
N U M E R I C A L  S O L U T I O N  

O F  U N S T E A D Y  T U R B U L E H  T 

F R E E  C O N V E C T I O N
O V E R  A V E R T I C A L  P L A T  P L A T E

Jaroslav Remar

A Dissertation Submitted to the Faculty of Engineering, 
University of the Witwatersrand, Johannesburg 
for the Degree of Master of Science 
in Engineering

Johannesburg, October 1975



ABSTRACT

A theoretical treatment of the problem of unsteady turbulent 
free convection over a vertical flat plate is presented in this 
dissertation. An exhaustive review of the relevant publications 
revealed, that at the present time no solution of this problem 
has been given.

The development of a method, by which the abovementioned 
problem could be tackled, is a substantial part of the dissertat­
ion. rhe equations of conservation of mass, momentum, and energy, 
written in a general form, were the starting point of the derivat­
ion. Various assumptions, simplifying the partial differential 
equations, were introduced. In the end, boundary layer equations 
were obtained.

Turbulence was simulated by a phenomenological model, consist- 
rng of an algebraic law of the wall and a partial differential 
rate equation. The turbulence model is based on the concept of 
effective viscosity. Also, a constant turbulent Prandtl number was 
employed.

The problem of an isothermal plate in a stagnant non-stratified 
fluid was treat; d, and appropriate initial and boundary conditions 
were formulated„

The system of equations was solved by an explicit finite- 
-diiference method. The numerical stability criteria were establish­
ed. A computer programme, based on the numerical scheme, was develop- 
eA and employed for calculations.

The calculations were carried out for dry air, water, and mer­
cury, representing gases, liquids, and liquid metals, respectively.
In this way, a broad range of Prandtl numbers was covered.

Temperaturevelocity, and effective viscosity profiles are 
presented here together with some other results of the ca_culations* 
An important observation is that the overall heat transfer coeffici- 
ent goes through a temporary minimum before attaining its steady 
state value. The transient, which is extremely fast, can be divided 
into throe characteristic stages: the initial conduction regime, 
an intermediate stage, and the steady state.

Our results were verified by comparison with data available 
from other independent sources. Due to the lack of data covering



■fchs whole transient, only the first and third stages were consider­
ed, The initial conduction regime was compared with an analytical 
solution and the final steady state results with experimental data 
of various authors, respectively. The agreement is good and no 
serious discrepancies were discovered.

Although the present method produces reliable results, it can­
not be widely employed, because the computing times are almost 
prohibitive with the present-day computers.



ADDENDUM

1. Page 94; After line '(di8)-turbance. Anyway, the agreement 
is quite reasonable.1 insert the following:
The formulae of Siegel /8$/ and Nanbu /64/ were derived for 

laminar flow, and therefore complete agreement with the results 
for turbulent flow, obtained in the present work, cannot be expect- 
ed. The flow along the lower part of the plate is laminar, and the 
agreement should be fairly good only here, however, Lho singular 
point at the leading edge, with which an infinite heat transfer 
coefficient is theoretically associated, causes a higher speed of 
the wavefront propagation along the lower part of the plate. This 
phenomenon results from the numerical discretization and cannot be 
eliminated. The flow along the upper part of the plate is turbulent, 
and as mentioned above, complete agreement should not be expected.

It must also be remembered, that both Siegel /b)/ and Nanbu /64/ 
made considerable simplifications in derivation of their equations, 
and the disagreements between their results are at least of the 
sane order of magnitude as the differences between their curves 
and our results.

2. Page 105; After line 'certainly adequate.1 insert the follow- 
ing:
The correlations of both Coutanceau /8/ and Fujii et al. /2$/ 

are empirical and were obtained by approximation of experimental 
results. As can be seen from figures given in their articles, an 
exact agreement cannot be expected, and the deviations of our 
results from the approximating curves are in most coses of a similar 
size as the deviations of their own experimental points from the 
curves.

The only major discrepancies can be observed at the outer edge 
of the boundary layer, and there seem to be two reasons for them.
The first one results from the replacement of the asymptotic 
boundary conditions at infinity by a finite distance from the wall. 
However, this is the only possible approach in a flnito-difforence 
method. The second reason results from the doo-liovanuuay turbulence 
model employed in our calculations. Kovaszniy state:, on p. 99 of 
his article /137/:1 The solutions in the ref ion where viscosity



plays a dominant role of course cannot be accurate * 1 This problem 
is solved at the inner boundary of the field by using a law of the 
wall, but no similar procedure is available for the outer boundary« 

The discrepancies at the outer edge of the boundary layer could 
probably be diminished by increasing the distance, which simulates 
the boundary condition at infinity, and by employing a more sophist­
icated turbulence model. However, the resulting increase of computer 
time would hardly be compensated by the increased accuracy.

3. Page 105; Delete lines 'However, as in the case of temperature 
profiles, the two parts linear in semi-logarithmic coordinates 
are hardly displayed by our results.1 and insert in place of 
these:
The nondimensional velocity profile, according to Coutanceau /8/, 

should exhibit two linear parts, if semi-logarithmic coordinates 
are used for the graph (see Pig. 48). However, as in the case of 
temperature profiles, such 1 linear1 parts cannot be recognised in 
our results.
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H OI’IEN C LATURE

The physical system of units (cm-g-s) is used throughout this work< 
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F  - body-force acceleration
&  , - generation term, eq. (4 1)a AT a,
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^  ^  ^  ̂ " a constant
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^  , “ wall heightA/,, __ hx
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^  C J - truncation error
^  55 "<%r “ P^andtl number
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1. INTRODUCTION

The science of heat transfer, which originated as a branch of 
physics, is today one of the most important pillars of engineering 
design. However, heat transfer processes are not to be found exclu­
sively in technological equipment, and heat transfer problems from 
bioengineering, geophysics, ecology and many other fields of scien­
tific endeavour are increasingly being investigated in the recent 
years,

The fundamental ideas about heat transfer were formulated by 
a number of prominent physicists in the XIXth century, and the 
basic modes of heat transfer were classified as conduction, con­
vection, and radiation.

It soon became apparent, that it is usually much easier to 
formulate a heat transfer problem mathematically, than to solve 
the equations, An exception is conduction heat transfer, which is 
amenable, at least in simple geometries, to rigorous analytical 
treatment. On the other hand, the fundamental equations of con­
vective heat transfer are much more complicated, and this part 
of thermomechanics became to a great extent an empirical science„

This situation was changed rapidly with the advent of power­
ful digital computers and the development of the associated nu­
merical techniques. These tools enable us today to solve many 
heat transfer problems which could be hitherto investigated by 
experimental means only.

Although such computations are sometimes also quite expensive, 
they are usually much cheaper than the corresponding experimental 
investigations, Therefore, the experimental methods are being re­
legated to their proper place, which is the verification of 
theoretical predictions, In this way, the status of convective 
heat transfer is approaching the standard of other more advanced 
physical sciences.

The convective heat transfer is further classified as forced 
or free, respectively. In the case of forced convection, fluid 
motion arises by the action of external means, such as pumps or 
fans, or by a propelled movement of an object through a fluid.
The vast majority of technological applications comes into this 
category.
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On the other hand, in the case of free convection fluid motion 
is driven by body forces in the fluid itself. The local density in 
a fluid depends on the temperature and/or composition (e.g. moisture 
in the atmosphere or salinity in the oceans) at the location. The 
differences in the local values of density create a buoyancy effect, 
which was, in a somewhat different connection, discovered already 
by Archimedes. It is understood, of course, that there is an ac­
celeration (usually gravitational) field, as otherwise no buoyancy 
effect arises, in spite of possible density differences.

Although free convection is very important in the nature (hence 
the often used term natural convection), there are only a few 
applications in technology. The cooling of transformers and other 
electrical equipment or an internal cooling of gas turbine blades 
come on mind as possible examples. The reason for the prevailing 
use of forced convection is easy to explain: forced convection 
achieves much higher heat transfer rates than free convection.

However, there are also some technically important cases of 
unsteady free convection heat transfer. The situation occurs, if 
electric current is suddenly switched on in the case of an electr­
ical equipment, or if control rods are suddenly withdrawn from 
the core of a nudlear reactor in the case of reactor fuel elements. 
Electric current or nuclear fission, respectively, generate heat 
immediately, while the cooling of the heated elements, at least 
in the initial stage, is due to free convection only.

It is not well known, whether the heat transfer coefficient 
decreases monotonously under such circumstances, or whether it 
goes through a minimum, In the first oase, steady-state formula 
may be used for calculations of heat transfer coefficients, but 
in the second oase, there is an 'overshoot' in the element sur­
face temperature and a safety margin must be included.

The heated elements would start generating heat throughout 
their volume. Instead of a complicated formulation corresponding 
to such a case, we shall consider the classical problem of 
a half-infinite vertical flat plate, with the surface temperature 
suddenly raised to and kept at a value higher than the temperature 
of the surrounding fluid. An exact definition of this problem, as 
being investigated in the present work, is given in the Section ).l. 

The next Chapter enables the reader to got acquainted with 
the relevant literature. Publications oonoerning both experimental 
and theoretical investigations are covered in the survey.
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In Chapter 5, the mathematical formulation of the problem is 
presented. The starting point is a very general form of the conser­
vation equations. Suitable assumptions are introduced and the equat­
ions are, step by step, simplified. In the end, boundary layer 
equations are obtained. The relevant boundary and initial conditions 
are also formulated.

Chapter 4 describes the turbulence model used for evaluation 
of the effective viscosity introduced '"n the preceding Chapter.

The resulting system of partial differential equations is very 
complicated and can be solved by a numerical method only. The method 
of finite differences was employed for this purpose, as described 
in Chapter 5-

Calculations were made for three different fluids, namely air, 
water, and mercury. The results are presented in Chapter 6.

Although no similar results covering the whole transient exist, 
the initial stage can be compared with an analytical solution and 
the steady state results with experimental data of’other authors.
This is done in Chapter 7> together with a discussion of the results.

Chapter 8 contains conclusions from the present work and also 
some suggestions for further investigations.

A description of the computer programme and its listing are 
given in the Appendix A,

Computer printouts of the examples described in Chapter 6 are 
presented in the Appendix B,

The last Appendix C contains approximations of the physical 
properties of air and water.

In the end, an extensive bibliography of the relevant literature 
is included.



2. LITERATURE REVIEW

The first step in any scientific work is usually a search for 
relevant publications in the specialist literature. In this Chapter, 
the results of such a survey are presented.

It is well known, that almost all heat-transfer textbooks give 
only a very concise treatment of natural convection heat transfer.
One of the few laudable exceptions is the relatively recent text­
book written by Gebhart /l20/@) , which can serve as a suitable 
introduction into this field.

Moreover, a number of review articles appeared, such as Levy /5?'/ 
in 1955, Schmidt /8l/ in 1962, and especially Ede /!%/ in 1967 and 
Gebhart /29,/ in 1969. All these articles are recommended to 
the interested reader. Unfortunately, they are all quite obsolete 
now, as they had been compiled before the majority,of turbulent 
free convection studies appeared. In fact, this Chapter seems to 
be the only up-to-date review of publications concerning free 
convection heat transfer over a vertical flat plate.

Thus far, no solution of the problem treated in this dissertation, 
i.e. unsteady turbulent free convection, has been presented in 
the open literature, at least to the author's knowledge.

However, there are many published papers concerning steady 
laminar, unsteady laminar, and steady turbulent free convection 
over a (usually semi-infinite) vortical flat plate, and they will 
be described under appropriate headings in the subsequent Sections. 
Moreover, some papers about instability and transition from ^aminar 
to turbulent flow regime, although not falling directly into the 
scope of the present treatise, will be also mentioned.

In each Section, the references are given in chronological 
order,

2.1 Steady Laminar Free Convection

L, Lorenz /50/ in 1881 was the first one to reveal the complex 
nature of the heat transfer coefficient for natural convection.
In his treatment he simplified considerably the basic equations, 
but quite surprisingly his formula for the overall heat transfer

@) See the Bibliography.



coefficient is very close to modern experimental data.
After almost half a century, Nusselt & Jurges /66/ in 1928 

succeeded in improving the theory of Lorenz. They measured the tem­
perature field with thermocouples.

The classical paper of Schmidt & Beckmann /82/ appeared only 
two years later. They measured both temperature and velocity fields 
around a heated vertical plate in air and came to the conclusion, 
that the Prandtl's boundary-layer concept could be applied also to 
this problem. They formulated the boundary layer equations and 
solved them in cooperation with Pohlhausen, who found suitable 
substitutions and reduced the partial differential equations to 
two ordinary differential equations.

H.H, Lorenz /5?Z investigated in 1934 experimentally free con­
vection in oil. As -xpeoted, the velocity boundary layer was thicker 
(Pr»l) than the temperature boundary layer.

Ostrach /S?/ concluded the study of the Schmidt & Beckmann 
equations in 1952 by solving the system of two ordinary differential 
equations numerically by means of a computer. lie obtained solutions 
for eight values of Prandtl number, which is a parameter in the 
equations.

Some other authors, e.g. Sugawara & Michiyoshi /t36/ , used quite 
successfully the integral method for the solution of this classical 
problem (see Ede /l?/),

Schechter & Isbin /?&/ investigated free convection in a region 
of maximum fluid density. Their measurements were made in water 
around 4 degC and the equations were solved by means of an analogue 
computer.

Sparrow & Gregg /84/ Investigated the influence of variable 
fluid properties.

Fujii /l6,18/ used a modified integral method for a noniso- 
thermal surface and measured heat transfer from a vertical cylinder 
rn ethyleneglycol and water.

Braun & Heighway /3/ applied the integral method to free con­
vection at very high and very low Prandtl numbers,

Eichhorn /l4/ measured velocity profiles in air by a special 
technique of particle-trajectories visualization.

Acrivos /l/ obtained an expression for the rate of heat and 
mass transfer by piecing together two exact asymptotic solutions.

Soherberg /77 »70/ investigated the situation in the neighboVr- 
hood of different typos of thermal leading edges on a semi-infinite 
vertical wall.
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Yang & Jerger /95/ presented a perturbation analysis, with 
the classical boundary layer solution as the aeroth-order approxi­
mation.

Hayday et al. /40/ solved a nonsimilar free convection problem 
with step discontinuities in surface temperature by a numerical 
method.

Brodowicz /4/ discussed the reasons for discrepancies between 
theoretical and experimental results.

Sparrow & Guinle /85/ analysed deviations from the classical 
theory at low Brandtl numbers.

Zinnes /97/ investigated the coupling of conduction in and free 
convection from a vertical plate with arbitrary surface heating.

Kelleher /47/ calculated free convection from a plate with 
a step discontinuity in the wall temperature, using asymptotic 
series',

Gryzagoridis / 38/ measured heat transfer coefficients in the 
low Grashof number range,

Bale & Emery /lO/ used finite differences for calculations of 
free convection in some non-Newtonian ‘pseudoplastic' fluids.

Gryzagoridis /)9/ investigated experimentally the leading 
edge effect.

