z = 0 corresponds to the focal plane of the Fourier lenses (as the beam paths were
made equal) and z.x = 2;3% is the maximum distance in which the BG beams are
valid. The measurements over this range were acquired by encoding a lens phase
(e!k=k*/f)z) into the holograms to digitally move the position of the Fourier plane
as shown in Fig. 3.5. From the expression for z,, it is also clear that beams with
differing k, will maintain their structure over different ranges. The results presented

in the following sections ensure that z < (2 ~ 0.9 m) of U; which has a shorter
valid range.

3.1.4 Results
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FIGURE 3.6: Experimental results showing the evolution of the SOP (top) and individual
right-circular (R), left-circular (L), diagonal (D) and anti-diagonal (A) polarized component
intensities (bottom) with propagation distance.

In Fig. 3.6 we can see the SOP of a beam generated in the manner described above,
at equally spaced values for z. From visual inspection, it is clear that the structured
SOPs in the petals change in a non-linear manner, i.e., a transition from right-circular
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[R] to anti-diagonal [A] to left circular [L] is visible in the range shown. This is fur-
ther highlighted by inspecting the orientation of the polarization components, the R
component begins to accelerate (in the azimuthal direction of the transverse plane)
while the L component begins to decelerate at the same time the D component is
accelerating and the A component is decelerating - the energy flow away from (in
to) accelerating (decelerating) components observed in previous work is also veri-
fied here [73]. The local SOP progression of a point in the beam with propagation
is representative of propagation through a birefringent material (i.e., QWP) which
is experiencing periodically accelerating/decelerating rotation of its fast axis. It is
notable that this behaviour originates from the non-linear azimuthal phase profiles
of the constituent BG; beam superpositions, coupled with the linear Gouy phase
inherent to BG; beams.
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FIGURE 3.7: Plots showing: (a) the contribution of radial functions Ryetg1/ring to the total
intensity and (b) the normalized power of the ring and petal structures of four propagation
dependent polarization components.

Figure 3.7.a shows how radial functions Rpeta1/ring characterize the inner and
outer regions as well as a transverse profile showing the circular cropping region
which was used to approximate measurements of these components experimen-
tally. It should be noted that although the ring components appear to contain a
greater overall fraction of the total power, that this power distributed over a large
area and the ring region therefore has a general low intensity - for this reason it is
more convenient to consider the petal region when making experimental observa-
tions. Figure 3.7.b shows the normalized power of the petal and ring components of
the four propagation dependent polarization components. These agree with previ-
ous observations of energy exchange in scalar superposed petal beams with different
radial and axial wavevector components [73]. The phase difference of the exchange
behaviour between the polarized components also agrees with the intensity expres-
sions in Eqns. 3.4a - 3.4f.

Considering only the petal region and observing the non-linear changes to the
Stokes parameters (Cartesian coordinates of the Stokes vector on the Poincaré sphere)
within this region, one can observe the accelerating polarization behaviour in a more
general manner. In Fig. 3.8 we can see the spatially averaged SOP of the inner region
at different points along the propagation distance plotted on the Poincaré sphere.
From the density of points, it is clear that the Stokes vector is experiencing peri-
odic angular acceleration/deceleration, while executing rotation about the input axis
(i.e., accelerated OA). Theoretical predictions using the intensity expressions reveal
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FIGURE 3.8: Diagrams showing the trajectory of the average "petal” Stokes vector along the
Poincaré sphere (left) as well as views along the input axis (right) for generation in the H-V
(top) and R-L (bottom) bases, simulated comparisons are included as insets.

that deceleration occurs at the equator and poles (meridians) for H-V (R-L) gener-
ation. This observation is reasonably verified in the experimental plot (highlighted
by the dashed ovals), furthermore the measured magnitude of the Stokes vector
change with propagation |AS| is included alongside, displaying periodic accelera-
tion/deceleration.

3.1.5 Discussion and Conclusion

Optical Activity is the effect of the rotation of the SOP of linearly polarized light, first
observed more than 200 years ago, and is associated with the transmission of light
through a birefringent medium [107]. Unlike normal birefringence, where the re-
fractive indices differ for the x and y axes, in order to demonstrate OA, the medium
needs to emulate circular (or chiral) birefrigence. Optical Activity has been obserevd
in liquid crystals [108], Raman scattering [109, 110] and non-chiral metasurfaces [111,
112]. Recently OA has been simulated by inducing the Gouy phase in free-space, re-
sulting in a longitudinally changing local polarization vector [90], e.g., from radial
to azimuthal. Here we have shown how to employ non-diffracting vectorial fields
to produce long-range, periodic acceleration in the rotation of the global polariza-
tion structure, i.e., the entire polarization structure experiences angular acceleration,
while maintaining a constant intensity profile. By judicious choice of superposition
states it will be possible to accelerate arbitrary polarization structures by this ap-
proach. This is analogous to OA with periodical acceleration and deceleration of the
Stokes vector during propagation, an effect not observed previously in free-space.
During propagation, the SOP of the petal structure rotates around a given axis in
the Poincaré sphere, which can be rotated by changing the generating basis. When
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the rotation occurs along the equator of the Poincaré sphere, the behaviour exhib-
ited is known traditionally as OA. The structure of angular sectors of right and left
handedness is maintained at any given plane, rotating with periodic acceleration
and deceleration. Even though this kind of evolution is typical of propagation in
birefringent media, either linear or chiral, we have shown that it is achievable in
free-space. The acceleration and deceleration can be associated with propagation in
a non-uniform birefrigent medium. Adding this to the degrees of control presented
in the structure, can make a powerful tool to characterize materials regarding their
interactions with polarized light and chiral structures. This can motivate new stud-
ies of light with changing features in free-space propagation, as well as interaction
of vectorial light with different types of media. Further work could involve the use
of Airy beams to acquire non-periodic accelerating structures [78].

3.2 DMD based generator used to emulate a vectorially aper-
tured axicon

3.2.1 Introduction

Bessel beams are so-called non-diffracting [63, 113] and self-healing [114-117] forms
of structured light [11], solutions to the paraxial wave equation in cylindrical sym-
metry, and have found use in optical trapping [118, 119], communication [120-124],
imaging microscopy [125], laser machining [33], quantum studies [126-132] and
have even been produced as matter waves [77, 133, 134]. It is common to produce
Bessel beams by the interference of plane waves travelling on a cone: conical waves
[135]. The first creation of such beams used amplitude masks in the form of annular
rings, exploiting the far field pattern of the desired Bessel beam, which is created af-
ter a Fourier lens. Proposals exist to generalize this approach to tailored sources on a
ring [136]. Scalar 2D Bessel beams have since been created using holographic annu-
lar rings [137], refractive [138] and holographic [139] axicons, interferometers [140]
and inside laser resonators [141-146]. One dimensional (1D) scalar Bessel beams
have also been created by using a 4f-Fourier-transformer setup and their propa-
gation characteristics investigated. Even though they are not non-diffracting, they
exhibit discrete diffraction similar to that of leaky modes in fiber arrays [147-149].
Vectorial 2D Bessel beams have been created by geometric phase-based liquid crys-
tals [150, 151], by spin-orbit interactions [152] and metasurfaces [153], while using
space-time control has seen the creation of 1D non-diffracting Bessel beams [154,
155]. Here and in the general literature one speaks of Bessel beams, the laboratory
generation is always some approximation, often in the form of BG; beams [156].
Young’s double slit experiment, as first conceived and performed, applies for
scalar wavefields resulting in an interference pattern of bright and dark fringes.
Arago and Fresnel considered the vector characteristics of the field by studying the
effect of polarization. They introduced identical polarizers with the same plane of
polarization in front of each of the slits and observed the fringes described by Young.
Then, in one of the slits, they rotated the polarizer until it reached the perpendicular
plane of polarization with respect to the other slit and reported that, at this posi-
tion, the interference pattern disappeared. From their observations they stated four
laws known as Arago-Fresnel laws [157]: (1) Two waves, linearly polarized in the
same plane, can interfere; (2) Two waves, linearly polarized with perpendicular po-
larizations, cannot interfere; (3) Two waves, linearly polarized with perpendicular
polarizations, if derived from perpendicular components of unpolarized light and
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subsequently brought into the same plane, cannot interfere; and (4) Two waves, lin-
early polarized with perpendicular polarizations, if derived from the same linearly
polarized wave and subsequently brought into the same plane, can interfere.

The interference fringes referred to in these laws are in the intensity of the ob-
served light, yet light has many DoFs that can be controlled, for what is now re-
ferred to as structured light [11]. Amplitude/intensity is the most well known DoF
of light, with interference fringes observed and understood at least since the time
of Thomas Young [158]. Here two waves with a relative phase (0) difference, Af =
6> — 61 add to produce a modulation in intensity: I = |A exp(iwt — ikz)[exp(—if;) +
exp(—if)]|? = 4A2 cos?(A0/2) - where w, t, k, z and A are respectively the tempo-
ral frequency, time, spatial frequency, propagation distance and amplitude. Origi-
nally A8 was the path length difference described by Thomas Young, but can be a
general phase delay in any co-ordinate for linear, radial or azimuthal fringes [159]. In
the context of interference one may legitimately ask: fringes in what? Interference
of differing frequencies give rise to the familiar beating (fringes in time) observed
in electronic and optical signals, angular slits produce fringes in OAM [160], while
fringes in polarization have been known and understood since at least 100 years,
following seminal work by Robert Wood [161]. One can understand the polarization
fringes by again considering the superposition of two waves, this time of orthogonal
(e.g. X and ¥) polarizations: exp (iwt — ikz)[ Aoy exp(—if1)X 4+ Agy exp(—if2)§]. One
can show that the components of the final field (Ex and E,) may be written as [64]

E2  E2 E.E
x_|_7y_2xy

cos AB = sin®? A6, 3.13
A&, T Ay (3.13)

which is the well-known equation for the polarization ellipse and represents a
general polarization state. Once again, Af is the phase difference which can be spa-
tially varying, so that by changing the relative phases of the waves, one can construct
a polarization varying map: fringes in polarization. This topic has a rich history and
the reader is referred to further reading on the topic (see for example Ref. [157, 162,
163] for a more general theoretical treatment and Ref. [159] for a modern experimen-
tal treatment).

If instead of slits the experiment is done with two pinholes illuminated with light
with the same polarization (scalar case), and a lens is placed at its focal distance, the
result is the same: an intensity interference cosine pattern is created just after the lens
that transforms the spherical incoming wavefronts into two coherent tilted plane
waves, say exp[i(kix +k;z)] and exp[i(—kix + k;z)], respectively, that interfere to
produce a field with intensity proportional to | cos(k:x)|?. If the pinholes are rotated
with respect to their midpoint in such a way that they produce an annular slit, the
resulting wavefield is proportional to the integral

E(r)a o eikzz/ cos(kircos p)de, (3.14)
0

where the magnitude of the respective wavevectors of the plane waves is k> =
k? + k% and 2 = x? + y?. The integral on the right is proportional to the integral
representation of the Bessel function of the first kind Jo(k;r). In other words, the
resulting wavefield is a Bessel beam. Now, one wonders, what would be the result
if the pinholes are illuminated with orthogonal polarizations? The resulting annular
slit is composed with two semi-circumferences with orthogonal polarization. An-
alyzing the field of only one half of the annular slit with one of the polarizations
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(scalar case), the wavefield will now be of the form
. T .
E%A(x,y) . elkzz/o ezk[(xcosq)—i-ysmq))dgol (3.15)

which is not a Bessel pattern, as can be seen in Fig. 3.9. Notice that the far field

FIGURE 3.9: a) Half annular slit binary amplitude. b) Diffracted transverse intensity pattern
in the far field of the half annular slit and c) Diffracted transverse intensity pattern in the far
field of the half annular slit with an azimuthal phase exp(i3¢).

intensity pattern is very similar to that of parabolic non-diffracting beams [164]. The
reason for this is that the latter have their spectrum in a semi-circumference for the
stationary case and split into two semi-circumferences for the non-stationary case.
Strictly speaking, the small difference is due to the phase of the spectrum of the
parabolic beams near each extreme of the arc. Also, even if the initial field is not
symmetrical, Fig. 3.9.a, its diffracted far field has symmetry along the transverse x—
and y—axes, Fig. 3.9.b. If a linear azimuthal phase is included in the input field, the
symmetry only remains along the x—axis, Fig. 3.9.c. As will be seen below, along the
vertical axis the 1D profile is still determined by the Bessel function.

Here we use the Arago-Fresnel laws to understand the interference of conical
waves created by a segmented vectorial axicon, that is, when one half of the axicon
produces a conical wave that is orthogonal (in polarization) to that produced by the
other half of the axicon. In the context of conical interference, we may imagine that
the orthogonally polarized contributions will not produce fringes in intensity, but
will produce fringes in polarization structure. Further, the situation is conceptually
equivalent to a conventional axicon but with a vectorial aperture, allowing only half
the field of each polarization component through (e.g., the left portion of the axicon
passes the left-handed polarization but blocks the right-handed component, and vice
versa), resembling a vectorial version of a scalar parabolic field. We show that the
resulting vectorial structure has embedded in it a scalar Bessel beam in 1D, along
the plane of intersection of the two conical waves, while polarization projections
reveal the 2D scalar Bessel fields of each polarization component of the field. We
find that fields resulting from vectorial axicons endowed with OAM are represented
by perturbed Bessel functions along the plane of intersection while the orthogonal
plane exhibits dependence on the Struve functions. This work contributes to the
topical field of structured light, probing the optical processes at play between the
boundary of scalar and vectorial light, where scalar interference patterns reveal the
intricate structured polarizations characteristic of vectorial light fields.
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3.2.2 Concept

It is known that the interference of light waves diffracting from a ring produces, in
the far field, an electric field which varies radially according to the Bessel function of
the first kind [113]. The oscillatory behaviour in the radial direction manifests as a
result of the path length induced phase difference of rays traveling along a cone af-
ter a Fourier lens. Conversely, this type of field can be produced directly (after some
well defined distance from the near field) through the use of a conical lens known
as an axicon. The axicon also allows for azimuthally varying phase profiles associ-
ated with OAM to be simultaneously introduced along with the radial variation. Let
us consider an axicon which acts with spatially inhomogeneous polarization depen-
dence, for instance acts only on right-circularly polarlized (RCP) light for y > 0 (top
half) and left-circularly polarized (LCP) light for y < 0 (bottom half) which can be
characterized by the transmission function

—i(a(n—1)kp+I

Hp 9) = {e—iiain—lszHZ;(m MR (3.16)
e (L] m<e¢<2m,

where p and ¢ are the radial and azimuthal transverse coordinates, while « is the
axicon angle, n is the refractive index, k = 27/ is the wavevector and [ is the
topological charge. (R, L| represent the transpose of the RCP and LCP Jones matrices
which indicate that each half of the axicon projects only RCP or LCP. Considering
diffraction from each half, the intensity can be shown to be proportional to [139]

2
2m)

(
Ingy (x,y,2) o z / elilxeosptysing)tloge| (3.17)
o(m)

where k; = a(n — 1)k is the transverse wavevector component introduced by the
axicon. Now if we consider only looking along the splitting line (i.e., ¥ = 0) and the
perpendicular "anti-splitting" line (i.e., x = 0) the intensity proportionality (for the
I = 0 case) reduces to

IR(L) (xl OI Z) & ZT[Z](%(ktX) ’ (318)
Ir(1)(0,y,2) o 27 |Jo(key) £ iHo(kty))\z , (3.19)

where J,() is the n'" order Bessel function of the first kind and H,() is the n'" order
Struve function. Here we can see a resulting 1-dimensional Bessel intensity profile
along the splitting line of the axicon, due to the light diffracted across the split being
able to conically interfere with itself. While along the anti-splitting line, intensity is
modulated by the Struve function. For the | = 3 case we get

Ir(1)(x,0,2) o| —irt]3(kex) F 16( (kex) 2 cos(ksx) 4 (kix) %)

— 6(kix) " sin((kx)))?, (3.20)
IR(L) (O,y,Z) 0<| +8i/3— 7T]3(kty) — :FZ‘T[(H,l (kfy)
+ 4(ky) " THa (key)) 2, (3.21)

here we note that the function along the splitting line is asymmetric along y due to
the rotating diffraction of light associated with OAM, while the anti-parallel case
once again shows dependence on Struve functions. Finding a description of the
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diffractive behaviour for general | may prove difficult due to the cylindrically assy-
metric nature of the Cartesian symmetry breaking.

3.2.3 Experimental Setup

i
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; ’7; ' : .:
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FIGURE 3.10: Diagram showing how the separation of orthogonal polarization states by

a PBS followed by their recombination using a DMD can be used to replicate a vectorial

axicon. Inset on the top left shows a representative example of the encoded multiplexed

binary hologram and insets on the bottom right show exemplar CCD images captured at
different propagation distances.

In order to generate vectorial fields from polarization dependent axicons we
used the experimental set-up shown in Fig. 3.10. A horizontally polarized Gaus-
sian beam was produced by a HeNe laser (wavelength 633 nm), then expanded and
collimated using lenses EL (f=2 mm) and CL (f=250 mm) respectively. A HWP was
used to rotate the polarization state to diagonal before the expanded beam passed
through a polarizing beam splitter (PBS). The horizontally polarized component of
the expanded beam was used to illuminate the screen of a DMD (Texas Instruments
DLP6500). The vertically polarized component, exiting the reflected port of the PBS,
was directed by a mirror (M) to overlap the horizontal component at the DMD screen
- with an angle of ~ 1.5° between the two expanded beams. The 125x magnification,
present in the expansion and collimation system, served to project plane waves of
approximately constant amplitude (in each polarization component) onto the DMD
screen. The DMD was simultaneously addressed (multiplexed) with two amplitude
holograms Hy and Hy of the form discussed in Chapter 2:
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1 1

Hyyv(x,y) = 5+ 5 (cos(21tGr v (%, y) + 2P v (x,y)) (3.22)

—cos(Anyv(x,y)))

Guyv (%) = x8i /v + Y8t v+ (3.23)
arg(U X,

Py v (x,y) = B %‘T’( n), (3.24)
arcsin(|U X,

Anyv(x,y) = (Ur1/v () , (3.25)
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where U(x,y) is a desired complex field which is encoded into the +1 diffrac-
tion order of the grating defined by spatial carrier frequencies g7, ,,, and gﬂ sv- The
multiplexing is achieved by adding the two holograms Hy v together while giv-
ing them unequal carrier frequencies. Since the 0 diffraction orders of the H and
V (horizontally and vertically polarized) components leave the DMD at the same

~ 1.5° incidence angle, the grating frequencies g;{//yv can be chosen such that the +1
diffraction orders of holograms Hy and Hy from the horizontal and vertical diffrac-
tion components spatially overlap [165]. Conventionally the field before an axicon
has a Gaussian profile the width of which will affect the propagation dynamics of the
formed Bessel beam, since we are illuminating the DMD with a plane wave we chose
to encode the Gaussian profile into the axicon (i.e., |U(x,y)| = e~ +r")/ w5 where
wp is the beam waist). The axicon was encoded into the phase profile according to
arg(U(x,y)) = ki/x2 +y* + larctan(y/x). Directly after the DMD a QWP; was
used to convert the generating polarizations according to H — LCP and V' — RCP.
The plane at the DMD was imaged through a 4f imaging system including an iris
(A) used to filter out the desired combined diffraction order. Additionally a second
QWP; and a LP were placed in the imaging system to project four Stokes intensities
(right, left, horizontal and diagonally polarized) on to a CCD (FLIR Grasshopper3).
The CCD was then translated along the beam axis, using a rail, from the image plane
of the DMD (z = 0 mm) to z = 360 mm to investigate the formation and propagation
of the resulting fields.

3.2.4 Results

The conventional plane of interest when generating non-diffracting beams from an
axicon is z = 0.5z;5y = 0.5kwg/ki, where z,,y is the valid range of the generated
field. In our case we chose a = 0.02 rad (allowing for paraxial treatment), n =
1.1 and wy = 1 mm; which results in our plane of interest at z = 250 mm. In
Figs. 3.11.a. and 3.11.b. we display the appropriately sectioned intensity profiles at
the z = 0.5z, plane for the cases of beams generated from vectorial axicons with
I = 0 and I = 3 respectively. It should be noted that, for practical reasons, the
DMD is orientated at 45° - the consequence of this is the proportional rotation of
the coordinate system of Sec. 3.2.2 in the experimental results. In both cases we can
see good agreement between the theory described in Sec. 3.2.2 and the measured
results along the spliting line, while along the anti splitting line general qualitative
agreement is clear. Note that the total measured intensity corresponds to the sum of
the intensities of the diffracted orthogonally polarized field components described
by Eqns. 3.18 - 3.21.

In order to verify the physical origin of the observed functional behaviour seen in
the sectioned profiles, we measured the intensity of the RCP and LCP projections of
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FIGURE 3.11: Plots showing the theoretical and measured ’splitting” and “anti-splitting” in-

tensity cross sections of non-diffracting beams generated by a vectorial axicon for a) I = 0

and b) | = 3 at z = 250 mm (complete measured transverse intensity profiles are included
as insets).

the generated beam from the axicon plane (i.e., z = 0 mm) to z = 320 mm (the max-
imum z was a function of the rail system used to translate the CCD). Additionally
numerical simulations were generated for comparison using the technique outlined
in [166]. The results are shown in Fig. 3.12.

For the [ = 0 case we can see how the diffraction across the splitting line occurs
immediately with propagation from the axicon plane, thus allowing the interference
of conical (now triangular in one dimension) rays along the splitting line. This inter-
ference leads to the formation of identical Bessel structures along the splitting line
for each of the orthogonal components resulting in a scalar one dimensional Bessel
beam. When OAM (I = 3) is introduced the diffraction across the splitting line
is accompanied by the rotational energy/intensity flow imparted by the azimuthal
phase factor. The resulting asymmetric structures are non-diffracting over the valid
range and occupy opposing ends of the splitting line resulting in a one dimensional
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FIGURE 3.12: CCD images showing the formation of non-diffracting polarization compo-
nents produced by a vectorial axicon for a) | = 0 and b) I = 3 (simulated comparisons are
included as insets).

vectorial structure resembling a perturbed Bessel function along the splitting line.
It was also observed that the rotation direction is changed when | = —3. To in-
vestigate the structure of the complete two dimensional vectorial field we acquired
sets of reduced Stokes intensity measurements [106], at the z = 0.5z, plane and
reconstructed the SOP.

From the results presented in Fig. 3.13 we can see that the transverse profiles
of the optical fields generated by diffraction through a vectorial axicon are indeed
structured in polarization. Naturally the diagonal polarization projections represent
conventional scalar Bessel beams for both cases due to this projection "seeing’ a com-
plete axicon, while the horizontal projection contains a discontinuity for I = 0 as it
sees an axicon with a constant 0.57 phase difference between the halves, in the [ = 3
case this distorts the projection.

3.2.5 Discussion and Conclusion

This work can be framed in the context of classical entanglement [167-174], where
the non-separability of vectorial structured light resembles that of its quantum en-
tangled analogue. Here the initial beam is fully vectorial but spatially separated
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FIGURE 3.13: SOP and Stokes intensities measured at z = 0.5z, fora)l = 0and b) [ = 3
(red[blue] ellipses represent RCP[LCP]).

into two distinct parts, simulating a prior reported situation that revealed counter-
intuitive non-separability dynamics [175], where the local non-separability changed
dramatically even though the global non-separability remained the same. In our
case the situation can be thought of as analogous to Young’s double slit experiment,
but with a vectorial twist courtesy of the Arago-Fresnel laws. Each half of the axicon
is a “slit”, passing through a polarization state orthogonal to the other. Orthogonal
polarization states do interfere, but the fringes are seen in the polarization structure
itself and not the intensity. At the interface of the two waves we observe the Bessel
beam, orthogonal to this plane we do not. We imagine that this simple arrangement
may be useful to unravel the vectorial dynamics at play in interference when viewed
from a visibility and distinguishability perspective [176]. This would involve utiliz-
ing the orthogonality of polarization states transmitted by adjacent apertures (sim-
ilar to the axicons investigated here) to control the visibility of polarization fringes
and the power transmitted through each aperture to model the distinguishability.
The beams we present simultaneously demonstrate the first, second and fourth
Arago-Fresnel laws. The first (second) law is verified by the presence (lack) of in-
tensity fringes along (across) the interface - due to the identical (orthogonal) planes
of polarization of overlapping waves. The fourth law manifests in the polarization
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fringes across the interface, which occur due to initially orthogonal planes of po-
larization being projected into an identical plane during Stokes intensity measure-
ments.

In conclusion we have observed how the diffraction dynamics introduced by a
vectorial axicon lead to 1-dimensional scalar and vector Bessel structures embedded
into non-diffracting vector fields, due to self interference from polarization similar
conical waves. We have also observed how OAM embedded into the vectorial axi-
cons interact with the Cartesian symmetry breaking resulting in spatially periodic
perturbations to the generated 1-dimensional structures. We have framed the work
in the context of the well-known Arago-Fresnel laws, testing the interplay between
scalar and vectorial processing in the creation of structured light fields.

3.3 DMD-based birefringence probe

3.3.1 Introduction

The study of birefringence, the change of refractive index of a material depending
on the polarization and direction of light, can be traced back at least 200 years [177,
178]. This effect has been historically known to be caused by mechanical stress [179],
thermal excitation[180], Kerr medium excitation [181] and the Faraday effect [182,
183]. In material analysis, circular birefringence is associated with chirality in media
such as crystals [184], fibers [185] and thin films [186]. One effect it causes in light
is the change of the SOP. When the birefringence is circular (between right- and
left-handed circular polarization components of light) the observed effect is often
called optical activity and/or optical rotation. The measurement of this effect is,
therefore, important to understanding a medium’s interaction with vectorial light, a
recent topic of interest [100]. Measuring and observing birefringence has shown to
be important in many fields of study, including meteorology [187, 188], biology [189,
190], crystallography[191], stressed materials [192], liquid crystal analysis [193-195]
and object recognition [196].

The progression of birefringence measurement techniques has led to modern, au-
tomated solutions making use of phase-shifting polarimetry [197-202], which rely
on photoelasticity [203-210] or liquid crystal birefringence [194, 211] to rotate the in-
cident polarization state. The phase shifting technique, used in the aforementioned
references, allows for the reconstruction of the full-field magnitude and orientation
of the birefringence. However, many approaches make use of interferometric tech-
niques, making them sensitive to instability and alignment [198], as well as requir-
ing additional compensation optics to suppress the transmitted phase-retardation
effect of the beam splitter [199]. The approach can also be applied to local sampling,
leading to precise and accurate measurements of the retardation and azimuthal an-
gle of the fast axis of optical components, although these measurements are relative
[197]. The implementation of polariscopes has advanced algorithmic and computa-
tional techniques to improve image acquisition and noise reduction [202], of which
some approaches require additional liquid crystal compensators [201]. In order to
decrease acquisition time and reduce the number of moving components, this has
been addressed by increasing the number of photoelastic modulators [205, 206, 208,
209], which can be a costly exercise. Although liquid-crystal displays offer high
spatial resolutions when sampling across optical fields, as well as automated and
dynamic implementation [194, 211], they too carry a higher cost.

