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'CHAPTER1
'CLASSICAL THEORY OF ORTHOGONAL POLYNOMIALS

C L1 Inmduct.ibn.

- o
' érthogonai =-:szolynbnﬁéis have bad a long history.They have featured iu the work of |
Legendre on pla.né_’éary motion,continved fractions of| Stieltjes,mechanical quadrature of
Gauss etc. . o ' '

' Afr.er the publicatian of *Orthogonal Poiynomié.‘ls'- ‘by Ga.bor Szen.S"':in 1938 relatively fitile
wés pubhshed on orthogonal polynomiais. This changed in the 1970's when incramsed
mtgrest in a.pprox:manon theory brought a’bout by the incredlble upsurge in the use of the

\.
\.\

_computer in the sciences occurred. " o 5

Recently orthogonal polyﬁamials have found-uses in such diverse fopics such as quantum
mecha.mcs,ma.thematical gtatistics,scattering thaory,coding theory,d:gltal e%gxal processing

a.ndsoon.

i.z Distribu_tibn_,_ _gunctiong\ and 3~term recurrence relations.

tzon 1.:. Let a:R et B be non—decreasing,bounded take on inﬁmtely many dﬁferent

eson R’ a.nd have ﬂmte momnts ie.
B ,._.f x“da(x)«:m, n-012, ey
Then a(x) is called a diatrxbution flmctxan mth momanta. or sxmply an m~d15tr1butmn_

oow



vl

Note that if a(x) is-an m—-dmt.p‘,lbqtzon,then J g{x)da[x) exists and 1s finite for every
polyuomial p(x)

- Haofx)is Ia.bsoiutély continuous,then o (x) = 'w( ) for some functmn w(x}, in which case.
we ghall szmpl,; speak of the m—dxstributmn w(x) ‘We call w(x) 2 weight fnnctmn. :

-'We shall write p ! Hn iflﬁp(x) .ié 2 polynonﬁél of deree 1t mosﬁ n.

In thia chapter we shall a.saume !;hat every m—dlstmbutmn funr'tmn ne(x) is normahsaed ie
o) = 0 “ | |
Lemms 1.2 Eet ofx) be an m—distribution function, Le't”p(x) "be a non-ideatically
va.mshing pulynomxal such ths.t p(x} > 0 for every x in the aupport of da. Then

f prx) da{x} > 9.

G o _ . | R
Progf See Freud [5, pi3lg

Theurem 1.3 Let a(x) be an m—distributmn functmn Then there e}usts 2 "nique sequence
_of polynomia.ls {pn(x)} =0 Such that

(1) polx) = A P, dsa poiynomial of preclse degree 2 whose leading coefﬁcxent 7 ié |
posxtwe, forn = 0,1 2,. '
(i) The sequence {pn(x)} n=d B&tlsﬁes the follomng orthogonahty relation

Lr@me e = {1888, maze 0 an)

We soy that the sequence nf polynomials {pn(x)} «p 18 orthommal with respect. o the

measure da I we msh to emphasize this oorrespondence we shall write



Lpn(xs}ﬁ-pn(da;x}, | o R \ )
P;ng We shall inductwely deﬁne the sequence of polynomia,ls {pu() R N

| Put
o) [f" da(x,]

* Suppose we have deﬂned tha polynomials pn-(x} mﬁ:’%’ﬂ £" + lower degree terms,where 1, 0
 for 0= 0,1,2,...6-1 such that (1.1) holds £3r 0 mn ¢ 4L,

Put L o C o
Pl(x) -»x e V o pk{x) s

- | !r.::r:

where

e 1= f_: 2 D) daf)

_.'.Then'far!')Sms_Fl,' . .
; .ob . 0 b ] o
LS pm(x)-ﬂa(x) =[xt p ) dafx) - Z o [ pu(0) pex)dalx)  ©-

. =t—gp= 0, by the orthogonality reltion (1.1},
'Also, by Lemma 1.2,

1= f [P )P da(x) > 0.
 Put



- Thenp g(x) isa po!jqomial of precise degreae { wi*‘ "‘\ding cc#effiéient 7, positive. Also,
__;(1 1) is satisfied fcﬁr p<mudl Continuing in tﬂ.lﬁ a,y we can construct & sequence of

: polynomxals {p (x)} -gsat!sfymg (1) and (ii}. We now show that {p (x}} =0 15 uniquely

determmed by the cohdxtxions {i) and (ii). We first note thai if )
R

¢

| — k ,,'f::"rj
p(X) ch X5 FE f;;-
- ) S ket - : 7
then p(x) can be umquelu expresead as . _
_p(x) =5 ga P, (x). S f (1.2)

Indeed, p(x) -2, P f(x) isa polynonua.l of degree & E—l 1ﬂ? a,g = cf 7£ Tu obtain the next,
_ caeﬁiclent a& mpeat the argument with the polynomial (p -~ a.zpz)(xi (Note that the |
orthogonahty nf {pn(x)} p Was st used hera.) '

We praire uniqueneés. Let {Py(x) := T, xk ...} be a.ndiher seqﬁence of polynomials
sa.tisfymg (i} and (i1). p(x) isa pcslynomla.l of dﬂgree f<n then there k‘msta coeﬁ'icaent a,o
e ,atsuch that '

p(x) = Zaekp (x) by (1.2).
ked
Therefore -

f p(x) p_(x) dats) = Za [ 20, ) dofx) =, W)
k=0

I

Let p(x) = I‘ P, (:k) - 'y' P ( ). Then p(x) is & polynomial of degree < 1 50 that

tf p¥(x) da(x) = f PEHT_p (%)~ 7 P (x)} dafx)

. "". 0, by (1-3)-
Therefore by Lemma 1.2



a #

, (O, =7PyM=0.
Therefcre : y _
P (@)= 7T p (x) | ~ .o (14) .
Tk, “gfore | o
1= f Px) da(x) = 21*2 f 'z(v) dex) = 7217
Since bot.h I‘ and 7, e pomi;ive we conclude thak I‘ = 7 Therefore by (1 4),
P (x) e R | .

by

L)

‘I‘heom 14 et ofx)bean m—distribution ﬂmctmn aud lei {p (x) =y x* 4.3 be the
correspondmg gystem bf orthonormal polyncn'uaﬂs Taen {p (x)} =1 Satisfes the_. _zhree

term recurrenoe rela.t:on - \

.

<248 = s nn+1+b’pn<x)+anpn © o a=te |

L

wherql S 3

p (x) 0, 8 =1 !%a-nd b —f x p(x) dofx).

& 2

Prbdf Let
asl - '
xp (x)= ch p(x), by(1.2). _

ke -

J;ﬁxp(x)p (x) do(x) & = 0,1,2,...0-+1, (L3)

 Therefore |
O“co,-c “EC . by {1.3). .
The remaining three coefficients we compute as ;ollows

C +1 = f*mx pﬁ*{"l(x) pﬁ.(x] da{x)



 Similardy,

= f [,/ 7n+1 pn 1 F p(x)] Py +1 da(x) for some polg:nomxal p(x) eI,

= /7 f“’ p2., da(x) + f pnﬂm p(x) da)

T "in/ T4+1 = S
' cn-: = 7::.1/ h= a"_“
Also, by {1.5) |
¢ = f x p2 da{x)
= ’b

: Thde&*fore

| '-J_ mn(x) s cn-{ 1 pzH-:l + ¢ pp(x) *e -1 Pp (%)
1pn+1(x) +b pn(x) + 8 pn_I(xJ - =

13 Zeros'ofor:ho_goxial polynommls -

_I Thaorem 1.5 Al zeros of P (x) are reat and s:mp!e iy supp(dar) C. [a.,b] thea all t.he Zei’f‘S' |

of p (x} Iie in (a b)

(e

A

._ﬂmj Let supp(da)c [a,b],~m< a<b<m LetE 5 denote the zeros of p (x}e.x odd

nultiplicity lying i 111 (a,b) Suppase m < n. Then II(x §) € H 150 by orthog(mahty,

e _ i

f D (x)H(x £) dafx)
1

1-

= f:Pn(_x’H""“ ¢ dafx) =0

- ‘This contradicts Lemma 1.2, since p“(X)H(x - Ei) > 0in {&,b). Therefore m == n which



proves the assertion. I i
: ' . . J
We shall denpte the zeros of P {x) by {x }“ ,ordered such that
xn>x2n> X
Theorem 16

xisn > xi:n-l } xi-:-!.an _ j = 13;‘"1}3 - 1:_ = 0,1,2,... . '

| Emi SaeFreud[,pw]

'.{‘heowm 1:? th ¢< d and o{e) = a(d) ’1‘hen D (x] hae at 1108t one zero in the mterval
- . [C,d] _ - 0 aH . © L ' o, (‘}

\.

| m SeeFreud[,pkﬁ] . 0
- We now xntrﬂduce the polynomial |

SR & =2 Op®-p B0 @
where £ ¢ R and Xt R1 qb (:1:,.{"l will play an important roie in subsequent proceedmgs

. By Theorem 1.7, p aad P cs.nnut have a cofmon zero, Therefore the degree of 1!: ( +£)
~ which we shall denotp b:v n‘!‘ s given by

_ 1(€) 0
n‘f { Tﬁg’m% N
) r $'§‘ oo I
‘ (cf” A ' @

Theorem 1 8 All zems of the polynoxmal 1{; ( ,5) are real and mmple i supp(da) c [a,b]

| _then at least n~1 zeros of 1& (s ,{;') lie in (a.,b)

Proof SeEFreud{ ,plQ],

We shall denote the zeros ohb ( X )hy {.s}nf opdered fo t.ha.t£ > > £ ¢ Note that ¢
ff
1 one of the £ ', . K

S —"

.....



