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Abstract

In partition theory it is well known that the Gaussian polynomials (or ¢-

m ”] generate integer partitions that fit inside an mxn

binomial coefficients) {
rectangle, that is, partitions with largest part at most m and the number of
parts does not exceed n. In this dissertation, we study the overpartition
extension of these polynomials known as over g-binomial coefficients. These
are generating functions that enumerate overpartitions fitting inside an mxn
rectangle. First we discuss the ordinary ¢-binomial coefficients. Then we
examine the over g-binomial coefficients with respect to their motivations,
g-analogues of classical identities, and various combinatorial and analytic
applications.
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Chapter 1

Introduction

1.1 The g-binomial coefficients

Definition 1.1.1. A partition of a positive integer n is defined to be an
integer sequence (A, Ay, ..., Ax) with Ay > Ay > -+ > A\ > 0 such that
AMFA++ A =n.
We call the summands A; parts.
Example 1.1.1. There are 7 partitions of 5:
(5,04, 1),08,25, 08 1,1),(2,81),(2,1, 1,131, 1, 1, 1, Tk

The Gaussian polynomials (also called g-binomial coefficients or Gaussian
coefficients) are defined, for non-negative m and n, as

m+n (1_qm+n)(1_an—u—l)_“(l_an—l)
n | (Q-¢)(1-g¢=")(1-9)
These polynomials have many applications in mathematics. In partition
theory, we interpret (1.1) as the generating function for partitions fitting
inside an m x n rectangle, i.e., partitions that have parts of size < m and
number of parts < n.

(1.1)

In this dissertation, we study an extension of the g-binomial coefficient
to the over g-binomial cocfficient which was introduced recently by Dousse
and Kim [16] and has to do with overpartitions.

1.2 Overpartitions

Corteel and Lovejoy [15] introduced a generalization of a partition called an
overpartition which is defined as follows:



Definition 1.2.1. An overpartition of a positive integer N is an integer
partition of NV in which the last occurrence of a part may be overlined.

3
/

The number of overpartitions of N is denoted by p(N).

Example 1.2.1. We have p(4) = 14; the overpartitions of 4 are
(@), @, 3.1, G.1). 3.1, G.D, 2.2), 2,9, 1.1,
(2,1,1), (2,1,1), (2,1,1), (1,1,1,1), (1,1,1,1).

Like ordinary partitions, we can represent overpartitions by means of
Young diagrams and define conjugates.

The Young diagram (or Ferrers board) for an overpartition is the same
as the one for the underlying ordinary partition with the exception that the
last block of an overlined part is marked. For example, the Young diagram
for A=1(9,7,5,4,4,2,1,1,1) is

—

=

L]

Definition 1.2.2. The Durfee square of an overpartition is the largest square
that can fit in its Ferrers board.

The conjugate overpartition of A is denoted by X and is obtained by reading
the columns of the Ferrers board, i.e., \' = (9,6,5,5,3,2.2,1,1)

We give two other methods of obtaining the conjugate of an overpartition
below.

Second Method.
The conjugate of p = (p1,pa, ..., px) is given by § = (q1, 2, - - - , ¢s), where

[{r :p. >} ifj=p;is overlined
4 =

{r :p->J}| otherwise.

Example 1.2.2. Given p

,4,4,2.1,1,1), then ¢y, q4, and g7 will be
overlined. Hence g = (9, 2.1

N’
=2]]
e I
o
STt



Third Method.
Let p = (pi', p3%,...,p{") be an overpartition with p; > py > -+ > p; and
x; > 0, where each p; appears .r; times. Then the conjugate of p is given by
G=((m+a+ o) (@4t o )P (2 b2t +

% —2—Pt— 2 i 2—p3 P1TP2
_11_2)7’1 2=t ',...,(‘1,1 -f-lg)m ’)‘,.L'l )
where the j part is overlined if j = p; is overlined.

Example 1.2.3. If p = (7°.5% 3'.2°,12) then the 2" and 7" parts will be
overlined. Hence g = (11,9, 6, 52,2%).

Definition 1.2.3. An overpartition A is said to be self-conjugate if its con-
jugate is itself.

Example 1.2.4. The conjugate of A = (7,6,4,4,2,2,1)is ' = (7,6,4,4,2,2,1).
Hence \ is self-conjugate.

We define the g-Pochhammer symbol (or ¢-shifted factorial) for n € N,
Ae€Cand|gl <1by

n—1

(Ai@)a = (1— A)(1 — Ag)--- (1 - Ag"™) = [[(1 - A¢),

=0
(A;q)x hm (A:q), = [](1 - Ad),
7=0
with (A;¢)o = 1. We will use this symbol frequently when dealing with

the generating functions of certain partition functions. For example, the
generating function for ordinary partitions is given by

Likewise, we can find the generating function for an overpartition function.
Note that the overlined parts in an overpartition are generated by (—q; q)~
since they form a partition into distinct parts. On the other hand, the non-
overlined parts form an ordinary partition. Hence the generating function
for overpartitions is given by

~ N (e 1 _ (=€ Qoo
Op(\) = (—¢: 1)‘XX((1;(1)0@ (¢: )=

[¥]8

Z
Il

Theorem 1.2.1. [15] For N > 0, p(N) is always even.

oo



Analytic proof. Note that (1 —¢*)2 =1—-2¢* +¢* =1+ ¢** (nod 2) and

il = 2k
T((jz"’ =1 (mod 2).
So
b — 2. 2
N0 (¢: q)% (q q) TR
A= —g) (=g
(1—¢)%(1—¢*)>*(1- )
1—¢*)(1—q"(1 -
_ (=) q4)( q°) - (mod 2)
1+ +¢")(1+¢%-
=1 (mod 2)
O
Combinatorial proof. Let A = (A[', \3%, A5*, ..., \[%) be an ordinary partition

of N. Counting the number of overpartitions with underlying partition A is
equivalent to deciding, for each part \;, 1 < i < k, whether its last occurrence
will be overlined or not. There are 2¥ possibilities. Hence p(N) is a multiple
of 2. O

We state a new theorem for the generating function for the number of
self-conjugate overpartitions below.

Theorem 1.2.2. Let 5¢(N) be the number of self-conjugate overpartitions of

N. Then
0 ¢ 2) »
N=0

QQ)

Proof. Suppose we have a self-conjugate overpartition A of N with a Durfee
square of length j > 0. Then in the Ferrers graph of A the jth part of A, i.e.,
the last part of the Durfee square, may be overlined or not. We consider the
cases when the j*
below).

part is overlined and when it is not (see the two diagrams

1. If the j** part is overlined (i.e., j** part = j and (j + 1) part < j).



R()\)

2. If the j'* part is not overlined (i.e., j* part > j and (j+1)%* part < j).

R(X)

In the first case, the Durfee square is generated by ¢/°. Since X is self-
conjugate the overpartition R(A) represented by the boxes on the right of
the Durfee square is the conjugate of the overpartition B(\) represented by
the boxes below the Durfee square. Therefore each of these overpartitions
is generated by % Adding the rows of B()\) to the corresponding
columns of R(\) gives an overpartition into even parts. So we deduce that
these overpartitions are generated by

(—¢*q%)-1
(023 72)171

Similarly for the second case, the Durfee square is generated by ¢’ * while the
overpartitions represented on the right of and below the Durfee square are
generated by

(-¢* ¢ j

(¢%q%);



Hence, with 1 counting the (self-conjugate) empty overpartition, we have

i T(Av)qN e iqﬁ( l 'v Z 32 )

N=0 g=1 (q j=1 (q*: (I)
1+ g%
=1 ‘
«> 0! qzq ( 1_qzj)
25
——1+Z[ Zq ( —q +1+q)

@*)j-1
fl)j'

g

Given two overpartitions A = (A, Ay, A3, ...), 0 = (p1, pa, p3, .. .) in
which there are no common overlined parts, we define their sum and union

as
/\+/l = (/\] +/J.|./\2 +ﬂz./\;;+ﬂ;;,.. )

A g 1= [ M Moy oo o 015 s o = <)
Example 1.2.5. If A = (5,2,2,1,1,1) and p = (7,5, 3,3, 1), then
Allpr=1{T,5,5:33.2%1,11,11).
Then, in analogy to ordinary partitions, the following relation holds.

