
Fig- .2.5: The contributions of Wn , W^, and to the
second term Of f^(w) are indicated schematically for 
an arbitrary choice of en, e^, and ex.

From Fig,2,3 and Fig.2.5, it is evident that when 
there is an imaginary contribution to (m) only from the 
first term of Eq.(2.45), the second term at most provid­
ing a real background. Therefore, the sign of ImE^ (to) 
for tu>X is uniquely determined by the sign of the imag.i.n̂  
ary part occurring in the denominator of the first term-: 
ImE^ (m) <0,

Similarly, when the imaginary contribution to (w)
is due only to the second term of Eg.(2.45), since the 
contribution from the first term in this vicinity is purely 
real. Thus the sign of ImE^(w) for w<X is uniquely deter­
mined by the imaginary part occurring in the denominator 
of the second term: lml^(w)>0.

These results, viz, imE^(w)<0 for w>X, accord exactly #ith



Eg.(2.14), thus confirming that the correct behavior - 
occurs for the result Eg.(2.45) as w passes through X«

Let us examine the widths that are effective in the 
vicinity of the resonances of Z^(w). The first term of 
Z^(w), given by Eg. (2.45) resonates at a point w=em+Bnj>X' 
indicated in Fig.2.3. Similarly, the second term of 
z9lw) resonates at the point w=t:j-Eni<X, indicated in 
Fig.2.5. Both of these figures (2.3 and 2.5) demonstrate 
what the effect of evaluating the W  s at off-shell arg­
uments is, viz. that the widths to be sampled in the 
vicinity of the resonance are very much reduced over what 
they would have been, had the W  s been evaluated on-she11. 
This is seen, for example, most dramatically in Fig.2.5, 
for W.. If Wi ’had been evaluated on-shell, it would have 
been non-zero for all w<e., and•would thus have reached a 
much larger value at the point of resonance. Thus, the 
feature of the off-shell energy dependence of W is clearly 
an important one.

We next demonstrate that the argument associated with each 
function W is such as to satisfy energy conservation . . 

reguirements.

consider first, the Goldstone diagram which represents the 
first term of Ê (io) in Eg. (2.45) :



We assume that, associated with 
each propagator is a width W, 
measured at the associated off- 
shell energy e , i.e. we have

wn < y  ' “ a -
Em , tn, and Sj are determined 

by assuming that each individually satisfies the energy 
conservation requirement: the particle or hole energy
should be off-shell by an appropriate amount, such that 
its excitation energy is degenerate with the excitation 
energy of the system. Hence,

S satisfies e +e ~e.=w m m n ]

En satisfies E^+&^-s.=w
or $n=w-em+e>

Ej satisfies em+en“Ej =co

a*

As can be seen by comparing the three above equations 
with the imaginary part in the first term of the self­
energy 2?(w) in Eg.(2.45), the energy conservation rule 
is indeed satisfied.

Next, consider again the Goldstone diagram specific to 
the second term in in Eq.(2.4%):



" V  - -'I

..gv' ^ .

AS before, eaGb propagator &##
associated with .it, a width W 
taken at its off-shell energy 
E: W1 (e1) , Wj(Cj) and, W^(E^) . 
s , , s . ,  and e are determinedi' 3 n

by the energy conservation condition at the energy

5, satisfies -ei+en“Ŝ ='-w
or E%=E^-Ej + W

satisfies "E:jL+E:n'*®j="to

or ĵ = en”ei+U3

and en satisfies -e^ + l^-Ej =-0)

thus confirming the structure observed in the second term
of Eg.(2.45). Hence the structure of the imaginary parts
Of £d (u>) may be understood in terms of energy conservation. 1
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2.6 THE DRESSED PARTICLE-HOLE PROPAGATOR.

The definition of the single dressed bubble was given in 
Sec.2.1 as

iF(4321,t) = ('PQlTCgttjCjWo^OlCgtO)!^

■

In the same way that the single particle Green's function 
was dealt with, the Fourier transform of this particle- 
hole propagator may be expressed as

F(4321,0)) - £  ' " f i x o f h &L. ,
x w + ok - inA

(c^Jp.
w - + in

n+o (2.58)

a form which explicitly displays the acausal nature of its

poles. Here (c2Gi ̂ Xo~<  ̂v ̂ C2C1 ̂ ̂ o5*' where I 'V\> an eigen­
state of the full Hamiltonian, with excitation energy an .

Symbolically, in Fourier space, the selective diagrammatic 
expansion of F (4321 ,m ) that constitutes the RPA, is given

3
(2.59)

Note that this differs from the usual RPA due to the 
fact that our oarticle and hole lines are dressed.



Using the diagram rules to translate this series, yields 
the associated expression for F:
-IF (4321 , w) = -l%(43„u)K<S^622+.(-.l)(42|v|31)(-i)1f(12,w)

+ ]T(-i)(45l 9|36)(-i)%(65,w)(-i)(62{v|51)
56

+ ... } (2.60)
The effect of exchange is again accounted for in the in­
teraction matrix element of V. (see Eq. (2.39) for example)
We construct, using this expression, the quantity

£(-i) (54 jV| 63) (-i)F (6521 ,w) « E(-i) (54 |v| 63) (-1) H (65,m)
56  56

+ g(-i) (54 | V| 63) (-i)%(65,w) (-1) (62|V|51) (-i)1T(12,w)+..
56

= (-i) (42 I V| 31) (-i)%(l2,w) + ]TX-i) (54 |V| 63) (-i) f (56,m)
5 6

(62 | V| 51) (-1) %(12,w) + .. .
= the second and following terms occurring in 
parentheses in Eq.(2.60).

Hence, in the Random Phase Approximation, built up of 
dressed bubbles, the particle-hole propagator still satis­
fies an integral equation:

F ( 4 3 2 1  ,w) = % ( 4 3 , w ) { i 5 . 4 6 2 2 - g ( 5 4 | 9 ' | 6 3 ) F ( 6 S 2 1 , w ) }
56 ( 2 . 6 1 )

Two distinct sorts of equations arise from this. Suppose 
label 4 represents a particle state m', and 3 a hole state 
i. Then, on inserting Eq. (2.37) for U(mi,w), the 

expression



F(mi21 ,to) - {Erai-i[w. (em -w)+Wm (ei+to)] -oi}"1 

X (6^ * 94- % (Sm^{6i)F(652i,w)}i m z.l c <-
56 ( 2 . 6 2 )

results. If label 4 represents a hole state 1, and 3 a 
particle state m, however, a different set of equations 

result.

