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Abstract
In [23], Wen-Chi Kuo, Jessica Vardy and Bruce A. Watson extended the concept
of the binomial and poisson distributions to random processes in Riesz spaces.
In the current project, we extend the work of Kuo, Vardy and Watson to random
processes with small hitting probability and yields laws of small numbers.
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Introduction
Translations of random processes to Riesz spaces were initially focused mainly
on martingale theory as shown in [18, 25, 29, 13, 40, 41]. In various settings,
there has been extensive research on the underlying structures of conditional ex-
pectation operators as shown in [16, 24, 32, 38, 46].

Kuo, Vardy and Watson formulated Markov processes in Riesz spaces making
use of the Ando-Douglas-Nikodym theorem, a Riesz space version of the Radon-
Nikodym theorem proved by Watson in [46].

Bernoulli processes and Poisson processes in Riesz spaces are researched in [23].
We will extend the work of Kuo, Vardy and Watson on Bernoulli processes and
Poisson processes in Riesz spaces. In this dissertation, we gain insight into the
underlying structure of stochastic processes particularly focusing on the laws of
small numbers in Riesz spaces.

In the first chapter, we look at the classical probability and measure theoretic
concepts upon which the translation from a probability setting to Riesz spaces is
based. We also introduce the theory of laws of small numbers and the bounds of
the approximations.

The theory of Riesz Spaces relevant to our work is introduced in Chapter 2.
Aliprantis [1] and Zaanen [47, 48] provide most of the foundational Riesz Space
theory used in this section. We also consider the earlier translations of stochastic
processes to Riesz Spaces in this chapter.

In Chapter 3, we look at the Bernoulli processes as proven by Kuo, Vardy and
Watson in [23] in Riesz Spaces. This will then lead us into our own translations
of the laws of small numbers into Riesz Spaces.

We then conclude with our findings and thoughts on further research of laws of
small numbers in Riesz spaces in the Conclusion section.
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1 Preliminaries

1.1 Classical probability theory and measure theory
In this chapter, we present definitions and basic properties necessary to under-
stand and conduct our work on translating classical results on laws of small num-
bers to the Riesz space setting. Other definitions and properties are presented in
subsequent chapters where they are more relevant.

We begin by providing a review of probability theory since we aim to generalize
results from L1 probability spaces to the Riesz space setting.

Let Ω denote a nonempty space. As noted in [6][Page 20], a class F of subsets
of Ω is called a σ- algebra if:

(i) Ω ∈ F

(ii) A ∈ F implies Ac ∈ F

(iii) A,B ∈ F implies A ∪B ∈ F

(iv) A1, A2, A3... ∈ F implies A1 ∪ A2 ∪ A3... ∈ F

We note the below from [6][Page 24].

A set function is a real-valued function defined on some class of subsets of Ω.
A set function P on F is a probability measure if it satisfies the below condi-
tions:

(i) for A ∈ F , 0 ≤ P(A) ≤ 1,

(ii) For empty set, P() = 0, P(Ω) = 1,

(iii) ifA1, A2, ... is a disjoint sequence of subsets of F and if ∪∞k=1Ak ∈ F , then

P(∪∞k=1Ak) =
∞∑
k=1

P (Ak).

Condition (iii) is referred to as countable additivity.

Let F denote a σ- algebra and P denote a probability measure. Then, (Ω,F ,P)
denotes a probability space.

1.2 Conditioning
The elementary results presented in this subsection can be found in [8, 42].

We note the below taken from [8][Definition 1.12].

Suppose that we have a probability space (Ω,F ,P) consisting of a space Ω, a σ-
algebraF of subsets of Ω and a probability measure P on the σ- algebraF .
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(i) Two events A,B ∈ F are said to be independent if

P (A ∩B) = P (A)P (B)

(ii) In general, n events A1, A2, ..., An ∈ F are said to be independent

P (Ai1 ∩ Ai2 ∩ ... ∩ Aij) = P (Ai1)P (Ai2)...P (Aij)

for any indices 1 ≤ i1 ≤ i2 ≤ ... ≤ ij ≤ n, n ∈ IN.

We note the below taken from [8][Definition 1.11].

For A,B ∈ F , the definition of conditional probability is given as

P (A|B) =
P (A ∩B)

P (B)

We note the below definition from [42][Definition 1.5].

A map f : Ω→ IR such that for every Borel set B ⊂ IR,

f−1(B) ∈ F

is called a random variable.

A special case of random variables is that of an indicator function where

IB(x) =

{
1, if x ∈ B
0, if x /∈ B

(1)

We note the below taken from [8][Definition 1.9].

A random variable f : Ω→ IR is said to be integrable if∫
Ω

fdP <∞.

L1(Ω,F ,P) is the family of integrable random variables. For each f ∈ L1(Ω,F ,P),
the expectation of f is defined as,

E(f) =

∫
Ω

fdP.

We note the below taken from [8][Definition 2.1].

Given an event A ∈ F such that P (A) 6= 0, the definition of the conditional
expectation of an integrable random variable f is

E[f |A] =

∫
A
fdP

P (A)
.
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The below result is from [8][Exercise 2.2].

If f is the indicator function, that is, f = χB for B ∈ F , then

E(χB|A) =

∫
A

χBdP.

Since

E(χB|A) = E(χB|B,A)P (B|A) + E(χB|Bc, A)P (Bc|A)

= 1.P (B|A) + 0.P (B|A)

= P (B|A),

the above equation is the same as the probability of B given A.

We will now provide a general definition of conditional expectation as provided
in [8][Definition 2.4].

Let f be an integrable random variable on probability space (Ω,F ,P) and let Σ
be a σ- algebra with Σ ⊂ F . Then, E[f |Σ] is defined to be a random variable
such that

(i) E[f |Σ] is Σ- measurable,

(ii) For any A ∈ Σ, ∫
A

E[f |Σ]dP =

∫
A

fdP.

We now present the general properties of conditional expectation as provided in
[42][Theorem 4.5].

Theorem 1.1 (Properties of the Conditional Expectation). Let Σ be a sub-σ-
algebra of F and assume f, g ∈ L1(Ω,F ,P). The conditional expectation as
a mapping f → g has the following properties:

(i) If g = E[f |Σ], then E[g] = E[f ]. We have that

E[1|Σ] = 1 (Idempotent)

(ii) If f is non-negative then

g = E[f |Σ] (Non-negative)

is non-negative.

(iii) The map is linear. If a1 and a2 are constants, then

E[a1f1 + a2f2|Σ] = a1E[f1|Σ] + a2E[f2|Σ] (Linearity)
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(iv) If h is a bounded Σ- measurable function, then

E[fh|Σ] = hE[f |Σ] (Averaging)

(v) If Σ2 ⊂ Σ1 ⊂ F , then

E[f |Σ2] = E[E[f |Σ1]|Σ2].

We now introduce the concept of a convex function as provided in [8][Page 31].

Definition 1.2.
A function f : IR→ IR is called convex if for any x, y ∈ IR and any λ ∈ [0, 1]

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

We note the below taken from [8][Theorem 1.2].

Theorem 1.3. (Jensen’s Inequality)
Let f : IR→ IR be a convex function and let θ be an integrable random variable
on a probability space (Ω,F , IP) such that f(θ) is also integrable. Then

f(E[θ|G]) ≤ E[f(θ)|G]

for any Σ− algebra G on Ω contained in F .

As shown in [31], the additive and multiplicative properties of expectations lead
us to the following inequality.

Theorem 1.4. (Tchebichev Inequality) [31][Page 11]
If X is a simple random variable, then for every ε > 0,

P [|X| ≥ ε] ≤ 1

ε2
E[X2].

Proof.

E[X2] = E[X2I|X|≥ε] + E[X2I|X|≤ε]

≥ E[X2I|X|≥ε]

≥ ε2E[I|X|>ε]

= ε2P [|X| ≥ ε].

As shown in [31] on [Page 12], for an independent simple random variable X ,
E[(X − E[X])2] is called the variance of X . It is denoted by V ar(X).
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Theorem 1.5. (Bienayme equality) [31][Page 12]
Let Xi, i = 1, 2, ..., n be independent simple random variables then

V ar(
n∑
i=1

Xi) =
n∑
i=1

V ar(Xi). (2)

Proof.
By definition, for Xi, i = 1, 2, , , that are independent,

V ar(
n∑
i=1

Xi) = E[(
n∑
i=1

Xi − E[
n∑
i=1

Xi])
2]

= E[(
n∑
i=1

Xi)
2 − 2(

n∑
i=1

Xi)E[
n∑
i=1

Xi] + E[
n∑
i=1

Xi]
2]

= E[(
n∑
i=1

Xi)
2]− 2E[

n∑
i=1

Xi]E[
n∑
i=1

Xi] + E[
n∑
i=1

Xi]
2

= E[(
n∑
i=1

Xi)
2]− E[

n∑
i=1

Xi]
2

Now,

E[(
n∑
i=1

Xi)
2] = E[

n∑
i=1

n∑
j=1

XiXj]

=
n∑
i=1

n∑
j=1

E[XiXj]

Similarly,

E[
n∑
i=1

Xi]
2 = (

n∑
i=1

E[Xi])
2

=
n∑
i=1

n∑
j=1

E[Xi]E[Xj]

Thus,

V ar(
n∑
i=1

Xi) =
n∑
i=1

n∑
j=1

E[XiXj]−
n∑
i=1

n∑
j=1

E[Xi]E[Xj]

=
n∑
i=1

n∑
j=1

(E[XiXj]− E[Xi]E[Xj])

=
n∑
i=1

V ar(Xi),

since Xi are independent.
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Theorem 1.6. (Bernoulli Law of Large Numbers) [31][Page 11]
Suppose that we have independent events Ai, i = 1, 2, ..., whose probabilities,

P [Ai] are the same value p. Let Sn =
n∑
i=1

IAi
. Then, for every ε > 0,

P [|Sn
n
− p| ≥ ε]→ 0

as n→∞.

Proof.
Applying the Tchebichev Inequality yields,

P [|Sn
n
− p| ≥ ε] = P [|Sn − E[Sn]| ≥ nε]

≤ 1

ε2n2
V ar(Sn).

Now, by Bienayme equality, V ar(Sn) = V ar(
n∑
i=1

IAi
) =

n∑
i=1

V ar(IAi
) = p− p2.

Hence, it follows that as n→∞,

P [|Sn
n
− p| ≥ ε] ≤ 1

ε2n2
V ar(Sn)

=
p(1− p)
ε2n

→ 0

We present the notion of a signed measure and the related definitions and theo-
rems as provided in [6][Page 446].

A signed measure on a measurable space (Ω,F) is a countably additive set func-
tion λ(·) defined for A ∈ F .

A set A ∈ F is totally positive for a set function, λ, if for every B ∈ F with
B ⊂ A, we have λ(B) ≥ 0. Two measures, µ1 and µ2, are said to be mutually
singular if there exist sets A and B, such that A ∪ B = Ω and A ∩ B = ∅ with
µ1(A) = 0 and µ2(B) = 0. In this case, µ1 is said to be concentrated on B and
µ2 is said to be concentrated on A.

Theorem 1.7. (Hahn-Jordan decomposition theorem)[42][Theorem 4.3]
Given a countably additive signed measure λ on (Ω,F), it can be written as
λ = µ+−µ−, the difference of two non-negative measures. Moreover, µ+ and µ−

may be chosen to be mutually singular, that is, there are disjoint sets Ω+,Ω− ∈ F
such that µ+(Ω−) = µ−(Ω+) = 0. In fact, Ω+ and Ω− can be taken to be subsets
of Ω that are respectively totally positive and totally negative for λ. µ± then
become just the restrictions of λ to Ω±.
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We note the below definition from [42][Definition 4.2].

A signed measure λ is said to be absolutely continuous with respect to a non-
negative measure µ , λ�µ in symbols, if whenever µ(A) is zero for a set A ∈ F ,
it is also true that λ(A) is zero. When λ�µ, µ is said to be a dominating measure
for λ.

