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Abstract

Traditional laser systems are usually designed in such a way as to produce the funda-

mental Gaussian mode. The Gaussian mode, however, is not ideally suitable for all

applications at hand, thus presenting the need for structured light modes. These modes

have captured great attention due to their unique properties and have found a myriad

of applications.

Laser modes are often characterised based on intensity measurements to infer, through

propagation, the beam quality factor. This detection scheme does not consider the

polarisation state of the laser mode. Therefore, it is only effective for measuring the

quality of laser modes with uniform polarisation (scalar modes). Structured modes with

non-uniform polarisation, namely vector beams, are usually differentiated from scalar

beams by qualitative measures, for example, visual inspection of beam profiles after a

rotating polariser. There is no quantitative measure defines the quality of a vector mode,

i.e. a measure that can tell how vector the beams is. Consequently, there are still many

open questions such as: how can we manipulate light’s degrees of freedom inside the

resonator to control the generation of different families of structured light? And how

can we detect and characterise these modes?

The work presented in this thesis subsequently focuses on laser beam shaping inside

solid state resonators. Here we will generate desirable transverse modes of structured

light and develop tools to detect them. We consider two approaches for laser beam

shaping inside the laser resonator. The first approach involves using amplitude masking

inside unstable canonical resonators to allow controlled generation of a unique family

of structured modes known as fractal modes. The second approach involves coupling

of light within metasurefaces inside the resonator for the selection of pure higher-order

Laguerre-Gaussian modes and superpositions thereof. Subsequent to this, we develop a

novel technique to quantitatively identify the purity of structured modes based on their

“vectorial” nature. Finally, we investigate how the properties of such beams change

when they are amplified through birefringent and isotropic amplifiers.
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Chapter 1

Introduction

Laser beam shaping, structuring and tailoring light are different terms that describe

the process of creating customised laser beams. This process was realised shortly after

the invention of the laser in 1960 aiming to obtain a Gaussian beam at the output of a

laser. This was achieved by inserting a circular aperture inside the cavity to limit the

transverse extent of the beam [2, 3].

The Gaussian beam has been widely used for industrial manufacturing applications such

as cutting, welding and drilling. However, there are many applications where the Gaus-

sian beam is not ideally suitable for all applications at hand. For example, a laser beam

with a flat-top intensity distribution provides a superior quality to a Gaussian beam in

material processing applications. Optical vortex beams provide new degrees of freedom

(channels) in which information can be encoded for optical communications. Accord-

ingly, there has been an increase in the number of applications that demand customised

laser beams with particular phase and intensity distribution, namely structured light

modes. The majority of them are spatial modes with uniform polarisation, the so-called

scalar modes. Recently, laser modes with non-uniform polarisation distribution, namely

vector beams, have become topical due to the scope of their applications in topics as

diverse as optical microscopy [4], optical tweezers [5–10], quantum memories [11, 12] and

data encryption [13].

Many tools have been developed over the years for shaping the laser beam external to the

cavity by modifying an existing laser beam to any desired transverse profile. Nonetheless

intra-cavity laser beam shaping has more advantages over extra-cavity beam shaping

such as higher output purity as the desired spatial structured mode is amplified after

each round trip while the undesired modes fail to stabilise inside the cavity and thus

end up vanishing inside the resonator [14].

1
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In this chapter, we will start with a brief introduction covering the basic theory of laser

resonators. We will explore the optical fields that form inside laser resonators. We

will then focus on the optical fields that reproduce themselves after each round trip,

the so-called eigenmodes of the laser resonator. We will classify these modes based on

their vector nature from scalar to vector modes. This will be followed by a discussion

of the fundamental Gaussian solution of a resonator as well as higher-order solutions.

Finally, we will discuss the different approaches that have been developed for extra-cavity

generation of structured modes as well as intra-cavity generation approaches.

1.1 Laser Resonators

A simple laser resonator, or laser cavity, consists of two mirrors that face each other and

are separated by an optical distance. If the resonator’s mirrors are planar, it is quite

difficult to trap light unless they are perfectly parallel. One way to easily confine light

between the mirrors is to add curvature to one or both of the mirrors [15] as shown in

Fig. 1.1.

Figure 1.1: Schematic diagram shows a simple laser system consisting of two facing
mirrors where w0 represents the beam waist and z is the optical axis.

The basic properties of an optical resonator such as stability can be geometrically de-

termined using the ray transfer matrix approach [15, 16]: assume an initial optical ray

X0 =

[
x0

y0

]
is passing through an optical system that is described by an ABCD transfer

matrix. The output is then given by

X1 =

[
x1

y1

]
=

[
A B

C D

][
x0

y0

]
, (1.1)

where x0 and x1 are the positions of the initial and final optical rays, respectively. y0

and y1 are the angles of the initial and final optical rays, respectively. If the initial
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optical ray is transformed through n-number of optical systems, then the final ray is

represented by

Xf =

[
xf

yf

]
=

[
An Bn

Cn Dn

][
An−1 Bn−1

Cn−1 Dn−1

]
...

[
A1 B1

C1 D1

][
x0

y0

]
(1.2)

=

[
At Bt

Ct Dt

][
x0

y0

]
. (1.3)

Table 1.1: Examples of ray transfer matrices for a spherical mirror and beam propa-
gation through free space.

Optical element Spherical mirror of radius R Optical path of length L

Ray transfer matrix

(
1 0
−2
R 0

) (
1 L
0 1

)

We apply this to a simple resonator consisting of two concave mirrors facing each other,

separated by a distance L, as shown in Fig. 1.1. We define the path of the optical ray

to start from the mirror R1, propagating through free space distance L to mirror R2,

and reflecting back towards R1, the plane where it started. The ABCD matrices that

describe mirrors and free space propagation is represented in Table 1.1. Thus, the ray

transfer matrix that describes one round trip is given by

M =

[
1 0
−2
R2

0

][
1 L

0 1

][
1 0
−2
R1

0

][
1 L

0 1

]
(1.4)

=

[
1− 2L

R1
2L− 2L2

R1

−2
R1
− 2

R2
+ 4L

R1R2

−2L
R1

+ 1− 2L
R2
− 4L2

R1R2

]
. (1.5)

We can simply express this process as a linear combination of eigenvalues ν and eigen-

vectors

M

[
x0

y0

]
=
∑
i

νi

[
xi

yi

]
. (1.6)

The eigenvalues of Eq. 1.5 can be evaluated as

ν =
Tr(M)±

√
Tr(M)2 − 4

2
, (1.7)
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where Tr(M) is the trace of the operator matrix M and is equivalent to

Tr(M) = 4

[
1− L

R1

] [
1− L

R2

]
− 2. (1.8)

After n-round trips, the optical ray inside the resonator is expressed as[
xf

yf

]
= Mn

[
x0

y0

]
=
∑
i

νni

[
xi

yi

]
. (1.9)

For the optical ray to be confined inside the system for all n-round trips, the associated

eigenvalues νi must not diverge (grow without limits). This necessitates |νi| ≤ 1 and

thus |Tr(M)| ≤ 2 [17]. Therefore, the condition for the resonator to be stable is given

by

0 ≤
[
1− L

R1

] [
1− L

R2

]
≤ 1. (1.10)

For an optical resonator that follows Eq. 1.10, the optical ray will be periodically

refocused and stay bounded inside. Such resonator is called a stable resonator. If the

resonator does not follow Eq. 1.10, the optical ray will tend to converge and disperse

after each round trip. Such a resonator is referred to as unstable resonator.

To show graphically which resonator is stable and which is unstable, we plot a stability

diagram on where each resonator is represented by a point. This is shown in Fig. 1.2:

the stability parameters g1 = 1 − (L/R1) and g2 = 1 − (L/R2) are illustrated as the

coordinate axes; stable laser systems are represented by points on the shaded blue areas.

1.2 Analysis of Laser Resonators

In this section, we will discuss which optical field exists inside a resonator. We are

mainly interested in the optical field that reproduces itself after each round trip, namely

eigenmodes of the resonator. Geometrically for an optical field to be considered as an

eigenmode, the curvature of the field’s wavefront must match the curvature of the mirrors

inside the resonator. However, this geometric treatment is an approximation and does

not consider the spatial field distribution of the eigenmodes inside the resonator.

The exact description of the optical field propagating inside a resonator can be obtained

using one of the two following approaches: 1) the diffraction effects of the resonator’s
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Figure 1.2: The stability diagram of optical laser resonators as a function of g1(x-axis)
and g2 (y-axis). The blue shaded area represents stable resonators [1].

mirrors using Huygens’ principle, 2) derive the wave equation of the optical field from

Maxwell’s equations.

1.2.1 Diffraction Effects of the Resonator

The optical field inside a resonator was first calculated by Fox and Li [18]. This method

is based on the diffraction effects caused by the resonator’s mirrors. To simplify the

problem, we assume the dimension of the mirrors are finite but large in comparison to

the wavelength [17, 18]. If the initial field at the first mirror is considered to be arbitrary,

then the Fresnel-Kirchhoff formulation of Huygens’ principle can be invoked to obtain

the optical field at the second mirror which is given by

u2(x2, y2) =

√
i

λL

∫ ∫
u1(x1, y1)exp

(
− iπ
λL

[(x2 − x1) + (y2 − y1)]2
)

dx1dy1, (1.11)

where u1(x1, y1) and u2(x2, y2) are the relative optical field distributions at the first and

second mirrors, respectively. λ represents the wavelength and L is the distance between
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the mirrors. The optical field reflecting back onto the first mirror can be expressed in

terms of the reflected field as

u1(x1, y1) =

√
i

λL

∫ ∫
u2(x2, y2)exp

(
− iπ
λL

[(x1 − x2) + (y1 − y2)]2
)

dx2dy2. (1.12)

Equation 1.11 and Eq. 1.12 represent the single transit equation. By combining the

equations we obtain the optical field after one round trip. The optical field undergoes n-

number of round trips till it settles down to a steady state. At this state, the optical field

does not change its distribution, however it might experience a decrease in amplitude

due to diffraction losses given by ζ = un
un−1

. This optical field is called the eigenmodes

of the resonator.

The Fox-Li approach has been used to predict the lowest loss eigenmode inside laser

resonators. However, this process is time consuming as one has to integrate Eq. 1.11

and Eq. 1.12 n-iterations to calculate the eigenmode at the mirrors, where n is the

number of round trips required to reach the steady state. The Matrix Method approach

overcomes this limitation. This approach is based on replacing the integral in Eq. 1.11

with a product of two matrices [19]. One matrix represents the initial field and the

other represents the transformation of the field through the resonator. This can be

accomplished by dividing the mirrors into N -parts, each with size ∆x2 = 2h2/N for

second mirror of radius h2. Similarly, the first mirror of radius h1 is sub-divided into

N -parts of size ∆x1 = 2h1/N . If the segments ∆x1 and ∆x2 are small enough, the field

across each segment can be considered as a constant. Thus Eq. 1.11 becomes

u2(x2, y2) =

√
i

λL

∫ ∫
u1(x1, y1)exp

(
− iπ
λL

[(x2 − x1) + (y2 − y1)]2
)

dx1dy1

=

√
i

λL

N∑
i

N∑
j

u1 (h1 − i∆x1, h2 − i∆x2)

∫ h1−(i+1)∆x1

h1−i∆x1

∫ h2−(j+1)∆x2

h2−j∆x2
exp

(
− iπ
λL

[(x2 − x1) + (y2 − y1)]2
)

dx1dy1.

(1.13)

We can express Eq. 1.13 in the matrix form as

u2 = Tu1, (1.14)
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where

u2 =



u2(x21, y21)

u2(x22, y22)

.

.

.

u2(x2N , y2N )


, (1.15)

u1 =



u1(x11, y11)

u1(x12, y12)

.

.

.

u1(x1N , y1N )


, (1.16)

T =


T11 T12 . . T1N

T21 T22 . . .

. . . . .

TN1 . . . TNN

 , (1.17)

and

Tij =

√
i

λL

∫ h1−(i+1)∆x1

h1−i∆x1

∫ h2−(j+1)∆x2

h2−j∆x2
exp

(
− iπ
λL

[(x2 − x1) + (y2 − y1)]2
)

dx1dy1.

(1.18)

This method drastically reduces the computational time since the operator matrix T is

only evaluated once. To calculate the eigenmodes of the resonator, we simply calculate

T for one round trip. We then express T as a linear combination of eigenvalues and

eigenvectors (as in Eq. 1.6). The output of multiple round trips is achieved by raising

the power of the eigenvalues to the number of round trips (as in Eq. 1.9).

Figure 1.3 shows the intra-cavity optical field calculated using the Matrix Method for

an optical resonator consists of two mirrors (R1 = ∞ and R2 = 800 mm) separated

by distance L = 700 mm. The initial optical field was given by a rectangular function

as shown in Fig. 1.3 (a). The intensity distribution of the field I = |u(x, y)|2 was

observed at Mirror R1. The eigenmode was reached after approximately 35 round trips.

The radius of the lowest order eigenmode was measured to be 0.23 mm as theoretically

expected.
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Figure 1.3: shows the simulated intensity distribution of the optical field at mirror R1

inside a resonator consisting of two mirrors (R1 is planar mirror and R2 has radius of
curvature of 800 mm) separated by optical distance L = 700 mm. The frames show the
intensity (a) of the initial field (b) after one round trip, (c) 10 round trips (d) 35 round
trips and (e) 40 round trips. The field reached steady state after 35 round trips as the
spatial profile does not change. This simulation is calculated for light of wavelength 633
nm. The resonator mirrors were represented by a 1000×1000 matrix over a physical
size of 10×10 mm. An aperture or radius 0.275 mm was placed in front of R1 for the
selection of the lowest eigenmode. Due to the absence of gain in our simulation, the

intensity was normalised after each round trip.

1.2.2 The Wave Analysis of the Resonator

In the preceding section, we calculated the intra-cavity optical field based on the diffrac-

tion effects of the mirrors. In this section, we will only consider the wave nature of laser

beams.

An optical field of a beam can be described in the form of Maxwell’s equations in free

space where

∇ · Ê = 0, (1.19)

∇ · B̂ = 0, (1.20)

∇× Ê = −∂B̂
∂t
, (1.21)

∇× B̂ =
1

c2

∂Ê

∂t
, (1.22)

where Ê is the electric field component, B̂ is the magnetic field component, c represents

the speed of light and ∇ is the Laplacian operator. The wave equation is then obtained

by taking the curl of Eq. 1.21 (Faraday’s Law of Induction)

∇× (∇× Ê) =
∂(∇× B̂)

∂t
(1.23)

∇(∇ · Ê)−∇2Ê = −∂(∇× B̂)

∂t
. (1.24)



Introduction 9

From Eq.1.19 and Eq.1.22, we can express Eq.1.24 as

∇2Ê − 1

c2

∂2Ê

∂t2
= 0. (1.25)

Equation 1.25 is the time-dependent Helmholtz wave equation. We can derive the time-

independent Helmholtz equation by exploiting the method of separation of variables to

reduce the complexity of the analysis, yielding

(∇2 + k̂2)Ê(x, y, z) = 0, (1.26)

where k̂ is the wave vector and is defined as |k| = 2π
λ with λ as the wavelength. Within

the paraxial approximation (see [20]), an optical field Ê(x, y, z) is expressed as

Ê(x, y, z) = û(x, y, z)exp(ikz), (1.27)

where û(x, y, z) is a slowly varying complex function, and z is the axis of propagation.

Substituting the above form of the electric field (Eq. 1.27) into the Helmholtz wave

equation (Eq. 1.26) and approximate it in the paraxial regime where∣∣∣∣∂2û(x, y, z)

∂2

∣∣∣∣ << k

∣∣∣∣∂û(x, y, z)

∂z

∣∣∣∣ , (1.28)

one can obtain the paraxial approximation of the Helmholtz wave equation that is ex-

pressed as (
∂2

∂x2
+

∂2

∂y2

)
û(x, y, z) + 2ik

∂û(x, y, z)

∂z
= 0. (1.29)

Equation 1.29 is used to describe the propagation of laser beams. If the electric field of

the laser beam oscillates in a uniform direction, this represents a light beam with uniform

polarisation, denoted as scalar beams. These beams possess a state of polarisation that

is represented by a point on the surface of the Poincaré Sphere [21, 22]. The poles

represent modes with left and right circular polarisation while the equator represents

modes with linear polarisation as illustrated in Fig. 1.4. However, if the electric field of

a beam oscillates in different directions in the transverse plane, then the solution of Eq.

