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The latter conditions establish the continuity of displacements in 

the mined area, where S2 (x,yJ is the vertical closure, and s^fx.y) & 

s (x,y) are ride components (I.h. relative horizontal displacements of
y

points vertically above each otnor on the roof and the floor,)

The boundary conditions (equations 2.1 and 2.2) together 

with the general equations of '.I, r;iodel (Appendix 1 1 and the mining 

geometry, define the problei.. Analytic solutions can be found only 

for a very limited number of ■ i * rles, e.g. an infinitely long 

rectangular panel or circular i <. ovation. Thus a numerical approach 

is necessary.

2 .1 . 2  Elen.tji.1 i’ linscription

aince irregular'v • *̂-i|•« 11 oxcavalions will have to he described 

in numerical terms, it is proposed to approximate the area by means of 

a regular me3h. The shape ot •<,. inesh elements will be chosen as square. 

Ideally, the elements would bi' !n' 1 r11 tesimal.

2.1.3 Kern>'I r... 1 Iona and Green's Functions as
So lilt 1 'MS

The proposed method of solution is bated on integral equations 

of the following form i-

Effect at (x,y,z) ■ / K (A,y,/i C, n, C) A (£, n, C) dC dn dC

where the integral is taken In |«. nuial over all surfaces bounding the 

medium.

Hero A (̂  »n. C) is tntorpreted as a density function to be

defined on a boundary surface. Kernelb, K (x.y.zi F., n, C) sometimes

called Influence functions, irienttrally satisfy the elastic laws. In

the special case of flat reofn Infinite depth these obey Laplace'9

Equation, in which case the k* take the form of Green's functions,
(15)fiateman suggest. H i.-i* the solution of a problem, in 

which a solution of Laplace';. )• i,-<• ton is to be determined from a 

knowledge of its behaviour at i . > t.uin boundaries, can be made to depend 

on that of another problem - tho dotermination of the appropriate Green's 

function. This function has * * ,r» following properties t -

(1) V2 G ■ o, i.e. li (f.Q) is a solution of Laplace's equation.



(ii) It is finite and continuous (differentiable to tne 

second order with respect to x,y,z in general co­

ordinates at any point, P, and also with respect to 

£, n, C at a particuljr point, 0). in space in a 

region bounded I»y a surface, S, except in the 

neighbourhoud ol the point, 0. where it is infinitei 

for example \ i .n,(KR), R ->o, R being the distance 

between P arid rj,

(ill) At the surfau,. ' . bnme boundary conditions, such as
8GG ■ 0 (Diriclili t Problem) or ■—  (Neumann problem),

3
where ■*—  fliinut.es the normal derivative, are satisfied, 

an
It is also 9hown thid I l aen's function as a solution of 

Laplace's equation, when it * 1 * , Is unique.

2.2 Qualitative It. ■< ...... of the Numerical Technique

The starting po<nt tn t Mi development of a method is with 

the non-zero boundary condition, i.e. ■ - q^ in the open mined 

region. Imagine tills stress lmpmiad on each of the elements of this 

area, i.e. imposing forces F^ * i> # AAj consider a line of symmetry 

passing through the middle of Uni reef plane as shown in Figure 2.?, 

Henceforth only one half planu inmt be considered, since, as stated 

earlier, there is symmetry abovn und below this line.

Consider now the fon • ja i./erted on one element in the positive 

half-apace (z *ve downwards) (Figure 2,3 a)i that element will be 

displaced, and neighbouring illiniums will also be dlaplaced, as 

illustrated in Figure 2.3 bi nlncn 1 he forces are exerted on each

Figure 2.2 Forces Fxertnd on I trimmtu In the f̂ lned Aroa

M r :
-  — —

■ .........i. ........

C r

—  |...*i • trv

Figure 2.3 a 
Force Applied on 1 Element

Figure ?,3 b 
Reformation of Floor due to Force
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element, independent of its n>" ..air, the resultant displacement is

the num of the individual displ riumiBnts (Figure 2.4)

Ideally there would be displacements in the mincj areas arid 

zero displacements in the intact oreasi then the resultant displacements 

in the mined areas would be the solution to the problemi however, such 

an effect cannot exist since physically this would imply a 

discontinuity in the medium above and below the plane of symmetry at 

the border of the mined-intact legions.