For establishing the existence of a conditional expectation of a random variable
on L1(Ω,F ,P), the following theorem is needed.

Theorem 1.8. (Radon-Nikodym theorem) [42][Theorem 4.4]
If λ is absolutely continuous with respect to a non-negative measure µ, then there
is f ∈ L1(Ω,F ,P) such that

λ(A) =

∫
A

fdµ

for all A ∈ F . The function f is uniquely determined almost everywhere and
is called the Radon-Nikodym derivative of λ with respect to µ. The function is
denoted by

f =
dλ

dµ
.
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1.3 Laws of Small Numbers
The following review is a summary of the work done in one of the sections in
“Laws of small numbers: Extremes and rare events” (see [17]). This section
contains the foundational theory for the translation of laws of small numbers
to Riesz Spaces. Only definitions and results relevant to this research will be
given.

In [45], Ladislaus von Bortkiewicz showed the significance of the Poisson ap-
proximation of binomial distributions with practical examples. He made use of
the number of cavalrymen killed by horse kicks as one of the various examples.
Suppose we have an event wherein an individual is killed by a horse kick within
one year. Assume R is a binary random variable that models this event, that is,
R ∈ [0, 1] with R = 1 representing the occurrence of an accidental death and
R = 0 representing the non-occurrence of an accidental death. Then, assuming
the independence of individual lifetimes, the total number K(n) of victims in a
regiment of size n is binomial distributed. So, with P (·) denoting probability and
p = P (R = 1) being the mortality rate, we have

P (K(n) = k) =

(
n

k

)
pk(1− p)n−k

= B(n, p, k),

for k = 0, 1, ..., n with B(n, p, k) denoting the binomial distribution with size n,
probability of occurence p and in this example total number of victims k.

If the mortality rate, p, is small, then as n → ∞ the occurrence of accidental
death is a rare event and the binomial distribution can be approximated by the
Poisson distribution

Po(λ, k) = e−λ
λk

k!
, (3)

where k = 0, 1, ... with λ = np.

The approximation of the binomial distribution by the Poisson distribution is
called the law of small numbers, written as B(n, p) ∼ Pnp.

Let L(K(n)) denote the distribution of K(n).

If K(n) is a binomial B(n, p)-distributed random variable and τ(n) is a Poisson
Pnp -distributed random variable, then with ∼D representing the approximate
equality of the distributionsL(K(n)) = B(n, p) andL(τ(n)) = Pnp ofK(n) and
τ(n), respectively, the above relation can be rewritten as K(n) ∼D τ(n).

Let S be a sample space and B denote a σ- algebra . If X1, X2, ..., is a sequence
of independent copies of a random element X with values in S equipped with B
and also assuming that the random variable X1, X2, ..., are also independent of
K(n) and τ(n), then the above approximation suggests the following extension
(X1.....XK(n)) ∼D (X1.....Xτ(n)). This approximation is called the functional
law of small numbers.
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Since (X1.....XK(n)) and (X1.....Xτ(n)) are random vectors which might have
different random length, point process are used to overcome this dimensionality
problem. For B denoting a σ- algebra, any point x ∈ S is identified with the
related indicator function, that is,

εx(B) =

{
1, if x ∈ B,B ∈ B
0, if x /∈ B

(4)

So, the random element X is identified with the random measure εX . The ran-
dom vectors (X1.....XK(n)) and (X1.....Xτ(n)) turn into random finite measures:

Nn(B) =
K(n)∑
i=1

εXi
(B) and N∗n(B) =

τ(n)∑
i=1

εXi
(B), B ∈ B.

The set of finite point measures on (S,B) is denoted by IM. If IM is equipped with
the smallest σ -algebraM such that for any B ∈ B the projections µ → µ(B),
µ ∈ IM are measurable, then Nn(·) and N∗n(·) are measurable random elements
in (IM,M). They are called point processes. Nn is called a binomial process and
N∗n is called a Poisson process. This is because the counting variable K(n) is a
binomial random variable and τ(n) is a Poisson random variable.

1.4 Bounds for the functional laws of small number
We quote the below from [17][Page 7].

The error of the approximations in the preceding section is measured with respect
to:

(i) Hellinger distance

(ii) Variational distance

Definition 1.9. [17][Page 7]
The Hellinger distance between distributions of random elements X and Y with
values in some measurable space (S,B) is defined by

H(X, Y ) = (

∫
(f

1
2 − g

1
2 )2dµ)

1
2 , (5)

where f, g are the densities ofX and Y with respect to some dominating measure
µ.

Definition 1.10. [17][Page 7]
The Variational distance between the distributions of random elements X and Y
is defined by

d(X, Y ) = supB∈B|P (X ∈ B)− P (Y ∈ B)| (6)
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Definition 1.11. [36][Page 41]
The Kullback - Leibler distance between distributions of random elementsX and
Y is defined as

K(X, Y ) =

∫
(−logf

g
)dX, (7)

where f, g are the densities ofX and Y with respect to some dominating measure
µ.

Remark 1.12.
The Hellinger distance is bounded by the Kullback-Leibler distance. For more on
this you may see [36][Page 41].

We note the below taken from [17][Page 8].

1.5 The Stein-Chen method
The Stein-Chen method of measuring the laws of small numbers in variational
distance offers a great method of providing an upper bound. We detail the method
below as provided in pages 12-13 of [17].

Let (Ω,A, µ) be a probability space and X1, . . . , Xn be independent 0−1 valued
random variables with E[Xi = 1] = pi, i.e. Xi = χAi

for some Ai ∈ A. Let

λ =
n∑
i=1

pi.

We denote Po(·;λ) the Poisson distribution with mean λ. We recall that a random
variable X is said to have Poisson distribution with parameter λ > 0 if

µ({ω ∈ Ω|X(ω) = k}) =
λke−λ

k!
=: Po(k;λ).

Here, ω ∈ Ω, where Ω is the nonempty space, λ = E[X] =
∫

Ω
X dµ and further

λ = V ar(X) := E[X2]− E[X]2.

Set W =
∑n

i=1 Xi. The Stein-Chen method supplies an upper bound on how
close the distribution of W is to Po(·;λ).

For A ⊂ N0, let g(j, λ, A) for λ > 0 and j ∈ N0 defined recursively as,
g(0, λ, A) = 0 and

λg(j + 1, λ, A) = jg(j, λ, A) + χA(j)− Po(A, λ), (8)

where
Po(A, λ) =

∑
k∈A

Po(k, λ).

As W is an N0 valued function, g(·, λ, A) can be applied to W to give

λg(W (ω) + 1, λ, A) = W (ω)g(W (ω), λ, A) + χA(W (ω))− Po(A, λ).

11



If we set Wj =
∑
i 6=j

Xi then W = Wi + Xi and, as Xi takes on only the values 0

and 1, so if Xi(ω) = 0 then

Xi(ω)g(W (ω), λ, A) = 0 = Xi(ω)g(Wi(ω) + 1, λ, A)

while if Xi(ω) = 1 then

Xi(ω)g(W (ω), λ, A) = g(Wi(ω) + 1, λ, A) = Xi(ω)g(Wi(ω) + 1, λ, A).

Hence,
Xig(W,λ,A) = Xig(Wi + 1, λ, A).

Taking expectations we thus obtain

E[Xig(W,λ,A)] = E[Xig(Wi + 1, λ, A)]

which combined with the expectation of (8) gives

λE[g(W + 1, λ, A)] =
n∑
i=1

Xig(W,λ,A) + µ{W ∈ A} − Po(A, λ)

=
n∑
i=1

E[Xig(Wi + 1, λ, A)] + µ{W ∈ A} − Po(A, λ).

Since the sequence X1, . . . , Xn is independent, it follows that Xi and Wi are
independent and hence Xi and g(Wi + 1, λ, A) are independent giving that

E[Xig(Wi + 1, λ, A)] = E[Xi] · E[g(Wi + 1, λ, A)] = piE[g(Wi + 1, λ, A)].

Hence,
n∑
i=1

piE[g(W + 1, λ, A)] =
n∑
i=1

piE[g(Wi + 1, λ, A)] + µ{W ∈ A} − Po(A, λ),

which can be re-arranged to give

µ{W ∈ A} − Po(A, λ) =
n∑
i=1

piE[g(W + 1, λ, A)− g(Wi + 1, λ, A)]

=
n∑
i=1

piE[g(Wi +Xi + 1, λ, A)− g(Wi + 1, λ, A)]

=
n∑
i=1

piE[Xi(g(Wi + 2, λ, A)− g(Wi + 1, λ, A))].

Again using the independence of Xi and Wi we have

µ{W ∈ A} − Po(A, λ) =
n∑
i=1

p2
iE[g(Wi + 2, λ, A)− g(Wi + 1, λ, A)].
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Thus,

|µ{W ∈ A} − Po(A, λ)| ≤
n∑
i=1

p2
iα(λ),

where
α(λ) = sup

A∈A,j∈N0

|g(j + 1, λ, A)− g(j, λ, A)|.

It can be shown (see [5]) that

α(λ) ≤ E(λ) :=
1− e−λ

λ
.

Now
n∑
i=1

p2
i

λ
≤

n∑
i=1

pi
λ

max
j=1,...,n

pj = max
j=1,...,n

pj

giving

|µ{W ∈ A} − Po(A, λ)| ≤ (1− e−λ) max
j=1,...,n

pj.

So for rare events (that is, the pi’s are small and λ < 1) the error between the ac-
tual probability and the Poisson distribution is bounded by λmaxj=1,...,n pj .
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2 Riesz Spaces
Riesz spaces were first introduced by Frigyes Riesz in his 1928 paper “Sur la
decomposition des operations fonctionelles lineaires”. There is general agree-
ment that even though mathematicians were scattered across multiple countries
(mainly Japan, Russia and the United States) and made use of different terminol-
ogy, the introduction of Riesz Spaces happened around 1928-1935. Around 1935,
L. V. Kantorovitch began an extensive investigation of the algebraic and conver-
gence properties of Riesz spaces with applications to linear operator theory. From
this period, other mathematicians started making important contributions to the
general theory of Riesz spaces. In 1936, a ‘spectral theorem’ for Riesz spaces
was proved by H. Freudenthal. A.G. Pinsker, A.I. Judin, B.Z. Vulikh and several
other mathematicians soon joined Kantorovitch in his research of Riesz spaces.
In Japan between 1940 and 1944, H. Nakano, T. Ogasawara and K. Yosida, con-
tributed further to the theory of Riesz spaces. Around the same time period,
S. Kakutani and H.F. Bohnenblust in the United States also provided concrete
representations of abstract L-spaces and M-spaces.

In this section, definitions and results which form the building blocks of Riesz
space theory will be presented. The results presented here and any details of
omitted proofs can be found in [49, 1, 33, 47, 48].

2.1 Ordered vector spaces
We provide the following definition taken from [47][Definition 1.1]

Definition 2.1.
A relation ≤ in X is called a partial ordering if;

(i) x ≤ x for every x ∈ X (reflexive)

(ii) x ≤ y and y ≤ z implies x ≤ z for every x, y, z ∈ X (transitive)

(iii) x ≤ y and y ≤ x implies x = y (anti-symmetric).

Definition 2.2.
The non-empty set X is referred to as a partially ordered set if it is equipped with
a partial ordering.

We quote the below definition from [47][Definition 4.1].

Definition 2.3. (Linear Partial Ordering)
A real vector space E (with elements x, y) is called an ordered vector space if it
is partially ordered and:

(i) x ≤ y implies x+ z ≤ y + z for all z ∈ E,

(ii) x ≥ 0 implies ax ≥ 0 for every a ≥ 0 ∈ IR.
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The following definitions of infimums and supremums and the adopted notation
are from the explanations in [47] on pages 2 and 4.

Suppose X is a partially ordered set and Y is a non-empty subset of X . If we
have y ≤ x for x ∈ X and all y ∈ Y , we say is x an upper bound of Y . The
subset Y is said to be bounded above.