An important point to highlight is that in all the aforementioned examples, bire-
fringence is used to measure birefringence. For example, the rotation of the SOP
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is achieved by means of a birefringent material, whether passively occurring from
the structure of the material or induced by electro-optical or mechano-optical ef-
fects. Here we break this paradigm and present an all-digital holographic approach
to polarimetry for spatially resolved measurements of both the circular and linear
birefringence. We write computer generated holograms to a DMD to rotate the SOP
of the light impinging on it, and go on to demonstrate the technique on a variety of
topical birefringent structures, from nano-fabricated metasurfaces to chiral crystals.
Our approach is cheap, wavelength independent and calibration free, allowing fast
hologram switching and triggering, with high precision and excellent reproducibil-
ity, all in a compact setup with no mechanical moving parts.

3.3.2 Theoretical description

An electric field E composed of an arbitrary complex pattern U(7) in a general ellip-
tical polarization state can be expressed as

— U 2 el in (%) eie
E = U(7) (cos (2)6 ]R)—i—sm(2>e \L)) , (3.26)
with its temporal part omitted for simplicity and Stokes vector ¥ described by
1
COS 2 cos 2¢

€os 2« sin 2¢
sin 2«

¥ = U(7) (3.27)

Here |R, L) represent the right- and left-circular polarization Jones matrices, « rep-
resents the amplitude weighting of these components and 2¢ is the phase difference
between the components [39]. By varying only « (fixing ¢ = 71/4) we can access
states along the meridian of the Poincaré sphere, while varying ¢ (fixing & = 71/2)
makes the equatorial states available. Now, consider passing this state through a
linear polarizer with its transmission axis at 45° to the horizontal (i.e., diagonally
transmitting). We can use the Mueller matrix of the polarizer M,,, to operate on the
state and obtain a prediction of the resulting field’s Stokes vector

1010 1 1+ cos2x sin 2¢
r_ |10 0 0 O |cos2acos2¢p | . - 0
¥ = Myt = UG) 1 01 0] |cos2asin2¢p | u) 1+ cos2asin2¢
0 001 sin 2a sin 2a
(3.28)

Concerning ourselves with only the total intensity (i.e., ¥}; = Sp), we can see that
a case of equal weightings (x = 7) results in intensity patterns that will produce
a cosine curve dependent on ¢. Alternatively the case of constant phase difference
between polarization components (¢ = 7) will produce a similar curve dependent
on a:

Uu(r) (1 — cos (g - 247)) , (3.29)
U(7)(1+ cos2a) . (3.30)
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Now let us consider placing a sample, represented by a general elliptical retarder,
before the polarizer. Let the variables 77 and 6 be the respective linear retardance
(phase difference between horizontal and vertical polarization components) and op-
tical rotation (rotation of linear polarization due to the phase difference, 260, between
right and left circular polarization components)[212]. The Mueller matrix of the sam-
ple Mgy, is then

1 0 0 0
Moo — 0 cos26sin? T4 cos® 1 sin 20 sin’ 1 —sinfsiny
R N0 sin 26 sin? 1 —cos20sin? 1 +cos’]  cosfsiny
0 sinf siny —cosfsiny cos1n

(3.31)
and the resulting Stokes vector, ¥°, of the entire system becomes

Y° = ]\/Ipol]\/lsam1II
1 + cos 2a sin 2¢(cos? % + cos 26 sin? %) — sin 2a sin 77 cos # 4 cos 2a sin’ % sin 26 cos 2¢
0
1+ cos 2a sin 2¢(cos? 7 + cos 26 sin’ 1) — sin2a sin 7 cos 6 + cos 2 sin? 7 sin 26 cos 2¢
cos 77 sin 2a 4 cos 2 cos 2¢ sin 17 sin @ — cos 2a cos O sin 77 sin 2¢ .
(3.32)

To consider a circularly birefringent sample, let us fix # = 7 - akin to a half wave
plate - where double the rotation of the axes 26 then represents circular birefringence
generated through geometric phase. Applying this together with the previousa = 7
we get

¥, (a - %,17 - 7r> — U(7) (1 — cos (g —(2¢ +29))) : (3.33)

Alternatively if we consider fixing 6 = 0 we can measure birefringence between

the horizontal and vertical axes, then together with ¢ = 7 we get

Y7, (¢ =0,0=0)=U(7)(1+cos(2a —17)). (3.34)

The situations considered above describe the following behaviour. In the case of
fixing « = 7 we are considering a linearly polarized scalar field whose polarization
state is tracing a circle around the equator of the Poincaré sphere with ¢ (Eqn. 3.29).
Then, when we place a circularly birefringent material before the polarizer, the path
traced is delayed proportionally to the circular birefringence. When considering
¢ = 7 as fixed, the polarization state of the scalar beam rotates around the merid-
ian of the Poincaré sphere with changing « (i.e., accessing the circularly and +45°
linearly polarized states, as well as all the intermediate elliptical states - Eqn. 3.30).
When a sample exhibiting linear birefringence is introduced, the rotation is delayed
proportional to the linear birefringence. Thus by varying either a or ¢ and measur-
ing the intensity of the 45° projection after travelling through a respectively linearly
or circularly birefringent sample, the linear retardation # or circular retardation 26
can be determined through fitting the measured intensities to Eqns. 3.34 and 3.33
. While we have focused on the cases of linear and circular birefringence measure-
ments, it should be clear from the Poincaré sphere representation that this technique
can measure sample induced phase differences between any two orthogonal polar-
izations (i.e., elliptical birefringence). To do this only the rotation axis of the input
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states on the sphere and the orientation of the analyzer will need to change - which
can be achieved through the placement of static wave plates in the system.

3.3.3 Experiment

FIGURE 3.14: The arrangement which allows polarization modulation to be effected by a
DMD in order to probe a sample while maintaining stabilility using a reference arm (ele-
ment details in main text). Insets on the bottom left are representative examples of binary
holograms encoded onto the DMD (colored according to their encoded phases), while insets
on the top right are CCD images captured in order to acquire a spatially resolved circular
birefringence measurement from a liquid crystal g-plate, marked as the sample S.

A core novelty of this work is to implement the aforementioned mathematics
in an all-digital approach using DMDs. To demonstrate how holography, imple-
mented with a DMD, can be used to digitally acquire spatially resolved phase shift
measurements - we employed the experimental setup shown in Fig. 3.14. A hori-
zontally polarized Gaussian beam (with plane phase) was produced using a HeNe
laser (wavelength 633 nm), and subsequently expanded and collimated using lenses
EL (f = 2 mm) and CL (f = 200 mm) respectively. The expanded beam was then
passed through a HWP to control the plane of polarization before entering a PBS (
Thorlabs PBS201, extinction ratio 1000:1). The horizontally and vertically polarized
beams leaving the PBS were then aligned such that their central regions (of approxi-
mately constant amplitude) illuminated the screen of a DMD (DLP6500, 1080p, pixel
size 7.6 um) with the angle between two beams ~ 1.5°. The DMD was addressed
with two multiplexed binary amplitude holograms (A and B) as discussed in Chap-
ter 2

1
HA/B = E { 1+ cos

cos |arcsin [ e 0 ,

where a Gaussian amplitude profile was chosen to avoid interference present
when using a flat profile. ¢*/B27 is an induced phased difference. The spatial
carrier frequencies (gf/ yB ) of the gratings were adjusted so that the +1 diffraction

orders of H, from the horizontal component and Hg from the vertical component

2 (g;\/Berg?x/By) Jran)A/B] _
(3.35)
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spatially overlap upon leaving the DMD. This overlapped diffraction order was spa-
tially filtered at the focal plane of a 4f imaging system which directed the beam onto
the sample (S). A removable QWP was used to convert the horizontal and vertical
polarization components to right and left circular respectively to allow for circular
birefringence measurements. After traveling through the sample, the beam was im-
aged onto a CCD (FLIR Grasshopper3) using a second 4f system including a diago-
nally orientated LP. A BS was used to image a copy of the beam onto another CCD
(FLIR Chameleon) for use as a reference in measuring spatially homogeneous sam-
ples with improved stability. Example holograms with enlarged gratings as well as
exemplar sample CCD images are shown on the bottom left and top right of Fig. 3.14
respectively. The beams generated using this setup (with and without the QWP) be-
fore passing through S or LP can be described as

¥ (wo/QWP) = e*%(ym +€?|V)) (3.36)
Y¥(w/QWP) = e*%(ym +€'?|L)), (3.37)

where ¢ = ¢p — @ 4. Therefore as ¢ is varied holographically the intensity measured
by the CCDs vary according to Eqns. 3.30 and 3.29 - where ¢ = 2& and ¢ = 2¢ with
and without the QWP respectively.

In this way, on the main arm of Fig. 3.14 we take measurements relative to Eqns.
3.33 and 3.34. In addition to this, we used a reference arm to measure data relative
to Eqns. 3.29 and 3.30. This reference arm is identical to the main measurement
arm except for the presence of the sample. Now, using two of these curves (depend-
ing on the analysed basis of birefringence), we use a fitting procedure to obtain the
birefringence parameter.

An essential aspect of this technique is the fitting method used to extract 7 and
26 from the experimental data. The method needs to be robust enough to obtain ac-
curate reproducible birefringence values from noisy experimental images as well as
absorption from samples; while also fast enough to acquire spatially resolved infor-
mation at high resolution within a reasonable time frame. To this end, a maximum
likelihood estimation was chosen as it produced accurate results faster than built in
titting routines we tested - and avoided potential convergence issues. For instance
gradient descent approaches would risk converging to local minima if the acquired
data is noisy (e.g. due to scattering from samples), while the maximum likelihood
approach allowed us to isolate the global minimum with certainty due to the finite
domain of our fitting parameter. The estimation involved taking a function f(x, p)
of variable x and of fitting parameter p and determining the x> value for possible
values of p, when compared to experimental data ¢(x). The result is x? as a function

of p

Xmax

Xp) =} (flxp) —g(x))* (3.38)
X=Xmin

Then, by simply finding the value of p which minimises x? the desired informa-
tion is extracted. In our case f(x,p) = ¥{,(¢,0) for circularly birefringent samples
and f(x,p) = ¥7,(a,n) for linearly birefringent samples (i.e., Eqns. 3.33 and 3.34).
We chose x,,;, = 0 and x5 = 471, where 30 evenly spaced values of ¢ and « in this
range were used to obtain the experimental images which gave g(x). The resolution
of p = 6,171 was chosen to be 200 possible values naturally ranging from 0 to 27t. This
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procedure is carried out N? times in order to acquire a birefringence image of N x N
pixels. A 500 x 500 pixel image can be acquired in under a minute on mid-range
hardware with the estimation encoded using Python or Matlab (both were tested),
the use of a low-level language as well as improved hardware is expected to result
in shorter acquisition times. In this work, Matlab’s image acquisition toolbox was
used to facilitate the rapid acquisition of the intensity images as well as perform the
estimation routine in a completely automated manner.

In order to validate how accurately and precisely our technique is able to re-
cover birefringence information, a HWP (FOCtek AWP215H) and a QWP (FOCtek
AWP212Q) were used as samples, with their fast axes set to 0°. The birefringent ma-
terial used in these wave plates is a combination of quartz, MgF, and Al. A series of
100 linear birefringence measurements (for each plate) were acquired over a period
of 1 hour to allow for long term stability to be investigated. The difference between
the mean of the measured birefringence and 7 for the HWP (0.57t for the QWP)
shows how accurately our technique was able to measure birefringence of the optic
while the standard deviation gives a measure of how precisely our technique can re-
produce results. It can be noted that the total standard deviation ¢ = 0jes + 05ys can
be thought of as being composed of two components: ¢;.s = 0.0057T being half the
sampling resolution of the fitting parameter , and o5s approximating the error intro-
duced by the system itself. In addition to the wave plates, measurements were taken
with no object in either the sample or reference arms in order to determine the zero
point 77zer, = 0.0071 rad. which fell within the measured deviation oz, = £0.0278
rad..
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FIGURE 3.15: Plot displaying the precision and accuracy of holographic phase shifting bire-

fringence measurements applied to a half wave- (top) and quarter wave-plate (middle) as

well as calibration for the zero point (bottom). Error bands corresponding to the measured
standard deviations are included for the measured results.

The mean linear birefringence measured for the QWP was 79" = 0.49607 rad.
with a deviation of e@WP = 40.0278 rad., while the measured values for the HWP
were 77WP = 1.00537r rad. and ¢"WP = +0.0425 rad. From these results it is
clear that DMD based holographic phase shifting birefringence measurements are
accurate and precise to a high degree. Additionally, it follows that the precision
relating to 0,5 can be further improved at the expense of fitting time. The average
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of o = 4+0.0327rad. (across the HWP, QWP and Zero measurements) is used as the
error throughout the rest of this work.

To illustrate the capabilities of our approach we first measure complex bire-
fringent structures encoded into a SLM (Holoeye-Pluto2 HED6010-VIS-014-C). In
Fig. 3.16.a. we see our university logo encoded as a binary image with 7 = {0.57, 77,
1.57t,27t}. The SLM was encoded using a gamma file provided by the manufac-
turer for operating the specific model with 27t modulation at 633 nm after which
the digital potentiometer voltages were adjusted until a full 27r modulation could
be observed. The observed results indicate good agreement at high resolution be-
tween the encoded and measured birefringence, where a small discrepancy in the
measured value is observed in the 7 = 0.57T measurement.
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FIGURE 3.16: a) Images showing the measured birefringence for a phase map encoded on an

LCoS-SLM, encoded phases are included as insets. b) Plot showing the measured birefrin-

gence for a positive (+) and negative (-) phase ramp encoded on an LCoS-SLM, the encoded
phase ramps are included for comparison.

To highlight how we can overcome any non-linearity introduced by the gamma
curve, Fig. 3.16.b. shows a sectioned plot of linear birefringence measured from
positive and negative (+/-) phase ramps encoded on a central region of the SLM.
From these results it is clear that the 7 € [7,271] region correlates better with the
encoded phase than the 7 € [0, 77) region. From these observations compensating
factors can be introduced into encoded phases to produce more accurate results. The
less reliable phase control in the low retardance region is due to the lookup table
used to calibrate the SLM being inaccurate in this region, this file can be adjusted
using the acquired measurements in order to provide more optimal performance of
the SLM.

Metasurfaces are versatile optical elements which can be used to arbitrarily ma-
nipulate the phase and polarization of light fields [213]. They are comprised of many
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sub-wavelength posts of fixed height &, which have independently chosen rectangu-
lar dimensions w, and w, which can also be independently rotated by an angle 6.
The dimensions w,,, determine the linear birefringence 7 between the x and y lin-
early polarized components, while the angle 6 defines the orientation of the x and y
axes. A metasurface with constant § = 0 displays spatially varying linear birefrin-
gence. Contrastingly, liquid crystal g-plates are optical elements composed of an ar-
ray of liquid crystals exhibiting # = 7 birefringence between their primary axis and
its orthogonal counterpart. The spatially varying orientation of the crystals in turn
imparts opposite azimuthal phases onto the circularly polarized components - pro-
portional to double the g-value of the plate - resulting in a circular birefringence of
20 = 4qy (where 1 is the azimuthal coordinate). Another way in which circular bire-
fringence manifests is in chiral molecular structures such as D- and L-Alanine which
exhibit circular birefringence of opposite signs. The physical mechanism resulting
in the optical rotation/circular birefringence can be understood through the rela-
tionship between the optical activity tensor and the electric-dipole-magnetic-dipole
polarizability tensor; which can subsequently be simulated through the implemen-
tation of density functional theory. The details of this are beyond the scope of this
work (see Refs. [214, 215] for further information on the topic).
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FIGURE 3.17: a) The measured circular birefringence of a 4 = 0.5 liquid crystal g-plate

with the azimuthal section plotted for comparison to its design below. b) The measured

linear birefringence of a metasurface with the azimuthal section plotted for comparison to
its design below.

In Fig. 3.17.a. we can see the spatially resolved circular birefringence of a liquid
crystal g-plate [42] with g = 0.5 designed for operation at 1064 nm. This g-plate
has a conversion efficiency of ~ 70 % for the measured wavelength. The scaled
efficiencies were calculated by accounting for the wavelength discrepancy as well as
the efficiencies reported in [216]. Therefore the expected circular birefringence when
considering this design constraint can be expressed as



48 Chapter 3. A versatile vectorial light generator

20 = arg (0.7ei2‘/’ T 0.3ef°) . (3.39)

Comparing the imprinted phase structure as a function of the azimuthal coor-
dinate (extrapolated using Python) shows good agreement between the design and
measured values, displaying the presence of two phase ramps of 27t depth.

Figure 3.17.b. shows the measured linear birefringence of a metasurface de-
signed to exhibit a # = 2¢ at a wavelength of 532 nm. At a wavelength of 633
nm the efficiency of the optical element drops to ~ 20 %, therefore the birefringence
can be expressed as

n = arg (0262 +0.8¢") , (3.40)

again, taking an azimuthal section reveals agreement in the presence of a shallow
phase ramp with a single discontinuity, while damage to the optic (highlighted in
red) severely impacts the measured azimuthal profile.
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FIGURE 3.18: a) The circular birefringence measured in L-Alanine crystals (microscope im-

age included as inset). b) Molecular structure of L-Alanine. c) The circular birefringence

measured in an N-Acetyl-L-cystein crystal (microscope image included as inset). d) Molec-
ular structure of N-Acetyl-L-cystein.

In Fig. 3.18.a. we can see the measured circular birefringence produced by four L-
Alanine (C3H7NOy) crystals exhibiting multiple chiral crystalline structures accord-
ing to the P212;2; space group. The crystals were arranged in a shape of a 'W’, it is
known that the orientation of the carboxyl and amino groups (see Fig. 3.18.b.) impact
both the magnitude and sign of circular birefringence produced by the molecules
[215]. The third crystal from the left displays almost no circular birefringence in-
dicating that the molecules in this crystal are orientated in a configuration of the
above mentioned groups which results in no net circular birefringence. Figure 3.18.c
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shows the measured circular birefringence produced by a single N-Acetyl-L-cystein
(CsH9NO3S) crystal. The N-Acetyl-L-cystein sample was confirmed to crystalize in
the P1 space group via X-ray diffraction and the beam axis was made to coincide
with the c-axis of the crystal.

To illustrate our technique’s applicability regarding measuring the concentration
of solutions, we used solutions of Glucose and Fructose sugars with known concen-
trations (in water) and placed them in a 200 mm long polarimeter tube while the
reference arm had a similar tube filled with water alone. The circular birefringence
of the solutions were then measured at 22 °C and used to calculate the optical rota-
tion.
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FIGURE 3.19: Plot showing the measured optical rotation produced by Glucose and Fructose
at different concentrations in water.

The results shown in Fig. 3.19 show how the optical rotation produced by Glu-
cose and Fructose changes with concentration. The dashed lines represent linear fits
to the data illustrating gradients of mg = 26.0 ° dm~! cm® g=! and mp = —58.5 °
dm~! cm® g~! for Glucose and Fructose respectively (using same fitting routine as
the measurement). It is notable that error bars are present but are smaller than the
plotted points and that the observed behaviour shows qualitative agreement with
previous studies conducted at a wavelength of 840 nm [217].

3.3.4 Discussion and conclusion

Strictly speaking, the micromirrors in our DMD are moving parts, but their fast
switching that is integral to the device allows the DMD to be treated as a static de-
vice to which digital holograms can be displayed, in a similar vein that SLMs may
be considered static elements although the liquid crystals themselves rotate.
Regarding the polarization rotation devices, analogous methods such as mechan-
ically rotating waveplates or photoelastic modulators are more robust to enviromen-
tal perturbations due to being based on on-axis optical interference. However, our
approach can be made more resilient by employing optical elements such as polar-
ization gratings or a Wollaston prism. When comparing our approach to other dig-
itally controlled implementations using SLMs, three aspects should be highlighted:
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power efficiency, refresh rates and wavelength dependence. The DMDs are notori-
ously lossy, with works reporting around 8% efficiency against 42% of a SLM[218]
for complex light modulation. This can be easily overcome as more efficient CCD
sensors and more compact and powerful laser sources are becoming more accessi-
ble everyday. Regarding refresh rates, while SLMs operate around the 60Hz range,
recent works have already highlighted the speed advantage of DMDs over liquid
crystal displays [219-221]. Finally, SLMs need to be recalibrated to operate at fixed
wavelengths within their operating range.

It is also important to point out that, even though polarimetry with digital in-
struments [106] has been demonstrated previously, this referenced technique is not
enough to measure birefringence: the input polarization state in the sample is cru-
cial. If the input polarization state happens to be the same as the axis of birefringence
(for example: horizontally polarized light impinging on a HWP whose fast axis is
orientated horizontally) no birefringence will be measured. By implementing the
holographic control of the polarization before the sample, we solve this problem
and make our solution orientation independent, while digitally controlled.

In our approach, polarization control is achieved holographically, by controlling
the phase programmed to each polarization component, on a pixel for pixel basis.
This holographic control allows us to compensate for wavefront aberrations that
could be detected in the system, as highlighted in [222]. Because our approach is
all-digital, the measurement process can reach extremely fast speeds, in the order
of kilohertz rates on the DMD and limited primarily by the detector. The spatial
resolution is directly related to the imaging system, enabling this method to be used
in a wide range of scales. There is however a tradeoff between the imaging scale
and laser power, as bigger measurements means expanding the beam, which in turn
means lower signal-to-noise ratio. Complex data analysis techniques could be used
to improve the measurements, substituting the maximum likelihood technique with
a phase unwrapping algorithm, such as in [223].

To conclude, we have presented a holographic approach to measure birefrin-
gence in complex materials with high spatial resolution. By implementing it on
a DMD we offer a solution that is robust, simple, cheap and fast, with no pre-
calibration necessary and able to work across a very broad wavelength range. Our
device is, in essence, a digitally controlled polariscope, breaking the paradigm of
using birefringence to measure birefringence. We believe modern techniques can be
employed to extend the capabilities of this approach, such as subwavelength anal-
ysis [224], volumetric imaging [225], quantum polarimetry [226], polarization sen-
sitive metasurfaces [227] and measurements with complex vector structures [228],
paving a path to new polarimetry applications.

3.4 DMD based generator used to emulate spin systems

As a demonstration of a further optimized version of the vectorial light generator
we conducted experiments which involved the generation of complex topological
structures in the Stokes vector fields of vector beams. This allowed us to probe some
interesting physics related to the analogy between free-space dynamics of vectorial
light and the time dynamics of spins in a magnetic field. The complexity of the struc-
tures further highlights the efficacy of the optimized design, revealing its viability
as a powerful tool for probing the fundamental physics of light.
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3.4.1 Introduction

Skyrmions are topologically stable vector-field configurations which were initially
proposed to explain strong force phenomena [229-232]. Observations of these struc-
tures in magnetic electron-spin systems have received increasing interest due to their
superior stability, making them enticing candidates for spintronic information trans-
fer [233-238]. In parallel, optical realizations of skyrmion quasi-particles have gar-
nered much interest in recent years as non-trivial topologically structured light in
both classical and quantum regimes [239-243], and have found applications in areas
such as optical communication [244, 245] and particle trapping [100, 246, 247], with
new advancements being made in tuning topological degrees of freedom[248-251].
Observations of skyrmion-like structures in the optical-spin of evanescent waves
[252] and focused propagating waves carrying orbital angular momentum revealed
that the structures can exist at sub-wavelength scales [253]. In condensed matter
systems skyrmions have been observed in plasmonic lattices and exiton-polaritons
[254, 255]. It has been shown that full Poincaré beams [256, 257] contain transverse
Stokes vector (i.e., psuedospin) distributions which satisfy the topological condi-
tions for 2-dimensional skyrmions [258-260], a distribution formed by the map from
the infinite plane, IR? U {co}, to the sphere, $?, and are consequently referred to as
optical skyrmions [261, 262]. These optical skyrmions are commonly constructed
using orthogonally polarized LG; beams (having asymmetric azimuthal indices [,
with unequal absolute values). A mechanism for full parametric tuning between
skyrmion types such as Néel, Bloch, and anti, which have respective diverging, spi-
raling and hyperbolic textures, has also been demonstrated [248]. Tracking the tra-
jectories of individual psuedospin states with propagation also revealed mapping
to the 4-dimensional hypersphere, which the full Skyrme field maps to, through a
Hopf fibration [65, 263, 264].

Here, we demonstrate how BG; beams can be used to engineer optical skyrmions.
This is achieved by superimposing two orthogonally polarized BG,; beams of differ-
ent order [, which ensures that all possible relative phases and amplitudes between
the beams occur along their transverse profile. The relative phases are imposed
along the azimuthal coordinate, ¢, by the differing helical phases ¢/'# while the rel-
ative amplitudes are achieved in the radial direction by the differing distributions
of Bessel functions J;() having different orders. The resulting distribution of Stokes
(i.e., psuedospin) vectors have global topologies which are conveniently confined
to a finite on-axis region. We then reveal how the engineered difference between
continuously variable radial k, and axial k, wavevector components can be used to
control the periodic precessional beating of local Stokes vectors. This linear beating
with propagation is the result of the Gouy phase difference between the two beams,
which is proportional to the difference in k.. The global effect of the local precession
of psuedospins is a change in skyrmion texture with propagation, while preserv-
ing the Skyrme number. We then show analytically and by numerical simulation
that superpositions of BG; beams forming optical frozen-waves can be used to en-
gineer psuedospin vectors which, in addition to precession about the polar axis of
the Poincaré sphere, also trace a trajectory between the poles. This level of control
over propagation dynamic pseudospin trajectory forms a powerful analogy to tem-
poral dynamics of magnetic spin systems in the presence of effective magnetic fields,
which can be understood using the Maxwell-Schrédinger formalism. A strong simi-
larity can be drawn to temporal dynamics of psuedospin states in polariton conden-
sates, where the physical mechanism inducing the precession is transverse-electric
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and transverse-magnetic mode splitting which is also modelled using effective mag-
netic fields [265]. Another phenomenon, also found in polariton condensates, which
shares similarities with our free-space work is the Rabi trajectories of quantum state
vectors on the Bloch-Sphere [266]. This highlights how the analogy can extend be-
yond spin/polarization states to spatial/Bloch states. This connection between the
optical and solid-state regimes allows for the powerful free-space optical toolkit to
be applied in understanding dynamics of more complex systems, treating the opti-
cal skyrmions as quasi-particles with stability imbued courtesy of their topological

soliton nature.