Yujii et al. /2?/ employed a finite- difference method for na­
tural convection from an isothermal plate to a non-Ne ' onian 
Sutterby fluid and made also some measurements„

Lock & Ko /5S/ solved numerically the problem of heat conduction 
coupling between free convection boundary layers on two opposite ' 
sides of a plate.

JLienhard /)3/ discussed the commonality of equations for na- 
tural convection from immersed bodies of different shapes.

Hieber /43/ investigated theoretically higher-order boundary 
layer effects,

Pujii et al, /22/ applied the previously published numerical 
method /21/ to free convection from a vortical surface of uniform 
heat flux to a tiuttsrby fluid, and produced also some experimental 
results.

Na& Habib /62/ employed the so-called method of parameter 
differentiation for solution of the boundary layer equations.

Erdmann 6 Merzkirch /15/ measured the temperature field along 
an isothermal vertical cylinder in air by an optical intorfcro- 
metric method.
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Wiles & Welty /94/ presented measurements of the temperature 
field along a vertical cylinder with uniform wall heat flux, 
immersed in mercury.

Although this Section does not cover all published papers 
concerning steady laminar free convection, the many aspects of 
this problem and the advanced state of their treatment can be 
clearly seen from the references assembled here.

2.2 Unsteady Laminar Free Convection

fhe lirst analysis of unsteady free convection was apparently 
made by Illingworth /44/ in 19:0. He assumed that the velocity 
profiles are the same for all stations along the wall, and obtained 
an analytical solution in terms of exponential and error functions« 
However, this solution is valid for only a short period during 
the initial stage of the transient.

A similar analysis for a semi-infinite plate was published 
also by Sugawara * ^  ,hiyoahi /B?/ in 1951.

A big step in v. treatment of this problem was the paper of 
Siegel /Sj/ , published in 1958• The method of characteristics was 
employed for the solution of time-dependent boundary layer equations 
in the integral formulation. Both the uniform temperature and the 
uniform heat flux cases were analysed for time step changes. Three 
stages of the transient were defined: the in..ial conduction re­
gime, an intermediate stage, and the last stage, in which steady 
state is established. The time boundaries between these three 
stages are given by particular characteristics. In this way, 
formulae for the time when the conductive regime ends and for the 
time when the steady state is established are obtained. Heat transfer 
coefficients were calculated for the first stage, and at its end 
they wore lower than the steady state value. It was concluded 
therefrom, that the hoat transfer coefficient goes through a tem- 
porary minimum, corresponding to an 'ovorshoot' in the surface 
temperature.

Goldstein & Bokort /^G/ measured with a Zehnder-Maoh inter­
ferometer the transient response of a very thin electrically heated
foil in air and water subjected to a step increase in the electrical 
energy input. The throe stages described by Siegel /85/ wore also 
observed. The hoat tranufur coefficients Indicated only a very 
slight minimum.
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Gebhart /24/ published in 1961 the first one of his many 
articles concerning free convection. He presented an integral 
method of analysis, which accounted for the thermal capacity effect 
of the plate. The transient was initiated by a step in heat flux 
at the surface. The calculated results did not show any substantial 
overshoot of the average surface temperature.

Chung & Anderson /?/ considered the Grashof number to be time- 
-dependent through either the uniform wall temperature or the acce­
leration field. They derived a set of parameters, which allow so­
lutions of the differential equations to be expressed in series 
form. The first few - s of perturbation equations were numerically 
integrated.

Lurie & Johnson /qQ/ investigated experimentally transient free 
convection from a ver ; ;al surface submerged in water and under­
going a step in heat generation. Most results concern cases which 
lead to boiling on the surface, but also some nonboiling heat 
transfer results were reported. A surface temperature overshoe " 
was observed only in case of subcooled boiling.

Schetz & Eichhorn j ($/ obtained exact solutions for unsteady 
free convection near a doubly infinite vertical plate by means of 
Laplace transforms. The surface temperature or heat flux could be 
an arbitrary function of time. Unfortunately, due to the sweeping 
assumption of double infinity, the solution applies only to the 
initial flow development near a semi-infinite plate, c

The first direct solution of the field equations describing 
the problem of unsteady laminar free convection is due to Heliums- 
& Churchill /41t42/ « The boundary layer partial differential 
equations were .transformed into a dimensionless form, approximated 
by explicit finite-difference equations, and solved by means of 
a digital computer. The complete development of temperature and 
velocity profiles was calculated. The results confirmed the existence 
of.a temporary minimum in the heat transfer coefficient. This was 
apparently the first solution of a complete free convection 
transient.

Gebhart /25/ presented further results of calculations, using 
his previously published method /24/ , In a companion paper, Gebhart 
& Adams /jl/ published results of experimental measurements in air 
and water. The surface temperature of a foil was measured by an 
infrared technique. There was a very good agreement with the results 
predicted by the integral analysis.



Gebhart /26/ discussed also the importance of realistic as­
sumptions about boundary conditions for natural convection tran­
sients. Moreover, the same author published another article /2?/ , 
in which he applied his 'double integral1 method to calculations 
of cooling bransients.

Goldstein & Briggs /35/ gave•solutions for transients from 
vertical plates and cylinders for the initial one-dimensional stage 
The length of time for which tuis regime applies was also calcul­
ated, This time is identical with the propagation of a leading- 
-edge effect.

Gebhart et al. /33/ continued his series of articles. This 
time,, the measurements of the response to a step in the energy 
input to a foil were done by a Mach-Zehnder interferometer in 
nitrogen. The results are again in agreement with Gebhart1s 
theory /24/ . No surface temperature overshoot was observed.
Gebhart & Bring /32/ used the same interferometer also for measu­
rements of the leading-edge effect propagation".

Nanbu /64/ derived an analytical formula for the end of the 
pure conduction regime. He confirmed strictly for the first time 
the existence of an 1 overshoot'. Its relative magnitude is decreas­
ing with increasing Prandtl number.

Kleppe & Earner /48/ employed an explicit finite-difference 
method for calculations of transient free convection in a Bingham 
plastic. A temporal minimum in the mean Nusselt number was obtained

Brown & Riley /$/ presented mathematical analysis of the three 
phases of a natural convection transient.

Yang et al. /96/ applied a finite-difference method to the pro­
blem of a vertical plate with periodically changing surface tempe­
rature .

It can be seen from this Section, that our present knowledge 
of unsteady laminar free convection is quite satisfactory, although 
naturally to a lesser degree, than in the case of the steady state,

2.3 Instability and Transition from Laminar to Turbulent Plow

The first study of laminar-turbulent transition in natural 
convection flows seems to be published by Eckert & Soehnghen /l2/ 
in 1951. The transition process in air was experimentally inves­
tigated by means of a Mach-Zehnder interferometer. The conclusion 
from the study was that turbulence originated by amplification
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of initially small disturbances.
Fuji! A ? /  observed the development of a vortex street in the 

tree convection boundary layer along a vertical cylinder submerged 
in ethyleneglycol and water. He also attempted to analyse the ob­
served phenomena.

Szewczyk /88/ investigated the problem of stability and tran­
sition both theoretically and experimentally. The measurements were
done in water and the dye technique was employed for visualization 
of the flow patterns. A double-row vortex system was observed. For 
stability calculations, a small-perturbation theory was used.

Klyachko /49/ derived in a simple way the magnitude of Grashof 
number, for which the transition from laminar to turbulent regime 
takes place.

Kachtsheim /63/ calculated neutral stability curves, taking 
into account temperature disturbance coupling.

Folymeropoulos & Gebhart /?2/ studied the behaviour of distur- 
bances over a foil in nitrogen with a Hach-Zehnder interferometer.

Knowles & Gebhart /50/ presented a study of thermal coupling 
and other effects on the neutral stability.

Gebhart /26/ summarized in 1969 the advances achieved in this 
field and gave a detailed picture of the state-of-the-art at that
time. Another review article was published by the same author /30/ 
in'I973.

In the last year (i.e. 1974), Gcdaux & Gebhart /34/ presented 
results of transition measurements in water. A similar investigation
was also published by Jaluria & Gebhart /4S/.

J.-M. Piau /70/ investigated, besides the influence of variable
physical properties and thermal stratification of the fluid, also
the transition to the turbulent regime. His measurements were done
also in water.

In this Section, only a few references were included, as we 
are not directly concerned with the problem of instability and 
transition in the present work. However, the last three or four 
references can be consulted, should more information be desired.

2.4 Steady Turbulent Free Convection

The first investigator of steady turbulent free convection 
seems to be ivusselt himself, He predicted /G3/ in 1915, that 
the nondimensional number, which today bears his name, must be
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directly proportional to one-third power of Grashof number in the 
case of turbulent freejconvection.

Griffiths & Davi.; /37/ presented in 1922 the results of their 
experimental investigations. They measured’local heat transfer rate 
and both velocity and temperature profiles near a vertical plate 
in air.

The first attempt at a quantitative analysis of turbulent free 
convection was made by Colburn & Hougen (see Ede /l?/) in 1930,
In spite of considerable simplifications, they obtained a formula 
which is in good agreement with modern results„

Saunders /?4,75/ obtained experimentally heat transfer coef­
ficients in air and water.

Touloukian et al. /90/ measured heat transfer coefficients 
along a vertical cylinder in fluids of Prandtl numbers between
2 ,4  and 118.

The first solution of the turbulent free convection boundary 
layer equations was presented by Eckert & Jackson /ll/ in 1950.
They used the integral method, for which they adopted the tera- 
perature and velocity profiles measured by Griffiths & Davis /37/ . 
The expressions for shear stress and heat flux at the wall were 
taken from forced convection work. A basic assumption was equal 
thickness of energy and momentum boundary layers. They obtained 
two ordinary differential equations, which were solved, after 
a substitution, by separation of variables. Correlations for local 
and overall Musselt numbers were obtained as the final result of 
the analysis.

Bayley /2/ employed in his work a method similar to von Mrmdn's 
. analysis of forced convection. He divided the boundary layer into 
a laminar sublayer and an outer turbulent region. An eddy diffusiv- 
ity, calculated by means of Prandtl1s mixing-length theory, was 
introduced. The integral equations were simplified then to ordi- 
nary differential equations, which could be solved analytically. 
Again, correlations for local and overall Nusselt numbers were 
obtained,

Eujii /19/ made measurements of heat transfer coefficients 
and temperature profiles along a vertical cylinder submerged in 
ethyleneglycol and water, Correlations for Nusselt numbers were 
also given.

The first, modern study of turbulent free convection in air 
was published by Chcesewright /6/ in 1968. He measured local heat



transfer coefficients and both temperature and velocity profiles, 
These measurements were done mostly in the region of very high
Grashof numbers and therefore completely developed turbulence,

Warner & Arpaci /93/ also measured heat transfer coefficients 
and temperature profiles in air.

Lock & Trotter /56/ made their m e a s u r e r i n  water. Besides 
the mean values, they investigated mainly ti . rbulont features,
such as the scale, intensity and intermittenc, turbulent 
fluctuations.

Kato et al. /46/ treated free oonveotion as a wpeoial type 
of forced convection. Although the integral equations were also 
employed, the use of prescribed profiles was avoided. They made 
a number of simplifying assumptions, based on forced convection 
methods, and wrote differential equations for shear stress and 
heat flux. Eddy viscosity, which appeared in these equations, was 
taken from a forced convection formula. The equations were solved 
numerically by trial and error. Heat transfer coefficients and 
velocity and temperature profiles were obtained.

Coutanceau /8/ measured heat flux and shear stress at the sur­
face and also temperature and velocity profiles. The measurements 
w re made in air. He derived dimensjonless similarity criteria 
and evaluated his experimental results in the form of correlations 
for local Husselt numbers, wall shear stress, and temperature and 
velocity profiles. Some aspects of this paper were criticised by 
Pujii et al. /2G/ , and these comments were answered by Coutanceau /$/.

Measurements in water over a vertical plate with constant heat 
flux were reported by Vliet & Liu /92/. Heat transfer coefficients, 
temperature and velocity profiles and some turbulence characteristics 
were measured. Apiydrogen bubble method was utilized for flow 
visualization.

A voluminous study was presented by Pujii et al. /23/. They 
investigated experimentally free convection from a vertical cylinder 
submerged in water, spindle oil and Mobiltherm oil. Heat transfer 
coefficients and both mean temperatures and temperature fluctuations 
were measured. However, velocity profiles were not investigated. 
Nondimensional correlations for Husselt numbers and mean temperature 
profiles wore suggested,

Firovano et al, /7l/ presented an experimental study of heat 
transfer coefficients and temperature and velocity profiles in air 
up to very high Grashof numbers, A criterion for transition from



laminar to turbulent flow was proposed. Simultaneous fluctuations 
of the surface heat flux and the adjacent fluid temperature were 
discovered.

Kntateladze et al* /5l/ measured both mean velocities and ve­
locity fluctuations in ethylalcohol. Aluminium particles were used 
for visualization of the flow.

Lloyd et al. /54/ presented an experimental investigation of 
natural convection mass transfer from vertical and inclined plates. 
Local mass transfer rates and their fluctuations were measured by 
an electrochemical technique.

Papailiou & Lykoudis /68/ measured mean temperatures ? tempera­
ture fluctuations and their spectra in mercury. In a companion 
article /69/, they presented the results of similar investigations, 
but under the influence of a uniform magnetic field. .

Raithy & Hollands /73/ proposed an analytical method, based on 
the similarity between the growth of a liquid condensate film and 
the inner part of a natural convection boundary layer.

The first direct solution of the partial differential equations 
describing turbulent free convection boundary layer was presented 
quite recently (in November 1974) by Mason & Seban /60/. For this 
purpose they modified the numerical method of Patankar 6 Spaldin, 
/l50/. For the calculation of turbulence, the boundary layer was 
divided into two parts. In the inner part, mixing length was cal­
culated according to van Driest's law of the wall /ll6/. In the 
Outer part, a partial differential equation for turbulent kinetic 
energy was employed. Calculations for air, water, and oils were . 
presented.

This Section is quite exhaustive and to the author's knowledge, 
all relevant papers published in the open literature were included. 
However, many articles described here are based on doctoral theses, 
and in such cases only the published articles were mentioned.

2*5 Unsteady Turbulent Free Convection

The only publication, which could possibly come under this 
heading, is the experimental investigation by Mollendorf & Gebhart 
/6l/. Mach-Zehnder interferometer was utJ . ?d for measurement 
of transient thermal response of a foil submerged in nitrogen and 
subjected to a step increase in electrical current. These experiments 
were conducted in a region of relatively high Grashof numbers and
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turbulence was obtained at the upper end of the foil. Some quali­
tative features were observed and discussed. However, no temperature 
or velocity profiles were presented.