The supremum of a subset, (x, y) of a partially ordered set X is denoted as
sup(x, y) = x∨y. An element, s, is said to be the supremum of the pair x, y ∈ X
if:

(i) the element, s, is an upper bound of the set {x, y}, that is , x ≤ s and y ≤ s,

(ii) the element, s, is the least upper bound, that is, if x, y ≤ t then s ≤ t.

Suppose X is a partially ordered set and Y is a non-empty subset of X . If we
have y ≥ x for x ∈ X and all y ∈ Y , we say is x a lower bound of Y . The subset
Y is said to be bounded below. The infimum of a subset, (x, y) of a partially
ordered set X is denoted as inf(x, y) = x ∧ y. An element, s, is said to be the
infimum of the pair x, y ∈ X if:

(i) the element, s, is a lower bound of the set {x, y}, that is, s ≤ x and s ≤ y,

(ii) the element, s, is the greatest lower bound, that is, if t ≤ x, y then s ≤ t.

We say the point x0 ∈ X is a maximal element of X if there does not exist an
element that it is strictly larger than x0. That is, x0 ≤ x implies that x0 = x for
x ∈ X . If there exists an element x0 ∈ X such that x0 ≥ x for all x ∈ X , then x0

is referred to as the largest element of X . The minimal element and the smallest
element are defined in an analogous manner.

We now introduce the definition of a lattice as quoted from [47].

Definition 2.4. [47][Definition 1.3(iv)]
A partially ordered set X is referred to as a lattice if every subset of X consisting
of two points has a supremum and an infimum.

We now quote the properties of a lattice as provided in [47][Page 4-5].

Every finite subset of a latticeX has a supremum and infimum. If the elements in
the finite subset of a lattice X are x1, x2, ..., xn, then the supremum and infimum
of the set are denoted by ∨ni=1xi and ∧ni=1xi.

Definition 2.5. [47][Definition 2.1]
The lattice X is called distributive if for all x, y, z ∈ X ,

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).

We quote the below theorem which shows that the infimum operation is distribu-
tive over the supremum operation.
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Theorem 2.6. [47][Theorem 2.2]
The lattice X is called distributive if and only if for all x, y, z ∈ X ,

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)

In Chapter 2 of [47][Page 13], the below definitions are introduced.

Definition 2.7.
If for every pair of x, y ∈ E, an ordered vector space, there exists x∨y and x∧y,
then E is a Riesz space.

The collection of positive elements of E is defined by

E+ = {x : x ≥ 0}.

This collection of all x ∈ E satisfying x ≥ 0 is called the positive cone of
E.

Theorem 2.8. (Properties of the positive cone) [47][Page 16]
Let E be an ordered vector space and suppose that E+ is its positive cone. Then,
for x, y ∈ E+ and a ∈ IR, a ≥ 0,

(i) x, y ∈ E+ ⇒ x+ y ∈ E+,

(ii) x ≥ 0⇒ ax ≥ 0,

(iii) x,−x ∈ E+ ⇒ x = 0,

Proof.

(i) Since x, y ∈ E+, x ≥ 0, y ≥ 0. Hence, x+ y ≥ x ≥ 0 so by transitivity of
a partial order, we get

x+ y ≥ 0

and so by definition of a positive cone, x+ y ∈ E+.

(ii) Since x ≥ 0 and a ≥ 0, it follows from the positive homogeneity of a
partial order that ax ≥ 0.

(iii) Since E+ = {x : x ≥ 0} and x,−x ∈ E+,

−x ∈ E+ ⇒ −x ≥ 0

⇒ x ≤ 0 and x ≥ 0.

Therefore, x = 0 as a partial ordering is anti-symmetric.

The below theorem is taken from [47][Page 16].
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Theorem 2.9.
Let E be a Riesz space and suppose that E+ is its positive cone. Then, for
x, y, z ∈ E and a ∈ IR,

(i) x ≥ y ⇔ x− y ∈ E+,

(ii) x ≥ y ⇔ x = x ∨ y and y = x ∧ y,

(iii) x ≥ y ⇔

{
ax ≥ ay, for a > 0,

ax ≤ ay, for a < 0,

(iv) (x+ z)∨ (y+ z) = (x∨ y) + z . Likewise, (x+ z)∧ (y+ z) = (x∧ y) + z,

Proof.

(i) Suppose x ≥ y. Then since x, y ∈ E+, it follows that x ≥ 0 and y ≥ 0.
By subtracting y on both sides of the inequality x ≥ y, we get x− y ≥ 0.
Now, suppose x− y ∈ E+, then by definition of a positive cone,

x− y ≥ 0.

By adding y on both sides of the inequality x− y ≥ 0, we get x ≥ y.

(ii) Since E is a Riesz Space, it has the lattice properties and partial ordering.
Hence, x ≥ y implies that x is an upper bound of y ∈ E and y is a lower
bound of x in E. Thus, x = x ∨ y and y = x ∧ y.

(iii) Suppose a > 0, a ∈ IR. Then, by Linear Partial Ordering (ii), we get

x ≥ y ⇒ ax ≥ ay.

For a < 0, a ∈ IR, we have −a > 0. Let z = −x − y, then by Linear
Partial Ordering (i), we have

x ≥ y ⇒ x+ (−x− y) ≥ y + (−x− y)

⇒ −y ≥ −x.

Since (−a) > 0, multiplying by (−a) on both sides, we get

(−a)(−y) ≥ (−a)(−x).

Hence, we have ay ≥ ax.

(iv) Since x ∨ y ≥ x and x ∨ y ≥ y, we have (x ∨ y) + z ≥ x + z and
(x∨y)+z ≥ y+z, since x, y, z ∈ E+. Thus, (x∨y)+z ≥ (x+z)∨(y+z).
Now, (x+ z) ∨ (y + z) ≥ y + z and (x+ z) ∨ (y + z) ≥ x+ z.
So, (x+ z) ∨ (y + z)− z ≥ x ∨ y ⇒ (x+ z) ∨ (y + z) ≥ (x ∨ y) + z.

Further, (x ∨ y) + z ≥ x + z and (x ∨ y) + z ≥ y + z so (x ∨ y) + z ≥
(x+ z) ∨ (y + z).

17



Definition 2.10. [47][Page 17]
Let E be Riesz space. Then, for any x ∈ E

(i) x+ = x ∨ 0,

(ii) x− = −(x ∧ 0) = (−x) ∨ 0,

(iii) (x ∨ −x) = |x|.

Theorem 2.11. [47][Theorem 5.1]
Let E be a Riesz space with x ∈ E such that x ∨ 0 exists. Then,

(i) x+, x− ∈ E+,

(ii) x = x+ − x− and x+ ∧ x− = 0,

(iii) |x| = x+ + x−,

(iv) if x, y ∈ E and x+, y+ exist in E+, then x ≤ y ⇔ x+ ≤ y+ and x− ≥ y−.

Proof.

(i) By definition,
x+ = x ∨ 0 ≥ 0.

Thus, x+ ∈ E+.
By definition,

x− = (−x) ∨ 0 ≥ 0.

Thus, x− ∈ E+.

(ii) By definition of x+, x− in Definition 2.10 (i) and Definition 2.10 (ii),

x+ − x = (x ∨ 0)− x = (−x) ∨ 0 = x−

and

x+ ∧ x− = (x+ x−) ∧ x− = (x ∧ 0) + x− = −x− + x− = 0.

(iii) By Definition 2.10 (iii), we have,

|x| = x∨(−x) = (2x∨0)−x = 2(x∨0)−x = 2x+−(x+−x−) = x++x−.

(iv) Suppose x ≤ y. Since by part (ii) x = x+ − x−, we have

x ∨ 0 ≤ y ∨ 0⇒ x+ ≤ y+

and
(−x) ∨ 0 ≥ (−y) ∨ 0⇒ x− ≥ y−.
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Conversely, suppose that x+ ≤ y+ and x− ≥ y−. Then,

y+ + x− ≥ x+ + y−

⇒ x+ − x− ≤ y+ − y−.
Thus, by part (ii),

x ≤ y.

Theorem 2.12 (Properties of the supremum and infimum). [47][Theorem 5.2]
Let x, y ∈ E, a Riesz space. Then,

(i) x ∨ y = (y − x)+ + x = (x− y)+ + y,

(ii) x ∧ y = y − (y − x)+ = x− (x− y)+,

(iii) x ∨ y + x ∧ y = x+ y,

(iv) x ∨ y − x ∧ y = |x− y|,

Proof.

(i)

x ∨ y = ((y − x) ∨ 0) + x

= (y − x)+ + x.

(ii)

x ∨ y = ((x− y) ∧ 0) + y = −((y − x) ∨ 0) + y = y − (y − x)+.

(iii) Applying part (i) and (ii) of this theorem,

(x ∨ y) + (x ∧ y) = (x− y)+ + y + x− (x− y)+

= x+ y.

(iv)

(x ∨ y)− (x ∧ y) = (x− y)+ + y − y + (y − x)+

= (x− y)+ + (y − x)+

= |x− y|.

The standard decomposition of x ∈ E, a Riesz space, is given by x = x+ − x−.
This is the minimal decomposition of x as the difference of two non-negative
vectors, that is, x+ ∧ x− = 0 .
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2.2 Riesz Space Inequalities and Distributive Laws
We denote E as a Riesz space. We will now present the inequalities and distribu-
tive laws of Riesz spaces.

We quote from [33][Theorem 12.1].

Theorem 2.13.
Suppose E is a Riesz Space and let x, y ∈ E. Then,

(i) (x+ y)+ ≤ x+ + y+,

(ii) (x+ y)− ≤ x− + y−,

(iii) ||x| − |y|| ≤ |x+ y| ≤ |x|+ |y|.

Proof.

(i) By definition, x+ y ≤ x+ + y+ and 0 ≤ x+ + y+. Hence,

(x+ y) ∨ 0 ≤ x+ + y+

⇒ (x+ y)+ ≤ x+ + y+.

(ii) By definition,

(x+ y)− = (−(x+ y)) ∨ 0

= (−x− y)+

≤ (−x)+ + (−y)+

= x− + y−.

(iii) We will first show that |x+y| ≤ |x|+ |y|. Since by (i) (x+y)+ ≤ x+ +y+,
breaking this down yields x+ y ≤ x+ + y+ and 0 ≤ x+ + y+. Also by (ii),

(x+ y)− ≤ x− + y−.

Hence, |x+ y| ≤ |x|+ |y|.
To show that ||x|−|y|| ≤ |x+y|, we substitute x−y for x in the inequality
|x+ y| ≤ |x|+ |y|. Hence we get |x| − |y| ≤ |x− y| and |y| = |(y − x) +
x| ≤ |y − x| + |x| . So, |y| − |x| ≤ |y − x|. Substituting (−y) for y in
||x| − |y|| ≤ |x− y| yields ||x| − |y|| ≤ |x+ y|.

Theorem 2.14. [33][Theorem 12.2]
Suppose that D is a subset of a Riesz space E such that x0 = ∨x∈Dx exists in E,
then for all y ∈ E,

x0 ∧ y = ∨x∈D(x ∧ y).
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Proof.

Suppose that there exists x0 = ∨x∈Dx and let y ∈ E. Since xo ≥ x ∀ x ∈ D, it
follows that

x0 ∧ y ≥ x ∧ y ∀ x ∈ D.
Therefore, x0 ∧ y is an upper bound of the set of elements {x ∧ y : x ∈ D}.

Let k be the upper bound of this set, then

k ≥ x ∧ y = x+ y − (x ∨ y).

So,
k − y + (x ∨ y) ≥ x

holds ∀x ∈ D. It follows that

k − y + (x0 ∨ y) ≥ x

holds ∀x ∈ D. Hence,

k − y + (x0 ∨ y) ≥ ∨x∈Dx = x0;

that is
k ≥ y − (x0 ∨ y) + x0,

showing that any upper bound of the set {x ∧ y : x ∈ D} is greater or equal to
x0 ∧ y .

