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ABSTRACT
The phenomenon of stretching sheets is vital in various industrial and engineering applications, signifi-
cantly affecting the efficiency and quality of processes such as the manufacturing of electronic compo-
nents, aerodynamic designs, among many others. This study explores the interaction between magneto-
hydrodynamics and a reactive viscous Casson-Jeffery nanofluid. The physical system is transformed into a
mathematical framework by applying conservation laws and translating observable phenomena into pre-
cise, quantifiable equations. Non-similar analysis is used to transform the system into a dimensionless form.
The systemofdifferential equations is simplified into a linear form through the local linearization technique,
after which a bivariate spectral-based method is implemented to approximate the solutions of the differ-
ential equations. The convergence analysis of the method confirms the reliability of the spectral-based
technique. It was found that the Casson fluid has greater thermal sensitivity and higher fluid flow than the
Jeffrey fluid. However, when the fluid parameters are varied, the Jeffrey fluid exhibits higher concentration
peaks under identical conditions than the Casson fluid. The Jeffery fluid has higher species sensitivity than
the Casson fluid. The findings of this study contribute to the understanding of complex fluid dynamics,
which can be used to validate or refine theoretical models and simulations.
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Nomenclature

(u, v) Velocity components (m/s)
(x, y) Cartesian coordinate (m)

M magnetic field parameter,
σf B

2
0

ρf U
,

GrT Grashof number due to temperature, gε1(Tw−T∞)x3
ν2f

GrC Grashof number due to concentration, gε2(Cw−C∞)x3
ν2f

λ2 thermal buoyancy parameter, GrT
Re2

Re local Reynolds number, Uxνf
λ3 concentration buoyancy parameter, GrC

Re2

De dimensionless Deborah number, λ1Ux ,

fw suction parameter, V
(

x
νf U

) 1
2

δ1 velocity slip parameter N0

(
U
xνf

) 1
2
,

δ2 temperature slip parameter K0
(

U
xνf

) 1
2

ν kinematic viscosity (m2/s)
μ dynamic viscosity (kgm−1s−1)
f base fluid
A constant
β Casson fluid parameter
U the velocity at the vertical plate
σ electrical conductivity (S/m)
Pr Prandtl number, (μcp)fkf

CONTACT Yusuf Olatunji Tijani olodyusuf@gmail.com

B variable magnetic field
Ec Eckert number, U2

(cp)f (T−T∞)

ρ density (kg/m3)

Nr thermal radiation parameter, 16σ
∗T3∞

3κkf
g gravitational acceleration (m/s2)
Nb Brownian movement parameter, (ρcp)pDB(Cw−C∞)

(ρcp)f νf
T fluid temperature (K)
Nt thermophoresis parameter, (ρcp)pDB(Tw−T∞)

(ρcp)f νf T∞
C concentration (kg/m3)
Le Lewis number, νfDB

kf thermal conductivity (Wm−1K−1)

Kr chemical reaction parameter, k
2
r x
U

cp specific heat capacity (J/kgK)
E non-dimensional activation energy, Ea

κT∞
DB Brownian diffusion coefficient
Cf skin friction coefficient
DT coefficient of thermophoresis diffusion
Nu local Nusselt number
Q non-uniform heat source/sink (W/m3)
Sh local Sherwood number
kr reaction rate (1/s)
j mass flux
Ea activation energy (J/mol)
λ ratio of relaxation to retardation times
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n fitted rate constant
λ1 retardation time
Tw wall temperature
B0 uniformmagnetic field (A/m)
ε1 coefficient of thermal expansion (K−1)
ε2 coefficient of concentration expansion (m3/kg)
σ ∗ Stefan–Boltzmann constant
κ∗ mean absorption coefficient (m−1)
κ Boltzmann constant
� temperature ratio,� = Tw

T∞
η, ξ similarity variables
θ normalised temperature
φ normalised concentration
∞ in the ambient condition
w conditions on the wall
τ shear stress