This dissertation seems to be the only theoretical solution of 
unsteady turbulent free convection available at the present time.
A manuscript based on a part of this work has been submitted for 
publication to the International Journal of Heat and Mass Transfer.
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3. MATHEMATICAL FORMULATION

In the first Section of this Chapter, the definition of our 
problem is given. This definition must be translated into a mathe­
matical model, from which quantitative results can be obtained.
Fluid flow and heat transfer, just as other physical' processes, 
are governed by certain basic physical laws. The mathematical 
formulation of these laws provides us with a system of partial 
differential equations. These equations are very complicated, and 
before an attempt to obtain a solution for a particular problem 
is made, the equations usually are suitably simplified. We will 
also follow this traditional path here.

3.1 Definition of the Problem

Consider a vertical half-infinite smooth flat plate submerged 
into a stagnant infinite fluid having a constant temperature , 
the same as the wall. Let the wall temperature instantaneously 
arise to 7̂, >  7^ . The temperature and therefore also the density
of the fluid immediately adjacent to the wall are evidently affected 
by .this change and the resulting buoyancy force generates an upward 
fluid movement in the neighbourhood of the wall. The situation is 
illustrated in Fig, 1 .

The cooling rate of the wall is considerably enhanced in this 
way, compared with pure conduction mode of heat transfer. The flow 
has the character of boundary layer and is always laminar at the 
lower end of the wall. However, during its advance along the wall, 
it becomes sooner or later turbulent. The causes of this change are 
not well known yet and are the subject of intensive research.

Our task is to predict the development of the flow and tempe­
rature fields in the case of the turbulent flow regime. Knowledge 
of temperature profiles (more specifically temperature gradients 
at the wall) enables us to predict neat transfer coefficients for 
the wall.

3.2 Conservation Principles and the Fundamental Equations

The basic physical laws, which must bo satisfied in any problem 
of fluid mechanics and/or heat transfer, are the principles of



FIG. i .  F R E E  CONVECTION HEAT TRANSFER  
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raass, momentum, and energy conservation. Their mathematical eounter- 
part is a system of partial differential equations, which are given
here in tensor notation and in a quite general form, but for Newton­
ian fluids only. The derivation of these equations can be found in 
any advanced fluid mechanics book, e.g. Loitsianskii /145/ or 
Schlichting /157/.

The equations are 
the continuity equation (conservation of mass)

the Eavier-Stokes or momentum equation (corresponding to the 
Newton's second law of motion, i.e. conservation of momentum)

and the energy equation (corresponding to the first law of thermo
dynamics, i.e. conservation of energy)

The system of equations (1-3) is the cornerstone of theoretical 
investigations in the field of convective heat transfer.

3.3 Simplification of the Fundamental Equations

The system of equations (1-3) is very oomplioatod, and before
an attempt to obtain a solution is made, the equations are usually 
simplified according to the conditions of a particular case. Also 
we shall introduce a number of assumptions, wnich will make the 
system more amenable to mathematical treatment.

The equations will bo written in vector notation now. v/e assume 
first, that the fluid properties /< and ̂ 46 are constant. At this 
stage, the oonlinuity equation remains unchanged, although it is

0 C D

(2)



now written as

r4~ 4- diV (j) Z  ~  0

We assume further, that the body force in the momentum equation 
is due to the Earth's gravitational field only. After rearrangement 
of the laut two terras, the momentum equation now becomes

We shall consider fluids without heat sources only, i.e. Q  — Q , 
Furthermore, the viscous dissipation, represented by the last term 
in equation (3), is significant only In the flow of high viscosity 
liquids and the presence of steep velocity gradients, and shall 
be neglected here. We can write the energy equation now a;

The system of equations (4-5) is still quite generally valid, 
the restrictions being of a relatively minor nature, In the treat­
ment of natural convection some further assumptions are usually 
made. These assumptions were proposed by Boussinesq /102/ and 
the simplification is called the Boussinesq approximation. Its 
feasibility can be proven by an order-of--magnitude analysis, which 
can be found e.g. in Gebhart /120/. The basic assumption is that 
the density of the fluid is constant, with the exception of the 
buoyancy term, This means, that the flow is considered to be 
effectively incompressible.

The continuity equation now becomes

We shall consider pressure as a sum of hydrostatic and dynamic 
pressure, writing

(6)

div V -  0

If volumetric expansion coefficient is used, the body force,
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aocordlng to Archimedes’ law, is

«—$0» “Ir* y X « .

^  (P ^  W
Using equations (8) and (9), we get

^ ̂  -—  ^ra4 p —  ~~ P $' ( r~~Tp) — cj, rad p̂ yn (lo )

We can see also, by comparison with equation (7), that the last 
term in equation (5) becomes zero. After division by (<> (all pro­
perties , including the density, will be evaluated at the same 
reference temperature, so that (3 =» ̂  here), the momentum equation 
can be now written as

f! = ~/3 f  ( r - T f ) - i- prad p ^ „ +■ V VZ V (H)

The vector jt has a negative value in our coordinate system 
(see Pig. 1 ), so that the local, driving force is directly pro­
portional to the looal temperature increase.

The magnitude of the substantial derivative of pressure is 
negligible in fows ith moderate velocities. Therefore, after 
dividing by Cp <£> , the energy equation becomes

oc v * T  . v z )
JDt

The system of equations (7),(ll) and (12) is valid for both 
laminar and turbulent flows.

5.4 Introduction of Turbulence

We are considering an unsteady problem here, and for this 
reason the customary definitions of mean and fluctuating quantities 
do not apply. The difference between a steady and unsteady turbulent 
flow was discussed in a simple way by Bradshaw /105/•

The mean value is obtained in the unsteady case by ensemble- 
-averaging instead of the usual time-averaging in the steady case.
If an experiment with unsteady turbulent flow is repeated many 
times, an instantaneous quantity f>(Xt$) at a certain point in 
space and time contains a random fluctuating part, probably always 
different. The mean value is defined as the arithmetic average

a
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over a sufficiently high number of experiments, so that

=  Sim f  ( „ )

The instantaneous value and the fluctuating component are 
defined in the same way as in the case of steady state turbulent 
flow, viz.

<f> =  $  +4>'

Prom the definition, the mean value of a fluctuating component 
is.zero, i.e. .

0  =  #  fYjr)

The equations (?),(ll) and (12) are valid for instant values 
in the case of turbulent flow. We shall insert now into these 
equations the instant values, written as a sum of the mean value 
and the fluctuating component, according to equation (14). The va­
lues of all coefficients (i.e. the physical properties) are con­
sidered to be nonfluctuating.

The continuity equation now becomes

d (u - tu ')  d f y + v O  d(u7+ u/')_ _ _ _ _  + - _ —

Recalling the continuity equation, the momentum equation 
written for the X-direction is

~d(W+u') , d '(u-n j')(u+u ') , d (v  + v ')(u-hu ') , Q(w+w‘)0 j+ u ')  
n  D X  3 /  3jz

= V v2(u + u')+ & q. (T+ r - rj - -h (f7)
' 6 3 %  /

and for the y  -direction

dtV-hy*) + d(Zi-f-Li!) (v + v ') , 'd ( v + v /)(\7+V ') , d flv -r  ly'JCF-fy')

=  y  7 ^ f F /') JL ^

The equation for the z-direction is analogous to equation (18).
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Re calling again the continuity equation, the energy equation 
becomes

9* 9% 3y 3 z

=  cc C f  +  r 9

We are now in-possession of a system of partial differential 
equations, describing the problem of unsteady turbulent free con­
vection, but the equations cannot be used in this form yet.

3.5 Smoothing of the Turbulent Equations

The next step usually undertaken in the case of steady state 
turbulent flow is called time-averaging. We shall call the corres­
ponding procedure in the unsteady case smoothing.

The averages of the equations (16-19) are (after some re­
arrangements )

0ax 3 /  9 z
aiv , S ( u u ) -  . 'd ( v u )  . Z ( w u )  ___ +- +  - ^ r -  -v- - g — ^'2.

V v * u  +  (T -Tf) - -L iBtyn
f  3x

r  9(u'W) ? ( 9(wUi± 7 , ,
L dx 9/ 3z J 1 ^

9P" . 3 r a p ;  , a r p p j  , s n p p ;  v  r?_ _  ^  — g y -  V V V -

- J L  ?Nf!L - r  9(u'y')_ d ( v y )  d C w 'v ' l -j rz ) 
_  <? 9 y  L ̂  3 x dy 3z J { '

3 T  , 307 r) . d ( v T )  , grip r ;   ' vf"* «..«■ "■ -4~* >"■' '   — « -J— X    »
3x 3/ 3z _____

^  + 2 £ j f a  +  ? l i f r l l  C£3)
L d x  d y 3z J3 y

taking into account, that

and recalling equation (l$). -The momentum equation for the z-direct- 
ion is again analogous to the equation for y-direction, i.e. 
equation (22).
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It can be seen, that equations (21-25) differ from equations 
(ll) and (12) by the presence of the last terms on the right-hand
side. In the case of the momentum equations, the name Reynolds1 
stresses is used for these terms, which represent the turbulence 
and obviously are not negligible. Therefore, they must always be 
taken into account, although their evaluation is very far from 
being simple.

5.6 The Problem of Closure

An inspection of the system of equations (20-25) reveals, that 
there are now more dependent variables than equations. This un­
pleasant situation arises from the appearance of the averaged pro­
ducts of fluctuating quantities in the momentum and energy equations. 
V/e can proceed only by equaling the number of equations and dependent 
variables, i.e. by closing the system. This is the central problem 
of theoretical turbulence investigations and is known as the problem 
of closure.

One of the oldest methods of treatment of this problem is due 
to Boussinesq /lOl/. The method is based on the observation, that 
the action of the terms containing the averaged products is ana­
logous to viscous friction and molecular heat diffusion, respective­
ly. Therefore, the averaged products of turbulent fluctuations are 
replaced by the so-called eddy diffusivity of momentum and 
eddy diffusivity of energy According to this idea, we shall
evaluate the effect of the tensors of Reynolds’ stresses and tur­
bulent heat fluxes in terms of these diffusivities, which are 
scalar properties of the field and as such can be directly added 
±0..kinematic viscosity -and thermal diffusivity, respectively.

We shall omit the z-dimension in our equations, because 
the wall is infinite in that direction. In this way, the flow is 
assumed to be two-dimensional, although turbulence is essentially 
a three-dimensional phenomenon. The equations (20-25) now become 
(subsequently, all equations contain mean values only, and the bars 
overhead will be omitted for simplicity)

( z s )

, n d uniin-rniir "I wAen
dx

a.
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_•/  ^ Pdyn

It is obvious, that the eddy diffusivities are not material 
properties, such as kinematic viscosity or thermal conductivity. 
Their main purpose is to eliminate the averaged products of tur­
bulent fluctuating quantities. It is inherently assumed in this 
concept, that turbulence can be evaluated from local mean values 
of dependent variables. This assumption is of course questionable, 
and also the smoothing procedure (Section 3-5) has not been ri­
gorously justified. Unfortunately, our present understanding of 
turbulent processes is still quite limited and for this reason 
the foregoing heuristic approximations are commonly used in con­
temporary calculations of turbulent flow and/or heat transfer. 
Strictly speaking, such methods can be regarded as useful working 
hypotheses only.

3.7* Boundary Layer Approximation
Experimental investigations of natural convection have shown, 

that the flow region thickness is usually small in comparison with 
other flow dimensions. The concept of boundary layer, as introduced 
by Prandil /l5l/, may be conveniently employed in such a situation. _ 

From the relative thinness of the flow region it follows
that

Moreover, the variation of the dynamic pressure in the flow region 
also becomes negligible. The region of appreciable temperature 
changes is also thin, and it follows that

and

d u  so- d j±  3 V 3 v  
9/ ^  , 9/
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After an order-of-magnitude analysis, the boundary layer 
approximation, resulting from the system of equations (25-28),

The boundary layer assumption means physically, that the si­
tuation at a given station depends on the upstream conditions only. 
This is a fundamental difference, compared with the 'jury-type' 
problem given by the system of equations (25-28).

From the mathematical point of view, the nature of the system 
was changed from an elliptic to a parabolic one. This change shall 
considerably simplify the numerical treatment of the system.

The basic difference between forced and free convection can 
be readily seen from equation (35)i which is coupled through the 
last right-hand term with the energy equation (34). This means, 
that both these equations must be solved simultaneously. In the case 
of forced convection, there is no such coupling and the flow field 
can' be solved independently before the temperature field is cal­
culated. It is clear, that calculations of natural convection are 
for this reason intrinsically more complicated than similar cal­
culations of forced convection.

3*8 Initial and Boundary Conditions

The complete formulation of a problem described by partial 
differential equations must include appropriate boundary and/or 
initial conditions. We are considering a parabolic problem here, 
and therefore both initial and boundary conditions arc required.

Initial conditions must be given in the whole domain at t ~ 0 . 
Moreover, boundary conditions for X = $ ,  y  ~ Q , and y -poo ,:iv.st 
be specified. The boundary conditions could be a function of time.
No condition is required for X ~ L , because our equations are 
parabolic in that direction.

In agreement with the definition of our problem, as given in 
Section 3*1 , we specify the following initial conditions

is

(32)

t —  0



-25-

anti tiuxmdary conditions

-> o o

6/ = 0, v/= (? / T =  7^ (3ff)

A difficulty arises at the left lower corner of the field 
(see Pig* 1 ). At this point, the temperature specified for y = Q

However, such singularities are relatively common in the nu­
merical treatment of partial differential equations. This singular 
point deformates the solution in its neighbourhood, and under 
certain circumstances can become the focal point of a numerical 
instability. Its influence upon the solution shall be seen from 
the discussion of our results.

is Tw , but
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4. TURBULENCE MODEL

We have formulated in the preceding Chapter a system of partial 
differential equations, employing the concept of eddy diffusivities. 
These diffusivities are not material properties, but are functions 
of the mean flow field. Therefore, a necessary condition for pro­
ceeding further with our analysis is that a method for their cal­
culation from the mean flow field be prescribed. Such a method is 
usually called a turbulence model.

4.1 Phenomenological Models of Turbulence

The first suggestion how to determine the value of is due to 
Prandtl /152/. He proposed the well-known mixing-length hypothesis

(**>

This does not seem to be a big progress, as another unknown pa­
rameter was introduced by this equation. However, the mixing 
length "i can be evaluated from the geometry of the flow system 
and, moreover, it varies much less than the eddy difxusivity .

Subsequently, more sophisticated approaches were proposed by 
other authors. An important formulation was that of Kolmogorov /136/, 
who connected with the kinetic energy of the fluctuating velo­
cities. In his model of turbulence, it is possible to derive 
a differential equation with the turbulent kinetic energy as its 
main dependent variable, Rotta /155/ proceeded further and pro­
posed a differential equation for the length scale also.

Turbulence models employing differential equations are quite 
abundant today (see e.g. Bradshaw et al. /105/, Mg & Spalding /I48/, 
Hanjalid & Launder /124/), but all of them have a serious drawback: 
they contain empirical coefficients, which must be suitably ad­
justed by comparison with experimental data. This whole approach 
is in a certain sense nothing else but a sophisticated curve 
fitting. The number of the empirical coefficients usually increases 
much more rapidly than the accuracy of the predictions, and there 
docs not seem to be any justification for the use of some of the 
more complicated models.
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These methods wore applied, exclusively to forced convection 
problems. The only exception is the recent work of Mason Seban 
/60/, who employed the turbulent kinetic energy equation for their 
calculations of steady turbulent natural convection.