F (im21 , w) = {Emi-i[wm (ê -to) +Wi (e^+u)] +w}-1

x 6_ - % l5i|V|6mlFl6521 ,w)} (2\63)
'm t 1 56

As yet, labels 1 and 2 are unspecified: they may repre­
sent a (particle,hole) or (hole,particle) combination. 
The sum over states 5 and 6 refer to all possible states 
of (5,6) being both (particle,hole) and (hole,particle) 
too. Thus, introducing the abbreviation

rmi.(“ ) = Wm lei+u) + V V "’1 (2'64)

and writing out the sums over 5 and 6 explicitly in terms 
of their particle or hole character, equations (2.62) and 
(2.63) become, respectively:

zBB^ir^(-w)4t))6^6ij+(M|V|jm)]F(jn21,w)+^(ji|5|nWF(h]ai/w}=6^6^

( 2 . 6 5 )

These results can be re-expressed as a matrix equation:



A-iF(to)- tol ® ^11 F12" "1. 0"

B* A*-ir(-to)+tol _?21 P22_ 0 I

(2.66)
where the submatrix 1 has elements nj = van| V| ij) , and 
is thus symmetric» Consequently B =B. The submatrix A
consists of elements A ^  nj~ Etoj_5mn6^j + (jm|V"jni) , and 
is thus Hermitian, consequently satisfying At=A* The 
dimension of A and B is determined by the number of 
particle-hole pairs N under consideration. Both matrices 
are then Nxn. The unit matrix appearing on the right 
hand side is also NxN, and r ( m )  is the n x n  diagonal 
matrix with elements r^^(w). The four submatrices 1,
F 0, F , and F _ are then such that the labels represent-

\ 21 "W 6
ing each row refer to the character of the (4,3) pair, 
and those representing each column are indicative of the 
character of the (2,1) pair:

ph
F

F

F
11

21

F.

F,
12

22

(2

That is to say, F^, F^, F21 and are all NxN matrices
having characteristic matrix elements of the form:

t;
!



(p ) = F (minj ,u) 

(F22) = F(imnj ,w)

where each element satisfies one of the equations in the 

set (2.65).

It is possible to solve for F in Eq.(2,66) by inverting 
the matrix on the left hand side of this equation. We 
perform this inversion indirectly, by examining the asso­
ciated homogeneous equation:

A-ir (w) B -  x̂ (w)- = w, (w)
" x ^ W

B* A*-ir(-w) Yx (u) X -Yx (W)

(2.68)
Here X. (w) and (to) are both column vectors with N com­
ponents. Note that this equation is not a true eigenvalue
equation, since the vector XXw)

L%x(w) is not returned on the
right hand side. However, an eigenvalue equation of the 
standard form results on rearranging this equation such
that the operator on the 1

and we thus refer to X, (w)

becomes

as an

A-ir(w) B
-A*+ir(-W)

Since the matrix operator in Eq.(2.68) is not Hermitian, 
it becomes necessary to consider the adjoint equation also# 

defined by:



wiytr.' R, {'■')) and S, (w) are again oolvonn vectors with NA A
components, and, aa before,

a alighty different equation

l i y  (OS) 
,8^(w) is the eigenvector

Tw. important properties can bo derived from equations 
. <8) and (2.69):

1! drthogona]ity.

Consider first Eg.(2.68), multiplied from the left by
[P?A (X) Sy, (U))] 5

[K, (w) (to)] A-ir(w) B 
B* A*-ir(~w)

X, (w) 
Ŷ tw)

w, (to)[RX' ^  SA *
-Y

(2.70)
T'.vn, taking the adjoint of Eg. (2.69), bearing in mint
the symmetry properties of h  ana B, and multiplying from
;hr* right by X%,(w)

Y)[, (w) yields

[<(M) .<(to)] A-ii (im) 
B*

B

A*-ir(“to)
(w)

Ŷ ,(to)
to. (to)

i (to)  

Y%,W'

(2 .
By exchanging X and A' in the last aquation, and subtract" 
Ing this from Eg.(2.70), we arrive at the orthogonality



relation,

1—
1

>
f
+

A s' t__
I i l

_ [ R ^ . w  -s;, w ] "XXto)"

- Y x (to) Y x (to)

' V u '
(2.72)

where ru is a normalisation constant, still to be set.

11) The conjugate nature of the solution.

The complex conjugate of the adjoint equation, Eq.(2.69) 

is
[A*-ir (w)] R* (w) + B*S*(cu) * wx (iu)R* (m ) 

and BR* (tu) + [A-if (-ui)] S* (u) =-«x (u) S* 
which may be rearranged in the form:

A-ir (-w) B
B* A*-if (to)

S%(w)
"kR^W)

- -to, (w)
X

-R*(to)

(2.73)
This is almost exactly the original homogeneous equation, 
Eg. (2.68). In fact, by letting to-*-to, it is clear that the 
result

A-ir (to) B 
B* A*-if I

’  f a t  ( ‘ - t o ) ” " S* (-to)X V  1 = -to. (-to)
(-to) A -RJ (-to)

retrieves the original homo aeneous equation, with solution



'Kii g:
.
.

the eigenvector 

-w^(-w).

S* ( - i d )
R #  ( - ( D ) , and corresponding eigenvalue

Furthermore, it is possible to find the eigenvector 
orthogonal to this, by taking the complex conjugate Of 
the original homogeneous equation, Eq.(2.68), and letting 

w+-(D. This process yields that the vector x | ( - c d ) w i t h  

eigenvalue -w*(-w) satisfies the adjoint equation, Eq.(2.69) 
and the orthogonality relation Eq. (2.72) , becomes

[ Y * t  ( - w )  X * t  ( - c d )] e_
1

-X*t (“W)] rGN-CD)]A

i

1pj*1 
,

1sr
i

= Yxi' (2.75)

In summary, if we have a solution to the homogeneous

equation, Eq.(2.69) as
then R, (w)

LSX(w)

X. ( c d ) with eigenvalue c d ^ ( c d ) ,

is a solution to the adjoint equation,
and is therefore orthogonal to it. Furthermore, Sl(-w)[_R| (-to)

is also a solution to the original homogeneous equation, 
with associated eigenvalue —c d ^  ( - c d ) , and has orthogonal

to it, Y% ( - ( d ) 
%%(-w) , the solution to the adjoint equation.

The normalisation constant , as defined by Eg.(2.72) 
may be directly obtained by continuity with the case of 
r .-+0, thus ensuring that the matrix operator in the 
equation for F (Eq.(2.66)) is Hermitian, as discussed, 
for example, by Thouless Elh 611. i.e. the set of vectors 
associated with the eigenvalue c d ^  ( c d ) are normalised Such 
that ru=1, and those associated with the eigenvalue

A



(-to) are normalised such that n^-”1 .