1. Introduction

Fluid flow played a critical role in the fourth industrial revolu-
tion (4IR), which was characterised by the integration of digi-
tal technologies, artificial intelligence, and advanced materials
into various industries. The fluid mechanics principles underpin
many technological advancements driving this revolution and
have far-reaching implications for manufacturing, energy, trans-
portation, and healthcare industries (Schwab 2016). Advances
in HVAC (heating, ventilation, and air conditioning) systems
leverage fluid mechanics to improve air distribution and energy
efficiency in buildings (Kusiak, Li, and Tang 2010). Microfluidic
devices rely on an understanding of fluid flow to control and
manipulate fluids at microscopic scales. This technology is used
in lab-on-a-chip devices for diagnostics and chemical analysis,
enabling faster and more accurate testing (Neuzil et al. 2012).
In the healthcare and industrial environments, many fluids with
significant applications fall into non-Newtonian fluids, which,
unlike Newtonian fluids, exhibit variable viscosity that changes
with shear rate or applied stresse (Kundu, Cohen, and Dowl-
ing 2016; White 2006). This behaviour makes non-Newtonian
fluids particularly useful in a variety of practical applications.
Among the many constitutive models of non-Newtonian flu-
ids, Casson and Jeffrey fluids are particularly notable due to
their distinct shear-dependent viscosity, yield stress, and time-
dependent characteristics (Das, Mahato, and Nandkeolyar 2015;
Wajihah and Sankar 2023). The constitutive relation of the Cas-
son fluid is given by Siddiqui, Farooq, and Rana (2015)

√
τ = √

τd +
√
ξ�̇,→ τ = [(τdξ)

0.5|�̇|−0.5 + ξ ]�̇+ O(|�̇|2),
(1)

where τ , τd , ξ and �̇ represent the shear strain, Casson yield
stress, Casson viscosity and shear rate, respectively. On the other
hand, the constitutive equation of the Jeffery fluid is expressed
as (Qasim 2013)

Yd = −pI + μ

1 + λ1

[(
∂�1

∂t
+ (V · ∇)�1

)
λ1 +�1

]
, (2)

here, Yd is the stress tensor, p is the pressure, I is the iden-
tity tensor, μ is the dynamic viscosity, V stands for the velocity

vector, �1 is the first Rivlin-Ericksen tensor, λ1 and λ2 are mate-
rial constants representing the relaxation and retardation times,
respectively.

The Casson and Jeffery fluid models have been a subject of
research interest due to their practical importance and indus-
trial relevance (Khan et al. 2021; Mahesh, Mahabaleshwar, and
Sofos 2023). Tijani et al. (2024b) analysed the rotational effects
and the influence of a nanofluid on the flowof a Jeffery fluid over
an expanding surface. The impact of internal heat generation,
magnetic field strength, and thermal radiation on the flow of a
Jeffery fluid over an expanding surface was studied by Dadhich
et al. (2021). Ullah et al. (2024) analysed the flow of Jeffery fluid
within a stretching cylinder using a non-parabolic heat transfer
model. Their study provided insights into the thermal behaviour
of the fluid, emphasising the complex interaction between
the stretching motion and nonlinear heat transfer effects. The
study of Akolade, Adeosun, and Olabode (2021) offers critical
insights into how thermophysical properties influence the MHD
squeezed flow of dissipative Casson fluid. The analysis deep-
ens our understanding of fluid dynamics in complex industrial
processes by including the effects of chemical reactions and
radiation.

