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We begin this work by considering the existence of solutions
|  - ^  - I #
ot certain ordinary differential equations, the solutions only

fl| I | | |  ' I  # ^ 0  1being required to satisfy the equations almost everywhere. The 
usual statement of existence theorems for such equations gives
M  ' # #  #  #  1  |  ••..-§•> I ® * . - v  ■sufficiency conditions only. It is shown that under very general

I  - m  Bcircumstances, including for a general system of linear differen- 
tial equations, these conditions are also necessary for the local,
aj lOPIPp
and sometimes global, existence of solutions. These 1-,suits are 
then extended to differential equations involving Banach-space- 
valued functions, making use of the Bochner integral. Such a 
situation arise- in the study of stochastic differential equations 

Attention is thereafter focussed on the operators generated 
by the Sturm-Liouville differential expression

(n-i)
l(y) = Z (-l)i(p y("-i)) 

i«0 1

considered rm a fixed but arbitrary real interval I ,  where the 
coefficients pu(Osisn) are complex-valued functions. The case 
when the coefficients are real-valued has been well investigated: 
the expression !(•) is then formally symmetric and has associated 
selfadjoint operators; there is a spectral theorem for such opera­
tors, their spectrum lies on the real axis, and there are many 
results available concerning the location of the various parts of 
the spectrum. It is the main purpose here to extend some of these

H m  H ■  d  a . ®Ki
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results to alien# the coefficients to be complex-valued. However, 
wh*& they are complex-valued, l(«) is in general no longer formally 

trie, there can be no associated selfadjoi 
spectral theorem is available. Relatively little
on the operator theory in this case. In chapter two theBi f

B |  1 S m  ™:;i Hi as$173, is developed for the complex case. It is based <n the idea
iate operator thoory, analogous to M.A. Naimark's work [58,

of J-symmetric operators, where J is a conjugation operator. This
idea was first introduced by I.M. Glazman [243 and is applicable
here because t(») is formally J-symaetric if J denotes complex con-

In subsequent chapters we concentrate on the second order case.
namely.

*(y) ■ -Cpy') ♦ qy

on the interval [a,*), a >-•, where p and q are complex-valued.
In this case, if the regularity field is non-empty, the defect num­
ber (which corresponds to the deficiency indices in the real case)
may be either one or two, a dichotomy which parallels for the com- 
plex case, the Weyl limit-point, limit-circle alternatives of the 
real case. In chapter three, two general results are given which 
provide conditions under which, not all solutions of the equations 
My) - ^y(>eC) are in L2[a,«»), and hence certain operators associa­
ted with £(•) ave J-selfadjoint. These results extend to the com­
plex case a number of well-known limit-point criteria.

In chapter four a number of results concerning the location
il M T T i Mof the essential spectrum of operators associated with £(•) are



obtained. Some of these are extensions or generalisations of
results due to Birman, and Glazman, whilst others are new. These ? 
l.sad to criteria for the non-emptiness of the regularity field of 
the minimal operator, a condition which is needed in the
theory vf J-self ad joint extensions. A complete determination of

'
inde-the regularity field is made when t(y) . Ay has two linearly in

pendent solutions in L2Ca,») for some let.
The final chapter begins with a generalisation to the complex

L K m  . .V I  : : V ; : wtcase of Aipcov's inequality, from which are obtained analogues of 
many well-known linit-circle criteria for !(•). We conclude with 
some results on the location of the part of the point spectrum (i.e.
the eigenvalues) which is embedded in the essential spectn* of

.
the operators under consideration. Some of these results are
extensions of results known when p and q are real-valued, whilst
others are new.
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INTRODUCTION

We make a few coeaents here concerning notation and termino- 
logy used in the text. There are a number of occasions tAen It
would have interrupted the flow of the text to define some of the
basic terms being used and we therefore do so here. We also note

ate the end of a proofthe symbol f is often used in order to
from the beginning of the following text.

If I denotes an interval on the real line with end-points a 
and b respectively, by LP(I) or Lp(a,b) we mean the space of all 
Lebesgue-measurable functions f, for which the Lebesgue integral of
i f i over I  exists and is finite. We use AC(I) to denote the
of functions which are absolutely continuous on I. When one of
the above spaces is subscripted loc, the corresponding functions
are only required to satisfy the relevant condition locally, i.e. 
on any compact sub-interval of I. Unless otherwise stated, all 
measure and integrals are in the sense of Lebesgue, and a e  is
used to mean 'almost everywhere with respect to Lebesgue measure*.

la the latter part of chapter I we work in Banach spaces and 
Banach algebras, using strong derivatives and Bochner integrals.
More details of these terms may be found in [32], where use is_
also made of L (Q), the set of functions on a probability sp«
0 which are integrable to the p th power

In chapter II we work in Hilbert
product of two elements x and y b-'

denoting the inner
Hilbert space



L’(a,b) we uuse the usual

m m -(x.rt » jxy

here. elsewhere, we omit specifying the dependent variable with
respect to which we are integrating, the interest of a
It will be obvious in such cases, what the :table i:

also to the adjoint of to symmetric
joint operators. In particular, use of 1

jagKfffinfii .... . itmuathat when the adjoint A* of an operator A exists, it
operator. This and other related properties may be found in [131.

E  h  ‘Throughout the present wor*. we use K, Kx, K2,... to denote
constants; 0 denotes the empty set; Re(c), Im(c) denote the 
and imaginary parts of c respectively; supp f denotes the
of the function f i.e. the smallest connected *et of values, out

....... posiside of which f is identically zero; [f]+, [f]' denote the 
tive and negative parts of f respectively, being defined by

If]* » aax { f,0) [f]” * max{-f,0)

♦Thus f * [f] - [f] . Furthermore, we say x(t) ~y(t) as t + a if''w : • T «  WiTTr*m* vmTaiwnTn
x(t)/y(t) -1 as t-a and finally, a finite-dimensional extension
of an operator is an extension whose domain is a finite dimensional

| , . ifiiiEiiienlargement of the original domain.

tif T*
. fare



for arbitrary C e l  and arbitrary complex numbers a, 6, it i« necee-
K  , . u  i-« .

eary and sufficient that

?  q 6 H o c W (1.3)

The proof of the sufficierxy is well-known (see e.g. [58,116]).
i y w t S  - r ; • - -  1-1The proof of the necessity is due to W.N. Everitt and may be found

in [61, p.61]. It transpires that a similar result is true for a
general system of first order linear differential equations.

We firstly state and prove the usual existence theorem for



such a system. The most well-known method of proof (see for 
[58]) is that whicu uses the Picard approximations txit there is 
neater, lesser-known proof which uses a modification of

^  - K B  ifound in [12],together with the following l e w .  Firstly w  define
^  Ia contraction mapping.

A making 1 of a subset Xq of a Banach space X, into X is 
said to be a contraction, if there exists a real number 9, 0< 9 < 1, 
such that

|Txi -Tx2| < 9|xi - (1.4)

all vectors xle x2 ia X0.

1.2. [51 If ¥ is a closed subset of a Banach spaas, any
lEri B E  •

oonttaatian mapping of F into itself has a unique fined point.
In what follows, column vectors are denoted hy Y, Z e»c. and

square matrices byg, Z etc.. I is an interval on the real line 
8R. In particular, m * (a..} is an n * n matrix whose entries are 
measurable, complex-valued functions of the independent variable 
x e I; the matrix I is the n * n identity matrix. Y* denotes the 
derivative of Y with respect to the independent variable x. All 
integrals and measure are in the sense of Lebesgue.

We tlen have the following existence and uniqueness theorem:

Theorem 1.3. If I is a real interval and £ e 1 is arbitrary than 
for any constant vector YQ < (f1, there is a (unique) solution of

a.e. on I (1.5)

(1.6)
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and

(1.7)

ahara I • (f^, (Isisn) U  a paator of ocmplax̂ oaluad.

cf the independent occridhle x, and A « (a.,} i#
aotrjer <?/ awoA funetum at provided t

Proof. We may asvume without loss of goner: I is a closed
interval, [x0,xi], and then denote by X the set of ali n-dimensior.al^  g# B 10! m s&i. *5 gB
coluan vectors of functions which rre continuous on [xc ,Xi). Pol- 
lowing A. dielecki [8], we define the norm of any % e X by

V*S
19 ' I («'r<x'x")|yi(x)|)
r 1  *0 = 011isisn

0.0

where K is a fixed, positive constant to be ci^sen later. It is
easily seen that with this nom, X is a Banach space. Let T: X+X 
be defined by

x
(TX)i(x) * ao)i ♦ j (A(t)Y(t) ♦F(t)}.dt (isisn)

*0
(1.9)

Then for £i,%2 « X, and for any 1 s i sn and x e I *

.-K(x-xo) OXl)i(x) - (T%2).(x)|
X

e-K(x-x0)|( {A(t)(Yi(t)-22(t))}|dtI
*0

*o

/• 4



where
function

then

it may be approxi-

K(x-t)|b(t)|dt)

s -ill -X28 .{e *lJ e"K(x-t)dt}

5 *.Xi - X2I (e *7)

So choosing K > 2L,

PTXi-UaO s (c -XzB

where E + ̂  < 1, and hence, applying lemma 1.2, there is a unique
Y e X such that TY * Y on I. This vector function Y(.x) clearly

- i M H i i M .  'r' , ..satisfies the requirements of the statement of the theorem.

The converse of this existence theorem is as follows:

Theorem 1.4. If for any gel and any Yq e C there ie a solution



Z  •

E m -
X * (y ), (isBn) of tko differential equation (1.5) satisfying

H  I H i s  - wk m  B H  H |  1(1.6) and (1.7), where f.(-), *%('), (isi.jsn) are somplee-valued,, 
measurable functions, then a^.(•), f^(') « (lsi,j<a).

Proof. Firstly, suppose £ 5 fi on I. Choose any 6 e I then there

are solutions Xl»X2»***»Xn of

X* * AX a.e. on I (1.10)

(X-jijU) ' cij * {o if if j (1.11)

(%j)i « ACloc(I) (Bi.jsn) (1.12)

Whence, defining the matrix Y by Y * {(Y.).} we have from (1.12),
m . * ■ : ■ Eras J

detY(5) * detl ■ 1 (-13)

and Yf = AY a.e. on I from (1.10). Further, from (1.12) and (1.13),
.-1Y(") is invertible on some neighbourhood of 6 in I and Y is con­

tinuous on this neighbourhood. Hence we may write

A - Y'.Y"

, -1But then since (Y ).. is continuous and f Y ' ) c  i*. (I) (lsi,jsa)xj ij aoc

aij * « L(J(C))

where J(() c I is some neighbourhood of C. Hence if J is any com­
pact interval contained in I, and we consider (J(C); C c J}, then
by the Heine-Borel theorem, there is a finite set {J(CV); 1 sksN)■„ I H S  K
which covers J. So since â , e L(J(Ck)), (Isi,jsn and IsksN),



Suppose now £ * 0. Choose any C c I t^*n there is a solution 
f Z* * AZ ♦ F a.e. on I with z. < AC. (I) and z.U) * 0 (isisn) 

Then given any Y0 c Cn there is a solution % satisfying the condi­
tions (1.5), (1.6), (1.7) and so

-Z) gEsA(Y-£) a.e. on I

with (Y-Z)(0 » Y0 and (%-&). e AC^(Ij (Isisn). Thus applying 
the result proved above for the case F s 0, we have a ^  e L^^(I) 
(Isijsn). Hence (AZ)i c ^ 0C(D since zi « ACloc(I) (Isisn).
A1~ (Z')1 6 Lloe(l) -d 50 fi . (Z')t - (AZ), . Lloc(I) (Mm). ,

Thus theorems 1.3 and 1.4 prove that the Lloc properties of 
the coefficients in the differential equation (1.5) are both neces­
sary and sufficient far the existence of locally absolutely contin­
uous solutions. Two particular applications of theorems 1.3 and 
1.4 are worthy of explicit mention:

Corollary 1.5. There is a solution of

a0y(n) + a1y(n"l) + ... +

with

and.

y(i)(E) - Ct>1 (Osisn-l)

y(1) c ACloc(I) (Osisn-l)

(1.15)

(1.16)

where t, a. I -► ( are measurable (isisn) and a0 ^ 0 except pos­
sibly on a set of measure zero, for any C e l  and any C e £n, if



Proof. Equation (1.14) may be written in the form (1.5) by defin- 

ing Xj « y(i"1) (isisn), f. - 0 (lsisn-1), f - JL and (see (11;1 1  * *0
p.82])

W  < HocC1) CHi») (1.17)

0
1

Then, (1.15), (1.16) are equivalent to (1.6), (1.7) and the result
follows directly by applying theorems 1.3 and 1.4.

[0] Jl] „[2n]In the next corollary, y , y ,..., y* * denote the quasi
derivatives of the function y related to the given differential 
expression, as defined by M.A. Naimark (58: sections 15 and 16] by
the formulae:

y M (Osisn-l), y[n] - p04-£ ,

d. [n+i-1]
PiTirt - & ) (isisn)

(1.18

Corollary 1.6. There is a solution of

...#*. f a.e. on I [I.



xaith

■ t „ a

wher̂ i, p.: I 3  ( are meewurafcle (Osisn) and po > 0 eeospt pos-
•itly on a sec o/ 
and only i/

aero, jter any ( a I and any C e C2”, if

f* P i € (15i5n) (122)

Proof. Equation fi*19) nay be written in the form (1.5) by defin­
ing yi - y[l'|(l5i52n), f. « 0 (lsis2n-l), f2n - -f and (see [58,

‘"v

1

Pi

1 /Po

-1

P2 -1

p,h-1 I '-i
o



Then (1.20), (1.21) are equivalent to (1.6), (1.7) and the 
follows directly by applying theorem. 1.3 and 1.4.

BTheorem l.i is the special case of this corollary, obtained by
m m

I system of equations

setting n * 1.
It is noteworthy that in theorem 1.4 and its applications.

the question of uniqueness is nowhere needed, so the mere existence 
of solutions implies the Lloc properties obtained, and then these
properties imply, by theorem 1.3, not only the existence but

"?he *??&■*'.. i.i #» W  )
the uniqueness of solutions. In other words, existence implies
uniqueness.

Theorem 1.4 may be extended, for example to the m th -order

All01-15 ♦ ... ♦ A^Y
%

where % is an n-dimensional vector,and where we must now also 
specify initial values for the first m - 1 derivatives
see this we write (1.23) in the form

0
0

I

-Am-1
(i-1)

m-2

)j (Isjsn and Isisa), so that we can"here * a
apply theorem 1.4 to obtain (Ak)lj e hj0l (1) (Isl.jsn and Iskst). 
Similarly for the inhomogeneous case, 

jt.) . V ( - D . . .

(1.23)

♦ A Y ♦F = 0
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we obtain (A*).. < L^(I) (Isijsu and isksa) and ft « L ^ ( l
I(isian). n

A further extension permits a weakening of the linearity
'ils£ & ■ B:,■ent in theorem 1.4, though the existence proof of theorem 1.3 is

require-

no lemger valid. We a;
:>

Y* - A.f(Y) a.e. on I

where |(X) - (f1(y1),...,fn(yn))T and (Hisn). Usingn n x
the notation of the proof of theorem 1.4 we obtain Y* • A . ,

B  v, 5  aLJ| ? B  B  I.fCXn)); $o if fi is continuous (Isisn) and assuming a.'so that

det

fl(l) fi(0)
f2(0) f2(l)

*,«»

fl(0)
f2(0)

^ 0

f»(1) .

(1.24)

then we may invert the matrix ( f Q f ^ Q ^ ) )  and proceed as in 
the original px'oof to obtain a., e I (I) (isi.jsn). This isij ' loc’ gr
valid if, for example, each f^(.) is a polynomial and (1.24) is
satisfied.

FJ
Remarks: (i) Initial values of 0 and 1 were chosen for simplicity 
but the results hold true if we choose any set of complex on 
(c^; lsi,jsn} provided that

det
fiC5n)

f n(cn,>

I In
# 0



(ii) This result extends further
is dependent on y1*«-»»yn provided f 
ment end the corresponding determinant

Theorem 1.4 together with the subsequent 
and extensions above were included in

W # 'similar necessary and sufficient conditions 
of using the ideas of Lebesgue integrals and absolute 
one uses some other, non-absolutely convergent integral 
Perron's integral.

Differential and integral equations 
graJ have been considered by M.N.
[6], E. Kamke [35], E.J. MeShane [56]

.
.

3

Theorem 1.7. Suppose

(i) f(t,y) is continuous ti y for t
(ii) f(t,y(t)) is Perron-integrable
...
(iii) f(t,y(t)) 2 g(t) a.e. on I whore g is Perron-integrrable on I

.

(iv) IfCt.y.Ct))-f(t,y2(t))| s v(t) jy^t) - y2(t) | a.e. on I 
whê e v is Perron- (and hence Lebeegue-) integrable on I.

Then for the problem

y'(t) = f(t,y(t)), v(t0) « e

there exvsts a Picard sequence which yields a continuous, locally

absolutely continuous solution *(t), only if the sequence 
t
{j (fn~g)) is equi-absolutely ccrttinuous on I.

However if we consider y' (t) = a(t)y(t) tben condition (iv)



, ■ , g(»Ct)| s v(t)

and hence (see [35, p.210]) »(*) is Lebesgue integrable on I, in
which case theorem

I
integral once more.