Corollary 2.15. [33][Corollary 12.3]
LetE be a Riesz space. Suppose that x, y, z are elements ofE. Then the following
holds: (x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧ z) and (x ∧ y) ∨ z = (x ∨ z) ∧ (y ∨ z).

So, a Riesz space is a distributive lattice with respect to its partial ordering.

For elements in a Riesz space, there is a decomposition property. We quote from
[47][Theorem 6.4]

Theorem 2.16. (Riesz decomposition property)
Let E be a Riesz space. Suppose that u, z1, z2 ∈ E+ satisfies u ≤ z1 + z2. Then
there exist u1, u2 in E+ such that u1 ≤ z1, u2 ≤ z2 and u = u1 + u2.

Proof.

Let u1 = u ∧ z1 and u2 = u− u1. Hence, 0 ≤ u1 ≤ z1. Since u1 ≤ u, it follows
that u− u1 ∈ E+. From above u = u1 + u2, hence

u2 = u− u1

= u− (u ∧ z1)

= (u− z1)+ by Theorem 2.12 (ii)

≤ z2
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Theorem 2.17. [47][Theorem 6.5]
Let x, y ∈ E and let u, v, w be elements of the positive cone E+. Then ,

(i) (u+ v) ∧ w ≤ (u ∧ w) + (v ∧ w),

(ii) (x+ y) ∨ w ≤ (x ∨ w) + (y ∨ w),

(iii) v ∧ w = 0 implies (u+ v) ∧ w = u ∧ w,

(iv) if u ∧ v = 0, then (u+ v) ∧ w = (u ∧ w) + (v ∧ w).
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2.3 Order convergence and Uniform convergence
We will now generalize the results from sequences to directed sets and provide
some fundamental results relating to the convergence of elements of a Riesz
space.

We quote the below definition from [47].

Definition 2.18. [47][Page 46]
Let E be a Riesz space. A sequence x1 ≤ x2 ≤ x3... in E is said to be increasing
and is denoted as xn ↑, n ∈ IN , if x = ∨n∈INxn exists, then we write xn ↑ x.
Similarly, a sequence x1 ≥ x2 ≥ x3... in E is said to be decreasing and is
denoted as xn ↓, n ∈ IN, if x = ∧n∈INxn exists, then this is denoted as xn ↓ x. If
xn ↑ x or xn ↓ x, then xn is said to converge monotonely.

Theorem 2.19. (Properties of monotone convergence) [33][Theorem 15.2]
Let xn, yn, n = 1, 2, ... denote a sequence in a Riesz Space E.

(i) If xn ↑ x, then xnk
↑ x for every subsequence (xnk

: k = 1, 2, ...) such that
n1 < n2 < ...,

(ii) For all a ≥ 0 ∈ IR, if xn ↑ x, then axn ↑ ax,

(iii) If xn ↑ x and yn ↑ y then xn + yn ↑ x+ y,

(iv) If xn ↑ x, yn ↑ and xn + yn ↑ x+ y, then yn ↑ y.

We now define order convergence.

Definition 2.20.
A sequence xn, n = 1, 2, ... in E is said to converge in order to x if there exists a
sequence yn ↓ 0 such that |xn − x| ≤ yn holds for all n. Note xn → x denotes
order convergence.

We quote the below from [47][Page 49].

Let E be a Riesz space. Suppose 0 < e ∈ E. The sequence xn, n = 1, 2, ... in E
is said to converge e-uniformly to x if for any number ε > 0 there exists an index
n(ε) such that |x− xn| ≤ εe for all n ≥ n(ε).

We note the below general properties of convergence as provided in [47][Theorem
10.2].

Theorem 2.21. (General properties of convergence) Let E be a Riesz space and
suppose we have xn, yn, n = 1, 2, ... in E.

(i) If xn → x, yn → y and a, b ∈ IR, then axn + byn → ax + by. Also,
xn ∨ yn → x ∨ y and xn ∧ yn → x ∧ y.

(ii) If xn → x and xn ≥ yn for all n then x ≥ y.

23



(iii) If xn → x, then (xnk
)→ x where (xnk

) is a subsequence of (xn).

Monotone sequences are a special case of a directed set which is defined below
as taken from [47][Definition 10.7].

Definition 2.22.
Let Λ be a non-empty set and denote the elements of Λ by α. SupposeE is a Riesz
space and also assume that for each element α ∈ Λ there is a mapping α 7→ xα
which maps from Λ to E. Λ is said to be the index set for the family (xα)α∈Λ.
The family (xα)α∈Λ is said to be upwards directed (denoted xα ↑α∈Λ) if for any
pair α1, α2 ∈ Λ there exists α3 ∈ Λ such that xα3 ≥ xα1 ∨ xα2 . If xα ↑α∈Λ and
x = ∨α∈Λ(xα) we write xα ↑α∈Λ x. In this case, (xα)α∈Λ is said to be upwards
directed with supremum x. The family (xα)α∈Λ is said to be downwards directed
(denoted xα ↓α∈Λ) if for any pair α1, α2 ∈ Λ, there exists α3 ∈ Λ such that
xα3 ≤ xα1 ∧xα2 . If xα ↓α∈Λ and x = ∧α∈Λ(xα) we write xα ↓α∈Λ x. In this case,
(xα)α∈Λ is said to be downwards directed with infimum x.

The results for directed sets are comparable to the results of sequences as shown
in the lemma below.

Lemma 2.23. [47][Lemma 2.16]
Let Λ be a non-empty set.

(i) If xα ↑α∈Λ x, then (xα : xα ≥ xα0) ↑α∈Λ x for any α0 .

(ii) If xα ↑α∈Λ x and 0 ≤ a ∈ IR, then axα ↑α∈Λ ax .

Upward and downward directedness can also be defined for subsets D of Riesz
space E that are not indexed as shown below.

Definition 2.24. [47][Definition 10.9]
The non-empty subset D of the Riesz space E is said to be upwards directed,
if for any two elements x and y in D, there exists an element z ∈ D such that
z ≥ x ∨ y. A downwards directed set is similarly defined.

A subset, say A, of a Riesz space is said to be order bounded from above if there
is a vector u such that a ≤ u for each a ∈ A. Subsets that are order bounded
from below are defined similarly. If a subset of a Riesz space is order bounded
from above and also order bounded from below, then the subset is called order
bounded. If the elements x, y of the partially ordered setX satisfy x ≤ y, then the
non-empty set [x, y] = {z : z ∈ X, x ≤ z ≤ y} is called an order interval in X .
So, a set is order bounded if and only if it is contained in an order interval.
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2.4 Riesz subspaces, ideals and bands
The below definitions are taken from [47][Definition 7.1] and [33][Definition
17.5].

Subsets of a Riesz space, E, are assumed to inherit the ordering from E.

(i) A subset V of E is called a Riesz subspace of E if;

(a) V is a linear subspace of E,

(b) x, y ∈ V , then x ∨ y, x ∧ y ∈ V .

(ii) A subset S of E is said to be solid if it follows from x ∈ S and |y| ≤ |x|
that y ∈ S.

(iii) A subset S of E is called an ideal if;

(a) S is a linear subspace of E,

(b) if x ∈ S and |y| ≤ |x|, then y ∈ S.

that is, S is a solid linear subspace of E. If S is an ideal generated by a
singleton, then S is called a principal ideal.

(iv) An ideal B in E is called a band if whenever a subset of B has a supre-
mum in E, then this supremum is already in B. The band generated by a
singleton is called a principal band.

Theorem 2.25. [47][Theorem 7.2]
Let E be a Riesz space.

(i) Every band in E is an ideal and every ideal in E is a Riesz subspace. The
trivial spaces-{0} and the space E itself are bands,

(ii) Every Riesz subspace (respectively, ideal, band) of a Riesz subspace (re-
spectively, ideal, band) of E is itself a Riesz subspace (respectively, ideal,
band) of E.

Theorem 2.26. [47][Theorem 7.4]
Let E be a Riesz space.

(i) Any intersection of Riesz subspaces ofE (respectively, ideal, band) is again
a Riesz subspace (respectively, ideal, band).

(ii) Suppose that B is an ideal in E. If for each D ⊂ B with D containing
finite suprema, we have that supD ∈ B if supD exists, then B is a band in
E.

For any non-empty subset D of E, the Riesz space generated by D is defined as
the intersection of all Riesz subspaces of E containing D. The ideal and band
generated by D can be similarly defined. The ideal generated by D is denoted by
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AD. If D is a singleton, then AD = Ax, x ∈ D and Ax is called a principal ideal.
A band generated by a singleton is called a principal band.

26



2.5 Disjointness, algebraic and direct sums and disjoint com-
plements

We now give the fundamental results of disjointness that are relevant to this dis-
sertation.

We quote the definitions and following text from [47][Page 34].

Definition 2.27. [47][Page 34]
The elements x and y in a Riesz space, E, are said to be disjoint (denoted ⊥) if
|x| ∧ |y| = 0.

Definition 2.28. [47][Page 34]
If D is a non-empty subset of E, then the set

Dd = {x ∈ E : x⊥y for all y ∈ D} (9)

is called the disjoint complement of D.

A disjoint complement of Dd is called the second disjoint complement of D and
is denoted Ddd = (Dd)d.

If D1 and D2 are non-empty subsets in E such that for every d1 ∈ D1 and
d2 ∈ D2, we have d1⊥d2 then D1 and D2 are said to be disjoint, denoted
D1⊥D2.

If A and B are subsets of the vector space V , the algebraic sum of A and B is
defined by

A+B = {x1 + x2 : x1 ∈ A, x2 ∈ B}. (10)

If A and B are linear subspaces of V , then A + B is also a linear subspace.
If A ∩ B = {0}, then the representation x = x1 + x2 (x1 ∈ A, x2 ∈ B) is
unique. In this case, A + B is now called the direct sum of A and B denoted by
A
⊕

B.

Theorem 2.29. [47][Theorem 8.1]
If E is a Riesz space, then for x, y, z ∈ E:

(i) if x⊥y and |z| ≤ |x|, then z⊥y,

(ii) if x⊥y and a ∈ IR, then ax⊥y,

(iii) if x1⊥y and x2⊥y, then (x1 + x2)⊥y,

(iv) if D is a subset of E such that x0 = supD exists and y⊥x holds for all
x ∈ D, then y⊥x0,
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Proof.

(i) Suppose x⊥y and |z| ≤ |x|. Then,

0 ≤ |z| ∧ |y| ≤ |x| ∧ |y| = 0.

Hence, |z| ∧ |y| = 0

(ii) Suppose x⊥y and a ∈ IR. If |a| ≤ 1, then |ax| ≤ |x|, Thus, by (i), ax⊥y.
Now, suppose |a| > 1, then since

|ax| ∧ |ay| = |a|(|x| ∧ |y|) = 0,

it follows that ax⊥ay. Thus, ax⊥y since |y| ≤ |ay|.

(iii) Suppose x1⊥y and x2⊥y. From Theorem 2.17, we have

0 ≤ |x1 + x2| ∧ |y| ≤ (|x1|+ |x2|) ∧ |y| ≤ |x1| ∧ |y|+ |x2| ∧ |y| = 0.

Thus, (x1 + x2)⊥y.

(iv) Suppose D is a non-empty subset of E such that x0 = supD exists. Then,
since x0 = sup(x : x ∈ D), we have

x0 ∨ z = sup(x ∨ z : x ∈ D)

for any z ∈ E, in particular for z = 0. Hence,

x+
0 = sup(x+ : x ∈ D).

We also have
x0 ∧ z = sup(x ∧ z : x ∈ D)

for any z ∈ E. Thus, for z = 0, we have −x−0 = inf(−x− : x ∈ D) so
x−0 = inf(x− : x ∈ D).

Suppose now that y⊥D, then y⊥x+ and y⊥x− for every x ∈ D. So,

x+
0 ∧ |y| = sup(x+ ∧ |y| : x ∈ D) = sup0 = 0

x−0 ∧ |y| ≤ x− ∧ |y| = 0

for every x ∈ D . Thus, x−0 ∧ |y| = 0. Hence, x+
0 ⊥y and x−0 ⊥y. It follows

that x0⊥y.

