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Pig.2.5: The contributions of Wn’ Wi’ and Wj to the
second term of E?(w) are indicated schematically forx

an arbitrary choice of €.r €y and Ej
From Fig.2.3 and Fig.2.5, it is evident that when w>)
there is an imaginary contribution to Z?(w) only from the
first term of Eq.(2.45), the second term at most provid=
ing a real background. Therefore, the sign of Imz?(m)
for w>A is uniquely determined by the sign of the imagin-
ary part ococurring in the denominator of the first term:

xmz?(m)<o.

is due only to the gecond term of Eg.(2.45), sinée the
contribution f£rom the first term in this viecinity is purely
real. Thus the sign of ImZ?(w) for w<A is uniquely deter-
mined by the imaginary part ocecurring in the denominator

of the secund term: I‘mzd

1(w)>o.

These results, viz. Imx?(w)ﬁo for ws\, accord exactly with




Eq. (2.14), thus confirming that the correct behavior

oocurs for the result Eq.(2.45) as w passes through A.

Let us examine the widths that are effective in the

3 ]

vieinity of the resonances of Ef(w). The first term of

d
1

indicated in Fig.2.3. Similarly, the second term of

S?(w) resonates at the point w=ei~Eni<A, indicated in

5. (w), given by Eq. (2.45) resonates at a point m=gm+Enj>A,

Fig.2.5. Both of these figures (2.3 and 2.5) demonstrate
what the effect of evaluating the W's at off-shell arg-
uments is, viz. that the widths to be sampled in the
viecinity of the resonance are very much reduced over what
they would have been, had the W's been evaluated on-shell.
This is seen, for example, most dramatically in Fig.2.5,
for wi. If Wi'had been evaluated on-shell, it would have
been non-zero for all Wee, , and-would thus have reached a
much larger value at the point of resonance. Thus, the
feature of the off-shell energy dependence of W is c¢learly

an important one.
We next demonstrate that the argument associated with each
function W is such as to satisfy energy conservation

requirements.

Consider first, the Goldstone diagram which represents the

first term of I§(w) in Eq.(2.45):




We assume that, associat

each propagator is a width W,
measured at the associated off-
shell energy 8. i1.e. we have
Wm(ém), Wn(én), and Wj(éj),

Em’ En, and éj are determined
by assuming that each individually satisfies the energy
conservation requirement: the particle or hole energy
should be off-shell by an appropiiate amount, such that
its excitation energy is degenerate with the excitation

energy of the system. Hence,

Em satisfies

g satilisfies g +&_ ~e£.=u
n 8 EpTEyTE4TW

T & Feg _+E.,
o) ?n W-g, sj

Ay i = % “
£, satlsfles ¢ +g_~E.=
3 isfies e +e, £, =0

3
or E.=e_+g =
Egmepte,mu

As cah be seen by comparing the three above equations
with the imaginary part in the first term of the self-
energy Z?(w) in Eq.(2.45), the energy conservation rule

18 indeead satigfied.

Next, consider again the Goldstone diagram specif

the second term in If(w) in Bq.(2.4%):




As before, eadh propagatoer

associated with it, a width W

taken at its off~shell energy
and En are determined
by the energy conservation condition at the energy -u.

Ay

¥ satisfies ~g,+tg_=g.=~
i i HERTESTTY

Ej satisfies

a

and En satisfies

thus confirming the structure observed in the second term

of BEq.(2.45). Hence the structure of the imaginary parts

d

1!.u)) may be understood in terms of energy congervation.

of L




2.6 THE DRESSED PARTICLE-HOLE PROPAGATOR.

The definition of the single dressed bubble was given

Seca.2.1 as
. - Cw ¥ +
iF(4321,t) = <wolrc3 (t)e, (E)e, (0)e, (0) ¥ >

In the same way that the single particle Green's function
was dealt with, the Pourier transform of this particle-

hole propagator may be expressed as

+ +
(c2c1) (CBC ) ‘o

pYe) o))

+ *
%2C1LIJ93?4)

F(4321,0) = 3, - »
N ow o+ Wy = in W= wy in

n+0 (2.58)
a form which sxplicitly displays the acausal nature of its
poles. Hare (c§c1)xo=<wﬂlc§c1|wo>, where |¥,> is an eigen-

state of the full Hamiltonian, with excitation enexrgy @y -

Symbolically, in Fourier space, the selective diagrammatic

expansion of F(4321,w) that coénstitutes the RPA, is given

Note that this differs from the usual RPA due Eo the

fact that our varticle and hole lines are dressed.

e oot . < gt et e et i




Using the diagram rules to translate this series, yields

the associated express.on for F:

-iF(4321,0) = -17(43,0) {8, 8, +(~1) (427]¥]31) (-1) 1(12, w)

+ S(-1) (45 ¥]36) (1) 9(65,w) (1) (62]¥[51)
56 ,

e ) (2.60)

The effect of exchange is again accounted for in the in-

teraction matrix element of V. (see Eqg. (2.39) for example)

We construct, using this expression, the quantity

S-1) (54|7163) (=1)F(6521,w) = 2 (~1) (54]V[63) (-1) 1(65,u) & ¢ &0
& & 16 25

S (=4) (54]F]63) (-1) 1(65,w) (-1) (62]F[51) (~1) 1 (12,0)+. ..

56

(1) (42]F]31) (=1) 1012, 0) + To(=1) (54[F[63) (-1) 1 (56,w)

56 -
(62|V[51) (=1i) T(12,0)+...
the second and following terms occurring in

parentheses in Eq. (2.60).

Hence, in the Random Phase Approximation, built up of

fies an integral equation:

F(4321,0) = 1(43,0){8,,6,4- S(541¥] 63)F(6521,w)}
6 (2.61)

Two distinct sorts of equations arise from this. Suppose
label 4 represents a particle state m, and 3 a hole state
i. Then, on inserting BEq.(2.37) for f(mi,w), the

expression

i Pt eeaamart el ettt . e s e e ot et




F(mi21,0) = {B ,~i[W, (e ~w)+W (e,+w)] ~u} !

{8, 8 L (5m|V]61)F (6521,w)}

Tm~ 24 56

(2.62)
results. If label 4 represents a hole state i, and 3 a
particle state m, however, a different set of equations

result.

