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CHAPTER 1.

CLASSICAL THEORY OF ORTHOGONAL POLYNOMIALS

1.1 Intreduction.

Orthogonelnolynomials have hsd a lo~g history. They have featured ill the work of

Legendre on planetary motion,continued fractions ot..Stieltjes,mechanical quadrature of

Gauss etc.

r,

After the publication of 'Orthogonal Polynomials' by Gabor Szego in 1938 relatively little

was published on orthogonal polynomials. This changed in the 1970's when Increased

interest in approximation theory brought about by the incredible upsurge in th~ use of the

computer in. the sciences occurred.

Recently orthogonal polyriOmialshave found uses in such diverse topics such as quantum.

mechanics.mathematlcal statiatics,scattering theory.coding theory ,digital s~,?nalprocessing
and so";!on. c. r

1.2 DistributiOn, functions and if':"'termrecurrence relations.
i r-,

:;~.~'''''.''

Definition 1.1 Let a:Rl:-I It1be non-decreasing.bounded.take on infinit,ely many different
/l
I' 1

values on R and have finite moments i.e.
00

IJ ;= f xi!l da{x) < ()'),n::::: 0,1,2, .... , .
n "'tX)

.'
Then a(x) is called a distribution function with momenta or simply an m-diatrlbutioa.
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Note that if a(x) is an rL1-distr:~bu,~ion}thenIJ:l(x)datx) exists and is finite for every

polynomial p(x).

If a(x) is absolutely continuous.then «(x) :::w(;~)for some function w(x;, in which case.

we shall simply speak of the m-disrribution w(x}. I'Ve call w(x) a weight function.

We shall write p t: TIn if p(x) is a polynomial of degree ~tmost n.

In this chapter' we shall assume that every m-diatrlbution functlcn a{x) is normalized i.e ..
:,~

a(-ro) .:._O.

Lemma 1.2 Let a(x) be an m-distribution function. Let p(x) be a non-identically

vanishing polynomial such that p(x) ~ 0 for every x in the support of do. Then
00f p~x) da(x) > a
-w

Proof See Freud [5, p.13J'1lI

Theorem 1.3 Let a{x) be an m-distribution function. Then there exists a ~miquesequence

of polynomials {Pn(x)}~=o such that

(i) Pn(X) == 'Y xn + .." is a polynomial of precise degree n whose leading coefficient ..y isn . n
positive, for 11 == 0,1,2,.. , .

(il) The sequence {Pu(x)}~=osatisfies the following orthogonality relation

f~pm(x) Pn(x) da{x) :::: {~: ~\he~wise' m,nl O. ,

We say tha.t the sequence of polynomials {Pn(x)}~:.:O is orthonormal with respect to the

(1.1)

measure do, If wewish to emphasize 1;his correspondence we shall write
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!

.P'.fQ,Q! We shall inductively define the sequence of polynomials {Pn(X)}~;(I.

Put

[

<Xl 1.,;-1/2
po(x):::: J da:(x)! .

-00 ..I

Suppose we have defined the polynomials p (x) :=; 0) ,;.en + lower degree terms.where 'Y > 0
n n n

fOI n :=; 0,1,2,...l-1 such that (1.1) holds 1:'1r0 $, m,u5 £-l.

Put
£-1

Pc(x) ;= xl_ ~ Cl~Pk(X) ,
k..o

where
00 I

Ck :== f x Pk(X) da(x) .
-00

Then for 05 m $ i-I,
£-1

00 oot ~ <Xlf ,pf,:x) Pm(x) da(x) :=; f x Pm(x) det(x) - ,I...J Ck f Plli(X) Pk(X) da:(x)
~ ~oo k:.::O -00

== em - em:::; 0, by the orthogonality reLtion (1.1).

Also, by Lemma 1.2~
00

I :== f [Pjx)]2 da(x) > O.
-00

Put

'Y .- 1-1/2t-:
and

pIx) := 'Yt Pix).



Then pix) is a polynomiel of precise degree t ¥.d;'· -".'\ding coefucient 'Y.l! positive. Also,

(1.1) is satisfled f(.il' 0 ~ m.n ~ t. Contiuutng in t.hl~ "a;y we can construct a sequence of

polynomials {p (x)}~::;;$atisfying (1) and (li). We now show that [p (xn~,,_o is uniquely
n 1/ n

determined by the co*diMons (i) and (il). We first note tha,t if
.e

p(x):::.: 1:Ck :x\
k"'~)

then p(x) can be uniquely express ad a,s

1
p{x) :::.:Lak Pk(x). (1.2)

k=O
Inde~d, p(x) - ~tpJx) is a polynomial of degree S £-1 iff at:::': cf 1t. To obtain the next,

coefficient aLl repeas the argument with the polynomial (p - atpt)(x),(Note t,hat the

orthogonality of {Pn(x)}~:tO was net used here.)

V~leprove uniqueness. Let {Pk(X) := r k xk +...}~be another sequence of polynomials

s8otisf,ying (i) and (ii). If p(x) is a polynomial of degree e < n then there b';'I('ists coefficient aO

, ••• ,80,( such that
t

p(x) ::;'l:ak Pk(x), by (1.2).
k=O

Therefore
£

00 L 00J p(x) p (x) da(x) == a
k
f p (x) p (x) da(x) ::: 0,

-00 n -wk n
k..O

(1.3)

Let p(x) := r p (x) - 'Y P (x). Then p(x) is a polynomial of degree < n so that
n n n n

00 00f p2(X) da(x) :::.:J p(x){r p (x) - 1 P (x)} da(x)
-00 -00 nn nn

== 0, by (1.3).

Therefore by Lemma 1.2
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(r p - 'Y P )2(X)::; 0.
n n .n n

Therefore

p (x):: ,(1r p (x).
11 n n n

(1.4)

Tn '~fore
, I

Since both r and '1 are positive we conclude that r = 'Y .Therefore by (1.4),n n ' n n
Pn(x);; Pn(x). ..

Thoo~ 1.4 Let a(x) be anm-distribution function and let {p (x) :=;. xk +.. }'8 be the
, k k

corresponding system of orthonormal polynomlale, trllen {p (x) }~=~1satisfies the three
Ii n

term recurrence relation

n = 0,1,2, ... ,

eo
p (x): 0, a = 'Y /'Y, and b = f Xp2(x) da(x). '
~1 n n-i n n n

I'Proof Let
11+1

X P (x) = ~ c 11 (x) ,
n "-'lei: k

k=\)

by (1.2).

Then
,00

c = f x p (x) p (x) da{x) .k == 0,1,2, ..,n+ 1.
k -tj'J k n

Therefore

(1.5)

o == c -;- c = ...== c ,by (1.3).o 1 n-2

The remaining three coefficients we compute as follows;
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00

-= f [/'fn/1n+l P~+l + p(:<)} Pn+l d(i(x) , for some polynomial p(x) 'IIn
-ee

00 co
=: 'Yn!1n+i f P~+l da{x) + f PUi-l(x) p(x) da(x)

""1'1) ""1'1)

Similarly,

c =.., Ir =: a. .
n-r n-t n n

Also, by (1.5)
"co

C =: J X p2 da(x)
n """1'1) 'n

=0.
n

'I'heresfore
','

xpn(x) == cn+1 Pn+l + en Pn(x) + cn_1 Pn-l (x)

= au+ 1 Pnt 1(x) + on Pn(x) + an Pn-l (x). •
1.3 Zeros of orthogonal polynollliaJs.

Theorem 1.5 All zeros of p (x) are realand simple. It supp( do) c [a.b] then all the zeros
n

of p (x) lie in (a.b),
n

I,

Pro.Q\ Let supp] do) c [e.b], -til ~ a < b ~ 00. Let e ,,,.e denote the zeros of p (x) 'J!odd
I " 1 ..m n

multipliclty lying in (a.b). Suppose m < n. Then TI(x-- (i) ,fIn_l,so by orthogonality,
II

m
This contradicts Lemma 1.2, since pn(x)II(x - ~'i)~ 0 in (a.b). Therefore m = n which

"1=1
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proves the assertion, II

We shall denote the zeros ofp (x) by {x, }n .ordered such that
n K.n J::::l

Theorem 1.6

j ::=1,2, ... ,n "- 1, n = 0,1,2, ...

Proof. See Fteud,[5, p.17].

'I'heorem L7 LQt c < d.and fr(c) := n{d). Then p (x) has at most one zero in the interval
n

[c,d1·
P:))Qf. See Frgud~[5, p.tS).

