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Abstract 

In partition theory it is well known that the Gaussian polynomials ( or q­

binomial coefficients) [m:,n] generate integer partitions that fit inside an mxn 
rectangle, that is , partitions with largest part at most m and the number of 
parts does not exceed n. In this dissertation , we study the overpartition 
extension of these polynomials known as over q-binomial coefficients. These 
are ge11 erat i11g fuuctio11s that enumerate overpartitio11s fitting inside au m, x n 
rectangle. First we discuss the ordinary q-binomial coefficients . Then we 
examine the over q-hiuomial coefficients with respect to their motivations , 
q-analogues of classical identities , and various combinatorial and analytic 
applicat ions. 
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Contents 

1 Introduction 
1.1 The q-binomial coefficients 
1. 2 Overµartitions . . . . . . . 

2 Combinatorial Structure of q-Binomial Coefficients 
2.1 Lattice Paths motivat ion .. .... . 
2.2 Non-commuting variables motivation 
2.3 Binary words motivation 
2.4 The q-11ultinomial coefficients .... 

3 Over q-Binomial Coefficients: Motivation and Basic Identi-

1 
1 
1 

7 . 
7 

11 
14 
16 

ties 18 
3. 1 Lattice Paths . . . . . . . . . . . . . . . . . . . . . 18 
3.2 The over q-analoguP of Chu-VandermondP ldPntity 27 

4 Some Applications to R estricted Overpartitions 31 
4. 1 Overpartition wit h restricted number of parts 31 
4.2 An AnaloguP of Sylvester 's ldPntity 35 
4.3 Overpartitions with rank r . . . . . . . . . . . 36 

5 Further Applications of Over-q binomial Coefficients 38 
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 38 
5.2 Overpartition analogue of the Breur-Kronholm results . 38 

6 Conclusion 46 

l V 



Chapter 1 

Introduction 

1.1 The q-binomial coefficients 

Definition 1.1.1. A partition of a positive integer n is defined to be an 
integer sequence (,A. 1 , ,\ 2 , ... , ,\k) with ,\1 ::=:: ,\2 ::=:: · · · ::=:: Ak > 0 such that 
A1 + A2 + · · · + Ak = n . 

We call the summands ,\i parts. 

Example 1.1.1. There are 7 partitions of 5: 

(5), (4 , 1), (3 , 2) , (3 , 1, 1) , (2 , 2, 1), (2 , 1, 1, 1), (1, 1, 1, 1, 1). 

The Gaussian polynomials ( also called q-binomial coefficients or Gaussian 
coefficients) are defined , for non-negative m and n , as 

[
m + n] = (1 _ qm+n)(l _ qm+n-l) ... (1 _ qm+l) 

n ( 1 - q") ( 1 - qn- 1) ... ( 1 _ q) · ( 1. l ) 

These polynomials have many applicat ions in mathematics. In partition 
theory. we interpret ( 1. 1) as the generat i11g functio11 for partitions fitting 
inside an rn x n rectangle, i. e., partitions that have parts of size ~ m and 
nu1nher of parts ~ 7L 

In t his dissertation , we study an extension of the q-binomial coefficient 
to tlw ovrT q-binom -ial coc_ffi cicn t which was i11troducPd rece11tly hy DoussP 
and Kim [16] and has to do with overpartitions. 

1.2 Overpartitions 

Corteel and Lovejoy [1 5] introduced a generalization of a partition called an 
ovcrpartition wh ich is defined as follows: 
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Definition 1.2.1. An overpartition of a positive integer N is au integer 
partition of N in which the last occurrence of a part may be overlined. 

The number of overpartitions of N is denoted by p(N). 

Example 1.2.1. We have p(4) = 14: the overpartitions of 4 are 

(4) , (4) , (3 , 1) , (3, 1) , (3 , I) , (3, I) , (2 , 2), (2, 2), (2 , 1, 1), 
(2, 1, 1) , ( 2, 1, I) , (2, 1, I) , ( 1, 1, 1, 1) , ( 1, 1, 1, I ) . 

Like ordinary partitions , we can represent overpartitions hy means of 
Young diagrams and define conjugates. 

The Young diagra m ( or Ferrers board) for au overpartition is the same 
as the one for the underlying ordinary partition with the exception that the 
last block of an overlined part is marked . For exarnple , the Young diagram 
for A=(9,7, 5,4 ,4,2, 1, 1, 1) is 

I I I I 
I * I 

* 
* r--

--
-

Definition 1.2.2. The Durfee square of an overpart ition is the largest square 
that can fit in its Ferrers board . 

The conjugate overµartition of A is denoted by ,\' and is obtained by reading 
the columns of the Ferrers board , i. e., X = (9, 6, 5, 5 , 3, 2, 2, 1, 1) 

We give two other methods of obtaining the conjugate of an overµartition 
below. 

S econd Method. 
The conjugate of p = (p1, p2, ... , pk) is given by q = ( q1 , q2 , .. . , qs) , where 

_ _ { I { r : Pr ~ j } I 
qj -

I {r : Pr ~ j}I 

if j = Pi is overlinPd 

otherwise. 

Example 1.2.2. Given p = (9 , 7, 5, 4, 4, 2, 1, 1, 1) , then q2 , q4 , and q7 will be 
overlinPd. Hence q = (9 , G, 5, 0, 3, 2, 2, 1, 1). 

2 



Third M cthod. 
Let p = (pf 1

, P?, ... , pf') be an overpartition with P1 > P2 > · · · > Pt and 
Xj > 0 , wlw re Pach pj appea rs .rj t imes. T lw n the conjugate of pis given by 

7j = ((x i + X2 + . . . + X t )Pt, (x1 + :r2 + · · · + Xt-1)Pt - i-Pt, (x i + X2 + · · · + 

X ) Pi - 2-Pt.- l (x + X )P2- p3 XPl -p1 ) 
t -2 , · · · , 1 2 , I 

where the / h part is overlined if j = Pi is overlined . 

Example 1.2.3. If p = (72, 5\ 31 , 2\ 12
) then the 2nd and 7t1, parts will be 

overlined . Hence q = (11 , 9, 6, 52 , 22
). 

Definition 1.2 .3. An overpar tit ion ,\ is said to be self-conj ugate if its con­
jugate is itself. 

Example 1.2.4. The conjugate of A = (7, 6, 4, 4, 2, 2, 1) is X = (7, 6, 4, 4, 2, 2, 1). 
Hence A is self-conjugate. 

We define the q-Pochhammer symbol ( or q-shifted facto rial) for n E N, 
A E CC and lq l < 1 by 

n- 1 

(A ; q)n := (1 - A)( l - Aq) · · · (1 - Aqn-l ) = IT (1 - Aql), 

00 

(A; q)x := lim (A; q)n = IT (1 - AqJ), 
11,- >oo 

j=O 

with (A: q) 0 = 1. We will use this symbol fre4uently when dealing wi th 
the generating functions of certain part it ion functions. For example, t he 
generating funct ion for ordinary partit ions is given by 

00 1 1 
IT-- -= ( ) . 
j= l l - qJ q: q 00 

Likewise, we can find the generating function for an overpart it ion function. 
Note that the owrli1w <l parts in an overpart it ion are gern~rate<l hy (-q ; q)00 

since t hey fo rm a part it ion into distinct parts . On the other hand , t he non­
ow rlinP<l pa rts forlll an ordinary part it ion. HPnce t hP gP11 Prat i11g fu11 ction 
fo r overpartit ions is given by 

i= p(N)qN = (-q: q)00 X ( \ 
N=O q; q oo 

(- q: q)oo 

(q;q)x 

Theorem 1.2.1. /15/ For N > 0, p(N) is always even. 
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Analytic proof. Note that (1 - r/) 2 = 1 - 2qk + q2k = l + q2k (rnorl 2) a11rl 

1 _ q2k 
--

2
-,. = 1 (mod 2). 

1 + q' 

So 

i= p(N)qN = (-q: q) oo (q; q) oo = (q
2

; q
2
)00 

N = 0 ( q; q) oo ( q: q) oo ( q; q) ~ 

( 1 - q2) ( 1 - q4) ( 1 - qG) .. . 
(1 - q)2(1 - q2)2(1 - q3)2 .. . 

(1 - q2)(1 - q4)(1 - q6) .. . 

( 1 + q2 ) ( l + q4) ( 1 + q6) ... 
(mod 2) 

= 1 (mod 2) 

□ 

Combinatorial proof. Let ,\= (/\ t 1
, >.~2

, >.f ·1 , ... , >-%k) be an ordinary partition 
of N. Counting the number of overpartitions with underlying partition >. is 
equivalent to deciding , for each part A; , 1 ::; i ::; k , whether its last occurrence 
will be overlined or not. There are 2k possibilities. Hence p( N ) is a multiple 
cl2. □ 

We state a uew theorem for the ge11erati11g fu11ctio11 for t he number of 
self-conjugate overpartitions below. 

Theorem 1.2.2. Let sc(N) be the nmnber of self-conjugate overpartitions of 
N . Then 

oo oo ( 2. 2) L sc(N)qN = l + L 2qj2 - q / q 2 J-1. 
N =0 j = 1 ( q ' q ) j 

Proof. Suppose we have a self-conjugate overpartition ,\ of N with a Durfee 
square of length j > 0. Then in the Feners graph of>. t he jth part of>. , i.e. , 
the last part of the Durfee square , may be overlined or not. vVe consider the 
cases when the /h part is overlineJ and when it is not (see the two Jiagrams 
below). 