C . 3 holds and one is reduced to the

The usual method of proof of theorem 1.3 using Picard approxi-
nations breaks down if the coefficients are assumed to be only
Perron-integrable, since the product of a continuous (and hence
bounded) function and a Perron-integrable function is not neces­
sarily Perron-integrable, whereas the corresponding result for
Lebesgue-integrable functions is trivially true and is vital to
the existence of the sequence of Picard approximations. The same
problem prevents the defining of the operator T in the proof of 

theorem 1.3 given above.
Since the product of a Perron-integrable function and a func­

tion of bounded variation is Perron-integrable, one might reasonably
seek solutions which are of bounded variation and are equal to the

thePerron-integral of their derivative, itowever this reduces to 
above situation in theorem 1.3 precisely, as is shown by the fol

.;,»wing 1<

■amna 1.8. If y(x) - pff, x « [a.b] and y is of bounded variation 
  J

x
then y(x) * i-jf

(P| and lj denote the Perron- and Lebesgue- integrals respectively.)

Proof. Suppose y is increasing on intervals i*l,2,... .
We note that there can be at most countably many such intervals.

’i1 i i



mm
mm

ikewise there ere et most
ich y is decreasing.

k ven by

variation, 
ly many intervals o»

the total variation of y on [a,b] is

But the total variation is bounded, and the above expression is
equal to

-y(nJ) ♦ z(y(Y,) - y(*J) 
i 1 j 3 J

zyf f - rp( f
i  I * J

zpf If! ♦ zp( |f | » pflfl
i  I it i

since f * 0 a.e. on each and f s 0 a.e. on each
Thus |f| is Perron-integrable and hence also Lebesgue-integrable, 
since any positive Perron-integrable function is Lebesgue-integrable,

and

.

- :

x e [a.b]

It therefore seems that the use of the Lebesgue integral and
the idea of absolutely continuous solutions is the natural settingsolutions is tne natural setting 
for the above theory concerning the existence of solutions of 
linear differential equations.

However, there is another direction in which one may genera­
lize theorems 1.3 and 1.4, namely to consider Banach-space-valued 
functions instead of complex-valued functions, replacing the



lebesgue integral by its
: - - ^ P l l M Ifact we consider functions

ri.th -identity e. We then have an
M l "  ^to theorem 1.3:

. A

.Theorem 1.9., If 1 ie a real interval and c c I <a arbitrary then   .
for any aonatant Yg < y , there ia a (unique) etrongly different 
tiable solution Y: I » jf" o/

r . * X M  i

X(« * Xo

' ' f i x  *
y.Cx) - yi(a) - (B)jy^(t)<lt

(1.25)

(isisn)
Si ■

(1.27)

where F - (f.), (Isisn) ta a vector of V - valued, meaeurable funo- 
tione of the independent variable x, and A ■ {a—  > ia an n * n 
matrix of such funetione, provided that a^, (isi.jsn) are

1 3 Blocally Bochner-integrable over I.

ote: (i) We use (B) | *dt to denote the Bocher integral with res-

V'iCt to t.

(ii) All derivatives are strong derivatives

Proof. As in the proof of theorem 1.3 we assume I « [xg,xj. We 
denote by X the set of all n-dimensional column vectors of /-valued 
functions which are continuous on [xq,Xi]. We define the norm of

any * € X by
II Yl sup (e

XqSXSX!
-K(x-xo)Byi(x)i: (1.28)



Each a^  (•) is Bochner-integrable and each y, is cwitinuoai and 
hence bounded. Since the product of a Boc’iner-integrable function 
with a bounded function is Bochner-integrable and since V is a 
Banadi-algebra, the expression in (1.29) is well-defined. Then 
Yi,Y2 t X and any 1 s i sn and x < I,

e-K(x-X0)|(T2i> (x) . (T%2) (x)l

K(x-Xo)S(B)J (A(t) (Yj (t) -YzCt)))^ 
x0

s e'K(X‘Xo)( KA(t)(Yl(t)-Y2(t))}ildt
ix0

see [32, p.76-89])
X

”t,x-t,.a(t).IY1 -Vz^dt.

n n
Here, a(t) = $ Z B (t)B , which is hence in L^(I). We use

■

here the fact that in a Banach algebra, II B.yl 5 II 811.8yl. The



v .

naainder of the 
ttandi*.

In the above existence theorem, the existence of an 
i / was not needed. However, it te needed in the converse

#

E H R  ■  r Eb. .WN EEI if 'S si H  Esince the proof requires the existence of inverses of certain ele­
ments of y.i We also need the following li

r, th* point* ofLamma 1.10. In th* topology of 
a neighbourhood of e can invertible. If y(t) belong* to thi* 
neighbourhood and i* continue** for t c ItQ.tjI thFiy l(t 
tinuou* on [t@,ti]rr
Krqqf. Trivially, e itself is invertible. Consider any eleec

i W  ^ ^
e ♦ a « y with lol < 1. Let 0 #-

Z lal < • and y is complete, hit

(e*a)e » 6(e*a) » e

so 0 » (e+a)”1. The continuity of g when a is a continuous func- 
ion of t follows from the definition of 8.

» aay now prove the necessity of the intisgrability conditions on

he coefficients of the differential equation, as in tl 1.4.

Theorem 1.11. If for any £ e I there i* a strongly differentiable 
solution Y . {y.i (isisn) of the differential equation (1.25) uhioh

- <£4 • (l*isn) |s.< I • 1 C1-30)

/or any given 1 < j sn, where £ * (f\} (isisn) ie a vector of

'



valued, measurable funatione of the independent variable x, t&m 

»ilM. fl(-> (lii.is») «  locally toobua-i-t^rabU m  B

Proof. As in the proof of theorem 1.4, we form the n % n fundemen- 
tal matrix Y, tl

detY(C) s* e

and since the elements of Y are continuous, detY and hence Y is 
invertible on a neighbourhood of C and -he matrix Y 1 has contin-W  - Sî rtô eg j m. BE »«*»*•* |
uous elements, applying lemma 1.10. So we may write

assuming F = 0. Following the proof of theorem 1.4 this yields the 
local Bochner-integrability of the elements of the matrix A, recal­
ling that the product of a Bochner-integrable function and a boun- 
ded function is Bochner-integrable. The introduction of F also 

follows as before.

Theorems 1.8 and 1.10 then combine to give necessary and suf­
ficient conditions for the existence of solutions of differential 
sqration (1.25) applied to V-valued functions where V is a Banach- 
wlgebra with identity. From this the obvious corollaries corres-
ponding to cor. 1.5 and 1.6 follow. Likewise the remarks and 

extensions following cor. 1.5 and 1 6  also extend in an obvious 

way to Banach-algebra-valued functions.

Theorems 1.8 and 1.10 have certain applications in probability 
theory, where V is a space of functions on a probability spmyt % 
However, in that context, the space L^(Q), l s p < s» is often used, 
and since Lp(ft) is not closed under multiplication and even if



so it is not ax, y, xv e LP(Q), in general Bxy# i 1x6 .8;P P I
3anach-algebra. The most important space used which £a a Banach 
algebra is l”(Q) i.e. the set of functions on 9 which are measur­
able with respect to some probability measure u on 9 and which are 
essentially bounded. f is essentially bounded if there exists 
some measurable set N c 9 such that ti(N) ■ 0 and f is bounded on

Since L?(9) is net a Banach algebra and so the method of proof 
used in theorem 1.9 is no longer applicable, additional conditions
of some sort are needed to obtain an existence theorem (see [71]).

a. .(t) e L (0) for alsrost all t ij

For example, if for lsi,jsn,

(i)
(ii) a. .(•) is locally Bochner integrate on I with respect to

(iii) fi(.) is locally Bochner integrable on I with respect to

Lp(9)

then the method of proof of theorem 1.8 yields the existence (and 
uniqueness) of solutions of the differential equation, which take 
values in (Lp(9)) . This follows from the observation that

laflB 5 lal„ IBI
uci— m B E . ’ . . .if oB, B e  Lp(9) and a e L (9), and by letting

n n
a(t) = E Xfla.(t)le 

i-1 j-1 13

which is well-defined for almost all t e l .  This existence and

uniqueness theorem may also be obtained from theorem 9 of [71].
.

We note that the integrability of (l^i,jsn) with respect



question whether
locally

essentially
This results non-applicability
in theorem 1.11.

proof

Concerning the applications of differential equations of the
fora considered above, we quote the following paragraph from
T.T. Soong [69, p.217]:

'Intensive studies of differential equations with random
coefficients have been undertaken only recently, and they have
already exerted a profound influence on the analysis of a wide 
variety of problems in engineering and science. The earlier work
in this area goes back to the investigation of the propagation of
sound in an ocean of randomly varying refraction index [7].
Recently, a great number of physical problems which have been inves­
tigated falls into this class. In control and communication areas,
for example, the behaviour of systems with randomly varying trans-9  -1 8  ■ -  ■ ■
fer characteristics or with random parametric excitations is des­
cribed by differential equations with stochastic processes as coef­
ficients. The same type of problems arises in chemical kinetics.
economic systems, physiology, drug administration ana many other
areas. The study of systems and structures having imprecise para-□meter values or inherent imperfections also leads to differential

equations of this type.' ' .V. :•

-

i, -- '
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In the remaining chapters of this present work however, we 
concentrate on the deterministic expression in (1.19) under the 
minimal conditions (1 .22)



THE THEORY OF J-SYWBTRIC OIFFEEEHTIAl S OPERATORS

If we consider the differential expression in (1.19), which we
write

on some real interval I, and assume each p. to be real->
with — , p, ,. .,p c L.--(I) then we may define the so-called 'mini-

Po g  .
mal* closed operator, L0, associated with i(*) and consider its 
extensions. It may be shown (see for example, [58,118)) that all 
self-adjoint extensions of the Minimal operator are characterized 
by suitable boundary conditions at the end-points of the interval.
In particular, when n » 1, on the interval [a,-) for any real a, 
the self ad joint extensions of L0 may be characterized by a boundary 
rendition at a only, if and only if there is precisely one square
F ™.ntegrable solution of

(2.2)t(y) ■ Xy

for some non-real number X. This is known s the 'limit-point 
case (see H. Weyl [76]). Most of the present chapter is devoted 
to the generalisation of this result to the situation when the 
coefficients are complex-valued, and to the background operator



X i

theory needed for

ever, do not r

Initially we follow the methods of M.A. Neimark ([58,! 
also [57]), making suitable modifications to allow for the fact
chat the coefficients are now complex-valued. These methods, how-

[ive the characterization, in terms of boundary
conditions, of the relevant extensions of L@, and so for this we 
c te the resulJLf N.A. Zhikhar, [77] and of I.*. Knowles, [46] in
this direction.

Since the differential expression (2.1) is not in general for-■■■■■
oally symmetric, we can no longer expect to find self-adjoint opera- 
tors associated with it. However, we may and do make tiro of the
idea of a J-symmetric operator, introduced by I.M. Glazman in [24].

HWe firstly define an operator J it- * Hilbert space H to be a conju-
gat ion if
(i) J is conjugate-linear

i.e. J(ax*8y) ■ aJx ♦ M y
for all scalars a, $ and for all x, y in H

(ii) J is an involution i.e. J2 ■ I
- 1  - *

(iii) (Jx.Jy) » (y,x) for all x, y in H
r ....___The particular such operator which we shall use is the operation

of complex conjugation in the Hilbert space L2 (a,b):

(Jf) (x) - TCxT

for all f in L2(a,b).
A closed, densely defined operator A in a Hi'bert space H is 

then defined to be >r-symmetric if for some conjugation J

JAJ



I
/

where A denotes th«
aid to be J-eelfad joint if

A is

(2.5)

With these definitions, slaking J to be the conjugation (2.3)
2 ■ seIkand H to be L (a,b), boundary conditions analogous to those of

l|j |j g  # t . ..
[58,518] determine the J-selfadjoint extensions of LQ.
i w  m s  ■ a  i S iFollowing [58,p. 493, we define the quasi-derivatives associated 
with (2.1) by (1.18). Initially we assume fc(*) is defined on the 
interval (a,b) and work in L2 (a,b). Following [58,117] we define

(y < L2 (a,b); yL eAC..(a,b), k.0,l,...,2n-l,IOC

*(y) < L2 (a,b)>

and the operator L on 9 by

Ly - A(y), y « P

This operator is called the maximal operator in L2 (a,b) correspond- 
ing to !(•). It is maximal in the sense that it cannot be extended 
as an operator in L2 (a,b) generated by *■(•). As is pointed out in 
[46], this is best seen by noting that

0 = {y € L2 (a,b); y is a solution of the equation 
l(y) • f for some f in L2 (a,b))

By a ’solution* is meant a function y which satisfies the differ-
ential equation I(y) » f (regarded as a matrix differential equa- 
tion, as in the proof of Corollary 1.6) on every compact sub-interval 
of (a,b). It will be seen later that L is a closed operator with a



I
denote

dentically

where

set of all
# # # #  #  I

which Tarnish
finite interval Co,33 cf^,b); this inter- 

different functions. In other words.

supp y - Co,33 c (a,b)J (2.9)

support of the function y. We denote the
operator L to P0 by L0 so then

(2.10)' l i

« Oi ^following two properties of LQ hold, where J is defined by
otherwise specified.

Property 2.1. tor arbitrary y e VQ, z e V, we have« -

«(L0y,z) - (y.JLJz) (2.11)
Proof. Let Co,03 <= (a,b) contain the support of the function

y e O0 then for any z < 0,

Cy,z3» ♦

z « ucyjys

'''
1(Z) (2.12)

Cy.Z] . I {yCk.l].zC2-k] „ yC2»-k35Ck-n} 
k«l

by integrating b> parts 2n times and using the fact that

(2.13)



■ g  (2.12)fk * 0 ,1,##* ,2x1—1 
-ire equivalent this

outside (o,6). Since

If we knew V

We now have

Property 2.2. Far

This follows from Property 2.1 since V
provided is dense in L2(a,b)

The differential expression t(«)
l

(a,b) is finite and •••»?„ * **(»
said to be axiyular. For the moment we 
[a,bj, and denote

P. - (ycP; yI-k](a)-y^^Cb)-O,

Clearly,

and we may define the operator LQ on P

V  * Ly, y € P0

Fro# the definitions of thr operators

W H m ;
The following properties of may be derived

IProperties 2.1, 2.2, the crucial factor be boundary



Property

Property 2.4. For arbitrary y, z

(I<0y,z) - (y

Thus, provided PQ is dense in L2[a

We now need the following two 1

Lemma 2.S. Let £(•) be regular in [a,b] and lot £ be a function
2

in L (a,b). The equation

has a solution y satisfying

f9

y^k\a) « y^k^(b) » 0 , k ■ 0 ,l,...2n-l

if and only if £ in orthogonal to all solutions y of l(y) * 0

Proof. Let y be a solution of (2.23) such that y^k (̂a) * 0, 
k = 0,l,.,.,2n-l. By [58,116.2, theorem 2] there is precisely 
one such solution. Denote by zx,z2,...,z2n the functions which
satisfy

(2.23)

(2.24)

(lsis2n) (2.25)

ziCk'13^) *<? T o l i A



[a,b) and is a finite-dimensional 
subspace in L2 (a,b), of dimension 2n. Denoting by R0 the range of 
the operator LQ, Lemma 2.b then states that f e if and only if f
is orthogonal to M. In other words

*

L2 (a,b) . R, * k

Lemma 2.6. For arbitrary aamplax numbers a0, a1*»»»*a2n-l' 
80, Bi»***-»®2n-l ** a funation y e V satisfying

(2.26)

Ck] [%]y (a) « ak> y (b) - 6k, k - 0 ,1 ,...,2n-l (2.27)1

The proof of this lemma follows that of the same lemma for real- 
/alued coefficients in [58,117.3] noting that now, (l(v),i) * (v,l(z)) 
We are now able to proceed:

W-IX
Property 2.7. P0 is dense in L2(a,b)

Proof. We need to show that every element h orthogonal to D0 is 
zero. Let h be such an element then (h,y) ■ 0, y < Pq. Let z 
be a solution of l(z) * h then by Property 2.3, for any y e P0,



(Loy,z) ■ (y,JUz) • (y,h) « (\,y) • 0

so z is orthogonal to R@, hence by fomula (2.26), z e U i.e.
h = 1(2) - 0 .

Fro* Properties 2.4, 2.7 it 
*ator and L„ exists.

#
>llows that L is a J-symmetric oper-

Property 2.8. L * JLI

Proof. that (2 .22) holds.

L, c J U (2.28)

Let g be any element iu the domain P3 of the operator L and put

La* (2.29)

Let z be any particular solution of &(£) « h then for every y e P0, 

(h,y) * (i(%) ,y) * (JUz,y) - (z,L@y).
But,

(i> ,y) * ( Lo8 -y )  * ( g . i -0y)

*by the definition of L0. Thus

( z - g .L ny )  * 0 ,  y c P .

and hence z - g is orthogonal to R0. Then by (2.26) we know 
z - g c M. However, J M c p s o z - g e P .  Since z e P  we must 
also have g c P and indeed LJ(z-g) = 0, therefore

Lg * LZ * ft
#i.e. JUg » h - L0g



fplying the operation * to both sides of the inclusion L0 c L



t
(L m - < w u h < 9

i.e. (ti.y)! » (z.Ly), y e V

Out

|  (Cl./) - Cz,y]* ♦ (i,Ly)
h«.c. : :

cz'C‘TiI3rv (" 5s}
But then by Lemma 2.6, y e P may be chosen with boundary values 
so (2.35) is only possible if

z[k] (a) «z[kl (b) « 0 , k - 0 ,l,...,2n-l i.e. z e PQ.
Hence (2.33) is proved, as required E g  #

B W  ", ft’At . _ B..aau-'i - A 9L»vms-.-rr<̂ Wm-̂ iyCollecting the above results together we have

Theorem 2.10. If the boundary point# a and b ore regular, then the
r m

operator Lq is a closed, J-synmetrio operator and

Lq » J U

Property 2.11. The operator LQ is the closure of Lq: Lq ■ L̂  » Lq

Proof. Since L. c Lfl and L. is closed, the closure IT of L*
satisfies

Lo c L o
so we need only prove Lg c LQ. We let A be an interval ta,$] c
(a,b) and consider L2 (a,$). We consider the 
where it must be regular, and denote the corresponding operators 
by L0 and LA. Then as above.

l»,4 - JV
The space L2(o,0) can be embedded ir L2 (a,b) by setting each

expression||.(*) on A,

(2.36)



y t L2(o ,8) equal to zero outsi thii■ ■  ■  
becomes part of P. Every function so continued out of P,„
belong to P . If then, z e

t *
(L0"«.y) - O . L j |  x « (2.37)

But y * 0 outside A so the above scalar products may be written as
M  L  b  2 E Lintegrals over A i.e. are scalar products in L2(a,e). Denoting 
such scalar products with the subscript a, we can rewrite (2.37) ast

t*((L0 2Vrt| * (Vb.z/b
I*

(2.38)

where (L̂  z)^ and z^ denote the restrictions of L z and z^to the
interval A. Since (2.38) holds for all y e P„ , so

b « » M .
and

i *
(S =)4 - J V *  ■ (ttlT), (2.39)

Since these relations hold for an arbitrary interval A we conclude 
that

z e P; L**z « t(z) « JLJz.

