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Figure 9.1 Estimates of as a function of S
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Figure 9.2
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Estimates of as a function of S
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The results presented Table 9.3 were obtained from the analysis 

of the whole table, the ui. ginals x. and x, and the third 

marginal.

2

Table 9.3 The \ results obtained from Table 9.1

2

X d.f. P(*2 )

Bivariate table 90,71 76 0,120

x^ marginal 2,50 0 H69

x,, marginal 

to

22,56 19 0,257

Third marginal 33,1 25 0,129

Figures 9.3, 9.4 ai. i. 5 present graphical displays of the 

theoretical and empirical frequencies f the Xj, th*- x^ and the 

third marginal respectively. The new model gave a curvilinear 

regression of E(x^|x^), as shown in Figure 9.6. The values 

marked in brackets represent the observed frequencies for the 

independent variable.

The correlation coefficient between Xj and x^, obtained from the 

theoretical distribution, is p = 0,3534 and the one obtained 

from the empirical data is 0,4352.
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Future 9.4 The x„ marginal, data of Bates and Neyman (1952)
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Figure 9.5 The third marginal, data of Bates anJ Neyman (1952)
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data of Rates and Neyman (1952)
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These results are by tar superior to the results obtained by Bates 

and Neymun (1952) und Mitchell and Paulson (19bl), as previously 

stated.

It is possible to fit univariate Negative Binomial distributions

to the third marginal and to the and x,, marginals. The

v

results obtained in terms ot' k are presented in Table 9.4.

Table 9.4 The fit of the univariate NBD model to the

marginals

1 0

2

X
d.f. P(x2)

x ( marginal 0,53 0,724 12,70 10 0,24

x„ marginal 1, b9 0,759 29,47 26 0,29

Third marginal 1,54 0,bl3b 33,1 25 0,129

As mentioned by Chatfield, Ehrenberg and Goodhardt (1966) the NBD 

model was succesfully used in a variety of practical fields as "in 

the study of accident statistic*, in certain sociological hirth 

and death and contagious processes and In some operational 

research theory."

From the univariate empirical data one can succesfully fit the NBD
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model to the marginals x^ and x,̂  and the third marginal. 

However from the theoretical development ol' the bivariate 

distribution it is obvious that the above marginals do not follow 

an NBD distribution.

By comparing Tables 9.3 and 9.4 one can see that for the 

Xj marginal we obtain a better fit from the bivariate tab^e and 

for the other marginals wo obtain a fit of the same order.
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• ed by Mel linger et ai. (1965;

Mel linger et al. (1965) applied the Bates-Neyman model (the 

bivariate NBD) to lour sets of accident data obtained in a study 

of childhood accidents. The study was performed on a few groups 

of children whose accident records were taken over two consecutive 

four-year periods.

The data set of Table 9.5 contains information on 621 children 

with accident histories over the periods cf 4 to 7 years and

8 to 11 years. Mellinger et al. (19tK>; lit tne bates-hieymn > 

(1952) model to these observations with the estimates

•% a

a = 3,18, fl ~ 2,BI and A = 1,18 arxi obtained 

X2 = 16,15 with d.f. = 24 and P ( 0  = 0,88.

In Table 9.5 the variable Xj represents the number of injuries

of children for the first period 4-7 years, x,, represents the

fa

number of injuries of children for the second period 8-11 years

and S = X j+Xj..

The nev modei was applied to this .lata set by fitting the NBD for

A A

the third marginal with the parameters v = 3,587 and « = 0,406; 

and the BBD model for the ascending diagonal arrays with the

A f \

parameters otj = 12,27 and r 11,48. The theoretical

frequencies are presented together with the empirical ones in 

Table 9.5.

9 .2 The Datu Set  from the C h i ld r e n  Acc ident Fit  Jdj.
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Tabje 9.5 The data set of Mei* nger et ai. (1965) with

7 = 3,587, * = 0,sJ6, a. = 12,27 and a., = 11,46.

