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The purpose of th~"pp~imization problel~ is t~ find the F,oint in "}{ that ,haC
the highC;(~tob,je~tbre'function valy,e e. '0 ,,0, " Qo
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o

_Q, ' OD I _ ,0 '_ r; '.'/ c _,9
This is also s(m~eti~es'referred, to as a vector optimi'zation p"r~bl~.o" (,c
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D~,~nition "1,.3 A single ob~ectiibe lin,eat' ~rogm':mming (sq~~PDorLP) proble~
is a ,pI)!gl~objective op~imization ptobleihowhere f(~) is linear" and X is denned
by, linear ..<.:onstraints'; i.e. a problem of"~he form, c. '

,'i 9'
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"
subject t9 "" A~ :5 b

~"\:, "0 cu
o e ,~(Ci::::;' vZ =;, 1.'" n

() " , 'r,o "_ >:; ",:'( (; _ ' " (; ,_ ",' , .' f):~ _ ,
,where ~ is n >~l, A is m K n a.nd k is rn, X If' A ,is assumed' eo be of full row
rank. " ~) ,,' "0 Il,
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.. "I q "," ,1\ " "" D~fl~iti~l'll'4A" multiple ()bje~ti.~e'linea1~programming (Mdr7P)"Ptoble~p.
is a mUltl", I.e,t\P, j"e~tive, ~ptim,~zatio,n prqb,}.e,mWh,er,e ,J(f£) ,is '~i~ea,r"smcl X ~~
d.efined byt meal' constramtf;!.' Lei a p~oblem.,ofthe fo!'~:::-;. ~\ < ' \

I, mu z=C~ ~
'Ir 'subject ~o ,.. ' A ,~,:S b
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wher~ 0 is "a.' p x'"~ifXlatrix whose rows '¢onaist (~r:the coermciet:j,~!(o:fthe,p . co

. ~bjf.ctiVe functiotls~ A IIIm X nand !? ~ 1n X 1': i i~a.s;jUi'n~(i to h~ioffulLrow'
"~atik., ~) 0 0 ' : \ - r , I) '" ~'~, o '~:,
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pefinttion 'i~5"A disc7';t~pl.imiza&'811: problem' is 6ne~ which t~~~set X"a,
p co~sistsp£e. fini~e'nu~er pf al~rn~tives. "' a a' 0 " ~ '/o~,J "Ii

'J '"' " • c'" t:;i , '0
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'/ l't on . t::

\,;'i~ '~B 0 Ci" ,,' """ 0 , " 0 ,~cn

D~fi_ni~~Qn~1.6'_~C(),n~,irl;U{)USoptimi~atiQ~. pro~~~nJs 5::;:In,, ~hich ~h~, set' ~\~<,~:a c

X COn1?U1ts) of:.an mfillljie J:l.umber91,afterna.bves wh\~j))are mferabl,~ from cen- ,0 ib
" ' , /) d ,--' ~,~"41 ' ,'J
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Defillit.ion '1.7, An idea} sol'utioll, t ls t~~po~ntin criteriohsp~ce'(~l\\(~"" : ;z;): 1;°

su~h:~at&"2t is the opil-im,al "objective function vabe, fol' the probfem" ,tJ? .0
c ~ ~,.
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max ," o Zf;=fi(X)o N

°13~bJ"ect"to x EX
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l1efinition liS An anti).i(.leal solut2on~~~1ihe l1oint. in cri~eriQ~lsp~ce(zl) z:~,• . ',)"z;)
such th\t z; $" is the o~timaJ objectivef'~nc on value for the problem c 'b, Q Q, >0

,', ,0 (J.j , " ,
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rimin ~
~ . subject to, ., 1)
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:O~finitio'qQ1. 9 '~~ sqlution m*ll< E X which, simu'lt,aneq,usIY maximizes eac~, ~£.
'the,p objective'f:uhd1d:nS of a multiple 6bjec'ti'\,e opthnization problem Js call!Zod
C\. supcV'i01'", ,<;olution. ' ",
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Definithm 1-.10 A solution ·m<7 x is sald to he cdominat,ed,ifthere isa potnt
1/"it E X such that q

J~(t£) 5;".fi(U)
','ahd ik{a;,) <; fk(U)

Vi = L .~p
for at.least one k, 1 S k <,p 0
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.Defi~'ffion,JL,~l,t A:~~itttion"~EK whic16iJ~0t d~ninat~d Is' sa.jit't~p.:i ~.. ~:f~;".~'
ll~mi;?~~~~::l~ond~l~i,~ted~~u'tioD§areSiln!tim~sals~,~~feri~dto as l~iJici(!;n1;~ , / '0 ,",
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Defini~iorl, 1..!f. iThe :persO,tl,w~o is r$PQil~~6fe'fot' dfqosing i~n~ alternative/. V

~>ut'~f the ppss~ple'Aterna,ti Yes is caJledoth,e" t/;i;ision ma;ker~(DM). " ,/ ff
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0" ,Asl'lu;Ption 1:1$ A'ny,two p?i~ts~ ,~d"U jn}h~~~~\~~e com.parabl~in
o th~,)ger;$e that, ~ne1 and }>nly Ol'l~~orth~~ollowing ho4!t- J:." / 1\

;~i)' the D'l\rtPfefel's1(q:.) tQ f(UP" .',' ;i~" i) »- !(Y)) . -
, , (ii) 1he DM prefers fh;) to ),(~) 0 ", " ,. '~(1etE),,~ feU))
"(iii) th,~QDMi~.indifferent betw~¢l:iJ(ffi) ahd J(¥.r ([(;e) Nf,{iJL)} ..

'\,

~ ,

c. o As.urn~tl"l'Il.~ l~ri~iIlliJ(:el 1:: f(~),:£o ",...n ~nQt(f(e) ,,,,::ml)) ", we
","~assume ,that all ~thf,lJ: ations,<'V,~l t: a.re ti'anslijeve,' ! '"

c- ' ~, CJ' _' , Ci "c ' , ,.' _~.
(: " " 0 ,~
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<> Q.j J; (; ! i! 0 °Ci;'- 0 tJ

, _ ," " ' :, ' ' , _', ,,_' ,_p ,_ ,oQ ,r ~ _'_.. , _' _\~, ",':

Not,!:b 1.1:5 A p'reference ~1ia.:u'$tm:e is~defin~d o~ the objectiv;e'apace in, ~p i£"
\,\ ~~~. ,_, , - ,; - - '-0 r,:, 'b - 'u ':' , p ., , . -, 0

~nJ two~'f(~) ~nd feu) in ~p .(where ~, & E X) ate compa:,tC;i,pleand
ther~'a.re no ~ntl'aIlsitiVilti,~ n{~e~e~·:oa~dRaiffal!{25] pp~ 79.."8Q)&; I

'." 6 ,"::::::J I'
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..Defil1jtion 1.lJl Assume that there exist,~ some functioI), U(.[(rp,) f~P -t ~1

such tha.t \\ 0 '0 0
, {) ., I

u(l(~)) > lV(£(U,)) iff"the,'DMptef~!'s j(~) to J(1jJ
" C' .. , U(i(W,))" < U(l(uj) i£1; the DM ih'efers" f(~) to f{i£)

'U(.[(:~,)) = U(.i(U) iff the DM iaclndifferel;t"hetwe~n f(~) and !(U,)'
'b, , "

Tp,en by assumptions 1.13 ana. 1.14; a preferencestl'u:cture is defined on the
',I ('1\(> ". - - b '

" objective spa:ce. Th2 functi~n tf(i(:p')l is said to be a utility 'Jiin,f,uJn '~epre-
senting the DM'g, prefe~~nte structll1;e. ' c:
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'JPen~I~ion 1.18 ~4(f(x)) is ca;}le(,tth~,marginal utilitY\i~to7f}"
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Deflhiti~ l..19 'The. mdcyit\:.l "fIji ~ sob$titul;i.~ (~fitSl:,,],~b}~~l:!.ilf4~.,
, '1." t: f;',." \i(Ja'(~))/\lY(l(~)),' d.' d ~t H \ .' \: '~ii~.'

, ?vJec Z1.1';;jp es ~ 0 \I 1:'. ' '>:71," .an~ 1$ ,~l!O e~ Aij~ " " , ' I '1."" ~~ ~
'., , J'j .V .1- ,I <,"" () <o
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6 ,~"Defit~d?(,~~.20 1\solut1D~"(not' Brec~ssarilyo~tima0 which ill{;DM ~bJ~ider~ 0 (> ~ 0 P~

" :atiffa!it?f.1)i~;'1~e;e~redpto",as a sa:,isficing solutio,!: or satisjact'1C(n., ,~: ,\)\:'o~, o 0
1;:-",II 0 D 0 q

q ...r.,;,..)/ II ~ '>;;~ _ 00 I I' "(j b

.'l.(" '~,""';;:",,:J; Il' ~,-' " c c ,:!. 0" 0 " c , (), Q ,",-;r:;' <9': ," "

;Pe~p~~ff~\1'~21"The'::Mst comp;~Orn'ise soluti()n·iS.,t~e'non<lo~~n~~;d"®lut!~n':~;' 'Dc

wlii4h)?c~~f~~~ti~fie~th~?/DM'~,o}~j~ctiy~~'~',,~~q~~1fg~o~he t.erril )$ ':~s~d.j~~/e~-"Q • a,":"
char').ge~bl~lw~ththe, tel:m "opt1mal 'llolutlOn~,:, It IS a ll?-ore,accurate deS,prIptl0h '"

" ',.' ~,'.' ',_ .• ~. l\): " ,I} . " 0 l,!,9 .. '0 f,t

• cYITh(:lndealh:;g"wlth POO~?~'~111Swit)! multiple Qbje,ctiv(;fs." , ,
, ,I!)" If 0 c,

.,:<. '" ~r.:. 0 ,. -. ;:;. F. :; ~ ~ """ OJ I)-

Ir \i,; c' '~) 'I 0 0

, \\ ," 0" '" :' _,~ " " """0 ,":, " 00 Q

Q' " pennitioiso 1.2,,2,An ~inDd!i,lJe1'~nce ba~d'is dtl,~ned to' b~~~''sub.Set~!:;~~~n~?
.' , , . rI" ~1· f:?'b~\:;:d 0

domln:a,t~d se.t'wh,et~ ~~ejIl1l?fov~nnentor due or itl~~~e.:objec~iveiu~~~lO:aSis Q o ," <::>'

equivalent {in the~m:f~.d 9f ,tJie Dl\II) to the degl'Oida;tiorl',ofQther~;!Jrn otner
wOl'ds U(j,(~!) i~ cons~;antt~,tougl;ou£ an indifference ban~, () .J~ G ", ,:"
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'A compr~b.ensive re1:dew of MOLP algorithms isopr~sentedfYinchapter 2. ,First,','
"'c'·:·, ~_ ,,:_. '_ ,._, -. v ,_(~ '_ _ _, _('~'.'-, _ 'd,_._."' .." _:_.-~"_'.,,~ '\F ',~ ,7,""'"

hOyY'ever~we pre,se, ,r fuethods wbjchDZi~r,its [{ill refers to as ((up,tveW met:p.··
'qd~j these 'ate'simplE}In concept an.d generalJy not Vf,~rygoo~ liut most cu_trent
a1gorithms for MOLP have evolved directly front these naive methd~s, 1hese" ,
I: " . [~ ,,_., _ _ {), '_, "" ') _"" ____ _'i ,', __ " ; _, _ . ,','.'

methpds axe'fillt'~sented here to',esta,blish tlbe roots of"l\1PLP:~:
(.; - - ~ - " ("i

" 1)" :' jJ ,
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&,'P ,0 "Q , "

o 1(~~1 ' S~ttingfMinitnumJLeveIs for AU~bjee~"
9 " ,:,' c}, ,,," ' ", '-

;; ,:tive'Functions 4' -.£,
~:::1'~~:: ~, "

, ,;. <;::, \\ ~' ""~

,1'he first :'bf~hena.iv~¢meth~tls(ito ~e considered is ,t~at ~f,spe('jfyi:hg or s~tting ";
,levels"or all objectives, and then solv1ng,Jor a feasible solution. rrhere are three

.. ' ' '()

possible outcomes ty this problem ,;'"" .., <.:>
,-C)
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't (1 ,,") r)

~a) 'NO" feasibJp solution ,
I:::J _,'
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P D

(b) A dorn.inated SQluti.,~~.
, " 11 ', a

(c) ::A JlofldoIDlnated Bolution
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Almc)st c~r~a.inly,either (a) °or (b) will occur. OlJ.ly in rare circumst'a.nces will (~
(-c)" o,ccur. ," '\_ '" ('" (;11
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.'A s.ecoI1tl,naive approa.ph is to set levels for all but one ohjective aild,t'Q. :nlro::i-
ini~e the remain!b.g' ~bjecttve.,~ltfi,1>uih"!!his:tnethod is an imprOV~nl(3nt~yer
fjle prevfou~ on~'~irice it alw(i,Ysieads,to i nondommated soluti,pu, its downfaI}
is;'t~atonl,Y Q~~ objectiye functi'9n is taken i11tO accounL If ther~ar~)infin;itely,
many solutions which yield" the ~same value ,for th~ objective fuuGtlqn being U

'(( .: , ," , ",,'

mqimi2ed, it isc·unl'ea.lis~ieto e"Cpect that 1ih~DIyI'~Nil1~~keall sil9ch,;~olti:.tiQns
equallYithe values ~(the other ,objective fui;tctiorrs,arel,likdy,to be crl,~cialin, 0

.hi~~~~ctionof ,a s~~ution~" , "'"' ',.':' " 0 @,.' ~ "

r:; ;:" :1;'.'. ,,% 0, .! ._ 0 (' I •.Q

(II (I! \t" ,_r, G "-

, _ , . - ", ll, " _", ;. ,'" -q) : " '" -_ ___ "',_" ";;:;., _'~,

',(\h1s rhethod . .is also ,$}mte c1~arlya rilet,hod,>with a. priori axtl~-!l~~ionp£ pr'&f.,.
,erences " t(~"~J~" I; -: )'i) 'OJ'roll, '~' '
" " • .... ' , \ ' " ," <':> " , (~~"i\"'<pP':] (.> ~

a '" J.. 0,," 0 .. : . ~,~;Vo • °0 •
,l ..3,i~atingO the 'DM!s Utility ?JfuI~ction'
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A:nother na.iver.net4,odrs appro~ch' inv61vesconstructing a"~pjposite objective
fi.mctron as a;!Unctlon of t,he individual objective fu~ctibn~, and.'m~xhni~ing"
this .compo~ite (utility) f~l}ction. Jordi [2~]'iists a nu~be~ of'tefere~ces 'l,vhich ,; Q (I

, report that the' deter~lination dE' th,~ ~tmty function is difficu~\ 'V~rious
. 'reasop,s:; " " " "'(' n II

1.\ "

Q 11
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Consid~t thcosil}1plestpossible case)'vig,papproxi~atinE the ~t'ility functionby

a li~ear weighted au~~ ,te. er~t(;d),~'bA(h'CtE). In this c~, which has be~n
0.- c_ "I ". i-I' ,,\1, .•

applied extensively in MOL,P due to its cOl'nput~tio:ila1 sirp.p1icit% the :QM is
r; ': "

aaked,to exp¥~sshis preferences'interms"q! weights Ai:,?> 0, £,~i;= 1,'s'Uch that 0

the s,inglecob,iective LP problem .', " 0

II ." " '~:, ," ,
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"'~ince thel'~~S~S ~,set o~'weighting ve~tol's,'' "c " ,

" f " 'u 0" '

"4" A'" {'\ Q '~ill\TG lI: i,TO IA <: b1} (\}7° J)." = ~)E'crJ~.~ ::}, lE =: ,ZYlax ~ ~ .;()L$ _ "....J,. -'

, i;lt{~M's "most ~~~ir~'ie" '~eightlri~ yc~~or:~s'not u~ique. Any m~mber ofA:'
't\~ ~il1 suffic~, .But ;becaus~ A>1;, is il1.ien~r~{ ~ery siu1}.ll\\0:@el~ti~I)1to th~ e~tir~
" '.'weighting space A~"d.,eteq;ni,ningJa. m~rrlber of f\,*, can\be aiiRc1l1t. -Ste_?;er(51]

states that "the al;>ilityof the DM to ascertain cOrrectly a member of A1¥iltnQ.t
c~~sideted very 'good even wheri uJ3inga diScipliil.ed p;ocedur&J: ''" r ,-
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i/o:;; , __' C. _ ( _" _~' _ .' (i'l 0,', ',"> _ ,_ _ " '{Aj _.?~ ;/' (,':,,_.(,:,:_\...0.,
~teuett,[66J pp. 193:;90 discu-sses,,~ l~~mb:e~{)£ p~lems\J 8Ssopia~ed ~y1t~J~j~;;~~,""

" weigh~e~ sums ~p~h~f-;h.!hese.inchid~!~ th~C'~epencl~nc~~f the weights o~~ e' ;

:.the if~aslhle set, tJ~e~~penpence 'Of ~h~'Welgh~~)n.the l'elatl'vf,:ll'engths of~the 0 00

o obiec.tive..functioli grid_ients, and djfficulties fausedby the degree to,w~iohi)b-, ~
. jectived:are correlited. Se+J.sitivityof a solution to the wei'ghted'st1ms problem: b

v (l.l) fs ~~~ei:l,tal i~sue in'tisiIl~ tp-e 'Yeiglited'su~s~la:pp~oaclf H8.IJ.sen,\")1j/.
al; r20] have de~tved ,a.Q approach W'hiclr fl,llQWS us ,~()calculp,t~ at· ~~iirnUln0
"tolerance percentage by which"weights manviate.~hnlllt~ously ilid inde-

o perident1y from their estimated 'value~JYielJt~g th~ sa~e optimal basic soltiti~l1I) L';'~\ {0 Q

to(1.1),'" "(I '" 0 (1' ,,'J\ '! ,,;
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Of CQUrSe a,.Hn!=:~ :a.1?;pr9:x:imat~~'to~~th~utilfty ~diQIl mf}y he ooip.pleteiy
"" ina~equate and t~e ~f;lg~~~d~i,,)ap~roach '!llay not be a;Pli1,f}\Ble~ p
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:Oii";'all t?e non4G~~a~ed""lte{n~rin_Mha.~ ~eeng.n~ra\ed, th"'/M se~': 1J

D l~lts one 'Of the'solutlol1S (rom theJ!~~~celther by Just look~~g ~t t~; or b;y, "-,
using'<some mult.iple attribute decision malal~gtechnique. ~~rh~,pX'{)blem ,~ith' 0'

, tp.~ t.pproa¢h is that) ev~p. for A rI11~th':ely small probleJ:I?,) the number of P.O:IJ~ ,
\""',,_ , [) - (l" "j o· "" ", 0 _ j{_,_,>, - , !'

" d\?$inated exf,rel~ poi+,l1is can be ll:lirge.''l'h'e consequences of thi¥ ate twofold;
'flrst1rt:c~ri'lPutati6utime is 'l~n~, and 's<;}cO'£ldly, siid~la;g~ll~afDf ~ltefn.ati:v~ 0

would'most likely r:p,hibit the ahllitx of the DM to ~~a:I(ea se;\ . n. ,Z~orits.,
n, " _ 0 ,f" - .:, ,';'., _ ,_ ~ , c

f67] rComments tha.t, only in the early 70's was this considered, a. ',bIe s()I~tion
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'\ i~ sEec~fie<i~tc8. '~1\~~:~the aoov~metlwd u~es a1~/possibl~, w~lghting'13Vectof~
\Blffiulta:neousl:V, In thl~\ sense the two techmqlJ.,r~';c~nbe ,<:?E~tdere~polar; ~j(, ..
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< hence a 11(:)edfo~~echniql.leswh:i(,'~,~en<irateamore mo~era.te ~(),unt or infol'~ ,
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In g~n~ra~, ,ea,~;'tdass co~sists'~~a p;olleer'.n:tethod ~}:rtfsevel'alvad~ts~ One,'o,
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notahle exception is the class ,of critedod' w~ightS~pa('1metli()df{)w~pe t'vvo '
quit~ dilfer~nt pioneer methods hcw~ beeil developed an~lvaria/tiona ,proposed" " u ()
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This ljre;aJ,ut'e ,1slttvey is ~rc{ente~ a£co:cdingto th~ ahove classHic~tiOll; the 0

" :~hnal'y"met1'i'~d!ll,ea"c~,c,ate~(;)l';)'i~ogresent;.rJ.,together~ ~tbPgom~ of thtlmote~' c
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Sakawa :ei al, (451 cotb.ment th:t thre~ di:lfet~~tapprc?ach?S can De tfSe,~ to
solve MOLP problem.<J,vi:i1~goal 'prQgrru:nming, interactive'methods, a,nd fuzzy
\lprogrammkig. "Although our area ~~~~te!'estis 11lt~ractive algorithms, a brief l)

.description of.·the goal.programming ,,and:fu~zy PtBittammlhg a,pJ>x-oaches ls /,
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Tn~Gooffrion7,Dyel'~J:t)inberg Meth~d'115l is the pioriee~'m~thod in the cJassol
" C "1" r,:, - " 1) _' \', " '''.,' . ", c· ", _ -'0. -0'''. . ..

,,~ n:;tethgds wllith Shirl' and R<J,vinciran [49J classify ~ feasible dh:~ctil)n methods. "
n, ,'~/ _ . , .! _.. , . _ , ''3 ,- . ", OJ'' .' _ n '_'"_,¢:

o ,i' The meth:ot1s which:;fall intocthis class ~ are direc.t ext~nsion$ of the feasible
directi~l ~ethods, d~veloped 'for' ,solving $i~gle,()bjecti~~ :n~nliJtear progra~"
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n1in~prfl)b~~m$. These a18l9:ri~):u;iiagenerallyat,art with a fea,sible's~lution auq
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1: Find a direction jl,.long~whlch the. DM's I(,r<:ret:~nc~appe?X's to incr~ase!>

Q>$.a11ed the direction finding p.;r,oblem " I
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,"'-, _"" _ ,\1, s., " __D' ~J \-),) '_,., _, ' ,__, ,) _.u, _""_ /fJ

~. I7Detett~t~e~owo :(11' to "t~avel~n thi~ direc;tipn froomJ~?/currentsolv.tiottf
called' the ~tep~~nz{}Jproblem '0 H
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. q~offri$'n°t.l,taL L' (151ou'Seo~e l[rank..Wqlfe met'hodD to"0801ve this,nonlinear.
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" , done by qilt'ec~ solution. The solution cail be realised by preBenti~ a nu:tnber
of vectors l(~(k) + plh)} for v~~:ous °values of p; () < p :5 1." 'The vedor of
object.ivea t that. is preferr~d b~rthe Dl"lidefi~es the op~imaJ. ;step si?i~p(h,) •
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\. 'jl

J' ir ~' '., o

\.) • _ _/I'_' __ ' liD 0

The complete Geoffriol1rDyer-Flrl,nberg algor.ithnOs thus :..
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""f/) 0:~h~:s;i:t~:~~::t=ft~i~t:i~:~~::hU:;~~~l:;:,::;~:-~ed
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\, " , 0. .'1 , 'c 'P " , t
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sji.!bject to" A~ ;_:;2
G" :t>'~)'

., 0 ,." - , '. . .,
b . 0 ~

t Obtai:p. tilr,';':i~t~rerence weights' from the DM either directly or by 'obtain-'
lUg the:<~1s'\lsing the followin,.g, relation' ,;''', '"

1/ c

''0

~I , ,,,1 , ;:;:' l)U(i(¥Z(hn) I~V({C¥2<:i)}~ Afi(;pY~)) ,
mli(~{h») .' 8}l .. ' "-ii" Aft(WY"») "
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o . J ~ax ~ ~~h}fd(~) 0

. ,,' II subject ,ttl A% ~ !!.
, It ""m> 0
'~:f " I ,", 9 ... - ... ,,0

~ I" r l~
,where AY~)= ~'H(~Kh)):. '.' .'. '. ~", • . '
,Call the solutHlU t4 thIS problem U{~)· and let ~( 1 == 'l.fP~J-- ~t?~).,

I' , 0 ,_ ('; 0,

3. :t g(k) ;" ,ilkl,.then ~t~p, ~(": iSQPti1tal. "II :.'. ' ,

4. Oth~rwlg'~ display th~q critetion.)i/~htor~Qf(~!(lr,);'+ ':=i irk)) d=l, ..~;"
• It . "

5. O~tai.n ,,~he',DM'smost,' preferr~~ of. ~'e"q. hi~lpla,yed ..~ritedon,<)v~ctors)
\'," c~~tetlOnvector ~ say. Therllet ~(~+l)lrk,rs(h) + ~'" ~(h). ~et h :"_":li + 1 " '
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Q L JALtl1(mgh this method aSSl.llJ1es the existence of' an.und~r1;y:ing "Jutility"
/ function, it does n61 require this utility £tinction to l>e id~.ntified expliCitly.

,;,/. , ,_ !l , '= ,:- ". to< fI

../2. In practice, the riM 'will exn~}gefrom, step. l"'witl;l. only ~pproxill1atiQns
I· rf " ,,' , . , "

l of his true weight~v_a;r£d from step 5 with only °app~o~ma.tion~ of ~he
'I,optimil stepsize! H~ever, SteneI:' [56}:page 379 stat~s tnat' (~the:i:eare

" _' _ , ,_ , _, ;~~'il:' ,'" I. _ .', '_" . . ,. _', " ,(-

'i result~ showing'that infinite couvergenpe to '~heoptimum holds1 provided'
the approximations becon)e suffi.ciently more'~xact i1S the iteration Cdunt

,f'" Q (1 -'.~\'J",
'" _ )1 __ cmcreases • ." ...,:,~,

, 0" .: • , Q\, . 'J,f" '
, ,3, It is ql1ite likelyth~t many o~the criterion ,.vectprs presented JO the DM ',_.._" . "

in step 4 will be dominated. rr ' ' ',\--~.~~ ,,-

<> 4. 'The only qlll>~titie~'that necii to be determined are ~he indifl'~ence ;;ade. ..\ .."
offs ot MRS. These have to .he 4extracteq,' from tl:ie 15:¥, who inprincil}le a Q \.

TI ~~as\?, estimate the tro~deo~~subjectively. In pract~J~~'\t .is fo:und '(Wane~
liUll {601l that ,:~ O~. has diffiCUI:Y","cmnplishlng sucl_J.:,.1.,,)< uruUded.,

jet 7f;. r. d: ,;./~~/ ,\ ,
,2 '1.1,,, I~ ';f arlaivJl:~p.S· 0" " ,

1F 0 0 ,

~ "

II' ,r J:) P' \'~It o~dJf:t,to (lyercome t~eproblempMs' have in estima1;'!rg MRS"lip,aided, Dyer '~".~,
.,[12] t~e;tJlope~~~malg~fit~mic pro'ced~~elot a:p):oximt~ing. t~~RS ~hrough"r ',~. .
a senea ot ordmal parted comparisonsl where the DM lfl req'~ured .to mdicate ,) ,

, " l\,r, " "., , , " (J , ,j

a, ~reference for one pC two possible choices, or tQ, indicate his indifference ~'
between. the two.
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, Selec(some ?m<tl1/111,,Repeatedly inc,rease or' decr~~e fj./i depending on
" whet.her the DM prefC~~[~ to [A ;'pr 'vice·'vetsa~ respectIvely. Continue until

the DM is i~jffere¥bet";een t and t';, the\, i{i" .. ~~.
" \ \\' " ; 0," '
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Repeat this process foi\ each oi ::::;1 ,0 •• p. "
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o •·~:ng.~ ~431c~n.tFucts a Wide.family of p":,,,ibl~i?,quiri~ on. ~"<ljr"l(~rn,~
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1. choose the way the illquh ..y,ilS <tonclticted
;'.to__' ".if '_' u'

2. choose tlJte"marginal utmti~~ ofcertai f,grotlPsof objectives only' i H
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This scheme allows for more fl~xibit1ty in questioning tM DM: for his MRS, ~s
• 0 0 ~ •

well,f<~allowh~ him to ~e inconsisteD.t in his estb.na.hio~'\Ot t.b.eMRS. 0" " •

" , ,',\, <'" r.:: ~"" '", '\",'," 0 , "

11'lth~ GD; met~d a,' iiD.ear,'approXimati~ to ~he Drvr)~dverall pre£~~n~"
~ .", _' ,_ , _ _' ,IJ :" ___', .. ,-::-;'_:::: __' ," ~ ,,', 00

function is ma.xir.qlzed over the coua~r;tint set at ~a.(:h',itel'a:tfon to d~t~rmi:pe
" th,e ne"t feasible dh:ectioJ'}. Opp:pheiniel' [~1] tn1e~,.tQimI,rrove"?thec~nvergence "" (1'

of~e GDf procedure by diiferenti<l.ting betwei:m0tlle 16caloand.global heha>viour
,t,' -, "', " _ ," I'" _, f_ , __ " ,'_ _ ,_. _ " '),} _, ',' ,'_ '.. \)

oJ the.assumeg p~ef~rence function. He.suggeste.,~ fpaximis}l1g a prgxt furi,~tio,n ' '0

" in~tea;dof a Hne~r ~ppr()ximal;ior{;to the pM'§ utility." function. ~~hilfpro'f:Y ,,"
Mnctfon,:, den~otedp(.[(~)~ should ~havethe..same gen.-arM characte:dstics as
U([(iE)} '(~~j,least, locally at ,~(h)J"" The !unctipn ~u~t h~.c~nc~;!eOn' X and /' '0
VP(.f(~))-shou14 be colinear(with.;\7U(£(~)') at i!!(h) and ~(h+,l)lmplying that!" o "Q

• 0 mW .. &~~{~f'J»1&u([(~(1;i) = ~PUI.!f:.~~/~{[(~(~);i· /.
. " 8ffj .' .l;jl . 8ft 0 {)fl o .)'l' - ", '0 r.: & <:1

., \\ r? <, • .0 '

Ii ,~\ " .' . ,.'" " ' 1 0' ~

,.Oppenheiiner,proposed 1sum of exponential functions, a.silm of p.,ow~t$, andoa
, "",;' \ • , ,. .' il

sum of logari_thms' as sui~able'proxy functions. Oppenheimer suggested' using ,
one of these functiolls';, ~~ly" as local proxy prefec.rences in the .GDF Ihet,hod'0 -
b~,c~u~~they ·a~'ereJ1Son~hlewhen' assumed locally. In' this p.f~~~du~e,at each ,
iteration a new MRS y~ctor is assessed to update the ~rox:y, Th~n the new' ....

. proXy js m~imized OVer th~ ~onstrain~. set 'to,,-obta.ip. an hnpr~ved\.'£easible
.solution fol' the ne~t ite:'(l,tion,

(['0
l,
IIAssum.ing we 'l,.l8e tOhesum of exp~Ilentials ~

() \:) !,~ () ,)

(.l 6-' , O"~p,

1\ P(['(ri)) ~c - £'nl:e-wlf.{~), ,
~ i~l

o

(1,

GO, ()

as an" exarflpl; of {l. local proxy p~eferep.ce tuncCion. The~~6ppenhei~'1<';r)$ ~l~
"gOrithlU is ,'" <;) n" "o!l Y o " '" 0 ..:::>" "

n ,OJ -0

1. Select arbitJ:;a,tYfeasibl~ solutiol1s a;,0 and ~l", Set h:;;;: 0,
\'!) o- 'J

2. Assess the ~htsmli(l(~O)) and m;H(i(m1)) fot :;;,= 2 ..~'.p.
.: " '" . '" H"'.& ' a

t;J ') "
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By taking logarithrnsoand solvJug the ${it'of 11neii.requatiotls; the proxy ,
paran:leters at and wi ar~ uniq)}ely detd4ninedfrom tJle 2p-1 a~sesam~nts
, of m~ki([(~))' c ", '" co, G '"

0' .- ,- ~.-~

4. Maxhnizeya(~)) OV~l' the {ea5ible)\~~<1;qobt'ain:;#\,~ew it~~~te~:Fi).
" CJ ,,_:; ./ .: ," , • _ , _ .. ~ Q ~ '" () ,

., O. If U(i'(:p,{h+l))) f:::-j l!{l(~(Jt))) then ~top~~p_(h) is,)th~,D~ rrlOst ptefefr~d
'soI~tion" Otherw~se, if [(p-,(h+l)) is prefeqed t~ lC~Y'»)'ase~~sthe MRS
of ~he DM at n~(Ml»). Set fi;,d' h + 1and go ,to 3. ,,"

~, If. [(tE(M) is' pref~rre(t,to L(p_(h+l), find Q~ new 1(~(h+9) pr€lferred to
[(p_{h) ~uch that "'~ " o C'

I) _, "or ~""',J ", ,(.

,£(~(h+l) = p[(~{h») 1- El - p)l('E~+:')) 0 < p < r
n

Assess the MRj qf the 'DMo at IWh+1», s~J h '" h~ and. go to 3. eee
" II/;" ' .. ' ~ " (

, ";, ' .', II" ,f' , ".' '. 0.. G , '-,

qppeuheimer also exa.min~d techhiq~~s for'<;hecking MRS c~nsistencYl employ:'
, 'ing two types of consistency tests,j the first testing MRS consistency of a single:
opoint, (Lnd the s~cond ~esting the ronsistency a~ successive po~nt~. /;/'

" " o ,,/.

The fOll()Wi~g~dditiollal :atiatiolls are reported by Shill an.d' Ita.Vi~d~~ 149].