Proposition 1.2.3. If X' and i/ are conjugate overpartitions of X\ and p,
then (A4 p) =N U if and only if AU p) =N+ 4.



Chapter 2

Combinatorial Structure of
g-Binomial Coefficients

In this chapter we give motivations for the concept of g-binomial coeflicient vi-
a three combinatorial structures. The ¢-binomial coefficients are g-analogues
of the binomial numbers.

2.1 Lattice Paths motivation

In order to find the number of lattice paths on the plane from (0,0) to (m,n)
using only unit steps (0,1) (upward) and (1,0) (to the right) we observe that
any such path consists of m horizontal steps and n vertical steps. Thus ele-
mentary combinatorial reasoning implies that this number is equal to ('“:”

(see also [10]). For example there are 6 such paths from (0,0) to (2,2):

{—0—4 *—o *"—o I J
I_‘. ! Hj
*—o *—e
Suppose we apply a refinement by enclosing the top-left unit area in each
path with squares:

b |

Here we see that the last diagrams are Ferrers boards for a partitions into at
most 2 parts where each part is at most 2. The generating function for these

~



partitions is given by

242
2

}:q()+ql+q2+qz+q§+ql:1+q+2q2+q3+ql

Such generating functions are called ¢g-Binomial coefficients or Gaussian poly-
nomials. More generally. we make the following definition.

Definition 2.1.1. Let p(N| < n parts. each < m) denote the number of
ways to partition NV into at most n parts where each part is at most of size
m. Then

- Z p(N| < n parts, each < m)g".

m + 'n}
N>0

n

Gaussian polynomials resemble binomial numbers with many similar prop-
erties. For example the following symmetry property follows from conjuga-

tion of partitions.
m+n| |m+n
n | | m |

Bijectively we can prove the following overpartition recurrences.

Proposition 2.1.1. For positive integers m and n, we have

L |m+n m+n-—1 g M tr— 1
(i) = +q ;

n n—1 n

o[ 1= 1 i m—+n—1
= .0 s
J =1 n

Proof. Suppose we have the partitions of N with at most n parts, each of
size at most m. We can separate these partitions into two groups:

(7777 ) m-+n

n

1. Partitions with < n parts, each < m.
2. Partitions with exactly n parts, each < m.

Let p(N| < n parts, each < m) = p(N,m,n), N > 0. Then the partitions in
the first group are counted by p(N,m,n —1).

If we subtract 1 from the parts of partitions in the second group, we get that
the number of partitions in the second group is p(N — n,m — 1,n). Hence

p(N,m,n)=p(N,m,n—1)+p(N —n,m—1,n).



We multiply this expression by ¢ and sum over N to get

> p(N., m,n)g" = > p(N.m,n— g™ + Z p(N —n,m—1,n)¢"

N>0 N>0 N>n
=> p(N.m,n— Dg" +q¢" > p(Nom—1, n)g.
N>0 N>0

By definition 2.1.1., this can be written as

{m + n} [m +n— 1} ; [m +n— 1}
n B—1 n

This proves part (i). As for part (ii), note that p(N,m,n) = p(N,n,m) by
conjugation. By the same reasoning as for part (i), we have

p(N,n,m)=p(N,n,m — 1)+ p(N —n,n— 1,m).

Multiplying by ¢V and summing over N will lead us to

{m + n] " {m +1 = 1} [m +n= 1}
=q" + :
n n—1 n

This complete our proof |

By iterating these recurrences, we can deduce the following formal defi-
nition.

Definition 2.1.2. For m and n positive integers and |¢| < 1, we have

(9:9)m
7” = (’11Q)n(q5(1)m -n O S H S e .
n 0 otherwise

Note. We can use L'Hopital’s rule to show that
(111_1)1%(q;q)n =lx2x-+x{n—1) X 71/(111_1}}(1 -q)

=n!lim(1 — ¢q)".

q—1

This gives

2 m : ((]: q)m
lim = lim
=1 (q: Q)¢5 Qm—n
m! . (1—q)m
=——lim
n!(m —n)! =1 (1 —¢q)"(1 —q)mn

m! m
n!(m —n)! nj

is the g-analogue of ("‘).
n

So IV,:

9



We will need the following important identity to prove the g-binomial
theorem.

Theorem 2.1.2 (Cauchy’s Identity). (Gasper-Rahman [20])
For|q|,|z] <1

In particular the case a = 0 gives
oo ~N 1

> - =

ilngs (o

Theorem 2.1.3 (¢g-Binomial Theorem). [10] For |q|,|z] < 1, we have

kD |n| o, L 1
>0 MZ"=H(1+Z¢)

k=0 k=1
Proof. Note that

1 (I=ag")(1 —ag"™)- - (aig)x
q), = (1 —a)(l— sia [ — gt = :
((l, (]) ( (l)( (L({) ( aq )(1 o CL(]”‘)(]- _ aqn—i-l) X7 (a(]": Q)cx /

—n

(1 — q_”)(l — qf”'l) 25: (1 _ q—n—k—l)
= (*l>kq_nkq(§>(1 —¢")(1— q”*l) con (1= qnfk+1>
- M )k (5)-nk

@es’ 100

Hence by Theorem 2.1.1, with a set to be ¢™" and z set to be ag", we have

(a": @)k

(a;q),,: (Cl:(I)oc _ ((j /:(I>k(aqn)k.
(aq™ @)oo = (@ @)k

L (@@ 1y (8) kg yqnyt
G @ g V1)

M( 1)ka*ql)

=% (i qls =

M2 I i Ngk:

=~
Il
o

Setting a to be —zq we obtain

X kk+y 0|
—2GQn=>_q * H

k=0

10



Combinatorial proof of Theorem 2.1.3 can be found in [7].
Note that if we take the limit as ¢ tends to 1 in Theorem 2.1.3, we recover
the standard binomial theorem:

£ () - aver

k=0

2.2 Non-commuting variables motivation

We are still working with lattice paths with steps (0,1) and (1,0), except this
time we keep track of the area under path composed of a given number of
unit steps along horizontal and vertical directions. The area is marked by ¢
while the horizontal and vertical steps are marked by x and y respectively.
For example consider the lattice paths when the total number of unit steps
is 2, i.e.,

e a r f

The first, second and fourth paths have no area under them while the third
has a unit area under it.

The area is generated by ¢° + ¢° + ¢* + ¢°. But the unit steps. which
may incorporate areas under resulting paths, are generated by (r + ;l/)2 =
xx + xy + yr + yy. The parameters ¢ with z and y are combined by adding
a unit area whenever yx is changed to xy, i.e., xty — qyx. The following
general rules apply:

yr = qry:
rq = qx;
yq = qy: (2.1)

=y =9 =1
Therefore the required generating function is obtained as follows:

(x+y) =zzx+2y+yz+yy

=%y’ + 2y + qry + .roy2

20° + (14 q)zy + 2%
=q01‘,2!/0 i (q() AL ql)£ly1 +qOIOy2~

=

11



.