Having established these properties, we move on to con 
struct F in terms of its eigenvectors.

let F =
Q

c ^ W
-J (2.76)

where C.(w) is an unknown matrix, and the vectorA
Arepresents generally, all the possible eigenvectors

satisfying the homogeneous equation, Eq.(2.68), i.e 
P represents each eigenvector of the form

S*(-w) Let us call the general eigen-
lR* (-uj)as well as

value corresponding to 
is taken to represent

U
, Q . Clearly, when 

A _

, 0. will representX,(w)
Jx<“>

A

the corresponding eigenvalue uu(w), and similarly, 
'P. “when represents Sf(-w)

R*(-w) , correspondingly,

(-w) .

Upon inserting this ansatz for F into the defining 
equation, the expression

Z(0,-w)
x A lQi

C,(w) =
I o '  
0 I (2.77)

results. Multiplying this from the left by the asso­
ciated orthogonal vector [R̂ , (w) Ŝ ", (w)] or
[y *̂ +, (-w) (-m)] , generally represented by
results in an expression for C^(w):



-w^(-w) are normalised such that n^=-1.

Having established these properties, we move on to con­
struct F in terms of its eigenvectors.

let f
X

'P,
Q,

Ĉ (w)
(2.76)

where (w) is an unknown matrix, and the vector
Arepresents generally, all the possible eigenvectors 

satisfying the homogeneous equation, Eg. (2.68), i.e.

o: represents each eigenvector of the formAJ
as well as S* (-to)

R£ (-to)

X, (W)
|_Ŷ (to)

Let us call the general eigen- 
P.

A

value corresponding to *A , 0̂ . Clearly, when 

is taken to represent y ^Iw )' ^A represent
— X w

the corresponding eigenvalue (to) , and similarly,
when

L=iu
represents

0%=-w. (-to) .

if (-to) 
R^(-w) , correspondingly,

Upon inserting this ansatz for F into the defining 
equation, the expression

rpr 0"
to) A c. (to) -

-̂ X“
A -0 I. (2.77)

results. Multiplying this from the left by the asso­
ciated orthogonal vector [r ,̂ (to) Ŝ , (to)] or
[Y*At(~w) (-w)] , generally represented by [u^ , J
results in an expression for c. (to):A



Hence, F may be written in terms of its eigenvectors and 

eigenvalues as

F
F11 F12 

LF21 F22J lqxj

-1

-1

(w)
LyxM

S*(-w)
, B* (-w).

[y/w) x f + M ]
(2.7S)

where 2-j means that a restriction is placed on the summ­
ation to avoid double counting. We compare this with the 
structure of the general result for F, Eg.(2.58). in 
3.oing this, we see that the set of eigenvalues w. (w) must 
have a positive real part, and lie below the real axis. 
Then it follows that the pole structure of this construct 
tion Eg.(2.79) is in accord with the general result.
This can be seen pictorially in Fig.2.6, where, for com­
pleteness sake, the eigenvalues corresponding to the 
adjodnt problem are also included.



Fig.2.6 The structure of the eigenvalues of the homo­
geneous equation, Eg.(2.68) denoted by the symbol "x" 
and the eigenvalues corresponding to the adjoint equation, 
denoted by the symbol "o", is displayed. Note that if 

r ( w )  * r ( - u )  , then w.

We see from this that the restriction on summation is that 
all sums must run over X such that R@w.(w)>0, to avoid 
double counting. From the matrix equation of F, Eg.(2.79), 
the identification off each submatrix may be made:

F^^E'(mx(to)-m)M Xx(u)R^N + Z'(wx(-w)+w) 1S^(-u)^+,(-»m)
X ^



Vi.. - . v ' 'lw.

#

F ^ 2=^ 1 (w ) - u ) ^ X ^ ( w ) S ^  (co) + E ' (to^ ( -a ) )  +co) ( - o j ) ( - w )
X X

F21=E' (wx(w)-w)~1Yx(w)r£(w) + I '(m̂  (-0)) +ti) ‘'1R* (-u) Y*+ (-y)
X X

F22=2' ^ X ^ “̂ -1yX ^ SX ^  + %'(w\(-w)+w)~lR*(-w)X*̂ (-w) (2.80)X X
and, using these, the identification of each matrix element 
occurring in the above submatrices, can be made. This 

yields

F(miin,w)=.r (w^(w)-w)^x^(w)r^(w) + r(w^(-w)+w)^s^N)v\(-w)

? (mini ,w) =E' (w% (w) -w) M  s\ (w) + T  (ŵ  (-w) +w) ŝ * (-w) (-w)

F(imjn,w)=E'(w^(w)-w)'\2i(w)r\(w) +
X ^

F(imnj,w) =£' (wx(w)-w) (to)sjS(w) + E' (ŵ (-w) +u) 1r^t(-w)x \  H )
 ̂  ̂ (2 .8 1 )

Here x^(w) is the (mi)t h element of the column vector,
X (w), associated with the eigenvalue (w), and similarly 

X / , . \ .X / \ c ̂ I ,.1 t



2.7 SELF-ENERGY CALCULATION USING THE DRESSED 
PARTICLE-HOLE PROPAGATOR.

The approximation to £ ̂  (w) employing the renormalised 
single particle Green's functions in the calculation of 
the particle-hole propagator is represented schematically 

in Fourier space as in Eg.(2.27):

d
( 2 . 8 2 )

As before f exchange effects are included in this diagram 
via the interaction matrix elements. Using the rules 
for translating the diagram, we obtain

00

- i A w ! =  2  (-1) (32|V|41) (-1) (51 ]V|62) H) I ? ( 6S43 ,m')

1 23456 (1 . 1

This may be written more suggestively as:

oa
l£?(u)-E ohu-u'l E  (51 |V|62)I-(6543,«,') (321^141)

1 2^,  ̂ 3436 (2.84)

Each label 3,4,5 and G rangea over all possible particle
and hole states. By designating each of these states 
specifically as to its character, the expression becomes:



iZ?(m|=Z fe' <£(<«>-) E  I (il|v|m2)P(mljn,w') (nZ|V|j1l 
1 23.^  ̂ miaj

+ (il |v|m2)F(mlnj,w') (j2|v|n1) + (ml |v|i2)F(imjn,w') (n2|v|j1)
+ (ml | V| i2 ) F( i mnj , w' ) ( i2 | V|n1)}

(2.83)
Now, Eq. (2.81) gives the explicit forms for the matrix 
elements of F, which may be inserted, to yield

• .[<i1|V|m2)x^(M')r^(U’)(n2|v|j1)
1 2-,-i R6W.>0( x' ' rnm]

+ (i1lv|m2)x^(w')s^(w') (j2|v|n1) + (m1 |V|i2)yi (u')r^to') (n2|\?|j1)