(2.40)
Hence

L„ = (JU)

But (JU)* d JL J since if we take any i c P then

(y,JL Jf) = (?,L*i) « (Ly

» (JUy,f), y e



and so f is in the domain of (JLjf and (JU)‘f - JL*Jf. Thus

i ... .L« d JL J » L,
M ;•

(2.41)

oy Property 2.9, and since v'0 is dense in Pg and hence in L2(a,b),
i * *

| Thus L0 = Lo a* r^uirw. ■  .
In the course of the above proofs we have proved the following 1<

Lemma. 2.12. If k -ia an operator in a Hilbert

exists then
*(JM)

suoh that A

(2.42)

si
So far we have concentrated on the regular case. We now con-

m

sider the case when at least one of the points a and b is singular.
i S  K .  " - m L  c H IIt is no longer possible to define the operator L0 directly by 
means of boundary conditions such az; in (2.16). We therefore define
L0 in a different way by starting from the operator L,I 8" T |  Wift Firstly

Property 2.13. The domain T, <?/ L ie dense in I.2 (a,b).

Proof. We need to show that any h e L2 (a,b) which is orthogonal
to V., is zero. Let h be such an element and take any fixed inter­
val A * [a,0] c (a,b). Every y < PQ ^ can be regarded as an ele­
ment of PQ so h is orthogonal to PQ However, Property 2.7 
implies VQ  ̂is dense in L2 (a,B), so h vanishes almost everywhere 
in A. Since A c (a,b) was arbitrary, it follows that I* * 0 a.e. 

in (a,b), as required. i M  ■  «  ':E  % : wRnjjj*
i * i

Properties 2.2, 2.13 imply that LQ exists and L0 is J-sysne-
t i* i*

trie i.e. L0 c jl J. Since J and L. are closed operators it



follows that L0 admits a closure. We denote the closure

From this definition it follows that L0 is a closed, J-syseetric
definitionoperator, and in the regular this of L0 agrees with

the definition given earlier b%*(2.l6), (2.18). We now consider
certain properties of L@.

Property 2.14. JLJ
''

Proof. Since L0 » Ln, we have L. « Ln. It therefore suffices to
show ti.at a

But since (2.14) holds, it only remains to prove

The proof is similar to that of Property 2.11. Let t e V0 and let 
A ■ Co,83 c (a,b) be fixed, then as above.

(2.44)

(2.45)

hence z. c P. and (L z) * JL.Jz. ■ 1(1).. Since A c (a,b) is A A 0 A A A A
arbitrary, it follows that

and this implies (2.45) as

From Property 2.14 it follows 
Thus, as in the regular cas



mid Lg = JU.
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Theorem 2.15. The operator Iq ie a oloeed, J-

In order to find a more direct definition 

Property 2.16. For any y,i € V, the Imif ty,zl - linCy,£l•    A
Cy,£l « iimCy»i] exist. 

x>b x
We apply •* identity to the functions

interval [a,*] c (a,b), as in 2.12

U(y).* - [y.z], - Cy.zl ♦ fy.t(t)
1 J

Each integral has a limiting value as e * h so we infer t
I ..lim[y,z]g also exists. Similarly lia[y,%]^ exists

Letting a a and 8 ♦ b in (2.46) yields

b
f W  8 cpfl t(y).z * ty.zl - [y,z] ♦ y.t(z), y,z c V. . < «• ° a i Bit-

Property 2.17. Vq ooneiete preoieoly of thoee y e V which satisfy 

[y,z]y - [y,:]^ * 0 for all z e V

?of. Since Lc is closed, we have from

Therefore V0 consists of precisely those y e V which satisfy
_

(y.JUz) - (L»y,z) for all zeV

By formula (2.47) this is equivalent to (2.48).

■

y, z in the

m

■ *v

(2.47)

(2.49)



If we know that the end-point a is regular but b is singular 
\en Property 2.17 may be sharpened to

r operty 2.18. If thm end-point a i* regular and h ie singular
‘S  1  ■

then P0 ooneiete precisely of those y < 9 which satisfy

(i) y[k](a) • 0 , k . 0 ,l,...,2n-l
M M .

(ii) [y,z]y = 0 for all x t V

Proof. If these conditions hold then y e P0 by Property 2.17, 
proving the sufficiency of (i) and (ii). To prove their necessity, 
let y c P0 z c 9 be such that z is identically zero outside of
some finite interval [a,g] c [a,b). By Property 2.17, [y,z]b -
_[y,z] * 0 and hence since z(x) * C for x > g, [y,z]. - 0 and soo

' 0 * (2.51)

But the values of z « 0 ,l...,2n-l can be prescribed arbi
trarily (see Lemma 2.6);y consequently (2.51) is possible only if
(i) above is satisfied. It then follows from Property (2.17) that
(ii) must also be satisfied.

In the case of a symmetric operator L0, further results are
tained by making use of its deficiency indices. When L0 is only 
iown to be J-symmetric an analogue is needed. This analogue was 
rvided by N.A. Zhikhar [77] (see also [46]), and makes use of

■•he following definitions:
M M

If A is a linear operator (in a Hilbert space) with domain 9^ 
and x is a complex number then the manifold A^(A) is defined to be 
the range of A - XI, I being the identity operator; thus

# 0
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(A-XI)Pa

A complex number f  is called a point of rogular type of the 
closed operator A if for all * e PA,

(2.52)

«(A-XI)4l > Y * (2.53)

where k is indepwdent of the choice of *. The set
'; 1?v E  1  . * 1  Inumbers X is called the regularity field of A, sod is lenoted by

■

W(A) • It follows from (2.52) and (2.S3) that this set is cpen and
that for X e v(A), A^(A) is closed. S- i

The following two theorems are due to Zhikhar [77), but the 
proofs may also be found in [46].

Thcorm 2.19. let k be a *-eymetrio operator in a Hilbert apace

H. If A.(A) * H for acme X, then A ia J-aelf adjoint.A

Theorem 2.20. Aeewie A ia a J-aymetrie operator with »(A) not
mpty and X0 e w(A) given. Then there exieta a J-a elf adjoint

extension A* of A such that \Q e ?(A ).
If A is a closed, densely defined operator in a Hilbert space 

H, following [46] we define an extension A of A to be well'-poaed
it (A) is not empty. Prom the definition of the regularity field:-v H

• t  is clear that

ir(A) c ir(A) (2.54)

f o r  any extension A of A. In [77] an extension A of A is said to
be correct if for some fixed X0 in ir(A), XQ is in ir(A). This
could more properly be termed ’well-posed relative to X '. It



seeras likely, though no exmples have yet been found, that a given 
extension A of A could be well-posed relative to one value
aid not well-posed relative to other values. Clearly, A is a well- 
posed extension of A if and only if it is well-posed with respect
to sane X in v(A). Such extensions are ’well-posed' in the sense
that there exist values of X such that the problem (A-XI)x - f is 
at least normally solvable for x.

We now need the following result.

Theorem 2.21. ([771: see also [46]). Assume Kiaa J-
with w(A) not an and for an arbitrary X e v(A) let A* bt a J-
aelfadjoint extension of A for whieh X0 e ir(A'). Then the domain

of JA*J, ^ja*j satisfies

VJA*J

where is the subspaoe of seditions of
A0 a  1 I m w S

(2.55)

(2.56)

In (2.55), the symbol + denotes a direct sun that need not be an 
orthogonal direct sum. The existence of at least one extension A 
of A with XQ in x (A') is guaranteed by Theorem 2.20. Decomposi­
tions of the form (2.55) seem to have been first introduced by 
% I. Vishik [73] for a slightly different situation.

L** us now denote by m(X0) the dimension of the subspace W. .
-i 0Clearly, 0 £ m(X0) s ». Since (A -X0I) is one-to-one (see [46]) 

it follows that the dimension of 9(A*) modulo 0(A) is equal to 
2m(x0), which must therefore be independent of the choice of XQ in



IT (A). Thus b(A0 a constant value over v(A). We are now able
to define the analogue for J-syneetric operators of the deficiwcy
indices of a real symmetric operator.

Let A be a closed, densely defined, J-symmetric operator with
w(A) not empty. For any Xq in w(A) we define the defeat nmber of
A, written def (A), to be the dimension of the subspace i.e. 
the number of linearly independent solutions of (2.56). This defi­
nition is given in [77]. In [25], def (A) is defined to be the
dimension of the orthogonal complement of (A-ACI)P.. That these 
two definitions are equivalent is shown by the following result.
using # to denote the orthogonal direct

Lemma 2.22. If k is a closed, densely defined, J-symetric opera­

tor in a Hilbert space H and if X0 e w(A) t,

H . (A-X0I)Pa • (2.57)

Proof. If u e , i.e. u satisfies (2.56) then for any v c P4,
* -0 » ((A -X0I)u,v) « (A u,v) - X0 (u,v)

(u,Av) - (u,A0v) ■ (u,(A-Xjjl)v)

so u is orthogonal to (A-X0I)PA.
On the ether hand, supposing u to be orthogonal to (A-X0I)P 

v-e obtain similarly that for any v e P.,

(u,Av) * (X0u,v)

I’hus u e P^* and A u = X0u as required.
Let us compare the notion of the defect number of an operator

with that of deficiency indices. Suppose an operator T is symmetric
‘ ■ 8

#

-



■ ■ I

then T is said to be «T«
(i) Jf e Vj whenever £ 6

(ii) TJf » JTf for all £ « Vr

Such an operator has equal deficiency indices and T is J-symmetric 
with defect number equal to those indices. (See (70, p.361] and
[1,578]).

We now return to the consideration in the
present chapter. From Theorems 2.10, 2.IS mid the above definition
of the defect number we have.

Theorem 2.23. If w(L0) it not ampty then def (Ln) it equal to the 
number of linearly independent eolutiont cf

W: , -
where XQ it any point in »(LQ)

This result is valid irrespective of whether the end-points a and
b are regular or singular. Since 2.58 is a linear differential

'equation of 2n th order it can kave at most 2n linearly indepen-

(2.58)

'ent solutions. Clearly, when (a,b) is a finite interval and a
Tjd b are regular points, there are precisely 2n such solutions 
ace we have

heorem 2.24. If *(L_) ie not empty

: i) In the regular oaee def (Lq)
(ii) In the singular oaee 0 s def(L.) s 2n

It will be shown later, that in the regular case, the condition 
that ir(L ) be not empty is automatically satisfied. However, in



the singular case the
Before continuing, let us note that the operator Lg - 1,1 is 

one-to-one for any X In *(L ), because of (2.53). We now consi­
der the possible values of def(L), firstly in the case when a 
is regular and b is singular and hence we consider the interval 
[a,b), and secondly, in the case when both a and b are singular.

Theorem 2.25. ((77, theorem *]). If (2.1) is defined on (a,b).
a t and if v(L ) ie not empty then the defeat number of L. ie
defined and eatiefiee

J:-.: '

n < def(L0) s 2n (2.59)

Proof. Due to Theorem 2.24 we need only prove that def(L.) k n.
We suppose to the contrary i.e. suppose

dcf (L0) < n

and define the operator LM by

Lny • t(y), y c V"
where

(2.60)

V = (y e v; yl J(a) « 0,k«l,...,2n-l, y has compact support}

its closure is denoted by TF. It can readily be seen that elements 
of 0^, also satisfy

Furthermore we define the operator L1 by

y J(a) « 0 , k»l,2 ,...,2n-l 2.61)



where
p‘ , {ye!?; X[kl(a)-0, k-1,.. .,2n-2, y ^ ^ a j - h  yt01(a),

y has

and h1 is any non-zero complex Just as it
..earlier that LQ, LQ are J-symmetric so it can be proved that L 

L,r, l| and L1 (the closure of L*) are J-symmetric. From the above 
definitions, it is clear that

One may then analogously construct a J-symmetric extension
t i

and hence
(2.63)

(2.64)

L2 of L, by replacing the conditions in (2.62) by

yM (a) ■ 0, k * 2,3,...,2n-3

y[2n-k] (a) . t 2|

where h. is any non-zero complex number. Continuing this process
we construct finally, the J-symmetric extension Ln of L̂ . Each
iunction y in the domain Vn of will satisfy

y[2n-k] (a) ,  n

or some complex numbers h ,...,h_. Clearly the dimension of the
-anifold V @ V. is n. For any X. e w(L_), since L - X I  is one

H O  0 0

to-one, it then follows that

(2.65)

(2.66)

<y*(A\ (LJ G At (LJ) . n (2.67)



TIte calculation of def(Lo) both a singular
can be rtiuced to that for just one singular end-point. For, let.
c be any number in the interval (a,b) and let LQ and LQ be the 
operators LQ generated by the same diff 
in the intervals (a,c) and tc,b) respectively 
operators L~ L* each have just one singular end-point, at a and

sion i(*J
ly the

b respectively. (The case of (a,bj can d< 
same way as that of [a,b) in Theorem 2.25.)

treated in the

2.26.
def(L0) - def(Lg) ♦ def(L*) |  2n

« i
Proof. We define a restriction A of LQ by

9(A) ■ (y ePgi y^kj (c) »0, k»0,l,...,2n-l) (2.68)

The closure of A will be denoted by A. In the closure process,
the condition? at c in (2 .68) bviously remain valid *>r all y 
Hence there are in V precisely 2n linearly independent f ^ S i o  
such that zk linear combination of them (exept the trivial one)
ies in This implies

dim(9.-9.) * 2n m (2.69)

1.rthermore, since L0 - -0 

hen follows that

X„I is one-to-one fbr any X0 < ir(L0) it

di»(CL0- y ) P 0 - Z*-X0I)»A) • 2n
i - E> > ? I  I

On the other hand the operator A is the direct sim of the



Hence

def(L def(A)

they too are not empty
Finally, we wish to determine the domains of the J-selfadjoint

extensions of LQ. This work was begun in [77], but we cite here 
the more general and more explicit formulation given by I.W. Knowles 
[46], which is a consequence of his general theory on symmetric, 
conjugate-linear operators in a Hilbert space.

Theorem 2.27 ([46]). Assume s(L0) is not empty and def(L0) - m
For arbitrary functions w^w^,...,*, in V which art linearly inde­
pendent modulo VQ and which satisfy the relations

0, j,k * 1,...,

- e set of alt functions y in V which satisfy the conditions
-o ?

[y,wklb - [y,wt]& - o, k-

:> tho domain of definition of a f-selfadjoint extension of Lq. 
onoerselyt all J-selfadjoint extensions of Lq are of this form.

When i(.) is regular on the interval [a,b], the boundary conditions
 _(2.72), (2.73) simplify to



Theorem 2.28 ([46]), Let &(») 
linear manifold in V

conditions of the fom

m

=l*jv*k,2n-v+l vf1°j,2n-v*lakv vf16jv6k,2n-v*l ^

(2.75)

is the domain of a J~s*lfactfoint mz+*n*icm of L0. Conversely,
j|;s M m

every J-eelfadjoint extension of L0 is of this form.

In tite case when one end-point, a, say, is regular
is singular we have E. f

the other

1 Lemma 2.29. If !(•) is regular at a and singular at b and
def (L ) « n then for arbitrary y and

.76)

The proof is virtually identical to the proof of the corresponding 
result in the real case (see [58,818.3]). Under the conditions of

nm̂na 2.29, the conditions (2.72), (2,73) simplify to give

r.eorem 2.30 ([46]). Let l(*) be regular at a and singular at b,
3  i.7»id assume def (L.) ■ n. Then the linear manifold in V determined 

by linearly independent boundary oonditions at a, of the form

'■rM



v‘1ajvak,2n-v»l

is the domain of a J-eelfadjoint extension of Lc. Conversely, 
every self adjoint extension of LQ is of this form.