3.4.2 Theory
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FIGURE 3.20: a) Left: Overlayed theoretical intensity plot of constituent orthogonally polar-
ized Bessel modes as shown by the dashed rings. Right: Skyrme field with Skyrme number
N associated to the concentric annular regions placed as insets. b) Theoretical plots of the rel-
ative intensity of the constituent BG; components (Ig = 0, I; = 1) for valid (k} = 1.2kR) and
invalid (ki = 1.6kK) choice of radial wavevectors, where |a(r)[> = |J;, (kkr)|?|];, (kRr)| =24
with g defined in the text. c) Conceptual illustration of local Stokes vector precession about
the S3 axis due to the effective inhomogeneity G caused by the Gouy-phase difference be-
tween orthogonally polarized constituents. d) Experimentally measured vector plots of BG;
optical skyrmions beating between continuously deformable Bloch- and Néel-types, as well
as a section indicating the radial variation of S3.

Consider the superposition of two BG; beams in the orthogonal right-circular

(left-circular) R(L) polarization basis

'¥) = BGi, (r, 9,2,kX)[R) + BGy, (r, ¢, 2,k2)|L), (3.41)

7‘2
BG(r, ¢, z,kz) =e "0 Jj(rk,)e!!7e™=, (3.42)
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where 7, ¢ and z are the respective radial, azimuthal and axial cylindrical coordinates
and J;() denotes the I!* order Bessel function of the first kind. |R) and |L) represent
the appropriate polarization Jones vectors, k, and k, = /k? — k2, are the respective
axial and radial wavevector components. We use ! to label the topological charge
and w is the width of the Gaussian amplitude envelope which will be subsequently
omitted for brevity. Now let us recall that the Skyrme field components ¥; are given
by [261]

Zi(x, y,Z) = €ijk€pqrspajsqak5r, (343)

where (i, ], k) = (x,y,z) and (p,q,7) = (1,2,3), Sp(x,y, z) are the (locally normal-
ized) Stokes parameters (wWhere we have omitted the spatial dependence for brevity)
and €;jx(pqr) are the Levi-Cevita permutation operators. If we confine ourselves to a
single transverse plane (e.g., z = 0), we can calculate the field’s Skyrme number, N,
as

oo 27T

N = ;T/./Zz(rcos @, rsin @)dodr, (3.44)
00

where the X, component of the Skyrme field is given by

Y. (rcos @, rsin@) = X;(x,y) = $10x520,S3 + 520,530y S1 + 530,510y S2

3.45

Note that we choose to define ¥, in cartesian coordinates (as this correlates better
with experimentally acquired CCD images), while the integral is performed in polar
coordinates to exploit the cyrlindrical symmetry of the fields. It can be shown that by
exploiting the cylindrical symmetry of the BG; modes, the above calculation yields
the following simplified integral [248, 267]

N = gAl / 2(a)dr (3.46)
0

where g(a) = %m, a(r) = |Ji, (rke) || J1 (i )| 9, AL = Lg — € with |(g] #

|41 and g = NZH??I‘ . Itis clear then for the roots of the lower order Bessel function,

we have that & — co. This then means that « is only continuous in the domains

[ee)
(0,70) U (ri,7ix1), where r; € R are the roots of the lower order Bessel function.

i=0
As such, to evaluate Eqn. 3.46 such that we obtain an integer Skyrme number, we

choose to break up the integral as follows

N =gAL [/g(a)dr+ i) / g(oc)dr] , (3.47)
0 =V

which can then be evaluated to give

N =qAl

1 1 o0 1 1
(1 +a(0) 1 +“(70)2> +i—§ <1 +ta(r)? 1 +1x(ri+1)2>] - O
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Clearly the second term in Eqn. 3.48 will always evaluate to zero unless the two
Bessel functions share roots. However, this is not the case, as according to Bourgat’s
Hypothesis [268], Bessel functions of varying positive orders do not have any roots
in common. And so we are left with

1 1
N =qat (1 (02 1 —|—(x(7’0)2>' (349)

which analytically indicates that the generated state given in Eqn. 3.41 has a
skyrmionic topology in the localized region (0,7y). From the definition given to
«, it is clear that the term within the brackets will always evaluate to an integer as
a(r) can only tend to either 0 or oo at both r = 0 and r = ry which implies that our
field is in fact skyrmionic. Furthermore, since the ratio given in the definition of «
inverts depending on the sign of 4, we have that the first term in the brackets always
evaluates to 1 while the second always evaluates to 0, as such the Skyrme number in
this central region is easily controlled by modifying g and A¢, which independently
control the polarity [248] (affected by which component in Eqn. 3.41 dominates at
r = 0,79.) and the order/vorticity [248] of the Skyrme number. A truncated segment
of the Skyrme field, ¥,, is shown in Fig. 3.20.a, where we can see that the central
region’s Skyrme number evaluates to 1, whereas the Skyrme number in concentric
annulus regions around the origin evaluate to 0. By subdividing each of these outer
annulus regions into regions where the function { = a + a~! is continuous, we ob-
tain Skyrme number contributions of A" and —A which compensate for one another
thereby yielding an effective skyrmion contribution of 0. This is evident in Fig.3.20.a
where each concentric annulus ring can clearly be divided into two annulus rings
which contribute only positive or negative values to the Skyrme field, 2. Physically
this phenomenom can be seen as wrapping around the Poincaré sphere and then
unwrapping again within the same region. This, along with the approximately non-
diffracting nature of BG; beams, allows for a more practical implementation than
the infinite bounds required by LG;J skyrmions. We note that the above analysis

has been done for kR = kL, however as long as for kR # kL, the first zeroes do not
overlap, then Eqn. 3.49 will still evaluate to an integer, thereby forming a skyrmionic
topology which wraps the Poincaré sphere N times. For practical purposes, we do
require that the zeroes of the Bessel functions be sufficiently far apart.

In Fig.3.20.b, we show theoretical plots of relative intensities of the orthogonally
polarized components for valid and invalid choices of KR
characterized by values of kf(L) which resultin Jj, () (ki2 (L)r) distributions with first
minima (excluding those at r = 0) which overlap. An overlap will result in a pseu-
dospin field which does not map to the complete Poincaré sphere, and therefore
does not constitute a skyrmion.

The Stokes parameters of our vector beam are calculated using Pauli matrices o,
-and og = Z as S, = (¥|0p|¥), resulting in

. An invalid choice is

So = i (rks) [? + 1, (ks ) |2, (3.50)
Sy = 2J1, (rkR®) 1, (rkE) cos(Alg + Ak.z), (3.51)
Sy = —2J;, (rk®) J;, (rkE) sin(Alp + Ak,z), (3.52)
S3 = i (rkS) 2 = [0, (ks ) 2, (3.53)

where Al = Ig — I and Ak, = kR — kL. From Eqns. 3.50 to 3.53 we can see
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that each local transverse Stokes vector [i.e., fixed 7r = (r, )] will experience a
periodic precession about the S3 axis proportional to Ak, as the vector field propa-
gates. Important cases are where r = 0 and r = rp where we get S3 = %1, which
is constant with z. It is also notable that due to the relationship k, = /k? — k2,
either Ak, = kR — kL or Ak, could be used to tune the precession rate. The linear
Gouy phase of our BG; beams allow for true periodic beating between (continu-
ously deformable) skyrmion types over a well defined distance, which differs from
the asymptotic arctan behaviour of conventional free-space LGL optical skyrmion
dynamics. It can be noted that in polariton condensates periodic trajectories of
state/pseudospin vectors has been realized through various mechanisms [265, 266].
It should also be noted that Eqns. 12 and 13 experience symmetry under the inter-
change of z and ¢ which means that complete precession leads to skyrmion textures
in planes orthogonal to the propagation direction. This can be seen by taking a plane
at a fixed azimuthal angle and projecting it along r and z until the radial bound for
the skyrmion and the axial bound of one complete pseudospin precession respec-
tively. This results in a skyrmion texture in rectangular planes orthogonal to the
beam axis for all azimuthal angles. To draw a comparison to anisotropic optical
systems we can adopt the Maxwell-Schrodinger formalism, which describes pseu-
dospin transformations of light propagating in anisotropic media and reveals the
equation of motion [269]
S =+ =
Ag =5xG. (3.54)
Here A is the wavelength, S = Sy 1 (S1, S2, S3)T is the locally normalized Stokes
vector and G = (2a, 2B, 2’)/)T is the vector describing the anisotropic medium. The
parameters «, B and -y specify the axes of linear birefringence, the retardance be-
tween this axes and the retardance between pure circular polarizations respectively.
In the case we have been examining, we observe a pseudospin evolution in free-
space whena = f = 0and ¢y = %)\Akz. A resemblance between Eqn. 3.54 and the
temporal equation of motion of a magnetic spin system in a magnetic field is clear,
where A plays the role of Planck’s constant and G resembles an applied magnetic
field [269]. A schematic illustrating the Larmor-like precession of the normalized
Stokes vector about the G axis is included in Fig. 3.20.c. In order to further highlight
the value of the free-space optical analogy (beyond static homogeneous G fields), we
can utilize so-called optical frozen waves (FWs) which are constructed using super-
positions of BG; beams given by [270, 271]

. N . 271
FW(r,z, f(z),Q) = % ) An(f(2) Jo(kyur)e' Tw ™, (3.55)
n=—N
Lrw ,
An = 1 f(z)eilﬁnzdz. (3.56)
Lrw /

Here Q is the ‘central’ k; about which the superposition is constructed, 2N + 1 is
the number of BG; modes in the superposition and f(z) is an arbitrary function
which the central intensity of the FW will approximate (i.e., [FW(0,z, f(2))|* =~
|f(2)]?). Lrw is the propagation distance over which the FW is defined. We can
use these FWs as the constituent components of our vector field
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[¥) = FW(r,z, f2(z), Q) IR) + FW(r,2, f4(2), Qu)IL) (357)

By choosing Qr # Qp with an appropriate choice of fR(I)(z), we can have an
on-axis (i.e.,, r = 0) Stokes vector which, in addition to the precession about Ss,
can trace paths between the poles of the Poincaré sphere. As an example we can
consider fR(z) = \/z/Lrw and f(z) = v/1 — z/Lrw resulting in Stokes parameters
approximated by

So~1, (3.58)
S~ 2\/ \/1 — ——cos(Ak;z), (3.59)
LFW LFW
~ =2 1—-— sm (Ak,z), (3.60)
LFW
Sy~ — —1. 3.61
3 LFW (3.61)

We then model axially dependent G, analagous to a time-varying B field , in
free-space

sin(Ak;z)

Lrw V Trw \/ Trw
G(z) ~ cos(Ak:2) . (3.62)
Lew ) Try V1~ T
(LFW*ZA]{Z(Z*'I)Z*ZZ COt(Akz)+LFW*ZZ
2z(Lpw—2z)

The case of FWs is distinct from the case of optical skyrmions as the control is
over a single on-axis pseudospin vector as opposed to a transverse distribution of
pseudospins, our implementation of FWs serves as a first step toward the use of
spatially varying FWs which could exhibit changes of not only skyrmion textures but
also Skyrme number during propagation [272, 273]. It should be noted that while
FWs have been generated experimentally, the large range of k, values required to
accurately approximate f(z) creates some requirements for large system apertures
to acquire this. Due to these restrictions our demonstration of pseudospin control
using FWs is based on simulations involving propagating the field using numerical
angular spectrum propagation [166].

3.4.3 Experiment

To investigate the predicted behaviour of the vector fields described in Sec.3.4.2, we
used the arrangement shown in Fig.3.21. A horizontally polarized Gaussian beam
from a HeNe laser (operating at a wavelength of A = 632.5 nm) was expanded and
collimated using lenses EL (f = 2 mm) and CL (f = 250 mm) respectively, such that
the central transverse region of the beam approximated a plane wave of constant
amplitude. The expanded beam then had its polarization axis rotated by 45° with a
HWP before it was passed through a Wollaston prism (WP) and QWP which sepa-
rated the R and L polarized components of the expanded beam by an angle of ~ 1°
(in the horizontal x — z plane). A 4f system was then used to image the plane at the
WP onto the screen of a DMD (TI-DLP6500). To facilitate complex amplitude modu-
lation of the incident light [51], we make use of two binary amplitude holograms of
the form
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FIGURE 3.21: Diagram showing the experimental arrangement used to generate and analyse

BG; based optical skyrmions [WP - Wollaston prism, EL - expansion lens, CL - collimation

lens, HWP - half-wave plate, QWP - quater-wave plate, DMD - digital micro-mirror device,

FL - Fourier lens, LP - linear polarizer]. The top right inset shows an example of binary

amplitude holograms featuring individual rings for each of the two multiplexed holograms

H,(p) (far-field). The bottom right inset shows examples of Stokes intensities measured by
the CCD (near-field).

1 1
Han)(P) =5 +5 (cos (27@(?) + 2B .7) - cos(nA(?))) , (3.63)

which were multiplexed and displayed by the DMD. We define 7 = (x,y) as the

Cartesian pixel coordinates, ®(7) = %jﬁ(ﬂ) and A(7¥) = w
normalized phases and amplitudes of the complex transmission functions T4(®) (7).
With the 0" diffraction orders of the R(L) components leaving the DMD screen at
the same 1° separation angle, the spatial carrier frequencies 34(8) = ( gf(B), g; (B))
were chosen such that the 1% diffraction order containing the complex field dis-
tributions T4 (7) in the R polarization spatially overlapped (co-linearly) with the
15t order of the TB(¥) distribution in the L polarization [165]. It should be noted
that the resulting gratings have spatially constant frequencies (for each hologram
H 4(p)), with local shifts in the fringes associated with the desired phase modula-
tion [70]. Finally a Fourier lens (F: f = 0.2 m) was used to project the far-field
intensity onto a CCD camera. The transmission functions were set according to
TAB)(7) = F{(R(L)|¥),=0 %192, where F{} represents the Fourier transform,
q:(qx, qy) is the spatially varying transverse angular spectrum used to digitally prop-
agate the field captured at the CCD by the distance z [274]. A QWP and LP were used
to project Stokes intensities of the generated fields onto the CCD [106]. It is notable
that the digital propagation scheme should result in similar results to those which
could be obtained by physically translating the CCD along z. The digital scheme was
preferable as it allowed for automated measurements and for the Stokes intensities
to be more accurately aligned since there was no risk of the CCD shifting.

are the re-

3.4.4 Results and Discussion

Using the arrangement in Sec.3.4.3, we generated vector fields of the form in Eqn. 3.41.
We set the parameters Iz = 0, [, = [1,—2,3] and kf(L) = 0.999995(0.999986)k. Using
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FIGURE 3.22: a) Plot showing the experimentally measured Skyrme number of various BG;

optical (anti-)skyrmions propagated over a well defined distance. b) Experimentally mea-

sured Stokes vector fields of the corresponding BG; skyrmions in a). c) Plots showing the

experimentally measured precession of a local Stokes vectors (from the corresponding beams
of a) about the S3 axis with propagation for various NV.

Stokes intensity measurements of the R, L, D (diagonal) and H (horizontal) polariza-
tion projections, we extracted the transverse Stokes vector distribution at 26 evenly
spaced planes over the digitally propagated range z € [—0.9,0.9] m. In Fig. 3.20.d
we show the experimentally measured Stokes vector fields of the case with I} =1
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at various planes where the transition between Bloch- and Néel-type skyrmions,
characterized by the respective 'hedgehog” and “spiral” textures, is clear. Inspection
of the local behaviour of individual vectors reveals the precessional dynamics akin
to that of anisotropic and magnetic systems. In Fig. 3.22.a we show how the topo-
logical index of A\ is preserved over the propagation range, here A/ was calculated
using Eqn. 3.44 where the transverse gradients were determined using a numerical
second-order finite difference approximation, while the error-bands were calculated
by propagating the observed 2 % shot noise through Eqn. 3.44. Notwithstanding the
visible fluctuations in the approximated N/, the invariance of the distinct values with
propagation is evident. The cause of the excessive fluctuations in the I} = 1 case is
due to the effect of rapidly changing relative amplitudes for lower order skyrmions,
which induce errors in the computation method used to calculate gradients. The in-
variance of the Skyrme number highlights the stability of the structures to the effect
of the G fields in the Maxwell-Schrodinger formalism. Plots of the locally normal-
ized Stokes vector fields (sampled at every 3 pixels of the measured data) for various
Al are shown in Fig. 3.22.b where the azimuthally varying vector orientations give
the characteristic textures associated which each Skyrme number. In Fig. 3.22.c we
show plots of the paths, on the Poincaré sphere, traced by sample Stokes vectors (at
the positions indicated in Fig. 3.22.b). The predicted complete rotation of the local
vectors about the S5 axis over a finite distance is clear, it is notable that to observe
a complete rotation utilizing LGé modes one would need to observe the field prop-
agation to infinity. In Fig. 3.23.a we show the numerically simulated spiraling path
traced out by the central Stokes vector of a field taking the form in Eqn. 3.57, model-
ing the dynamics of an electron spin/Stokes vector and a magnetic field /anisotropic
material of the form in Eqn. 3.62. The dynamics were simulated over a 200 mm dis-
tance with Qr(L) = (0.99997)0.99985. We can note that the path deviates from
an ideal spiral at the poles, this is due to the approximate nature of the FW which
is highlighted when comparing the simulated relative phase and amplitude to the
ideal case shown in Fig. 3.23.b. This system emulates a dynamic applied magnetic
field or, equivalently an axially dependent anisotropic material which results in a
(pseudo)spin state which accesses a large portion of possible orientations over a
well defined propagation length. It is also notable that this propagation dynamic
trajectory is similar to that observed in time dynamic Bloch vectors which evolve in
polariton condensates [266]. This extension of the Maxwell-Schrodinger formalism,
which is generally restricted to anisotropic media, to the realm of free-space optics
provides a more accessible form of the analogy [269].

3.4.5 Conclusions

We have generated and analysed a variation of skyrmions in the Stokes field engi-
neered using BG; beams, with different absolute values in their [ indices. We have
shown how the global topological invariant can be extracted from a finite region and
how unequal axial wavevector components in the constituent beams lead to preces-
sional dynamics of pseudospins which cause a global transformation between Bloch
and Néel type skyrmions with different initial angles. We experimentally verify the
invariance of the topological index of the generated fields with propagation. We also
propose a technique to extend the optical control of psuedospin dynamics by exploit-
ing optical frozen-waves constructed by superpositions of BG; beams. We show how
these propagation dynamics of pseudospin states are analogous to time dynamics of
magnetic spin states, where the skyrmion beating is characteristic of behaviour in a
static magnetic field and the frozen-wave case allows for dynamic magnetic fields
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FIGURE 3.23: a) Plot showing the path traced during propagation of a numerically simulated

central (r = 0) Stokes vector generated using optical frozen-waves’, insets show the views

from each of the poles. b) Plots showing the ideal (theoretical) and simulated (via the angular

spectrum method) relative phase Ak.z and amplitude S; of the constituent components of
the vector field used to produce the Stokes vector rotation in (a).

to be emulated. The analogy can be described using the Maxwell-Schrodinger for-
malism, which often relates optical propagation through anisotropic media to mag-
netic systems. Further work exploiting spatially structured frozen-waves, could see
Stokes vector fields with Skyrme numbers which change with propagation - analo-
gous to temporal dynamics of spin systems in applied magnetic fields which vary
spatially and temporally [272, 273]. Further investigation into the dynamic changes
between skyrmion types observed in condensed matter systems may be more eas-
ily probed using the optical analogue. Furthermore, the generation of Skyrmions in
other optical DOFs, such as the Poynting vector field, may be possible with special-
ized optics exhibiting tunable dielectric tensors.

3.5 Comments on the iterations of vectorial light generators

This chapter began using a generator based on an SLM and Mach-Zehnder type in-
terferometer to create vectorial states of light. The high cost of the SLM makes this
an undesirable option for widespread use. Additionally the Mach-Zehnder setup
produced a large amount of instability due to the many optical elements compris-
ing the arrangement, the consequence of this was fluctuations in the relative phase
between the orthogonally polarized components which is undesirable. The next it-
eration utilized a PBS to separate orthogonally polarized components which were
simultaneously shaped and interfered using a DMD. The lower cost of the DMD
makes this a much more viable option for large scale implementation, along with
the single element nature of using the DMD as the interferometer which improved
stability drastically. One area of improvement which was highlighted throughout
testing was the long distance between the PBS and the DMD which resulted in some
residual phase fluctuations and beam wander. The third, and final, iteration replaced
the PBS with a WP having a 1° separation angle. This allowed the imaging of the
two orthogonally polarized beams onto the DMD screen by a 4f imaging system,
this resulted in both beams passing through identical elements throughout the en-
tire generation process leading to an extremely stable arrangement which is ideal for
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many applications. The works discussed above which involved applications of the
vectorial light generator for physical optics, metrology and optical analogy research,
revealing how powerful the tool is in a variety of contexts. The independent applica-
tions also served as an evaluation procedure for various generator concepts leading
to a clear path forward for the development of a commercially viable digital tool for
versatile vectorial light generation. A further optimized design for the generator,
which reduces the physical footprint of the device is discussed in Chapter 6.
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Chapter 4

A versatile vectorial light analyser

This chapter is based on the papers:

Singh, K., Tabebordbar, N., Forbes, A., & Dudley, A. Digital Stokes polarimetry and its
application to structured light: tutorial. JOSA A, 37(11), C33-C44. (2020).

Singh, K., & Dudley, A. Digital toolbox for vector field characterization. Nanophotonics,
11(4), 753-761. (2022).

Singh, K., Dudley, A., & Forbes, A. Versatile all-digital transport-of-intensity based
wavefront sensor and adaptive optics using a DMD. Optics Express, 31(5), 8987-8997.
(2023).

We will now discuss the development of a tool capable of analysing vectorial
light fields. Firstly we will explore the ability of SLMs and DMDs to perform digital
Stokes polarimetry measurements required to reconstruct the spatially varying po-
larization distributions characteristic of vectorial light fields. Then we discuss how
a DMD based interferometric arrangement can be used to completely characterize
arbitrary vectorial light fields, from the modal content of their constituent compo-
nents to the relative phases and amplitudes of these components and even the degree
of non-separability of their polarization and spatial DoFs. Finally we demonstrate
how a DMD can be used as a high-resolution, versatile, broadband and polariza-
tion insensitive wavefront sensor enabled by the implementation of the transport-of-
intensity equation. The chapter will conclude with some observations made about
the analysis capabilities of the various arrangements and possible avenues for the
development of commercially viable sensors for industry.

4.1 Digital Stokes polarimetry using SLMs and DMDs

4.1.1 Introduction

Understanding the SOP plays an important role in many areas, such as imaging,
metrology, fiber-based communication, microscopy, radar and quantum optics [275,
276]. Therefore, its measurement and assessment are extremely important, result-
ing in a plethora of research dedicated to the topic. The most common theoretical
approach to describe the SOP of light is based on the polarization ellipse [277, 278].
Although this approach allows one to describe various SOPs by a single equation,
it has some drawbacks [279]. Firstly, it is not possible to physically observe, via any



4.1. Digital Stokes polarimetry using SLMs and DMDs 63

measurement technique, the polarization ellipse, due to the fact that light’s vector
traces out an ellipse in an extremely short time period (of the order of 107> seconds).
The second drawback is that this description is only applicable to completely po-
larized light. Therefore, the polarization ellipse is not an ideal means to describe
light’s SOP. In 1852, Sir George Gabriel Stokes solved this problem by demonstrat-
ing that one can describe the SOP of light with just four parameters, now known as
the Stokes parameters as discussed in Chapter 2 [279, 280]. The realisation of these
observables removed the need to measure the polarization ellipse and its associated
limitations.

Since Stokes” formulation of these four parameters, many measurement tech-
niques have been dedicated to their physical acquisition. The most commonly used
techniques are based on measuring all six orthogonal polarized intensity profiles,
namely Iy, Iy, Ip, I, Iz and I;. Here, the subscripts for the intensities, I, denote: H
- horizontal, V - vertical, D - diagonal, A - anti-diagonal, R - right-circular, and L -
left-circular. For a more detailed discussion of these techniques (based on polarizers
and phase retarders), the reader is directed to the following textbooks [64, 281-283].
The Stokes parameters have also been described in terms of the density matrix in
order to formulate an analogy between photon polarization and elementary parti-
cles [284], as well as being applied to investigate light-matter interactions [285]. An
easier, more frequently implemented approach consists of only measuring four in-
tensity profiles, rather than the standard, over-complete set of six. This approach
also makes use of the two previous mentioned optical components, namely a polar-
izer and a phase retarder. Here the angle of the polarizer and phase retarder are se-
quentially altered in order to extract the associated intensity profile [286]. Although
these techniques have been around for many years, their simple arrangement and
ease in experimental implementation means they are still popular in many optics
laboratories.

Adaptations and improvements of these long-standing measurement techniques
have included the implementation of wavefront [287] and amplitude division [288,
289], as well as the use of photopolarimeters [290, 291], to negate the need for se-
quential measurements. Automation approaches incorporating a monochromator
and a single photon counting unit [292] have also been developed. Polarimetry tech-
niques utilising liquid crystal polymer or sub-wavelength metasurfaces have also
been shown to allow for simultaneous measurements, some of which (namely the
division of focal plane polarization cameras) provide full polarimetry-imaging [47,
211, 293-295]. A real-time technique based on three-way polarization-preserving
beam splitters has also been proposed [296].

Today there exists a modern, digital toolkit comprising of SLMs [48, 297, 298]
and DMDs [50, 299, 300], which has fuelled the creation and detection of structured
light [40, 301-304], particularly those with exotic polarization structures [39, 80, 81,
85, 305-313]. Naturally, measuring the polarization structure is just as important
as creating it. Can one implement a digital toolkit for polarimetry? Yes, these dig-
ital devices have shown to be ideal tools in not only creating unique polarization
structures, but also in performing Stokes polarimetry for the detection of structured
polarization states. For example, SLMs have been used for an all-digital approach to
polarization analysis and used to extract wavefronts [22], vector quality factors [66,
314], infer quantum states [315, 316], determine the motion of objects [317], with the
benefit of efficient single shot analysis with no moving parts. More recently DMDs
have been used for Stokes analysis [318, 319], concurrence determination [67, 320],
wavefront analysis [54, 321], phase imaging [322], ushering in a faster, and cheaper
alternative (in the order of a few hundred dollars), but at a lower efficiency [218].
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Here, we provide the requirements for measuring the Stokes parameters via two
real-time, digital approaches, one of which makes use of a SLM, while the other
uses a DMD. These two digital methods are demonstrated on various vector vortex
beams, which have shown growing interest in the area of structured light. As dis-
cussed in Chapter 2 these measured Stokes parameters can be used to determine var-
ious optical properties, such as the SOP visualised by the local polarization ellipses
and as will be discussed in Chapter 5 to calculate the non-separability of vectorial
fields.