"y ‘I‘he Quadrature fﬁrmtﬂa a.nt_j ?ha bhn"toifeb—])arboux summa;tmn formula.
di ) s L‘ '
f‘ . . :l\ .

\"\\.

Thearem 1.9 The m Vomawla e __
Let p(x) be a po!; nunua.l of degree &k most n’ where n = n‘l‘ +n~32. Then

. r p(x) dafx) = Epw )' A (6 9
whre
An(ek] = f Ié(x,f )dﬁ‘(xkh k = 112!"'111‘9 ..

? ; v )
il

L) =Bl s k=1,
alkO)x -

" are'the fund«mental polynanuajs af La.grange mterpolation of degree {n— 1 ie

by

1) = {1 %%:?k

-wé_; call ,\n(gk), =1.2,. ,n1- the nt.h Chr:stoﬁel numbers,

m We shall fixst show that if p(x) anqt‘ "A(x).aze polynomials of degree< s’ and -
p(E)—-q(ﬁ)fcm:iz a, "

| the:i._lé

f IJl.K) da(x) f Q(x) dafx). . o (18)

indeed every zero of flx ( &} is28 zero of {p — q)(x,. and so degf(p — g}/ 1!5 )< n’ e n-2.
Therefore there exists a polynomlal r{x) eI,_g 5. (p — ){x} = 1(x) 7,!; {=, f)
By orthognnallty, o .

f (p—)(x) dofr) = f (%) ¥ (x, 0 da{x)

=7, (9 [ 360 2, 00) o) + 3,00 f x)p_(x) dafg)
= (),

LN

o F

ff/j | o f . :. ? .. T B



_‘.% _' - 9..

L _ _: o |
This prcwes 1 b) Next let p(x} ¢ I, . Then 2 3;{6 ) 1 (x,f ) isa polynomial of deg*ee <
, k=l :
-1 < n’ whmh agrees thh p(x) at the pumts 51, wEppe ’I‘hemfore

f vl do) = f{zpe)lnf(x,s )} dal, - by (10

{p(&k)fmlnf.(x,sgda(x)}f‘?

ﬁMa

= {p(&k)f 13, (.6 )dacx)}
: k=1
 (since deg( 1‘( ,.E )){ﬂ(n‘l‘ -1)< o’ andi ,,,(x,{ ) = Inf(x,f )for1< i,k < nt).

-—gp(fk)»\n(fk)---. . .
s .

i

~ Theorem 1.19 Let.
" i

K (= Zp (e)pm
Tk (x .6) -kh—n—-zi(,_’a o | )

Equatxon (1.7} i8 called the “hnstoﬂ‘el Darboux summation fo*mu]a.

Proof We miay write Lﬂi'( ,E) a fundamental polynomial of L&grange mterpola.tion at the
' pomts 15; }nt '

et o |
o= Ya 0@, by (),
k—-O

where

'
==, .
. . . - : (=3
o B 1 o
“ . . Y I . .



10

o= J_P00 Lyt bot) dafe), k= 0L af-1.
For kg n'l' -1 we have by the quadrature formula |

"8 '"f p,(x) Inf(xaf) da(x)*Zp (& 4, ,e),\m -
- =p{8) A (8): | |

Therefore
' Y - -
g = ZP @ A0 pk(x) 1

N l-—,\&(f)K-aéx,E)_ : B N T
Recalling that o 3 | :

Ty
lm-(x:f)n o

(60K - 8

we obtain '

K () = v (x ) 1

w(a E)(xwel A (&)
p (6) p(I*p(«:‘)p ()

¢maammaa

By mmpanng the coefficient of x®1 on both sides of the above equa,txon we get
(g = {A (£) 15' (E:'E;}'I 1. P, é.

n 1 n " it
Thereifore

(&ﬂ *u_mat(é) p(éf*‘(£)p )

','.V,e now denve an m\norta.nt relation linkmg A ( ) a.nrl the sums of squares of urthogonal __
polynonnals '

i



SmceK (s ,E) el 1
ql.

K (xvf) = ZK (eksef T(x:‘fk)
' n‘f e

ZK (6:5) 1,11. (*, &)

n‘?

e Ll g) 108 ek)
_=Z_ ) by (1.8).

Putting x=fin tbe above egu.mon a.nd usmg (1.8) yields

O = 1O (66 < K (6 = TR = n)f 2(5,51{)
n a ,,\n“." 9’_;_

-E 
Theoremlll

Y (e) min f 2(x) dofx), |
vibiere the fnfimum i is taken over all polynomials* p(x) of degree € < 118t p(f) = 1.

Emgi Cagel. _Assﬁme pn-x(a #0. Ihe§ nt = n, and n’ '-=_- b2 = 2(n-1).
By the quadra.ture formula 1 for any polynomial p(x) of degree s -1 satisfying p{é) =1 we
« have | | - | | B
" ..
2tx> da(x) g,lpﬂte ; A (fﬁ |
K > p’(f) A (6)
_ = A (§)- |
Also,l ( ,f) is a polynomial of degree< n~1and} (5,5) = 1. Therefore '

A (&)= f 13x,€) da(x) = min f pH(x) dufx)

where the mﬁmum is ta.ken over all polynom:a.ls p(x) of degree § ui 1 8.t p(f] = 1

B TOR
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Case 2 Assume’ P U-‘) =1, Then

@ [Z 20 =] Zépa-m =2, (0.
Now let pix) be a po!yncmiai of degreds n—1 such tham p(£) = 1. Then there exists a,
 constant A and a polynomla.l g{x) of degree at most n-28t '
D) = Ap__ (x) + ofx)- ”
Then (€} = 1. Slnce P ({) # 0, we %{it
f pg(x dfx) f (A} P+ tl)”(x) da(x) |
= Aﬂ + fqﬂ(x) dalx)
2 AT (8, (by Case 1)
2 «\nd_i('f) "
= A (E)a _
and a.gam we obtma
BEXGE f ), dafs) = i f B das)
where the infimum is ta_,ken over all palynorrua!& pix} of d@r&e <n—lstp(f)=1ly

¥
€

Theorem 1.12, Let & (x) and o (x) be 'two m-~distribution functions s.t,
Then for every £ ¢ Ri .
A (00,8)$ A (de,0).

| ﬁm '\n(d?z‘é)z_ f:l:(d&aymf)dﬂg(x)

2 [ Bdang) da, by (19)
2 A (do,f), by Theorem1ll. m

8 L ' v



. 15 The 'Markov;-smtjes inequality, |

13

We shall denotethezerosofw (- ) by {€, }ﬂ'r 66> £ > € andlet = 6
Let ¢ (- ,E) and 43 {- ,(;‘) denote the polynorma,ls of degree < 2nt — 2 satiefying the

_ n1' 4+ (@t-1{)= . ont—1 conditions

0= HECEITLE

f(&,c) {3 ;;ga@dc!};(ej,a-:mfiﬁ.
Weshall alsoneed
T {é’ SISt

L ‘f‘hen the followxn& mequalmes hoid
- Theorem 113

si_'n(x,;) S T(x,€) € 6 (x,6) for every x ¢ R,

- Progf See Freud 6, p.27) o
Define |

aw® =Y A0 ¢<¢;c)us)
©=2 }; i

- f ¢n(x,‘§)_da(x),' by the quadra@ure formula
¢ [_w D(x,£) da{x) = o6 ~0),
' and define similarly :
B(8) = 9. W02 a(¢+0),
I ' 'Eisf
Then :
" anl8) S o€ ~0)< aff + 0) € Bn(8),

. since a{x} is non—decreasing.