+ lm1!V|i2)y^i(ui')ŝ (M')(j2|̂ |n1)]

- 1 ^  [(il|v|m2)â (-u')y^(-»')(n2 |v|j1)
A rronj

+ (i1 |v|m2)s^(-w')x^. W )  (j2|V|n1) + W|V|i2)ŷ . (-w')r^(-w')(n2|v|j1)

+ W|vti2)r^(-w')x^(-w')(j2|v|nig| (2.86)

This expression reduces by noting that the coefficients 
of (ux (w')-w')“1 and * of (u>x (-m')+m1) ™1 factor, to give 
the simplified expression

A12,X(ca,)__ , Bl2,X(~aj,)
m x (to1)- u* w x (-w')+ W2 f ^  B@wx>0

Wh$re A., .(«,') = [E x\ Iw') (11 |?|m2) tE yita') (ml 1̂ 112)]12,X ^ m l  mi mi

x [S r̂ * (w') (n21V| j 1) +2 (w') (j21V| nl)]
nj 13 nj J

^  (i2|V|m1)+ry^(-w') (m2|Vtiig
ffti mi

ho') (n1 m  32) ,-w', (31 Î |m2)] (2.S7)

In*order to evaluate the integral over w 1, write wx (w) 
in terms of its real and imaginary parts, as



aî (a))-ctfto)~i6(w) t whsre ô (w) ,f3̂ (w)>0. The express ion f or 
Ggtw-w') is given by Eg.(2.11). We then evaluate Z^(w) 

in two stages.

i) Suppose label 2 refers to a particle state, p.

Then

^ s tu1 -u)+X+es"iri
(2.88)

It is evident from Eg. (2.87) for %^(w), that the only non­
zero contribution to the integral will arise from multiply­
ing Gp(w-w') by the first term given in parentheses, since 
poles of this structure are at w'=w^(w'). i.e. at 
w'=o(w')-i6(w'), which fall in the opposite imaginary half 
plane of w' as the pole arising from (w-oV)» 1 Hence, we 
are required to evaluate (w), given by

1£a M  . E  f y  - ^ 1  ^
1 p,X,S -oo w'-w+X+Eg-in W'-Ŵ (w')

(2.89)

On performing the integral over u', and approximating the 
sum over s by the appropriate integral, the expression 

resulting is:

1^ (“l “  S K - toI,,so|Z

(2,90)
Since the functional dependence of A, and 8̂  on
is unknown, as well as the dependence of W^(e^+X) occurring



i n  i(cp go |2 on Bsf we employ the same technique in eval­
uating this as was used in the evaluation of Eq.(2.42). 
i.e. we evaluate the functions anî  a -̂ ^he
value of e „  at which | ( c t )  I2 peaks, i.e. at Es=e - X .p'so' ^ ' S p
Phis results in the functions A^^tai-Ep), a^tm-Ep) and
3.(u)-e ) , all of which have no dependence on Ê . We now
A  P
evaluate W (E^+X), from Eq. (2.29), at E^w-X-axXW-e^)
ignoring (Ŝ as being small, and using taken at its 
new value, independent of E^. This results in the func­
tion Wp (w-a^ (y-£p) ) EWp (uj-ct̂ ) appearing in the expression 
for I (0*)so12• With all unknown functional dependences 
on e now removed by this procedure, the integral over
e may be performed. (As before, the limits of Integra- s
tion are extended to j . The resulting expression is

Z?(w) ̂ PA W-E (w-cJ +1W (m-â )
P ^  ̂ (2.91)

ii) Suppose label 2 refers to a hole state, h.
This is dealt with along the same lines as for the par­
ticle state. We see that

6fa-v>- ’ (Gh)§'o|:
s' w'-w+X-E ,+in

s (2.92:

and the non-zero contribution to S^(w) is given by folding 
this with the second term in parentheses in Eq.(2.87).



Employing the same procedure as for the particle ease > 
we perform the integral over w ', and replace the sum 
over s' by the appropriate integral, resulting in the 
e x p r e s s i o n

w-x+e. ,+â  (X̂ w-Cg,)

(2.94)
Employing the same technique as for the evaluation of 
Eg,(2.42), we find that to eliminate the functional 
dependence of , and 6  ̂on £g , , these functions

must be evaluated at the peak of ! ĉiV s 'o ■7 * 1•e ‘  ̂ such 
that $g jSX-w^a^ (ê ĉa) , (We neglect the contribution 
from the imaginary part 6 ,̂ as before.). This results 
in W^(X”£s ,) being replaced by w^ (w+a^ (e^-m)) EW^ ((ii+Gt|) , 
As before, the limits of integration are extended to 
-oa/ and the integral over e , performed, resulting in

b A  ty (e ‘-w)»iw(m+a()

finally, the results, equations (2.91) and (2.95) may be 
o o mb i n s d  i n t o  a s i n g l e  g e n e r a l  e x p r e e s i o n  f o r  2 ? ( w ) :



From this result, it is evident that the damping of the 
Single particle or hole is once again controlled by off- 
shell energy arguments of the imaginary parts, the width 
W associated with the particle or hole, and 0. , the width

2  ' ^  4
arising from the interacting dressed bubbles. The energy 
arguments occurring in these functions can be seen to 
accord with the requirements of energy conservation, as 
described in Sec.2.5. We demonstrate how this operates 

here.

The specific (Goldstone) diagram represented by the first . 

term of (to) is :

Associated with the p$Opa#at##'':
p, is the width , which |SP if
expected to be off-shell by ail;
amount S , such that

at the point of resonance, i.e. I =w-ax. The imaginary :
„  ......

part contributing to (tu) from the partidle-hole propagap;.1 - : ■ ; »:
tor is 0-, , which should be evaluated at the (real) #h#r%y

a 7 ■rym'h1.
5< > such that c +w,=w. i.e. w,=w-e . This confirms the a P a A p



results obtained in the first term of Eq.(2.96).

The specific (Goldstone) diagram represented by .the 
second term in parentheses is

Associated with h, is the
width expected to be
off-shell by an amount e^,
such that -s^+a^=-w at the

point of resonance. i.e.e%=w+o^. The imaginary part
contributing to zf(w) from the particle-hole propagator,
g , should be evaluated at such that -eh+cô =-w, or
w =e.- m This is confirmed by the second term of Eq. (2.96) 

a  n

Furthermore, our expression for Zh(w) must satisfy the 
requirement (see Eq.(2.14)) that its imaginary part 
changes sign as w passes through X. Examining each term 
in the expression for (w) individually, the following 
is evident:

From the first term, W2 (w-a^) is non-zero only 
if w-a,>X, i.e. for values of to>a^+X>X, since is 
positive. Howevert we know from Fig.2.6 that the set of 
values w*(w) has an imaginary part only for m>0. i*e.