We quote the below from [33][Theorem 17.6].

Theorem 2.30. [33] [Theorem 17.6]
Let A and B be ideals in a Riesz space E. Then,

(i) A+B is an ideal in E,
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(ii) A⊥B (that is, for every x ∈ A and every y ∈ B, x⊥y)⇔ A ∩B = {0},

(iii) if x, y ∈ A
⊕

B and x = x1 + x2, y = y1 + y2 (x1, y1 ∈ A, x2, y2 ∈ B),
then x ≤ y ⇒ x1 ≤ y1 and x2 ≤ y2.

Proof.

(i) Since A and B are ideals in E, A + B is a linear subspace of E. Suppose
x ∈ A + B, y ∈ E such that |y| ≤ |x|. For x1 ∈ A, x2 ∈ B, we have
x = x1 + x2. Hence,

y+ ≤ |y| ≤ |x| ≤ |x1|+ |x2|.

It follows from Theorem 2.16 that there exists u1, u2 ∈ E+ such that y+ =
u1 + u2, 0 ≤ u1 ≤ |x1|, 0 ≤ u2 ≤ |x2|. Since A and B are ideals,
consequently u1 ∈ A, u2 ∈ B so y+ ∈ A + B. Similarly, it follows that
y− ∈ A+B. Hence, A+B is an ideal.

(ii) Suppose A⊥B and let x ∈ A ∩B. Then,

|x| ∧ |x| = 0

⇒ |x| = 0

⇒ x = 0.

Hence, A ∩B = {0}.

Now, suppose A ∩B = {0} and x1 ∈ A, x2 ∈ B. Then,

|x1| ∧ |x2| ≤ |x1| ⇒ |x1| ∧ |x2| ∈ A

and
|x1| ∧ |x2| ≤ |x2| ⇒ |x1| ∧ |x2| ∈ B.

Hence, |x1| ∧ |x2| = 0 since the above shows that |x1| ∧ |x2| ∈ A ∩B.

(iii) Suppose that u ≥ 0 with the decomposition u = u1 + u2, u1 ∈ A, u2 ∈ B.
Separating u1 and u2 into their positive and negative parts gives u = (u+

1 +
u−2 )− (u−1 + u−2 ).
Now,

u1 ∈ A⇒ |u1| ∈ A.

Hence, u+
1 ∈ A, u−1 ∈ A.

The below remark and example were taken from [12][Page 13].
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Remark 2.31.
For ideals A,B ∈ E, a Riesz Space, A+ B is also an ideal. However, for bands
D,F ∈ E, a Riesz Space, F + D is not necessarily a band as illustrated by the
following example.

Example 2.32.
Consider C([0, 1]), the space of continuous functions on [0, 1]. We define x ≤ y
and suppose f(x) ≤ f(y) holds for x, y ∈ [0, 1], f ∈ C([0, 1]. Then, C([0, 1]) is
a lattice and an ordered vector space. Hence, C([0, 1]) is a Riesz space.

Let A and B be bands in C([0, 1]) defined by,

A = {f : f(x) = 0, 0 ≤ x ≤ 1

2
},

B = {f : f(x) = 0,
1

2
≤ x ≤ 1},

Then, A+B = {f : f(1
2
) = 0} which is not a band.

Theorem 2.33. [33][Theorem 19.2]
Let D be a non-empty set of E. Then,

(i) Dd is a band in E,

(ii) D ⊂ Ddd and Dd = Dddd,

(iii) Dd ∩Ddd = {0} so Dd +Ddd = Dd
⊕

Ddd.
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2.6 Projections
We quote the below theorem from [47][Theorem 11.1].

Theorem 2.34. [47][Theorem 11.1]
Let E be a Riesz space. Let A and B be disjoint ideals in E. If A

⊕
B = E, then

B = Ad and A = Bd. Hence, A = Add, B = Bdd and A and B are bands.

Proof.
Suppose A,B are disjoint ideals in E with A

⊕
B = E, then B ⊆ Ad. Now,

suppose 0 ≤ u ∈ Ad, then since A is disjoint from B, u = u1 +u2 with 0 ≤ u1 ∈
A and 0 ≤ u2 ∈ B. Since 0 ≤ u1 ≤ u ∈ Ad holds now, it follows that u1 ∈ Ad.
Also, u ∈ A. Hence, u1 = 0. Thus, u = u2 ∈ B ⇒ Ad ⊆ B. Therefore,
Ad = B.

We paraphrase the below from [47][Page 56-57].

A mapping between vector spaces, T : V → W is called a linear operator if for
all a, b ∈ IR and x, y ∈ V ,

T (ax+ by) = aT (x) + bT (y)

We define T1T2x = T1(T2x) for any two operators, T1, T2. If T 2 = TT = T then
the operator T : V → V called idempotent.

If B is a band in a Riesz space E such that B
⊕

Bd = E, then B is called a
projection band. PB is called the band projection on the projection bandB.

Theorem 2.35. [47][Theorem 11.4]
Suppose that E is a Riesz space. The band B ∈ E is a projection band if for any
u ∈ E+, we have

u1 = ∨v∈B;0≤v≤uv

exists. We call u1 the component of u in B. if

u2 = ∨w∈Bd;0≤w≤uv

exists then u2 is the component of u in Bd and we have that u = u1 + u2.

Theorem 2.36. [47][Theorem 11.4]
Let E be a Riesz space. For any x ∈ E+, we denote the component of x in
the projection band B by PBx. PB is a mapping from E into itself and has the
following properties;

(i) PB is a projection,

(ii) for all u ∈ E+, 0 ≤ PBu ≤ u

PB is called the band projection onto the projection band B.
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To give more properties of band projections, we require the concept of Archimedean
space. These spaces provide uniqueness of order limits in Riesz spaces.

We quote the below immediate definition and theorem from [47][Page 39].

Definition 2.37. [47][Page 39]
A Riesz space E is said to be Archimedean if

inf(n−1u : n = 1, 2, ...) = 0

holds for every u ∈ E+.

Theorem 2.38. [47][Theorem 32.1]
If B1, B2 are projection bands in the Archimedean Riesz space E then B3 =
B1 ∩ B2 is a projection band and the corresponding band projections satisfy
P1P2 = P3 = P2P1.

This theorem leads to the following theorem.

Theorem 2.39. [47][Theorem 32.2]
If E is an Archimedean Riesz space with projection bands B1, B2 and the corre-
sponding band projections P1, P2, then the following are equivalent:

(i) B1 ⊂ B2.

(ii) P1P2 = P1 = P2P1.

(iii) P1 ≤ P2.
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2.7 Dedekind Completeness
We provide the below definitions and theorems taken from [47].

Definition 2.40. [47][Theorem 12.1]
A Riesz space E is called Dedekind complete if every non-empty subset of E+

that is bounded above has a supremum.

Definition 2.41. [47][Theorem 12.1]
A Riesz space E is called Dedekind σ-complete if every non-empty countable
subset of E+ that is bounded above has a supremum.

Theorem 2.42. [47][Theorem 12.3]
Let E be a Riesz space. If E is Dedekind complete, then E is Dedekind σ-
complete which implies E is Archimedean.

Theorem 2.43. [33][Theorem 23.8]
Let E be Dedekind complete. Then,

(i) if A and B are bands such that A ∩B = {0}, then A
⊕

B is also a band.

(ii) for any band B, B
⊕

Bd = E.

Definition 2.44. [47][Definition 23.5]
Let E be a Riesz space and e ∈ E, e ≥ 0. Then e is called a weak order unit of
E if the band in E generated by e is E.

As shown in [33], every band is a principal band in a Dedekind complete space
with weak order units. Since Ae is an ideal and a ∈ IR, every element y ∈ E
such that |y| ≤ |ae| is an element of Ae. Conversely, the set of all y satisfying
the aforementioned inequality is an ideal in E that contains Ae. Thus, Ae can be
explicitly written as follows,

Ae = {y ∈ E||y| ≤ |ae|, a ∈ IR}.

This formula can be generalized in the case where D is a finite subset of E with
elements e1, e2, ..., en, n ∈ IN to,

AD = {y ∈ E||y| ≤
n∑
i=1

|aiei|, ai ∈ IR}.
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3 Linear properties, Conditional expectations and
Independence in Riesz Spaces

3.1 Linear Operators
We now review linear operators and their properties in Riesz spaces. The results
presented in this chapter and any details of omitted proofs can be found in [49,
33, 47, 48, 46, 24, 43]. Linear properties are very important in the translation of
random processes to Riesz spaces.

From Chapter 2, we showed that a mapping between ordered vector spaces, T :
V → W is called a linear operator if for all a, b ∈ IR and x, y ∈ V ,

T (ax+ by) = aT (x) + bT (y).

Suppose that T is an operator. The space of all operators from V into W is
denoted IL(V,W) and it is a vector space.

We note the below definition and subsequent paragraphs from [47][Page 122].

Definition 3.1.
Let V,W be ordered vector spaces and T ∈ IL(V,W).

(i) T is a positive operator, denoted T ≥ 0, if T maps the positive cone of V
into the positive cone of W .

(ii) T is called a regular operator if T = T1 − T2 for some positive operators
T1, T2. The set of all regular operators between V and W is denoted by
ILr(V,W).

(iii) The order interval [g, f ] is a subset of V of the form {h ∈ V |g ≤ h ≤ f}.
T is called an order bounded operator if T maps order intervals of V into
order intervals of W . The set of all order bounded operators from V into
W is denoted by ILb(V,W).

Theorem 3.2. [47][Theorem 18.3]
Let V,W be ordered vector spaces and operator T ∈ IL(V,W). If T is a regular
operator then T is order bounded.

Definition 3.3. [47][Definition 19.1]
The linear operator T between the Riesz spaces E and F , is said to be a Riesz
homomorphism if for all f, g ∈ E,

T (f ∨ g) = Tf ∨ Tg.

Thus, every Riesz homomorphism is a positive operator.
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We now show that this is a characterization of a Riesz homomorphism and hence
every band projection is a Riesz homomorphism.
Consider the band projection P onto projection band B in Riesz space E. Since
0 ≤ Pf ≤ f for every f ≥ 0 in E, it follows that f ∧ g = 0 implies that
Pf ∧ Pg = 0.

We note the below definition from [47][Definition 21.1].

Definition 3.4.
Let E and F be Riesz spaces and T : E → F . Then T is said to be an order
continuous operator if and only if for any directed set D ⊂ E with D ↓ 0 we
have that ∧f∈D|Tf | = 0.

Theorem 3.5. [47][Theorem 21.2]
Let E and F be Riesz spaces and consider operators T and S mapping from E
to F .

(i) If T is order continuous, then for all scalars a, aT is order continuous.

(ii) If T ≥ 0, then T is order continuous if and only if D ↓ 0 in E implies
Tf ↓f∈D 0 in F .

(iii) If T ≥ 0 is order continuous and 0 ≤ S ≤ T , then S is order continuous.

3.2 Conditional expectations
We now have the tools that enable us to define the concept of a conditional ex-
pectation in a Riesz space. It is shown in [35] that defining stochastic processes
through probability measure is equivalent to working through conditional expec-
tations.

We now provide the definition and properties of a conditional expectation in the
Riesz space setting as quoted and referenced below.

Theorem 3.6. [24][Theorem 2.2]
Let E be a Riesz space with weak order unit and T be a positive order continuous
projection on E. There is a weak order unit e of E with Te = e if and only if Tw
is a weak order unit of E for each weak order unit w in E.

We note the below definition of a conditional expectation as provided in [24].

Definition 3.7. [25][Definition 2.3]
Let E be a Riesz space with weak order unit e. A positive order continuous
projection T on E with range,R(T ), a Dedekind complete Riesz subspace of E,
is called a conditional expectation if Te is a weak order unit of E for each e in
E.
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In order to mirror the classical setting, we require that R(T ) is Dedekind com-
plete.