So far in the present chapter we have been concr-ned with the 
2n-th order differential expression, (2.1). Let us ww specialise 
to the case when n * 1, in which case we write (2.1) as

with - , q € Lloc(I). BThen in the regular case if ir(L0) is not
empty, def(LQ) « : and in the singular case, 0 s def(LQ) s 2, b]
x ■ ■ • IS-'r Ejn- S'Theorem 2.24.iIf a is regular, b is singular, and w(Ln) is not

3  # . m  # # # ,  ̂  x lempty then def(L ) is equal to either 1 or 2, by Theorem 2.25. 
However if a and b are both singular and v(Ln) + 0 then Theorem 
2.26 states that:

I v

(2.79)

S3 + if dr,f(L0) * dcf(!.?) « 1
vUt(L0) - 1 if def(L”) f defdj)
1 I ■  : 11 “2 if! def(L0) = def(L0) - 2

; urthermore, if def(L0) - 0 then A^(Lg) * L't(a,b) and so by Theorem
2.19, Lq is J-selfadjoint, and from Property 2.14 we have that

L0 = L.
When n - 1, condition (2.78) of Theorem 2.50 is trivial1% 

satisfied. This is very different from the characterization in

-
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the real case of the sel corres­
ponding condition [58, equation (29), p.80] (there is a misprint 
in the text) essentially forces the coefficis 
With a slight change of notation, Theorm 2.30

%
to be

Theorem 2.51 ([46]). If La ta th*
to the formal operator t(-) defined by (2.79) on [a,-) , w(v
not empty and then

.  -of L are preoieely given

) ■ iyeV; y v(a) ♦Y-Py'C*) -0}
= i ( y )  for y e O(L^)

(2.80)

where y » (y ,y„) ta m  arbitrary non-eero element of ( .
m

■ v-

We note that the characterization of J-selfadjoint extensions of 
L given by [46] includes all such extensions including ixwe which
may not be well-posed. The thief, of [77] sought only to charac­
terize correct J-selfadjoint extensions.

a  g  m Is g as.The above results now tell us that when n ■ 1 and I * [a,«j,
the J-selfadioint extensions of Ln are characterized by a boundary
condition at the end-point a only, precisely when def(L|,) * 1, 
which according to Theorem 2.23 occurs when there is only one
solution of Ly * A y in L̂ [a,-») for A^ in w(L0). Thus to suamar-
ze these results:

Theorem 2.32. If L0 i* defined by (2.79) on [a,»], a j* and

if t(L ) is not f/rrpty, then the following are equivalent:

(i) def(L0) » 1



o

(ii) then ia preoiaely erne I

i(y) - V  *n L [»,•) fo* i

(iii) tae operotore L defined by (2.80) i/ -»«if adjoint
O'*

extensions of L

This provides a very""■tixdMiS
1 and the case when def(L
plex coefficients of 
dichotomy in the real case. In 
orderW

the case when def(Lfl) -
to cce- 

1 limit-point, limit-circle 
defines an a-th

non-self ltd joint ordinary differential expression to 
be in the limit point condition if the aaxlsfti operator in L [a,*) 
is an ■-dimensional extension of the minimal operator. For the

.
expression (2.1) this is equivalent to requiring that def(L0) * n
when I « [a,«) and hence for (2.79) this is the as def(L0) - 1.
This is the definition which we shall use for the ’limit pc at*
case, although a geometrical argument led A.R. Sims (68} to define
the liait-point and limit-circle cases in a slightly different way 
for the complex Sturm-Liouville expression (2.79). We shall say
!(•) is in the ’limit-circle case’ if def(L0) » 2.

It is unfortunately not possible to remove the restriction of
he non-emptiness of w(L0) in the above work by Zhikhar and by 
Vnowles, and we shall therefore look at this condition more closely
Sn Chapter IV. -



SELFADJOI LIMIT-POINT)

Fioe mow on we shall concentrate on the
jk ,, ’ B m 'associated with the differential expression !(•) given by (2.79).

In the present chapter *e Kjall derive certain criteria for the 
operators L defined by (2.80) to be J-selfadjoint. Lean** 3.1,
3.4 will also be needed in Chapter V. These results, together with 
Theorems 3.3, 3.S are also contained in [47]. Following Theorem 
3.5, a number of generalisations of limit-point criteria which are 
known for the real case, ven.

3.1. Assume that the real and « •y parte of p are non-
W m ¥deerttaeingt and that therenegative (with p(t) t 0), and i 

exists a positive, monotone decreasing, looaliy absolutely con­

tinuous function w on [a,*), and a decomposition q * q, ♦ q„ of
satisfying:

i) w2|qj S k.
t,

i) w(t)ljq2| s n|p(t)|

; r seme positive constants
e L [a,») and l(u)

Remark. Condition (ii) above can be replaced by the

(ii)' w(t)! f e  s n, t € [a,-);
) P



this involves only jfc strnightfc
be given below. One can also replace the assumption 
I*(P) be decreasing, with the requirement tliat each of Re(p), Im(p), 
and w|p' | be bounded.

Proof of Lemma 3.1. The method of nroof is an 
used in [59, Theoreme II].

m .  E . IFirstly, we integrate (puppjp2 by parts over [a,t], 
and use the fact that i(u) * 0 to obtain

of that

2 2

0(1) ♦ |p|2u'uw2(t) - 2j(pj^u'uww12 i —

t
jpu-jSW - Jpqlal V .

*
Taking real parts, and using the identity

Re(ab) s |(|al2 ♦ |b| ) (5.1)

ih a » u and

'

s 0(1) ♦ ^ p | 2w(|u|‘ ♦ w‘|uT)(t)2.i

# # — 2- Reipu p uw - 2 Re*}|p| 2  • ~ tu uww

coat 50/ '

■



pq^jttjV - Rejpq2|u|2 6
Consider now each oAthe integrals on the right side of 
(3.2) separate^-gWe recall that Re(p) and In(p) are decreasing, 
and let Re(p) ■ p] and lai(p) - p^. Then

t
- Bajpu'p''

- jp^lpu'ujw1

R̂fcPĵ j'wd"!2 * iptt'iV)
m S- B  -; c 

0(1) *ij(Pi*P2)(*' |u|2 ♦ 2w Re(uu') ♦3w1w' |pf' |

+ 2w3Re(pquu')]

5 0(1) 1U12 ♦ e||p|2w2|u* j2 ♦ 2jw3 |p|ReCptpiu')
a
t

* 0(1) ♦c||p| Vju'!2 ♦ 2jw3|p|Re(pquu') 
-

.2

) ly

<3.3)

.. - .

♦ P2 s 2|p| and u e L [&,«), and making use of the inequa-

|a.b| s ^(e|a|24i*>r)

which holds for any complex numbers a, b and for any e > 0. WeHI IB; 3 11| #shal.L choose the value of e > 0 later. We also have



- S3 -

-j»'|p|2(M2VH|2)

0(X) - w{p|2(|u|2*ir2|u'|2)(t) +

)\|u|2 ♦ 2|p|2Re(uu8) ♦ 2ww'|pu'|2

♦ 2w2Ra(pquu')}

2 ,2 2, «,2rs 0(1) - w|p| (|u| *w ju’l |(t)

♦ 2J1 3_
&

w Re(pquu ) (3.S)

since |p| is bounded, w* < 0, and (|p| )' » 2(p^p|*p^) < 0. 
Clearly, from condition (i), and the fact that u e L2[a,»),

(3.6)

Also, if we set Q(t) ■

Is
53-'r3,

Mgl"!
2„2

7 g,'.
= -Re(Qpw"ju|2)(t) ♦RejQCp'iwu|2 +2p|u|2*w' ♦ 2pw2Re(uu*))

i .



> *

0(1) ♦ n»|pi2iu|2(t) ♦ y w 2|p|;

2i .2 ,1*1 w - 2n||p| }u|

assuming and since

o(D ♦ W |P n « r ( t )  ♦ y w ziP i21 ,2, t|2

- J (?!%)!*'1*12 +#0*(*u')]

- [Zwlpl2^ ! 2]1 ♦2n(w((|pj2)'.|u|2 *2 Re(uu')|p|2) « I

s 0(1) ♦ ejw2|p|2|n'| 
a

in
using (3.4) again. If we now combine (3.3), (3.5), (3.6) and (3.: 
in (3.2) we obtain

2 Re|w3pquu' 2 Rejw3jpjpqau'

Also, using (3.8) and condition (i) it is not hard to see that



Now

uu)(t)

via

(3.9)

2 RelQCSw^'pu'u ♦u'pu'w* ♦qjujN3)f —  i 3 — i 12 3 %

<0(1) ♦ 2n.w(p|i:.(juj2 ♦w2ju>|2)(t)

•  a •
6n||p|2wiu'u|i

„

(3.10)

- 2 Re Qq2l»l
K M i

2  3

.(iQr.iujVxt)

jlQl2(3w2w' |u |* ♦ 2w3Re(uu*))



•sijlp|2w'c|u|'
*,r

♦ w

0(1) ♦ In|w((|p|*)'|u|: . 2|p|l Re(uuT)

2nj w3 { Re ̂ quu') }

5 0(1) ♦ ej|pi2»2lt i,2

4♦ 2n w Rc(pq„uu ) (3.12)
6$.I

by (i), (3.4) and the fact that (|p| )* s 0. We now make use of
m m m  I(3.11) and (3.12) in the inequality (3.10) and rearrange to obtain

n)Re pq w uu.3. -1

s 0(1) > (c+n) •jlPl2 2lu’j

n w!py (|u| 2+w2|u’ j ̂ ) (t) (3.13)

i ie other integral on the right hand side of (3.9) can be e.sti- 
mated in a similar fashion:



2 *e

" 2 Re Q(3w2w'Ipjpu'u ♦ |p|*i3pu‘u

h b b
L  J  2 1, M B ,

♦ *  Ip R I « I  ♦  *  Ip I p I u *! )
r

2»lJl»|V|»'|1 - 2 Kafdq w3|p||u|
*

j t
- tnjiplV.uwu' - 2ntlj|p|'*l|pi'u| (l.U)*

•here |p| s t rod !p|* - t|p|"'(|p|3)' s 0. Considering each of
a  H  I  a  - :the last three integrals a h a j  separately we havifc firstly

al so,

i i ^

Re(uu

(3.



I I -•

s 0(1) ♦ * a|pj*te(uu'

in|ws|2|^*e(
-

)♦

$ 0(1) t '>2

s
(3.16)

and finally.

5S
2̂  jiplVjpu'ttl m-M

f 2 2 2 f ,
JIpI w |u '| ♦ 4nicjw |p!*e(pq2s 0(1) ♦ £

: M  ' : ;
uu') I (3.17)

t . the method used in proving (3.3). We now use (3.15), (3.16),
s * (3.17) in (3.14) to obtain

*
(l-n-2nKi)RCj w31p|pq^uu-1

1 2 o > S. 20(1) ♦ wjp| (|u| *w ju | )(t)
* 1 14 wBtti I <£ 5 ffi IS HR', k'-. %

Cont 57/...



*
(«lK.

I I C 1 m m  Finally, returning to (3.9), we have f r w  (3.13) end (3.18) that

£is 0(1) - HnT$n^)'-|p|2( N 2* «2|u'|2)(t).

If we now observe that on* can choose n to be arbitrarily 
by replacing w in condition (it) by a multiple of itself if neces­
sary, then the result follows by choosing c > 0 suitably small as
well.

In order to replace the condition of aonoticity on Re(p),
Im(p) by the boundedness of Re(p), Im(p) and w|p*( it is sufficient
to observe tint

  I12. i .2 22. «(hr)' - (p/p,)' - 2plP; ♦ 2p2p;

s 4Ip I-Ip *i (3.19)

xij. the corresponding inequalities for |p|' and (jp|3)', in which
i S ■

m  e  the above proof needs only very minor modification except for
( ' 3), which now becomes

i -1 - 2Re pu p uw

. & . . . .



M

where w|p | is bounded
The repleceeent of (ii) by (ii)

■EH proof is ineediste
Q occurs in the proof.by integrating q/p instead of q_2

We now need the following result, which is the analogue in the
coeple:: case of H. Weyl's characterization of the lieit-cirele case 
for real Sturm-Liouville operators; his proof is valid for p and
q complex. Y % .S

Lenaa 3.2 ([76], [11,p.225]). If the equation l(u) - Xu has two
eolations in L (a,*) for acme fined valuelinearly independer* — »2 r- -

X = XQ, then all eolutione of l(u) » Xu are in L*[a,«0 for all 
values of X.

As a first application of Lemma 3.1 we have

’ '-orem 3.3. Ifj in addition to the oonditione listed in henna 
7 we assume *(L ) ie not empty, and

‘ - -

then

(t)dt * •

elf adjoint.

(3.21)



-
i 3.4. s . *->- m

ie that Re(p) * Q and I»(p) i 0, with p(t) * 0,

-
Suppose further that R#(q) - qi ♦ q2 <mi M(q) » q3 ♦ %
i = 1, 2, 3, 4 are rsal, and that thep* is a positive locally 
absolutely continuous function w on [*,«•) euoA tAot

-i," 5 s i
ip(t)rvV(t)i|c A wei i

for some e, 0 s a <

if I'i(p) / 0 tAat

(v)



for some 8,

. . E M
Then pw (u ) € L[a,«

iroof. Tb. ■•thod ^  p ™ ,  i, . ^ U U ,  that u«d
in [42]. Let

GC*,t) - 1

Then 0 £ G(s,t) S 1 for »,t e («,«•) and

•

, s > t.

By condition (i) we can find a value tQ > a such that y(t) > 1 
for t > tQ. Consequently, from condition (ii) we

a
k|/2y ($) 2 j|*'| » *(*) - *(*)

I B 8™

■•I, for tQ s s £ t.

(3.23)

e now let u e L [a,«*) and t(u) » 0, integrate
. 2 2 (p(s)u (s))'u(s)w (s).G (s,t) by parts over [a,t], t

rearrange to obtain



virtue of condition (ii) and u € L2[a,«). Here c > 0 will be 
sen later. Also in a similar fashion, and using (3.25)S



I' Wlu »|6

Finally

{ (l-*a)ww

I

b condition (ii) and (iv), inequality (3.23), and 
. .26). Thus if we apply (3.26) - (3.29) to (3.25) we find th.%

Similarly obtain



of the function G, which seems to be necessary if p is complex 
valued. If p is real, then T.T. Read [64] has shown that condition 
(i) is not needed. <fe thus have

Theorem 3.5. Suppose that *(L0) is not emptys and that conditions
/ B B K a  ##  N  ■( ), (iii), and (iv) of Lemta 3,4 are satisfied together with the

liticn

}|P|-1/2. (3.30)

-Y fm(p)  ̂o, suppose furt, zr that aonditione (v) and (vi) are
1 1  T  :

also satisfied. Then the operators are J-selfadjoint.

Proof. Firstly we note that by (3.23), for t i t .



: jjssi

A» |i»r
Tins condition (3.30) ensures thet condition (i) 
satisfied. The proof is now identical with that

¥Kdwith the exception that (3.22) is replaced by

lpl"V$ - - a.p|p|-‘/2» *  - Y.p|P|-l/2w

=

Since Theorem 3.5 is the analogue in the complex case of the 
Read limit-point criterion (see 163]), from which may be obtained
virtually all of the known limit-point conditions, it follows that 
these conditions all have complex analogues. Moreover, for In(p) *
0, the analogue is obtained by imposing the relevant conditions on
p and Re(q) (always presuming that one can establish that v(L ) is
not empty under the stated conditions.)

.; sf rw.

In order to obtain the first of these we need the following
.

H w w i

i IBM 3.6 [2]. Let \x be a positive continuous regular Bor el meae- 
on [a,”) and let Q be a real-valued function defined on this

iKi c'Tval. Then the following properties are equivalent.

( ' ) There is a constant C such that -/Qdy s C for each interval
I.I u>tth y(I) s 1. ■ - i

m B 9H H  D (ii) Q » Q1 + 0^ where -Q1 s C1 and |/q^dw| s C2 for all x z a.



This enables us to

Theorem 3.7. Suppoa* 
p(t) / 0 and that there
uoua

locally absolutely aontin-

0, then by 3.6, Kith
dy » w(t)-1dt and Q « Re q.w2, (iii) and (iv) of Theorem 3.5 are

* 3 1  M L  '
equivalent to (iii) above, and (v) and (vi) of Theorem 3.5 are 
equivalent to (iv) above.

►hen p * 1 and q is real this result reduces to one originally 
e to I.W. Knowles [40] and deduced by Read from his more general 
suit in [63]. This leads to the analogue of a limit-point cri-

' ion due to I. Brincfc [10] when p ■ 1 and q is real (see [40]).
S B > X'WlSk'.' Sshe&s1''f fSi i-isas

ollary 3.8. If v(L0) is not empty and

f™-) Re p % 0, Im p 2 0, p(t) ^ 0

tii) Tipi-/:
a ■Si

(iii) there is a constant C > 0 such that -/Re(q) s C and if



m

then the

Proof.

operator*

interval* I c [a,*) of

J-velfadjoint.

Another consequence of Theorem 3.5 is

Corollary 3.9. Suppose *(L ) is not empty and that Re p 2 0
P % 0, p(t) f 0 and there a positive differentiable func­

tion M such that
H

(i) -LE

(ii) /’|pMr1/2
a

(iii) Re q 2 -k^ 
and i/ Im p ^ 0, la q 2 -k M

then the operators are J-e* Ifadjoint

Proof. In Theorem 3.5, set w M‘l/\  and q2 0.

This result was first proved by N. Levinson [50] and D.B.
•S ;nrs [67, theorem 2] for the case p • 1 and q real-valued. The 
> era 11 sat ion to p f 1 and q real-valued is given in [11, p.229] 
1 was first extended to complex-valued q by W.D. Evans [19] assu 
i p = 1 and then by F.V. Atkinson and W.D. Evans [3] assuming p 
tc be real and positive. Corollary 3.9 now extends this to 
complex-valued p.

The next result is a generalisation of a theorem of M.S.P. 
Eastham [15]. He used an entirely different method and as



Read [63]
above The proof 

the same way, replacing

Corollary 3.10.
p(t) ft 0, and that
B, K  I 5
pairwiaa disjoint

positive mothers
' Hr-

(iv) / (I* q)

(Mi, Z*1 (Re , C vV.in

part of Re

-Tf In p jt 0 suppose

Then the operators ore J-t

In Theorems 3.3, 3.5, 3. 

nc:usion that the operators Ly are J-selfadjoint could be 
ephrased to say that the differential expression *(.) is in the 
iinit-point case, using the results of Chapter II and R.M. Kauffean's 

definition (see [37]) of the limit-point case. If it is not known 
fhat t(LQ) is not empty, then the results all remain valid if the 
conclusion is altered to the statement that there is a solution of

J  1 El 2■(uj = 0 which is not in Lx[a,«) i.e. not all solutions of t(u) » 0
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(and hence by V— s 3.2, not til solution, of t(H) _ lu> t„  ̂  
complym.berl) « .  to L2 „  no. ,iv. of ean^le,

of function, p rod q which rotitiy the cone it ion. of ThrorJ 3 .5 .