1.29 is a vector beam and is given by

û(x, y, z) = [û1ê1 + û2ê2] exp(ikz), (1.30)

where ê1 and ê2 represent the polarisation states associated to electric field components

û1 and û2, respectively.
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Figure 1.4: Graphical representation of the polarisation states of light on the Poincaré
Sphere.

1.3 Eigensolutions of Laser Resonators

There are many solutions to Eq. 1.26 in the Cartesian (Hermite Gaussian) and cylin-

drical coordinate basis (Laguerre Gaussian, Bessel), however, we will not discuss all of

these solutions; instead we will focus on the solutions which have been implemented in

this thesis, namely Laguerre Gaussian solutions.

The Gaussian mode is the lowest order solution and it is perhaps the most important.

The Gaussian mode is given by

uG = u0exp

(
−r2

w2

)
(1.31)

where u0 is the normalisation constant of the electric field, w is the radius at which

the intensity of the field falls to 1/e2 of the maximum intensity, as shown in Fig. 1.5.

The total intensity of the electric field is I = |u0|2 The Gaussian mode contracts to a

minimum diameter of 2w0 at the beam waist where the wavefront phase is planar. At a

distance z away from the waist, diffraction due to propagation causes the wavefront to

acquire curvature as shown in Fig. 1.6. The curvature of the wavefront is given by
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Figure 1.5: Schematic diagram shows a Gaussian beam profile with a beam radius w.

R(z) = z

[
1 +

(
πw2

0

λz

)2
]
. (1.32)

In the far field (z →∞), the wavefront returns to an approximately planar phase. The

size of the Gaussian mode at any spatial plane is expressed as

w(z) = w0

[
1 +

(
λz

πw2
0

)2
] 1

2

. (1.33)

Figure 1.6: Schematic diagram shows the propagation of a Gaussian beam where zR
is the Rayleigh range where the Gaussian beam size is

√
2 of its size at the waist.

The Gaussian mode is not the only solution for the paraxial wave equation. There

are many other solutions that exist, such as the Laguerre Gaussian (LG) modes whose
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electric field can be represented as

LGp,`(r, φ, z) =

√
2p!

π(p+ |`|)!
1

w(z)
exp

[
−r2

w2(z)
− ikr2

2R(z)

]
L|`|p

[
2r2

w2(z)

]

×

[√
2r

w(z)

]|`|
exp[i`φ]exp

[
−i(2p+ |`|+ 1) arctan

(
z

zR

)]
,

(1.34)

where p and ` are the radial and azimuthal indices of the transverse mode, zR is the

Rayleigh range, w(z) is the Gaussian beam width at propagation distance z, R(z) is the

radius of curvature of the beam wavefront at position z, φ is the azimuthal angle and

L
|`|
p is the Laguerre polynomial.

As |`| increases, the azimuthally-varying phase factor exp(i`φ) helically twists the wave-

front around the optical axis. The number of twists in the wavefront is given by |`|. This

azimuthally varying phase possesses a discontinuity on the optical axis of the beam, re-

sulting in the formation of an optical vortex. This optical vortex manifests in the form

of a null intensity at the centre of the beam. Laguerre Gaussian modes are characterised

by intensity distributions that are radially symmetric. The intensity patterns of some

LGp,` beams are shown in Fig. 1.7. The azimuthal index ` controls the size of central

vortex while the radial index p denotes the number of the concentric rings the mode

possesses.

These modes possess quantised orbital angular momentum (OAM) `~ per photon. Ana-

logue to polarisation, the OAM carried by the beam can be represented by a higher

OAM sphere as shown in Fig. 1.8. Here the poles correspond to orthogonal OAM states

while the equator represents equally weighted superpositions of OAM states [21, 23–25].

Higher-order LG modes (i.e ` 6= 0) have a radius wp,` that is related to the radius of the

Gaussian (zero-order) mode w and is given by

wp,` = w
√

2p+ |`|+ 1. (1.35)

The curvature of the wavefront R(z) in Eq. 1.32 is the same for all resonator modes.

However, the phase shift Φ is a function of the mode indices and can be obtained from

Φ(p, `, z) = (2p+ |`|+ 1)arctan

(
λz

πw2
0

)
. (1.36)

If the resonator is limited by an aperture, only eigenmodes whose beam radius are

smaller than the radius of the aperture can oscillate, and thus been observed. As a rule
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Figure 1.7: Transverse intensity profiles of higher order Laguerre Gaussian modes
where ` and p are the azimuthal and radial indices, respectively.

of a thumb, the radius of the aperture must be greater than 0.9:1 of the beam radii.

Only Gaussian modes require an aperture radius of 0.9:1.3 times the Gaussian radius.

The upper and lower values of the aperture radius correspond to higher and lower gain,

respectively [15].

All the above-proposed eigenmodes represent the scalar solutions of Eq. 1.26. Although

vector modes are direct solutions of Eq. 1.30, they are usually generated as a super-

position of two orthogonal scalar fields with two orthogonal states of polarisation. For

example, we can write cylindrical symmetric vector vortex (VV) beams in terms of two
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Figure 1.8: Graphical representation of the OAM states of light in a given subset |`|.

orthogonal LG modes as

U(r) = LGp1,`1 êR + γLGp2,`2 êL. (1.37)

where γ is the intermodal phase, êR and êL are vectors representing the right- and left-

circular polarisation corresponding to the optical fields LGp1,`1 and LGp2,`2 , respectively.

Although polarisation is limited to two orthogonal bases, VV modes are represented by

an infinite set of solutions due to an infinite number of linear combinations of possible

spatial modes [26].

Vector vortex beams can be theoretically mapped onto the surface of the Higher-Order

Poincaré Sphere (HOPS) [27] which is a combination of the Bloch sphere and OAM

sphere. The poles correspond to scalar orthogonal modes while the equator represents

equally weighted superpositions of the two orthogonal scalar modes. Figure 1.9 illus-

trates a HOPS with p = 0, ` = ±1. The radially and azimuthally polarised beams, as

well as the two hybrid states, occupy the equator.

Scalar and vector modes form a complete and orthogonal set of functions and are called

“modes of propagation”. Every laser beam can be expanded in terms of these modes.
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Figure 1.9: Higher order Poincaré sphere representing vector vortex beams of subset
|`| = 1.

1.4 Modal Decomposition

Identifying a beam by measuring it’s intensity profile is not a reliable method to char-

acterise the beam. For example, a beam with an apparent Gaussian intensity profile

does not mean that it is the fundamental Gaussian mode. There is also a probability

that it is a sum of non-Gaussian modal components, which consequently will propagate

differently to the Gaussian mode [28]. Therefore, it is essential to express the beam as

a linear combination of basis modes [29]

U(x, y) =

∞∑
n=0

cnΨn(x, y), (1.38)

where U(x, y) represents the output field and cn represents the modal weighting of a

specific basis mode Ψn(x, y). The coefficients cn can be found by executing an inner

product that is given by:
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cn = 〈Ψn(x, y)|U(x, y)〉 =

∫ ∫
U(x, y)Ψ∗n(x, y)dxdy (1.39)

where ∗ represents the complex conjugate. An arbitrary beam can be decomposed

completely into the basis modes once the modal weighting of each mode is determined.

These coefficients can be calculated by performing the inner product of the resultant

field u(r) = U(x, y)Ψ∗n(x, y) at the Fourier plane to give

UF (kx, ky) = F(u(x, y)) =

∫ ∫
U(x, y)Ψ∗n(x, y) exp[−i(kxx+ kyy)]dxdy, (1.40)

Optically, these modal weightings are evaluated by measuring the on-axis intensity of

the field in the Fourier plane by setting the propagation vectors kx = ky = 0 to get

I(0, 0) = Uf (0, 0) =

∣∣∣∣∫ ∫ U(x, y)Ψ∗n(x, y)dxdy

∣∣∣∣2 = |cn|2 (1.41)

1.5 Laser Beam Shaping

Laser beam shaping is the process of modifying an existing beam (extra-cavity beam

shaping) or forcing a desired beam to exit a laser resonator (intra-cavity beam shaping).

Since the intensity of the beam defines its spatial profile while the phase determines its

propagation properties, laser beam shaping techniques mainly target controlling these

two characteristics.

Figure 1.10: Illustration shows the general beam shaping problem where an input
beam needs to go through some optical system to reshape it to a desired pattern.

The general beam shaping problem is illustrated in Fig. 1.10, where a beam is incident

upon an optical system that must operate on it to produce a desired beam. This problem

can be formulated as
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u1(x, y) = u0(x, y)t(x, y), (1.42)

where u0(x, y) is the input optical field, u1(x, y) is the output shaped field, t(x, y) is the

transmission function of the optical shaping system. This problem can be easily solved

by calculating t(x, y). All we need is to choose u1(x, y) and u0(x, y), then t(x, y) will

simply be u1(x,y)
u0(x,y) . In the following section we will discuss what approaches can be used

to shape light into a desired beam.

1.5.1 Amplitude Modulation

The first approach to shape u0(x, y) to a desired field u1(x, y) is to modulate the beam’s

amplitude. In this case, the transmission function t(x, y), in Eq. 1.42, would represent an

amplitude mask function [30]. The reshaped beam can be observed in the near field after

the mask. This approach has been widely used to select flattened intensity distribution

beams from an input Gaussian beam by eliminating the extent of the input beam to a

more uniform intensity profile as shown in Fig. 1.11 [31, 32]. Recently, the concept of

amplitude modulation is achieved by reshaping an input beam within a pump-shaped

amplifier. This provides regions of high and low gain on the profile of the input field

and can thus function in a similar way to insert regions of loss [33].

Figure 1.11: Shows an example of amplitude modulation by aperturing an input
Gaussian beam to achieve a flattop beam
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1.5.2 Phase Modulation

It is possible to shape a laser beam by controlling its phase. In this case, the transmission

function t(x, y) in Eq. 1.42 is replaced by a phase function eiθ. The wavefront and the

spatial profile of both input and output beams are needed to be identified. Once they

are determined, one can then establish an optical element with the phase function that

can produce the output shaped beam. The output beam, however is only shaped in the

far field [15, 31]. The field at the Fourier plane is given by

u1F (kx, ky) = F(u0(x, y)eiθ) =

∫ ∫
u0(x, y)eiθexp [−i(kxx+ kyy)] dxdy, (1.43)

where eiθ is the phase function acquired by the phase shaping system. This approach

has been implemented by modulating the dynamic phase of Gaussian beam to produce

a desired output beam. The word dynamic refers to the phase that is acquired by a

beam as a result of its propagation through an isotropic medium where

θ = k̂ · r̂ =
2π

λ
(np − n0)d(x, y) (1.44)

where k̂ is the wave vector, r̂ is the optical path, np and n0 are the refractive indices of the

phase plate and the air, respectively, d(x, y) is the thickness of the phase plate. Different

designs of dynamic phase plates are accomplished by either varying the thickness d(x, y)

or by varying the refractive index. Examples for these phase plates are refractive and

diffractive optical elements and deformable elements [30, 34–41]. Figure 1.12 shows a

spiral phase plate which is a transparent material with a gradually increasing thickness

that works like a vortex lens to convert a Gaussian beam into a desired vortex mode

[42].

Figure 1.12: Dynamic phase modulation using a spiral phase plate. The plate causes
an azimuthally varying phase which results in a beam having a helically twisted wave-

front.
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This concept has been exploited in liquid crystal technology in the form of spatial light

modulators (SLM) to locally vary the refractive index rather than the depth, but again

resulting in a spatially varying dynamic phase [43].

Recently, it has been discovered that when polarised light propagates through a birefrin-

gent medium, it experiences an additional phase component, namely geometric phase

[44–46]. This phase, unlike the dynamic one, does not depend on the optical path length,

but rather on the geometry (spatial variance) of birefrinegence. Controlling the geomet-

ric phase of light is executed by using liquid crystal q-plates and subwavelength gratings

[47–53]. It is also possible that light could acquire a geometric phase component if it’s

excursion through an optical system corresponds to a closed loop [54]. All the above-

proposed approaches have been extensively used to structure laser beams external to

the cavity. By implementing one or a combination of these approaches, one can have

control over light’s degrees of freedom.

Although numerous advances have been devised for shaping light outside the laser res-

onator, structuring light inside the resonator lags behind and is still a growing research

field. The laser process explained in section 1.1 implies that structured modes can be

directly generated from a resonator if they are eigenmodes [15]. Selecting a particular

desired mode can be accomplished by introducing losses to all the undesired modes. In

such scenario, a custom optic is inserted into the cavity so that one particular mode

has a lower loss than all of the rest. Since the resonator modes must repeat after each

round trip, the small loss difference becomes significant after some number of round

trips. Accordingly, the mode with the lowest loss is the first to lase.

One example of this approach is to use an amplitude filter, in which a bespoke aperture

is inserted inside the cavity to select a mode. For instance, a circular aperture of an

appropriate size is used to select a Gaussian beam, while other higher-order modes are

clipped and experience higher loss [41, 55–57]. The same technique was exploited to

select higher-order modes by placing wires near one of the end mirrors coinciding with

the node lines which results in high losses to the Gaussian mode [55]. The amplitude

shaping approach is also achieved by introducing gain to a particular mode using pump-

shaping thereby selecting a desired spatial gain profile [58].

Phase modulation techniques can also be used to customise the light from laser res-

onators. This technique can be utilised using three main steps: firstly, specify the

desired beam profile at the output coupler (OC); secondly, propagate the beam to the

back reflecting mirror, then determine the phase at this mirror; finally, design your back

reflector mirror to the conjugate of this phase. In this case the desired beam propagate

to the back mirror, acquiring some phase change. After reflecting from the back reflec-

tor mirror, the beam acquires the conjugate of the phase it accumulated during the first
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Figure 1.13: Schematic diagram illustrates the intra-cavity phase control where a
desired flattop beam is selected at the output coupler (OC). The beam is propagated
to mirror R1 where we determine the phase of the beam eiθ. The mirror R1 is designed
to have phase e−2iθ. The reflected beam then carries phase e−iθ. Due to the reciprocity
of light, the beam returns back after one round trip to what is was. This process repeats

every round trip.

pass. Due to the reciprocity of light, when the beam return to the OC, its phase will

unravel to return the beam to what it was [59, 60]. This repeats every round trip and

thus the desired mode is now considered as an eigenmode of the resonator. Sometimes

the design approach necessitates two custom mirrors rather than one (see [61, 62].

Although all these beam shaping techniques allows intra-cavity generation of many exotic

structured modes, there are still some outstanding limitations. The first limitation is the

selection of a degenerate mode. For example, LGp,` and LGp,−` modes have the same

wavefront curvature and the same mode losses. This makes it difficult to select one

without the other. Breaking the mode degeneracy by selecting a particular degenerate

mode without the other one is overcome by using geometric phase elements such as

q-plates and subwavelength gratings inside the resonators [63]. The second limitation is

the power handling capability of the generation tools which restrains the generation to

only low power beams. Subwavelength gratings shows promise to overcome this problem

but to which limit, is still an open question.

1.6 Outline

In this chapter, we presented an introduction to the basic theory of optical laser res-

onators. We discussed the solutions of the optical field inside the resonator from the

wave and diffraction perspective. We focused on exploring some of these solutions such

as Gaussian and Laguerre Gaussian beams as will be utilised in this thesis. The ap-

proach to distinguish these modes by decomposing them into basis modes, known as

modal decomposition, was presented. We investigated the general problem of shaping
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the laser beams and showed the different approaches that can be exploited to structure

exotic modes inside or outside laser resonators.