4.2 The Turbulence Model of Wee & Kovaajsnay
One of the recently proposed models is that of Wee & Kovasznay 

/147/. This model appeals mainly by its relative simplicity. On the 
other hand, its accuracy and predictive ability also seem to be 
satisfactory. In fact, Wassel & Catton / I64/ in their calculations 
of forced convection boundary layers obtained bettor results with 
this model than with the more complicated turbulent kinetic energy 
equations. Per its relative simplicity and good accuracy, this mo- 
del was chosen also for our calculations.

We define effective viscosity as the sum of kinematic viscosity 
and eddy diffusivity of momentum, i.e.

6) =  ^ 4 - 6 ^

The basic idea of the Wee-Kovasznay model is to wri:.o a rate 
equation with the effective viscosity as the dependent variable.
For a boundary layer, this equation is

The left-hand side represents convection of the effective 
viscosity by the mean flow. The name advcction instead of con­
vection is sometimes usee in turbulence models of this type.
The first term on the right-hand side represents nonlinear diffus- 
ion. The turbulent motion diffuses by itself, and it seems reason­
able to use the effective viscosity as its own diffusive coefficient.

The generation term G is formed from a rough analogy with pro- 
duotion of turbulent kinetic energy. It is known, that this product­
ion is increasing with the magnitude of /gy/and also with the level 
of turbulence, i.e. with €M . The generation to mu is constructed 
as the simplest form compatible with the two requirements, which 
is
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In this equation, ^ is an empirical constant. The dissipation
term j) is again constructed from an analogy with turbulent kinetic 
energy, for which the rate of decay, in a rough approximation,
is

d  u'- c ( u ' £) (4J,)

The rate equation (4 0) in absence of the convection, diffusion, 
and generation terms is reduced to

9 Ct) -p,
~  ~  -  D  (43)

Comparing this equation with equation (4 2), the form of the 
dissipation term is chosen as

In order to obtain a more appropriate behaviour for Ŝ -i> 0 , 
and for dimensional considerations, the final form of the dissipat­
ion (or decay) term is chosen as

B-9 = -pr co ( u - v )  (4S)

In this equation, 5  is another empirical constant and *£ is 
a characteristic length. The authors suggest (see /147/) & ~ y  for 
boundary layer flows and we shall adopt this idea.

Inserting the generation term (41) and the decay term (4 5) into 
the rate equation (40), we have now

+  A ( a > - y )  j  - - j  - a, r-y-y; ( 4 S j

However, solutions obtained from this equation in a region
where the kinematic viscosity is dominant cannot be accurate. For
tiiis reason the equation (4 6) is used in the outer part of the
boundary layer only, and its solution is matched to a law of the
wall somewhere near the surface, but st'ill outside of the viscous 
sublayer.

a-  L
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4*5 Law of the Vail

It had been observed that experimental turbulent velocity 
profiles in the vicinity of a wall could be correlated by a univers­
al curve in nondimensional coordinates. Various research workers 
subsequently formulated.different algebraic correlations, from which 
the universal velocity profile can be calculated. Such a formula 
is usually called a law of the wall.

Compilations of these formulae were given by Kestin & Richardson 
/134/, Herring & Mellor /127/, and also in the Kays' textbook /135/.

One of the best-known models is due to von Kdrmdn /132/, who 
divided the boundary layer into three distinct regions and wrote 
an algebraic equation for each of them. Later, Reichardt /153/, 
van Driest /ll6/ and Spalding /160/ suggested models covering the 
entire boundary layer by one equation only.

We shall use here the law of the wall as formulated by Deissler 
/115/. This model consists of two equations, but the first one is 
valid for y'h£ 2S' and covers the laminar sublayer and almost the whole 
buffer layer.

The velocity profile is expressed as

This formula is convenient from the computational point of 
view, as it is relatively simple, but at the same time covers 
the whole region of interest by one equation. Mcreover, it has been 
successfully applied in many hoat transfer calculations. Writing (4$) 
in dimensional form, we have

This formidable formula is certainly not very practical, but 
we are interested in \u ‘not so much in U ¥a<j>(y+) . ;he
required formula can be readily obtained from equation (47), if 
we remember that

The resulting formula for is

CO -  v ( i  ^
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The effective viscosity shall be calculated in the inner region, 
covering the whole laminar sublayer and a part of the buffer zone, 
from the equation (SO).

4.4 Turbulent Prandtl Number

By means of the equations (46) and (50), we are in a position 
to calculate the eddy diffusivity of momentum. However, it is 
necessary to evaluate also the eddy diffusivity of energy. This is 
usually accomplished by introducing the so-called turbulent Prandtl 
number. Its definition, in analogy with the 1 normal1 Prandtl number, 
is

Unfortunately, its evaluation is somewhat more difficult than 
its definition. The usual approach to the evaluation is based on 
an analogy between turbulent diffusion of heat and ‘momentum. These 
analogies were extensively discussed by Knudsen & Katz /l35/»
Kays /133/s and in the field of mass transfer (diffusion of mass 
instead of heat) by Skeiland /l59/» The first such analogy is due 
to Reynolds, who simply postulated . This means, of course,
that the turbulent Prandtl number becomes constant and equal to 
one. In spite of its crudity, this hypothesis yielded surprisingly 
good results.

The simple Reynolds' analogy was later refined by many research 
workers, and some of them, e.g. Jenkins /131/, derived quite com­
plicated formulae for ~ <f>(6̂ ). uocuntly, such correlations
were proposed by Tyldesley & Jilver /l63/» Cebeci /lO?/, and 
Wassel &, Catton /164/.

The available experimental data were evaluated by Kestin & 
Richardson /134/, and it can be clearly seen from their comparisons, 
that the agreement among the results of various investigators is 
not very good. However, most of the data lie between 'Pqj*ssOf 6and 

....: •over, the variation of the turbulent Prandtl number 
with distance from the wall .'.a practically insignificant.

The uncertainty does not warrant the use of a sophisticated 
model, and a constant value of the turbulent Prandtl number, 
approximately equal to one, is used in most applications. We shall 
also apply this method here.



-31-

4.5 Empirical Constants

Each phenomenological model of turbulence contains a number of 
empirical constants, which must be adjusted in such a way, that 
agreement with empirical data is obtained. In our case, altogether 
five constants must be given appropriate values. These constants 
are: A and B in the Kee-Ixovasznay partial differential equation 
(4 6); /? in the Deissrer1 s law of the wall (50) 5 the boundary 
between the inner and outer region; and the turbulent Prandtl 
number . „ ortunately, with only one exception, their values 
can be taken from literature.

Bee & Kovasznay propose in their original publication /147/ 
the values A = 0,133 and B = 0,8, In a later'article, Kovasznay 
/137/ suggests A = 0,1 and B = 1,0, Wassel & Oatton /164/, who 
applied this model to forced convection boundary layers, also 
used the values A = 0,1 and 3 = 1 , 0  with good results. Therefore, 
the values A = 0,1 and 3 = 1 , 0  have been chosen also for our cal­
culations.

The constant ft in the law of the wall (5 0) was calculated by 
Deissler /115/, and its value is /7 = 0,124.

Kestin & Richardson /134/ recommend the value of the turbulent 
Prandtl number around P/% = 0,78 , while Grober et al. /123/ suggest 
P/%. = 0,8 . The later value shall be also used in our calculations.

The only remaining constant is the boundary between the inner 
and outer region, , The law of the wall must cover the whole
laminar sublayer, and therefore Aov&sznay /137/ suggests
30 < y ^ <  100 , but after some numerical experiments, ~ 13

was chosen as the optimum value for our calculations. This relativ- * 
ely small -value obviously results from the small magnitude of wall 
friction in natural convection flows.

4 .6 Complete Mathematical Formulation of the Problem

We shall give here for convenience the complete mathematical 
formulation of our problem. The system of equations consists from
the continuity equation

-i r - + - S 7 - =  '

the momentum equation



-52-

the energy equation

at 9* 9/ 9y L TYf
the effective viscosity rate equation

2 ^  +  U lBL 4- v i a .  =  ̂  „     ,ZI
a t ax a y  a y  i- a y  i '' // a-y

__J_. c a ( c j - y )  f o r  y z t e i ^ L . .  ( s s )

and the law of the wall

rv = y  {  i *- nz ^ — [  f -  e x p ( - n 2^ f - ) ] }
"P"

for y 5 -Ah3-----  rvff)
It is obviously required, that the effective viscosity profile

be continuous at V * , i.e.
'iim

f/'m a; =  A'#? a; fy*") # " 7 9
y ^ * L -

It shall be assumed, that equations (52-56) apply for the 
entire boundary layer, starting from the leading edge of the plate.

The initial and boundary conditions must now include also the 
appropriate values of effective viscosity.

The complete initial conditions

Z == # ; - w  = 4?, y  = r  = , a; = v

and the complete boundary conditions

x — 0 / y  > 0 : U "  0 t T  ~ T f t ~ y
y  ~  o  : v = <7 z i/ ™ o , t -  r¥/ , cj ~ -y
y <X3 u  ~ o  7 = 7  ̂ / co ~ y

describe, together with the system of equations (52-56), the problem 
of unsteady turbulent free convection, as defined in Section 5.1. 
This system must be solved by a numerical method and that will be 
the subject of the following Chapter.

f ( & )

J



5. NUMERICAL METHOD

It is impossible to solve our system of equations (52-56) 
analytically, and resort to a numerical method must be taken.
A sufficient number of various numerical methods has been develo­
ped to select from, e.g. the finite-element method, employing va­
riational principles and used mainly in stress analysis, the method 
of lines, transforming a partial differential equation into a system 
of ordinary differential equations, or the Monte Carlo method, ba­
sed on random walk and utilised for treatment of some diffusion 
problems.

However, the most widely used numerical approach .is the method 
of finite differences, which shall be used also in our case. There 
is a number of fine books describing this method, and at least the 
treatises of Forsythe & Wasow /l76/, Richtmyer & Morton /I89/ and 
Ames /l66/ should be mentioned here. Dusinberre /ll7/ described 
the applications of this method in the field of heat transfer, but 
his book is somewhat outdated now. Our system of equations is of 
the parabolic nature and with this special case the publications 
of Saul'yev /190/, Douglas /l73/ or Keller /l8j/ are concerned.

5.1 Finite Differences

The basic principle of this method is transformation of a partial 
differential equation into a finite-difference equation, which is 
algebraic and can be solved numerically.

...Consider .a two-dimensional rectangular region, in which a par­
tial differential equation is defined. Let us superimpose a paral­
lel rectangular grid on this region, with grid steps £X and a y  .
The grid points are denoted by indices as shown in Fig. 2 . At 
a grid point, the function (ft , which is a solution of the partial 
differential equation, can be expanded into Taylor series

and after dividing by A X , we obtain the relation
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v = f
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d x a  x L j
This is called the forward-difference approximation. The analogous 
backward-difference approximation

is obtained in a similar way. It can easily be shown, using again 
the Taylor series development, that the second partial derivative 
is approximated by

The corresponding approximations for partial derivatives in 
the y -direction are obtained in a similar fashion.

The finite-difference equation results from a partial differential 
equation, if the partial derivatives are replaced by their finite- 
-difference approximations. The solution of the finite-difference 
equation is reprt . ented by numerical values at a set of discrete 
points in the region. These values approximate the exact solution 
of the continuous problem defined by the partial differential

We shall now replace the partial derivatives in equations 
(52-55) by finite differences. The analogous laminar problem has 

- been successfully treated by Heliums & Churchill /41,42/ and we 
shall use a similar approach here. The numerical stability of the 
algorithm is closely connected with proper choice of the finite- 
-difference approximations to the first-order partial derivatives 
in the convective terms. As discussed by Heliums & Churchill /41/, 
some choices lead to unconditional instability, and we certainly 
do not desire anything like that.

The backward difference shall be used for the replacement of 
the first derivative associated with the vertical velocity com­
ponent , which is always positive. On the other hand, the forward 
difference shall replace the first derivative associated with the 
horizontal velocity component, which is always negative. The reason

equation.

5.2 System of Equations to be Solved
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for this particular choice shall be explained in our discussion 
of numerical stability in Section 5*4 • These so-called 'upwind' 
differences were probably used for the first time by Courant et al. 
/I69/ in a finite-difference solution of nonlinear hyperbolic partial 
differential equations. Charney & Phillips /ill/ applied this method 
shortly afterwards to a meteorological problem, which seems to be 
the origin of the name.

The system of equations (52-36) is then approximated, with 
reference to Pig. 2 , by the following system, of finite-difference 
equations:

TU  " Ti,j~ I T  %  C Ti.j - ~ 57 v'',j ~ T'.j) +

+ U y p - [ ( K l

ulj = W'V “' v f % " u/wvd-27 vi,j -

+(iyrz ('u' j  - u>-j-■/)]*■
+ At p ( T ;j -  Tf) (Sir)

y * j  =  6 % -  -  « / . ^

y *j -  v “,j-< ~  4 f  ^ ~  u h j )  ( e 7 )

- t o " :  = V. +  n2 u ttj  Yj [1 -  e x p  ( -  n*- -- y  ^

f o r  y * j  =  /;L

=  a >'.j ~ T 7 u'J(‘0l>j~IVi~l'j)'"Zy v!,j(co>-lr r a)i,j)-h 

+  "  ̂ ' V - s  -  +

+  ■fy' ^ (u i'j ~ v) I u i,j ~*4i,j-A~Tj£ s  u i,j c ^

for x g  >  /,L 6 ^ ;



In this system, we take

The Deissler1s correlation (5 0) was derived purely for steady 
state. This is partly compensated by lagging the corresponding 
equation (68) one time step behind the solution.

It is not necessary to repeat the initial and boundary con­
ditions here, as the formulation is straightforward. The asymptotic 
conditions for y-*- go are an exception, and they must be suitably- 
approximated. In a transient, the thickness of the boundary layer 
is growing physically with time. The values of 4V , 7", and &> on 
the last vertical grid line before the outer boundary will be 
checked at each time step, and if there is a change in any of these 
variables bigger than a specified criterion, the thickness of the 
region covered by the grid shall be increased. In this way, only 
a field of the necessary size shall be computed.

It can be seen, that an explicit scheme was chosen for the 
algorithm. Such a scheme is relatively simple and because of the 
parabolic nature of the system allows us 'to march forward' down­
stream along the wall and in time. The alternative is an implicit 
scheme, which permits a longer time step, but on the other hand, 
a large system of simultaneous nonlinear algebraic equations must 
be solved by iterations at each time level. In comparison with the 
explicit method, the longer permissible time step would hardly 
compensate for the substantial increase in computing time per one 
time step. Moreover, we are solving a transient problem here, in 
-which the intermediate results of the explicit method can also be 
of interest to us. lor these reasons, the explic.it method seems 
to be more suitable for the treatment of our problem. If the steady 
state solution is required only, the algorithm (64-69) can be re­
garded as a special (although not especially economic) iterative 
procedure. In such a case, initial conditions approximating the 
expected steady state profiles would save some computing time..