1. If thP l" part is owrli1wd (i.e. , l" part = j and (j + l)ll' part < j). 
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J R(>.) 

B(>.) 

2. If the l" part is not overlined (i.e. , l" part~ j and (j + l)l'' part::; j). 

J R(>.) 

B(>.) 

In the first case, the Durfee square is generated by qJ
2

. Since >. is self­
conjugate the overparti tion R( >.) represented by the boxes on the right of 
the Durfee square is the conjugate of the overpartition B(>.) represented by 
the boxes below the Durfee s<.piare. Therefore each of these overpart it ions 
is 0 enerated by (-q;q)t - i. Addino the rows of B (>. ) to the correspondin° 

b (q;q)j - l b b 

columns of R(>.) gives an overpartition into even parts. So we dednce that 
these overpartitions are generated by 

( 2. 2) -q ' q j - 1 

( 
2 . :2) . q : q j-l 

Similarly for the second case , the Durfee square is generated by qJ
2 

while the 
overpartitions represented on the right of and below the Durfee square are 
generated by 

(-q2 ; q2 )j 

(q2; q2 )j . 
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Hence, with 1 counting the (self-c:011jugate) empty overpartit io11 , we have 

~ -:,-:(J\T) N = 1 + ~ j 2 ( -q2 ; q2)j - l + ~ j z ( - q2; q2)j 
L, SC q L, q ( 2 . 2) L, q ( 2. 2) 
N = 0 .i = I q , q j - 1 j = I q , q j 

00 ( 2. 2) ( 1 + 2j ) = 1 + ~ qj 2 - q ' l/ j- 1 1 + q . 
L (q2- q2) · l -q21 
J=.l ) J- 1 

- 1 ~ j2 (-q2; q2)j - l (1 - 2j 1 2j) 
- + L, q ( 2. 2) q + + q 

j= l q ' q j 

oo ( 2. 2) = 1 ~ 2 .i2 -q ) q j -l + L, q ( 2. 2) . 
j=O q 'q j 

□ 

Given two overpart itions ,\ = (>. 1 , >.2 , \ 1 , . .. ), µ = (µ1 , µ2 , µ 3, .. . ) in 
which there are no common overlined parts, we define their sum and union 
as 

Example 1.2.5. If,\ = (5, 2, 2, 1, 1, 1) andµ = (7, 5, 3, 3, I) , t hen 

>. + µ := (12 , 7, 5, 4, 2, l ) ; 

>. u µ : = (7, 5, 5, 3, 3, 2, 2, 1, 1, 1, 1, I). 

Then , in analogy to ordinary partitions, the following relation holds. 

Proposition 1.2.3. If>.' and µ' are conjugate overpartitions of,\ and µ , 
th en (/\+µ)'=XUµ' if and only if(>. U ~t)' = ,\' + µ'. 
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Chapter 2 

Combinatorial Structure of 
q-Binomial Coefficients 

In this chapter we give motivations for the concept of q-binomial coefficient vi­
a three combinatorial structures. The q-binomial coefficientt:i are q-analogues 
of the binomial numbers. 

2.1 Lattice Paths motivation 

In order to find the number of lattice paths on the plane from (0,0) to (m, n) 
using only unit steps (0,1) (upward) and (1,0) (to the right) we observe that 
any such path consist s of m horizontal steps and n vertical steps. Thus ele­
mentary combinatori al reasoning implies that this number is equal to ('n:n) 
(see also [10]) . For example there are 6 such paths from (0 ,0) to (2 ,2): 

Suppose we apply a refinement by enclosing the top-left unit area in each 
path wi th squares: 

Here WP S<"P that t lw last diagnu ns an' Ferrf' rs boards for a partitions i11to at 
most 2 parts where each part is at most 2. The generating function for these 
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partit ions is given hy 

Such generating functions are called q-Binomial coefficients or Gaussian poly­
nomials. More generally. we make the foll owing definition. 

Definition 2.1.1. Let p(NI ::; n parts, each ::; rn ) denote the number of 
ways to partition N into at most n parts where each part is at most of size 
rn . Then 

' = L p(NI ::; n parts, each ::; m)qN. [m + n] 
n N?_ O 

Gaussian polynomials resemble binomial numbers wit h many similar prop­
erties. For example t he following symmetry property follows from conjuga­
tion of partit ions. 

Bij ectively we can prove the following overpartition recurrences . 

Proposition 2 .1.1. For positive in tegers m and n, we have 

Proof. Suppose we have the partitions of N with at most n parts , each of 
size a t most m . We can separate these part it ions into two groups: 

1. Partitions with < n parts, each ::; rn. 

2. Partitions with exactly n parts, each ::; m . 

Let p(N I ::; n parts, each::; rn) = p(N , m , n), N 2: 0. Then the partitions in 
t he first group are counted by p(N, rn , n - 1) . 
If we subtract 1 from the parts of partitions in the second group , we get that 
the number of part itions in t he second group is p(N - n, m - 1, n ). Hence 

p(N, rn , n ) = p(N, m, n -1) + p(N - n ,m -1 ,n) . 
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vVe multiply this Pxpression by qN an<l sum over N to get 

L p(N, m , n)qN = L p(N. m , n - l)qN + L p(N - n , m - 1, n)qN 
N?_ O N?_n 

= L p(N, m , n - l)qN + q" L p(N, m - L n)qN_ 
N ?_O N?_ O 

By definition 2.1.1. , this can be wri tten as 

[
m + nl [m + n - ll + q" [m + n - 1] . 

n n-l n 

This proves part (i). As for part (ii), note that p(N, m , n) = p(N, n , m) by 
conjugation. I3y the same reasoning as for part ('i) , we have 

p(N, n , m) = p(N, n, m - 1) + p(N - n , n - l , m,). 

Multiplying IJy qN and summing over N will lead us to 

[
m + nl = qm. [m +: - 1] + [m + n - ll · 

n n l n 

This complete our proof D 

By iterating these recurrences, we can deduce the following formal defi­
nitiou . 

Definition 2.1.2. Form and n positive integers and lql < 1, we have 

[
rn] { (q,q)m 
n = g, ;q),,(q;q)n, - n 

0:5,n:5,m 

otherwise 

Note. ·we can use L'Hopital's rule to show that 

lim(q: q) 11 =1 x 2 x · · · x (n - 1) x n lim(l - q)" 
q--+ l q--+l 

=n! lim (l - q)'1. 
q--+ l 

This gives 

lim [ml 
q--+L n 

1
. (q ; q)m. = 1m ------

q--+ t (q; q),, (q; q)ni - n 

m! 1· (1 - q)m 
---- · lm -------
n!( m - n) I q--+l (1 - q)"(l - q)rn- n 

m! ( m) 
n!(m - n)! = n · 

So [ ~'] is the q-analogue of ('~') . 
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We will need the following important identity to prove the q-bi11omial 
theorem. 

Theorem 2.1.2 (Cauchy's Identity). (Gasper-Rahman /20]) 

For lql , lzl < 1 i= (a :q),, z" = (az;q) oo 
n=O ( q; q) n ( Z ; q) oo 

In particular the case a = 0 gives 

00 z"' 1 I:-=-
n=O (q: q),, (z; q) oo . 

Theorem 2.1.3 (q-Binomial Theorem). /10} For lql , lzl < 1, we have 

f q k(\+il [ ':] zk = [l (1 + zl) 
k= U k=I 

Proof. Note that 

n-l (1 - aqn)( l - aqn+l) · · · (a;q) 00 

(a ; q)n = (1 - a)(l - aq) · · · (1 - aq ) (l . )(l +1 ) = ( ) ; - aq" - aqn . . . aqn ; q 00 

(q-": q)k = (1 - q- ")(1 - q- "+l ) . . . (1 - q-n+k- 1) 

= (- l) kq-nkq{;)(l _ qn) (l - qn- 1) . . . (l - qn-k+l ) 

= (q ;q)n (- l tqm-nk _ 
(q: q)n- k 

Hence by Theorem 2.1.1, with a set to be q- n and z set to be aqn , we have 

( ) . 
(a ;q) oo ~(q-":q)k( n)k 

a;q n = --- = ~--- aq . 
(act; q) oo k=O (q ; q)k 

===} 

Setting a to be - zq we obtain 

00 

~ [nl k (- zq;q)n = E/ 2 k 2 . 

□ 
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Combinatorial proof of Theore1t1 2.1.3 can be found in [7] . 
Note that if we take the limit as q tends to 1 in Theorem 2.1.3 , we recover 

the standard binomial t heorem: 

2.2 Non-commuting variables motivation 

We are still working with lattice paths with steps (0,1) and (1,0), except this 
time we keep track of the area under path composed of a given number of 
unit steps along horizontal and vertical directions. The area is marked by q 
while the horizontal and vertical steps are marked by .r. and y respectively. 
For example consider the lattice paths when the total number of unit steps 
is 2, i. e. , 

• • • .J r 
The first , second and fourth paths have no area under them while the third 
has a unit area under it. 