4.1.2 Digital Stokes Polarimetry

To illustrate the concept of digital Stokes polarimetry techniques, we will construct
analogies from the standard, conventional method. Here, the essential components
of the two digital approaches are amplitude and phase modulating devices. The
tirst of which is a SLM, which uses electrically controlled birefringence for optical
phase modulation, while the second approach makes use of a DMD, consisting of an
array of individually actuating micromirrors for amplitude modulation [323-326].
The main difference between the DMD and the SLM, which significantly affects
their versatility, is the fact that DMDs are polarization invariant, while the major-
ity of SLMs are not. In the case of the DMD, orthogonal polarization components
are equally modulated by encoded holograms, diffracting the modulated beam into
its associated first diffraction order. Whereas, SLMs exhibit diffraction inefficiency
in one of the orthogonal polarization components (resulting in it remaining in the
zeroth order) with only the complimentary component being diffracted into the first
order [22]. We discuss the concept behind each approach in detail below.
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FIGURE 4.1: Conceptual schematics of (a) the conventional Stokes polarimetry measure-

ments, together with the digital adaptations, implementing (b) a SLM and (c) a DMD. QWP,

quarter-wave plate; LP, linear polarizer; SLM, liquid crystal on silicon spatial light modula-
tor; PG, polarization grating; DMD, digital micromirror device; BS, 50:50 beam-splitter.
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Just as the conventional Stokes polarimetry requires the projection of a beam of
interest into the various polarization states, the digital approaches follow the same
requirement. It is well-known that an optical field U(¥) can be decomposed into or-
thogonal polarization bases, such as |H) and |V), with the use of a PBS. However,
a lesser-known optic that is capable of mapping the right- and left-circular polariza-
tion basis (|R) and |L)) to independent optical paths (let’s call these paths, A and
B), is a polarization dependent diffraction grating (PG) [150, 327-329]. One should
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note that when using a PG, the input field may have a spatially inhomogeneous or
homogeneous polarization structure (i.e., a vector or scalar beam, respectively) but
the components in the polarization basis will always be scalar [39]. We will use a PG
for the experimental demonstrations in this thesis but we stress that a PBS (or other
polarization sensitive components) for the linear states would work just as well.

First, the incident field is split into two fields U, (7) and Ug(7) representing the
orthogonally polarized components, |R) and |L), as illustrated in Fig. 4.1.b-1, and
mathematically described as

U(7) = Ua(P)|R) + Up(7)|L) —

. ‘ (4.1)

PG — |Ua(7)|e®*|R) & |Up(7)]e"|L),
where each component has its own intrinsic phase d4,5. It should be noted that
these phases could vary in the transverse plane and the spatial dependence (i.e.,
d4,8(7)) has been omitted. From a mere comparison, the action of the PG allows
for the replacement of the QWP and the polarizer in the manual, conventional ap-
proach [Fig. 4.1.a-1] for the acquisition of both Ir and I} in one single measurement
[Fig. 4.1.b-1].

Next, to measure two additional intensity profiles for this particular digital method,
namely Ip and I4, usually a QWP with its fast-axis set at 45° would need to be in-
troduced before the PG to project Ip and I4 into the two detectable paths: A (Ig)
and B (I1), respectively. However, since we know that a QWP induces a quarter-
wavelength phase shift on an incident beam, converting linearly polarized light to
circular and visa versa, we can achieve this digitally by merely encoding the SLM
with an additional 77/2 phase term, as illustrated in Fig. 4.1.b-2. The advantage with
this technique [22] is that the optics (namely, PG and SLM) remain static, while only
a phase-change (affecting only the incident vertical component) is encoded on the
SLM, to mimic the transformation of the QWP [Fig. 4.1.b-2].

In implementing this technique, we would like to point out to the reader that the
intensity profiles that can be extracted, only allow for the reconstruction of three of
the four Stokes parameters (namely, Sp, S; and S3). Since the SLM is polarization-
sensitive, acquisition of one of the two remaining polarization states necessary for
the reconstruction of the Stokes parameter, S, (namely, If) for this conceptual con-
figuration is not possible. Even though this approach does not offer reconstruction of
all four Stokes parameters, it is still possible to investigate interesting optical prop-
erties from only two of the Stokes parameters (namely, S; and S3) such as the phase
difference between horizontaly and vectically polarized components.

For the second digital approach [319] we make use of the previously discussed
PG together with a DMD. Here the intensity profiles, Iz and I}, are again mapped
to independent paths A and B, respectively with the implementation of the PG
[Fig. 4.1.c]. Each path is directed to one half of a DMD screen, which can be indepen-
dently encoded with a binary amplitude and phase modulating hologram (labeled
as H4 and Hp) according to the following functions discussed in Chapter 2

1 1
Ha(?) = 5+ Esign(cos(27r(gxx + gyy) + 21D (7))

—cos(tAA(7))), 4.2)

Hp(7) = %* %sign cos (271 (gxx + gyy) + 271Pp (7))
_ cos(7AR(7))). *3)
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Here g, and g, are the directional spatial carrier (grating) frequencies, while

— 1 >

D,,5(7) = w and A, ,p(7) = M are the respective phase and
amplitude modulation terms, with T4 /5(7) being the transmission function intended
for the modulation of each path. For simple spatially constant (i.e., V 7) phase mod-
ulation, the transmission functions required can be represented as

Ty =¢ and Tp=¢?, (4.4)

where ¢4 /p are merely independent constants. The first diffraction order of each
path reflected off of the DMD, due to the encoded diffraction grating, carries the
desired modulation given by Uu,5T4,5. The modulated paths are combined by
coupling them into orthogonal ports of a BS, after which the necessary intensity
profiles are acquired.

The field, U'(7), after the BS, now represents a superposition of the indepen-
dently modulated orthogonally polarized components of the initial field U(7)

U'(7) = UL (F) + Up(7) = Ua(F)ePA Ty + Up(7)e' P2 Ty, (4.5)

where ¢ 4,5 are the phases which will be incurred by each independent path, prop-
agating through the respective optical components.

With this digital approach, it is easy to see how the Iz and I} measurements can
be obtained naturally from the PG by allowing T4 ,5 = 0 (the DMD is in the off-state)
and T, 4 = €8/, where U’ = Ugp, 4¢'¥8/4¢/8/4 (i.e., either only the |L)/|R) compo-
nent with some spatially constant phase). In order to acquire the Iy measurement,
one can make use of the following relationship, |H) = % (IR) + |L)), which implies

that a phase difference of A9 = ¢4 — ¢p = 0 is required. Subsequently, from the
following relationship, |D) = |R) + ¢'2|L), an addition of Z to one of the constants,
ca,p, will allow for the measurement of Ip. These phase modulation steps can be
achieved by simply adjusting the hologram transmission functions T, ,5, which are
substituted into the holograms H, ,p through A 4,5 and ®4 /5.

To summarize, the entire procedure can be compactly described via the Jones
matrix representation of the transformations associated with each optical element
(under the assumption ¢4 = @p = 0), given by

11 1)\ [Ad4 0\ 1 (Up\ _
V2 \1 -1 0 Beew) p\Ug)

BS Matrix DMD Matrix Input Field

1 (Ae4  Be's \ (Ua\ _ (3(Ae“4U, + Be'sUpg) (4.6)

2 \Aea —Be's ) \Up ) — \J(AeaU, — BesUg) ) '
Jones Matrix of System BS Outputs

Here A, B € {0,1} and must be set according to Table 4.1 below, which describes
the system transformations that the reader will need to use in order to acquire the
four intensity measurements. The reader must also take note that only one of the
BS outputs needs to be monitored. We recommend monitoring the BS{4' matrix
element, as this corresponds to the |H) component as shown by Eq. (4.5), while
BSg" corresponds to i| V).

Having described the underlying principles of the two digital measurement tech-
niques, we will now outline their respective experimental setups, highlighting any

nuances and issues to be considered when implementing these techniques in the lab.
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TABLE 4.1: Table showing the Jones matrix parameters imparted by the DMD in order to
acquire Stokes intensity measurements.

Intensity Measurement ‘ A ‘ B ‘ CA ‘ CB
Iz 0O(1101]0O0
IL 110|010
Iy 111|010
Ip 1{1]0 | 7%

4.1.3 Experimental Realisations and Results

For completeness, we will start with and consider the experimental realisation of
the standard, conventional Stokes polarimetry method, depicted in Fig. 4.2.a. To
demonstrate the approach we apply it to a radially polarized beam, which we must
first generate. To do so we used a A = 633 nm HeNe laser, producing a horizontally
polarized Gaussian beam, and passed it through a half-wave plate (HWP - with
its fast axis orientated at 45° to convert the incident polarization to vertical), and
a q-plate [41] (7 = 1/2 - which imparts an azimuthally varying phase of ¢ via an
anisotropic medium, with £ = 1) in order to generate a radially polarized (TE) vector
vortex beam, represented by

TE(7) = LG} (7)|R) + LGy ' (F)|L) . (4.7)

Here LG;,(?) takes the form discussed in Chapter 2. It is notable that in order to
ensure the generation of a TE beam, the input linear polarization should be in the
plane of the g-plate’s global fast axis. There is an intrinsic § = 64 —dp = {0, 7t} phase
difference between the orthogonally polarized components. A QWP and polarizer
were orientated at various angles [as outlined in Figs. 4.1.a-1 and a-2] to acquire the
four intensity measurements [which were imaged on a Spiricon charged coupled
device (CCD)], used to obtain the Stokes parameters.

In reproducing this experiment in the lab, the reader should expect to capture in-
tensity profiles similar to those depicted in Fig. 4.3, together with their correspond-
ing Stokes parameters. Here, simulated predictions of the four intensity profiles with
their corresponding Stokes parameters are given as inserts, to help aid the reader
with what to expect.

The experimental procedure for digitally extracting Stokes parameters with the
use of a SLM is outlined in Fig. 4.2.b. Here, a HeNe laser was expanded and col-
limated to illuminate the screen of a reflective SLM (Pluto Holoeye, 1920 x 1080
pixels, 8 um pixel pitch, 60% — 80% diffraction efficiency) preceded by a polarizer
to generate linear polarization [namely, diagonal (45°)]. For this particular case we
chose the screen of the SLM to be encoded with a phase-only azimuthal hologram
[insert in Fig. 4.2.b]. The SLM only diffracts the vertically polarized component into
the off-axis, diffraction orders which possess the encoded phase profile. While the
horizontal component remains unaffected in the on-axis, undiffracted (zero) order.
We exploited this polarization-variant property to generate the following structured
field, consisting of two orthogonal components

U, (r,¢) = exp (—rz/wo) and
Uy (r,¢) = exp (—1*/wo) exp (i6(r, ) . (4.8)

Here each component consists of a common Gaussian field, while the vertical com-
ponent has an additional phase term of exp(id(r,¢)), which for this particular case
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FIGURE 4.2: Experimental diagrams illustrating the arrangement of the optical components

used to acquire Stokes parameters for (a) conventional Stokes polarimetry and the digital

approaches, implementing (b) a SLM and (c) a DMD. The representative holograms encoded

onto the SLM and DMD screens are provided as inserts. HeNe, Helium Neon laser; QP, g-
plate; M, mirror.

LG§|R) + LGy |L)

N

0 B min

FIGURE 4.3: Conventional Stokes polarimetry. Left: the generated field of interest, on which

the Stokes polarimetry is performed [in this case described by Eq. (4.7)]. Middle: measured

intensity profiles of the Stokes projections. Right: the corresponding calculated Stokes pa-

rameters (min=0 and max=1 for Sy, S3, while min=-1 and max=1 for Sy, Sy). Theoretical
simulations are given as inserts.
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is: exp(il¢p), where £ = 1. The generated field (denoted in the first block of Fig. 4.4)
was imaged from the plane of the SLM screen to the CCD camera (preceded by a PG)
where the various intensity profiles were recorded. The hologram required to create
our beam of interest [first insert in Fig. 4.2.b] was encoded onto the SLM, followed
by the same hologram encoded with an additional 71/2 phase term [producing the
second insert in Fig. 4.2.b].

For each of the two holograms, the corresponding intensity profiles (Ip, I4 and
Ir, I1) (middle block of Fig. 4.4) were captured, respectively. Their corresponding
Stokes parameters (S, S2 and S3) were determined and are presented in the right-
most block of Fig. 4.4. Here, we would like to point out to the reader that since the
SLM is polarization dependant, it will not be possible (with the current presented
configuration) to perform a phase dependant transformation in order to extract the
horizontal and vertical intensity profiles, (I and Iy) needed for the calculation of the
Stokes parameter, S;. However, simulated predictions of the four intensity profiles
together with their corresponding Stokes parameters are given as inserts, so that the
reader can verify their measurements on this particular field [described by a super-
position of the two equations in Eq. (4.8)] if they so acquire the Stokes measurements
via another method.

0 Hmin

FIGURE 4.4: Digital SLM Stokes polarimetry. Left: the generated field of interest, on which

the Stokes polarimetry is performed [in this case described by a superposition of the two

equations in Eq. (4.8)]. Middle: measured intensity profiles of the Stokes projections. Right:

the corresponding calculated Stokes parameters (min=0 and max=1 for Sy, S1, while min=-1
and max=1 for Sy, S3). Theoretical simulations are given as inserts.

The experimental procedure for obtaining the four Stokes intensity measure-
ments, via the digital DMD approach [depicted in Fig. 4.2.c], was conducted on a
radially polarized vector vortex beam, as described in Eq. 4.7 and generated in the
same manner as that described for the conventional case [Fig. 4.2.a]. The vector
beam was propagated through a PG which mapped the |L) and |R) components to
two independent paths A and B, respectively. The two paths were then directed to
their associated halves of the DMD screen (TI-DLP650NE), which were addressed
separately to facilitate the independent modulation of the left- and right-circularly
polarized components. Ideally, DMDs have an inherent diffraction efficiency of
60%, additional details regarding their diffraction efficiencies can be found in Ref.
[50] At the DMD screen, binary holographic gratings, generated using the technique
presented by Lee [330] [Eqns. (4.2) and (4.3)], were displayed. An expanded repre-
sentation of the holograms encoded onto the DMD screen are provided as inserts
in Fig. 4.2.c. The gratings used were generated in order to effect a constant (in the
transverse plane) phase modulation. By encoding the grating on either DMD half
A/ B and encoding zeros (off-states) in the other, the right and left components were
independently imaged by the CCD [shown by the top two holograms in Fig. 4.2.c].
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By encoding gratings onto both halves and adjusting the constant phase modula-
tion of each half independently, relative phases of § = {0, 5} were induced into the
interfering beams, resulting in the imaging of the horizontal and diagonal compo-
nents by the CCD [as shown by the bottom two holograms in Fig. 4.2.c]. The first
diffraction orders (which carry the desired modulation) from each half of the DMD
were isolated (from the zeroth and higher diffraction orders) with the use of an aper-
ture and coupled into orthogonal ports of a 50:50 BS, through which the paths were
interfered. The resulting beam (from one of the BS output ports) was then imaged
by a CCD camera. One important aspect that the reader needs to consider when
implementing this in the lab, is that the paths exiting the BS must be completely
co-propagating. The resulting interference pattern - as captured by the CCD - for
misaligned beam paths will be characterized by fringes (vertical for x-misalignment
and horizontal for y-misalignment). The reader will notice that as good alignment
is approached, the spatial frequency of the fringes will decrease until the lobes (for
the example case presented) are visible. For the benefit of the reader, this procedure
is simulated in Fig. 4.5.

Path interference alignment

Misaligned

Alignej

xandy

Pure x

misalignment

Purey

FIGURE 4.5: Diagram depicting the alignment of orthogonally polarized components
through a 50:50 BS. As the misalignment in the beam paths improves (left to right), so the
number of fringes decreases.

FIGURE 4.6: Diagram showing the independent phase modulation of orthogonal polariza-
tion components (top two rows for DMD holograms, H 4 and Hg) and simulated interference
of the components through a 50:50 BS (bottom row).

Another important aspect to consider is that, practically in constructing this ex-
periment, one cannot guarantee equal path lengths of the orthogonally polarized
components to within the wavelength of visible light. The path length discrepancy
will manifest as some non-zero phase difference between the orthogonally polarized
components Ap # 0. This can be compensated for by encoding the transmission
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functions T4 ,p = €“4/s onto both of the relevant sides of the DMD, where one of the
constants is held fixed (e.g. c4 = 0) and the other is varied until the image captured
by the CCD correlates well with a theoretically predicted Iy. For the benefit of the
reader, a simulated example of this procedure is shown in Fig. 4.6 where orthogonal
components Uy = LG& and Up = LG, I are interfered with Ap = Z;ca = 0is
held fixed while c¢g = {0, 551 %} is varied. Expanded images of the holographic
gratings as well as the behaviour of the intensity patterns illustrates how the final
grating with cg = 7 compensates for the phase difference Ag and results in the
expected Iy intensity pattern for the given components.

LG§|R) + LGg*|L) g™
el J
1\
0 EMmin

FIGURE 4.7: Digital DMD Stokes polarimetry. Left: the generated field of interest, on which

the Stokes polarimetry is performed [in this case described by Eq. (4.7)]. Middle: measured

intensity profiles of the Stokes projections. Right: the corresponding calculated Stokes pa-

rameters (min=0 and max=1 for Sy, S3, while min=-1 and max=1 for Sy, S;). Theoretical
simulations are given as inserts.

Reproducing this digital measurement, the reader should obtain intensity pro-
files I, I, Iy and Ip, as well as the Stokes parameters, similar to those depicted in
Fig. 4.7. Simulated predictions are given as inserts, to help aid the reader with what
to expect.

We would like to highlight to the reader that if a vector vortex beam propagates
by some non-negligible factor of the Rayliegh length zg (which is the distance over
which the beam remains well collimated), there will be some curvature observed in
the intensity lobes of the Iy and Ip components. This curvature (or ‘spiralling” of the
lobes) will manifest in the Stokes parameters, S; and S5, as illustrated with exemplar
results obtained using the digital DMD method in Fig. 4.8. This presents us with a
possible improvement on the measurement device in the form of the requirement of
a4f imaging system in order to image the desired measurement plane onto the DMD
screen directly. Another notable feature is that the S3 parameter was approximated
to zero, discrepancies in this parameter may arise from the modulated components
reaching the BS with different spot sizes, indicating another possible improvement
in the form of an appropriate imaging system between the DMD and the BS. The
latter improvement would be of large consequence to calculating the handedness of
circular polarization.
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FIGURE 4.8: Digital DMD Stokes polarimetry with curvature. Left: the generated field of

interest, on which the Stokes polarimetry is performed [in this case described by Eq. (4.7)].

Middle: measured intensity profiles of the Stokes projections. Right: the corresponding

calculated Stokes parameters (min=0 and max=1 for Sy, S3, while min=-1 and max=1 for Sy,

Sy). Theoretical simulations are given as inserts. Note the spiral lobes in Ip, I, S1 and S».

One can also note that the central vortex is slightly off-centered due to slight misalignment
of the g-plate vortex with the input beam’s center.

4.2 Completely characterizing vector fields using a DMD based
analyser

4.2.1 Introduction

As mentioned in Chapter 1 the field of structured light focuses on the tailoring of
light’s DoFs to probe fundamental features of nature as well as to extend the in-
dustrial optics toolbox [11, 39, 40]. Prior to the last two decades, disproportionate
focus has been given to structuring the intensity and phase DoFs. Recent interest
in the tailoring of light’s polarization has lead to observations of interesting topo-
logical [85, 305] and energy transport [151, 331] behaviour - which, in some cases,
prove useful for communication [332], metrology [333], microscopy [334] and even
laser machining [335]. The increased interest in these structured polarization fields
(referred to as vector fields [336]), has unsurprisingly coincided with the develop-
ment of tools allowing for their convenient generation. These tools take the form of
dynamic and geometric phase elements such as nano-structured metasurfaces [337,
338] and liquid crystal g-plates [42]; as well as versatile digital devices such as SLMs
[339] and DMDs [165]. Techniques used to characterize these vector fields include
Stokes polarimetry measurements capable of recovering the total spatially varying
polarization structure. Stokes measurements also have the ability to recover the con-
currence based non-separability of the spatial and polarization DoFs, or vector qual-
ity factor (VQF) [67]. Of additional importance to characterizing quantum channels
using vector fields, is a basis dependent non-separability measurement (VQF') ac-
quired through polarization projections in conjunction with spatial mode projections
[66, 340]. Naturally, the efficient characterization of vector fields needs to grow in
conjunction with their increasing popularity. The basis dependent characterizations
have been carried out using arrangements including PGs, mode sorters and g-plates,
which - while effective - only permit the measurements in a limited subset of spatial
mode bases [341, 342]. Recently a more versatile and efficient approach to the basis
dependent measurement was proposed, where the polarization independence of a
DMD was exploited - however, this technique requires a set of parallel polarization
optics, making the arrangement complex [320]. Only recently have a few publica-
tions been dedicated to full Poincaré polarimetry [343, 344] and the adaptive control
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of vectorial fields via polarization and phase correction [345, 346]. Universal polar-
ization mapping has been demonstrated with the use of a GRIN lens [343, 344] to
map the polarization analyser states to vectorial fields with very high-precision and
single acquisition measurements. However, this requires custom made optics (in the
form of a specially designed GRIN lens), restricting the versatility of the measure-
ment device.

We have previously demonstrated digital Stokes measurements, which provides
general information about polarization homogeneity /inhomogeneity, but no modal
information [106]. In this work we present a system, based on a DMD capable of
performing sequential and simultaneous spatial and polarization measurements on
arbitrary vector fields, permitting their full characterization in a rapid, compact and
completely automated manner. Our scheme exploits the small separation angle af-
forded by a 1° WP, the polarization independence of DMDs and polarization inter-
ference phenomena to achieve its functionality. The ability to simultaneously project
into the spatial and polarization DoFs allows us to extract the global relative phase
and amplitude between the constituent orthogonally polarized components, while
exclusive spatial mode and polarization projections lead to reconstructions of the
scalar fields and resulting polarization structure. Previously demonstrated methods
which have been used to acquire polarization and phase information have been re-
liant on interference with reference plane waves leading to cumbersome optical sys-
tems [347, 348], while other techniques use light with polarization known a priori to
probe anisotropic systems [349]. Our system provides a versatile, fast and compact
solution to full field characterization without any prior information or reference. We
demonstrate the effectiveness of our approach on a variety of vector beams includ-
ing beams with large OAM, fractional OAM and beams with non-zero radial orders.
Our scheme serves as a versatile automated detection solution to complement the
growing utilisation of vector fields in research and industrial settings.

4.2.2 Concept

To represent our vector field, we will adopt the convenient quantum mechanical
notation [39]

[¥) =cos (5 ) e/2ln)[R) +sin (5 ) e /2|y L), (4.9)

Here |1;) represent arbitrary, un-normalized spatial modes, while |R, L) repre-
sent the respective right- and left-circular polarization Jones matrices (these can be
any two orthogonal Jones matrices - |R, L) are chosen without loss of generality).
The parameters « € [0, 7] and B € [—7, 7] represent the relative amplitudes and
phases of the orthogonally polarized components. This state can be represented by
a vector lying on the surface of the HOPS [69], as discussed in Chapter 2. A HOPS
is constructed with the scalar (i.e., « = 0, ) states on the poles and vector (i.e.,
« = 71/2) states lying on the equator. The vector of a given field lying on the HOPS
is specified by the same parameters a and  which are the respective polar and az-
imuthal coordinates. An example of a HOPS and two states lying on its surface are
shown in Fig. 4.9 A (note that the tensor product operator ® has been suppressed
in the text for brevity). The ellipses overlaying the "non-scalar" fields represent the
local SOP across the transverse plane - where green ellipses are used to represent ap-
proximately linear polarization and red(blue) to represent right-(left-) circular hand-
edness. From Eqn 4.9 and Fig. 4.9 A we can see that, in order to completely specify
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FIGURE 4.9: A) HOPS with [¢py(5)) = LG Y, the SOP of two example states on the sphere

1(3
are included as insets - as well as the int(er)lsity and phase of the polar spatial modes and
their associated circular polarization handedness. B) Schematic showing the separation of
orthogonally polarized components from a vector state |¥), by a Wollaston prism, followed
by a complex amplitude hologram and their projection into the same diagonal plane using a

linear polarizer.

the state of a vector field, we need to know the spatial modes |¢2) as well as the
parameters « and . In order to determine |¢,), we can independently compute
their inner products with the modes of a complete orthogonal basis (e.g., LG;J basis),
according to:

o, = (LGl 1) (4.10)
If céj # 0 for more than one LG;, mode, then the relative phases 4);] between these

Lo I ) )
modes and a reference mode LGy, (with cp - # 0) can be acquired by executing

their unbiased inner products

Lre
d), = (LG, + LGyl |$1,2) (4.11)
e
¢, = (LG, +iLGy |12), (4.12)
and then computing
Lye
el 12— 1A 12 2
4); = arctan lepl” | f"j’ il (4.13)
202 — |2~ [eh P
We can then reconstruct |7 ») according to
_ 1 ight ~1
’lp1’2> = IZCPE /"LGP. (414)
P

This procedure is known as modal decomposition [350].
With [¢y(,)) specified, we can now determine a and . To begin, let us consider
taking inner products of |¥) with [;(5))|D) individually (i.e., we project into the
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spatial mode and polarization DoF simultaneously) - where we denote the intensi-
ties of these projections as Ij(y)

I = [ (D) = 5 cos” (%) (4.15)
b = (2 {D¥)]2 = 5 sin? (4). (4.16)

Next we can consider taking inner products with respect to superpositions of
spatial modes [ (3))

Lygy = [{1 £ o (D[¥) |* = % =+ sin(«) cos(p) (4.17)
Iy = | (41 i (D¥)]2 = 7 = sin(a) sin(B). (4.18)

Using these six intensity measurements I;, we can construct the Cartesian coor-
dinates ¥; of the state vector |'¥)

X1 = I3 — Iy = 2sin(a) cos(pB) (4.19)
Yy = Is — Iy = 2sin(a) sin(p) (4.20)
Y3 =1 — I = cos(a). (4.21)

Therefore we can extract « and 8 as

%
« = arctan (3) (4.22)
\/ 22+ 22
by
B = arctan (Zl) . (4.23)

The projection into the |D) polarization allows for the exploitation of the third
Arago-Fresnel law which states "Orthogonally polarized light derived from polar-
ized light, when brought into the same plane of polarization, will interfere" [351].
From Eqgns. 4.22 and 4.23 we can see how only six intensity measurements are
required to extract global parameters « and B. Additionally by simply replacing
the spatial mode projections with identity projections, we recover spatially varying
Stokes intensity measurements.