5,3 Errors Associated with the Method
The finite-differ =nce scheme is an approximation, and as all 

approximation::, it is associated with some errors.
Round-off errors are common to almost al.1 numerical calcu­

lations. These errors arc introduced by our inability to perform



numerical calculations with infinite number of significant figures. 
For example, the single-precision arithmetic of the IBM/'560 com­
puters carries only 6 significant hexadecimal digits, corresponding 
approximately to 7 significant decimal figures.

However, there are also another errors, inherent to the finite- 
-difference method. The error caused by the replacement of a con­
tinuous problem by a discrete model is called the discretization 
error. It is the difference between the exact solution of the par­
tial differential equation and the exact solution of the correspond­
ing finite-difference equation (which is supposed to be stable and 
convergent).

The error arising from cutting off the Taylor series development 
(60 etc.) is called the-truncation error. This error is usually con­
sidered to be identical with the discretization error. However, 
this is not the case, strictly speaking. If the boundary conditions 
have to be also approximated by finite differences, an additional 
error is introduced, and the discretization error is larger than 
the truncation error.

Another error, which is peculiar to the use of the ’upwind1 
(or generally one-sided) differences, is called 'false' diffusion. 
However, it has been shown by Gasman et al. /122/, that this effect 
is negligible, if the velocity vector and one coordinate axis are 
parallel. This condition is practically satisfied in a boundary 
layer flow, so that it is not necessary to consider this effect 
further in our work.

5*4 Stability and Convergence
One very important property of a finite-difference scheme is 

its numerical stability. There is a number of different mathematical 
definitions of the stability, but the basic question is: If at 
a certain time level some small errors (e.g. round-off) are added 
to the solution, what happens in the subsequent time steps? The nu­
merical scheme is stable, if these errors decay with time, or at 
least are bounded. On the other hand, if the errors are amplified, 
the numerical scheme is unstable. Such a scheme is practically 
useless, because the solution is very soon obliterated and in the 
end completely destroyed.

The problem of numerical stabili.y of finite-difference 
schemes was extensively investigated by HuFort & Franks1 /175/,
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Lax & Richtmyer /18$/, Douglas /l?!/ and others (see Riohtmyer &
Horton /189/), A frequently used method of stability analysis 
seems to be due to von Neumann. In this method, an initial row of 
errors is represented by a finite Fourier series. Its application 
to the one-dimensional equation of transient heat conduction is 
given e.g. by Schneider /158/. The result is the well-known 
stability criterion

(a *)*-A t  Z  (71)
Z cO

However, this analysis is strictly valid for linear equations 
only. Moreover, it does not take boundary conditions into account.

Another method, due to John /l8l/ and also described by 
Forsythe & Wasow /176/ and others, seems to be more suitable in 
our case. It was also used by Torrance /G?/ in his discussion of 
finite-difference methods for unsteady laminar free convection in 
cylindrical enclosures. John /l8l/ investigated the second-order 
parabolic partial differential equation

4 r -  =  *  ( x t f t - k  +  b (*■*) S t -  +  c (x,t) $  +d(K,t) (7 2)T t - """/ -dt

in which d (X/t) 5 Q .
The mathematical discussion is complicated and transcends the scope 
of this dissertation. However, the resulting stability criteria are 
quite simple.

The explicit finite-difference scheme corresponding to the 
equation (7 2) can be written as a linear combination of known 
.function values, viz.

The essential requirement is that the norm of the matrix of 
the coefficients be at all times bounded by unity. If the co­
efficients in equation (75) fulfil the inequalities

! „  5 0  ( 7fy)
k

and

( +• I, +- L  £  ( (7S)

I

i
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the finite-difference scheme (73) is called approximation of po­
sitive type and is stable.

For nonlinear partial differential equations, the heuristic 
approach suggested by Bichtmyer & Morton /I89/ has to be used also 
in our case. This means, that the criteria (74) and (75) are used 
as local criteria only, because the coefficients depend on the so­
lution being calculated.

Fo-u our finite-difference equations (6 4)1(65), and (6 9), the 
linear combination analogous to (73) is

4>[j = I, */« h j + h  (76)

in which instead of the dummy variable tf> either T  or V or oj may 
be inserted. The stability condition, besides the requirement (74) 
of nonnegative coefficients, is now

4 /
y  i, s  / (77)
f a  k

If equation (65) is written in the same form as (76), we 
obtain

z (78)

62. ( ~  AX V'J +  A/ 7tJ ~(Ayjl ̂ ij+i ay)iA>',j-i (73)

Is =  - i y  n-y +  7 ^ 2  (so)

 u  =  < « >

The coefficient is always positive, because CO > 0  . The 
use of the 'upwind1 differences ensures, that and will always 
be nonnegative, because and V Q . (It can easily be shown,
that if the backward and forward differences connected with the con­
vective terms were interchanged, the corresponding coefficient 
becomes negative in the major part of the flow field, and the cor­
responding finite-difference equation is unconditionally unstable.)
V/e can see also, that

L  =  ( -  ( i i ¥  +  h )
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so that the condition (77) is always fulfilled. The only remain­
ing condition is th' v J” be nonnegative. This can be achieved by 
suitably adjusting A't , so that

* * { ( & £  y w >  l  +  - ^ r  )  = /  ^
This conn;tion must be satisfied at all grid points. In a similar
way, we obtain for equation (64) the stability criterion

A t  B  V  *1 + u hj-iQ +  "Tx + ^Zy",J  =  ^

The stability analysis for equation (6 9) is somewhat more 
complicated because of the last two terms. Riohtmyer & Morton /I89/ 
investigated a similar problem and came to the conclusion, that 
the stability is practically unaffected by such low-order terms. 
Therefore, it seems to be justifiable to neglect these two terms, 
and in. such a case the stability criterion for equation (69) is 
identical with the condition (84)-

The permissible time step shall be determined by only one of 
the criteria (8$) and (84), depending upon the magnitude of and
K2 • naturally, the shorter time step must be taken. From the time
step limitations and especially from the dependence upon the square 
Of 4 y follows, that we are usually faced with a Scylla and Charybda 
situation, namely accuracy versus economy. It is evident from the 
stability criteria (83) and (84), that a finer mesh size (higher 
accuracy) is associated with a shorter permissible time step 
(longer computing time), and vice versa. It may sometimes be 
difficult to achieve sufficient accuracy together with acceptable 
computing times (and costs, of course).

Another important property of a finite-difference scheme is 
its convergence. A finite-difference equation is convergent, if 
with successive refinements of the mesh size the exact solution 
of the finite-difference equation approaches more and more closely 
the exact solution of the approximated partial differential 
equation, i.e. the discretization error is monotonously decreas- 
ing. The analysis of convergence is again very complicated. Ri­
gorous analysis "of this problem is available for linear equations 
only, and in the lack of anything bettor, it is applied heuristical- 
ly also to nonlinoar problems, lax & Riohtmyer /185/ investigated 
relations between consistency, stability, and convergence of
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linear finite-difference problems, using Banaoh spaces. The result 
of these investigations is known ap the Lax1s Equivalence Theorem 
(see Richtmyer & Horton /189/) ; 'Given a properly posed initial- 
-value problem and a finite-difference approximation to it that 
satisfies the consistency condition, stability is the necessary and 
sufficient condition for convergence.' Physical problems are normal­
ly properly posed and consistent in the sense of this theorem. The­
refore, convergence and stability are equivalent in our case, and 
satisfaction of the stability criteria (8?) and (84) also ensures 
convergence.

5.5 Calculation of Wall Gradients and Nusselt Numbers
The most important results of our calculations will be heat 

transfer coefficients, which are evaluated by means of the non- 
dimensional Nusselt number

Heat flux at the wall can be expressed either by the heat 
transfer coefficient

or, by temperature gradient at the wall

riv * c m3 /  /tv
From equations (85-87), we have

(f£l x
r,tv Tt

(87)

(88)
It is obvious, that the evaluation of the temperature gradient 

at the wall is a necessary step before calculating the Lusselt 
number from equation (88). Temperature values are known av the grid 
points only, and for this reason a numerical differentiation for­
mula must be employed. There is a suffioient number of such formulae 
to select from (see e.g. /160/ or /I84/), and the four-point 
Lagrangian formula

/ g T )
f a y



was applied here. The knowledge of the wall friction

^  = r  . < * ° )

is not especially important in natural convection problems, but 
it shall also be evaluated in our calculations. For this purpose, 
the three-point Lagrangian formula

( j f l  ^  ( ~ Su< * (3i)
shall be used to evaluate the velocity gradient at the wall.

From the equation (88) together with equation (89) the local 
values of Husselt number can be calculated at all stations along 
the wall. The overall Nusselt number for the entire wall is

fL ,Nu, = / — -—  dx (92)
0J X

and as Nux is known at discrete ’points only, a numerical formula 
must be eSloyed again. In this case, the five-point closed Newton- 
-Cotes formula (sometimes called Boole's rule, see /l80/)

x#
J.<f> ( x ) d x « — i -h ZjiSj (ss)

was chosen. This formula is applied consecutively along the entire 
wall. nhe necessary condition is, of course, that the number of 
intervals be divisible by four.

The local Nusselt number is a function of position, and it can 
be,-assumed, that tnis function is of the form

it
A/w* =  4 . G Q

for a constant Irandtl number. It cannot be expected, that all 
calculated points exactly satisfy the correlation (94)• Therefore, 
the constants a and must be evaluated according to an approxi­
mation method, and we shall use the least-squares criterion

tnttx . „ f

\ ( N y . —  4 Or. ) == m i  ft., (9S)
i«

This formulation leads to a system of two simultaneous non­
linear algebraic equations, which must be solved by iterations,
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The overall Nusselt number can be then also calculated ana­
lytically from the equation (92), into which equation (94) has been 
inserted. After some elementary manipulations, we obtain

5.6 Computer Programme

It is obviously impractical to solve our problem by hand cal­
culations. A computer programme, based on the algorithm, given by 
the equations (64-69) and incorporating the numerical techniques 
described in this Chapter, was written in FORTRAN IV, successfully 
compiled and employed for the calculations presented in the follow­
ing Chapter. A short description of the programme and its listing 
are given in Appendix A. The programme can also be used for cal­
culations of laminar free convection transients or as a special 
iterative method for calculations of steady state free convection. 
However, the later application of the programme cannot be recom­
mended on the basis of economy, as convergence is very slow.



6. RESULTS OF CALCULATIONS

The caloulations of complete transients are quite expensive 
(long computer times) and for this reason, only three transients 
t'K.re calculated. In this Chapter the scope of the results is 
ti-.'vcribed, but they will be discussed mainly in the following 
Chapter.

6.1 Common Features of the Calculations

The applicability of the programme was demonstrated by per­
forming calculations for three different fluids. These fluids were 
dry air, water, and mercury, and they were chosen as representative 
for gases, liquids, and liquid metals. In all three cases, the cal­
culations were done in a similar way and to the same extent.

The choice of a suitable combination of mesh size and time 
step always was the main problem. Although the stability criteria 
(83) and (84) were known, they could not be used beforehand, due 
to the lack of any a priori knowledge of the magnitude of the ef-, 
fective viscosity. For this reason, it was always necessary to 
rup a number of test cases, from which the maximum permissible time 
step could be estimated. If a numerical instability did occur, it 
V{as always followed almost immediately by many under- and/or over­
flows in the calculated values, and the execution of the programme 
was automatically terminated by the diagnostics of the computer 
operating system. Therefore, no built-in safeguards in the pro­
gramme itself were required.

The duration of a transient was estimated from the formula 
of Siegel /B)/, which shall be later given here as equation (97)»

For each fluid, two calculations are presented. The main 
calculation covers the whole duration of the transient. In this 
calculation, a short time step was required to satisfy the sta­
bility criteria, due to high velocity and effective viscosity 
values at the end of the transient. On the other hand, at the 
beginning of a transient the velocities and especially the effect­
ive viscosities are still quite small, and a considerably longer 
time step is permitted. Therefore, a control calculation for the 
same conditions, but with a longer time step was also carried out.
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This calculation covered only a part of the transient. Its purpose 
was to estimate the discretization errors in the main calculation.
In all three cases, the difference between the results of the two 
calculations was practically negligible. It was shown in this way, 
that the satisfaction of the stability criteria also ensured a suf­
ficient accuracy.

The coefficients used in the turbulence model were the same in 
all three cases. For their values and discussion, see Section 4*5 • 
The value of the gravitational acceleration used in the calculations 
was - 980,665 cm/s .

The results of a calculation were obtained in the form of com­
puter printout and plotter drawings. The curves produced by the 
plotter show in the case of the main calculations the development 
of temperature, vertical velocity component, and effective viscosity 
profiles in the middle, three quarters and at the upper end of the 
plate. Moreover, drawings of the overall iVusselt number as a function 
of time and of a steady state heat transfer group as a function of 
the position along the plate also were produced. In the case of the 
control calculations, only the development of temperature and ver­
tical velocity component profiles at the upper end of the plate is 
shown here. All these curves are presented in this Chapter.

The computer printout consists of a title page, on which all 
data defining a problem are printed, and five pages for each time 
step selected for printing. The first four pages give the vertical 
velocity component, horizontal velocity component, temperature and 
effective viscosity fields, respectively. The last page contains 
certain local values, such as wall stresses, local Grashof numbers, 
local iyusselt numbers etc. The overall Nusselt number, calculated 
by numerical integration, is also given here. Moreover, the coef­
ficients of the formula (94) are printed on this page. Otherwise, 
the printout is largely selfexplanatory. It is quite voluminous 
and it shall be presented therefore in the Appendix B.

In all calculations, the medium was under normal atmospheric 
pressure. As mentioned in Chapter 5, all properties are evaluated 
at the same temperature. We shall use the mean film temperature 
equal to the arithmetic average of Ttv, and 7^ . The effect of the 
choice of another reference temperature was not investigated.

All calculations were carried out on the IBM 570/145 computer 
of the University of the Witwatersrand.
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6,2 Dry Air

The calculations were done for a plate of the length L  = 80 cm. 
The initial temperature was Tw ̂  Tp - 20 degC, and the wall tempe- 
rature was suddenly raised to 7̂, = 90 degC'. The corresponding 
Rayleigh number is 2,22$ . 10* and brings us into a region
for which the use of turbulent correlations usually is prescribed 
(see e.g. /l22/ or /140/). The physical properties of dry air were 
taken from a table given on p. 565 of Chapman /llO/. A part of the 
table was approximated by polynomials in the sense of least squares 
(see Appendix C), and these polynomials were incorporated into the 
computer programme. The values of physical properties, together 
with all other data defining the example, are given on the title 
page of the computer printout, presented in the Appendix B.