A

g.(w)>0 for w>0 since $^(w)--Imw^(w). Hence (to-e2) is 
non-zero only for w>v j  which is larger than X, since Eg 
represents a particle. Hence, from the first term, there 
Can only be a contribution to the Imaginary part of 
for w at least larger than X.



From the second term, Wg (<o+â ) is non-zero only if 
i.e. ai is at least less than X by a positive amount aj. 
Similarly w^fEg-w) can only contribute if Eg-wX). i.e. 
for w<e2, which is less than X since e2 here represents 
a hole. Hence, from the second term, there can only be 
a contribution to the imaginary part of £^(w) for w at 

least less than X.

Thus, since for w>X, the imaginary part is non-zero only 
in the first term in E^(w), the sign of ImZ^(w) is uniquely 
determined from the sign of the imaginary part occurring 
in this denominator: Im£^(w)<0.

Similarly, for w<X, the imaginary part is non-zero only 
in the second term on £^(w) , the sign of Im£,| (oj) is 
uniquely determined from the sign of the imaginary part 
occurring in this denominator: Im£^ (us) >0 .

These results, viz. for wgX, guarantees that
E^(uj) changes sign correctly as w passes through X.



2.8 SYMMETRY CONSIDERATIONS

The formalism developed thus far is as yet uncommitted 
to any nuclear system. In order to study the self-energy 
in a particular nuclear system, it is necessary to con­
sider the symmetries under which the associated nuclear 
Hamiltonian is invariant. The symmetries of particular 
importance in our applications will be those of conser­
vation of angular momentum and isospin,

a) Angular Momentum Coupling

In a spherical nucleus, all single particle or hole states 
carry good angular momentum. We must therefore be ex­
plicit in including the angular momentum involved in 
describing the label "1" in the construction of the 
dressed particle hole propagator.

In order to facilitate the inclusion of angular momentum, 
we alter our notation slightly. Thus far, the labels 
1,2, etc., refer to all quantum numbers of the states 
involved: 1={n,l,j,m^}, 2E{n2,12,j2,m2>, etc. In
the following, however, we deprive the symbols 1 and 2, 
say, of their magnetic quantum numbers, which will now 
be written out explicitly, thus; {1m^} and {2m2}. The 
labels 1 and 2 now refer to only the quantum numbers 
{n1l1j1} and {n2l2j2}. Thus for example, F (4321 ,w) in 
this notation means F(4m^3m^2m21m^,w).



Now consider the diagrammatic representation of £f(to) :

 intermediate state

1
Since angular momentum must be conserved, it follows 
that the total angular momentum of the 1 intermediate’ 
state must be j ̂ , the same as that of label 1. This 
requires us to consider the internal line, designated 
by 2, and thus carrying angular momentum j ̂ , and the 
dressed RPA bubble independently. It follows that, 
if the dressed particle-hole propagator carries angular 
momentum J, then J + 32 = 3^• We tnerefore introduce 
the dressed narticle-hole pronagator of angular momentum 

J by

The fact that the particle-hole propagator is actually 
independent of M is stressed by the notation FJ intro-

satisfies. The arrow notation introduced in FJ above, indi­
cates the order of coupling of angular momenta z which 
in turn prescribes the order of the angular momentum

num,1 2

x F(4m43m«2m„1m.,w)

x (j1m1j7-m2|JM)(-) (2.97)

duced. This will be seen from the equation that FJ



labels appearing in the Clebsch-Gordan coefficients
ie that 1 is coupled to 2, and 4 to 3, both to a total 
angular momentum of J, in the manner prescribed. We 
apply this notation generally to the coupling of all 
angular momenta. For example, the matrix element given

This may be coupled to a total angular momentum in one 
of several ways. For example, 5 may be coupled to 4, 
and 6 to 3, to a total angular momentum J with projection 
M, or alternatively, 6 to 5 and 4 to 3 may be coupled 
to (J,M). The former scheme is given by

Since each state in this matrix element is coupled to a 
conjugate state, the appropriate phase, see for example 
[Fe 71], has been included, and the sign of the magnetic

by the diagram b_

(54|V|63) = X(j5m5j4m4|.TM) (j6mgj3m3|JM)
.4 F  rn's

\2.9S)

while the latter is

(2.99)

1The Clebsch-Gordan coefficients are defined according 
to the conventions of A.R Edmonds [Ed 60]



quantum number on which the arrow ends suffers a sign 

change.

Reversing the order of coupling in any way just leads 
to the introduction of a phase change, ie

v|y) =
J 'J

and
(-)

(5 4 | y | 9 3) ^ H  (54 |V |63)
C? d

^ +t.+35+j6+2J(54|v|63) (2.100)

"J

-  (_ )^3 ^  ^  2 (541vj63) (2.101)u-^- j

The relation between the two coupling schemes is given 

by

H 2^ 5 ^ ( 5 4 | v | 6 3 )  a E(2X+1) ( ( 2 . 102)
J J X jojcX) ~A

and conversely

jL-, (jc.i4x) j 4 +j s + X
(5 4 ! V ! 6 3) = J ( 2 X + 1) (-> lv  x

(2.103)



where the brackets j J denote 6-j symbols [Ed 60] .

The matrix element (j5m5m4|v|jgm6j3m3) may also be 
written in terms of the coupled matrix elements by in­
verting either of equations (2.98) or (2.99) :

(5m54m4|v|6m63m3) = Z |JM) ( |JM) x (54|v|̂ 3)
JM J J

3 c "ITle
- ^(jgHigjg-nis!^ H  (j4m4j3-m3|JM)

3 *.J, s., .
'  H  (2.104)

Inclusion of the exchange diagram in V results in a 
modification of the relation connecting the two coupling

schemes. One finds

, ( j5j4X
(54|vl6i) = Z(21+1)

in place of Eq, (2.103).

After this detour, we return to

- (|5|v|p)[ 
A \ X A 

(2.J05)

the construction of
FJ (4321 ,oj) . We know that F (4m43m32m21m1 ,w) satisfies 
an integral equation given by Eq.(2,61). In terms of 
our revised notation, this equation becomes:



p.
h

v

6 9

M

,S.:

Ff^SKigamglmyW) = m.