** ,ha11 take *(') to be d*fined on the totenrti [!,«). since it 
is to nost cues not eu, to determine whether or not .(L„) is 
mpty, the conclusion which nay be drown for each exrople is that 
not til solutions of t(u) . to lie to L2[n..) rod hence if .(I,) 
i s  not ropty, i(.) Is t o  the lieit-potot c u e  and def(L0) .  1.
Many of the examples given are based on examples txfcen from
folklore of the real-valued case.

=•»
Examples

Cl) P(t) = 1, Re q(t) » •(t2*tetcos(et)). Is q(t) say be any func­
tion of t

sinfe

(2) p(t) « t“ ♦ ita whete
qft) « -t® - itY where

(3) p(t) * te ♦ ita where
-Re q(t) s C 91(4) p(t) = 1, Re q(t) » 
of t; and either 
(a) a s 2 lor (b)

( p(tj * t. Re q(t) «
"ion of t.

| 8 1  
(t) p(tj = t. Re q(t) -

function of t.

(7) Re p(t) = t, 0 s Is



C9)

C8J Re p(t) - t, 0 s I. p(t) s t| - -mu-"
Re pCt) - -Cft4.ii,(td)), d , ». i. ,(t) i -Rt

p(t) 5 l. Re q(t) « -ta»in(t8), I» q(t) nay be
t; and either 

(a) $ s 2 or (b)e > 2  and e s $ ♦ 2
i i-(10) p(t) = 1, Re q(t) « -(t*1.3sin4t). In q(t) nay be any function

of t

(11) p(t) - t‘a > it"", a,b > 0,

Re q(t) » -tf*sin(t8). In q(t) « -t,«in(t8) where 0 < * a 2

(12) p(t) • t“a ♦ it"5, a,b > 0

Re q(t) ■ -f(t)sin(t8), In q(t) « -g(t)sin(t8) where f, g are 
any non-negative functions of t.

Proofs. Examples (1) - (8) are proved by direct substitution into
Theorem 3.5 as follows: 

.-1

tv

(1) Let w(t) « t*1 then (3.30) is satisfied and in (ii).
2

PI I*') * t"H which is bounded, and letting q - -t2.
2 ♦ *-q^ ■ 1 and q^ * -te cos(» ) gives

z x ■
ijVl * ijescos(es)dsJ - |sin(e^) - sin (e)|

s 2
so all the conditions of the theorem are satisfied.

,-1 / 2 -1

(3.30) is satisfied. Also, |p|(w')2 ~ t"k and letting
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- .

q, - R. q3 . Z. -q,.2 .
.

*S requirti
I. a )  The Choice of w, and q end the proof of this

are the same as

(4) (a) If a s  2, let w - t'1 then (3.30) is satisfied, and

w f > ‘ -
2sin(t8), which is bounded, as required

Letting q -  Re q, -q w3

(b) If o > 2 and B a o, let w - t’1 and q2 - Re q then
Civ),

3

6- #

which is bounded since B i o .
FT:1?.1/2 . _ 1/2 '

(5) Let w t  * then |p| w » t~ so (3.30) is satisfied, and
% |p|(w*) “ 3* 2 *bich is bounded. Letting qi ■ -t then

-q w - 1 and letting q - -tetsin(et), in (iv) we have:

IpI WZ"\\%\ * |sessin(es)ds|
1

« ^)-scos(e3)]̂  ♦ Jcos(es)ds|

which is bounded as required.



(6) As in (S), let w - S'1/2 end
- tdsin(td), so that (iv) becomes

%  • -t. Also let q1 ^
ay?:
t

ij-Jcosts4)]^ ♦^cos(sd)ds|

*

which is bounded since d jf 0.

) The choice of w, q2 il the seme as in (5) and we
q * Imq so that in (v), -q w2 » - 5 L a  s &3 t

(8) The choice of w, q , q is the same as in (6), and we let
H I | B 3  b. a Iq3 » lm q as in (7).

Examples (9) - (12) are proved by means of Corollary (3.10).

(9) East ham gave this example in the case In q « 0 (see [15]).
As Corollary (3.10) is a simple generalization of his result, 
so is this example.

U0) The same comment applies here as to example (9).

il) By choosing a^ - { ( 3 , - 1 ) * } and * (2m*)I/B, as in [15], 
Re q 2 0 and lm q 2 0 on each Im and the result follows as
in [IS].

’

vi2) The proof is the same as (11).

We note that in each of the above examples, the requirement that



?’ I £ hoc11--) is I "  al»»y= ncedod.
  ....   .

For the sake of cwpleteoess we conclude the present chapter

',y the foU” ‘=« J-self«ljol,».„ criterion gi,m  by
C.M. Glazaan in [25. p.80}.

Theoren 3 11. 1/ p * 1 end Re q 
operctor eorresponding to mpt+aeion (2.79) ‘ vrra



Having given the necessary background operator theory asso­
ciated with (2.79) on [a,»), we now introduce the various parts of
the spectrum of such operators. In the present chapter we prov
a number of results concerning the location of the essential 
trua.

In Chapter II, the aanif

ir(A) of a general, linear,, closed operator A in H were defined by
(2.52), (2.53). We now define the x+tolvent set p(A) of such an 

tor which is densely defined, to be the set of all X in *(A)
-hid, V A) . «. Th. of A, 0 (A), U  th.

in the complex plane of the resolvent set of A. The set of eigen- 
values of A is called the point spectrum of A and is denoted by
Pc^A). Further, we denote by Ecr(A) the essential spsatnm of A,
whi ch is defined to be the set of values of X for which there 
xists a bounded non-compact sequence (fn) in t>A (called a singu-
;;r sequence) satisfying the condition

lim(A-XI)f (4.1)

nalJy, we define the residual opectmen. Re (A) as the set oi
alues of X for which the closure of AX(A) is a strict subset of
H, and which do not belong to Po(A). Thus Ro(A) is the set of■  C S  H i  E e
a11 complex numbers X for which X < Pa (A*) but X i Pa(A). ([25,



WsmS
p. 7] erroneously, has X < Pe( 

It is obvious that the
the spectra o(A) of A. Conversely
one of those sets. Thus the 
necessarily disjoint) union

e(A)

belong

there

The above definitions are those
,  . , . . .  , ,

Eo(A) which is called the continuous
been given various other names (see
are at least five other ways
which are not equivalent for gen
In particular, for J-selfsdjoint
differential expressions (which
nite multiplicity), Eo(A) may conceivably
the set of non-isolated points of o(A).

In the present work we
of A to be the set that remains when all eigenvalues and points of
Ro(A) are removed fra Eo(A). The spectra of A may then be
written as the disjoint union

a (A) ■ Pa (A) u Co (A) u

Clearly p(A) is the set of values of X for which (A-XI)"1 
^ists as a bounded operator, in agreement with the definition 
iiven in [14]. The definitions given above of the residual spec­
trum and the point spectrum are ths same as those in [14], since

is  |  nj. ..  ̂ - -v m
"o(A) is the set of values of X for which (A-XI) is not one-to-cm



In order to
result:

4Lemma 4.1 [25
if AX(A) ta cloeed
rity then X 4

Hence if eigenvalues multiplicity
is the set of
is the definition
Furthermore,
the continuous which
(A-XI) is one-to-one
in agreement tion

For a J-
and only if X

4.2. If A is J-aelf adjoint then Ro(A) ta

However it is clear from the definitions that sets p(A), Po(A) and 
(A) are disjoint and cover the complex plane if A is J-self ad joint.

•111e same is true of the sets w(A), Po(A) and Co(A), thus

ana 4.3. If A ta J-eelf adjoint then w(A) « p(A).

■eed it is clear from the definitions that for any A we have

v(A) n o(A) c Ro(A)

In the case of our differ«itial operators we have the follow­
ing important link between the L -solutions of the differential



equation t(u) * Xu, the spectra ions of

Theorem 4.4. If therm arm nc

t(u) * Xu in L [a,-) then X c Co(L) ttherm L is any olommd
il aoUitiom of the equation

Furthermore, it is clear from
spectrum of an operator A, that any point of Ro(A) must be either

eigenvalue of A or a point in the essential spectrum, or the
*ujarit> field. Thus

'

Re(A) = *(A) u Po(A) u Eo(A) (4.6)
j m  m . k&i ■  n

in view of (4.5) we have for the operator L , that the complex
plane C is divided into two disjoint sets.

C « r(L„) o Eo(L ) (4.7)



to locate the essential specttw of
mc need the following

exteesi of L„

-
-iii. [25» P-10], If k i/t a fini.tg-iim'ne-ionaI linear

M.
'•

o/ the oloeed operator A then go (A) I).

By applym* Theorm 2.21 to the oporator I., (2.SS) yield, tost If

extensionT(V  is nor then L(»JL*J) is a finite-dimensional
linear extension

weEM
of L0, aad hence L*na 4.5 nay be applied

%Li of L0 which $»tisfies L,, c ^  I L. On the other hand if ,(L )
9 - * - / x, 9, . v- ik .. ... . .1. 0

is empty then from (4.7), Eo(L0) covers the whole complex pli
and hence if Lx is an extension of L Eo(L ) must also cover the
i  ■; -|i i  i  - 0 1complex plane. We have therefore proved jfis .R

o/ L0 enoA tiTheori 4.6. If L Bie any linear 
La c Lj c l then Eo(LJ ■ Ea(L0).

From (2.54), we have that for any such extension L I3  BE. 1HI - T  m
•a,) I *(1.,)

In Chapter II, the J-selfadjoint extensions of L. were characterised
17lder the assumption that *(1^) he non-erpty. However, even without 
uch an assumption the following is known:

neorea 4.7 [22].
stemion.

This is a surprising result, as there is no direct analogue for 
general, symmetric operators.

existenceIf, then, L is a J-self adjoint extension of L„,
0



Ra(L) t* mnpty, Eo(L) « Eo(L), and aithar
P(L) or Po(L).

Thus if we prove any result spectn*
of J-self ad joint extensions of Lfl, this yields infomatior. about
SoCLfl). Clearly, it is valuable to find results which locate the
set Eo (Lq) , but in particular if we can prove that under certain 
conditions on p and q, Eo(L ) is restrictedEs sane proper subset 
of the complex plane, then by (4.7), s(L0) will be non-empty and 
the results given in Chapter II will be applicable.! let us rscallJ  # # # # #  mk i.w4riy lattm M W iM  ?. aw ir ITthe dichotomy in that chapter, between the cases of def(LQ) » 1
and def(L0) - 2 when v(L0) is not empty. If we consider having two
linearly independent solutions of t(y) - XQy in I2[a,-) for
V  without assuaing v(L0) # #, we have:

Theorem 4.9 ([62]). If for aane Xfl « £ there are two XinearXy
d̂ependent solutions of i(y) - XQy in L2[a,-) (and hones all

solutions are in L (a,-)) then X0 c v(L )

rcoof. Define (x), y2(x) € L2[a,-) to be the solutions of
'(/) = X y satisfying



- My. y J C - )  -0}
-.here

V K r t .  y « va,
and

.10)

t ™
The existence
tion.

P(L) is guaranteed by the rela-

ut(v) - [wl(t) - [uv|(a) ♦ |vt(u), t < [a,-)t ■ \

Ke note that for the linearly independent solutions y and y ,1 2

Cy4.y2]Ct) - i, t < (a,.). 

We consider now whether XQ may be am of the operator
L1 by firstly supposing it is, with eigenfunction y. Then i(y)

(4.12)

for some constants «,0 c C.

hut since y e P(L^),

[y,yj(a) « o, ly,y2) H  • o (4.13)



p * . )

follows

usinB (4.11), (4.14) and the fact that (u ) c V(L),
ut «

j*. y *• —

[y,zj(-) - [y.^Ka)

[y,yj (•)



do this we define the Green's function.

- r , , s < x

-y,(x)y.(C), t s x < ».



Combining
two linearly ind

Hence for any g c P(L^),

KL.-xngB^ %

so XQ < w(L ) as requ
■ H

3.2 and Theorem 4.9 it follows that if there are
ent solutions of t(y) « X_y for some X e C

(4.18)

using (4.7). Hence the spectrum of any J-selfadjoint extension of 
Lq consists only of eigenvalues.

By applying the above method of proof to the 2n-th order dif­
ferential expression (2.1) it is now clear that the assumption that
r(L ) be non-empty in the regular case in Chapter II is automati­
cally satisfied, for example in Taeorem 2.24(i), and that (4.18)
also always true in the regular case.

In the above situations it has been shown (see [77]) by meth­
ods similar to those used in the real case (see [58,519]) that the
? solvent of any , J-selfadjoint extension of L0 is an
itegral operator with a kernel of Hilbert-Schmidt type, and hence
ie spectrum of well-posed, J-selfadjoint extensions is discrete
,e. consists of eigenvalues of finite multiplicity with no finite

fuint of accumulation. Any J-selfadjoint extension which is not 
yell-posed has empty essential spectrum, residual spectrum and
regularity field and consequent1y its spectrum consists entirely 
of eigenvalues and covers the whole plane. Since we shall not

t



need the above results £ the net
in

' i-i
case and to

the

shoveS ■ 5 ■ I

the consequent lack of points
the present work we shall 
arks apply only, of 
when def(Lg) * 2.
tegular it y field of LQ when all solutions of 
L2[t:,-) (or L2[a,b]), 
essential spectrum of L0 to
plane, when the operators may not be in the 1 limit-circle* case

,

Firstly we mention a result due to V.B. Lidskii, who investi­
gated the expression (2.79) with p s 1 considered on the interval

consider results which
of the

Theorem 4.10 ([52],[53]). Coneidar ths expression

■ V '  ♦ <t

cm the interval (— ,«•), lAsre Re q fa bounded below and la q fa
semi-bounded* gThen for the complete oontirmxty of the resolvent 

operator of arty J—self adjoint extension of L^, and hence the die— 

srstenees of the spectrum, it is necessary and sufficient that for 

'<very sequence of disjoint intervale {D^} of equal length.

| (Re q +|lm q|) + - 
Dm

'hen the intervals recede to infinity.

Returning to the expression (2.79) on the interval [a,«), the 

following result is useful in locating Eo(L )

m



Theorem 4.11 ([2S,p.7S], [14,p. for arm

operator X, the eat of values of the quadratic functional (A£,f) for
Hfij = 1, £ < P., ie some convex eat in the complex \-plane. If Hn ' v B . ■
the point X does not be the closure K(A) of this set tf 
is a regular-type point of the operatomh and

at 5IA ... (4.20)
4'-.

where 6 is the distance of the point X from the set K(A).
,

In our case, since L. is the closure of L_,
S I H I f i H M M H H t H

m

K(L0) - K(L0)

i  m  e m i m m m m m mand so from (4.7) and Theorem 4.11,

-'1

(4.21)

eo(L0) c K(L0)
H #| j l ■ I ».

and we need only consider the values of (L^f.f), f e VQ. We denote
the complement of K(A) in C by R(A), which is called the external

_

regularity field of A. We then also have

mm

Theorem 4.12. [25,p.78]. If k is a J-sytmetrio operator uith *(A) 
r-yjt empty and with a finite defect nmber, and k is any J-self-

. ? J  I r T  : /i 1 1. ijoint extension of A, then:
~(i) R(A) contains no points of a (A) other than its eigenvalues

ii) zither each point of at least one of the connected components
of R(A) is an eigenvalue of A, or else a (A) has no finite 
limit points inside R(A).

We Ely improve (4.22) by means of the so-called decomposition



principle. Let B > a be
ine<l by

C6) " 0}

I differentialNow L is obviously an orthogonal s u b, of the
and L [g,-) respec-operators Ln and L defined by tC«i in

p a  2 p
tivt-ly. It is clear that LQ is a i

a tiBBL Si L , since L •  L has finite def«2 6
from Lemma 4.5,

nsional extension of 
(at most four), thus

' -V ;

E»(L0) - B,(L,) - Eo (L2«.6)

However (see [25,p.10])

and from (4.18), since L is regular, Eo(L ) is empty so 
(4.24) and (4.25),

than

(4.25)- Eo(L2)u Eo(Lb) t

(4.26)Eo(L ) - Eo(L )

(4.27)k^clj-((L0y.y)i y £V  “y|e1, "****lK'e,n

(4.28)Eo (Lq) c n

applying Theorem 4.11 to L . using (4.22) and (4.26) and lettingp *

■ eorem 4.13. Let K^(Lg) be the oloeure of the eet



mmarm 
However,

(L'y.y)

I  '
-negative and weThus if p is real

V L J H H t tconvex set containing thflvalues of the function q(x) for x 2 N

and, if we let

(4.SO)« (x *t; x eQy, t 2 0}

then it is clear that

(4.31)SiO-o’ c %

" W  = n2 >

Defining to be th? set on the right in (4.32) and R_ to be its

complement in C,

and also

uow have from Theorems 4.12, 4.13 that 

Eo(L ) c Q. (4-33)

aorem 4.14. If v(L0> ts rut mpty and if p ia real and non-nega-

/ uue then the spectrum of any J-selfadjoint extension L of lQ

satisfies

i i) The set R oontaina no poim J  of o(L) other than ite eigenoal-• 5.' ' i. '
nee.

