
So, how do crusher-output size-distributions compare with the normal 

distribution?

Empirical evidence obtained by the author, using a laboratory crusher, 

suggests that when a crusher is fed at a very alow rate, the resulting 

size distribution is essentially normal, but skewed slightly towards 

the fines. The mean size tends to be somewhat larger thsn the gap 

setting (by about one standard deviation).

Under <-:hoke-fed conditions, the size distribution is still normal 

on the coarse side of the me?n, with a disproportionately large amount 

of fines, to the left of the mean. The mean of the normal component 

tends to approximate the gap setting.

These observations are summarised graphically in Figure 3.4.

Figure 3.4 Observable characteristics of crusher-output size-distri- 

butions

Two components of the outpi size-distribution are thus evident: 

one described by a normal distribution, and the otht'r by what can 

be labelled a 'fines function1, whose influence depends on the feed 

rate. It is useful to consider that these two components are d\.«• 

to two separato modes of breakage in the crusher (as suggested by 

Whiter. - see Section 3.3).
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In the first mode, particles are caught between the liners 

of the crusher and catastrophically fracture into a small 

number of relatively large particles, normally distributed 

in size.

The second mode of breakage is the proauctlon of fines caused 

by abrasion and chipping (i.e. attrition) of particles against 

each other and the liners of the crusher. This mode of breakage 

is significant under choke loading.

The shift of the mean size to the left under choke loading, as indi­

cated in Figure 3.4, is due to the particles remaining in the chamber 

for a longer time and receiving more crushing blows than would occur 

under slow loading.

Another observation of relevance is that as the gap setting increases,

to Uuea the standard deviation of the normal Component.

Based on the above observations, the following relationships were 

proposed:

3.2.1 Normal Component f^(x)

Mean

m » g ♦ (l-r)s

where g * crusher gap setting 

s * standard deviation 

r = rate of feed, 0< r« 1

The relationship suggests that under choke-load conditions (r * 1), 

tne mean is the same as the gap setting, and under slow-load conditions 

(in the limit, r-*0), the mean is larger than the gap setting by 

one standard deviation.
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Standard Deviation

It was suggested that as the gap, g, decreased to zero, so does the 

standard deviation, s, as shown in Fi;, .'re 3.5. A relationship was 

accordingly proposed, of the form

s = p. g

where ts and are constant parair.^ters that are empirically determined 

for a particular crreher, by analysing the actual output gradings 

obtained at two dli'erent gap settings. If the gaps and standard 

deviations are aa shown in Figure 3.5, it can be shown that /3 ■ 2.523 

and * * 0.263.

Figure 3.5 Empirical relationship between crusher gap and standard 

deviation for a laboratory crusher

Unity Area Considerations

The limits of the normal distribution pdf are <» and +oo, so that 

some of the area under the curve always falls on the negative side 

of the x-axis. Since particles cannot have a negative si^e, an adjust­

ment is necessary.

Merely ignoring the negative part of tne curve is not ideal, since 

the unity area under the normal curve is disturbed. What was proposed 

was that the negative area be 'folded' about the y-axis and added 

to the positive area, as shown in Figure 3.6.
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Figure 3... 'Folding' the normal curve about tl.e y-axis

In deference to the three Princes of Serendip, this folding, which 

is likely to give any mathematician the shi'uuc»,s, neatly accounts 

for additional fines, produced not by abrasion or chipping, but by

<!hat't’**rino which accowpar.ies the first mode of breakage.

To account for this folding, the formula for the normal distribution

component is as Hows:

fj(x) * lexp(-(m-x'*/26* ) ♦ exp(-(m+x )* /2]* ) [ / 6j2n 

Effect of Feed Ftate

With a slow feed-rate (in the limit, r- 0), the output is almost 

entirely due to the first breakage-mode, represented by the nor- 

ir.al-distribution component, f^(x).

Under choke loading (r ■ 1), a significant proportion of the total 

output, say <x , Is due to the second moc- of breakage, represented 

by the fines function, f0(x). Under choke-load conditions, <x is 

typically in the range 20-30%.