-  Z ( j s m g j j m ^ l V l i g m g j g m g l F t G m g S m s Z m g l m ^ f W ) }

j5j6
mgm

(2.106)

We have used the fact that 1l(4m^3mg,w) does not carry 
any m labels, since the energies occurring in Eq.(2.37) 
depend only on n£j. An analogous equation for FJ (432J,w) 
can be obtained from Eq. (2.106) by operating on both 
sides with the expression

3--m„ 3 :>“mo

m^m2
m^m^

'■in:
kM:"

W f - }

Then the left hand side becomes F (4321,w) by construction, 
while the first term on the right hand side reduces to 
fi (43,w) 6,) 4S23 due to the orthogonality relation [Ed 60]

 ̂ (j]m 13 2m2 I (j 32m2 i ^   ̂JJ1̂ MM'
m̂ ia2

between Clebsch-Gordan coefficients. The second term on 

the right hand side is

j,,“m« 3 o
- Z  ̂ (-)
m2m3In4
V g i g i g

X (j5m5j4m î j6m6 j3m3) F (6m65m52m21m1 ,u) (2*107)

" r'r



isig
m^mg

(2.106)

We have used the fact that does not carry
any m labels, since the energies occurring in Eg.(2.37) 
depend only on nlj * An analogous equation for FJ (^y,w) 
can be obtained from Eg. (2.106) by operating on both 
sides with the expression

i?-m_ j9-m7
Z (j^m^jg-mglJMlt-) 3(_) (j^m^g-mglJM)

*1*2

Then the left hand side becomes FJ (4̂ 32̂ 1,m) by construction, 
while the first term on the right hand side reduces to 
% (43,01)6^623 due to the orthogonality relation [Ed 60]

I (j1m1 j2m2| JM) (j1m1 j2m2| J'M') = 6^,6 MM'
* 1*2

between Glebsch-Gordan coefficients. The second term on 
the right hand side is

]3-*3, ^2^*2 „E (j^m^j3“m2| JM) (-) (“•) (jirai j2“m2l
*2*3*4
*5*63536

x (jgffigĵ m̂ l v| jgmgj3m2)F(6mg5mg2m21m^w) (2,107)



By inserting the first relation in Eg. (2.104) for the 
matrix elements of both the direct and exchange terms, 
the following expression results:

E jn-itu j o-m-s 
(j4m4j3"m3|.1M) (j1m1j2-m2|JM) (-) ' (")

m^m^mgrng

x J ' M ' ) (j6m g j 3m 3 | J ' M ' ) F ( 6 m g 5 m 5 2m 2 1 m 1 ,oj)

X i(54|v|M) - (2.108)

The summation over three Clebsch-Gordan coefficients 
may be carried out (see for example, [Fe 7lJ ) to yield

Z (jgmg^nytJ'M') (jgmgj^lJ'M') (4
nym̂ M'

= (-)js m5(j6m635-m5|OM) 3571 (2J'+1) | j5j4J' |

(j3V )  (2-109)

and this gives
j E-roe j0-m,

 ̂S (jgnyjs-mgiOM) (~) (j^^^nylJM) (-)

3s tf'
x F(6mg5ms2iiy1m1,w) (2J'+1) 

j l+je+J'
X 1H (%4|v|^) - (ylvlpl

J' J' J' J' (2.110)
j

in place of Eg.(2.108). Using the definition of F , and 
Eg.(2.105), this in turn reduces to



■ v . ....
,;0 -';u.L: / Vv": : ■.

(34

F^(4321 ,w) " %(

.    . ,

, , . \ ,, , ,,, ,,,\■ ■ ■ . : ■• ,"■ ■ •'■■■ y- ■ "v ■*'■■. 1 •■ ■.; : ■

63)r6521 ,w)
J

Finally then, F (4321,u) is found to satisfy the 
equation .*

^14^2.

which confirms that F is indeed independent of M. The 
simplicity of this answer reflects the power and beauty 
of the coupling notation of using arrows, since the 
result Eg. 12»112) is seen to be obtainable directly from 
the original integral equation for ,oj) *
by simply choosing the coupling scheme on the left hand 
side, and. then maintaining it throughout the equation.

(2 . 1 1 2

CT
Z (54!fi63)FJ(6521,w)}
5J 6

With this in hand, we now turn to the question of express­
ing Î '(w) in terms of FJ, The general expression for the 
self-energy, in terms of the revised notation, is

IẐ (w) * t (3m32m21V14m41 ) (5mg 1m1 |v|6nig2mg)

eo
3« (ai-oj1)F (6mc5m(-4m/13mo ,w1) (2.113)K f dm" Cig (ai-ca1)F(6mg5mg4m̂ 3m3-ai1)J 2 tt

It i# convenient to write



both matrix elements of V in terms of the coupled matrix 
elements given by the second expression of Eg.(2.104), 
including the exchange part. Then Eg.(2.113) becomes

J J

i E -1 ( to) =  . J  ( j 1m 1 j 2 - m 2 | j M ) M j 4 j j j V h 3 j 2 )  ( j g j - j
-*2 6̂ 2 J J

JM

x ̂ ^^(6543,w')G^(w-m') (2.114)

on employing the definition of FJ. Using the standard 
relation [Ed 60 ] for interchanging angular momenta,

\ M  X I /m^M
2J+1 .
2j-fTj (2.115)

the general expression for (misbecomes

iZ^(to) = Z (j 4 j l i y l j , 3 j 2) (M l j 2 j 6 j 2 ) (2j^+1  
32^6 y J

x ^ ^ ^ ( 6 5 4 g , m ' ) G ^ ( w - w ' )  (2.11@)

This result indicates that the contribution to (to) 
from polarisation bubbles carrying a prescribed ahgtilar 
momentum are simply additive. Furthermore, one notes 
once again that the answer given also follows immediately 
applying the arrow coupling tec.nigue to Eg.(2.113), 
provided one includes the factor (2J+1)/(2ĵ  +1). Using

dthe arrow coupling method, the general expression for F̂  
that was obtained in Sec.2.7 as Eg.(2.96) may now be



J Jwritten in terms of amplitudes A,| ̂  ̂and ^^at

carry good J:

, / 2J+1\ ( (1-n,;)Â 9 , (w-Gp)
4 1™) = 4 — f e ------ —  : — r1 jyj^+l/X 2 ( (ŵ Eg) i-iMg (w-oy

+ n2B12, A(£2~aj)
w-e2+ŵ  (Eg-w) “iW2 ̂M+ax

where
J J

4 ,  1 to) = [e xX.lu) (if |v f5) + z y^to) (mijv|i2)] 
f mi m  no- j

J J
X [z A  to) fazlfj?)) + z Ŝ 'to) (jzifi?)]

nj “J — T  ' J

“ a J 7

J Jd>— I
% b  (n1 1̂ 7 .2) + E s 4 ( - w )  ( j l  |V|m2)i

ni ^  nj ^

(2



b) The Role of Isospin

One knows now that isospin is conserved to a high degree

In the shell model, this feature is recognised by con­
structing wave functions that contain good total isospin 
For nuclei with equal numbers of protons and-neutrons, 
this is trivially done by assigning each single particle 
state a good isospin quantum number. However, when N>Z, 
a complication arises that may be seen as follows. Supp 
ose we represent such a nucleus pictorially as in the 
diagram below where the proton and neutron states have 
been displaced laterally with respect to each other.