In Chapter 2 we will demonstrate the first fractal light from canonical unstable res-

onators. We will observe a variety of fractal shapes in transverse intensity cross-sections

through the lowest-loss eigenmodes of unstable laser resonators, thereby demonstrating

the controlled generation of a new family of structured light modes with fractal geometry

from inside a laser cavity. We will show, quantitatively, that intensity cross-sections are

most self-similar in the magnified self-conjugate plane. We will also advance the exist-

ing theory of fractal laser modes by showing that imaging and diffraction also occurs

in the longitudinal direction, resulting in 3D self-similar fractal structure around the

centre of the magnified self-conjugate plane. This work offers a significant advance in

the understanding of a fundamental symmetry of Nature as found in lasers.

In Chapter 3 we will present a novel technique for the controlled generation of a family

of structured light namely, Higher-Order Poincaré (HOPS) beams from inside the laser

resonator by tailoring the geometric phase using metasurfaces. We will demonstrate the

generation of pure OAM modes and superpositions thereof. Our laser system will show

no limitation on the OAM value that can be created. We will demonstrate the generation

of the largest pure OAM state ` = 100 as well as the largest superposition state of net

OAM ` = 110. We will show that controlling light’s different degrees of freedom such as

wavelength, polarisation and azimuthal modes in one resonator is possible.

In Chapter 4, we will argue that traditional quality measurements can not apply for

optical vector vortex beams. Over the past years, only qualitative techniques have been

applied to these beams to distinguish the scalar and vector modes. However, there are

no quantitative techniques that can tell how vector the modes is. In this chapter we will

apply a quantum tool to quantify this quintessential property of vector modes, which

we will call the vector purity. This tool will allow one to quantify the purity of any

HOPS beam on a scale from 0 (pure scalar modes) to 1 (pure vector modes). We will

demonstrate this tool on a variety of HOPS beams in a continuous range from purely

scalar to purely vector to show the agreement between the experiment and theory.

In Chapter 5 we will highlight the need for high power HOPS beams in many appli-

cations. We will extensively study the question of how the purity of vector beams

change under amplification. In this chapter we will employ a master-oscillator-power-

amplifier (MOPA) approach and study the problem of purity of HOPS beams through

non-birefringent and birefringent amplifiers. We will provide the theory and measure-

ment toolbox for practical use and confirm its validity experimentally. Intriguingly, we

will show that pure VV beams can maintain their vector purity regardless of the gain
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medium, while general VV beams can have their purity improved by using a suitable

birefringent amplifier.



Chapter 2

Fractal Light from Lasers

Fractals, complex shapes with structure at multiple scales, have long been observed

in Nature: as symmetric fractals in plants and sea shells, and as statistical fractals in

clouds, mountains and coastlines. More recently they have been theorised to exist as

two-dimensional (2D) transverse structure in the modes of unstable laser resonators,

but experimental verification has remained elusive. Here we observe a variety of fractal

shapes in transverse intensity cross-sections through the lowest-loss eigenmodes of unsta-

ble laser resonators, thereby demonstrating the controlled generation of a new family of

structured light modes with fractal geometry inside a laser cavity. We also advance the

existing theory of fractal laser modes, first by predicting 3D self-similar fractal structure

around the centre of the magnified self-conjugate plane, second by showing, quantita-

tively, that intensity cross-sections are most self-similar in the magnified self-conjugate

plane. Our work offers a significant advance in the understanding of a fundamental

symmetry of Nature as found in lasers.

23
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2.1 Introduction

The allure of fractals lies not only in their aesthetic beauty and the mathematical beauty

of their self-similarity, but also in that such complexity can be achieved by very simple

chaotic equations. Nature seemingly utilises this as an engineering tool, with symmetric

fractal structures appearing in many diverse forms, from romanesco broccoli to ammonite

sutures and ferns, while statistical fractals are seen in salt flats, mountains, coastlines

and clouds. Popularised by Benoit Mandelbrot [64], fractals can be thought of the the

mathematical instance of “plus ca change, plus c’est la meme chose” (“the more things

change, the more they stay the same”).

Light can be fractal. The (dark) vortex lines in random light fields have fractal scaling

properties [65], and light’s spatial (and spectral [66]) distribution can be directly made

fractal by interaction with a fractal object, for example by emitting it from a fractal

antenna [67], by passing it through a fractal aperture [68, 69], or by resonating it in

a cavity that contains a fractal scatterer [70]. Perhaps more surprisingly, due to the

fractal Talbot effect the light field behind a (non-fractal) Ronchi grating illuminated by

a uniform plane wave evolves, on propagation, into a fractal [71, 72].

A glance at intensity cross-sections through the eigenmodes of unstable canonical res-

onators (e.g. [16]) reveals complex and fractal-looking structure, but the first suggestion

that these eigenmodes are fractals came only in 1998 [73, 74]. This is surprising, as

canonical resonators are very simple, consisting of a pair of spherical mirrors and any

apertures in the resonator. Initially, the discussion of the mechanism involved mostly

the round-trip magnification due to geometrical imaging by the spherical mirrors, which

leads to similar patterns to appear at a cascade of different length scales, one of the

hallmarks of fractals, but it also hinted at the role of diffraction, which gives rise to

the ripples in the pattern in the first place [75]. Clearly, without diffraction, successive

magnifications would simply make any initial pattern increasingly uniform. Detailed

theoretical studies of these intensity distributions found them to be statistical fractals

[72–79]. Upon magnification, statistical fractals look like the same type of pattern, but

not actually the same pattern. Like in all physical fractals, the range of length scales

over which this scaling behaviour holds (the scaling range) is limited [80], here by diffrac-

tion. After magnification, a part of a self-similar pattern looks not just to be the same

pattern type as a corresponding, unscaled, part the pattern, but the same. Note that,

with all physical fractals, this is only true over a finite range of sizes, here limited by

the smallest size allowed by diffraction and the overall size of the beam. Suitable choice

of the resonator parameters has been predicted to lead to intensity distributions closely

related to classic fractals such as the Weierstrass-Mandelbrot function, the Sierpinski

gasket, and the Koch snowflake [81, 82].
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Despite these early advances, experimental observations have been scarce. A pulse of

light was injected into a passive canonical cavity and observed to evolve over a number

of round trips into a fractal pattern [83]; curiously, that work was never published

in a peer-reviewed journal. Very recently, small areas containing fractal structure were

found in the eigenmode of a non-canonical resonator comprising an array of microspheres

sandwiched between planar mirrors [84] — the first observation of fractal structure in

the eigenmode of an (active) laser. These are the works that are most relevant to this

study, but the relevance is limited as they either worked in a passive cavity and did not

study the eigenmode in the magnified self-conjugate plane [83], or in a different laser

configuration altogether [84]. Further, the discussion was entirely limited to the light

structure in transverse planes, resulting in what we will refer to as 2D fractals1

2.2 Transverse Fractals

We start by reviewing the mechanism that leads to self-similar fractal structure at the

self-conjugate plane in an unstable canonical resonator. Without loss of generality, we

restrict ourselves to confocal resonators, as these are particularly simple but at the

same time representative of all canonical unstable resonators (with the same round-trip

magnification, M , and the same Fresnel number [16]).

Consider the example shown in Fig. 2.1. In such a resonator, each mirror is spherical

and hence it images like a lens, but in reflection. During one round trip, i.e. reflection

off both mirrors, the image produced by the first mirror is imaged again by the second

mirror. In stable resonators this imaging explains the eigenmodes’ structural stability

[85]. In unstable canonical resonators, one round trip images two “self-conjugate” planes

back to their original positions, one with (transverse) magnification M (|M | ≥ 1), the

other with magnification 1/M [81]. The former is the magnified self-conjugate plane, S,

the latter the de-magnified self-conjugate plane, s. In a confocal resonator, these planes

are a focal distance on either side of the two mirrors (see Fig. 2.1), and so the field in

these planes form a Fourier pair. Geometrical imaging stretches, during every round

trip through the resonator, the intensity distributions in the planes S and s by a factor

M and 1/M , respectively.

Any apertures in the resonator simply add some diffractive “decoration” to this image.

After a number of round trips, the pattern is essentially unchanged between successive

round trips (the complex amplitude cross-section is unchanged apart from complex factor

1Note that the dimension of the plane is, in general, different from the fractal dimension of such
intensity distributions [76].
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Figure 2.1: Imaging inside an unstable canonical resonator. The two spherical mir-
rors, M1 (focal length f) and M2 (focal length F ), perform geometric imaging. We
define two longitudinal coordinates, z and Z. Both the z and the Z axes coincide with
the optical axis, but the z = 0 plane coincides with the plane S, the magnified self-
conjugate plane, and the Z = 0 plane coincides with the plane of the mirror M2. We use
z in our theoretical analysis, Z in the experimental part. The transverse coordinates
are x (not shown) and y. Three-dimensional imaging during one round trip is indicated
by an object in the shape of the letter “P” (shown in black) and its image, which looks
like a horizontally elongated letter “b” (shown in grey): the “P” has turned into a “b”
because the transverse magnification, M , is negative, and so the image of the “P” is
upside-down; the “b” is horizontally elongated because the longitudinal magnification,
Ml, is positive and its magnitude is greater than that of the transverse magnification.
A is an aperture immediately in front of M2. The figure is drawn for a the particularly
simple case of a confocal resonator (length F + f ; the plane S then coincides with the

common focal plane) with M = −2 and Ml = +4.

representing a uniform phase change and loss), which means the field has settled into

an eigenmode.

2.3 Resonator Simulations

The simulations of the resonator were performed using our open-source package Young

TIM [86]. This software represents a transverse cross-section through a monochromatic

light beam on a rectangular regular grid of points covering a rectangular area in a

transverse plane. At each point, the complex electric field is represented by a complex

number u, enabling representation of a the amplitude, which is |u|; the phase, which is

arg(u); and the intensity, which is |u|2. For simplicity, the software assumes uniform

polarisation across the beam, which is a good approximation in the paraxial limit, in

which we operate here. The complexity of the simulation is limited by the memory

requirements of calculating a new transverse beam cross-section while storing others.

Propagation from one transverse plane into another through empty space is performed

using a standard Fourier algorithm [87] (but without using the Fresnel approximation to

simplify the expression for the z component of the wave vector). This algorithm performs
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a plane-wave decomposition of the beam, and calculates the sum of all individual plane-

wave components in the new transverse plane. Transmission through optical elements

such as apertures and lenses is simulated by multiplying the complex numbers that

represent the beam by a position-dependent factor that represents a change in amplitude

(in the case of apertures), a change in phase (in the case of lenses), or both.

Repeated propagation through a laser resonator is performed by treating each mirror

like a lens of the same focal length, and — despite the fact that the propagation direction

is reversed by reflection off a mirror — propagating the beam always through a positive

distance.

In our case, the lowest-loss eigenmode is reached after approx. 20 round trips. Once

the eigenmode has formed, the decoration pattern is the same during successive round

trips as shown in Fig. 2.2. Once added, it gets magnified with the rest of the intensity

distribution, which results in the presence of the decoration pattern in a number of

sizes: the pattern added during the most recent round trip is at the original size; that

added during the previous round trip is magnified by M ; that added two round trips

ago is magnified by M2; and so on. The presence of a pattern on such a cascade of

length scales is a hallmark of self-similarity. The mechanism outlined above is called

the monitor-outside-a-monitor effect (MOM effect), named so because of analogies with

video feedback [88, 89].

2.4 3D Fractals

For the same resonator, Fig. 2.3 shows a lateral intensity distribution around the centre

of the self-conjugate plane S. This lateral intensity distribution shows some signs of self-

similarity: if the pattern is stretched by M in the direction representing the transverse

direction, and by a factor M2 in the longitudinal direction, the pattern’s centre (which

is the point where the plane S intersects the resonator’s optical axis) looks similar to

what it was before magnification.

This self-similarity can be seen much clearer in Fig. 2.4, which was calculated for a strip

resonator, i.e. a resonator that is invariant in one transverse direction. It can therefore be

treated as a 2D resonator with only one transverse direction, which means that, along

that transverse direction, the light field can be represented in computer simulations

by a much greater number of grid points without increasing memory or complexity

requirements. This in turn allows an increase in the Fresnel number by increasing the

aperture size, resulting in a lateral intensity cross-section with significantly more detail.
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Figure 2.2: Self-similarity of the simulated lowest-loss eigenmode’s intensity distri-
bution in the magnified self-conjugate plane, S. The frames show the intensity after 20
round trips, starting with a uniform plane wave. The self-similarity of the pattern is
demonstrated by showing its centre at different magnifications (×2, ×4, ×8), resulting
in a similar pattern (rotated by 180◦ after each magnification by a factor 2 due to the
resonator’s transverse magnification, M , being negative); the dotted white square in the
centre of the frame marked ×1 shows the outline of the area shown in the next frame.
The horizontal dotted line is the orthographic projection of the lateral self-conjugate
plane SL, in which we demonstrate, below (see Fig. 2.3), the 3D self-similarity of the
light. The figure is calculated for light of wavelength λ = 632.8 nm in a resonator of
the type shown in Fig. 2.1 with F = 16.5 cm, f = 8.25 cm, M = −2, and a seven-sided
regular polygonal aperture of circumradius r0 = 2.4 mm. The beam’s transverse cross-
sections were represented by a 1024 × 1024 array of complex numbers sampled over a
physical area of size 1 cm×1 cm. Further details of the way this simulation, and indeed

all the other simulations in this chapter, was performed are given in Section 2.3.

For that same strip resonator, Fig. 2.5 compares the intensity cross-sections along the

transverse direction in the plane S with that along the resonator’s optical axis. The

intensity cross-section along the optical axis is not symmetrical with respect to the

position of the plane S, whereas that in the plane S is symmetric with respect to the

position of the optical axis. Irrespective of this complication, both curves are strikingly

self-similar.

This observation can be explained as follows. Spherical mirrors (and lenses) image not

only any transverse plane into a corresponding transverse plane, they image any point
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Figure 2.3: Self-similarity of the intensity distribution in a lateral self-conjugate plane,
SL, which contains the optical axis and intersects the plane S horizontally in Fig. 2.2.
The vertical dotted line is the orthographic projection of the plane S. Vertically, the
plots are centred on the optical axis, z. The beam is the same as that shown in Fig. 2.2.
After each magnification horizontally by a factor 4 and vertically by −2, the pattern
looks similar again, which is shown for different magnifications. The dotted box in the
centre of the frame marked ×1 marks the outline of the area shown in the next frame
(×(−2) vertically, ×4 horizontally). The ×1 frame represents a physical area of size

2 m (horizontally) by 10 mm (vertically).

into a corresponding point. For light initially travelling to the right in the resonator

shown in Fig. 2.1, any lateral plane that includes the optical axis is being imaged into

itself, as is the magnified self-conjugate plane S; no other planes are being imaged into

themselves (but other surfaces are, specifically the paraboloids z = ar2, where z and r

are cylindrical coordinates as shown in Fig. 2.1 and a is an arbitrary constant). One

point is imaged into itself (“self-conjugate point”), namely the intersection of the self-

conjugate plane S with the optical axis. The volume around this point is also imaged into

itself, but the image is distorted as the longitudinal and transverse magnifications are

different (the longitudinal magnification is the square of the transverse magnification)

and both change with position. (Similar statements are true for light initially travelling

to the left, but we do not consider these here.) Close to the self-conjugate point, the
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Figure 2.4: Self-similarity of the intensity distribution in the lateral plane of a strip
resonator of the type shown in Fig. 2.1. The different frames show the centre of the
intensity distribution, successively magnified by a factor M in the vertical direction
and by M2 in the horizontal direction. The ×1 frame represents a physical area of
size 20 m (horizontally) by 2.82 cm (vertically), centred on the magnified self-conjugate
plane and the optical axis in the horizontal and vertical direction, respectively. The
dotted box shown in the top left frame outlines the area shown in the top right frame.
The figure was calculated for light of wavelength λ = 632.8 nm, resonator parameters
F = 70.7 cm and f = 50 cm (corresponding to transverse magnification M = −

√
2), and

the aperture A was a slit of width 2.08 cm. Each beam cross-section was represented
on 4096-element array of complex numbers, representing a physical width 4 cm.

longitudinal magnification is constant. This imaging of the volume around the centre of

the plane S is indicated in Fig. 2.1.