Figure 2.1: Path with area underneath

ol

Figure 2.2: Path with no area underneath

Note. g plays the role of a commutator in the language of group theory.
Since the monomial yx represents two unit steps that enclose a unit area,
the transformation yxr — gry implies a rotation of figure 2.1 by 180 degrees
into figure 2.2 such that the previous unit area is encoded by q.

For more general constructions we derive the following relations.
1. ya* = ¢*zFy since

Yyr - r---r =qryr---x

=qrqryr---x

___qq DY q'r,I” .. .1/’?/
=¢* 2"y

2. y*x = ¢*xy” since

yy - yTr =yy - yqry
=Yy yqyry

:qk'ryk

By a similar reasoning we obtain the generating function associated with
3 unit steps as follows:
(x + y):’ = z2x + r2Y + YT + TYY + Yyrr + yry + yyr + yyy
= ° 4 ;1:2;1/ + xyr + .1';1/2 .= ;1/‘172 + yry + y2.1: + ,1/"S
=% + 2%y + g2y + 1y’ + P2ty + gy’ + Cry’ + 2y

=" + (" + ¢ + APy + (@ + ¢+ Aty + P

12



The g-binomial coefficients m are now defined by [7]
(z+y) =) [ﬂ " kyk, (2.2)
k=0

subject to the rules (2.1).
Now the known expression (z +y)""' = (2 + y)"(x + y) implies that

S

n+1 r M7
+ 1 '
Z |:” N :|'L,IL+1—kyk - n 2 A/A(l L3 1/)

k=0 i—o L¥]
n [..7]
n
= i (1" Lq"1+r" kyk“)

k=0 L™
" [n]

(since yk.r = qkm:{/") = ; (7" ’»ql\“j + " kyk+1>
k=0 LV

n Ln|ll.L nAAn
+
_A‘_ Z{}

n| kntl=k, k 2 n n+l—k, k
|40 Y +Z k-1t Y

Eoad
I

Il
MZ

e
Il
=]

Taking the coefficients of 2" 4* on both sides we get

"= e ) 23)

(49" = (g +y)lz 44"

Similarly we can write

and use a similar manipulation as above to obtain the dual relation

n+1 n n bl
{ I } = LJ + [/\:— Jq 5, (2.4)

Subtract equation (2.3) from equation (2.4) to get

0= mu—q"'H

n

k-1

jl(qn-H—k _ 1)

which can be rewritten as

n o gftl=8] g
Py et ——— P 2-’
[k} 1—¢* |k-1 2}



Iterating (2.5) we get

H _ [l =gt — gt e I ] H

k {1 —~gPj{1 —~gF3Ye-oll —g] 0
{1 =gjfl ~g")eos {1 g™ )1 — ¥ a5 {] — g .1
(1~ —~gt}«-~ {1 — g5}l — g} {1l ~g¥]
(4:9)n

(¢ Dn-r(@: Or

The g-binomial coefficients defined in this way turn out to be the same as
those defined in the previous section.

2.3 Binary words motivation

In this section, we will connect binary words with partitions. A word can be
easily defined as a sequence of letters. By binary word, we mean the only
letters in the word are 1’s and 0’s. Let B(N, m) denote the set of all binary
words of length N + m having exactly N letters equal to 1 and m letters
equal to 0.

Example 2.3.1. 100101001 is a binary word of length N + m = 9 where
N =4 and m = 5.

Definition 2.3.1. Given a word w = wyw; - - - w,,, the inversion number, inv
w, of w is the number of pairs (¢, j) such that 1 <4 < j <n and w; > w;.

Example 2.3.2.

w =100101001

=W W3 W4 W5 We W7 W Wy

SO
wy, > Wy, W3, Ws, Wy, Wy

wy > Ws, Wy, Wy

we > Wy, Wy

Hence there are 10 pairs (¢, ) with i < j such that w; > w;, that is, inv = 10.

Note that if w has the form w = 1710*21*30% ... [*2-1(*2r 1*27+1 where
the exponent of each letter represents its frequency. then we have

invw = x1xe+ (ry +x3)ry + -+ () + 23+ - 4 Top )Xo, (2.6)

14



Proposition 2.3.1. (Foata-Han [19]) For cach pair of integers (N.m) we

have
N+m Z i
— q s

L weEB(N.m)

N+m

(i.e., partitions
m

Proof. Let Py, be the set of partitions generated by {
fitting inside N x m rectangle). Let v(\) be the number of parts of A and
let |A| denote the weight of \. We want to construct a bijection ¢ : Py, —
B(N,m) such that A — w if and only if |\| = invw.

We can express A in the form A = (A7, A3%, A5°, .. ., AF) with N > Ay >
A>o>M20,z;>0foralll<j<k,andzy + -+ < m.

If () < m, we let x ;= m — v(\) and A, := 0. Then \ consists of the

parts Ay, Aa, ..., Ax_1 which are repeated xy,xs, ..., x| times, respectively.
If v(\) = m, then A\, > 1 and ) consists of the parts A\, \,,..., \x, which
are repeated xy,x,, ..., 1) times, respectively.

Therefore \ — w, where

w = 1P P M-17 AT L T2 A gE N

Note that the word w has A + (Mg — Ap) +- -+ (A1 = X)) +(N=X\) =N
letters equal to 1 and x + x| + -+ x; = m letters equal to 0. Moreover,

invw =\.xy + ()‘k + Mg — /\k)l"kal e o (/\A + Mg — A+ + Al — /\2).1’1
=T + Ap—1Zp—1 F -+ a3y

Clearly the mapping ¢ : A — w is one-to-one, and then bijective. (]

Example 2.3.3. As an illustration of Proposition 2.3.1 consider the partition
A = (6,5,4,4,2,2) € Ps7. For the purpose of this bijection A can also be
written as (0',2%,4%, 5 6'), with ‘7 parts’ Thus \ — w, where

w = 1°0'1279021-20215-10'15-°0'15-% = 0110011001010 € B(6. 7).
Note that using Equation (2.6) we have

invw = inv(1°0*120%120%1'0'1'0")
=0-1+(0+2)-24(0+24+2)-24+(0+2+2+1)-1
+0+24+2+141)-1
=0+4+8+5+6=23.

But [A|=06+5+4+4+2+2=23



2.4 The g-Multinomial coefficients

The binomial theorem can be extended to the multinomial theorem :

n
y n ky ko k
(1 +x24 - F+a,)" = > (k L. I )rcll(:cZ’-~-.rn’]’
k1 .ko,....km>0 Lyl Dy » i+ g Doy,

where
ki+k+--+knp=n

n _ n!
ki ko, km)  kilks!e - k!

We call (L,] e ) the multinomial coeflicients. Clearly these coefficients
V1. m
ki ko

count the ways to permute @y'a%? - - xkm. Here .1:?" indicates that the letter

and

x; occurs k, times 7 > 1, r > 1.
In this section we further extend the multinomial coefficients to g-multinomial
coeflicients. These are defined for each m > 1 and each sequence of nonneg-
ative integers (ky,ka, ..., ky) by

{kl F kgt k} _ O
By Koy b (@D (G Drs - (@ @D

We have already studied the case of m = 2 which gave us the g-binomial
coetlicients

N +m B N+m B N+m B (¢ Q) Ntm
Nom | m | N | (o@D

Note. The limit lim,,,(q: ¢), = n!lim,,;(1 — ¢)" implies that

lim
q—1

kl +k72+"'+km _ (l\’,'l +l\2+ +km)| _ k’[ +A2+ +km,
ki ks, ... km | kilko! - k) N ki ka, .o km )

Thus ¢g-multinomial coefficients are g-analogues of multinomial coefficients.