(1.10)
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Inequality (1.10) is known as the Markov--Stieltjes inequality. It plays a fundamental role

in moment problems. an(£) and F(€) have the following extremal pmpertles

(1) @a(£) = max f p(x) dafx)

where the supremum is ta.ken over all polynomials p(x) of degree at most 2nt -2 satisfying |
the inequality '

'p(x)s {é, x fg

() Ga(¢) = shin f (%) dofx) o
' where the infimum is ta,ken nvm: all polynomials p(x) of degree at most 2nT 2 sa.t:sfymg
'the :lnequailty - '
- p(x(j";]j x5 g
" Theorem 1.34 The Posse~Mar ) :
Let supp(de) ¢ (a,b), ~ ~e$a<bga Lef. f: (a., ) — R be absolutely monotone in
(ab)is |
L) 0, xefab), i=012,.
Then for 1 gk of '

| 2" GEOXY) e iaate
J=k+1
and

Z" (6) &) 2 f “igaay 5
- =k |
Proof See Freud [5 ,p32~33], -
.o | %
| o A



1.6 The Hamburger-Stielties momeni problem.
We now discuss the Hamburger-Stieltjes moment problem. Nemely, given
yﬂ,, bt € R 580 find on m-—distribution function a(x) such that -
B au’n f_mx d&(}{), h Gal..g_zi- y _ (l 1.1.)_

Given a'sea.ue 1c¢ of real numbers { 13 } we define a funétion i as follows:
pis x“) Zap for any polynomial p(x) = £ 8 x¥. Notice that p is linear i.e.
pap -+ ﬁcﬂ = ap(p) + Aula)-

| We siall call 2 poiynmmal p(x) pomtwa i p? Oandp{xj2 Oforallx e R

If 1(p) >u¢ 0 for every positive polyncrma.l,then the oorres;mndmg sequence of rea.l numhers

{,u }is se\iid 10 be positive definite.

| _ Wn‘:h the fnliowmg theorem the moment problem is solved.

Theorem 115 Let {pu} bea Sequeneg_ of real numbers. Then the m—distribution de s a
solution to the moment problem (1.11) if and only if all the fbllowi-_ng deferminants

B | By 8] w8 B prarevenese ,
S “1 *“2 = oy,

'“n '“n+1‘ Hyy | o
are positive. Thls condition ia equivalent to

#(p) = Za H >0

ke
5 -t

for every positi#e polynonial p(x) = Zak xX. ie. {pn} ig positive definite.

\\ k=0 |

Proof. See Freud [5, p 60}y

Theorem 1.16 Let {ﬁn(x) =%+, }‘E be 2 sequence of polynosials with real
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eoéfficients,mtisﬁing the recursion formula
B ) = (x=B )5 (0~ A B (x) =23, (i)
wath positive A and real ﬁ .Then thnre e:nstﬂ' an m~distribution da a\lCh that

e B, do(x)=0, m#n.

Proof Let by = 1 and s {c) = cif ¢ is a constant polynomia.l Suppose B ol oot have been
defined If p(x) =5 x“ s an arbztmry polynomial of degree at mos? n,we set

- Hp) = 2 kﬂ

k=0 , .
Define i, , 1 = a(x - ﬁq +1 ). |
We prove by induction on m that . |

BB () =0im<n | (1.18)
For m = 0 we have _ .
B, (x)) = (B, () = W) — "~ () = s s, = O

Suppose that the assertion is true for m < nJf md-1 < n,ther by the recurrence relation

(112}, -

a5 ()
= p(x"x B _(x)) |
= (%™ B B o)+ B, ulx"D_ (x)) + A p(x" P (X)) | (1.14)
= (), by_ the induction hypothesis.
Therefore u(x® ) = 0ifm < n. Alsofrom (1.14) we see that u(x8 § ) = A plx™5_)

Sinceﬁ =30 == 1 “u(ii )= B,= 1 and since An > 0 for all n,we see that
p(x“p (x]]>0 foralin 0. (1.15)
Now x" —-pn(x)_ p(x) for some p ¢ I[ Therefore p((x“ - p )p )= u(p P B ) = 0 by(1.14).
Therefore by (1.15) .
BT = pxn 5) > 0. I | (1.16)
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We show next that the sequence {nn}"; is positive definite.
Accordingly, let P(x) = Zc B, (x) be an arbitrary polynormial Then
o k=D ' :
n n
. 2 e ¥
F (x) —Z chclpkpl’
T : :
50 that (Pz) = 2 Ec c p(p b ) == ‘?:czy(i’@) > 0 by (L.16),if P is 10% identically zero.

_ k=0 £=0 =(
Hence the sequence { # } is positive definite and by Theorem 1.15 there exists &n

me—distribution da such that o= f M da{x), n=0,1,2,..,.Also,
—o

’ . + I ’ .
J " p(x)B () dofa) = 0 for every p € L
- B -1
and
oo N 3 . '
f 52(x) daf{x) > 0 fora=20,1,2,.., . -
—n 1] : .
1.7 Uniqueness of sofutions to the Hamburger yoment problem.
Definition 1.17 Let ¥ denote the set of all m—distributicns which are uniquely determined
by their momenti; jeifdace & ;then whenever dg is another m~distribution such that
»
fm x® dafx) = f " df(x) for aln=0,1,2,..., .
- -

Then afx) —~ af-w) = ﬂ(x) — B(-w), except, perhaps on at most countably many points of
discontinuity. '

¥ox)is absdlutels; continuous,a’ (x) = w(x), #hen we shall write w ¢ & instead of do ¢ &.

As done iri the earlier sections we fix a real number ¢ , denote by n’ the degree of LACRIE
and deriote the zeros of the function gbn{x,g) by {gin}f whare



18

.f > f > 6 - ‘fnf p 3nd A (f ) denotes the corresponding Chnstcffel _
_ numbers,xe -

. _ (012 . d ) (=19 t

Ade) = [ 1mE,) @)y 1=12.0

4

- Define .
ad)= YA

& iR
< §<x

By the quadrature formula,for meén<n+t (n—~1_ +2 = 2n~3, we obtain
- nt "

PRSI L CEDNORING )—f x® da (x).
i=]
Since each o (x,f) is non—decreasing, there exists a sul-2quence {an (x,f)}”.‘i’s1 and &
: s
function ofx,¢) such tha.t '

& {x,E) a(x,f) a8 j — w, and it is vot difficult to show that

f 3" da(x,g) = lim f %P da (x,g) =ty (1.17)
Since
| . |
A,(6) = min { [ 9¥x) dofx) 1 p €T, p()=1},
the sequence {;\';1 gf)} is Pon—incfeasing and therefore has & Himit A{£).
Therefore -

a(§+0,€) - a(-0,8) 2 Mim {e ({+0,) ~ e (6-0,)}
= 4z 1, (O = (). | (1.18)

Theorem 1.18 If da ¢ & then apart from points of discoﬁtinﬁity of a(x),
M =0, (1.19)
for ¢ L, Conversely, if {1.19) is satisfied for £ e'Rl, then o(€) is uniquely determined by

the momentum sequence {1 } and ofx) is continuous at the poing x=¢,



L7

PN _— ._ | ' 9

Proof. (Necessity) Suppose that da ¢ & and let £ be a point of continuity of a(x). By (1.1’?)

‘ a(x,£) geoerates the same momentum sequence as o{x).

Therefore

o §+0) = of£+0, f) anﬂ &(6-0) = 018-0,8).
'I‘herefore ' _ 4

MO S a(e+0,8) ﬂ(H &) = a(ﬁ+0) o{£-0) =0, since’ ¢ is a point of
mntinulty nf a(x). This proves necesszty Conversely, let € ¢ r!s st. A(g) 0. Suppose that

@ (x) Is an arbitrary (nomwd) m~distribuiion ganera.ting the same moment sequence as
 afx). We wish to show that e (x) afx). Let £ be a point of contmmty of a(x).

If p(x) = E ¢ x5 an arh*trary polynomxal then.

. f p(x) da{x) =Zc p ._J’ p(x) de (x).
'I‘herefore for the polynormals é (xa 5) and ¢ (x,f) defined earlier we see that
) = f ¢ (K,E) dofx)

f  (18) da"(9)
IR !
Sa (£+0) |

YR TCLEAC
< J::éntx,as} dofx)
$o (g).