(ii) Either each point of at least one of the connected components 
f  R" is an eigenvalue of L, or else o(L) has no finite limit points

L



inside R^

Theor

applying

Theor
of the

ive ami-oxisjwhich does not contain the

lia|q,(t)| - •

E0(LO) * 0

and the epectnm of any J-selfadjoint extension L of L
of eigenvalues only. Further, either Poll) cooars the whole com­
plex plane or else, if I is well-posed, the speatnen of L has

finite limit points.

St­
ill particular, if Re «*(t) - - or In q(t) * • as t - the condi- 
ions of Theorem 4.15 are satisfied, and the spectrum of well-
sed, J-selfadjoint extensions L is discrete, a result first proved
V.B. Lidskii ([52]). A further consequence of the above analysis

ineorem 4.16. Let p be real and takes

values in the half-plane:

ittiRe{(q(t)-z)e “} a (4.36)



The results above serve to reinforce the conclusion of [25,
ggOj ̂  I

p.29] that the essential spectrum is determined solely by the beha-
viour of the coefficients at infinity. On the other hand, it is

M  :- wtLj «v; 1 - I « r - bu. i$ fmk*
not hard to show by the reasoning of [25,p. 28-29] that the behaviour
of the set of eigenvalues of extensions of LQ is affected by the 
behaviour of the coefficients at finite values of t e [a,-). This 
explains, for example, why one cannot easily locate such eigen­
values via •integral conditions* on I n  q. We shall lool at the 
question of locating eigenvalues, in more detail in Chapter V.

From now on we shall for simplicity assume p 5 1 on [a,-). 
firstly have the following two simjle results.



Be (4*39)

then Eo(T0) « Ea{lQ)ani the 
k  to. idmtial

oint extmaume of T.

Proof. We note that I* q.y c L2[a,*) whenever y « L2[a,»), siace
In q is bounded, and also

I  , *v. m  I
(i tiiq.y.y) ■ (y,J(iBeq)Jy), L [a,-)

hence the domain of T0 and L0 are identical, as are those of 
their J-self ad joint extensions. Hence Tg and L0 are either both 
in the liait-point care, or both in the liait-circle case, since 
(L0), s(T0) are non-empty, by Corollary 4.17.

Now by means of the decomposition principle (see(4.26)),
Eo(L0) - Eo(L_) and Eo(Tfl) » Bo(T ). Choose any fixed X c *(L,)

now '■ -9 'ir(Le) (for any 0 2 a) and choose 0 sufficiently large so that

(Be q(t)| < ^kx, t a 0 (4.40)

where kx is as defined in (2.S3). Now for any y « 0(7,) 

-AI)yl & l(L,-XI)y: -»#T,-L6)yl

2 kxlyl - Urnq.yH

•v (4.40). Hence X c

±kxly«

*(T.) ("*(?.))' Hence w(L0) c ,(T0). Sini-
(LJ - w(Tn). Therly, the reverse inclusion may be proved, so *(Lg

,.v  ' W :x j
conclusion of the theorem now follows from (4.7),



Theorem 4.19.

q(t) (4.41)

then the operators L'
and Ea(L(j) * [0,«). Ckctside o f  th is  sm i-o x is either oov-

or o(Ly) o o n sists o f  eigmvaVuesere the v est o f  the _
1  p i  f e l L

accumulate only a t p o in ts on the seni'-axis [0,-)

Proof. Apply Theorem 4.18, using the fact that if Re q(t) ^ 0 as  -nr
t + », then T is in the -point case and Eo(T ) « [<),•).
(See [25,p.8S,106]). The
from Theorem 4.14.

part of the conclusion follows

Theorems 4.18 and 4.19 were proved in a slightly different 
form for the case when the interval (-•,•) is considered, using
other methods, by Lidskii (53). We now give a generalisation of 
Theorem 4.19, which in the real case is due to M. Sh Birman [9]
(see also [25,p.H2]), and 
Eo(Ln). In order to prove it we need the concept of relatively

determines the exact location of

ompact (or relatively completely continuous) operators. We useK W  ■ ■ K a F  v m O  B  » H r  I
he definition given by T. Kato (36,p.l94).

Let K and A be linear operators in a Hilbert space H with
fA) c P(K). Assume that for any sequence (u > = P(A) with both
1 I  I■ > and (Au } bounded, (to ) contains a convergent subseqt ence.n n n

(i.e. K is c'impact in 0(A) with respe:t to the grap> norm of A).
to  A orThen K is said to be r e la tiv e ly  compact w ith

sinply I I
In [25,p ”7 3 , Glazman defines relative ness slightly



'

bat it i
m, tbes so is K A-a*pact by Ksto's 

definition. We note also (see [36,p. 194]) that if K is A-compact
according to Glazaan's

then K is A bounded i.e. there exist non-negative numbers a and b
such that

s a#ul * blAul, u c P(A) (4.42)

We need this fact in the following lemma, which is used in the 
proof of the main result of this section.

Lemma 4.20. If K is k-ecmpact where K and A ore olombln* linear
operators with P(A) c P(K), them K in Z-aompaet.

Proof. Take any x e P(X) then there is a sequence {x^} c P(A)
such that x -*■ x and Ax + Ax as J  ̂  •. Since (4.42) is satisfic 

n ■ n

for any n and m. Therefore (KxJ is a Cauchy se^ience and from
the definition of K, x e P(K). Letting n * - in the inequality

elds

IKx I 5 a# Ax 
n

llxB s a#Ax#

is P(A) c P(r) and t is A-bounded
Now taking a bounded sequence

bounded, for each n there is a sequence

.



(I am grateful to M. Faierman for indicating the details of the 
,W ve proof, the basis of which may be found in [36]).

are now able to prove the following theorem, first obtained byA
rman f9] for the case when q is real-valued.

eorem 4.21. If for ease (and consequently any) « > 0,



pwof. Defln. the

(4.46)
y ■

- 7 * 1

where .5 ■

P(Kj) - PCKj) • P(A) - P(l ')

Following Birman [9] we 
It i« then clear froe our

ator K defined by

that
•relative compactness, that

(4.47)Kr • Kjy ♦ « 2y - q.y

on P(E) • P(Lg) is A-compact. Hence by Lemma 4.20 since A and K 
are closable (see [57]), | is A.-compact. Then by Kato [36, p.244]
we have Eo(X) - Eo(W). Mow Eo(X) * (I,-) and E o(M) • Eo(L0*I)
so Eo(L^) » [0,*).

Froe this we have

Corollary 4.22. If j fq|p < • for ease p at 1 then E0 (LQ) « [0,«).

Proof.
XXd X+tt

1 1 " 1 s 4 (j 1,1

kr-'
i-i/p

- -

Since j  |q|p < =», the right hand side tends to zero as :»-»>• so
M M



condition (4.45) of
We observe that the

i|of the application of a result
4] to the particular operator 1 under consi 
dition on q (which is complex-valued)

x+m
i9Ita j |q| - 0

X

which implies condition (4.45), as is seen from
lary 4.22.

Theorems 4.15, 4.18, 4.19, 4.21 and Corollary 4.32 all stated
precisely where in the complex pi set Bo(Lg) lies. In
general it is not possible to be so precise ex, we now prove
a number of results which force the set Ee(L-) to lie in a

i BPa half-plane, or a half-line in the complex plane. The first of
these is

BtztisfissTheorem 4.23. If Re(q) fott

< • for w y g w  > 0
M.

where M. * {t « (a,*): (Re q(t)j
5

U i) }t(Re q)’> * < - for

i : , r<

(iii) lie (Re q)" * 0 /<
X-<-”

same w > 0
x

(and <s ;ly /or w # OJ

(4.48)

(4.49)

(4.50)



V . •

J of length < 1

and if

(452)
H

where A » [0,*») %f (i), (ii) a 

2A - [-2C ,•) if (iv) U  eatiefied.

The case when q is real and

proved by Glazsan [25, p. . The result tor real-valued q
■

satisfying (4.SO) was proved by Birman ([9]) and quoted in [25, 
p.87]. The condition (4.51) was used by Brinck ([10]) ir proving V

a different result. V

each of the other cases.

We give the proof in detail under the assuept 

satisfies (4.48) and than give the necessary modifications fox

By Theorem 4.13 it suffices to consider val 
,

form (L y,y) for N-finite functions in V Q

of the quadratic
»i n
ictions in VQ

whose support is contained in (N,«). Lvt m be any real number

then setting p ■ 1 in (4.29),

- A # f ,2 f , ,2
(Re ♦m Im) (LQy,y) | J |y | j (Re ♦ m In )  (q). |y|



* ] V | 2 - {(Re ‘D'-lxl2 jeRl)*|yr
N

jiy,|2 -J(Req)‘.|y|2- j*j[ll»(q) l.|yj2
N

But then By means of a method used in [20],
t

and y(a) ■ 0 so

y(t) - r(«) * 2{yy , t c [»,•)jyy*.
a

(4.53)

(4.54)

|y(t)|2 < 2f|y|.jy,| s 2(?|y|2)1/2.((|y,|2)1/2 1(4.55)
.Fa i 1 H I I  |

So in (4.53)

«(Re + m Im) (Lny,y)
i -  ,  :  ;

0.
^ f|y,|2 -2|m|(|ilm(q)|)(||y|1) (
N N N

Jlr'l
N

- [(Re q)‘.|y|2. 
N

(4.56)

1Let 0 < e < j be arbitrary and define M(N,c) and W(N,c) by

M ■ {x^N: (Re q)” <e>- • KBs i. g sa

N • (x JtN: (Re q)~ i e)

then choose N(e) sufficiently large so that



applying (4

Thus

(Re +

« -2c if lyB *

So by Theorem 4.13

Re X In X & -2e}



' ' *

Bo(L0) c {x: Re X+» toXzO). (4.57)

Geometrically this says Ra(L ) is contained in the half-pl
M m  k -1 '{x ♦ iy: x +«y a 0) to the right of the line x ♦ ny « 0 through

Morigin.
m m_ acajgs

Now Since in (4.57), a is an arbitrary real ma*er,
I afi I ■ iall real numbers to obtain Eo(Lnj c (C ,») 

id to prove the theorem under the assumption that (i)
may let m

holds.

(ii) If Re q satisfies (4.49) then for x «
m

so

hence

j.(Re q) i 1

-,r$ ~((Re q)"} 
Sr

f(Re q ) - « - j U  W  q)')' < -
6 6 

and Re q satisfies (4.48). The result then follows from the!

(iii) If Re q satisfies
" ' ' ' ' ' -BB; B S is .and use the proof given in [-5, p.87) in order to estimate

we again consider expression (4.53)

the term involving Re q. Replacing q* by (Re q)" and choosing

in that proof yields

i n



7 7 7
(Re ♦BlB) (LgX.x) i J iy* i2 ♦*]I m W  * Ixl2 - ej (ly*!2 ♦ Ixl2)

:

Then the proof

1 Ifly'l ‘•fi«(<v.|yr-«{l'y|2. (4 M)
m m m m

timete the

involving Im(q)»

(iv) Suppose now that Re q satisfies (4.SI). Although the interval
. ..5 . ... .

(-•,-) is used in [10], the same methods apply to the opera­
tor 1 on [*,•), giving

fix' 12 + (*.(q).Ixl2 Z -2c:f|y|:
} H NH

(4.50)

for any H-finite function y in P(L'). #y replacing Re(q) by
i B m % E E B Ii.Re(q) in (4.SI) and (4.SO) we have

Ml I

njlx'l2 ♦ {Re(q).|y|2 » -|c2f|y|2 (4.60)

for any 0 < n < 1. Hence, following the proof of part 

we have

ml

(Re ♦m Im) (Lfly,y)
a f 1/2 f, ,r) » d-n) |y'I - R IB ) ( lyl
1 N N |

2 1/2 
)

N

-2
xl2

N



for imy e > 0

EoO-q) c *® X ♦» I* x 2 -

Since e is arbitrarily snail, we

Ed(L0) c

roe which the result foil

We also have ttor following three

T.ieorea 4.24. Suppose that

50) thenof (4.

, I* XSO}EofLJ c {X:

f Re(q) satisfies (4.51) then

eorem 4.25. Suppose that

(4.62)

(4.63)

(4.64)

If Re(q) satisfies one of (4.48) - (4.50) then



(4.51)
m i

c {X: Re X JS-2C2} (4-68)

i these theorems It Is suf-
the proof given for Theorem 4.23 is still

. ,,,,1 4. u  - - , -
itonrpositive real imsaber MieB (4.61) is 

isfied, where u is any rum-nagatim real number when (4.64) is
valid, where a

satisfied, and where m • 0 when no condition is placed on Im(q).
F T  "  *

.J ^ 9As an example, we note that Re(q) satisfies (4.48) if for sore

have

K  :■

ditions
next resrilt involves

Theorem 4.27.

condition' connecting Re(q) and Im(q)

particular raal mai&ar a.
' 5

♦ a tin q)"I < • (4.69)



cular value of a for which (4.69) holds.

V
Eo(L0) c {x: Be X ♦a

4.23 is validProof. The method of
■ ■ H M E

of that 1

Remarks:

The geometrical aeaaing of conditioa (4.69) is that q may taka say 
values in the complex plane to the rig# of the line x * ay ■ 0

_; i /

^Iheo«M 4.2$ - 4.27.
mammagegBSmaaaXB

itions (4.48) - (4.50)

EEZl

and (4.89), q is replaced hy q - a  fbr some complex number a 
then the eerrespcmdlBS r.»lt. folio, with v r^leeed hjr 1 - a

...........
(ii) The method of proo^Lgjjgin proving Theorems 4.23 - * 7  

remain valid if the assumption p(t) * 1 on [a,-) is weakened
'; 'i ' .to p(t) 2 1 fbr t sufficiently large.

(iii) Lemma 4.20 - Theorem 4.27 were included in [62]

In considering relaxing conditions on p, let us |ote als 
that in considering the valuesof (4.29) to obtain Theorem 4.16 the 
conclusion remains valid if p is allowed to be complex-valued ||t| 
takes values only in the half-plane Re(pela) 2 0. Thus we have

! q rrtfTQrTheorem 4.28. Lot P

Re{(q(t)-z)ela} 2 0, Re(p(t)ela) 2 0 (4.70)

for seme z e t, - ^ so sT  then
IP



Ee(Lfl) c {:

We illustrste
examples.

Examples (lAea p - 1)

(1) q(t) - * sect
T

where e, k ere real numbers and 0 < e,S s 1.
,  i/t

(2)
Ifc ^ hs-' : - : ^ sE

where a, b are reel
110

(3) q(t) « af(t) ♦ ibf(t)
where a. b are real numbers

f(t) • ejtp((l-»*(t-*)ir 1}, 

■ 0 ell

(4) q(t) - at0f(t) + ibt £(t)
where 0 s a,6 < 1 and a, b, f(-) are defined as in (3)

examples (1) - (4)» Bo(L0) * [0»*)-

,(t) - «  .4 k * £ ll i^lssiD

where y > 1 E

q(t) -

where y > i nnd a < 8 - l »  8 > 0

examples (5), (6), Bo(L0) c [0,»)



dSl<(7) If q(t) » etsin(et) ♦ ^

c

(8) If Re q(t) » (|SeC^    ^(t)

tion, then

, Y > 1 m d  tC«3 is a
- - yHW

genitive

Proofs. *« show thst In ench of ossmplos (1) - («. th* S*’®
potential function q satisfies the requitement of Theorem 4.21. 

We use the property of see t, thnt

sect ~
t-(2n+l)Y

as t -► (2n*i)y (*.71)

m d  hence |sect|e is locally integreble if 0 < e < 1. In ench
the examples given q(t) does mot tend to tore as th. c m  q(t) » 0 

is dealt with by the simple Theorem 4.19.

It is clear that for c y  f i x e d  w >  0 , by the periodicity of 

t, there is a positive cert ant h„ s u c h  that for any x «

(*.72)

We now show

(1) From (4

|q(t)|dt



the
aired.
does not satisfy

(2) Inequality (4.72) also

iMCtf, 0 < 
integer, 
follows as in 
toe t sr. also 1» tl» otimt

of

(4.73)

substituting tp » n(x-n), we

f(t)dt - -j exp((l-u2)'1)*i i- 0

ffl t - -'JTKffiMT’-- :•« n * •

satisfies (4.45) of Theorem 4.21

| o i « « 1 i» (4.73) yl.ld«Multiplying

t f if(t) ~ n®*1 exp(fl-« ) )*i * 0
J

»  H at» q(t) (4.4S). w. not. thot tef(.) -
.h^ t - , »  «l«.. of *. q(t) - d  U  q(t) ore »=ho--dod

in this eunple, »  - I” •«-»*•» <*> ' (,) “  te * W '
that q satisfies one of the condition, of Tl-orai 4.23. In

each case, q doe. not satisfy (4.43); h o * » «

n*l
j **■ E - 7 - • ' 1

m



Therefore

i.e. Ib  q < L[»»*)

(5) By the foregoing 
Be q satisfies

'5# '-ggsf ̂i© ■RHPH
(is. it is clear thst since t > 0,

(6) Consider the interval I - [c,d]i 

q « [ta5in(t®)dt
c

If * _ * +1 < 0, this tends to w w  *8 <h*+ ”• M *  ^ P ly“ 
ing part (iv) of Theorem d.23 sad
ciple, the result follows.
! ■

decomposition prin-

o[etsin(e
(7) Since

d . d
m -cose 1 ^ -2

c
c

so part (iv) of Theorem 4.23 is applicable with C - 2. Simi- 
larly, if in (6).. | » - l .  P "  Civ) -ul4 b. nppU«bl.

with C - 2/6.

(8) In this case

(Re q*m Is q)~ •

{i»ect^l}-



' k

and

Fn, tb. t h ~ r « .  du. to •F.tto. (4.7), «

»••• to c-pil. t w  * U o * B  «v. — Uioo, « i «  *i=h 
C and hence .(I,) is not empty. Ashes been .