The grid spacing of AX = 5 mm and A y  = 1 mm is relatively 
coarse, but gives sufficient accuracy. With this spacing, time step 
A t  ts 0,0023 s must be used to ensure numerical stability during 
the whole transient. The duration of the transient was estimated 
as approximately equal to 4,2 s, according to Siegel /Sj/. After 
4 s real time, the temperature and velocity profiles reached 
practically steady state, and although the development of the 
effective viscosity field has not been fully completed, the execution 
of,the programme was terminated. The results at £ = 4 s are re­
garded as the steady state in the following text.

The main calculation took 137 min. CPU (central processing 
unit) time on the IBM 370/143 > corresponding to 4 s in real time I 
The control calculation covered only the first 1 s of the transient. 
As the velocity and effective viscosity values are much smaller at 
""this stage than in steady state, the time step A t  = 0,005 s can be 
used without any danger to the numerical stability. Moreover, the 
boundary layer thickness also is smaller than in the later part of 
the transient. Therefore, the required CPU time of 14 min. was na- 
turally much shorter than for the complete transient.

Pigs. 3-11 show the development of the temperature, vertical 
velocity, and effective viscosity profiles at stations X = 40 ,
60 , and 80 cm, respectively. The symbols on the curves represent 
grid points of the finite-differonce scheme. The points are relat- 
ively sparse and for this reason the curves in between them were 
interpolated by Lagrange polynomials (see e.g. /179/). A part of 
the corresponding computer printout is given in the Appendix B.

A
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The development of temperature and velocity profiles, obtained from 
the control calculation, is presented in Figs. 12 and 15 for the 
upper end of the plate only.

As expected, the thicknesses of the heat and momentum boundary 
layers are almost equal ( P r ^ l ) . A quite interesting feature of the 
curves is the flattening of the outer part of both temperature and 
velocity profiles and the associated decrease of the peak velocity 
after reaching a maximum. This behaviour is obviously connected with 
the onset of turbulence and the consequent increase of the effect­
ive viscosity. A similar flattening effect of turbulence had been 
observed in forced-convection fluid flow and heat transfer studies.

The most important engineering aspect of the present study is 
the question, whether neat transfer coefficient goes through a mi­
nimum before reaching its steady state value. The existence of such 
a minimum was indeed confirmed by our results and this so-called 
'overshoot' can be clearly seen in Fig. 14, giving the overall 
Musselt number as a function of time. The 'overshoot' is about 
8 ,5 % below the steady state value in this particular case.

In Fig. 15, the local steady state Husselt numbers along the 
plate are given. At the leading edge, there is a singular point, 
with which an infinite heat transfer coefficient is theoretically 
associated. This leading edge effect disturbs local heat transfer 
coefficients in the lower quarter of the plate. However, in the re­
maining part of the plate, the local Nusselt numbers are very close­
ly approximated by a correlation of the form (94).

If the overall Husselt number is calculated analytically from 
the equation (96), the value of NuL = 130,95 is obtained. This is 
about 7,6 % below the value, resulting from the numerical Integration 
of local values along the wall. Naturally, a complete agreement can­
not be expected due to the least-squares approximation, but the 
main contribution to this discrepancy seems to be coming from the 
leading-edge effect.

As mentioned above, a further discussion of the results is post­
poned to the next Chapter.

6 .3  Water

The length of the plate considered,in this example was L = 10 cm 
The fluid and wall temperatures were the same as in the example with 
air, i.e. Tf ~ 20 degC and 7%, - 90 legC. The resulting Rayleigh num­
ber = 4,195 • 10^ is sufficiently high ro bring us into the
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region, which is usually considered to be turbulent. The physical 
properties were calculated in a similar way as in the case of air, 
but the source was this time a table given on p. 414 of Grober et al. 
/123/. The evaluated properties and all other necessary data can be 
found on the first page of the computer printout, given in the 
Appendix B.

The grid spacing of & X = 0,25 cm and A /  = 0,015 cm was chosen 
as suitable for this problem. The gradients of all profiles are much 
steeper now and therefore a muoh finer mesh eize is required than 
in the case of air. The time step At = 0,005 s still ensures nu- 
merical stability. This doubling of the permissible time step in 
comparison with the case of air is rather surprising, especially in 
connection with the considerably refined mesh size. However, after 
an inspection of the stability criteria (83) and (84) it can readily 
be seen, that a simple explanation is the much smaller value of the 
kinematic viscosity of water.

The duration of this transient was again estimated according 
to Siegel /83/» and it was found to be approximately equal to 5 ,9 s. 
However, in order to obtain a perfeot steady state, the main cal­
culation was terminated after 8 s of real time. The required CPU time 
was 41 min. , which was much loss than in the example with air, but 
still quite respectable.

The control calculation again covered the first quarter of the
m a m  calculation, i.e. in this case 2 s of real time. For reasons 
givon in the preceding Section, a longer time step may be used, The 
value of 46 = 0,01 s was chosen, which means that the time step
was also here doubled in comparison with the main calculation, This 
resulted into a much shorter GPU time of about 4 min, only.

The development of the temperature, vertical velocity, and 
effective viscosity profiles is shown in Figs, 16-24 at stations 
X w b > 715» , and 10 cm, respectively. The corresponding computer 
printout is 1Iven in the Appendix B. The temperature and velocity 
histories, Figs. 25 and 26, are the only results of the control 
calculation presented hero,

In this case, the momentum boundary layer was somewhat thicker
than the heat boundary layer, Such a result can be predicted from 
the Prandtl number, which is higher than one here.

A similar pat born as in the case of air can also now be observed, 
i.e. the 'turbulent flattening' of the profiles and a temporary 
maximum of the peak velocities.
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I'ig„ 25 displays an interesting feature from the numerical- 
-analysis point of view. The waves on the temperature profiles are 
the first symptoms that we are on the limits of numerical stability. 
And indeed, according to the stability criteria (83) and (84), the 
permissible time step in this situation is A# = 0,0105 s . This 
is almost equal to the time step AH = 0,01 s , which was actually 
used in the calculation,, It can be seen, that the safety margin of 
the stability criteria is very small.

An 'overshoot1 of the overall Imsselt number was again obtained, 
as shown in Fig. 27. The minimum is 6,3 % below the steady state 
value. The percentual difference is somewhat smaller than in the 
case of air.

Fig. 28 shows the local imsselt numbers along the wall in 
steady state. The leading edge effect is exhibited also here and 
it again extends over the first quarter of the plate. Otherwise, 
the local Nusselt numbers are well approximated by a correlation 
of the form (94)«

If the equation (96) is employed, the overall Nusselt number 
Nu^ - 163,13 is obtained. This value is about 8,3% below the 
result of the numerical integration. The magnitude of this discre­
pancy is about the same as in the case of air and also the same
comments apply here.

6 .4 Mercury

After satisfactory results had been obtained for air and water, 
it was attempted to produce some results also for liquid metals.
This attempt was quite questionable, as certain assumptions in the 
derivation of our basic equations could possibly exclude liquid me­
tals from the range of applicability of our method. Mercury was 
chosen from this group of fluids for the study.

The length of the plate was selected as Z. = 12 cm . In this
case, the initial equilibrium temperature was - Tp = 0  degC, 
and the wall temperature was suddenly raised to 7%/ =s 40 degC. The 
corresponding Rayleigh number is = 2,52? . 10*, i.e. sufficient-,
ly high to require the application of turbulent formulae. The physio- 
al properties are a part of the input data in this oase, and they 
were tahon from a table given on p. 422 of Grbber et al. /I23/.
Their values and all other relevant data defining the problem are 
given on the first page of the computer printout, presented in the 
Appendix 13.
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The profile gradients are also in this case quite steep, and 
the grid spacing used for water was only slightly modified to

x = 0,20 cm and 4 /  = 0,018 cm » However, because of much higher 
values of effective viscosity, a considerably shorter time step of 
Ait - 0,0015 s must be used now to ensure numerical stability during
the whole transient.

The duration of the transient, as estimated a.ccording to oiegel 
/8)/, should be 2,13 s . It was found out, however, that steady sta- 
te is reached already sooner, and the main calculation was carried 
out for 1,8 s of real time only. The corresponding CHJ time was 
52 min. , somewhat more than in the case of water.

The control calculation covered 0,6 a of' real time, i.e. one 
third of the main calculation. The time step was increased to /I* = 
0,0025 s . The CPU time required for the control calculation was 
about 10 min.

The same set of curves as in the previous two cases is presented 
also here. Pigs. 25-37 show development of the temperature, vertical 
velocity, and effective viscosity profiles at stations X = 6 , 9 , 
and 12 cm , respectively. The computer printout is given in the 
Appendix 5. The control calculation is again presented only by tem- 
perature and velocity histories at the upper end of the plate,
Pigs. 58 and 39. All liquid metals have a very small Prandtl number,
with the consequence that the heat boundary layer is thicker than
the momentum boundary layer. This behaviour can be observed also in 
our results.

The profiles are now in some aspects quite different from the
results obtained for air and water. An interesting feature is the .
peculiar shape of the velocity profiles. This is obviously caused 
by the eddy diffusivity of momentum, which reaches very high values 
compared with tne kinematic viscosity, but the increase is limited 
to a narrow zone adjacent to the wall. Another interesting feature 
is the 'hump' on the outer part of the effective viscosity profiles 
in the later stages of development. It coincides with the region 
of peak velocity and seems to be caused by the small velocity 
gradients in this region.

Fig. 40 displays again an 'overshoot', but in this case the mi- 
nimum is only 3,9 bolow the steady slate value.

The local Husselt numbers along th e  wall in steady state are 
shown in Fig. 41. We can again see the leading-edge effect, but 
a part smaller than one quarter seems to be affected. The local
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Nusselt numbers are well : proximated by a correlation of the 
form (94)•

The overall Nusselt number, calculated from the equation (96), 
is N ul - 64,18 . This is only 3,5 % less than the result of nu­
merical integration of the local values along the wall, and the 
agreement is in this case surprisingly good.

We shall proceed now to the next Chapter, in which our results 
will be compared with data produced by other research workers.
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7. COMPARISON WITH PUBLISHED DATA

It is always essentia.- to know, how well our own results com­
pare with the data produced by other research workers. Agreement 
with established data can serve as a verification of new results, 
while a severe disagreement indicates that something is wrong some­
where .

Unfortunately, there are no published data, theoretical or 
experimental, with which our results c.uld be compared in their 
entirety. However, it is possible to employ as a substitution such 
data, which cover our results at least partially.

There are only a few formulae giving the duration of the tran­
sient and the velocity of the signal propagating from the leading 
edge, and all of them are for the laminar case only. Nevertheless, 
we shall make a comparison with them, to establish'at least the 
possible deviations caused by turbulence.

In the initial stage of the transient, the heat transfer regime 
can be classified as an almost pure conduction. This enables us to 
obtain an lalytical solution for a short initial period.

There are no data for the following intermediate stage, but it 
is clear, that at the other end of the transient a steady state 
murt be established sooner or later. Relatively many data concerning 
the steady state are already available (see Section 2.4). They can 
be in ...ome cases compared with our results, and this shall be done 
in the last four Sections of the present Chapter.

7.1 Duration of the Transient

It has been observed by all previous research workers, that na­
tural convection transients are extremely fast. This is a fortunate 
circumstance from the economic point of view, as the required com­
puter times are proportional to the duration of a transient.

To the author's knowledge, there is only one formula which gives 
the time required to reach steady state over an isothermal plate.
The formula is

t -= S, M  (0, 3 S Z  -t V r f  (ft p  A T )  x 2- (3 7 )

and it was derived by Siegel /83/, who used an integral method for
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tke solution of transient laminar free convection boundary layer.
He also investigated the sensitivity of the results with respect to 
the assumed profile shapes employed in the integral method and obtain­
ed an alternative formula with different numerical coefficients, but 
the results were almost identical.

If the time required to reach steady state is calculated from 
the equation (97)> we obtain for our examples: 4,2 s for air, 5,9 s 
for water, and 2,1 s for mercury. In numerical calculations, this 
value depends of course on the definition of steady state, namely 
on the arbitrary choice of the fraction of the asymptotic steady 
state value which is attained. For this reason we shall limit here 
ourselves to a qualitative discussion, as anyone can easily draw 
his own conclusions from the Figures presented in the preceding 
Chapter.

Generally speaking, the steady state is first attained by the 
temperature field, which is closely followed by the velocity field. 
However, the development of the effective viscosity field usually 
takes somewhat more time and there are still some small changes of 
the effective viscosity profiles at a time, when heat transfer coef­
ficients have attained completely steady values. Heat transfer is 
our main concern and if we consider Figs. 14, 27, and 40, respect- 
ively, we can see, that our results are more or less in agreement 
with the times predicted by means of the equation (97). However, 
as mentioned above, the degree of the agreement is to a great deal 
a question of the definition of the steady state.

7.2 Propagation of the Leading-Mge Effect

In the initial stage of a transient, the solution is dependent 
on time only. This phase is usually called the pure conduction 
regime. The singular point at the leading edge is source of a dis­
turbance, which travails with a finite velocity downstream along 
the plate. When this signal reaches a station, the solution at this 
particular coordinate becomes dependent on both time and position.
This is the intermediate stage. Finally, steady state is attained 
and the solution ceases to be dependent on time and is a function 
of position only.

It is evident, that the end of the pure conduction regime is 
identical with the propagation of the leading-edge effect. Formulae 
giving this signal velocity have been derived by two research
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workers. It must be remembered» however, that both formulae were
derived for the case of laminar flow.

Siegel /83/ derived, besides the formula (97) g' .j.ng the end 
of the whole transient, also another formula givin0 4-he end of the
pure conduction regime. This formula is

f air)

The sensitivity with respect to the assumed profile shapes is again 
small.

llanbu /64/ presented an analytical solution and his result can 
be written as

t = 4> (Vr) ($. p a t)*- Xr . (99)

This formula is very similar to equation (98), but the part 
which is a function of the Prandtl number is much more complicated 
here, involving multiply-integrated complementary error functions 
(see a table in Carslaw & Jaeger /l06/). The interested reader is 
refered to Qanbu's paper /G4/ for more details.

Our results are compared graphically in Pigs. 42-44 with the pre­
dictions resulting from the equations (98) and (99)• A similar prob­
lem is encountered here as in the previous Section, namely the quest­
ion ox a numerical definition of the end of the initial one-dimension­
al regime. It was defined here as the first occurrence of a change 
in the first three significant digits of the wall shear stress 
value, compared with the downstream values.

1ifaS, 42-44 show, that the disturbance defined in this way pro­
pagates with a velocity somewhat higher than those predicted by 
the equations (96) and (99). One possible explanation is that the 
increasing turbulence accelerates the propagation of the disturbance. 
Eowever, the turbulence is still quite small at this stage and the 
discrepancy may simply be caused by our strict definition of a dis­
turbance. iir>’"'ray, the agreement is quite reasonable.