4.2.3 Experimental procedure

In order to test our detection scheme on a variety of vector beams we implemented
a generation process which used the arrangement shown in (the left of) Fig. 4.10
[165]. A Gaussian beam from HeNe laser (wavelength 633 nm) was expanded and
collimated using lenses EL and CL respectively - such that the central region ap-
proximated a constant intensity plane wave. A HWP was used to change the plane
of polarization to diagonal. The expanded beam was passed through a WP (split-
ting the horizontally and vertically polarized components at an angle of ~ 1°). A
4f imaging system was used to image the plane at the WP on to the screen of a
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FIGURE 4.10: (Left) Diagram showing the arrangement used to generate arbitrary vector
beams using a Wollaston prism to separate orthogonal circular polarizations and a DMD to
recombine these - post modulation. (Right) Diagram showing the arrangement used to char-
acterize arbitrary vector fields making use of a Wollaston prism to separate and a DMD to
recombine orthogonal polarization components, with a linear polarizer to allow for interfer-
ence of orthogonally polarized components. Abbreviations: HeNe - helium neon laser, EL
- expansion lens, CL - collimation lens, HWP - half-wave plate, WP - Wollaston prism, BS -
beam splitter, LP - linear polarizer, DMD - digital micro-mirror device, FL - Fourier lens, IFL
- inverse Fourier lens, CCD - charge coupled device.

DMD (TI-DLP6500). The DMD was encoded with multiplexed binary amplitude
holograms of the form discussed in Chapter 2

1 1.
Hypy = 5 + §s1gn(cos (ZHGA(B)(I') + ZHCDA(B)(r)> — cos(r[AA(B)(r))), (4.24)

here Gy p)(r) = gﬁ(B)x + gil(B)y are gratings with spatial carrier frequencies
g:’?B). The 0" diffraction orders of the two orthogonally polarized beams leaving
the DMD do so at the 1° separation angle, therefore it is possible to pick gZ?B) such

that the 15 diffraction orders of each polarization component modulated by either
Hp or Hg perfectly overlap [165]. @ 4(p)(r) = arg(Ta(p)(r))/27m and Aypy(r) =

arcsin <|TA( B)(1) |> / 7 are normalized phase and amplitude modulations of any de-

sired complex transmission function T,p)(r). A 4f imaging system was used to
image the beam produced by the generation DMD into the detection setup (with
an aperture at the focal plane to spatially filter the desired combined 1% diffraction
order and a QWP to convert horizontal and vertical linear polarization to left- and
right-circular respectively). Compensating aberration correction and holographic
scaling (following beam shaping best practice [50]) was a applied to this beam prior
to passing it through the detection system. This technique allowed for the genera-
tion of high quality arbitrary vector fields (e.g. by setting Ts(p) = LGEE;)U we can
generate the vector field shown in in Fig. 4.9).

The core device - the detection system (shown on the right of Fig. 4.10), was ar-
ranged with a QWP placed before a WP positioned at the plane of interest, which -
together - separated the right- and left-circularly polarized components of the input
field at an angle of 1°. A 4f imaging system was used to image this plane onto the
screen of a DMD (TI-DLP4710). A diagonally orientated LP was placed within the 4 f
system in order to acquire projections of orthogonal polarizations in the same plane.
The detection DMD was also addressed with multiplexed complex amplitude holo-
grams of the form in Eqn 4.24. The Fourier instensity of the modulated combined
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Ta Tg CCD | Component | Measurement
(LGp)* 0 1 1) c%
0 (LG})* 1 [4p2) s
(LG} + LGg:.,)* 0 1 1) d,
0 (LGh +LGgf)* | 1 [2) d,
(LG}, +iLGgt,)* 0 1 1) el
0 (LG, +iLGge)* | 1 ) el
([p1))* 0 1 1) I
0 (Ip2))* 1 |1h2) I,
([1))” (ly2)) 1| |y1) & [y) I3
([p1))* e’ ([¢2))* 1| 1) & [y) Iy
([p1))” e ()" 1| |y1) & [¢) I5
([1))” B/ 2(|ipy))* L | [¢1) &) Ie
1 0 2 1) In
0 1 2 [42) I
1 1 2| [¢1) & i) In
1 eif/2 2| [¢1) & [¢2) Ip

TABLE 4.2: Table showing the transmission functions T, ) used to acquire measurements to

specify: orthogonal circularly polarized components of a vector field (top), the relative am-

plitudes and phases of the orthogonal components (middle) and the Stokes intensity mea-
surements (bottom).

beam at the DMD was imaged onto a CCD; using a Fourier lens (FL), measuring
on-axis intensities at this plane together with appropriate T4 g allowed for determi-
nation of inner products [350]. A BS was used to capture the image plane intensity
using a second CCD; after an aperture (A) and an inverse Fourier lens (IFL). In Table
4.2 we show the transmission functions TA(B) used to acquire clp, d;,, eé, and I; mea-
surements in order to completely characterize the vector fields. The top segment of
Tab. 4.2 has the DMD encoded with transmission functions to decompose the right-
/left- circularly polarized fields into LG;7 modes, the middle segment contains the
transmission functions to extract global parameters a and 8, while the bottom seg-
ment has transmission functions to extract four Stokes intensity (Ig, I, Iy and Ip)
measurements used to extract the SOP and VQF [67, 106, 319]. The VQF is extracted

according to
224 Q2
VQF = Re <\/ 1 51+S§+S3) (4.25)

50

where s; = [ S;(r)dr are the global Stokes parameters, with S; being the spatially
varying Stokes parameters determined as

So=Ir+1Ip (4.26)
S; =2Iy—So (4.27)
Sy =2Ip — Sy (4.28)
Sy =1Ir— I (4.29)

(4.30)
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424 Results

As an initial demonstration of arbitrary vector state measurements, we generated
cylindrical vector vortex beams (i.e., |i1(2)) = LG;"), and varied the relative ampli-
tude and phases (i.e., « and p) of the generated beams to determine how accurately
these parameters can be extracted from our detection system. Additionally, each
measurement was preceded by a decomposition of [¢;(,)) into (a subset of) the LG;
basis in order to ensure the measurements are occurring on the correct HOPS (here
we approximated any LG;[J mode containing > 90 % of the total power as [¢12)). In
Fig. 4.11 we can see the modal cross-talk matrices for [i;(;)) and the state vectors
represented on the appropriate HOPS sphere with « and f compared to the ideal
values in brackets. Also included in Fig. 4.11 are spatially varying SOP and VQF

measurements. In Fig. 4.11.D we show the results obtained for [¢;(,)) = LGiggl)

to demonstrate our technique’s viability for the accurate characterisation of radial
orders. We can note some slight vertical stretching of the SOP results, this is due to
the DMD diffracting light at 12° to its surface normal (computational re-scaling of
the Stokes intensities could alleviate this artefact). The results show good agreement
with the ideal values.

In Fig. 4.12 we present results, displaying our technique’s performance in char-
acterizing vector beams made up of orthogonally polarized components with frac-
tional OAM. The beams were generated by encoding T4 ) = e*'?M on the genera-
tion DMD, where ¢ is the azimuthal coordinate and M = m + y is a fractional OAM
index, with m € Z and p € (0,1). This generation hologram behaves like a spiral
phase plate with a non-integer winding number. It has been shown that beams gen-
erated by such systems can be approximated as a finite superposition of beams with
integer OAM, weighted by complex coefficients f; calculated as [216, 352, 353]

fi= <27r(1\f1 = l)> Sl 30

It should be noted that factors of the above expression relating the orientation
of the phase discontinuity to the intra-modal phases have been omitted for brevity.
We also adjusted our detection scheme to that of a phase only OAM decomposition,
this avoids the need to sample the variety of radial orders which naturally manifest
from phase plates (interested readers are directed to Refs [44, 353]). The OAM de-
composition involves setting transmission functions equal to e~#'¢, since these are
not eigenmodes of free space the physical effect is measuring the total power of LGi,
modes for all values of p (truncated by the DMD screen size) - therefore the result-
ing OAM spectrum gives only the weightings of spiral phases (with charge /) in a
given field. The OAM spectra of the |;) (red) and |¢p2) (blue) components show
good correlation with the theoretical predictions (dashed). The HOPS inset demon-
strates the relative stability of the system in characterizing vector coordinates, while
the SOP inset reveals the detail captured by the Stokes intensity measurements. It
is notable that the VQF of this beam is lower than unity, this is due to the modal
crosstalk evident in the OAM spectrum.

In Fig. 4.13 we can see results obtained for beams with | = £40. This represents
the largest mode order our system is able to analyse (with a beam waist of wy = 0.6
mm). This limitation of the system is determined by the size of the DMD and/or
WP which impedes detection of beams with a larger spatial extent, this limit will
generally precede the mode fidelity limit of the DMD which has been shown to ex-
ceed that of SLMs [218]. The crosstalk matrices presented, represent a portion of the
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FIGURE 4.11: Crosstalk matrices (left), HOPS spheres with associated state vectors (top
right) and SOP (bottom right) - measured for beams generated with A) « = B = 0,

1)) = LGyl B a = 0,8 = —7/2, [h2) = LGyl O = —01, 8 = —71/2,
[h12)) = Lth)éo_)l) and D) a = B =0, [yp)) = LGl_g(l). The ideal values for &, p and

(3)
VQF are included in brackets to the right of the measured values.
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entire | € [—50,50], p € [0,10] subspace which was sampled. The power in the de-
sired LGy for [4py(5)) was 0.883(0.739). The power dispersion arises due to larger
mode orders being more sensitive to phase aberrations as well as on-axis centering
at CCDy, choosing a FL with a longer focal length is expected to improve the per-
formance. This result, however, still implies our device’s ability to reliably analyze
cylindrically symmetric vector fields with M = |I| 4+ 2p < 40; as is revealed by the
state vector displayed on the | = +40 HOPS. Additionally the image plane Stokes
intensities allowed for the recovery of the detailed inhomogenous SOP distribution
embedded in this beam.

4.2.5 Conclusion

We have presented a device, comprised of a WP to separate orthogonal polarization
components, a DMD to modulate and recombine them as well as a static linear po-
larizer to project the orthogonally polarized components into the same plane and
interfere. We have demonstrated the effectiveness of our approach in completely
specifying the state of a vector field, as well as in reconstructing the SOP of the
field along with the associated VQF. We have shown how we can accurately char-
acterise cylindrical vector vortex beams, vector beams with radial orders and vec-
tor beams with orthogonal components containing fractional OAM while also being
able to extract digital Stokes intensity measurements. Additionally our system is
able to characterize a significantly large subset of mode orders while maintaining a
more compact arrangement while avoiding the need for reference fields, therefore
addressing some of the problems faced by preceding vectorial characterization tech-
niques. Furthermore the dynamic nature of the arrangement as well as the dual
Fourier and image plane sampling leaves room for extensions to the functionality of
our scheme. We believe this scheme will be of interest in industry, particularly for
the characterization of liquid crystal and metasurface g-plates and j-plates, as well
as other areas such as communications, microscopy and laser machining - where
vectorial structured light is seeing increasing interest.

4.3 Versatile wavefront sensing with a DMD

4.3.1 Introduction

An optical wavefront is defined as the surface which lies (approximately) normal
to the Poynting vector field, thus indicating where the field’s energy will flow as it
propagates [354]. Determining the effect a system has on the wavefront of an opti-
cal field passing through it is therefore important in characterizing, correcting and
optimizing the system. In microscopy and astronomy the quality of microscope and
telescope images is dictated by the point-spread-function (PSF) of the optical sys-
tem, with deviations from the ideal PSF (dictated by the diffraction limit) due to
wavefront aberrations induced by manufacturing limitations [355-357]. However,
if the aberrations are known, computational techniques can be used to improve the
quality of the images [358, 359]. In ophthalmology, wavefront aberrations inherent
in the human eye which cause vision impairment are surgically compensated for
once measured [360, 361]. In free-space optical communication, modal crosstalk due
to aberrations caused by atmospheric turbulence result in signal errors, post-/pre-
correction of these aberrations can reduce the bit error rate [362-365]. In laser cutting
the ability of focusing lenses to concentrate the power of an optical field into a small
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region is compromised by wavefront aberrations which distort the focal field dis-
tribution [366-368], correction of these aberrations can be performed using robust
deformable mirrors. In all the above cases the accurate determination of aberra-
tions caused by a given optical system is essential in effectively compensating for
them, either through physical or computational means. Currently employed meth-
ods include interferometric sensors which provide high accuracy and sensitivity, but
involve large systems with reference beams which are susceptible to environmen-
tal perturbations [369-371]. The ophthalmology and astronomy communities often
utilise Shack-Hartman lenslet arrays to acquire fast, low resolution wavefront mea-
surements which are then interpolated [372]. Certain specialized applications, such
as calibration of large interferometers, use modal techniques to estimate aberrations
with extremely high sensitivity [373, 374]. The transport-of-intensity equation (TIE)
describes how the phase of light is related to its energy flow under propagation, and
was proposed for use in wavefront sensing and adaptive compensation decades ago
[375, 376]. Since, the TIE has found applications most notably in quantitative phase
imaging (QPI) [377-379] while also being use to measure lens induced curvature
[380], as well as atmospheric turbulence [381]. The equation itself can be derived
using Poynting’s theorem, which highlights the elegance of the technique: that it
is based directly on the conservation of energy [24]. Conventionally the intensity
images required to extract phase using the TIE are acquired through translation of a
camera along the light’s path, single shot measurements at fixed propagation lengths
can be achieved using beam displacement setups [382] and tune-able propagation
lengths can be implemented using liquid crystal SLMs [383, 384]. These methods
do, however, suffer from a variety of drawbacks such as bulky arrangements, high
costs, alignment instability, wavelength dependent calibration and polarization con-
straints.

Here we present an all-digital scheme that can accurately extract the global wave-
front of an optical field in a fast, cheap and versatile manner. Our approach exploits
a DMD. Initially developed for the digital projection industry [385], DMDs offer
relatively low-cost, rapid modulation, polarization insensitivity and broadband op-
eration making them an attractive alternative for manipulating structured light. The
essential component consists of an array of individually-addressable micro-mirrors
situated behind a glass protective film and attached to a driver unit which facilitates
control via an external source. Each micro-mirror can pivot about a hinge in either
one of two directions, representing the two possible states for operation, namely: on
and off. This allows the DMD to mimic a dynamic amplitude-only grating [50]. The
DMD is placed at the focal plane of a 4f imaging system to perform angular spec-
trum propagation of the field, the intensity of which is imaged using a CCD. The
captured intensities at 3 (or more) planes are used to determine the wavefront of the
field using the TIE. Our approach offers a number of advantages over alternative
methods: the polarization insensitivity and broadband nature of DMDs removes
the need to calibrate for the specific polarization and wavelength required by SLMs,
while still retaining the tune-ability and automation provided by a digital propaga-
tion scheme [274]. Additionally, the kHz order frame rates offered by DMDs make
them a more powerful tool for adaptive optics applications where rapidly chang-
ing wavefronts need to be characterized and corrected. We highlight the resolution
and sensitivity of our approach by measuring induced Zernike aberrations in static
samples, and demonstrate the real-time ability on dynamically changing turbulence
phase screens. We then demonstrate broadband operation in a single optical setup
probed at multiple wavelengths and with multiple polarizations. We believe this
work will be of relevance to fields where wavefront measurements are ubiquitous.



4.3. Versatile wavefront sensing with a DMD 83

a) ’

o

\,
~,

o

o

v Physical aberration

ey e p— -

b)
: DMD, Phatqe :
} . - !
Amplitude .8 -
1 L 1
} ’ - J) 1
1 1 Recovered
1 e 1 DMD, phase
1 Aberrated beam 1 1(0) >
! 1 prop, o TIE 4
1 1 --'» --'»,
1 1 " . ® ‘EI
: DMD, Phase : % 4
| . | TP/CL 1+52)
| Amplitude i |
: : _I Conj. recovered Q
1 e | phas_e
1 Probe beam | : *
e = = | 'y
S

FIGURE 4.14: a) Experimental arrangements used to demonstrate how the DMD-TIE based

wavefront sensor can recover digital (top) and physical (bottom) aberrations (note the sensor

is comprised of L1, DMD; and CCD while the BS and CCDr were only used to asses the

effectiveness of adaptive compensation). b) Diagram showing how the aberrated/probe

beams generated by DMD; are used to create digital/physical wavefront distortions, how

DMD;, is used to digitally propagate the field at three distances and how phase recovered
using the TIE is conjugated to perform adaptive (pre-)correction using DMD;.
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FIGURE 4.15: a) Measured astigmatic (top) and trefoil (bottom) aberrations at various

strengths, insets show the encoded aberrations. b) Measured (left) and recorded (right)

wavefronts of turbulence phase aberrations with Fried parameters of rp = 1.3 mm (top)

and rp = 0.5 mm (bottom) - insets show the aberrated and adaptively corrected far field
intensities.

4.3.2 Theory

The Poynting vector, S = S(7), represents the directional energy flux of an electro-
magnetic field. Conservation of energy provides us with the condition that the total
flux over a closed surface s must be zero for a system free of charge and current
densities, namely

/§ds=§-§:0, (4.32)
S
where V = (d,,d,,9,). For monochromatic light (of frequency w) we can use a

Helmholtz decomposition to separate S into a curl-free scalar potential ¢ = ¢(7)
and divergence-free vector potential A = A(¥), according to
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o W (= - -
S-E<V¢+VXA). (4.33)
We can now substitute Eqn 4.33 into Eqn 4.32, and use the paraxial approxima-

tion (assuming propagation along z) to find

kol = V- (ﬁm)) vy (6 x A‘)T , (4.34)

where [ is the field intensity at some plane of interest, say z = 0, and the subscript T
indicates quantities in the plane transverse to propagation [386]. The term involving
V x A is only dominant in scalar optical fields that have embedded phase singu-
larities and is commonly disregarded when using the TIE for phase retrieval (we
will return to this point later in the discussion). After some manipulation a relax-
ation/iterative method can be applied to approximate solutions Eqn. 4.34 [387]. We
observed the solution converging after only a single iteration and chose to use the
following reduced form of the approximation

. — ko, 1
~ T2 z
¢~ Vr <1+c>’ (4.35)

where @;2 is the inverse of the transverse Laplacian operator, which can be nu-
merically solved using fast Fourier transforms. Here C is a constant chosen by the
user, introduced to deal with intensity nulls (i.e., regions where I = 0). It should be
noted that C should be chosen to be small in order to not distort the recovered phase,
throughout this work we set C to 1 % of the maximum intensity at the plane of in-
terest. It is worth noting that the choice of C does not require any a priori knowledge
of the phase to be recovered. The wavefront (WF) can then be calculated through
constant multiplication WF= %(,b for homogeneously polarized fields. It should be
noted that there are some limitations on the ¢ distributions which can be recovered
by Eqn. 4.35 due to the approximations and assumptions made in its derivation.
Notably if ¢ has a (non-flat) structure which results in 9,1 = 0, Eqn. 4.35 will (in-
correctly) recover a flat profile due to disregarding V x A (we later discuss some
methods with potential to overcome this). Additionally the relaxation approxima-
tion requires the system to behave linearly between iterations, potential errors due
to non-linearity will scale with the distance over which 9.1 is approximated (we dis-
cuss this in the following section).

In order to determine the unknown 9,I(x,y,z), images of the intensity at mul-
tiple planes along the propagation axis z are required. For our purpose we use
three planes (ie., z € [—0z,0,0z]). In order to acquire these images we utilise a
4f imaging system with a DMD modulating the far field by a transmission function
P(z) = e*:(kvky)z the intensity at the end of the imaging system is described by

lout(%,y) = |FH(F(U(x,y,0))P(2)) [ (4.36)

where U(x,y,0) is the field of interest. Coordinate substitutions applied to the
Fresnel diffraction integral, combined with an application of the convolution the-
orem have revealed that the observed intensity is equal to that of the field at the
chosen distance z, therefore

Lout(x,y) = [U(x,y,2)|* = I(x,y,2) (4.37)
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This holographic implementation of the angular spectrum propagation technique
has been reliably used to investigate the propagation dynamics for various purposes
[151, 274]. We approximate our intensity gradient along the z axis as

Lout(%,y,0z) — Iowt(x, y, —02)
26z
Using Eqn 4.38, I(x,y,0) and Eqn 4.35 we can extract ¢(x,y,0). To facilitate the
required modulation of the field by the DMD we employed the complex amplitude
modulation scheme discussed in Chapter 2. The associated binary holograms took
the following form

d:1(x,y,z) = (4.38)

H(7r) = % + %sign (cos(7r - 1 + arg(P(z))) — cos(arcsin(|P(z)]))) (4.39)

where 71 = (x,y) are the transverse coordinates and gr = (g, gy) are the Carte-
sian grating frequencies. A benefit presented by the holographic approach to ac-
quire 9,1 is that the parameter 6z can be adjusted based on the desired application.
It has been shown in previous investigations that larger 6z leads to higher sensitiv-
ity measurements, while smaller values are effective for stronger aberrations and
measuring phase objects with high spatial frequencies [24]. It should be noted that
while the TIE alone cannot resolve certain structures such as: phase vortices (i.e.,
wavefronts that helically wrap around the propagation axis corresponding to en-
ergy swirling around an intensity null) and flat phase discontinuties (i.e., discontin-
uous wavefronts lying parallel to the propagation axis), phase flattening techniques
can be implemented alongside the TIE allowing these features to be probed [350].
Furthermore these phase flattening procedures have been effectively implemented
using DMDs and can be readily integrated into our proposed scheme [388].

4.3.3 Experiment

To validate our technique we utilized the experimental arrangements shown in Fig. 4.14.a.
A Gaussian beam produced by a laser (both a HeNe operating at A = 633 nm and
an Ar-ion operating at either A = 457(488) nm were used) was expanded and colli-
mated using lenses Lg and L, respectively. The expanded beam was directed onto
the screen of DMD; (DLP6500). The DMD was addressed with a binary hologram
which facilitated modulating the amplitude and phase of the input field following
the approach outlined in Ref. [70]. It should be noted that only the 1% diffraction
order holds the desired modulated beam and an additional 4f system (omitted from
Fig. 4.14.a for clarity) was used to isolate this order at the focal plane with an aper-
ture. We chose to encode a Gaussian amplitude profile as well as two cases of phase
distributions: for measuring digitally controlled aberrations an aberrating phase in
the form of Zernike aberrations or a numerically generated turbulence phase screen,
for measuring physically induced aberrations a flat phase (acting as a probe) was
encoded at DMD; with an additional 4f imaging system allowing phase distribu-
tions from a silica turbulence phase plate or NBK7 spherical lens to be measured.
The sensor is constructed using lens L; which projects the Fourier transform of the
aberrated field onto a second DMD, (DLP4710 [389]), which was encoded with the
transmission function P(z). It should be noted that three holograms corresponding
to the different propagation distances can be multiplexed for single shot operation
or implemented sequentially if retrieval at the full CCD resolution is desired. Lens
L, was then used to project the inverse Fourier transform of the field at DMD, onto
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FIGURE 4.16: Recovered wavefront aberrations (left) produced by a turbulence phase plate
translated in the x direction, along with the aberrated (middle) and corrected (right) far-field
intensities.
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a CCD camera (FLIR Grasshopper). It should be noted that multiple diffraction or-
ders will appear in the plane of the CCD, however only the 1% diffraction order(s)
are used in the wavefront estimation. For the exemplar measurements presented in
this work Jz = 10 mm was chosen, the Gaussian was given a waist radius of wp = 1
mm and the focal lengths used were: fr = 2 mm, fc = 250 mm, f{ = 1 m and
f> = 300 mm. Since the TIE is only valid in regions with I > 0 the recovered phase
screens were truncated below the threshold of I < 0.11,,,¢, where I, is the max
intensity at the plane of interest. Once the wavefront aberrations were recovered
using Eqn. 4.35 the conjugate of the recovered phase was added to DMD; in order
to adaptively correct the aberration as illustrated in Fig. 4.14.b. The effectiveness of
this adaptive correction was determined by measuring the far-field intensities of the
aberrated and corrected fields with a second CCDr (FLIR Chameleon) at the focal
plane of L accessed using a 50:50 BS before DMD».

4.3.4 Results and Discussion

As a demonstration of effective operation, Fig. 4.15.a shows the performance of the
DMD enabled TIE phase recovery scheme on astigmatic (Z3) and trefoil (Zg) Zernike
aberrations of various strengths. The general structure and strength of the aberra-
tions are readily recovered as is evident by comparing the recovered and encoded
aberrations, the latter shown in the insets. Displaying how recovered phases can
be used for adaptive correction in our arrangement Fig. 4.15.b shows encoded and
recovered wavefronts from turbulence phase screens (generated using a Fourier-
transform technique [390]). It is worth noting that propagating through atmospheric
turbulence over long distances requires a split step method using multiple phase
screens, our single screen approximation simply serves to verify the effective na-
ture of our wavefront sensing approach at a single plane. The insets display how
the conjugate of the recovered phase is able to drastically improve the far-field in-
tensity distribution when used for adaptive correction, evident in the Gaussian like
shapes of the corrected intensities. It is expected that any residual aberrations can
be removed through a second iteration of the correction procedure. The real-time
operation of our adaptive correction procedure is highlighted in Fig. 4.16, where we
can see wavefront distortions produced by a turbulence phase plate being translated
across a probe Gaussian beam. The wavefronts were captured at ~ 5 Hz. The trans-
lation of features (such as the two prominent valleys) in the recovered wavefront
plots is clear and additionally the dynamically captured aberrated and corrected far-
tield intensities reveal the accuracy of the recovered wavefronts. It should be noted
that only the frame rate of the CCD camera restricted the dynamic acquisition rate,
while Eqn 4.35 is evaluated in < 2 ms (with an Intel i5-8400 running MatLab) indi-
cating the potential for > 500 Hz acquisition rates if appropriate high-speed CMOS
cameras are implemented. In order to highlight the benefit provided by the broad-
band nature of DMDs, Fig. 4.17 shows the effectiveness of the DMD based sensor
at multiple wavelengths. The phase profile of a f = 50 mm, BK7, spherical lens
was measured using 488 nm and 457 nm wavelength light the results are shown
in Fig. 4.17.a. The radially symmetric pattern is clear in both cases with the 488
nm measurement showing some slight aberration in the region highlighted by the
dotted block. Radial sections along the dashed lines are shown in Fig. 4.17.b show-
ing a comparison to the theoretical curves predicted by the thin lens approximation
¢rn. = kr?/2f, while there is some deviation from the ideal curves at both wave-
lengths the general trend and relative relationship between the wavelengths agrees
well with expectations. This type of broadband operation is expected to function
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FIGURE 4.17: a) Recovered transverse phase profiles of a f = 50 mm focal length, N-BK7

spherical lens using TIE sensing implemented with a DMD at wavelengths of 457 nm and

488 nm. b) Radial cross sections of the phase profiles at 457 nm and 488 nm along the dashed

lines. Dotted square indicates a cylindrically assymetric aberration in the 488 nm measure-
ment.

for the 400 nm to 700 nm operating wavelength range of the DMD without the need
for re-calibration, revealing a significant advantage over SLM based approaches. In
order to demonstrate the polarization invariance of the DMD based sensor turbu-
lence phase plate results were take with vertically and horizontaly polarized light
as shown in Fig. 4.18.a, the strong agreement between the two cases is clear with
the small deviation likely originating due to the HWP (used to rotate the plane of
polarization) increasing the effective propagation distance. A verification of the po-
larizations captured at the CCD is given in Fig. 4.18.b where each was sent through
a vertical and horizontal LP, the non-zero intensities through the orthogonal polar-
izers are likely due to extinction ratio limitations.