As before, the effect of any apertures in the system is the addition of a diffractive

decoration pattern, which is now 3D. In a 3D extension of the MOM effect, this pattern

gets added to the field during each round trip and magnified during each subsequent

round trip, again resulting in its presence on a cascade of length scales, complicated and

enriched by the different characteristic stretch factors in the longitudinal and transverse

directions.
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Figure 2.5: Axial (a) and transverse (b) intensity cross-section through the field
around the self-conjugate point at the centre of the plane S in the strip resonator from
Fig. 2.4. Like in Figs. 2.2, 2.3 and 2.4, the self-similarity is demonstrated by successive
magnifications, each of which stretches the part of the curve between the vertical dotted
lines to the full width. The width of the curves marked ×1 represents a physical length
of 2 m (a) and 2.08 cm (b). The intensity range represented by the different curves
has been adjusted so that corresponding features in the curves have roughly the same

vertical size.

2.5 Self-similarity of Transverse Fractals

The mechanism for the emergence of fractals in the transverse intensity cross-sections,

described in section 2.2, suggests that the cross section is most self-similar in the mag-

nified self-conjugate plane, but this has never been tested quantitatively.

Here we provide the first quantitative evidence for this argument. For the intensity

cross-section in one transverse plane at a time we calculate the normalised squared

Euclidean distance, d2, between the centre of this intensity cross-section and the centre

of the same intensity cross-section, stretched by a factor M . This is a measure of the
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difference between the stretched and unstretched centre of the intensity cross-section,

and −d2 is therefore a measure of their similarity. If the two intensity distributions are

I1(xi, yj) and I2(xi, yj), d
2 is defined as

d2 =
1

2

∣∣(I1 − I1)− (I2 − I2)
∣∣2∣∣I1 − I1

∣∣2 +
∣∣I2 − I2

∣∣2 , (2.1)

where |I|2 =
∑

i,j I(xi, yj)
2, I = (

∑
i,j I(xi, yj))/(NxNy), and where all sums are over

Nx by Ny values of xi and yj .

In all cases, the unstretched intensity distribution, I1, was known on a discrete grid

of points, and it was required to calculate the stretched (by a factor M , the transverse

magnification) intensity distribution, I2, on the same grid. For a particular grid position

(xi, yj) we calculated the value of the stretched intensity distribution there as

I2(xi, yj) = I1(xi/M, yj/M), (2.2)

whereby the stretching is relative to the origin. In general, the position (xi/M, yj/M)

does not coincide with one of the grid positions on which the unstretched intensity

distribution was known; we used bilinear interpolation between the intensity at the four

neighbouring represented positions [90] to approximate this value.

It is clear that stretching the unstretched and stretched intensity distributions are not

similar far away from the centre, where the unstretched intensity is close to zero (com-

pare, for example, the frames marked “×1” and “×2” in Fig. 2.2). For this reason, we

sum only over the centre of each pattern, specifically the central rectangle of width and

height 1/4 of the width and/or height of the area on which the unstretched intensity

cross-section is represented.

We plot −d2 as a function of the z coordinate of the transverse plane, defined as the

Cartesian coordinate aligned with the optical axis such that the plane z = 0 is the

magnified self-conjugate plane (Fig. 2.1). From the above argument we expect a peak

at z = 0, that is, in the magnified self-conjugate plane S.

Figure 2.6 shows these curves, calculated for the two eigenmodes discussed earlier,

namely that of a resonator with a heptagonal aperture and transverse magnification

M = −3 (Figs. 2.2 and 2.3), and that of a strip resonator with transverse magnification

M = −
√

2 (Figs. 2.4 and 2.5). The expected peak at z = 0 is clearly visible and, espe-

cially in the case of the strip resonator, reaches close to d2 = 0, proving the near-exact

— but diffraction-limited — self-similarity of the intensity cross-section in the magnified

self-conjugate plane.



Fractal Light from Lasers 33

-0.1

0

-200mm 200mm0

0

-0.2

-0.4

z

-1m 1m0 z

-d
2

(a)

(b)
M2 M1

S

S

M2 M1

-d
2

Figure 2.6: Evolution of the self-similarity of transverse intensity cross-sections upon
propagation for the eigenmodes shown in Figs. 2.2 and 2.3 (a) and in Figs. 2.4 and
2.5 (b). The self-similarity is quantified here by −d2, the negative of the normalised
squared Euclidean distance between the central rectangle of the intensity cross-section
in the transverse plane with the given z coordinate, and the central rectangle of the
same size of the intensity cross-section after being stretched in the transverse directions
by a factor M . The magnification was M = −3 in (a) and M = −2 in (b). The width
and height of the central rectangle were arbitrarily chosen to be 1/4 of the width and
height of the calculated intensity cross-section. The dotted vertical lines indicate the

planes of the mirrors, M1 and M2, and the magnified self-conjugate plane, S.

Note that these results can be replicated with other measures of difference between

images, and we did this with Euclidean distance and image Euclidean distance [91]

(IMED, which we calculated only for the strip-resonator eigenmode). These gave a

curve with a different shape to those shown in Fig. 2.6, but always produced a very

prominent peak in the magnified self-conjugate plane.

2.6 Experiment

We constructed a laser, sketched in Fig. 2.7, consisting of a flash-lamp pumped Nd:YAG

gain medium (6.35 mm × 76 mm) inside an L-shaped, confocal, unstable cavity compris-

ing two concave, high-reflectivity, spherical end mirrors, M1 and M2, and a 45◦ output

coupler positioned at the apex of the L. The radius of curvature of mirror M1 is R1, that

of M2 is R2; their focal lengths are respectively f = R1/2 and F = R2/2. As the cavity
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Figure 2.7: Experimental setup, (a) schematic and (b) photo with the laser running.
(a) The cavity comprised two concave mirrors, M1 (radius of curvature R1, correspond-
ing to focal length f = R1/2) and M2 (radius of curvature R2, focal length F = R2/2),
and an output coupler (OC) angled at 45◦ with a 99.8% reflectivity. The geometrical
length of the cavity was G, that of the Nd:YAG gain medium was g. S is the magnified
self-conjugate plane. One out of a variety of polygonal apertures was positioned in front
of M2. The intensity cross-section in the self-conjugate plane S was captured outside
the cavity at a distance R2/2 from M2 using a CCD camera. (b) Clearly visible is
the gain-medium assembly (bright yellow; centre) and the mounts for the end mirrors
and the output coupler. The two tubes (light blue; bottom left) connecting to the

gain-medium assembly are cooling tubes for the gain medium.

is confocal (the cavity was set up to have length f + F ), the plane S coincides with the

common focal plane. In order to minimise unwanted aperture effects, the gain medium

was centred on S. An aperture in the shape of a regular hexagon was positioned in front

of the end mirror with the greater focal length, M2.

Like that sketched in Fig. 2.1, our cavity is canonical and unstable, and as such it contains

magnified and de-magnified self-conjugate planes. Unlike that sketched in Fig.2.1, our

cavity was not confocal, and so the positions of the self-conjugate planes did not simply

coincide with the focal planes, but their Z coordinate was calculated from the geometric-

imaging properties of the cavity. The output beam was captured using a CCD camera

(Spiricon SPU260 BeamGage), placed in an image plane of S. Note that, in apertured

lasers (like ours), the field depends on the propagation direction [92], and the camera

has been placed to record the image in the magnified self-conjugate plane, S, not the

de-magnified self-conjugate plane, s, which corresponds to the opposite propagation

direction.

One of the intensity cross-sections observed in the magnified self-conjugate plane is

shown as part of Fig. 2.7 (a). It has the expected complex structure characteristic of a

fractal. In almost all images we note an unexpectedly bright central intensity peak. We

speculate that it is due to a low divergence mode that is also able to lase in the cavity.
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(a)  Z = 0 mm (b)  Z = 100 mm

(c)  Z = 200 mm (d)  Z = 230 mm

Figure 2.8: A few of the transverse intensity patterns recorded inside a resonator for
parameters F = 250 mm, f = 75 mm, and G = 343 mm. The self-conjugate plane S is

positioned at Z = ZS = 231.8 mm.

For one set of parameters, namely F = 250 mm, f = 75 mm, G = 343 mm, and a

hexagonal aperture A of circumradius r0 = 2.5 mm we recorded intensity cross-sections

in a number of transverse planes across the resonator (see Sec. 2.8), with examples shown

in Fig. 2.8. The magnified self-conjugate plane is located at ZS = 231.8 mm (calculated

using Eqn [2.11]), the round-trip transverse magnification is M = −3.32 (calculated

from Eqn [2.12]).

Figure 2.9 allows visual assessment of the self-similarity of the intensity cross-sections

recorded in three transverse planes near the self-conjugate plane S. When stretched by

the transverse magnificationM , the centers of the intensity cross-sections show some sim-

ilarity to the unstretched intensity cross-sections; for example, dark, centered, hexagons

or circles of approximately the same size are present in the stretched and unstretched

intensity cross-sections, especially in the planes Z = 230 mm and Z = 240 mm, which

are closest to the self-conjugate plane S.
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Figure 2.9: Self-similarity of the intensity cross-sections in different transverse planes
near the predicted position of the self-conjugate plane, Z = ZS = 231.8 mm. The im-
ages in the top row show the central ≈ 4 mm × 4 mm of the experimentally recorded
intensity cross-sections in the transverse planes Z = 220 mm (left), Z = 230 mm (cen-
ter), and Z = 240 mm (right). The images in the bottom row show the centers of the
corresponding top-row images, stretched by a factor M = −3.32, that is, stretched by
a factor 3.32 and rotated by 180◦. To show structure over a wider intensity range, the

brightness of each pixel is proportional to the logarithm of the recorded intensity.

We analysed the recorded intensity cross-sections quantitatively by evaluating their self-

similarity and plotting the evolution of this self-similarity upon propagation — the

experimental analog to the curves shown in Fig. 2.6. The result is shown in Fig. 2.10. The

mirror planes are in no way special, which was also the case in the plot calculated from

simulated data (Fig. 2.6). The self-similarity is greatest around the expected position

of the plane S, but the sharp peak visible in the curves shown in Fig. 2.6 is absent. One

possible explanation for the absence of this peak is that, due to the theoretical sharpness

of the peak (Fig. 2.6), we did not record the intensity in a plane close enough to S despite

sampling a plane only 1.8 mm from S. Another possible explanation is that the lack of

the sharp peak is caused by experimental imperfections. One type of such experimental

imperfections, including thermal effects and errors on mirror curvatures and distances,

could have resulted in S being located further than expected from the nearest plane that

was sampled. Another type, experimental imaging imperfections, most likely due to the

effect of the gain medium (which images only in the paraxial limit), could have led to

fine detail in the intensity cross-section missing.
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Figure 2.10: Evolution of the self-similarity upon propagation of measured transverse
intensity cross-sections. Like in Fig. 2.6, the plot shows the negative normalised squared
Euclidean distance, −d2, as a function of axial coordinate Z. The predicted position
of the self-conjugate plane S, Z = ZS = 231.8 mm, is indicated by a dotted black line
surrounded by a grey area representing experimental uncertainties. The planes of the
mirrors, M1 and M2, and the self-conjugate plane, S, are indicated by vertical dotted

lines.

Finally, we investigated the generation of these fractal modes in several laser resonator

configurations of differing magnification factors and Fresnel number, as detailed in Table

2.1, with the results shown in Fig. 2.11. Most of the lasers had hexagonal apertures,

but we also experimented with an aperture in the shape of the 3rd iteration of the

Koch-snowflake, a shape approximating a fractal. We do not analyse the intensity cross-

sections in the laser with the Koch-snowflake aperture in any detail here, but note

that it is not surprising that the resulting diffraction patterns are fractals [93] as there

are several mechanisms2 at work that all simultaneously shape the eigenmode intensity

cross-sections into fractals.

Table 2.1: Resonator parameters used to design fractal cavities of various magnifica-
tions.

Cavity 1 Cavity 2 Cavity 3 Cavity 4

R1 200 mm 200 mm 150 mm 100 mm
R2 400 mm 500 mm 500 mm 500 mm
M 2.0 2.5 3.3 5.0

2Here there are two mechanisms, specifically the MOM effect and diffraction behind a fractal aperture.
This could easily be extended to three by periodically repeating the fractal aperture shape across the
aperture plane, thereby adding the fractal Talbot effect [71] to the mix.
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Figure 2.11: Collage of experimentally obtained intensity cross-sections measured
close to the self-conjugate plane S inside a variety of laser cavities. The edge of the
aperture in the central column is that of the 3rd iteration of the Koch snowflake (the
first iteration being an equilateral triangle), the other apertures are regular hexagons.
r0 is the circumradius of the apertures, M is the approximate transverse round-trip
magnification, and NF is the Fresnel number. Like in Fig. 2.9, brightness is proportional

to the logarithm of intensity.

2.7 Calculation of the Parameters of the Magnified Self-

conjugate Plane

Here we calculate the Z coordinate of the magnified self-conjugate plane S, ZS , and

the transverse round-trip magnification, M , for the non-confocal cavities used in our

experiment.

Our cavities contain a gain medium with refractive index n and geometrical length g.

When seen from a paraxial direction, this gain medium appears to be of length g/n, so

it appears to be a distance g−g/n shorter than it actually is. The cavity itself therefore

appears to be shorter by the same distance, so the presence of the gain medium has the
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effect that the cavity has an effective length

L = G−
(
g − g

n

)
= G−

(
1− 1

n

)
g. (2.3)

From now on, all lengths considered are effective (that is, apparent) lengths.

To calculate the position of the plane S, we consider successive imaging of the self-

conjugate plane S due to mirror M1 and due to mirror M2. Imaging of S by M1 into the

intermediate image plane Z = Zi follows the equation

1

L− ZS
+

1

L− Zi
=

1

f
, (2.4)

where L−ZS and L−Zi are the object and image distances, respectively; the transverse

magnification is

MT,1 = − L− Zi
L− ZS

. (2.5)

Similarly, M2 images the intermediate image plane to the final image plane Z = Zf

according to the equation
1

Zi
+

1

Zf
=

1

F
(2.6)

with transverse magnification

MT,2 = −
Zf
Zi
. (2.7)

The overall transverse magnification of the final image is then

M = MT,1MT,2. (2.8)

As it is conjugate to itself, the image of S must be in the plane S again, and so

Zf = ZS . (2.9)

It is straightforward to show that, in the confocal case (L = F + f),

ZS = F, M = −F
f
. (2.10)

In the non-confocal case,

ZS =
2fL− L2 +

√
d

2(f + F − L)
. (2.11)

and

M =
2fF

2fF − 2fL− 2FL+ L2 +
√
d
, (2.12)

where

d = L(L− 2f)(L− 2F )(L− 2f − 2F ). (2.13)
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2.8 Evolution of the Intensity Distribution over the Length

of the Resonator

Fig. 2.12 shows measured intensity cross-sections in a number of transverse planes in the

resonator. The self-conjugate plane S corresponds to Z ≈ 231.8 mm, the mirrors were

located at Z = 0 and Z = 325 mm.

2.9 Discussion and Conclusion

When not considered in the context of resonators, the existence of 3D self-similar fractal

light fields is surprising: the 3D intensity distribution of any light field is fully determined

by any transverse cross-section, and so the lowest-loss eigenmode is fully determined

by its cross-section in the magnified self-conjugate plane. The existence of self-similar

transverse cross-sections whose corresponding beams — their 3D diffraction patterns —

are also self-similar is far from obvious. While we have attempted to observe this the

experimental requirements on imaging is at present prohibitive. In the 2D case, we have

been able to confirm the emergence of fractal light from carefully constructed lasers.

We have shown experimentally that fractals can be created directly from such laser

cavities, confirming a theoretical prediction of some decades. While the experimental

confirmation of 2D fractals reported here concludes an open question in the community,

the extension of the theory to 3D opens new exciting avenues for further exploration.
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Figure 2.12: Evolution of the eigenmode intensity cross-section between mirrors M2

(Z = 0 mm) and M1 (Z = 350 mm). The magnification was M = 3.32 (F = 250 mm,
f = 75 mm) with an aperture of circumradius r0 = 2 mm. The geometrical length of
the cavity was G = 350 mm, corresponding to an effective length of L = 308.5 mm due

to the refractive index of the gain medium.