The probability of occurrence of size x in the output is thus

f (x ) *• (1-ar). f j (x ) + («r). f y  x)



3.2.2 Kinea-FuncV.ion Coirpor»3nt f (x )

It was suggested that a suitable form for the fines function was 

exponential, uecaying as the particle size increased:

f^(x) * fl.exp(-^x)

8 and $ are nâ ar., voters, determined so that

when x = 0, f^(x) * S

when x = g,ir setting ,'g), the curve must have 

decayed to, s.iy, 0/10

It can te shown that $ = ln(10)/g, so that

f2 (x) = 0.expi-ln(3 C).x/g)

Taking the area under the fines function curve to be unity, it follows 

th f*

®  roo

| f^(x).dx = J 9.exp(-ln(10).x/g).dx = 1

o o

^'t'.v.rating yields S = in(10)/g, so that

f? (x) = ln(10),exp[-ln(10).x/g] / g

In fiumT’.ary, then, the relative frequency of occurrence of size x 

in ‘ >«9 output is given by

f(x) = (l-«r). f. (x) + («r).f (x )

where f (x) - [exn(-(m-x )s /2s* ) ♦ exp(-(mi-x)* /2s‘’ ) ] / s/Jn 

n = g + (1-r)s 

» = p  -g

lA<) - ln( 10) .exp[-ln( 10) .x/g] / g

32
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The 'cumulative percent passing size a' is given by the integral

And the proportion of tha output found in any size fraction, say 

in the interval 6.7-9.5 r.im, is given by F(a), integrating between 

the paiticular size-interval limits.

Direct integration of f(x) is not possible, because of the normal 

component, and a numeric integration technique, such as Simpson's 

Rule, has to be used.

The only parameters that need to be obtained in order to use this 

model are o<, ^ and t . The first parameter, t* , which describes the 

proportion of the output due to the fines function, is easily deter­

mined: as the feed rate varies between 0 and 1, the area under the 

fines-function curve increases, and the area under the normal curve 

decreases. This yields a proportional decrease in the height of the 

normal-curve mode, which can be measured. The other two parameters, 

ft and S, relate Mi* standard deviation to the crusher seating: the 

simple empirical procedure for determining these two parameters has 

already been described.

The accuracy of tho model in predicting output size-distribution 

has not been examined in too much detail, but it seems reasonable. 

The most important use of this model, as far as this report is 

concerned, is in providing a visual picture of hok> feed rate and 

crusher setting affect size distribution. Figures 3.7, 3.8 and 3.9 

show the relationships that were obtained for a laboratory crusher, 

for which the relevant parameters were determined to be: «. = 0.25, 

fi = 2.523 and £ =* 0.263.

a.

Important to note that, like the Apoll> model of a crusher, this 

model assumes the output gradi.ig to be independent of the feed size.



Relative frequency of occurrence

Relative frequency of occurrence

Figure 3.7 Effect of feed rate on size distribution, for two gup 

settings o** a laboratory crusher. The graphs show the relative 

frequency of occurrence of size x in the output



Cumulative percent passing

Cumulative percent passing

Fijnjre 3.8 Effect of feed rate on size distribution, for two gap 

settings of a laboratory crusher. The graphs show the cumulative 

percent pa66ing size x in the outD’it
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Relative frequency of occurrence

.0 4 8

. 8 1 5  -

Choke-feed 

conditions (f=l)

gap=10

H-----— I--------*-

m Q m flO

mm mm tU w o  v t  n

Material size (mm)

Cumulative percent passing

Migure 3.9 Effecty of cruuher gap aetting on size distribution for 

a laboratory crusher, showing both the relative frequency of occurrence 

of size x in the output, and the cumulative percent passing 3ize x
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3.3 WHTTEN'S MODEL OM A CONE CRUSHER

The basis of Whiten's (1972) cone crusher model is the assumption 

that particles can either be broken or passed through the crusher 

unbroken. The broken particles then have the same choice of passing 

through the crusher or of being broken further. Thus, the cone crusher 

is simplified to a single breakage-zone and a probability of enter­

ing or re-enteri g this zone. Figure 3.10 shows symbolically the 

parts of the model and the internal flows between them.