U I T -1
F(im21,w {Emi l[Wm(Ei w)+Wi(€m+wX]+w}

{G1m 21

T (51|F|6m)F(6521, )} (2.63)
56

As yet, labels 1 and 2 are unspecified: they may repre-
sent a (particle,hole) or (hole,particle) combination.
The sum over states 5 and 6 refer to all possible states
of (5,6) being both (particle,hole) and (hole,particle)

too. Thus, introducing the abbreviation

Fmi(w) = Wm(€i+w) + Wi(em—w (2.64)

and writing out the sums over 5 and 6 explicitly in terms

of their particle or hole character, equations (2.62) and

(2.63) become, respectively:

Ml
r%u md

ZL ATy )+l 8 8, j+ nilVTgnO]ern21,w)+-Z (51| V| o) F n321,m)—6

(2.65)

These results can be re-expressed as a matrix equation:

~AT L (w)=w) 8 8, + 4| nd) ] 7 ¢ n321,w)+53(nm|v J1)F (3n21,w) =8
i

1023

Zn




A1l (w)= wl B
B A¥-il (=) +wl

(2.66)

mi,nj = \an ] Vl i3), and

, , * ‘ ,
is thus symmetric. Consequently B =B. The submatrix A

where the submatrix B has elements B

§ 68 (3m|¥{ni), and

mimn- i3
is thus Hermitian, consequently satisfying At=A. The

congists of elements ArI E

1i,nj=
dimension of A and B is determined by the number of
particle-hole pairs N under consideration. Both matrices
are then NxN. The unit matrix appearing on the right
hand side is also NxN, and T'(w) is the NXN diagonal
matrix with elements Fmi(w). The four submatricés F11,

) ‘

and F are then such that the labels represent-

120 Faqr 22
ing each row refer to the character of the (4,3) pair,
and those representing each column are indicative of the

character of the (2,1) pailx:

3 mp  ph

ph | | Py, Fia
o || Py Fa2

That is to say;, F11, Fror Foy and F,, are all NxN matrices

having characteristic matrix elements of the form:




it hits

(F11) F(mign,w) (F12) = F{minj,w)

() = Flimnu) (F,,) = F(imnjw)

21
where each element satisfies one of the equations in the

set (2.65).

It is possible to sgolve for ¥ in Eq.(2.66) by inverting
the matrix on the left hand side of this equation. We
perform this inversion indirectly, by examining the asso-
ciated homogeneous eguation:

X, (w)
A-4T () B %, () w |

"\ .
B* 2x=AT (~w) Yx(m) ayka)‘
1L ,

(2.68)

Here Xk(w) and Y, (w) are both column vectors with N com-

ponents. Note that this equation is not a true eigenvalue

equation, since the vector Xy (w)
¥y (w)

right hand side. However, an elgenvalue equatidn of the

ts not returned on the

standard form results on rearranging this equation such
that the operator on the left becomes [A-il (w)

and we thus refer to §AE$; as an eigenvector.

8ince the matrix operator in Eq. (2.68) is not Hermitian,

it becomes necessary to consider the adjoint equation also;

defined by:

g




where R, () and 8, (@) are again column vectors with N
s
componants, and, as before, gxég;l is the eigenvector

A
+ u slighty different egquation.

Tw. important properties can br derived from equations -

e,

2,48) and (2.69):

v Jrthogonality.

vnalder first Bg. (2.68), multiplied from the left by
4o
(R, (&)

[B*, (1) :.‘3;, (w)]  )'&-~11~ ) B ' ‘x)\ {w) e (w)[R;:' (w) S;, (w)] X)\ {w)
B Airle)||y ]

(2.70)

vvon, taking the adjoint of BEg. (2.69), bearing in mdnc

A

the symmewry propsrties of A ama B, and multiplying from

£

the right by ?x‘m ¢ralde
AL

(R () 5y W][a-11 () B
B* A*AT (~w)

By aexchanging A and A' in the last eguation, and subtraet=

ing this From Eq.(2.70), we arriva at the orthogonality

,~xxum_




relation,

[R), W) s}, @] % @
“Yx(w)

§

Mo

(2.72)

where ny is a normalisation constant, still to be set.

11) The conjugate nature of the solution.

The complex conjugate of the adjoint equation, Eq.(2.69)
is
ket T * ) kg% = * (¢
[A%-iF (W) JR% (w) + BXS%(w) = w, (w)RY (w)
BR* =4 e 3 K = g* {4
and  BR% (w) + [A-il( m)]SAfw) wy (w) 8% (w),

which may be rearranged in the form:

[A-1T () B |[st ' 5
* -

‘i(w)
*

: =—wkwﬂ
B* k=il (w) || R, (w) R} (w)

q

e S et
e e

(2.73)

This is almost exactly the original homogeneous equation,

a‘
AT e

Eq.(2.68). In fact, by letting we-=w, it is clear that the

result

“A-iT (w) B 8% (~u) 8 (~u) '
= ~mx(~w) ‘
B* Ax=4T (=w) || RE (-w) =RY (=)

(2.74)

retrieves the oriainal homocenaous equation, with solution




the eigenvector [i , and corresponding eigenvalue

- A(-w).

Furthermore, it is possible to find the eigenvector
orthogonal to this, by taking the complex conjugate of

the original homogeneous equation, Bg. (2.68), and letting
w+-w. This process yields that the vector [;gg:x{]with
A

eigenvalue ~m{(—w) satisfies the adjoint equation, Eg.(2.69),

and the orthogonality relation Eg.(2.72), becomes

[t ) ¢ o] [ s ] [0 X7 ()] 8% ()

- #* (=) |
~R¥ (~w) RA(MXA
aRUUW (2.75)
In summary, if we have a solution to the homogeneous

equation, Eg.(2.69) as [?Agwi] with eigenvalue w, (w),
A w) A

then [Rk(wq is a solution to the adjoint equation,
x .

S, (w
=% ..
and is therefore orthogonal to it. Furthermore, [g%%_zﬂ
is also a solution to the original homogeneous equation,

with associated elgenvalue -m\(~w), and has orthogonal

to it, [i%é:gﬂ , the solution to the adjoint equation.

The normalisation constant n,, as defined by Eqg. (2.72)
may be directly obtained by continuity with the case of

r ,»0, thus ensuring that the matrix operator in the

mi
equation for F (kg.(2.66)) is Hermitian, as discussed,

for example, by Thouless [th 61]. i.e. the set of vectors
associated with the eigenvalue wk(w) are normalised such

that nx=1, and those associated with the eigenvalue




"mx(—m) are normalised such that nx=*1.

Having established these properties, we move on to con-

struct ¥ in terms of its elgenvectors.

thw
(2.76)

where Cx(w) is an unknown matrix, and the vector gk
A

represents generally, all the possible eigenvectors

satisfying the homogeneous equation, Eq.(2.68), i.e.
Px represents each eigenvector of the form ‘ikﬁzg
A

Q
A
as well as . Let us call the general eigen-
5 ,
k ’ QA.