7.3 Pure Conduction Regime

According to the initial conditions (50), all fluid is at rest 
when the transient starts. It can also be expected, that during 
a certain time after the start fluid velocities woulu be very small,
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80 that the convective terms and eddy diffuaivity in equation (54) 
can be neglected. This assumption leads to an equation of one- 
~dimensional unsteady heat conduction

0 r  . a 2 r"aT = ^ ap (ioo)
which describes, together with initial and boundary conditions
appropriate to our problem, unsteady heat conduction into a half- 
infinite space, It is not easy to solve this problem (see e.g.
Grober et al. /l23/ or Garslaw & Jaeger /106/), but it has an analyt­
ical solution, which is in our case

= 7̂  4" f erfc T—
It is possible to express temperature gradient at the wall 

analytically from the equation (lOl) and to obtain, in the end, 
an equation for heat transfer coefficient as a function of time.
This equation is

N ul (t) = j = = =  (tot)

and it can be used for approximate prediction of the initial stage 
of the free convection transient. The equation (102) shows, that 
heat transfer rate at the start of the transient is infinite.

Curves calculated from the equation (102) have been shown in 
Pigs. 14, 27, and 40. The agreement is quite good, but only for • 
a very short initial period. A comparison of the analytical pre­
diction with our results is presented here also in the form of 
tables. At the same time, the results of the main and control fi­
nd ve-difference calculations are also compared. Table 1 gives the 
results for air, Taole 2 for water, and Table 3 for mercury. In all 
three cases, the same observations can be made. The analytically 
predicted values are at the beginning only slightly lower than the 
finite-difference solution, but with advancing time the difference 
is increasing. This behaviour is obviously a result of the ensuing 
fluid flow, which enhances the heat transfer rate. The results of 
the main and control finito-difference calculations are almost 
identical, which means that discretization errors are practically 
negligible.



TABLE 1. PURE CONDUCTION IN AIR

t

A t^ O ,O O Z S  s <6* =: 0 ,0  O S  s E q u a t . ( 1 0 2 )

243,423 2/4,432
24J, 4^2 222, 4 Jf /3% /23

4 ^ /23, 424 /22,443
%4 ^4, 4/f /4"2, 424 /34, 4/4"

/4J, 44"2 /43, 422 /24,24/
^6" fj % 44<? /3% 423 //3, 432

/33, 22/ Z24; 324
a /32,3"2/ 44,44/
,9 /22,4Y/ 42,443

/,67 /24, ̂ 22 42, f/4



TABLE Z. PURE CONDUCTION IN WATER

i

A t ~ 0f QOS $ A t - O f O iO s E t fu $ t . ( i0 2 . )

234,3yj
^̂ y, 243 23y, 434

ŷdT, <9̂ 4 y33)^r /34,433"
ŷ Z, 4/d7 /42/ 437

y27 4y7
/&9, y«f<?,fa2 y/3, jy^
y^, y ^ ŷ y, 723 y37 337
y ^ y33) 07^ y33, 733



TABLE 3, PURE CONDUCTION IN MERCURY

t A/^
Eqya  t. ( j 0 2 )

/J4, ̂26" f 3,3,440
44, 7/0
7% 430

2, .24 74,^20 74, «f46? 44,470
%?, 4^400
.fy, ̂ /7 6% .#2 •S4, 6 3 4

%72 JO, 434
f4, 47:344'

2, j"4 &4, ̂ 744 fd, ̂ 4/ 44,447
fJ, ̂ 26" 4J, ̂ 67̂ 43,344"
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7.4 Temperature Profiles ■
We shall compare here the temperature profiles, resulting from 

our finite-difference calculations at the end of the transient, with 
steady state temperature profiles measured' by various research work­
ers . In all cases, the calculated profiles at the upper end of the 
plate are being compared. There are no pertinent data for mercury, 
so that comparisons for air and water only will be made here.

Some research' workers approximated their experimental results 
by nondimensional correlations, which are convenient for comparison 
purposes and will be used also here.

Coutanceau /S/ made measurements of natural convection in air 
for temperatures and plate length very similar to our calculated 
example, He approximated the measured profiles of mean temperatures 
by general formulae, which•can be used for construction of tem­
perature profiles under different conditions. The formulae are 
quite complicated and will not be repeated here„ In Pig. 45# the 
empirical profile of Coutanceau is compared with our finite- 
-difference results. Coutanceau claimed two parts of the profile, 
both linear in semi-logarithmic coordinates. These 1 linear1 parts 
cannot be recognised in our results, but otherwise the agreement 
is quite good.

Fujii et al. /23/ give formulae for mean temperature profiles 
in air, which are based on the measurements of Cheesewright /6/.
The formulae are

=: j  ̂ for ^ <  0,2. (403)

and

&  = f o r £>•<?, 2 fw;
1 / ^ ' %  o.ie

Pig. 46 shows this approximation together with our results. The 
agreement in the inner part of the boundary layer is good, but in 
the outer part our temperatures are considerably lower than the 
predicted curve. One reason for this discrepancy is obviously the 
asymptotic character of the equation (104)• It is also possible, 
that our turbulence model does not formulate the physical processes 
in that zone well enough,
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Pujii et al. /23/ approximated also their own measurements in
water by

(105)

and

f o r
f f r  o,25

Fig. 47 displays this approximation together with our results. The 
agreement is again reasonable, and similar observations as in the 
preceding case can also be made here.

It can be said, that in all three comparisons our calculated 
temperature profiles agree well with the experimental results of 
other-workers, and especially the good agreement in the inner part 
of the boundary.layer is important from the heat transfer point of 
view. Moreover, the formulae of Fujii et al. /2$/ are called by 
themselves 'simple and rough representations', and in this sense 
also the agreement in the outer part of the boundary layer is 
certainly adequate.

7.5 Velocity Profiles

Predicted steady state profiles of the vert&al velocity com­
ponent will be compared here with the available experimental data 
of other research workers. As in the case of temperature, the cal­
culated profiles at the upper end of the plate are being compared. 
The measurement of velocities is more difficult than measurement 

—of- temperatures and this is the main reason, why the data on ve­
locity profiles are relatively scarce.

Coutanceau measured in his abovementioned study /8/ also mean 
velocities in air by means of a Pitot microtube. The formulae for 
construction of velocity profiles again are quite complicated and 
will not be repeated here. Pig. 48 shows Coutanceau's approximation 
together with our results. The agreement is quite reasonable. 
However, as in the case of temperature profiles, the two parts 
linear in semi-logarithmic coordinates are hardly displayed by 
our results.

Vliet & Liu /92/ presented a nondimensional formula for the 
outer part of-the velocity profiles measured by them in water.

A
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Their formula is

with

l?ig. 49 shows this approximation together with our results. The 
agreement is not very good. This is not surprising, as the measure­
ments of Yliet & Liu were made for a uniform wall heat flux and a 
perfect agreement of their velocity profiles with our isothermal 
plate results cannot be expected. The comparison was only made due 
to the lack of more suitable data.

There are no published data about velocity profiles in mercury, 
and for this simple reason the peculiar velocity profiles resulting 
from opr calculations cannot be verified at the present time.

7.6 Heat Transfer Coefficients

The rate of heat transfer between the plate and the adjacent 
fluid is given by the overall heat transfer coefficient, which is 
usually expressed in a nondimensional form as the overall Nusselt 
number

The steady state Husselt numbers, obtained at. the end of our 
-calculated transients, will be compared -here with values calculated 
from various empirical or theoretical formulae, available from the 
literature. The multiplicity of these formulae and the considerable 
disagreement among their results show quite clearly, that all 
investigations of turbulent natural convection are a difficult 
undertaking.

The formulae for both air and water are identical and our 
results are compared in Tacle 4 with the predictions according 
to different authors * All empirical correlations are given in
the form

Nul = a (  T>r &rL ) 3 ( h o )

•*- 1
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and the coefficients resulting from our calculations are fl = 0,10854 
for air and <3 = 0,12580 for water. These values are in between the 
coefficients given by other authors, and our predictions seem to 
be quite reasonable. In fact, the coefficient in the case of air 
is almost equal to the value obtained by Saunders /74/, who made 
his measurements in air.

It is probable, that the influence of the Prandtl number is not 
so simple as assumed in the equation (110), and this could be the 
reason for the difference between our own coefficients for air and 
water. There are two theoretical formulae, both obtained from an 
integral analysis, and in both cases the dependence on the Prandtl 
number is more complicated.

Our results are in good agreement with the formula of Kato et al, 
/46/, although that formula is valid for L >  10*1 In the case 
of air, the prediction of Kato et al. is practically equal to the 
result of our calculations. The formula of Eckert & Jackson /ll/ 
gives Jtfusselt numbers substantially lower than our-results. However, 
certain assumptions made in the derivation of that formula are 
questionable and the theory is regarded today as more or less out­
dated.

It is also possible to derive formulae for the overall Nusselt 
number from the least-squares correlations for local Nusselt numbers, 
which are 
for air

If we assume, that the exponent of the Prandtl number is the
same as the exponent of the Grashof number, we obtain in the case 
of air

for water

=  %  fa 7 2 #  ,

and for mercury

a, faafjr f ?r
J.29/.2
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and in the case of water •

*,,93.3 F3
f Pr 5,^) (//jrJ)

These results indicate that tne one-third power correlation 
is correct. Although our few results are hardly a sufficient 
foundation for some far-reaching conclusions, it seems to be reason­
able to recommend, the formula

.1
NUL =  0, 11 ( Tr &rL) (H6)

for prediction of steady state overall Musselt numbers in gases 
and in, liquids with a Prandtl number similar to that of water.
The one-third power means that the heat transfer coefficient be­
comes independent on the reference dimension. For design calculations 
of unsteady natural convection, the coefficient should be diminished 
to a  = 0,10 . In this way, also the eovershoot1 is covered by the 
formula and there remains a safety margin in the steady state.

It was also attempted to correlate nondimensionally histories 
of the overall Nusselt number for both air and water. For this pur­
pose, the coefficient a was plotted as a function of a nondimension- 
al time previously used by Heliums & Churchill /41,42/, viz.

Nt4' 0*7)T
The air and water histories are shown in Fig. 50, and in these 

nondimensional coordinates the curves arc quite similar. They oan- 
not be identical, as can be seen from the equation (98) or (99) 
giving the time, when steady state is attained. If steady state be 
reached at the same nondimensional time in the oases of fluids with 
different Prandtl numbers, it follows from the equation (98) that 
the coordinates

A T

^  R d L  ' I 64 JT Y- P r
should be used. On the other hand, the requirement of identical 
curves during the injtial pure conduotion regime can be satisfied 
only with the coordinates

N u l

v * « r

It.
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It is evident, that the requirements of equations (lid) and 
(119) are incompatible and the histories cannot be expressed by 
a curve identical for both air and water (or generally fluids with 
different Prandtl numbers).

The overall Nusselt number resulting from our calculation with 
mercury is compared in Table 5 with the predictions of other work­
ers. The correlaticis are less abundant here, and strictly speak- 
ing only two formulae are available for comparison. The agreement 
with the empirical formula for liquid metals given by Hermansky 
/126/ is quite good. 3ayley /2/ gives a theoretical correlation 
for mercury at boiling temperature ( Pz* = 0,01) only, and it is

Nul = 0, a§ . GrL ( iZ 0 )

In Table 5 # the influence of the Prandtl number was assumed 
to be of the form

N u l  =  a  ( P r £  & r L )  '

and the Bayley1s correlation was correspondingly adjusted. The 
agreement with t M s  correlation is also reasonable.

The empirical correlation of liutateladze /l39/ predicts a much 
lower %usselt number, but it is valid for P r ^ z % < l 0 ^ o n l y .  On the 
other hand, the theoretical correlation of iCato et al. /46/ predicts 
a considerably higher Nusselt number, but it is valid for 
Our result is in between and therefore these discrepancies establioa, 
at least indirectly, the validity of our result.

If a correlation of the form (121) is assumed, the coefficient 
corresponding to our result is 4 = 0,73)25 . We can also derive 
a formula for the overall Nusselt number from the least-squares 
approximation of local Nusselt numbers (113) in a similar way as it 
has been done for air and water. This time, we obtain

NU, ~ 0,66 7*7 ( ^  /' (uz)

It can be concluded, that our results indicate that the 
formula

Nul ± 0 , 7  ( ? r *  G r J ' ZS ( 1Z3)
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can "be used for prediction of steady state overall Musselt number 
m  liquid metals. This particular form means that the heat transfer 
coefficient does not depend on the fluid kinematic viscosity.
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8. CONCLUSIONS

Finally, our method and the obtained results will be critical-
ly reviewed, and some suggestions for further work will also be
given.

8.1 Evaluation of the Present Work

There are no publications concerning the problem of unsteady 
turbulent free convection and in this sense the work described in 
this dissertation was a venture into terra incognita. Moreover, the 
first solution of the corresponding steady state problem only 
appeared in November 1974 /60/, when the development of the present 
computer programme had already been finished.

The problem of unsteady turbulent free convection over a vertical 
flat plate was formulated mathematically by a system of simultaneous 
nonlinear partial differential equations, incorporating a pheno­
menological turbulence model. The system is of a parabolic nature 
and was solved by an explicit finite-difference method.

A oomputer programme was written and calculations were made for 
air, water, and mercury. Eaoh transient consists of three stages: 
the initial conduction regime, an intermediate stage, and the steady 
state. The results concerning the first and third stages were com- 
pared witn published data of other research workers. The agreement 
was reasonable and no significant discrepancies were discovered.

In all cases calculated, heat transfer coefficient goes through 
a -temporary minimum, which is called an 'overshoot1. The existence 
of such an 'overshoot' is very important from the design engineer's 
point of view. However, the transient is extremely fast and the 
'overshoot1 is not significant in comparison with the final steady 
state value of the heat transfer coefficient.

The main drawback of the calculations presented in this disser­
tation is the fact, that they were made for relatively low Rayleigh 
numbers. Although most authors prescribe turbulent correlations 
for our Rayleigh numbers, this region is now usually called 
transitional-turbulent, i.e. a region which is no longer laminar 
but not fully turbulent yet.

The economic point of view is especially important here, as 
our computing times are already for the relatively low Rayleigh
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numbers very long. If higher plates were ccflsidered, the computing 
times would increase rapidly due to the increased number of grid 
points because of both a longer plate and a thicker boundary layer, 
due to a shorter permissible time step because of higher values of 
of velocities and effective viscosity at the upper end of the pla­
te, and also due to a longer time required to attain steady state.

If computers were available that had speeds an order of magnitude 
greater than they have at this writing, it would be easily possible 
to make with the present method calculations of fully turbulent 
natural convection transients in acceptable computing times.
However, with the present-day machines such calculations can hard­
ly. be contemplated. .

8.2 Suggestions for Further Work

The solvability of turbulent free convection by a phenomeno­
logical turbulence model had not been established before the pre­
sent work, and for this reason the formulation was kept as simple 
as possible. There is a considerable scope for refinements and 
some of them will be mentioned below.