The area is generated by q0 + q0 + q1 + q0. But the uni t steps. which 
may incorporate areas under resulting paths , are generated by ( x + y ) 2 = 
xx+ x y + yx + yy. The parameters q with x and y are combined by adding 
a unit area whenever yx is changed to x y , i. e., xy -+ qyx. The following 
general rules apply : 

y:r = q.cy ; 

.1:q = qx ; 

yq = qy; 

XO= YO= q° = 1. 

Therefore the required generating function is obtained as follows: 

(x + y) 2 =xx + x y + y.r + yy 

=.1;2yo + .Ty + qx y + .roy2 

=x2y° + (1 + q)xy + x0y2 

=qox2y° + (qo + ql )x1y1 + qoxoy2. 

11 
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r 
Figure 2.1: Path with area underneath 

.J 
Figure 2.2: Path with no area underneath 

Not e. q plays the role of a commutator in the language of group theory. 
Since the monomial yx represents two uni t steps that enclose a unit area, 
the t ransformation yx ➔ qx y implies a rotation of figure 2.1 by 180 degrees 
into figure 2.2 such that the previous unit area is encoded by q. 

For more general constructions we derive the following relations. 

1. yx k = qkxk y since 

yx - x - - - x =qx yx - · · x 

=qx qx yx · · · x 

=qq · · · qxx ··· .T y 

=qk.Tky 

yy · · · yx = yy · · · yqx y 

=y ... yqyx y 

=qq ... qx yy ... y 

=qkxl 

By a similar reasoning we obtain the generating function associated with 
3 unit stPps a.s follows: 

(x + yyi = xxx + x .x y + x y x + x yy + yxx + yx y + yyx + yyy 
"l 2 2 2 2 °l = :r· + T y + .ry:r + :i:y + y.r + yx y + y :r + y· 
1 0 2 2 2 2 .2 2 2 2 0 1 = x y + x y + qx y + x y + q x y + q.xy + q x y + x y 

= qo x:iyo + (qo + q1 + q2) .r2y1 + (qo + q1 + q2) _r 1y2 + qo xol 

12 



The q-hiuomial coefficients [:] are now defi ned by [7] 

(2.2) 

subject to the rules (2 .1). 
Now the known expression (x + y) 11+1 = (x + y)11( x + y) implies that 

'f [n: l] xn+l-kyk = t ['~] x"-kyk(x + y) 
k = O k=O 

= t [:] ( x"- kykx + xn-k yk+l) 
k=O 

(since 'fl .1: = l.1:'fl) = t [:] ( xn- kr/~cvk + .1:n-kyk+I) 
k=O 

Taking the coefficients of x11+1-kyk on both sides we get 

Similarly we can write 

(x + y)n+I = (x + y)(x + y)" 

and use a similar manipulation as above to obtain the dual relation 

[n + ll [n] + [ n l qn+ l-k_ 
k k k-1 

Subtract equation (2.3) from equation (2.4) to get 

which can be rewritten as 

1 - 1/1+1- k [ //, ] . 

1 - qk k - 1 

13 
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Iterat i11g (2.5) we get 

[n] = (1 _ qn+l - k)(l _ qn+2-k) ... (1 _ qn) [n] 
k (1-qk)( l-qk- l)···( l-q) 0 

(1 _ q) (l _ q2) . .. (1 _ qn-k)( l _ qn+l-k) ... (1 _ qn) 

(1 - q) (l - q2 ) · · · (1 - q11- k)(l - q) · . . (1 - qk ) 
(q ;q)n 

X 1 

The q-binomial coefficients defined in this way turn out to be the same as 
those defined in the previous section. 

2.3 Binary words motivation 

In this section , we will connect binary words with partitions. A word can be 
easily defined as a se4uence of letters . By binary word , we mean the only 
letters in the word are l 's and O's . Let B( N , m) denote the set of all binary 
words of length N + m having exact ly N letters e4ual to 1 and m letters 
equal to 0. 

Example 2.3.1. 100101001 is a binary word of length N + m = 9 where 
N = 4 and m = 5. 

Definition 2.3.1. Given a word w = w1w2 · · · Wn , the inversion number, inv 
w, of w is the n11mber of pairs (-i , j) s11ch that 1 ::; i < j ::; n and wi > WJ-

Example 2.3.2. 

so 
W1 > W2 , W3 , W s , W7 , Ws 

W4 > W5, W7, Wti 

W5 > W7, Ws 

w =100101001 

Hence tlwr0 are 10 pairs ( i , j) with i < j such that wi > WJ , that is, i11v = 10. 

Note that if w has the form w = F 1 ox21x3 Qx4 • •• F 2 • - 1 0X2 ,. F 2, + 1 , where 
the exponent of each letter represents its frequency, then we have 
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Proposition 2.3 .1. (Foata-Han (19/) For each pair of integers (N, m) we 
have 

[
JV+ ml " invw = L q . 

rn, wEB(N.m) 

Proof. Let PN,,,, he the set of partitions ge1wrated hy [N!m] ( i.e., partit ions 

fitting inside N x m rectangle) . Let v(,\) be the number of parts of ,\ and 
let IAI denote the weight of A. We want to construct a bijection <.p: P N,m ---+ 
B(N, m) such that ,\ i----+ w if and only if IAI = invw. 

We can express ,\ in the form /\ = ( ,\f 1 , A? , /\ l~, ... , ,\zk) with N 2 /\i > 
A2 > · · · > Ak 2 0, Xj > 0 for all 1 :S j '.S k, and x 1 + · · · + Xk '.S m. 

If v(,\) < m , we let Xk := m - v( /\ ) and ,\k := 0. Then ,\ consists of the 
parts A1 , A2 , ... , Ak- I which are repeated x1, x2, ... , Xk-l times , respectively. 
If 1/(,\) = m, then Ak 2 1 and ,\ consists of the parts ,\ 1, ,\2, . .. , /\k , which 
are repeated x 1 , x 2 , ... , xk times, respectively. 

Therefore /\ i----+ w, where 

Note that the wonl w has ,\k + ( ,\k - I - Ak) + · · · + (,\1 - ,\ 2) + (N - ,\ 1) = N 
letters equal to 1 and Xk + xk - l + · · · + x1 = m letters equal to 0. Moreover , 

invw =AkX k +(,\A-+ AA:-1 - ,\A:)xk:-1 + · · · + (,\k + AA:- 1 - Ak + · · · + /\, - A2)x , 

=AA:Xk + Ak-l Xk- 1 + · · · + A1 .T1 

=IA I. 

Clearly the mapping <.p : ,\ i----+ w is one-to-one, and then bijective. □ 

Example 2.3.3. As an illustration of Proposition 2.3.1 consider the partition 
,\ = (6, 5, 4, 4 , 2, 2) E P6,7 . For the purpose of this bijection ,\ can also be 
written as (01,22 ,42 ,51,61 ) , with '7 parts'. Thus,\ i----+ w , where 

w = 1°0112 - 0 0214 - 202 15 - 4 0116 - 5 0116 - 6 = 0110011001010 E B(6, 7). 
Note that using Equat ion (2 .6) we have 

invw = inv(1°01 1202 1202 1101 1101
) 

= 0 · 1 + (0 + 2) · 2 + (0 + 2 + 2) · 2 + (0 + 2 + 2 + 1) · 1 

+ (0 + 2 + 2 + 1 + 1) · 1 

= 0 + 4 + 8 + 5 + 6 = 23. 

But 1,\1 = 6 + 5 + 4 + 4 + 2 + 2 = 23. 
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2.4 The q-Multinomial coefficients 

The binomial theorem can be extended to the multinomial theorem : 

where 

and 
n! 

We call (,.,
1 

k
2

~ ,kJ the multinomial coefficients. Clearly these coefficients 

count the ways to permute :c}1 x~2 
· · · .£~7' . Here ;J;}' indicates that the letter 

xi occurs k,. times j ~ 1, r ~ 1. 
In this section we forther extend the mnltinomia.l coefficients to q-mnltinomial 
coefficients. These are defined for each m ~ 1 and each sequence of nonneg­
at ive integers (k1 , k2 , . .. , km) by 

We have already studied the case of m = 2 which gave us the q-binomial 
coefficients 

[N + ml [N + m] [N ~ m] = 
N ,m m A 

(q ; q) N+m 
(q: q) N(q ; q)m. 

Note. The limit limq-+1(q : q)n = n!limq-+ 1(1- q)n implies that 

Thus q-umlt inomial coefficients are q-analoguPs of multinomial coefficients. 

Form ~ 1 and each sequence k = (k1 , k2 , ... , km) of nonnegative integers, 
let W(k) = TV(k1 , k2 , ... , km) denote the set of words of length k = k1 + k2 + 
· · · + km which are permutations of the word 1 ki 21,; 2 • • • nim. 
Clearly the cardinality of W(k) is 
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Theorem 2.4.1. We have 

L qinvw _ 

wE W (k ) 

(2.7) 

Proof. This theorem urn be µroved by induction on m using the case of 
m = 2 (in Proposition 2.3. 1) as a base case. \Ve omit the details which may 
be found in Foata-Han [19, µµ . 29-Jl]. □ 
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Chapter 3 

Over q-Binomial Coefficients: 
Motivation and Basic Identities 

3.1 Lattice Paths 

Consider the following problem: how many paths are there in the plane from 
the point (0 , 0) to (m , n) using only unit steps vertically upward or horizon­
tally to the right or diagonally to the right? 