D
() .,
) ()]
the corresponding eigenvalue w, (w), and similarly,
* (-
when PA represents S&( w)' correspondingly,
Q}\ Rx(—w)
9k=~wx(-w).

8* (-w)
Ri(—w)

value corresponding to Clearly, when

P
A
Q

is taken t®v represent will represent

Upon inserting this ansatz for F into the defining

egquation, the expression

Py

i(ﬂx—w) o Cy (w) = T |
by (2.77)
results. Multiplying this frOm(the left by the asso-~
ciated orthogonal vector [R;](w) S;](wﬂ or
[e*.* (~w) x*.% (-w)] , generally represented by [UX' Vk'j'

results in ah express$ion for Ck(w):




—wA(~w) ore normalised such that nx=~1.
Having established these properties, we move on to con-

struct F in terms of its eigenvectors.

P\
let P 2253 CA(w)
PR SYN (2.76)

where C\(w) is an unknown matrix, and the vector gA
’ A

represents generally, all the possible elgenvectors

satisfying the homogeneous cquation, Eg. (2.68), i.e.

QA represents each elgenvector of the form ’Xx‘w)
A

Y. (w)
: S* (~w) A
as well as R¥ (-y)| © Tt us call the general eigen-
A
value corresponding to gA ' QA‘ Clearly, when SA
A A
is taken *tv represent gkéw), 2, will represent
y (w) A

the corresponding eigenvalue mk(w), and similarly, '
P . S§(~w) .
when A| represents & r correspondingly,

9A=—wk(~m).

Upon inserting this ansatz for F into the defining

equation, the expression

Py
s (2.77)

results. Multiplying this from the left by the asso-=
ciated orthogonal vector [R;](w) S;](wﬂ or
[Y*;}(~w) X*f}(*wﬂ » generally represented by [U}\i Vj,],

results in an expression for Cx(w):




(2.78)

Hence, F may be written in terms of its eigenvectors and

elgenvalues as

P11 Fi2

Foy Fao

' -1
(v, (0)—w)
T

| -1
:;;“°x““’*M) (2.79)

'

where‘§:vmeans that a restriction is placed con the summ-

ation to avoid double counting. We compare this with the
structure of the general result for F, Eq.(2.58}. In

doing this, we see that the set of eigenvalues mx(w) must

have a positive real part, and lie below the real axis

Then it follows that the pole structure of this construc=
ion Eq.(2.79) is in accord with the general result.

This can be geen plctorially in Fig.z.é, where, foi com-

pleteness sake, the elgenvalues corresponding to the

adjoint problem are also included.

¥

T e oo, | e . AT e



Fig.2.6 The structure of the eigenvalues of the homo-
genesous equation, Eg.(2.68) denoted by the symbol "x"

and the eigervalues corresponding to the adjoint equatin»n,
denoted by the symbol "o", is displayed. Note that if

Mw =#T(~w), then mk(m)ﬁwk(“m)-

We see from this that the restriction on summation is that
all sums must run over A such that Rewk(w)>0, to avoid

double counting. From the matrix equation of F, Eq.(2.79),

the identification of each submatrix may be made:

F11=§’ (wk (w)“OJ)_1X>\ (m)R; (w) + ii (wk (~w) *w)misX(“w)Yi‘f('*m)



B T T T TRy I e T iy BT W N
e x-M(‘;";ﬂKa\,y N L FU TR PR A SR FRROE SR o 1A R A 1 O = L T S N RIS . k et :

F12=§ 'y (w)-w) "'TX)\ (w) S; (w) -+ i ' (wy, () 4) "18;\‘ (-w) x‘f”““”
F21ﬁ§'(NA(N)“w)~1YA(m)R;(M) ! il‘“x‘““’*“’~1R§‘”“’YK+‘““’
F22=§’(wx(m)—w)—1YA(w)SK(ﬂ) * i'(wx(-w)+w)"1R§(-w)x§+(—w) (2.80)

and, using these, the identification of each matrix element
~occurring in the above submatrices, can be made. This

yields

F(mijn,m)=£'(wx(w)—w) xmi(w)rhj(w) + i'(mk(~w)+w)_1s;z(—w)vgj(~w)

A

F(minj,m)=£'(wx(w)—w)_1x;i(w)sig(w) + 2'(wk(—w)+w)"1s;i(-w)xij(~w)
A A}

A%

R -1 \ -1\ -
F (imjn,w) ->}3“(w;\(w)-w) vm(w)rnj (w) + § (w, (~w) +w) rmg(W)an( w)

-1 -
P (i ) =2 (uy (@) -0) v;i(m)sﬁg(w) + T (wy () +u) ‘rgi(—w>xij(—m)

A
(2.81)

A

)th

Here xai(m) is the (mi element of the column vector,

Xl(w), associated with the eilgenvalue mk(w), and similarly
A A A
for ymi (m) 7 rmi (w) ? and Smi (w) ‘



2.7 SELFP-ENERGY CALCULATION USING THE DRESSED

PARTICLE-HOLE PROPAGATOR.

The approximation to z?

(w) employing the renormalised
single particle Green's functions in the calculation of
the particle~hole propagator is represented schematically

in Fourier space as in Eq. (2.27):

As before, exchange effects are included in this diagram
via the interaction matrix elements. Using the rules

for translating the diagram, we obtain

~:Lz:‘11(w) =23§6 (-1) (32]9141) (~3) (51 Wlsz)f%?r;' ir";f (w-0') (1) F (6543 ,0")
o | (2.83)

This may be written more suggestively as:

-]
.
159 (w) =1 2 a5 (w-u') Y. (51]¥[62)F (6543 ,u') (32]F]41)
2% | 3456 (2.84)
Each label 3,4,5 and 6 ranges over all possible particle
and hole states., By designating each of these states

specifically as to its character, the expression becomes:




118w = (8" Pwmwn) D { @1|¥]m2)Finiin,w') @2]7]371) ,
1 2_0-52“. 2 minj

+(11[9]m2) F (ming ") (52]¥n1) + (1 |F]42)F Giogn,w') (02[7]31)

(1 [V]42) F (i ,w") (32| n1) }
(2.85)
Now, Eq.(2.81) gives the explicit forms for the matrix

elements of F, which may be inserted, to yield

 od (' Z: 1 a1y A X &1
25 () =L |52 G2 (w-') %”?ﬁ' (11]Vm2)x_, () % (w') (n2{V]31)
9 w) ziéy 2\ Réan, >0 w, (w ) -0t . : [(17 V] mi nj V13

A

# (@1 02050 W8t () (52[F]nt) + V1120, Wwhzpr ) 02[T131)

Funt {1207, sl o) 32[7n1)])

el [ s ) () (2 [T137)
A rming

# (11 [Vm2) 8}, ()3 (') (52[Fnt) + I?f‘liz)ygj ()t (') m2[7]31)
+ (m1 V] 12) A*(—m')x 3( w') (32{V]n1]] (2.86)

This expression reduces by noting that the coefficients

of (wx(w')~w')~1 and ‘of (mk(»--w')+m‘)"1 factor, to give

the simplified expression

. Ay 4 (w") B (=w")
_izd(w)=2 de (UJ""UJ) Z . 12r>\ + 121}\ .