Figure 2.4 Cumulative Cefnnn-it |nn t Tft.’ct, due to Forces on all Elements

Thus, as implied in I It,me 2.4, the influences predict soma 

distribution of displacements in t ItP intact areas, But these 

displacements do not physicalJy s^lst, as they would imply a parting 

of the seam along the plane of .<>"i>>tryi hence one must apply an equal 

and opposite displacement di: t i • Ion in the intact areas, restoring 

the displacements back to zero (I Ip.ure 2.5)

Compensation

Figure 2.5 Imaginary Displacement Distribution In the Scam
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This implios displacing each clement in the intact area bacK to zero, 

Each elemental displacement is applied individually indrpendent of 

the displacements of its neighbours (Figures 7.6 a and b). But 

these displacements cause stresses, distributing everywhere in the 

medium, a9 each causes the rock to move, resulting in a compressive 

stress above the element and on influence field of tensile stresses 

in the surrounding medium.

Figure 2.6 a Figure 2.6 b
Displacement Imposed on an Tlnnr-nt Displacements t o Stress Distributions

Caused 'dottrd)

As was the case with the displacements in the intact areas, 

equal and opposite effects of stresses mu'*t be applied to the elements 

to restore the overall effect in the minnd region to the Known boundary 

conditions. If the change Jn imposed effects i9 smaller than the 

originally applied forces, F , and tho method iterated bacK and 

forth in the manner described above, then there will be a convergence 

to a solution.

The solution after ing to a sufficient accuracy will

be of the form

In the mined reglnn fi■ r i tch element

Boundary conditions - -q • compensation effect ♦
mined - to - intact effect

In the Intact region n>i nnch element

Boundary condition?! - 0 ■ compensation displacement ♦
intact * to - mined effect

Quantitative expressions wiil be developed later. Thus 

tho solutions are induced compnusatIon stresses in the mined region 

and induced compensation displai rmnnts in the intact region. MaKing 

use of the influence functions once more to the stresses in the
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mined area, a displacement distribution Known as a convergence is 

obtained for the roof and floor, i.e. S^. Using the influence 

functions on the displacements in the intact area, an induced stress 

distribution is obtained j.n the) region, which, togethei with the 

primitive stresses, allows tha calculation of the resultant, stresses 

in the intact areas.

Thi3 is then the deb'im' solution on the reef plane and
(6)Salamon shows that, knowliii1. ' Imae distributions, the stresses and 

displacements may be calculate .ii any point in the medium bv the use 

of suitable influence function;,.

2.3 The Choice o< (it, n’s Function

The problem is now i:on:.1i1ored in quantitative terms.

Consider the analogy with an n',. 1 rastatic system where the potentials

(V) correspond to the stressu . Then a function which comes to mind 13

one relating the potential (V) o' a point to an electrostatic charge or
f2 1 )an electric field (E). This <11111 l ion is :

1 1
V ■ — ---— ----- E AA (E - function]

2it / P — -p " « .............(2.3)

where r ■ ♦ y* (cylindrical co-ordinate), and field E has a

.t1 a Ea at the particular slnim nt.al area AA,

As bhown in Appendix 17.1, this function satisfies the 

properties of e Green's funct ion m> laid down in 82.1.31 thus it 

allows the potential, V, to bu calculated at a remote point (x,y,z), du*? 

to the presence of a known elm'.ti ic field, E, at an elemental area at 

relative co-ordinates (0,0,0).

ConBioer the special r.-tsn of application of this function on 
the z ■ o planej then 2.3 bacortms :

1
V . E AA

2nr a ................................... (2.4)

Using che analogous proportion, ' allows the displacements in the 

intact area, as a result of a stilus on ar element AA, to be calculated, 

This function is singular at r * n, I 11 , if t., nsidered to be averaged 

over the area A/*, then, from Appunrilx II.1 n  ation (II.5), the 

following relation holds :
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- In M  ♦ / H e  AA * 0,561099 E AA 
iT a a (2.5)

How does this function relate to other normal stresses in the opsn 

mined area?