Let P(m, n) count such paths. Then it can be shown by combinatorial rea­
soning [l , Exer. 1.24, p . 19] that 

P(m , n) = L (n + k) (r~) 
k20 m k 

= L (m + k) (n) 
k20 n k 

(3 .1 ) 

Suppo:,;e you have a path from (0 , 0) to (ni , n) where the number of diag­
onal steps is k . 
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n 

rn 

Thm the numhn of tota l unit steps is (m+n -k) . Then there an ' (n - k) 
vertical steps and ( m - k) horizontal steps , so we can choose ( n - k) vertical 
steps from ( m + n - k) steps then choose ( m - k) horiwntal steps from m. 
Hence 

P( m, n) = L (m _+ n - k) (, rn, .) 
k?'.0 n - k m - k, 

= L (m + n - k) ( rn. .) 
k ?:0 m m - k 

__ "'""' (n + k) (m.) L . ( change of variable k: -t m - k:) 
k ?:0 m k 

= L ( m + k) ( n) ( Since P(m, n) = P(n , m) ) . 
k?:0 n k 

As for the third equality, we choose k diagonal steps from ( m + n - k) steps 
then choose ( m - k) horizontal from m + n - 2k remaining steps and sum 
over k. 

Example 3.1.1. P(2 , 1) = G) (~) + (D G) + G) G) = 0 + 2 + 3 = 5 
corresponds to the paths 

___J r _/ 

On the other hand P(2 . 2) = (D (~) + (D (7) + (D G) = 1 + G + G = 13 
counts the following paths 

r I F r1 
19 



'vVe now refine these paths by enclosing the top-left corners with uni t squares: 

If we regard these new diagrams as Fen ers boards of overpartitions where a 
triangle represents an overlined box. we obtain t he following overpartitions 

0, (1) , (I ), (1, 1) , (1, I) , (2) , (2) , (2 , 1) , (2, 1), (2, I) , (2, I) , (2 , 2) , (2, 2). 

These are overpart it ions with each part at most 2 and number of parts at 
most 2, i.e. , fi tting inside a 2x2 rectangle. We defin e t he over q-binomial 
number (a generating function in the variable q) for these overpartitions as 

+ q2+T + q2+2 + q2 +2 

= q0 + 2q1 + 4q2 + 4q:l + 2q1
. 

Generally, we define the over q-binomial numbers as 

[m + nl _ n := L p(N, m , n)q , 
n n 2'. 0 

where p(N, m, n) counts overpart itions of N into at most n parts , where each 
part is at most m. 
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Wf' have hy co11jugat io11 , t he syrnrnf't ry property 

[m ,+ n] [m + nl . 
n rn 

(3.2) 

We shall prove the following : 

Theorem 3 .1.1. [16} For natural numbers N and m, we have 

[ ] 

min{m,n} ( ) 
m n+ n = L q k ( \ 1 1) ___ q_:_q_n-_,-+_n_.-_k _ __ . 

k=O (q; q)1.,(q: q)m-k(q; q)n-k 

Proof. Let G( N, m , n , k) be the generating function for the number of over­
partitions of N fitting inside an m x n rectangle and having k overlined 
parts. Then the non-overlined parts in each overpartition will form a par­
tition into at most n - k parts, each at most m , whilf' the overlined parts 
will form a partit ion into k distinct parts, each at most m. For example, the 
overpartition 

I I I 
I* I 

* 
* 

~ ~ 

,__ 

~ 

~ 

can be decomposed into the two partitions depicted below. 

I* I 

The first partition can be viewed as a partition fitting inside an m x ( n - k) 
rectangle. Hence it is generated by [ni1:;k]. 
The partition into k distinct parts :S rn can be "factored " into the partition 
(k , /;; - 1, ... . 1) and a part it ion into at most k parts, f'ach :S m - k (i.f'. , 
fitting inside (m - k) x k rectangle). For example, the last Young diagram 
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above (wi th k = 3, m 2". 9) gives (7, 4, 2) ➔ (3, 2, 1) · (4 , 2, 1). Such part itions 
k ( k + l ) [m] are generated by q-2- k . Thus 

G(N m n k) = q k(\ + 1) [ml [m + n - k] 
' ' ' k n - k 

k(k+l) (q; q),,, (q: q)m+n- k =q_2_ 
(q; q)k(q; q)m-k (q: CJ )n-k(q; q)m 

k ( k l l ) (q; q)m+n-k = q-2----------
(q; q)1,;(q; CJ )m_k( q; q),, - k . 

Since G(N, m, n, k) 2". 0 if and only if O::; k ::; min{m, n} , we have 

[
m + n] = niin {rn,n } L G(N,m,n ,k) 

n k=O 

min{m,n } ( . ) 
~ k( H l ) q, q m+n- k 
~ q 2 - --------

k = 0 (q; q)k(CJ ; q)m- k( CJ ; q)n-k 

□ 

Note that 

(q; q)m 

( k+ 1) [m + n - k] [rn] = L. lim q 2 lim lim k 
A·'2 0 q➔ l q➔ l n - k; q➔ l ; 

=~(m::; k)(mr: k) 

= P (m,,n) 

Interestingly, we see that [m;"] is the q-analogne of P( m, n) . 

Example 3.1.2. The over-q binomial coefficient expansions, wi th [:] for 
n = 0 , 1, 2, 3, 4, 5 , 6 , 7 are 
n = 0: 
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11 = 1 : 

-[7] = [6 + ll = t q k (kt ) (q; qh-k 
1 1 k=O (q ; q)k(q ; q)6- k(q; q)l - k 

= 1 + 2q + 2q2 + 2q3 + 2q4 + 2q5 + 2q6 

11 = 2 : 

-[7] [5 + 2] t k (k+ I ) (q: q);_k 
2 = 2 = k=O q 2 (q: q)k(q; q)5_k(q ; q)2_1;; 

= 1 + 2q + 4q2 + 6l + 8q4 + 1oq5 + 1oq6 + sq1 + 6q8 + 4q9 + 2q10 

11 = 3: 

-[7] = [4 + 3] = t q q\+ 1) (q: q)T_k 
3 3 k=O (q: q)k(q; q)4-k(q; q)3 _1;; 

n = 4: 

n = 5: 

n = 6: 

n = 7: 

= 1 + 2q + 3q2 + 7q3 + 10q4 + 14q5 + 18q6 + 19q7 + 17q8 + 14q9 

+ 8ql0 + 4qll + 2ql2 

[7] [2 + 5] t ~ (q; q)T_k [7] 
5 = 5 = k=O q 2 (q; q)1;;(q; q)2_1;;(q: q)5_1;; = 2 

-[7] = [1 + 6] = t q k ( \ 1 l ) (q; q)T_k = -[7] 
6 6 k=O (q;q)k(q:q) 1- 1.:(q ;q)G-k 1 

Remark. (i) The q-trinomial coefficient is defined by 

[
a+b+ c] (q;cJ)a+b+c 

a , b,c - (q;q)a(q:q)b(q ;q)c. 
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Hence the right-ha11<l si<le of Theorem 3.1.1 can be re-written to giw 

m + n = L , q k<kt1 J m ~ n - µ • • 

[ ] 

min{m n} [ k ] 

n k=O m - k, k, n - k 
(3.3) 

(ii) The q-trinomial coefficients satisfy the recurrence, (see [8] ) 

[
a+ b + cl = [a+ b + c - l] +qa [a+ b + c - l] +qu+b [a+ b + c - l]. 

a,b ,c a-1 , b,c a , b-1 ,c a , b,c -1 
(3.4) 

Theorem 3.1.2. (JG/ For positive integcn m and n , we have 

{i) [m,t] = 

(ii} [m+n] _ ,, n -

[m+n-1] + n [m+n-1] + Gn [m+n-2] . 
n - I q n l n - I ' 

[m+n-1] + ( m [m+ n - 1] + ( m [m+n-2] . 
n l n - l I n - 1 

Analytic proof of Theorem 3. 1. 2. We µrove only µart ('ii) , the µroof of µart 
(i) is similar. Csing (3.3) and (3.4) we have 

m11f ,n} q k(\ +i l [ m ~ ~ - k ] 
k=O m - k, k, n - k 

mi,f ,n} q k(\ + l ) ( [ r,,. ~ 'fl - k - 1 µ] 
k= O m - k - 1, k, n - k 

m-k [ m + n - k - 1 ] rn [ m + n - k - 1 ] ) +q . +q 
m - k, k - 1, n - k m - k, k, n - k - 1 

min{m-1 ,n} k(k+ l ) [ m + n - k - 1 l L q-2-
rn-k -1 k n-k 

k=O ' ' 

min{m.n} [ + k l ] k(k - 1J m n - ~ -+ qm L q- 2-
k=O m - k, k - 1, n - k 

min{~i - 1} k(k- 1) [ 1/l + n - k - 1 l + q"' L q- 2-
k= o m, - k, k , n - k - 1 

min{~l.n} k(H 1J [ rn + n - k - 1 ] 
L q 2 + 
k=O m - k - 1, k, n - k 

min{m- 1,n - l} [ + ,. ? l 
171 kC k+ 1J rn n - K: - ~ 

q L q 2 
'Ill - k - 1 k n - k - 1 

k=O ' ' 
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111in{m.n- l} [ + I 1 ] .c 1.- - 1J rn n - ,,; -+ qm ~ q-~-
L.., m-kkn-k-1 
k=O ' ' 

( By replacing k by k+ 1 in the second sum) 

[m + n - 1] m [m + n - 2] m [m + n - 1] = +q +q . ' 
11. n - l n - l 

□ 

Cmnbinator'ial prnof of Them-ern :J.1. 2. Let 0( N, 'Ill , n) count overpartitions 
of N into at most n parts :Sm. Then O(N,m ,n) - O(N,m,n-1) counts 
overpartitiorn, ,\ into exactly n parts :S rn. vVe now subtract 1 from Pvery 
part of ,\ in two cases as fo llows. 