4.3.5 Conclusion

We have demonstrated a proof-of-principle for a simple, micro-mirror enabled, dig-
ital wavefront sensor based on the transport of intensity. We have demonstrated the
approach using standard Zernike aberrations, static and dynamic turbulence screens
as well as broadband optics and at multiple polarizations. Additionally we have
shown how the device can be effectively integrated into an adaptive optics arrange-
ment. It can also be noted that the polarization insensitivity of DMDs indicates the
potential for the approach to be used with vectorial light, which has been receiv-
ing growing interest in recent years [388]. The low cost and dynamic capabilities of
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the DMD in conjunction with the broadband operation and versatility of the holo-
graphic propagation implementation make this a promising addition to the adaptive
optics toolkit.

44 Comments on the iterations and variations of vectorial
light analysers

The first analyser was constructed using both an SLM and a DMD in order to dig-
itally acquire Stokes intensity measurements. The work revealed that the polariza-
tion sensitivity of the SLM made it unsuitable for digitally extracting all the Stokes
parameters from a vectorial light field, while the inteferrometric arrangement of the
DMD and PG provided a adequate arrangement for digital Stokes polarimetry mea-
surements. The second analyser based on a WP and DMD, which takes a form simi-
lar to the optimized generator discussed in Chapter 3, allowed for the complete char-
acterization of vectorial light fields. This included the acquisition of digital Stokes
intensity measurements, digital modal projective measurements on individual po-
larizations allowing for isolation of the correct HOPS on which the vector field lies
and combined spatial and polarization projections which allowed for the global rel-
ative amplitude and phase of the constituent components to be measured. The sta-
bility of this arrangement afforded by the single element separation (WP) and sin-
gle element recombination (DMD) allowed for the reliable, accurate and automated
analysis of arbitrary vector light fields using low cost equipment. The final analyser
utilized a DMD in order to perform multiplexed (or sequential) angular spectrum
propagation of a scalar light field in order to recover non-singular wavefronts us-
ing the TIE. It should be easy to see that this process could be easily integrated into
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the vectorial light analyser adding to its range of possible measurements, further
bolstering the capabilities of the device. It is notable that the optimal design for the
analyser takes a similar form to that of the optimized generator discussed in Chapter
3, further avenues for improvement and optimization of the design in considered in
Chapter 6.
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Chapter 5

Unitary invariance of vectorial
light and how it can be exploited
for robust communication

This chapter is based on the papers:

Nape, I, Singh, K., Klug, A., Buono, W., Rosales-Guzman, C., McWilliam, A., ... & Forbes,
A. Revealing the invariance of vectorial structured light in complex media. Nature
Photonics, 16(7), 538-546. (2022). *co-first author

Singh, K., Nape, 1., Buono, W. T., Dudley, A., & Forbes, A. A robust basis for multi-bit
optical communication with vectorial light. Laser & Photonics Reviews, 2200844. (2023).

Now that we have discussed and demonstrated various vectorial light generators
and analysers, we can begin to investigate the transport of vector fields through
various optical channels. The generation of arbitrary vector fields in the following
investigations was facilitated by the very tools developed in Chapter 3, while the
analysis of the fields was performed using the tools discussed in Chapter 4.

5.1 Using our digital tools to investigate the invariance of
vectorial light through unitary channels

5.1.1 Introduction

Non-paraxial light is vectorial in 3D and has given rise to exotic states of structured
light [11] such as optical skyrmions [261, 391], knotted strands of light [85, 392],
flying donuts [393, 394] and Mobius strips [305]. Paraxial light too is vectorial, in
2D, characterised by an inhomogeneous polarization structure across the transverse
plane [395]. Vectorial structured light in 2D and 3D has been instrumental in a range
of applications (see Refs. [39, 81, 303, 396] and references therein), for example, to
drive currents with a direction dictated by the vectorial nature of the optical field
[397, 398], imprinting the spatial structure into matter [399], enhanced metrological
measurements [400, 401], probing single molecules [402], and to encode more infor-
mation for larger bandwidths [403-406]. They are easy to create in the laboratory
using simple glass cones [407], stressed optics [408] and GRIN lenses [409], as well
as from SLMs and DMDs [165, 410], non-linear crystals [411, 412], geometric phase
elements [41, 413], metasurfaces [213] and directly from lasers [55].
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Given the importance of these structured light fields, much attention has been
focused on their propagation through optical systems that are paraxial [414], guided
[415] and tight focusing [416, 417], as well as in perturbing media such as turbid
[418-421], turbulent [15-18, 422-425] and underwater [426-428]. The conclusions
are seemingly contradictory, with compelling evidence that the vectorial structure
is stable, and equally compelling evidence that it is not, while the specific nature of
each study prohibits making general conclusions on the robustness of vectorial light
in arbitrary complex media.

Here we show that the inhomogeneity of a vectorial light field is impervious to
complex channels so long as they are unitary (where an inverse process exists), a
condition fulfilled for many aberrated optical systems. We illustrate this with two
examples featuring strong aberrations: a tilted lens, and atmospheric turbulence
simulated on a DMD. We then demonstrate the power of our framework by testing
it for transmission through chiral liquids, optical fiber, turbulent air and complex op-
tical aberrations. Our quantum-inspired framework explains the robustness of vec-
torial light fields by virtue of unitary operations on the vectorial state, manifesting as
an intact inhomogeneity even if the vectorial pattern appears spatially distorted due
to modal scattering in the component scalar spatial modes. We show that the chan-
nel action can be reversed by a reciprocal unitary process applied either pre-channel
or post-channel, as well as cross-talk free detection of vectorial fields through com-
plex media. Our study highlights the importance of measurement in the context of
vectorial light fields, in doing so resolving a standing paradox on the robustness of
vectorial light to perturbations, and provides a general framework for understand-
ing the impact of arbitrary optical aberrations on vectorial structured light fields.

5.1.2 Concept

A vectorial structured light field can be written compactly in a quantum notation as
the unnormalised state

[¥) = ler) 4 lu1)p + [e2) 4 [u2)p, (6.1)

highlighting the non-separable nature of the two DoFs, A and B, denoting the polar-
ization and the spatial DoF, respectively. In this way, the vectorial field is treated as a
quantum-like state (but not quantum and without non-local correlations), by virtue
of its non-separable DoFs, akin to a locally entangled state [167, 170, 173, 429, 430].
The polarization DoF is expressed as any pair of orthonormal states, {|e1) and |ep) }
while the spatial mode DoF is given by the orthonormal basis states {|u1) and |u2) }.
In a quantum sense, this vectorial structured field would be called a pure state. The
vectorial nature can be quantified through a measure of its non-separability [431],
the VQF which for succinctness we will call its “vectorness”, ranging from 0 (homo-
geneous polarization structure of scalar light) to 1 (ideally inhomogeneous vectorial
polarization structure).

Now imagine that our vectorial light field, |¥i,), passes through an arbitrary
aberrated optical channel, as illustrated in Fig. 5.1, e.g., static imperfect optics or dy-
namic turbulent air. If the channel acts on only one DoF then this can be considered
a one-sided channel, terminology borrowed from quantum communication theory,
describing a situation where only one of the two entangled photons is affected. For
our classical light, an example would be when the spatial mode (DoF B) is affected
(distorted), while the polarization (DoF A) is not, or vice versa. In our analysis here
we will use DoF A as unaffected, but this can be changed by a simple relabeling
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FIGURE 5.1: Complex light in complex channels. A vectorial light field propagates through

a perturbing medium. Examples of such perturbing media could be turbid, underwater, op-

tical fiber or turbulent air. Here and elsewhere the beam profiles illustrate intensities (green

gradients) overlaid with polarization ellipses indicating right-handed (red), left-handed
(blue) and linear (orange) polarizations.
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FIGURE 5.2: Vectorial light through a tilted lens. (a) The experiment has four stages: a gener-
ation stage to create the vectorial fields, a perturbation stage to pass it through a perturbing
medium, and two detection stages to perform Stokes projections and modal decomposition.
The insets show the initial £ = £1 (left panel) and ¢/ = +4 (right panel) beams at plane Z,.
(b) Ilustration of the propagation through a tilted lens, with exemplary measurement planes
indicated as Z; through to Z3. (c) The output ¢ = £1 and ¢ = +4 beams at these distances,
confirm that the spatial structure alters with distance but that the vectorness (the inset num-
ber to each beam frame) does not, remaining above 93%. The optical elements comprise a
HWP: half-wave plate, PBS: polarising beam splitter, Pol: polarizer, BS: beam splitter, QWP:
quarter-wave plate, and CAM: camera, with the laser at wavelength A = 633 nm. All beam
profiles are shown as false colour intensity and polarization maps.

exercise. An open question is whether distortions acting only on the spatial DoF
would keep the entire structure of the vectorial light field intact? It has been argued
that the unaffected DoF acts as an anchor of sorts, keeping the entire field structure
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intact, and sometimes phrased as a ‘topological protection’ of the optical mode when
discussing perturbations that affect the spatial but not the polarization DoF.

To answer this question we employ a quantum framework. We show that a uni-
tary one-sided channel, since it may be written as a positive trace-preserving map,
transforms a vectorial (pure) input state |¥i,) into a vectorial (pure) output state
|¥out). Such a transformation may be expressed as

Your) = (14 ® T) [Yin) , (5.2)

where |¥iy,) is of the form Eqn. 5.1, the identity operator 14 acts on the polarization
DoF A, while the transmission matrix Tp acts on the spatial DoF B. Without loss of

generality, the transmission matrix may be expressed as Tp = %; jt; |u;) <u j|, and for
a unitary channel t;; = . This allows us to write the output state as
[Your) = le1) [01) + [e2) |02), (5.3)

where |v1) = f17 |u1) + tio |u2) and |v2) = t21 |u1) + t2p |u2) . The fact that the channel
is unitary moreover preserves the overlap between the spatial basis states, (v1|v2) =
(u1| TETg |uz) = (uz]uz), and hence the vectorness of the beams. Orthogonal input
modes are transformed into another set of orthogonal output modes, and the vec-
torness remains invariant. We may interpret the action of the channel as a simple
change of basis in the spatial DoF, a rotation of the input basis |u;) into an adjusted
basis set |v;).

The answer to our question is then as follows: the output remains a non-separable
vector beam with the same vectorness as the initial beam. Its spatial structure, how-
ever, including its amplitude, phase and polarization profile, will be altered by the
distorting medium, and our description of the vectorial structure has changed from
Eqn. 5.1 to Eqn. 5.3, expressed in an adjusted basis set |v;). This is a direct manifes-
tation of the Choi-Jamiolkowski isomorphism in quantum mechanics [432], which
establishes a correspondence between a channel operator and a quantum state, so
that a measurement on one returns the other [433, 434]. Applied to classical vecto-
rial light, justified because of its non-separability [340], we find that the channel is
fully described by its action on the vectorial beam, and to measure the beam fully
characterises the channel.

A property of a unitary channel is that the inverse process can be written as
¥in) = (14 ® Tp) ™" [Yout) , (5.4)

because the Hermitian adjoint of the channel operator is simply its inverse, (14 ®
Tg) ! = (1a ® TB)Jr, or in experimental terms: the aberration introduced by trans-
mission through the unitary channel can be undone, when sending the beam back
through the channel. Equations 5.2 and 5.4 suggest that: (i) the vectorial nature of
the final field shares the same vectorness as the initial field, (ii) the mapping results
in a new adjusted basis which can be used for efficient characterisation of the state,
and (iii) since the mapping is unitary it can always be unravelled before or after the
channel in a lossless manner (under idealized measurement conditions). Note that
in this analysis we have not needed to specify details of the DoFs (what the modes or
polarization might look like), nor the channel itself (water, air, etc). We now show-
case this generality through a series of exemplary test cases covering a wide range
of input fields and channel conditions.
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FIGURE 5.3: Impact of scattering across multiple subspaces. (a) The initial vector beam is ge-
ometrically represented by an equatorial state vector of unit length on a single ¢/ = £4 HOPS,
indicative of a maximally non-separable pure state. The experimental basis states are shown
on the poles (as intensities with their respective polarization state on the right) and the vec-
torial sum (amplitude and polarization structure) is shown on the equator. The tilted lens
deforms the initial mode into (b), and this new state can be mapped to multiple HOPSs, each
spanned by a different OAM and radial mode (c). Each of these potentially describes a mixed
state of some degree of non-separability (non-unit and/or non-equatorial state vectors). The
(d) scattering probabilities and (e) phases over the OAM (¢) and radial (p) modes for the
right (left) (R(L)) circular polarization components after the ¢ = +4 vectorial field traverses
the tilted lens channel. The right and left components have equivalent scattering probabili-
ties. There are N = 5 states, (¢, p), with non-zero probabilities and N(N — 1) /2 = 10 pairs of
multiple subspaces that can be formed. (f) The pairs of states constituting the subspace and
corresponding VQF for the vector field in that particular subspace can be represented with
a graph having a set of vertices (as the contributing states) connected by weighted edges,
respectively. The weights of the edges correspond to the VQF.
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5.1.3 Experiment

To generate vector beams we used the setup shown in Fig. 5.2.a. A horizontally
polarized Gaussian beam from a HeNe laser (wavelength A = 633 nm) was expanded
and collimated using a 10x objective and a 250 mm focal length lens. The expanded
beam was then passed through a HWP before being separated into its horizontally
(H) and vertically (V) polarized components using a WP. The plane at the WP was
then imaged onto the screen of a DMD (DLP6500) using a 4f system. The separation
angle of the polarization components from the WP of ~ 1° resulted in the diffracted
0" order components overlapping. To create a desired scalar component mode of the
form U(r) = |U(r)| exp(i®), where @ is the phase of the field and U has maximum
unit amplitude, the DMD was programmed with a hologram of the form described
in Chapter 2 given by

H= % + %sign (cos (2t +2mG) — cos(mA)) , (5.5)
with G(r) = g-r a phase ramp function with grating frequencies g = (g, &y),
and A(r) = arcsin(|U(r)|)/ 7 and ¢(r) = P /27 are the respective, appropriately
enveloped, amplitude and phase of the desired complex fields at pixel positions
r = (x,y). Holograms for each polarization component (denoted as Hy4 and Hp)
were multiplexed on the DMD, where the grating frequencies (g, g,) could be cho-
sen to cause the H polarized 1% diffraction order from Hy and the V polarized 1%
diffraction order from Hp to spatially overlap. This combined 15t order contained
our vector field which was subsequently spatially filtered at the focal plane of a 4f
imaging system and imaged onto a second DMD. The second DMD was addressed
with a single hologram of the same form as H4,p onto which the turbulence phase
screens, along with any correlation filters were encoded (a QWDP, was used to convert
H and V polarization to R and L respectively). Polarization projections were made
using a LP and a QWP before the second DMD. The intensities at the Fourier plane
were captured using a CCD (FLIR Grasshopper 3) placed at the focal plane of a 2f
imaging system.

We measured the non-separability of the vector beams in a basis dependent and
independent approach using Stokes parameters and modal decomposition, respec-
tively. Firstly, to measure the Stokes parameters, we used the reduced set of four
Stokes intensities, Iy, Ip, Ig and Ij, corresponding to the linearly polarized H, D and
the circular R and L polarizations. From these measurements we extracted the Stokes
parameters,

Sh=Ig+1, (5.6)
St =2Iy— Sy, (5.7)
Sh=2Ip— Sy, (5.8)
Sh=Ig—1I,. (5.9)

The four intensity projections were acquired through the use of a LP (for Iy and
Ip) rotated by 0 and 71/4 radians together with a QWP (for Ir and Ir), oriented at
+7r/4 radians relative to the fast axis. Subsequently, the basis independent VQF

(equivalently non-separability) was determined from V = \/ 1—(S3+53+53)/S3,
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with S; = [ S/(r)dr being the global Stokes parameters integrated over the trans-
verse plane.

For the basis dependent approach, the overlap between orthogonally polarized
projections of the field in question was used as a measure of non-separability, with
unity overlap signalling that the field is completely scalar, while a zero overlap in-
dicated a maximally non-separable vector field. This overlap can be characterized
by the magnitude of the Bloch vector, s, lying on the surface of a sphere spanned
by superpositions of a chosen pair of basis states |;,). The magnitude can then
be seen as a sum-in-quadrature of the Pauli matrix expectation values (0;), as their
operation on the basis states gives the unit vectors of the sphere. We can determine
these expectation values using projections (P| into superpositions of the spatial basis
components described by

(P| = ;1] + Bj(¢a] . (5.10)

With (¢, 8) = {(1,0),(0,1), 75(1,1), J5(1,—1), 5(1,1), J5(1,—i)} for both |R)
and |L). These 12 on axis intensity projections are used to calculate the length of the
Bloch vector according to

(1) = (i3 + I3) — (l1a + D), (5.11)
(02) = (s + Ios) — (I + D6, (5.12)
(03) = (In + Io1) — (I + I2), (5.13)

where the i index of I;; corresponds to the (R, L| polarization projections and the
j index represents the spatial mode projections defined above. The nonseparabil-
ity is then given by V = v/1 —s2. In this work the projections into the right- and
left-circular polarization components was achieved using a LP and QWP. The sub-
sequent spatial mode projections were performed using a correlation filter encoded
into a DMD, and a Fourier lens to produce on-axis intensities [;;.

To determine the adjusted basis, the complex amplitude of an aberrated probe
tield \‘F)probe needs to be measured. This field was approximated using a maximum
likelihood estimation procedure, where far field intensities of the right- and left-
polarized components of the ideal vector beam through turbulence were captured:

I}I){rébe - <R' L|ll)(k = O)>probe : (514)

Where |ip) . denotes the Fourier transform of [¥),,,,. and k = (kx, ky). Simu-

lated Fourier intensities, |¢) ..., of ideal beams modulated by a phase (modelled by
possible weighted combinations of Zernike polynomials Z;),

¥ i1)pern = exp( Yoz ) ’LGﬂ> (5.15)

were generated (spatial dependence has been omitted). The set of coefficients c;
which lead to the lowest square difference in intensity between the experimental
and simulated cases,

XZ = (Iprobe Igern) + (Iprobe Iéern)2 ’ (516)
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was used to determine the required basis for recovery of the initial beam.

5.1.4 Results

To validate the idea, we built the set-up shown in Fig. 5.2.a, first creating our test
vectorial fields before passing them through some perturbing medium. Without
any loss of generality, we chose the left- and right-circular basis, {|e;) = |R) and
leo) = |L)}, for the polarization DoF and spatial modes imbued with OAM follow-
ing {|u1) = |¢) and |up) = |—¢)}, with /£ the topological charge, forming the topical
cylindrical vector vortex beams [310]. The resulting vectorial field was then anal-
ysed by both Stokes measurements and modal decomposition. The superimposed
intensity and polarization profile of the initial beams (no perturbation) are shown in
the inset of Fig. 5.2.a for / = 1 and ¢ = +4, both with a radial mode of p = 0, with
corresponding mode numbers N = 2p + |{| + 1 of 2 and 5 respectively.

Next, we pass these beams through a highly aberrated system, a tilted lens, illus-
trated in Fig. 5.2.b. This is known to severely distort OAM modes [435] and is rou-
tinely used as an OAM detector by breaking the beam into countable fringes [436].
The results at illustrative distances (Z; to Z3) after the lens are shown in Fig. 5.2.c, for
typical tilt angles up to 15° (adjusted to significantly distort the beam). The super-
imposed intensity and polarization profiles reveal that while the vectorial structure
distorts as one moves towards the far-field, the inhomogeneity as measured by the
vectorness does not, corroborated by the vectorness of each beam (reported in the
insets), all remaining above 93%, i.e., remaining fully vectorial as predicted by the
unitary nature of the channel.

In contrast we see that the intensity profiles change morphology, and concomi-
tantly polarization structure. This change can be explained by the coupling of modes
outside the original subspace by virtue of the channel operator: the channel scatters
the original OAM modes into new mode sets that maintain the same mode number
as the input modes. We can visualise this using the HOPS, a geometric representa-
tion of vectorial structured light [437, 438], as discussed in Chapter 2. The case for
¢ = +4 is shown in Fig. 5.3 as an illustrative example. The initial cylindrical vector
vortex beam is visualised as an equatorial vector of unit length (a pure state), shown
in Fig. 5.3.a. The channel (our tilted lens) maps this initial state to a new field, shown
in Fig. 5.3.b, expressed across multiple HOPSs, illustrated in Fig. 5.3.c.

The new HOPSs are made up of all modal pairings that have non-zero modal
powers (scattering probabilities). We quantify this by reporting the scattering prob-
abilities and phases for every subspace, shown in Figs. 5.3.d and e, respectively.
The initial modes ({j, = 4, pin = 0) now only contain ~12% of the total modal
power, with new modal subspaces emerging to carry the rest. The HOPSs are made
of pairings of these modes, one on each pole, but not all contribute to the vector-
ness. To determine the contributing pairs, we measure the vectorness for every pos-
sible pairing (there are N(N — 1) /2 = 10 possibilities), with the results shown as a
graph in Fig. 5.3.f. In the graph, each vertex corresponds to a non-zero state from
(d) and the edges represent possible pairings to form a HOPS. The weight of each
edge corresponds to the vectorness of that pairing. The initial subspace (+4,0) is
no longer a non-separable state, with a vectorness of 0, while some of the new sub-
spaces (new HOPSs) can be as high as 98%, i.e., pure vectorial states. The graph can
be re-arranged with the zero weighted edges removed to reveal a K3 ; bipartite graph
structure with two independent vertex sets, i/ = {(£4,0),(2,0)}and V = {(£2,1)},
connected by 6 edges. The notation K3, indicates that the graph is complete (i.e., all
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FIGURE 5.4: The unitary channel mapping and its inversion. The unitary channel (tilted
lens) 14 ® Tp maps the initial ¢ & 4 vector field from the equator of its corresponding sub-
space onto a new HOPS spanned by an adjusted basis (shown as experimental images on the
poles) where the vectorial structure is also a maximally non-separable pure state. (a) shows
the ¢/ = 4 example and (b) the { = £1 example. Because the unitary channel is a change
of basis, the inverse (14 ® Tg)" can be applied to map the field back to the original sphere.
In (c) the state (14 ® Tp)" |¥;n) is inserted as a pre-channel correction, resulting in the initial
field |¥in) as the output, shown here for ¢ = +4. In (d) post-channel correction is achieved
on the output, shown for ¢ = +1, where the operation is simply a quarter waveplate, since
14 ® Tp = T4 ® 15 for this subspace.

vertices in each vertex set is connected to all vertices in the other) while the sub-
scripts indicate the number of vertices in each set. Thus of the 10 unique subspaces
created from the five scattered modes, only six are non-separable states, occurring
for mapping combinations of states between / and V. One can appreciate that this
becomes ever more complicated as the complexity of the medium (and modal scat-
tering) increases.

From this conventional perspective the situation is complicated, but only because
the original (OAM) basis modes ({|u1) = |¢) and |uz) = |—¢)}) are used to form the
HOPSs. We offer a simplification by recognising the unitary nature of the transfor-
mation: one can visualise the action of the channel as a mapping (after the channel
operation (14 ® Tp) to a single HOPS spanned by the new vectors forming an adjusted
basis, |v1) and |v2), shown in Fig. 5.4.a. This mapping is a result of channel state du-
ality, where the new spatial basis states that the non-separable vectorial field maps
onto are isomorphic to the basis states of the unitary channel operation [432]. In this
new HOPS the state vector is again maximally non-separable and pure. The new ad-
justed basis states are complex structured light fields (one may say distorted modes
due to the noisy channel), shown as experimental images on the poles. In some spe-
cial cases the mode may be recognisable: for the ¢/ = +1 state shown in Fig. 5.4.b the
mapping returns the Hermite-Gaussian modes as the adjusted basis. This is a special
case resulting from the symmetry of the example. Pertinently, the initial state vector
in the original HOPS, and the new state vector in the adjusted HOPS are both equa-
torial and of unit length, representing a maximally non-separable pure state. This
means that the vectorness remains intact, even if the polarization structure looks
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rather different. Our framework explains why the polarization structure appears to
change (a change in HOPS) yet the inhomogeneity does not (the same state vector in
each HOPS). This type of invariance to channel noise, also observed in rotationally
invariant quantum states, has been exploited to demonstrate robust quantum-key
distribution over a 210 m free-space link [439].

Since the mapping is unitary it is possible to invert the action of the channel ei-
ther as a pre-channel action or post-channel correction, both lossless; conveniently,
the experimental steps to determine the channel unitary are straightforward: modal
and Stokes projections, and may be implemented in a variety of ways, including so-
phisticated state-of-the-art adaptive approaches [345, 440, 441]. Using a pre-channel
corrective step, we insert the adjusted basis vectorial mode into the tilted lens and al-
low the aberrations to unravel it back to the original initial state, shown in Fig. 5.4.c.
For the ¢ = £1 example the required inversion operator is just a quarter wave plate,
which can be derived analytically from Eqn. (5.4). The counter-intuitive notion that
a polarization element can be used to correct a channel that acts only on the spatial
mode DoF is explained by the fact that the channel correction, (14 ® Tg)"(14 ® Tp)
can be rewritten as T:[‘ Ta® Tg Tg = (Tj‘ ®1p)(Ta ® 1p), so that the post-channel
unitary, T§ = T}, can be applied to the polarization DoF for ¢ = %1 (not in gen-
eral for all modes as this is a special case). The impact of this unitary is shown in
Fig. 5.4.d as a post-channel correction, restoring the full vectorial initial state.