...0

u ,;
{)

!)
f':f'method developed .by Harrison and Rosenthal~. which isjust 'an ext~nsion
of Oppenheimer's method, iteratlve+y formulates an approxhn.ate explicit pref~
erence function ~ing ptecis~ local t~ldeo:(f"ratios obtained from the DM ~d
, then finds the ne~£tsolut;ftorl by solving the approximate function. A line search
using the ~ew soliition i~also performe'd, Wehrung also extended the GDF pro~ "
ce4ure by re,quiri!ng q,~l~)a binary PFeference relation ra,ther 'thart a :rea.l~v~ued
preference functibn. Howeverfthis procedure.also requir~s a line search to be

u ",-' "

performed by the DM. Hemming modifi~d Lne direct.ion finding step o~the
GDP p;ocedure by replacing :the precise local tradeoff ratios By vector com- "
~arisons. It prese~ts only efficient solutions to the D:N[In the Jine sear~h: "
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o Mu~sel1Xlah and ~~ala.vage[40J h!>:proved,th~GD~ l?~ocedl1teby eliminating 'the
line search. J¥re the indifference' tradeoff's ~btaiood fro!n!'the PM areoused fa·
de~n~*a cutti~g plane ~hichre~ov~s ~J portion of the !eas~h~;region ~o~~tining
pomts {,hat have lower values of'U than at the current. pomt U;(h). ThIs rne'thod", "" . "'" fl....
is ·describedin detail in section 2.6. ~
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2,,2:'~he 1t~tJl"7nCejpoin~'Metbo!i and ~tsV?tl'ii ...",X" I;
l~nts ,> "if,:l 0 /

" J " ''0 I:
1 <:.I ,;c '_ <J ..., • c<, ., 'r

,,,. N' o ,> 0 ". ". f
' The R,efMeD;ce p~intaJ<k>r~ach,proposed by WietZibieki [63J,1~allsinfo the, (}l#ss
of Scalarizing Fun~tfbnMethqds. Th~.distingu~~hing, charactel'istic of tlds,~p,~
proach is that "the DM specifies tlFferenceo vahtes J.Qt t,}le objec~i~es at ea:ell
itera.tion.

o

this referen_te poi~t is then proje~t,ed ~~to the set ofhou'dominated
~> '"" ,- :, _ . ,;:'0\ - ; -, - ;j'

feasible solutio~s 'and presented to 'the DMj who ,then changes hi~ reference
levels~ The s~tlsfi~ing solut~ll" is reached due to learning pr im~r~ved under ..
standing of th~~;Jluti6n procJ~~,TheReference Point met~od is tiher.efol'e,said
to .support an 7lsp;ir;ztion-led secith for D: final solution. ~..'

o
" :1 f) {j. ~'j- '/

QO " , fl

VviezbickPs approa~~ makes use of"a,$\~ala.,rizingfunctkm s(t(~} -:?t) which is
:tn~~serl i.q ,?rder, t~~~:ide a i1onqoniinat~d ~91ution which is "clbse" i~ s~me

" sen~e tp the l.'efertmce~I;,~ (Ol',',better ifthe[ireference''point is feasible). The "
, , ," .' ';, 0 :/ _ ,\ ' ,_ _."

D1\1:the~,,:<eitherchooses the solution to be his satisficing solution, or riiodifieii'\
hisJ~fer~~ce objective level~in order to genel'ate"a ne:w trial solution:

r~

o

_0
, s(t(f£) ~ ,ttY, tr'U(([{>E) - ,~)+)+pll(u~' t(~)+11 (2.1) 0

" cI ,:'" / .,. 0, 0" ",;, ~.'" "

where" 0: ~s some utility futlc96n and ([{~i'-;-,~)t ::::;max{Sj~($r-'lli),O}:
0,0:;' "/ Ii ;' c: " "c (J' 1')' .

, _ ,'J" -/;'. -' _,_ " ' -;;. , .. -. _, _ /) .' %. _ u,., ()\).

W~""bl~i te.rms tl)is ~":"r.te~dedthresholdJ,ti~itl!fi;nbi{onr~ stateS' !4at .
tlu. «s:''''rlb~.the beh~vyJUr ~f tn~~ver~~e ~M.; If l(,,) > ~,iniil)\~~e~""':~~
DM VVlllwant,t~ ffirum;r.use hu'l cutlhW V; whIle lJ t(~) < 'g" then ~,lS dlsUtlhty
cohesponds, to a, distance from satisfyi~g all hit1'ueeds. ,"
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?~~a~~n, Ih(lx+,y~P~cl~csc~)hrizillgfJfnction~of the; form (2,:2) can (~cd1!ne~,
usrng dlfferent ,nOrms. " " 0 c: 0' ,
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Ze1'\ilny {o5] developed the method/lo! the displaced ideal i$ased on his 'A~fhl 0

, of Choicel " .'// 0 ' '/' o

(I <)'.1 Jr \\. ;'~I_/

II "II"II .
a i; ,'/

'C>~'Alternatives that are c~bserto the ideal. a.l~ p,refelll'ed £0 those c '~
. _ ,::) ( .!., .'

o-,.~ that ~re" fartller ~way. :-To be a;s"close M possible to~B~perceived,"
idea'! is ,the tationale of human choice," ,,- <J Q" ' \> ' ~)/;p

~ u ,0 ' ~ '/ ,;':c';;:::'5;() I /9"/

Th)~ method can bg consiq,ered a special case of the scala,rizing fundio:n tech::_,,,,:,?~~;;/ -,
nique where the liscalarizing £uncti'on used is the ~mily of Lp m~tdcs, defihe~f
in defi~tioll 1.'24!~i\\it.~:~ldeaJisJnitially used as th~~r~fet'encepoint.

JI
"

o

""()n \., '"
If "the ,oBjective functlone )\''''''Il1ot expressed in' commensurahle terms, th~n

\,' . "',...," " "

a.. scaling functiop, is introduc~d to ensur,? the same l'angEdor each objective"
function. USlfally tI;i!:!l'¥1ge corresponds to the intcl'va1 {O,II> This Boaling is ,,'s

accomplished by defining the scaling function
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") " cD T4e basic app:t;oa,chOf!~h~algorithm'~a:a ~e"stimrQ.arized a:s f~llows
',,' - , 0 ",~ d' -r-,

,\~ill ."
'0

(i
r;,

o
"0

.2. Minimize s over the (!ol1straipt set for p =: 1,2106.

3. pres~l1t' the re;ultant s~lutions '~d the idea(pQitit to the Dlvi. 1f the
DM' is s~tJs!1edwith one of these solutions, the algo~ithrn 'termin-a;tes,
Otherwise, the DM hl'lJ)OS(\J$ further restl'icti-ons on the const~p,intbet, A'o 0 .,.. ",.

':.'n,eJ.l1ideal.( displaoed) is then calculated over the constraint set alld the'
met,hpd is restarted'." W

'.~(;
)~ !

a 0

, D

~aI~ayva,a~l~,,:Ya~?~pNe devel?ped a. r~~zy multiohjectiV(~ programming method
whIch can be vlih!IJedas a fuzzy versioh of the Reference Pornt method..'. '.,

',_ , (,:? n' '\'-_, Q

11

S,akawa, YUl'l,'line'\and ;,Yano developed an ext <{jed v~,rsiorl of the Referen,~e
il' ±'Oh1tme~hodo~nwhich tJi~,DM is su,pplied with the tra.dc;:off i~fo:,lna~ion. "

ti'
') i' r) \C, ,

._ Q ';,1 _ (J

Instead of soIvlug; the penal1iy scalarizing problem, they solve 8t,mi!11m~c~'~b~
Iem, viz.{ u " ,," ,. \!-

it c

min m~x(Yi - ii(re))
¢ l~l~p' c '"

s: t. Ax < b..... ' -,~,
I~"

x:> 0"
.r>,#,- N'

()
o

or equivalently,
o win ~

s. t. (Yi ~~fi(P.)) '5. a; 'i =: L :'-.p,
Ax<b
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This,~olut!QJli.~r•• ~t.d tei th¢ D~ vlh01Fust ",In"" accel!t ~tas'ws .atiim~~
'Elpltltlon or modlfy hrn reference pomt. In or-d~r t9 nelp ,th-BDM express h,~sQ
reference lev~is, t'rl;lld~fP inforri1a.tion bet\i~en~ie~ere(l~eobj~ti~~ Ii -say, and 0

each ot the other ,objective funct,ion:s1 ~sl~iSPlaY~d. th~se tradeoffs are easily" ,
,?,btalnable fro~ th.~:Lagran~e~JmultiJ?1ier,~of the ~ini~la%' ?rQ]bi'ern "~cc()l1~i~g ,
tb the t;,elation -a8it;-"t1where nhe Ai ~dr.~h~L~grangemultipliers a$sbd:at~d o "

• . "". "" ',) ",'" q l~"" ,,', ' ""wlth the ;col,1stramts:,of tj~ mlmmax pfC\'~,leYlh" ~ , " .. ", '" ," II 0 ,d, Q

-o d "0

r" 'i;J .'. ' 1~.,:' ,) -, ,/.' 0' ." "" -', ,~'_, u'

'fhe advantage pi this variation j(:i that tfte DM is supplied witll tra.d(toff, lnior ..a >'

<~ !l -', -._" ,'D ('._ {I .,"

"mation as ~ell as objec.tive fU!l<:tiol1 Levels·\Vheii tr:Y:lng to e;cpress a referettce,
poAllt. o, 0 o ,', :pl.' ". 0 b ' '
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The q'\ViS1J.,lal "lnte~atCthJ'e' J
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Variants /,I

9'1 i:?,

"'11
o II

D " 0,/ {1 d ./ "

, , Ko~rQiien ap.d,:La.akso [28}pre~ented this graphi ~af~ed i16\~~ct~'\1ep,pproa1~
, lQJ.a;~~ttei'npt ,:0 ~~liain ~m~th~~~h is ~asy ~ use; heips the l)~ to fi~~o .

imwoved; solutIons, and (~lowtfQr"c~lt~to t~1:Q,M'sptefe1:~nce lunction .. 2/,v: , 0, :' 0 c!J 0 ~~ i ,,II
~urmtr the ltel'atl,N'e process, - 0 I '0 ,~i ,!

, -t:> 00'10
\) ~0 ~:} <.,'"? r ,.! 1,_

o ~ t\- r . 0

'rh<l°oIllethod i.~~~tially a"cQmll~atio~ !rf th':,~!Frion~ ):lye"-Fei!ilierg a.1~~ ,
tithtn aTld ~VierzbiclcPs"scaja.rizing funcH€>n 'app1·~~,,~Ch'.lnstea.d, of the Ft'a,k~ ,
Wolfe gradient approach, "tp_eseat.Ch -dire:ction is ~r.ern1iraed usir4!; a refer~H:Ebe

Q pOl~t. T:l1e '\fe,eta! from the current Eoluti~D to'th ,~ference point i:s, used 341 a "
t'e£;l:enee direction. U DO" f ' ~"l .I 0) 1t (}' I"

~~ eOT~~rer.re~~;n i.t~enProi.~tedontd th~r;;'t~fnon<!Omin~t.d fe~fi Ie. 0

o sol~tions,U$C:'Afala~rzf;igfunction ': '.this te~ul~~.in ~. ~mcient c~l'ye ~tartrt1~
frem theCcur~~nt oolq,tlQn ,a,,1H!ttaversmfi a~Fo$~ijhe e:fficI~11tfrontler. "'"

" 11,1;)0' (\,' ",. llC'~ o~ rj . ~. ", '. ,X:,,,) , ,"Ll . , , ,

,) c'
0', . '0 i, " " ., II. t' " Q,

;;The ,~tep length prQblem is s(>lv~l by pre~~nting tl:J.is.whol~ curve to the DlVl
n .' ,/)' , .'. ,.' CJ', .. , " s:', "_-:"?' ~" __. .\

o Din',the form of a graph of the objective functi~'):Q,~:va.l\le$along t'lie cvrve: The
"cnM is, then ~sk~~ po i~~ale~t~",~rilchpol~~,of .t~C?e~cieh~curve he ,!iJ\esm~st. q,

. fl '"!' .~~" ,., ,0 tJ 0 'C" if, o

"c~J"

';-','} ,p

", " • ' . ,>OJ. ",. '. ." " ;0 , '0., " /.I' .,". G':. , " ; Q

If ,certain,'optimality conditions ar(;'lsatisfiedl" the pioc~{ly.re ~t9Ps, 'else~ <).. new,
search, direction is iderftifi<.;,daU9 the process is repea,ted.
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(I. If

n

..' 3. Solve '1',

....min, s([CfJ - U(h)),
'S';o" t. [(p,) 0= ~(l\-I)+ Pt£(h)

Awc<.b, .,
, -..... -'N

", :'t >'0
-N

o "

'h
c 1),10,

. 4. "m~;la;y 'the dbj.ect'ive fun~tiQll va1t~es [(~ras a vari'es~:rOlll0 too oo~And
,,0 ~si:theDM to- ~el~~t his preferred solutioh. Designate thi~,solation ~(k).

'0

5. 'Jf i(1~l:f f£(k:-l)'}. set.'ft ~ h + 1 and g~ to 2. OtherwJse,Y if th~ DM is
un~atisfi,d with £(h), generate, a new se~rchdi):~ction,,~~h+lj;set. h'::;: h+ 1.

, an~ ~o t.3." rrh: wa:~.in which,ne~ search di~ectiol1s a!e g'e~erated ~ .
uesc~Ib1fd. m sectIon 3.3.2. ..' "0 " Q "" ,g "i)

/0 0 "0 0. 1/" a . l' 0 ."d-\", '. g r,' ~,
. # r . . ,0 b

~.lo/!IIC,omm,~nt~ ,,," , ,;.
.7C)\ if'" . " ,'\ " "D " ,< , "\\ " ..

." . " .' ) c. _,'Il '~, i., ': ' c ()c;

o ,'. c :J,;clgorit,h~~.i'tsDW.•.j';:fin~i~g i~~tO~.'O!;'!;jOl!'s W\,t!wut lllaking'
~feyred}lct1o~$ to"tne'feaslble reg1011., ThlS means th£l,t',the pM c~~alter." 0

his ptefJl.ep:te futt?ti'qJ;l"without lleC~spit~ting Qll a:lg6:dth,n:) resFl1rt. 0

~, 0 o ,;i" II '" ,,,' \' " 'iP" .. "" "
,', _.' :' (J' ,.-"" , ,,- -'. 'i.!:'(';' -, ." '" \) , "_ _, ' = " _ _ ,"

2. Although the method Q£:,interacvion with the DM is one of the algol'ithm ~s
/ -, 'C;\' ,1,_-" \:f..)_ ,_ l), ,- ," ,"'" " ~ a , ' ," . _, ,It

$tre~1gtha, this may .becd1n~.>pr9bl~matic if Uiere are .tnore than fou:t,o0'1:'y five ~bl(3etiv~s.:; ""'~, \\' "tI"!" ., ,;

/j_ , .;, 'J '..'. C ,- c ,,(\"_ ,

'" /3. Th~ met;h6d' is not bas~d on ,unduly restrl(3tive,,~.ssurtlptions concel'ui:Qg
If- '/ ,'f. c ' _' iJ ,,', ',',' _", n n' 0 .," - 0

" "the DM}s b6>haviour or"utm~y (unction. t; ,

" -'" tl 0-,
o ,. ,.i? n -, " (:', (,l " 0 ~: 0 t;, d ':;;

4. The 'DM :i§c free to ,~p:\re~,tlg~teO<fnY.,part of "th~ nondQmina~~d set he o".

o t (Jpleasesj' Jl(~is not <edpllne<i, to eyalu9Jti,ng only ~xtreme pt>int "soltr.t.ions 0

or Hihit,ftdoby"preYloll\"choice;. ;,_, ,,' :'" 0 " c , /'->"0" 0, u", "~. CD '" "6 00

" ' , " ,,;,,,0 ~ 0\\" 00,,', ~J c 0 ", \7" g "D ."..
r,~'5:Thp:;fhfot'li1~ni~'hem~%oct8dep,eri.d~on :trhe D,~tps abilit~Ftospecify '~,'
o re{{rrence directi&.s ~~ich l~~d to, inlf~pvedsolut~~)lf~,~o;:,'{?" (J" "

/7 0.,' -i' U :x.,;t !."'~ll'~:- C'Q.; "'.'_\ u '~) ,
o 0, ,&,='':\,..,s~"" -, 7J

o c t~~~» 0

~'o§ , ~ (~

\\"0

o
o "z-

c.
"

" c. _ <'i d)

" 'as (J is iricrease<a from 0 to 00, where s is a scalaiizing function.
o 'u

" .

o

o
c,,'

, O

..."", ,

\
o

33

G

o

"(It "
" t)

Q o
D ,:0



't;l :;

o
0·'"

" 0

" o' o
",) ,(J "

~', .. " _ ,_ ':. ' '_',__"c ,_!) !,' '" _ , ,,' .; , _ -(;,.,,' , _,,' " .,' ,'¢, (~

I{Q1'4on@:n,and Wallen1us 129) have developed an appro1:\d~ 'they call ,a ~a.'l;et(') " ,0

Race. It combines the above ideas with the ideas of ex~l():dng. itlr nondom~
'. ,: _: _'; ',,:, ;, "_ ' " ',,' L;} D' , :' _-__ - -; , _ ' '< " .: '"" " -, -' -'0,:' " _. .~ .:_1

inated soh~~ions. rrh<t entir! nondominated: "set can be .ex~lored by \I'~f~ng
the parameters d (direc.%ionfa.nd (J (step~size),,However, instead of specifying"
the p&"tattleters ~pliCitli~)l:DM exp'1~res the non<lomiqate~ set"hy n.driving~l ,i!

",' i:t).'ound 'on it by performing the folloWing acil:tlJ!lS,and 'the algorithm is almost
\~, ;.,' c . q _ ' " c , ,!:C, \': _, ". ~) , , ')

"'I~lkea yld~o ga;rr.te. " " , " " ' . "
l}P ", '-5 "-p
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" 1. l~set~.;e~atDr , ~ove through ~henO~dPmi;ated .~; In th~ bu",ent
dll."(!ctrion,at ~~nstant apeed" ~'
-, () ,J () I ~
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~, '9'se"the gears ~ incre¥e"the\'lpeed of travel throllgJ.1')he nondorhhla.ted'
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n 0
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5.0 Turn, ~ change db'action of t,ht~path along the nondom~ate~ set, so t~~t
0" a partictilar obJective is'increa.sed. u o "

~o ~

(~6.Fix an objective a~:"n1inirnum acceptable level, or: fi'e~a previously fixed
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" 2. :he,~tlly hJ~r~'Cti?n wIth the DM is to request him ~()choose,~~e:l!loljh?u
o Ii)'(.tt of a group. " '<J ," c " 'r

J),"~i,s~n~a Ii~~b.~Qt r,p p~"bl"".",us.: ~"~QIV:dYilt, ~'i!.'.!i41th'''!-Si:, 'Glnj~"
, , algorlth~:e~!1:u:es a consIderable arnC?unt o~,_£PU tune. DO, 1/ " ", .' ,

2oi:~".Vaii:tions' o .:. ,/,:, J,
The li>teractive W~~ed ~um./Filt'!ring ~pproil,Ch prop~ l St~u~ ';d" ·

, Wood [fifH,is ~iro.ilal' in: philosophy to the Inte:tval Criterion ' C"tP;pr9acl1,
the '~ain diff~rence being that ins~ead~!red}wing the ~rit~~iih,cone, tb,;epr,?"
c~dure reduces the weighting 'space Ii directly.' Ifhis is'madlpossible by'gan--
er~ting wei§hts f.rotn A randomly c),udfiltering t? the~.reg,~ired saU1pl~ s~ze,.t~adof g~q."'ti!1!ltbo weig~. bYtI1l~I.' Hen""the ~P1oacl' !" ,

\~ 0 I;

. <',~ // ri
, (1, S" n !: 0'""0 0 "" "1. et t {,',\'}) " vr 0 /., " .,
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,l'" ,-""n '__ ',:, a" (';, ,. , 1'-, ,,' CI _' " o .: '1/ , _ '.',0"" (:_,.~

02" (~enel'at~ a ,1atg@mlInbe~, ,of A~\r~~Qrsfrom t~rset <;{\ a'1;1fil~el' down tf?;: " 6
the required nu.ntbe~'. 0 ..\) " "
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Q for each of the 'A~vectofs,,'generatei i~}:it~,p2 above" Q
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4. Present the. criterion vectors to the DM ~nd aSE: hhn to ,seilect \~e" aha
he'lilees tx,lost,.Denote his preferred solutiQn ~Y9and' theCw~ightg which
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o I rl.. r :. 0 '. ' o •~t._~tilchoQ[55J.hav<l developell ..;" rnter~;ve:we;gn~~ T<;h.bbYcheff
,,ipror:.edgf~'rhwhich the ~eigh·t.~d.su.m~1LP ,problerl'l i~ogetl~l:ate a 'nond~rll:~na.te4 0 "

(I SOlu~i~1i,~tr.epl;~F.edby ~ ~caIarizing function prolrlem (flee s~~~!~n~f'2):' l'b.e
scala,ml~n' i funci,lori U$ a. IS r,he Tchebbych<i'ff nqrm. In C_,11on mstead of
using ~h ,;,ved:~)l:c~rr /"'ponding to t;he Div.Ps~et~cted ,Jolution to reduce, *e .

~, 1)"' i/ 't ",0 0 -00 I

used. ", 'jl 0 "PII" "
• d 1" ,, i ' . c I' a

,H~nce i~~ealg~;Tith1'l1 iSI~ 0 c- 0 " 'n I),;,~' 0 <l'~~:,

_-#i '- J.l '/ " q

,< lUI .. ',- i! -, :'J ' 0 o. ~ \1) 0

ill/ c', ;1' ,": .4; i I,
Ii ',' :l I ,:[i:i "\1"

L [Set It ,~ O. , . 0 '" (,' /1 , n Po

. ~. G~ller~; a ~~~uIDher OIA,vectors b;O~ I!;J~et ~ :rod .iUw d~Wn 00" , # 0

the renui!,.,d nu "'~ber.·'" j. II' 00' ' 0 ." ,
". ,'"J. 1~ '11' 0 , . "" ::. 0~i" 'a '" •

3. Solve, 0" 11 ,,0 , • " '\, "",::" ,,'

, p'o 0'

min {?+ 6:L(,zt - ~i)}
i""l" "

g'.t., a ~ A;,(z[ - Zi). '" i::! L ."p' ..
(0 -_ ,',,' - ',J J 0

" fief,):= Zi "" ,;;;i~=1... p
Ax<b

N-N,

,tF>O
;. ,,' _ • ' (e ,1iiI -, ~() ~>I

,::l o 0 ',,:: f~to"ea~h~f the ..\;,rv~.cto;s"genel1~ted in ste~ 2lbove. \'9 b " "

4.11P~~~el{t<thec~lt~riOl1~ec£~;s to the DM and";~~~(flim ~ select the'one'he" , '
,) -~ '__ " " -::' (\ _', . ,p _\ __' '"D (' -,' - -~, '

? " ;'0 likes mosto B~hote hie preferred solujion ~(lt) ~ 0,.

if' I! t) :,' _ , .

.5{ Using this s~~\~~ed~~~:uti\on~red~ce the weight "sr}a~eQAas f(fJllows ,,'", " .~
1 "P", 1 . {h)' '. " Q ', ()[; -;-~[E "~Wr~ if z. ':j:,;,t Vi := 1. , .J! '~,f~).(h) "::::" Zl - Z:j ir.::.). ~i - Zj. "
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2.1i : The ~Me:hod. of Zionts and Wa!l~ni:l.ls~~/h"
its Variants Il' ,; '0 $,

,
lJ ,,' ~1

(;" ~
() ! {i: t'J

u The app~oach by Zionts i1.ndWalJ,enius ho9}' is a,n,,oth~ pioneer m~thod il} e

Space Methods given in the pr.e\0ious section,"but hbtai:q,s the weights an co~~
': ": ", '. - - : . - ' , '~- ; , '- ' \~

,~tra,in~ the weight space in a revolutionary hew way.
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'The method takes ati)nitiaJ. ~et of :weights ~({l) and deterihines'so
. n 0 I\ondomit).ated extrem~ poinfby ttsint! the ,Simplex Aigodthm to's

c ~~ri) \.}
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For e",h nbnbasi"~i~ble ill the 'impI~ lab!eau Whi4;uld lead to an
efficiell'~solution if, introduced i;nto the basis, a vector of t adeoffs is computed "
~tiq,presented td the DM 'for consideration. The DM ' SO requiJ:ed to de~ide

Il' P

': he~er ~Ch set of tradeoff. lS ,desirable, undesirable nei,ther of the two. •

No4th<l DM like, a tra4eoff t, Ih"" !
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'8a'i;~' "The iinpHGit'r.\~s~mption. ,~!~~~~h;~~mty· fmf~ti(,)n i~'lii,Iei:it.z:t~~ns tha~~ ,
'<July e~,~ern~}'Pomt ilo~ttt~Qnsw~~l 'be g~neI:ated. tJ j:.
" ,\- , I' 1\, ,(' ',,-j I: 'tl O'!,' - 0 r;

~ I) 2. Even ifthe most pief~J;ed ~ol~tiondoes peeuE at an ~~~eme poilltt ther~ ,.
" 'is nO$u.~nt:~ t,h~t t~e W~ight~lw~~ich:'ge~~~~te~)is:,poiilt ~r.H,~a.tisfY,the
,," .,:o!l$Jtrarnts on the WCl~ts tor '(I, moee ~ene~al ·elass of utl1fty fnnctlqns

than ,!he li~~l' fOrm, (Jordi "(23}p Sa) ;,.,):l ~L: /. '
\<)" -i. .' tJ /, e. ~\ t , o ~\

I 1.' ' --u II I,

o 3. l'he ~'i?'r.o~va.dtage of t~i!"met,hod' jsth~t ';d.~.,~ew":i;'lif)t~h~ 0"

. most 'Bther m'ethads. ((: IJ, ,,0 ~ ','1i 0 ",;.G5 a
IP<;' ~- o

Q t) o I)
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"i'i'Y: <> ~ \" s'2~51"! v p_:rllatlons 9 ,« ",,'~ .0

"II :. ~,,, 6 ~ () ," 0 e~,~)
" ,() \:i { ....'(:""~.,,'-
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Zionts and Wallenius rnJ refined the above method te, anow for an un4ei:lying
'0 .'" .'

pseuo.bconcave utilityfunctiol1. The method is essentially the same but ta;kes
<,' 0" ',', >

into cQnsideration .sp~GiaI IIfn-dors ,relating to the pseudQCOncMrity p,f ri. Thi(}
~lgoritMn° 1:;;presented in further detail in:s~~ti~n 3..2.1. 0 II' ";

, ' , ' ~ .
<:> .., tl :;,

..i Stewart ·:'t5~Jincorporat~d" as~~ds~ th~ UTA me~hod int~ ~~~ om~thod dE:;
'\ \)

Zionts,.Md \iVC),llenh.fs•..By using piecewise-linear approximations to an aSsumed
underlying eoncia.ve·addHive"ntHity functian1 ma.nYmore. vertices are ct~atled.

1)-' ',- C _ . ' 0

than exist in the o:t'iginal LP problem. Invest.igating t~,ese vertices will the~~fore
'. . 0 0"

:]Dring111\Floser·tathe DM's n,10st-prefe~red solutibn than is the case if cOnly the
vertices of the otlginaLLP are investigated.sc '. , " "

n

II

I< ,0

,_, ,', , ,) " {"o a {} 1:J

Jkssumif[~"'t;J~'at~rihllte~ t~~bemutu~ly .prefereni~a.l,i~depeli.dent)oStewa~~ ex,;
o . '. ".,' '" ''') ':J\i.",

\.,'L,".~ I,:" . _ r: ,.,_ _ \, : \\

p'r~sses his utility function U(l(~)) as U := "j!;Ui(Ji(P.)). o ' c
l;;:;.1', "

{r'

" . a

41. (;'I , 0

G
" II

o Q"

!J 0

'<1'o

o

, 0

.d' o

(

o



o

II' .

. '
li; ,_

'lr

D

c-:.
" ~.~;.\,~f',ljO
~ . <~'if\,

j I, \ ti
" ,

~r(, ' ,_

o
o

, nu
o

(5) ..,

"u

<:"\ (\ 0'

o
o

"max
.'subject to
!.I ' ,G"U "-,)

can I-~le:re£ore,bE'i"apptoximated'by c

, '" v

'IJ'

."

(}I

')

I:;

" b
'V
0

\) 'Il'
,::::~

Cl
i., ~;:.:~ I',:'

<0 G'
().

" I)

',0

,(2.6) .~),'

.,' 0
0,

{'

11 0' 0

,,( .i).'f .-~

(.I
o

[.,,1

" II

fl

" "

o G

\)

.\



D'

,.
'I '0g'", , '

'\ o " (J

o i; D

i:

o

o

c

': H

"o
'\ 9 o

t:) '0 o ,~ ",Do

\\ Do

o

"
,0

,0

G
Q '0

, 00

(J
n t.

'I ('

£" ~,': ,"
~~ {O E mN{ O~t >- f);2 )io:, ••• f1£'tli :> OJ

.P Vi 0?3Ee,.iOil~,~7W} o ,

1=1 Ie:::']. I.; ,
<) oo 1\

0, a

II

o

o
,- 0
o(7

c c,

o c ()

.J "»o
() Q G

~ractic~ procedures for steps. 2 ~Ltld0'3 ar~Oghrenin.uStewa.-rt .[5s1·t
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This metI10d wiII generate an,JapIJf(!ximaticm t~·tbe DM1gmost pr(;lfm~rea,'So""
lution even when' t;his"is l'!:ot a basic f,)olution to the- ,orjgin~\ p{iloblern" ptovi4ed"'~
tha.t the DM's preferences can be repr~,sente&by an a4<;Utive vtilt\/;Jl funetiQJl,'

.(..1 1) _ t ji.,l f) ';;;.

I,~th ~o~ca.velflrm.1" This la.tt\~,rcondi~~~l c~ in p:inc~~e! ii~y@rHierl a. p»iori~0 ::

.' . 1) () t,', ') I) ~ ; '0 01:.., ',) -c;;,' ,/ I

White {62]deri\fes ~i~metl~od in l)art from ZiOllts ~:ndWaUenius. This method
allows for an unspecifi~d f9rm of underiying 1,1tilitY. All extreme l?oi:tYt<)£ X
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" i~,!OUIld. A. set ,oj w~~igl~s'is then used UO
o
gen,~ra.te fut!)le~"eX~fem~f points

Jivhl~h al:~ then <!o~PRxed'to :ea.qh QthGlr 9Yo the DM in'in attetbpt tdvlnd ~,he
rr:: bes,t soh,tHon so far. ~esp6nses from the 'Ol'vf a:r4t'incorporate§ into con~t"ptJnts

·whicb a;e used to sbrink the c~,nve~'cone ,:containirig'the optirnal weigj;lts. A ,
'~'ilnew set of weights is comJ8utea fr9m which,further solutions are, found~ an~"
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presented to the DM. ' , " ' ex "
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M~'~akoott and Ra,~indran improve the method by empXoUng t, 'ep~red ~C()ln';

"P0f1so!lSor alternar~,es and st~ength: of pref'ere~ce. Tl);9Y propose a:o,,"
" i~(terestingapproa~l"to' !mndleCtl~~pro~~ern ofJhe DM's ineo 'sistency.!RJte "
c, ~n'et.hod is extend;d to proi51ems 'Witb;)qua',siwcon~a,ve p~efer~~c,~f\J:acti?~s by "
dVlalakoott .' " ." , ~

" ,1 \\ ",,~ ":', '\ ,_

, Ul t.he ZionHMd. Wal1a~us"method, when lnconsistexlcy' arises in'\t'he; "might
\\ '; . ' ' , 0, _ ' ..;'':: '::c'-, , 0 l;:r

a "spate, sorp,e of the constra!uts on wcigl~ts are dropped and tb.if1i r4lsult6)n(;.1,!. G

loss otlinformation on tJhepreference 'structm:-e. Ra:mesh, Karwan aJld Zionts" "
p~oposed a: l~ybridscheme"to avoid this problem. ' '''' 'c"" ", ' ",
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The'tSlass of methods defined hY,'ShiI). ind l'ta.vindran [49] ~" tradeoff cutting,,, "
{, ,_0' , ' I. ,_ _ ,-, _ _. '_ 0 ',0 .' I"~ -(] 0-,

p~ane tjlethocl$ is e~se~~lal1yaJ1othervadat,ion gfthe feasible'~i~@4tiari method. ",~ ()
\rh~}n(~th9(J.'Sof t,hiS"class ar~ uniqne in that they l<'l:ola.tethe best eorrl.promise, 0

, f~"~~, ,Isolution by ite~ati'Veiy l.'e~uch:q;the objective f~nctio~) $~~~_biC\1tw~gplan~s:
o )~"", )~~ ~~:method"Of M~sselrn~n"and 'rala.vage f40~IS suc~ a. t~~~, ~uil.tm,g,plane"

II; i" a mcethoct It, uses weal tl'adeoffs to progres§lvelyqeilp:nuat,§!":)" pOl'tlO'b oLthe
: 0"'" objeGti;~ 'sl1aee• It us~s '(ineme.~hdd hl' centre;:H~o locate the new solution point '~ '~

towards t~ ,~;ntre of the r~1'i~ln~ngG:\b.le9ti~e smar-e., , ,(\"
o '~." tlr-~ 0 "

I \, II "', u"->~ (7 'J. ,~( ...;) o
- q 0 Q

" ", " ,,' ..," '

Frnm tht1 c.on~~;vity aSS~tt~ption ofl1r)\, ''. ' 0
o ~

, ~, ' U<l~$)l ~ U(£(1£01)))+ t,7P<t(~(h)),)'l'ct{fJ-l(:w.(1~))),,"", ,(227)
11,' " " "I"

o Q r) Q

-:, a, c

. ' ~ss:mi~g~UW~(a)ntf}fl }i?;<ie"d,i;~de:<2» by /)fJ({~;,!,h)))!.I)~;to~n
'/\" , " ' U(f( \) UeT( (h»)" ,,, \~t 1>

J c Co 'S:m(~)(f(n.~)- f(x(l~)') :> ... :]IJ..:::' ;; ~ 'l f3 \ 2.8) 1\
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a '" w.here '11~l';t~.s.the 1\1;ti.S;betweeh ob.iec!~ives 1 and i at at~e point :;(h) •
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, Since we; wish :,tq genertlite s_plutions' which are "beP,ter thf.tt the {,;urrent, ()ne, we
h;ncefortli limit th~~~61:utiOltsgeneta~~d to those .th~t l~ave:~h~.p;dperty" tliat
'(]Jl(~H~,tJ(:f.,(~:iM}iwhe~;~(h) :is th~ Cl,lfr,?t"lt ,,~ofutiofi. " ,

o " Ol)"~,, c, l " ,,'
c " c n

o"Fl'om(2.g.), ~Jlisi.n'l.p1iQS 2:1=1 rnili),(£(f£) ~~t{~(h)'H 2'0 which ~~fin~~a cUtti11g(I
place call~(l bhe ~radeo{f cut by Musselman a.n<:{ ~aJavage. o

o

\) 0 '\)a ", ", ,',

At'each iter&tion, on~ more C()tl'alnt of the"aho~e {arm., is~eneratedjn ()r~~l"
to redu.~flthe constraint seCfl1t~~,~1"\,Denote the constraint set at wt.}lehtb.
iteration. a~ X(h) , o ,0 (, o

o

c- I)

) (\ " .(1 ':.' ',~. i?-" l:

In p~der to find the next pointV~y~+l)from ~(~~,'the met4,od ~ses tl).e~wQ\ 'Usual
steps; finding the,.direction of scal'dti,and tIle 'step ~ize In ,thai? al~'ection,C The"
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; . ~illr.c.t\Q~of··~cli 'Usi!! h/:re, ~~vIl;"";',j. ~t the diree\l&l' of steeped/., Ils~ .
but rather~a feasjble 4it'f!ctiou"of improving,,,,,"Ythat attempts to fnove to t~ (; 1i

< . li "/,,_, I " i: _ ,_t"::-. _' " ',',;, 0 ~. Q

centre of t"h:~feasible,regiol'l: in order VO make the ne~t tradeoff ~utas large as"
_, (j 'I "RoSsipie." ~ ", I", "" ~~ ~ , , ' ;; " 0" '

\' 'J 0 ,,0, ", ~~ '", t, ' " n ," :v 'I)" <1, .ih

(r (1

" " "" "'Ie." 0 o ""

,,:?)lI"~~he}l~p~le"di;e~iion ~(h) q,_t ~p'ehth, iteratiqn c~ be obta.ined by ~oiving::t,p.e
"9 ,) follbwingor~p pr(')~lem "" <;:'J n

"
o "

o

",~ a
i:;:::: 1... m+l~
j'=,l,I'.?i

o ~, .