Stmilarly we can prove the inequalities

#(0) € HE-0)€ o£+0) < Ty(6).
OOmhxmr;g thesa inequalities and using the fact thas

0= A,(8) = 5(8) ~ 2, (8),

“we 0btaln
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Rt

- ) . . . i11| . . . b . o ‘I‘ ‘Ij
L % % _
o o{6-0) = & (6-0) = a(+0) = & (£+0). |
‘Thus we have shown that, apart from pbints of discontinuity of a(x), a(x) = g (x) ,wlnch

proves that a{x) is uniquely determined by its moment sequence. '
We list some more resulis concerning the uniqueness of solutions {o the Hamburger &y
moment problem. '

Theorem 1.19 Let dor be an m-distribution with finitely or infinitely many points of

increase 8.t supp(de) ¢ fab), w < a < b <w, then der ¢ &

Proof. See Fraud [5, .64y
Theorem 1.20 Let ofx) be an }n—dxstnbutzon functxon generated by the moments {p |3
there exists & ¢ R 8.3, A(g) 0, thendae g8 {

f'l

Proof. SeeF:eud[ , P.66]

RSN
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18 ’I‘h& connectxon ‘between the uniqueness of the golution of the Hamburger momant _
problem and approximation by polynomials. |

Deﬁnitidn 121 Let {£} be an orthogh. al systernin L2(de) i.e.
f f f de=0 wheneverlalj ' _ -

Then {f } i said to be complete if there does not exist, ge L2(da)\{f } 8.t g(x) isnot
va.mshmg almost evea:ywhere and {f Ju {g}is orthogonal

. if ' : : T
- It is well known that the space spanned’by a complete orthogonal’system is dense in L¥{da)

with reSpect t0 the Li-norm i.e. gwen g e (da) and €> 03 h o f such that

ClgnPda<e © -

Deﬁmﬁon 1. ?2 ‘Let darbe an m — chstnhutzon functzon and {p (da-)} the corresponding set -

. of orthogonal polynomials Then da is cailed 2 Riesz m--d:stnbnﬁon ifip: (da}} is

" compiete.

Le.nnna 1.23 Snppose ——4-2)- t ‘famd Su, e tha,t a i8 & point of continuity of a(x) 'I‘hen ”

Jebx

1
plx) = = FTTE 16 b% ¢,
can be approximated by polyaonmidals in the L¥%(da) ~ norm. 1.e. given ¢ > 0 there exists 2

polynomial g(x) such that
f_:-l p—q|%(x) dafx) < c. -

Proof. See Freud [5, p.74]m

Theorem 1.24 Lat f ¢ L¥(de) and suppose that ‘%—% ¢ &. Let ¢ > 0. Then there exists a
-+X .

I —
; !
o L
g% !
T

i
e

Cvad
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poly=omial q(x) such that

10l dof'<a.

. Proof. We shall construct a function

. |
d
o k. .
Px) = k§1ﬁ 5, +A+Bx b 40, {1.20)
such that

o
[ 1 #x)-ex)l? dafx) < e
ﬂ .
‘The assertion will then follow by Lemma 1.23.
Let ¢, > 0.There exists a function f*(x) continnous on R! aund difi.centiable at a such that
- | .
J - (012 dafx) < ¢
o © Ty

. and

lim f ()= Lim f (x)=0.
X=m Ko mcetity

Put f (k) = J [ (ar) + £ (8}
£ (o) = b= [ () ~ 1 (a2))
Then :
Ox) =10 + (0 ().
Let b > 0 and consider the éhange of variable x:- x' = m which maps R! inio
the interval [0,b7%.
Letf(x) =g (x)andf(x) =g (x).
Define 51(0) = gﬂ(ﬁ) = (,then g and g, are continuous on [G,b"?’].Sjnce [O,b-‘?]is
cornpact, Welerstrass' sheorem guaraniees the existence of polynomials P'1 and P2 such that
| gl(x')—ﬂPiix')] < c; and Iga(x’ )-—Pa(x’)[ <€ for x' ¢ [0,b"2].
Therefore,
| ()P (x)~(x-a)P (4]
= £ () (P (<)~ (ea)P ()|



.

h ! fi(x)"Pi(x‘]I + x-al [ £ (x)-P (x')]
= |g&x)-P ()] +lx-al [ ()P (121)
¢ e x-al e = (1 x-a]) b x e (-om). |
Also, Pl(;c')+(x-—a)l‘4' é(x')

= ) e Rl

- * . :
| =[(x—-a.])}2i§;]M Jfor soma polynomial p*(x)-. |

Since lim f*(x) = 0 the degree of p (x) cannot exceed 2M-+1, there exist distinct positive

x4 mo ’

nurhers bk guch that
# : L3 RS
pi{x) p {x) < 51(1+| %] ).

=

l [(x-a)2+b™ k?i[Ex—-&)g+b§]

By expanding ¢(x) i= g1 (X) __ into partial fractions,it can be seen that p(x) has
(I {(ea)?+b]]

the form (1.20)..

) wm ’ [+ +]
Therefore, [ | #(x)-(x)]® dafx) < ¢ {142 [ (+ x-4]) de(x)}.
Since ¢ >0 is-arbitrary, the assertion follows. "

We now prove the main result of this section: .
Theorem 1.25 If the m—distribution function a{x) is continuous on R?, then de is a Riess
m~distribution if and only if it is an $-m~distribution.

Proof, [«]dac &2 __d_q&_ ¢ #3 da is a Riesz m—distribution,by Theorem 1.24.

I+x :
[# ] We argue by contradiction, We shall assume that do is a Riesz m—distribution

but suppose that da is not an &~m—digtribution. Then



- }\"‘(x) Zp"‘(x) < m, for every % ¢ RY, . | (1.22)
k=0 : :
by Theorawn 1.18.

For p > 0 define the measurable sets -
) M, = {x ROGXx)<p)
“Then p, < p,# M, C M, Therefore, by (1.22),

& 2
U M_==R:

: P P,

Smce dais not :den..zcally Zero, i.here exists p such ths.t da% 0 on M o Ohoose 2 finite subsen

M'CI\!I BHCh%h&t Oﬁf dG<T J

” o .xEM | - |

,Let 'P(x) = XM'{x) { 1,x¢€ M"j . | 3
'- Leﬁ go(:.) z a {dang) 4 (da-x) y o | . | {1.23)

be the orthogonal expansion of p(x) ,where,
f “plx)p {x ) dofx). S

- 'We have to show that the infinite sum ( 1.23) existy for every x. Firstly,

il -..tZ a'k(da;‘ga)_ph(d&;x)]'

Z a2lde,p) g 2((1&’::

| Also .
Z&Q(da,ge) ¢ f ,a“(xj da(x) (by the Bessel inequality) -

S d"("”.?ﬁ‘_‘“‘ | e

o
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w0

Alo, Zp"’(da;x) <_w,. by (1-22)¢_
k=G

Iience the mﬁmse sum (1. 23] exists.Put

(x) Zak(da,tp) p (da,x) for x & R

Since paxtial surns of this seties tend 6 (x) in Lz(da) norm as well we have
5 ?(da-,qn }=18 (da,qa) k 0,1,2,..., . (1.25)
. Also, smce da(x) is a Riesz dxstnhutlon, we have by (1.25) that ) (x) = p(x) a.e.lda).