^ feed f

Migure 3.10 Symbolic representation of a cone crusher

The vectors f, x, and p give th« flow rates of each size fraction.

C is a diagonal matrix which acta as a classifier, giving the propor­

tion of particles in each size fraction that are chosen Tor re- 

breakage. B is a lower-triangular b/eakage-matrix which gives the 

size distributions that result from each size fraction entering the 

breakage zone.

Seme elaboration of the breakage matrix B is required. Particles 

of any riven size interval that enter the breakage zone are subject 

to breakage: the products of breakage may fall in tha. 3ize interval 

and in any smaller interval. If ;he input to the breakage zone is 

described bv the vector u ( » C.x in Figure 3.10), and the output 

from the breakage zone by the vector v ( ■ B.C.x in Figure 3.)0), 

then a mass balance of the breakage process can be drawn up . shown 

in Table 3.2.
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Size interval Input u Output v

1

U1 V11 0 0 • • 0

2

U2 V21 V22 0 • • 0

3

U3 V31 V32 V33

• • 0

• • • • • • •
•

• •
•

• t • • •

n u

n Vnl Vn2 Vn3

• • V

nn

Table 3.2 Mata balance for a breakage zone

Colu.r' itput gives *.he siz. distribution that results from

pa66i._ -size interval of the input through the breakage z

column 2 to u..e cecond interval, etc. The elements in the output 

have been written in the form v . where i gives the size interval 

in which the output element occurs and j refers to the input-particle 

size.

Note that interval n (the r^sidu^) :an always be calculated by sub­

tracting the cumulative 3mount in the other intervals from the total 

mass, 6o that the size-distribution vectors in the model are in fact 

adequately described by n-1 elements.

The elements v^ in the ari ay in Table 3.2 may also be written

where B _  represents the fraction of input purtiolt.s of aJLe j which

break into output particles of aize i Substituting in the array

and letting ■ v ^  ♦ v.^ + ... + v.^ gives the simple matrix equation

v * B.u ( ■ B.C.x since u » C.x)

The breakage matrix B thus transforms an input vector u into an output 

vector v.
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What is required, however, is the transformation of the feed vector 

f into the product vector p. This is obtained from mass balances 

at the nodes in Figure 3.10, giving the equations

f ♦ B.c.x * x

and

X  -  C . X  ♦  p

Eliminating the internal flow x give??

p  - [I-C].[I-B.C]”1 .f = Z.f (3.1)

which expresses the crusner product in terms of the feed. (I is the 

identity matrix). The exoression is a coir.plete definition of the 

crushing process, but is of course only useful if the components 

of the transformation matrix Z * II-C].�I-B.C]-1 are known. These 

components are now considered.

3.3.1 The Breakage �b trlx B

Whiten suggested that for a cone crusher, the breakage matrix B 

consists of two parts, reflecting two inodes of breakage. In the first 

mode, particles are caught between the liners of the crusher and 

catastrophic llly fracture into a small number of relatively large 

particles. This i« represented by a lowe.'-triangular matrix B^ which 

Bives the product size-distribution relative to the original particle. 

It is calculated from:

p(n) a 1 - eypf->s/s')U]

1 - exp(-if

where s' is the size of the feed particle, p(s) is the cumulative 

percent of product smaller than size a, and u is a constant parameter. 

The distribution is a modification f the Rosin-Rammler distribution 

given by Broadbent et al (1956).
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For example, if u * 6.0 and the screens used to define the size inter­

vals are as shown in Figure 3.11, then the matrix will be as 

indicated in the same figure. Note that the screen sizes chosen form 

a constant ratio, facilitating calculations. Note also that the size 

of any feed particle is taken as the geometric mean of the two size 

limit3 of that interval.