Now,

Thus,

3V
3z

fe )n z-o

J 2*0

Differentiating equation 2.3

21T , 2  , 2 1 3 / 2  rt (r^ + z*1 )J *
' AA

( 2 . 6 )

(2.7)
u l * h Z “ o

( 2 . 6 )

The equation (2.7) has the deaJrer) properties ( §2,2) of no effects to 

the stresses on otner mined elt.mmiVa (on the z=o plane) due to the 

application of a stress to a pjt ' tcular element.

Now another function is required. The desired oroperties 

from §2. 2 are that, for a dl :,nl.a .:!iii_nt specified on an element in the 

intact area, this should have nn effect on other elements in the 

intact area (on thd zao plane1. !m» should cause a stress effect on 

the mined elements in the samu phine, Equation 2.7 gives the clue 

to the form of influence funnt!nn which would satisfy these properties. 

Thus the following i<* fiuggest.<.it

2" (r"
--- 7- V AA (V-furiction)
.2,3/2 1 (2.9)

The function

2" (r2 + z'2Y 3^2 'a shown in Appendix 11,2 to

be a Green's function.

Also

(V),Z“0

Thus the normal fl E ■n Tt ’ from this function is
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Thus for the Z'O plane

(E ) - — • V AA 
n z«o 3 a ................................................................... ( 2 . 11)

i

which is singular for r+o, but, if r-*o implies averaging over 

the finite element AA, then

(E ) « — V AA » 1,800633 V AA 
n zr-o. r-o / 2 tt a u .......... (2 .1 2 )

2.4 Conclusions

Note that the development, here has outlined one approach tht,t 

has resulted in a well-behaved sh* of Kernels. Using the ideas of the 

qualitative approach to the pm! '.in in §2 ,2 , and the quantitative 

relationships of §2.3, an intu i unt.ly fast converging method has been 

developed. The details are BtuJli.J In the next chapter,
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CHAFTER 3

e

FEASIBILITY TESTS

3.1 Initial Teat

Feasibility tests wore carried out using a Fortran program. 

This was done in order to establish whether the method as described in 

§ 2.3, would give satisfactory ruaults. The latter wa3 judged 

by closeness to the theoretical solutions for some standard excavation 

shapes. The flowchart for thlb program, together with its listing 

and printout of some sample ru< ... la given in Appenaix IV.

Certain techniques wld.l. were used in this program in order 

to speed up the calculation wort: us.id again in the final Implementation 

of the system in what will be uiliul MINSIM in Chapter 4, These 

features are introduced in thu ..lions that follow.

3.1.1 Iterative IMchnlques 

The method as desert hod in § 2.2 is developed below in an 

iterativa form. As was mention..! earlier, the initial ideas were 

developed in terms of electric fluids, E, and potentials, V, all on 

the z * o plane.

Let the effects of the .applied fields E upon the potentials in 

the intact area be

V ■ K1 E1 ..........................................(3.1)

where 1 is the iteration count..

Eq * E^ the boundary conditions for E

E^ is an (n x 1 ) vector of mined fields

V ia an (m x 1) vector of intact potentials

K„ is an (m x n) matrix 
1

1 1of the form —  ■ ----— zzzz— : * when evaluated on the appropriate
r 2ir /x + y"

square-to-point distances.
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Similarly, the V to E effect may be written a9

K2Vi (3.2)

where K„ is an (n x m) matrix, which for the z = o plane, is of the 
1 1form - ----  ■ ---------------7~  , when evaluated on the appropriate

?iT (x + y )

square-to-point distances. Thru, In order to satisfy the boundary 

conditions,

vb - vi*i * v - V1 . 1 + K1 E1 (3.3a)

’b “1 + 1 ” ” 1 ♦ 1 2" 1*1 ...................(3.3b)

and, in a more useful form fm \>v> forming the iterating,

and E - E  ♦ E « E • K,V, 1 + 1 1 * 1

where

and

V i  - vb ' KiEi

1+1

- 0b

Eb * 'qz

Eb - S V 1

(3.4a)

(3,4b)

...(3.5)

If the solution convrrp.ua, then, applying a suitable 

convergence criterion such as

Maximum 

(mined elements)
e j*i

< e
(3,6)

the solution Is stopped after, .</, K iterations. Then E^ and 

are regarded as internal solutions, >is they give the induced potentials 

in the intact area and induced fluids in the mined area. Thus one more 

integration is performed to oh' . n potentials, corresponding to 

displacements in the mined art.u iimi *o the induced fields in that area. 