This system, which we denote by |c>, forms the target 
nucleus in subsequent discussions. In its ground state, 
|c> carries isospin quantum numbers [Tq ,To], where 
2T = N-Z is the neutron excess. One notes that three

I : states occupied by both neutrons and protons
II : states occupied by neutrons only
IIIi states lacking both neutrons and protons„

in all nuclear systems, especially in heavy nuclei [Bo 7

III ttj8
neutrons

o
classes of single particle states appear in |c>:



We identify a single particle state in each of these 
classes by the labels fg, and a$ respectively, while
numerical labels, like 1,2 can lie in any of these three 
regions, States in region X are referred to as core 
states, while the states in region II are referred to as 

valence states.

The analog state of such a system is formed by the op­
eration of removing neutrons from a particular stake, 
and creating protons in exactly the same state, a pro­
cess that is accomplished by the isospin lowering oper­

ator

Here, the operator destroys a neutron in state 1 and 
ptj creates a proton in this same state * Applying this 
operator to the core, we note that only neutrons from 
states f,g can be destroyed, since this is the only 
available region to create protons in, such that the 
destroyed neutron and created proton are in the same 
state, and we have, therefore that

(-) „ +T - Zpln1 (2.118),

(2.119)

where |A> is the analog state of |C>.

The amplitude /2To follows from the properties of T ( 
its Hermitian conjugate T , and the Tz operator, which



satisfy the same relations as the corresponding angular 
momentum operators (see for example [Ed 59]). Hence 
the analog state to the core is:

U> =     T ^ j O  (2.120)

In a target nucleus |C>, which contains different num­
bers of protons and neutrons, the removal of a proton 
always leads to states of good isospin. However, the 
removal of a neutron may or may not lead to states of 
good isospin depending on which region (II or III) the 
neutron was removed from. The nucleus [z-1,n] with a 
single proton removed, carries isospin [tq + |,To + £], 
and is the parent of the nucleus [z,N-l] , formed by re­
moving a neutron from |C>. The analog nucleus [z,N-l] 
carries isospin [tq - £/T0 - i]. We designate the 
parent state as p^|C>. From this, we may build its 
analog state by applying the T ^  operator of Eq. (2.118) .

Thus: (_)
 ̂[z ,N-l] — ,p |q > = {-p |c>+p T^ ^|c>M2T +1)
& /2TQ+1 ^  % % *

(2 .1 2 1 )
where the factor (2T + 1)* ensures that this state is
normalised to unity. In terms of the analog state of 
the target, |A>, this may be rewritten as

wA [ M “l] = {-niJ|G> + /2'T0Pu |a >} (2T0-H)  ̂ (2.122)

The orthogonal state to this gives the antianalog state,

v .. M - l ]  „ </2TnlC> + P U !R' ) 1 2 V 11"1 <2'123)A A  °  ^  ^



which may be written in terms of the core IC> only, as
p, ,T^)

 _lr-b k ( 7rL^V •y'
A A

( / 210nv |c> + /M -|C> } (2T +1) (2.124)
o

Pictorially, the situations represented by equations 

(2.122) and (2.123) are:

Analog state in = 
nucleus [z,N-l]

Antianalog state in_ , .—
nucleus [z,N-l] / V 2-,o

r n— 0

0

X — - 0

0

Energetically, the relationship between the target, 
parent, and analog is summarised 'in Fig.2.7.

(2To +1)

(2To+1)

n-t-analog state.

n+antianalog
state

E.A

n+ground [z,N-
state of ■
analog nucleus

E.AA

n

Ac+S

CTo'To ]

P

Target nucleus |C>
Fig. 2.7: see caption on 

 ̂ “““  following page.

+P



Fig.2.7: Schematic energy level diagram showing the 
relationship between the states of the target, parent, 
and analog nuclei. Sn and S are the neutron and pro­
ton separation energies of the target. and E ^  are
the excitation energies of the analog and antianalog 
states, measured relative to the ground state of the 
analog nucleus. The Coulomb energy shift 6^ can be

1/3
calculated from an empirical formula 6^ = 1430(Z/A )-992 
keV [Ge 80]. 6 is the neutron-proton mass difference.

From the expressions for the analog and antianalog 
states, which both carry good isospin, it is clear that 
the removal of a single neutron from a deep-lying 
state within the region designated by y,v, does not 
alone give rise to a state of good isospin. The addi­
tional component required to build the good isospin 
state has a 1 particle - 2 hole character. We there­
fore refer to ^ ^ and lF ^  ̂ ^  as isospin
quasihole states [Kl 82].

From the equations (2,121) and (2,124) relating the 
analog and antianalog states to the target, we may 
define the operators iĵ and which create the analog 
and antianalog states depicted, as



Eliminating , T from these, we obtain the operator

relation

ie if we destroy a neutron in state V , we do not have 
a state of good isospin; this destruction operator, 
however r may be written as a linear combination of 
analog and antianalog creation operators, which them­
selves carry good isospin. Hence, a neutron destruction 
operator can be written selectively as

(2,127)
depending on the region in which it acts. Here b^(n) 
creates a neutron hole in state 1, which is in the occ­
upied region 1, and a^(n) destroys a neutron in state 
1 above the occupied regions. This above description 
of the destruction operator b^(n) in Region II is as 
yet incomplete, in that it does not recognise the fact 
that the valence shell may not be completely filled, 
This problem will be dealt with later in terms of the 
Pairing Model.