We say that a Riesz space, E, is universally complete if E is Dedekind com-
plete and every subset of E which consists of mutually disjoint elements has a
supremum in E. A Riesz space that is universally complete and contains E as an
order dense Riesz subspace is called the universal completion ofE. The universal
completion is denoted by Eu.

We quote the below definition from [23][Page 3].

Let E be a Dedekind complete Riesz space with weak order unit and T a strictly
positive conditional expectation onE. Then, the spaceE is said to be T -universally
complete if for each increasing net (fα) in E+ with (Tfα) order bounded in the
universal completion Eu, we have that (fα) is order convergent.

3.2.1 Commutation properties

Lemma 3.8. [24][Lemma 3.1]
Let E be a Riesz space with a weak order unit and T be a conditional expectation
on E. Let B be the band in E generated by 0 ≤ g ∈ R(T ) and P be the band
projection onto B. Then,

(i) Tf ∈ B for each f ∈ B,

(ii) Pf, (I − P )f ∈ R(T ) for each f ∈ R(T ), where I denotes the identity
map,

(iii) Tf ∈ Bd for each f ∈ Bd.

Theorem 3.9. [24][Theorem 3.2]
Let E be a Dedekind complete Riesz space with weak order unit, T a conditional
expectation on E and B be the band in E generated by 0 ≤ g ∈ R(T ), with
associated band projection P . Then, TP = PT .

Proof.
Suppose x ∈ B and y ∈ Bd then Lemma 3.8 gives

TP (x+ y) = TPx

= Tx ∈ B

since x ∈ B. So, PTx = Tx.
Further by Lemma 3.8(iii), Ty ∈ Bd so PTy = 0. Thus,

Tx = PTx = PTx+ PTy = PT (x+ y).

Hence, TP = PT since E = B
⊕

Bd.
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The above theorem shows that each conditional expectation on a Riesz space
commutes with band projections associated with bands generated by elements
from the range of the conditional expectation and underlies the averaging prop-
erties of conditional expectations.

We quote the below definition of an f-algebra from [24], [page 5].

Let E be a Dedekind complete Riesz space with weak order unit e. Then, E is
said to be an f-algebra if the below properties hold:

(i) xy ≥ 0 for all x, y ∈ E+,

(ii) Multiplication is associative, that is, for all x, y, z ∈ E,

(xy)z = x(yz).

(iii) Multiplication is distributive, that is, for a, b ∈ IR and x, y ∈ E,

z(ax+ by) = azx+ bzy

(iv) e is the multiplicative unit, that is, for x ∈ E,

ex = x.

(v) For x, y ∈ E, x ∧ y → (xz) ∧ y = (zx) ∧ y = 0 for all z ∈ E.

Theorem 3.10. [24] [Theorem 4.2]
Let E be a Dedekind complete Riesz space with a weak order unit e and T be a
conditional expectation on E with Te = e. For each g ∈ R(T )+, there exists a
sequence (sn) such that sn ↑ g in order. Here, each sn is of the form

∑k
i=1 aiPie,

where ai ∈ IR+ and Pi is a band projection which commutes with T .

Proof.
Suppose that Bn

j is the band generated by (f − j2−ne)+ and let P̃ n
j denote the

associated band projection for j = 1, ..., n2n. Let P̃ n
0 = I and P̃ n

n2n+1 = 0.
Denote P n

j = P̃ n
j−1 − P̃ n

j and αnj = (j − 1)2−n for j = 1, ..., 1 + n2n. Then,

sn =
1+n2n∑
j=1

αnj P
n
j e ↑ nf,

where this convergence is with respect to order. Since (f − j2−ne)+ ∈ R(T ),
Theorem 3.9 applies, giving that P n

j commutes with T .
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Corollary 3.11. [24][Theorem 4.3]
Let E be a Dedekind complete Riesz space with a weak order unit e and T be
a conditional expectation on E with Te = e. If E is an f - algebra and e is the
multiplicative unit of the f - algebra, then T (gf) = gTf for each g ∈ R(T ) and
f ∈ E.

Proof.
Suppose f ∈ E+ and g ∈ E+. By Theorem 3.10, there exist real numbers αnj and
band projections P n

j which commute with T such that gn ↑ g e-uniformly, where

gn =
kn∑
j=1

αnj P
n
j e ∈ R(T )+.

Multiplying the above by f gives

gnf = (
kn∑
j=1

αnj P
n
j e)f

=
kn∑
j=1

αnj P
n
j f

since e is the multiplicative unit and multiplication commutes with band projec-
tions because E is an f-algebra. Further, applying T to the above gives us

T (gnf) = T (
kn∑
j=1

αnj P
n
j f)

=
kn∑
j=1

αnj TP
n
j f

=
kn∑
j=1

αnj P
n
j Tf

= gn(Tf).

Also for |f | ≤Me, M a constant

|pf − qf | = |p− q||f |
≤M |p− q|

for p, q ∈ E. Thus, multiplication is e-uniformly continuous. It follows that
gnf ↑ gf and gn(Tf) ↑ g(Tf) which along with order continuity of T gives us
T (gnf) ↑ T (gf). Combining these results completes the proof.
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3.3 Independence in Riesz spaces
Just as the probability measure and the multiplicative properties of the positive
real numbers are essential in the study of independence in probability theory, the
conditional expectation operator and composition are essential to the study of
independence in Riesz spaces.

In [46], B.A Watson proves the Radon-Nikodym theorem in Riesz Spaces which
like the Radon-Nikodym theorem in probability and measure theory, has enabled
the proving of many results regarding independence in Riesz Spaces. Watson
also proved the Hahn Decomposition theorem in Riesz Spaces in the same pa-
per.

LetB(F ) be the class of all band projections on a Dedekind complete Riesz Space
E with Pe ∈ F , where P denotes a band projection and e, a weak order unit. F
denotes a Dedekind complete Riesz subspace of a Riesz space E which contains
R(T ).

Let f ∈ E. Then, J ∈ B(F ) is said to be positive with respect to (T, f) if
TPf ≥ 0 for all P ∈ B(F ) such that P ≤ J . T in this is a strictly positive
conditional expectation operator acting on the Dedekind complete Riesz Space
E with weak order unit e = Te. Similarly, J ∈ B(F ) is said to be negative with
respect (T, f) if TPf ≤ 0 for all P ∈ B(F ) such that P ≤ J . J is said to be
strictly positive if J is positive with respect to (T, f) and TJf 6= 0.

We will now state the Hahn-Jordan decomposition theorem in Riesz Spaces as
proven by Watson in [46]. This theorem provides a decomposition of B(F )→ E
with P → TPf .

Theorem 3.12. Hahn-Jordan Decomposition[46][Theorem 3.5]
Let E be a Dedekind complete Riesz space with strictly positive conditional ex-
pectation operator, T , and weak order unit, e = Te. Let F be a Dedekind com-
plete Riesz subspace of E with R(T ) ⊂ F and let f ∈ E. There exists a band
projection Q ∈ B(F ) which is positive with respect to (T, f) and has I − Q
negative with respect to (T, f).

We note the below theorem from [46]. Please note that by F being an order
closed Riesz subspace of a Riesz space E we mean that F is a Riesz subspace of
E and if (xα) is a net in F convergent to f in E then f ∈ F and (xα) converges
to f in F .

Theorem 3.13. (Radon-Nikodym)[46][Theorem 4.1]
Let E be a T -universally complete Riesz space with weak order unit, e = Te,
where T is a strictly positive conditional expectation operator on E. Let F be a
closed Riesz subspace of E with R(T ) ⊂ F , there exists a unique g ∈ F+ such
that

TPf = TPg (11)
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for all P ∈ R(T ).

Lemma 3.14. [46][Lemma 5.6]
Let T be a strictly positive conditional expectation operator on the T -universally
complete Riesz space, E, with weak order unit e = Te. Let F be a closed Riesz
subspace of E with B(F ) ⊂ F . The map TF is additive on E+ and has

TPTF (f) = TPf (12)

for all P ∈ B(F ), f ∈ E+.

Also note that the results can be extended toE as each f ∈ E can be decomposed
as f = f+ − f−, f+, f− ∈ E.

Corollary 3.15. (Douglas-Ando)[46][Corollary 5.9]
Let T be a strictly positive conditional expectation operator on the T -universally
complete Riesz space, E, with weak order unit, e = Te. The subset F of E is a
closed Riesz subspace of E with R(T ) ⊂ F if and only if there is a conditional
expectation TF on E with R(TF ) = F and TTF = T = TFT . In this case TFf
for f ∈ E+ is uniquely determined by the property that

TPf = TPTFf (13)

for all band projections on E with Pe ∈ F .

We note the below definition of independence with respect to a conditional ex-
pectation operator T taken from [26] [Definition 4.1].

Definition 3.16.
Let E be a Dedekind complete Riesz space with conditional expectation T and
weak order unit e = Te. Let P and Q be band projections on E, we say that P
and Q are independent with respect to T and e if

TPTQe = TPQe = TQTPe

P andQ are said to be T-conditionally independent if they are defined as above.

Suppose our Riesz Space is the set of integrable functions, that is,E = L1(ω,A, µ),
where µ is a probability measure and T is the expectation operator

Tf =

∫
ω

fdµ = E[F ]1. (14)

We have that the band projections on E are maps of the form pf = fχA and
Qf = fχB, where A,B ∈ A.

The above shows that, with the aforementioned conditions, the independence of
P and Q corresponds to the classical independence of A and B.
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As shown by Vardy and Watson in [43], the weak order unit e = Te selected does
not change the above definition.

Theorem 3.17. [43][Theorem 3.2]
Suppose E is a Dedekind complete Riesz space with conditional expectation, T ,
and let e be a weak order unit which is invariant under T . The band projections P
and Q in E are T -conditionally independent if and only if TPTQw = TPQw =
TQTPw for all w ∈ R(T ).

Corollary 3.18. [43][Corollary 3.3]
Let E be a Dedekind complete Riesz space with conditional expectation, T , and
let e be a weak order unit which is invariant under T . Let Pi ,i = 1, 2, be
band projections on E. The band projections, Pi ,i = 1, 2, are T -conditionally
independent if and only if the closed Riesz subspaces Ei = (Pie,R(T )), i = 1, 2,
are T -conditionally independent.

The above corollary shows that T -conditional independence of the closed Riesz
subspaces (hPe,R(T )i) and (hQe,R(T )i) generated by P e and R(T ) and by
Qe and R(T ) respectively equates T -conditional independence of the band pro-
jections P and Q.

Theorem 3.19. [43][Theorem 3.4]
Let E1 and E2 be two closed Riesz subspaces of the T -universally complete Riesz
space E with strictly positive conditional expectation operator T and weak order
unit e = Te. Let S be a conditional expectation on E with ST = T . If R(T ) ⊂
E1 ∩ E2 and T<R(S),Ei> is the conditional expectation having as its range the
closed Riesz subspace of E generated by R(S) and Ei , then the spaces E1 and
E2 are S-conditionally independent, if and only if

TiT<R(S),E3−i>i = TiST<R(S),E3−i>

i = 1, 2, where Ti is the conditional expectation commuting with T and having
range Ei.

Corollary 3.20. [43][Corollary 3.5]
Let E1 and E2 be two closed Riesz subspaces of the T -universally complete Riesz
space E with strictly positive conditional expectation operator T and weak order
unit e = Te. IfR(T ) ⊂ E1∩E2 , then the spacesE1 andE2 are T - conditionally
independent, if and only if

T1T2 = T = T2T1, (15)

where Ti is the conditional expectation commuting with T and having range Ei.

Definition 3.21. [43][Definition 3.8]
Let E be a Dedekind complete Riesz space with conditional expectation T and
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weak order unit e = Te. Let (Eλ)λ∈Λ be a family of closed Dedekind complete
Riesz subspaces of E havingR(T ) ⊂ Eλ and let the Riesz space generated by all
Eλ be denoted by EΛ =< ∪λ∈ΛEλ >. The family is said to be T -conditionally
independent if, for each pair of disjoint sets Λ1,Λ2 ⊂ Λ, we have that EΛ1 and
EΛ2 are T -conditionally independent.