"l., ",Wl~!3re ' ,
',1

'It I"

9£ ::::!l:Q.iJ$joCf ' "0 for i,:.::;L" n~
" ""$=1" o; '0" <:.I "r~ '", ," ,I '

di =:;Em~;) ct($) .- t(~{hlJ~ fot i ;-;::"m -1;; 1...m + h
j=l ' " '"

q"
c'.)

I~ If th~opth:naL zl;; 0, th~n the bes( comp;o~se solution is lOllllct $in~e there ;,)
" C is no feasible direct;xon in jK(h, wher~ p,,, can be fm..ther imptQved. If on th~" "
" '"oth~r h~i'ld '~*.~0) t~en t~e optix:ral ~(/!,r Is a. :f~a~ibl~ditec~io~l1 .;~r)~lt~nCe,I

" dl~ctlOll of I!llpr<)~m~:(t(~}) 18ensured by t4e Irede.Of!cut. lo ..... .0 ,

Having found "the (lir.~6tion of seal.·r.h g(l~),"xt l\:i necessary ,to deterrnirle the 0

~t~pnsize pen)whi~h, mttximizee U(i(:!!P).) +p~h)~,(Jt))). Musselma.n and Tala.vage
suggesL ,a trial~a;ll,d~erl'o:t'proced""lre,,'19r thisi This tr,ialwand~error procedu~e

'c' " /i:J Ii ' _;

'~requires inte~acti()n with" the"DM hi the form of tradeoff est.imation.
'1_ 0 ' '-, _-., c .- _'!

l;

1. S~re~ta.n'initialpoint rl €"~r.Set h ~ L
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2. 'Determine the tradeoIts,mW.
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. ,,3."~et~rm.,ine tIle direction vector by ~plving the LP..."...'I . ' , .,'. ".,".:'.;,.' ,,'o ,> ,'': ,J '<:

if '" mma ..fi " s=
, lo a.t. '9i(#N) + '\7:ll:gi(~(h))'i ~ b:' .i =: 1 .....mo+ h ..
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,,"f/--n i"71 ,) '%' \/
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to o~t~iri. (a(fi}) dell»). If a{/t)i?: (0) stop~ ~{h) is the preferr~d)olu~iQn of
the 'uM. If oi(h) "~ 0, t~rn 'd(li') is the usable direction, v~ctbr.'."~, ", ' ,: if\!,

o'_ i' -. ,I r:

4." I>eternrlne tb; st~psize p(hJ which roaximi~es U(;[(PY") +p(h)~(hj)\ M'Us~c
Ii • ~, (\, I)

sehilan and rralavage'[40J, page 14291 describe a trial~al1d-errdt"prt.)cedtire
for doing this. Set"~,~h+l)'"':'~fh) + r(h)~(l~). Seth.=: h,+ fand ~o to'step,

.. 2. ". Il:,,,, "
:,"\/ \f>
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2~6.1 q~~w,~nts0 . ~~ 0 \ o

c ,," q" ~\,~ o; ,.. 0 '., 11,.'"", . ,~,

1.''.'.~~g-.a.n."at,~~a..,Ii .n~.\'B.h~r"~.f.13~J.c.'..o.....•xn...•1..1'."en.it :h.a~~.tl~~r ..n..~.~~~d..1:e.pr ~.seJ{,~.oi1.'~ lmpr~v~?lE~nt.over.th Ge~ffrloR..~Y~~~emb~rg met\ld(i~ t~at ,It .q~~" ts
, the~'"fch towar~~1 ~ sM~ti~.. :, ~~ \ Z~ \

r, 2. In exe~u~i:ng the' algQri£hm, ~S~{!,u~Ace is constl't,tcted:"\'¥rh'1~lt..is beith~r ,
G~ " "finite .,kit! which'case .!~tle IMt Ptpin~,generated is the best~c'~p1ptomi(~(1.

'SOhlI·~~n)o~else.it"i~t~llni.te.and ~ .'t. he p. ~. oper~yt~hat~ny liNit..·~oint :
of t ~s sequence 1~a best~contrii:o~lse solutlOn. '\

3. The," '~ssibi1itY"exi~tE; that tth~ most Ptef~rredos:luti?,n" c~tJ.ld..be ~~l~i~
0

. naMd by the'tradeoff cut if·the tradeoffs provided by the DM are fnac- '.:
. ~l o .'., 9 :' &curaue. u q 'J . '/" .~

, :' ,'< "'1 ,.,>"," -: ,'~''::l

4. ;t'llb ~ethod .;,qui",. a'far!!" amount or user iht,,:,,:,~;';tiCu1~Ir in, ..
the Iine search Ptooe~""~,,, ,0 ( ; ~,
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(1., ,__ _ , '_ _', ':'." ,<~_, .s , ,'"_ ,; ,\h')l", ' 'i)_.~,O",(i __ ," ,,<II, J),

\0" 5. The n'1c.t}~odr~1ies heavily on a slibjective det~J:l11in8;tion of bldifferen<eG "I)Oil .

,,, tl'~deo:ffs',)which has",of~enbeeXl,qu~~tioned'filQ'.mthe praetica,l ;iewpbint
(Ohankollg ap.d:' Hai~es faL p. 345):' . '" , '""

1) \ o- i}
" :> (>

,Loga~~than and Sh~ta,fi [33}repla.ce'd the dh.'ecti?n an<l step size ;fin~i~~ pr~b.. "
lem, (steps.9 'and 4) of the'M:usselmaThand· Talavag~, algorithm ~~' th~l1~VZing c,

D " t::iftrP" 0': el--

~ It'

(J ,

t' Denote the SOlllti~l1(~(ht1),~(h+1»): I~ ~(h,:f-i) ;: 0, stop, ~(h+l) is optinfa,l, else -;
, ,.set)l~';:;::; h 1- 1and go ,to stelp~,,, " <,,,' If . (I '~ ..

o • In"~th::wOrds, th" r",~;"'a~h<ltland 8heralj' .jgor~l"\is . \ "
o '. •• 0 \Y\ ..l \

.0 .!. Select"" ~ti!ll (prefe;"~l;.~i~en') ;~!lll~~\~~'seth · 1. :

. 2••D~t~.,.m. t~ d~~dibll.;rby~olvin~t~e,~ '\~, .'
c" !naxO! ,"' c ".
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:1Cal{ the solutiQ~ ~;(4t.(M'l), C;;{Ml}J.~;,"
(j _ _ , \\, _ o .{0, ,. (I) () H " \~ " Cl __ _ J,,' \{ 'I'

3, Hia(h) ';::.:O,ostop, !E(f~l) is the preferred sQlution of the -DM. Othef:m,se,
~ {.1 '. ' ,.' " '_~I Q

I.lset h :f1pll.+ 1and g? to step 2(.> " " , 0
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3. X ~~~, ndt. be ~xplici tly rt~atnentatiGally. defined. " :':'1)

"4,: ll;he alioritl;m"mail1:ta~nsJt~:~rtan(fea~u13~~, including ~o_nye~(;?ll!=e'
'(I _ ' _" (~ ,. ,,', , u.. ', __ ,0' " ' _' "_ _ __", [. a ",,,

,,"properties, even if the,objectiveaullctions 'are not <!oncave and the feasible
, ,," regiol~ is hot )onv~x:. 0" () c, 0 "

,0

.. ' \\0
o It' (J 0, ,

"\' ,) f; ",on. " v ,0

Shin a1ild Ravi1'ldr.an [49}report two aad.ition~l varia,tionsj Shin:'an('f''Ravh!dJ:¥l
0.. combined the direction fi~ah1gstep of"SandagCipan and "Ravi~dran and the
i) ,c;tting plane co~cep'{;, and" MaJakq,c4i and" ri'eviprasad develop~~~:~rJfotic

ce , ";~t approach ~J.singthe method ot l:£ir'wise Cqro~"9.riSOllS~ , .~••, ~ 0

o •

AO~etllOd developed lf~~~i ;"'d Jordi [2, 4j is'lnmilal: to t~"one 0)
Logalla:th~nand Shel'~li, .the pclhtary differ~!lce being in the wei~ht$"spcibi£Yi~g
the tradeoff cut. ,'''> "o q Ii

o

~ ",,' '~'J c: Jj

; 0 L~~ina,than ~l1d Sherali use the £o}l~wing tradepff' c~t "

Q 0 " , ~~ s txfj)(!;(;E) -li(~(j)jl)
(>

o n

o .. (

",_', ~ '0(; f') "._. I', /~:"\I:,

w~~reJV) i~the value ofo£heMRS bet,w~(~n{)bj,~ctives1 ~d ~atbaiU).Beriyenuti (/[)
artd ~lord!,use tone ~a;rne (;utting<plane n~)~t'evaluateA~.1)u8jng thl? Zi~!lt\~and:

,9 Wallenius'temhniq'l1e for ,cieterminh'lg wei~rps.In o~her\'words, ha~~AA\~llef.atedP"
an 1terate ~~), the PM) i~lpresented wi~\hi;~e t~deoffs r<:wresenting efficient

~\ ~-dges from W(h). o '. ri ~ () ,,1 o

,
,, '\' N ,I",

, ,,~, ,) O~..2 :1 , '()'
',\,\ "I~ D )'~ 'l; \
~3,,\\;) I, , c ..' ,,~! ,-() . S\ ' . ".0 _:,::.' :'0 0

1l, E~l' each tradeoff presented· to the DM a~:~QJle)tr~jntis se~ up. l£ tb,e DJVIlikes
,,\'\ ,I" ,- 1,_9

,tradeoff!" ih~n' tpe constraint Efll::l"tij)lJi > 0 is set up. 0 c. "
.; '3 CJ c: "II ,

1\ ," :; 0 \;_J

o u \1 o, . "
C! i/ ) r IJ , ;: I~ 0 • 0 0 g <:j rs Co

'Siq~Jla,r1y,if ;~heDMogis1ikes trt,®off ~;j' then tne constl'ah~t ~Y;:::l't~j>,.,t'4 '0 ieo jl
set up, ,,,,I '''''" 0 '\\ ," 't '" C'· ,,'S", q

o <l 0:';, ",) o V ol 0 ... 0 ~ '/ \(

o 0

" T~en a ,ej d{ ~<f~ts ~, is"selc<;ted such \Jw.t 0z~,;\A, - 1, apd'the above,
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~onstl'aitit,$~e satis,fie<;!.~Benvennthl.nd ;jm;di [2, 41 B~giest';~~atO,welgh~Etbe 0

, selected whic~ ate in the ~f-ntl:~of~~~,setof~I,W;~b~i~ein;htS\f e~ I~)

c !J,' !itt>, II
.o .1 ' '" n Ii, 0,(:, ,< ',' , l~

,1" , . .' (J;J. _I:- -, D" ~I - yl \) ,~' )J;

rl~he'adv!int~~e$fthis,~th~d. eventhe ~neofLoJ,t.'knathan an~1
o "th'e DM does"not need to estima~~tra4eoffs ae a solution.
, 4,)illlplY'~~te w~thel' h0'likes or disHn!es~ gi:ven~setof tradeoffa
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.!,he st~p Method (S';f,E'M), pr~\osed by,Bel~ayo1m et al. ,,[J.]~is classified
'~by,Shin et ,aI., [1,9]"as a feasib~~°l'egion redu~tion methoq. "Feaslble region
reduction methods, are clas~Hied as those having three'phases"to e~~chiteration;,'

c , _, . , (I;_ ", ,r-) __ ,-' '._ ' _ _\ v~ ,: ,1 , _ _ ~

viz. a calculation phase; ,a/decision phase, and ,,~fea$ible reducti(b~ phase. Ia'
" the calculati'9lJ. phase, anJ:!fiident ,~olution which is nearest, in tll1e lPiniIhax

; sense lor gj.ven Weights, to the id~l sd1ution is qbtaihed. Ip: the d~~i$i6h ph~e,
Q the DM interacts with, the method,. and )fis responseS' t1.reused :ito"construct

G additi6nal ,5!~r,?traints" in' the fe~ibl~ region reduction p!1ase. !~he, method
o ~o:p.ti~ues t~~r)~rf'()rrn t}1e three phase ltera~iolfs .until the, DM ~lonsideI$ ,the"
,current solution to" be the best CUl:rentoSolution. <" " , Ii'
o ' c " " Ii ,~

;; "
o ., r, n

'-, " ;. ~, a , Q , , iJ ' '_ J

'The STEM process Wllows the ~<pllowing steps ..
",. -::c, _".', , ',' 0 -'_I

o

, "~

'I

" ~O.Initialization o
() ,

oc

G

o

Q

o

(j\) ~ 'J

/)

d'

,~

1."\

o , ?, for i ,= 1., .p. \)
C), ,f

In other wOl'ds, t~~ ithrbw in 'the PCliyo!ftable' ''Onsists of the objective" 0

" '(i " ',.. , ' "

II func.tio~lnvalw~s at t~., e 601fi.,Mon ~i \~hich, ,,111, (L'<:i\m.,,·ze,~Jt,'\"1 ov.e~tthe co,n:,..
:: stl'amiPset. Note that"the elements found on the dlagoniLof'~h~ payoff
'm~.trb,,;mal\e up the elements of the ideal solution:. (defn 1.7). o·
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L a~lculation Ph~se ' D c 'it 0 ,~ 0, '

/) FoX',each itel'ation b, ~ feasible' solut~on ~(h) whose ,?rit~~~on ~~ct~r, is
closest to~" in t1i~mittimax: sensel is so~gb~..This is achieved. by solvi~g
t,~~"following problem ." "!;.
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2. Dc{tision Phase {\'
The )pM nqw '~omp~r~s l(~_<M) with~t. If so~e iQf the compgnents of

c; f(p,(h)) are sa.tisfactory.?anc;lQthers, uQt, ~he DM n,mst ac.ceptl"B, drop in
a satis:ficing objective in order to allow an improvement of the unsatis.. "
..factory"ones in the next iteration. He is' theX'efore asked which (1)jective

'v \~I " , 1(, ' - ,..., " , " q ._;>

he wishes tp relax-and by hf! rnuc~. Let,the objective t9, be relaxed be
ohjectivej and the amount' by which it is relaXed he 0;",__ ," 0 .•, • v "_"<5-~ 0 "

(}
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1. Set h.= 0, Let J ::::;-L.p, R = 0~ Construct 1;1,' payoff table.
91 the pa,yoif t1:1.bleconsists ofthe solut~onto the prob~em

" IV ;r: 0
_' ,_ ,."J

'0

., '-I

iJ

1r' , " ,.. n"
3. lYsing weigxlts>y~)=: ~p '-,7 solve, the weighte~ :rrllr11max problem

4-i=l1i'j ,

II, o

(,max, {)!" I.

subject'to a~ A}h\~i-{i(;'£)
$ € X(h) 0

N n
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" 4: 'The DM no:w ,oo~parElla"l(~(h»),:witli ~*.i;U the DMri~ sat~fi~d with"solu-
'tiorL p}k), stop)' ~(h) is I~hebest co~proriiisI.:1!~ol~tion. Othel'wise th,e DM
must relax one 9bject~;ve~norde).~tq'allow ~'tl ~mproveme~t in unsatisfac,,:
~ory objectives. Let' J~?jectiilej ~~,the o~/jectlve relaxed) and l~t"oJ be

, the ~moun,t by WhiC~/it: is rel~~ed: I,," , Q ,I',

5. ,Red,~Cl>~he feasible r~glm\ ~ follows o! . " .,
( , X(l,~ ",' {II! E"X("l ~chthat {.t;(;!:}!! tl!l('l) V',: 1...p,' '# 3}

II o \' (,)1 1.1

2:(.1 comm~t~·s,,' u I, , ,,' "~ o • ,.

L The ~lgorithm pr~~!~cesa solu.tion ;~, Jmost, p i\.r~\iOI1S. , ."
,II C ;! (1\\ .

2. STEM is ba$j~~3f~\~ structured approach for gj~e;'ating a seQt1aenceof l '0

im~roved ~r!I~titX,(;')l'her.is no guarantee tilt we will e~l\Ver~e to ~rl

nptlmal :QlutlOn., 1 ,g 'Y "'~~" • r.:> .~ ,,," . '0,

3. "It is po~si~tl:fa.t 11~'bbj~<:~}V(~fun:ti6;n v~ctOl'vre$ented tp th~ D~ for
compa~Json IS do, hn,ated, anyence STEM can eOlliJ:;rgeto nonex~!eme ,"

" d~ .oIu:iOO5." I· c "'" " \. n · 0

c 4..:·~e·weights·giv,~, :iC:)~lativ~import;;nce otc,thedi$t~lice~\'9tn~o~t!P1a,
'. but ar,\only loillf ~iV~ .. \I :. o .\. t\/

~. o. T4e tecAp:ique}~ based ~n the pre!"is. thaffthe best cO~J}rorni.e\Q1U' :
tipn has tho min rnum combined dev; ation from'tn. ideal point. H~ yet o

the method ~I~ mes that" the DM has }1 pessimistic view or str{)ti~ \1 is~
like of the 'wo~t' ,,:?mponent ot the objectIves ", As BUch,. It cho~ es

\1, the worst comp/~ttent of aU individual deviations £rem the ideals.of. dOi '0'
ponent Gbjecti~:es 'as the meeaure of combined deviation f:com the ide'al
poi~f (Cllanko~g, ~:qdHain'ies [6]; p 325). .' " .' l1
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Iiwan~ 'and 'Masud J22J 'roepoJ.'t,that e>the',Progressiv~ Orientation, P;ocedure
,(POP) is siroil~ to STEM., In this method the PlV! is presented ~ith a.Bub~et
of nondominated extreme points. If t,~e;subset cont~ins an a,cceptable solutiou,

0., "

the proce'dure, Is temniil<1ted; otherwise \th~ DM ehoqses 11 best subset of 8.qlu-
~ f! ' <;:: -

tions, wl~~phi~ ~ed to cl~l,ierlfrlne.a neW set of nOil-domi!!;a.ted'extr~roe points;
and' the 'pi()c~ss is f(3peated. '» II c~ " o c LI'

o 0 ()

",' ",''',., :!J" ":.,." 1\" '0

Jordi '[231\~Jndotl!ers reP9rt tha~ftFichefet deyelo&e~.~n~algorit~m w~ich uses"
, goal prograrnm.ing' with STEM:, called GPqT~M. ~he ad~ntage is "tha,t a
.~atiS,i'lciii>gsolution can be ol~,~'ained.~nf~w.~fiterfl£iol1~. ,,'r~)"'I <) • '. •

, . a

" '! t'J ~-' , " 1>' f] "

Sllin and "Ra;vinq.ran(!4$} repot?s that SlQ1,~insk~and Wru.·qynsk'i:)dev~Ioped an- Q

otrlmr variation of STEM .by usirtg the elUpsoid metho4 £;1' the single objel;tive '
ooptii]lization in STEM. . '@' ~ '~~~
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v.~h;&eai' 1~,th~minb;um abceptabl~"vaJue of t~&~he~~hobj~tive fq!lcffim:).. ,

f) To gcn&ate a rep~ta:ive su~;'.t 0;n1~n..~'saluti.IlS, ~.t.;..inable
II :' ,(,j ", ' ',a-." \, '0 Q_ - 0"

numljer 'of va1ues for each ei ar~ select~,~ ~l'ld Pk (e) ~s soIvJ:)d tGt each conlbi~ l)

{' \ "pati~m qf iih~~~yaltte~" {i # ,fo). As a ~~il~f~linetOJ~~sul'e that 1'I:(2),)S fcai3i'ble>:;
;/ {",\ ,~achoki shoul~Dbe select{;\cd suc;h tna.t ,it;}~$t ~ ! w12~re ~*, and, ~KJ o;fe the
, ';( l~':!jdea,,l'lLOd ,anti·,idea.l solutions resp-ectbvely. ' ",' '"

'~; ,

'} e·,

".'.,,'

"D 0

\'

..... n" 'I (I "
,,~,),"'.' _'r _():_ !' 0

HavIng generated a rtfmber ornolldoroinatedJ3Ql~tions, the tri~tleRff informa·
tion cttn be easily f)btained rnerQly J')y observing the optimal Lag~'ange multi",
"J?Her~'~Q;r~espondi~gto the e \ollstraints. " q" ' " " ' '

, "" ". " ' ., , " <;~~ \, '" , < ,

"'OonsiDer pro'blem (2.9). 'l'ite Lagrallgiatt is 0 (7
o :;,'Ii" :,' P , ,G '

,,1,\ 'i" " , p, JI , 1\ m " n " ') ,:" 0,

;;\\ L =,!lc(gz)\l+ 2: \~i(Ji(f!i)-,e;~)+ "£jJ,fc.Uif;a1jfJl,d fP,' bj) " £2:10)
c "." " " i'/lk, 'J=l rlz=l d:;O 0

G._ i~~ \~\ ',\ o ,

~f-:; \')" , ()" (I " " , ,j ,\ ,-,

wh,ere )lId and J~!cj 'are th~' gefiera1i!~edLagrange multipliers. ,the subscript l~iin .
'~ki cl'e~~tes tha,f A is;a Lagra.nge n:iultipltcl'" associated with,' f)he itCh COn:Fltl'~int~

, whleyre't'h~Ql5jective function is Ik(?:,). "
(j) 0 .-, \~

or) ,;, t)

o

o

1.) '" I)
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Note that nnlY(ithQsl$.I "~ki which are positi,ve p,re of inteJ'est. Ifo'\l~i=: O,0then~t:W.l~ Q ~hfch means th~1.tcic('Teasing th~~Jevel 91 t,he ith objective does "not
o ~
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,result in any impro\(fo}ment in. the ~th obje~t1'\l¢',~yhichimplies t~at,th~s solution,
" is p,O:mh;IJl"ted. On t4e otller hand,,,if X,l;i ? 0, then" 8~;;,",~};< Owhi&l means that
"decreasing th~erV'el of the ith objective results in"an improvement in the kill

~ 0 ' ,

obj"ec:i~e,~:,r~1c11lmpHest~at this solution belo~gs £o}\~ ':qo~~om!~ated' set,
) 'II!} o i

\)

Hence only t'he ca~eswhe~e,)k' (~ 0 ate of interest,
only if fi(f/J) := ei, then " .,

, ? @ 0

(~;p " 8fk(~o_, llfk(:pJ =~;_).,k:'
8e"i -: f)A, , .~

)1
,

';,

9-\

'{1 ,~ . 'I'

H~nce, by consid~d~one ObjeGtivefu'nC'~ionas Pri;:a~ya~d '~ll'others ~tmin~ u

imum satisfying levels, the sel;,.of n~nzero Logl'lJ,ngemu1tipli&'s r~presents the
f'set of tradeoff ;atio,s between til(-) p:rincip~ objco:tive and each ofthiicoustraink i~

ing objectives resl}ectj~ely at lAc ~olutio~ which solves problem l'Jc(~. " D
o

,,(')

The fono~lng relationships a~ply ta,) the tra,~off ratios
, 0

o \1

a
~

~~l
«.

o

1"
Xid:;::: ~

orl Aji ' i,

, ,,' . It"~

lienee not JI the 'X.. need b. genera~Q.,c,e>;tput.t.ionally, ~ut ., be d.%veq .'
.ffom the aboveOe[:atdonships~-::'"AHMtna:t"ivdY'J ode" can gen~l'ate a1LAki a~dll\life ""
the ~bove relationships to che'('J<;,the cOl/..sistency o( the DM. ~"

II f( (~ Q "" " 0 ,fn ,,'

Ii , \1. \\ , ' , ' 0 , , "" ,," '"Pr,i~;~~ : '

The Surrogate Worth~ullctiollS (SWFj pl'Qvicieothe h~terfacelt~tw~ei1 thieDM I)._ -, WI . 0 <, ,,!

and the method} and are the means by which, the tia:deQfrs art£l~vali~J1ted.
For e8;eh tra.deoff fUllction, there ex~at$ a cori'esp<:JlldingSWF. Th<:g~w~~s ~re
designated by Wi; and are ordinal"in nature, ,~' II

o

Q

o
o

, !' .. _, ,," _ a -'. " ~

d tfheval}1e of Vf~j is the DM's asse§s~nent of how,p111ch{ouan prdihal scale~ s~y
f;0:U ..10 to 10 with ~si~nifyino~' illdi:trere~ce) he prefers t:ading Aii n:aiginal
umts Of.Ii for on,£.margmal Unit of i:h glV~n the val~es of all,the oJ:)Jectives
.6.... /,l ¢orresport1:ling to··Ai'J • c 'l:J " ' "
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-The ~nsift'erence ban~i~ then constrm;ted'oo follows! ,the PM ia a$1S:ed,whether~';
~ .... ,: _ _'". " " ,_ ~'. ._:) ':' _ _ _' -", '_ _ -: 0. U '_ "

he)ikes1 is in&i:ffer~nt 'to, or di~likes t:rad~ng Alai unit1!(offi fot: <one unit of A
for, '!!ari~tlsdiatinct valu& of AJii. This is a~~e.ssed 0:0.¥l ol;:dirial Bcale Wl:$(~ki)'"
X~i is then ~pproxim~ted by fi~ding Wf~i(Aki);:_ O"ush~g;\"xegressiodb~r ~ome
other' cur~e fitting tGchnique~If onlY two values ~f Afoi ;U;~'used, ,then linear
interpola.tion, can bi! U13fCc{. At the solutions Aki, the SWFs are simuitaneously
'~, _ . ,'_ _ . ,__ _ " a ___ -: ," _ ' - -> ,', __ l' . "

equal ttf zero; i.~.rrtaJ'ginal ga.in " matginallosB 'l~rcll ~bjlfctive$ take~ two at
J1. tim,e. , !i

f1
" '" '1

v'r'.l
'1 (30 . ~ \)"0" ~

c , '" "', 0 ," "!"'~" . •

trhe final $tep Jx;. ·~heSWTM is to ,determine an rtw€tha,t corresponds to all ).1"i'
" ,. rf ~ :, " \~W:\i; 9 I,

/' (. .:. :,) • R " " ' Co "f"r. 0, ~ JI .

I~r each Aki determhl~d, ~h.ere cOtl'espo,nds ff{rE1. rrhes~" (~)' a~'e the 1iahtGs ,',
'.of ji(~)",when°t.he ei,'constraipts are ~tive) se Aki[ff(iE) - ei] := o. Ii

II

ji
,I
iiII
!i
Ii

~r
il

c

"'\'

')
Accordingly, :E~Call be, obtained' by'solyin,g;.

,l '" t\ • " ,

", 'HpaJ$:" Z =fk($)
~hbj~ctto 0 )~)(~) ~ i;(f£)

,II ,)!.m ~k
.o ,~Z; Q

"

Vi ::; 1 ... p, i #- k
1i

ik
il ,c

C':J

o 0
0,

"
o

0'

"
lienee) tl1~"cornpl;teISW1:M algotith~ is as foliows

u ;.,", D ,0

o .

"
1."Transform the problem to' '

o

(m~X{\ ,,, Z :::::::fl. Ire)"~ , o IN\:,N

subject"to, fi(1!J) ~ ei .Vi -'1,;'" p, i #: k
,Ax < b

~ - 1"1#

" (2.11.)

Go , ~2::~
," " , ", 0 , ", " (_)

where e is, a lower bound on the ith objective function~
o I' ('i o G ~) J,

_,J _, " __ " _ • _ {,I, _ _ _ ' _ ,,02. One of the oJ)j~ctives expre$sed. as a conatrain.Gj say objective if i~varied,
" :~) "., -, - ."

o 0 Qyer q values of el, and t~e other t:p ;;-Ci~objectives are fixed at $;j. '(i !;<l;

L .'-:V,j ¥ roa :p i). ' .:>

, 3. (2.11) is, now" f;,olved f~l'each value of eil producing at most (/ nondomi~
nated solutions. ~Jle'iluaIvariable ass~ci~tedw.ith the constraint for the
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itILobjective, when the lcnh pbJective is''the' objec~iv~function, is Ala{. As:
ah(),wi1; AkijS the tradeoff between ohjecti~fS k and i. .. 0'

4. 'Now"au~e; of the ~bjectives e;pressed
0

~s 'a constl1ain£" is ~~leC£edas ~
opject,iy,e" ~\and st,~P 3 1'Sl:epeat~d until )..l~i is generated' for all ~ '::
1} 2, ••. , k ;....,ll lCo+.l~'",.. , p.

'J i:i

o

5. 'Now a different" objective iso selected tpr the .objective" functi.on. Steps
3 and 4 are repeated I.alltil AId is genet,a,ted fot al\~'k :;-;:;~l•.. p and i ==

\) II'. ~; .,': _ Q _ ,',' _" .. " . _ ' __'_ _ _ .r _" , ' , . ",t"!

1,2, . ~".,Ic- i, k+ 1, .•. 1p. The,result is a. set 9f .objective fUllctio;p.s whicJi
\j -' ,_" ','-" ,

," "orel(j.te th,e weights to, tlle levels be ebj~ctiwe~.' '"
" "::" " ~ o

...., ,.,' :l'- ",_ ; , .' .'. . _ c '_ . . 0 u

);'\Q~ ~;rheAId are pl;esented to the~D.lvI.The DM must give an assessment of"
, t':,how much he lU{~straditIg Akl units of jk for l11Uit ot 14. This ass;wsme;t 0

" ""r, "" p' 0

" l\ -, ':1' . is: ooll'e~ th~ &ur;rqga~eworth VVki; T%;,Wli are Qtdh~~a:rYing between '0

; ~lO.and ·lOPO,representing ipdifferen<;e., . ," '0 • Q

" (j' _ ~ 0 ' ,

.> ;l Q 0 " Q

1. Regressioh, aJlalysJEt (or some ether curve-fitting proced1Jre) }s ¥s~d to,
eyaluate the -apthnl:11 tradeoffs ~"'. A~)s 'an estimate of othe tra.deolIs
w}1i$b the l)"M calJ~iders to h,a.ve'$urrog~te worth O. 'I; '~j" (I 0

~' ~ " 0

c ".. '. (7 _, \) 0- "p

8. ~*}6 used to identify·the best compromise solutien by $ol~jn~oth~p '~,
lowing LP 'p'roblem. tW" "'~~~ {' ,

. WI ~\ . " •• ~.
,J.!o 'J!\~I

max z .j.... .t.t x) iv'"''
, (1 V' Jk\,.. ,

, ~1UbJ;'ectto f;(::c) > ;';~{x) "
o ..., r J'~, N

l" "A$5;£
.' x> 0N,.-N

=

o

o "
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~, 4, It is po~Sj;l: lio ~clU4~Jh~,rios~pr~el'red ~lU!io:nl"hll~ V~yilJjr~ ..:
,pa,ra.riletri~a,llr. ". i:;,{

" " lr' o ,"

<,

o

.:<:.
. \',

I, ", ,l(.~. ~. " _ -_'' __", _ ~

~, The DM may not perceive that the )£/13 indic~te ~'a~ginal tradeoff's in a,
d , very small region around the curreiit solu~ion, 'Yhen he is'pr<?viding the

'surrogate worth fUl1cMoDS.
<7

(.ti .'i, 0 ,'&

VI 6," The methoa'requii\ls'the"DIW to co;q.sider on'ly two objectives at a time
, while assesslng tJle~orth functions, eveft i,£"there~ar~many obje~tives ih
th b'! " " ..' (J'". ~ pro em. '" l\ , ,)'

-: Th~iS onfy I:ri~major i'~t~actian Wi~hthe PM, to obta4n "the ~orth
,,0 o" f]' !)

ftlnctions. C

Q
o

o CJ o

, 0 o

Variations J!":;:L~.~2
t, o /} i", _ ,/::~

• Ot;; {l ,'// 0

"0 Chank::gandH~es raj 'op~se; a~ int~,"CtlV!' ve:sionQfth~~'f1i ~h!:
aJgorithm proceeds "in ~~es,am~way ~s t~e S;liYTMuntil the ~heworth fuuGtions

o _ ," . (I " , : .' 0

have been assessed. 'l'he$.e worth function values ar~ then used to esthna;tnfa 'S)

ll.e?,\)'~~{Jrif.l} 'So that ::l(h~l) (~hich i~a; solJl'M;u fu P{~l(hHJ)owil1'Ue an improved
sol11th:H1.." ~' <)" as

'\\ u Co 11 0 a
\ I r;

Q \~ " 0 6 '" , 0 9

~ssumjng ~i is .,Jositive~.then the DM I~feQth~ tr~d;o~:'\ki' "where.'I" fs the
7' ma:x:iroizip,g ~ectiVe. He there~orewoulti like to decrease''/k :~Y ;'ld ~nits per
}me unit iucre ~ in fi. Hence, let efhH} ::::::e;fj.) + {iii (8.Ji »1:10). '>",

o

f)

c
, o . ~ D () q , I)

" 'ISOimilarlt.J~ W,lli is neg~tive, then the :OM"doe~~not"like 'thi t~!;leoff").ki and% '" ,t" o ',,' _ ,.' ,'. ,t, 0' ' "'. . ,(.)

c» "I' ,.f,. 1 t (h+l) ,0 (h) e t (,'t'if > 0)', " " o 1 q ""ler~-!;Ol:ee Q~!" ~ er ~ UJi (.!Ji:' .," e. '" Dr\, .3 ",

,~ ~ f-l'r-'_,j)(' 'tI«
o 0- \:.~,- 9, a "0 b '1.;1

"O~a~lk~~g and H\!!'i~es [,61 also, establ~she~ the l,'el~~ionsl,liR:'bet:ween the 'sur ..
rogate \Jb:t:th functions ~d the'lDMis utility IUD.otjQu U and utilised ~histo

, , ' ::" " -. " _ ,," _,' ,_ '_," 0,,- '" f:_ .."

dev~16p so~~~~s for deterroining the search direction) step~:size and,Jsome stop~
\_, , • _ ,'~~ ," '': _ -. __ __ _ ' ~t' ,) • • _ _ n,.-, '_, ,.