Chapter 3

Higher-Order Poincaré Beams

from Lasers

Laser modes with spatially inhomogeneous polarisation and orbital angular momentum

(OAM) states, so-called vector vortex beams are highly topical of late[94]. These beams

can be mapped over the Higher-Order Poincaré Sphere (HOPS), as shown in Fig. 3.1 (a).

The poles of the HOPS represent scalar beams of homogeneously polarised OAM modes,

while the equator describes the cylindrical vector vortex modes. The latter are beams

with cylindrical symmetry in polarisation and can be decomposed into two vortex beams

of opposite handedness and orthogonal polarisation, left and right circularly polarised.

More recently, the concept of the HOPS has been extended to represent a general form of

vector beams, namely hybrid vector vortex beams with states of polarisation consisting of

linear, elliptical and circular polarisation, i.e. spatial variant polarisation states [95, 96].

Such beams are represented by the Generalised HOPS as shown in Fig. 3.1(b).

Figure 3.1: Illustration of (a) a HOPS representing vector vortex modes in the left
and right polarisation basis and (b) a Generalised HOPS representing the vector vortex
modes in the horizontal and vertical basis. The output beam profile is displayed at

different positions on the sphere with arrows indicating polarisation distribution.

42
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Many advances have been achieved to create and manipulate HOPS beams. Generally,

these techniques rely on introducing a phase singularity in the wavefront so as to generate

beams with desired OAM. This can be experimentally realised by coherently interfering

two orthogonally polarised OAM modes of different azimuthal orders [97, 98] which are

produced using dynamic phase manipulation approaches [43, 99–101]. These methods

did not consider the possible interaction between polarisation and phase which are be-

lieved to be two relatively independent degrees of freedom that show little interaction.

Nevertheless, under specific conditions, polarisation also enables manipulation of optical

OAM through spin-to-orbital-conversion (SOC) which can be achieved using spatially

distributed polarisation converters to introduce a geometric phase, which is also called

Pancharatnam-Berry phase [46, 102–104]. These SOC techniques allowed the generation

of HOPS using patterned liquid crystal elements (q-plates) and subwavelength gratings

(metasurface phase elements) [47–49, 105–110].

Recently, HOPS beams were generated in a controlled fashion inside the laser cavity

by inserting a q-plate to convert circularly polarised Gaussian modes into OAM modes

and vice verse, assisting with a quarter-wave plate for polarisation control [63]. More

recently, subwavelength metasurface gratings have been implemented inside lasers for

the generation of HOPS beams. This necessitated physically changing the resonator

design for the generation of different HOPS beams. Yet, this generation technique was

mostly limited to low order HOPS beams with maximum OAM ` = ±3 [111, 112].

These previous methods suffer from two inherent limitations. Firstly, the output HOPS

beam can not possess arbitrary paired OAM states. They are constrained to being

conjugate OAM values (±`) of each other. Secondly, they are limited to only using

circular polarisation as the control for the generation of pure OAM states, only two of

an infinite set of possible polarisation states [113].

In this chapter, we demonstrate intra-cavity selection of HOPS beams by implementing,

for the first time, an approach for polarisation controlled OAM generation from arbitrary

polarisation states. We show that with the aid of a metamaterial geometric phase plate,

called a J-plate, we generated pure OAM (LG0,`) beams with OAM as high as ` = 100

from inside the laser. Experimental selection of conjugate and hybrid OAM states are

presented here for different HOPS.
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3.1 Metasurface J-plate for Intra-cavity Conversion of Ar-

bitrary Polarisation to OAM States

The metasurface J-plate device used in the laser cavity is a dielectric metasurface made

of amorphous TiO2 nano-posts with rectangular shape on a quartz substrate. Each post

has a height of 600 nm while width and length change in order to impart a different

phase delay to the propagating visible light at 532nm [114]. Through it’s subwavelength

structure, the J-plate enables substantial geometric phase manipulation of light by al-

lowing the transformation of any polarisation to generate arbitrary paired OAM states.

There is no restriction on the input polarisation state or the output OAM states of the

J-plate. This is in contrast to q-plates, which are only sensitive to circular polarisation

for the generation of pure conjugate OAM. Accordingly, the J-plate assigns OAM to the

transmitted light based on the polarisation incident on it[113].

The J-plate action can be described in terms of Jones matrix in the linear basis [113] as

J =

(
exp(i`1φ) 0

0 exp(i`2φ)

)
, (3.1)

where `1 and `2 are two independent OAM values that are acquired by different input po-

larisation states, φ is the azimuthal angle. Incident horizontal polarisation, |H 〉 =

[
0

1

]
,

then gains the helical phase exp(i`1φ), resulting OAM of `1~ per photon. Similarly, verti-

cal polarisation, |V 〉 =

[
1

0

]
, then acquires the helical phase exp(i`2φ), resulting OAM

of `2~ per photon.

Let’s consider the most general case that the input polarisation |uin 〉 can be any polari-

sation state which is neither |H 〉 or |V 〉 but can be composed of both polarisation. since

these two polarisation are orthogonal, i.e. 〈H|V 〉 = 0, then the output state |uout 〉 can

be given, from Eq.3.1, as

|uout 〉 = J |uin 〉 (3.2)

= J |H 〉 〈H|uin〉+ J |V 〉 〈V |uin〉 (3.3)

= ei`1φ 〈H|uin〉 |H 〉+ ei`2φ 〈V |uin〉 |V 〉 (3.4)

=
√
αei`1φ |H 〉+

√
βei`2φ |V 〉, (3.5)

where
√
α = 〈H|uin〉 and

√
β =

√
1− α = 〈V |uin〉 are the relative modal weightings of

the two azimuthal phases ei`1φ and ei`2φ, respectively. The converse process, however,
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is also true. The OAM state may be collapsed when the transmitted conjugate OAM

beam returns through the J-plate.

Mapping all the states on the Generalised HOPS can be accomplished by varying the

polarisation incident on the J-plate. The incident polarisation can be controlled using

wave plates such as a half-wave plate (HWP) that is presented in the Jones formalism

by

HWP(θ) =

(
cos(2θ) sin(2θ)

sin(2θ) −cos(2θ)

)
. (3.6)

Incorporating the J-plate inside the laser resonator thus provides full control of the

polarisation and OAM state with higher fidelity and flexibility than q-plates. This is

illustrated in Fig. 3.2 where we unfold the cavity to display conversion of OAM during

one round trip. At mirror M1 we start with a linearly polarised Gaussian beam. Here

polarisation was controlled by passing the beam through a HWP. Upon transmission

through the J-plate, the beam acquires OAM according to the polarisation input. The

beam reflected from M2 then reverses the OAM charge due to the reflection operation.

Thus when passing back through the J-plate, the acquired charge cancels the OAM

carried to give a Gaussian back. Accordingly, the state from the output coupler M2 may

be dynamically altered by simply changing the incident polarisation through alteration

of the HWP’s fast axis. This then allows one to generate all the states on the HOPS. The

output state is consistently represented by an intensity distribution that has a central

null, independent of its position on the Generalised HOPS.

Figure 3.2: Schematic shows the transverse modes inside an unfolded cavity around
the output coupler M2 during one round trip. For some linear polarisation state rep-
resented by a double side arrow, the purity of the polarisation state is controlled by
a half-wave plate HWP. Upon transmission through the J-plate, the beam acquires
OAM of topological charge `. Acting in reverse the OAM state is suppressed while

maintaining the initial polarisation state and self repeating mode.
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Figure 3.3: Experimental schematic of a nonlinear overlapped IR/green laser res-
onator for the intra-cavity generation of HOPS beams. The IR resonator consists of
two mirrors M1 and M2 with Nd:YAG gain medium. The IR resonator serves as a pump
for the second harmonic generation resonator. The overlapped green cavity comprised
mainly of a KTP crystal that is placed in the resonators overlapped region and two
mirrors M3 and M4 (green output coupler). A polarising beam splitter (PBS) is used
to set the intra-cavity polarisation to the horizontal. The HWP is rotatable at some
angle θ for controlling the polarisation states incident on the J-plate resulting in the

active selection of arbitrary vector vortex modes.

3.2 Experimental Implementation of the J-plates

The J-plate was designed to efficiently modulate green light of wavelength 532 nm.

Incorporating the J-plate directly inside a solid state laser was performed by construct-

ing a nonlinear double cavity laser. Here, an Nd:YAG resonator operates as a pump

(primary) resonator for the overlapped secondary resonator, allowing efficient second

harmonic generation, as illustrated in Fig. 3.3. The pump resonator consists of a flash-

lamp pumped cylindrical Nd:YAG rod (76 mm long × 6.35 mm diameter, 1.1% doping)

inside a cavity comprised of two reflective mirrors, M1 and M2. The radius of curvature

of output coupler mirror M1 was 400 mm with 98% reflectivity at 1064 nm while mirror

M2 was a high reflective (HR@1064 nm) plane mirror (R = ∞). The two mirrors were

separated by an effective length of ≈ 400 mm. The pump cavity was routinely operated

at a repetition rate of 8 Hz, however this could be increased to 20 Hz. The cavity was

oscillating on a single Gaussian mode with output pulse duration of 20 ns and diameter

of ≈ 2 mm at M1. It was possible to extract 2% of the system energy from M1 yielding

an average energy of 6.5 mJ.

For second harmonic generation, a type-I KTP crystal (3×3×5 mm3) was used. The

input (output) faces of the KTP crystal were anti-reflection (AR) coated for wavelength

1064 nm (532 nm). The KTP was placed inside the secondary overlapped cavity that

is constructed by mirrors M3 and M4. For efficient coupling between the pump and the

second harmonic cavities, it was essential for the fundamental mode size to closely match

at the position of KTP crystal. Therefore, the KTP crystal was positioned around 390

mm from the mirror M1. The spot size of the 1064 nm beam at the crystal input surface
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was measured to be 81 µm (close to the calculated value 82.3 µm), while the spot size

of the output green beam was 62 µm at the KTP crystal. This ensured that the green

cavity only sustained a Gaussian resonant mode.

The back mirror (M3) was HR-coated at the second harmonic wavelength (532 nm) and

was highly transmitive (HT) at 1064 nm. To guarantee isolation of only 532 nm output

from the secondary cavity, M4 was highly reflective at 1064 nm while coupling 0.8 % of

the intra-cavity green light outside the cavity. The resonant mirrors were spaced by an

effective distance of ≈ 199 mm. A combination of a polarising beam splitter (PBS) and

HWP was employed for selecting the polarisation state inside the secondary resonator.

Finally, different J-plates were implemented inside the cavity, adjacent to M4 for intra-

cavity generation of HOPS beams. Table 3.1 describes the various J-plates that have

been implemented inside the resonator shown in Fig. 3.2.

3.3 Results

The performance of the second harmonic generation of the KTP crystal was examined

under a single pass configuration by placing it inside the pump cavity and then measuring

the 532 nm output energy. With an incident pump energy of 318 mJ, only 16 mJ average

energy was obtained through single-pass frequency doubling. The average output energy

enhanced to 194 mJ (more that 12 times higher) when M4 was positioned to form the

secondary cavity (as shown in Fig. 3.2). The conversion efficiency of the KTP crystal

is illustrated in Fig. 3.4 under a single pass and cavity configurations. Figure 3.4 shows

an increase in the conversion efficiency of the KTP from 18% (single pass) to 61% by

placing M4 to form a cavity.

3.3.1 Generation of HOPS Beams with Conjugate OAM States

For intra-cavity generation of HOPS beams, J-plate 1, given in Table 3.1, was imple-

mented inside the green resonator and positioned close to M4. We initially analysed the

output of the resonator by varying the angle of the HWP’s fast axis (θ) from 0 to π/4.

Here, the output was persistently a doughnut-shaped intensity beam independent of the

HWP angle. The output state may be described as uout = a1 |H,−1〉+ a2 |V, 1〉, where

a1 and a2 are the relative modal weightings for the pure OAM states represented on the

poles of the HOPS.

Next we demonstrated modal decomposition measurements to measure the output OAM

state by performing an azimuthal inner product using a spatial light modulator (SLM).
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Figure 3.4: Shows conversion efficiency of the second harmonic generation beam
through a single pass (blue data points) and within a cavity configuration (red data

points) together with their fitting curves (solid line).

Table 3.1: Shows the different J-plates used inside the non-linear resonator with the
corresponding output OAM mode when the incident polarisation on the J-plate are

horizontal and vertical polarisation.

incident state |H, ` = 0〉 |V, ` = 0〉
J-plate 1 |H, ` = −1〉 |V, ` = 1〉
J-plate 2 |H, ` = 1〉 |V, ` = 5〉
J-plate 3 |H, ` = 10〉 |V, ` = 100〉

We digitally encoded the SLM with spatial field exp(i`φ) with ` varying for −2 to 2 in

unit steps. A pure OAM state of ` = −1 for HWP angle θ = 0 was detected with 94%

purity as shown in Fig. 3.5 (a) with the corresponding modal decomposition channel.

By rotating the angle of the HWP θ = π/4, the modal decomposition confirmed that

the output beam tuned to a pure LG0,−1 mode with purity of 96%.

This is represented in Fig. 3.5 (a) with the images of the raw data for the modal

decomposition channels in Fig. 3.5 (b). Here the on-axis intensity indicates the existence

of the mode and on-axis null intensity indicates the absence of the mode at the plane of

measurement.

The modes generated from the cavity are not limited to pure LG0,±1 modes but also

any superposition of these two modes. These superpositions can easily be selected by

simply rotating the HWP angle. For example, we experimentally generated a pure

vector vortex mode, i.e. uout =
√

0.5 |H,−1〉 +
√

0.5 |V, 1〉, by simply adjusting the

HWP angle at θ = 22.5◦. The output mode was qualitatively identified by passing
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Figure 3.5: Modal decomposition measurements are executed on the output mode to
evaluate the modal weightings when the HWP angle θ = 0◦, 22.5◦ and 45◦. (b) shows
the raw data where on-axis intensity (as indicated by the cross-hairs) means existence

of the mode while no intensity indicates the mode’s absence.

Figure 3.6: (a) Shows a pure vector vortex mode selected by propagating a diagonally
polarised light through the J-plate. (b) shows a qualitative test of the vector vortex
mode by passing it through a linear polariser. The orientation of the polariser is

depicted by double side arrows

through a linear polariser. Accordingly, the mode splitted into two lobes that rotated

when changing the polariser orientation (represented by double side arrows) as shown

in Fig. 3.6. Decomposing the state quantatively confirmed the generation of equally

weighted LG0,±1 modes as shown in Fig. 3.5.

3.3.2 Generation of HOPS Beams with Independent OAM States

Our cavity was not only limited to the generation of Generalised HOPS beams with

conjugates OAM states, i.e. LG0,±1 modes and their superpositions. Independent pure

LG modes and superposition with net OAM modes were also realised from the cavity.

By switching J-plate 1 to J-plate 2, we demonstrated the generation of hybrid states

uout = a1LG0,1 + a2LG0,5, without any physical changes to the cavity.

We have verified that the cavity was generating two independent OAM states by ex-

ecuting modal decomposition measurements with digitally encoded field exp(i`φ) with
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` varies in unit step from -6 to 6 as shown in Fig. 3.7. We identified OAM states of

magnitude ` = 1 with purity of 91% and ` = 5 with purity of 88% corresponding to

HWP angles θ = 0◦ and θ = 45◦, respectively.
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Figure 3.7: Shows azimuthal inner product measurements executed to evaluate the
modal weightings of the output state. The measurements confirm the existence of pure
LG0,1 at HWP angle θ = 0◦ while pure LG0,5 at θ = 45◦. (b) shows the raw data for
the measurements at the Fourier plane where on-axis intensity means mode exists, null

intensity means absence of the mode.

Different HOPS beams have been selected by introducing a phase shift into the incident

polarisation. This was achieved through changing the HWP angle θ to map all the

possible states on the corresponding HOPS. The output beam was evolving from pure

LG0,1 mode (θ = 0◦) to a pure LG0,5 (θ = 45◦) with a superposition of the states in-

between. Figure 3.8 shows the continuous evolution from LG0,1 state to LG0,5 state as

a function of changing input polarisation to the J-plate. These superposition states are

vector vortex modes with a net OAM equivalent to ` = 6.