1 2r d VA 5 ¥
2 RewA)O mx(m )= w mx( w' )+ w

here .
where (w')=[¥ x;\‘i( (11 [V|m2) +2 y 4 (w") (m1 ¥]1.2]]
i, ™

A
1242 )

W'} (32|¥n1)]

Ay
% [% rm( ) (n2(V]91)+1 s,

A (
nj nj ]

o : A
and By, (- )m% ) (12]¥|m1) +ﬁiiy (=w') (2 | %] 11]]

x[Z (=w') (1l '\’}“-\2 ) ‘.>\95 at ) (2115 23, .
nj ) ( I {2 ) :v;-js’nj( w )(;}1['\7|m2)] (2.87)
In' order tc evaluate the integral over w', write w, (w)

L_.'».x.

in terms of its real and imaginary parts, as




wk(w)=a(m)-i6(w), whereaxuﬁ,ﬁx(w)>0. The expression for
Gg(w—w') ig given by Eg.(2.11). We then evaluate Zﬁ(m)

in two stages.

i) Buppose label 2 refers to a particle state, P.
Then

(D) oI

S w'~m+l+$smin
(2.88)

It is evident from Eq.(2.87) for z?(m), that the only non=
zero contribution to the integral will arise from multiply-
ing Gg(wmm‘) by the first term given in parentheses, since
poles of this structure are at w‘ﬂwk(w'). i.e. at
wt=o(w')~iB(w'), which fall in the opposite imaginary half
plane of w' as the pole arising from GE(m-w'). * Hence, we

are required to evaluate Z?(w), given by

o + ‘

»m?ﬂ w'—w+A+ag~in m'-mk(m‘)

Pri,8
(2.89)

On performing the integral over w', and approximating the
sum over s by the appropriate integral, the exPression

resulting

(w=A=g_)

A/]pr’\ 5

mﬁkaesﬁax(muxags)¢i6k(mﬂk~ss)

(2.90)
Since the functional dependence of A1Pik' oy and ﬁx on &g

*

igs unknown, as well as the dependence of wp(as+x) OGGUYEing




in -!_(c;)sol2 on g, we employ the same technique in eval-

uating this as was used in the evaluation of Eqg. (2.42).

i.e. we evaluate the functions A1p 5 %) and By at the
4
*)

valuc of e, at which l(cp co

|* peaks, i.e. at €S=€p—A.

This results in the functions A‘P x(w~€p), ax(w~ep) and

!

B{m—ap), all of which have no dependence on €. We now

i/

i

evaluate Wp(€c+A), from Eq.(2.29), at zﬂ=w—k—ax(w—€p)
ignoring £y as being small, and using @, taken at its
new value, independent of e This results in the func-

tion Wp(w"ak(”'gp))zwp(m"“k) appearing in the expression

for | (ot

p)solz' With all unknown functional dependences

on g, NOW removed by this procedure, the integral over
€, may be performed. (As before, the limits of integra=

tion are extended to ~ ;. The resulting expression is

Zﬁplkwhsp)

L .
PrA W“Egrwk(w"ﬁp)+iw (w"ak)

P (2.91)

ii) Suppose label 2 refers to a hole state, h.
This is dealt with along the same lines as for the par-

ticle state. We see that

Gg(w-wt) ~ __Z l (%);s‘__'q‘f

g w'*w+k~as,+in

and the non-zero contribution to Ei(m) is given by folding

thie with the sécond term in parventheses in Bg.(2.87);




2y D AT b

il.e. we write

= | , o
il - -2 [ o) g o B,y 0"
hrs”-ag" W'wkd-g  tin wy (~0!) 4!

A

(2.93)

Employing the same procedure as for the particle ecase,
wa perform the integral over w', and replace the sum
over s$' by the appropriate integral, resulting in'the

axpression

Bip,p (wheg)

12 V a N IR
w—k+as,+ak(k~w~esi)wmﬁx(kwwass;)

e
| dss' I (c‘h)S'O
[+

(2.94)
Brploying the same technique as for the evaluation of
Bqg.(2.42), we find that to eliminate the functional
dependence of B1h’x, a,, and GA on gs,, ghése fundétions
must be evaluated at the peak of I(Oh)s'olz‘ i.e., such
that e ,=A-w=-a, (e, =0). (We neglect the contributisn
from the imaginary part Byr as before.). Thisg results
in W (A-e_,) being replaced by Wh(w+ax(ah~m))ﬁwﬁ(wfqi);b
Ag before, the limits of integration are extended to

~=, and the integral over e,, performed, resulting in

1, S N )
Do) & ) mA Y
53.,‘_’.’(0)) —"-’Z . WA h 0

B A waah*mklehﬁm)“lW(wwaA)

Pinally, the results, esquations (2.91) and {2.95) may

combinad into a gingle géneral egpression for




'L
A2 m—52~wk(w—€2)+iwz(w~ak)

noB1g,1(Ey7w)

w~52+wk(e2—w)~iwz(w+ai)‘

5 et e i g e i e st BN

Prom this result, it is evident that the dampiﬁg of the
single particle or hole is once again contrblied‘b§ gffﬁ
shell energy arguments of the imaginary parts, thé Wi&th‘
W, associated with the particle or hole, and BA’ Eh?.? dth E
arising from the interacting dressed bubbles. The anéxgy
arguments occurring in these functions can be Seen £6 y

accord with the requirements of energy conservation, as

e

|
!
|
]
]

described in Sec.2.5. We demonstrate how this operates

here.
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term of E?(w) is:

—

Assoclated with the

p, is the width Wp’

expected to be off-shell by an

amount EP, such Lha‘t E;P‘**Ob;\ﬂ&!),«
at the point of resonance. i.e. Ep=w-mk. The imaglnary
part contributing to Z?(m) from the particle=hole px ag

tor is B,, which should be evaluated at the (real) e

mx, such that ap+wk=w. i.e. mxﬁw“ap. Thig confirms th 




regsults obtained in the first term of Eg.(2.96)

The specific (Goldstone) diagram represented by .the

second term in parentheses is

Associated with h, is the

width Wh' expected to be

off-shell by an amount Eh,

such that ~Eh+uﬂ=—w at the
point of resonance. i.e.ah=m+&x. The imaginary part
contributing to Z?(w) from the particle-hole propagator,
By s should be evaluated at &A such that -eh+&A=—w, or

,&A=eh- w This is confirmed by the second term of Eg.(2.96).