Vie now introduce the Polynomial

/i

'IjJ (x,e(/ ::=pee) p (x) _.p (~) p (x),
n n-l n n n-l

where e e Rl and x e R.1. ¢ (x,e) will play a;u important role in subsequent proceedings,
n

By Theorem 1.7, p and p cannot have a common zero. Therefore the degree of '¢ (. ,e)
n n-t n

.which we shall denote by nt,is given by
ln --'J;l-l( e)~ 0 '

nt ::=4n~1' r;~h~twiSe .
t' t }f~:,r r
/~:f>:/ '-
1_';;/

Theorem 1.8 All zeros of the polynomial ¢ (. ,e) are real and simple. If supp( da) c [a.b], n

then at least 11-1 zeros of~\ (. ,{) lie in (a.b).
n

PrQof See Freud [5, p.19] II

'Ne shall denote the zeros of ¢ (. ,e) by {e.}~ t ordered ~lothat e > ...> e t Note that e
nIl "'1 Ii ;~ 1 n •

is one ofthe e.ts. ' ,;'
1

\1
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t4 The Quadra.ture formUla and r,}h1'Cbrictoffel-Darboux summation formula,
a "-'(_

')

Theorem 1.9 The Quadrature J:t"Ollnll~~

Let p(x) be a pol~·nom.ialof degree at most n' where n' == nt + n·_ 2. Then
nt

/00p(x) da(x) == "p(~) >. (e :4
-00 £. k nlf

k:::l
where

and
I.'~\;

1 (x,{ ) == .. wp(x,e) : --,_
11 k tPn( ek, e)(x - {k)e

are the illnd&mental polynomials of Lagrange interpolation of degree ~ n -1, i.e.

{
l, ifi=k

In(ei,ek)- 0, ifit- k"
We call>' (e ), k == 1,2" ...nt, the ntll Chr;1stoffel numbers .

•' 1/ n k " '- ."

k == 1,2~... nt,

\

Em2f We shall first shew that if p(x) a.n¢(l(x)l~~epolynomials of degree ~ hI and
\\'pee.} = q«() for i == 1,2,...nt,

1 l

ii

then)
co I))f p(x) da(x) := J q(x) da(x). (1.6)

-ro ""\Xl

Indeed, every zero of 1/1 (. ,e) i&:;a, zero of (p - q)(x) and so deg~(p - q)/¢ ) 5 n'-nt =: n-2.
n n

Therefore there exists a polynomial rex) E TIn-2 s.t, (p - q)(x) == r(x) ¢n(x,e).
By orthogonality,

(J

fCO ~CO
(p - q)(x) da(x) ::= J rex) '¢ (x,e) da(x}

-co -co n

I' fco r= P'h'~'~I) -00r(x) pn(x) do:(x) + Pn(e) -o:)r(x)pn-t (x) da(x)

== O. \\
l

I')
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nt
This proves (1.6) . .Next let p(x) t: nn" Then Liv(ek) Int(xl~) is a polynomial of degree g

k=l
nt-1 ~ n' which agrees with p(x) at the points ~'l""'{nt. Therefore

nt .
foop{x) dQ(x) =: f..00r~p(~ )1nt(x,e )}.rln:(x),· by (1.6)
":'W -(1) \k k kk=lnt::;::L{p(ek)!oolnt(x,ek)dQ(x)Y'

k=l "'«Int
=: 2:{P(~k)Jrol~t(X'~k)c!a(x)}4

k=1 -ec

(since deg(l~t(' l~k»i~2{nt -1) ~ n' and l~t(x,ek) =: Int(x,ek) for 1 $ i.k $ nt).
nt

=: l:P(~k)'\(~k)' •
k=l

II

Theorem 1.10 Let
n-1

K (x.,e) == "" p (e) p (x),
"n k.lk k

k=O·
Then

1 1/1 (x,s)
Kn(x,e) = ifLf=1·

n

Equation (1.7) is called the Ohrlstoffel- Darboux summation formula .

(1.7)

.f.mQf We may write lut{' ,e) - a fundamental polynomial of Lagrange interpolation at the

points {e) ~tas
nt-l I

lnt(x,e) =: l,a
k

l\(x) , by (1.2),
k=O

(1

where
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tfJ

ak == f""«JPk(x)l~t(x.,e) da(x), k:= o.r,...,rrt-l.
For k ~ Ilt ~..1 we have by the quadrature formula

nt I,'

. a" == f:Pk(x) Int(x,e) da(x) ::::LPk(ej.)ln,.(ei,e) An(ei)
• I, 1'-1- -(~

, ~;:=PkCe) An<e).

Therefore
nt-i

Int(x,e) == L.rk(~) \(e) Pk(x)
k:::O

== ).. (~) K (x,e).
n. n

(1.8)

Recalling that

we obtain

By comparing the coefficient of xn~lon both sides of the above equation we get
I

J. fJ (e) == {,.\ (e) 1£1 (e,e)}~l 'Y P (e)·
n-t n-l n n n n-l

Therefore

K (x,e) ==k Pn~l(e) Pn(X~ -_:!~e) Pn-~
n' 'Y x~

n •

.\Ve now derive an important relation linking )..n(. ) and the sums of squares of orthogonal
polynomials.

I)
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Since K /. ,e) t IIn_,,-l'
nt

Kn(x,e)::: I/n(ek)e) In-r(x,ek)
k='l

nt
= LKn(esek) Int(x,ek)

k=l
_ ~ l!t((x,ek)lnt(e'{k)- kkt -Xn t~kJ --, by (1.8).

=1
Putting X :::: e in the above equatlon and using (1.8) yields,

n·~l n-l 12(e,ek)
>.~l{e):::: >,~l(e) In(ete) =: K~(e,e) = LP~(e) ::::2: X (e) . 11

, k=O k=O n k

))

Theorem 1.11
0(10'

A (e) ::::min f p2(x) da(:~),
n -0:)

\mere the infimum is taken over all polynomials p(x) of degree g n -1 s.t. pee) ";::1.

I:tQQfC!Ml~1. Assume p (e):f O.Then n] ::::n, and n' = n+n-2 ::::2(n-l).
n-l

By the quadrature formula, for s.ny polynomial p(x) of degree ~ -1 satisfying p( e) :::: 1 we

have
n

JfCO p2(X) da(x) ::: ~ p2( eJ A (e )
-00 k... a k" k=l

~ p2(e) ), (e) -:
n

:::: >. (e)·n
Also, 1 (. fe) is a poiynomial of degree ; n - 1 and 1 (e,e):::: 1. Therefore

n n
(f;) (j)

>. ({) == f 12(x,e) da{;~')== min f p2(X) du{x)
n -o::l n -co

where the infimum is taken over all polynomials p(x) of degree ~ Hil, 1 s.t. p(e) ;: 1.
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.Qas~.2 Assume p 1(~)::;: O.Then
nb

n~1 ~1 ~n- 2 -1

'\ (e) =: [~p~(e)] =: lkP~(e)J = An~lro.
Now let p(x) be a polynomial of degre<:f$n -1 such that pee) := 1. Then there exists a

constant A and a polynomial q(x) of degree at most n ....2 s.t.

p(x) = A pn21(x)+ q(x).

Then q(e) = 1. Since p i;t):J: 0, 'we !!'j~t
" n-2' ,:>, I(

00 00'f p2(x) do:(x) = f (A P + tl)2(X) da:(x)
-ro -ro n-l

= A2 + J q2(7f) do:(x)

~ A2 + >. (e), (by Case 1)
" n-t

~ An.....1(e)

= An<e),
and again we obtain

where the infimum is taken over all polynomials p(x) of degree 5 n - 1s.t. p( e) ::;:1•

(I

Theorem 1.12. Let 0: (x) and a (x) be two m-dlstribution functions s.t.1 2
X < y ::::} a'l (Y) - 0:1(x) $ <l'2(y) - 0:2(x).

Then for every e e Rl,

A (d,'a ,e) s A (do ,~).
n ' 1 n 2

(1.9)

.. 00

Pro91 An (daz)e) :;; f-rol!(dll!2,x~e) d<.1'2(x)
00

! f 12(da ,x,e) da (x), by (1.9)
""tt) n 2 1

, A (da ,e), by Theorem 1.11.
n 1 •
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1.5 The Markov-Stieltjea inequality.

V-Ieshall denote the zeros of'if; C· {~) by {e.}~t s.t. e > e· ..> e ...and let e::::: e;.
. n 1 1"1 1 2 n! J

Let ¢n(. ,e) and <Pn(. ,e) denote the polynomials of degree ~ 2nt - 2 satisfying the

nt + (nt -1) ::: 2nt-1 conditions

¢ (e.,e) =: {Ol, ~ ~ Jj:and l (t,f.) =:"..! 0 if j 1: .1,
n 1 ,'_ n J

~/~i,e)== g: ~~jdnd<P~(efe) = Oifi;t j.

We shall also need

r(x,f g: ~; i .
Irhen the following lllequa.lities hold:

Theorem 1.13

¢n(X'I€) ~ f(x,e) ~ <Pn(x,e) for every x e R1.

p,rQQ1 See Freud l5, p.27] II
Define

,/00=:. if> (x',$') det(x), by the quadrature formula
~ n . 'i
00s J f(x,e) da(x) == Q(~ - 0),

-rJ.'

and define Similarly

an(e) ::: 1: All (e) ~, a( e .. 0) •
e.se
1")i

:t'hen

.ance) $ a(e - 0) ~ a(e + 0) .~an(e),
since a(x) is non-decreasing.