For m > 1 and each sequence k = (ki ky. ... .k,,) of nonnegative integers,
let W(k) = W(ky, ks, ..., k) denote the set of words of length k = ky + ky+
-+ 4 k,, which are permutations of the word 1%12~k2...mhm,

Clearly the cardinality of W (k) is

: R+ k4 b
W(k)| = '
W (k)| ( | S >



Theorem 2.4.1. We have

k1—+—k2++km invw
‘ : _ Z qmlru, ) (27)
LT e weW (k)

Proof. This theorem can be proved by induction on m using the case of
m = 2 (in Proposition 2.3.1) as a base case. We omit the details which may
be found in Foata-Han [19, pp. 29-31]. O

17



Chapter 3

Over g-Binomial Coeflicients:
Mbotivation and Basic Identities

3.1 Lattice Paths
Consider the following problem: how many paths are there in the plane from
the point (0,0) to (m,n) using only unit steps vertically upward or horizon-

tally to the right or diagonally to the right?

Let P(m,n) count such paths. Then it can be shown by combinatorial rea-
soning [1, Exer. 1.24, p. 19] that

5 (2
AZ; (miL A) < ) (3.1)
i <m +n = ) (m +n— ‘ZA').

>0 m—k

Suppose you have a path from (0,0) to (m, n) where the number of diag-
onal steps is k.

Il

18



™m

Then the number of total unit steps is (m+n—k). Then there are (n—k)
vertical steps and (m — k) horizontal steps, so we can choose (n — k) vertical
steps from (m + n — k) steps then choose (m — k) horizontal steps from m.

mtn—k

Hence
P(m,n) =
mo=3 ("))

()
E( )
o)

(change of variable & — m — k)

Il
o~
'gM
7N
>
+
=
A
/_\

_ (m'—:- A) (1,) (Sm(e P(m,n) = P(n,m) )
k>0 ‘

As for the third equality, we choose k diagonal steps from (m + n — k) steps
then choose (m — k) horizontal from m + n — 2k remaining steps and sum
over k.

Example 3.1.1. P(2,1) = (})(3) + (3)(}) + (3)(3) =0+2+3=5

corresponds to the paths
sed wd b ws’ &

On the other hand P(2.2) = (;) (5) + ( ) (f) + (;) G) =14+64+6=13

counts the following paths

Vﬁ*’f.ffr*l




SRR TS S
9

We now refine these paths by enclosing the top-left corners with unit squares:

B H P

If we regard these new diagrams as Ferrers boards of overpartitions where a
triangle represents an overlined box. we obtain the following overpartitions

0, (1), (1), (1,1). (1,1), (2), (2. (2,1), (2.1), (2,T), (2.0), (2,2), (2,2).

These are overpartitions with each part at most 2 and number of parts at
most 2, i.e., fitting inside a 2x2 rectangle. We define the over g-binomial
number (a generating function in the variable ¢) for these overpartitions as

2+2 = A 5 3 i
{ . } T T I S S I

n ([§+T 4 q2+2 + q2+§
=q" +2¢" + 4¢* + 4¢* + 24"

Generally, we define the over ¢-binomial numbers as

lih), + 7Lj| s Z ﬁ(AV, m. ”)qn7

n n>0

where p(IN, m.n) counts overpartitions of N into at most n parts, where each
part is at most m.

20



We have by conjugation, the symmetry property

{m + n} _ {m + n} (3.2)

n m

We shall prove the following :

Theorem 3.1.1. [16] For natural numbers N and m, we have

po q 2
n

|:7I7, + Tl,:| mi’r%nf,"} k(k 1) (q (1>m+"__k
k=0 (q Q)/\(q q)m—k'(q; Q)n—k .

Proof. Let G(N, m,n, k) be the generating function for the number of over-
partitions of N fitting inside an m x n rectangle and having k overlined
parts. Then the non-overlined parts in each overpartition will form a par-
tition into at most n — k parts, each at most m, while the overlined parts
will form a partition into & distinct parts, each at most m. For example, the
overpartition

[ [*]

The first partition can be viewed as a partition fitting inside an m x (n — k)
rectangle. Hence it is generated by {"":i';k :

The partition into k& distinct parts < m can be “factored” into the partition
(kk—1,.... 1) and a partition into at most k parts, each < m — k (i.e.,

fitting inside (m — k) x k rectangle). For example, the last Young diagram

21



above (with k = 3,m > 9) gives (7,4,2) — (3,2,1) - (4,2,1). Such partitions
are generated by qk(kz s ["‘} Thus

G(N,m,n, k) = qM [m} {m +n— k}

k n—k
_ q“"__—f” ] ( (I)m ] (Q§ Q)mhhk
(¢ D1 Dm-t (@ Dn-r(; @)m
L (9 @)mtn—k
=q

(4 Dr(@ Do (G D ne
Since G(N,m,n, k) > 0 if and only if 0 < k < min{m,n}, we have

o o min{m,n}
m-+n —
= G 1‘7\/7, s Tl lx
{ ., ,‘.Z._.% (N,m.n, k)
min{m,n} k(k+1) (q (I)m-{—n—k
= (1 2
k=0 (q (1) (q )m k(q: Q)n—k
O
Note that
lim l"fﬂ + 71} < Tism Z q 1) (q q)m-l—n—k 5 (q Q)m
=1 n -+ (¢ Dn-k(@ D (¢ DK@ Dm—k
(%31 m+n—~k||m

=i

ql—lﬁl\z;oq [ n—k }{k}
(k41 m+n—£k m

= Z lun q ) lim lim
>0 q—1 n—=k =1 |k

_Z m+n—A m
>0 n— m—k

= P(m,n)

m+n| . — "
L } is the g-analogue of P(m.n).

Interestingly, we see that {
Example 3.1.2. The over-g binomial coefficient expansions, with [ } for
n=20,1,2,3,4,5,6,7 are

n=0:

22



T 6+ 1 L k) (([; (1)7
-7z

—k
=0 (@ k(@ Qo-r(q: @)1k
=14 2q+ 2¢° + 2¢° + 2¢* + 2¢° + 2¢°

7 5‘+‘ 2 § K(k+1) (q:q).'._k

e (¢ (g @)5-1(q: @)a—r
=1+ 2q+4¢* + 64> + 8¢* + 10¢° + 10¢° + 8¢" + 6¢° + 4¢° + 2¢*°

o= 3
ﬂ _ [4 + 3} _ Z‘ res (4:q) 7k
3 3 k=0 ((11(1)k-((11(1)4—k((12 (1)3—A:
=1+42q¢+3¢> + 7¢° + 10¢" + 14¢° + 18¢° + 19¢" + 17¢° + 14¢°
+8(110+4(111 +2q12
n=4:
ﬂ _ [3 + 4} _ i LS (¢; @)7-4 B W
4 4 k:oq (¢ Okl Qs—k(@: @Q)a—r |3
=95 i
W: {2+5 =§:qk<k;') (¢: Q)74 _ H
o 5 =0 (i@ Qo-rlq: @)s— |2
n=20:
ﬂ— |:1+67 i k(k|1) (q’q)‘_k —?]
= = (1 2 —
6 6 | = (@@ a) 1@ ok |1
h=T7:3:

[_0+7] _ - ki (43 @)7— 7
[T} N { 7 } - z\gﬁl (¢ O(@ Do i@ Q)7 _0]

Remark. (i) The g-trinomial coefficient is defined by

{u + b+ (} B (¢; @)asbre
a,b,c (¢:0)alq: (g q)e
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Hence the right-hand side of Theorem 3.1.1 can be re-written to give