Purthermore, our expression fox E?(m) must satisfy the
requirement (see Eg.(2.14)) that its imaginary part
changes sign as w passes through A. Examining each term

in the expression for E?(w) individually, the following

is evident:

From the first term, Wz(w~uk) is non-zeré only

if m-ak>k, i.e. for values of w>ak+k>x, since Gy is
positive. However, we know from Fig.2.6 that the set of
values wx(w) has an imaginary part only for w>0. i.e.
Bx(w)>0 for w*0 since Bx(m)ﬂ~1mwk(w)‘ Henge wk(wﬂsz) is
non-zero only for w>:, which is larger than A, since g,
represents a particle. Hence, from the first term, there
¢an only be a contribution to the imaginary part of S?(m)

for w at least larger than A.

AT



Eﬁﬁmqthe second term, Wz(m+ai) is non-zero only if m+di<K

j.e. @ is at least less than A by a positive &

similarly w, (e,-w) can only contribute if e,=w>0..

for w<e,, which is less than A since €, here represents
a hole. Hence, from the second term, there can only be
a contribution to the imaginary part of Z?(w) for w at

least less than A.

Thus, since for w>A, the imaginary part is non-zero only
in the first term in Z?(w), the gign of ImZ?(m) is uniquely
determined from the sign of the imaginary part occurring

in this denominator: Imi?(w)<0.

Similarly, for w<X, the imaginary part is non-zero only
in the second term on Z?(w), the sign of ImE?(w) is
uniquely determined from the sign of the imaginary part

occurring in this denominator: Imz?(m)>0.

d
, 1
Z?(m) changes sign correctly as w passes through A.

These results, viz. ImI;(w)30 for wgh, guarantees that

B AR



2.8 SYMMETRY CONSIDERATIONS

The formalism developed thus far is as yet uncommitted
to any nuclear system. In order to study the self-enerqgy
in a particular nuclear system, it is necessary to con-
sider the symmetries under which the associated nuclear
Hamiltonian is invariant. The symmetries of particular
importance in our applications will be those of conser-

vation of angular momentum and isospin.

a) Angular Momentum Coupling

In a spherical nucleus, all single particle or hole states
carry good angular momentum. We must therefore be ex-
plicit in including the angular momentum involved in

describing the label "1" in the construction of the

dressed particle hole propagator.

In order to facilitate the inclusion of angular momentum,
we alter our notation slightly. Thus far, the labels

1,2, etc., refer to all quantum numbers of the states

involved: 1E{n1l1j1m1}, 2§{n2,12,j2,m2}, ete. In

the following, however, we deprive the symbols 1 and 2,
say, of their magnetic quantum numbers, which will now

be written out explicitly, thus: {1m1} and {2m2}; The
labels 1 and 2 now refer to only the quantum numbers
{n,1,3,} and {n,1,3,}. Thus for example, F(4321,w) in

this notation means F(4m43m32m21m1,w).




Now consider the diagrammatic representation of Ed(w):

] 1

»‘—3 — intermediats state

Since angular momentum must be conserved, it follows
that the total angular momentum of the 'intermediate’
state must be j1, the same as that of label 1. This
requires us to consider the internal line, designated
by 2, and thus carrying angular momentum jz, and the

dressed RPA bubble independently. It foliows that,

if the dressed particle~hole propagetor carries angular
- ) .

momentum J, then J + 32 = f1. We tnerefo.e introduce

the dressed narticle-hole pronagator of angular momentum

J by

J _2{“ L RER
¥ (g%«?,(ﬂ) = (341“4:]3 m31JM)( )
m,m
172
mgmy

X F(4m43m32m21m1,w)

Co ; Jp=my ,
X (JymyIy-my [TM) (=) (2.97)

The fact that the particle-hole propagator is actually
independent of M is stressed by the notation FY intro-
duced. This will be seen from the equation that FJ
sétisfies. The arrow notation introduced in EJ ahove, 1ndi-
cates the order of coupling of angular momenta, which

v

in turn prescribes the order of the angular momentum




labels appearing in the Clebsch-Gordan coefficients
ie that 1 is coupled to 2, and 4 to 3, both to a total
angular momentum of J, in the manner prescribed, We

apply this notation generally to the coupling of all
angular momenta. For example, the matrix element given
by the diagram %&gmjkya ig simply (j5m5j4m4lV|j6m6j3m3).
This may be coupled to a total angular momentum in one

of several ways. For example, 5 may be coupled to 4,

and 6 to 3, to a total angular momentum J with projaction
M, or alternatively, 6 to 5 and 4 to 3 may be coupled

to (J,M). The former scheme is given by

(54]V|63) = I(jamed m, [ (3.medma | IM)
3J ?J n's 5 5474 6°6-3°3 ™)
'Lj).-l ?-‘ In s o Wl T L R

% (Jemgdymy V] 3 gmg35ms) \2.98)

while the latter is

T
e ju~nr J-m
54 |v]63) = I 5754 oy (=) 33
(5 ;‘ 23) m'é 35 mg | M) (- (3 4m,34 mB!JM)(
% (Jamgd gmy (V15 me 3 ama)

Since each state in this matrix element is coupled to a
conjugate state, the appropriate phase, see for example

[Fe 71], has been included, and the sign of the magnetic

1The Clebsch-Gordan coefficlents are defined according

to the conventions of A.R Edmonds [Ed 60]



quantum number on which the arrow ends suffers a sign

change.,

Reversing the order of coupling in any way just leads

to the introduction of a phase change, ie

3 '

41v]63) 757247 (54 1vl63)
v = (- ,
GIVies A41Viss

(2.100)

(2.101)

The relation between the two coupling schemes is given

by

A
(54]v
54

(g8 lvied)

(2.103)

il e e e iy reuisemmvind




where the brackets denote 6-j symbols [Ed 60] .

The matrix element (j5m5m4lvlj6m6j3m3) may also be
written in terms of the coupled matrix elements by in-

verting either of equations (2.98) or (2.99):

(5m54m4lV|6m63m3) = I (j5m5j4m4lJM) (j6m6j3m3|JM) X (%lv[%)

o _ J e~
= I (jsme:]S-ms:JM) ("') 575

(3 ,m,Jo=m, | TM
T 43 zmg| )

r---—-':[...>._.1
(3534 1V13535) (2.104)

L“"‘é"‘J——‘

Tnclusion of the exchange diagram in V results in a
modification of the relation connecting the two coupling

schemes. One finds

in place of Eg.(2.103).