_Ghoosex EM' suchthatp(x)-ga(x)~1'l‘henx eM‘cM 80 that “‘(x)<p
‘I‘herefore | | L

T

& = (@*{x‘)))ﬁ - [Za.k(?&,fp) ﬁk(da;x;)] : | Y

R
£ azidcr,w) Zp“(dwx )
ke | -
4-1- Mizg) < 1/4. Contradmtion.. ™



26

| © CHAPTER2 .
A SURVEY OF SOME RI}SULTS CONCERNING PROPERTIES OF RECURRENCE
COEFFICIENTS AND THE CORRESPONDING ORTHOGONAL MEASURE

2.1 Introduction.

 In this. chapter we survey some results pertaamng to the following pmb‘,ein; Given-
' récurrence meﬁ'icienﬁs {a, > b,'bn € Rli aﬁﬁ polynomigis {p,(x)} satisfying the 3~term
‘recurrence relation ' -
xpa(¥) =254y pn+1(x) +b n Ppi¥
where p_ (x) 0 po(x) = gomst > 0 and

f pm(x) pn(x) daz(x) 0if m# n,

| we ask what propertxes a(x) possesses For matanae, in 1898 Blumenthal proved that if

ko by (%), ) s (&.1)
an m‘édistributmn function such that

By, —* 1/2, b, — 0 83 -~ o , then supp(de) = [~1,1}y S where § is at most countable
with only possible limit points at 1. '

2.2 Suegh's clasa’

Deﬁmtion 2 1 An m-d:st.nbuuon dc:(x) is saad to belong to Szegd's class it log o ( CO8 X) €

L,:aeif Y

. j[; :,E-}'!lag ¢ {cos )] dt <w . |

W
One of the earliest results in this connection is

'I‘hemem 2.2 (Shoha.t IIS})
Assume sunp(da) ¢ [-1,1). Then log a’ {cos %) ¢ 1} if and only if



iﬁ l3<w Z[zan 1] p<w, Zb < ,and 2b2<°°

=l n-.l . i =1 =1

It has been conjectured thai
S {12, =11 + by} <o = log o (cos(-) e L.
nx() : : _

So far theﬁfollowing has been provern,
“Theorem 2.3 {Nevai [14), Gevonimo and Van Assche [6])
tf {a,>0,b, ¢ Rl} satisfy

Zlogn {]2a 1[ +|bn|} <w,
then.
" ofx) belongs to Suegt's class,

&

&Ve define the partial sumns

. Il I' ._5” . .
S(%) = Y o 41 — 80 PE(RT + &y oy —by_y] By 109 py ().

21

:f::= . .

These partial sums were introduced by Dombrowski 4ad are useful because they link the

‘recurrence coefficients and orthogonal polynomials to the corresponding measure.

Theorem 2.4 (Dorubrowski and Fricke [2]).

8,00 =a2, {2 - By 1) 209 + 02 0}

Proof. We shall use induction. We may assunie, without loss of generality that an =0, 28

can be readily seen from the recurrence relation {2.1).

s



Sol0) = (a1 — a2 2R(x) + 2y ~_) 11:»_,1 P
.Hﬁ%W,

=8 {pg(x) -
(2 1}. Thus the assertmn is true for n = 0. Assume that the assertion is true for soma
n» 1.Then _ _
814100 = 8,00 + {lay., 3 ~a2 ) PR4109) + 8 4al0y 41 = byl 210 Py ()
S - r O )
* {8043~ 1120118 oy Py =l 7y 0]

= an+2 pn+1(") + 1[’3‘*n+1 Pn{x) + a‘:14-1{ b1 = X¥)Pg () Py g (9}

= ”"n+§ Fn+1(") +
Byl n+1

- X
Fahaa [ a0+ an+1(-—g-—- xerwe!
: e n+2

po(x) py{x) + p?(x)} by the three—term recurrence

Now

bn+1

s—-~—-pn+1c=c> Pa4a(x) + 0 4a(0)

{ Popg™ :: ;pn(x)} Pyo) + pn+2

: =«-§:‘;}i§pn(x) Past®

- [ -2

b - %
0 4 (00,0
%y  %p4 o

Substituting this into (2.2) yields

n+1(x) a“11—&-2 {pn-l-l(x) u

Wkich completes the induction step. - - "

e UL |

(2.2)
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o

" Theorem 2.5 (Nevai and Mate [11])
il "

n~1

Z{I a1 an=+|bn+1 by} <o,

then

which bolds upiforraly on every closed subinterval of { 1,1).

. Lemma2.6 (Nevai-Dombrowski [3]) =

_ Let{a,k bk}sa,t:s;? bl 2 g{l-i-ib |)forn>N ‘I‘hen
(1) P2y (NS 45y, gxgl  *
(t—x 2)p§(x)<45 (x}), -1g=xLL

E |<1I”ﬂ+1("‘)<”‘‘:“"'23“‘9&*'?'-"iS 001 1€xg L

/b ik ({c)_s 4u(n_+1)1 ?:1?2{1[ Sn(x_)l, 1.;<.- x$ L.

g S_n+1®<. | .
_ _ + {bpay ~ By

D¢ max s“ﬂ(x)_

I xjg1 ™ ._
| 2 {8ny4g = +1J‘_“a’~r1' +1 ~ Ply
: ?:?215 () exp {4@‘2) T 1. x* e ]’

 Theoren: 2.7 (Nevai-Dombrowsk [3]
Leb ag— 1/2,b — 0, 28 11 ~ % and,

o w-b | - N

_2'9:_

~lex<l,

(2.3)
(24)

- (25)

(2.6)

(2.7)

(2.8)
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):{|%+1 a,,|+| lbn«:w ke

a=l -

"I‘hen

ilm S,(x) = 2{[&1( i ak] Dk(x) + 8, {bk hk...ﬂ Pk_l(x) Pk(x)}
k—O

X

d convergence is umform on every closed subinterval of (-1, 1)

'Theomm 28 (Iﬂevalm—Dombmwskx [3]) .
Let {ap, b }satisfyanﬂ g(i +~!b |)forn> N,]etan——a 1/2 by 0, asn—-sm,

s_md
o

S ln-nl gl <o ew).

n=1

' Then there exists a constant K> 0 such tha.t.

S ~x2|pn(x)1<xc gcxgl, 1=12,. ,' e
" and _ |
a’(x)>K“.f1--x2,-1<x<1 - s (2.12)

Proof. Repested application of (2.8) shows that the sequence {S (x)} is nnifurmly bounded
in{~1, 1] and hence 2. 11) follows by (2 4). Also,( 2) follows from Theorem 2.7. g

_ | N
Theom 2.9 (cmhara; tind Nevai [1])

® : . . |
i Eln{] &, = 1/2] + [b,|} <w, then the number of mass points is finite and are all
pe _ | .

located outside [~1,1].



- Askey aﬁ&smaﬂ have ﬁoséd the fnﬂowihg- question: Does
ey =g+ E40aY), by =0, n=12e, |
~ imply that the absoiut.ely mntmuous portion of da belongs t0 Szago's clasa? By Theorem
2,8, it follows that the question 1s partially answered in the a.fﬁrma.tive if the coefficients
{a, } satisy the slightly stronger condition |

1,e.,4d 5 '
gnw§_+§+%2+o(u Y, 2=12,..,

‘2.3'. B.egulanty N

I)eﬁmtmn 2.10 The measure da on [-1 1] is said fo be regular zf
lita sup qn(a)ljn = 2

B 1 ]

We have the foliowmg chaxa.ctenza.txon theoreﬁ for nth root asymptotics*

Theorem 2.1 (Erdas-«'raz&ﬁ{q) |

1 N .' 1l
da(x):sregularlffhml P (da,z)l [n. Lz «£z Sl

locally uniformly on C\[-—-l,l].
A result in similar veln for ratio asymptotiés is:.

 Theorem 2.32 (Nevai [12], Mate-Nevai~Tatik [9])
a — 1/2, b — 0, Bsn—-*ooiff
Pper(e. z} _ -~ _.
St~ -
locally uniformly for z € C\supp(da).

e

i
e



)

2.4 Asyinptqf.ic Hﬁ\«-periodiﬁty.
' t

Deﬁnitmn 2.13 Let {a.n}, {bg} be two sequences of period N2 1. Then we say that the

seqyr ‘“‘Ja“ » by} are a.symptoucaliy N-—periodie if

"mﬂan an|+1b ~bgl}=0.

Sl
[

Researchers such a8 Aptekarev,Geronimus,Neval,Van Assche have deduced properties

32

which the corresponding messure do of the asymptotica.lly N—periodic seQuené,} \) {a, bn}

must satisfy. For example:

Theorem 2.14 {Geronimqs——\fan Assche (6,7])
Let {an >0, b ¢ Rl} s);;t:sfy

Z{Ia,1 - #1531} <,

then the spect_ral measure de is-absolutely continuous on the essential spectrum of the

Jacobi matrix J. In addiﬁion ¢ is also continuous and positive inside i;he essential
spectrum of J.. : -

. __
In chapter 3 we shall survey two papers which shall have more on asymptotic
N-periodicity. | | " | |

. 2.5 Turan Determinants. - g |

‘We saw in section 2.2 that under eertain conditions

| “2{[313-1-1 - ai] plzc("’). +ay [by ~ byl oy g (X} ()} = %I 1; ...;x .



e
Loy

This allows s to obtain the orthogonality measure do with relative ease. Similar results
are possible with Turan determinants.