In principal, there is no limit to the OAM that can be created from inside the laser

cavity. We confirmed this by implementing J-plate 3 where OAM= 10 was acquired

by horizontal polarised input beam and OAM= 100 by vertical polarised beam. The

output mode thus had two concentric modes with different OAM orders.

We confirmed the output OAM state by performing modal decomposition measurements

as stated earlier. Our measurements recognised an OAM signal of order ` = 10 with

purity 89% and ` = 100 with purity of 78% for HWP orientation θ = 0◦ and θ = 45◦,

respectively. The raw data for the measurements are depicted in Fig. 3.9 for the HWP

angles θ = 0◦, 45◦ with their corresponding measurements channels.

The hybrid states on the HOPS were selected by varying the HWP angle from θ = 0◦ to

θ = 45◦, the output beam thus evolve from pure LG0,10 to a pure LG0,100, respectively,

with superpositions state in-between, as illustrated in Fig. 3.10.
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Figure 3.8: The output intensity profile of the laser after placing the J-plate 2. The
output mode evolves from pure LG0,1 at HWP angle θ = 0◦ mode to pure LG0,5 at

θ = 45◦ with superposition state in between.

0 45

0

0.2

0.4

0.6

0.8

1

1
0
2

1
0
1

1
0
0

9
9

9
8

1
2

1
1

1
0 9 8 0

-1 -2

Figure 3.9: Shows azimuthal inner product measurements executed to evaluate the
modal weightings of the output state. The measurements confirm the existence of pure
LG0,10 at HWP angle θ = 0◦ while pure LG0,100 at θ = 45◦. (b) shows the raw data for
the measurements at the Fourier plane where on-axis intensity means the mode exists,

null intensity means absence of the mode.

One should mention that the Gaussian beam size in the green cavity is an important

factor when implementing the J-plates inside the cavity. If the beam size is much bigger

that the size of the active area of the J-plate (i.e. the area of the modulating fins), no

modulation of light would occur due to diffraction. Instead, we can see the nanostructure
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Figure 3.10: The output intensity profile of the laser after placing the J-plate 3. The
output mode evolves from pure LG0,10 at HWP angle θ = 0 mode to pure LG0,100 at

θ = 45◦ with superposition state in between.

fins of the metasurface directly on the CCD camera as shown in Fig. 3.11. This drawback

comes from the fact that the performance of any phase elements deteriorate with the

variation in the initial beam size.

Figure 3.11: Shows the nano-antennas diffract light with no modulation when the
incident beam size is bigger that metasurface active area. The incident beam was 3.2

mm in diameter while the active area of the metasurface was 2 mm in diameter.

Finally, we tested the slope efficiency measurement for the pure OAM output modes.

Figure 3.12 illustrates the average output energy of each pure OAM mode for the

indicated J-plates in comparison to the Gaussian power. The slope efficiency for LG0,±1

modes were approximately similar to the Gaussian which reveal that the J-plate 1 does

not lead to high losses inside the cavity. Figure 3.12 (b) and (c) disclose that higher-order

modes generated by J-plate 2 and J-plate 3 introduce higher losses and thus require a
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higher threshold comparing with J-plate 1 modes. For comparison the power handling

capability of the J-plates and liquid crystal elements, the J-plates showed increase in

the power handling capability 6 times higher than the q-plates and SLM.

It is worth mentioning that the slope efficiency was low due to the low transmission

of mirror M4 which was 0.8%. Therefore most of the cavity power has been locked

inside. This was for the analysis of the power handling capability of the metasurface

J-plates which in return showed a potential to be used for the generation of high power

HOPS beams. Nevertheless, the output coupler could be replaced by another with lower

reflectivity in case higher output power is needed.

3.4 Conclusion

In this chapter, we investigated the design of a novel laser for active selection of HOPS

beams of different orders from inside the laser cavity by controlling the light’s different

degrees of freedom such as polarisation, OAM state and wavelength all in one cavity. It

was very clear that generation of intra-cavity pure OAM modes was limited to output

conjugate values ±` and specific input polarisation states. In this chapter, we overcame

these restrictions and succeeded for the first time to perform spin-orbital conversion

with any input polarisation into arbitrary OAM states with the aid of the geometric

metasurface J-plate. We have controlled the polarisation and the OAM state inside the

laser system in a completely effortless way. We showed that through judicious control

over the orientation of the HWP, any HOPS can be mapped. These results were affirmed

by executing modal decomposition measurements to confirm the output of our cavity.

We have demonstrated generation for HOPS beams without changing the physical cavity.

We succeeded to generated an OAM state of order OAM = 100, which is the highest

state generated from inside the cavity. The system showed power handling capability at

least 6 times higher than what was previously achieved which paves the way for more

advances toward high brightness vortex lasers.
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(a)

(b)

(c)

Figure 3.12: Average output energy of the secondary cavity for the fundamental
Gaussian mode (red data points) of the resonator versus corresponding HOPS beams
generated using (a) J-plate 1 ; (b) J-plate 2; and (c) J-plate 3, with the fitting curve

of the measurements.



Chapter 4

A Beam Quality Measure for

Vector Beams

Vector beams are usually differentiated from scalar beams by qualitative measures, e.g.

visual inspection of beam profiles after a rotating polariser. In this chapter, we intro-

duce a quantitative beam quality measure for vector beams, which we demonstrate on

cylindrical vector vortex beams. We show how a single measure can be defined for the

vector purity, ranging from 0 (purely scalar) to 1 (purely vector).

4.1 Introduction

Since the invention of the laser and the definition of its transverse modes, many studies

have considered the question of a beam quality factor for arbitrary laser modes [28]. In

the early 1990s tools traditionally associated with statistics were applied to laser beams

with uniform polarisation (scalar beams), exploiting the analogous behaviour between

probability density functions and laser beam intensity profiles [115]. Viewing the latter

as a probability of finding the light, statistical moments were used to define beam and

divergence widths as second moments of the intensity, ultimately giving rise to a beam

quality factor, M2, as a single measure of any scalar mode [116]. This measure has

since been extensively studied, with novel digital measurement techniques [117], and is

incorporated into the ISO standards for measuring and defining laser beams.

Despite the many advances in generating them, the means to detect them lags behind.

Such detection techniques include the use of rotating analysers together with interferom-

eters [118], as well as geometric phase plates with single-mode fibres [119]. Importantly,

no quantitative measure exists to define the quality of a vector mode: i.e. to differentiate

55
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them from scalar modes. Presently this is done by qualitative means, e.g. measuring

the profile change after a polariser, or by averaging the degree of polarisation across the

beam.

In this chapter, we demonstrate a technique to generate and measure, quantitatively,

the state of “vectorness” of an arbitrary vector beam. We generate vector vortex beams

by modulating the geometric phase of light using a liquid crystal q-plate. Because vector

beams can be viewed as “entangled” or non-separable in their spatial and polarisation

degrees of freedom, we apply entanglement measures to quantify this quintessential

property of vector modes, which we call the vector quality (purity). We demonstrate

this technique on a variety of beams in a continuous range from purely scalar to purely

vector. This work offers a new tool for laser beam characterisation of vector modes.

4.2 Theory

To begin, let’s start with a fundamental Gaussian beam u0 that is given by

u0 = A exp

(
−r2

w2

)
, (4.1)

where A is the total field intensity at the source, w is the beam size and r is the radial

distance from the center axis of the beam. If such beam has a polarisation component

along the horizontal axis then, it is described in the Jones formalism as

U = u0

(
1

0

)
. (4.2)

For the selection of different input polarisation, a quarter-wave plate (λ/4) is required.

A rotating quarter-wave plate with some angle θ can be represented in the Jones form

as

λ/4 =

(
cos2(θ) + i sin2(θ) (1− i) sin(θ) cos(θ)

(1− i) sin(θ) cos(θ) sin2(θ) + i cos2(θ)

)
, (4.3)

We pass this beam through a q-plate. The q-plate couples the polarisation into OAM

state. The q-plate sets the OAM of the incident field U into one or two OAM values

depending on the handedness of the incident polarisation [47–49]. The q-plate can be

described in Jones matrix form as

Q =

(
cos `φ sin `φ

sin `φ − cos `φ

)
, (4.4)
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where ` is the topological charge of the q-plate and φ is the q-plate azimuthal angle.

The beam after the q-plate may be expressed as

U = u0

[
cos(θ) exp(−i`φ)

(
1

i

)
+ sin(θ) exp(i`φ)

(
1

−i

)]

or

= u0 [cos(θ) exp(−i`φ)eL + sin(θ) exp(i`φ)eR] , (4.5)

where eL and eR represent left- and right-handed polarisation states with associated spa-

tial modes exp(−i`φ) and exp(i`φ), respectively. The parameter θ determines whether

the transverse mode U is purely vector (θ = (n+ 1)π/4), purely scalar (θ = nπ/4) or

some partially vector mode, where n is a positive even integer. We pose the questions:

given only the left-hand side of Eq. (4.5), what should a suitable measure be to deter-

mine whether the beam is vector or not, and how can this be measured? We would like

a vector quality factor that maps purely scalar through purely vector beams on a scale

from 0 to 1.

To achieve this, we elect to draw a similarities between the entangled quantum states and

classical vector beams, both sharing the property of nonseparablity. Indeed, this is the

quintessential property of the entangled system with the classical analogue sometimes

referred to as classical entanglement and beyond a purely mathematical analogue, has

been shown to have physical significance. Applying quantum tools to our vector modes

allows us to quantify their vector purity, since the vector purity is precisely the degree

of nonseparablity of the mode. Here we use the concurrence C [120] (a quantum tool to

measure the degree of entanglement in quantum mechanics), as a measure to define the

vector purity (V) of classical vector beams as

V = Re(C) = Re
(√

1− s2
)

= |sin(2θ)| , (4.6)

where s is the length of the Bloch vector, defined as:

s =

(∑
i

〈σi〉2
)1/2

. (4.7)

Here i = 1, 2, 3 and σi are the expectation values of the Pauli operators, which represent

a set of normalised intensity measurements. Optically, s corresponds to the degree of

polarisation of the averaged polarisation state that can be obtained from the density

matrix ρ of the state with |U 〉 〈U |, where a detailed derivation can be found in [121].
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Figure 4.1: Experimental generation and analysis of vector modes. Using a half-
wave plate (λ/2) to adjust the polarisation of the fundamental Gaussian mode, we
generated cylindrical vector modes with a q-plate of topological charge q = 1/2. The
q-plate is aligned such that its global phase is zero with respect to the horizontal axis.
The generated vector modes was directed into two detection systems. On one hand,
we distinguished between vector modes using a sorter, whereby the beam was passed
through a second q-plate and a polarising beam splitter (PBS); the two acting as a
correlation filter. The output of the correlation was measured at the Fourier plane
using a Fourier lens (FL). On the other hand, we determined the vector quality factor
by performing a series of polarisation projections using a polarisation grating (PG),
and OAM projections using phase patterns encoded on the spatial light modulator
(SLM). The outputs were measured in the Fourier plane of two Fourier lenses. BS:

beam splitter, CCD: charge-coupled device

To calculate s, only twelve normalised, on-axis intensity measurements are required:

six identical measurements performed for two different basis states. The intensities Iij ,

normalised to the maximum of I, are defined by the chosen measurement basis i, and

six projection measurements j. If circular polarisation is chosen as the measurement

basis, i.e. i = {L,R}, then the projection measurements are represented by two pure

OAM modes, `,−`, and four superposition states, exp(i`φ)+exp(iα) exp(−i`φ), defined

by the intermodal angle α = 0, π/2, π, 3π/2. Table 4.1 shows how each intensity is

assigned to its respective basis state and projective measurement for a first-order vector

vortex mode.

Table 4.1: Designation of normalised intensity measurements

Basis state ` = 1 ` = −1 α = 0 π/2 π 3π/2

L I11 I12 I13 I14 I15 I16

R I21 I22 I23 I24 I25 I26

These six OAM measurements map the higher-order Poincaré sphere [122]. This tech-

nique is an adaptation of a full-state tomography that is more commonly used for quan-

tum entangled states, where an over-complete set of measurements is used to describe
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the full density matrix and compute the degree of entanglement [123]. The expectation

values of the Pauli operators are computed from I as follows:

〈σ1〉 = (I13 + I23)− (I15 + I25) , (4.8)

〈σ2〉 = (I14 + I24)− (I16 + I26) , (4.9)

〈σ3〉 = (I11 + I21)− (I12 + I22) . (4.10)

These expectation values resemble the Stokes parameters used in recovering the polari-

sation distribution [124], but are in fact fundamentally different: they do not represent

a series of polarisation measurements but rather a series of holographic measurements

of the spatial field (i.e. the OAM state), and result in a measure of the degree of

non-separability of vector beams.

Figure 4.2: Sorting of radially and azimuthally polarised vector vortex beams. By
measuring the on-axis intensity, the relative weightings of radially and azimuthally

polarised vector modes were determined for both pure and superposition states.

4.3 Experiment

We implement this experimentally by employing a combination of geometric and dy-

namic phase control. Figure 4.1 shows the generation of a vector vortex beam us-

ing a q-plate [47–49], which follows the selection rules (written in bra-ket notation):

|`, L〉 → |`+Q,R〉 and |`, R〉 → |`−Q,L〉. The azimuthal charge introduced by the

q-plate is Q = 2q = 1. Note that the polarisation of the incident beam determines the

generated vector mode.

The generated vector mode can be analysed in two different systems: a vector quality

detection scheme and a vector mode sorter. The latter distinguishes between different

vector modes, while the former provides a quantifiable measure of the quality of the

vector mode. Both systems make use of a modal decomposition technique [43], where
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an inner product of the incident field with a matching filter is used to determine the

weighting coefficients of the modes. Here, an input field U(r) is decomposed into basis

states up(r), such that U(r) =
∑

p apup(r). The modulus of the modal weighting coeffi-

cients ap can be determined by the inner product of the incident field with a matching

filter: |〈up|U〉| = |ap|. Optically, the inner product is performed by directing the incident

beam onto a matching filter and viewing the Fourier transform, with the use of a lens

(FL), on a CCD camera [43].

In the case of the mode sorter, which distinguishes between radially and azimuthally po-

larised vector beams, a q-plate of charge q = 1/2 together with a polarising beam splitter

(PBS) formed the match filter for the modal decomposition. The q-plate converts a radi-

ally (azimuthally) polarised vector vortex beam into a Gaussian mode with homogeneous

polarisation. A Fourier lens (FL) was placed in each polarisation arm and the on-axis

intensity was recorded on the CCD camera. That is, if a radially (azimuthally) polarised

vector vortex beam is directed into the mode sorter, a non-zero on-axis intensity will

only be detected in the horizontal (vertical) polarisation arm. The experimental results

are shown in Fig. 4.2, where a radially and an azimuthally polarised vector vortex beam

were both detected with 100% certainty in each case. If the incident beam consists of

a mixture of azimuthal and radial vector modes Fig. 4.2, the decomposition technique

allows the relative weightings to be accurately determined as shown in [125].

The vector quality factor does not depend on the type of vector beam and can be

determined by performing measurements on both the polarisation and OAM degrees of

freedom, in principle in any basis. This is a consequence of the fact that entanglement

does not change with a change of basis. The polarisation component was measured

using a polarisation grating (PG), which uses geometric phase to diffract light into two

beams in the +1 and −1 orders such that the two output beams have opposite circular

polarisations [126]. Each polarisation arm was directed onto a spatial light modulator

(SLM) encoded with a digital phase pattern that acts as the azimuthal match filter for

the decomposition. SLMs are polarisation sensitive in that the desired beam reflected

from the screen consists of only horizontally polarised light. As such, there is no need to

place an additional quarter-wave plate before the SLMs to convert circular polarisation

to linear. In order to satisfy Eqs. (4.8 - 4.10), the on-axis intensity for six different OAM

states were measured in each polarisation arm. Figure 4.3(a) and 4.3(b) show the twelve

normalised intensity measurements for a vector and scalar vortex beam, respectively. In

this case, the circular polarisation basis was chosen and six different OAM projections

were made for both the left- and right-circular polarisation states. Phase-only holograms

were encoded onto the SLM to detect the azimuthal component of the vortex modes.
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Figure 4.3: Graphical depiction of the actual intensity measurements corresponding
to those of Table 1, with the holograms shown in each column and the two polarisation
measurements in the rows. We illustrate two examples, (a) a vector vortex mode and
(b) a scalar vortex mode. The scalar mode has only one polarisation component and is

separable, whereas the vector mode has both and is non-separable.