Ee(L,)ti
earlier,

ilicabilitythis property is the one prerevi.it. for the app 
theory of J-selfndJoint entezsions of t0, "hich was given

Chapter II.

Heorea 4.29. T w  regularity fUld « a 6) °f 
r,m-mp*y if« s ~ U a  ecmpU.

is mxtUfUd for all toy. eniwee of t:

„) A.((,(t).a).h s 0 end he,p(t)e^ h 0 /or «

5 O S "■

(b) p(t) F l  and,() oatUfU*

|(Re(q-t))(i)

%

< •



: II

it®, a 2 -1, examples to which ...

Theorem 4.23 maybe applied. 1

‘: -IS
. -m

able to Lie the following five conditions under which Eo(L0) #

C and hence *(L.) is not
M

this
li

property i, th. on. prerequisite for the W ilcri.lllty of the
« mm. _ ii’ •____ re r use rrtvsn in

As has been mentioned earlier.

KB theory of T-sel&djoint extensions of L0, which was given in

Chapter II.
M m

vwem 4.29. The regularity field v(L0) of the operator L@ ta

t̂ h m  «  W a* UX°0mt
following ie satisfied for all large values of t:

(a) Re((q(t)-t)ele> a 0 and RelpCtJe1®) 2 0 for— S

- 7 S 1 S T
(b) p(t) r I and q(-) ntUfi"

(i) < -

l\
/ *



integrals over the set M. TeSuce to condition (i) and that this in 
turn is a special case of (iii), obtained by setting a - 0. Further 
more when p(t) i 0, (iii) includes the cate when (a) holds, except

when a . ±1. Also, (iv) includes both (i) and (ii), though in
practice it is usually easier to check condition (i) or (ii), given 
some pr ticular function q. Putting a • in (a) gives the case 
when Im p, la q are seai-bounded. . ^

■ ■ ■i h  n - ^ ,In the proofs 'f 
the requirements the ?/. 'v'i*

'.' •>
to relax
still

„  4.24 E 4.27, it i 
real and that p 2 

,aquire that (Re p+ m  Im p) 2 1 for the relevant values of a. This 
3 equivalent to the following assumptions: In Theorem 4.24,
iie p 2 1 and Im p s 0; in Theorem 4.25, R e  p 2 1 and Is p 2 0; 
in Theorem 4.26, Re p 2 1; in Theorem 4.27, R e  p ♦ m la p 2 1 
Similarly we may allow u to be complex in Theorem 4.29(b) provided 
we assume Re p 2  1 in parts (i), (ii), ( i v )  a n d  Re p ♦ a Im p 2 ■  

in part (iii). In each case, the conclusion of the theorem remains



• :Looking at 
can readily tK. : 
given in Theorem 
those examples.

Furthermore, if *(L0) 
happen that there is Ly
for every X < C, or 
values of X there is ncmei 
the following example to show 
L2[a,») solution for X c t,
for any J-selfadjoint

<2(l*i)x I

xy

rCLfl) -  < r(L)

W  2l,2(1S r' 81 le" )
Substituting € - e(1*i)x, the equation t(y) - Xy

m m m
-i 3m- . ;

r a F  * • 0a v  11 de 2ie

whieh has linearly impendent solutions Ja (6) and J_,(5) "here

. - ^ > 1/2 m § - « the " the
ase where a is an integer is straightforward.) A s | »
Is} + * and arg 5 « x so from [75, p.202]

Ja(e) ~ c i (̂ ) exp{ * cz (7c) exp{1 S
wnere, for (2p-l)w < x < (2p*l)*,

c , •
1 W i m m m
^exp{2p(i i)



MB

and, for 2p» < x < (2p*2)«
m m m

RBS If p being a positive integer. 
.  ,

(2p4)i s * 5 (2P-?)*,
*

the

exp(-exsinx) a exp(-

I # I  z
X 1.

W m
exp(jeA^t)

Hence )Mt 1.2(0..). Slsileily, J„„«) * i W  “
r ^ any linear ccaaoination of JQ(C) and J_o(C) were in L (0,-). we 

would have to choose the linear combination which eliminates
term in eU . But similarly, the term in *eiC must be eld

combination can eliminate both ei5 and e ,thus since no
there is no solution of (4.75) in L (0,*)

It also remains an open question as to what domains tha J-H wk H
elfadjoint extensions of L0 have when w (Lq) is empty, such as in

he above example.

It is also not clear <hat the set t(L0) looks like when

* -ta(l*isint), 0 < e s 2 (4.76)

Setting w . t'e/2 %  Theorem 3.5 shows that for any X e C there



provide cei

the positive reel axis,
-to the essential 

The first of these
6. p.iOS] 

the real case.

lie |q| « 0

positive <_

Consider the function ♦(s

to Bo(L0).

where n

♦(X;X,n) » Vc.»0(ex)exp(J 

- — I- that (see [25, p. 107})

(4.78)
*

I 4 X*# < nl*l (4.79)

ad ♦, W  «  arbitrarily a-ign^, t«ic. co«i»»..ly diff«r«,tiabl. 
i< action with coapact support contained in |x| « I. whose n o » H  I 
auuljnai modulus are equal to one. Clearly, for a fixed 1 t 0,

o
value of n tends to zero

. . V

Define functions *v, * - 1,2,... by setting

c « e.
m m

, * W



in (4.78) and letting

♦k(x) « 4k(x;X,n) « ♦(y-^k;X,n)

where a. is the aid-point ot the int

l(L0-XI)#kl x nkN kl ♦ lq#

Then we

"k ‘ ‘T R j l  I*' 1
1/2

froa (4.79). iThus letting k +

. 0

, non-compact sequence (clearly

e *. are disjoint), so x

and the sequence {*,} is a 
» 1 and the supports of 

from the definition of Eo(L ) we have that X e Eo(L0) (for any
■  1  ̂ | ,

The next result uses slightly different test functions i\).

Let 4 . be as in the above proof and

♦v(x;X,e) ■ v^>0(e(x-oli)) .e^CxiX)■ ■ ■ . ■ ________________ . - M

| , r e  ek(x;X) is the solution of l(y) « Xy satisfying

(4.81)

(ok;X> - 1, ek(«k;x) - iVT (4.82)

for X > 0. We need the following simple 1«

Lemma 4.31. If for eome b e (a,**), the aequenoe oj func.ione

satisfies the condition



then the eel

aatiefyxng

have the fol

[a,b];

* e ,

that given in [25, p.109 
are now able to prove the foil
case of real-valued q by I.M. Glarean [23] (see also [25, p.

Theorem 4.32. Suppoee p - I and that far eome 
uf intervale Ak vhoee length

110]) %

without have

.,en the

lim
k*-

} ki 0

positive semi-axis, X i 0 belongs to Eo(L0).

roof. In (4.81) set
"



A:

and
ea-h k and 
that it is *
each k.

the

From this
• •

and hence by

To cone
ralisation to complex-vcl

Theorem 4.33. If V mX>
2

as t • and Im q t L (a,*)
Eo(L0).

Proof. As in [S3] it suffices for any X c B» ti

exists for each n > 0 and H > a
iy « IP such

ipport of yis cootUnod in t*,-) and Kl.0-M)yl ‘

. -e may then construct a 
. pports, which will hc$c# 
. ppyic (l.Nj), we may

0 "  f: ■ 3
rj> cf fu#etions with disjoint

non-compact sequence e.g. if 
that

on. Given „ > 0. »  8 * '  ^
i is sufficiently large so that



Choose 0 < e < -jj*, K > 

3 such that if t. s i

q(t) -
ife'i

-« . (See

let s„ z eax(N,B)
t z s„ and define s.,s„,.. o i t

< t for

,
-

'i+1

-  d~ te (-to s  >• ^  r 1t t
sible to define a function y « who*1

that

pas-

' - f
(4.89)

(4.90)
*i ^

;vi

l-y ♦ Re q.y-iyl < nlyl

But then from (4.89) and (4.90),
m m

(4.91)

1 7 0 7 1  < in;I. &

m d  so from (4.88), (4.91) and (4.

|(L -XD/t 4 t-y" ♦ Re q.y-Xyl ♦ 11* q
■ - W m m E B M m a
7 _ ,1/2

niyi ♦ (fli» ql m

(4.92)

which proves the theorem.



!

THE LOCATION OF

As was mentioned earlier, we concentrate on the location of
T i 'U ; < 1 - ; Stii

the present chapter. It iseigenvalues of extensions of —  —  ,----- — «-----
possible for eigenvalues (i.e. points of Po(A)) of an operator A-r ■ * ■ : •• rpf ' » WP* '■ cF * / i H
to be embedded in the essential spectrum Ear (A), a phenomenon first

noticed by J. von Neumann and E. Wigner [74], In this chapter our
main aim is to find bounds for the location of such eigenvalues
for closed extensions of the operator 1* associated with (2.79)
the interval under consideration being [a,*). This work is an
extension to the case of complex-valued coefficients, of results 
due to I.W. Knowles et al (see [43], [44]) and most of it is

ded in [47]. a#' ! '

We firstly obtain an analogue of the Kupcov
[49]) for solutions Of l(u) • 0 when p and  q nay be

ity (see 
l a S l u e d .

Let 0,4, and y denote arbitrary locally absolutely con: 
actions on [&,-), with 6 and y complex-valued, 6 ( t | ^  l | |

& t < •, and % > 6. Define

E(t) * |e(t)p(t)uf (t) ♦ y(t)u(t)| + ♦ (t) |u(t) | (5.1)

mere u is a non-tririal solution of t(u) - 0. We note that for 
E(t) to vanish, it would be necessary for both u(t) and pu (t) to 
vanish which could only happen if u were identically zero, which



it is not. 
Then

He**

where

E'(t) LL I "

- a w

■“ '■•Id
pe

■ C«P»,n u > a A « ' n » ^ ) T .
m s

| F ^ T -H m (5.2,

A(t) B(t,

H 'l(t) ic(t,

* ■ V  * ̂  ^  ^ ' w

,(̂ r * pi’C - 2 Re(

\ .e, noting that E(t) r* 0,
■

(e.nJZU.nT1E f t

-1/2 _ ...=-1/2

(5.5)

where C - (0pu'-*Yu)E » n
—  :m  I i 1  , e

a ilermitian matrix the value of 
the two eigenvalues of the matrix Z(t).

, and c2 > n2 * !• Since Z is

. Ilermitian matrix the value of U.. bet-een the values of



with
* " >w 2

On integrating (5.4]

.6)

Lity:

m m m  ?«
K|6(t)|*(t)exp[-jF] a B(t) s l|8(t)U(t)«Xi,[jP]

where K - E(a)(|e(a)14(a))*1. Finally, tiag (S.T)

[a,®) we obtain
ar

7 I  f ( B.
K |e(t) |+(t'«xp(- h i t  ‘  e tO d t * t l le c t)  l* ( t) . tp l  F)4t,
1 ' : 1 1 .  a I * 9

¥ shall later use
i - eigenvalues of operators

%  I  _

E m
Of CS.Sj I
with t(-). However, let

,, firstly consider the ri,ht-l-nd|id.. If ~  set ♦ - A >  < M >
%

n we see that ju(t)| a E(t) and hence

(S.9)

for all solutions u of t(u) * 0.



Comparing (5.8) and (5.8) we see
so that the expression oa 
that all solutions of l(u) « 0 are in 
case when def(l0) - 2, which&W called the 
have thus proved:

circle casemmzm

loaally 
9(t), T(t)

fhec-eg S.llfc.f. [48], [43],
absolutely oontinuous, aampUwva

on [a,-) uith 6(t) ^

|]«(t)|expt|F(»)d»

f2 . li-CT’S S *  "l'

then &(-) is in the limit-oirol*

In the real ase this is the same as a result in [43] if we set 
- ( P t V 1)-*. is the same as a result in [48] if we set

e = r- 1 /2 and y - pd.». Since this result includes many of the

lr,own limit-circle criteria in thefeal case, by suitable choices
t. Y and e, it follows that these have complex analogues.

1 -e some of the main analcj 9
By setting 6 - and Y - -P*'* we hsve :roe Theor*  5‘

, aorat 5.2 (c.f. (41], [33)). I f

a w l n c l u * *(t) -  1‘ .-) * * * ♦ < " * * '
absolutely continuous such t)

*

V



4'

J1ard either (i)

Here, y and @ were
identically. If

y = -  Q'Q 1

5.3 (c.Theo
vcaiiahing function

[a,») vith *, Q,

* ct)“ ptM j  V R*

as?-v* rJBEKpxs
lly absolutely continuous, mush that

„ U  12 i . —4 0 1 1 _ _ —ts> <t

t&gn !(•) *£a in tA# lini

" a [41] the factor of 2 in (5.12) was erroneously omitted.) As in 
t * real case, if in Theorem 5.3, w e s e t Q » P a n d *  - ?(!♦♦)

v.- obtain

Theorem 5.4 (c.f. [16]). Suppose p ■ 1 and let P(t), ♦(t)
valued and h(t) a oomplex-rxzlued function,

#  J : ..-i..—— -0 - -------  ■ -
t.,.) «*>h

that



c« P(®>N 
(U )  P ,P * . ♦ <

(iii) t(t) * <^|e t * •
*' 3(iv) hP, V  c L

If q is dafintd

then !(•) is in the

(5.13)

The following gives e i a

Theorem 5.5 (c.f. [51])* If f •

absolutely continuous^ suck that

and locally

t % a

card if i
■» i L ,  - -^7T

(5.14)

(5.15)

then !(•) is in the limi

(-Re q)"*ZiFe;, V * jtl
—  1 ' I

L -dition (5.14) implies Re q' is negative and for * ■ ] %  «

H H R P i ’PI 
So, using (5.14),

): (5.11),

F2(t).(l^..iki|til)2-nc6 SVC □ 4, I



F(t) *

Integrating over la.

(3)dS S It.

Thus in

as required

& v

"

Once again we make use of the
-

Re q < 0 to obtain

Theorem 5.6 (c.f. [14], [<

tion e - (-Re

#  p . 1 R. q 2*

when

Suppose Re q and Re q" are ely oonbinuouM

co'd either

or
(U)

• 2 .

<.(•) is in the limit—civole <sc*J

Proof. In Theorem 5.1 set p- 1-, 6 « (-Req) Y q . ( l B
v-l



the first term

F » |Re q|'l/2.ji

s IIm q|.|Re q|

The conditions imposed

(-Re q)
so (5.10) is satisfied. Alt■  ,

It is known (see [39)) that condition (i) of Theorem 5.6 is satis
.

fied if it is further assumed that Re q s 0, Ro q < 0,
lie Re q(t) » -• and Re q* » 0(1 Re q|e) for

we have

0 < a < y, thus

Titcciem 5.7 (c.f.[72, p.125]). Let p - 1 and sttppoee Re q. Re q
are locally absolutely eontimaue with Re q s 0, Re q SO,.

m

- ■ . ■

Re q(t) . »(l*» l|) " T  °
Suppose further that

I! i, !(•) is in the Ivnit-eirele

two limit-circle conditions provedWe now seek to generali*e two x 
Pthe real case by S.G. Hslvorsen [27]. In introducing Im(q), 
eilher a pointwise- or an i n t e g r a l -  condition may be imposed as

Theorem 5.8 (c.f.[27])

follows.

jf p 3 l and there asiet positive constants



k, n, <> ,

„ B « k

then l(-) i* in

Proof. If (i) holds, sot e 
ten in (5.11) vanishes ~

(n-$)t ♦
Hence

s (s-a)iogt

f|e|exp[jF] s 0(1).

* 1 .___Similarly if (ii) holds, set 6 » ^e x * e*

so - hat

If *&■ -(».,#* • oti)

i , , w h  •) . g ; i | ■* 11 ^
< •



5  ' - Wgima
(i) |Re q(t) ♦
/ T :

(ii) | Re q(t) ♦ k2ent

In considering the 
clear that we can

Theorem 5.9 (C.f.

then !(•) is

We may use 
sify t(-) when

Theorem 5.10 [28, theorem 1). X / w  defin? \(y) - 
t (y) « -y" * Re q.y and if I* q U  bcnmdsd then ^C*)
limit-circle oaee if

Let us now return to

the

t (•) £# in the limit-eiTeU oaee.

(5.8) and make use of the left
■hand-side. Recalling the definition of £(•) in (5.1), it is clear

that if
1  t

(A? f |0(t) |f(t)exp[-jp]

()•■ peu* e L2[a,**) whenever i(u)

(C; y and * are

then i(u) * 0 has no solutions
3.4 give two sets of condit



Firstly,

Theorem 5.11. Suppose vfcxt
 m S B B Mwn-negat&t)* (with p(t) ^ 
functions 8 and y, 
tinuoua on [»,•) with 8(t) # 0  fc *  t « [a,*).

q a 9, q of q suok that on [»,«•)

(i)

(ii) ♦* Y

\»\ <•

(iv)

'
5 % " |9Wf̂ ‘ ̂

(V) J|8(t)|#Ct)exp[-|F]dt -

where k1 and k2 constants. Than t(u) - 0 has no non-triv
2

solutions in L [*,•)

From condition (v) end the fact that ♦ is bounded it is clear that

Lg. provided s(L0) # # the operators ly are

autvniatically J-selfadj the conditions of 5.U.

Secondly, applying Lemma 3.4 with w ■ |p|

valued functions Y ana
Theorem 5.12. Suppose R*lP) > °> «nc8  f

Ml, we

7er-

Um ♦, all lAMHya pocitvoe



abeolutely

deccnqpoeiticn Re q • q

(i) IpK(!pI1/2|6|)

(ii) y and t

(iil) -q,lpe2l ‘ S-
t

(iv) |p(t)l$ i * W i
: - *

forecm e 0 * a * l ,
| ^

■if ■'ii''.
(V) ||9(t)|*(t)exp[-|

If I»(P) $ 0, e«ppc?8«
where

i 0 and tetq) - qs . S

(vi) -q3lpe2l * t„.