After this detour, we return to the construction of
FJ(4321,w). We know that F(4m43m32m21m1,m) satisfies
an integral equation given by BEq.(2.61). In terms of

our revised notation, this equation becomes:




LR AR BT

F(4m43m32m21m1,w) = ﬂ(43,w){6146236m?m36m1m4

5 (j5m5j4m4}V|j6m6j3m3)F(6m65m52m21m1,w)}

igig

m5Mg

(2.106)

We have used the fact that ﬂ(4m43m3,u) does not carry
any m labels, since the energies occurring in EBq. (2.37)
depend only on nfj. An analogous equation for FJ(QQ%J,M)
can be obtained from Eq. (2.106) by operating on both
sides with the expression

3
(3 ,my35-my |IM) (=)

m3m4

Then the left hand side becomes FJ(gggg,w) by construction,

while the first term on the right hand side reduces to

ﬂ(43,w)614623 due to the orthogonality relation [Ed 60]

(34my3gmo | TM) (3 ym 3 mp [ TIM) = 8 pr i Sy
mqm,

petween Clebsch~Gordan coefficients. The second term on

the right hand side is

(3gmg3 gmyl ¥ 3 mgd gmg ) F (6m, Bmg2m, 10, ) (2.107)




F(4m43m32m21m1,w) ﬂ(43,w){6146236 Bm

moMy MMy

' (j5m5j4m4]V|j6m6j3m3)F(6m65m52m21m1,w)}
I53g
mgm

(2.106)

We have used the fact that %(4m,3m,,w) does not carry

any m labels, since the energies occurring in Eq. (2.37)
J
(

depend only on nfj. An analogous equation for F gggg,un

can be obtained from Eq.(2.106) by operating on both

sides with the expression
j,~m F H=m
D (3mydgmgfom) (5) 73 372 2 (g ms,mmy [am)

m,m,

m4m,
Then the left hand side becomes FJ(@Q%&,w) by construction,
while the first term on the right hand side reduces to

ﬂ(43,w)614623 due to the orthogonality relation [ﬁd 60 ]

(j1m4j2m2IJM)(ij,jzmzlJ'M')

1 S 571 Smm?
m1m2

batween Clebsch=~Gordan coefficients. The second term on

the right hand side is

x (j5m5j4m4|$[j6m6j3m3)F<6m65m52m21m1,w)




By inserting the first relation in Eq. (2,104) for the
matrix elements of both the direct and exchange terms,

the following expression results:

3y, 3y
D Gl Gyl ()72 273

(’;1,5;|V|§>§)} (2.108)
:rf 3'/

The summation over three Clebsch~Gordan coefficients

may be carried out (see for example, EFe 7U ) to yield

=Tl

U5 d ety | OM) (3 |TTMY) (G amed i |TTM0) (<) 23
m3mM,443‘3 Mg 33 554y

J e~ Jptie=T" o

()73 (3 meigmg ) =) 0 (231 (353,

J43g7 (2.109)

and this gives
s A, g Mg I
CE (gngdsng | ()75 3 (3l ()2 2
oM
J8 Ju T
X F(6m65m52m21m1,w)(2J'%1) 'j5j4 !

J!
(341vl63) = (45lvig}
gr Jgr g (2.110)

in place of Hq.(2.108). Using the definition of FJi and

Bg. (2.105), this in turn reduces to




I
(54 |%163) 776521, w)
e

1536 (2.111)

Tinally then, FJ(%§%J,w) ig found to satisfy the integral

equation:

T ppmng oy
(§>§L2<j s w)}

(2.112)
which confirms that F' is indeed independent of M. The
simplicity of this answer reflects the power and beauty
of the coupling notation of using arrows, sinece the
result Eg. (2, 112) is seen to be obtainable diregtly from
the original integral equation for F(4m43m32m21m1,w),
by simply chooging the coupling scheme on the left hand

gide, and then maintaining it throughout the equation.

With this in hand, we now turn to the question of express-
ing z?(w) in termg of FJ¢ The general expression for the

self-enargy, in terms of the revised notation, is

12y (w) ‘j £j6(3m52m2{614m41m1)(5m51m11?16m62m2)

My Mg

) L
® J/E&g' Gg(wﬂw‘)F(6m65m54m43m3;m')

Tk ls sonvenient to wrlte

, N . * 4
(3m32m2|V|4m41m1) = (1m14m4|V|3m32m2) , and to express




both matrix elements of V in terms of the coupled matrix
elements given by the second expression of Eq. (2.104),

including the exchange part. Then Eq.(2.113) becomes

i (w) = L (Jam,Jo-m, |aM)2 (]
1 . A 1
3,9 1327 149 1)
JM

XJ%EJ(GSAIB,M)GB(U)—U)') (2.114)

on employing the definition of FJ. Using the standard

relation [Ed60] for interchanging angular momenta,

, , /23+1 : 2
a0 13,mm, K231+1,mM 22 1M
20+

234+1 (2.115)

the general expression for Ef(w) becomes

5311713672 35 +1
el |

) Z (v 0 l%‘ ¥ )*(
w) = I
14911713377 Y

jzh*js U«
' A ‘ i A ..
of 9 77 6543,01) 65 (w) (2.116)

This result indicates that the contribution to Xﬁ(m)

from polarisation bubbles carrying a prescribed angular
momentum are simply additive. Furthermore, one notes

once again that the answer given also follows immediately
applying the arrow coupling tec.nique to Bg. (2.113),
provided one includes the factor (ZJ+1)/(251*1). Using
the arrow coupling method, the general expression for Zi(m)

that was obtained in Sec.2.7 as Eq.(2.96) may now be




written in terms of amplitudes AJ, and BJ , that
12,7 12, A
carry good J:
!
27+1 (1= n,)A12 Y,

2 w) = ff—— )"
a\23, +1/A

%
2 [ wee (w~e,,rﬁN (w—ax)

J
nyBiy yleyw)

+
g gy} =1 ! ’
w e2+mk(52 w) xwz(m+ak) (2.117)

where

J J
w) = [z xmi(w) Vlmz ) y ) (m1 [V{iz)]

LR S
J i J
J I

X [z.rgg(m){nlelj1) + I sk*(w)(q ¥ 1]
J

12 A

nj J nj

and
J

87 (o) = [2 5, () (AR + T ¢ (-u) (m2
12,2 mi‘m i mimi

' A
X B:r *
njrm
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b) The Role of Isospin

One knows now that isospin is conserved to a high degree
in all nuclear systems, especially in heaﬁy nuclel [ﬁo 75].
In the shell model, this feature is recognised by con-
structing wave functions that contain good total isospin.
For nuclei with equal numbers of protons and- neutrons,

this is trivially done by assigning each single particle
state a good isospin guantum number. However, when N>Z,

a complication arises that may be seen as follows. Supp-
ose we represent such a nucleus pictorially as in the
diagram below where the proton and neutron states have

been displaced laterally with respect to each other.

neutrons

protons

2,51

This system, which we denote by |C>, forms the target
nucleus in subsequent discussions. In its ground state,
|c> carries isospin quantum numbers [T,,T_], where

2T, = N-% is the neutron excess. One notes that three

classes of single particle states appear in |C>:

states occupied by both neutrons and protons

states occupled by neutrons only

states lacking both neutrons and protons.