= (3.3)

{m 4 n} 'm"g’"} k(k+1) { m+n—=k }
q :

n o m— k. kn—k

(ii) The g-trinomial coefficients satisfy the recurrence, (see [8] )

a—1,b,c a,b—1,c a,bye—1
(3.

a+b+c at+b+c—1 " a+b+c—l+u+ba+b+(;—l
= Q .

a,b,c
)

Theorem 3.1.2. [16] For positive integers m and n, we have

(7) ["H-n] _ “—m+n—1J +q" [m+n-1] +q" [m+n*2}:

n L Tl n n—1

w - T e P o]

n—1 n—1

Analytic proof of Theorem 3.1.2. We prove only part (ii), the proof of part
(7) is similar. Using (3.3) and (3.4) we have

m+n min{mn} ey [ m4n—k
> q ¢

n =0 m—=k.k,n—Fk
mi']Lm’n} k(k+1) m+n—k—1
= ), T
e m—k—1,kn—Fk

m—kk—1n—%k m—k,kn—Fk—1

i i —1,n} k(k+1) m+n—k—1
2
m—k—1,kn—=%k

min{m.n} kik—1) ma4n—k—1
+ g™ =
9 kzz:o 4 [m—k.k—l.n—k}
min{m.n—1} —— ma4n—k—1
+ g™ g7 ) '
4 Z [m — k. kn—Fk— 1]

k=0
B "‘i"{gl'"} ki) m+n—~k—1 &
o 9 m—-k—-1kn—-k

k=0

m_k{ mtn—=h=1 } m[ Wt Ha—=R=] })
+4q +4q

k=0

min{m—1ln—1}

. k(k+1) m+n—=~k—2
E 2
1 1 {m~k’— 1.k.n—k— 1}

k=0
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min{rm.n—1} h<t) m4+n—k—1
+ (m ('T ’ )
1 Z 1 [m — k. k.n—k— 1]

k=0
( By replacing k by k+1 in the second sum)

7% - 1 — 1 o | 06 8= 2 m|mE+n—1
o +q 1 + ¢ ;
n =

n—1
O

Combinatorial proof of Theorem 3.1.2. Let O(N,m,n) count overpartitions
of N into at most n parts < m. Then O(N,m,n) — O(N,m,n — 1) counts
overpartitions A into exactly n parts < m. We now subtract 1 from every
part of A in two cases as follows.

If 1 (or 1) is the smallest part, then we obtain an overpartition of N —n
fitting inside an (m—1) x (n—1) rectangle counted by 20(N —n,m—1,n—1).

If the smallest part is not 1 (or 1), then we obtain an overpartition of
N — n having exactly n parts < m — 1 and therefore counted by
ON-nm—-1,n)—ON —-n,m-—1,n-1).

Therefore

O(N,m,n) — O(N,m,n — 1)

=20N—-nm—-1n—-1)4+ON—-nm—-1,n)—ON —n,m—1,n-1)
=0ON-nm—-1,n-1)+O(N —n,m—1,n).

We multiply by ¢" and sum over N to obtain

> (()(N, m,n) —O(N,m,n — 1))qN =¢" Y ON-nm-1,n- 1)g¥=
N>0 N>0
+q" Z O(N —n,m —1,n)g" ™.

N>0

Hence by the definition of the over g-binomial number we have

m+n m+n—1 alm+n—1 - |+ R—~23
- = +4q
n -1 n n—1

which proves part (7).

Applying a similar argument to part (i), we see that O(N,m,n) —
O(N,m — 1,n) counts overpartitions 7 fitting inside an m X n rectangle
with the largest part equal to m. If we remove the largest part m from 7 we
get that:

If m is overlined, we obtain an overpartition of N — m fitting inside an

25



(m—1) x (n — 1) rectangle (since the last occurrence of a part may be over-
lined). This is counted by O(N —m,m — 1,n — 1).

If m is not overlined, we obtain an overpartition of N — m fitting inside an
m X (n — 1) rectangle counted by O(N —m,m,n — 1).

Hence, we have

O(N,m,n)—O(N,m—1,n)=0O(N-m,m—1,n—1)+O(N—m,m,n—1).

As belore, this translates into the recurrence

m+n m+n—1 o | T 1 — 2 o [P T— 1
n n—1 n—1 n
which is part (i7). O

Note that if we set z = 1 on Theorem 2.1.3 (the ¢g-binomial theorem). we
obtain

k) | -
<_q:(1)m=2‘q 2 [ ] (30)

k—0 k

Proposition 3.1.3. [16] For a non-negative integer m, we have

I:‘/V:| (—(]: (I)m

m ((1: Q)m .

Proof. We have, by Theorem 3.1.1

s q 2 : !
m m k=0 (q (I)k(q q)/\'—m—k((]; q)m—k

{N} B {(N —m)+ m] mm{[i""m} Kk (¢ Q)N &

Hence

N T k(kt 1
limn { } = Z (1A Ea
k=0 (

N=x |m ¢ Dr(@ QDm—k

1 nZL kkt1) (¢ @)m

(1 2

(@ = (43 k(@ @k
= Lln g oontion (3.5)
(([: q)m



3.2 The over g-analogue of Chu-Vandermonde
Identity

We consider the g-binomial analogue of the classical identity

() 2)
s \J n

It is known that this identity has the g-analogue by ¢-binomial numbers [10]
I P 2n
Z ¢ || = )
i 3 n

As an immediate application we state a new over g-analogue of (3.6) in
terms the over g-binomial coefficients.

Proposition 3.2.1. For any non-negative integer n, we have

El-se ([T +E=T)

Proof. It is clear that overpartitions fitting inside an n x n square are gen-

erated by
2n
ol

Now assume the overpartition has a Durfee square of length j.

J J

The diagrams above represents overpartitions fitting inside n x n square
with the Durfee square of length j. The first diagram (on the left) represents
overpartitions where the last part of the Durfee square is overlined whereas

27



the second diagram represents overpartitions where the last part of the Durfee
square is not overlined. In each of these diagrams, the Durfee square is
generated by ¢’ ~

If the last part of the Durfee square is overlined (as shown in the second
diagram), then the diagram on its right is an overpartition fitting inside an
(n—7)x (j—1) rectangle and the diagram below it is an overpartition fitting
inside a (j — 1) x (n — j) rectangle. Hence both diagrams are generated by

n—1 n—1 n—1] n—1
. X =l X |, By symmetry

7—1 n—j F=1j j—1
—2

_|n—1

=1
If the last part of the Durfee square is not overlined (as shown in the first
diagram), then the diagram on the right is an overpartition fitting inside an
(n — j) x j rectangle and the diagram below it is an overpartition fitting
inside a j x (n — j) rectangle. Hence the diagrams are generated by

2

Hence, the generating function for partitions into at most n parts < n with
Durfee square of side j is given by

—2
r {n} {n — 1}
q A F 1 ’
J J—1
Moreover, since every overpartition enumerated by [ } has a Durfee square
with size 0 < j < n, we obtain the stated identity. |

Proposition 3.2.1 may be regarded as a finitized version of the following
new identity.

Corollary 3.2.2. We have

(%9 L2J< —q:q);- ) 1+ ¢¥).

(¢9~ = (¢:9);
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Proof. Let n — oc in Proposition 3.2.1. Then

i 2n i k(k—1) (q:(I)Zn—k
lim = lim q
n—00 {n} n—00 ,; (¢: O)i(q: @n—r(d; Q)
s KGkt1)
=3 g = 4
i Ok (69w
_ (9~
(¢ @)
n . 1 - o (
. L n n — . 2 (] \—q:9)5-1
lim qu {] . [ } =7 +
rL—mGJE:% (} 7—1 ;) (a:9); q(IJl
Ziqu (—¢: )i l+¢
j=0 (q q j—1 - (I]
B (=¢:q)-1) 2(1+¢¥)
(¢:9);1 (1-¢7)?