I

s f(S)

0
10i
95,87

1

2

143
139, bl

120
130,01

3
93
98,30

4
1

83
65.72

5
V)
40,49

i e
52
51,00

0 1 2 3 4 5 6 17

101 76 35 15 7 3 3
0 95,87 72,13 36,01 15,0<J 5,76 2,08 0,73 0,36

67 61 32 14 12 4 1 1
I 67,48 62,31 36,42 17,32 7,34 2,90 1.09 0,60

24 36 12 15 6 1 2 1
2 31,69 34,25 22,72 12,00 5,55 2,36 0,95 0,58

10 19 10 5 2 4 0 2
3 12,54 15,38 1>,33 6,54 3,26 1,49 0,63 0,43

1 7 3 t 2 0 0 0
4 4,54 6,18 4,97 3,10 1 > •< 0,80 0,36 0,25

2 1 4 2 0 0 0 0
U 1,56 2,32 2,01 1,34 0,76 0,38 0. 1R 0,15

1 1 1 1 0 0 0 0
0,77 1,27 1,22 0,87 0,55 0.2'1 V 15

•
0,14

L  -

0 206 201 107 56 29 12 6 4
f(*2> 214,45 193,84 114,68 56,26 24,87 10,30 4,09 2,51

f (x t )

240
228,03

192
195,46

107
110, U

52
51,60

17
21,85

9
8,70

4
5,26

621
621,00

The results presented in Table 9.6 were obtained from thi analyst 

of the whole table, the marginals x^ and and the third 

marginal.
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Table U.b The resultr obtained from Table 9.5

•>

A.

X
d.f.

2

P(X )

Bivariate table 18,27 23 0,743

Xj marginal 2,17 2 0,3*8

x,, marginal 

*-

2, 17 2 0,338

Third marginal 7,44 7 0.385

-

From the graphical display of the x^ marginal, the x., marginal and 

the third marginal given in Figures 9.7, 9,8 and 9.9 respectively, 

one can see that the above model gives e reasonably good fit to 

the data.

The regression E(x„|xj) is presented in Figure 9.10. The 

differences between the observed and the theoretical curves are 

numerically small, but are blown up due to the scale chosen. The 

main purpose was to show non-linearity. When inspecting this 

figure one should bear in mind that regression points 

corresponding to large values of the independer . variable depend 

on a low number of observations.

The correlation coefficient between x^ and x^ obtained from the 

theoretical distribution is p = 0,198 and liat from the 

empirical data is UlHb.
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Figure 9.7 The x^ marginal, data of Meliinger . (196-j)
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Figure 9 .M The x.; marginal, data of Mellingar et. ai. (19H5)
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Figure 9.9 The third marginal, data of Mel Linger et al. (1965)
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Figure 9.10 The regression curve ECx^jXjX Mellinger et al. (1965)

( l X|2X)3
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t

The new theory i s  applied on the library circulation data taken 

from Chen (197b). The observed data presented in Table 9.7 

consist of the number of times that certain items were taken out 

of library during two successive one-year periods. The variables 

Xj and x„ represent the number of times that the books were 

circulated in the first anc the second period respectively and

S = w

»

Two models were applied to the data. The first model consists of 

fitting the following distributions:

(a) The Negative Binomial distribution (NBD) for the third 

marginal and

(*}) The Gensralized Positive Hypergeometric distribution (GPHD) 

for the ascending diagonal arrays.

The second model consists of fitting ♦he following distributions:

(a) The Negative Binomial distribution (NBD) for the third 

marginal and

(b) The Binomiul distribution for the ascending diagonal 

arrays.

9.3 Th«- Data Set tromthr M r o r y . Clr<:VllafcitfILField,.

uard by ('hen ( 197b )
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Table 9.7 Tht data set of Chen (1976), the NBD - GPHD model

\ A 'S

with i - 3,91. 6 = 0,56, - -39,32 and a,,£ - -3B,Hb7.

p x 2 ,

86
90. 27

140
138, 75

143
133, 36

89
102, 38

79
68 59

43
41 87

21
23 87

11
12 91

3
6,68

7
3 34

3
3 03

S f ( S )

0

2 3

2 5 , 2 2

1 S. *

2

7 6

7 5 , 9 3

3

8 9

8 3 , 7 6

4

7 0

8 1 . 0 3

5

6 3

7 1 , 7 8

6

6 0

5 9 , 7 0

7

4 7

4 7 , 3 3

8

3 S

3 6 . 1 4

9

2 8

2 6 , 7 8

i i o

7 0

6 2 . 1 1

V

0 1 2 3 4 5 6 7 8 9 1 1 0

2 3 m 1 7 9 6 1 1 0 0 1 0

0 2 5 , 2 2 2 7 , 7 7 1 8 , 9 6 1 0 , 2 4 4 , 7 9 2 , 0 2 0 , 7 9 0 , 2 9 0 ,  1 0 0 . 0 3 0 , 0 1

3 6 3 6 3 8 1 1 1 0 7 2 0 0 0 0

1 2 7 , 4 5 3 8 , 4 5 3 2 , 0 1 2 0 , 4 9 1 1 , 1 1 5 , 3 5 2 . 3 5 0 , 9 6 0 , 3 7 0 , 1 3 0 , 0 8