(1,10)



Inequality (1.10) is known as the MarkQY_-IDJeltje8.iD.~llality. It plays a fundamental role

in moment problems. Qu(e) and ~n(e) have the following extremal properties:
CXl

(i) tl'n(e) == max J p(x) da(x)
-00

where the supremum is taken over all polynomials p(x) of degree at most 2nt - 2 satisfying

the inequality

() {
II X < e

p x S 0, x, e'

00
(ii) tl'n(e) == lrun f p(x) da:(x)

""00

where the infimum is taken over all polynomials p(x) of degree at most 2n1' - 2 satisfying

the inequality
_';v,"f,., f X < e

p(x( ~, x,> f
:.;"'-

Theorem 1.14 Th~ Po§§~Ma;rkov-..§~ieltjes Inegyality

Let supp(da) C (a.b), ....:o ~ a < b ~ CXl. Let f:(a,b) _.,....,a1 be absolutely monotone in

(a.b) .i.e.

f(j) (x) , 0 I X £ (litb), j =: 0,1,2, ...

Then for 1 s k $ nt
nt eL''\ (ej) f(ej) $ f' k f(t)da:{t)

j=k+l
and

nt eLA (e.) f(e.) ~ J k f(t)da(t).
j:::k n J J s.

PrQof See Freud [5, p.32-33] .•

II
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1.6 The Rambwcger-.sti~ltj~ moment problem.

We now discuss the Hamburgeo-Stieltjea moment problem. Namely, given

110,/11,/1'2''''f:.JR,to find an m-dietrlbution function a(x) such that
00

It == f xn da(x), n::;;::: 0,1,2, ... , . (1.11)
n "'1lO

Given a secue.ice of real numbers {p. } we define a function p. as follows:
n

p.(.E a
k
xk) == .E akp.k for any polynomial p(x) == 2; akxk. Notice that J-t is linear i.e,

tt(~ + fjq~:::,ap.(p) + (jp.(q).

We shall call a p'olynomial p(x) positive if p =J: 0 and p(x)! 0 for all x t IR.

If p(p) >I(! 0 for every positive polynomial, then the corresponding sequence of real numbers
II

{tt n} is sa)~,dto be positive definite.

Wit~ the f;pllowing theorem the moment problem is solved.

'I'heorem 1.15 Let {,u } be a sequence of real numbers. Then the m-distribution da is a
n

solution to the moment problem (1.11) if and only if all the following determinants

'········'I:~:~ :::::+1
Iit~·p~~~:::·p;~.

are positive. This condition is equivalent to
l

p(p) :::Lak Pk > 0

p.o, t~o P1
1-'1 ~2

'" ••• iII ••••• to,

k"°l' ;1 e
for every positive POlynO~ al p(x) ==L\ xk. i.e. {p.n} is positive definite.

\ k=Oii
Proof. See Freud [5, p 601.

Theorem 1.16 ~;t{pn(x) == XU + .., }~be a sequence of polynomtals with real
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coefficients,satisfying the recursion formula

p + (x) = (x -~.{J +J P (x) - A P (x), n = 2~3,.. "
n 1 n+s n n n-t

with positive A and real {3 .Then there exists an m-distribution d~5:uch that
n n

coff> (x) p (x) da(x) :::::0, m:fo n.
-con 111

(1.12)

Proof Let p, := 1 and p, (c) == c if c is a constant polynomial.Suppose p, ,/1 ,... ,p, have been
- 0 01 n

defined.If p(x) :::::E Ckxk is an arbitrary polynomial of degree at mos~ n,we set
n

p(p) ::::~. cit·
kkk"k=O

Define Pn+l :::::p(xn+1 - Pn,+l (x)).
We prove by induction on m that

p(x!n 15 (x) := 0 if m < n,
n

(1.13)

For m ::;:::0 we have

p,(x.op (x»:::: fj,(p (x)) == fj,(xn) - fj,(xn - p (x) ::;:::J.t. - fj, ;::::O.
n n n n n

Suppose that the assertion is true for m < n.If rr.Fl-l « n, then by the recurrence relation

(1.12),

p(xm+1 Pn(x»

:::::fj,(xm x p (x)
n

:::: p(x1ll is + (x») + f3 + p,(xmis (x) + A p,(x1llp (x»)
n 1 n 1 n n n-1

(1.14)

:::;:0, by the induction hypothesis.

Therefore ;:t(xln is ) ;;: 0 if In < n, Also from (1.14) we see that p,(xmp ) == A p,(xm-1p ).
n 111 m 111-1

Since Po = xO == l;;U(po) == 110 == 1 and since An > 0 for all n,we see that

fj,(xn p (x» > 0 for all n ~ O. (1.15)
n

Now xn -p (x) :::...p(x) for Borne p fIT .Therefore p«xn - p )p ) :;:::fj,(p p ) :;:::0 by(1.14).
n n-i n n n

Therefore by (1.15)

(1.16)
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We show next that the sequence {JL }OO is positive definite.
n 0

n
Accordingly, let P(x) = ~ c p (x) be an arbitrary polynomial.Then.t.J k k. k=O

n n
p2(X) =~. ~ c c p p ,

Ll~klkl
k=O £=0

n n n
so that JL(P2) == ~ "'" C C JL(p P ) == "C2,u(p2) > 0 by (1.16)1 if P is not identically zero.. k k.t k 1 k r .i.J k k

k:::O £:::0 k:::O
Hence the sequence {JL } is positive definite and by Theorem 1.15 there exists an

n
00

m-distdbution da such that p, == f xn da(x), n = 0,1,2, ... , .Also,
n -00

00f p(x)p (x) da(x) == 0 for every p e II
~ n ~

and
00J p2(X) da(x) > 0 for n == 0,1,2, ... , .

""ttl n
II

1.7 Uniqueness of solutions to the Hamburger moment problem.

Definition 1.17 Let ..~ denote the set of all m-distrlbusicns which are uniquely determined

by their moments i.e, if do e 6 ,then whenever dfj is another m-distribution such tha,t
00 . ~f xn da(x) ..;-;J i,\ndP(x) for all n == 0,1,2, ... , .
-ro -00

Then a(x) - aC'"W) ;:::/3(x) - {3(--r.o) , except perhaps on at most count ably many points of

discontinuity.

If a(x) is absolutely contlnuous.c' (x) = w(x), then we shall write w c ~ instead of da e ;t.

As done in the earlier sections we fix a real number e 1 denote by n' the degree of ~J (. ,e)
n

and denote the zeros of. the function ~) (x,e) by {e. } nt where
n m 1

\
\ .



J.8

e > e > e > ... > e t n and X (e. ) denotes the corresponding Christoffel
in 2n an n , n In

numbers.ie
00 2 t

A «( ) == f 1 (x,( ) da{x), i == 1\2,.."n '
n In -wn In

Define

an(~.f.)_: I \lcein)·
·--f e.<X

In
By the quadrature formula.for m $. nl $ n + (n-1 ': ~2== 2n-3, we obtain

nt
j), == f CPxmda(x) =L (()m,X «( ) == foo xmda (x).
m -00 i=1 In n In -00 n

Since each a (x,e) is non-decreasing, there exists a sut~';quence {a (x,e)}~ and a
n n. J =1

J
function a{x,e) such that

o (x,e) -I a,(x,e) as j -100, and it is not difficult to show thatn.
J
00 ()'JJ xm da(x,e) == lim f xm da (x,e) == j),m'

-00 roo -00 ~
(1.17)

Since

the sequence {X (en is non-increasing and therefore has a limit ,X( e).
n

Therefore

a(e+o,e) - a(~-o,e) ~ tJ~ {an(e+o,e) - Ct'n(e-o,en
= 1 im {,X (en == A(e).t'l4oo n (1.18)

'I'heorem 1.18 If do £ g then apart from points of discontinuity of a(x),

A(e)=O~ (1.19'\

for e e a1. Conversely, if (1.19) is satisfled for e € Rl, then aCe) is uniquely determined by

the momentum sequence {j), n} and a(x) is continuous at the point x=e.
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Proof. (Necessity) Suppose that do: € (1 and let e be a point of continuity of a(x). By (1.17)

~(x,~) ~enerates the same momentum sequence as a{x).

Therefore "

Therefore l)

A(e) ~ a(e+O,e) - a(e-o,e) ~ a({+O} - a(~-O) :::::0 , since {is a point of

continuity of a(x). This proves nece'ssity. Conversely, let e ( Rl s.t. A(e) :::::O. Suppose that

*0: (x) is an arbitrary (normed) m-distribution generating the same moment sequence as

*tl(x). We wish to show that. a (x) == a(x). Let e be a point of continuity of a(x).

