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The latter cunditions establish the continuity of displacementg in

the mined area, where Sz(x.yJ is the vertical closure, and sx(x.y) &
sy(x.y] are ride compone.ts (i.e. relative horizontal displacements of
points vertically above each otner on the roof and the floor,)

The boundary cenditions (equations 2.1 and 2.2) together
with the general equations of tl. nodel (Appendix 1) and the mining
geometry, define the problei., Anoiytic solutions can be found only
for a very limited number of pgoonctries, e.g. an infinitely long
rectangular panel or circular excavation, Thus a numerical approach

is necessary.

2,1.2 Eleman'a! lascription
3ince irregular’y stapod excavations will have to be described
in numerical terms, it is proposod to approximate the area by means of
a regular mesh. The shape of 'l mash elements will be chosen as square,
Ideally, the elements would be ‘ntinitesimal.,
2,1,3 Kerne! "unctions and Green's Functions as

Solut ‘Snn_!!-‘l

The proposed method of solution is based on integral equations
of the following form :-

Effect at (x,y,2) = fAK (%, v,20 & n, 8Y A (E, m, §) ok on dk

where the integral is taken !n puneral over all surfaces bounding the
medium,

Here A (E.n.,%) 1s inturpreted as a density function to be
defined on a boundary surface, Kornels, K (x,y.zy £, n, §) sometimes
called influence functions, idantically satisfy the elastic laws, In
the special case of flat reefs o tnfinite depth these obey Laplace's

Equation, in which case the korno!s take the form of Green's functions,
Bataman(15) suggests that the solution of a problem, in

which a solution of Laplace's ogualion is to be determined from a

knowledge of 1ts behaviour at cortaln boundaries, can be made to depend

on that of another problem - tho dotermination of the appropriate Green's

function. This function has tta following properties :-

(1) 926 =0, 1,6, G (1,0) 1s a solution of Laplace's equation,




(11) It is finite and continuous (differentiable to tie
second order with respect to x,y,z in general co-
ordinates at any point, P, and also with respect to
£, n, ¢ at a particulur point, Q), 1in space in a
region bounded by a surface, S, except in the
neighbourtood of the point, @, where it is infinite;

! cas(kR), R »0, R being the distance

K
hetween P and ),

for example

(141) At the surface, %, some boundary conditions, such as
G = 0 (Dirichlet Problem) or %% (Neumann problem),
where g% donutes the normal derivative, are satisfied,

It 18 also shown that Creen's function as a solution of
Laplace's equation, when it e.tots, 18 unique.

2,2 Qualitative Dive'opment of the Numerical Technique

The starting point in the development of a method is with
the non-zero boundary condition, [.a. oz = - qz in the open mined
region. Imagine tihils stress tuposed on each of the elements of this

area, 1.e. imposing forces Fz 9 AA;  consider a line of symmetry
passing through the middle of the reef plane as shown in Figure 2.7,
Henceforth only one half plane nead be considered, since, as stated
earlier, there i1s symmetry above oand below this line.

Consider now the forces exerted on one element in the positive

half-space (z +ve downwards) (Flgure 2,3 a)y that element will be

displaced, and neighbouring eloments will also be dlsplaced, as

illustrated in Figure 2.3 by since the forces are exerted on each
Seam * E-O;AA

s
i e B w \\

Figure 2,3 a Figure 2,3 b
Force Applied on 1 Element Neformation of Floor due to Force
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element, independent of its neiyvinur, the resultant displacement i3
the sum of the individual dispiacements (Figure 2.4)

Ideally there would be displacements in the miney areas and
zeru displacements in the intact areas; then the resultant displacements

in the mined areas would be the solution to the problemy; however, such
an effect cannot exist since physically this would imply a
discontinuity in the medium above and below the plane of symmetry at
the border of the mined-intact regions.

Figure 2.4 Cumulative Ceforma!ion Effect due to Forces on all Elements
Thus, as implied in fipure 2.4, the influences predict some
distribution of displacemnents in the intact areas, But these

displacements do not physicaily exist, as they would imply a parting

of the seam along the plane of =symmetry; hence one must apply an equal
and opposite displacement distrilwtion in the intact areas, restoring
the displacements back tr zeru (i ipgure 2.5)

Compensation
displacerment
distribution

I g
: -, -

e
5 o § =N \

’ 7' ey
.

Parting of
the seam

Figure 2,5 Imaginary Displacement Distribution in the Seam
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mined area, a diasplacement distribution known as a convergenca 1is
obtained for the roof end flnor, 1.e. Sz. Using the influence
functions on the displacements in the intact area, an induced stress
discribution is obtained in tha" regicn, which, together with the
primitive siresses, allows the calculation of the resuitant stresses
in the intact areas.

This is then the des'red solution on the reef plane and

(8) shows that, knowlny !'hoese distributions, the stresses and

Salamon
displacements may be calculatua! ot any point in the medium by the use

of suitable influence functions.