BREAKAGE f-UMCTION 81 for various feed particle sizes

level retaining average feed- 

sieve size retained

(0) (76.0mm)

1 38.0 53.74i

2 19.0 26.87

3 9.5 13.44

4 4.75 6. H
5 2.375 3.36

6 0.0

Breakage matrix

814 - - -

183 .814 - -

003 .183 .814
- -

000 .003 .183 .814
-

000 .000 .003 .183 .814

000 .000 .000 .003 .186

Figure 3.11 Example of breakage matrix Bj
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The second mode of breakage, described by the matrix B? , is the produc­

tion of fines caused by abrasion and ch pping of particles against 

each other and the liner; of the crur r. The sizing of this portion 

of the product is independent of the feed size-distribution. A Rosin- 

Rammler dietribution is used to describe this material:

p (8) » 1 - exp[-(s/s")U �

p(s) gives the cumulative percent passing size s; s" is a fixed-size 

parameter such that a significant portion of the product which is 

smaller than this size is produced by fine breakage, u is a constant 

parameter. In the calculation, the distribution is altered so that 

any product generated which i3 larger than the original feed particle 

appears after breakage at the original particle 3ize.

For examole, if u = 1.25 and s" = 3.05 mm and the sieve sizes are 

the seme as in Figure 3.11. then B_ will be as shown in Figure 3.12, 

overleaf.

Finally, to get the total breakage matrix B, the two components are

added.

B « w B l ♦ (l-«)«2

where « (usually in the range 0.80 - 0.95) is e parameter related 

to gap size: the smaller the gap, the more fines produced.

3.3.2 The Clunsification Matrix C

The 'jlements of tl ; diagonal matrix C are obtained from a function 

of particle si.e, c(s), which gives the probability of a particle 

of size s entering the breakage zone. It is assumed that particles 

below a certain size k ( are paHsed out of the crusher without further 

breakage, so that

c(s) * 0 for a <
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Also, there exists a size k,, above w m c h  particles are always broken, 

so that

c(s) * 1 for s > k^

Between these sizes c(s) is assumed to be paraDolic with zero gradient 

at k^, 30 that

c(s) * 1 - (s-k2 )* /(k^-kg)* for < s < k^

BREAKAGE FUNCTION BZ

level retaining Breakage matrix D

si'jve

(0 )

1

(76. Umir) 

38.0

m, wm ■

2 19.0
- - - - -

3 9.5 .016 .016 .016
- -

4 4.75 .160 .160 . 160 .176
-

5 2.375 . 306 . JUh .306 .306 .482

6 0.0 .518 .5*8 .518 .518 .518

Figure 3.12 Example of breakage matrix B,,
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The elements in the C matrix are obtained as the mean values of c(s) 

in the appropriate size range. For the range ŝ  to s0 , the matrix 

element is

s2 c (s)ds

h  V i

The two parameters k^ and k0 are related primarily to the gap and 

the feed tonnage.

An example of a classification matrix, assuming k^ * 9.5 mm and 

= 38 mm is given in Figure 3.13.

level retaining Classification matrix C 

sieve

1 38.Omm

2 19.0

3 9.5

4 4.75

5 2.375

t.OO -

.852

I:
.296 -

0.00

0.00

Figure 3.13 Example of classification matrix C



The elei.ti.^T ir the C met x are obtained as the mean values of c(s 

in the appropriate size range. For the range to s^, the matrix 

element is

s2 c(s)ds

J
The two parameters and k„ are related primarily to he gap and 

the feed tonnage.

An example o';' a classification matrix, assuming k^ = 9.5 mm and k^

= 38 mm is given in Figure 3.13.

level retaining Classification matrix C 

siove

1 38. Oiran

—

• 0
 

c

1 i i i

2 19.0 .852 -

3 9.5 .296 -

A 4.75
0.00 -

5 2.375
0.00

Figure 3.13 Example of classification matrix C
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Having ascertained B and C : trie transformation described in equation

3.1 can be determined - the equation is repeated here:

p = [I-C].[I-B.C]-1.f

Continuing the example discussed in this section, it can be shown 

that if the parameter « = C.85, then the transformation matrix Z 

= [1-C].�I-B.C�  ̂ is as shown in Figure 3.14.