2 3 3 1 2 8 2 7 1 5 1 1 2 2 3 1 0

2 1 8 , 6 2 3 1 , 6 3 3 1 , 1 9 2 3 , 1 6 1 4 , 3 4 7 , 7 9 3 , 8 2 1 , 7 3 0 , 7 3 0 , 2 9 0 , 1 6

1 1 1 9 1 6 1 6 1 7 7 1 0 1 1 0

3 0 , 8 8 2 0 , 0 0 2 2 , 8 8 1 9 , 4 1 1 3 , 5 5 8 , 2 1 4 , 4 6
|jl̂ * * C '2

0 , 4 4 0 , 3 1

6 6 1 5 1 3 1 3 9 B 5 1 2 1

4 4 , 5 6 1 0 , 7 1 1 3 , 9 9 1 3 , 3 8 1 0 , 4 3 7 , 0 0 4 , 1 8 2 , 2 7 1 . 1 4 0 , 5 3 0 , 4 0

3 5 3 9 9 8 0 3 2 1 0

5 1 . 9 0 5 , 0 9 7 , 5 0 8 , 0 1 6 . 9 1 5 , 1 0 3 . 3 3 1 , 9 7 1 , 0 7 0 , 5 4 0 , 4 5

1 1 4 4 3 1 3 I 1 1 1

6 0 , 7 3 2 , 2 1 3 , 6 3 4 . 2 9 4 , 0 7 3 , 2 9 2 , 3 4 1 , 5 0 0 . 8 8 0 , 4 8 0 , 4 5

0 0 2 2 2 4 0 1 0 1 0

7 0 , 2 6 0 , 8 9 1 , 6 2 2 , 1 1 2 , 1 9 1 , 9 2 1 , 4 8 1 , 0 2 0 , 6 4 0 , 3 8 0 , 4 0

0 0 0 1 1 0 0 1 0 0 0

8 0 , 0 9 0 , 3 4 0 , 6 7 0 , 9 6 1 , 0 8 1 , 0 3 0 , 8 5 0 , 6 4 0 , 4 3 0 , 2 7 0 . 3 2

0 1 2 0 1 3 0 0 0 0 0

9 0 , 0 3 0 , 1 2 0 , 2 6 0 , 4 1 0 , 5 0 0 , 5 1 0 , 4 6 0 , 3 7 0 , 2 6 0 , 1 8 0 , 2 4

0 0 1 0 0 1 0 1 0 0 0

2 1 0 0 , 0 2 0 , 0 7 0 , 1 5 0 , 2 6 0 , 3 5 0 , 4 1 0 , 4 3 0 , 0 7 0 . 3 2 0 , 2 4 0 , 4 1

1 0 3 1 2 7 1 2 6 9 2 7 7 5 1 1 7

r ..............

1 4 8 8

~  1 

2

f ( K j )
8 8 , 6 6 1 3 7 , 2 8 1 3 2 , 8 6 1 0 2 , 7 2 6 9 , 3 2 4 2 , 6 3 2 4 , 4 9 1 3 , 3 4 6 , 9 6 3 , 5 1 3 , 2 3
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Table 9.7 The data set of Chen (197b), the NBD - GPHD model

\  A  ^

with 7 = 3,91, 9 = U,5b, = -39,32 and a,, = -3«,8b7.

f(K2)

m

90, 22

140

i3s.75

143

133,36

89

102 38

79

68 89

43

41 87

21

23 87

11

12 91

3

6.68

7

3 34

3

3,03

S f(S)

0

23

25,22

1

64

55,22

2

76

75,93

3

89

83,76

4

70

8;.0J

A

63

71,78

6

60

59,70

7

47

47,33

8

W

36.14

9

28

26,78

i 10

•>o

62,11

0 1 2 3 4 5 6 7 8 9 H O

0

23

25,22

28

27,77

17

18 96

J

1C, 24

6

4,79

2

2,02

1

0,79

0

0,29

0

0,10

1

0,03

0

0,01

1

36

27,46

r.e

33.»

38

i2 01

11

20,49

10

11,11

7

5,35

2

?.35

0

0.96

0

0,37

0

0,13

0

0,08

2

23

18,62

31

31,63

28

31,19

27

23,16

15

14,34

11

7,79

2

3,9?