If 1 ( or I) is the smallest µart, theu we obtain au overµartitiou of N - n 
fitting inside an (m-1) x (n-1) rectangle counted by 2O(N -n , m-1, n-1). 

If the smallest µart is not 1 ( or I) , then we obtain an overµartition of 
N - n having exactly n parts :S m - 1 and therefore counted by 
O(N - n, m - 1, n) - O(N - n, m - 1, n - 1). 

Therefore 

O(N, ·111., n) - O(N, m., n - l) 

= 2O(N - n , m - 1, n - 1) + O(N - n, m - L n) - O(N - n, m - 1, n - l) 

= O(N - n,m-1 ,n - l) + O(N - n,m -1 ,n). 

We multiply by qN and sum over N to obtain 

L ( O(N, m, n) - O(N, m , n - 1) )qN = qn L O(N - n, m - l , n - l )qN-n 
N ?_O N ?_O 

+ qn L O(N - n, m - 1, n)qN-n_ 
N?_O 

Hence by the definition of the over q-binomial number we have 

[m + nl [m + n - ll = qn [m + n - ll + qn [m + n - 2] 
n n -1 n n-1 

which proves part (i). 
Applying a similar argument to µart (ii) , we see that O(N,rn ,n) -

O(N, m - 1, n) counts overpartitions 1r fitting inside an m x n rectangle 
with the la.rgest µart equal to m,. If we remove the largest µart m from 1r we 
get that: 
If m is overlined , we obtain an overpartition of N - m fitting inside an 
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(m - 1) x (n - 1) rectangle (si 11ce t he last occurrence of a part may be over­
lined) . This is counted by O(N - m , m - 1, n - 1). 
If m is 11ot overline<l , we obtain an overparti tion of N - m ti tt ing inside an 
m x (n - 1) rectangle counted by O(N - m , m , n - 1). 
Heuce, we have 

O( N , m , n) - O(N, m-1 , n) = O(N - ni , m-1 , n-1) +O( N - m, m , n - l). 

As before, this translates into the recurrence 

[m + nl - [r,1, + n - ll = qm [rn + n - 2] + qm [m + n - 1] 
n n -l n -l n 

which is part (ii). □ 

Note that if we set z = l on Theorem 2.1. 3 (the q-binomial theorem), we 
obtain 

Proposition 3.1.3. /16} For a non-negative integer m , we have 

[NJ lim 
N➔x m 

Proof. We have . by Theorem 3. 1.1 

(-q ; q)m 
(q; q)m . 

(3.5) 

[
Nrr,] = [(N - mm) + m] = min{ 1kt··=-Orn.m} q_k(•-;_1) (q; q) N- k 

• (q; q)k(rr q) N-m-d q; q)m-k . 

Hence 

[Nl ~ k {k+ l ) 1 lilll = L.,, fj_2 _ ------

N ➔x m k=O (q: q)k(q; q)m-k 

1 ~ k (k i l ) (q;q)m 
L.,, q 2 

(q; q),,i k=O (q: q)k(q: q)m- k 

(- q; CJ) m 
(q; q)m . 

26 
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3.2 The over q-analogue of Chu-Vandermonde 
Identity 

We consider t he q-binomial analogue of the classical identity 

(3 .6) 

It is known that t his idPnti ty has t he q-analogue by q-binomial numbers [10] 

As an immediate application we state a new over q-analogue of (3. 6) in 
terrns t lw over q-bi11ornial coeffi ciP11ts. 

Proposition 3.2.1. For any non-nega tive integer n, we have 

Proof. It is clear that overpart it ions fitting inside an n x n square are gen­
erated by 

[~:·]. 
Now assume the overpart it ion has a Durfee square of lPngth j . 

.J J 

J 

The diagrams above rPpresP11ts ovnpart it ions fit t iug insirlP n x n square 
with t he Dmfee square of length j . The first diagram ( on the lPft) rPpresents 
ovPrparti t io11s whc~re t he last part of the Durfep squarP is overlined wlw rPas 
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the secolld diagram represellts owrpartitiolls where the last part of the Durff'e 
square is not overlined. In each of these diagrams , the Durfee square is 
generated by qi

2
• 

If the last part of the Durfee square is over lined ( as shown in the second 
diagrnlll), then the diagram 011 its right is au ovnpartitiou fittiug illsidP au 
(n- j) x (j -1) rectangle and the diagram below it is an overpartition fitting 
iusidf' a (j - 1) x ( n - .n rec:tauglf'. Heu cf' both diagrams atf' geueratPd by 

[
1~ - ll x [n - ll [n - ll x [n - 1] 
1-l n-J 1-l 1-l 

By symmetry 

~ [; = ~r 
If the last part of the Durfee square is not overlined ( as shown in the first 
diagram) , then the diagram on the right is an overpartition fitting inside an 
(n - _j) x j rectangle and the diagram below it is an overpartition fitting 
insidP a j x (n - j) rwtanglf'. Hf'ncf' tlw diagrams are gerwrated by 

Hence, the generating function for partitions into at most n parts :S n with 
Durfee square of side j is given by 

Morf'over, sin cf' every overpartition enunwrated by [2nn] has a Durff'e square 
with size O :S j :S n , we obtain the stated identity. D 

Proposition 3.2.1 may be regarded as a finitized version of the following 
new identity. 

Corollary 3.2.2. We have 
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Proof. Let n -+ oo in Proposit ion 3.2. 1. T hen 

[2n] . ...f:--- k( k - 1) (q: qhn- k 
lim = hm L q 2 

n--+ oo n n--+oo k=O (q ; q)1,;(q : q)n-k(q; q)n-k 
k ( k I ) 

(X) q- 2- 1 
=I:- ·-

k=O (q; q)k (q; q) oo 

( - q; q) x 

(q ; q) oo . 

Hence the result. □ 

Combinatorial proof of Corollary 3. 2. 2. Clearly 

1 ~ 1 k( k - 1) (-q ; q)x ~ - ( ) n 
L --q i = --- = L p n q 

(q: q)oo k=O (q ; q)k (q ; q) oo n=O 

Now suppose we have an overpart ition >, of N with Durfee square of side 
j . Separate >, into two classes as in t he proof of T heorem 1. 2.2. In hoth 
cases, t he Durfee square is obviously generated by q12 . However , in t he 
first , t he top-right and hottom-l0ft tr iangles are g0uerated hy ((q;)li - t. Such 

q.q J - 1 

overpart it ions a.re generated by 

Similarly, in the second case , t he top-right and bottom left t riangles are 
o-enerated by (-q:q) i. Hence t his class is g·enerated by 
0 (q ;q)} 

( . )2 j 2 -q, q j 

q (q: q)3 
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Hence we have 

□ 
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Chapter 4 

Some Applications to 
Restricted Overpartitions 

This chapter considers applications of over q-binomial coefficients to overpar­
titions which are described according to the number of parts , and according 
to the rank. 

4.1 Overpartition with restricted number of 
parts 

The next result will be proved by marking the number of parts by k. 

Proposit ion 4. 1.1. {16} For a positive integer rn, we have 

Proof. Let Pm(N, k ) count the number of overpartitions of N into k parts 
::::; m. Then we have 

~ ~ - (N k)~k N = (- zq:q)m 
L L Pm , ~ q ( ) 
N ?_ O k ?_O zq; (J m 

since overlined parts form a partition into distinct parts ::::; m and the non­
overlined µarts form an ordinary µart ition with µar ts ::::; m. I3ut we showed 
in the combinatorial proof of Theorem 3 .1. 2 that 

p
11
,(N , k) = O(N, rn, k) - O(N , m , k - l ) 

= O( N - k , m - 1, k - 1) + O( N - k , m - 1, k). 
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Multiply through by qN an<l sum over N to g<"t 

L Pm(N, k:)qN = qk L ( O(N - k , 'rt/, - 1, k: - 1) + O(N - k: , m - 1, k) )qN-k 
N 2 0 N 2 0 

= i ' ( [m + k: - 1] + [m + k: - 2] ) , 
k k- l 

Hence 

(-zq ;q)m = '°' '°' - ( ll\ T k) "' ~k 
( ) 

L L Pm ' V 1 q £ 

zq; q m k2 0 N20 

□ 

Proposition 4, l, 1 is an overpartition analogue of the q-binomial series [10]: 

1 ~ 1- 1-[m + j - 1] ---=Lzq - -
(zq; q)m j=O J 

Corollary 4.1.2. (16] Let p(N, k) count th e overpartit£ons of N with k parts, 
Then, 

Proof, We let m --+ oo on Proposition 4, l, l, Th<"n 

( ) ( ) 
(- zq: q)rn (- zq; q) 00 

Pm N, k --+ p N , k ¢::::::} ( ) --+ ( ) , 
zq: q m zq; (f 0() 
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Lastly, 

Note that since 1 + qm (mod 2) = 1 - q"' (mod 2) , we have 

qk( -q ; q)k-l k (l + q) (l + q2) · · · (1 + qk- l ) 1 
L ( . ) = L q . (l )(1 2) (1 k- l) . Ik k2'. l q, q k k2'. l - q - q . . . - q - q 

qk 
= L --k (mod 2) 

k: 2: 1 1 - q 

= L T(N)qN (mod 2) , 
N 2: I 

where T(N) is the number of positive-integer divisors of N. 