Using Eq. 4.6, the purity V was calculated to be 0.98 ± 0.01 for a radially polarised

vector vortex beam and 0 for a scalar vortex mode. By simply rotating the quarter-

wave plate, (λ/4), before the first q-plate in the generation section, the state of the beam

created can be varied continuously from purely vector to purely scalar; this amounts to

varying θ in Eq. 4.5. As such, the purity V was measured for different orientations of

the quarter-wave plate and the results, graphically illustrated in Fig. 4.4, show that this

measurement of the vector quality maps purely scalar through to purely vector beams

with the range 0 through 1. The small deviation of the experimental results from the

theory is due to experimental errors.

Moreover, the intensity measurements necessary to compute the purity can, equally,

be obtained in real-time with a single measurement by multiplexing all the required

holograms into one single hologram displayed on the SLM [127]. A superposition of the

six previously used match filters, each having a transmission function tn(r) and a unique

carrier frequency Kn, were encoded on two halves of a single SLM. The transmission

function of each half is thus given by

T (r) =

6∑
n=1

tn(r) exp(iKnr), (4.11)
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Experiment

Theory

Left

Right

Left

Right

Figure 4.4: Evolution of the vector quality factor (V) with respect to the nature of
the input state. Using a quarter-wave plate, the polarisation of the input Gaussian
beam was varied from linear to circular, such that the vortex beam generated after the
q-plate varied from vector to scalar, respectively. The purity was calculated from the 12
decomposition measurements (red dots) and plotted against the theoretical prediction
(blue solid line) for each orientation of the quarter-wave plate. The experimental images
show the relative intensities of the left- and right-circular polarisation states for different

orientations of the quarter-wave plate.

resulting in a total of 12 outputs on the CCD camera as shown in Fig. 4.5(a). The

intensities of the modes detected by each of the 12 match filters, as well as the detector

positions for the entries Iij , for both vector and scalar vortex beams, are shown in

Fig. 4.5(b) and Fig. 4.5(c), respectively.

We point out here that while our implementation has been based on vector vortex beams,

this is for convenience only. The concept and definition of a vector beam quality factor

is independent of the type of vector beam under study, and only the optical elements

in the measurement setup would require change (we anticipate that many users will

require a measure for a known form of vector beam). Moreover, this approach produces

a single number that immediately indicates how vector the mode is, i.e. a quantitative

measure. In contrast, the degree of polarisation produces a number for every point on

the field, and thus while this is quantitative for a particular point, it does not determine

the vector quality of the mode as a whole. Note also that the vector mode sorter step

in the experiment is not necessary to determine the vector quality factor, but serves as

a secondary confirmation of the mode being analysed. Thus the real-time measurement
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of the twelve parameters with a single hologram makes the set-up comparatively as easy

as performing a Stokes measurement.

Figure 4.5: Single shot measurement of the purity using demultiplexing holograms.
Both the left- and right-circularly polarised arms are decomposed using the same set
of holograms, such that the upper row of intensities corresponds to the left-circularly
polarised arm and the bottom row to the right-circularly polarised arm. (b) and (c)
show the intensity patterns of vector and scalar vortex beams on the CCD camera,

respectively.

4.4 Conclusion

In this chapter, we explore the extra-cavity generation of vector vortex beams by manip-

ulating the geometric phase of light using a liquid crystal q-plate. We have introduced a

new laser beam characterisation tool for quantifying the quality of arbitrary generated

vector beams by borrowing concepts from quantum mechanics. We have demonstrated

the concept on cylindrical vector vortex beams with varying degree of vector quality,

from purely scalar (OAM modes) to purely vector (radially polarised light as an exam-

ple), and shown excellent agreement between the predicted and measured vector quality

factors. Our vector quality factor offers a quantitative measure of the quality of a vec-

tor mode, which we believe will be a useful tool in the analysis of such beams in both

laboratory and industrial applications.



Chapter 5

Amplification of Higher-Order

Poincaré Beams

In this Chapter, we employ a master-oscillator-power-amplifier (MOPA) approach and

study the problem of purity of HOPS beams in general through vector beam amplifiers.

The gain media, Nd:YAG and Nd:YLF, were selected to cover both non-birefringent

and birefringent conditions, respectively, which we show is of paramount importance

for maintaining or improving the vector purity after the MOPA system. We execute

this study both theoretically and experimentally, showing excellent agreement between

the two. Intriguingly, we show that pure vector vortex (VV) beams maintain their

vector purity regardless of the gain medium, while general VV beams may have their

purity improved by the use of a suitable birefringent amplifier. We model the system

holistically from first principle rate equations through to vector orientation. The theory,

experimental techniques and results outlined here is a useful tool for advances toward

high brightness vector beams where power and quality are simultaneously increased.

64
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5.1 Introduction

The current tools used to generate HOPS beams are limited by low-damage thresh-

olds, preventing high power applications of such beams. However, there is significant

interest in high power HOPS beams. To date approaches have included using grating

mirrors inside lasers achieving few kilowatts of power [128–130]. While some impressive

power levels have been achieved for specific beams types, HOPS beams have not been

considered nor the final vector beam purity.

It is self-evident that if the vector nature is needed in a particular application, for exam-

ple, radially polarised light in laser materials processing or azimuthally polarised light

for optical trapping and tweezing, then the vector quality (purity) will play a significant

role in the efficacy of the beam for that application. Thus we propose the question: how

does the vector purity of the VV beam change with amplification? Analogous to scalar

beams, where amplification tends to increase the power at the expense of the mode

quality, here we consider if the vector quality likewise changes during amplification.

5.2 Theory

To begin, let us consider a HOPS beam of the form

U(r, φ) =
√
α exp(i`φ)êR + exp(iγ)

√
1− α exp(−i`φ)êL. (5.1)

where the vectors êR and êL represent the right-circular and left-circular polarisation

states that are associated to the complex helical spatial fields exp(i`φ) and exp(−i`φ),

respectively, and γ is an intra-modal phase. For example, when α = 0.5 we have the

cylindrical vector vortex (CVV) beams: For γ = 0 we have radially polarised light, while

for γ = π we have azimuthally polarised light. Of course, when α = 1 or 0, the beam is

scalar and clearly then partially vector for intermediate states. The quality of the beam

represented in Eq. 5.1 may be expressed as

V = 2
∣∣∣√α(1− α)

∣∣∣ , (5.2)

with the range of 0 (scalar) through 1 (vector). Thus the parameter α defines the

transverse mode structure, from purely scalar (α = 1 or 0) to purely vector (α = 0.5),

otherwise it is partially vector. The phase (γ) only produces a rotation and thus does

not affect vector purity. For this reason we will neglect it in the rest of this treatment.
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Note that this is a special form of the factor V for the case of the state given by

Eq. 5.1, which we generalise to arbitrary modes. Nevertheless, it is general in the sense

that Eq. 5.1 describes any HOPS beam, from CVV beams to circularly polarised OAM

beams, and thus Eqs. 5.1 and 5.2 describe our initial beam to be amplified as well as

the initial purity. It is more convenient to express the polarisation vectors in terms of

horizontal and vertical states êH and êV, respectively. Strictly speaking, this removes

the cylindrical symmetry, so that the study is of a more general vector beam beam

represented by a point on the Generalised HOPS. Our beam is then

U(r, φ) =
√
α exp(i`φ)êH +

√
1− α exp(−i`φ)êV, (5.3)

Now we wish to amplify the beam in Eq. 5.3 through a general amplifier. To specify

the fast axis we introduce an angle θ to denote the angle of the fast axis relative to

the vertical, as shown in Fig. 5.1. Each polarisation component of our vector field

will experience an amplification factor that is dependent on the orientation of the field

relative to the crystal. We define the initial amplification factors for the θ = 0 case in

Jones matrix form as

M =

( √
ηh0 0

0
√
ηv0

)
, (5.4)

where ηh and ηv are the amplification factors for both horizontal and vertical polarisa-

tion.

Without any loss of generality we imagine the case where the amplifier is orientated

to have initial amplification factors ηh0 and ηv0 for horizontal and vertical polarisation,

respectively (defined at θ = 0). Now when the amplifier crystal is rotated through an

angle θ, as depicted in Fig. 5.1 (b), the state alters and is given by

Ũ = R(θ) ·M ·R(−θ) · U,

where R(θ) is the rotation matrix for the linear basis. Thus

Ũ =

(
cos θ − sin θ

sin θ cos θ

)( √
ηh0 0

0
√
ηv0

)(
cos θ sin θ

− sin θ cos θ

)
· U,

or

Ũ =

(
a1 exp(i`φ) + a3 exp(−i`φ)

a2 exp(i`φ) + a4 exp(−i`φ)

)
, (5.5)
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This is a pure state but not always separable. Now the new modal weighting coefficients

are determined from

a1 =
√
α
(√
ηh0 cos2 θ +

√
ηv0 sin2 θ

)
, (5.6)

a3 =
√

1− α cos θ sin θ (
√
ηh0 −

√
ηv0) , (5.7)

and

a2 =
√
α cos θ sin θ (

√
ηh0 −

√
ηv0) , (5.8)

a4 =
√

1− α
(√
ηv0 cos2 θ +

√
ηh0 sin2 θ

)
. (5.9)

To calculate the purity we first normalise the coefficients so that
∑

i |ai|2 = 1 and then

calculate the purity from the density matrix of the state, ρ, following V =
√

1− Tr(ρ)

with ρ = ˜|U 〉 ˜〈U | and where Tr is the trace operator. This results in an analytical

expression given by

V =
2|a1a4 − a2a3|∑

i |ai|2
. (5.10)

Thus,

V =

∣∣∣∣ 2
√
ηhηv

ηh + ηv + (ηh − ηv) (2α− 1) cos(2θ)

∣∣∣∣Vin. (5.11)

Figure 5.1: Schematic of a general solid state amplifier crystal. (a) shows the crystal
positioned with its fast axis at an angle θ = 0 with respect to the vertical. (b) shows
the two field components relative to the c-axis when the crystal is rotated by an angle

θ.

Equation 5.10 implies that the purity of the amplified VV beam is dependent on the

modal weighting α of the input seed beam, the amplifier orientation θ as well as the

amplification factors ηh and ηv. The former are parameters determined from the beam to

be amplified while the latter can be obtained from the rate equations of the gain media.

Once ηh and ηv are known, the behaviour of any beam on the Generalized HOPS through
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an arbitrary gain can be predicted. To find these parameters we consider the case where

the crystal is end-pumped by an unpolarised beam of intensity Ip, so that the absorption

of the pump beam is denoted by

∂Ip (x, y, z)

∂z
= −σan1 (x, y, z) Ip (x, y, z) , (5.12)

while the amplification of the seed at any point in the gain medium is given by

∂ (Ish (x, y, z) + Isv (x, y, z))

∂z
= n2 (x, y, z) (σehIsh (x, y, z) + σevIsv (x, y, z)) (5.13)

where Ish and Isv are the intensities for the horizontal and vertical components of the

seed beam, respectively. σa is the absorption cross-section of the active ions in the

ground energy level (n1), while σeh and σev are the emission cross-sections of the upper

laser energy level (n2) for the horizontal and vertical polarisations, respectively, with a

lifetime of τ2.

For such a system the rate equation is

∂n2 (x, y, z)

∂t
= σan1 (x, y, z)

Ip (x, y, z)

hνp
− n2 (x, y, z)(
σehIsh (x, y, z) + σevIsv (x, y, z)

hνs
− 1

τ2

)
, (5.14)

where hνp(hνs) is the energy per photon at the pump (seed) wavelength.

From Eq. 5.13 we can derive how each polarisation competes for upper level electrons

(gain):
∂Ish (x, y, z)

∂Isv (x, y, z)
=
σehIsh (x, y, z)

σevIsv (x, y, z)
. (5.15)

The number of photons generated for a given polarisation state is proportional to the

intensity of the polarisation state multiplied by the emission cross section of the polari-

sation and inversely proportional to the competing polarisation. Assuming steady-state

(when the pump and seed beams have no temporal change in intensity) and the small

signal gain operation regime of the amplifier (σaIp >> σehIsh + σevIsv), these coupled

equations simplify to

σa
Ip(x, y, z)

hνp
[ntot − n2(x, y, z)] =

n2(x, y, z)

τ2
, (5.16)

where conservation of ions (n1 = ntot − n2) has been assumed. From Eq. 5.16 we can

derive the equation for the pump intensity Ip as a function of the upper level population
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density n2,

Ip (x, y, z) = Ip(x, y, z0) exp (−σa[ntot − n2(x, y, z)]z) , (5.17)

provided that z ∂n2
∂z is small compared to ntot − n2.

In order to obtain the population density of the ions in the upper level we assume the

case of low gain amplifier (i.e. the gain medium is not saturated by the pump), namely

that ntot >> n2. This assumption yields a solution for the upper level population n2,

namely,

n2 (z) =
Ip (z0)ntotσaτ2

hνp exp(−σantotz) + σaτ2Ip (z0)
. (5.18)

Based on the above we can determine the maximum intensity for which this approach

is valid,

Imax
p (z0) =

δ

(1− δ)
hνp
σaτ2

, (5.19)

where δ = nmax
2 /ntot is the ratio of the density of ions in the upper laser level to the total

density of ions. Based on the zero order equation for n2 (see Eq. 5.13 and Eq. 5.18) we

can find the analytical connection between the intensity profiles of the seed and pump

beams for both polarisation states by integrating Eq. 5.13,

Isv (x, y, L) = Isv (x, y, z0)

(
1 +

σev
σa

ξ

)
(5.20)

Ish (x, y, L) = Ish (x, y, z0)

(
1 +

σeh
σa

ξ

)
, (5.21)

where

ξ = Lntotσa + log

[
hνp + τ2σaIp (x, y, z0)

hνp exp(Lntotσa) + τ2σaIp (x, y, z0)

]
. (5.22)

Here z0 and L represent the incident and output amplifier crystal planes, respectively,

and Ip(x, y, z0) is the intensity profile of the pump beam.

Thus the amplification factors ηh and ηv are given by

ηh = 1 +
σeh
σa

ξ (5.23)

ηv = 1 +
σev
σa

ξ. (5.24)

For isotropic amplifiers, the emission cross-section is independent of polarisation, so

ηh0 = ηv0 = η0. In this special case the output vector state is identical to the input

(purity remains the same) but with an increase in power, i.e. Ũ =
√
η0U .

In contrast, birefringent amplifiers generally have different emission cross-sections for

each polarisation due to the difference in the refractive indices of the crystal axes and
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Figure 5.2: (a) The Vector Quality Factor, Vout, as a function of crystal angle, θ, for
three cases: α = 0.5 and ηR = 2 (blue), α = 0.8 and ηR = 0.1 (orange), and α = 0.4
and ηR = 0.1 (green). The 3D plots of the parameter space show the richness of the
theory, with the input state fixed in (b) and (c) at α = 0.5 and α = 0.7, respectively.

In (d) and (e) the amplification factor is fixed at ηR = 0.2 and ηR = 1, respectively.

thus ηh0 6= ηv0. Here, each component of the vector state is amplified differently so that

the vector nature (purity) itself changes along with the power content. Some examples

of the effect of a birefringent amplifier are shown in Fig. 5.2, where the output purity

Vout is plotted against the the crystal rotation angle θ, the initial amplification ratio

ηR = ηh0/ηv0 at θ = 0, and α controls the input purity Vin.