0.00

.183 .361

. 162 .291 . 886

.119 .078 .067 1.00

.201 .101 .018 0.00

Figure 3.14 Example of transformation matrix Z such that p = Z.f

Determination of the transformation matrix Z does of course require 

that the inverse of [I-B.C� be determined. However, if the feed vector 

f is known, the product vector p can be determined without any inver­

sion: the internal vector x is such that x * [I-B.C� *.f so that 

[l-B.C�.x = f and we can solve for x. Substituting x into equation

3.1 gives p = [I-C].x.

Predictions for the cone crusher model were compared by Whiten with 

actual data for each of a set of tests. A mean error of 0.5 and a 

standard deviation of o ’..0 were obtained for the different between

the predicted and observ_ percentage sizings. The model is therefore 

accurate to a high degree.

However, to use the model effectively, the following parameters have 

to be determined for the crusher in question: u, s" v, °< , k^ and 

k2> Whiten used non-linear least squares methods to calculate these 

parameters for each of a set of empirical tests on a particular crusher 

and then used multiple spline regression techniques to predict the



parameter values over all the tests. He found that all but one of 

the terms were linear, the remaining ''ne (the effrct of feed rate 

on k0 ) requiring a spline function. Values for the parameters deter­

mined by Whiten for a specific crusher are given in Figure 3.15. 

Details of the model building and data fitting procedures used by 

Whiten are given in Whiten (197xa,b).

u ■ 6.0

3" = 3 05 r.m

v * 1.25

oc = 0.8723 + (0.0045)g (g = closed side setting in mm)

kj = (0.�7)g

k2 = (1.121)g + (58.57)q ♦ (25.4).T(t)

where q is the fraction plus 25.4 mm in the feed and 

T(t) is as is shown below.

■*5

Fe«d race, tons per hour

Figure 3.15 Parameters determined by Whiten for the Mount Isa Mine 

cone crusher, Australia
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CHAPTER t\ 

MATHEMATICAL MODELS OF SCREENS

As was stated at the beginning of the previous chapter, the two main 

components of aggregate processing circuits are crushers and screens. 

The previous chapter dealt with the modelling of crushers; this chapter 

describes the mathematical modelling of screens.

A simple definition of a screen is: "a machine with a surface used 

to classify materials by size" (Nordberg Reference Manual, 1976). 

Generally, a material stream is passed over a vibrating wire mesh

which serves to split it into two different size fractions as shown 

in Figure 4.1.

'fine' stream (under_i*e)

Figure 4.1 Diagramatic representation of a single-deck screen

The efficiency of a screen is determined by "how much of what should 

pass through the screen does pass through", or, more formally:

Efficiency =
(4.1)
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where e is the percent undersize in the feed, and x is the percentage 

of the feed that 'wrongly' fails to pass through the surface, reporting 

instead to the coarse stream. It is easy to determine e, 1„ds easy 

to determine x, so that it is more useful to express equation 4.1 

as follows:

Efficiencv(%) * x 100
e(100-v)

where v is the percent undersize in cbe c^eu *»• stream, a more easily 

measured quantity than x.

It should be noted that perfect separation (100% efficiency) is not 

consistent with economy, and 85-95% is usually considered satisfactory.

Defining efficiency in the above manner is useful if one is determining 

the machine size required for a particular application, and most 

screen suppliers use this definition in their sizing formulae. However, 

che definition is not satisfactory from a modelling point of view, 

because it does not predict the sisa gradings of the product streams.

A more suitable approach is described by Gurun (1973), who represented 

the behaviour of a screen by a column vector, the successive elements 

describing th** probability of each size fraction reporting to the 

coarse stream.

Using Gurun's approach, a general model of a screen is now described. 