—(q: (1) ) (1+q2'j).
(7:9);

Z (

Combinatorial proof of Corollary 3.2.2. Clearly

Hence the result.

I & 1 e (i)~ o~
gz = p(n)q
(:9) = k;, (q: @)k (@) 2;

Now suppose we have an overpartition A of N with Durfee square of side

j. Separate X into two classes as in the proof of Theorem 1.2.2. In both

cases, the Durfee square is obviously generated by q'2 However, in the

first, the top-right and bottom-left triangles are generated by % Such
41

overpartitions are generated by

2 (=aq)i,
¥
(g: )7

Similarly. in the second case, the top-right and bottom left triangles are

generated by &44b

T Hence this class is generated by
11/]

2 (=)
(¢:9)3
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Hence we have

30




Chapter 4

Some Applications to
Restricted Overpartitions

This chapter considers applications of over g-binomial coefficients to overpar-
titions which are described according to the number of parts, and according
to the rank.

4.1 Overpartition with restricted number of
parts

The next result will be proved by marking the number of parts by k.

Proposition 4.1.1. [16] For a positive integer m, we have

(=2 @) — 14 Z Zl"qk({m +:' - l} 1 {m:f 1— 2})

(2: @)m i1

Proof. Let p,,(N,k) count the number of overpartitions of N into k parts
< m. Then we have

Z Zﬁ,,,(N, 1\7)31"(1“\. = M

N>0 k>0 (2¢; @)m

since overlined parts form a partition into distinct parts < m and the non-
overlined parts form an ordinary partition with parts < m. But we showed
in the combinatorial proof of Theorem 3.1.2 that
P(N k)= O(N,m, k) — O(N,m,k — 1)
=0ON-km-1k-1)+O(N —k,m—1,k).
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Multiply through by ¢V and sum over N to get

> BN k)N =g 3 (O(N = kym = 1Lk = 1)+ O(N = k,m — 1,k) )¢V

N>0 N>0

()

(_Zq1Q)m _ Z = (N, k‘)q"'z"'

(2(1: (I)m k>0 N>0

B % [m—l—k—l}_k{nth—Q}
k>0 k k=1

+k—1 o+ &—2
=1 k k m .
+1§1 q({ k J+[ k-1 })

Proposition 4.1.1 is an overpartition analogue of the g-binomial series [10]:

1 %0 1j[m+j—l}
= 3 #¢ , .
; J

(zg:@)m  io

Hence

O

Corollary 4.1.2. [16] Let p(N, k) count the overpartitions of N with k parts.
Then,

kv (2260)x ¢ Qi1
PN k)2FgN =2 2222 =14 2% 2% ———.
/\Z>o§6 (2¢: @) ,;1 (q 0k
Proof. We let m — oc on Proposition 4.1.1. Then

PN, E) = B(N, k) — (—2¢; @)m - (—2q: @)
(24:q)m (24;9) oo
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Lastly,

+ k-1 m+k—2
14+ % sk =
k; G T e

+1+Y quk((—q:(I)k i (=¢; Qi1

(q: q)x (4; q)r-1

k| CG e\ (144
=1+ Y 2% :
kzzl (@1 J\1-¢
~q; @ )k-1 2
=1+ 2
%‘1 ( (¢ @)r—1 )1—qk
k

= 1485 ¢ (—@ D1

E>1 ((I;q)k

Note that since 1+ ¢™ (mod 2) =1 — ¢™ (mod 2), we have

Z(I(_(Ile g, (1+91+¢*)---(1+¢""H) 1

< & =gl =) {l=g"") l—g

¢
=) (mod 2)
is1 1 ¢

7(N)g" (mod 2),

z
\Y,

where 7(N) is the number of positive-integer divisors of N.
Corollary 4.1.3. [16] For all non-negative integers N, we have
P(N) =27(N) (mod 4)

Proof. Set z =1 in Corollary 4.1.2, then

Y p(N)g¥ =14 p(N)

N>0 N>1
- +2Z 4 )k~ Ly
k>l <<1 Q)

Hence

> g =2y LT e
N>1

st (q q)

33
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giving, with (4.1),

Z P(N)gN =2 Z 7(N)g™ (mod 4).
N>1 N>1

Theorem 4.1.4. [17] For every positive integer m, we have

E m+k—-1] ., (~2¢%5¢)m '
=0 k (Z(]s(I)m

Combinatorial proof . Note that

(=2¢* @m1 _ (1 +2¢°)(1 +2¢°) - (1 + 2¢™)
(zq:q)m (1—2q)(1 — zg?)--- {1 —2¢™}
This is generating function for overpartitions where all parts are < m and
the smallest overlined part is > 1. Now for a fixed value of k, suppose we
have such overpartition with exactly k parts.

The first column of this overpartition is generated by z¥¢* and the triangle
I 2 ) q g
m—1+k

% } Hence this overpartition is generated

on the right is generated by [
by z*¢* ['"—,3 +k]. Summing over k we get the results. O
In addition to the combinatorial proof, we give an analytic proof.

Analytic proof. We will use the fact that

(q: q)”L +k = ((1 (I)m(qui ([)k (43)

Now we simplify the left-hand side of (4.2) (with m—1 set to be m) below.
Note that in the second equality we set min(m, k) = m since 0 < j < m but
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2'q" = gh 2 (=)
kz::o{ k } Lg() o (q: q),(q Qi (€ Dr—;
_ m q(g ) o ((1;(1):11+/s‘—j 5 k
2 (@GO E D = (€ Dk
() x
_ q* * Z q:q) m+k k.+]-
RGP H ) S S O )
m (Jtl) o0 .
g~ j ((I-q)m{k k
=Y (g Y, )
=0 (@6 9)i(q: Om—s ,Z:o (¢: D)
3 J+1
oy os(2qVqUF) N T
(by (43) =Y (g q)m Y L (2q)
L@@ s S0 S Go
m (q-Q)m . (’,1) (qu+2 q)
(by Theerem 2.1.2) = }  ——————({ag)fgh 2/ -~——"—
; (4:0);(4: Dm—; (2¢: @)
I,
(by Theorem 2.1.3) = M(—zq Q) m
(2q:q)~
. (—Zqz;(I)m
(Zq:(I)m+]
This complete our proof a

4.2 An Analogue of Sylvester’s Identity

We now consider Sylvester’s series-product identity [22]:

M+ 1—3 m—3 4 . 3G
(—2¢;@)m = Z ([ ,. :I 17 [ i }2(]3])(_2(1;@]__13](1 P

720 J

We will show that the following expression is an over-g-binomial analogue.

Theorem 4.2.1. [16] For a positive integer m, we have

(=2q:@)m {m} —29;q); i 2 {m - 1} (—2¢:9)j-1
=1 ___:Jq] I 4= ,]([
(Z(] (I)m ]; J ( q:(I)_j ] —1 (z,q q)] 1

(2¢; Q) o
Suppose you have such overpartition with a Durfee square of side j.