If p(x) ~ E c
k
xk is an arb~trary polynomial, then

ro 00 *f p(x) da{x) = Z C IJ == f p(x) do (x).
-0;) kk '"'(X)

Therefore for the polynomials ¢ (x,e) and <P (x,{) defined earlier we see that.. D n
00

f:.nCe) == f ¢n(x,eJ da(x),
-(X)

co *
:= f ¢ (x,{) de (x)

-U) n

*$ a: ({-O)

-0;'1 *5 f <Pn(x,{) da (x)
-,:0

..-00
S J <p (x,e) da(x)

'"'(X)n

5 a ({).
n

Similarly we can prove the inequalities

~n(e) $ tl(g-o) 5 a(e+O) ~ an(e).

Combining these inequalities and using the fact that

0== ,1\(e) = lXn(e) - Qn(e) ,

we obtain
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*Thus we have shown that, apart from pt~intsof discontinuity of a(x), a(x) = a (x),which

proves that a(x) is uniquely determined by its moment sequence. ' -.

We list some more results concerning the uniqueness of solutions to the Hamburger

moment problem.

Theorem 1.19 Let do be an m-distribution with finitely or infinitely many points of

increase s.t, supp(da) c [a.b], -00 < a < b <00, then do e 6.

Proof. See Freud [5, p.64).

Theorem 1.20 Let a(x) be an ihi-distribution function generated by the moments {p }. If
. t·· n

(Ithere exists ~ f.1Rs.t. A(C) = 0 l then do e 6.

!:.toof. 'See Freud [5, p.c6] •
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1.8 The connection between the uniqueness of the solution of the Hamburger moment

problem and apPNximation by polynomials.

Definition 1.21 Let {f.} be an orthog-, :al system in L2(da) i.e.
I

A 00J f. f. dar = 0 whenever i# j.
-00 1 J

1'hen {f.} is said to be complete if there does not exist g € 12(da)\{f.} s.t, g(x) is not
1 1

vanishing almost everywhere and {f.} U {g} is orthogonal.
~ 1

It is well kn6wn that the space spanned-by a complete orthogonal/system is dense in L2( dO!),
with respect.to the L2-nor.rn.. i.e. given g € ;;}(da) and e > (13 h = ~O!. f. such that

1 !

fOO Ig '-.hl2 dll' < e.
-oJ

Definition 1.22 Let dll' be an m·_ distribution function and [p (da)} the corresponding set
J;t

of orthogonal polynomials. Then da: is called a Riess m-distribution if {p (dli)} is
n

complete.

Lemma 1.23 Suppose ~a(~l't "~~d su, )sethat a is a point of continuity of O!(x). Then
l+x

p(x) :-: X _ a1_ 16 ) b:f 0 ~

can be approximated by polynomials in the LZ(do) - norm. l.e, given e > 0 there exists a

polynomial q(x) such that
,,00J IP - q] 2(X) da{x) < c.
""'(0

Proof. See Freud [5, p.74].

Theorem 1.24 Let f e L2(da) and suppose that da(x~ s 6. Let e> O. Then there exists a
l+x
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p01';nomial q(x) such that

foo If -. qI2(x) da{x)'< 00.

""'to

'proof. We shall construct a function

00 d
<p(x) ::-..::L x....~-i6 + A + Bx ,bk:ft 0,

k=l k

(1.20)

such that
00f If(x)-cp(x) I2 da(x) < e.

-ro

The assertion will then follow by Lemma 1.23.

*Let t > O.There exists a function f (x) continuous on R1 and d:tfLxentiable at a such that
1

00 *f J f(x)-f (x)12 da(x) < €1
-00

and
* *lim f (x) :::::lim f (x) :::::O.

X --+ 0' X-l-eo

Put f (a+x) ::::~ [t (a+x) + r*(a·-x)];
1 .4

J * *f
2
(a+x) = ~ [f (a+x) - f (a-x)].

Then
*i'{x) = f (x) + (x-a)f (x),

1 2
1

Let b > 0 and consider the change of variable x: --+ x' :::::(x-a)2+b2 which maps a1 into

the interval [O,b~2].

Let f (x) == g (Xl) and f (x) ::::g (x'),
1 l' 2 2

Define g (0) :::::g (0) ::::O,then g and g are continuous on [O,b-2].Since [D,b-2Jis
1 2 1 2

compact.weierstrass' theorem guarantees the existence of polynomials P and P such that1 2
I g (x')-P (x')1 < e and Ig (x' )-P (xl)1 < €, for x' e [O,b-2].

1 1 1 2 2 1

Therefore,
*If (x)-P (xl)-(x-a)P (xl)1

1 2

:::::If (x)+(x-a)i (x)-P (x')-(x-a)P (xl)1
1 2 1 2
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c~ !I1(X)-P/xl)1 +1x-all f2(x}-P 2(x')1

::::I gl(X')-P1(x'll +1x-all g/x')-P2(x',1
~ 1:'+1x--al £' :::: (:'1(1+1x-e] ) ~')rx f (-00:(:0).

Also, P (x')+(x-a)P (Xi)
1 2 '

-= P., t ,_1'n 1+ (x-a) P ( 1 ]
1t..(x_a).G+b2J 2 ~J

*- - p (x) M- ,for some polynomial p*(x).
[(x-a) 2+b2y

(1.21)

* *Since lim f (x) ::::0 the degree of p (x) cannot exceed 2M+1, there exi~t distinct positive
x·~ 00

numbers bk such that

*' * I I"I p (x) c· , _ p (x) . ~ e (1+ x-al)·
2 2M M" 1.

[ex-a) +b J n [(x.-a)2+b~]
k=l

*By expanding <p(x):::::..-.M......-PI:,;,..·_(}.;x;;J.)--
n [(x-a)2+b2]

k"'l k

Into partial fractions.it can. be seen that tp(x) has

the form (1.20).
00 00

Tberefore, f If(x)-tp(x) I2 da{x) s e {1+2f (1+1 x-al ) da(x)}.
-cQ 1 -00

Since e > 0 is arbitrary, the assertion follows.
1 11

We now prove the main result of this section:

Theorem 1.25 If the m-dlstrlbution function a;(x) is continuous on a1, then da is a Riesz

m-dlstributlcn if and only if it is an {!-m-distribution .

.Proof., [{:] do e~::} d Il';- e ~::} dais a Riesz m-distrlbution.by Theorem 1.24.
1+X2

[::}] We argue by contradlctlon, We shall assume that dais a Rlesz m-distribution

but suppose that da is not an tr-m-ciistribntion. Then
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00

>t1(X) =:: LP~tx) < 00, for every x e at,
k=O

by ThooreHl 1.18.

Fot p > 0 define the measurable sets

Mp := [x {R,1 : ,.\gl(x) < p }.

Then p < p ,J=} Mp" C Mp .Therefore, by (1.22),
1.2 1 2

U M == R,t,
p-'t 00 P

(1.22)

Since do is not id€m~ically zero.there exists p such that da4: 0 on Mp.Choose a finite subset

MpC Mp ouch that 0 -< J I dO!< -!p. "
.~ . M, p

. '{ O. x~ Mp
..Let <p(x) :== XM' tx):== 1, x e M' .:

o P P
00

Let <p(x) == :L ak(da,rp) Pk(oaj='!) ,
k=O

be the orthogonal expansion of ~x),where,
co'

a
k
' == f 'P(x) p (x) da(x).

-00 k

(1.23)

We have to show that the infinite sum (1.28) exists for every x, Firstly,
(f) 2

<p(X)2:= {l: a
k
(daj (,0) P

k
(dO:;X)]

k=O
((I 00

s La~rda,<p) LP~(d~x).
k=O k=O

Also
O(ll'

Ia.~(da:,<p)~ f oo;02(x)da:(x) (by the Bessel inequality)
k=O -00

== f M' da(x) 5 h<w.
p

(1.24)
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(X)

Also, :Lp~(dOljx) < 00 , by (1.22).
k:::O

Hence the infini~e sum (1.23) exlsts.Put
co

c/(x) ::; L,ak(da,cp) Pk(da:;x) for x e Rl.
k:::O

*Since partial sums of this series tend to cp (x) in L2(da:)norm as well, we have
lie

t.k\da,cp ) ::= ak(dCl',tp} k == 0,1,2, ... , . (1.25)

*Also, since datx) is a Riess distribution, we have by (1.25) that cp (x) ~: ¢(x) a.e.jdo].
)10

Choose x 'Mp' such that ip (x) == IP(X ) == l.Then x f Mp' C Mp so that ..x-1(x ) < p.o 0 0 0, 0

Therefore
00 'i

J:::: (c/'Cx()?== [~a'k(da,cp) Pk(d<liXo)]
2

k=O
«> 00

s La~(da,tp);,2:p~(dr,r,xo)
k=O ck=O

~ ~ >.~l(XO) < 1/4. Contradiction. "
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CHAPTER 2

A SURVEY OF SOME RESULTS CONCERNING PROPER'l'IES OF RECURRENCE

COEPFICIEN'l'S AND 'I'HE CORRESPONDING ORTHOGONAL MEASURE

2.1 Introduction.

In this chapter we survey some results pertainlng to the following problem: Given

recurrence coefficlents {an> 0, bn eRll and polynomials {Pn(x)} satisfying the 3-term
<-("'\\ .

recurrence relation '~
\\

x PnCx) = an+1 Pn+l (x) + bn Pn(X)~ anPn-l (x}, (2.1.)
~. .

where P-1 (x) = 0, PO(x) := eonst > 0 and aWl an m-distribution function such that
fJJf Pm(x) Pn(x) da:(x) := 0 if m;fo n,

-0:>

we ask what properties a(x) possesses. For instance, in 1898 Blumenthal proved that if

an -4 1/2, bn -I 0 as u -I CXl ) then supp(do:) = [-1,1J U S where S is at most countable

with only possible limit points at +1.