Deﬁmtion 2.15 “he nth Turan determinant is defined to be Vi

Dy = pn Jpn-—l pn—i-l‘ . "

Theorem 2.16 (Mate-Nevai-Totik [9])
It supp(da) = [--1 1], and & > D a.e in (~1,1), then

| Isz ID (a,x)a’(x)-—--J 1 - xgl dx =0,

| Theorem 2,17 (Mate«Nevs.ii-Toﬁk [10])
Ifa,n-«—-t 1/2, b, — 6, 38 B —— o, a0

Z‘“ o+l an**“’nﬂ byl} <
then '

1_-x”
X} '

qm g

lim D o (%) =
e

uniformly on all r;om,x_}act subsets of (~1,1). - ;

In the case of maltiple 'intervals we need a genei-a.liza,tion of Turan determinants, namaly:
Definition 2,18 Geronimo and Vah Assche determinants [6].

- dn1
D, (N} = pnfm—N—i—l ~an—NZT Pp41 Pponve

- Theorem 2.19 (Geronomo—Van Assche [6))
If J is asymptotic N—periodic and of bounded N-variation, i.e.

' 2{1311'-}'1*7-9‘!1[ +.Ibn+N"“bn|} < o3y N
=l ' . .
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then for every 'j =0 l,é‘,‘ N - . 1,
' Vix .
I:m DnN-i—,l(x) "G R
umfarmly on all compact sets inside the essentml spectrum of J \{excepﬁonal points} Here
= lfaj 410 3=01 2, N -1, and V(x) is a function wh1ch depends on the spectra,l

measure of the permdlc J a.ccﬂn ma,tm: J G =J (Lan h°} and can be computed exphmly

Theorem '2.20_ (Mate—Nevai~Totik [1_0])' o .
ﬁét do be an m-»-distrihu“f.ion suc_h that B '""‘_ U, by—ifasn—e and such that ' oo

)'_l{! RN +Ibn+1 bnn W,
“ .'\ n=1 . i ki
a,mlfz - x2)1f4p @=
. )
o= 1?7‘ 7 gin [;ars tlk(x) +argg(x)] +G[2{Ian+1 ani + |bn+1 b l}]
L =1 e ke=p+l
_ : umformly ta closed submterva]s of ( ~1,1), whiere ‘x) is contmuous and non—:vanishmg a.nd
[
b tlk(x,-.. akfak +1) ((x—b )(ak By +1) )jz) is a oot of the cham eristic
‘“\\1‘..___, equa.tmn o . RN :

o By t2+(bk__-x}t_+ak=-+a,'

&

RGN
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CHAPTER 3
A SURVEY OF THE PAPER "SUB-EXPONENTIAL GROWTH OF SOLUTIONS OF
. ~ DIFFERENCE EQUATIONS
' BY P.NEVAI AND D.LUBINSKY

3. Fgndamental Results for 3—term difference equations.

Deﬁnition 3.1 Let {Y }bes solution"' to the différence equation

= (A, +B)Y, +2, =123, | 3.1)
_ wbere {Y b {2, }, 218 sequences in a normed linear space X and {A }, {B } are sequences
' of_ linear operators on X. We say ‘hat the sequence {Y, } has sub—exponential growth if for
1< p<w,

>
g i -0
o

ARTE

k=0

- o
Lemma 32 Let {Y } p s SALISTY (8.1) for n = £,6+1,..m. Then

Vi =B Ay e A Y+ ngAm Ao " Apar B Vg F
m = .
;;‘m Am 1° Ak-}-l Zk‘ _ (3.2)

o= (A +BY +Z , by (31)
—Am{(Am1+Bm 1) 2-¢-Z 1}+B Ym“_1+z
"”A [&ml mz'l'AmBml m2+AmZm—1+BmYm~1+zm
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which has the correéi; form (8.2) for £=m 1. Continued substitution for Y, o

Y, g s¥  using {3.1) gives the gegeral form of (3.2). -

Lemma 3.3 Let 0 <p <w,2¢ N < m and assume that the difference equation (3.1) holds
for m - N + I<{ngm

Let |
b= S 1B - @)
=\ 50 ol ) | (34

and T | | __

N N 3:1135:5 m I Ay Ay o Agaal | (3.5)

. Then |
SP po’p pl ap p, P+l D
gl =g 28 Bl [ nvt g N)vau +NPH D ]

Proof LetmaniwiSt’ﬁ m - 1. By Lemmas 3.2,

Yo = A Apg A Yy + L%A Am e Ak+1 Bk Y g +

n
+;Am APyt B

Therefore

- . |
WYl SHA Ay g AJ Y, + ;u% A Byl B Yl +
. I . k=£ .

i
+ Y b Ayl 12
k={ .

Therefore by (3.3), (3.4) and (3.5),
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1% € G eI¥ gl + By Yl + (m =+ 1) G ]
' : k={

< o I¥edl + By F‘;‘YM“ +N ¢yl o (3.6)
Using the elementary inequality {s==3) i

8 °_p 8
. _ 1
[;xk] £ sP Zxk ’ sz ¢

in the inequality (3 6} ylelds

Y P (3 amN)p {nn__lup-s-ﬁ,gN ;"Yk“‘" + (N cm M)P}
<Ga N) {||Yz__.1n”+ﬁgN(m ~04 1)PZ|1Yk._1|| + (N cmNﬁ’}

o gp %N)P {umnp + BB NP EIIYHII + (O G0}

Add‘ing these inequa.hties form—~N4+1¢ £< I -1 yields
‘m-2

(1)1 YlP (3 0y P T, 1YAP + 85 NPH AHY RS asld }
=m—N

| Gince N1 N /2, if N » 1, dividing the left hand side by N~1 and the right hand side by
N/2 gives |

' o -1 _
I YPs F 08 e P {1+ 82 NP T et B L .
k=m-N

Theorem 3.4 Let {V, ah {Z } be sequences of a normed gpace X and let {A 1, {B,} be
' linear operators. acting on X such that | ’
hmllBhII =0, and umuz i = - (3.7)

Let 0 < p <w be fixed. Assume that for every ¢ > § them exists positwe integers N a,nd no



- such t.ha.t

mex A A lPeen, - | - 3.8
2 1, I @8
forn2 Ng. Then every non—-—ldentscally vanishing solution {Y ) of the difference equat.zon
] G
Y, -(A +B)Y g +Z, =12, (3.9)
 patisfies | |
Y .

lim ~J~J~» = 0, . ; _ (3.10)

o 2 Ry

Also, if {Ah {Bn} and {Z,} dejpend on & family of paraméters and (3.7) and (3.8} are
valid nniforinly for these parameters, then the cc;hcluaion tigics uniformly as well.

Proof. Let ¢ > 0. By (8.8) there exisg posmw mtegem p.,‘,N Fuch that for m 2 “0 we have
aI’N< EN Then by Lemma 3.3 ' ’

m,
-1
\
I ¥gPS 2@ o P/ N {0+ B WP Z_;IEY D,
=]l
Smce {Y, }is non—-xdentically vani“ehmg there exists j2 1 such tha,t I! Y [l > 0, Therefore
=1 7
Z{l Ykllp 2 G for all n sufficiently 1a,rge, sey 12 1y 2 w7
- k=1
~ Therefore
| N | '
k _ +1 o] 2Dl
) |qu o
k=G>

forn2 m&x{no , nl} By (3. 7), keeping N fixed,

¥
llm ﬂup _?JLTQL“ $23P¢

Z 0y’



Since ¢ > 0 is arbitary we conclude that

Him -—--T——--—-H'YIJIP =

D . B
PRIk
k=

3.2 Higher.order scalar difference equations
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Definition 8.5 A norm i+ {lon €%¥ 9 said to be consistent if HDXH < D) 1) for every

Detk"ka.nd}{etk.

Theorem 3.6 For the kth order difference equa.tmn

ﬁ+z[m+w]

assume that

P :===. gi {E@ a,sk)|} >0
4 . ._

timmax b)) =0and 1im |z | =0,
: oo

‘e 1€j<k

zn,' n== 1,2,...,

(3.11)

(3.12)

(3.13)

and that all solutions of the unperturbed homogeneous equation

* for every 0 < p <.