The below definition of T-conditional independence for sequences follows as pro-
vided in [43].

Definition 3.22. [43][Definition 3.9]
Let E be a Dedekind complete Riesz space with conditional expectation T and
weak order unit e = Te. We say that the sequence (sn) ∈ E is T -conditionally
independent if the family < {sn} ∪ R(T ) >, n ∈ IN of Dedekind complete Riesz
spaces is T -conditionally independent.
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4 Bernoulli processes in Riesz spaces
In this chapter, we will introduce bernoulli processes in Riesz Spaces as proven
by Kuo, Watson and Vardy in [23].

The multiplicative structure of an f-algebra is used to access the averaging prop-
erties of conditional expectation operators. F-algebras provide a multiplicative
structure that is compatible with the order and additive structures on the space.
For a Dedekind complete Riesz spaceE and a weak order unit e ofE, the ideal of
E generated by e,Ee, has a natural f-algebra since associativity, distributivity and
positivity hold in Ee satisfying the definition of an f-algebra as defined on page
37. By setting (Pe) · (Qe) = PQe = (Qe) · (Pe) for band projections P and Q
and extending to Ee by use of Freudenthal’s Theorem, a natural f-algebra struc-
ture can be constructed. The multiplicative structure is extended to the universal
completion by this process and in E+, under this multiplication; associativity,
distributivity and positivity hold. In this setting, e is the multiplicative unit.

We recall the below definition from [23][Page 3].

Definition 4.1.
Let E be a Dedekind complete Riesz space with weak order unit and T a strictly
positive conditional expectation onE. Then, the spaceE is said to be T -universally
complete if for each increasing net (fα) in E+ with (Tfα) order bounded in the
universal completion Eu, we have that (fα) is order convergent.

Wen-Chi Kuo, C.C.A Labuschagne and B.A Watson show in [24] that the space
and the conditional expectation operator can be extended to make the extended
space T -universally complete with respect to the extended T , if the space E is
not originally complete. From [16, 22], the extended space is also known as the
natural domain of T , denoted dom(T ).

We note the below results as provided in [23].

Theorem 4.2. [23][Page 4]
Suppose that E is T -universally complete with L1(T ) = dom(T ) = E. Since the
universal completion of E (Eu) is an f -algebra, we can define a vector space

L2(T ) := {x ∈ L1(T )|x2 ∈ L1(T )}. (16)

Proof.

For f, g ∈ L2(T )

0 ≤ (f ± g)2

= f 2(±)2fg + g2.

Re-arranging gives us that

(±)2fg ≤ f 2 + g2
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and

2|fg| ≤ f 2 + g2 ∈ L1(T ) = E.

Thus, fg ∈ L1(T ) = E. It also follows from the above that L2(T ) is a vector
space.

We note the below lemma taken from [23][Lemma 3.1].

Lemma 4.3. [23]
Let E be a Dedekind complete Riesz space with weak order unit, e, and suppose
that T is a conditional expectation operator on E with Te = e. If f, g, fg ∈ E
with g ∈ R(T ) then g · Tf ∈ E and T (fg) = g · Tf .

Theorem 4.4. [23][Theorem 3.2]
Let E be a T -universally complete Riesz space with weak order unit, e, where T
is a strictly positive conditional expectation operator with Te = e and let S be a
conditional expectation operator on E with TS = T = ST . If f ∈ L2(T ), then
Sf ∈ L2(T ).

Corollary 4.5. [23][Corollary 3.3]
Let E be a T -universally complete Riesz space with weak order unit, e, where T
is a strictly positive conditional expectation operator with Te = e. Let S, J be
conditional expectation operators on E with TS = T = ST , TJ = T = JT and
JS = J = SJ . If f, g ∈ L2(T ) then S(f · Jg) = Jg · S(f).

Proof.
Since g ∈ L2(T ) it follows from Theorem 4.4 that Jg ∈ L2(T ). Now f, Jg ∈
L2(T ) so f, Jg, f · Jg ∈ E so from Lemma 4.3 it follows that Jg · Sf ∈ E and
S(f · Jg) = Jg · Sf .

Theorem 4.6. (Tchebichev’s Inequality) [23] [Theorem 3.4]
Let E be a Dedekind complete Riesz space with conditional expectation T and
weak order unit e = Te. Let f ∈ L2(T ), f ≥ 0 and ε ∈ IR, ε > 0, then

TP(f−εe)+e ≤
1

ε2
T (f 2).

We note the below lemma taken from [23].

Lemma 4.7. [23][Lemma 4.1]
Let E be a T -universally complete Riesz space with weak order unit, e = Te,
where T is a strictly positive conditional expectation operator on E. Let f, g ∈
L2(T ). If f, g are T -conditionally independent then

Tfg = Tf · Tg = Tg · Tf. (17)
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From Theorem 4.4, (f − Tf) ∈ L2(T ) since f ∈ L2(T ) implies Tf ∈ L2(T ).
Thus, (f − Tf)2 ∈ L1(T ). Hence, ∀ f ∈ L2(T ), T (f − Tf)2 exists. As shown
in [23], the variance of f is now defined by

var(f) = T (f − Tf)2 = Tf 2 − (Tf)2.

We note the below result and following text taken from [23].

Theorem 4.8. (Bienayme Equality) [23][Theorem 4.2]
Let E be a T - universally complete Riesz space with weak order unit, e = Te,
where T is a strictly positive conditional expectation operator on E. If (fk)k∈N
is a T -conditionally independent sequence in L2(T ), then for each n ∈ N,

var(
n∑
k=1

fk) =
n∑
k=1

var(fk). (18)

Let (Pk)k∈IN be a sequence of T -conditionally independent band projections and
E be a Dedekind Riesz space with weak order unit e and conditional expectation
operator T with Te = e. (Pk)k∈N is called a Bernoulli process if TPke = f
for all k ∈ N for some fixed f ∈ E. Hence, the pay-off at time n is Sn =∑n

j=1 Pje.

The following theorem is from the Bernoulli processes in Riesz Spaces paper by
Kuo, Watson and Vardy [23].

Theorem 4.9 (Poisson Theorem). [23][Theorem 5.6]
Let E be a T -universally complete Riesz space with weak order unit, e = Tλe,
where T is a strictly positive conditional expectation operator on E and Pn,k,
k = 1, ..., n, n ∈ N, be T -conditionally independent band projections with
TPn,ke = λn for all k = 1, ..., n, n ∈ N. If Sn =

∑n
k=1 Pn,ke are T -conditionally

independent with TSn = λ, n ∈ N, then for each j = 0, 1, ...,

TPSn=je
e→ λj

j!
e−λ

e-uniformly as n → ∞. Here, PSn=je
is the band projection on the band where

Sn = je.
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5 Stein-Chen Method in Riesz Spaces
In this section, we will now translate the Stein-Chen method of approximating
the bounds of the laws of small numbers to Riesz Spaces.

Let E be a Dedekind complete Riesz space with conditional expectation operator
T and weak order unit u = Tu (we avoid the use of e to denote the weak order
unit as e is reserved for the Euler constant). Let Q1, . . . , Qn be T -conditionally
independent band projections on E, then q1 := Q1u, . . . , qn := Qnu are T -
conditionally independent components of u.

Set hj := Tqj and let H :=
∑n

i=1 hj , then 0 ≤ H ≤ nu and thus 0 ≤ H/n ≤
u.

The next challenge is the lifting of Po(k;λ) to the Riesz space setting. We recall
that

Po(k;λ) =
λke−λ

k!
.

We note here that Po(k; 0) =

{
1, k = 0
0, k > 0

.

As R(T ) is a ring, in fact a universally complete f -algebra, and H ∈ R(T ) we
have that Hk exists and is in R(T ) for all k ∈ N0, here H0 := u. Thus, the first
part of the lifting of Po to Riesz spaces can be achieved directly by setting

Po(k;H) =
Hke−H

k!
.

Let PH = I − e−H . In line with the observation made of the scalar case, we note
that

Po(0, H) = ue−H = (I − PH)u.

Further to this,

e−H = u+
∞∑
i=1

(−1)i

i!
H i

and (I − PH)e−H = (I − PH)u.

The inequality 1−β ≤ e−β for all 0 ≤ β ≤ 1 gives u−v ≤ e−v for all 0 ≤ v ≤ u
after applying u = v

β
. Applying this to v = H/n we have 0 ≤ u − H

n
≤ e−H/n.

Now iteratively multiplying in the f-algebra Eu we get

0 ≤
(
u− H

n

)n
≤ e−H .

We note that Po(k,H) ∈ R(T ) for all k ∈ N0.

We now say that a Riesz space random variable, f , composed of sums of com-
ponents of u has T -conditional Poisson distribution with parameter H ∈ R(T )
if

T (I − P|f−ku|)u = Po(k;H). (19)
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[In this case Tf = H and V arT (f) = T (f 2) − T (f)2, if f 2 ∈ E since al-
though multiplication of elements of E is defined it does not necessarily result in
elements contained in E.]

In the above f is of the form f =
∑m

i=0 iri, where ri = Riu and Ri is a band pro-
jection on E, for each i = 0, . . . ,m. Further, one can without loss of generality
assume

∑m
i=0Ri = I . In this case (19) becomes

Tri = Po(i;Tf) =
(Tf)ie−Tf

i!
, (20)

for each i = 1, . . . ,m.

Let

w =
n∑
i=1

qi.

Recall g(j, λ, A) as defined in Equation 8. The next challenge is the lifting of
g(j, λ, A) to the Riesz space setting. It should be noted that many of these prob-
lems exist even extending this to a conditional version.

We begin by noting that the band, BH , contains the band, Bw, generated by w,
that is, PH ≥ Pw as if this were not the case then (I−PH)w 6= 0 but TPH = PHT
since H ∈ R(T ), see [24]. And as we have assumed T strictly positive so

0 6= T (I − PH)w = (I − PH)Tw = (I − PH)H = 0.

Therefore, a contradiction and thus (I − PH)w = 0 giving the required re-
sult.

It now makes sense to define

(I − PH)g(w,H,A) = 0.

It remains for us to define PHg(w,H,A). Recall that if E is T -universally com-
plete, then R(T ) is a universally complete Riesz subspace of E - see [28] - and
u is the algebraic unit for this f -algebra. In the band generated by H in the uni-
versally complete space R(T ), H is a weak order unit and hence a multiplicative
unit. Thus, there is J ∈ R(T ) such that PH(H · J) = PHu = PH(J ·H). Here J
is a partial inverse of H and for efficiency we choose J so that (I −PH)J = 0, if
this were not the case we could replace J by PHJ .

We are now in a position to proceed with the definition of g(j,H,A) in the Riesz
space setting. We begin by setting g(0, H,A) = 0. For j ≥ 1 we set

(I − PH)g(j,H,A) =
1

j
(χA(0)− χA(j))(I − PH)u (21)

and for j ≥ 0

PHg(j + 1, H,A) = jJ · g(j,H,A) + χA(j)J − J · Po(A,H).
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Setting g(j,H,A) = (I − PH)g(j,H,A) + PHg(j,H,A) defines g(j,H,A) and
we observe that

Hg(j + 1, H,A) = j · PHg(j,H,A) + χA(j)PHu− PHPo(A,H)

and

0 = j(I − PH)g(j,H,A) + χA(j)(I − PH)u− (I − PH)Po(A,H),

where we have used that (I −PH)Po(A,H) = χA(0)(I −PH)u. Summing now
gives

Hg(j + 1, H,A) = j · g(j,H,A) + χA(j)u− Po(A,H). (22)

We note here that g(j,H,A) ∈ R(T ) for all j.

Lemma 5.1.

Hg(j+1, H,A) = j!J jeH(Po(A∩N(j), H)−Po(A,H)Po(N(j), H)), (23)

where N(j) = {0, . . . , j}.