Given that the state vector after the channel lives on many HOPSs in the original
basis, {|u1) and |u2) }, but only one HOPS in the adjusted basis, {|v1) and |v) }, it is
pertinent to ask in which basis (or HOPS) should one make the vectorial measure-
ment? In the quoted vectorness values thus far, we have circumvented this problem
by using a Stokes measurement approach to extract the degree of non-separability
[67], with the benefit of sampling in a basis-independent fashion. In contrast, many
measurements of structured light are basis dependent, e.g., in classical and quan-
tum communication, where the basis elements form the communication alphabet.
In Fig. 5.5.a we show the outcome of a basis-dependent vectorness measurement in
the original basis and in the adjusted basis, using the tilted lens as the channel. We
see that for some symmetries the choice of basis has no impact on the outcome, as in
the case of ¢ = 1, while for other vectorial fields the impact is significant (¢ = +4).
It should be noted that the / = +1 beam through a tilted lens is a special case, be-
cause in modal space the state vector has simply been rotated. In general, it is the
adjusted basis that always reveals the invariance of the vectorness. The failure of
the measurement in the original basis is easily explained by the concatenation of the
measurement subspace to just one of the many HOPSs in which the state resides, and
the consequent reduction of the state vector to a mixed and separable state because
information is lost to other OAM subspaces.

To make clear that the tilted lens is not a special case, we alter the channel to
atmospheric turbulence simulated on a SLM, and this time measure the vectorness
as a function of the turbulence strength in the original basis and in a basis indepen-
dent fashion, with the result shown in Fig. 5.5.b. We find that a measurement in the
original basis shows a decay in the vectorial nature of the light as the turbulence
strength increases, whereas the basis-independent approach reveals the unitary na-
ture of turbulence: while the spatial structure is complex and altered, its vectorness
remains intact and invariant to the turbulence strength. Here, all the measurements
were performed in the far-field, so that the phase-only perturbations manifest as
phase and amplitude effects. We clearly see the paradox: the vectorial structure can
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FIGURE 5.5: The choice of measurement basis. (a) Measurement of the vectorness in the
original (Ori.) and adjusted (Adj.) basis { = %1 (left) and ¢ = +4 (right) in the far-field
of the tilted lens. (b) Measurement of the vectorness of an initial / = +1 mode through
experimentally simulated atmospheric turbulence as a function of the turbulence strength
(D/rp). A basis-dependent (BD) measurement in the original basis (¢ = £1) shows a decay
in vectorness, while the basis-independent (BI) approach reveals an invariance. Experimen-
tal data (points) show excellent agreement with theory (dashed curves). The insets show the
left (red) and right (blue) polarization projections on the £ = 1 modal sphere for three ex-
ample turbulence strengths (low, medium and strong). Each point on the spheres represents
one instance from the experimental turbulence ensemble. Error bars are plotted as standard
deviations from 50 instances of simulated turbulence.

appear robust or not depending on how the measurement was done. This result
highlights the important role of measurement in determining the salient properties
of vectorial light fields.

The inset spheres in Fig. 5.5.b show the left (red) and right (blue) state vector pro-
jections on the ¢ = £1 modal sphere [442] for low, medium and strong turbulence.
Each instance of a turbulence strength is a red (blue) point, the scatter of which and
deviation from the poles is indicative of modal cross-talk. This is a visual representa-
tion of why the vectorness decays when one considers only one sphere in the original
basis: the original states are orthogonal (points on opposite poles with little scatter)
but as turbulence increases they disperse across the sphere, resulting in superposi-
tions of OAM, which become maximally mixed. For example, looking only at the ¢/ =
+1 subspace, the state may evolve following (ignoring normalisation): |R) |1) —
IR)|1) +1|R)|—1) and likewise |L) |-1) — |L)|—1) —i|L)|1). The original vec-
torial state becomes |R) |1) 4+ |L) |—1) — |L) |-1) +i|L) [1) + |R) |1) + |R) |-1) =
(IR) +1i|L))(|1) + |—1)), which is a scalar, diagonally polarized, Hermite-Gaussian
beam with a vectorness of 0. One can deduce from this simple example that if only
some modal spaces are considered in the beam analysis, then vectorial modes can
reduce to scalar modes, but not vice versa.
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FIGURE 5.6: Unravelling turbulence. Cross-talk matrices for preparation and measurement
in the original basis for (a) no turbulence and (b) medium turbulence (D /rg = 1.6). (c) Mea-
suring or (d) preparing in the adjusted basis removes the cross-talk. (e) The unitary action
of the channel distorts the polarization structure of the initial beam but not its vectorial ho-
mogeneity, with the vectorness given in the insets. Below the polarization structure are the
spatial modes composing the original basis (11 ») and perturbed basis (v; ») along with their
polarization states |R) and |L). (f) The unravelling of the turbulence by a lossless unitary ap-
plied pre-channel, restoring the initial beam after the turbulence. The adjusted basis modes
(v ») and the corrected basis modes (u1,2) are shown below the polarization structures with
their respective polarization states. In (g), an image (left) encoded in the original basis is dis-
torted after transmission through moderately weak (middle) and medium (right) turbulence
characterized by D/ry = 1 and D/ry = 1.6, respectively. The same image is transmitted
through the channel but decoded in the adjusted basis, for distortion-free communication,
shown in the insets.

[R)[uy) |L)|us) [R)|v4) [L)]v,)

In Figs. 5.6.a and b we show typical cross-talk matrices with and without turbu-
lence, respectively, where the input and output modes are both expressed in the orig-
inal basis, {|R) |u1),|R) |u2),|L) |u1),|L) |uz)}. The cross-talk in (b) is deleterious
for both classical and quantum communication. However, the unitary nature of the
channel means that there is an adjusted basis, {|R) |v1),|R) |v2),|L) |v1),|L) |v2)},
where the state vector is pure. Consequently, a post- or pre-channel unitary can
undo the action of the channel, removing the cross-talk, as shown in Figs. 5.6.c and
d. The post-channel unitary is simply a measurement in the new adjusted basis,
requiring nothing more than a change to the detection optics (holograms in our ex-
ample) based on the channel under study. In Fig. 5.6.d, the preparation optics are
programmed to prepare the state in the adjusted basis, but measure it in the original
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basis, once again returning a cross-talk free result. While the action of the channel is
to distort the initial beam, as shown in Fig. 5.6.e, the channel action can be reversed
as shown in Fig. 5.6.f, restoring the initial beam. This is a visualisation of the low
cross-talk matrix in Fig. 5.6.d: sending in the adjusted basis but measuring in the
original basis. The scalar version of the basis modes are shown in Figs. 5.6.e and f as
insets below each polarization profile, starting with the original modes, which be-
come perturbed due to turbulence. The adjusted basis, with scalar versions shown in
the insets of Fig. 5.6.f, maintains the orthogonality of the modes, and shows the key
to the restoration of the initial field. When the adjusted basis is the input, the output
is the corrected mode in the original basis. These results suggest that cross-talk free
communication is possible with a judiciously selected basis set for the preparation
or measurement, exploiting the fact that the vectorial state is intact in the adjusted
basis. We use this fact in Fig. 5.6.g to encode graphical information using our modal
set, send it across the channel, and decode it on the other side. Turbulence causes
cross-talk, distorting the image, but this can easily be overcome by simply decoding
(measuring) in the adjusted basis, with results shown for medium and strong turbu-
lence. A measurement in the adjusted basis reveals minimal modal decay, minimal
cross-talk and high-fidelity information transfer across this noisy channel, with the
small deviations due to experimental imperfections. It is worth noting that if the
channel conditions change dynamically, probes will need to be sent at a rate compa-
rable to the channel.

Finally, in Fig. 5.7, we show results that highlight the power and versatility of
this framework, and the importance of its implications. The central message is the
invariance of the polarization inhomogeneity of vectorial light in a wide range of
complex media. In Fig. 5.7.a we report results on a 200 mm physical path through
a heated channel where the induced temperature gradients in the air path results in
optical distortions (measured in the far field). Although the medium is dynamically
changing, in principle in some unknown manner, the vectorness remains intact, a
fact tested across multiple input vectorial states and shown in the middle panel for
¢ = £10. Data was collected at ~ 38 Hz, with the inset showing a zoomed time
window. Controlling the source temperature to alter the aberration strength does not
alter the vectorness, shown for / = +1 and ¢ = £5 examples in the right panel. We
also show results measured in the original modal basis: in this case the invariance is
lost, again confirming the important role of measurement in the context of vectorial
light.

In Fig. 5.7.b we deliver a radially polarized vectorial beam through a setup for
optical trapping and tweezing, and introduce aberrations into the path. We show
that without any correction the trap stiffness (a measure of how good the trap is) de-
creases by 10 x; after applying a pre-channel unitary transformation we can recover
most (6x) of the original trap performance, as illustrated by the restricted motion
of the particle in the trap. In our case the adaptive optical routines were rudimen-
tary whereas the state-of-the-art vectorial adaptive solutions [345, 440, 441] promise
a much enhanced performance and potentially full recovery.

So far all the channels have acted on the spatial mode and left the polarization
as the unaffected DoF. In Fig. 5.7.c we show results after passing ¢ = +1 vectorial
beams through a 1 m length of few-mode optical fiber, stressed and bent to induce
polarization coupling. The output beams were measured in both the original basis
and adjusted basis, with the cross-talk matrices shown for both in the bottom pan-
els. The results show high cross-talk when measured in the original basis (Fidelity
of 39%) and minimum cross-talk when measured in the adjusted basis (Fidelity of
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FIGURE 5.7: Real-world channels. (a) Measured VQF as a function of time for an ¢ = +10
beam over a temperature controlled hot plate (= 200 mm path), with the inset showing a
zoomed time window. The right panel shows the averaged VQF for particular temperature
settings for { = £1 and ¢/ = £5 beams, showing the invariance of the vectorness for a
basis independent (BI) measurement, and a decay when measured in a basis dependent (BD)
fashion. (b) Particle movement (measured in x and y co-ordinates) in an optical trapping and
tweezing system shows a trap stiffness decrease by 10x when aberrated, recovering by 6 x
when a pre-channel unitary is applied. (c) Delivery of vectorial light through a 1 m length
of few-mode optical fiber shows a low Fidelity of 39% due to cross-talk when measured in
the original basis, but increasing to 90% when measured in the adjusted basis. (d) After a 50
mm passage through a liquid medium, the vectorness remains intact (for input VQF of 0.5
and 1) even for chiral media such as D-Limonene. The graph shows VQF measurements for
¢ = £2 and ¢ = £5 through various liquids. The insets in the right panel show ¢ = £20 and
¢ = £50 output beams after the D-Limonene sample, both with a VQF above 0.99 (measured
in a basis independent manner).

90%), confirming that there is a new HOPS where no correction is needed in order to
recover the information carried by the state, important for optical communications.

Finally, in Fig. 5.7.d we show results after passing vectorial beams through liquid
media of 50 mm length, from water to the chiral media of D-Limonene and Sucrose.
In the chiral media, the polarization is the affected DoF, with a local polarization
rotation of about 40°, as can be seen in the example data included in the left panel.
Regardless of the medium and input beam type, the vectorness remains invariant.
The graph (middle panel) shows results for / = +2 and ¢ = £5, with input VQFs of
0.5 and 1. The insets on the right show ¢/ = £20 and ¢ = £50 output beam profiles
from the D-Limonene medium, both with a VQF above 0.99.
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5.1.5 Discussion and Conclusion

Our results show that vectorial structured light in complex media will evolve from
the near-field to the far-field, generally appearing spatially distorted in amplitude,
phase and polarization structure, although unaltered in vectorial inhomogeneity.
This is explained by the unitary nature of such channels, mapping the state from
a HOPS spanned by the original basis to a new HOPS spanned by an adjusted basis,
as if only our perspective has altered. Any measurement in the original basis will
show an apparent decay of the vectorness in strongly perturbing media even though
the degree of polarization remains intact - a hidden invariance that can be observed
through a judicious measurement. The role of measurement in quantum studies is
well appreciated, and here too the vectorness of a classical beam can be found to
be high and low, seemingly contradictory outcomes, yet both equally valid based
on the choice of measurement. This is not only of fundamental importance but also
of practical relevance: we have shown how to make a basis choice for preparation
and/or measurement to negate modal cross-talk, with obvious benefits in classical
and quantum communication across noisy channels, as well as in imaging through
complex media. Recent studies on characterizing multimode fibers for imaging ap-
plications offer powerful methods to characterize channels to ensure measurements
are done in a manner which preserves information fidelity [443, 444].

The argument for robustness of vectorial light in channels where the polariza-
tion is not directly affected is egregious: our quantum notation makes clear that the
entire state is altered since its two DoFs are non-separable, in the same way that a
true bi-photon quantum state is altered if just one of the two photons is perturbed -
both examples of one-sided channels. Our statement is corroborated here by theo-
retical examples and experimental proof, particularly illustrated by the example of
operating on the “unaffected” polarization DoF to correct the entire vectorial state.

Our analysis has considered unitary complex channels where one of the two
DoFs is unaffected, covering a myriad of practical cases. These include channels
with absolute losses (the same for each mode), which can be accounted for by a
renormalisation, while reduced amplitudes and adjusted phases due to modal or
polarization cross-talk are fully accounted for in the theory. We remark that not all
channels are one-sided and unitary, for example in strongly scattering biological sys-
tems [445]. Although scattering can in many cases be reversible and thus handled
by our theory, there are cases when this will not be true. Here it is the relative modal
losses of the initial states, say |L) |¢) and |R) |—/), that breaks the reversibility, of-
ten due to detection that is either time averaged or inefficient: not all the light is
collected, and the deficiency is mode dependent. Such cases may be handled by
extending the applied quantum toolbox to cover a two-sided channel, and to intro-
duce tools for mixed quantum states, e.g., quantum state tomographies and purity
measures, to cover the non-unitary channels. We also point out that the decay dy-
namics of the channel can be determined from a non-separable state irrespective of
whether the channel is unitary [433]. Thus while the invariance of the vectorness
requires that the channel is unitary, the pre- and post-channel correction does not,
although it may no longer be lossless. Our work has already revealed the benefit of a
quantum framework applied to classical vectorial light, and thus one can anticipate
further benefits and insights as the scope is extended.

In conclusion, we have provided a general framework for understanding the im-
pact of aberrations on vectorial light fields, in doing so revealing the unitary nature
of many complex media. Our work resolves a standing debate on the robustness of
vectorial light in complex media, and will be invaluable to the exploding community
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working with vectorial structured light and its applications.

5.2 Using our digital tools to achieve robust communication
through turbulent free-space

5.2.1 Introduction

FIGURE 5.8: Modal vectorness for multi-bit encoding. Conceptual visualization of a se-
quence of vector beams with tuneable vectorness (denoted as C). Each C value is binned into
the user-defined basis allowing for the received C to map to a bit-string of length determined
by the basis choice. After propagating through an aberrating channel (e.g. atmospheric tur-
bulence, underwater, single-mode fiber or even transparent cellular material) the intensity
and polarization profiles of the beams are distorted, however the C is left unaffected.

Optical communication has been an integral part of human society since recorded
time, initially visual and thus free-space based, with wire-based solutions only emerg-
ing 200 years ago, from copper wire to modern day fiber optics. Today, our optical
communication solutions are rapidly reaching their capacity limit [446, 447], requir-
ing new DoFs for packing information into light. Here so-called structured light
comes to the fore [11], where light’s spatial DoF is used in space division multiplex-
ing (SDM) [448] and MDM (as discussed in Chapter 1) [449], for more channels and
more capacity per channel, with significant advances over recent years [450, 451].
Topical among the multiplexing techniques is the use of OAM modes, with excel-
lent reviews available on the topic [452-454]. For instance, in free-space reaching
petabits-per-second data rates in the laboratory [455] and 80 gigabits per second
over 260 metres [456] while advances in optical fiber have shown 1.6 Tbit/s OAM
communication over kilometer lengths with a custom ring core fiber [457]. In both
these channels, modal cross-talk is a limiting factor.



Chapter 5. Unitary invariance of vectorial light and how it can be exploited for

108 .
robust communication

Atmospheric turbulence induced modal scattering in free-space links is a partic-
ularly severe example [15, 458—465], impeding classical and quantum communica-
tion links with structured light to only hundreds of meters [456]. To mitigate this,
there has been active research in searching for robust states of structured light in
turbulence, including Bessel-Gaussian [122, 466—476], Hermite-Gaussian [477-480],
Laguerre-Gaussian [481-485] and Ince-Gaussian [486] beams, but none have shown
to be robust in laboratory and real-world experiments. This can be explained best
from the perspective of OAM: the atmosphere itself can transfer OAM to and from
the beam, so that all beams will be affected equivalently regardless of their initial
structure [487]. The utilization of other DOFs such as time binning with appropriate
unbalanced interferometric detectors has shown some resilience in turbulence and
fiber quantum key distribution experiments [488, 489]. A recent development has
been the creation of vectorial combinations of OAM, for vector vortex light [39, 310]
with inhomogeneous polarization patterns, and these too have found applications
in optical communication, both classical [405, 490] and quantum [131, 341, 491, 492].
Unfortunately they have been found not to be resilient in turbulence [18, 340, 423—
425], a fact that has been generalised to many different channels, revealing that the
vectorial nature of such light remains invariant even as the spatial pattern itself al-
ters [365]. It is this “altering” or distorting of the pattern that impedes MDM, since
its very premise is to “recognise” the original pattern in its undistorted form.

Here we present a novel approach to exploiting MDM in optical communica-
tion, foregoing the discrete modal basis of MDM and instead exploiting the polar-
ization inhomogeneity (vectorness) of vectorial light as an encoding basis in a man-
ner that does not require the mode itself to be recognised: a modal basis without
the penalty of a modal detection. Similar to amplitude, it spans 0 (scalar light) to
1 (fully vectorial) but with the pertinent benefit that the full range can be used as
a high-dimensional alphabet, rather than the two dimensional (on/off) amplitude
alphabet. Because the vectorness is an invariant quantity, it remains intact even in
the presence of aberrations, where all parties will receive the same information re-
gardless of their particular channel conditions. This implies the potential for optical
communication free of channel noise without the need for adaptive optics or digital
corrective procedures. We demonstrate our encoding scheme on a highly-aberrated
channel of dynamically changing atmospheric turbulence, chosen as an extreme ex-
ample of a noisy channel, showing correction-free data transmission under a wide
range of conditions, with the dimensionality of the encoding primarily limited by
detector noise. Our approach replaces conventional amplitude modulation with a
modal alternative for potentially orders of magnitude channel information enhance-
ment, offering a new approach to exploiting structured light for optical communica-
tion.

5.2.2 Concept

Our technique involves exploiting the spatial mode basis using vector fields of the
form

¥) = Valy.)[H) + V1—alp_)|V), (5.17)

where |1 ) represents any pair of orthogonal spatial modes, |H(V)) are the hor-
izontal(vertical) linear polarization Jones vectors and the real amplitude determined
by a ensures that the total power in the field remains constant for a € [0,1]. Such
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FIGURE 5.9: Experimental demonstration. a) Diagram showing the setup used to gener-
ate vector fields with tune-able concurrence (EMITTER) and measure the concurrence (RE-
CEIVER) after propagating through heated air (CHANNEL) - [L; - lens, HWP; - half-wave
plate, WP - Wollaston prism, DMD; - digital micro-mirror device, LP - linear polarizer, CCD
- charge-coupled device]. b) Exemplar multiplexed binary amplitude holograms used to
holographically control the concurrence of generated beams via weighting parameter 4 - as-
sociated bit strings are displayed. c) Exemplar Stokes intensities which are integrated over
the dashed circles in order to calculate the concurrence [Py - horizontal, Py - horizontal, Pp
- diagonal and Py - right-circular polarization integrated powers].

beams are ubiquitous, and in particular are the natural modes of both optical fiber
and free space when |.) are chosen appropriately [39]. It has been shown that
fields of this type have a degree of non-separability in their spatial and polarization
DoFs which can be quantified using a quantum inspired metric (the concurrence),
termed the VQF [66, 493], and which we will refer to as the vectorness for short. The
concurrence, C, for the field in Eqn 5.17 is given by [494]

C =2/ (@) (W) — [ ly) 2, (5.18)

which reduces to C = 2|y/a(1 — a)|. We see that the weighting parameter a allows
C to be varied monotonically from a minimum value of C = 0, which represents
completely scalar fields (homogeneously polarized), to a maximum of C = 1 which
represents fields with maximally non-separable spatial and polarization DoFs (in-
homogeneously polarized), with the required amplitude modulation trivially found
from

0= %(1 + V=), (5.19)

Note that both C and a span from 0 to 1, but the invariance of C allows us to use
it as a multi-bit encoding basis. This is because all measures of C will agree on the
value regardless of the detector type (and we will show, regardless of the channel
conditions), a property inherited from its quantum-inspired description. This is in
stark contrast to a measurement of the amplitude, a, directly, where disparate de-
tector efficiencies and channel noise/loss mean no universal agreement on 4, thus
reducing the full multi-bit bandwidth spanning 0 through to 1, to just 0 or 1 (one
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bit) for light or no light. To use the vectorness as measured by C as an encoding
basis we can assign unique information to values separated by AC, for N =~ 1/AC
as the number of elements in the basis (we will return later to how small AC can
be). This allows us to transmit d = log, N bits per on/off pulse, rather than the
one bit with the traditional non-modal amplitude approach. We illustrate this con-
cept in Fig. 5.8, where initial modes (IN) are passed through an aberrating channel
and emerge distorted (OUT). Although the spatial mode structure appears scram-
bled and would have high modal cross-talk, the vectorness remains intact with no
cross-talk, and can therefore be used as a multi-bit encoding basis. Here concurrence
values of C = {0,0.33,0.66,1} are used with N = 4 as an example. Although in the
remainder of this paper we will use turbulence as our example channel, it could be
optical fiber, underwater or cellular media too, as illustrated in Fig. 5.8. It is worth
noting that an infinite set of modes can have a given C value, and that modes with
different values of C are not orthogonal to each other. Our choice to refer to our
encoding alphabet as a basis is made to allow for an easy comparison to alternatives
such as MDM.

Now that we have defined how we construct a communication basis from the
concurrence of classical vector beams, we can investigate how this basis responds
to propagation through the atmosphere where spatially varying air densities due
to both pressure and temperature variations induce a spatially varying refractive
index according to the Gladstone-Dale law. We select turbulence as an example only,
chosen because it represents a particularly dynamic and extreme distorting medium.
We can express the total phase change, ®(7r), through a width of turbulent medium
using the thin screen approximation [495]. This phase acts only on the spatial DoF
via the operator in the position basis Pp = [ €/®")[7r) (Fr|dFr. We also choose to
allow propagation to the far-field for phase-only distortions to become phase and
intensity fluctuations, modelled by using a Fourier transform operator F. We thus
express our field after propagating into the far-field through turbulence as

|p+) = FPo|t1) . (5.20)

We can now take note of an important property of this transformation, namely,
that it is unitary and therefore preserves inner products such that (¢ |¢p+) = (P |¢p+)
and (¢+|¢p+) = (Px|p+) . From Eqn 5.18 we see immediately that this implies the
invariance of the vectorness (concurrence) to this channel, and obviously extended
to other similar transformations. The result of this is illustrated in Fig. 5.8, where
the vectorness and the bit-strings they are mapped to are unchanged through the
channel, even though the intensity and polarization profiles are severely distorted.
This theoretical concept reveals the potential of vectorness as a robust multi-bit in-
formation carrier.

5.2.3 Experiment

In order to demonstrate the effective high dimensional information transfer using
concurrence as the communication basis, we utilized the setup shown in Fig. 5.9.a.
A Gaussian beam produced by a HeNe laser (wavelength 633 nm) was expanded
and collimated using lenses L; and L, respectively. The plane of polarization was
converted to 45° using a HWP; before passing through a WP which separated the
horizontally and vertically polarized components of the expanded beam at an angle
of ~ 1°. The plane at the WP was imaged onto the screen of a DMD; using a 4f;
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imaging system. DMD; was addressed using two multiplexed binary amplitude
holograms of the form discussed in Chapter 2

. 1 1. . B )
Ha/p(7) = 5T ESlgn[COS((PA/B(rT) +2m(ga/B W))

— cos(arcsin(A4/5(71)))], (5.21)

facilitating the modulation of the complex field U4 5 = A 4,pe'?4/8, where §§‘/ B =

(g4/8, gﬁ/ B) are grating frequencies [51]. In order to control the relative amplitudes
of the resulting beams, complimentary weighted random matrices were multiplied
to H4 /p according to the method outlined in Ref. [496]. Examples of the multiplexed
gratings corresponding the different concurrence values are shown in Fig. 5.9.b. By
selecting §4/B appropriately, the +1 diffraction orders of independently modulated,
orthogonally polarized components were spatially overlapped - creating our vector
beam |¥) [165]. For our case |p.) = LG;' were chosen. The combined diffrac-
tion order was isolated using an aperture placed at the focal plane of a 4f, imaging
system - which imaged |¥) onto a second DMD,. DMD, was addressed by simple
binary diffraction gratings which were multiplexed in order to produce four copies
of |¥), these copies were allowed to propagate into the far field through a 200 mm
length of air - heated by a plate at 185°C. Additionally 3 of the 4 paths were each
passed through a HWP, 3 (fast axes at 45 and 22.5°, respectively) or a QWP (fast axis
at 45°). Lenses L3 and L4 were used to demagnify the four beams onto a CCD cam-
era, while filtering using a LP (transmission axis at 0°). The intensities projected onto
the CCD correspond to the horizontal, vertical, diagonal and right-circular polarized
components - which allowed for the determination of C [106]. Simulated examples
of the far field Stokes intensities showing the region of integration (dashed circles)
are given in Fig. 5.9.c.
The Stokes measurements were used to calculate C according to [67]

C =

1- (PH — Pv)2 + (ZPD — Py — Pv)2 + (2PR — Py — Pv)z
(PH + Pv)2 !

(5.22)

where P; = f f LidrT represent the powers obtained from the transversely inte-
grated Stokes intensities, the dashed circle in Fig. 5.9.c indicate the necessary region
of integration.

In order to probe the performance of our encoding scheme along with alter-
natives under controllable conditions we implemented a static turbulence phase
screen, ®(77) which was used to modulate the phase of our beams during their
generation (i.e., on DMDy). The screen was generated using a fast-Fourier transform
technique according to the following expression

®(7r) = Re (F 7 (MyunaV9) ) , (5.23)

where Re is the real-part, M,,,; is a complex Gaussian random matrix centered
at 0 with unit deviation and 0 is the Kolmogorov-Weiner spectrum - conventionally
determined (in pixel coordinates (i, j)) by the following expression



’ Chapter 5. Unitary invariance of vectorial light and how it can be exploited for

11 .
robust communication

11

0(i,j) = 0.023 (f) NG +74)7 5, (5.24)

where D is the hard aperture of the screen and r is the Fried parameter (diame-
ter over which the root-mean-squared wavefront aberration is 1 radian) [497]. It has
been found that Eqn. 5.24 does not accurately model the statistics in the low spatial
frequency region (which is notably dominant in the Kolmogorov regime). In order
to accurately model this region of the spectrum we employed additional subhar-
monic sampling according to the method outlined in Ref. [390] - when calculating
our spectrum. In our experiment we set rp = 1.5 mm.