„  M
fo r  some 0 5 8 < 1.

Tim, £ (u) * 0 han no ^ o lu tio m  in I2 [*,•).

Thw derivation of Theorem 5.12 is routine except for the verifi­

cation of condition (i) of 3.4. For this, we observe that
r 1  *  v e v i e i - i  v w A



difficult to use due to the wide choice available for the functions 
e, +, y. Our task mow is to derive some of the more accessible 
corollaries, and to use these to locate the point spectra of doe 
extensions of LQ, including the J-selfadjoint operators 
is not empty. We shall henceforward use L to denote any arbitrary,

H  H  B 1  I Jclosed linear extension of L., which will then include the opera-
0

tors L . We begin with some consequences of Corollary 5.13, using
y wa*'



then c Co (L)
i

Proof. We

#. ♦ - w - .
in Theor* 5.11. Oedltions (i) - 
clearly satisfied. Also

t

q < 0 c* [a,-) «Hd set 
. 1 t eM art I . (-«sW)*,/2 

the theorem are
riF

|e(t)J(q2/p)i < jltoCqJllpf1!** <ll- 1 /1

d K by (si.

and thus (iv) is also satisi 
firstly that

Lly, to verify (v), we note

- 1 ,

|p|-1/2|, r i/2|q I .

l l s ( P ) l (5.18)

H e r e  w- have used the fact that decreasing, end the inequa­

lity



s tions In L2 [».-). Also It is not hard to see thst ono csn
r, at the above srp-ent with q - 1 rapUciB, q. pwvKUi X » 
a, the end-point n is chosen suitably lar,e. This means
thi- equation t(u) » Xu has no solution in L2 [a,») fot these values

6^ ■ , .

of X. Finally, we show that the assumption R»(«l) < 0 is not



which is a not unreasonable 
above, then from Corollary 4.1
of [q̂ ,-) in the complex plane
than eigenvalues. Similar remarks apply to 

In the real case Theorem $.14

Cc illary S.IS. If p > 0 
ti and locally abcolut*

* ",

where q « lim q(t).
” 1  I



This is a g«
continuous) of a 
passing that
(5.20): aeaely, if
exists a

That this 
Kintner may be 
that q is
ia„ for all n.n q  ■ * t s a.

-iand hence |q(t)j~ z|Kl" »n*i

(t)

p. 290],

»•'

a*!1

Example, If p(t) 
a, b and o are positive s and c, f and r are non-negative

then q * -• and so (-•»•) c Co(L)constants

($.21)

(5.22)

Prx>f. Applying Theorem 5.14; from (5.21) and (S..

(l) 1 _ pr
|p|.|Re q|



l-l

(cl

We now give

Theorem 5.16 
replaced by the

decreasing, and

Then (q ,0] c Co

(ii) If

that ip|Re(q) be
I

then [0,») c Co(L)

Pi (f. The proof is
E- %

with that of Theorem 5.14;

th:. only change is the observation that

jleV1
a

ilog(*Z9)(t) ♦ 0(1)



V

depending on 
decreasing.

t-'
Example. For p 
Theorem 5.16 that

A

and (-“,0] c if

(5.23)

(5.

Thus if a * ft 3 1, r > l and s > 2e ♦ 1, ttwn (-e,®) c Ccr(L)

The proof is obvious. On* c m  now easily see from (5.21), (5.23),

(5.24) that Theorems S. 14 end 5.16 lent.

The second variation of 5.14

where
(5.25)q (t) « inf Re(q(s)) 

sat

Theorem 5.17. Suppose that ? and or* looall* absoi*t0ly eontin-

(a,-), with p pot Ctiv* and monotone deereartng and

( a :

(b)

Im(
p|q*

V ,

and

A " " -

- v



Then (q ,-) c

The proof is 
monotone dec:

The final 
ferent result

E.

5.5 above.

Theorem 5.18. If

oontinuoue.
• •

auofttfe*

Re s (5.26)

and if

I Re sl
< — (5.27)

SI"

Then

S6s

C Co(L).

Proof. As in the S.5 we set p - * • 1

. - C-R.(q))-l/2. « t )  - H | - ‘ -  Ri • «*C0- 0 2 • * " W -
Since 8 is eonoton. decree,in,, it is cleer that condition. (1) - 
(i, ,) of Thooree S.11 ere sefisfled. In (iv), from (5.27),

Fir illy ■ ■

jf d log(|Re



using (5.26)
* nri

ft

and therefore 0 c 
that (5.26)

fbr any X

We now 
Theore* 3.12. 
of the corresponding reaBts for the

Theorem 5.19 (c.f. [44]) 
v(t) is locally absolutely
L, M such that

(q) - r ♦ v

tit)

lie sap t|r(t)l
tr*»

(5.8,

(til * I (5.29)

(5.30)

Sur.sose also that v(t) •* 0 as t Than (A0,-) <= Co(L)

- 1, Y • 0, 8 « (X-v(t))W, qx - Ke«U ' xProof. Setting 6
Theorem 5.12, the proof proceeds ly as in the real

case (see [44, theorem 3.1]).



above case.
are J-selfad
Theorem 4.19 to
conditions of 
half-line [0,-)
A , where AQ is

The condit

A ♦ ik < Co CL)provided the conclusion
whenever X > r0 ♦ A0# »e

(q) « r ♦Theorem 5.20 (c.f.[44]) 
v(t) ta looally

I'
Tnen (A ,«e) c Co(L) 0



Proof.
8(t) = (log t)‘l. It) .

" '  iEloss of generality that a > 1. Setting
. Y - 0. Sl - V  - X, 

q * r xn Theorem 5.12, the proof proceeds exactly as in the real 
case (see [44. theorem 3.2]). S  . t

wCorollary 5.21. Jf p « 1 and q e L[a,»), than (0,«) <= Co(L).
vs

Proof. In Theorem 5.20, set v > 0 and r ■ Re(<), and note that 
since ke(q), Im(q) c I [a,«) so (5.32) and (5.34) hold for arbi­
trarily small K and M #*

Under the condition of this corollary, the point X ■ 0 could 
be an eigenvalue. However, setting 6(t) * t, p ■ ♦ * 1, y * 0, 
q; « o, q2 « Re(q) and a » 0, in Theorem 5.12 we see that this can­
not happen if q satisfies the stronger condition.

(5.36)r , m]t|q(t)|dt < «

In this case, by Corollary 4.22, Eo(L) = Co(L) ■ [0,«),
■ , • ■

We also have the following extension to the complex case of

a theorem due to M.S.P. Eastham [17]:

Theorem 5.22. Suppose p « 1 and Re(q) » r * v uhera v(t) ia 
locally absolutely continuous, v(t) -» 0 as t + •+ and

8- M  „■ k I
lim sup t|r(t)| * K, 
t-**>

lim sup tv (t) = L, 
t-w.

lim sup t|ln(q) | 
t*»



mm

then (A ,•) c Co(L),

♦ (K*M) (2L* (K*M)2)}l/?

Proof. We observe that in the derivation 
Theorem 5.11, we m a y f

condition (A)
C • 2 *»(♦'♦" - vCpe)*1) by any func- I 

tion which minorize# it; this can be seen easily from the quadra­
tic form (5.5). In particular, if in Theorem 5.12 we set p-e«l,

-Lt
tlJTe)* ♦ " CA-v) '", qx » Re(q) - X, and q2 « 0, we have

-L,
2 leC|— | h (x1.v

where L. is arbitrarily close tc and X > X - c > A*. Thus con­
dition (v) becomes

(V)’ « p
L.

a
where

■nrx

2

.exp[- Fjdt « (5.37)Ft

m.|q pi«r
The proof now follows that of Theorem 5.20.

The results of Eastham in [18] also have complex analog

Theorem 5.23 (c.f. [18]). Let p * 1. Suppose that Re(q) - r  " ' ' JS?
where s ta aontinuouely differentiable in [a ,•), and 

-• as(a) s(t)

(b) s(t) * 0(t ) as t
t

(c) lie sup (log t)"1I|r||
a

-1/2



(s (t).whai t S(t)

(e) 15m  sup (log t)~l[|la(q)||s|
^  1  i

Then (-•,•) c Co(L) provided

- 1 /2

J + K + L + M < 1. (5.38)

Proof. Assume without loss of generality that a > 1 and choose a 
so that X - s(t) > 0 on (a,*), and then in Theorem 5.12 set 
9(t) - (tJ/2log t)”1, ♦(t) > (X-s(t))1/2e(t), Y  1 0, q, » s,
H ' s  > i .I J K ^  - aq2 * r, and a * 1. As usual, we need only check condition (v).

M  U  IAs in (5.37), observe that wfce-s y  * 0 and. we ninorize the t«
3 ,
-s /2(X-s) in * /♦ by -S/2(X-s), condition (v) of Theorem 5.]53 H
becomes

2(X-s 
a

+ |r|4x-sl”l/2 ♦ \lm qMx-$r1/2H

Using conditions (c) - (e) above, this becomes

L-(J+Ki+L,+Mi) t)-2dt , „
)

where K,, L , and M, may be chosen arbitrarily close to K, L, and1 1  1
M respectively. Clearly, this holds if (and only if) (5.38) holds.



This completes

A similar

ia* (c) - (•) above
sion Theorem 4 of is possible by replac-

(c)'

(d) lim sup tS(t)|s

lim 11* q(t)Hs(t)}'

In this case (-•,*) c Co(L), provided that J ♦ KSi T W A > |K
Note that in this case, as J < 1, it nrsmnlows from that

P  Bg-> I. ~ rn. 1 H ■ >Ia(q(t)) 0 as t and hence Ed(L) ■ Co(L) « , by the
usual reasoning.

In the next few applications of Theorem S.12, we make use of 
the function y

Theorem 5.24. Suppose that q is bounded and complex̂ oalued, such 
that ta well-defined and locally absolutely oontimous on (a,«). 
Suppose that Re(p) > 0 and I*(p) z 0 fond hence y/p is well-defined)*

a a e p W  ̂  tor ■ - I
and that Vd is also locally absolutely oontinucus. If

-,i i t §.'• y #  . s4fi , - r



Ipl:

► 2
(e) ||p I

than (0,») c Co(L),

Proof. Replacing q by q - A in (5.6) and setting e « p"1/2,
. b  El H  ■ 8s IB.1/2 1/2 .q, * q, ■ i*(q) and q2 “ q^ 0 in

Theo condition that needs checking is (v):

“ 1.

5 KpVZp)! ♦2lRe(q1/V 1/2)l ♦X1/Z||p| -p|.|p|1/ 2 , ■3/2

1. - 1/2|v^(pVp) ♦ q'q- 1/2

and hence from conditions (a) - (d) above, F e L[a,»); since 
|0| f  L[a,«) by (e), the result follows.

We note that is well defined if, for example, the range 
of q is a subset of a simply connected region not containing the 
origin. Conditions (d) and (e) are satisfied for example if 
p(t) -► c as t • where c is a positive real constant, and Im(p) c 
L[a,») (see example below). The following Corollaries are almost

ediate consequences of the Theor

Corollary 5.25. Lot p • 1. If q ia positive and locally absolutely 
continuous on (a,«»), and Vq e L(a,«°) and of bounded variation on 
[a,*), then (0,«) c Ca(L).



which shows that q is bounded below, as required.

Example. If p(t) * c ♦ r ♦ i(r) on [a,*) where a > 0, c > 0, b
and d are constants, and if q satisfies either of the conditions 
of Corollaries 5.25 and 5.26, then (0,*) c Co(L).

Proof. Applying Theorem 5.24, since p(t) c > 0 as t * (d)



and (e) are sat to
are satisfied, so we seed only consider (c)

inrif rjsatisf

Theor

»(t)exp[



according ss In either case
the right-hand side is infinite.

>ren S.28. If j> > 0 <md 
pq w  monotoni and 
pq ore

< 0,<4y

tAan 0 c Co(L),

|pq|I/2. « qProof. Setting ? « 0. e - 1, +
■« 1,3̂ .,' M<si * -0| I

Theorem 5.12, the proof is similar to the proof of Theorem 5.27
except we now require

*

which is indeed the case.

To conclude the present work we prove 
the following result of P. Hr-’tman [30].

generalisations of

Theorem 5.29. Let q he real and let Q(t) he a poeitioe, «m- 
deareaaing function aatiafying

-q(t) s Q(t) on [a,*) (5.39)

(5.40)

then if all aolutione of -y" ♦ qy * 0 ore there ts no

:
a



which
originally

satisfy

9 , I
Suppose y < L [a -) ie e solution of -(py ) ♦ qy » 0 t

Proof. Integrating p(t)!y' (t)|Z(l-|)2 ^y parts, for T > 2a, over
the interval [arT]

2 2 T
|d-Y)%(t)|y'(t)| t|- y(t)py*(t)(l-|) 1^

T

- fy(t)<(i-|r) (py'(t)) y(i-bpy'(t)}dt



e J E  
pT-

» 0(1) - J(l4)%Ct)|y(t)|2dt + | | ( t ) y ( t ) d t

» o(i) + j(i4)2QCt)|y(t)|2dt + J p < ^ — jCl4 )2|y,|a> (S.43)

using (5.39), and (3.4) with e ■ 2. Thus from (5.41) and (5.43) 
since y e l2[a,«) we have for some constant K,

y|a4)p(t)Jy,(t)l2dt s ? * j u 4 )2Q(t)ly(t)l2dt

(s-v) p(s3|y' wl dt a I p(»i|y'(t)l dt
However,

p(c)|y'(t)l dt

Thus replacing T by ZT in (5.44),

T

Writing

2T

(S.44)

2T
C(T) « K ♦ sj Q(t) |y(t) |2dt, n(T

T
(T) » |p(t)|y'(t)|2dt 

8

we have n(T) < CfT) and



;V fi ■,150

T

a

Since Q(») is non-decreasing,

}p(t)|y' (t)|2(QC2t))-1dt <

2a

" QTZiT^aj + Q(iaj| QCt)!>-(t)t24a* dC(t

»

< 0(1) ♦ 16|iy(2t)|2dt 
a

as required to prove the 1

The second of the lemmas we need was originally proved when 
p * 1 by P. Hartman [29]. It seems that we need a stronger con­
dition on p here than (5.41).

Lemma 5.31. Suppose p, q actlcfy

(5.45)0 < p(t) s 1, -q(t) s C

on [a,») and y • y(t) is a real solution of -(py1)' > qy » 0, and
max(a 1) s T < -. If y* (T) f 0 let T* * T*(T) be def ined ae the
largest (smallest) possible value satisfying both |T*-T| s |- andB D- ‘ #  ■ . '-V'vHr H  HI

,



Proof. Consider the ease yy (t) a 0 fol T s t s T . Since y and
f:ihp  ' I  , I - s F i:y cannot vanish simultaneously, yy changes sign at a zero of y. 

Hence y and therefore y* do not change sign on the interval (T,T*),

0 < y(t) s y(T ) flfor T < t a T' 

Since -(py')’ ♦ qy » 0 and -q s C2 so' to ■ Uj

Thus

.It can be supposed that y >  0 and y e 0 (otherwise replace y by

(py V r t )  * -c2y(T*)

which, when integrated over (T,t)

2 - py (t) &-c y(T )(

gives

py (T)
■ : . I

We suppose (S.46) does not hold, then

47)
— W W W  

py*(t) > -C2y(Te)(t-T) ♦ 2Cy(T*)

non-negative for T s t s T ♦ so by
nition, T* => T ♦ 4. Since p(t) s 1 and y1 (t) is non-negative*•

The right hand s defi-

py'(t) s y'(t) and we may integrate (5.47) over (T,T*) using this

fact, to obtain ■ *-
y(T ) > -2y(T) ♦ 4y(T )

since y(T) z 0. But this leads to the contradict

y(T*) > 2y(T') > i



and proves the leeea for jfchis case. the case
yy* £ 0 is similar

w
sble

.

and (5,40)

solution

conditions
provided

Q(T s C * Q(T ♦ 2Q

the monotonicity of Q(t). ThusBut this follows

and so if t is sufficiently large, since y is bounded and Q is

Ipy'ml * 2Ql/2(T*2<fl/2CT)).|y(T*)j

monotone, we have that py (t)Q 1̂ 2(2t) is bounded.
H „ H ^ g 2

Suppose now that t(y) - 0 has a solution ŷ  in L [a,-) and ■S5
let y2 be a linearly independent solution such that the Wronskian

(S.48)py,.y, - py2 y, - i

dividing (5.48) by Q'/z(2t), since y^ € L2[a,»), p1/2y2 is bounded.



q(t)y(t)

(t)y(t)

Integrating



which

been
with

9 * -> -C y(T )(t-T) > 3Cy(T ) - Cy(T )

-C2y(Te)(t-T) ♦ 2Cy(T*).

y(T*){2-C(t.T)}

side is positive, T « I + * by definition.L
47) sgaitt yields

• »y(T ) > 2y(T ) > 0

contradiction. Again the case yy s 0 may be dealt

result which S.30 when qcorresponds to 
of the form of (5.49). Such a result has

readily accessible so instead we use Leans 3.1
which, instead of (5.49) requires 4 " 4* + 4%

mi

kQ(t), 5n|p(t)|.Q1/2(t), t € (a,-) (5 51)

As in the proof of Theorem 5.32, w# now

Theorem 5.34. If 0 < p(t) s 1 is non-increasing and there exists
a locally absolutely continuous, non-decreasing function Q(t) on

[a,») such that q * 4X * 42 satisfies

|q | 5 kQ(t), f l 4 , l  s n|p(t)|Q1/2(t)
B  I J  *
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