2.2 Szeg(jIS class;'

Definition 2.1 ArL m-distribution da{x) is said to belong to Szegots class if log a:' (cos x) t

1. .L ,1.e. 1f
ITi I log 0:' (cos t)! dt < 0:> •o

One of the earliest results in this connection is

Theoiern 2.2 (Shohat [15))
\

Assume. supp(dl.\') C [-1,1]. Then log 0/ (cos x) (;1,1 if and only if
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It has been conjectured that
00

L{l2 an -11 + Ibnl} <00 ::? log 0:' (cos(·)) eLl.
n=O

So far the following has been proven.

Theorem 2.3 (Nevai i14},Geronimo and Van Assche [6])

If {an> 0 J ?n € Rl} satisfy
00

2)og n {l2 an-11 + Ibnl } < 00 ,

n=O
then

a(x) belongs to Szego'g class.

\\v"re define the partial sums
n

Sll(x):== I,{(~+l-a~] p~(xJ+ ak [bk-bk_1] Pk-l(x) Pk(x)},
k=Q

These partial sums were introduced by Dombrowski and are useful because they link the

recurrence coefficients and orthogonal polynomials to the corresponding measure.

'theorem 2.4 (Dombrowski and Fricke [2]).
x-b

811(x) ==a;+l {p;(x) - (\,n+1 n Pn+llX) Pn(x) + P;+l (x)}.

Proof" We shall use induction. 'Wemayassurrla,w.ithout 10SB of generality that a,O==0, as

can be readily seen from the recurrence relation. (2.1).



28

So(x) = (ar - aO2) p~(x) + aO(bO - b_1) P-l Po
_ 2 2( \
- a1 Po xj,

=ai {p~(x) - x ~ bO Po(x) PI (x) + p~(x)}, by the three-term recurrence

(2.1). Thus the assertion is true for n = O. Assume that the assertion is true for some

ill l.Then

8n+1 (x) = Sn(x) + {[an+~ - a!+lJ P~+l (x) + an+1[bn+1- bn] Pn(x) Pn+l (x)}
2 {2 x - bn 2}

= 8,n+1 Pn(x) --'a
n
+
1

Pn+1(x) Ph(x) + Pn+l(X)_ +

+ {[an+~ -a;+lJ P!+l(x) + an+1[bl1+1- bnl Pn(x) Pn+l(X)}

::::a!+2 P~+l(x) + {a~+l p!Cx) 1- an+1(bn+1 -x)Pn(x) Pn+l(x)}

= a!+2 P~+l (x) +
2 [a;+l 2 ( bn+1 - x ] ]+ an+2 --.z-Pn(x) + 8.n+1 2 ]Pn(x) Pn+l(x).,

an+2 l{ 8,n+2
(2.2)

Now

Which completes the induction step. 11
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I I

Theorem 2.5 (Nevai and Mate [uJ)

If
00

L{I an+1 - ani + Ibn+1 - Dnl} < 00,

n::l
then

1im {p2(x) - :~.~ bn Pn(x) Pn+ 1(x) + P~+1(x)} =~4CxJ~~,
l'l;-+o:; n+l I

which holds unifcrmly on ever, closed subinterval of ( 1,1).

Lemma 2.6 (Nevai-Dcmbrowskl [3])

Let {~ ,bk} s~tisy a.n+1~ ~ (I + Ibnl ) for n > N. Then

(1:- x2) P~+l (x) s 4 Sn(x), -1 s x s 1.
2 2(I-x) Pn(x) ~ 4 Sn(x) , --15 x5 1. .

max P~+l(x) $ 4 (n+2) max ISn(x)l, -1 ~ x5 l.
I xl$l I xl51
max p~(:x:)54 (n.+l) max ISn(x)I , -1 s x5 1.
Ixl~l '.' I xl~l
05 Sn+l (x) s

{
(a - a ) + a Ib - b I}5 Sn(x)exp 4 n+2 nil_ x n~l n+l n }-l ~ xSl.

Os max 8"+1 (x) sI x] ~1'~ ,

{
2 (a +2 - a +1) + a '15 max S (x) exp 4(n+2) n .... n n,..

xl~l n 1 - x

'I'heoren- 2.7 (Nevai-Dombrowski [3])o . .
Let an -t 1/2 , bn -t 0 , as n -t eo and,

29

-1< x < 1.,

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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}2{!a1l+1-anl + Ibn+1-bnl} <00.
n=1

Then
(X)

lim Sll(X) = L ([a~+l - a~lp~(x) + a}c{bk- bk-1] Pk-l (x) Pk(x)}
n-+oo k=O

'----"2"
.1 1 -- x=,~?{xj , -1 S x$ 1,

and convergence is uniform on every closed subinterval of (-1,1).

Theorem 2.8 (Nevai-Dombrowski [3])

,.,Let {an' bn} satisfy an+1 ~ ~ (1 +Ibnl ) for n ~ N ,let an.....-l1/2} bn --I 0 , as n....-l 00 1

,
and

lXI

'Ln2 Ilan+1 - ani ;+ Ibn+1 - bnl} < 00.

n=l
Then there exists a constant K > 0 such that

j 2 ,,'. 1 - x IPn(x)j ~ K, -1 ~ x ~ 1, n == 1,2,...,

and

30

(2.9)

(2.10)

(2.11)

(2.12)

proof. Repeated application of (2.8) shows that the sequence {Sn(x)} is uniformly bounded
~.. . c

in[-l,l] and hence (2.11) follows by (2.4). Also,(2~2) follows from Theore11l2.7. II
\\
\~'-~'\..

\\
Theorem 2.9 [Chihara and Nevai [1])

(X)

If E n{1 an -·1/21 + I bnl } < 00, then the number of mass points is finite and are all
n=l t

located outside [-I,lJ.
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Askey aha Ismail have posed the following question: Does
1 c( -2) ban ::::'2' + ii+ .0 n 'n == 0, n == 1,2,..., .

imply that the absolutely continuous portion of do belongs to Szago's class? By Theorem

208, it follows that the question is partially answered in the affirmative if the coefficients

{an} satisy the slightly stronger condition
1 c d ( -2)an ::::'2' + Ii+ -2 + 0 n ,n == 1,2, •.. ,

n

2.3 Regularity.

Definition 2.10 The measure da on [-1,1] is said to be regular !f

lim sup "fn(al/n == 2.
n-+oo

We have the following characterization theorerrl for nth root asymptotics:

,
Tht~)rem 2.11 (Erdos~~Tt1rnn[4])

i"'7'f.

d@(X)isregularifflimlpn(da,z)ll/n== J z + ~Z" -_.;.;..1...J.-
n-+oo

locally uniformly on (\[-1,1].

A result in similar vein for ratio asymptottcs is:

I f

Theorem 2.12 (Nevai [12}, Mate-Nevai-Totik (9))

an --+ 1/2, bn ----1 0 , as n ----1 00 iff
. Pll+l ( ()l.7,) j 2 ....
lIm-p (a zr= Z + z - 1,
:11-700 n '

locally tm\forn¥y for z £ £\supp(da).
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1\

2.4 Asymptotic N-periodicity •
.:,':'- .... "

,~,

Denniti~n 2.13 Let {a~}, {b~} be two sequences of period N ~ 1. Then we say that the

Sf:lCl1;" ':";'J'''-';'''?n ' bnl are asymptotically N-periodic if
'-,;" . .'[:' 0 0

'''".£hil an - ani + Ibn- bnl } ;.= O.
frt'oo

Researchers such as Aptekarev.Geronimus.Nevai.Van Assehe have deduced properties

which the corresponding measure de of the asymptotioally N-periodic sequencj {anl bn}

must satisfy. For example:

Theorem 2.14 (Geronimul~-Van Assche [6,7])

Let {an> 0, bu e RI} s~tisfy
. ;f

(I)

L{I an - a~1~,'r Ibn- b~1} -c 00,

n=l
then the spectral measure do; is absolutely continuous on the essential spectrum of the

Jacobi matrix: J. In addition a! is also continuous and positive inside the essential

spectrum of J.

\)

In chapter 3 we shall survey two papers which shall have more on asymptotic

N-periodicity.

I

2.5 Turan Determinants.

We saw in section 2.2 that under certain conditions

00 I 2'L {[a~+l - a~] p~(x) + ak [bk - bk-11 Pk-l (x) Pk(x)} =*4 ~ (x} .
k=O
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This allows us to obtain the orthogonality measure do with relative ease. Similar results

are possible with Turan determinants.