We identify a single particle state in each of these
classes by the labels uv, f£g, and uB respectively, while
numerical labels, 1like 1,2 can lie in any of these three
regions. States in region I are referred to as core

states, while the states in region II are referred to as

w1 e (41

—

valence states.

The analog state of such a system is formed by the op-
eration of removing neutrons from a particular state,
and creating protons in exactly the same state, a pro-
cess that is accomplished by the isospin lowering oper-

ator
7 = zphn, (2.118)
' 1

Here, the operator n, destroys a neutron in state 1 and
pﬁ creates a proton in this same state. Applying this
operator to the core, we note that only neutrons from
states f£,g can be destroyed, since this is the only
available region to create protons in, such that the
destroyed neutron and created proton are in the same

state, and we have, therefore that

i

JZfQITO T, 1>
/2TO|A> (2.119)

(~) - + :
T o> = gpfanToTo

i

where |a> is the analog state of |C>.

(=)

The amplitude /ﬁﬁo follows from the properties of T
its Hermitilan conjugate T(+), and the T, operator, which



satisfy the same relations as the corresponding angular
momentum operators (see for example [Ed 59]). Hence

the analog state to the core is:
1

|a> = ) es (2.120)
/2To

In a target nucleus |C>, which contains different num-
bers of protons and neutrons, the removal of a proton
always leads to states of good isospin. However, the
removal of a neutron may or may not lead to states of
good isospin depending on which region (IT or III) the
neutron was removed from. The nucleus [z-1,N] with a
single proton removed, carries isospin [To + §,T 3],
and is the parent of the nucleus [Z,N-1], formed by re-
moving a neutron from |C>. The analog nucleus [z ,8-1]
carries isospin ETO - %,TO - %]. We designate the
parent state as pulc>. From this, we may build its
analog state by applying the T(") operator of Eg.(2.118).
Thus: T (~)

‘ [Z'N-ﬂ &= it = - (=) 1 5 ‘ =
» /2T +1 pylc> t “u|0>+puT lc >} (2r +1)

3

(2.121)
where the factor (Z’To * 1)% ensures that this state is

normalised to unity. In terms of the analog state of

the target, |A>, this may be rewritten as

2 EZIN""‘] = {—-nul(3> + /Z‘TopulAﬂ (ZTD'H)N% (2.122)

The orthogonal state to this gives the antianalog state,

WM[Z’NM] = {/aTn o>+ pUlA‘p}(ZTO'M)‘-% (2.123)



which may be written in terms of the core |c> only, as
(=)

v P -} .

M- v 2.124

v, [b ] = | /zmonu{c> + o lc> }(2T0+1) (2.124)
o

pPictorially, the situations represented by equations

(2.122) and (2.123) are:

Analog state in = - ' o -P\/ZTO ; (2T0+1)"%
nucleus [Z,N-1]

Antianalog state in_ -
nucleus [Z,N-1] 2T 0 + °

Energetically, the relationship between the target,

»

parent, and analog is summarised lin Fig.2.7.

n+analog‘state____r___.[T5+§,Tb~%] st
s A

T g b

-,“_,_ _—

n+antianaloy Y T - e
state T A [Tb %'To 4]

Ban

¥, -

ntground [2,8-1]+n fey op oo = ¥ ) .

state of ,A\ ”*LTO LI 4] [2=1 )0 [TO+%1TO+%]

i . -

analog nucleus ‘ parent nucleus
+p

[z, ] v
Target nucleus |C>

Fig. 2.7: see caption on
T following vage.

T e eiemmtvderemeimrete o



Fig.2.7: Schematic energy level diagram showing the

relationship between the states of the target, parent,
and analog nuclei. 5, and Sp are the neutron and pro-
ton separation energies of the target. EA and E,, are
the excitation energies of the analog and antianalog
states, measured relative to the ground state of the
analog nucleus. The Coulomb‘engrgy shift Ac can b%/
3

calculated from an empirical formula Ac = 1430(2/8 ")-992

kev [Ge 80]. ¢ is the neutron-proton mass difference.

From the expressions for the analog and antianalog
states, which both carry good isospin, it is clear that
the removal of a single neutron from a deep-lying

state within the region dgsignated by u,v, does not
alone give rise to a state of good isospin. The addi-
tional component reqguired to build the good isospin
state has a 1 particle ~ 2 hole character. We there-
fore refer to WA[z’N"{] and, WAA[?'NHi] as isospin

quasihole states [K1 82].

From the equations (2.121) and (2.124) relating the

analog and antianalog states to the target, we may

define the operators ¢:and $:, which create the analog

and antianalog states depilcted, as

; =) , ~%
of = (-myrp,T } (27 +1)
5 (=) ,
and $Z = {/ZTonu PR S (2T©+1) } (2.125)

V21,



Eliminating . T(") from these, we obtain the operator

relaticn

. tyam Tt ) (2m e T? (2.126)
D, {sZTOﬁ)U CPU}( ° )

ie 1f we destroy a neutron in state ¥ , we do not have

a state of good isospin; this destruction operator,
however, may be written as a linear combination of
analog and antianalog creation operators, which them-
selves carry good isospin. Hence, a neutron destruction
operator can be written selectively as

+F -
tvar o107 1 (2r_+1) } 4¢ 1 is in Region T

a1(n) if 1 is in Region III
(2.127)
depending on the region in which it acts. Here bj(n)
creates a neutron hole in state 1, which is in the oce-
upied region I, and a1(n) destroys a neutron in state
1 above the occupied rgqions. Thig above desaription
of the destruction operator b:(n) in Region Ii is as

yet incomplete, in that it does not recognise the fact

that the valence shell may not be completely filled:
This problem will be dealt with later in texms of the

Pairing Model.