Corollary 4.1.3. [16) Fo r all non-negative integers N, we have 

µ(N) = 2T(N) ( mod 4) 

Proof. Set z = l in Corollary 4.1.2, then 

Hence 
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giving, with (4. 1) , 

L µ(N)qN = 2 L T(N)qN (mod 4). 
N ?. l 

Theorem 4.1.4. [17} For every positive integer m, we have 

~ [m + k - l] k k (- zq
2

; q)m- 1 
L z q = 
k=O k (zq; q)m 

Combinatorial proof . Note that 

(- zq2
; q)m- 1 

(zq; q)m 

(1 + zq2)(1 + zqJ) · · · (1 + zqm) 

(1 - zq)(l - z<J2) • • • (1 - zqm) · 

□ 

(4.2) 

This is generating function for overpa.rtitions where all part::, are ::S: m and 
the smallest overlined part is > 1. Now for a fixed value of k, suppose we 
have such overpartition with exactly k parts. 

k 

The first column of this overpartition is generated by zkqk and the triangle 

on the right is gmerate<l hy [m-A~+k]. Hence this overpart ition is genPrate<l 

by i :qk [m-:+k]. Summing over k we get the resnlts. D 

In addition to the combinatorial proof, we give an analytic proof. 

Analytic proof. 'vVe will use the fact that 

(4.3) 

Now we simplify the left-hand side of (4.2) (with m-1 set to be m) below. 
Note that in the second equality we set min(rn , k) = rn since O ::S: j ::; rn but 
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j ::; k ----+ oo. 

~ [m + k] k k ~ mi~,k) (HI) (q; q) m+k-j ( )k 
L.., z q = L.., L.., q 2 -----~-- zq 
k=O k k=O j=O (q ; q)j(q; q)m- j( q: q)k- j 

(Hl) 
= f . q 2. f (q ; ~)m+k- j (zql 

j=O (q , q) j(q, q)m- j k=j (q, q)k- j 

m (H 1
) x ( ) 

= L . q 2. L q;q m+k( zql+j 
j=O (q , q)j(q, q)m-j k=O (q , q)k 

~ qei 1) ( )j ~ (q; q)m. k ( )k = L.., ----- zq L.., --- zq 
j=O (q; q)j(q: q)m-j k=O (q ; q) k 

- (J+I) l m ( ) 1 2 oo (cm+ . ) 
(by(4.3)) = L _zq q. (q;q)m L 1 . , qk( zqt 

j=O (q , q)j(q , q)m-j k=O (q , q)k 

(b Th 2 1 2) 
~ (q: q)m ( )j (1+') (zqm.+ 2

; q) -x.. y eorem . . = L.., ----- zq q l • ----

j=O (q; q)j(q: q)m-j (zq; q) oo 

. (zqm.+2 ; q) oo 
(by T heorem 2.1.3) = ( ) (- zq · q; q)m 

zq;q :x. 

(- zq2; q)m 

(zq; q)m+l 

This complete our proof 

4.2 An Analogue of Sylvester's Identity 

vVe now consider Sylvester 's series-product identity [22]: 

( [m + 1 - j] [m - j] . •) -:!21L_!1 (- zq; q)m = ~ j + j zqJ1 (- zq: q)j- 121 q 2 
• 

□ 

vVe will show that the following f'xpn='ssion is an over-q-hinomial analoguf'. 

Theorem 4.2 .1. [16/ For a positive integer m, we have 

(- zq; q)m 
Proof. Clearly ( ) generates overparti t ions into parts that are ::; m. 

zq;q m 

Suppose you have such overpart ition ·with a Durfee square of side j. 
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. ·2 

In both diagrams the Durfee square is generated by zJ qJ . 

If the last part of the Durfee square is not over lined , then the overpartition 

on the top-right fits inside (m - j) x j rectangle, hence generated by [7] . The 

bottom overJJartition has parts < 1· and therefore generated by ( - z q;q)2 . If the 
- . , (z q:q )j 

last part of the Durfee is overlined , then the overpartition on the top-right 

fit inside ( m - j) x (j - 1) rectangle, hence gf'neratf'd by [7_=-11). The bottom 

overpartition has parts ::; j - 1, and therefore generated by ( - z q;q)1 -
1 Thus 

(z q:q) j - 1 · 

the right-hand-side of the stated result follows. □ 

Corollary 4.2.2. flu} We have 

(-zq; q)oo l + '°' ( (- q; q) j - 1 (- zq; q)j - l J 12 + (- q; q) j (-zq; q) j j j2) ---- = L -----'------'--Z q --~ z q . 
(zq: q) oo j2'.l (q; q)j-1 (zq; q)j- 1 (q; q)j (zq; q)j 

Proof. If we let m -+ oo in Theorem 4.2.1 , then the left-hand-side gives 
(- zq; q)m (- zq; q)oo . . . 
( ) 

-+ ( ) while the n ght-hand-s1de becomes 
zq: q m zq; q oo 

1+'°' ( (-q ;q)j_1(- zq;q) j- l j j2+(-q;q)j( - zq;q)j j j2 ) l L -----'-- ------'-- Z q --~ ---~z q , w 1ere we 
j2'. l (q ;q) .1 - 1 (zq;q)_1- 1 (q ;q).i (zq;q) j 

have invoked Proposition 3.1.3. This completes our proof. □ 

4.3 Overpartitions with rank r 

In 1944, Freeman Dyson [18] defined the rank of an ordinary partition as 
follows: 

Definition4.3.1. Therankrof a partition>.= (>. 1 , >. 2 , ... , >.k) , >-1 2: ···Ak, 
is the differeuce lwtwee11 the la rgest part a11d the 11ulllher of parts, i. e .. the 
rank of>. is given by r := >-1 - k, 
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Note that the rank can be any integer. For exa mple, given a partit io11 
>. = (7, 7, 5, 3, 3, 3, 1) , the rank of /\ is r = 7 - 7 = 0. In [16], the rank of an 
overpartitio11 is defin ed t he same way as that of an ordinary partition. Let 
Rr (N) count overpartitions of N with rank r . 

Theorem 4.3.1. /16/ For any integer r, we have 

t R,.(N)qN = 2qr+l + t q2m+r- l ( [2n~. + r - 2] 
N=O m=2 In - 1 

+ [2m + r - 3] + [2m + r - 3] + [2m + r - 4] ) 
m-1 m -2 m -2 

Proof. Suppose we have an overpartit ion ,\ with rank r . We decompose this 
overpartition into two cases : 

1. ,\ has only 1 part: 

2. ,\ has 2 2 parts. 

For case 1, the only overpartitions are r + 1 and r + 1, and they are 
generated by 2qr+l _ 

For case 2, the largest part is r + m and the number of parts is m for 
some m. If we delete the first row and column in the Ferrers diagram of t his 
overpartition , the deleted part is generated by q·,+rn+m- l = q2m+r- 1 . Now we 
want to know what happens to the remaining Fen ers diagram after deletion. 