2

1,73

3

0,73

1

0,29

0

0,16

3

11

9,88

19

20,00

16

22, 88

16

19,41

17

13,55

7

8,21

1 1

1,02

1

0.44

0

0,31

4

6

4,66

6

10,71

15

13,
99

13

13,38

13

10,43

I

7,00

8

4, 18

1

2 , ' l >

1

1,14

2

0,53

1

0,40

5

3

1,90

5

5,09

3

1 . 50

9

8,01

9

6,91

8

5,10

0

3,33

3

I.J7

2

1,01

1

0,54

0

0,45

6

1

0,73

1

2,21

4

3,63

4

4.29

3

4,07

1

3,29

3

2,34

1

1,60

1

0,88

1

0,48

1

0,4b

0

0,26

0

0,89

2

1,
62

2

2,11

2

2,19

3

1,92

0

1,48

1

V ‘J

0

0,64

1

0,38

0

0,40

8

0

0,09

0

0,34

0

0.
67

1

0,96

1

1,08

0

1,03

0

0,85

l

0,64

0

0,43

0

0,27

0

0,32

9

0

0,03

1

0,12

2

0, 26

0

0,41

1

0,50

3

0,51

0

0,46

0

0,37

0

0,2i

0

0,18

0

0,24

1»0

0

0,02

0

0,07

1

0, 15

0

0,26

0

0,35

1

0,41

.

0

0,43

1

0,37

0

0,32

0

0,24

0

0,41

fffj)

103 127 126 92 77 51 17 14 8 8 2

88,66 137,28 1J2, B»> 102,72 69, 32 42,63 24,44' 13 34 6,96 3,51 3,23
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The parameters for the NBD GPHD model were estimated using the 

method of moments. The theoretical distribution was fitted with 

the parameters

A A A  A

y ~ 3,91, t> = 0,56, <3j = -39,3k! and a., = -3b,667.

In Table 9.7 the empirical and the theoretical frequencies 

obtained by fitting the model are presented.

From the test performed for the data we obtained the results 

summarized in Table 9.8.

Table 9.8 The x2 results obtained from Table 9.7

9.3.1 The NBD GPHD model

2

K
d.f. P U 2 )

Bivariate table 35,56 41 0,711

x^ marginal 11,10 5 0,049

x,j marginal b, 99 5 0,110

Third marginal 9,12 13 0,764

The graphical displays of the Xj margin' marginal and the

third marginal are presented in xl, 9.12 and 9.13

respectively.
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Figure 9.11 The X| marginal, data of Chen (1976),

the NBD - GPHD >*odel
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The x,, marginal, data of Chen (1976),

the NBD - GPHD aodel
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the nlBD -  GPHD model

Figure The third aarginal, data of Chen (1976),

Aouanbojj is (s);
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Figure 9.14 shows the graphical display of the empirical and the 

theoretical regression curve KCx.Jx,). The regression curve is

4- 1 1

of a concave shape with a strong tendency towards a straight line. 

For negative values of a. and a., we expect'd this type o*'

I to

curvilinear regression

The correlation coefficient between the two periods obtained from 

the theoretical fit is p = (1,42411 and the respective one 

obtained from the empirical data is p = 0,40279.

The marginals x ( and x.,, obtained from the bivariate table by 

summing the vertical and the h o r i z o n !el r*»*pertively, are not 

strictly distributed NBD.

By contrast, the univariate NBD model w*w fitted directly to the 

and x^ marginals. The results obtained are summarized in 

Table 9.9.

Table 9.9 The fit of the univariate NBD model to the

marginals

A

1

2

K
d.f. P(x2 )

Xj marginal 3,B4 0,409 H, 70 7 0,275

x^ marginal 4, 4H 0,355 9, 14 7 0,2411

f



Figure 9.14
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The regression curve E ^ ^ x ^ ) ,  Chen (1976),

the NBD - GPHD model

( 'X |SX)3
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The observed and the theoretical fittings of the univariate NBD 

model are presented for the Xj and the x^ murginals in 

Figures 9.15 and 9.16 respectively.

One can compare these fittings with the fittings obtained from the 

bivariate table and presented in Figures 9.11 ^nd 9,12. From the 

comparison we conclude that the marginals obtained from the 

bivariate table have the appearance of Negative Binomial 

distributions.

9.3.2 The NBD - B inomial model

An alternative analysis of the data set of Chen (1976) is 

presented below.

By studying the means of the ascending diagonal arrays in 

Figure 9.17 one can see that a straight regression line through 

the origin is suitable. Using the least squares method the slope

A

of the line was estimated as p = 0,505.