The fact that a neutron in a state u does not carry

good isospin reflects itself in the construction of the

g T



associated z?(w). Let us re-examine the self-energy

in thig situation. If the label 2 in the diagram below
refers to a hole state in Region I,
then Eq.(2.125) shows that we must

consider the propagation of an

analog or an antianalog excitation
that isospin conservation requires.
However, if 2 refers to a hole state in Region II, isos-
pin is automatically conserved. The former thus repre-
sents the propagation of a quasihole, the latter an
ordinary hole. The Green's function puts these features
in evidence. Specialising c; and Cy in Eg.(2.1) to re-
fer specifically to the neutron creation and destruction
operators n; and n,, one has

Ne)

iGz(t)

Hi

<ClTn2(t)n;(o)lc>

27T

i

1 |
© «cl7d (£)31(0) [c> + ——<Clg, (E)¢) (0) |a>
21 +1 oo 27 _+1 oy tedy (00

2 in Region I (2.128a)

s <cxmb;(t)bf(o>ic>, 2 in Regqion II  (2.128b)

There is no contribution from Region III. In Region II,
the neutron state 2 propagates according to Eq.(2.128b).

in Region I according to that component of Gg, le

<C|Tm“(t)$;(o)lc> or <c!m¢u(t)¢;(0)|c>, depending on

whether the antianalog or analog excitation is present



in state 2. Since the polarisation bubble in the
diagrams that we consider have AT = 0, the states

1 and 2 must refer to the same isospin. For the

TO—% channel therefore, state 2 must be an antianalog
state if it falls in Region I; under these circum-

stances, the self-energy Z?(w) becomes
27

—0C .y
2x0+1

d

21(w)—» d(

, J o
20+1 ’ (1~n2)A121A(w eaa)

where Zg(m)

g .
J 2j1+1 Réf% w-g, =0y (w-g_ ) +iW, (w=a,)

J
n2B12,X(€aa~w)

m—Eaa+wk(eaa_w)~iW2(w+ai) (2.129)

In this expraessicn, aY (w) and BY {(-w) are as defined
12,4 12,4

by Eq.(2.117) and xasaa = E,,, where B, is the ex-

gitation energy of the antianalog state in the nucleus

[z,84-1], as depicted in Fig.2.7. The label 2 now in=

cludes the isospin guantum number also.

If, however, state 2 lies in Region II, where isospin

18 automatically conserved, we may take over the result

for Z?(w) from Eq.(2.117) with no modification, other
than that all labels now include the associated isospin

quantum numbers.




CHAPTER 3.

DEEP-LYING HOLE STATES IN THE TIN ISOTOPES.

Hole states in the isotopes of Tin have been extensively

studied via neutron pickup reactions on targets ranging

from 1128n to 1205n by several authors, [Va 74], [Va 77],

the most recent data being due to Cerlic at al. Lce 80]

r) a
11“’116'1208n. Furthermore,

relating to t. e isotopes
since the structure of the Tin isotopes is well under-
stood both theoretically and experimentally [ xi 60] p
they provide us with an ideal system for testing the
theoretical ideas developed so far. Howevexr, a tech-
nical complication arises in this connection. Thus far,
the basis states that we have employed in the construc-
tion of the necessary Green's function were of a pure
single particle character, or at most complicated by
sonsiderations of isospin. However, in the Tin isotopes,
the neutron valence shell i1s incomplete, and, as a con-
sequence, the intrashell scattering of neutrons leads

to strong deviations from a simgle particle spectrum

for these isotopes that one would associate with indepen=~
dent neutron motion. This problem was studied some time
ago by Kisslinger and Sorensen [xi 60] , who showed quite
conclusively that the residual interactions between the

valence shell neutrons play an essential role in




establishing the low-lying spectra of the Tin isotopes.
They show further that the main features of these spectra
can be accounted for in considerable detail by extracting
the two maih features of the two-body interaction, viz.
that of pairing, and that of a weaker long range component,
and implementing these features in terms of an effective
"palring plus P, interaction". The ground state of such
a model system has the characteristics of a superconduc-
ting (BCS) ground state, while the excitations consist of
elementary modes, represented by independent quasiparticle
motion (see [BS 77] for example for a concise overview of

the superconducting properties of nuclei).

the pairing model has been enormously successful in accoun=
ting for features like the energy gap in the spectra
of the isotopes with even neutron numbers, (and the lack

of & gap for those with odd neutron numbers), as well as

o w +
the occurrence of a low-lying collective 2 level.

Congequently we must give consideration to the role of
pairing in the application of our formalism to the dis=

cussion of hole states in these isotopes.




3.1 THE PAIRING MODEL IN BRIEF.

The approximation of a "pairing" interaction is intro-
duced ia nuclear physics to mimic the main feature of

a short range interaction between nucleons in a nucleus.
The effect of this is to lead to large matrix elements
between states in wh'~h pairs of nucleons are coupled
to zero total angul:y romentum. The essential effect
of the pairing interaction is to introduce an energy
gap [Ki 60] ir  he spectrum of elementary excitations
described by the quasiparticle creation and destruction
operators, A; and A, s (we follow here the notation

of [Fe 71])

o

~va8a6ju (3.1)
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The state labels +uo are an abbreviation for {a, ima}i
where "a" summarizes the non-magnetic quantum numbers
of the single particle states, and Saﬂ(-)janm@ is a
phase factor. The operators A; and Aa create and

destroy quasiparticles of excitation energy

]

E, =l -nt v a2 (3.2)

relative to the guasiparticle ground state [0>, that

sots as a vacuum state for the Am:

e e o

ey
ey

R

=S

ey o
e




A lO> = (3-3)
a’ .

The parameters Aavand A in Eq.(3.2) are the gap para-
meter and lLagrange multiplier (chemical potential),
the former being a consequence of the pairing inter-
action, the latter being required to ensure conser-
vation of particle number on the average.in the presence
of the transformation, Eq.(3.1). Finally u, and va“
are given by

u? ) 2

&

(3.4)
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and repre'sent the probability for the single particle
state a beiryg unoccupied or occupiled respectively, in

the quasiparticle ground state. They are shown in




~_=-._.__
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As the notation used suggests, the energies E and A,
and the amplitudes u, and v_ are independent or the

magnetic gquantum number m, in a spherical nucleus.

A concise re-derivation of these results will be found
in Appendix C. Of more immediate importance to us are
the relationships between the quasiparticle energies
Ea’ and the excitation energies of these quasiparticle
energies relative to the chemical potential A of the
nucleus in which they occur. These relationships are

displayed in Fig. 3.2 [Cu 63) .
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Fig. 3.2 Relationship between the single-particle
energies €, and the guasiparticle energies E,.
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