If Tis a part and r + m is over lined in >. , then t he remaining overpartition 
is generate<l hy [r+m-2+m-2] = [r+2m-4] . m.-2 m.-2 

If T is a part and r + m is not overlined in >. , then the remaining over-

parti t ion is O"f'nerate<l by [r+m- l+m-2] = [r+2·m-1]. 
O m.-2 m.-2 

If T is not a part and r + m is overlined in >. , then the remaining over-

partition is rrpnerate<l by [r+m-2+m-l] = [r+2m.-3]. 
o m.-1 m.- 1 

If I is not a part and r + m is not overlined in ,\ , then the remaining 

OVPrpartition is O"f'JWrated hy [r+m-l+m- l] = [r+2m-2]. 
o m-1 m.- 1 

Hence case 2 is generated by 

q2rn+ 1·- I ( [2 m+r-2] + [2m+r-3] + [2rn+r-3] + [2m.+r-4] ) . 
m - 1 m-1 m-2 n,.-2 

Hence an overpartition of rank r is generated by 

2 r+ 1 + ~ 2m+r- l ( [2m+r-2] + [2m+r-1] + [2m.+r.-1] + [2m+r-4] ) . D q L.,
2 

q n,.- .1 m- l m - 2 m-2 
7Tt = 

37 



Chapter 5 

Further Applications of Over-q 
binomial Coefficients 

5.1 Introduction 

Let p(n, t) count the part itions of n where the difference between the largest 
and smallest parts is a fixed integer t. It has been shown by Andrews, Beck, 
and Robbins [9] that 

. ql(l - q) ql-l(l - q) ql 
'I:,p(n , t)q" = -----+ + . . 
n 2'. l (1 _ ql)(l _ ql-1) (1 _ ql)(l _ ql- 1 )(q; q)t (1 _ ql-1 )(q; q)t 

(5.1) 
It was later µroved by Breur and Kronholm [12] that if we let Pt(n) count 
partitions of n where the difference between the largest and smallest parts is 
at most t , then for t ~ l 

L Pt(n)q" = _l_t (-_1_ -1) . 
n 2'. t l-q (q,q)t 

(5.2) 

5.2 Overpartition analogue of the Breur-Kronholm 
results 

Let Pt ( n) count t he overpartit ions of n when the difference bet-ween the largest 
awl smallest µarts is at most t . Furthermore, we let Yt(n) couut t he overµar­
titions of n counted by Pt ( n) with the extra condit ion that: if the difference 
between t he largest and smallest µart is exactly f , t hen the largest µart can­
not be overlined. 
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Note. If the difference between the largest and smallest parts of a11 over­
partition of n is zero, then all parts are equal and are divisors of n. Hence 
p0 (n) = 2r(n ) a,nd !Jo(n ) = r(n). 

We define 

Pt(q) := L Pi (n) q11 and G1(q) := L 91(n)q11
• 

n 2'. l 

Now we prove the overpartition q-analogne of (5.2). 

Theorem 5.2.1. (14] Fort 2: 1, we have 

n 2'. l 

G1(q) = - 1-((-q; q)t - 1) . 
1 - qt, (q; q), 

Combinatorial proof of Th eorem 5.2. 1. Let A = (A 1 , /\ 2 , ... , /\ ,.) with A1 2: 
A2 2: · · · 2: A,. be an overpartition of n with exactly r parts , Ar = m 2: 1, 
and A1 ::; m + t so that /\ 1 - /\, ::; m + t - m = t (i .e The difference between 
the largest and smallest parts is at most t). If we subtract m from each part 
of A, we get the overpartition µ = (A 1 - m, A2 - m , ... , A,._1 - m) of n - rm 
with at most r - 1 parts and the largest part at most t . The overpartition 

µ is generated by [1+•;-1
] . Hence the overpartition A of n - rm + rm = n is 

generated by 2q'm [1+:- 1
]. Thus we obtain 

Now note that overpartitions where the difference between the largest and 
smallest parts is at most t can be divided into three disjoint cases: 

1. The largest part is at most t ; 

2. The largest part is greater than t , the difference between largest and 
smallest parts is exactly t , and the last occurrence of the smallest part 
is overlined: 

3. The largest part is greater than t and the difference between largest 
and smallest parts is at most t such that if the difference between the 
largest and smallest parts is exactly t , the largest and smallest parts 
are not ow rlim•d. 
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Let us examine t hese cases separately 

Case 1: 
Overpartitions with t he largest part a t most t are generated by (-( q;q)) , , in-

q,q t 

eluding t he empty overpart it ion of 0. Thus t he effective generating funct ion 
for t his case is 

Case 2: 

(-q ;q)t _ l. 
(q; q) 1. 

Suppose we have an overpart it ion p = (P1, P2 , . .. , Pr) with Pi 2 P2 2 · · · 2 Pr, 
p1 = m + t , p, = rn 2 1, and the last occurrence of the smallest part is 
overlined . 

This overpartition comprises of the following: 

• The s1uallest part rn which can either be overlined or uou-overliued 
generated by 2q"' and largest part rn + t which is generated by qm+t 
siuce it cau uot be overlined. 

• The over lined parts whose size is between m + 1 and m + t - l generated 
by 

• The non-overlined parts whose size is between m and m + t generated 
by 

1 
l-qm+t 

Then p is generated by 

2qm 1 + qm+ I 1 + qm+t- I qm+l 

1 _ (jm l _ qm+l 1 _ qm+t- 1 1 _ (jm+t 

Hence th is casf' is generated hy 

q"' l + q""+ i 
2 L -l-_-qm- · _l ___ q_m_+_l 

m 2': l 

1 + qrn+t-1 qrn+t 

1 _ qm+t-1 1 _ qm+l 

On t he other hand, Pt (q) - P1_ 1 (q) generate overpart itions where t he differ­
ence between largest and smallest parts is exactly t. Hence Case 2. is a lso 
genera ted by 

7\(q) - P1 - 1(q) 

2 
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1 + qm+l- 1 qm+l 

1 _ q m+l- 1 1 _ qm+l · 

Case 3: 
Let p = (P1,P2 , ... ,Pr) with P1 ~ P2 ~ · · · ~ p,. , Pt = m + t , m ~ 1 be an 
overpartition of n t hat des<.:ribes Case 3 . Then 7j = (p 1 - m , JJ2-m, . .. , Pr - m) 
is an overpartition of n - rm with at most r parts and the largest part is 
exactly t ( this is an overpartition fitting inside t x r box where the width is 
exactly t and the height is at most r). Recall that 

and [
t + r - 1] 

t - 1 

respectively generates overpartitions fit t ing inside t x r and t - 1 x r boxes. 
Hence q is generat ed by 

and 'j5 is an overpartit ion of n - rm + rm and so generated by 

Thus the generating function for Case 3 (for lql < 1) is 

= L. _1__q1 ( [t + r - ll + [t + r - 2]) 
1 - qr l t - 1 

r 2'. l 

_ I _![__ [t + r - 1] 
-q L1 ,. t 

r2'. I - (J 
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Takiug all the three cases ahove , therefore have 

Rearrangiug this gives 

Lastly we note that the overpartition whf'I'e t he differeuce between the largest 
and smallest parts is exactly t , and the largest part is over lined is generated 
by 

1 + qm+t-1 qm+t 
1 _ qrn+l- I 1 _ qm+t 

Hence 

P1 (q) - P1-1(q) 
2 

G ( ) 
_ P1(q ) - P1_ ,(q) p ( ) _ Pi(q) + pl_ ,(q) 

l q - ------ + l-1 q - - - ----. 
2 2 

This complete our proof. 

Theorem 5.2.2. (14] Fort 2'.'. 0, we have 

Proof. Since p0(n) = 2T(n) , we have 

Po(q) = 2 L T(n)qn. 
n:C,: l 

□ 

Now consider an overpartition where the smallest ism 2:: 1 and the largest is 
at most rn + t. Similarly to the previous proof this overpartit ion comprises 
of t he following: 

• The smallest µart m which can eit her be overlined or non-overlined 
generated by 2q111

• 

• The overlined parts whose size is between m + 1 and m + t generated 
by 
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• The 11on-overlined parts whose size is hetweeu m and m + t generated 
by 

1 1 1 

Hence this overpartition is generated by 

· 2qm 1 + qm+ 1 

1 _ qm 1 _ qm+ 1 

1 + qm+t 
1 - qm+t. 

Thus fort 2'.'. 0, we have 

We also have , for n 2'.'. 1 

p (q) + p (q) = '""' -- . --- . . . . --- + 1 
_ _ 2qm 1 + qm+ I 1 + qm+n- l ( 1 + qm+n ) 

n n- 1 L _ 1 _m 1 m+l 1 m+n-1 1 m+n m 2 1 - (J - q - q - q 

2qm 1 + qm+l 1 + qm+n-1 2 
= L 1 _ qm · 1 _ qm+l 1 _ qm+n-1 1 _ qm+n 

m 2 1 

= 2Gn(q) 

Hence we have 

iterating t his equation we have 

Pn(q ) = 2Gn(q) - (2cn- l - P,,_2(q)) 

= 2Gn.(q) - 2Gn-1(q) + P n-2(q) 

= 2Gn(q) - 2Gn-l(q) + 2Gn-2(q) - · · · 

= (- 1)0 2Gn(q) + (- 1)12Gn- l (q) + · · · + (- l t-l Po(q) 
n 

= I: (-1)"- k2Gk(q) + (-1 )"- 1 P0 (q) 
k=l 

~ (-1)"{t(-1)'2G,(q) + ~ r(k)q' ) 
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The followiug statement is well known i11 Elt> rnentary :\"mnhn Tlwory. 

Lemma 5.2.3. T(n) is odd if and only if n is a perfect square. 

Corollary 5.2.4. [14} For any t 2:: 0 and n 2:'. 1, J.\(n) is an even integer . 
. Furthermore, Pt (n) is divisible by 4 if and only if n is not a perfect square. 

Proof. Frorn Theorem 5.2.2 , we have 

I. 

= 2(- 1)1 L T(n)qn + 2(-l)t I: (-l tGn(q) 

Hence we see that J.\(n) is an ewn integn and 

pi(n) ::::::: 2T(n) (rnod 4). 