,"p~g criteria, thereby imbedding some fea.tures of the Geoffri<?fi~Dyer~Feinberg
0" ""

omethod~ ~\' o I}, (I

,-.j,}, , ' ",\\ a
o Q ' 0,

"
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Sakawa. {44J cOlllbined tlie SWTM with Oppenheimer.~s proxl a,ppr6acli' (ae~
se~tiolJ, 2,J..2) ~o :i'orpl,.((heSequen~ial Proxy~pti@izatipn Te9~niquea(SPOT). c

incSP01\ theBWTMi§ used to find a nondomina:ted. soh.1tio1la;p.d:to coinpute\7~, 0

th~ge~eraH~edLa,g~~n{!iIllultiplier.s (tradeoff fundib~fl). '''A' proxy, fu~ction p

is,then fittedCto "tl;te McRS at t,his solution", yv{i5ch are proviciedby the DM"
-, ,"i' -, ' _ " ',;' \) --- '" I, " '_' ~ 'f?", _ '" ' " _, . '. .,' _ " '" ' "

,Xlfe 'function Is' used" to determine a Girection .ofj r<:,v~:ti'fentgandthe, step
" __ " ''. i _',' <;'--' " o ~ ;\ ,,- Ir--'" -":,' '>

size is the~computed()uumerically to find I;l. new nond ~~iifi1jt'!,t1,sO~;I\\~i'On.GTheG,
alg~rlt~lm, is ~Q,ntinu~d until t,h~ Lagra.nge multipliers i~~\~'Jhe 1~;~;;;~S.~i th~~ c

I)" current'solution are suf,ficie~tly close'n 6 ' 0 n" .. ,,' lr

o )t •• Q
-0

o

Q

() 0 o
" ,0

._;}

,,:) ,I , _'. 0

\)Haimes [18],describe!S the Iv.htltiobjectiveStatistlyaLlVIethod" (MSM) in whklt
. the SWTM is ~xtendetl to inc6i~porate~tatistical data, p , . 9 " ,,'"

~~, ,.,- c 0,- , ,D,O_. ~ .', ."

ChanQl(~ng ~t at. [7Y'p~ 6~ list a numb~r of ;dt:~r'~ae~lopni~nts~an~'~p;liC~Jr
tiDUS of the'SW'l'lM. " 0" )j' . ':', \\\"' " . ..

"'\',. ca , n F
o ~ 0 d

o ,C< 0 C! _ ~I
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Marcotte and Soland {3qJapplYQthe Branch and Bound ~9n"cept to MOLP, 0.)l

"follows,
'I)

s»
1. Solve

U(l(pJ)
""

max'
G \?

,\,,,s: ot. '~E Xi°0 r .~
vI:" where X;, ~ X, lnitially Xi:= X." 11

__\~);-?\\,' . ~-,_ . ,",. ,J! "!

"f tTsing the I~olution 'oht:¥~ed i~"1 abo,,;, pa,.rtition Xi iilio a fi~item~mber
D of~~s of ~).)whose ~lionis Xi. l'his is :he branching (oq~~p,arating)

'Bt~.1'),' ,~' " ." ' '''" ' ,.'

3; Cal~\~late fo~~ subset cr~~ted" ,an UPP~l\'~oun'd ~ t4~valwe of oeach
objective functi'on in that sub~et. This is the hOWJ.ding step.

. '_, -,\ -, (I 1 " () (\"

, "," , !'

4., Select one: of the sui;>sets~lleated in step 2, for l:urther investi.gaU,9n,;and'
, go to 1. c " c '0 " ,q" (,)'

9 f),

o , •.,." t

c

u 0 II
(_\ -{~ 1/ - a '" Ol! l' t,

;:0 /J t':~:'/' '~,~" t" ,'_ _~ ;,

Consider :fh'st the method of bratlchiJ1~~cDesignate Nj the node cUl'r~ntly beirig ,)
& (I 0 eXf1l!l{in~d,Xi t~e ${1bs0~t"of)f qp]:respondi~g to Ni' l)enote ,zJ ~is\heJdeaJ of

{IXi' The first, step,bI *e brancllingcon§isi~~of:fifiding.l:),n effi.cient)301~tiQn il+
(i , ',.,', .. " _ ""_-,' ()_ c)"

Xi' Thesimplest.'lWay tono ~BJsC)isto so!ve\) " '" " "
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D!,.',c Q Y ,_, q, ", ,(;) ~J !:

ni1?,~:t;l~the set 1$,,-:::; {1~{J S Ie :S PI ZlJi - "fk(,W.)"'> Dk}. 8k >' O'repl~eSeI),ts some o
,-:;-, o" '_, c·' .., . - _', ,c' 'C1 "-:; ,l "

() obap.d of indifferen1';.e {or objeolilv&l
p "

" 0

o

Q

oTh€!" case where jf} is empty ~an be ignored since in this case tt,(b,) coincides
" :' ': . n ,_ N. ,\(,

witll othe ideal'~o£,node Ni so p_(h) is the solutionareferred by the pM. When
O ~J. ':_ ~r'i '_ (, (} II ,
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e011$ider npw th€f'illl~stion,of the orck.r:,1n, whicl1Qthe no~es will be~amined~'?
'_',-i',-,' -,-' - ,.,-,'_ -_ -,' ;.1,1 IJ \', .<"

~d 1in,~erwhJ1~~oAdit~o~s:(l,":r;o~ev.vUi,pe rej::ted.:, 0 () D r: ~o u'

o --.0 ". 9 c ~

, ' I) , iJ \J ,~' D "

\l At each separa.tl,o,n1~:theideals"of tB\l'ne~l;Ycre~ted nodes ate cakula,t~d~The-
DM is aske~~o a.trangejihe i~:qf all ~odes i¥ the n~de-~~l3tin pr<lf~t'ntial n

, /£:~aer.Marcotte and Soland ~51sugg~st\;tha\ in,oo~der tb ma;~r this ~tdering
, :0.1"" for the DM, a. master list ""d' ~~v~.1~alli:ts can _b~~t:, ,,

" " " , 0 ~" "

The algol;~"thm can terniinate 111'one qj the following three v:'Gays : Q"
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2. Solve bh0':'LP problem
9

'~:l6e1i~~Ii -~{k t 1~ k <P,i4;ik - ~k(:e{}i» > Ok}' " , "c':"~:
t'~FOt eacll'l k € Ii" ",$et 1 ~ [':1-":):, define a nocie"Nl with ,~9t~es~:,ndirlg 0

°Xt . Xj h {~ I Jk(~) ~ ji:(~(hl)} !,(1rl4add it,::\tothe node list< ,"" " "0 (},,'~:

-°4, 9a!c~ate i1~solulions ~all ne~I" cr~:ted-X;'s and,<lenot~ th<;m':r;, ~, .o. • ,;' ,

, Ask tR~DNYto o~de~all 'th~~es)n th~ ri?d~Hst in qrder ofpreferenc,~ ;
" of their ,ideals. ' ' '" .. g

I, , "
" c , n II _'" c " - ') iJ"

5:, If the ide;i of ,the first n~de ,of}he !ist"1.§f~asibl~h 9;°1£ the ideaJ of t~'e<t
" , first llo~e 9f the list is not pl'~e:rred'to tl:v~{ncumbe:o.t solution, er iit~e,:.
" "list is empty, stop ~ the incumbent solution is optunal ,.

"" ' p "

6. 'Qt1i~twfse, ~c§t:i t(t the ~ubsc't:ip't,~of the, 11.6&1 at '~he top oj ~e list. (,)
" " " 1.1 "/1 o.

Make Nj the tiltum~~?t sohlti(juand remove it from the node list •.,Let
X(h+l) ::::;Xj. Set h ::;::;h + 1and go to 2. ' 0

\)

c ",-::;.

1/.

(IJ ('i "jf ~l I. ':J'

The only hypothe~~s made about the, nM~l\1fferenc~ are tlf!~se that"
"ensure the existence of indifference curves. o ~ , " \1

. ~, ' ,," 'J [) ., <, ,.
(,' ~

.'2. Tlle' branch~and~bo'Und method p~'oVli,desthe DM with 8.1. efficient solu~
tion even if th~ DM decides to st,ombefbte th~ algorithm' terminat~~, "

" , ' "0 " <i . ' ,i' '~;,I;;:' "'i;" l\ iJ " "0

3. Marcotte and Soland ,:(35).,claim that:: the rr~WQ~ "is "not an adaptation
. _ _ ,". _. _ -', ,_~ c:: • _ <$" .. '-:- _ c''''{ -e,,_ '_,~: ,tl ';b' .. '

of SOIDe exi,sting algorithm to 'an intevactiye(1l:'!Dcle, b'ut t;,ather the logic
(~~ms to follow from the"Vf{fY)lat,tll'eqf lViEn;~,ivi:J'f:n '~\, 0" ~ '\'!;';:

,I t,. .;:{) 0 ,,!If 0" - 0 Q G C (J ~I' (I~\ " =l'-~: ..
t:;::~') f,,!I o ,0

fin '

"

'I ~

Q

o

o

,-8 '0

~\ '",j c II

I;}' 0 1,1

(J:

o
< ~J~I; 0

<o "0 c
of.,'. n

(l

o
o" .~)

G " (/ p
0.0"",



o

o
r;)')

,,0 "
None enc.Gu:ntered.
o

()

,I'

0
'0

Co

0

C 17
::,J.,

~{\'U

if .,e
c

~'.,

1/

1/

() "«o

C'

0

"

"

()

:,0

o

a

n ,_,

"o,
(""'''" " '

',J .. ,,'

,{'"

Q

o U

Q 0'00

Q

C
D

o

Q
;.:'

/I

o

o

II

o Q-

c?O "

, 'i'-

.(1

66 )),

",
() "

o ~O

0'

II,

=

i/0:/ 0
f.;/./.

I
, "'J

o

I)

" o

o

o

",0

(i':;_' I

::,,1 IJ

\i

\;1:

(l

D

{i
G \1 0

','., _-.,~--=-o. •• """'_~""_,_~~_""","~ ......__...... ~~~~.~_,_~~,_, _~~_.~~, __ ,---.......~ .•• __ ~~_



t,)_

(I

a
{)

,0 0' ,> -0'
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" o"

maX; z ,uct(~)) \_
subject 'to .~ € X .

II

\\ 0

. n ".J

is ~<auiv<).lentto th~1)ipro~lem n

I It;> ,

. rrla&; d'i 0 " Q ", '\J" 0

subjeot 1fB 5 U(£(1J,)) ~cOL - ~)T\lU([(Ji)) V1j,~"0
" '{(A'~- Q):""'(1J, - ~?\7{(A1J, - £) ::; (} o \:I1J" §> 0

o ' 'D '

'~EX '

c II,.

o

o o
11, . ."

" "" ,,,, . <,I ,\ \\" 0 " , , "

in tIt$! sense tha.t the optim~~,~olutioe the two pr9bleJ:n~i~,th~ same,
Q ,~~ (,\ ' '" I~. " .., ~~.J 0

\) 0 n •

o • Call' pr~blem" (2.13) the )llaS~~;'problerrt (MPl' and refe; to the ~ra.int~ • .o

o o ",., D:;' u(l(u)):__ (~ -lft'Vuwin v~?- 0 .~ ,0

., ,,\ ,~\: .
Cic Co" _, • ,c; ':1' " 11

, of MP;t&1-'<ionstraints of type! and d:)ns~ralnts' b

d"'J :~,."'\\' . --':~"" _,' {.',
, e(li:v - b) - (y _,.:v)TVq(AY - b) .( 0" V1J,,£ -;; 0

0- N, f'Wc; ~ . ~ ~,' -'1:, lj~/' i'V ~

o

"

C)

"
. a- (!

\, (I

Sinc~ MP" inclu~es an infinite number of constraints, 1t will be s~lvedby a~ c ,

, relaxation pro~~ss.
o

Supp"ose that some of th~ co~straints of MP ar~ relaxed";(i.e. temporarily ig'"
nored). Define RN1'P to" be t}}e relaxed tesul~ing version MP where RMP
,in:~ludes only a few constraints of type I and II. RMP is .then solved.
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If RMP is not feasibl~at "SOme iter~tion; neithe .
--u: (.-_' .,' c. t::; - /",.; ,_" ~ u 0 ~ \'1 v

~ c' Il c, ", ",~' c » ,." " ' "" _ ~ 0 0 "-:, n "" ,_- __n f ,,{:," """ . " 'd

\1 Jf RMP is feMn~1e,then,. e£,ch iteration ¥ the r91axtlItion.produces a hew t-rial.
" .~:soI~{ion (~, g:)" fo; M,P.lf an "ortimaJ ~oIlitio~m',~)of RM}1J~atisfi~~ll ,of the
;, ";;D~ 0 _ ~.:claxe~'~onstraints,of MP,~then (~),,~~~i\f,q'ptimalfor M:e.1fl€i'P,)}s'n~t f:asible

~ ~o" o-
o
·~ JJ "lo,pMP, then one of the relaxed (:6n~traints,'of NIP 1SJorced into the r~laxed
," dl program RMP and th<?prdce~s i~~epeated." ""
\}-:~:) , \\ Ul Qu (.j

,::(/","1" t"J " q )) Cl~' ,} ,\\.~,-,

~ ¢;:" 11

(\

" , u'

"

Consider the re~~ns for adding new constraints.
"1;, -Qy 0"0 " ;~ ..~' l~

~~ri~"
1/ ."~

o If

, "

P Ii

'> 0-, i"

I i"_'S~ c 11 0 ",.1', c

If ~(h) is not feasible, °th~p :e(J~)violates some of the constraints ,of type IIof
"problefuM-P and there exists u1f~ 0 such tlllat {(A1t-!?J ~:(~,~./Ju;~;t{(Am-
~) > 'O~ Set U(1t} i::::: ~(,~);~ ~q, {{h) a~,chnt-hat fih), = 1 fOr Ja,Ch\l--Shch that !' '

i:a~}x;(~h-bj > 0 -andc-~}h) :' 0 otherwise. Then the a,dmi~~ibl~point ,~(hJ is ,',\'
j=1 ,!_!';w.' , ",_," .' .
elinril'1ate~tpy a.dding the follO'wi~gconstraint to RM!? IJ

.1h, '~', '\:_: (;)_'_ () :o,~.'(!;::::,\ - _ '_" ",. .: ,'_I ~

*,V{(h)(.4:e(h) - £1.( ~(ft)v:~(h)[A~(h)() £1- ~(h)[A:e(h) - £1
~ - r.

()

t :

if

;The algorithm ,is t'herefore Ji
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If "

C)

" \) ,/1

'i\

o

"o 0
CO , II"", " ',)" " I' "

"~l:' If 4S{h) ~ !!. (Le. ~(lt) !s feasible) go yO 2, else go to 4."
I" ",' ,:.0 " 0 i)

2~ If f~h) s uct(f.(h)}~ then ~j;o:p~ret}!,) is lin' optimal solu,tion,,'of problem "I

,\) , - , -,' .', '<:l ~

(!, , (2.12). qtherwfse~ go' to .3.,,\ , " 'Ji c',

(]. " c. : >\ 'j ~,

, 3. IfQJh»U([(~(h»)) then add lhe tonstraint
o ';~\" -', ' \;y, e\:"

o £ -~VU(1.{~(hl!;) $ U{[(re(lt})) -1E(h}\f,U([(f£,(lt)))
, ," I~,

to prob!l:;'.J.uRMP and go to 5.' , " '»

, <.~4.Se~ cfh~~ 1 for aU z\ such th~t t aij?J'vV '>,:0 azyi' ei]~) ;:::::0 otht:rwise.
) j::::1 c. "

Add the,coxfstraint ) , c. if'
o .' _ ,(I to,_-;

" ~~V£(h~ltAf£(~?"t? £] ~ ci(h)V£(h}[Af£(I~) - k1- ~(h)[A~(1t) c;._o£] '"
'0 _ ,,'," 0- ,', '~i <\,,,, ' ' 1 Q;;;~ '!

to~~r,and g4{w step~. , D

~'''y _ ,r..:\ .\> __ f..\ , _ ' ,n (J

5. Solve the~revi.gedrelaxed master procmem RMP arid let (~(h+l») ~{h+l)i he
. it's optim.~r solution. S,et h '::'_h + 1 a~,dgo to 'step 1.

o (, Or, I"J- _ j)

(/ o \(.,.; "

,'0

(/

o

c <J

(\(_\

c

.2;1'OqI : Cornml\jnts" . 0 J" /
, • I I;,. 0, '

" ''I I,) "
C " '\."')',' '1w'

,( L Refel:ency ,assessments "are 'only' re~cired when constraints of type rare;'
(i ,~

II added - i.ev thejL are U0t required at each iteration. ' ))

2."'].\Ihe ~gotithmjs capable of,predicting upper and lower b;tnd~J'op. f~e
,,' ".'" r· - r" "

oIitimaY'objective'value or the problem at' each,iteraMon ...'Ehese bounds
can be used to terminate the sea~chpJ'ematurely at a satisficing solutiolil.,

~~nd aon,gequently, to r~d~ce,the c~1'npl:!;tatio~altime a& well as thenumbe7
of preferel1d~ as.sessments the Dl\{ must make,

r' 0;, "'-', ~~f (f'
3. All trad~offs the DM must make are in,theJorm ~f ordinal pairedocom.-
, "par,isOll~, most of which are simple since fthey i;p-volvesimple changes it£'
" only, 2 criteria at a time. Also the preference, hss~ssments are made in

,(,)' ",L '_ c:-/) ,::~.J, ,_ ,_, -'. '. 'Yo i\ c .,:

,~theconte':f~;~eas~~leS~ltitlOIlS only. ,~ . ' ".," "b ,',

4. O~~n. ts Ot typell do \~oteliminate any f~fr"!.~le"solJtt.ionsf~ problem
(2.12). "".,, '~' a " \"'.\,) ~?,

,,"

(i ~j" _ _ _ ,Q \'"

5. The prqcedure 10roobtaining thtr necessary informatdon from the DM'is
I'~l

the Geoffrion~nle:r-Feinberg marginal rates of substitution m~th()d~'
I) :;. " (, I}
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SEMOPs' and its' Va~iiant~
o 0"

C'o

o .j

C '!'C"'>.". a ~ ,-p OJ \) ,

( __ _, _ \,-.) _ Z') I', ,', ,', _'-;: '!" .:_,:,~_~~:;, " _ •. _";C ,'0, _,, . " _ Y"

, The Sequep.tiaJ Multiobjective Problem Solvi~g (SEMOPSr Method, .de'(~l~
'oped by) M<;>narchi et. al. (37j}cSequenti<£IIyuse~,a s1~t~og~t.eobjective function

(J basdi1 on ,t,~e:,goals kd ,their aspi~ati,)~1levels ~~iciMCl,tt'0m" t(he riM. It is ~
""non1i:n,e~rinter~~tive ~ethod tUiJ,~'r~lies,on ~inimizc;\ti(m of d~~ia.tlon ftom, the, u

given goal1evels~ It differshowevel"ff'Om"approaches such as gSa! progra.mmi~ D

in tl~at¢he $oallevel~ el~cited'from ~heDM may beinterv~ls rather than fixe~
, , ',(.' .. c;

Point,s. 0 C','"

"~ ',' 0

'~~~O~i~tec~t;~ ~a~h of •

o "q (i "

d'

'1 'i;;j(" c ,":----,',' (.1', >It

ruste~d o£ p ob~eC:*Jvei'unttions1 there are p goals.
. these goal~.,.IS atme~Ul'e of the ~eviation from }lle goal whic.hJs hsed tQJudg~

. the attPt.i~fnent01' "non attai:rHrle)Jt of go~ls. "SinJ~e aspiration levels ,may be, i;

,;; 'lnterva~:~Ja~e.l1oi·m is not u~~d'!as measure;ofaeviatji'l+.···< J ." ," Q

0"

, r;- 6' l~ .,;;1 [j

\,1:he rap.g~' 6£ Ji "is.denoted by ·fi'::.: [j"iZh !tv] which is' not necF.issa.ril¥ defined Q"" ,;0 0 "
, ~'"' _ ',' ,_ 0:\, ~;i

by.t.he maxi'mtt'iin and minanum values' of the ith objective functIon. \\ ':~,

" .s Pi 1) ti : (/

"NOlldi,~tfnsio~a1ity),'j's achieve~{~~y(~~llsformin~ f~(wJip.to 11i(~) with a r\~ge
, oPvahtes· in theDintetval. [0, 1] s\\{Sh that s,~.,'"

o "0' " '.(. ).. a!i(p..)'-fiLc? ;'" l'

"0 Vi.P' = -r..-:i:'.,'. ~ +~,
~ ,,' J W. - ".'1U' , ;}\J ' ,) f

where e"l~'small and positive a,nd"added to circllmV'ent division by 0 later.
" '.1

"

a

., i'i;'( ',.'." " " ;, • ' "c)

SimilarlYf if AL ;;::>«(.4£1',.!'" A.Lp) denotee the DM's aspirl;1,tion levels, the
,"" tl'.an;fQrmatiCtu 'J . , . "

';! ,;'A ALi"'" Iu: (:\
,<(,let =:: .f'

U
'7":::4+ e

. ",' J J J JJi'C: "

can be used to define Aj ~'th values in th~ range [011].~
(_, I;'''''' ~\

o

, . . c.' ." :~("

'Ihe method perl7.1its .five type$;of goalsb o

o

'b 1. at most (A(~)~,ALi)

. 2. at leMt CA(p,) ..~ AL;)
\ \ ...

" l\,

o

o
'\.--;,

o
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Q

D

o (I, 4.:
j
withinan in~rv~ (A,r,i~S1J&iJ. :5 ALw)! '" Q

,,5."ou:tsid~ an inter~al (li(~)' < ~];Jqr ii(~) ?: ALi~ ~
.' 0 1,- ~.J" ,-_ II r; (. ~

(I "(1 C:?
(j

'I ,~ ,,' ,I .: "

Typep 1,~",a."nd4 are the fno§t common.
o

o

"~
, "C , , 'I '. _L ;, II 0

, "~ \:, 0 , ;:;:", , I, "

~YI an ~?pro~t!ite ~ranSfo~m~tion,tll~ove goal:~ypes 'a:~tt~sf()ri<;,d :into ,
a func~tlit gWl,th l'ealwalues rn the s~t o\eal 'poslt1ve numbers. In ~ach case,
a valtlt'f~di ,1(" 1 ir~plies,that,goal i i~satisfied. Spec!fl:cally ~ is defined as a
((dimen:si!Jnless indicator of aktainment1) for the p goals. '

'i U -, ' "(i L , ,- _I: .,', J

(,

n D
',l, , I! liiI.# ,\
These are :~

o "

rf -"
o ()

(l "~

19

.o

"o
00 Bo ,

4. di =: [ "~iU ,',..;][ AiL +~~))
Ail, + Ani Yi(~), 'A,~~"

5. din=Ci[AiIl -+ Ilia 1[ ,AUI' + Yi(\E) tl
o ,fiiU ,':lu(re) '1 Am

,_ . -e #'V

o

o

(f
,~

Except" f()r the first trahsforma ..tion, these ransformati($ns are arl :nonlinear
~ r' ". .-- ~.

functi~l1s Of.an o~.·e.ctive.fu.nc.ti01).'. T~~'critiC.~ ..jfac ..t!n thi:a co..' ~stl.'.uc.~i,oni."'.C!.· .. that
the direction ofocb:uge in ~ has a consisten~;i~etcpre~ation for all p goals •.

(l . t) a

Without loss of generality, ilssurne th~t all goat~are of the Ilat lea.st" type.
\_Co .'; (J.::;
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, ' _o,,) (~_'

~ 0 "

, ft1 (» to • 1

"'0 At 'eaph ii~l'ationJ the DM"j(:\~!~e4,not"onIy 'to provide the °lllterva:lgoal levels, a

.0., \) ,but' a~sQ1\9specift~hic~l obj(ic:iv~ a,r~,to be l~eptP.t.~tlY withilf state4 ,goals. "0" ?,~

Let:'iJ ,z;:;; 1U'f1p. If tue P¥ spgarnes the mdex 'set I~ucl: th~t aU goals in J(ll)

.'~~0 to be I{q~t st.pcUY, ~ithin the "specified goals" then the surrogat~ 'pro~j~m '
'to be solved .at the MIl iteration is .' .' () , " .' -. ",

','t/ ,_:;_,

o c, o min S(h):::: 2: <1;", 8
," ,9 ~\ iGJ(/U " :

'r, 9. ,t~)X€ X(h) , "
l/ b "

> Vt1h.~re~(h) :::: J ~L.~(h) and- X{hJ' =: {:t E Xlfi(~) ;?: A~:;,'Vj E~JJMY
"9 '00 0~\ \\ 0-' o 0

Go ,,' ,," , '

T~is pr?blertt is solvecl for t~,e' hth jte~) 8fd i7fi(:EY")), " .. ,ir5~(h)y are
., ca.i~ritated. The~e objectiveJunctIPu values 'ari presented to the,D~rla,nd new

goal level a.lfecHications and ](h+-;) are then (!licited for th<;next:tteration .. The
00 " , __ ,,_"'" __ " .,"_', "'_ . -_, _ _' " " ; < "

process"is ~erlm~f.tted ~:l?ever t~,en,M isos~tis:fied'with the current ,~olution. s. .,c,
, ' (",;> '" , b. <) " \\ ""'\ "'b,

".M~narc~i.• 1 01•• [31) ~o ol\g~eIlt.d th,a.t aAditional' inforix:"ion may, a1s~~e"
presented to the DM to assistJn finding the new goal levels. Thi~ information isU!1 ' o c, C,' ,
obtAined ,PYsolyipg M many auxiliary slibprobl'em.s as the number of elements 0

in 'J(h,. T'hese' ~~ilial'J'PJ:obl~ms are defin~d ~ follows': . C

D' ' J'o "\..,./

" "'8(h) - r:" ihj~ IJ
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'-~ . s, ,h w E X(h) ", "0,, 0

fA) ft(:!!) ~ ALI "0 '
(\ 0" (J C"\ >!' r:: -,~ <) I) , Q

for eac~ 1 i~,,( 0': :~; ," IJ "'~,

\} ~r (J o I/:?"
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II ' (f'1~~ <0 '" '

In the *~~tits;. tion~ I(h) is sa: to1, i,e~o 'goals are f9rced. to be sa,~is~ed.
, ~j

o (j

o.,
() ",

!'

o .0.

" '

o

• " '" (, o. ,',

The con1plete algqrith~ is ~f;\refore
(')

..
"

"-,1
'b
0"

'0
"0 " c"

a
". 0

o
o
" ()(IF'

.1,

Qo \",

2. Obtai:u the asP'\irationJ~v~ls ALi f1;orn t!le DNt and trMsfol'fkJ!"tnem Co "
11' \'fJ Q Q (; n tl) ",

d· " ~"
o "

i !:ci'

D

o



.<1'0 q,

'l;

(/
'{
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s. t. x € ;X(h,} rr , ~.: ""
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r.) _ ' , !~ ,:1_' _ ' " .> 0' _ , _ '. - _, lj ,_ _'.:' _ _. _-. (1'
o wh~,re.J(h.) :... J - I(ll.} (anA X(h) .;:::{z.E :XlfJ(~) ?c;ALi, vi:E l(b.)} ~nd
~'ll~lliacysubproblems . 0
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min 'Sf/~ ~ L d~h)
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s, t9 qr' E X{h) a

o 0 jl:(~) .,~.,ALl 0 0
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for e(1ch l(;.>J(h). 0:"
(J '-'.- '-'i:' fO

.• c,' e ,o~o" '0 ,() ,,'.

4,' Pres~nt th,e resitltingQsplutlons to the :OM~.If the Dl\IJ.. is sati.sfied~with
':: ..) t:> Q';, 0, ',I _, : _ , _,~e-, "v . o {"v

one of the solutions presented cF~ him, ~tor;,wi~h that solut,ion as ~~~t.
,i co;tlprol'ni~e~solution. q,therwise} the pMospt}~ifi,esnf'JJIgoat level spFlei~ "
fic~tkli.1Sand .L~"'tl},-the set cl goals. ~rlich a~~'to "be i~ep~,strictly" wi!;hin
,th~ specified g~als. Set h ~ h+'l ald go to 2",'" 0 "o~: 0 o
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o
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1. SEMOP,f3 does not solve problemsi it gen'era.te~ infQr~nati0n so"tliat the o

0" DM can select a~ra<;ceptl;\\hlealte,;;uati\l;e, a "
, - - :I

o _ ,; " - 1:- {) f_~;; I) ,OJ' ""'. 1,:;0 l.::i __ , ;~,- /

, 2." As in goal prqgra.mming,.tfu~ best ...toxnpr9n+ise soltttiQn ~htailled~Y1:his
methQd'ls not necessal'ilY"efflcient:" :' . \:>.u .' ,. 00 ,~) 'Ii

:y " __ () ':\ \, -;,1 '_- '~;, '_'" ". . 0:, H
6' 3." Un1lfi),smat~exnatical. simplifica~ions ar§ rnaq~ this. method may t;olWett Qil

Ga,l}near problem intd a nonlirte~r p:ob~~m, o. 0 0 '" (~( o

4. A.It ad.van.tage of t~e'method-is tha;t the D¥ 6!~:t1~e:evalt1atehis aspIration "'.)ll
levels at each iteration., ' o •• a" . C!>" I 0

5, ITi~e,dati ve rangeUit,f,uJi; to:, narro;, t~en Ill;~lcan ~ll1e n~a· ",If" 0

tive or greater than (' H~}and hence a;. becomes negath~~~t'gteater than IJ I
one.,,:?n,the 6th~1'hand, if the ~ela~ive,rang:is ml\t;h:\y!d~r tha,il th.~v~- ~.I",.:~:P
ue.s .~,ctually. achieved ?y the. (:1'ltenon tUl1CtlO~I'then ~ WIll be:l~.ela.t1Vely :,11

in~f;':.nsit;iveto alternatlve solutions. 0 '0, "I
. ,. II , - u ' ,-. " ,(J '1i'~\ I
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o Q" C! ,0 " ' "'~ir;, ,,,' _ :' " :.J '''-,_, ' ' D ," _ , c,

'solv-ii1g amdliary pl'oblell'\S' 1~such a situation, the. d,eterminatill)u of a
consi8t~ut, s,et of a~Pi1:ati\\~)hlevels b~Gomf~randon;l and un$.;y~te:rhat'f'C. »:
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, j 4) 2. t.he interactive a~ppr~~ch
!J ' " ' ..' '\ !

I) ~

3. the fuzzy progr(}mmin~. a.pproac1±
,- I;

a I'
(I " 0

0" I'

'(1 ,.
Q o

\' ,'_'" _ __, (.\ __ , ",_' _, ,. ,- ~ _ ,.(:t" _ _ _ c, __ ' -, ' c',' ''', "

Wlc·Hethe,l~rophasis of this docl.tment is' tm int~~aqtive "methods, itwa.~:dechled
.. , , ,0' 01

o t<! il1.c1ud#ct' p'tief ove~view .on ,the goal programn:ilng and fuzzy j}.t'ogf~m~~~
a.pproa.ches, in the interestfl .of cor,gpleteneBs. In 'any case, gq,al piogrammitlg
a,~d fttrtliY pr~irammi'Z!g a.Pl~toacheschrwe, of la.te, b~~oI1le lllcreasih~ly interac;- ,.
tive, ,. '" \' ,,,Q. "\\ " "" "

P IJ , '~ t) 0

I,t 0 _' 0

h \
a.

(' '2~12"1~'G'O~l .Progralnming.
" ., (lJ" 'I,

D

" <::o

'rue original ('.oncep"t of goal "pl,'og~,ammhig) as llfttoduced by Ch~n~~oand
\J()oper, was effectivel:sF'just a' method·fo;c·sett.ing the valuespf a~lobje9tiy®,

. ?~i',(~f.Q~ecti6nl.3.11.Gpalprogramrnlng differsftomlin~at pl'ograanmingill that
...instead of'maxhniz~ng ,obje.c.tt~~~."~he ~ifference.• ~)et~.iVee.n"~~~qbj:ctivec~ufi~~n
('vruues and sOme tar.gev,obJectl~:~~'....alt1&s are ll1mmuse~.' .

" a '\1 0' - ~~\- - , ,,' ,

" !)

i.e. the proplem. . '0
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(li. a~e the mll1imr~level$ the DM would llke t1;e obJectlves to a,chl~ve,and
tl,l~ dt ,and"dr a < the rie~~~ieand po~itiY~ deviations from th~s~ goal levels

()respe~:velY, G" ," 0':[:>0 ,.',' ", 11 0 .' ,

~ir(~]~~£o~tp;:g.t:aroming problem c:n cb~ sQl.'I'edu~,ng' the sb:np;ex alg~-
J"J Ii ,,' , ;,";:!> "

r~thl1i,for lin#ti.t' pro,gra,mming.
(,y'

,,' '"

"

Q ., o

o 'lOG'
a

,)

o

'"o ()

'I

'Yo 0 o
f, 'Ie =: " p

A variatlo!i';'of 'the above ,goal pr~am,rning ?ppreach\)~mp,loys,preemptive p+i~
orities illSf,e~doXllumeriea.l Wdghtfl wh~n certaJn of the obJec#ves are far more
impOttaIlt than others. 'Th:~ obsective~ are Poartiti"oned itlt.o gpoups, where the
obje(:tiYeS hi"group ,,1 ate fargltl,ore important th<l;n thpse in gt,(JUp 2, th()s~ in '

" d " ' I) 0

"gr.oun (4 aX: far"more important than th~.sJ in ~roup 3, an.q;);3Q, "on.

,,'i \\ \)

A weighted sum of ,the deviation variables in group 1 is minimised. ThIs
"0 weight.ed sum is constrail$ed to be eqt1al~toit'S minimum value, and the,weighted '
,c sum *£ the deviation,al y.ari~bl~~in group 2 isminimised, and so on', for Mmany

c
preemptive priority groups as there may be.