Proof.
Multiplying (22) by Hj and dividing by j! gives

Hj+1

j!
g(j + 1, H,A) =

Hj

(j − 1)!
g(j,H,A) +

Hj

j!
χA(j)u− Po(A,H)

Hj

j!
. (24)

Setting

G(j,H,A) =
Hj

(j − 1)!
g(j,H,A),

(24) becomes

G(j + 1, H,A)−G(j,H,A) =
Hj

j!
χA(j)u− Po(A,H)

Hj

j!
. (25)

Summing over j and using that G(0, H,A) = 0, we have

G(j + 1, H,A) =
∑

0≤k≤j,k∈A

Hk

k!
− Po(A,H)

j∑
k=0

Hk

k!
. (26)

We have from (26),

G(j + 1, H,A) = eH(Po(A ∩N(j), H)− Po(A,H)Po(N(j), H)), (27)

and hence

Hj+1

j!
g(j+ 1, H,A) = eH(Po(A∩N(j), H)−Po(A,H)Po(N(j), H)). (28)

Multiplying by J !J j now gives (23).
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Corollary 5.2.
A 7→ g(j,H,A) is an additive set function fromP(N0)→ R(T ) with g(j,H, ∅) =
0 = g(j,H,N0), where P(N0) denotes the power set.

Proof.
From (21) we have

A 7→ (I − PH)g(j,H,A) =
1

j
(χA(0)− χA(j))(I − PH)u

is an additive set function as A 7→ χA(0) − χA(j) is an additive set function on
P(N0) for each j and (I − PH)u ∈ R(T ). Further, for A = ∅ or A = N + 0,
A 7→ χA(0)− χA(j) = 0 giving that (I − PH)g(j,H,A) = 0.

From Lemma 5.1,

A 7→ Hg(j + 1, H,A) = j!J jeH(Po(A ∩N(j), H)− Po(A,H)Po(N(j), H))

is an additive set function as A 7→ Po(A ∩ N(j), H) and A 7→ Po(A,H) are
additive set functions. Further J, eH , Po(A,H) ∈ R(T ) giving that Hg(j +
1, H,A) ∈ R(T ). Now G(0, H,A) = 0 and since Po(∅, H) = 0 it follows from
the Lemma 5.1 that Hg(j + 1, H, ∅) = 0. Finally

Hg(j + 1, H,N0) = j!J jeH(Po(N(j), H)− Po(N0, H)Po(N(j), H)) = 0,

as Po(N0, H) = u.

Lemma 5.3.
For fixed i we have for j < i, Hg(j + 1, H, {i}) is negative and decreasing in j
and

Hg(j + 1, H, {j + 1}) = − e−H

j + 1

j∑
k=0

Hk+1

k!
.

Proof.
From (23), for j < i, we have that

Hg(j + 1, H, {i}) = −j!J jeHPo({i}, H)Po(N(j), H)

= −Po({i}, H)

j∑
k=0

j!J j−k

k!

= −Po({i}, H)

j∑
t=0

j!J t

(j − t)!

where t = j − k. Here

j!

(j − t)!
=

{
j(j − 1)(j − 2) . . . (j − t+ 1), t ∈ {1, . . . , j}
1, t = 0
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which is increasing in j. Thus, Hg(j + 1, H, {i}) is negative and decreasing on
{0, . . . , i− 1}. Finally

Hg(j + 1, H, {j + 1}) = −Po({j + 1}, H)

j∑
k=0

j!J j−k

k!
= −e−H

j∑
k=0

Hk+1

k!(j + 1)

which simplifies to the stated formula.

Lemma 5.4.
For fixed i, we have for j ≥ i, Hg(j + 1, H, {i}) is non-negative and decreasing
in j and

Hg(j + 1, H, {j}) = Po({j + 1, j + 2, . . . }, H).

Proof.
From (23), for j ≥ i, we have that

Hg(j + 1, H, {i}) = j!J jeH(Po({i}, H)− Po({i}, H)Po(N(j), H))

= j!J jeHPo({i}, H)(u− Po(N(j), H))

= j!J jPo({i}, H)

(
eH −

j∑
k=0

Hk

k!

)

= Po({i}, H)
∞∑

k=j+1

j!Hk−j

k!

= Po({i}, H)
∞∑
s=1

j!Hs

(j + s)!

where s = k − j. Here, for s ∈ N,

j!

(j + s)!
=

1

(j + 1) . . . (j + s)

which is decreasing in j. Thus, Hg(j+ 1, H, {i}) is non-negative and decreasing
on for j ≥ i.

Finally

Hg(j + 1, H, {j}) = Po({j}, H)
∞∑

k=j+1

j!Hk−j

k!
= e−H

∞∑
k=j+1

Hk

k!

which simplifies to the stated formula.
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Combining the above two lemmas we now obtain bounds

∆(j + 1, H,A) := H(g(j + 2, H,A)− g(j + 1, H,A))

for A ⊂ N0.

Lemma 5.5.
Let A ⊂ N0 then

−(u− e−H) ≤ ∆(j + 1, H,A) ≤ u− e−H

Proof.
From Lemmas 5.3 and 5.4, ∆(j+1, H, {i}) ≤ 0 for all i 6= j+1 and for i = j+1
we have

∆(j + 1, H, {j + 1}) = e−H
∞∑

k=j+2

Hk

k!
+

e−H

j + 1

j∑
k=0

Hk+1

k!
.

Now
1

k!(j + 1)
=
k + 1

j + 1

1

(k + 1)!
≤ 1

(k + 1)!

for k = 0, . . . , j. Thus,

∆(j + 1, H, {j + 1}) ≤ e−H
∞∑

k=j+2

Hk

k!
+ e−H

j+1∑
k=1

Hk

k!
= e−h(eh − u).

Now since ∆(j + 1, H, {i}) ≤ 0 for all i 6= j + 1, we have from additivity that

∆(j + 1, H,A) ≤ e−h(eh − u).

Further from Corollary 5.2

∆(j+1, H,A) ≥ ∆(j+1, H,N0\{j+1}) = 0−∆(j+1, H, {j+1}) ≥ −e−h(eh−u)

from the above computation.

We recall that w is a sum of band projections and can thus be expressed as

w =
n∑
j=0

jrj,

where rj = Rju and Rj, j = 0, . . . , n, are band projections with RiRj = 0 for
all i 6= j and

∑n
j=0Rj = I . We thus set

g(w,H,A) =
n∑
j=0

Rjg(j,H,A) =
n∑
j=0

Rju · g(j,H,A).
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It should be noted that, while g(j,H,A) ∈ R(T ), g(w,H,A) is not generally in
R(T ). With this definition we see that

g(w + ku,H,A) =
n∑
j=0

Rjg(j + k,H,A) =
n∑
j=0

Rju · g(j + k,H,A)

for k ∈ N0.

Applying Rj to (22) we obtain

H ·Rjg(j + 1, H,A) = jRju · g(j,H,A) + χA(j)Rju−RjPo(A,H). (29)

Here we have used that

Rj(H ·g(j+1, H,A)) = Rju ·(H ·Rjg(j+1, H,A)) = H ·(Rju ·g(j+1, H,A)

as E is an R(T ) module and the multiplication is commutative. Further to this
we note that

Rkw =
n∑
j=0

jRju = kRku

giving

jRju · g(j,H,A) = Rjw · g(j,H,A) = Rju ·w · g(j,H,A) = w ·Rjg(j,H,A).

Thus (22) can be rewritten as

H ·Rjg(j + 1, H,A) = w ·Rjg(j,H,A) + χA(j)Rju−RjPo(A,H) (30)

which when summed over j gives

H · g(w + u,H,A) = w · g(w,H,A) +
∑
j∈A

Rju− Po(A,H). (31)

Taking the, T , conditional expectation of (31) we have

H · Tg(w + u,H,A) = T (w · g(w,H,A)) + PT (w ∈ A)− Po(A,H), (32)

where PT (w ∈ A) :=
∑

j∈A TRju is the R(T ) valued conditional probability
of w ∈ A. Here we have used that Po(A,H) ∈ R(T ) to give TPo(A,H) =
Po(A,H) and that T is an averaging operator (see [24, 28]) to give T (H · g(w+
u,H,A)) = H · Tg(w + u,H,A) since H ∈ R(T ).

Denoting wi :=
∑

j 6=i qj , we have w = wi + qi and as

(I −Qi)w =
∑
j

(I −Qi)Qju =
∑
j 6=i

(I −Qi)Qju = (I −Qi)wi,

so
qi · w = w − (u− qi) · wi = w − wi + qi · wi = qi · (u+ wi).
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Thus,
Qiw = Qi(wi + u)

giving

qi · g(w,A,H) = Qig(w,A,H) = Qig(wi + u,A,H) = qi · g(wi + u,A,H).

Here

wi =
n∑
j=0

jrij,

where rij = Ri
ju and Ri

j, j = 0, . . . , n are band projections with Ri
kR

i
j = 0 for all

k 6= j and
∑n

j=0 R
i
j = I and

wi + u =
n∑
j=0

(j + 1)rij

giving

g(wi + u,A,H) =
n∑
j=0

Ri
jg(j + 1, A,H).

In the above Ri
j are sums of products of Qk, k 6= i and thus g(wi + u,A,H) is in

the Riesz subspace, Ei of E generated by R(T ), q1 . . . , qi−1, qi+1, . . . , qn which
is T -conditionally independent of qi, thus

T (qi · g(wi + u,A,H)) = hi · Tg(wi + u,A,H).

Combining the above gives

T (qi · g(w,A,H)) = T (qi · g(wi + u,A,H)) = hi · Tg(wi + u,A,H). (33)

Combining (32) and (33) we have∑
i

hi ·T (g(w+u,H,A)− g(wi +u,H,A)) = PT (w ∈ A)−Po(A,H). (34)

Since Qi(wi + qi + u) = Qi(wi + 2u,H,A) and (I − Qi)(wi + qi + u) =
(I −Qi)(wi + u) we have

g(w + u,H,A)− g(wi + u,H,A) = Qi(g(wi + 2u,H,A)− g(wi + u,H,A)).

Since qi and g(wi+2u,H,A)−g(wi+u,H,A) are T -conditionally independent
we have

T (qi(g(wi+2u,H,A)−g(wi+u,H,A))) = hi·T (g(wi+2u,H,A)−g(wi+u,H,A))

and thus

T (g(w+u,H,A)−g(wi+u,H,A)) = hi ·T (g(wi+2u,H,A)−g(wi+u,H,A))

53



which when applied to (34) gives∑
i

h2
i ·T (g(wi+2u,H,A)−g(wi+u,H,A)) = PT (w ∈ A)−Po(A,H). (35)

As T is a positive operator (35) gives the inequality

|PT (w ∈ A)−Po(A,H)| ≤
∑
i

h2
i ·T |g(wi+2u,H,A)−g(wi+u,H,A)|. (36)

Applying the earlier results we have

|g(wi + 2u,H,A)− g(wi + u,H,A)| =

ni∑
j=0

Ri
j|g(j + 2, H,A)− g(j + 1, H,A)|

=

ni∑
j=0

Ri
jJ(u− e−H)

which combine to give

|PT (w ∈ A)− Po(A,H)| ≤
∑
i

h2
i

ni∑
j=0

TRi
jJ(u− e−H) =

∑
i

h2
iJ(u− e−H).

Note that∑
i

h2
iJ ≤ sup

i=0,...,n
hi · J

n∑
k=1

hk = sup
i=0,...,n

hi · JH = PH sup
i=0,...,n

hi = sup
i=0,...,n

hi.

Thus,
|PT (w ∈ A)− Po(A,H)| ≤ (u− e−H) sup

i=0,...,n
hi.
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6 Conclusion
In this dissertation, we have translated to the Riesz space setting the Stein-Chein
method of measuring the error of approximation of the laws of small numbers.

The translation of the result to the Riesz space was reliant mainly on the work
that Kuo, Watson, Vardy and others have done in translating random processes to
Riesz spaces and the use of functional calculus.
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