2,3 The Choice of (ivwn's Function
The problem 18 now constdered in quantitative terms,

Consider the analogy with an ! .« trostatic system where the potentials

(V) correspond to the streesen, Then a function which comes to mind is
one relating the potential (V) ut a point to an electrostatic charge or
an electric field (E). This function 15(21):
1 1
V ® e e B AA (E - function)
2n frT-—,_‘zv— a o-uooo-oucooc(?.S)

where r = xZ + y?  {eylindrica! co-ordinate), and field E has a
+' .2 Ea ot the particular elumontal area AA,

Ag shown in Appendix !'1.1, this function satisfies the
properties of ¢ Green's functlon as laid down in §2.1.3; thus it
aliows the potential, V, to be calculated at a remote point (x,y,z), dus
to the presenca of a known eluctvic field, E, at an elemental area at
relative co-ordinates (0,0,0).

Consider the specia) case of application of vhis function on
the 2 = 0 plane; then 2.3 becomus

1
V ] m EO AA 0..o.COC...'0..i..0.0.0............(2.4)

Using cthe analogous properties, ' 1s allows the displacements in the
intact area, as a result of a str.ss on ar element AA, to be calculated,
This function is singular at r+0, tut, 1f ¢onsidered to be averaged
over the area AA, then, from Appendix II.1 vguation (I1.5), the
following relation holds :
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vV = ~% Zn (1 + /2 ]Ea A = 0,561099 Ea AA

livooltn'.o.llo.(Zos)

How does this functicn relate to other normal stresses in the open
mined area?

Now,

Differentiating equation 2.3
En. ?37 (2 fzg )3/2 “a on vessssassasosnnnsnesenes(247)
with z=o
Thus,
!En]z-o N sesuasPse v ar rsERnesina e s tasebasasssntiel)
The equation (2.7) has the desired properties ( §2,2) of no effects to

the stresses on otiner mined elements (on the z=0 plane) due to the
application of a stress to a particular element.

flow another functicn is required, The desired oroperties
from §2.2 are that, for a displacem.nt specified on an element in the
intact area, this should have no effect on other elements in the
intact area (on thke z=o0 plane), hut should cause a stress effect on
the mined elements in the samc plane. Equation 2,7 gives tha clue
to the form of influence functiian which would satisfy these properties.
Thus the following 1s suggestad -

2

e V_ AA  (V-function)
2m (rz + 221575 e 0-0000.-..-...(2.9)

The function

4

i 2
on (p2 + 22]3/5 15 shown in Appendix II,2 to

be a Green's function.

Also

Thus the normal f1 En - [- 3¥ ] from this function is

2
s vV AA

(
E = e - -
{2" (r2 + 22]3/2 2". {12 + 7_2)57.2- a -oatuonoc(2.10]

n

B e
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CHAPTER 3

FEASIBILITY TESTS

34 Initial Test

Feasibility tests were carried out using a Fortran program,
This was done in order to establ!iot whether the method as described in
§ 2,3, would give satisfactory results, The latter was judged
by closeness to the theoretical solutions for some standard excavation

shapes. The flowchart for this program, together with its listing

and printout nf some sample rurs, 's given in Appenaix 1V,

Certain techniques which were used in this program in order
to speed up the calculation were used again in the final imnlementation
of the system in what will be cailed MINSIM in Chapter 4, These
features are introduced in the cocltions that follow.

311 Iterative Techniques

The method as described in § 2.2 is developed below in an
iterative form, As was mentiona! earlier, the initial ideas were
developed in terms of electric fields, E, and potentials, V, all on
the z = o0 plane.

Let the effects of the applied filelds E upon the potentials in

the intact area be

V-K1E

1 00.-0.-....-|llIClcl.llo.t.ll..ll.ll....0(301)

where 1 is the iteration count,

Eo = Eb the boundary conditions for E
E1 is an (n x 1) vector of mined fileids
Via an (m x 1) vector of intact potentials
K1 is an (m x n) matrix
of the form ‘ - : when evaluated on the appropriate
21!!‘ zﬂm.

square-to-point distances.
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Similarly, the V to E effect may be written as

E = K,V

2 i Il...lll.iltlI.l'Oll...00!"..'...'.!."(3.2)

where K. is an (n x m) matrix, which for the z = o plane, is of the

2

form - = - : 7 , when evaluated on the appropriate

2np? n(x? + y2\3 2
square-to-point distances. fhen, In order to satisfy the boundary
conditions,

Vb.vi"1 +V 7 V1.1 4 K1Ei Ol..l..l.O..l...lll...(a.aa]
and B S Eaeg TF % Buog " Ro¥isn o errseruniasbuine (8:08)
and, in a more useful form for porforming the iterating,

Vi’1 o Vb—k1Ei 00ll!lll...l.l'll.ll..lll.l‘.l..(3.4a)

Ei’1 ¢ ED-K2V1*1 lllI..l.ll..!.l..ll.'.l.l..l..(a.ab]
where Vb = 0

sus(3:8)

and Eb . -qz )

If the solution converpgus, then, applying a suitable

convergance criterion such as

Maximum 61'1 -:;L ¥4
(mined elementé E.j.1 s i il e ey

the solution 1s stopped after, uay, Kk iterations, Then Ek and Vk

are regarded as internal solutions, as they give the induced potentials

in the intact area and induced fields in the mined area. Thus one more
integration 1s performed to obt. .1 potentials, corresponding to
displacements in the mined arca due to the induced fields in that area.
Fields corresponding to stresses, in the intact area due to the induced
potentials there, were not inftially of interest in the tests.