To facilitate a comparison to OAM based encoding we generated scalar U,,itteq =
LGIII, modes by setting @ = 0 on DMD;. For simplicity only the OAM associated az-
imuthal index / was varied on the interval [—5,5] to form the communication basis
- while setting p = 0. To determine crosstalk between basis elements we utilized
correlation filters encoded on the second DMD; along with the far-field propagation
to perform inner product measurements with each of the basis elements. The corre-
lation filters were implemented according to Eqn 5.21 with U4 = (LG))* - resulting
in the following intensity profile, to be captured in the far-field by the CCD,

. oo 2
IFF = ‘/ uemitted(LG(I))*elznkT.er?T ’ (525)

where it is clear that measuring the on axis intensity in the far-field (i.e., where
kr = 0) results in the absolute-squared inner product between the emitted field and
the given basis element. This procedure is referred to as modal decomposition and
a thorough tutorial is available in Ref. [498].

5.2.4 Results

In order to verify the effectiveness of the suggested encoding scheme, we utilized the
experimental setup seen in Fig. 5.9.a. The vector beams were generated using an in-
terferometer consisting of a WP, an imaging system and a DMD;, where the indepen-
dent complex modulation of horizontally and vertically polarized components of a
diagonally polarized (approximate) plane wave was facilitated by two multiplexed
binary amplitude holograms [165]. In order to control C the relative efficiencies of
the holograms were tuned according to Eqn. 5.19 by varying the amplitude, a, with
exemplar multiplexed holograms for a N = 4 vectorness basis shown in Fig. 5.9.b.
The vectorial beam was passed through a dynamically aberrated channel created by
a heater set to a steady state temperature of T ~ 185°C to induce turbulence in the air
along ~ 200 mm of beam path. The resulting beam was then passed to the detection
system, a custom built single shot Stokes polarimetry arrangement, composed of a
second DMD; encoded with multiplexed binary gratings which diffracted 4 copies
of the vector field into the £1 diffraction orders. The beams were allowed to propa-
gate to the far field for the phase distortion to manifest as both amplitude and phase
distortion. The four copies were then imaged onto the sensor of a CCD camera -
initially a low-cost FLIR Chameleon was used and later replaced by a higher quality
FLIR Grasshopper to highlight the role of detector sensitivity. Prior to the CCD, each
of the four copies were passed through different combinations of QWP and HWPs
and a common LP in order to capture horizontally (Iy), vertically (Iy), diagonally
(Ip) and right-circularly (Ir) polarized Stokes intensity measurements from which
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the concurrence was calculated. Furthermore, the Stokes measurements form an
over-complete set of polarization projections, making our decoding step indepen-
dent of the polarization basis that the modes were prepared in, i.e., the sender or the
channel can alter the polarization basis without any effect on the outcome. Figure
5.9.c shows exemplar Stokes intensities integrated over the dashed region to obtain
associated powers Py y,p,r, from which the concurrence could be determined.
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FIGURE 5.10: Discretized bases, crosstalk and multi-bit information transfer. a) Received

concurrence of an input value varied in 16 discreet steps (insets show partial results for 8

and 32 steps) through still (solid line) and turbulent (dashed line) air. b) Crosstalk matrices

(with associated fidelity) for the emitted and received concurrence through still (top) and

turbulent (bottom) air for bases with N = 8,16 and 32 (left to right). c) 3 Bit (8 level) image

transmitted through still (top) and turbulent (bottom) air - red pixels highlight errors (inset
shows the ground truth image) while the values report the image fidelity.

The key to our proposed technique is that C does not change due to beam dis-
tortions, so that the full range from 0 to 1 can be used in a user-defined number of
steps (N) independent of how perturbing the channel is. This sub-division of the
available encoding space is shown in Fig. 5.10.a for N = 16 (with N = {8,32} in-
cluded as an inset). To indicate the low cross-talk, the transmitted vector beam was
allowed to “idle” at each basis element (delineated into bins shown as shaded bars)
while repeated measurements were taken, confirming only small dynamic changes
in still and turbulent air alike. The robust nature of the encoding is quantified by
the cross-talk matrices in Fig. 5.10.b for up to N = 32, corresponding to 32 vecto-
rial modes, yet with low levels of cross-talk. Finally, we use the system to transmit
information over this dynamically changing turbulent channel with no adjustment
to the received data signal, resulting in the high fidelity images shown in Fig. 5.10.c
for still (top) and turbulent (bottom) air using N = 8. The consistency of the re-
sults under different channel conditions validates the concept. The notable feature
of this approach is that the number of modes used can be tailored up to a maximum
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FIGURE 5.11: Noise, statistical variation and bit-errors. a) Mean received concurrence (over
50 points) per element in the N = 16 basis in both still (circles) and turbulent (triangles)
air, error bars are visible in the inset. b) Distribution of received C values about their target
for two example basis elements both without (top) and with (bottom) turbulence - values
report the mean deviations across the N = 16 basis. ¢) Measured standard deviation for
each element in the N = 16 basis through still and turbulent air, where the large overlap
illustrates the turbulence invariance. d) Theoretically predicted BER as a function of the
statistical spread 6C and basis choice N, the white solid line represents the points where
N6C = 1 and white dashed lines represent the deviations of our receiver under different
channel conditions - §Cyqy; and 6Cyyrp -

Nmax = 1/0C, where 4C is the inherent noise in the system - calculated as the stan-
dard deviation of repeated measurements at a given C. Next, we take a closer look
at this to estimate the potential of the approach and show that, as expected, é6C is
limited primarily by detector noise and not the condition of the channel itself.

We see from the “idling” results of Fig. 5.10.a that the noise of the still and tur-
bulent air are comparable, suggesting that detector noise is the primary cause of the
statistical variation of a given vectorness about the target, as anticipated by theory.
This results in only very small errors between what was emitted and what was re-
ceived, as illustrated in Fig. 5.11.a, for N = 16 as an example, with the small scale of
the deviation shown in the enlarged inset. A statistical analysis of the experimental
noise, shown graphically in Fig. 5.11.b, reveals that 6Cy; &~ 3.7 x 1073 in still air (no
turbulence), which we take to represent the inherent noise of the detection system.
When instantaneous turbulent channel conditions are introduced we observe only
a slight increase in noise to OCuub ~ 4.6 x 1073, which we attribute to the signal-
to-noise limit of our detector, i.e., defocusing aberrations in turbulence leading to a
signal below the noise threshold of the detector. It is notable that a spread in the re-
ceived C due to detector noise is akin to the spectral spread observed in OAM due to
channel aberrations. We confirm too that the noise is not mode specific, as shown by
the small difference in variance with and without turbulence in Fig. 5.11.c. This val-
idates the claim that the minimum subdivision of the encoding space, or maximum
number of modes (or bits), is limited primarily by detector noise and not channel
conditions, contrary to traditional MDM schemes.

To probe the potential of this approach we consider how a given detector noise
limit (6C) and subdivision choice (N) affect the resulting bit-error-rate (BER), using
our turbulence channel as an example. The BER is the ratio of incorrectly received
bits to total transmitted bits and represents how crosstalk in the scheme affects the
information transfer. The results of this are illustrated graphically in Fig. 5.11.d. In
order to quantify the relationship between the cross-talk inducing 6C and the system
fidelity we can analytically inspect the overlap of neighbouring basis elements to



5.2. Using our digital tools to achieve robust communication through turbulent

115
free-space

reveal the BER for a given choice of basis (i.e., N) and 6C

_ o0C |m _n2 2
BER(N, 6C) = E(N)z\/:e 25C erf (“(5C> , (5.26)

where erf() represents the error function and E(N) is the mean bit-error per er-
roneously binned measurement for a given basis choice. If we inspect the BER for
different channel conditions and basis choices, as shown in Fig. 5.11.d, we notice
how reducing 6C allows for the use of denser choice of basis while maintaining a
low BER. The white curve in Fig. 5.11.d indicates the special cases of N6C = 1, with
the associated line acting as a limit for the basis size under a given channel condi-
tion. It is however notable that this overlap is significantly lower than the modal
overlap experienced by MDM systems, and that with a suitable detector acceptable
BERs on the order of 10~? are plausible. These results indicate that the effectiveness
of the technique for high dimensional information transfer places the burden only
on the signal-to-noise ratio of the detector system. The notably poor diffraction ef-
ficiency offered by DMDs [50] and the limited dynamic range of CCDs means that
our particular system suffers from a lower signal-to-noise ratio (SNR) than alterna-
tives, such as the sensitive photodiodes used in free-space communication links. The
white dashed lines in Fig. 5.11.d indicate the mean measured 6C for our system with
and without turbulence. The associated BER(N = 8) ~ 2 x 102 also agrees well
with the fidelities reported in Fig. 5.10.c.
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FIGURE 5.12: Channel invariance comparison to OAM encoding. Crosstalk matrices

through a) ideal and b) aberrated channels using both OAM (with N = 11) and vectorness

(with N = 11 and N = 50) encoding schemes. The turbulence phase screen used to aberrate

the beams is shown in the left panel of b). A truncated 32 mode subset of the N = 50 basis is
highlighted showing improved fidelity.

The highlight of the proposed vectorness based encoding scheme is that its in-
variance to the channel conditions makes it a more robust choice in comparison to
direct modal encoding schemes. To illustrate this point we will use the OAM ba-
sis as a comparative example. Additionally we changed the CCD detector from a
58.81 dB to a 60.62 dB dynamic range model to further highlight the role of detec-
tor choice and to allow a larger basis to be explored (more subdivisions). The setup



Chapter 5. Unitary invariance of vectorial light and how it can be exploited for

116 .
robust communication

of Fig. 5.9 (using DMD;) allowed us to generate and perform spatial mode projec-
tions on scalar LG; modes of azimuthal order I and radial order p. The results in
Fig. 5.12.a show the baseline case with no turbulence for direct OAM encoding and
indirect OAM encoding using the vectorness. In the direct OAM case, we utilized
an 11 mode basis spanning the range of | € [—5,5] with p = 0. Here the size of the
OAM basis was constrained by the system aperture, as increasing mode order re-
sults in ever larger beams. Our modal vectorness scheme can be executed with low
order modes for the same size across all bit-levels, and so does not suffer from this
limitation. The detector noise limit in the vectorness scheme allowed us to probe a
N = 50 basis, far larger than OAM encoding approaches which typically range from
N = 4to N = 34 [244, 405]. To the best of our knowledge N = 50 is the largest
number of vectorial modes used in a communication link experiment. The fidelities
in Fig. 5.12.a are indicative of experimental limitations (detector noise) and can be
taken as the baseline values.

Since we are interested in the effect of the channel, we replaced our dynamic
channel aberrations with a static turbulence phase screen with a fixed Fried param-
eter of rp = 1.5 mm as displayed in the left panel of Fig. 5.12.b. The static screen
allowed for a controlled comparison of how the crosstalk in each of the schemes
changes when the channel perturbations are introduced. The 37.72 % decrease in
fidelity using OAM encoding is in stark contrast to the 0 % change observed using
vectorness encoding at the same basis size (N = 11). When pushing the dimen-
sionality of the new encoding scheme further, the channel induced crosstalk only
increases marginally, in the order of 1 %.

There are two important observations one can make from the vectorness data in
Fig 5.12. Firstly, the baseline (no turbulence) indicates how the detector choice limits
the maximum subdivision number by its noise, setting a limit on how small 6C can
be. For our detector at N = 50 the baseline fidelity is 85 %, but can be improved to
93 % by using a smaller number of modes (N < Npax) in the available space - while
also maintaining the modal density. With better detector technology the maximum
number of modes can be significant, or the impact of noise made small by using a
smaller encoding alphabet. Secondly, a comparison of the baseline (no turbulence)
to the baseline with channel noise (with turbulence) makes crystal clear that the
channel noise is negligible in the new scheme, validating our central claim. In no
other modal approach is the channel noise so inconsequential, here contributing in
the ~ 1 % range.

5.2.5 Discussion and conclusion

The proposed scheme and the results of our demonstration reveal its potential for
multi-bit encoding using a new modal version of amplitude modulation, enabling
a d-fold increase in information density using existing amplitude modulation tech-
nology for superior data transmission rates. Unlike MDM systems, our source of
noise is primarily detector based, while being almost completely invariant to chan-
nel noise, negating the need for adaptive error-correction, which we showed using
atmospheric turbulence as an extreme example. This is illustrated by using 50 spa-
tial modes in a turbulent channel with a cross-talk that is comparable to the no-
turbulence case, differing by less then 2 %. For comparison, our crosstalk observed
between 11 OAM modes was 37.72 % but zero for the vectorness approach, while
other studies with 4 orthogonal vector OAM modes have reported ~ 20% crosstalk
even in weak turbulence conditions [18], while crosstalk between 7 neighbouring
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scalar OAM modes reached 13.2% even with corrective measures [499]. Our ob-
served BER using 8 modes, on the order of 2 x 1073, 1is comparable to that achieved in
error-corrected MDM systems [244], even though we have deployed only a proof-of-
principle version of the experiment with rudimentary detectors. Our direct compar-
ison to OAM encoding revealed the superior channel invariance while also demon-
strating how a larger basis (e.g., up to 50) can be achieved with the same system
aperture which constrained the OAM basis to 11 modes - this is since the increase of
basis size in OAM encoding requires larger mode orders which require larger aper-
tures, while our approach can scale the number of modes up to the noise floor of the
detector.

We point out that while the particular vector beams we used were composed of
OAM endowed LG; modes, the core feature of our scheme is the utilization of vector
beams (our modal basis) in a manner that does not require the spatial modes nor or-
thogonal polarization components to be detected or recognised. Instead, only their
vectorness is detected, an invariant quantity that is found by an integrated modal sig-
nal. It is a modal approach without the penalty of detecting modes. In this regard,
while our proof-of-principle experiment used a CCD camera for detection, fast and
sensitive photo-detectors are all that is required for a real-world implementation.
Because our channel-invariant basis is derived from spatial modes without actually
detecting them and is independent of the polarization basis that they were prepared
in, it brings with it some significant benefits over traditional MDM schemes that use
the modes themselves as the basis. For instance, (i) system misalignment is mitigated
since the integrated detection (a power) is spatially invariant, (ii) the modes can be
selected with low order to reduce divergence [14] (since more information does not
require higher mode numbers), (iii) like amplitude modulation, our scheme does
not prohibit other enhancement schemes such as wavelength division multiplexing
(WDM) to further improve information density, including even MDM if modal cor-
rection is applied, and further, (iv) unlike alternative vectorial techniques [405, 490],
the nature of our detection scheme is over-complete even in the polarization basis,
and therefore means that the sender and receiver do not have to agree on the mea-
surement basis, allowing the scheme to work even in polarization scrambling media
such as stressed optical fiber. These benefits are provided by the vectorness, a phys-
ical quantity which displays resilience to transformations which generally hinder
modal communication systems. The trade-off lies in the scaling of our scheme, in
order to increase d by 1, N has to double (for comparison MDM requires a N = d
increase in the number of modes for an equivalent increase in capacity). This places
the burden of performance on the power and amplitude modulation resolution of
the emitter and the SNR of the receiver - all factors which already receive consider-
able attention in free space optical communication systems.

To conclude, we have presented how the vectorness of vectorial light can be
used as a new modal version of amplitude modulation, exploiting spatial modes
in a manner that makes them effectively immune to channel noise, with the number
of modes used limited primarily by the sensitivity of the detectors used. We have
demonstrated high fidelity, correction-free, multi-bit information transfer to verify
our technique, even through dynamic turbulence, an extreme example of a com-
munications channel. Our approach can be extended to other channels too, such
as optical fiber and under-water, since the invariance property will hold in all such
channels. We believe this approach will open up a new avenue for high-bandwidth
optical communication, with the immediate benefits of MDM but without the modal
cross-talk challenges. The vectorness presents a new scheme for information encod-
ing, which if coupled with other communication techniques such as WDM and SDM,
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can be used to push the boundaries of optical communication.
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Chapter 6

Conclusion and prospectives

We can now summarize the contents of this thesis which has followed the devel-
opment, demonstration and optimization of vectorial light generation and detection
tools in a variety of contexts.

We first looked at a vectorial light generation device based on an SLM where mul-
tiplexed gratings were used to generate independently modulated BG; superposi-
tions, where we subsequently combined the beams using a Mach-Zehnder intefer-
ometer with a HWP used to convert the polarization of one of the beams into its
orthogonal state. The fields we produced using this arrangement exhibited the the-
oretically predicted acceleration and detection of local Stokes vectors and the associ-
ated non-linear change in the global structure. The evolution of individual Stokes in-
tensity projections revealed interesting propagation dynamics related to the flow of
energy into and out of the central region of the beams and concurrent work indicate
that these structures may prove useful for high precision distance measurements
[500]. While the SLM based device was capable of producing adequate vectorial
fields, some significant systematic problems were revealed during its implementa-
tion. Foremost, the independent paths taken by the orthogonally polarized beams
prior to combination in the BS resulted in fluctuations between the relative phase be-
tween them. These fluctuations were highly sensitive to environmental vibrations,
indicating that the arrangement would not be suitable in industrial environments
where such factors may be unavoidable. Changes in these relative phases are par-
ticularly detrimental when polarization structure is sensitive to local polarization
rotations, such as in our work where we had to insure a stable laboratory environ-
ment in order to acquire the necessary measurements.

We then proceeded to generate novel vectorial fields by using a DMD and PBS. This
arrangement involved separating horizontal and vertical plane waves with the PBS
and then directing them onto a DMD screen at a small 1.5° separation angle. We
then exploited the polarization insensitivity of the DMD by encoding multiplexed
holograms in order to independently shape the amplitude and phase of each beam.
We also tuned the grating frequencies of each of the holograms in order to make
the two, independently modulated, orthogonally polarized beams colinear thus cre-
ating our vector beam. The polarization dependent phase and amplitude control
allowed us to emulate an axicon lens, in which one half of the lens transmitted left
circular polarization and the other half transmitted right circular polarization. By
analysing the resulting fields using Stokes polarimetry we observed the (theoreti-
cally predicted) formation of a 1-dimensional BG; beam along the splitting axis (line
between the two orthogonally transmitting halves). In the direction orthogonal to
the splitting axis we observed a pattern with dependence on the Struve functions,
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which are solutions to the inhomogeneous Bessel equation highlighting the polar-
ization inhomogeneity of our vectorial axicon. Furthermore, the diagonal polariza-
tion projections produced regular BG; beams. These three observations can each be
explained by three of the Arago-Fresnel laws, revealing the rich polarization inter-
ference dynamics of the vectorial axicon enabled by this device. The implementation
of the DMD as both a shaping and interfering component drastically improved the
relative phase stability in comparison to the SLM based device. A limitation of the
device lay in the requirement of the 1.5° separation angle between the plane waves
incident on the DMD, which neccesitated a very large distance (= 1 m) between
the PBS and the DMD. This large distance makes this device impractical for many
applications and resulted in significant beam wander. The use of a DMD, however,
presented a variety of advantages since the polarization independence of the DMD
afforded superior interferometric stability.

We then continued exploring the capabilities of the aforementioned DMD and PBS
based device. We did this by exploiting the dynamic polarization dependent mod-
ulation of the device in order to produce a probe beam, which could be used to
characterize spatially resolved birefringence and chirality. The probe was formed by
a scalar Gaussian beam, the polarization of which was made to dynamically trace
out a great circle on the Poincaré sphere. For measuring linear birefringence this
circle was on the meridian, while for measuring chirality (or circular birefringence)
it was on the equator. This probe beam was passed through the desired sample
and imaged using a CCD camera after being filtered by a diagonally transmitting
linear polarizer. The imaged intensity would vary sinusoidally with the changing
probe polarization, the sample would cause local shifts to this curve from which the
birefringence/chirality could be extracted. We verified the device’s performance on
simple wave-plates, chiral sugar solutions and SLMs as well complex liquid crys-
tal optics and even nanostructured metasurfaces. This investigation showed that
in addition to generating effectively arbitrary vectorial fields, the device could also
function as a metrology device enabling superior SLM calibration, pharmaceutical
concentration measurements and optical efficiency calculations.

The next iteration of the device retained the DMD as a shaping and interfering com-
ponent, but replaced the PBS with a WP. The WP naturally separates the horizontal
and vertical polarization components at a 1° angle, which allows for a simple (and
short) 4f imaging system to be used to image the two beams onto the DMD screen.
This compact arrangement allowed for very stable interference along with a beam
that remained stable. We utilized this compact device to generate optical skyrmions
in the Stokes vector field with BG; modes. Along with generating the structures we
also engineered them in a way that the local Stokes vectors precessed along propaga-
tion, which is analogous to the time dynamic behaviour of light-matter and magnetic
systems. The device was able to accurately generate and digitally propagate these
interesting structures in an incredibly stable manner.

Having developed a capable generation device, we then looked at detecting vectorial
light using a self-contained digital device. The first aspect we looked at was extract-
ing the spatially varying Stokes parameters of vectorial light fields. We did this by
separating the right- and left-circularly polarized components of the field using a
PG. Each of the two components were then imaged onto separate halves of a DMD
screen, after which they were interfered using a Mach-Zehnder interferometer while
using a half-wave plate to ensure both beams have the same polarization. The DMD
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was used to adjust the relative phase between the two components allowing for the
projection of the horizontally and diagonally polarized intensities which were cap-
tured by a CCD. Furthermore the intensities of right- and left-circular components
could be measured by blocking one of the interferometer arms using the DMD. The
results we obtained showed that with these four intensity projections all the Stokes
parameters could be reliably recovered in a spatially varying manner. During the
processed we also attempted to use a similar PG based device in conjunction with
an SLM, which revealed itself to be incapable of extracting all the Stokes parame-
ters due to the inherent polarization dependence of the SLM. Similar to the issues
encountered using a Mach-Zehnder interferrometer to generate vectorial light, the
relative phase (between the right- and left-circularly polarized components) fluc-
tuated under the influence of vibration. Since two of the four the Stokes intensity
projection are reliant on the relative phase, this is a significant issue which necessi-
tates a stable laboratory environment for accurate sensing.

We then optimized the design of the detection device by replacing the PG with a
WP, such that the device took an almost identical form to the vectorial light gener-
ator. Consequently, this analyzer inherited the superior stability of the generation
device. We demonstrated the effectiveness of the analyzer by using it to perform a
complete characterization of a variety of vectorial fields. This comprised of Stokes
polarimetry, modal projection and combined polarization and modal measurements,
which gave us the complete polarization profiles along with the constituent modes
as well as their relative amplitudes and phases. The fields analyzed comprised of
simple vector beams as well as those with large OAM and fractional OAM which
have intricate modal distributions. This device is a powerful tool for general po-
larization sensing of relevance to certain types of microscopy and metrology (e.g.,
stress imaging), while the modal projections could effectively automate communi-
cation schemes based on spatial modes.

We moved on from polarization and modal based measurements using our DMD
based devices and investigated the ability of a DMD to perform as a broadband
wavefront sensor. This involved placing the DMD in the far field of a 4f imaging
system which allowed for the, single shot, propagation of a field to different posi-
tions on the same CCD sensor. From these intensity profiles the wavefront of field
could be recovered using the TIE, solved using Fourier based techniques. The results
obtained using the device indicate the reliable recovery of a variety wavefront aber-
rations at multiple wavelengths and at with multiple polarizations. The simplicity
of the arrangement means it can also be integrated into the aforementioned vectorial
light analyzer, where a user would simply need to image the far-field of their beam
into the device. The polarization insensitivity also indicates that the analysis can
be readily extended to vectorial fields, however consideration needs to be taken to
avoid singularities in the wavefronts.

Once we had refined versions of our vectorial light generator and analyzer we used
them in order to to understand the physics of fields propagating through distort-
ing media. We used the generator to create various vectorial fields, passed these
fields through various perturbing channels and then used the analyzer to project
the constituent modes into various bases. We revealed that the vectorial state itself
remained invariant, as the channels produced simple unitary rotations within the
vector space containing the constituent spatial modes. By correctly characterizing
the channel the projection basis could be appropriately rotated to recover the state
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correctly. The generator and analyzer were capable of automating this process, from
the generation to the characterization and adjusted measurement in an incredibly
convenient manner. Revealing how these devices can allow us to probe the funda-
mental physics of vector fields at will.

Once we utilized our vectorial light tools to verify the invariance of vector states
of light to aberrating channels, we exploited this property in order to develop a
powerful information encoding scheme which allowed us to communicate through
atmospheric turbulence with almost no errors. We achieved this by encoding in-
formation into the VQF of vector beams, since the unitary nature of the channels
leave this property of the beams completely unperturbed even though the spatial
structure undergoes distortion. We demonstrated this by generating various vec-
tor beams with different VQFs and transmitting them through turbulent air, after
which we measured the VQF using a single shot Stokes polarimetry measurements.
The results showed a significant improvement over conventional modal encoding
schemes which rely on spatial mode projections and overcomes a problem which
has hindered high capacity information transfer in free-space optical communica-
tion for decades.

Now that that effective designs for a vectorial light generator and analyzer have
been identified, further development to reduce the size and enable the portability of
the devices is necessary to demonstrate commercial viability. An even more compact
arrangement of the generation device is shown in Fig. 6.1, where the expansion and
collimation of an input laser beam is integrated into the imaging system between
the WP and DMD reducing the footprint for the optical components to <15 cm, this
serves as the bedrock for a self contained vectorial light generator prototype which is
currently under development for deployment to laboratories for field testing. Alter-
native versions of the analyzer could replace the expansion and collimation system
with a 4f imaging system, enabling the direct characterization of beams from laser
sources.

FIGURE 6.1: Elements for a versatile, compact and stable vectorial light generator.
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Throughout the development and demonstrations presented throughout this the-
sis, additional implementations of the devices for birefringence measurements were
conducted in collaboration with industry partners. The measurements were taken
on artificially stressed, and pumped laser rods to obtain quantitative information for
laser engineers to use in their design process. Modal projective measurements us-
ing the analyzer were also conducted on a new class of nanostructured silica modal
plates [56]. The coinciding of these deployments with the development process high-
lights the growing need for widespread access to cheap, versatile, self-contained
vectorial light generators and analyzers throughout academia and industry. It is
my hope that this thesis serves as the first thorough documentation for tools that
will become ubiquitous in a range of future applications which make use of light to
advance our species as has been the case for past millennia.
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