Fields corresponding to stream h, in the Intact area due to the induced 

potentials there, were not inlt.hillv of interest in the tests.

Use is made of equation (3,1) for the effects of points 

surrounding the square of intern),I <ind the self-effects from equation 

(2.5) which is s

V, , - 0,561100 E - -  ln(1 ♦ /2) E
( x , y , z  ■ o )  it
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3,1.2 Features of the Test Program

3.1.2.1 Kernel Calculations

The kernels - K.„ and K„ - used on the z = o plane are1 £

functions of r only, where r Is the distance of the -from-polnts, (the 

squares affecting the square in question), to the to-polnt, (the square 

affected). It is obvious, a:i Illustrated in Figure 3,1, that the same 

kernel will be used for many c.ihulations of square-to-point effects 

(e.g. for squares 1, 2, 3, 4, In I igure 3,1), and, when the 

calculation moves to the next to point again the same kernels might 

be used, Thus the beat strut., gy la to calculate one set of kernels as 

functions of distance) these on * opt in a table and referred to 

when needed without re-calculci' 'un.

Figure 3.1 Equidistant Polut ,

Certain symmetries woiu evident when using a square mesh. 

Consider the situation as illu.tra'ied in Flgura 3.2. It in soon that, 

since r «/x2 ♦ \p, there an; . 1 j,'tt. squares equidistant from a central 

point. Thus it is only nerns;i.ji / to calculate Kernels for a 

triangular area as shown in Figure 3,3.

t j j
□

* « » 1 * 1 »

□  : ! .

□ n

’ .... ,

PI □

E □
• * i ' | i

Figure 3,2 Equidistant Points
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i

4

5

Figure 3.3 Order of Storage

This method was used In the feasibility program given in Appendix IV,

The kernel elements were stored In e linear array in an order as 

shown by the arrows, Finding inn value of a particular kernel 

involved calculating the linfvn rtfset according to the algorithm i-

Let i » lesser of x and y 

J * greater of x and y 

then offset ■ j(J ♦ 1 )/2 ♦ i i3 7 )

This involves an integer mulimplication, division, and two 

additions and editorial overh* ■ which on the IBM 360/50 computer, 

takes a total CPU time of 98,H*' (see Appenuxx VI, If the kernels 

were calculated each time this would involve two floating-point multiplies, 

one floating point divide and n branching to the SORT function, The 

CPU time in this case would h«> approximately 560 ps. The benefits of 

using a table are thus obvioim.

3.1.2.2 Input and Output Communications 

The program was designed to accept any excavation shape as 

quantized on to a maximum mesh of 60 x 60 squares, As calculated later,

§ 3.1,4, a full-size 60 x 60 plan would not be computable within any 

reasonable time.
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The input was on cards occupying columns 1 to 60 as a maximum. 

The intact area was represented by zero's or blanks, and the mined area 

by ones, A picture of the input, was printed as shewn as an example in 

Figure 3.4 with x's represent lug the intact areas and blanks in the 

mined area,

. XXXXXXXXXXX 

.XXXXXXXXXXX 

.XXXXXXXXXXX 
•XXX XXX
•XXX XXX
.XXX XXX
.XXX XXX
.XXX XXX
.XXXXXXXXXXX 
. XXXXXXXXXXX 
. XXXXXXXXXXX

Figure 3.4 Example of Input

Initially, in order to observe the values of the tables of each 

iteration, printout of the whole solution table E was performed. At 

convergence of the solution the potentials in the mined area were 

calculated and printed.

The problem was normal' iod - unit squares, and boundary 

conditions in the mined area y 1. In the intact area the boundary 

conditions are zero,

3.1.3 Ri anlt a

The excavation shape as illustrated in 'igure 3.4 was supplied 

to the program.

No analytic expressions could be found in the literature for 

a sauare excavation, The ruiiul'a of this experiment were observed 

therefore for their qualitative nature.