I

Definition 2.15 'rhe nth Turan determinant is defined to be
*)

Dn == P~ - Pn-l Pn+l'

Theorem 2.16 (Mate---Nevai-Totik [9])

If supp(da) = [-1,1), and al > 0 a.e. in (-1,1), then

limflID'l(a,X)a'(x)-~j 1 - ~I dx=O.
lJ:'IlXI -1 ./. "

Theorem 2.17 (Mate-Nevai-Totik [10])

If an ---t 1/2, bn ---t OJas n ---t 00, and

l:{I an+l- ani + Ibn+1 - bItI } < ~7

then
"

lirn D~(x) =*4"(x1= ,
!l-!oo

uniformly on all compact subsets of (-1,1).
, ,

In t:t;tecase of multiple intervals we need a generalization of Turan determinants, namely:

Definition 2.18 Geronimo and Val).Assche determinants (6).
. an+1

Dn(N):::: Pn Pn..-N+l - an-N+f Pn+l Pn-N'
c'

Theorem 2.19 (Geronomo-Van Assche [6])

If J is asymptotic N-periodic and of bounded N-variation, l.e.
00'

2:{I an+N - anl + Ibn+N - bnl } < C~,

n=l'
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then for every j == O,1,2,... ,N -1,

lim DnN+iX) == OJ-{}c1y,
l1:-io::;

uniformly on all compact sets inside the essennal spectrum of J\{exceptioual points}. He1e

Cj == llaJ+1 J j == O,lj2, ... ,N -1, and Vex) is a function which depends on the spectral

measure of the perlodic Jacobi matrix JO == J(ta~ , b~} and can be computed explicitly.

Theorem 2.20 (Mate-Nevai-Totik (101)
~;_;-,_

Let da be an m-distribution such that an -! 0, on --I 0 as n -! 00 and such that
00L.n an+1 -an' + 1 bn+1- bnl} <,;fIJI

n=l
\~\

then

ci (x)1/2 (1 - x2)1/4 Pn(x) .:_
n 00

:::..,,{¥]1r sin [I.arg t1k(x) + arg g(x)] + o[L {I an+1- ani + Ihn+l - bnll] ,
'~ k;::;l 'k=n+l "

unifo¥mly on closed ~ubintervalSof (-1,1), r:(~x)is continuous and non-vanishing and
t1k(x) == (ak/ak+l) ((x - bn)tak ak+1) \.)/2),IS a root of the ch~ra\~eristic

equation
"

. ,) ak+1 t2 + (bk -x) t + ale::::: I),

'\.:'_I
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CHAPTER a
i)

A SURVEY OF THE PAPER tlSUB-EXPONENTIAL GRO¥lTH OF SOLUTIONS OF

DIFFERENCE EQUATIONS

BY P.NEVAI ND D.1UBINSKY

3.? 'fi'tmdaroental Results fur 3-tenll difference equations.

Definition 3.1 Let. {Ynl be a solution to ths difference equation

Yn := (An + Bn) Yn-1 + Zl1' n == 1,2,3, ... , (3.1)

wsere {Ynl, {Zn}, are sequences ill a normed linear space X and {An}, {Bn} are sequences

of linear operators on X. We say :,hat the sequence {Y~} has sub-exponential growth if for

0< p <00,

m
Lemma 3.2 Let {Yn} n ,:::(-,1satisfy (3.1) for n = t',t-+l, .•.m, 'I'hen

m
Ym == Am Am-I'" At,Y.€-l + LAm Am-I'" Ak+1 Bk Yk-1 +

k::£
m

+ 'l:Am Am_I' ". Ak+1 Zk'
k::l

(3.2)

Proof. Ym::": (Am + Bm) Ym-1 + Zm' by (3.1) .

;:: Am{(Am_l + Bm-I) Ym.~2 + Zm_l} + Bm Ym.-1 + Zm

::::Am Am-1 Ym-2 + Am 13m..1 Ym-2 + Am Zm-l + Bm Ym-1 + Zm'
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which has the correct form (3.2) for l. == m - 1. Continued substitution for Ym-2'

Ym-3'" ;Y[l using (3.1) gives the general form of (3.2). •

Lemma 3.3 Let 0 < p <: 00, 2 ~ N < m and assume that the difference equation (3.1) holds

for m ..~N + 1~ n ~ m,

Let

(3.3)

(3.4)

and

(3.5)

Then

'p"roof Let m - N + 1 ~ t~m -1. By Lemma 3.2,
m

Ym::;:;Am Am-f" AC Y Co-I +- LAm Am-1'"Ak+1 Bk Yk-1 +
k::::l

m
+LAm Am--l·..Ak+1 Zk'
k::::l

Therefore
m

lIYm!! S!lAm Am-I" .AAi !lYe-Ill + ~)Am Am-1···Ak+11lilBkllllYk-lll +
k=i

m
+LI!Am Am_l,,·Ak+l"IlZkl!·

k::::t
Therefore by (3.3), (3.4) and (3.5),
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IIYmll ~ <l'm~N{IIYI-ll1+ /3rn,N2.)Yk-11l + (m-£+ 1) (m,N}
k::;i

In

~ (lIm,N{IIYe-lll + !1m,NLIIYk-11l + N 'm,N} .
k::l

Using the elementary inequality (8=3)
s p s

[2:>k] s sP LXk' Xj~ 0
k::::1 k::::l

in the inequality (3.6) yields
. m D

IIYml!P~ (3 tlm,N)P {!lYt-lIlP + p~,N[~)Yk-lI11- + (N Cm,N)P}
k::::£ ~

m p
s (311'm,N)P {IIYf-1IlP + P~,N (m-f.+ l)PlIlYk-lll + (N (m,N)P}

o ~l
m

s (3 U'm~N)P{IIYe-IIIP+ {31~,NNP:LIIYk-lIiP + (N 'm,N)P},
k::::l

Adding these Inequalitles for m - N + 1 S t~m - 1. yields
m-2 . m-l p. ;

(N-l) II ym"P 5 (3 l£rn,N)P {:k IIYJIP + n£,N NP+l L IIYkll + NP+l '~,N}'
i::::m-N k::;m-N

Since N-l , Nj2, if N > 1, dividing the left hand side byN-1 and the right hand side by

(3.6)

N/2 gives
m-l p

II YmllP S ~ (3 ll'm,N)P {(I + J3~,N NP+l) }2I1Ykll + NP+l '~l,N}'
k::::m--N

Theorem 3.~ Let {Ynh {Zn} be sequeaces of a normed space X and let {An}, {Bn} be

linear operatora.actlng on X such that

lim IIBnll == 0, and limil Znll == O.
D:-loo 11-Io:l

(3.7)

Let 0 < p < 011 be fixed. Assume that for every e > 0 'there exists positive integers N and nO
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such that

'max !IAnAn-I'" An-k..J...II1P ~ eN,
1~kSN I

(3.8)

for n ~ NO' Then every non-identically vanishing solution {Yn) of the difference equation
\:o-._

Yn ; (An + Bn) Y11-1 + Zu' n= l ,2,..., (3.9)

satisfies

II YnU
P

n-i

~ II yku
P

k=O
Also, if {An}' {Bn} and {Zn} depend on a family of parameters and (3.7) and (3.8) are

lim - o. (3.10)

\\

valid uniformly for these parameters, then the conclusion .l101CSulliforml;v as well.

.PrQQ!.:.Let e> O.By (3.8) there t-;~;:hm;positive i!1teg(~_t'$n.0,N such '(,hat fo! m ~ llO we have

ag1N ~ f N. Then by Lemma 3.3,
11-1 i P _ ,

IIYnllP S 2 (3 O!n,N)Pj N {(1 + J3~,N NP+l) L,IlYkll + l'JP+l '~,1 \,
k=n-N

Since {YIi} is non-identically vari~~~ingthere exists j ~ 1 such that IIYjH > O.Therefore
n:.:..lLII YkllP ~ G for all n sufficiently large; say n z nl ~L
k=l

Therefore
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Since e > 0 is arbltary we conclude that

IIYnllPlim :::::O. •n-loo

3.2 Higher .order scalar difference equations

Definition 3.5 A norm II • II on f,kx k is said to be consistent if IIDXII .:S IIDII IIXII for every

D e (;kxk and X e Ck•

Theorem 3.0 For the kth order difference equation
k

xn + ~ [aij) + b1\j)] xn_j ~ zn' n = 1,2,... )
y.::l

(3.11)

assume that

(3.12)

and

lim max Ib~j)J ::::0 and lim Iznl == 0,
I!:"+ 00 1~isk 1):4 00

and that all solutions of the unperturbed homogeneous equation
k

.....+ ~a(jL. . == 0 n - 12"n IaJ n .l\.n-J I --, " .. ,

j=l

(3.13)

(3.14)

are bounded. Then every non-identically vanishing solution of (3.12) satlsfies
p

IXul
lim '7u-1n-lOJ

IIXklP
k=O

for every 0 < p < 00.