By Lemma 5.2.3 , it follows that Pt(n) is divisible by 4 if and only if n is not 
a perfect square. D 

Combinatorial proof of Corollary 5.2.4. By Theorem 1.2.1 , the number uk(n) 
of overpartit ions of n > 0 generated by an ordinary partition with k different 
parts is a power of 2, say u1.;(n) = 2k for some positive integer k. 
Now we consider the parity of pJ n). Let the number of overpartitions connt­
t>d hy both p1(n) and uk(n) he dt>noted by Pt(n, k) . We decompose t he set of 
overpartit ions counted by p1 ( n) into two set s: 

Set 1 : where t = O; 
Set 2 : where t 2:: 1. 

St>t 1 consists of owrpartitions of n wherf' all parts art> equal in sizf' , i. e., those 
counted by p0 (n , 1). The number of the corresponding underlying ordinary 
part itions ,,\ will be T(n). Sincf' the last pa rt of /\ ca n either he overlint><l or 
not , the cardinality of Set 1 is p0 (n , 1) = 2T(n). 
St>t 2 cousists of ovnpartitions of n containing at least two difft> rent part 
sizes , i.e. , t hose counted by Pt(n , k) , t 2:: L k 2:'. 1. Since "at most t fort 2:: 1" 
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implies "for all t E {O, 1, 2, ... } ~ {O} " aurl Pt (n , 1) > 0 if aurl only if t = 0, 
we have 

= 2T(n ) (mod 4) . 

Hence by Lemma 5.2 .3, it follows that pi(n) is divisible by 4 if and only if n 
is not a perfect sqnare. □ 
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Chapter 6 

Conclusion 

The main t heme of this dissertation is the over q-binomial coefficients , their 
derivations and applications. We first discussed the ordinary binomial coeffi­
cients by looking at the motivation behind them and how they are connected 
to ordinary partitions. We then looked at the over q-binomial coefficients 
and connected them to overpartitions. 

In Chapter 3, we connected overpartitions to lattice paths where the di­
agonal step ( 1, 1) is allowed. Various applications of over q-coeffi cients are 
given including the beautiful over q-analogue the Chu-Vandermonde identi­
ty. Combinatorial proofs were giVf'n for some results . Chapters 4 and 5 were 
devoted to the applications of over q-coefficients. We looked at the generat­
ing function for overpartitions with restricted number of parts and derived 
the generating function for overpartitions with bounded differences between 
largest and smallest parts. The over q-coefficients proved to be an interesting 
tool for the derivation of these generating functions. 

It is clear that over q-coeffi cieuts are Vf'ry special tools iu the study of 
overpartitions. It will therefore be interesting to study further properties such 
as unirnodality or the possihility of oVf'r q-multiumnial coefficients , e.t.c. As 
seen, most of our results are proved combinatorially, it will therefore also be 
interesting to find analytic proofs. 

46 



Bibliography 

[l] M. Aigner. A Course in Enum eration, Springer , 2007 

[2] A. l\lI. Alanazi and A.O. Munagi. Combinatorial identities for l-regular 
over-partitions, Ars Combinatoria 130, 2017 , 55 - 66 

[3] A. lVI. Alanazi, A.O. Munagi, and J.A. Sellers. An infinite family of con­
gruen ces for l-regular overpartitions, Integers 16, 2016 

[4] G.E. Andrews. Number theory, Saunders , Philadelphia. Pa., 1971. 

[5] G.E. Andrews. q-hypergeometric and related functions , NIST handbook 
of mathematical funct ions , 2010, 419 - 433 

[6] G.E. Andrews. The theory of partitions. Addison-WPsley Publishing 
Co. , Reading, Mass-London-Amsterdam, 1976. Encyclopedia of Mathe­
mat ics and its Applica tions, Vol. 2. 

[7] G.E. Andrews , R. Askey and R. Roy, Special Functions : Encyclopedia 
of Math ematics and its Applications {l81

• Ed.), Cambridge Cniversity 
Press , 1999 

[8] G.E. Andrews and R.J. Baxter. Lattice generalization of the hard 
he:ragon model III. q-Trinomial coefficients, J . Stat. P hys. 47, 1987, 
297 - 330 

[9] G.E. Andrews , :rvI. Beck, and N. Robbins . Partitions with fixed differ­
en ces between lm:qest and smallest prn-t., , Proceedings of t he American 
mathemat ical society 143(10) , 2015, 4283 - 4289 

[1 0] G.E. Andrews and K. Eriksson . Integer partitions. Cambridge Cniversity 
P ress , Cambridge, 2004. 

[11] B.C. Berndt. Lecture Notes on the Th eory of Partitions, https : 
//faculty .math . illinois . edu/-berndt/master-partiti ons .pdf , 
2014 

47 



[12] F. I3reuer and B. Kro11holrn . A polyhedral model of partitions with bound­
ed differences and a bijective proof of a theorem of Andrews, B eck, and 
Robbins , Res. Number Theory 2, 2016 

[1 3] K. Bringmann and J. Lovejoy. Dyson's rank, overpartit'ions, and weak 
Maass forms , Int. Math. Res. Not. , 2007 

[1 4] S. Chern. An overpartition analogue of partitions with bounded differ­
ences between largest and smallest parts, Discrete Mathematics 340, 
2017, 2834 - 2839 

[15] S. Corteel and J. Lovejoy. Oucrvartd'ions. Trans. Arner . :\Ia.th. Soc. 356, 
2004 , 1623 - 1635 

[16] J . Dousse and B. Kim . An overpartition analogue of the q-binomial 
coefficients, Ramanujan J . 42 , 2017, 267 - 283 

[17] J. Dousse and B. Kim . An overpartition analogue of the q-binomial 
coefficients I!: Combinatorial proofs and (q ,t)-log concavity, J . Co111bi11. 
Theory Ser. A , 2018, 228 - 253 

[18] F.J. Dyson. Some guesses in the theory of partitions, Eureka 8, 1944, 
10 - 15 

[1 9] D. Foata and G.~. Han. The q-Series in Combinatorics; Per­
mutation Statistics, http : / /irma. math . unistra . fr /-foata/paper / 
qseriescom.pdf , 2004 

[20] G. Gasper and :.VI. Rahman. Basic Hypergeometric Series: Encyclopedia 
of Mathcrnat'ics and ds Apvh:cations, Cambridge University Press. 1990 

[21] A.O. Munagi and J .A. Sellers. Refining overlined parts in overpartitions 
via residue classes: bijections, generating functions, and congruences, 
Utili tas Mathematica, Ctil. t lath. 95 , 2014, 33 - 49 

[22] J.J . Sylvester. A constructive theory of partitions, arranged in three acts, 
an interact, and an e:rodion , in The Collected Papns of J.J . Sylvester. 
Vol. 3, Cambridge University Press , London , 1-83 ; reprinted by Chelsea, 
New York , 1973 

48 


	Ngubane Siphephelo, 2018_001
	Ngubane Siphephelo, 2018_002
	Ngubane Siphephelo, 2018_003
	Ngubane Siphephelo, 2018_004
	Ngubane Siphephelo, 2018_005
	Ngubane Siphephelo, 2018_006
	Ngubane Siphephelo, 2018_007
	Ngubane Siphephelo, 2018_008
	Ngubane Siphephelo, 2018_009
	Ngubane Siphephelo, 2018_010
	Ngubane Siphephelo, 2018_011
	Ngubane Siphephelo, 2018_012
	Ngubane Siphephelo, 2018_013
	Ngubane Siphephelo, 2018_014
	Ngubane Siphephelo, 2018_015
	Ngubane Siphephelo, 2018_016
	Ngubane Siphephelo, 2018_017
	Ngubane Siphephelo, 2018_018
	Ngubane Siphephelo, 2018_019
	Ngubane Siphephelo, 2018_020
	Ngubane Siphephelo, 2018_021
	Ngubane Siphephelo, 2018_022
	Ngubane Siphephelo, 2018_023
	Ngubane Siphephelo, 2018_024
	Ngubane Siphephelo, 2018_025
	Ngubane Siphephelo, 2018_026
	Ngubane Siphephelo, 2018_027
	Ngubane Siphephelo, 2018_028
	Ngubane Siphephelo, 2018_029
	Ngubane Siphephelo, 2018_030
	Ngubane Siphephelo, 2018_031
	Ngubane Siphephelo, 2018_032
	Ngubane Siphephelo, 2018_033
	Ngubane Siphephelo, 2018_034
	Ngubane Siphephelo, 2018_035
	Ngubane Siphephelo, 2018_036
	Ngubane Siphephelo, 2018_037
	Ngubane Siphephelo, 2018_038
	Ngubane Siphephelo, 2018_039
	Ngubane Siphephelo, 2018_040
	Ngubane Siphephelo, 2018_041
	Ngubane Siphephelo, 2018_042
	Ngubane Siphephelo, 2018_043
	Ngubane Siphephelo, 2018_044
	Ngubane Siphephelo, 2018_045
	Ngubane Siphephelo, 2018_046
	Ngubane Siphephelo, 2018_047
	Ngubane Siphephelo, 2018_048
	Ngubane Siphephelo, 2018_049
	Ngubane Siphephelo, 2018_050
	Ngubane Siphephelo, 2018_051
	Ngubane Siphephelo, 2018_052
	Ngubane Siphephelo, 2018_053