~l
",0

Th~se versions of goal pl'ogra~llning, ar~~me,thods 'of a. priod articula,tion. of " .
I) "'S'D -' ' -_ <; ,;

0" 0 '. ,preferences~

~ ,~ b

:(p.teractiveGoihProgramrri'ing (IGP) 'Yasd~veloped witlillie idea that a priori
, , ' '" t..,.-" .. ' '"

articulation qfprefereur.esjs insu:fficoient. On seeing the SOl)ltion resulting from
, some goal 'levels) the DM may be willing to attei; some goal levels in order to c
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bring ot'her"oQJcctiv6 w:nction~ closer 'to",th~il'otarget:1e'l1els.
" II
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Various interactive goa.l programming meihods have'heen propos.ltd, q:ne pi the
lp.oi'e v~;,ll,:~~ownb~ing tn~follqwi~g a.lgori~4m pioposed by l\4as~aand RYlang

"0136]irl198t" ,,'1 'Ii" \) 0 "" "" o 0" 0' ~"

(.lCf (~) .,';';

'<,

,) "

') ,)

~ ([ 00,)

.1. <?btain goals qi n:o~ the l~M Whele z;.:$ qi,,;% zt.
n, "

, __ -';~'I " ~-;. ' ", ,~ c' 'C , • , • _ ,; _, '. '. ": '

2. "Solve the .goa;1prograrnmmg problem
, -Pr;.,· _, - .~ '. i,

~, .

q

o

tl a,o
"i1J Q, a

U

t~:'_ --i'I

c»

0'

U' 1" .v1-t::::·· ••• p
\:fi,=i:. L. ~p

, H

o

~~,",

'0

li:j:,

(~l

d~~di > 0 '" Yi;:;:. ~ ... p
0" ;.:.' IJ' .r;'" ." _ .. _ .. ~l i,', _. '1 G ~

rl1(;,first objective is to achieve the goat' lew31sand, the s~Gond is to achi'6ve
", 0 ..' " " ") '~\

a nonciomina.ted, solution, ' ;"
,', "d:t) " {)

. "S,"Solve th; a.bove ptoblem a. fitrther"p ,times ""ith di ~~tto ;ero in~rn foro II
,; _ _/\ _ 1/ 0 .' /-"

i := 1 •.• P so ~~,to generate solutions which satisfy individual goals: c

.' "G ~~ "(j ~in () " .' .? . ,l/ 0 ,,' ..' .

4. Create '8, tradeo1f table""c()mpr.ising ~,'\ ~q 1° the' nM~specified goal r~vel~,
and the solutions to the p.,... 1 problems solved a.bove, If {he DM does
,notOlike any d th~ P + 1 solutions I he:1s asked to modify g from'tl~e"
iniQrma.t,ion'in the ta.ble. . e.

o

o

o
o

O. ,Sol'i.r,eJl new 'goal, pr<;>gramming problem where "the first" pdp,l'ity is to"
at\aiTh those goals whicb, Welle reduced bytne DM, the second priority is too _ ' 0 • _J : , - ,'}

sa.1i!sfythe other goals; and the third priority is to;ensurenondominance'J .'"
,', 'of the solution. Q '.
'1

il D

" 0

co

6. Comp~te a furthet p solutions by settiug d'j' to zel'~'i:ll:lturn for i == 1 , , ;~p.
" o· " .

(,I tl t'L

7. A new tradeoff table is constrllcted)r'
1\ '(j

u
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"
1/ ,t;
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''A!3soci~ted \vith ~ach ~bjeetive is 'a membershily!unction w:bkh lias v~lue 0 " u~

when tllat 9bjective is at ~ totall:J.S ilns~a.tis!~~.eorylev~l; 1 'when the" DM is 0

0c~mpletely sati$fi~d'with th~ level of tha.t object.ive~ and somewhere 1ftbetween
Dotherwise. The 'memb~1'~4tp fU11ctionis)":,,in, ~!feqha.:~eapu~ of the DNr's u '

satisfaction with ,the opjective ftinci~ion Ieve1~ if, ().,' ,,' 0'.., "

.' " ;:,.. (' 0 ,: ,l ..." ~ ~ ;,.:;".

,rn. n "" () \0 !O, ~), Q "n I'
.Th~pt'oce(.l\1J;continues until.~lie"D,~fil{(ls,~a"rionaQmin~ted sol~tj'cinn:~n\$~e
table which 'be con$iders t,fj be~,;fSatisfactor;' 0,

o '.) o<:l D ' 0' 0" 0l

o

\\
,I.'

o
.0 0

0,

a q '..i <'" 0

'c, ,h ,; ,,'0 ", '. ,)('1',' _', 'l

The fuzzy programming<'ariptoacn is based on f~he'f'remise'that tb:e"decision
c ' ma~ert$objf,lctives,ot)t;pals ~re oft~p, vague,'FOl:!i~xamp~~~e"DlVl may \yish'td'

acltieve a Ptg~\ "Glllowlllit 1~,,;1 th""D!1UlOc~~.~.. \(Vf ~~IM". 's~
oWhat lil.r~r~ 1S ~6tgue~and, tthlS type of '\5tatelne:ilt IS th~~ ~uatltlfi~d. .by·a

.! "'., ,", .• ', " I ".:. '. ,_ \\\,

mernbershil,' fu.'nctlon. ,,'" . c" c 'n "" .
II , - - {~r (., :;" \:):~

o

CJ'-"
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IJ

o o ",

" I) ".~ Q li'(/ ., ~J

,,' . cP", "
In other word,~,iif zp \8 ·an unacceptable level fq,r Ji(f£) a:n,d' zl ifi' ill tbtally
def;1irable level,{ol; ti(~)' then /J.I;,(W.) is defined by" '. ,. ,,'

6~" c.'>

, "~ ,,'\ ifor ~ 1, '
n ~J:J;(~)::::,{ ddJi(ifj))1' ,

.:' ' \~ o "l 0 ~F '~cO,,'o

"00, '.' _ \1 a

wnet'edi~U~n is ~strictly monotone dey,reaeing and continuous .~ti'nctip~with"
respect to Jit~)a:l\d m~r~e linear orpqnliue~r. " . ",,' . "." "
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The expo'tientiail tiie~b~rs~ip functi~S,cap,,b~det~~rrled ,1?yaskirlkt,he , 0,,0',

D,M to specjfy t,!1e three points, ZS1 Zf·5 ,,9>nd:z1 within~; and Z£1 whf';!e'~i? ,0

, is a, shape' parameter"and zt 'leptesents the value ,<t,f 1;'(921. such th(£t tl1"e "Q ;""
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: r;c:r~v~lue ~ f.l~.{/;':f1{Y2)) can be interpreted as the ov'eraU'd:fee of'sat!sf~c:ti~n""
,gO of tl:iieDM1s;'fuzzy goals, and as such, fs analogQUs to the utility fupctiofi,l"fot ,"

" E l \0 ,0 I)

r,'(j ?fje~tives~; " (J"

D " 'n q, I.)

\,' -:\_ 'J ,,(ii, " '\1 " ~~~) ,JJ\~~"'(J',~, 0':) , 0 0

, o{~ Sitl~aw~etdl..:, [45]com..rnent tha.t it,!. th~ conv~ntional fuzzy ap,pron;ches, it lias" "(;
~ ", b~en irnplieitlycassumed that"the minimum operatQt' ,,', 4".l

(', () ',f;,

,~ m}t. [fiJ~(i!l),flth{i)), .. ~,/.lf)$)1 ",{~,,\ "~~.~, ~
~ " ' D Q ~ , 1/

is thf;t)pl'oper tepresent~ion of,human decisionmakers' fuzzy p~'eferencefl,and
" 0hence (2.1~) becomes" , a'

o

o

Q 0

"0,,,

o

o

\'o (2~15)

(f [/

Ci

" ' ", \"J!' ," (" ,-," " ' " ~

" ~, By in~ro_ducirig a. generaraggregation.1U:h~tion ""D(P!;), problem (2.15))~ con-.
_ ' '. ,'\..I 1'> ". ,'J <: ' ,.

'(:, "",' verteci"to ,0,_; 'c ,'_ 0 ')00"'", "

o «, p 0 max ~'Etp;h(~~:fJ(~J~";,',Jtfp(:pJ) 0" "

"I subJ'ect to Ax < b ,
\ ,'j'oj,( - ~;>0

:,.., --:"" f'I;J.
(>
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c

o..-,,';,

o

o '

, I): ,'to v
max rom

lSi5p

subject to
Q

tfkh(~)};lf2(tE}}··, ,p.fp{tE}~)

A9Z sk
. a;",:> 0 0 ,.

~,. N - N

I
(\

(2/l7)
!) I)

or equiv~~ntly ()

<:1 max
, subject to Q ~ Pli(aJ) "i:= 1... P

Ax< b "
N - N

(2.18)

x>O
N -''#'oJ

o 0

To suml~atize, tii'e fuzzy progr~ml'Pj~g t~chnr'1ue is .,
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QSalJ\;~yaet ~l. (4~]pro~se a method to solveproblem (2.18): by combined us~
of lip.ear prog);tmminf and the, b1s~Gtionmethod. 0
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2, Eli~it a memoership fun9tio~1 /JiJJpJfor each {}Bjectiv£::::(UnutiPnfi:om the
o DM ' II) ,,),:," . , I) , "

... u '-< if Ji' .,
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It ~asdecided to select a numb~rof adgorithm,s for further il1VeDtig~ti;ri,specif~
ically ~.cOUlPutaticm:ai comparis~n, Ori,gi~ally it was ,d~cided to Qn1y cousiClet"
three algoritlln1s, ~iz. th~ rnteractiv~ Weighted Tcp.ebbycheff 'algorithm, the
Visual Interactive in~thod~ and tlie method of Zio~ts'~,a.ndW~11enius.
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These three }n parh'ic~tllan;.;wereselected &~cause th~y, seemed,' to be .(in the
autho~'s" opinion) among th~ more pro~isit!.'gmethods', In additiolk', thli'tthree
algorithrns approach the prob~em in ",ery differe~t ways and have completely

I ' '~! , . _ 0 1 ·/~' - ,'; ,;'

different" methods of user interaction. ". " "

, "" 0 .
H~')wever.ha,v1ng.pr(f$ram.rned the Ziont,f?'and WalleniuG::a1gorithm, it befa"me>
apparent that it would bepdd~{hle to p1'ogram the Qu,tting Plap.e meuttodl;witIl
'-:_.,'_ _':',', _-'',', ,,,__' -" ',,-' "- d .'. ,II

a,minimum amount ofeffor..t. The advantage of this would j;je that 'the scope of'
~he study would be .extended toocover,.,another metho~l and, th~~ a fou~th 'class"
of.algm:i*m~' would' be tep,!,esented. In iddition., the author has an ply/fious

, <, - , ", ,~ - - 'I , ' --' ~;

interestjn "comparing ,~he performance Qf tl,Ie algor! thlp. to 'other a.~orit~!tn~)!
" ,," "":I Ii "
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'" Similarly, h~vi:llg program~d the other methods, it was simple enoug!h to
''£ also implement Steuer's Con~kacting Cones m.~hta,the Intiractive VVeighted
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""'~umsmetho"d ~d ~.he"Referenc~,Boillt method. Th~rewoti1ld be ~"riu~peroof.
,advanta;ges in,doing this~~ ,~, ' 0 0' " -c» (, '

" /" c. ,-." - <, _,C!_ _,:::_' '1
00 "

Q

Secondly, .no ~eth(}do hi, ~,he",study, YV~u.ldha.ve a. 'tniq1:i<§'m<:t.b.o(tof inteia~tioh
with,}he DM. This ;/Na.~considerefa desirable fea~ure asJt wottld reduce ~~e
C~{1.r(~ ot uS,ers e,-:;aluating the algorithms :pJU:dy on the basis of user hlterfaee>, .--f .
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A final reason for including Steuer's CQn~r~cting Cones an~ the Jnteractive;:;~~ c, '\\ '

Weighted ,Sun~$!~HteB~~g~P~t{)~~h"i~ {6atothese "t~~xn1:ethQd~.a~e'know~.~t~" 0" 0 0

procl~c~,worse .b:st ~o~?r~m~se s<tJ~tlOns tha.n .t~e 6ther ~~Jgorlthms.. R~:l~g '0

these tw'9 algontlims Includ~d 111the study could ~er~~ as a type of e:X;l?er~plenta;l,
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1. CSteuer~s Contract.ing ~CQnesmet40d
, ;', ,,'~_ q. ' 0> '~,i), . '

2. The Intefactlve Weightedr:-"'tns/Filtering ~ethod
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3. The Inter,activeOWeighi;ed Tch~bycheffalgoritl;1ln
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5. The <Gp.tting Plane algoritlim

6. <'Q)e Reference Point ro,~thod
\\ v,

'l. The Visual Interactive method
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'I'hese algorithms are now pre~>el1~~dmore fully. "Since ',til brief intui£ivfi) }~,ot~~ o (,

vat ion "for' each. algorithi:l1 was given in .chapter ~;' and the alggr,ithm&.CNillbe (',
bl'oke!,l flown irlll\>'their" co:g.~tituent steps in chapter 5, not nt~'bh,ex~atla&tion ,,'"
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o ~,he'~gorithfuS are,':Bbt presented it: f.~e,ca,t~gQrieg into, whit1t t ,
fi~ by Shin'"and Ra;vindra,n.,{49J>' Instead, they are pl'esent~a'in thr~e ~t'ent
c~t~go1:ies}viz. sample' p.lgotithn~s, tradeo:ff algoritl,lms' and proJ,ect~on '~fgo~
nthms (), " " "1'. /;-'60 ' " -0 " ,(j ,(.., '~\)

« \l t:'t}

" I)

,() ;',~,

of)
~

'o!JO
()

,.-;::)0
,::9'

II
o

,0 0 Il')

o

c ~
<)

'I

"6

'" 0

!l

cr

(\

D

"

,0
,0

Ii, ,

°0 ,~D

(Ii

I)

o '

o

o

o

o

II

o

'0o

\1



• , """,' ",,, 'II " 0 1 ," 1 " _'\' .;; 'P"?'i,~!l~' "

,"Q In ~thls,section, we, Cbnsid~r SteUe!.i~i\~q#)!.adlng" Cones Algorithfu, the In~ " Ij

~'jr "teri,'\.c'tive Weighted $un1sjFlltering Aij~ri,GhJll a.nd" the' IJ1t(1:racti~e,Weighted
,.t Tqh;bhy,~eff Algorithm:' These algorith:m~iare consideted sarr::)Ie"algorithlJ_ls, 0

because"In ~ach case a widely disperseq grqup"of weighting vectol.'S'~ is formed~, "
,pnd t~ae,;weighting vectors '~e ll~ed to form a sample of ~henondorflinated

I~"'" '

""set of $ol'l1tions. 0 "" ,;,

@ ./~,; ~o

;:7!1 ,

'9 0d:0 ,i 'I'p.issa:mpleof nondQ~inated '$olutiou$ i~\presented t~)the DM w tsel~cts 0,"

," C;:" "his ,most."preferred SQlutiou, ,say (~kl ¥.k),'" We then g~~1ierateanoth~'" group "",'
'" ofw~ightingvectdrs which sample th~' IlC):tldomh:iat~ds~t itl ~neighb~~thOOd ;":" '

around (;r:k,,~~). ,,"As the',;algorith:rn pro~eeds;' t.hi wei~hting.V'ectots~IoiMed ~~,
sanlple a 'eymaller"'i;),nHsmall<ilrneighbourhood Ot "the ,~dndo:mina.t8d' set, ,until

j)n~r~t~v~pro~dl"~.i::,es in"on~~eDW'fi~i~~ru(~.. ' .VJ.

The three methods? are all quite Sitrlilar 'l,~otsurpr~siJ~g since they: ;wel.'~:: II
;!kweloped,' entirely or in part, bY!lSt.euer) and are basIcally modiflca~1'l~to
'the V,eC,tor m:pd,mum algorithm;"ef;,section 1.3.4). 0 !e: ;,'", \', "", i r!J
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o / The l~oth;atio~'for ,this algo~it'ilm>wl:+s ~~vel;-'~de~y,in ;eclfon "2.4:~te~er 153] Q

/ g~nerat~G the ,dispers?d s.et o~weigltts u:si~g' trhe following fOrInlfla. O!;,
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8, S~lve the 2p ,-FJ tP pr9blems
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'Aso<1@scribed in l:\~ction"2.4,72, 'this Jl,PPl'oach differ~ from th~ previous ?ne in
'two,;\\iays; instead of reduclt!g ~he I.1ri£eri66.cone, the set of weights whi~h are

• ,,'_ - " -\1 0 -~

gen~rated are consttalned t~Jallwithin a certain interval. 'rhis is made possible
by alteiipg t,he Vfay in whiCh the weights are generated. InRte~d or generatin!f'~,

" .0 ", ~ G-' _, "c i," ,,' ,,0" "" Co '", I

(:0 11) ,I)
,::':_) 0

lOp f;p ,~ 'J "\5 88"
"'\1 <I; 1

0

", .,0"

(j !."< 0': ..:;

1'''Ir)

o .

~ 0, c, ,,~,
L' - ~ _" _, ,,'}:.' 0 _"\) ':; : ., (.1 o:

9£01' 1$5-; i...2p'+)1~ ~aJfth~sofutiQns itk, k ~ 1..".2p+ 1. t~t~'~,~C~k.
1£ ~dl $10 are identlcal~sto,p, ~k is tl\~ optimal solutiQlt. ','
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4. PiJtey the 21' 41 !k~vectorS'ijot,obtaiX)}he P mostoa.ifi'erep,t ones •.
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these by .f¢l;nlt'ti~,'an ~ver,a,bundan~e'Of oweights are' gen~t'at~d',tandomlyand'
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6. Filter the 2p·zl··Nectors to'obtain the P m.ost different ~lles.
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7. Present these P criterion vect~rs toJh~.,DM a:nd denot~ tp.e most 'pte..
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, L ~teue,l;>s,Contl:ttcttug Cones lil\d the ~~ethod .of Interactive vVeighted
$tlIl1.S 911iy"seafbh a,mo~$ext,l:ernepoirlt~\~91ocate fne mo~t efficient e~;.()

, treme point:"The T.qp,ebpyche'ff method, "ofl;'the othe.r handl eat!?converge~ <,.~\;;('I:<_ _, " '_ a

to 'rlOn~~xtremeg~~%,}~$)ns... ,,' ,," CD, ~ o ••

\~ () " ,

'. 2:,S~etter [96J pp: 39~f'c1aimsth~t because of the way ittQlhich.the:weigb.UQ.g
. ~pac:e,is redu~ed in the Intera~ti've 'We.igfited. Sums arrd Tchepbyoheff

~ methoH$, "the algorithm has an errot cOl'rec~b:~,gfacility provided th~
"'\\..error is not"too sevete~1. ... " Q/ 0 n···· '

"1 - cr ..

\\
\\

I!}
..

'~t

'0

"11"
a

o

"

'"
0"

0

m

("
~) "

G
C,

i' 0

oc ,')

(p" .

(J

0.

o



,,0 0

"0' o '. \,
C'

3 ..2 ''lla<:leotf Algol"it\q1$
,,, '(Ii)

\~ ',.

(, ~ In this section we consider the method of Z,ionts and Wa.llenius and the Cutting
" '

Plane Algorithm. 1"hese algorithI13sare called tradeoifaJgorithms'because they
... ,,', ,::' , " -r , " ,I' ,,- n ,_ '-';; 0 _ Q

use the tra.deoff information found in the simplex tableau to obtain information"
"" 0 0' ' , ,,"

f:tom the DM. ~ \,,\ }'

~he algod,thms Jollow tihe following basic ~cherne

c-

17 Solve'the prpblem , 0

G
,,0

t:
ZAlito
i=.1

subj~ct toA~ :5 £
'. II ' ,\>

j}J> 0
hi .........N

t,. \I

for some weights ~, Denote >thesolution p_(h).

o

max
"1

(I

2. Ask the DlI,i if helikes th.e tradeoffs leading from %(h).
I:, ,.0 ". (. "\,' "

\",::>'

o J

o 3. o.btain a new set of weights ~ consistent with tlae DM's l'esponse$. ""

, 4: Re,duce the solutl'bn,spacf!l'~n some way.

5. Go to 1.

!,J

o

~' t_ ,J

Ii 'Jp~, ""
~p.e method of Zionts and Wallenius,Jn which the utility function'is assumed
to be pEleudoconcl;1..ve is similar to, the o~e pre.sented in section 2.5, which as·
surnes a, linea)),utility functi~n. The"{~llo;ing additions are made to hand.le ,G,

'1 ,', D ~ - "

o / the p~eudoconc,a.v~tY'ofU. , >': ,0

/' II U , 0 . 0 . ,II '
~ > ~~'1l OSillce":~ ~tUity fUB>ct.·iO~ is .as~um.o~d to

U

hep~eud. oc~n~.;ve.~t~~.•co.nstr;.·ntson"
the welgiit space created on the ba~'llsof the DM's responses mi~y be'valld 'When
thex~'al'e constructed but inv~id later. These constraints ar;~ then droppe,i:L" • c)· . Y;',
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In addition, since V' is pseu4000ncaveji the fact that the DM prefers ~A, 'to, p_T:J

daes: not' n~cessarny,mean,/~hathe doeJ not like the tradeoff's leading fr~ni ~A to
, ,Ii, J /. ' .' ' I, '_, _ ,_' fl __ C

~E.;·However since DM~/'prefer co ":ingalterna,tivesto evaluating tradee:ffs
,;(ZiontS' an'il 'Vlfal1~~j'\1s171]), the' is fi~'stasked to COll'lpare alternatives~
Should he';~iotprefer an ad:jaqent extreme point tQ th$ (~urtentsolution; the

'_' !.'" " ('

tradeoff betvreer,t ~he two' is pre~ented to c{;heDM fai' evaluation.
" ; .t,!'

~..~.

Q " " , ',II "', \) ./.,' J.:tWi -" _ "

Having genel'~£ed a ~e;' itetate1 tl~eUN! is as),{~~dto compare the riew ite~a~~to .
the current soiution a~d also to solutigns ht~pr\'9ferted"to(\iheGUl'J:en~"solution. II

',.,;; =. ,'J, ' ' • _. ,~,i, _ , "'" .: :,,' ~~' '_ ')',;_, .',[ " ,\
!~ GOl,lstraints qase~ on}hese responses are a~ded t\Ild the'pl'q,cedurejS re~ta.rted, "
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," . 0

1. Choose a. starting set of weights ~(O). Set Ii. := Q. ';~\~(O)is,norX)J,~U;sele¢ted
(0) '.,', " ' ' :' ' , ,

, to!! be A( :;::l, 'for i,-:~~t... pl \, 0 Q

, ._ ,. ':;" I~ t ,<::;

'0 2.' So1ve tIle llnear ptogra~jng problem \) :\\
'~ 0 "

'\.
'I
'\,
\\

\~,
'~
II

\'
~' " c) 1\

C~l t~oluti.n to t)Jis problem: ,,(h), ." 0 • \ .0 ••••

3,. rdentify alt. ~frtcient edges'from ~(/f) and ,the corrftspondi;g\~jacent ~m~
cient extreme ~o~~tsO,iutidl1.. . ., .. '. ... , . , '.. ...

4. Determine wh.ich of the efficient edges ar~ alsq, ~m~ient withl\'~spect to
the set, of J?revio~s responses of the DM" Calf the set of suS!h ,dges A.
Call it~ co~~lel11entwitCh,rl'e~peGtto the se,t of efficient edges" Let
1--A. c_', c - o \'
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5." With :respect to set 1,ask the DM to ch;o~eubetwee.lkx,(l!) and adi~tin'(:tlJ~
< _, ',. " " .';' 'if'IJ _ __ , tJ"

different adj~cent' extre1':l.'le point solution. ,He may e"press a preference "
.;: . -0 c \_) 0

, for one of the tW0 points" or the inability ~p exp~ss a preference. If he .,
, 0" ,prefers at least one ~lternativ~tQ rE(h)', s~ve~ne"such ~ternati;e; denote"

'~\ \1 " \~"", _ 1/ v.' ~i " "(! " '-~' , ,

it as ::ell" an.d go to step '9. ;;)L P,
N-< 0- ',- ,i

"co ' ,;' " , \), ,: :'?', (J .o

'6.. Withi'espe<;~ to set It askthe}~,M whether')3~gjnnitiog.iJ,t point ~('h), he '
" li1<es any efficient t.radeoff nov leading to 8', \>oint asl<:ed about in step

5", H~ may respond that he likes the tra'd6Dff, that h~ does' ll~tlike'the
~ tradeoff, 91''that he is unable to nedde. o 1£ he 'likes ,at least otie ;rtch

ttadeo'ff,;,then go tostep 9. '" U

Il "-

'0

'.,;,:~-: '

I', 0

o 0- 9,. 0 0'

1. With respect to set 1, ask th~, DM whet4,er, beginrxing at point ~.(h), he
l1ke; ,a.''uy tradeoff leading to' adjacent 'effident, J,1oint$ which h,e did :aot
prefet' to ~x(b.) in the most recent step 05. If he likes at "least one such ~" cO,() ,~rv' - , fI \.i 0

tJ:adeoff, ihen ,go to step 9. '" 0" ," , "D" 0', ~" :' ,

c
0:' ',0

'8. I~1 is eql)aJ. to' ..4" let I equal B ~d g,6 to step ,5. 0th~twise stoP7 so!utio'u,
:g(h),isglobally optimal, D I' "" o "c " " o

Cl;' f,

9. Write cO,nstraints on phe weights based' on the P1VP~l'esponses ~nd "add"
tharll ot'o the set~ 0 0 0

i~e~'if helil{e~ th~ tr.adeoff.t(i? then c6nst.ruct a cbnstrafht of the £o;~n '0
\ "1\,, Da ,

J) [)

p "

L t~Ai,:~,:"e '
i:;;l

Q'

it

Khe does "not Iike tht! tr adeotetij l tij'en con,~b;uctcP constraint ,of tp.e form,
o

, -'- (\'" -. '~. , -' ' -,!, \),

if lie is indiffe1'ent'ito the 8racieoff tij;l,hen construct a constraint of the
I:':. :Q '," 0

form " co" " N " .. "'1
" " " ,', , l' ' ."

~ :'Eti.fXi =- O'!
-i (r i=vlO l\I"

o
0" (J ~

(j \J non '.'rna equality constra,int is, ~,Ol:ma:llYleft:out since it ir;; unlik'Jly. thf1t the
DM will have a suffi~ientlY· accurate"{\stima.tion "of tradioifs to be ~bleto
de~lareindi:{h~re~ce, "

'-.:1 0 II \,

10. Find a set of'"positive weightf{ ~(h+1) consistent with all previ~~s re-
" sponses, If~o SUGh set of COllslstent weights exists1. drop the oldest active'
constraint and repent step 10,

" 0

\,

94.
,.0
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0(\,:, 0" '", c ii, (. ",,' '\ ' " (""\" 0

o. ;, " " "')',, ~" ,I';" :") ". ~C, \, c- 1.1 ~ \"';

\1l ".)/;:~ ~ 11. Veing,the new \v\ei~hting,~ectQ,~:~(/1+1) I' solve the Ji~eatpr9gramrning "-,
t,! .....t:l':"'~,' "~ c -.: t; ,," ,

problem ~

o

()
o

{; C _III
o

o '

2 (~? o
o

G "

o

_ "d'

Call'thi"s solution p,b.

" <,\

tJ ,_ "

<l ,': ;, " , ' , ,_,.J .,,;' o~, _' , .'-__" " ' , , '_' __' ,I' , ,.') , -0

12. If solution :p,b is not,nuIl1 go to. step .14 ..cOtherwls~.:p.ave the"DM choose
b:twe~ri ~olution~ ~a and ;t~~).If tP1,,:~¥chDos:sd~~t"a~6\ a ~tr~~t
bas~d on 'the ehoice of ~4 over p;(h) 1 Cleslgnate the~'solutlon t£~as p;fh) and

" ~.?'.

go to "step 3.' '" ~ () .
"., ,', , .,;" c ,," 'CJ ;.". . :j' ~ "
13. Solu'tion x(h) is 'tt local opthn,UlIh bnt, t.here exist hetter' solutions,9 some

I, of yrhich' ~e noi'/I,~xtreroe' i1oi~t·s. A search procedure (distinc~, .from· the
metnod) should be uS!td~,tonndthat optim,um. The method terminates

,,". ,D " (~

at local optimum a; (h) • .
• '("0.< - 1)

n '\') , f "'~

14. Ask the DM to choQse between ~" and ~b,~If the DM chposes w.'d, ad9.:f.i'
constraint based on, the chol\:i~of .w.(1. ov~r 'f.b, denote the preietJ:ed sohltio:q,
as ro(h), roal<e xb rtull and 'go ,to s'tep 3. rn/k is unable to choose, denote"

,...,. . - .,.." --0 c;' 1.1__ ' :c;'J" . "

" " tHe ~i). as w_(h), mak~,~b null and go to. stc{~ 3., 0 "

, a

,',cs

"
{J

Q

o

(I

a '

O ::'
(/ () (~

n

~;s described ii~ section 2'.6.~, thl Cutt~\ng Plaii~ method combines'aspeqts of
the method af Zionts and. Wallenius and the cutting plane method proposed
by Lagana-t,han and Bhera,li[33). ~o

Q
!)

" ,_'G _ '_ ~ , _ '

The algorithm ~a}3imiIa~ tp ..the Jllethod of. f&hmts and Wallenius with three
t, 0 D

major exceptions :~ !' , 0 ,

() o

Q<t 0

c

L Having °set up co~strai:q.ts on' ~, the Zionts and WatIemus techni'que ,se.,
(I - "

lects
o
any weights which satisfy) the constraints~ wfHe the ~utting l)lane

mt!th6d cSelects weights which ar~, in tJ1C centre I,of the feasible weight
space.

.: T/ n >; 'I

(!,., \\ 95

o (\ 1\ \\ u ,
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2. Onc~ this 'set 6f weights 'hat be~n generaved, ~l the ~onstiai:nts pased d~,

t.he:,DM's :pl'~ferelH:esare dropped itt·the Cutting Pia~emethod. ,,Inst~ad
'1.ac~tting plane is introduced to ~duce the variable 'space. ," , ,

ss

3. Iterates are"gen~l'ated by using Loganatban and Sherali's technIque of .
'" _ n _ C! _' <_ _ - <<;' _, ,;

searching in the direction of'maximum inBrease, as opp,osed t<;;> the weighted
'0 Sums approach 'of thl ID<'5thodof Zi.onts and Wallenius.

" jI ~

o

" .,

The algorithm is therefore
, 0

,>. "o \J
a (.I

o

"
.L Choose ~ st~rting set ~fv.:ei$Shts:~{O). ,S~t h -f. O. (~(Q) is normally s~,lected

" ., ~Ol 1.f • 1 ) .."eta oe A; . = p~ ror t = .,..~ ,.
'1,1.) [;

., 2., Solve the linear programming. pro'blem

'P

,'.maX . f.;tAlk) f;(f .

supjec.,r to Af!!:; £ \.tt
:e,' x';:::"~ 0\

Di!l the; solution to, this pr~blem ~qtl. %

o 3. Ide"t!fy all effici~"'I fr(!Ijl "lkf "~dthe ~p'eSpo¥i~ adj"".~t.oef-g . 'ficient extreme, point"hllutions. Let A be', the,;set of indices 9£ efficient Q

" tradeoffs, i.e, (' E A at i)s~' efficjent :(;r~~off. I4et ~i.be.tlia ~xtreme ,
point corresponHing to t~ade.off ti. Det q"1>eOtIfetnrs~~i~ment in A:,(rLet 0

B -- 0 - 0 D, 't! "

4. if :int'i(k; .,do'll'-"'" ~OO~~i~:;'~~"tep 6. "Wh~t j; meant by
." too ~lose is t1:~~~he \SoI~pn:fate~1i~,. o~~?/ ~$t.the !~M has difficulty i~o
.. rna-kmg<!' ..chOlc~tween tl1em. . t~'~~WallenlUs 1111sugg~st that 0

~(h) ana ~9' ca,~ be considel'eq isufiident1§~er~ht if bnere is ail least 'ten o

" " " ,'~~, ,f'

perce:p.t ditf~~ence in one objecti"<6yft1t+,ctionvalu¢. 0

~,

,
5. AsIc th,e 'PJ.\Ii if h~ ptefers ~q to ~(h). If he does then add q to sefB an.d

rx go to °step\?~>~~)~,Wi~ego to;,s~ep13. '. i"','

6.. Ask the ~M\viv;lther) beginnjng at point ~(il)1 11('3m<~thetffide:nt tl'ade~
off' leading"to ,£9. nhe does, tiien add q to the set, ~~)otherwise add q

,,~;\ -<0.' II ()

a <i'!

,) I'I

<;_-: , •
..........''.i
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9" Salve the'linecU\ progfTnUllg' pr9bl~~ "
'I, ,'., <I ,~", ), 0,
, ,;, ,,- ',,~ "

..max: ~~
';, 0

o

,V,iEB
Q •

c,

Vlffi, G

'Vj EB t:J 0

Vi:;;; L,.p
c;' 'F

" ;)1

" 0,

"Call the sOlu:tH:>.n' (~(h+l) ~:?:(h~~)).
'"10.$~l~etile linear programming p~obl(i\m a

.(1 max", a
,p ."

subject to L(f~(~)- fi(~(i)))',.\~i) >- a:
"! 0 ',i=1 ;,\'

)1$ < b
, N --;, N

\l

,1",

o

o ,.

:,~Call the so~,uf.loh.(~(h+l), a(h+l) •
. 1.1\,'\ ., n ,e c· t)

lJi)n ~fhtl) == 0 then stop :r;{h+1) is opt.imal.
1(". l ...