40

Remarks. Let
\'.

-a(l) ~.a(2) _a(k-2) _a(k-l) _a(k)
11 n n n n
1 0 • . • .. . 0 0 0

o
o

o
o

. ..•. . .. 1 o
1

o
o

, •••• I1 ' 1. J:f .

". • •• " 0

Yn :~ (xn,xn_1 ,•••••• jXn-k+l) T.

Then (3.14) can be written in matrix form as

Yn:::::An Yn-l.
With this notatioa it is wen known that all solutions of (3.14) are bounded iff {An}

satisfie.s

7' :::::: sup IIAn An_1 .•• AlII < ec,
~l

for some consietent matrix norm II . II. We shall also need the following properties of

consistent matrix norms: Firstly, since in finite dimensional spaces all norms are

equivalent, if D I:"" (dij) I: (kxk, then there exists two positive numbers a: and !3 depending
On !t only such that

a: max I d .. l s II D II s fJ max I d.. 1 •
1(' ~k ~ 1<' ~k ~_l,J_ _1,.]S

Also, if D is Invertible, then it follows from the cofactor expansion of.n-1 that
max Ld; .llk-l

II n-: II ~ 'Y 1$ i i<k ~. ,
I det U I

where 1 depends only on k.

Proof of TheQr~m a.B Define the following matrices:
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B = •n & ,,\l •••• c .

o . ..... . . 0 o o

0 0 " ,. ..... 0
0 0 .... -" .. 0

o 0
o 0

Then (3.11) can be written in matrix form as

Yn :::::(An + Bn) Yn-l + Zn' n = 1,2,3,...,
By (3.13) and remarks,

II B II s a max I b(j), -I 0, as n -I 00, and
n 1$ iSk n .

II Znll S a max I Zn iI -I 0, as n -I 00 •
15 i5k -

Also, expandlng det(An) in its last column, we get
_ (k)

I det(An)1 - I an I:f: O.

Therefore

(3.15)

Therefore

supt!AA ······A!I<oo,lSmsn n n-l m
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which is stronger than hypoth.esis (3.8) of Theorem 3.4. Hence we may apply Theorem. 3.4

to the difference equation (3.15) to obtain

llYn!! P
lim .n-l == O.
n--lO) .L IIYkllP

k::::O
By the equivalence of norms on (kxk,we immediately get

'Yxnl P
lim i - == O.n-n--loo PL I xkl

k.::::O

•

3.3 Orthogonal polynon:nals and three-term recurrences.

* /Theorem 3.7 Let {an} be a non-vanishtng sequence of complex numbers satisfying

sup{1 a:1 :1:1: n::::O,l:~,•.. ,} < 0) and let fb~} be an arbitrary sequence of complex numbers

such that every solution of

x Pn6c) ::::a:+1 Pn+l + b: Pn{x)+ a: Pn~l (x)t n == 0,1,2,...,

where P-l (x) ::::01' Po == (;2' is uniformly bounded on a set K c (. Let {ani O} and {bn}

satisfy

* *lim {I ~ - ani + Ibn - bnll := O.
]1-100

Let {Pn(x)} be a sequence of polynomials satisfying

x Pn(x) ::::an+1 Pn+l + bn Pn(x) + an Pn-l(x), n = 0,1,2, .. , (3.16)

where P-l (x) == 0) :('0 == C i~ O. Then for everY' 0 <'p < 00

Ipn(x) Ip
lim max n-1 --.. := O.
frioo X cK

:, IPk(x)! P
k=O

(3.17)
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.:eroof. Rewrite the recurrence relation (3.16) in the form

[
b 1 - xl a 1

o ::;;Pn(x) + n- an j Pn-l (x) + ~: Pn-2(x)

* *'. {bn-1 - x [bn-1 - x bn_1/- Xl} .
::;;Pn(X) + -. * + a· - --'--J Pn~-l(x) +

an n an
*, *

+ r~;l + [b~_l -~] }Pn-2(X), n = 1~2p..
q,n n an

We show that the above difference relation satisfies the conditions of Theorem 3.6
n n * *

p:= inf TI. 11l.}2)1 = inf n a~_l Inf ~ > 0,
n~l fA ~l t=t a,t ~1 an

since sup]] a:I*: n::;;O,1,2,· .• .] < 00. Also.it is easy to show that

b~l) and b~2)--I 0, as n _.j 00. The assertion now follows by Theorem 3.6.•

In [131 Nevai, To:~ik and Zhang prove the following theorem:

Theorem 3.8 (Nova5-Totik-Zhang [13])

Let {an:f: 0, ~} t c be sequences such that
r,

lim 2 an == a anti lim bn == b.
rrt 00 D:-I 00

Then for every'll < p <00

IPn (x) IP1 jm max - 1 :::::O.
rrtoo xf[b-a,b+a) ~ P

k 1Pk(x)1
k=O

(3.18)

(3.19)

The proof of this theorem relies on a difficult lemma. The following theorem, however, has

a,much simpler proof and although it does not yield the full strength of (3.19) of Theorem

3.8, it allows for unbounded recurrence coefficients and thus is applicable to a much larger

class of orthogonal polynomials than Theorem 3.8.
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(3.20)

Let {Pn (xl] be a sequence of polynomials satisfying the usual 3-term recurrence relation

x Pn(x) = all+1 Pn+1 + bn Pn(x) + an Pn-1(x), nC. 0, (3.2.1)

with P_1(x) = 0 and PO::::::c:f; o. Then given s € (0,1) and 0 < p <00,

IPn(x)IP
lim max n-l ::::::0,
11-4"" x£[bn --2 san,bn +2sanl "

k.J IPk (x) IP
k:::O

(3.22)

where [bn - 2 s an:bn + 2 S an] denotes the straight line segment connecting the complex

numbers bn - 2 S an and bn + 2 san'

Proof. Define--
yl1(x) == [Pn(x),Pn-l (x)]T, 11:::: 1,2, ... ,

with P-1 (x) = 0 and PO(x) == const 1: O.
Then we can rewrite the three term recurrence (3.21) as

x - b_ __!!

an+1
yn(x), n = 1,2, ... ,

1 0

Let II . II denote the max norm on (:2 so that II(z,w)TII ::::::max{1 zl,1 w] ]. This induces a

norm on the set of 2><2matrices as follows: If D = (d'J')~ '-1'1 1,J-
then IIDII == I?aX {I dill + idi21}. It follows that

1=1,2
max {I dijl } s II D II s 2 max {I diJ·, }.15i ,j~ 2 IS i .is2

Let

then
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k [Uk(X) -Uk-1 (x) 1
A (x) = Uk.•1(x) -Uk ~2(x)J '

where as usual Uk(x) denotes the Chebyshev polynomial of the second kind of degree k.

Also,

HAk(x)11s ~---:z'
.y 1 - x

We shall use Lemma 3.:1. Fix m~ N> 2. Then

-1 < x < 1, k = 1,2,.. " .

x - bn-1---a .
n

Yn-l(X)

1 o
r [X - b ~ ~

=: lA( T"an;m]) + Bn(x)J Yn-1 (x),

o o
As before we define

Q!mN(x) == sup IIAk[X2 -a bnilll and Pm N(x) = sup IIBk(x)lI·
1 O;;k$N m J . m-N~k~m

Suppose that s e (0)1) and x e [bm - 2 sam' bm + 2 s am]' Tlv~n Ix - bml 5 2 s am or

Ix - bml /!~am s s. By (3.20),

?S. . ~ .1x -. bml + .,bm I = am {I x - bml + I bm I}Iani an I an an am am
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a
~ am [2 s + i.81 + 0(1)], as m -! 00.

n
Therefore

2am N(x):$ ., .;r:;--;x
Also by assumptions in (3.20),

1 im . max (~mN(x) :;: O.
IrJ:-ioo xe[bm-2sarn,bm +2sam] ,

Hence by Lemma 3.3,
m-l

HYm(x)lIli $ 2.3P [~(1- S2)-P/2] [1 + NP+lmax .BtN(X)] 221 Pke)1 P,
k=O

. m+I
for every x f [bm-2 s a'm' bm+2 s am]' Dividing both sides by k~ol Pk(X) IP,and lettin~.,

first m and then. N tend tow, yields formula (3.22). •
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CHAPTER 4

A SURVJi;Y OF "ORTHOGONAL POLYNOMIALS: THEIR GROWTH RELATIVE TO

THEIR SUMS II

BY NEVAI,TOTIK & ZHANG

4.1 Introduction.

Let {b-n,bn} be sequences of complex numbers, aO:f 0" Define a sequence of functions

{Pn(x)} by the three teEm recurrence relation

x Pn(x}:= an+1 Pn+l(x) + bn Pn(x) + an Pn_l(x\' n~ 0, (4.1)

where PO(x) and P-l (x) are given initial functions.