By applying the bivariate modyl with:

A  A

(a) the NBD with the paraneters i = 3,91 and 6 - 0,56 for 

the third marginal and

A

(b) the Binomial distribution with the parameter p = 0,505 

for the ascending diagonal arrays,

we obtained the theoretical frequencies presented in Table 9.10.
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Figure 9.15 The x ( marginal, data of Cheri (1976),

the univariate NBD model
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Figure 9.lb The x̂ , marginal, data of Chen (1976), 

the univariate NBD model
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Figure a.17 The means of the ascending diagonal arrays

(p = 0,505), Chen (1976)
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A A A

with y = 3,91, 9 - 0,56 and p = 0,505

Table 9.IU The data set of Chen (1976), the NBD - Binomial model

s f ( S )

0

23
25,22

1

64
55,23

2

76
75,92

3
89
83,77

4
70
HI.02

9
63
71,78

6

60
59,70

7
47
47,33

8

36
36. 14

9
28
26,80

iio
70
92,09

V

0 1 2 3 4 5 6 7 B 9 ilO

0

23
29,22

28
27,89

17
19,36

9
10,79

6

9,27
1

2,36
1

0,99
0

0,40
0

0,16
1

0,06
0

0,03

1
36
27,34

36
37,96

38
31 72

11

20,C'/
10

11,66

7
5,82

2

2,72
0

1,20

0

0,61
0

0,21

0

0,12

2

23
18,60

31
31,10

28
30 38

27
22,66

19
14,27

11

8,00

2

4,11
2

1,98
3
0,90

1

0,40
0

0,28

3
11

10,16
19
19,88

16
22 20

16
18,66

17
13,07

7
8,06

1

4,63
0

2,36
1

1,16
1

0,54
0

0,43

4
6

4,86
6

10,88

19
13 71

13
12,81

13
9,88

9
6,6ti

8

4,05
5
2,28

1

1,20

2

U, 60
1

0,52
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From the teat performed on the data we obtained the results 

summarized in Table 9.11.

Table 9.11 The results obtained from Table 9.10
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2

X d.f. PtX*)

Bivariate table 36,62 43 0,662

x^ marginal 9,92 6 0,126

x., marginal 6,95 6 0,176

Third marginal 8,76 12 0,722

The graphical displays of the Xj marginal, the x., marginal and the 

third marginal for the NBD - Binomial model are presented in

Figures 9.1H, 9.19 and 9.20 respectively.

Figure 9.21 shows the graphical display of the empirical and the 

theoretical regression cirrve E(X^|X|).

The correlation coefficient between the variables Xj and 

obtained from the theoretical fit is p = 0.38H8.

A comparison between the NBD - GPHD model and the NBD - Binomial 

model leadfe to the conclusion that the latter is more suitable for 

the data set of Chen (1976).



1
3

0

- 2 'Sl -

The Xj marginal, data of Chen (1976),

the NBD - Binomial model

0)

0.0

•M.S?

c§

XL

W-4-*

C

o  I

/ ( o u 9 n b o j ; = ( lx)^

- O)



1 3
0

ergi~>n>, data of Chen (1976), 

the wi f) Binomial model

X o u a n b 8 J ^ ( 2x)^



- 234 -

Fjgi 9.20 The third marginal, data of Chen (197b),

the NBD Binomial model
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Future 9.21 The regression curve B(x^|x^), Chen (1976),

the NBD - Binomial model
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The data in Table 9.12 represent the circulation of items in two 

successive time periods in the University of Sussex "short loan" 

library. All the cc^ies which were available throughout both 

periods of 1975-76 and the entire acadeuic year 1976-77 were taken 

in consideration, a total of 28440 volumes. The variables 

Xj and x^ represent the number of circulations in the first and 

the second periods respectively and S = x^+x„.

In their paper Cane and Burrell (1962) gave the data in a 

truncated form. They presented some graphical displays of the 

conditional frequency distributions of circulations during the 

second period, given the number of circulations in the first 

period. The authors exhibit the conditional mean of the number of 

circulations E(x.^|xj) and the conditional variance of the number 

of circulations V(x^.|xj). Their graphs ire displayed in terms of 

the empirical data.

Since the number nf observations presented by Cane and Burrell 

(1982) is unusually large, we huve an excellent opportunity to 

demonstrate the fit of the mooel developed in this investigation.

Burrell (1986) was kind enough to supply this researcher with the 

untruncated set of observations.

9.4 TheJ>Jid .‘>i, from the l ibrary Circulatign.ijeld^

ustfd by Cane and Burn II (19K2)



- 237 -

Tab le 'J. 12 The data set of Cane and Burrell (1982)
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Table 9.12 The data set of Cane and Burrell (1982)
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