,:', (;1, ,1/ go to step 3.'

u

, I~~

Qtherwise ~etk - Ji -+1~nd
C' '_ , u

"

o

c

" >" 0

"0 1;) oi,)

(}

o

,) 0 ~k o

u " , <:)\\
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(J

{) '_'

,-J Q;{'l

,f) !)

tcc

D' ';:~, ".", 0 ';)' . ,','" ." 0 "{j . 0,° "
1"'C~ms,traints added in the r.a~·thodof Zionf,s an,d Wallel?-ius are u,ot always
; ',0" /, _,';"" ,"" ', ' t:: "'_. 'L'(.) 1"_, ,0-,_, " - . ,,"'_0' .__ .. - '0 __,_-tl 'to", ~J" l\

. valid and may have to be drop1>ed Jater, (Step 9); 'T¥~ cOJlstrrunts ad~ed "
'-. ".O_n ,:' _ '0 _ ,,_ 'I't').- _"'. ' ,', , (')' -,', -_ h ,..), ;rj '_,.) _,'

'.i~~he putting Pl~ne are vali~,~hroughout, " ,,"'" ,q v ')

·2., The 'fact that" some cgu13traintsare (irqpped in the ~eth9d ~f .ZIoii~(:hatid
~'.1' _ .:' _' _ -. i:: _- > _ - _ :". -,''_' , ,-,' _ 'i.,,, _ '., ": ",-" .; (i" __ ,~\~'J~f

.W,alh;niqs rne~p.stha.t·the a1goritlllll,has au error corre:ting ,capabr!it,y,c.
,,0 0.,," ". , '-"" ~~(,~rhemeth,:od o(Zionts,~~p.d W~lenlusccannot .co~ver;ge to 1\9,~~X~m~"

" solutiofis ;wJlereas the C'lkttt;ig Pl<Mle metho~rC!;)A.' , " .~
c: n "(, (~'

o

(} f)

D

"' ,;;; " ';, 0

:~e CU:ttiXl~Pla~e,,m:et~i~Jonlyever,~ks t!e,~~ to\\cho~$ebLe~~t~~, ~
POllll~':JIe, ma~ .be.<$xpec~ed~o expref.\Sau op~~lon on !-he!~ ;),lrabllit.yI~ "._
a tradeoff In the Method OI'ZlOnts gmd WallelllU§. ( . ~

" 'j .' '.;; " " f)' ~\ ",:i <) "," i', ,

I) -

fJ
d

D
\~!

c

o

c

(1)

G
\~'" D'Q 0

\1 0

d7 -e. 9

,- (;')
u ~,

o
o

t)

(I "(,1

(.<

o

o o

. \) 0
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In this i,ection we ~ofiaider the R~tel.·encePOint Method and th:(fVisil~l Intera<l~
U'VeM~~hod ofI(orl;19)MH ?~~L~kgo. Thes~ algol'i'thma are t~f:~t~~~pmjectio;1
IalgUl'it~lms be~allse ll~'I~y ~ject.asqme ~possibly ~nfeasibleJ r~~~W"l,'(~point(s) c

onto ' t,~~.set df nondoro ·d
6

criterion '\lectors. The proj~cb:~il't~done by
l,mear,trf1rta sca,lat;,izil1g f~nction. TIle Reference l~int 1T.!.~thodpr~J~cts a '~ingl~

rilfren~rRPOi:l~J)u!o th(~nondomiJ?atea set, while the Visuallnteraotive Method
, P'ojecltan entirl' unbounded lil1Jl segment"onto Ihe:;:londOm!~~ted set.

" ]bJ ' 0 Q <b" '

.a.s.T ..~h~ Refel.'E!n~ePoint M<4'thod "0
"j \J 'i, .s

« , ' .,', r ' " " ,i,'

'Them~ 'lv8.tion for the Reference Point algorithm was.gt~enin secti.ol'l"2.2,' "1.'}le:p
partltul\ r sca1:ar{zingfunction used here is tire weighted "rch~bbycheff norm.

\
,,' u " "

'Le. II" ' "

" "\\,, ~9(f(~),': z*\ :::::'max "A,: ,I f($)' -ri z~ '" ,(
o ,,',,1 .o tv ~ N, J. t~l ...p " ~""~ N _. '/ .;;" ,r ::J

where '~' i~'sel~cted sucb. that tho It,~i~:t'encepoint ?l is a d~fi~it~on point of the .'
(;:;:I'che'bhycl1~~'norm; rr,hi~ is e~plained in"s~ction 5j.3. '"'[)'~ >J (1

o

o

o '

o

1his results ill' th~foUowing algorithm '
"if ,;

I),' -r

,/ r

',I

'\
\\
\1

\ l. Obtai", ~·,:b\e i~e.aleriteri~nvecto,.· . o ••.. ,c. '

\ 2. ,~.!,tho DM to elli._lf:"'shis ~)i,atkl1. a. ~(h) whel~Yl~)«"; foraJI i.
, ~~\""" ":, 1 \=-['~ 1", ]"::1 'f (h)..J. ., W' 1

~
---Ui) ,2-', ,(II;) 1 Vi r 7,;. v'l. ::= " ••• j)

c L t \\h) _ ::1 ~.. Yi 'i=:l: zl' .... '!h 0 Cb ("'.,0 ""

II (3 lit - 1 u 'f (It' ~ ~. ( 0
\ 1 'Ili I ::: rq ~~C ".1\ ,~" I) ir.,y~h)t it; but 3j s,~ '!it) =. zj.: 'j'~ co"

\}l: 1"',
,)

o D
'\) 0'2, o

o.

o

"\' ,'\J

'\

c
111
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o
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..99 0
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o

o

., cj'

or_"'-.<o,

D

:1

I
I,)" r

l.' 11 I
min {a +~~(1J!~h) ~ Zi)} I
s.t. d: ~ ,.\~lt) (Yf~) - Zi) , Vi'=: 1 •. ~P

,t) , V/)' I,') °Ji{~ .;'::!: Zi I y;(,;::::: L.hp
Aa:<b J' II

N _f >I"J

, 'c. '~?:Q I, 0, 0

in order,!.p obtain ~(1;rwhich is a: ;proj~~tion of U(h) e¥to the nondominated. l
'...::l '" (; "; C') _ '.\ ! tl

5, If the'DM is sa.tisfied with ~(hJ th~n stop, else go :io 2.
\ .' \ I

, ).
/I" .o o ~,!

.! I ,\) ()

. ~o8,,~, The' Visual Il;tetactive 'M~thod ,of ,Ko...
o \, r,hon~n and taakso . \

~ ~
I
I

" This algol.'ithm was ;~.~gcribed bl'ieiiy in"sectiOl'l 2.3. Once\again, the scalarizing
, . i.. ,,' n

f~llction used is . , , ,
tId C)

o

o

set. o

o

r£1husdt~,,/isu.tl [ntel'active method is
'I ~\

'/1, I o "

'> \)

\\ .

.t,Sel~c_ta~ 'a~hievement scalarizing £~nc~t~$(~,~',~) an~ ~. initial" point'
';, ~o 111c:rlterlOn space (not n~cessaply .feasIble). An achIevement sc~lar,:", p.,

, izing function j,B one "which projects a l:eferen}:ePQ~ntq onto the s~t of
!!ol1domlna~edcriterion VftStor$N. Set ,/>'i =.0 ..

"

2."Set ,}t = k +,1." Select a, r~ference point a(J~), Set d (h)" :;:::;:gCM - Z(It-l).
<. , " ,~ """ N N "0

, Obtain weights ,\ from the DM. 0.. 0 ., '..'

N .: o

"3. S~lVe~.cl,~t s,Cq,l~i~in,.g l?~~gr,.,~..to project ~(h-l) ont?, ,N. If o

"we use tli~);ffevenwl1t sca.larlzmg functIOn () ." \
,j • m

a

o

p

s(~)~~~) =: ffif;l.X{Ai(q{- .a-i)} - eI.:Zi
l cr i=l

~¢.,.I:;, " , ,I) '_"

then to project the' un.bot,lnd,edline segment that emanates :from ,e(I\~~)
in the direction 41 we sQI\re the. achievement sca,larizirig parametric pro-
g.!'atn:mjng problel~l c. s ' , cJ 1f1 r. r

\

<J ()
" )\00
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o d1

/'\ (]



Q
{j -/

o

Y '.J

o

,0 ,/ Io'i:,

!J q ,
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if )J
a -lj: _'
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(J

" 0

"

I' n

"D

0 /; C
0

o »

,Des- "i'

'f)

0

0
q o 0

0
0' 0

C

~\'

" tI::J 0

:'4~ Display the ctiterkm value tra:j~ctodes alon.g tl1e projectio;o. ?n N~'
" ignate the DM's most,'prei~rred crit~rion ie~tor ~(h)'1 ( i:' ,
, ", ' ! Ii '

0,: , , : _' ,_ _ _ \) _ 0 !~ I!

5. If tIw PM is satisfied with Z(h) then stop, else go to step ~~ !. ,u
'- i/' N ~h' (I - - 11

ii Q "I_. lj

" c" ' 0 o Li;
KorhoI!en anti Laakso [28) replace step 5 by ,the followi?& stCf)s ,Ii ,I

"e;t>
o

, 5. If, ~(h) #: !£(k-l) then f!,o t'6 step '2. ~ ~ ",<J

"6. '6btain a!~of g~nerator~"~or,the cone of"feasible Cl?iter~~n'yecto~,direc-
, tions at z(h). " ," " (5 ~ , ,," ' "

" _ ""'"' l_.. 0 u

.0

o

'1 f)

\\_" .' _ "0 ')"- - .,~r, ,

~. If there a1'e,allY g~lleratorBthat have not been tested '"as a: di!ection fbr
i,mi,rovernent go to 'step 8~'else go teostep@. "b b

8. Let h..., h+ 1. Selec1i all"u~t~sted ge~~~at,or ~nd ~~'signat~'iiIti(hr. G<f;to
,,:;; ~ ~ '; o

;S~~I.)/~·~' 71 I) o 'f~,~~ ~
n

c.'

o
"" 9. I..et"x(h) be the 'inverse"imageoof t(n), 'l~rmina.te wit,h x(h~)z(k) as final

:- !'i9N", ,N- \'j)
"solutien.

G

o (/

"'"8, ",@

Ii 'I ~:,:~/ ~ , ' , :. (J p , , "0/ _ .' c ':, n

Steuer [56] reports that "Korhonen and: Wallenius hflryebeen '\I\lorldng oIl °a
method tq yield the gene~·a.tors~0[ the cone 'lffeasible di,Pections' u,t. ~(h). frhe
hypoth,',eS4S~,~\"iSthat. the ~C,'hievem~~t sC,alarizing program,,' Wi,th ~~,w''7igh~s s,uCh, ,
tha.t r: i~("a solution will provide the generators, In the, maa;nwhile, there
appears to \~e no simplo way in whiich to,obta.in the g~~ler{ttor8. " ,

') rj

!b '

Comments "/) ~

Q,
'0 ,; (\

, , •. '1 () _ b

"1. Both method§ can' conve1:ge to rtcnextreme optimal solutioIW.
a '
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,~. The"R~rerencepoint, Method requi~es'the 'Sol~.inn:,Q~linear progra~:ai~
. problems rmly} while °thec,Visu~l Interactive,Method requires the solvi~g
of pArf1¥l:atric pri~gq1lnthing problems.
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Implenlentation Issues
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AU tll€J alg;pl.·~~,hms\lnder distus~ion inglude steps (or ;subprohiemst, which m're
~t ,:nique Co the .ru_,iorithm. These .ubprobt'!'Ils t~ to be stan<!;l;<aprobltl!l!S
,~. o.iid,the method 'of soh,ition of these subprQPicws"is not in1ierentl~ part of the,:, c.z,,,'

algorithm. Exlltmples ere ijJl~ s~.a.lingofpbjectix~~'fu~}ct~ns an? the sofvin,g of
linearprograrl1ming p~lbblems. "., ',g 'C'1,

o
o

"

Y, " \1 '. ",.0 0

Ho~evel.\ hi'-'orcier to hl1.plenient th6.1arlodthin,s in practice~ a method of so-
r.;, - _ .' '.!:, -, " .~, _', 0 - '), 0

IuMon for each $ublti'oblem ~ust be selected a,nd implemented. 'l"lhe'va,riou$
" _, " '0 '__ " '\ I.;J , "

~~ub'pr~~j!e~r,whi,~h'occur ,in the ~lgori~~ms under sc£~tiny in this ,study arrr
no\1!,tdlscuss~d1 tog~ther wltl1 PQ~slble ~'nethodg of solutIOIl., " .
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Definition 4:1 A "subproblem is termed an independ~nt subproblem" if the"
so1~tiOl; to the su~problern "~ independent of the solution method. "
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fo~, example" the subproblem of testing" whether a,' tradeoff leads to an 'efficient
solution or not ia &11 independ~nt subprobiem. It the tradeoff leads to' an
efficient solution then every rq.ethodfot tC'sting this ~Hl tell usthat'it leads to
"an efficient solution,' o
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c
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:Definitiol"l 4.2 A subproblem is termed a. dependent subproblem If the solu~ "
, , ' (,

tion to tpe lfi'lbproblem is depen~ent on the method of solv'h~;t the subproblem.
, ' "0,
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For e~ample) the subpl:oblem of scaling trw objective fUll<:tions is,,a ~ependent
,:, " i' a

subprQblem since each method used results in a differ'ent,s~t ot scaled objective .'
functions. 0, '~" """ ",,0 "c, ,
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6 Clearly tl'ieJirst three subproblems are hldependent ;ubproblems~ ang the rest
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The Cutting Plane algorithm and' the roeched ofZiont~ and"Walle~ius, a,rehoth
"'t;onrpletely d,e~e~dent em the SimpIe~ 1Alg~dt9m, S~nC(fthey,re'quir~ the Zj -,(~j

q va.lues from the Simplex, tablea:ti~The othel' algorithrns are fa,irly indepen,de:r:t '
of the linear programming method. A ,d~tailed disCU5Siqlb iuto t,h<;l Simplex
a.lgor1tl~m: is !tot waii:anted h~.t:e. Reier to Murty (39], Zionts ['68] or on~ '~f
the other nu~erous booi{$ whi~h cover the s1.l,PJect of linear programming in.

~, ,

detail. " ,
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has an oRtimat5loh),~ion. 1,- tof
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))Iserman.~'s test is ,ver:>6simil~ to the Evans~Steuer t~$t, but Steu~~ [56] olaiml?"
that it offers oppodup.i'ties for being more econorpi(fai wh~n we wish to deter~

" ,_ _" ,-' -., - "'. _ (J-

mine all nonbMic variabl,es wl;)ich !ead:,to efficient solutions.
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(/Consider the set of constraints
;,:'; c

" 0 < YE ~n::::m;y.,-_ ,...,
. ,,~ 0 "

~: 0 . j) 0

,.'\:Vhet~VVis the Cd ,_ zJ,redueed cQ~t'matrix of au effl~e~t basis. Then ~£is an
efficient 'lJonbasic vru-iable iifthere exists. a. solution (~, U) E ~p+rt-m su'Ghthat
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., c If the l~:~=.~).mobjective fll~t;ti~n value of the problem istpositive; then tiJk is o
rl a·, , ' ,

. ,efficient. If th~maximum obje"cti~ellfun.ction.yahte of the problem is nonposi ..o
,tivel then. $k is not efficient.
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"0 Sup:po~ we have :fo,ull.dan optimal solution :to the"LP ~rC:\l'
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N2jk~"tha~ the Z,i.,-;,cj's are, ul'laffe(~tea try a chang~in 'the right ..hal'ldwf$ide vector
an~f~here1'Qre'UOthis @:e is feasible':'itis 'n,l~ooptin;ml. ,:f ~E is ~lfr~i:1.sible,(i.e.
on~lor W911e"~)!k'-~ 0) We lJ,l'L\st"1.1$~ th~ dual sinl:[?,lex algorithm t~ find the p.ew

". . .... ,1
optlll'),al solutiqn. (\ "
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min
subject to
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,,3: We wish to llud, the value of e 'at whi~h f~=O.
A ' ,_. '_' c a I),

Nf"W b - 0 ~~".. - "B"lfie" ,",,_V -lJ ~\l' 7,: ~B - _, '~' ... !) 'r~) tl,"

;:;) 1J Le~ OCi:::. ~..:.;~~ f)'~~ i~e. Gi is thed'~lue ~f1J 'at whichQtl~e.ith c~?ttaint

becomesinfeasible."" U ", ,~,..,

'If a}i (Ji '< 0 then g() to 8, ef$e l~t Bit.= mjn{Oi I fh > Q}.
1/, t.

HEm~e}BJ, Q'Ea+ E:lla~ ~or 0:5 f). ~ 0*.
4, L.et, ell = G*

D . "

o
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z=.t7x
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'"A "~,s !?+ [( (jC + e:),
, it> 6'

"'-J'- ~~-I'o.,! .,

n 0
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6. ':Again solve for 0: asm step,3. "~E =. ~E +B-;ll~* fOT 00" i..o S ()C ..j~:e*.
, \' o

7. Go ~o 9 ",. ,.1 "

"C' 0 0 co. " II
8."Thep;e is no feasible solution for ~ > OC,

,', • (1 .. ''I
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oStep ;;5is: commonly s()!ved (.Aug the dual simplex ~r~rlt11i':O..
I ,.;' .,

o

"
0. 0" o . tJ, V

Note that Ir1 is'irilmedhitely availabl.e from the final ,Simplex tableau,
o '- ' " " ' <'0' "

,'J"

··.IJ

o

109

"

8

17.l.\

\\
I)

()
c

o " '~l

c '<:'

fl &0
0

{'" "0
_/'~'!I

{}
o

"

() .0

o

If .

1\

o

"



'0, , "I;.,

o

a
'::" 'J

'J OJ

r f

1,) 1,1

G '

::::1

Consider. the ~wo obje<..l,ivefunctionso c.

11 =2c731'2Xl+913f8x'2-31';~lx3
h :=' O:S3'xl \!'" 0.932x2 +'{)~103x36~>

o "~l'" Co" :' _,' ,1,

(4.1')

AS$ume the DM decides ,that J~~:ifour ·ti~~s rrwre'important than. il" It is., '
logical to expeclt .that his weights (U'etherefore ~ if (0.2,0.8).

(,,: (_\ '.' \-1

,"J \J", (..':;, , "j 0,::, ~l) ',M('~':, :'<, __ ":('_,!:'_ _ _ : ,,"

>'The:purrogate objective function E)ldiis1;Oll,1g to O'e,dortlinated by h slmp~y
: ~'_, ' i::;l !;', , <~ ,\ ';' _ -",- ,,',' '_[0-

because of its large \ioefficientl$~even thollgh the, DM felt that 12.was far more S,,, G

irnportan~. ,,Jt is tb:-e~ef(),renecessary to ~,caleutht} objective functions t~ equ'~ " \:'":)
, , ord~ts ,~fm'a,gnitu.de.· '.'a ", ..,

'-,' 'a o

. D

o " _~. _ __, "(J {)

We discuss thr~~i whys of scaling the objective functions~
" (_"

o 494..1 N Iil)rmalization
r\;~ 0

~ 1 0
v '" "\ j ".J

DiYiding'ceach c07;nPQuen4£ <:1" whe~eIi ~ 9JT~ by lltElI·will normalize '?i'~n&i:o.g
ttii.s to a.ll objective functions will bril1gi1.t,~objective l\,1.nctiollS into the, same
order of inaglfltit~de."On.e can use any of the Lpnol'ms as defined in definition
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Exa4~ple4.3,\'~maliiing the ()bjee~i'li: fU:ij~ttiQns 4~.1,gi\r~rlabog~using th; ~
threelrtost common ,£p nor.ms gives '" !J \, , ", C

a

! L,no"'!: I,-O.1~16~7~Hb.6~~;2:O.2~;~y.:.,
, " " 12 :::;:"O:44504j:+-O·19~~)32w2,*a.055227~'h:" "

, ' a ~ 0
~ 1 ~ .0

['2 norm: ,II..:... 0.2718920Ji"+ O:9Qj075x2 - 'O.31568x3
J2",~6628,06x). - O:74426:p2 +O.08226~9a;a

')" Q. °0 ~

>~;:.:.:;".~;;;'.- 0 q C' ~

~t:XJ norm-s f1 =Q3?990aZ~1;+ X2 ~ 0.347259x3
fa :. O.89Qp58xl ::.. X2+ "0.l10515x3

c; ., (j - 0 ::l~

o "l~H " ,r!) f) '0) ~; tl

", o c 'N:,~. that the objecti~, ~wrction.h:ve :.co:' ~,n1~~cunre~ni~bl:'

~, ":0 ~V)Q(J ":0
4.492" Sc,atHp.g usi'pg a"Power of~'lJ) 0 q" ~

.' i" OJ ~
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fro overcome the p~'6blem ~fum:ecog¥).izable coer.ncients, S~~uer[5,~1"propose? '
,.scaling e~ch ,pbjectiXrefunction~/by'a, pdWer of 10. In this Wa&', the;'l'~cognition '

~ oHIle o1:>jectiV'efu~ctioJicoefficie~tg ~sretai~e?p~,~auseo4f$~1ne1r,~ma,~place c: ,

moves. ,. 11 "0 " 0" •• "
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Exan:lpl.~ 4.4: NQr:malizing"tlie o~Jecti'lie functions 4.1 u~ing th~caling by a,
. .,' 0 " '\ . " -0:1/'

"','

o

11 ;:;::O.27312xl +O.9l318x,~~,0.3,l'711a;3 <,
9 "h,':::;:. Q.83XJ - ~.932x~r+ O.103xs'~

a 'n

\:) l-

(I

o

o "

r; (J ::: ()

o The purpOSI$ of the range equa.liza~ion wf,ights is,to equalize the,'!.t'a,nges~£the
objec~ve functions;:.T'o comp.ute"the range equaliza.tion weights,"let R;; d~rtolle
the,range of the i#l1 objecti.ve fUllctic)ll;'i.,e. 0 "'"?
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Some of the methods r~quil,'eo'Us to ohta,in some weight~ng,vectors ti!om th~
" set o(!jfeasi~eWe!ghtixn~\\fectol'~ AiQ Thesew8ights A~"arifJ"the,71w~d to form
th~,SU:fog1);t.eO~)j~ctive fd~rtiono'~ )..di< T~~ w~ightin,g, ve~tor.s"'should' be,

well" cf;ispcl'sed~~d r,ep~eserl,tative ';l the set tf.~so j;lla,t the surrqgate objectl'Ve
fUnctions are well dispersed \~t'ldrepres'~nt,ative of the (;i:iterllill,cone. Wew&uld
"thus li1~eto discJ.'etiz~ the set:, A into At number of poi:p,ts. 0 <;;i
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It could lie argu~d that these weightjng vectors are well dispe~sed be,cause t;heyo 'J 2,'

"c~trespo~d to 'th~ ~xtteme points, the:lnean poln:C, and the certtr~,:points of the ~I

erea,s th~;'tl~a.vctlJe'mean a~d;2]1 of.th'e 21'''+ 1 ext:tth~er~pointsa.s v~~'tices,Ih,
r'igure 4,~2~where t,hese ~eigli't~have been applie,d .to tlle cone defined in F'i&'llte

04.1, resultlilg convex cornbina£ions (U'(ilsOOlf to be not; very ~eU (l.i.stdbti.ted. G o
":P,his method ';Yi}lalwa.ys gep,e~~te 2p ~~i ;;:V~(';toNj If we, wished to, use this '"
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method to :find:"sorn(~othe; number ef 'A-vect~s, it might n~t ha,veh~en so.t\asy
~ o;f- 0 .,

to 'U').anufactur~ the weighting vectors by formula.
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, A wayOt.o overc<?me th~ ahorttomings
D
of ~he previops imet~od is"~!t£Qllowli:

n, Randomly,; genefateoa:n oveNtbun~~(.\e t1£ ~~tingo -®cp6r~,.,th~n, {rpm ethEl" C' ()

set of ,convex COl'hb!n(\,tions,thus,.ereated., :fiIh¢:,~\;Wa'y';,tl~e°e.x~~si.bY,removing. ,I) ,;

, those that are most redu~da~!he ~ffidel).~yof the l3,pi?roa~"",dep~ndant "
011 the,distribution tha.t' 'we ltSG to comput(~ the weights. , 'lh· dert;lonstrate,
co~sider again the two~~hne~;$ionar;fac~td~ed h:yG,~I !{<fJ~I!t\Et in Figure '

Q-. :f 0 5" o

4.1, '1'0 construct the eonvex com:binatli~)ms2:Ai~i, "'let ,the 1L..g.on\tox" com-
~t " ,'" [.) ,i-I " N () ,b,o

, ,0~ \) " o , ' It - ',', \ 'IJ? " '0
,i(~inatiol1we~gh,Fbe det~rrn!lled hy ,Xi:::: E~~J ~. wh,er,cVi is drawn ;t.tQrnthe "II

, uniform "di%tribubion o,to L nits 1$shown~~ig~tle 4.3, .there is a mult~;normal (~
u , . ',. '. _ -, ,0 , .•,! ",t_1 " '" _, '"
..type,!of bUlluup about the, gepmetnc c~1).tteo(the ,facet when th~~Ai convex)
~ombina.tionw:eights ~e chosen in this wa~.' . ". " t;,
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Convex Cpmbi!laJ;'ions fromtlie,'Veib~l\,l
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,!; "Dist:ribui;ioi.ll. . () 0 ' ". "
G ~ ~ Ii

()

,,\' 'In ~ effort'to cot.tn~i;ac~(thls :type' of buildup about tlie.geom'~t~i~ cen.tr~? a~d
-: :,.. ' ~?: "_ "',:! .;. ' ',,\~~H,~,

place more convex co~Bip.9;tions i)1to the'r-orl'lerso~ta fa~et) cqinl1~~rm~ing"
thaws ~ from, the VVeibuU dfstributi~fi. A"dra'W .Vi ~t;O:tr:lthe WeiJ:lull distribu-
tion, can be oJjl;aine,;d frpm the6e~cpres$i~nVi - b(.'" 111(+))~ Y' wliert; 9~ is a dta,w .,
from th~bun!fQrmai~f:ihuti.~n'Q.to L S~r I?6) ~uggest~ values of b~O.land

r,' c::.:::!k3. r.ehe patter.n q~resultant eonv(z.){comhlllatlOnq would take on·:the form
a!) ," -4}" c 'H,' "
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lfigur~:\4.4: Conyex Combina.tions Drawn from. th! \:~eibuU l)istributi~n
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Mixed Stratsegy,
"
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A bet'~9r idea. might be, to generate some of the convex ~ombina.tion, vectors
using dr~ws from the' uniform distributlon, am:i,the rest using .draws from the
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Weibull distribution:' In this W<CY we will not only gen.:lrate" convex combina,~
tions in tll'~centl;e or the polyhedroll) bu.t in its cornets as well. Then when 'WI'( o

!I forward filtel' the over-abunda.nce of repl'esent£tiy~] 60wn to a, set of desired,
{" ,. c _ '( . . it

eize, t.he tepr.~sentatiV~s OSurvivi1'lg the filterb shOu:~dprovide a. vl(-~.dispersed\ ~)'
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The questron noW ar1s;W \~~"ether it woulttl not be better to generate the ') 'g" ,
,~_, _ V,'" /)', ,.,,~, '_, __ '_, _' , , __ ,_ -j __ " , _' :~~,
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As in t,he random selection of A from the uniform distribution, there is" a
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buildup aboUt'the geometric centre of the' facet. Choosing values .of A near the
"edges ~£ the interval does not help' all th~t mucH'-r_,' ,
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case" wrg usually easier to' generate the points .randomly than to generate tliem

'1', "-",,(./ - 0 ' /) 47'" . q 0-

sy:stematidilly.
f)

o c: Q

o' a
(\

'(/ .0
G'

t.

Q~ " u

I),

Q

o o

("
~1 '0 0

It>,o

.'o
o

'\, co
C1D(1

" 08o '0
(':,'

o

"I)

o
1.1 I)

\

"o \\ C ,,0 '0
u'

o

o Ii Sr"" Q
~-'"

(J

I}

,,'

[j
\\

e'l'

rr Co
o

(/ "
D

o
" G '0 II"

o

o

o
(l

" 0,
o

o

0;.

Q

<a
Q

() Q

I(

J

IJ



~'"n " ' • ,..t, '.,

o

o

()

, (b

a

,0

,c/ '
o

o
11,,\

,,0 "
,'.' 0

I)

i~Lf;)

o

, o (,

'; '(7

c. 0" (.)

G . :'
dng ofvecto;rs is used for. oWe () ,

o
[)

~ t!

'OJ " ", ,." .'. • p. 11 'C)" . '0 t, . " ,." >

Definition 4.6 "L~tV be a finite set 6f vedor;s: Let P den6te th~r:6rward set
o si~~lthesite of the sti~$et to be computed.,) In" .mterin![the se~:"V,we want

to ()i;u ~~e P v~ctors in"V ~hat ate !i:~~tdifferent £r?~" one ~nothoel" :,
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\~'{:it.ering- is ,aceotnp'iislled by"£ndin~ t,~it~¢tors jn V that ~~ furthest afTar~"
from one anot1t5r aCcording to ,i1t6give~etric. r.Ch?metric that" is~,~ed i~th.~
weighte~ L:o me"tri~~S deilned i~ defi~}tion 1;25) whel'eb~ bheoatSta,n,\between"
x and Y IS .., o
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", fJ,l,"S th: le~~~th(bf vector,,?,',bei,ng,'filte~!~~ 1ri,;,are,"the ~arige"~£!Phlizaiion"
rjt1ts 4e,~crll;?ed(,;hdow(1 and p l~'ohe met'hc pa,ra:ttl:eter. 'J is ,,0

,<7 a ", ~" D

o

, a

o

. o~, ~ (~J
('j 0,

, a " "

, 0
~ 0 I}

II I{,ange ,E~a,n!2ait,ion 'VVoeights
'\~ ~ 0, . ,.~. f," C)

1.\ " '(::-~ 0 )
o ,r..,.,_\, "" \''1) '~""

': <'.0 "", , c, , " . 1) 9.

We consider .again the range equalization weignt;s ~efi:ned in s~ation 4.4~3.' The
"'0 0 t)" ; 1) 0 '" ,:."

purpose of the range equa.li~a:tionwdghts i~tl? equalize t.he ranges of the'\Tef;t<.'Il's
in :v so that the'ultering prdbedureis not overly influettced by components with

'\', "n r~) ,\)', .," , , ,0 a ,'!

Ia.r~\ranges. , fro compute t~l~ l'an,~ee~uali$ti~n weights" letv ltf denote the
range or the ith q,omponent ofthe! vectors hi V w,l1ere Ri == m~iCb11i}-min{vi}.
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Let V C mg' be a fi:nite ~et ofvectol's, Th~ filtering process "operatBs by ~mpar-.
, ing <,ii~ta g between pairs ~f vettol's ~ and ~ according to a weigp,ted met/ri(l~.,
;:fSs~pcoraace with the Eup1idean weighted metric} t~e.distance between ~ and.

:, f j_ -. " r:;:)' :" " ,r,- [; _o '"~ ls'glven . 0 " "
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where q is the length of the~ector$ being filtered all,f.{ "!"i °are,the 'r~ge t1qua.l-

o iza.ti,on wel~hts as discussed in section 4.6.1.
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The"vecti;ts,lti'ftturned by the threshold algoritnm depend heavUy· on ,,·hkh
vector is "Ut;fot in the list, the. order of .the other vectors; and the vaJu~ or"i.'

,._ ,_J)_ "j' , '_ ,0 ". _' ' ",'\, _ _ F

T}lare is unforttlnately no alPllropriate way to oetermine which value ofT .will
0' ;, .,.

returnthe"iequired uUll}ber of vectors; T'ls founiJ by a ',tlial ..and~er.ror' method
de~cribedlater~ ", ~.,' . "
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Thes!;'}two methods are similar to the' threshold algorithm, with the fna.i:q
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dHreten(;ie being that -the closest Or furthest point outside the T"neighboul'hood
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,We~eq~ire l' to be 4F,~~uch that, we are left with '~(l,ctl,# ,P filt~~d vectbrs.
~ Unforttmat~lY' tllere is ~~ wai~o determi~)the appr~pr~,te value for 1';', other

c t!J,~f' by exp,er.ir:tenta~) SUPf10se VIle want to :flUer a list of vectera with a
" t\ value of f[' and 'nnd2::::,aa.t the filte~:~dlist is too lq;ig, ~hen T W~ulq~l,~ to

ill ~ : be incre~wed and. the v#c!hrs' filtered once again .. " 'S\1pposeo th\?' new '~duced
;\I~\n~htU1':nsott~J~~)slrol'tq then"l"')\\i~u1d li:ive tQ be decreased and the vecrorn

,~m OJ filtered yet anot,hc!' time, ,and so ~9rtlt. 'l'hhS, When using neighbQu:rhQodw,pased
c "f.f-'-~~~p'p~dg" it is necessary to cO)'!duCtomultiiple tpniwith, differeI\~ va1ue$
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4, Filter v~ctCtsusing thresh?ld va.lt:\~Ti tq ~~btaif!''Rt fUt:~red ~ectots. o p"~

, {prf,R ?GRi ?:_;!li-l or it ,~,RJ ~ ~rl iihep. set,~ET"¥,2S:{, and ~() to 3. Else
set ST :± 8~r;2a.I~,dgo to q. 6 F.i

H~, - /) q" (1 /)

(lQ.O?l~'<R then set rh+l ~ TL- sr. ~,~:
ci It l{ ~ ,,> It then set Ti+1,:::= t/ + SX'"

If ~ ::i:: R then S1~0P.,
, " "I "
Seti:=i+'1. ' ' w
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6. Filter vett6rs using threshold va.lue,~ to obtain Fdlltered vectors. Set
B'T ::t::"DTj2aud g~ to 5. ~, " ,~;" " " ,

~. ~
o ;, (1,II .c'
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,Stetlel' [56}suggests that IgoO(p initial values ate
it ,'!