(3.14)



RBemarks. Let

o 1,7
1) o) s o) D)
R 0 0
e T T RO PUUTURI I
1o 0 e 0 0
V le o0 .oveer 0 1 0
YII e (xn,xn_-l’,- SRELE S 1;1\. -

Then (8.14) can be written in matrix form as
¥a An n—1. -
With this notation it is well known that all solutions of (3.14) are bounded iff. {A o

eatisfies

_ for some consictent matrix norm || - ||. We shalt also need the following properties of
eonaxstent matrix norms: "’*irstly, since iﬁ finite dimensional spaces all BOIIS are

equivalent, if D= £ Ck“k then there exists two positive numbers & and B depending
i

_on it only such that
o Mmax d.:l £ D <ﬁma.x
e 140 <UD ld,J

Also, if D is invertible, then it foﬂows from the cofactor expa.nsxon of DL that

- k-1
—1 [1«: <Lﬂ -l
ID=hs I:I i T

wheredrdepvndsanlyonk. S o

P 'f fTh .6 Define the following matrices:
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(1) ,..;,(2) b:(xk 2} .._,b!gk 1) "b'r(xk)
| o Yo 0 0 0
Bn S TR PPN asstrrazireeans *
B - 0 ceeres 0 0 0
0 0 ceenee 0 0 0 |

Then {3.11) can be written in matrix form as o
=(A, +B) Yn 1+ 2y = 123 | (3.15)
By (3. 13) and remarka,

LXEER" Y 155] — 0, 88 m = v, and

[iZ |[<ce MAX |z |~—-*0,a§n--sou.
15 Sk

ﬁlao, expg.nding det(A } in it8 last colump, we got
| det(A,)] = |a.(*‘)| #0.
“Therefore i '

b ) -—ﬂlakk)l > J> .
3 Thetefdré_ o

£

: ld. ] k-1
H(Am Amml ....... 1) 1“ ¢ 7‘-1<1 'l;k llj]

[“ Apey ‘m-z Ak

1
Ak

' | . k-1
Ty Ay Agl € 108y Ay g AatAmlAmz a3 [d
Therefore

A A vevan Al <, | '. L i\
131‘,‘,3“ | :mlt-f: _ -

7N

[ Fa
'b;.; wha
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whmh is stronger than hypothesxs (3 8) of Theorem 3.4. Hence we may apply Theorem 3.4
0 the difference equation {3.15) to obta.in Vs

P
Y i
1 oy .

1 L)

' o -
" _gnvkup B

By the equwalence of norms on

llﬁl -.-.-:T;in—!»«—- _-.;0. : : ‘'

N—tw 2 ] xkl

!Ik" k,we immediately get

.33 Oi‘thogonal polynoﬁiiah and three—term recurreness.

Theorem 3.7 Let {a;} be a ﬁan—'sianishing sequence of complex numbers satistying
sup§| a,zl"’lz 10,2+ +,} <oo e let { b%} be an arbitrary sequence of complex numbers
such that every solution of | '
o ) * % *

X pn(x) = ah..}.l pn+1 + b pn(x) + 4, pn..’,l(x)! n == 0 1':2!"‘?
where py(x)=0Cppy= C,, 18 umformly bounded on a set K ¢ €. Let {a4# 0} and {b.}
satisfy

Um {[a, —a] + b, ~by|} =0

iy Bp T By ‘aopld T

Let {p, (%)} be 2 sequence of polynomials satisfying

| xp, (x) =8, o+l Py + by Pp(X) + 8 oy (), 0 =0,1,2,.., (3.16)
wherep (%) = =0, 5 0 = C# 0. Then for every 0 < p<w '
| | o, 01 | o .
lim max - n—-1 A = 0. . (3.17)
o x¢K ' p ' S
[Dk(x)!

- k=0



Proof. Rewnte the recurrence relation (3.16) in the form

b .
0=p,(0)+ [—H P10+ L 2y (9

%* -
b, 4 - b, —x. h b X -
aﬂ " i all

. a ' : '
{”‘n—l Pt B, e a=12..
By n | 8y _ |
We show that the above differeﬁce relation satisfies the conditions of Theorem 3.6
' W oW
p.--mf laz)l-mf —£--1nf—g—->0
4?«3 ]1>1 ﬂ-n
sineg sup{[ a‘n nmﬁ 1, 2 } <w. Also,it is easy to show that

(1) and h(2)~—4 0, as 1 — o, The assertion now follows by Theorem 3.8.g

Tn 18] Nevai, "Totik and Zhang prove the follow_iz:gg theoremn:
Theorer 3.8 (Nevai~Totik—Zhang [13])
 Let{a #£0, bn} ¢ € be peguences such that

llmﬂanmaandlimb = b, ' (3.18)
It n—bm : .
Then for evary I < p<ew

o e, (P '
lim  max n_,lln'” = 0, (3.19)

Do xs[b-—ab—i-al Z ka(x)lp
={} :

The proof of this theorem relies on a difficult lemma. The following theorem, however, has
a much simpler proof and although it does not yield the full strength of (3,19) of Theorem
3.8, it allows for unbounded recurrence coefficients and thus is apphcable 1o & much larger

* class of orthogonal polynomials than Theorem 3.8, -



A _
" Theorem 5.9 Let {8,#0,b }c Che sequences such t.ha.t_.
13 a'n+1 e 1 e 14 bn 1 _ '
_ Monul—z-;—mland&_;gla—;—=ﬂ53. _ (3.20)
- Let {p,(x)} be a sequence of polynomials satisfying the usual 3—term recurrence relation
Coxpy (K =ag g Pyt by p(X) ey pp 4(x), 020, (3.21)
w1thp l(x) Oamlpo—-caﬁﬂ Theng1vense(01)and0<p<m, |
p (0|
im b -.zémx b+ i o =0, = (3.22)
Doy XED,~-2BA, 428 '
n "l 2 Iy (1P
' k=0

where [b, —2s a.n,bn + 2 5 4 ] denotes the straight line segment connecting the complex
numbers t,’ﬁ"'z_”‘n and b, +2sa,.

Broof. Define

Y0 = bW @I n=12

with p_l(_x) = ( and Ipu(x) = const# 0,

Then we tan rewrite the three term recurrence {3.21) a5

X~ by _ an 1
B T S B X
Yn+1(x) = i Yn(x), n=1,2,...,
| 1 0 |

Let|| - || denote tha max norm on ¢? so that §j (2,w) || = max{l z} .| w] }. This induces a
norm on the set of 2«2 matrices as follows: ¥D = (dlj 1 j=10
then || D} = xpa,x fldyl + | dol b+ It follows that

1€ ke {Idjl}<|IDII<215max {|dul}

Let . "
A(x)= [%X _{]j]'l

then |
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Uy x) ~Uy_4(x) ]

Ure () Uy 53 1

‘where a8 usual Uk(x) denotes the Chebyshev polynonua.l of the second kind of degree k,
Also,

Ak s —2—, 1< <1, K= 12

AR =]

1l =3
We shall use Lemma 3.3. Fixm2 N > 2. Then
X = bn-—-l - a1
I 2y |
Y ()= | ¥ ®
1 0
!

© where B =& a,m is grwen by

x- - by Ay
: By 3 X - hm'l
By(x)=| - A(-[Ta‘m-: ]
- 1 ¢
X By Pg__bn—l Byt
Sk i vt v B
0 ]
| ]
As before we define_

RSN
Suppose that s ¢ (0,))and x e [b; ~28a,,b  + 252 ] Then |x~b ml $ 288, o

|x=Dbyl /28, < s By (3.20),

o e g e}

o N{x) = sup H Ak[ ]” and B, (%) = - IB; (Ol
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';,;E[?S"i‘lﬁl +o(1)]= m—e

Therefore

a!n,N(x) S —
1-—38
Also by assamptions in (3. 20), |
lim - max ﬂm,N(x)“o

e xefb, —28a, b 288, ]

- Hence by Lemma.3 3, _
1Yy, (x)ilPs' 2P [F (1~ 2)‘*"”] E o s N(x)] lek(f’ AP

for every x ¢ b2 a.m by +2 8 a,m] Dmdmg both sides by E [pk(y)l P and lettmg

first m and %heh N tend tow, ylelds formula (3.22). oM

@

e ﬁ:‘%«
A TN

o

o
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431 Tntroduction.

coefficients are in M(b.a).