In the studies above, the governing deterministic models
were transformed into a dimensionless form using a technique
known as dimensional analysis. Dimensional analysis is a pow-
erful tool used in scientific studies to simplify mathematical
models (by reducing the number of variables) and understand
the fundamental relationships between them. It can broadly be
categorised into two approaches: similarity analysis and non-
similarity analysis (White 2006). The analysis of transport phe-
nomena in boundary layer flows has long been dominated by
the use of similarity transformations. This mathematical tech-
nique is celebrated for its elegance and effectiveness in reducing
a system of non-linear partial differential equations (PDEs) into a
more tractable system of non-linear ordinary differential equa-
tions (ODEs). Non-similarity analysis focuses on finding dimen-
sionless groups and the dimensional relationships among the
variables so that no dimensionless parameters are expressed
as a function of the state or time variables (White 2006). This
approach often leads directly to transforming the dimensional
differential equation into dimensionless differential equations.
Sparrow, Quack, and Boerner (1970) demonstrated that bound-
ary layer problems exhibiting non-similarity analysis character-
istics arise in many scenarios. These include dynamical mod-
els with variations in wall temperature, free-stream conditions,
and buoyancy forces, among many others. Lawal et al. (2023)
applied the local non-similarity technique to convert a partial
differential equation modelling the boundary layer flow over
a stretching flat plate into a dimensionless, single-variable dif-
ferential equation. Tijani et al. (2024a) applied a non-similarity
technique to study the behaviour of a magnetic dipole in the
flow of a Reiner-Philipoff fluid over an expanding surface. Jan,
Mushtaq, and Hussain (2024) systematically reduced the conser-
vation equations into dimensionless deterministic form through
a non-similar group of transformations. The local non-similarity
method reduces the dimensionless PDEs to ordinary differen-
tial equations. Additional research in this area can be found
in the studies conducted by Hamid, Khan, and Hussain (2020),
Shukla et al. (2022). In other related studies, (Haider, Gul, and
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Nadeem 2023) analysed the heat transport and peristaltic flow
through an asymmetric channel having variable viscosity and
electric conductivity. The analysis revealed the critical role of
temperature-dependent properties in the peristaltic transport
of nanofluids. An increase in viscosity, which acts as an inter-
nal resistance to flow, leads to a significant decrease in both the
volumetric flow rate and the pressure gradient. Conversely, an
enhancement in electrical conductivity promotes thermal activ-
ity, resulting in a higher fluid temperature and a corresponding
increase in the heat transfer rate. Ashraf et al. (2024) investigated
the forced convection effect for heat transport in a rectangu-
lar channel with obstacles using the finite element method. The
results include the implications of the rarefaction effect on fluid
flow and heat transmission, and decisions regarding the loca-
tionof barriers and the shapeof obstacles in squares.Mkhatshwa
(2024) investigates the quadratic convective flow of a nanofluid
over an inclined porous plate, incorporating variable fluid prop-
erties, chemical reactions, and activation energy. The governing
equations are solved using a multi-domain spectral collocation
method. Results show thatwhile plate inclination improves ther-
mal performance, it reduces flow velocity. Variable viscosity and
nonlinear convection enhance both flow speed and heat trans-
fer. Notably, activation energy boosts nanoparticle concentra-
tion but suppresses the mass transfer rate. For further study, we
refer toMkhatshwa,Motsa, and Sibanda (2022) and Tijani (2025).
It is generally observed that many researchers prefer using sim-
ilarity transformations over non-similarity techniques, as simi-
larity transformations tend to reduce the dynamic conservation
equations to ordinary differential equations (Minkowycz and
Cheng 1982). Non-similar transformations, on the other hand,
often result in partial differential equations. Ordinary differential
equations are easier to resolve with readily available numerical
and semi-analytic methods. Handling partial differential equa-
tions with multiple variables is inherently complex, and few
numerical methods can efficiently resolve such systems. How-
ever, the non-similar transformation should be applied when
appropriate for scientific accuracy and correctness (Pantokra-
toras 2019). Numerical methods such as Chebyshev spectral
methods have been developed and implemented to address
the challenges associated with finding solutions to such com-
plex problems (Magagula et al. 2016; Motsa and Animasaun
2016). The properties of the Chebyshev spectralmethod arewell
established (Trefethen 2000), and various studies have effec-
tively combined linearisation approaches with spectral meth-
ods to address highly nonlinear problems (Goqo et al. 2018;
Magagula, Motsa, and Sibanda 2020; RamReddy and Rao 2017).
One such approach is the bivariate spectral local linearisation
method (BSLLM) (Motsa 2015). Several studies have applied the
BSLLM (Makanda and Shaw 2019; Sithole et al. 2019), demon-
strating its high efficiency, ease of implementation, and com-
putational cost-effectiveness. These properties underscore the
importance of conducting this current investigation using the
BSLLM. Standard time-stepping methods like the Runge–Kutta
scheme (RK4), the finite difference scheme would require very
small step-sizes tomaintain stability and accuracy for this highly
non-linear dynamical model. BSLLM, by treating the problem
globally in both variables, avoids this time-stepping limitation
and can be more efficient for finding solutions over a large
domain. The local linearisation approach in BSLLM results in a

sequence of simpler, structured linear problems that are more
computationally efficient to solve at each iteration.

Considering studies in the literature, to the authors’ knowl-
edge, no study has adequately investigated the reactive MHD
Casson-Jeffery fluid in a vertically stretching sheet. This study
examines the boundary layer flow of a Casson-Jeffery fluid on
a continuously moving slip sheet with Arrhenius-type reaction,
heat source/sink, and nonlinear thermal radiation. The remain-
der of this study is organised into four sections. Section 2 focuses
on translating the physical model into a mathematical model.
Section 3 describes the bivariate spectral-based method used
to approximate the solution of the dynamical system. Section 4
presents the interpretation and analysis of the solution profiles.
Finally, Section 5 concludes the study.