,r.[! __ J~l=l(?l'iRi)P]* 0 ',I ",.0 "

0, ",4""
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!J 1!11i.(:f \;.li'" "., .?:J ~) _il' " .... }" 0

Os-maider'the ra,ndomly generated co'iwex c~m1>inations distrih4~ion shown i~
o Figure 4.(;). 'l'he qj;hreshold algorithm, the methods dF c1osesti!affid furthest
", point outside th(j' neighboul'hood,.O ~nd t,l~~t!1a:ximin algorithm ,4r~ a.}'}plied"to ,

this da.ta! tQ,gether' with the l,Htlving and doubling routine; to ~~~tel'it dowrl'
to 19 poin1is. , The results of the filtering .are shown in li'rgure~\14.9 to' 4,12:

" .,)\ ,'"

The differences in results are not seen to be dr.amatically d1fferen~~Steuer (56]
c~A;l,imstp~t th~ met}lod (>f furthest point outside the ileighboul'hol~(Lproduces 0

" " ," i"
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It may' not be possible to" produce a. red'~cec;l,set of ~t.ven ,size using the fOt~-

methods des~ribed('above due too (ties'. i.e~)ifD(~i;~jL D(~kl~i)theb.'either,'
\;, both'm£ and ~k will be re~I'ned by thEt:filter, or neither will be returned by
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,The real goal or' :filtering is to produc(} maximally \ii'spersed subsets. :Cet V .
~, '.' . . .

be a finite. set or "Vectors. By a maximallyodhrpetsed subset _V 0'£size.?1) we
",,'j' ,,' .,.; , ' - ' ,,' -,-,', ~ • ,~

mean th~ set,of P point~ whose members are further 8par:j(,f~omone an,other
than. ~llY set of pointsoin \I. To obtain a ma*imany"di~p~:r:se(f~:ubset teqmres

" __ ~l" ,_.

c01,1siderable"coroutation and hen~e we usually,accept ('It'ppilo)fi~ately'' ma:x:~"
" , " ", "'. Q., '" ' 0 "

ihial1y dispersed subsets. Such subsets cap. be' produced by U~lillgone of the
threshold "~lgorithros'discussed earlier in this $ection:, G '0' 1:\\ 0 , i\':~)
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''rhis t1~hniqUe ~s used"by the Interactive Wei;gliil~dSums/Filtering approach,
and th method of Zionts and Y/alleni'Us. " I)
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Giv~n a :~etdf previ9\us it,erates :!i(~),, j ;=- 1... h, we. attempt i;omaxi~ize,
')0" the nlini)11um value of (['(P.) '"""l(:s(i)))~\7U(olC~(j~)), OJ == 1., > h ov~r ~ E X
, i:rI' ord~r flo "pbtain a direction t~at is imprpv),ng with respect "to;'each pfth~i:
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A:n:~~liertechnique\~Wtoch~ose . solution.>suc~>tf~tw~'finittrlze the dist~.nce
to some reference point. "J;hi is Wjetzbic1d,'s scala.tiz~g fu.tt!;tion"~pp-1oach

, [63r ;tll th~ ~lgorithm,~ under c011sjjier~'tiol~ which use" this approach us; the
.w~ight0'd r~hebmycheff norrr~>" ' a scalar&ing· function. ~.e.
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In practipe 'w:e' use the aug;n~nted :iTcl1ebbycheff :rtbrm ($ee' definition ,1,2J r
to ensur; th~~"On1Y}10ndomlnated solu~ionsare generated. teo "W~ solve the"
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Q thjs t~cl:uiiql,le:gener~.tes,nondo~i~ed S()lAt1'!!n.swhlth "donot ~s$~lly' lie
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T.h.is technique generates a ~-nole ~eriesofW~nd~hiinateds\)iutipns' whi~h'c(:anc
" lie~'anywh~.re'in the feasible set. (I " .
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'Fh~"p1ii ;'hy/'pehind cbnstrai11ing S91utions whIch can ~e 'get,Ie:ra,ted~ is to:
, exclu~~ solutions whic;P. al'~"definftely hot, optim<:l. rhe "GonstFaints can be
o 'i,mpo~ed in. tefmsoOf the weight spa.ce, the variable spacei o~..the cHterion s~ace;
,but, .tb~ylau'~ave the same, effect~ viz."preventing eertaili: .solutions· from being
generated. Thh~ const~aining continues until we {Chaine inW pn the~optimal

I) • ",,, -~, . "" . _ ';,

o sol'htlon.o o
o .

\" o"
{IJ -,j ~

The 'various reduction techniqhes employed by then algorithms are now i~lis~"'I
{j (I <;; 0 I)

cussed briefiy. Q
c,::':-J

-i) L

i_' ti

'" 0 0

Qf '.,;$ ,

"Wle,drlcing the ~lejgh~,SpSrce Using Bounds
:j' '_ , (L

.• 0

~ " .. (,) u

,;,4scfisc~s~ed in,s~~tiOJl5.~.11:"~neof th:.m~~~Ods of selecti~g "~is to generate
nuraeroue A'S an ask th.e DM .to choose h18most preferred. Assllme the DM

- '.' ",,' ,..' c;::?

~hoo8.e~~ (tt). W ~ssu~l t~l~tthe furth~r',any~.is ir~ro .[J(h), th~ ~ess t~e DM ' "
hkes It a:n~ ~en we {Ig IJ ou.t" the ~is whIch Q,remost ddferent from ~( ,,), We ,

0, use i;ne followin \\ 0 , '. '-.

" 0

if A(~) - .,.h < 0
f.' • l! -

if _.\fh) +~ > 1
otherwise

" 11

, where' ~(h) is the ,preferr~~et of weights, r is a reduction fact~f} h is th(t
~}tera,tio:c~unt~r ~nd [lfh)~r}h~are the botinds on Ai at ,the hth itetatiou ..

." '~

.It is possible .that the optimal weights; and hen~e the 6:etimal solutio~$._cotlid
he cut out by the above reduction. " "0 .... (\0 '-.,':1

(i
"'

. (I '

This itechnique is ,used 'by the Interactive Weighted Sum.~/Filtering apr>!oac~
and the J~~erac£ive Weighted Tchebbycheff method.
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"l4.S with the previous weij,J;t-space reduct~ofi: method, ,it is possible for "the ",Q

, ~\.n \t optimal weights, ~q,lienee thecpptimal soluti~n, tp b~ c~tO out, = , "0 ,~
Q" ,;,:r'" c" 0

, s This technique is the one used. by the method of'Zio~~sarid '\Yallenius. p
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:Bince we are interested in geneta~jn~so,lutions ,which a.r;eb'etter
rent one, we henceforth restrict oill'selvesto th~'r~gion ~u(:h"that \<'

<9
.ro

() .')1j(£(gz») > U(t(~(h»)) " il" ~,
" .,, \i __J{,~ . ,- " 0 '; 'Q

w51~rem(A') is the curreri:t solutipn."Frr}:rf~quation (5.5), thi~ implies

'1~~li~~echniqu~, wilfnot c~tO'~ut the, o;tilna~solution provide~ the utility func~
tiou iff concav'e. ; r", q o

o

Thisis the technique used by the Cutting Plane AlgQ;rithm. '
"I

(\J

No RenuctioJt} II

·0 o
o

ThiS~techni4u'e lhay Be te~:med the "le~rning curve') tedhniqu~.(? It presurries
tliat the,,:OM learns about the system and hQ'%it reacts to his input, an.d, can
therefore l'~~ch l;is o:ptirna1 ~olution"Hj( givtng a. certrdn set of information 00 tlw
algorithm. The,re IS !~() tedl.rc~lon wha,!,soever. The advantage of' this techniqu~

, II, /'

rover the others is tl~~t there is ,;nochance of ,~'cutting out)) the optimal solution.
Its di'saclvalli,a,geho~~evet)is, that' Hi usually requires' more cor~')pleX"informatibu
from the DM. ,II ,? o po

, G 1i . "~,,,

,. , ,Ii " ..
Neither tihe Refer~~e Point ;ethoct, nor the Visual" lnte;a,ctive methbd make
use of any reductioil.o
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'T&ereare five siinple~t.oppfng .rulesWh1ch are u$ed by the a~o:::ithrifsdiscuss~
i'h this study. c • 0, '

./} o,

" " Stopping VVh~n 1.'here is Only One Fe~
o c 0

<.; 4' lV

sfble Sol~tion' "
o

{) " ,-. '.'~ t , ',' -'" '" .) '(:_\ "

wb,,";,ipg ~n~of the "'ductio!).m~th~~'d"Cl;jhedin tho J'XoviQu".ecti~", c

~~. l'e~ucet4e.;,;s. e~..o~f f:e~Sible. solu. tions ..c.,o~,~~in.·uou.·sl~ E.ve...,ntuall~,. ~.he.~eb s~oul.d . /
~gntam oldly one solutlOn. In metfrroclswl'l.lchonly ge+mrate soluiJl9,n$ which he "
on a ~orner PQint oLthe feasible ({et·this usually occurs relatively quidcly, 'bur ,~ .

/lin methods whi~h generate non·corner.po~t solutions, this l'lJay. only happ~l
? - 'I,', \" ". ,,,,"

after an inl1nilje nl.1mb<:;rof iterations. ":~> , 0
q :: p

" ,,~,

v , This condttion is a st.opping .rule for Steuer's {Jontracting Cones method.) the
,,~ntel'activ~, Weighteci S\1fflsjFHterIng apfr~ach and~~~4e Interact.ive vVeigRt.ed
Tcheb,bycheff method. " . " ,_ .," ,>~~ ,'04' . ' "" "

I: u U
c

o

()

"0
, I~ methods where, the DM is asked, about the desi~ability -ef la-adeoffsb the'
algorithrn cap stop if the DM likes 110 such tradeoffll s~nce this means 'that
there 1s"no solution which the DM will prefer to. 'the current one. (See Zionts
"and VV'allenius[nIt ..0" G c

¢' .'! \ ,:;., ij ')

::;,f'rrhis rule is 'used as a stop~ing condition by the method ,of Zio:nts and Wallenius
and the Cutthlg Plane algodthm.
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,I1'1is~prng c()nditi~n CQuid;~o ~e a.~pijed to the'1V{sllal}nter-active l\4ethod~'
but thli has been omitted in thf~fmplemenb'ation. (See ()u~tiQns ,ti~9in secti9:U°c ,

3.3,2) , a <> ," " I'll "" "~ "", e i') \'<"l" ' r
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Recall fror~ section "5.2,~ that we att~;~~tedCt(; find th<:¥(Hted4on of maximum C "
c' '- . .c ,..,~; '1 ,1,' , ".'"/' '. _r=- L., ' '~'
increase in utility, by solving 0 , "~II, ~ , ',,' 0 l' " ,

u o or:;; Q' 0 0 n 0 (;'"

'j msx a" )) ",I' . o~?
«-: "subject~o " a:~ (£(~r~-t(~~.i'))1r~(J) " "Vj == 1~!•. h !:' a ~~

0" o A!'n < b" I
,]t,:'t~ ~ '-';:'" G '!,~~,
l.l!C:"O 0 ,

a: > 6'.... '-.,..,.

D

\'

o

CI

" " D ()o '

,. "Q rl "
,I£':)~()I thel;l.lrom equatlbnJ5.l), U{t;(~*)) _CUC£(:!l(h))) := 0 sl~,%(h) is the
p&fut of maximum utility. ",0" D 'I) 0; c

a 0

':' ,<

!hl& is one of the ~~opping conditions, of the puthn~ Plane a,lgQ~rthm.
C \,,'i:) o V) :;, °Oc
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r:.V . _~';

o

"~
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a 0

5.4.4 ",Stopping "Af{);~ra Fixed Numbe~o of Et... "
t-::::,

srations
o
(,J

c:

II"

r> ,'1 0 {.\ c:.) ,e~?o ,_

This criterion is'self~explal~atorYI "stop'aften a. predetermined number at itera.u
, tiOIl~ of the algorit.hm have'been done.,!'Tbis 11:1,1), techniquegellerally ~ejected;

(i ~, o ,

sin~ the DM is in no position to make ~ch a decision. Consider the absur." '
dit~)f the following situation: 'the QM de~ideson 20 iteratioIU~as th~ stopping,
criterion. After proce,eding through 20 iterations the l:iigo:dtilm"stops with~an I)

'~" ,,"" ',,,

unacceptable solution. The DM now"dt;)cides tlia,t ,2,5 it~~ti<.ns are necessary,
The first 20 iterat.iorls must be re:peated befoi~ th~~DM' call i~(i>ntinue. 6;:
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''0 '1\~~eueli~J ~resent$'the,~p;mp:l,e~gorlthros ~th thjJ~~Foppip~con&iti~'il~ .'the~
have:been p~sertted here wit.h, a differ~ni$topph~.gllcon~itiori. ,,' o

-o., .J~ _ H c 0':l n , "

"l;i:4
0

"!, $t~?pi~Wli~n"theD~',i~~~ati~~d ·n

." . Thi~lItit:.noni~':tt':;l~a.tory. ~h.D!I1.I~P~w~1nh~~ shei.sati.~ with
. ,t'<i ' 0 .,"" th~Chtrent solllt~6n. This. technlque us,1,la1l11eadJto the algorithm ,stoppin~ "

o ~ 03 0" wIth a,'bolutiCllltohe:OM i~'s~tisfiedwith, as'~pl?os~4 'tt the,()p"timal\~lutwXl, bu~) .
(l 0 , this sh~uld noClo.se ~opmuch,~! a problem since he ~M '~orxhaUysatis~ce~. '

rather than 9ptlffilZBS (Mpnarchl ehtl. [37]). "" s II
o. ~,_ "" o G' " , ' ~'. _ " 11

_o" "" " ,,,.:~. 0., ",,", ""'1 'Oa. .? '11

Th"'ft'l'st0p,ping. ~~jteri~h~a,n be u:sed on its own orl:r~'co'njv~ction with one ot
the otiJer))toppmg crxtena; ;
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: {~~. '<, 0'· ',,:-S\ 1, ~l ({ , ..\;1/' o.. d':' .o .,

~ 0 ,,', It
It ~:~se~ °by,~~het~~,~e;,sample~~}g()rithm;®d the irW9 ptcJ~ect!9l1. algo:dtl:1llls.

2B ;' 1\ ')~l ':i ",

II

II

4/
II

11"
I
{., lk 0 '. a
i}

d' i: ,," . '1\ "

Q -H,o
,,~i

". ,:'1- ts '

co. ,

n
IP~; '.,'Xl,'~

i'i

o

(/

" '""_' D

o
o

o

o
«

Cl \)

,- j)

()

o

"c o

o
'(to

0 ,9

'"g
I~;)

,1' ,.
0

o

0 JI iJ/). a
<S0 ;$) 0

" c
''\1 6l

dQ

c

(,'Q
()

\)" r;
c ..

(j r(

;\' "

}:t_
-:). u

Q

o

o

c 0 '/,

o!,.: !)

Il "

o

'.1;,
n e

o

"" 0..

o
!)

('J

0.

Il ..

'0 "0

o q FJ

.. () ~;

0
""" ,<t.'J

0

:{1
\\

i;J
0

~~' 0

"
0':.

., ,;::; ~
Q 0 0

., r,
60

0I) y

8 '

oS'

U·o
0

,/ot
0 It~10

Ii
" ,p~).

II
ij' '"

a



~.'

,"

a \)
'9A~~~htiOll~d in the 1ntroduCtion tb tm~it~'hFtes)the "methoct Qf interaction,
, ~n:dtype .of inlorrn:'a.1;ionthe DM is e~pected tq provide is extremely importan~7 '

{), , , '_', _ _" _, ,'} ,,; _, _,' (1

Shin and Ravfndra.n [49]list eigIit diifere~t in~etaction types, only five of which G "

occur in the methods under considerat.ion. We 'consider' these individually"
C;:' ,

.8
'" , 0

r~)

o

" 0
o '0

f)

" ' , , 0c:'''ectar comparison
<' 1 e,

0, "The PM is' presented witb. a set ',orcriter.iqn vectors and m.ust express which
,) _ '~ /}'_

". ~e prefers. (',\'\
.I

\)

, This i~Jsimply an' e:Ktensi~n of the previous type of interaction a.nd is,,also not
00 too tlema®ing 6n the DM provided that thenurnber of solutions presented is
not too large. ' '

Q

o

Ii

c
(il " , '

This is the meth_od of interaction of the three sarnpie a.lgorithn:i.s;vlz."Steue:r'$
Contracti~~ Oones method, the Interactiv~ Weighted Sums method and the
Interactive\feighted 1'chebby~heff,method~,
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The DM is ptesent~d with a tradeoff ~ectt)rAnd as~ed whether he thinks the
tradeoff is 'favourablE!, un~p,vour.able or nejther. ,,'. 0 0

,; - II Cl

rx DO"

o o
'. _ ' " . t) ,'. <I 'd- '- - :

Zionts and Wallenius [71J re:port that ti,.teyfOUllg th~t DMs "tprefe,r°ehoosing
. - . . . - ~
betweel,}ualtei'l),atives than evaluati~g trag.eoffs"... c " "j' . «(,

, C '( 'J' r

(t,The met1)od ~£ :mont. ";d Wati""iu~ ~,es this inleracti~l\teChnique,

5.5'04' Asni"t~tion levelsD
(/

c

IJ

The DlY! isr;~keq to enter aspirati~n levels ror each of th'e objective~.
" Q

o
:1 ~ :..

Although this typeoof interaction does not appear to:be particularly demanding
on the user: it Was f~;und in this study th~t DMs find it diff'\cult to understa,nd
~what ~piration lev~1lsshould be given in <>rderto 6"btaina des&:ed result. (See
,A,.~J>~ndi:x:OJ " '" d
,,' F- 0

o

.: 0", , _ " ,_ _ I' , " ',_ 0

,This IS the type.-Qf i~teractioll-.requh:edJn the ReferenCe ]?,oiriV mfi)~hod, the
H " J; _ , ' ",' 0 ).'

Visual Interacpiv~,Method, and the Intera.ctive 1'chebbycb.eff ;Method. '
s; ~«; ;) i, 0 1.-, o

;:;. '-' I]

5~5.5 Estimation ofw~ights

'1\

o The ,DM is asked to esiii~a.te h1Sweights .~t a particular solution.
'-'

6 {) I~

,,::rheXisu~a,lInteractiy€) Method req;uires the PM to enter ;~!;§hts which are
1.1 (l -'\\ '_ ," ( _ _.' _.-, _ _ - 'J " c;l.

then used in the wei~ted "TchehbychefF norm .. This is relatively easy ror the
" ~','), o~-· . ; ;' {~.DM. ",;t,f
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Otp.er methods also xe,quire the :OM tooenter ~,eight8; but require £heS'e to be
~stimates o'fthe :DM's MRS at. ij"solution(~ This has heen found to be difficult

"" - :)Q

o for ~heDM. Shin ap.d Ravindran, [49f,report that maily resear(:"hers believe that
:,j' ,_ " .' "", ') , . I!I,

vector cornpads~ns"a.te easie~>tQresp,ond ~'O than value ttadeoffs.",

'\\

, /)

.. \\

Q ,:,

f
(.)

o :.l
'J ':1

Col
0'

<,

Q'

o

'-"1

'0

D

;;.,<.l

c
D "

()o
\)

o

{:>

o '

0,,0



o

o ..

, a

{l [ID'

l' , i , .<"~ '-'

" We have Just discussed)he various l?i~?hods for achieving each of th~ steps'
;; of the ,basic schenle given at the beginl1ing of the chapter. The$e different

D ,~," methods"could be put together ,}U various cOlI)hlhations to "form a number of
a.l~o:dthms. It ~hould be clear thQJlgh that c~ttain m.etnods for achieving ..one
step are often ,specifically d(i?signedto' wd~k ~i~h certai~ methods Ioi' ,acltieving
an~ther step "and the methods ~e not alwa.ys interc~angeap!e.

\, Ii i_, n

GAsumma:ry" of how,~~ch algorithm ap~l'oachea, each, pi the' £:U1: stepsc in the' " ,}
ba~b scheme; as well as the type"of \)1teraction, is giveni;table 5.I.
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" We have j tWt di~~mssedth~.,.,variot~s~roetho\~.sfor achieving each of ,the steps~,
of the hasiC' scheme gi~en ati, ,the b~ginning Qf the chap~r. Th~se"differeti~
JUethod~ coulllb:b/~ut together hi ~arious~ompinatipns to fo~m ~ numbe; of.
"algb:d~h~s."It should be c1e~rthough t.hat c;ertain m~thods fcit, atie~ing one,
step ,are offen specifi~lly-, de~igned to, wor~ with, certain in~thods fot, achieving
another. atep and,' i.he methods are not al.ways in,te~cl1angeabW. ,0. 0
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, A summary of how each algorithm approaches each /9f the four [~tepain the
.,, 'basic $~hem~,~\lwe,llo as th~ type of !~teractjon~~~gY'~~i~"tabl~.6J:,,'. , o
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,Table 5.l; Aigorithm Bre&k~o'W'n
,"i

"
II,

Stopping
C:riteriq~

"Criterion. 0, Stop when,
ona out, of ;, O:r1t¢don CQJlI'\ "onl~(\5ne
" a group , Cone Ll? )kdu<;,tiofi ' 0 solution left.

I----~-,...--I-'-n-M-.:;:;.e-ho-o::.,.s,,:;.~-+-Wi::--d-gh-t-()d-,.'"""!c·-t--W-e-ig~h'-:'ti-Ilg_...., -+,~, Stop when'

one O'l1t .,r Sums LP "Spl:l,ce conly one '
a group Reduction. solut,loTl left~

Con:~tl'aJned"
by ttn.deoffs

~eight~q, 0

'SpmsLP"

'\1

Defi,nltion Weighting Stop when
Space ' only ()li,1;\ ,

Reduction solution left
, Weighting, - S~op wh~n--'--1---..........,..,-;1

Space ):OM likes,
" ,Reduction ,n~>radeoff,

o,-+-----------~r_~--~----_4,-----~Stop when DM u

likes do t.l:adeon~
,~\ or ~,6utility
iucrease, possibl!:

SeQ ", p,
, when DM

satisfied~_.--~~~--,----~+----------,---+------~~~AS},'li1:atioll
Levelsj

~, Weights and'
Vee,tor

'. Visilal
Interctctive
o Method

- u " "

-:_; 0
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,P~lgQ1rithm!PCoom.p,a!LiSPlpl
":' , I)""~'

~ I: Q, h <,

'EvalU31tl~n

o

Ol
0' \\

, 0

o

o ;wJ now a.ttempt ,~~~omR~~he hlgorithms ~it~\ a view to }d~mtifying the
most a.ppr.opriat~~loa;p~ly. We first com~a.te ,t, algorith~ analytic~ny,th,en , ,
co±npu~ationallYl apd fin~lly prese,nt some''re,~4lts regard.ing <10;c1s10nnv~kers'( \'

o // 'II ) f'

opinions of the a..lgori1~htps. ,~,~."..,.j ,
o , ()., ;) -b

I)

0,(

NQt~ 6.11"Fot simplicity, the names"of the algorithms are'a,bbreviated 'as fol~
"lows in all the results presented."

(I

,'j ,,'" ,0 \)

'D

Steuer' 'Contracting Qprxes
Inter~c,~ive Weighted Sums

" Tchebby<:hefr .Metllod

sec 0
, II

IW8
~ TOR

" , Method of Ziortts and Wallenius, -',)., '~ , .

" D, CuCth1g Plane Me~hod ,;
o Reference Point Method
Viaual "Illteta~tiV'e Method 0

zw
dUT
REJ'"'
VIIvr

" '

o 0

(,')

(f. "
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In. order" to contrast th~ <Ufferen.t'\featur~s of the ~~;orithmsj We'con~ider the'
follciWin,g que-~ti~ns~:Sb~e of.:Whichwere qb,~ainedfr.omSte~~l' 156]and C?ho1j.'
and ,M,~ks [10). '0 i), 0,
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,1. Does *e''algQiithm r~quil!~ the D,,M"tobemathilma"ticallyskillecl til! com-,
" pitrer sophi;tica,tecl ? '"

'2. kit enjoyahle for the DM to interf~.cewith the algOrith~) 1" '

o 3•. DQes' th~ ~gorithm p~esent Olle, two,'''or a group
iteration?

/'"\. .~~.
solutions at eaeth

" ,
II

o k~

:l. Do~s the algorithm ~sk the same pattern of questions a.t,each iteration,
, or are 8iffeFeiif'type~ of qu~stion8 asked on dlffereut it€rations? "I)t. , '

,~ . , "" '\'3,
'\ " (}5.' Wha~ lSi, t.he D~ flqUired to do ~:teach interact~on ? I)~.'<), Q" , , co

,6. DOlils the &gorithrri provide sufficient infol'ntation to the DM'so tha.t an
''''' - 0, ' , . ;1 '~' rJ

informed decision can be made 1 '~ "
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"', 12. floes the algorithm C{Ufverge in a,sp~dfte~number ofiterations ?

(~!". r;i:)~!1 ,j: , _ "," _' :,_~j,_' _,'~ -0

" l~. -Does tht? aIgor.~thlll:gene1Jate domiIH1ted criferion vectors '(" I) t.

+ 0 "+,, <i',,' , () ,,'.," '~' ,.'0'

Mil "Will t~e, aigod th19: ?,onverge to: tKe optimal sf,llutir.m'if it lie-s on a c!)r~
1!ner ppiJt of th<?j,fea$'i.ble set, assuming the DM does not give incorrect;;
prefer:J1~e~wql'J1lati~n,'? '

9
'1 o U 0

n" 15, Will the algoritllnl converge to "(rhe,optimal :solution .if it He,s on a facet ,
. ,t r.; '(i ~ < t,J

:: of ,phe' feasi'ble set, 'assuming the DM does not give inC01'l'ecLprciel'ence'"
Ii , ,I) ''. ;> " ~ ,

1: information '1 "
, '''" 0. '~ "\ , " ." .".

16~Will t,4~,~1~o~ithm~'o~~j)~eto theoptirrl~l aoluti~~ if,it Iiesin,~heintetio~
of the";{eaSl~lesetl assuuI:I.[l.s:the DM does not grve mcqrrect prefeJ'~nce,
.information ?, \11" ii C , ii\~)

(~ t! " ,. ,.. •

.,' 17, 18 ~he ~lgorithm cOl1sisten,t i.~.wlll the '~igodthn;d~ exactl; "~hes~~
t1:ling if it i~run more th~ once with the s~me inpu~, parameters and", n 0

,~ c. decision mal(er~'Sinput 'l '." P: b ., () ,';' 0 " o (0

" 1,'. '-', 0, '0; [) ,~",

"

'0

() c

lJ-, _, , ,. '" ,,,,'.

" 1St I.e 'the tf,ch:ctique computa;tionaUy efficient ,1
" " Q ,

,)_ "jt, ' , ,'" ~', ,;' _ _,", ' ", _'_ _ ' _ ,_'_ i_ (( c

j,gV Does ,"the algori~lun require a large amount orC~PUtime?
," - :: ,;\

.' ,," ':' , \,)', , ,,'_ , '_ ': ,0 ",(:J',~

20. 'Does the a.1goritllm require specialized, 1'\ qpp<?,s~P.. ~9 '~nventionaJ1y'
available: software '1 ' . "';, .,' o co
; ""'. , ,) _' - "- -"" !\ n ti "

Th(/fanswers to these questions, fo~'~:acha~~~ri~nm~'~e 'P;~~e~telit,lTable 6:l/J 0 I!
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"Co:rcnputational Compa~~~son'
, Q \' ,~ ,

E? tl 0 ,

"
, " I'

'C)

o~:;:-)~ 0 c Cl

()

" _ \1 ,,' - 0
, l), • _~ <). -, ". (," D \:l

". " ", {}" _' 0 , ' __ . ., -"_ ,\ _ ",(,II

'We tl{)W consider the perf{)rrnance of <the algorithms when '!the DM's utility 6

function, i~J<;nown., and ,perfd~tprefe:cence(ltinforma,f,ion)s 's,;iltPlk~~to' the alga:
o rithms. On.lyth~ B:I" $ JUS whicharenot aa.~t+ocPt~,c~9:;~i~~(\~.canbe tested

in ~hia w~y,s!m'eli;'~(t~;lg ~fi:e l)J\~§" utility l1J,uction' do~,~'ty~t~1phf l'eacning
" the t1ptimal solutiQii,::ln an -ad hoc p~oeedul'e. (\ ,)'1 ~,~.~;')' ";;

/J o

,. rj

b " t!'(-JlA s~an p:ro~l:pl'whose opti~} ~otl.ltiOll(~ies on a cor~er PQ~:tltof t~e ill

c ,feasIble a~t " ., "0 0 ",

" 0"

o

2. A small problem whose" optimal solution lies on a f~"cetof the feasible set
cs t, "

_, ,;' ()

3. A axnall problem whose ~ptilmtlsolutio~ 1i~;ilfr,:-theinterior bf'the feasi~de, . a
set

Q

\:Y

,f) L>\?

0,.

'11 1

~ ~ CJ
" '-/ D,' (I _c .'

4. oA large-.r ~roblelnwhose optimal solution lies 6n" a fa.cet ot:the fea:sibl~
.~ l~ ,,) ,0°"

'set ., C) ,/

o

If
o

"Note ,~.2 Th~tsample algorithrtls.,~er~ run vv:ith t\ t>(QJc~~on,fact~'tofO~3~d", j~,,_
6 soIuth:ms were presented to the DM itt each iteratJon. J~ ", .,~/;{):?;,'/ .-:

o ~ ;1" "~"-'; d-;;'" 1',- \,_,'?

V .-;:;;"-::.-:,,,:;;::-?A ~ 0

E;x:amplei6.3 ConsIder theOprohlem giveuJ:~y Zionts and vValle111us[69f
n

°fl :::::.3Xl+ Wn+2X3 + X4,

,,',';"

.lj

"I,

o

"o "1:1

0'

'2mI + Xz +4X3 +z6:il$60
3:lh -1",4x2 -+ :Va+2m4 <60
:1;1, :1:21 X3; Jill! ?::. 0

The utility furv::tlon is assumed-to be
'I <..'1 •

U ='O,5~:rl-+ 2.2112 +O,21ja
c

"
u 0
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D(·;Theb~timal :olutioll is i' !!~(i;;O:),"12), ~ == (48,f)O, l~)V~ ,= 42.96."
\\ -Ii "

1) ,~

The utility function value of eac~ iterate \1> given in. table 6.2.
" 0 ii"~

o

o

.Eloththe ~etho'd of IntetactiwiWeighted SUms and Ste~uer'~.Cont~acting'Conl?,s..
g~n~,'rat:g"the. optimal $O'tion,.,,~n, the~ first H:ration,' b,ut contlIlue,d to .itera"t!~
u~ftll t~ls was the "only on~whlCh had not been lcut out'. Pre:;rum.ably the

- '_ _'_ _ ',', _ _ _ _ '. -c. _ 0

DM would have sto~l?ed once he realised that no be~.tersglutions were being
generated. Note that the method of Intel'actriveWeigh.tedSums stoppecisaoner
than Ste~er's"Coritract.ing Cones. The +<:hebbyclieff Method. converged to, a.
nonoptimaJ'solutfvlt, suggesting that the d'ptlrriar~61ution w~\ .cut out in q;rle of
the eal{yi teratio:n,s. This ~ould be remedied by runu~ng with a larger reduction
'factor 'but ;t~is'''would ca..l.lse the pt()o·am. tb iterate for longer. Tlhe Outtitl,g
~la.lle Method a.nd Method QJ Zionts and Walle:njus converged' on,.the'6ptimal
S~!utio.n alter onl§' one itera.tion. I )0

o

o

vJ \~( ,

Example 6.4 :Consider the problem given by Zionts and Wallen.ius [7~J.
" H, ,II , " ., Q' -,

, \) , -I c D

max i1';" it· ~
'~12= ~2
\\ P..0\ $3"

.;:, ,

~~
\j,'rJ' max

max,

,,)

'subject to
o

1\

3Xl + 2X2 +3$3 ::;18
, ,xlt)2X2'~ xa510;,
9Xl+20X2 +7X3:S 96
7&;1 4-20zz 4- 9X3 ~ 96

"

n:h'X2~ Xa ~ 0
"

The constraint s~t is a,~ s~own in figul'e 6.1."

o

The utility fumltiol! is given by

, U { " }
1,1 \ '. =rn~~3jI,oiz,3i3.
,,\:\ 1\ '=' -:; n \

and"with ~~is u~ipty function the optimal solution"is ~* ;::::(2.5,1.0,2.5). aad
~ n U";:::: 7.5. \j irhe el~t!eme P9~nt solution of maximum utility is ~ext =: (1,4,1) (1

.' ~ "and u=::::::.~\. "
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the"utili~tfunC;i~~)~ive~ ab()v~ i~ c~n~ave but doe,s"'\llot have' c()nt{nu()~~;,·
aer~:yatives. The fillJd;fon \~\ ":, " " , "

Q (.I , cr

"0

, V' = ((2~,- 3fl)Jc + (25 - 5h)k + (25,,- 3/3)k)t
" " '" ",,", "'" .,,"':: '<>" ,,'" ',if

with I\'8ufficie,n:tcy:,large is an alrno~t concave uHlity functiQn with continllOus
".' ' __ , ' ',.' ,__ "'-': ,- " 1)_' ,,::1> ," 0- _ _ .

derivatives. Using .this utility" f)trictio?~:with k. 0:: 30; U"', ,:.r? ..... 18.M521 and
Ueii ::::-22.p142. ."" I)" (/

c 0 o

,~ ()

oo o " _ \1 I,'

"The uJi1i~y function"value (If each iterate is given in table 6.'$.
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c As expected, ~.tel1er'sContractIng; Cones, tile method of Inter~ctive Weiglited
pSums ;~.n<t'th.e.~ethcid> of Zionts and Wallenius lJ.id not cop.verge tocthe optl: ..,
CJ -) _ "',' /""j - 0''''" _ . , "'. '" ,,_ 0 0 0

o "mal solJ;lti?u, ~ut only tNe :1'nethod"arfZipnts and WaUe~(>iusoconver~~d'to~t1:te " ;, (; "
" (j,o e~~eJll,eP.9ir~t: ~~mut~, utility. Aga1~,):tp.~method Q(~l1ter~£i~JVeight~d 0 0 ~,," "

Su~ stQPpeq, ~9t:m,~:rothanl~Ste~er~~ GOll'tta;(;ting Oonesl-,"D!:b.e 'Tch~O'byche:ff
,fjO i. 0')' 0 ~'-' ,0 ,'~ ,0" '" 'Q '_ o " ,_' ,',o'{l ' n

r~~~,J:ro£l,.converged t6 a olln,~ optinj~t. solution with uti~Y h~gh'er than th~
best extreme point. The",,{}(ltting,PJane method converged,to a solution with, 0

~ '"higher utility than fl!*, (QRec('!llthM :v* fa·optimal for (J ::::frjin{'3:n~~'5reZ')3Xli31) ,
..,.. Q N- q J '~
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Q., The utility {unction IS given by

o o
n

llO 0
'I,

.• . 'Q) .'1 H
-\.) , I) ') ",_ '.::, (j;' _ t;

The eptiin~l ~hitipn is ~* ;;:::(4;1
0

i), *-# ;;::: (*~~~~~)aIld, rJ* 'e::t"-l.
,. "" ~, . , "' .Q '" 1l;1. (J

,(':'.0

; ~
The utillty,function vahle\iofeaGg iterate is igiven in table 6.4.