4r

CHAPTER 4 |
A SURVEY OF "ORTHOGONAL POLYNOMIALS: THEIR GROWTH RELATIVE TO
* THEIR SUMS" R

BY NEVALTOTIK & ZHANG

,;“"': i

| Let {_aﬁ,bﬂ} be sequences of complex nurmbers, ag# 0. Define a sequence of functions

{p,(3)} by the three term recurrence relation

X DX} = 8501 Py () + 0y p(3) + a’; Py3(xh 020, : | ..{4-1)
where py(x] and p_, (x) are given injtial fanctions, . . ¥ ' '
1 ST |

~ Pplx) = const > 0 and p 1(x5 =0 IR 7% )

‘then pn(x) is a pulynanna.l of precise degree 8 Iﬂ «ei:ezﬁjhowever,{pn(x)} will not be'a
'sequence ofpolynonua.ls R e o -

~ Definition 4.1 For a2 0 and b ¢ RY define
| M(ba)= I
oy, }n.._o 2,>0,b, ¢BlLa 1 a/2,b — basn—ta}. "43)

We shall say that the m-distribution dm(.c}”is in M(hya) if the correspoadmg recurrence

AN

By Blumenthal's Theorem, ¥ da{x) ¢ M(b,a), and a > 0, then

~ supp(da) = [b-ab+a]U 5,

where § is at most countable with only possible limit pomts % bs: a. Also it Is well known |
that



s

0 '
Y pitdax) $ '6(1?1&}7 ,for x ¢ RY. {
=(} ' :

Therefore for x ¢ §\{b:a}, a{{x}) > 0 and hence

o _ .
Zépﬁ(da,x) <, and so pk(daa,x) —+ 0, 28 0~ .
Therefore for every 0 < p <o and x ¢ supp(da)\[b-a,b-+a], we have

| pn(da$ x)!
im
o "‘k 0 lpk(da,x\] |
It is natural to ask what can be smd about uniform convergence. Nevai had already proved
as early a9 1979 [12, p.11] that "

o ) (daax}
lim max [a. - (x-b)7 - = 0,
o xe[b—a,1+a] “0 pk( dn',x)

where da(x)} ¢ M(b,a), a> 0.

" The paper to be surveyed deals w1th generalizing the above results, allowing complex

coefficients, arbitrary p ¢ {0, ») and allowing arbitrary initial functions Dglx) and p_'1 {x).

@

49 Pundamental results.

Definition 4.2 For a, b « (,define ,_
GM(b, = {{ag b, Jhp 0y € C\{0}, b €€, a, - af2, b ~— b, n—m}

They prove: ' . _—
Theorem 4.3 Let {an, } ¢ CM(bs2), a# 0. Let the aequence of fanctions {pn(x)} be
generated by _

X By () = 8y 41 Ppy1 (%) + by Py () + 8 by (%), (449)

where po(x) and p_,(x) are given initial funcclons. +hen for every p ¢ (0,),

(i) if the initial functions p,(x) and p_;(x) are finite in [b—a,b-+a] and



Z == {x e RN py)] +1p_y ()l =0,
then o

- Ipn(dmx)l R
e xe[b-a b+a}\Z | pk(da,x) | P .
(if the initial functions py(x) and pl(x) are polyncrmals tnen we can take Z = ¢ in {4 5))

(4.5)

- (i) if {p, (x)} is an orthogonal polynomial system associated with a a posxtwe measure da ¢

M(b,a) wherea > Da.nﬁh sRl then
p, (da, x}} ¥
lim  fhax L n( N
Do X € su,pp(ﬁa) 21"‘_0 |pk(dc|:,x)|p

(4.6)

§

Theo:em 44 Let the pos:tzve measure da(x) have compa.ct support and let {p_(x)} be a

. correapontilng system of orthogonal polynommls Lei'. 0 <p<e,a>0,be¢ R,1 Then da ¢
© M(b,a) if and only if - e

T4

I pn(daﬁ x)! -
n*w Baeg |y (dasx)]P
hclds uniformly for every compact set K C C\Bupp(da) When p is a positive integer (4.7)

a al. A

e

% -"’b.k-\-\+ “x — BT ip“l’ W)

remains true wath the abselate va.lue slgns dropped on both mdes.
" N B “
43 Applications. | :
Recall that the nth Christoffel function Agldax) s defined by |
A a(de) [Eﬂ_o pk(da,x)J | | (4.8)
The limit relation

Lim 4,(de) pi(daix) = o,
has important“applications in the theory of orthogonal polynomials. In this section we will
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8

.
o

discuss some sufficient conditions for the above limit to hold uniformly over an intérval,

A

: I)eﬁmtmn 45 A messure da'(x) on the closea interval I is calied a Erdus measure on I if

supp[tia} ﬂ{ and o {x) >0 a.¢. onl

.[\

Camﬂary 4.6 .uﬂi: Ic 31 be a closed mtervai Let da{x J be an Brdos measurs on L. Then
 the correspondmg system of orthogonai poiynnmaals {pn(da)} satisty

Lim max A (da,x) pp{denx) = " | - (49) |
e xel 7

" Prbof, Let I = [b-a,b+a): By & theorem of Rehnianov, a) - 1/2, b, — b, 251 — o, Le.
© dm ¢ M(b,a). Let' p == 2. Then by Thedrem 4.3 with Z = ¢, the assertion follows

immediatély if we recal] the definition of the nth Christoffel function (4.8).

#

. The following results concern éstimatea of orthogonal polynomials and Lebesgue functions. -

Lomma 4.7 Let a > 0 and b ¢ RL. If'd&(x) satisfies

of ()3 CfaZ = (x B)2 2, for x ¢ [a-b,a+bl, (a0
then

32 dayxy ¢ 2R, for x ¢ [abja-+b).
Proof See [5, Theorem 1.4.1,p.25, Theorem3.3.4, p.105y

(Jornllﬂzty 4 8 Let a-> 0 and letbe R1 Let either supp(da) = [b—a.,b+a] ordae M(b 2)
and assume do: satisfies (4. 10) Then

pn(da,x) =ou), ne=l2.., : o
uniformly for x ¢ [b~ab-+a). |
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The above Corallary gwes a nice bound for orthagonal polynorxuals In 1921 Stekluv made
the fallowing fa.mous conjecture: ' _
Steklov’ § Conjecture. Let w(x} be a weight function on 1,1} such that

¢
wix) 2 for every x ¢ [-1,1
(x) r——-Ti--x ¥y x ¢ [~1,1].

Then for ewiéry closgd subinterval {a,b] of (-1, 1) there exists & constant C > 0 such tha.t
Ipy(wsx} £ G fot x ¢ fa, ] W= 1.2, .

It withstood the efforts of many rebearchers and was only resolved hy E.A. Rahma.nov in

. 1979 who fumished & counter example

Define the Lebesgne function ©_(deyx) by
8ydex) = 13 (des Ay
H S

far partial sums

| Sy(dat) = 1‘1‘1 ck(d mf) py(da),
where the coeffiments ck(da,x) are given by

da,f) j Py (darx) dods).
Deﬁne |

o) = [ dafx).

‘Corollary 4.9 Leta> 0 and b ¢ R, Let do ¢ M(b,). If &(x) is uniformly continuous on &
set AC {'b-a.,b-i-a,], then |

lim sup A (do:,x) 92(60, 1=
THe XA

1, in addition, da(x) satisfies (4. 10), then
Qn(dae,x) =oln), n=L2..,

uniformly for x ¢ A,



 Definition 4.10 The G-operator is defined by

| For, a function g{x) and messure da{x) define ]

52

<l

_ Gn(qw,f,x) _ -,\n(da,x) C ftt) I.{g_(da,;:,_t):_l da(t),

¢ where An(da) is the nth Christoffel funcfion and Kn(dm) is the ntk :epioducing kerﬁél,i.e.

K (da’,x,t Zﬁ_e pk(daz,x) pk(da,t)
We have seen in Chapter 1 that o

Kn(do:,x,t) = ﬂ-n(d:a) Py(denx) pnml(d“ ti - P?(dﬂ,t) Dn._l(dat,x)

Corollary 4.11 Leta> 0, b ¢ Rl Ifdoe M(b,a) and f ¢ L“’(Rl) is untformly continuous on

aset AC [b~a,b+a], then

lim su R | Gy(datx) —£x) | =2
it XE€

The_ foilowing results concern Christoffe] functions and Cotes numbers.

‘Corollary 4.12 I da € M(b,a), a>0,be Rl "then for every fixad mteger i,

lim max

| Apgm(desx) 1[ w{}':
e xelb—a,bea

o

| da'g == g da

The followmg Corollary concerns ratio asymptotics of corresponding Christoffel functions
(da) and Ay (day ) | ’

e

Corollary 4.13 Let dev e M(b,a), &> 0 and b ¢ RY and let g2 0 on R, Assuméthat there
is & polynomial p(x) such that pg(x) and pg""'1 (x) are both uniformly continuous in a set A

© € [b-a,b+a], and that they are both uniformly bounded in R*. Then

it
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v Adex): A _
o gag AiRERS ( ’ S .

unii‘o;ml; _Iin.. gvery compact subset of A void of zeros of p(x). In particular, if g(x) is
bounded and strictly positive in Rla_and" is continuous in [b—a,b-+-a), thea the convergenes is
uniform in the entire interval [b—a,b-+a}. |
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