Proof. Clearly generates overpartitions into parts that are < m.
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In both diagrams the Durfee square is generated by 27 ¢

If the last part of the Durfee square is not overlined, then the overpartition
on the top-right fits inside (m — j) x j rectangle, hence generated by [m] The
bottom overpartition has parts < j, and therefore generated by (_“q 4 f the

7:9);
last part of the Durfee is overlined, then the overpartition on the top—rlo‘ht

fit inside (m — j) x (j — 1) rectangle, hence generated by [m 1] The bottom

overpartition has parts < j — 1, and therefore generated by ﬁj_ll Thus
q),; -

the right-hand-side of the stated result follows. O

Corollary 4.2.2. [16] We have

(—2¢; @)oo ~ [ (=g @)1 (—2q:@)5-1 ; 2  (=g:0)i (—2q59); ; »
L Salje 4 yi gt i
(2¢: ) +%‘1( @aa oo 0 wa); Gaa; )

Proof. If we let m — oc in Theorem 4.2.1, then the left-hand-side gives
(—ZQ§Q),11 _ (_Zq:(I)og
(2¢: Qm (7(1'(1)00
—q; —2q:q)i-1 ; ; —q;9); (—2¢;9); ;
1+Z 1 @);-1(=24:9); lz]q]er( 4:9); (~24:9); 2Z2¢7 ], where we

S\ (@9i- (2¢:9)1 (¢:9); (zq:9);
have invoked Proposition 3.1.3. This completes our proof. O

while the right-hand-side becomes

4.3 Overpartitions with rank r

In 1944, Freeman Dyson [18] defined the rank of an ordinary partition as
follows:

Definition 4.3.1. The rank r of a partition A = (A, Aa, ..., Ak), Ap = -+ A,
is the difference between the largest part and the nummber of parts, i.e.. the
rank of A is given by r := \; — k,
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Note that the rank can be any integer. For example, given a partition
A=(7,7,5,3.3,3,1), the rank of N is r = 7- 7 = 0. In [16], the rank of an
overpartition is defined the same way as that of an ordinary partition. Let

R,.(N) count overpartitions of N with rank r.

Theorem 4.3.1. [16] For any integer r, we have

gty o ampe [[ERAT =]
z R’(‘V)(IN o 2(11.. ] o Z q2m,+r71 |
= m=2 m—1

2m+r—3 2m+r—3 2m +r —4
m—1 m—2 m—2

Proof. Suppose we have an overpartition A with rank r. We decompose this
overpartition into two cases :

1. X has only 1 part:
2. X has > 2 parts.

For case 1, the only overpartitions are r + 1 and r + 1. and they are
generated by 2¢" !

For case 2. the largest part is r + m and the number of parts is m for
some m. If we delete the first row and column in the Ferrers diagram of this
overpartition, the deleted part is generated by ¢"*™*"~! = 2"~ Now we
want to know what happens to the remaining Ferrers diagram after deletion.

If T is a part and r+m is overlined in ), then the remaining overpartition

r+m—24+m-2| _ |[r+2m—4
m—2 - m—2 |

is generated by {

If Tis a part and r + m is not overlined in A, then the remaining over-
r+m—l+m—2} .. {r+2m—3i|

partition is generated by [ g !
If 1 is not a part and r + m is overlined in A, then the remaining over-
r+m—24+m-—1| _ [r4+2m-3

m—1 . m—1

partition is generated by {

If T is not a part and r + m is not overlined in A, then the remaining
r+m—1+m—lj‘ _ [r+2m-2
m—1 | — m—1

overpartition is generated by [
Hence case 2 is generated by

q2m+r—l [2m+7‘—2] e [2m+r—3] + [21’::—1'—3] & [21;:-}-!"—4}

m—1 m—1 m—2 m—2

Hence an overpartition of rank r is generated by

2qr'+l+ i q2m+r—1 [2171+l'—2] EX [Zmﬁ»r—-‘i] + [2m+r-3] + {Zn:+r.f4} . 0

’ m—1 m—1 m—2 m—2
m=2




Chapter 5

Further Applications of Over-q
binomial Coefficients

5.1 Introduction

Let p(n,t) count the partitions of n where the difference between the largest
and smallest parts is a fixed integer {. It has been shown by Andrews. Beck,
and Robbins [9] that
S ol g = ¢(1-q g {l—g " ¢
et (1-¢)1-¢"") 1-¢V1-¢""Ne:a)e (1—¢")Ng:q)
(5.1)
It was later proved by Breur and Kronholm [12] that if we let p,(n) count
partitions of n where the difference between the largest and smallest parts is
at most ¢, then for t > 1

Zpr(n)q“=—l—( 1 1). (5.2)

n>1 1-— qf ((](I)t

5.2 Overpartition analogue of the Breur-Kronholm
results

Let §,(n) count the overpartitions of n when the difference between the largest
and smallest parts is at most #. Furthermore, we let ¢g;(n) count the overpar-
titions of n counted by 7,(n) with the extra condition that: if the difference
between the largest and smallest part is exactly ¢, then the largest part can-
not be overlined.



Note. If the difference between the largest and smallest parts of an over-
partition of n is zero. then all parts are equal and are divisors of n. Hence
Po(n) = 27(n) and go(n) = 7(n).

We define

Pig):= Y pme"  and  Gila) = Y a(n)g"

n=1 n>1
Now we prove the overpartition g-analogue of (5.2).

Theorem 5.2.1. [14] Fort > 1, we have

N B A
Gilq) = 1—g¢gt < (2:q): 1).

Combinatorial proof of Theorem 5.2.1. Let X = (A, \y,..., \,) with A\, >

A2 > --- 2 A, be an overpartition of n with exactly r parts, \, = m > 1,
and A\ <m+tsothat \\ =\, <m+t—m =t (i.e The difference between
the largest and smallest parts is at most ¢). If we subtract m from each part
of A\, we get the overpartition yp = (A\y —m, Ay —m,.... \,_1 —m) of n —rm
with at most » — 1 parts and the largest part at most t. The overpartition
L+r—1
t
t+r—1
t

(1 is generated by [ |- Hence the overpartition A of n — rm + rm = n is

generated by 2q""”[ ] Thus we obtain

qg |t+r-1
1—q t '

e

rzlm>1 r2l

Now note that overpartitions where the difference between the largest and
smallest parts is at most ¢ can be divided into three disjoint cases:

1. The largest part is at most t;

2. The largest part is greater than ¢, the difference between largest and
smallest parts is exactly ¢, and the last occurrence of the smallest part
is overlined:;

3. The largest part is greater than t and the difference between largest
and smallest parts is at most ¢ such that if the difference between the
largest and smallest parts is exactly ¢, the largest and smallest parts
are not overlined.



Let us examine these cases separately

Case 1:
Overpartitions with the largest part at most ¢ are generated by ((_qq—q';z' in-
cluding the empty overpartition of 0. Thus the effective generating function

for this case is

S
(g: )
Case 2:
Suppose we have an overpartition p = (py, p2, ..., py) Withp; > ps > -+ > p,,

pr=m+t, p. = m > 1, and the last occurrence of the smallest part is
overlined.
This overpartition comprises of the following:

e The smallest part m which can either be overlined or non-overlined
generated by 2¢™ and largest part m + ¢t which is generated by ¢"™'

since it can not be overlined.

e The overlined parts whose size is between m+1 and m-+{—1 generated
by
(1 4 qm+1)(1 + qm+2> —— (1 4 (]”H—t_l)-

e The non-overlined parts whose size is between m and m + t generated

by
1 1 1

1_qrn.1_an+1H'1_qm+t

Then p is generated by

qu 1+ qm+l 1+ q1:L+L~l an+L
) - (lm ' 1 — ([m—H . 1 = (177L+l—l ; fle= (Im—H'

Hence this case is generated by

5 Z qm . 1+ qm+1 S 1 = (1m+L—l . qm-i—t
j qm T = qm+1 il — qrr1+t—l 1 == qm+t'

m21

On the other hand, P,(q) — P,_,(q) generate overpartitions where the differ-
ence between largest and smallest parts is exactly t. Hence Case 2. is also
generated by