\ ' 'C c. \, \) , c

8' \)' [l . 0 \'- \' " 0 ~_ o ~

o ,.' ' ":'. "<:> .'" n " ('f .~.

o Once again, the meth~d ~Cl;ionts and\¥alleniu:, Sleu.>. C:"tiact~~fon",!
o "and the me~hodof !nterq~tive \iVe~t~d Sums converged on tIle ~tr(~~tEopoint
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"of.ma3dmm:u :utiUty. As hefQ~e) 'the Tchebbycl.te'ff meth~d ;c9nverged to a ll,ear c

optimal solution" ~d tl).e -Cutting Plane, ~lg~rithm" co;nverged to the optimal
o ,- ) , 's

solution,., , "'" " 0" , ' , d",
(' , ,-' . - 4.,\

«(I

o " - j I

lD~ample::'f),fl Cpnsider t~e problem given by 'Steu~r et al. [q41

nta,x,
c'i'l. ?4Xll-- $:2 +3x~ b" + ?xs

12,,= ",,3:1:2-~ ,,3:3 +3:;;$ +4x{1- $7
iI

< b == 2:n2-3:Vs+4w4,:t4!ts+ ~+2~'l'+2;t8
ma:<
ma:),r,

subject to,
" C

WI +4wz+
5X2

2:t~,+Sws;:;; 92
<95

" <91
7 '<~94

~l\

" :594""
;1;2

Jl

3~1 +5$2+
,p

+8XI) +4WB ' 7'4~l,h.::;'73: 0"

n 6xt+ 8xz+ ,,$3+ 2X4 + WiT+ 2X6.~~,6$f't ',~ 93
4Xl+~X2+2;;a+2rt4+5$5+i,5x~' :', +2xs::;;99

, ,

" (I

Steuer et (tZ. [541,oelalm that th.e problem has" 7Z efficien.t extreme points. Let
~ 0' "0" '_ , '" " .i.':'; "

q~assume tlia,t &he DIV,PsutmtJt funcLlo'ri. is given by" .
" ,f)" .' - , " ''-\ ~ ;,l 0

Cl ~

U - n~/Ji+ 15]
'C. l 10

J~l "

',j

wtth thl~'U,~itheDM's,~xtremepoint of greatest utility is give; by
, ,,(. " '~

''>:_\ (J

.r

6.3125. , ~
0.0000 .
-, -,' ....

11.37150 " c· 41.$'750
',O.OOOQ; ,,~. '44.0234.i~~·-
3.2500 .:),. - B!~5781:
1l.75QO, ' 0 51.5000"
1.3515 0'

" 0.0000
o

o

'J .;

and0r.rext ";';'1709.497
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a,ruI" the ORJ:iIllai .olution. is given" ~
. 1

~.3322

:\8254 andU' ~ 1804.348,
67~7885 ' ,/ '

46,\51 \\ .
" ~

\
, The utility ,unc',ion va1~eof"""" iierate 11ven in:able e.£::\

(I ()

~-

q

-"';l n'

I}'"
')

"

0'

(r 4o

~

I.:k:

'I N'

I.'S.'

o

3.6197
3.8~OO

() u * _ "0,.000.0.x - ~ "
,~~'""': -, 3.8041

6.,9980

f!' "

" ,

o "I :-J,v

'.I;'h*s time, neither Steuer's. Contlta,cting .cones Jlor"the method of Interact'ive
Weight~d Sruns 'converged' to the best exfireme~;'point; "while the, method ofn

1\ 0,. ":, _-;' :', 0, , _'_ ' ,,' '" u

Zio,nts aind WaUenius converg~d on it ren;rarkably quickly. The T~hebbych"eff
method again GO{tverged to a. solution which is not optimal but lias a stibstan~
ti~l1t:kil5hei' ut.~Ht~than t?<:; I;Q'~r~~e~oint ofDm.aximum utility:'" :r~eCutt~ng
Plane-method converged uo a near optlmal solutiOn.. o • .'

Co, • J)? ~ b (J..

J,' " ~

o

oj

\~'8

6.•2. '~~ ~ntet:p~etat~l)~Of ..r~.~¥~ts:- . ."
.. '\, "~., 0,,0 e o ., o- '~, 0" ," •.•. ' q, Q ':,0

.. The eX8.1nples,.h;we shcnvll.,t,hat"t4e metltods orSteuer's q~ntl'acting (.Jones an,~l
Interactive Weighted S,,\~n~a.re not P'tU'tiquIal'ly goOd ~t nnding"the opt;imal et::'· 0 .

tw~mepoint. The Tchebbyc~afrmet1tod finds better ,~oiutipnsbut lsextrernely ,
t ..", !;)', " _ ' _ ,G ,- ,':

sJoVtr; The method of Zionts~andWallenius is a. ve1)Yf~st ~d efficilmt way of
finding the' npffimaJ ex,treme poip.t. ;The,plltting. Plane meth~'1converges ,to

o " '. the opel@al soluti6lt1 first 'very qui~kiy;;and th:~ti%,oreslowly as We ho,rh'i'J in on
o the ..s.91~tlotl.. 0" /l 0 '.0' \1

0(.' ~ "-J " '--:. c" flo !." ~\,-,

o () 0 0- u f, C';
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,"@'(j,~ . An Evail1atj;01Ll of ,~heAlgQlithl1Ql.~ :lgt:oo,:OOa
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, ,;D'ecisi~nl"Maker's ~er~p~ctiV'e 0

a o '0

[)

" :.. J) ,_' C)

Wf> ll~~ w~~]lto det~nclne th~ DMs' ~pi~ionaof the v(),riou;:~~thms;' spe.ci'fi-
\'j , ' ..

. cally to d.etermIne'whether the DMs are comfort,n,ble using the algorithms. The
'I, " __'", ' ' , ",' , ._ ._ "," 0. :,_, _ ___ ,', ,'.:., ' 'J

,DM;s comfort is after all ,a IUa.jor factor i14 judgin~ the~stl:c~es~lJof an ~lgorithm" "
as" a. decisic;tn making tot)1. 1;-10 mattet how quickly th!:l algorithm converges,
an~ no matter howo ~'goodil the final solution, theOmethod is unlikely to be
impIeuwnted in pra.ctice jf the TINI is averse to 'uslng the algorithm. '

"

,'" 0

1\ '

(I ,11

u

He1)ce, an .experlm~n~ to test the DWt'~ perception: of the"algorith~fJ was de~
signed. The expedirJ.ep.t: was specifically intended to ~stablish' .'

(i~ "1. ('fIow useru, \the PM' found the method.

~{ H:w sa.tisfi~ the DM"'Y:s'with the ~nal'so~~tiOn.,
3. floweasi'th~ DM tOlmo. it to u~~~healgorithm.. ,:~:~::::,:;::~~;i:::l:d::~::;::.o~e0,£,theal@tl;t'r
., , ,,(, ,7

6/,JWi(et~er"jjhe DM thought ·the t~we taken to re()iili tI1e'final sQl~ti~nwas"
justified by the quality of tha.~ solution. Xl

r.:.~ Q I! .' t~_1 0 ~.

7. If the :PM found it enjoyable to interact. ~ith the algorithm. o

8. Wh{th~DMllkQ ";'d dis~ked about ~~~.. .

'9. Wqjch a1gori,thln the DIyt liked most and why.' \,;,
~~ t) ,.

"
c \:1:0. W~ch a.lgol'ithm the pM liJ<:edleast and why. ,

" 0

C1

o

, (~~ ./:-

,,0 ',),

The uldmate'.aim in testing l;he algorithms o~ nsDel'sis t~ clarify wnethe.t' a,
procedure IS acceptable to users, what kind of difficulties they face when USing
~hemethod, and' whether suggestions forimproVenleil~?CaJl be deduced f;om
this, ., , C '" , 0

o

o o

i) 178
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6,,3,,1 Pescription of'Experiment'

o '
Q'-' {i

o L'

Th,e experifuent was conducted using 23 pndergraduate students (~cting as.
dedsion'makers.";Th.est~dentshad;o experie~cewith MOLP b'ut"weteiamiliar ,;R, ,

with 'li:oear p~6gramming ~ndthe <:~mputer; (~ "~J" ~

o Ii C

i~

a The seven algorithms were programmed on ,an'''IBM 370 mainframe i~ VB
PAsdAL. A REXX prograI;O~,wa.swritten to cal1 the seven a1gorit~s and,to"
record, the start and end, t{~~.s9£ the' algorithms< the, sey~n tJ;letliods w:el'e
presented to the DMs )n a <random ordep to prevent biaS. When an algorithm

l,:, , ~,) ; " , ' , -. , \1

" ttlrminated, the"DM V¥:9:S aske<h~f4}~\r~nted to use the sanle algo:dthnt again.<=;,
9 \,This was so that ,the DIVIsC?)',:,lti :var.~rtheir input para.meters if they j'elt it
,~"Y~ necessary. 1 The algof,ithm~were given fl~titious n:ames to preve~t the (;, (I
\, J?Ms from beinJ influenced by any pt~orin£ormati~n t.hey may h~ve had. T~J
DMs completed a questiorma.ire;,afte:r eacb algorithm had, terminated and en
~lgorithm rating after all ~evenalgorithms 'nad been 1;e~t~~~Copies or thes~ e- c,

'"questi~nnalre~~;~allbe found in App~hdices A and B'respectiveLy.
" c::~ "

ij II

.-::._,

o The p.!;'6bl~m.used for the t~sting was the fol~~wing natrttion problem from \)
M<i,sud and l{wang [36]. . .

"o

! . 'f~

c Theproblem is. to determine the quantities of foo~ that should be eaten. in
order tel iheet certain nutri tiona1 req~r~mel~t,s so as to

()

<1-'/

2. minimize chdlesterol intake $'

\\
"'

" 3. minimize carbohydrate intake
,~ 0

o

< fr _ q -' (~~

~.rhe,:pfoblem constrain~s ~re ,::0 m~,,!,tho fu;n~~t"l:~"1;~:u;rltion~rt~r~'
ments and the upper lmuts on dally mtake of l~ di gs, InlormatlOn

II h . "e ·'Da· ;:::. . ITI hI "j\", o <::J . "', .B~i:9 .•. !..\

_o"nt e six ,00 :; IS :,:en ': ',', ~:~t~~~;::ji; "
.,' If _ ,'_ ._- -',,-", .',. <)

Converting to standard MOLP .fox ' v
II '.(~r(iH.:\'

, ':(
(>

f',I
" ''<-;

(J

o _I'

o
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~ Letty.ce e Otange'
".,.Milk ' Bedf " "Eggs 13l:'ea:ci aU,d salakl "J UlM , fOt

(pint). (pound) (dozenl (OUriC@J;, "(oV'l)ce) ~ (pi~tJ adults,
~. Vit~min A (i.~ 120 107:7 7080' : 0 134"1/' o ,;WOO' 5000·'

F9Qd ene~gy (~akrd(',s) 344 146g, 1'040 75 11.4" o 24.0" ~5'OO
Oholestetol (unit) < 10 20° 0 0 J2Q" 0 (, 0 0 "
Protein (g) .,ra ,,'151· 7U8 'i' " 0,2 4 '
Carbohydrate <g) : ~,~;=i 2700 "P 1.l 52
Iron (mg) , ~ ,,' (:>0}2- b 10:'1 ',~ 0.15 :'1.2
Cost (li) ~ Q (J.7J) ,\, '7.341 tr 2Jl1 0.1<7 ' 0:87
Maximum druly intake tl"" 1. ,p (l.20· lQ, 10 d' 4 '.'

,p" ('I ~ , ] 0 ' .' ' ,
It ....:'O.225:[iJJ,+' " 2.2m2+ O.8x~'1r 0..lX4 +O.05x~ 'Q,26xa

J!l :::; 1.O~h+ 20m2+ '\ZOX:l'" '~);", »' 0 0 "

'~3::;:: :: 2tiX1:+ 27~2 + " " "':15?c~~ L,lm5+ "52X6~;

~ \)'" 0 'c ~ "~.." . \~ c9 ,,:' '~,
720q;1 + ,!O7 % +7080X3 + 0 \) p134a:,s"f li()OO$(I, 2:: 50O,Q \)

!, - _' \) .' . - . - -, ,'r"._~, , .' , ;,',

0.2$1+10.1x2+ 1$.2xa+Q.75x4+0.15.zs+ 1.3$6>'12.5"
344x; -+ 1460$2+1040~3'+0 7\5$4,+ 11.4$5'+ '24~$6~2509 o

laXl + 151x2'+ 7,8$3+ ,'2.5$4 ~:<0,;,2$5+ ,,"4ma? ,,63" 0,

q, n '\, S 6.0'.arl <~ \'l 0 d D .'

Q, " $2 " $ 1.0 D

< 0.25 "

"

8, (~)
o

t\ Q 12.5 «

q ()

(,'J

, min

rnin II,
[I.

(/

o

subject t,o'
I'
o

->;\ II

D

", !I Q - ..~

[)
(J ,_Q

s W.O
',;r510;()

$(>$' 4.0
o "- l~",. D

G',_'

o
. 0

u'

" 0

.;> "'7,,' : :,." ','j_,- ,n
e

~ on

It was f~lt that ~he DM)~ wouldL:ha,ve diffi~ulty in rela.ting to th~ 'P~~lnIQ ";, ., '_ -- 0

i.e. ,they would nn:ll it difficult to tradeoff units d2"cholesterol a.nd gram's of
.:';:) t),'"

carbohydrate because the values were ,lnea;ningl~psto them. To overcome ,this
J(tobletrl) the DMs Were given (fictitious, in~Q]:rp.ati'onas to how the tevels
of cli(?lestel'Ql and carbohydrate would affe,ct their. chrorces of having a heart
I) , . ". . . , ..', '.
attack and putt~ng on weigh,t rcspecti:: ..ely\,These were two quantities ~he I9lY.W

~' If). " ' ~1

had nOldifficulty in 'telating to.

"'I"

o

"I

o "

i\
0'"

,U o

I]

.,,' . " '0·" v .. ,' .' . ,.' ", ' n " ;'~). : . "
c The students were not''graded on the~ efforts sin~e 13rodl~):Htff [5] cranns :that'
, DMs ill. an experiment should not ha.ve liad proolem related theoretical train~

v 0 ,~P"
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:'-'The res~ts presextted. are divided" int? three"~~uJ?s. 'Illi~results" in group It-'
are those whioh"are simply factual and~o nof" represent the ;opiniolJs~'0£ the

, , " , "'If IIt:·!.l ,_("? . 'F, ", ' ~ ;;_ <.< " _ .,0 ,',:' , -'1

. I~Nf$~TH~y,are presented' purely for .t1~;~sake of, inteI.'est sak~., 1"'he results (~;n ",'I 0

. o group B, are those which represent, the DMs' ,opitlions '0£ ,th'ha1,gol'i1ihrn;s a:frd CJ

. were' obt~ineJ {~ing the, .•qUestiollriair~,jn ~ppen~~b.f\)':f~o.ln"the DM a£t~r
~ !?ach algorithm had tl'Zmi~ate~L 'rhe;~~!esulti:;ingl'~1W c "also' rep!'eiel1~:the
()DNW' o:j?in~onsflf the~otithrns hu:fw~r~oht'ain:d (u~ing tq$;': q~e$tiQnl1.~,reJn
0J\ppendW B) <iily after ~l1eDM had" used,all seven a.lgo:dthrns. rl'lotherz~otds:
the results iuygroup B· ~re tl11i DMs1 oPiRions of, aq., algt;Wi~p.mq9t;eidere(l ~~
isolation\ while those" in gl'OtiPDC,,are their opinions <,>f an algorl~;hrii compared
to all t, he others. c, "o ~,o .,

\., P ·\1

, 0" 0.' hnalysis'ofVa;tiaiic~ (ANOV)>..)).togethe; with'the ~SI) 'I\t~st, i~.tfsed to test .•
':::::::~'"" whethet the qi:fferencGsin scoreS b~tw€;en the various aigo:t:i.thrns ·ru;esignificant,~~<.. ');~l'simpl~; ducr&tJ ran~om. £actol:s~. Although tpts t~,s~assume~ the, data is
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dislike ev.ah.lating' tradepft$ as ~'~xpected,and that algoritlll:n:$. which, gener<*te

, , __ <' .- !,' 0 ' f1 ',' " , - - •

., n~n~e~!:me'Optima.lsolutions dkl,not fare bette; ttarf me~hpds,:~hich genel'C,!.t,e
only basic solutions, D c , (, ~ a '
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To conclude the' aJg9~~t,hm~~pa~ison, w~~brie'fiysummarize the most jmpor~
«0 , .. 0 "

tant facts established, - - <
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,q ~

(J,

0
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0(")

0

~
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,Steue;r;~"Co~~acting Cones}s, a very fa~t method)but does not even converge
to tite exttexn~p<l1tt oftnaxhnum"utility. The method of Int,er<~tive <Weighted
Sums is mu~h' slowei-th-&.~,Steuel':s Oontracting Cones hut has ~ bei'ter..)chance

,,,-,':::':_\ 1.."') II ' ,,,.<"'\ I,

of converging to the extr,emQJ)oint of max~mum utility," Bothmet~o'cis however
suffer,from t~leproblellls.!assoeiated with weighted sums aJgodthms. (see Steuer

; " ,', " \) ','

{56}pp."193~200)
• 0

o "D U tJ

The T6hebbyche{f nfethd'itis exttem~lY slow and will in ge~eral c(}nverge tb< <at
,,), ,~l ,', b ,0", r' II

(lmi~t optimal" solution., Tb<!'farger the reduction factor used, the b~tte!: tpe
solution win bel but Uie longer it will·take to get there: ,," i . 0 • r:J

,C'I '::.:

I'",

/'" , , ' C')
i;) , ", 0", 'I' :~)\;.;, > ;;, J;._', ,I'

The rn~thod. o~Zionts anC1~~~~t1)eniusi$fa$t;,easy to lise and popular wi~h DMs,.
but can" only converge to tl{€~xtren?-e point of ma.ximulli utility. 0" , •. ' .' " . . '. O\\ ..\J, ," b' .,"

The C~lting ~!al1e";ethod irM,. fj~d P6!fu1:; with DM s,, It"conv"rglls t\)

'. the op~hn.al solution, hut geI1el'.~.l~;YV~iw\sloWlYas you\l11?pro~ch the opthn&i

sorot£.pS1~.r.:.lqu.ire~.ma.ny i~~.e....,,~action~~.ei\it.eration w. her~as th~ Tchebbyche~
rnet].lod req_UIreS only one, 1..,\) \ \. . . , .

D~; like<! the idee,ofen;,erin;l;.futeU ~ poi:t in the ,Re£er~n"" Point ~~hOd
bue 'were \~issatisfie~,with '.the solutioli,S,~Oll~aift~qt.tl'hey found· i~difficult to- "
use... ..~ . ." II

" "i\".1

DMs liked the Vi~ual Int(;'xacdve,Metjpod's method of intel:~ction with·themO
'" , ,\ \)

.but also ,fo~nd it~extremely difficult" to. re~ch t~eir. optimal solution.
,':.- c-

o,0 '

f'", I ',t. ,0 " ,', ci' , ("\LCJ '
The Cutting Plane method, the method or Zionts and W~'llleni.u$and the· In- -a(); , "': : ; r:,/ ' I", I'

f.era,ptive"Weighted sumslFili;ering' approacli were the piefetre,({ algorithr~s in
C <", , .., . (,', •

all el'iteri<i with the exception of speed, where the latter.method fared badly.
, ~ ~ IP"'o '
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e .Analytically - the algorithms were broke~ dqY"n to ~o their COlxlffion~: l
1) '. '\

basic S'cheme fl,nd we cornpare~ how the various. steps(,:t{~recltchieved by
,each algorithm. ,.In additiK>n1 a: series of questions l'el'il)"'J:).gcto algqri thin
performance and ip.teraction with decisi6n ma:kers'wel'e answered £01' each

o
algorithm;
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In this· res(~al'dhreport. gur at-oontion lIas been f6cu~ed 01'1 il1teractiv~, me~hots
o~3rsolvi:n~ rtlUltiple t')hjective'1i:near progra.m~ing problegn.s. \" ~'

~ :~, ~~ ~. a

We 'first identmed our area. of interest within, MCDM and de:6n~d a \;nun;lbe~
o . " " ".."."' . ..' " .. '. . .•.... ~. '-.

of pl'eliminary'cqncepts necessary for. the study. rrhi's.was followed. by a li'ter-
'" (;"'_ ", " " Ii ' _ ,_ ,11 ;:;)

ature ,gu,~ve¥in whic~ th~ various approaches'llt MOLl? problem sol'l~£g were
describ~d. Seven of these xnethogl1 eW~je seleCted.10r fu:rthel anfiy~~$"a:nd.pre-'
seJ.;!,ted.£u1~y.'Vcu1l-Juaimplementation issues were then discussed in some detail::

- 0 "

Finally, the algorithms were, cqrn~,~ed., in three ways, viz ..·
1j ",C; \'

o Computationally -. the C'.lgori~hms wer~ applied to a numb~r afproblems a

with known utility functions; ,
I;.~

e Fl;,om a decisiPl1"makei~s"perspectl ve "'": the" ~lgwithrns .wet'e used .by
t'-i\

..decision mal<ers tm solve a specific problem arid their reacticns td'the.", '\')
algoi'ithms were gfi.uged .. ,," q Ij) o '0 ..

o ~'t' 6- :) - ':;,z'/" -n C'
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" ,,,, Ij\l?
o a '" \, 0", 0 b:~'

<; J.t' r::.i ~ ;'~~' , .-/."'. " Dt: ".r"ff
" 0 Q", ,j") (j: G ,~? ,~',;-

\ ' Q", ""', ",co,!:J; '" fc- , ' ," ", , ,," "<> '~'i

""il Thii qomparis~n showed tha~ 'Wl~lttt:&:evJ.ecision 'm.:~ker's'·~~-derlYing utility
£unctio!lds lin~a.r)all,Hve methb~S tested" computationally ~bbain the correct'" IJ -o 0, "g ,I

," solu~ion .anddo,so rath(;1ic41),i~ However, when, t~~decision~(~r~~ Jl~nity,,''
, , ; function"is nonlinear but concay~~n~ the Cutting PI'a>~,algorith~Gnv~rges ,""'
\\"- t~)the,,:pptimalsolution. ".rheInter],~tiveWeighte~Tcheb~l'cheff'method con-
~'~~~Ve~g~$to ii, ((ne~r ~ptimal" :s~luti~~. Th~)qtlfJ,1ity of thts,solu,tion could b~,~dI"? <00 if! (j 0'

\\ ,",~, , " o , " ." ,,' ,,' " ,,' "" " ' () ,~
[i; Q'lirnI>f'?vedby altemng ~he red~ctionfactor' but this ''!Voul§1310wthe al~orithnl

down substantiadly, Ij:~hemethod ofZionts and Wallenius converges ou'the eX-h

o tr~me.p~ln'tlnr~aximu'm ~ti'lity ~xtregIely ;~uick1;. St6\ler's".O?httact~pg ~JO,!;8 'f)

, metfio!i and th~Jnteractlvce.'Tv'elglrt<;1dSums.method do ni:?t eV'~n necessa~v"y "",.
1\ ~ 'J ,0' ,('~ j)

'" c9~~_;'}gebtl. the o~th7:lal ~xtr~lnepoint. " c , ,,\~ ~. . , ~ ,j;'

'\\ .....;" "0", "" (,> c: c 'b
:::' ~~ IJ - 1.-" n (i

A:~thouf!b:'dEi!l!sioflmakers f;und a,l~~rithin$ e~ually @aSy lX]'"understanda~d' .,
~ty!:~~.to ~.~!e~.~ould ~setheligo,ithma ~e ~ d~4i.iO!1,aeci~~~

g l ak~):~~'9ndTlhe(Juttm~ltJne method, them~~ad O£ZlPut~ andfaHenni~~o , " ~"',;c.·' ','t<",'"(,,
o .•' ~~ndth~In~~lJ£tiv~,W~~hted S~msmetb.o:d the mQ~t,useiul, an4 ~h,at6the;(:p';~ (,). '0\

~' rtf0v-ided ~)~rnost s~tisfact,otyfinalsolutiO:de. The decie}pll~ak~~ preferred, l~1
;- ,,' _ -'t;, D, "" _~', I' -'._' \~',_' 'n _ .!' P:)" : ',:0 . __ . ~J

",l~ "m-ethog of inte.ractioii Wf1S t.hat.,or spe~: 'in,g 'a reler,enc~ point" but they found I)

.i' it dJffi(;ul~,to,''u+t,$!~tsta:atlhow the proji6tiolt meth~dg~~' tli:~ei~ret!:p¢pOlnt~':,
,\. 11 ", ,";~ 1'_-' 0 ." ' ~" ':\ \~0~~';' ~t.lall,' l' '

(" "\ -",) 0 - [) \ ..j ,; ;~~, 't,' '~~r'.:
() 'It ~hd~ldof, cOll:t'se ~ \~:e~~~ th,~t~~~e ,a:bOV<i\ 'r~~u~"t~iJaj~fo~l!t~\~.sev~n ~ "'~",;

a1gor~tfl.,ns'aiscpsse~~~documen:t mb,o !lGfY~un't. '1hese rept'esent ,~sX:l~ll PI,"
subset o\f> the large nuiri~,'el'f of a1~or!th.ms jn·,exist~nce. " '" ,l' 0

( (l x \ ') , " ...... :w.-.
\\ Q (! % o \ (J ,::,)-~-""\)i,):,

" ''''.: ..,' , ,0, ", """';ii};!:'.' " ',' c" "',,' ,,' n

An interesting result was 'that the de,~~~Q«mi~ffit$\'~erce~tk~ of algot;it,hm,
speed did not. cOI'relateen"tirely with th(S actual spe~d of..r~aching ~he ,~na1

, .' Cl " -I; () I) '~ o .~,'

c soluttQu. I They judged algorithms' speed by the tinw betw,een ~ntel'actlOll$ c

,rather than bi: the overall, sO~;ltion timeysuggesting that they disliked)ia,vjng .
i) o to wait r~,r.~e,~~~qri~h~. . 0

\:',,,,,' '" ._,p ,')" "'..." ,,~, 0" .'" ',',.,'i._, u',

It is (l,l$oint~esti:ng to ribte that the de~~ori tp.a;brs in th.is study did l).ot"~e~rn ..ii
t~mind evaluating ~radeoff$as .,h~ h~l1 widely b~ie~~)(~onts and 1>y~\l~i~s-o
r7IJ)" . " " (;1 , 0, "l \ a (\, ("!} 0, q,u ',0 Cj',,' "~f' "-r' '~
~, U c; 0 0 ~ Q \:?' ~-L'.,!:; >:)'

o " . ' " ., ' 'r' '
Th,.emost snrpl'jsing res~lt' on, all is that algori~s which .only cdi1\'~rg{? ~~
the optimum extreme point were not, in g;et~eral~ud~edW~ttfe~pythe ~~cisi9Jl ~,
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ma,k~r8tl~nal~Orit~ll}aJwhich conver;~ on the OP/lm~a.]7g~~Utid~. ()..
{)i}\ ,MS~

>:; _'\" '0, "~;

'" , ":,' "l' ,,' ,_' _ ,l _' _~:-. V, _, ,().:.(','·)_l >,'

Onema~~at, thi"~~~ be twnP~ to ,ask,:'Af~ all,~~i\l':malysis, dl'C'lssion
and c('.)~parl§~~i w Gh,xrwth~d ~ be:st ? ?~, The ,~uestlOn 7:8well, an~~et:d by

~ac<?,=o~[84].~. ~ t c ".'", ' .

,\ ;:-;' " q _ - - ~ '_:?T,j' ,L )\. " .r, rr D' '_,

'>, 1'" 9 " !, t ~ 1;> ,Qu, ,\.) ,
o . .,.1,) 0 _ 'c- \~t1J',~b}- ;\ ,. d, _ ."

"Not ~,Ur:;1ulMp1e objective (i'<iGlsionsi~,uat~,Qr~sare ,the, same, ,.-'J
since the characteristics of, hoth the e~iVlr()nmeht a;nd the &~cisiou -~

" ma:i<er cf.tu vary. S~I~e roet!iods"a+e rn~;~sui~~bl~ ttIlqe! pal'tkul~'
,"conditions than others,i' Q, i\" ~1', (,}

\) (\' !l r, 0 \\
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Before selecting whi~h algorl~1im 1;0"1.1Se, one musj~ 90nsiderr.tthe "problem andl"
, ""'decisio'l\ maker's '~equirements aad skills. Jf"the proble.t;n is Dsrnall, then. one of;. ~}'l

. ,t;;? <J, tV _ '"~I " ','. ;-' ' Q ' ,

" IS 0 ,the tlample .i'),lgorithms may well be appto~~iat~. ,The"la,rger tb.~ problem;' th~
,) Q ~esaoYi~bl~~tie toOl~se\!\ sa~I?l~ alg~r.ithm. "tinothe~ipl~Qrtan~, consldeta~itm

is the &ieclS10lJ, maker's requlrem~l1ts. Although the aim 18 to find 'the optml,al 1

\1. 0- 0 -., " . " ,1J " 0 '

@lutio!l()i.t was found that'l'll.9st decl§i~)llmakers invQlved in th~ test were q}1ite
prElP~r~d to settle for a solution t~\at the~ found to be ,satisf~~tory, even if it
wasn 't'1~~ptimt)J'n If this is the, case, then art~lgod thin which finds ~he optimal
,extt~me ].ioirtt"l;Uf>.y"bi adequate, while if the ,optimal solution is requil'ed,'"a,

.' e.: ~et~!:)fr1'wh~~~£~:n generate n()l~-e:x;tl:€lmesolu.tion,~"isnecessMY. A third.)actol' 0

o to cOll;s~d~fis thee skill of the, decision ,r.nakel'~')While most de<:i:sion makers
in,\,bhe t~st were ~U~:a.t.el:i~.,ewit.h the proJectiojf methods, a more Eophis~ic~ted

I decision rna,ket nU1y' fi~~ projection method,~ext:;;emely useful. "I " ""

", "" " " ~., ,,0 .'i
1,1 "", ' \ ~" ':'

n _, \"1,', ~\, \: 'I,~ <'l' '. !'J

In general, an ~gorith'm ~,~ould be chosen by considering the characteristics 0

'I) ..: , r : .!,," ,,"" 0
'of the:.lprOblem and lor dect4~ianmaker tog~tlller with the"charaetel'istics of the

C' algorithrps.'" I, : I"" I) "

()

D

" '
c.

Ie

D

""Thi:'){~£urlyhas confirmed ~~at'there is no one inte~active ~ultipre')obje¢ti\l'e
" linear pr()granunlng ;:tlgorithm which Is supetior to an othei$, in all sitl1~tions.

(1., .' ,.L

, Different,methods are better in different situations with different dedrr:ibn ma.k..
; _ _ 0, _,~_\'{\

ers. The ~ay ahead seems to enta.il usin,g a c,9mbi~a.tiol1 of al~dr~~¥j~. ~his
would, entail ewi tchihg from one algorithm which is sq,itJXblein the e'}tly &tnges
of the solutiononroced;ure, to one (or more) which app¢ar to b~' tllui1~ble at a.
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latetr"st~ge~ ,Towards,this(~nd~ ,Steuer et'd1. '[54) ha,.~e presentgd a c(}m~in~d
Tchebbyche£fjIteference PU1rnt }lgorit4m. Q ,,0
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"JordiJas comment't23] is offered ,in conclusJon
•. .~~i " ., ,
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h . Qq.,.D. " .' ('.

o c " .." "i ", (f . :~. , if. 'J

~ll."everBf t~fo aeG~sionanalyst has decided on' a ce.rtahr'rneth~d,,,' . ~ ,. " . " ' "

he should ,fl'.p~roach"the Q.~rall solut~(:mprocedureowlth an op.~n
mind. and ~(;\.J~ep~,~;?l"to adapt or >change the method he' uses if it
.bccQkes )~Ja~nt th\~ this could. facilitate the enti~e :prm~eduro.
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IMC?LP QUESTIONNAIRE

}3ta,rting 'I'hne .,__ ..::-~ _

o

. B'

',', . a
The nuniber ofsolu tions y?U 'chose to compare at a,~1me.Q£ applicable) ...:_,........~_

",'j

Re<,luction,factor yoii~tl,ped (if ~pplicable)
o

'\
1(1 '. ",1\ ~~~::,~,.,:.:.;.~ , ",.

Final Solution given by the method
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H&~ uaetil do,:you think this :method is r,
:'1 "'l,' .\

1 <1 " ': ~;:; a 4" 5 6
(l:=totally ~~~~S~ 10 , v~y ukeful)

. 'J ;../'
0<1

o ,

.J i' ·rr, ~
,,~,I{OVI~a,tisfied we& you with the~final solution given to you?

, l' "2 3 ,"~, Ii\\ 6 '( II 9
. o·

(l=not satisfied, lO;:::ct):mpletely satisfied) ,

'i (;'1 0 . ' '

How eaSy did Y014 findJt t6 u!J.,1erstawi,the method?
'1' f\ "3f 4: 5 Ii'~-~ n '

,(1=vil'Y difficult, 10=very easy)
:1" }J, ,; '_ - . . h

0' 7, :, 8 D 9"
a "

6
a ,
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<I ~ ~. (II' t), '_,,'" :\,' ,j-, N· c-

]jow easy Ddid you flp.d,i&, to~u~ the method 1
,I 2 I} 3 4: 5" ,,6

(j o· 0

(l=very ¥ffi:cult, lO-:very easy) , " "',' \\ "
'o ;1-

/I, "
'0 IB'

c »

o

How quickly did you reach your final solutioft,?~) ,
"1 2 .: 3' l/ 4 5 6 '1

(l=very slowly, lO::;;:vel'y quickly)
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Was, the1itime taken to rea<.h your final solution ju.st~:n.edbYh the level of sa~is~ l\
faction th, e ~olu",tion provide.~ 1,' "0 '21 ~' ~ 0.0
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Do you l;hinlt tlH,ti{it is necess~ry t~ ;un{~e pO~ogtamOIrlo;e tha~once ip. q;rder ~
to gut 1l;'~,9futionyou ~7-'e<;,ompI~'t~lys~tiBued ~lth fI " . ",'
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Did 'YOll.,frri'd it enjoyabl~lto inter~rt ~~t~th~ algo!;ithm ?
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Would yO\! use thi~ ll1eth~d to solve decision making prohlen;lsZ
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Which a,spectsof the algorithm did you NOT like·!
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