Let Sj, and S3 be vectors of n elements each, giving the size 

distributions of the feed and the coarse and fine product streams 

respectively (Figure 4.1). If we define the vector c such that c.

J
gives the proportion of the feed in size-interval j that reports 

to the coarse stream (and f. = l~cj gives the fines component), then 

a mass balance indicates:

and S3 . * Sij,fj J " l* • * *n
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In similar fashion, equations can be set up to model the double-deck 

sc een shown in Figure 4.2.

decK a

S2

deck 0

Figure 4.2 Diagramatic representation of a double-deck screen 

The equations for the double-deck screen are:

* S ^ . c ^  j » 1,2 , . . . ,n

S3j = Slj‘fAJ'CBj  ̂ * 1,2.... n

S4j 3 S1j’fAj *fBj J * 1 *2 **-*»n

The models described above are obviously only useful whin predictions 

about screen behaviour are available anc! correct. In this case, the 

problem becomes one of determining reasonable values for the vector 

c for a particular screen surface. The elements of vector c can be 

considered as points on a continuous Efficiency Curve and various 

methods for determining this curve are now discussed.

4 •1 PERFECT SEPARATION

Consider a screen with hole size equal to 9.5 mm, conveniently the 

limiting size of two adjacent size-intervals shown in Table 4.1.

If perfect separation is assumed, then the vector o, giving the percent 

of each size fraction reporting to the coarse stream, is easily deter­

mined. for size fractions larger than 9.5 mm, c. • 100%, and for

s)
material smaller than 9.5 mm, c. = 0%.

J
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level .

J

size interval % reporting to 
coarse ?,tream (c.)

1 26.5 - 37.5 mm 100 %
2 19.0 - 2�.5 100

3 13.2 - 19.0 100

4 9.5 - 13.2 100

5 6.7 - 9.5 0

� 4.8 - �.7 0

7 0 - 4.8 0

Table 4.1 Elements of vector c, asiuming perfect : ’p^ration

The errors incurred in assuming perfect separation are not too serious, 

as screening efficiencies are generally in the range 85-9t»%, especially 

in well designed plants. In fact, most aggregate plants are designed 

with the assumption of perfect screening incorporated into the mass 

flow calculations.

It is worthwhile' elaborating a little on the perfect separation model, 

because it is, in essence, the approach used by Apollo (although 

with some modification, as will be explained shortly).

Continuing our example, suppose the size grading of the feed material 

is as shown in Table 4.2. The same table shows the gradings of the 

resulting coarse and fine product-streams, assuming perfect • rtening.

Note that there are quite few zeros in the vectors describing the 

coarse and fine product-atreams. Specifically, the last three elements 

in the coarse-atrenm vector, and the first four elements in the fine-

stream vector, are zeros.
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level.

J

size interval

CJ

material gradings (tons)

feed coarse fine

1 26.5 - 37.5 mm 100 % 5 tons 5 tons -

2 IL'.O - 2	.5 100 13 13 -

3 13.2 - 19.0 100 21 21 -

4 9.5 - 13.2 100 14 14 -

5 6.7 - 9.5 0 	 - 8 tons

6 4,8 - 6.7 o ! 6 - 6

7 0 - 4.8 0 33 - 33

Table 4.2 Product gradings, assuming perfect separation

In the Apollo model, those zero elements are discarded, in order 

to reduce the number of variables and equations generated. The coarse- 

stream vector would thus be represented by only 4 variables, and 

the fine-stream vector by only 3 variables.

4.2 PROBABILISTIC MODEL OF A VIBRATING SCREEN

A useful model for determining a realistic Efficiency Curve for 

a screen has been developed from simple probabilistic considera­

tions by Whiten (1972). The parameters in the model are found 

by fitting the model to experimental data using least-squares 

methods or other data-fitting procedures.

The probability that a particle of size x does not pass through 

a screen with hole size h and wire diameter

E(x) = [1 - (h-x)*/(h+c)* ]m
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