Pr((l) ~ Py_1(g)
5 .
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Thus

'F ( ) PL l Z m 1 4% qm,+l 14+ qm,+f -1 qm,+l,
2 e 1 = qm 1 . (1'm+1 (]m+t—l 1 — qm+t
Case 3:
Let p = (p1,p2, .- pr) With py > pp > - > p,, pr=m+1t, m>1bean
overpartition of n that describes Case 3. Thenq = (py—m, pa—m, ..., p,—m)

is an overpartition of n — rm with at most r parts and the largest part is
exactly ¢ (this is an overpartition fitting inside ¢ x r box where the width is
exactly ¢ and the height is at most ). Recall that

{t+r} {t-f—r—l}
and
t t—1

respectively generates overpartitions fitting inside ¢ x r and t — 1 x r boxes.
Hence 7 is generated by
L7 =1
’ t—1

and p is an overpartition of n — rm + rm and so generated by

L =1
¢ l (-1 |)

Thus the generating function for Case 3 (for |g| < 1)

se([V]-5) - ml-q({ }—{’TTD
%"j’}l s

r t+r—2
+q'

g‘ll—q{ t—1 }

F,(Q) Pt—l((I)
P t
’q< 2 T2
zﬁt(q) + Pi1(q)
5 .

=q
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Taking all the three cases above, therefore have

Puq) = (((‘q‘]qfi)t - l) : Pi(q) _QPL—I((]) + gt Pi(q) +2Pt_1(q)

Rearranging this gives

Pi(q) + Pi-a(g) _ 1 ((—(IZ(I)t B 1)
2 L—qg'\ (q:q) '

Lastly we note that the overpartition where the difference between the largest
and smallest parts is exactly £, and the largest part is overlined is generated

by

I, S L+gmt  l4gmtt ™ Pig) = Pia(g)
ot 1 — qm T, == qm+l 1 == qm+[~l = q,,H_L = 2 .
Hence
Pla) Pl | 5 Puq)+ P,
Gt((]) i [(q) L l((I) + Pt-l((]) _ Z(CI) t 1((])
- 2
This complete our proof. O

Theorem 5.2.2. [1/] For t > 0, we have
t
Py(q) = 2(-1) ( > T(n)g" + Z(—l)”Gn(q)) :
n>1 n=1

Proof. Since py(n) = 27(n), we have
Polg) =2 Z T(n)q".
n>1

Now consider an overpartition where the smallest is m > 1 and the largest is
at most m + t. Similarly to the previous proof this overpartition comprises
of the following:

e The smallest part m which can either be overlined or non-overlined

generated by 2¢™.

e The overlined parts whose size is between m + 1 and m + t generated
by
(1 _+_qm+l)(1 g qm+2) . (1 I qm+t>.
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e The non-overlined parts whose size is between m and m + t generated
by
1 1 1
] = qm ' 1 = qm+l Y ] e qm-H

Hence this overpartition is generated by

2(1171. 1+ qm+1 1+q771+t
T = qm 1 — qm+1 1 — qm+t'

Thus for t > 0, we have

m 1+ qm—l 1_+_ qm-H
qm il = qm +1 1, = qm b

Ft(([) = Z 12_(1

m>1

We also have, for n > 1

- — 2q

Pa(g) + Po-ilg) = : o

H ((I) 1(1) rgl 1= qm j (lm+l j - qm+n—l
- Z qm 1+ qm+1 1+ qm-{—n—l 2

1, = qm 1 = qm+l 1 — qm+n—| 1 = qm—n

m>1

m 1+ qm«l 1 <k an n—1 1+ q,”+,L i
1 — qm+n

Hence we have

Pr(q) = 2Gn(q) — Pn1(9),

iterating this equation we have

F:L(Q) = QG/L(Q) - (20,,_1 i Fu—2(Q))

= 2G,(q) — 2Gn-1(q) + Pn-2(q)
= 2G,{q) — 2Gx-1(q)} + 2G,—3(q) —
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The following statement is well known in Elementary Number Theory.
Lemma 5.2.3. 7(n) is odd if and only if n is a perfect square.

Corollary 5.2.4. [14] For anyt > 0 and n > 1, p,(n) is an even integer.
Furthermore, p,(n) is divisible by 4 if and only if n is not a perfect square.

Proof. From Theorem 5.2.2 | we have

t

Pi(q) = 2(-1)' ( > T(n)q" + Z(_l)”Gn((I))

:m—w§:ﬁmw+u—W§] 1)"Gy(q)

n>1 n=1
t m+1
= 2= 1)' S r(n)g" + 2(~1)" 'qzwtqzq”‘
n>1 n:l m>1 qn 7(1>f+1
t m+1.
= 2(-1)* Z 7(n)g" + 4(-1)" Z (_1)”(11”( qm Lq)e-1 '
n=>1 n=1m>1 (q 'q)l+l

Hence we see that p,(n) is an even integer and
p(n) =27(n) (mod 4).

By Lemma 5.2.3, it follows that p,(n) is divisible by 4 if and only if n is not
a perfect square. O

Combinatorial proof of Corollary 5.2.4. By Theorem 1.2.1, the number u(n)
of overpartitions of n > 0 generated by an ordinary partition with & different
parts is a power of 2, say u;(n) = 2* for some positive integer k.
Now we consider the parity of p,(n). Let the number of overpartitions count-
ed by both p,(n) and ux(n) be denoted by p,(n, k). We decompose the set of
overpartitions counted by p,(n) into two sets:

Set 1 : where t = 0;

Set 2 : where t > 1.
Set 1 consists of overpartitions of n where all parts are equal in size, i.e., those
counted by py(n,1). The number of the corresponding underlying ordinary
partitions A will be 7(n). Since the last part of A can either be ()\9111119(1 or
not, the cardinality of Set 1 is p,(n, 1) = 27(n).
Set 2 consists of overpartitions of n containing at least two different part
sizes, i.e., those counted by p,(n, k), t > 1.k > 1. Since “at most t for t > 17
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implies “for all t € {0,1,2,...} D {0} and p,(n, 1) > 0 if and only if ¢ = 0,
we have

B, (n k) = Z p,(n, k)

k>1

=Do(n, 1)+ >_p,(n, k)

k>2
=2r(n)+ ). .
k>2

=27(n) (mod 4).

Hence by Lemma 5.2.3, it follows that p,(n) is divisible by 4 if and only if n
is not a perfect square. O



Chapter 6

Conclusion

The main theme of this dissertation is the over ¢g-binomial coefficients, their
derivations and applications. We first discussed the ordinary binomial coeffi-
cients by looking at the motivation behind them and how they are connected
to ordinary partitions. We then looked at the over g-binomial coefficients
and connected them to overpartitions.

In Chapter 3, we connected overpartitions to lattice paths where the di-
agonal step (1,1) is allowed. Various applications of over g-coefficients are
given including the beautiful over g-analogue the Chu-Vandermonde identi-
ty. Combinatorial proofs were given for some results. Chapters 4 and 5 were
devoted to the applications of over g-coeflicients. We looked at the generat-
ing function for overpartitions with restricted number of parts and derived
the generating function for overpartitions with bounded differences between
largest and smallest parts. The over g-coefficients proved to be an interesting
tool for the derivation of these generating functions.

It is clear that over g-coefficients are very special tools in the study of
overpartitions. It will therefore be interesting to study further properties such
as unimodality or the possibility of over g-multinomial coefficients, e.t.c. As
seen, most of our results are proved combinatorially, it will therefore also be
interesting to find analytic proofs.
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