!\\ If

PoCx:) := const > 0 and P-l (x,:=: 0, (4.2)

then Pn (x) Is a polynomial of precise degree n. In' geh~r.,2-I~,ho~,;ever,{p:n(x)) will not be a

sequence of polynomials.

We shall say that the m-distribution da{x)<ls in M(t\,a) if the corresponding recurrence

coefficients are in M(b~a).

By Blumenthal's 'I'heorem, if da(x) !M(b~a), and a > 0, then

supp(da) == [o-""b+a] U S,

where S is at most countable with only possible limit points ~ b:f; a. Also it is well known
I"

that
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00

~p2fd .). 1 for Rlk .k\ Cl',X, ::: anxU ' x F. ,.

k::::O
Therefore for x t S\ {bi:a}, a( {x}) > 0 and hence

00

LP~(dll',x) <00, and so Pk(dtl'jx) -10, as n - ... 00.
1;:::;:0

Therefore for every 0 < p <: 00 and x e supp(d(l')\[b·-a,b+a], we have

Ip (da,x)IP1im- .!L._"~ :::::O.
n-·oo l~:aIPk (dc,x) Ip

It is natural to ask what can be said about uniform convergence. Nevai had already proved

as early as 1979[12~p.ll] that
2. 2 2 Pn(dC!,x)

11m max [a -(x·-b) ] .. 1 2 .~-.-=0,
!l:-iooxe[b-a,l.+a) ~=O Pk (da,x)

where da(:x.) ( M(b,a), a> O.

The paper to "pc surveyed deals with generalizing the above results, allowing complex

coefficients, arbitrary p e (0, (0) and allowing arbitrary initial functions PO(x) and P-l (x).

4.2 Fundamental results.

Definition 4.2 For h, b t (,define

CM(b,a) ;:::{{an,bn}~=O :an c {,\{O}, bn e C, an _, a/2, bn...-j b, as n ~ ro}.

'I'hey prove:

Theorem 4.3 Let {an,bn} e CM(b,a), a:f. O.Let the sequence of functions {Pn(x)} be

generated by
.,

v ,

x Pn(x) ~:;;:an+1 Pn+l (x) + bn Pn(x) + all Pn-l (x),

where Po(x) and P-l (x) are given initial iuncdons. 'hen for every P ~ (O,:xl),

(i) if the inltlal functions PO(x) and P.••l (x) are £nite in [b-·a,b+a] and

(4,4)



49

then

I Pn(dll', x)1 PHm sup I -- == 0, (4.5)
li:-too xf[b-a., b+a]\Z ~:r.:o IPk (do.x) IP

(if the initial functions PO(x) and PI (x) are polynomials, then we can take Z ;::: if> in (~.5)).

(ii) if {Pn(x)} is an orthogonal polynomial system associated with a positive measure do !

M(b,a), where a » 0 and b f Rl, then

I (d' Y' P
11'm ~.,,, Pn· a,x,l

J.U""" ---l";;;;'_~~ ..::::: O.
n-+oo X f. supp(da) £k:::::o jPk(da,x)IP

(4,6)

Theorem 4.4 Let the positive measure da(x) have compact support and let {Pn(x)} be a
\) 1

corresponding system of orthogonal polynomials. Let ,9 < P < 00, a > 0 , b f R . Then da (
"M(b,a) if and onl!' if

1" . iPn(da,x)IP
I

x -"b .... ~. '21Pn.!:l ~=5 I Pk( do,x) I P::::: a :'.+ ~L3:] -:1 -1,

hclds uniformly for every compact Bet K C C\supp( da). When p is a positive integer (4.7)

(4.7)

I(

remains true with the absolute value signs dropped on both sides.

4.3 Applir.atioDs.
"

Recall that the nth Christoffel function ).n(dalx) is defined by

[
-1 o , J --I,,\(cl{l',x):-;;: Ek=o Pk(da,x) . (4.8)

The limit relation

MW (\(da,~~)p!(d(.1',x) ::::0,

has tmportant'applications in the theory of orthogonal polynomials. III this section we will
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I'.J

discuss some sufficient conditions fot the above limit to hold uniformly over all interval.

Definition 4.5 A measure da{x) on the closed interval I is called a Erdos measure on I if

supp(daf~,: lan{l (I (x) > 0 a.~. on 1.

Corollary 4.6 Let Ie R1 be a closed interval. Let, da{x) be an El~dQSmeasure on 1. Then

the corresponding system of orthogonal polynomials {Pn(do:)} satisfy

Lim m~ An(da,x) Pn(do:,x) ::::o.
11:-103 x sl

(4.9)

.)

Ptwf. Let r == [b-a.b+a], By a theorem of Rahmanov, an --"'t 1/2, bn -4 b, as n --"'t 00. i.e.

d,);'€ M(b,a). Let p :::::2. Then by Theorem 4.3 with Z := ¢, the assertion follows

immediately if we recall the definition of the nth Christoffel function (4.8).

~'he following results concern estimates of orthogonal polynomials and Lebesgue functions.
:;.

Lemma 4i Let a> 0 and b (;RI. Itda(x) satisfies

ci (x)~ C[i.2 _. (x - b)2J-l/21 for x E [a-b,a+b), (4.10)

then

,,\~l(da:,x) 5 .*",for x € [a--b,a+b}.

Proof See [5, Theorem 1.4.1,p.25, Theorem3.3.4! p.l05].

Corollary 4:8 Let a -> 0 and let b e RI, Let either supp(da) ::::[b-a,bt·a] or do € M(b,a.)

and assume dll satisfies (4.1O). Then

Pn(do:,x) == O(.jIi), n::: 1,2, ... ,

uniformly for x € [b-ajb+a].
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The above Corollary gives a nice bound for orthogonal polynomials. In 1921 Steklov made

the following famous conjecture:

Steklov's Conjeclure. Let w(x) be a weight function on [-1,1} such that

w(x) ~j C » " for every x f [-1,1].
"1 - x"

Then for every closed subinterval [a.b] of (-1,1) there exists a constant C > 0 such that
ilIPn(w,x)! ~'C, fot x e [a.b], n:::: 1,2, ... , .

It withstood the efforts of many researchers and was only resolved by B.A. Rahmanov in

1979, who furnished a counter example.

Define the Lebesgue function Un(do.x) by

0n(da,x) :::: sup ISn(da,f,x)l,
II ~11X)~1

for partial SUL"nS

Sn(da,f) == Ek::::~ck(da,f) Pk(da),

where. the coefficients ck(dD:,x) are given by

ck(da,f) == fIX)Pk(da:',x) da(x).
""(I;)

Define
t

a(t) == f dQ(x).
""(I;)

Corollary 4.9 Let a> 0 and b e RI, Let da eM(b,a). If a(x) is uniformly continuous on a

set A c [b-a,b+a], then

11m sup ,\(da-,x) n;(dll',X) :."::0,
Il-ilX) xeD.. '.

If, in addition, da{x) satisfies (4.10), then

ftn(d'a,x) ::::o(.jn), n == 1,2,... ,.

uniformly for x ~ D...
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Definition 4.10 The G-operator is defined by

00 2
Gn(dll',f,x) := An(dll',x) f f(t) Kn(dll',x,t) da(t),

-00

C) where ,\(dll') is the nth Christoffel function and KI1(dll') is the nth reproducing kernel.i.e,

Kn(da,x,t) == ~==6 Pk(d£l,X) Pk(dll',t).
We have seen in Chapter 1 that 'I

, Pn(da,x) Pn_l(dfr,t) _, Pn(da,t) Pn_l(dfr,x)
Kn(do;,x,t) == (l,n(Q(l') . . . x - t . - . . •

Corollary 4.11 Let a > 0, b f H,l. If dtY.€ M(b}a) and f t Loo(Rl) is uniformly continuous on

a set A c [b-a,b+a], then

lim sup IGn(da,f,x) - f(x) I == O.
]l-tco XtA

The following results concern Christoffel functions and Cotes numbers.

Corollary 4.1.2 If do e Mfb.a), a> 0, b e R1,then for every fixed integer m,
. . An+m ( da-,x)
11m max: )to a .~\- -1 == o.
]l-too xf[b-a, b.,.a] n ( (1,.) xj

FbI', a function g(x) and measure da{x) defin-a

del' := g da.g

The following Corollary concerns ratio asymptotlcs of corresponding Christoffel functions

;\(d<l') and An(dfl'g)'

Co:tollary4.13 Let do e M(b,a), a > 0 and b l a1 and let g ~ 0 on R I, Assume~);hr'l,tthere

is a polynomial p(x) such that pg(x) and pg-l(x) are both uniformly contlnnous in a set A

C [b-a,b+a}, and that they are both uniformly bounded in RI. Then
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. r:,An(do:wxl!:~~'n(da:)x) ..== g(~, "
. u .

uniformly in @verycompact subset of A void of zeros of p(x). In particular, if g(x) is

bounded and strictly positive in R1,\and is continuous in [b-a,b+a], then the convergence is

uniform in the entire interval [b-a,b+a].

(i
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