The physical model can be refined by using variable properties 
instead of the present Boussinesq approximation. In this way the 
results would certainly be improved and calculations could be made 
in a region of great changes of the values of the. properties, e.g. 
pear the critical state.

The presently used turbulence model was chosen as one of the 
simplest available, and a more sophisticated model (e.g. Hanjalid 
& Launder /l24/) could be employed. The same applies to the law 
of the wall.- Instead of the constant turbulent Brandtl number, 
a suitable formula for variable turbulent Brandt1 number could 
be used.

Furthermore, the assumption of turbulence starting from the 
leading edge should be abandonded and a suitable criterion for 
transition from the laminar to turbulent part of the boundary 
layer incorporated into the physical model.

The numerical method should be investigated with the goal of 
an improved efficiency. Implicit methods are inherently more stable 
than the presently employed explicit one, and they permit longer 
time steps. On the other hand, the calculations for one time step 
are more time-consuming. It is therefore uncertain, if an implicit
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method improves economy in our case, but this possibility should 
be investigated.

Unfortunately, all the abovementioned improvements would not 
only substantially complicate the computer programme, but the re­
finements in the physical model would also increase the computing 
times and thereby worsen the economy.

The calculations presented in this dissertation were made for 
simple initial and boundary conditions. More complicated situations, 
such as thermally stratified fluids, nonisothermal wall or mixed 
convection could also be investigated with the present method.

It has been shown by Gebhart /24/, that the thermal capacity 
of the wall has a decisive influence on the transient. Therefore, 
the next big step in the treatment of unsteady turbulent free con­
vection should be an attempt to solve the boundary layer equations 
simultaneously with the temperature field in the plate, which is 
coupled with the boundary layer through the common heat flux at 
the plate surface. To mention just one difficulty, the heat con­
duction equation is elliptic in'both X- and y-directions, while 
the boundary layer equations themselves are parabolic in the 
X -direction. It is probably impossible to solve this problem 
with the present-day computers.

It could also be interesting to make some measurements of the 
complete transient. Quite generally, all measurements of natural
convection are very sensitive to ‘any disturbances in the surround-
*. '
ing fluid and must be done under carefully controlled conditions. 
Thus far, optical interferometric methods have been exclusively 
employed for all measurements of temperature profiles in natural 
convection transients. The Mach-Zehncler interferometer, used for 
this purpose at the neat Transfer Laboratory of the University of 
Minnesota, has been described by Goldstein /l2l/ and is a standard 
example of this type of equipment.

Eo results concerning the development of velocity profiles in 
natural convection transients, either laminar or turbulent, have 
been reported. This is not surprising, as the results would be 
completely irrelevant from the engineering point of view. Moreover, 
it is very difficult to imagine a suitable measurement technique 
for such an undertaking.

Although experimental data covering the whole transient would 
be very useful for comparison with our theoretical results, such
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experiments are certainly not necessary for the verification of 
our method. The results of our calculations for the initial period 
of the transient agree almost perfectly with the analytical solution 
for pure conduction, and the final values agree also quite well with 
published experimental data for steady state turbulent free con­
vection. The correctness of both the initial and final stage gives 
credence to the results for the intermediate stage as well.



Appendix A. COMPUTER PROGRAMME

A computer programme, based on the numerical algorithm described 
in Chapter 5 > wa-s written, successfully compiled and employed for 
calculations, A short description of the programme and its complete 
listing are given in this Appendix.

A.l Programme Description

The programme was written in FORTRAN IV, and the G-level oomp-
iler was used for the compilation. The programme was run on the 
IBM 370/145 computer of the University of the Witwatersrand. Eow- 
ever, it should be possible to run the programme on any other (big 
enough) machine, if all options of the G-corapiler were available.
The present version requires approximately 230 K of core storage 
space, but this value can be easily adjusted by the DIMENSION 
statements. Moreover, a temporary workfile on a DASD (direct acoess 
storage device, usually a disk) is employed for storage of some 
intermediate results. There is also a plotter subroutine, which 
would have to be changed eventually, should the programme be 
transferred to some other installation.

The more important symbols used in the programme are defined 
in the following Section. The programme consists of the MAIN 
programme and seven subprogrammes fulfilling the following tasks:

BLOCK DATA - initialisation of permanent arrays defined by DATA 
statements;

PISA - printing of the velocity, temperature, and effective
viscosity fields;

GRAF - plotting of the velocity, temperature, and effective
viscosity profiles;

PLCH - numerical integration according to equation (93)
(used for the calculation of the overall Nusselt 
number);

" interpolation between the grid points by Lagrange 
polynomials (used in the plotted curves);

LONUS - iterative solution of a system of two nonlinear
algebraic equations (used in the least-squares 
approximation of the local Nusselt numbers);
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STELAM - initialisation of temperature, velocity, and effective 
viscosity fields by means of the Eckert & Jackson /ll/ 
correlations (can be used for the calculations of 
steady state),

A.2 Symbols Used in the Programme

The meaning of the more important symbols, used in the computer 
programme, is given in the following Table A-l, whioh should be 
consulted together with the Nomenclature,

TABLE A-l. COMPUTER PROGRAMME SYMBOLS

A = A PRLAM Pr
APR01 — a PRTUR
APR02 = b R a;
B RDYN = M ,'
BETA Z3 RLAM St V
CP = RO 7X . <¥GST = t T zr. r
DELC = TAU
BELX . A X TP T f
BELY ~ A  y TV
BNU — /Vu* U w
BNUL S2 N u l V V
PO A VOB ss k
GRVT

f XCB 22 X
I / XNU 25

I.MZ = ftrtax. XNUL =

J S= j Y ss yJMZ YBELR = %/m

A.3 Programme Listing
A complete RORTRAN listing of the computer programme is 

presented on the, following* pages 123 - 138» However, JCL (job 
control language) cards, which are specific for an installation, 
are not included in the listing.
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SŶ X

I
II , •*>;

O  m  i-i i-i
U  Q  O  Q

i-io ii r- -i 
i—• II Kl iiiz  x  >' r ; ki -i o v o o

KIX
c uO N

in n

N

II
* + *4 »Jno  II O X

ai

n  zC5 »-»+ X U  II N r> z II M  (\J f. > 3 X  X  H
W W #

8CQ
>*

UJ -) o  

• Z ̂  I
Kl U1 VO f>/ >0
Jf > cn x  
*7 II <  ̂  U  w  n  *- ii i-

M Klu. a u. r nW  W  3  o

H KI
Ki vh $:H X I M1n M

N  *  ?: H  mX m n II w
n 4  II ►“1 Kl
ii *4 IIH II fA N  rN
N
5* X  Z n w
3  X  u a x
in N

N  

*• <M 
*7 II Z
n n >-§55

£3d SSSir “.'“3
3  ”7 *7 U-> N “ “ 3
-• II 11, U. O  

y  w  w  %

Z

g

X“J
<

ii o  ii y  d^  W  • 5: D  VI+ O  VO n 
fC\ -J 11 *4- II ^

o 7 S q r5 -
O  X  UO o  VO >

zs
a: lu

o
o

u  u u

z<tfl-1

2
ooo

m ro ^ in o  O  C CJ 
O  C: o  o  o  o  a  o

•O N- C5 O' O  
o  O  Q  O  f4 
C C ' O C i Oo  o  o  o  o

m  ro m  ^  m  c  f“~ co c*
rJ »M yW r-4 ̂  .w ^
o  o  r* C  o  c  c  CJ (:Q O O O O O O O O

o
8o

h  in ro sf in 
N  N  <N N  |\| 
O C O  O  C> 
o  o  o  t,- a

O  h» ao 
N N N O  O  O O  O  O

CA O 
N (A C* Oo a

—  y 0 ^ ' lf''0 h' c Ch O H ( N n i » ' i n i on M m ra in m m m s» .j- ii- sj o- j ,)•
§8§8§§§§§§§gS8g8

h» cc
sj’ vf' O  O o  o

SBQ



-1 3 7 -

O  o  os<rCx.

Vxl Xir>
IA
's,S)

LA
Ah'

XN

K
IU

U

o
M)
U

ou.
z<0 8
z<
oQ
z
in
z
a

N
8
8V)

sO •S,o O03 u OU u ^ o
X - 4 a

„ V) ILto oZ h - a<0-4U X ̂ u ex.
r. x to uj X X L) CCu sOu u  z o #-̂a % a u KJ »«4 O w #u UJ 11 IIZ Z VO< z H o t~* l- la o z > 2  *"*IIv: s: tu < O to in Vj- XD K IIo ii 110 0-1 r# <£ z n VO r) CO <u  u a  uj O to3%to cj to a  u

O  U  UJ' u  w  u1 4* 4*

83* * 
I L I U Ku  a  u■4- 4- «*.

<  —  ; ^ T 5 r H A J f ^ K t * t A > 0  
L J 0, I) W  »&  #  t  t (,") I/) I/} (< < O u tl H n
L) LJ W
II II || || h  (N fA > u n in u. a,

L.J t j  U  U  ^  t

I tA VI VI 
II II II

VO V) 
<s X

I tjMA O
1 U0 4/> (/)

U1 VI 
II II 
Uu to

m

o
s-

o
u>

t-
N  <'

«
VO VO V
•* *

w
N  sd* o

to VO
X

s. «< Ni

VO
sj* O to

<
V) V)
-K ■«• to

a
• h  ro — j ,

w
v  «o O M
41 ■«• L- to

u
(\ (N O H  N1 1 o «* O

H  N o
(M Q  O “  (N * «w.
*-• —  U  O h* " -A to
«o VO . 1 -  Z o  +
-* *  O  c Kl *~4 U. IL

u j u. U4 U  H
^  in e w  M X  w VO X
—  w  ©  O  %s 1 i r to tA
VO VO LL I to VO -h  j&; uj rt. <  •
w  v- w  U. IL to 1 ^ 1 - 3 —  COII II II II II r; >- h* 11a  to tL o  V  5T ii iL o* u j  i l r
11. LO w  IL N  to 3. **h  wS (X ►H «f

Si
UJ

m  in

3
LLU.

tilw
1118
UJ-

1u
Xn
o
X

“
UJ

Xo:o
LL

u
o
>

s

z<

sg
F-l N m ^  IAo • cr) nono o o o o
a  o  o  o  o

oooo

h* co f/‘ C  ^
O  O  U W r - 4o c- c o u o o o o

N  fA si* 1A -A N  uj Ch O  ^  04 ni
w  ^4 ̂  M  r*4 W  r H N  N  Of CM

O  O  C  Cl r’„ ,••> c  C) M  O  O  C'
O O O L- O O C* O <*) o  o  o

' J - L A v O N c O O ' D ^  
oj r j * .j N  of r*4 m  m  
< O  C' C  O  O  o  Cl 
O C j O O O O O O

AO h- CO O' o
to fO r' to
o O O o o
o O a o o

I

i ■■■inliniitmi HMieeaeMmiEHaMdi



0

-138.

I '1 

• !

go
<r
CL

sin
N

H
N r*4
K O
•o HN s0r Hr>CO wW win X

h - , H H
Oii X

m Vo «o
l- H<t >*o uUJ

D
H< *0

-JUJ . s0Q k-4
It D  H
H •* sO

r. o; «-t cc< o O  tuu —  oUJ *»
h sr. **■ —%CO <•j r-t OCL V,1 •'it. fl f4a: <  w  O< i—1 O f4-j or uUJ n. x  bfK x  <

VI N gUJ K" Z% u  u
f % X <

D 2H Z
o Q  ( .).r zH cn M  Z

N 5 o  av> U  1 .l
-J
UJ
>
UJwl t->

<
<£
CL

-  oU (/'
ss
“ f
H  *  5C ̂  
C>

!(SSm < u 
O' w  u
* Cil w

o  #

f SR
<f * $ «»f tn m
11 &; u 
u : > n  
u u u

?

^ in

*4
M  K 
T> O »1*4 ifJ

r*. N H  UJ
t—t » - n•*- n
co *  >. o  **•u * u
X  -*• UJ u

N  y  M  C m r UJ
H t . f ' s , C» H o

».« or d: x H  • H n
*• C U )  -J H -fN VO x C N e  rnJ N
I l f t t J . 1 * al iiw x x in »J wj ny u . Ui i; . n
N  = n  o c r, n in
O  U  CJ II H o  ■
t*< II ii U 1*4X X Uj a;
n  r  u  n u. ll n n 'O D O n C j

^  S n
N  H  *  ►-.

«  UJ S H x ̂  n 4 * o + x ̂
*». ♦ II II if 
-9 H  ^  ^  Ul 
w  w  n  tj

NO
#-<

o ;  ^ N
UJ (% O •
X  VO H W
t CL N

W  u sO X
CL 4 o n

' X  *
UJ ►-< H
1 S-* w j
t  •# N a j

O X
^  «t n “5 O <t
#  w 1 II u. 1 u
o r a wJ tu "> I -  o  o t I I I
UJ II UJ <SJ 23 II II II 5X  i*~* C  II z h** ♦**» «*»
ii -> "0 *4 KM o n  n

w  «J H* H
lO  M Ui rr
CL w u» n n 5
4J t i t O  H  D  n : U

u> m v) h - No o  o O OH r-4 f*4 H

B
?

N  N  w  N  N
II II io» II •*»M *> >  ̂>

II IIcn fti o>O g *7 y '**> ih*o n w CO — UJ
O  Q  > Q  > tit

CO 0>
O oH »-4

u u u o u u
o
>

u  u

<
C£
2

H N  m in f~ asCJ r o a C) c> Cl oo o  o a c:*CJ c> eo a  cv u o G o V

^ N fO
5  C' C'
O  w  o

sf- in to h- a) oi f' h
r4 r»< *»<r c c o r- q r.- n O C.4 u U Q u o u

N  Mrg N N
C' Q  Oo o u

IN n, rg pg O f .N r > c> u c> u u §o
o  h  n  rn <#■ inn  M  m  n  m  mo o ce,e oa o o o c u

>o
mi
O
o

A



Appendix 15, COMPUTER PRINTOUT

It is not feasible to print out eaoh time step of the calculat-
ions, as the resulting printout would be voluminous indeed. Moreover, 
the I/O (input/output) operations consume a considerable amount of 
computer time. For these reasons, the calculated values were print- 
ed out always after a certain number of time steps. However, the 
complete printouts cannot be presented here, as they are still too 
voluminous: the main calculation printouts contain 201 pages in the 
case of air, 161 pages in the case of water and 151 pages in the 
case of mercury.

Therefore, only the title page and three characteristic time 
steps of each main calculation were chosen for presentation in 
this Appendix. The characteristic time steps are:
1) the. time step in the middle between the start of the transient 

and the time, when minimum NuL is obtained;
2) the time step, when NuL goes through its minimum;
5) the last time step in the calculation, when practically steady 

state is reached.

B.i Dry Air

.. The title page of the main calculation and the calculated
values at £ = 0 , 5  , 1,0 , 4,0 s are presented on the following 
pages 140 - 155.
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