Use is made of equation (3,1) for the effects of points
surrounding the square of intercst and the self-effects from equation

(2.5) which 1s

i n—.__z_
V(x.y,z = 0) 0,561100 ¢ : Sntd 4 /5) .

i ——————— e

EEmaa
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From the graph it may be seen that the gereral shape of the
potentials is as expected. At the edges, in the intact area, the
potentials should be zero. Siooth curves can be extrapolated fiom the
results, although there is no justification for doing so apart from

the knowledge of the boundary conditions,

3.1.4  Computer (CPU) Timings

As indicated by comments in the program of Appendix IV,
a tining program available at the !niversity of the Witwatersrand
Computing Centre was used and violded the results as shown in
Appendix IV.5.

Hence, it may be seen that, using the IBM FORTRAN H compiler
on the 360/50, the time taken por complete iteration loop was 4,3
saconds. This 1s for the current problem of 11 x 11 squares, i.e,

121 points, of which 25 were mined, This calculation involved 96

calculations of the effects of 25 points and 25 calculations of the
effects of 96 points, 1.e. 2 x 96 x 25 = 4 B00 calculations, (The
worst case would be for an equa! number of mined and intact points,
i.e. 60 x 61 x 2 = 7 320 calculations),
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Table 3.1 Two Traverses of 15 diamever Circular Excavation
Traverse XX Traverse YY
Point| Result Theoretical | frror Point | Result |[Thecretical | Error
1 14,7798 4,7796 - 1 4,7796 4,7798 -
2 4,7340 4,7370 0,06%
o 4,5945 4,6069 0,27% 9 4,6875 4,6940 0,13%
4 4,3520 4,3814 0,685
5 3,9877 4,0448 1,473% 10 4,4010 4,4274 0,60%
6 3,4652 3,5654 2,10
7 2,7388 2,8730 4,490% 11 3,8741 3.9433 1,78%
8 1,8722 1.7278 7.,71% 12 2,98589 $,9425 £,25%

L A

|
.o TRESFEIgaY o >em o wimhmendeart
X Cemputed i

i :

- —— e

Figure 3,10

Graphical Results of 15 diameter Clrcular Excavations
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Towards the edges of the excavation there is a steady decrease in the
agreement, probavly raused by the fact that the intact border is only
3 ta 7 units in width and thus does not simulate a circular excavatio

with no other effects close by.
Taking this into consideration, the agreemert is good, and

this feasibility test shows that the iterative method developed gives

satisfactory results.

< P T I Second Attempt

The same circular excavation was solved using a 31 x 31
element plan so as to compare the offect of the rim of intact material
round the borders. Full results will be found in Appendix VI,

Performing the same ainalysis as before, the effective radius

of the circle is :
R = % x 4,6316
s 7,275

This is a better fit to the diagran than before.

The results of an XX and YY traverse, together with
theoretical results, are given in table 3.2 and a graphical comparison

may be seen in Figure 3.11.

Table 3.2  Two Traverses of a "froular Excavation (larger rim)

Traverse XX Traverse YY

il
- ii
Point | Result | Theoretical | Error H Point | Result | Theoretical | Error
|
1 4,6316 4,6316 - ﬂ 1 4,6316 4,6316 -
2 4,5866 4,5876 0,02% 9 4,5412 4,5432 C, 05%
3 4,4497 4,4532 0,09% 10 4,2590 4,2672 0,19%
4 4,2103 4,7195 0,22% 1 3,7427 3,7625 0,53%
5 3,8521 3,8687 0,43% | 122 ,2,8778 2,8128 b P
6 3,3388 3,3645 0,73%
7 2,631 2,6194 -0,44% .
8 |1,7901 1,2620 [-29 % |

R

I L —
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Since the error criterion was a maximum of 1% change per iteration on
a point, the results agree with the theoretical ones extremely well,
the only point of gross error being point B, which in any case juts
out from the circle, and the result is probably correct. {There is
less displacement here because of intact areas surrounding that element

on 3 sides).

. o Two Circular Excavations

Two circular excavations of diameter approximating 10 units
are positioned as shown in Figure 3.12 in a 31 x 31 elemrnt area,
A graph is plotted (Figure 3.13) of the traverse XX (full results are
given in Appendix VI), On the graph is shown the theoretical responses
for each circular excavation as if the other did not exist, and the
response of a circular excavation of diameter AA, The only conclusion
that can be made is that the results are reascnhable, as they fall

between the two theaoretical conditions,

\ \ | | | !
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Figure 3.11 - 15 Diameter Circular Excavation !: ' nitact rimd
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