The results, given fully in Appendix IV, exhibit the expected 

symmetries, and all the inform.it I on is shown in Figure 3,5 and 

displayed graphically in Figure 3.0, with traverses across the two 

sections XX and YY .
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Figure 3.5 Results

D i s t a n c e  f r o m  c e n t r e

Figure 3.6 Graph o* T__ > x?es 

X'-X and Y v

From the graph it may be seen that the general shape of the 

potentials is as expected. At the edgeb, in the Intact area, the 

potentials should be zero. r>iiiuolh curves can be extrapolated from the 

results, although there is no Ji .tiflcation for doing so apart from 

tho Knowledge of the boundary i .nut itIons.

3.1.4 Compu* t-r MTU) Timings 

As indicated by commonts in the program of Appendix TV, 

a timing program available at the University of the Witwatersrand 

Computing Centre was used and yielded the results as shown in 

Appendix IV.5.

Hence, it may be seen Mi.it, using the IBM FORTRAN H compiler 

on the 360/50, the time taken pm complete iteration loop was 4,3 

seconds. This is for the current problem of 11 x 11 squares, i.e,

121 points, of which 25 were mined. This calculation involved 96 

calculations of the effects of 25 points and 25 calculations of the 

effects of 96 points, i.e. 2 x 9(3 x ?5 - 4 000 calculations. (The 

worst case would be for on equ.i1 number of mined and intact [joints, 

i.e. 60 x 61 x 2 - 7 320 calcul.it Inns).



Now It is intendi eventually to solve a problem having a 

maximum of about 60 x 60 mnsli. 'his would involve 2 x (J x 60 x 60)

i.e. 6 -180 000 calculations. Using the current program, this would
-i , I) 480 000 _ . 1 1 , e .taKe a total computing time nl --- ■ ■ ■■ x 3,0 x ■—  x —  » 1,b hours,

OUlJ bu bu
This i3 the present nlution of a simple shape, tho only 

point varying mo3t per itei .il inn being the corner of the excavation.

Yet it needed 14 iterative lnnpg to find a solution of *he required 

accuracy. If, however, the accuracy level is dropped so as to need 

only 10 iterations to achieve a solution, this could take of the order 

of 16 hours.

Obviously, therefotc, the present program is impractical from 

a time point of view, and wayn of speeding up tho solution must be 

soognt.

3.2 Mod If l e a  Linn t o  t he Hit, t. Program

Consider the problem illustrated in Figure 3-7, Let the 

calculations of V proceed as bnfure but, for the first few iterations, 

only as far into tne intact. ■ n < i as the layer indicated by the chec 

linos, and, gradually incrna--ing the width of this Influence laypr, until 

the full area is taken into a< < mint. It was hoped that the solution 

would have almost converged by that time. Than, because loss elements 

are considered initially, the i irst few iterations will be much faster.

Thn justification fui ibis method of iterating is in the form
I 1of the kernel functions, viz." •- and «—  respectively, i.e. a

r3
fairly rapid fall off in influmrp with distance. The results, as may 

be seen from Appendix VI, agi <’.> with the first program results to the 

4th and, in some cases, the M.'t • ignifleant digit, In addition, only

Figure 3.7 Expanding Reglnnn of InfUionce
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12 iteration loops were needed, as opposed to 14 in the first case, 

for the same accuracy criterion of the 0,1 % change.

When the error criterion was dropped to 1%, only 6 iteration 

loops were required and the results agreed with previous results to 

better than 1 %.

3,3 Some Further Ii.s.'-j

3 * 3 •1 A Pm. i lj. • J Silt

A parallel slit of r> x 11 in an 11 x 11 area was solved.

A graph of the results (see Appi h.ltx VI) is shown in Figure 3,fl, with 

the theoretical and infinite p.n.illel slit drawn in for comparison 

(ref. Appendix III). Compelling Min cross-sectional traverses YV and 

XX, it is seen that the results ripproach the 'theoretical curves taken

for slit widths 5 and 6, Ol .... ,e the problem suffers from the

"edge effect”, i.e. the border., ul the problem are relatively close 

to the cross-traverse of i.iter .;:;l. In fact the problem is a very crude 

approximation to the infinite p.ti.illal slit, its lergth being only

2 , 2  x Its width.

T^P.ure 3,8 A Pnrallnl Slit
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3.3.2 A Circular Excavation

3.3.2.1 First Attempt 

A 21 x 21 element plan was considered with a crude approximation 

tu a 15 unit diameter circular excavation as illustrated in Figure 3.9. 