{/2To$|-d̂ " ) (2Tq +i ) if 1 is in Region I

n b+(n) if 1 is in Region II

a, {n) if 1 is in Region III

The fact that a neutron in a state \x does not carry 
good isospin reflects itself in the construction of the



associated Z?(w). Let us re-examine the self-energy 
in this situation. If the label 2 in the diagram below

refers to a hole state in Region I, 
then Eq.(2.125) shows that we must 
consider the propagation of an 
analog or an antianalog excitation 
that isospin conservation requires, 

However, if 2 refers to a hole state in Region II, isos­
pin is automatically conserved. The former t.hus repre­
sents the propagation of a quasihole, the latter an 
ordinary hole. The Green's function puts these features 
in evidence. Specialising and in Eq.(2.1) to re­
fer specifically to the neutron creation and destruction 

operators n^ and n%, one has 

iG%(t) = <C|Tn2(t)n2(0)|c>

2T 1
=, ---(t)$+(0)|c> + ------------- <C|*„(t)*\.(0)|G>

2To+1 ^  ̂ 2To+1 W ^

2 in Region I (2.128a)

= <C|Tb2(t)b2(0)tC>, 2 ia Region II (2.128b)

There is no contribution from Region III. In Region II,
the neutron state 2 propagates according to Eq.(2.128b).

bin Region I according to that component of G2, ie 
<C|T$ (t)$+(0)1C> or <c!T$^(t)$+(0)|C>, depending on
whether the antianalog or analog excitation is present



in state 2. Since the polarisation bubble in the
diagrams that we consider have AT - 0, the states
1 and 2 must refer to the same isospin. For the
T -4 channel therefore, state 2 must be an antianalog
state if it falls in Region I; under these circuits

clstances, the self-energy %^(w) becomes

by Eg.(2.117) and X“eaa = EAA, where IAA is the ex­
citation energy of the antianalog state in the nucleus 
[z,M-l] , as depicted in Fig.2. 7. The label 2 now in­
cludes the isospin quantum number also.

If, however, state 2 lies in Region II, where isospin 
is automatically conserved, we may take over the result 
for %f(w) from Eg.(2.117) with no modification, other 
than that all labels now include the associated isospin 
quantum numbers.

- a

where (to) =

+
"2Bl2,x(caa-w)

(2.129)

In this expression, A^2 %(w) and B^2 ^(-w) are as defined



CHAPTER 3.

DEEP-LYING HOLE STATES IN THE TIN ISOTOPES.

Hole states in the isotopes of Tin have been, extensively
studied via neutron pickup reactions on targets ranging
from 112Sn to 120Sn by several authors, [va 7 4], [va 77],
the most recent data being due to Gerlic at al. [Ge 80]

117 llfi 190relating to t. a isotopes ' Sn, Furthermore,
since the structure of the Tin isotopes is well under­
stood both theoretically and experimentally [Ki 60] , 
they provide us with an ideal system for testing the 
theoretical ideas developed so far. However, a tech­
nical complication arises in this connection. Thus far, 
the basis states that we have employed in the construc­
tion of the necessary Green's function were of a pure 
single particle character, or at most complicated by 
considerations of isospin. However, in the Tin isotopes, 
the neutron valence shell is incomplete, and, as a con­
sequence, the intrashell scattering of neutrons leads 
to strong deviations from a single particle spectrum 
for these isotopes that one would associate with indepen­
dent neutron motion. This problem was studied some time 
ago by Kisslmger and Sorensen [k 1 6o] , who showed quite 
conclusively that the residual interactions between the 
valence shell neutrons play an essential role in



establisuing the low-lying spectra of the Tin isotopes.
Thsy show further that the main features of these spectra 
can be accounted for rn considerable detail by extracting 
the two main features of the two-body interaction, viz, 
that of pairing, and that of a weaker long range component, 
and implementing these features in terms of an effective 
"pairing plus Pg interaction"* The ground state of such 
a model system has the characteristics of a superconduc­
ting (DCS) ground state, while the excitations consist of 
elementary modes, represented by independent quasiparticle 
motion (see [Bs 7?] for example for a concise overview of 
the superconducting properties of nuclei).

The pairing model has been enormously successful in accoun­
ting for features like the energy gap in the spectra 
of the isotopes with even neutron numbers, (and the lack 
of a gap for those with odd neutron numbers), as well as

4*the occurrence of a low-lying collective 2 level * 
Consequently we must give consideration to the role of 
pairing in the application of our formalism to the dis- 
ou##ion of hole state# in these isotopes.



3.1 THE PAIRING MODEL IN BRIEF.

The approximation of a "pairing" interaction is intro­
duced in nuclear physics to mimic the main feature of 
a short range interaction between nucleons in a nucleus. 
The effect of this is to lead to large matrix elements 
between states in wh' "'h pairs of nucleons are coupled 
to zero total angu: : ’.omentum. The essential effect 
of the pairing interaction is to introduce an energy 

gap [Ki 60] i? he spectrum of elementary excitations 
described by the quasiparticle creation and destruction 
operators, A+ and A^ : (we follow here the notation 
o f [Fe 71])

t

Aa=uaca -vaSac-a
Aa=V =  'vaV 4

The state labels +a are an abbreviation for {a, tm^},
where "a" summarizes the non-magnetic quantum numbers

jor&aof the single particle states, and S^=(-) is a
phase factor. The operators A^ and A^ create and 
destroy quasiparticles of excitation energy

EK = yf(e -X)2 + (I i 2)3. v 3. 3

relative to the quasiparticle ground state |0>, that 
tots as a vacuum state for the A^:



The parameters Aa and \ in Eq. (3.2) are the gap para­
meter and Lagrange multiplier (chemical potential), 
the former being a consequence of the pairing inter­
action, the latter being required to ensure conser­
vation of particle number on the average.in the presence 
of the transformation, Eq.(3.1). Finally u^ and va 

are given by

and represent the probability for the single particle 
state a being unoccupied or occupied respectively, in 
the quasiparticle ground state. They are shown in 

Fig..3.1

Ea

= 1 1 - (3.4)

1

a

2 2
Fig. 3.1 Occupation probabilities ua and va
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As the notation used suggests, the energies E a and A a, 
and the amplitudes uQ and va are independent or the 
magnetic quantum number m a , in a spherical nucleus*

A concise re-derivation of these results will be found 
in Appendix C. Of more immediate importance to us are 
the relationships between the quasiparticle energies 
E , and the excitation energies of these quasiparticle

cl

energies relative to the chemical potential X of the 
nucleus in which they occur. These relationships are 
displayed in Fig. 3.2 [cu 63] .

Fig. 3.2 Relationship between the single-particle 
energies 6 , and the quasiparticle energies Ba«

single 
particle 
levels

/////closed
shells

1 !L_
R quasi- 

particle 
vacuum

quasi-
particle
vacuum

s:S



Author  Klevansky S P 5 

Name of thesis Deep-lying hole states in Nuclei  1982 
 
 

PUBLISHER: 
University of the Witwatersrand, Johannesburg 

©2013 
 

LEGAL NOTICES: 
 

Copyright Notice: All materials on the Un i ve r s i t y  o f  the  Wi twa te r s rand ,  Johannesbu rg  L ib ra ry  website 
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise 
published in any format, without the prior written permission of the copyright owner. 

 

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you 
may download material (one machine readable copy and one print copy per page) for your personal and/or 
educational non-commercial use only. 

 

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any 
and all liability for any errors in or omissions from the information on the Library website.  

 