We see From Eq.5.11 when the input VV beam is pure (Vin = 1), the output vector

purity is not a function of the crystal rotation angle and is always less than or equal to

the input, as seen in the blue line of Fig. 5.2 (a). This is understandable as a special case

where the beam’s polarisation structure is rotationally symmetric and thus invariant to

the crystal rotation. When α 6= 0.5 this is no longer true, and we note that the vector

purity may increase and/or decrease depending on the initial purity and amplification

terms. For example, when the vertical component is initially larger and has higher

amplification than the horizontal, shown in the orange curve of Fig. 5.2 (a), the output

purity is always less than the input. Conversely, when the vertical component is initially

smaller than the horizontal but has higher amplification, the purity increases as the

power weighting of the modes equalise (green curve). Note that whether or not the

purity can be returned to Vout = 1 depends on the amplification ratio being sufficient

to overcome the initial modal mismatch (in power weighting). This behaviour is further

explored in Figs. 5.2 (b) - (e).

When the initial state is symmetric in polarisation or the amplification ratio is unity, then

the purity is independent of the crystal angle, as shown in Figs. 5.2 (b) and (e). However,

when this is not the case the purity can be increased to a maximum of Vout = 1 or

decreased according to the parameters of the initial beam and the medium, illustrated in

Figs. 5.2 (c) and (d). It is this evolution in purity that we wish to uncover experimentally.
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Figure 5.3: Illustration of the experimental setup for the MOPA system. Generation:
a fundamental Gaussian mode was converted into a HOPS beam by the combination of a
polariser (Pol), quarter-wave plate (QWP) and a q-plate. In our experiment the q-plate
had a topological charge ` = 2q = 1. Amplification: either Nd:YAG (non-birefringent)
or Nd:YLF (birefringent) crystals, with the ability to rotate the field relative to the
crystal axes by the use of half wave plates (HWP) and Dove Prisms (DP). Quality
Detection: a polarising beam splitter (PBS) separated the two polarisation components
(horizontal and vertical) while the spatial light modulator (SLM) performed spatial
projections to infer the vector purity using a quantum toolkit. The actual measurements
were collected on a camera (CCD) in the far-field at the focal plane of a lens (FL). The
beam insets show the evolution from the Gaussian mode through to an amplified vector
beam (radially polarised in this example), finally measured by twelve projections at the

camera.

5.3 Experimental Setup

The experiment is divided into three parts: generation, amplification and quality mea-

surement of arbitrary VV beams, as illustrated in Fig. 5.3. The master oscillator was

a diode pumped solid state laser with either a gain medium of Nd:YAG for an output

wavelength of 1.064 µm, or Nd:YLF for an output wavelength of 1.053 µm. Both oscilla-

tors were set to produce fundamental modes of high purity, while the initial polarisation

was controlled by a combination of a polariser (Pol) and a quarter-wave plate (QWP).

The desired state on the HOPS was prepared by passing this beam through a custom

geometric phase element, a q-plate with geometric charge ` = 1 then a QWP. It is ev-

ident that any state on the HOPS could be produced, from OAM scalar modes on the

poles to hybrid vector vortex beams on the equator, all by control of the polarisation

states incident on the q-plate.

The amplifier consisted of either Nd:YAG or Nd:YLF crystals (length 48 mm and diam-

eter 7 mm) maintained at room temperature and end-pumped by fiber delivered diode

laser (25 W at λ = 808 nm). The two gain media were chosen to cover both non-

birefringent and birefringent gain conditions. Together with the generation stage the

entire system represents the well-known master oscillator power amplifier (MOPA) ar-

rangement. The experiment requires the gain media to be rotated in order to study the

impact of θ, which can be viewed as the alignment of the vector beam polarisation states

to the optical axis of the crystal; this influences the gain for each component of the field.
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Figure 5.4: Measured (data points) and theoretical (solid lines) amplification factors
for each polarisation component for the two crystals as a function of the crystal angle.
Nd:YLF is a strong birefringent medium resulting in the oscillating behaviour, while
Nd:YAG is a weakly birefringent resulting in almost equal gain for both the horizontal
and vertical components of the beam. No fitting parameters were used in the theoretical

plots.

This relative rotation was achieved by rotating the incident field using a half-wave plate

(HWP) and a dove prism (DP). To undo this effect prior to measurement, a second DP

and HWP was applied.

The vector purity V was determined by measuring the coefficients in the expansion shown

in Eq. 5.5. This was experimentally realised by using a polarising beam splitter (PBS)

to separate the incident field into the horizontal and vertical polarised components, UH

and UV , and then directing them to a spatial light modulator (SLM) encoded with the

necessary spatial projections [121, 131, 132].

5.4 Results & Discussion

With the MOPA active (pump on), the amplification factors for the horizontal and

vertical polarisation components, ηh and ηv respectively, were measured as a function

of the crystal orientation. The results are shown in Fig. 5.4 for the two crystal types

(birefingent Nd:YLF and isotropic Nd:YAG amplifiers).

It is clear that the experimental results (data points) are in excellent agreement with the

theory (solid lines), shown here without any fitting parameters and calculated from the

rate equation model. For Nd:YAG we see that the two amplification factors, ηh (green

dashed line) and ηv (orange dashed line), are approximately the same and independent



Amplification of HOPS Beams 73

Figure 5.5: Purity of VV beams over the different orientation of Nd:YAG (red) and
Nd:YLF (blue) amplifiers when the seed VV beam has purity Vin = 1.

of crystal orientation rotation angle, while for Nd:YLF the amplification factors oscillate

with rotation angle in a predictable manner.

Such behavior is as expected due to the weak birefringence property in the Nd:YAG

medium, while Nd:YLF is a strong birefringent medium resulting in lower gain for one

polarisation when the amplifier oriented at its c-axis (θ = 0). As the crystal is rotated

so the amplification factors invert their values.

Herein lies the ability to compensate for poor initial vector quality by use of a birefringent

gain: the ratio of amplification can be selected to bring the vector beam back to the

ideal.

Next, a pure VV beam of purity V = 1 was generated and passed through the amplifier.

The quality of the amplified output beam was measured over the different orientations

of the amplifier crystal, as in Fig. 5.5. Theory predicts no change in purity, in agreement

with experiment: the quality of the amplified VV beam was found to be 0.98 and 0.99

for Nd:YLF and Nd:YAG amplifiers, respectively. The pure VV beam acts similarly

inside both amplifiers regardless of the birefringence.

If the quality of the incident vector beam is not perfect, i.e. moving off the equator

of the HOPS, then the purity of the amplified beam becomes highly dependent on the

nature of the amplifier. This has been demonstrated by generating two VV beams Ũ1 =

0.976exp(i`φ)êH + 0.267exp(−i`φ)êV and Ũ2 = 0.267exp(i`φ)êH + 0.976exp(−i`φ)êV,

that have the same quality V = 0.5, and studying the change in purity as a function of

the amplifier’s angle, as illustrated in Fig. 5.6. After amplification through the Nd:YAG

amplifier, the quality of the VV beams remained unchanged and independent of the
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Figure 5.6: Measured (data points) and calculated (solid lines) purity variation as
a function of the crystal angle for two incident VV beams: Ũ1 = 0.976 exp(i`φ) êH +
0.267 exp(−i`φ) êV and Ũ2 = 0.267 exp(i`φ) êH + 0.976 exp(−i`φ) êV, both having ini-
tial purity of Vin = 0.5. For Nd:YAG, the purity is predicted not to change, in agreement
with measured data showing only a marginal oscillation about Vout = 0.5. For Nd:YLF
the purity for Ũ1 (blue) and Ũ2 (red) oscillate predictably. At some angles the purity

decreases (θ = 0 for Ũ2) while at others it increases (θ = π/2 for Ũ2).

angle θ. In contrast, the quality of the amplified beam through the Nd:YLF amplifier

oscillates predictably in purity. This suggests that the angle of the crystal can be

adjusted to maintain or even improve the purity of the beam during amplification. For

Figure 5.7: Measured (data points) and calculated (solid lines) variation in purity
after the amplifier with the crystal angle fixed at θ = 0. For Nd:YLF, the blue dots
represent the output purity for beams with α ∈ [0.5, 1] in Eq. 5.1. The red dots represent
the output purity for beams with α ∈ [0, 0.5]. For Nd:YAG, the purity does not change

and equates to the purity of the incident seed beam.
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example, at θ = π/2 the purity of the Ũ2 mode actually increases close to 0.6 from the

initial 0.5. Theory predicts that this can be increased all the way to 1 if the medium

has sufficient gain, perhaps even by using crystals in tandem.

Next, we adjusted the purity of the incident HOPS beams from 0 to 1 at crystal orien-

tation θ = 0 and measured the purity of the amplified beam Vout and plotted the results

versus the theoretical predictions from Eq. 5.11 as shown in Fig. 5.7. The purity of the

amplified beam through the Nd:YAG remains unchanged due to the weak birefringence

effect, while for the strong birefringent Nd:YLF gain, the purity of the beam evolves

according to the incident state.

Finally, we measured the average output power of a purely VV beam, Vin = 1, as a

function of the amplifier pump power (after a single pass through the amplifier) as

shown in Fig. 5.8. The power of the incident seed VV beam was constant at 164 mW.

Figure 5.8 shows the inset images for the beam intensity profile at different pump powers

with their output purity. While the power of the amplified VV beam increases either

through the Nd:YAG (red data points) or Nd:YLF (blue data points) amplifiers, the

purity of the output beam remains unchanged, consistent with theory shown in Fig. 5.5.
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Figure 5.8: The output power for a purely VV seed beam as a function of the amplifier
pump power. The initial power of the seed beam was 164 mW. The experimental data
(data points) for both Nd:YAG (red) and Nd:YLF (blue) amplifiers is in good agreement
with theory (solid curves). Inset images indicate the beam intensity profiles with the
corresponding output purity at three pump strengths: low (A), medium (B) and high
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Conclusion

We have demonstrated a new approach to obtain high purity amplified VV beams

through a MOPA system. We outlined the complete theory that accounts for both

the amplification and purity aspects of general VV beams, which we believe provides

a useful toolbox for further high-power work in this field. It is well understood from

traditional scalar beam amplification studies that laser brightness requires the power to

increase but not at the expense of the beam quality. The same is true for vector beams.

Here we consider both aspects, an important step towards realizing high brightness vec-

tor beams. Further, the match between experiment and theory is excellent, and has

been achieved without any fitting parameters. Our work shows that it is possible to

maintain or even improve vector purity during amplification.
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Conclusion

The work presented in this thesis aimed to investigate intra-cavity generation of new

families of structured light modes from solid state laser resonators. Over the course of

Chapter 1, a literature review covering the basic theory of optical resonators and the

solution of such resonators have been discussed using the Helmholtz wave equation and

diffraction theory. We also explored some of these solutions, which are utilised in this

thesis, such as Gaussian and Laguerre Gaussian beams. The approach to distinguish

these modes by decomposing any beam into its basis modes, known as modal decom-

position, was discussed. We presented the general problem of shaping laser beams and

different approaches that can be exploited to structure exotic modes inside or outside

the resonator.

In Chapter 2, we demonstrated the first experimental evidence for fractal light from

canonical unstable resonators. We observed a variety of fractal shapes in transverse

intensity cross-sections through the lowest-loss eigenmodes of unstable laser resonators,

thereby demonstrating the controlled generation of a new family of structured light

modes with fractal geometry inside a laser cavity. We showed, quantitatively, that

intensity cross-sections are the most self-similar in the magnified self-conjugate plane.

We also advanced the existing theory of fractal laser modes by showing that imaging and

diffraction also occurs in the longitudinal direction, resulting in 3D self-similar fractal

structure around the centre of the magnified self-conjugate plane. This work offered a

significant advance in the understanding of a fundamental symmetry of Nature as found

in lasers.

In Chapter 3 we demonstrated a novel laser that generates HOPS beams by manipulating

the geometric phase of light using metasurface J-plates. We generated pure OAM states

as well as vector vortex beams that can be mapped on the HOPS. In principle, our laser

has no limitation over the OAM that can be generated. Subsequently, we proved this
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by generating the largest pure OAM state with ` = 100 as well as the largest vector

vortex beams of net OAM ` = 110. The significance of this Chapter was to demonstrate

a novel laser system that allows controlling light’s different degrees of freedom such as

wavelength, polarisation and azimuthal modes.

In Chapter 4, the question on how to measure the quality of the HOPS beams was

addressed. Since all HOPS beams possess the same propagating divergence, i.e. M2 is

identical, Thus traditional quality measurements do not apply for these beams. The

quality of these beams was measured using qualitative techniques to distinguish scalar

and vector modes. However, there were no quantitative techniques that can tell how

vector the mode is. Because vector beams can be viewed as “entangled” or non-separable

in their spatial and polarisation degrees of freedom, we applied entanglement measures

to quantify this quintessential property of vector modes, which we called the vector

purity. This tool allowed to quantify the purity of any HOPS beam on a scale from 0

(pure scalar modes) to 1 (pure vector modes). We demonstrated this technique on a

variety of HOPS beams in a continuous range from purely scalar to purely vector. This

technique offers a new tool for laser beam characterisation of vector modes.

Despite the many advances in the generation of vector vortex beams, they are limited

to low power applications due to the power handling capabilities of the generation tools.

Many high power applications highlighted a need for high power HOPS beams. Al-

though the amplification of particular HOPS beams have been extensively researched,

they have been limited to isotropic amplifiers. The purity of the beam, which is a crucial

property, never been considered. The question of how the purity of vector beams changes

under amplification was addressed in Chapter 5. In this chapter we employed a master-

oscillator-power-amplifier approach and studied the problem of purity of HOPS beams

through vector beam amplifiers. The gain media, Nd:YAG and Nd:YLF, were selected

to cover both non-birefringent and birefringent conditions, respectively. We executed

this study both theoretically and experimentally, showing excellent agreement between

the two. Intriguingly, we showed that pure vector vortex beams maintain their vector

purity regardless of the gain medium, while general vector vortex beams may have their

purity improved by the use of a suitable birefringent amplifier. Importantly, our results

highlighted a road map towards high brightness vector beams, a core requirement for ap-

plications such as laser-enabled manufacturing and long-distance optical communication

in free space and fiber.
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Future work

In Chapter 2, we have confirmed the emergence of 2D self-similar fractal light from a

laser system while we extended the theory to the 3D fractals. When not considered in

the context of resonators, the existence of 3D self-similar fractal light fields is surprising:

the 3D intensity distribution of any light field is fully determined by any transverse

cross-section, and so the lowest-loss eigenmode is fully determined by its cross-section in

the magnified self-conjugate plane. The existence of self-similar transverse cross-sections

whose corresponding beams - their 3D diffraction patterns - are also self-similar is a non

trivial task due to a limitation in the imaging of the longitudinal direction of the beam.

The future work could include developing imaging techniques to experimentally realise

3D fractals. Also, the type of applications, where this family of structured modes could

be utilised, will still be an ongoing research that we will be partaking in future.

The selective excitation of a pure Laguerre Gaussian modes from a solid-state laser

resonator was discussed in Chapter 3. We showed that it is possible to control many

degrees of light in one resonator (i.e. wavelength, azimuthal mode and the polarisation).

These results provide a possible route for future work of controlling all degrees of freedom

of laser beams. The future work would include extra-cavity controlling the radial modes

of the beam which can be achieved by many techniques such as printing a radial phase

mask into the J-plates or into the output coupler or maybe shape the radial modes of

the pump beam.

Intra-cavity beam shaping has been demonstrated using different static and custom

optical elements that require design and fabrication efforts and their performance de-

teriorated with the variation in the beam size. These elements necessitated custom

designed resonators, rather than being very limited to select a particular spatial mode.

The well-known digital laser also suffered from many drawbacks such as limitations over

the power handling capabilities of the device, the slow time switching (≈ 60 Hz) as well

as being limited to modulate only particular wavelengths. Digital micromirror device

(DMD) may provide a possible route for future work of laser beam shaping due to their

fast switching rates (20 kHz), polarisation insensitivity, their higher power capability,

and spectrum sensitivity [133]. DMD has millions of tiny switchable mirrors. Each

mirror of the device can individually switched to either +12◦ (on-state or white) or -12◦

(off-state or black) with respect to the surface normal. The DMD can tailor and con-

trol the phase, amplitude of light using binary amplitude modulation. The DMD also

provide real-time mode controlling and switching by mechanically flipping the micromir-

rors from one state to the other. These advantages will prove to be significant for many

applications ranging from optical communication to remote sensing and metrology.
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