This was the first example which posed a real difficulty in solution. 

Fortunately the tests were pci imiiiud at a *. 1me whan ample computer 

time was available.

This problem eventually converged to a solution after 75 

iterations in approximately 3 hum s. This situation will be examined 

further in the next section.

Table 3.1 below, show , ' tin results of traverses x-x, and 

y-y (see Figure 3.9). (Further results appear in Appendix VI),

Figure 3.9 Circular Fxcavat ton

Using the analytic solution tm a circular excavation (raf. Appendix III) 

and the centre potential result •, an affective radius was calculated 

from

4,7796 - ~  /E5~  lTTT

,\ R - 7.5CI8,

The theoretical rcauit'i are added for comparison in table

3,1, and a graphical comparison may be seen in Figure 3.10,

As seen from tho g>aph, thure is close agreement towards the 

centre of the excavation.
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Table 3,1 Two Traverses of 15 diameter Circular Excavation

Traverse XX

Point Result Theoretical ��ror

1 4,7796 4,7796
2 4,7340 4,7370 0,06%
3 4,5945 4,6069 0,27*:
4 4,3520 4,3814 n,fi(i
5 3,9077 4,04/18 1,4 1'..
6 3,4 652 3,5654 2 ,hi r
7 2.7388 2,8730 4. nut
8 1,8722 1,7279 7 , m

Traverse YY

Point Result Theoretical ���or

1 4,7796 4,7796 -

9 4,6379 4,6940 0,13%

10 4,4010 4,1274 0,60%

11 3,8741 3 9433 1,78%
12 2,9859 3,1425 5,25%

f-'ij'ure 3,10 rirnphlcnl Unsuit ii Of 15 diameter Circular Excavations
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Towards the edges of the excavation there is a steady decrease in the 

agreement, probaoly caused by the fact that the intact border is only

3 to 7 units in width and thus does not simulate a circular excavatio 

with no other effects close by.

Taking this into consideration, the agreemert is good, and 

this feasibility test shows that the iterative method developed gives 

satisfactory results.

3.3.2.2 Second Attempt 

The same circular excavation was solved using a 31 x 31 

element plan so as to compare thu effect uf the rim of intact material 

round the borders. Full result , will be found in Appendix VI.

Performing the same aii.ilysis as before, the effective radius 

of the circle is :

R - ^ x 4,6316

" 7,275

This is a better fit to the diagram than before.

The results of an XX and YV traverse, together with 

theoretical results, are given in table 3.2 and a graphical comparison 

may be seen in Figure 3.11

Tab1b 3.2 Two Traverses of a *'hrular Excavation (larger rim)

Traverse XX Traverse YY

Point Result Theoretical �rror Point Result Theoretical �����

1 4,6316 4,6316 . 1 4,6316 4,6316 -

2 4,5866 4,5876 0,02% 9 4,5412 4,5432 0,05%

3 4,4497 4,4 532 o,on% 10 4,2590 4,2672 0,19%

4 4,2103 4.V195 0,22% 11 3,7427 3,7625 0,53%

5 3,8521 3,8687 0,43*. 12 2,8778 2,9125 1 ,2 1%

6 3,3399 3,3645 0,73%

7 2,6311 2,6194 -0,4-1%

8 1,7901 1,2620 -29 %
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Since the error criterion was a maximum of 1% change per iteration on 

a point, the results agree with the theoretical ones extremely well, 

the only point of gross error being point 6, which in any case juts 

out from the circle, and the result is probably correct. (There is 

less displacement here because of intact areas surrounding fhat element 

on 3 sides).

3,3.3 Two Circular Fxcavations 

Two circular excavations of diameter approximating 10 units 

are positioned as shown in Figure 3.12 in a 31 x 31 elemfnt: urea,

A graph is plotted (Figure 3.13) of the traverse XX (full results are 

given in Appendix VI), On the graph is shown the theoretical responses 

for each circular excavation as if the other did not exist, and the 

response of <j circular excavation of diameter AA. The only conclusion 

that can be made is that the results are ruasr table, as they fall 

between the two theoretical conditions,

Figure 3.11 1 ri Diameter Circular excavat ion .. 1 rim)
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