2. Model formulation

This study investigates the behaviour of the mixed convective
flow of an incompressible Casson-Jeffrey nanofluid (CJNF) flow-
ing steadily towards a vertically stretching plate. We focus on
how heat and mass transfer are influenced when the temper-
ature and concentration at the plate’s surface exceed those in
the surrounding fluid. A variable magnetic field, B(x) = B0x− 1

2

is applied perpendicularly to the flow direction, where B0. is a
constant magnetic fld strength. We use Buongiorno’s model to
describe the effects of thermophoresis and Brownianmotion on
the CJNF flow; see Figure 1. Additionally, several variables affect-
ing heat transfer are considered, including viscous dissipation,
nonlinear thermal radiation, Joule heating, and the influence of
a heat sink or source. The analysis also examines how Arrhe-
nius activation energy and binary chemical processes impact
mass transfer. The conservation equations formass,momentum,
temperature, and concentration in the CJNF flow, upon incor-
porating the assumptions mentioned above, are expressed as
follows (see [Sandeep and Sulochana 2018], and [Khan et al.
2017]):

∂u

∂x
+ ∂v

∂y
= 0, (3)

u
∂u

∂x
+ v

∂u

∂y
= νf

1 + λ

[(
1 + 1

β

) (
∂2u

∂y2

)

+ λ1

(
∂u

∂y

∂2u

∂x∂y
+ u

∂3u

∂x∂y2
− ∂u

∂x

∂2u

∂y2
+ v

∂3u

∂y3

)]

− σf B(x)
2

ρf
u + g(ε1(T − T∞)+ ε2(C − C∞)),

(4)

u
∂T

∂x
+ v

∂T

∂y
= kf
(ρcp)f

(
∂2T

∂y2

)
+ 1
(ρcp)f

16σ ∗

3κ∗
∂

∂y

(
T3
∂T

∂y

)

+ (ρcp)p
(ρcp)f

(
DB
∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2
)

+ μf

(ρcp)f (1 + λ)

[(
1 + 1

β

)
∂2u

∂y2

+ λ1

(
u
∂u

∂y

∂2u

∂x∂y
+ v

∂u

∂y

∂2u

∂y2

)]
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Figure 1. Physical outlook of the mathematical model.

+ σf B20
(ρcp)f

u2 + Q∗

(ρcp)f
, (5)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+ DT

T∞
∂2T

∂y2

− k2r (C − C∞)
(

T

T∞

)n

exp
(−Ea
κT

)
. (6)

The conditions associated with the flow are similar to those
considered in Kuznetsov and Nield (2014), Mukhopadhyay
(2013), Turkyilmazoglu (2016), and are defined as
follows:

u = U + N0

1 + λ

(
1 + 1

β

)
∂u

∂y
, v = −V , T = Tw + K0

∂T

∂y
,

DB
∂C

∂y
+ DT

T∞
∂T

∂y
= 0 at y = 0,

u → 0, T → T∞, C → C∞ as y → ∞.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
(7)

It is important to mention that the conditions given in
Equation (7) replace the standard ‘no-slip’ assumptions with
more realistic slip effects for both velocity and temperature
at the surface. Furthermore, the model assumes zero net
nanoparticle flux at the wall, where the tendency of parti-
cles to move via Brownian motion is counteracted by ther-
mophoresis, i.e. ∂C

∂y |y=0 + DT
T∞

∂T
∂y |y=0. The far-field conditions

ensure the fluid returns to its ambient state. The non-constant
heat source Q∗ follows the definition given in (Sandeep and
Sulochana 2018)

Q∗ = kfUw(Tw − T∞)
xνf

(
γ1
∂f

∂η
+ γ2

T − T∞
Tw − T∞

)
, (8)

where γ1, γ2 ∈ (0,∞) indicates the scenario of heat generation,
whereas the case of heat absorption is given as γ1, γ2 ∈ (−∞, 0).
The system of Equations (3)–(6) is reduced to a coupled system

of nonlinear ordinary differential equations by introducing the
following groupof similarity transformations (see [Patil, Roy, and
Chamkha 2010])

ξ(x) =
(
Ux

νf

) 1
2

, η(x, y) = y

(
U

νf x

) 1
2

,

ψ(x, y) = (νf xU)
1
2 f (η, ξ),

θ(η, ξ) = T − T∞
Tw − T∞

, φ(η, ξ) = C − C∞
Cw − C∞

,

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(9)

where ψ is the stream function such that (u, v) ≡ (∂ψ/∂y,−
∂ψ/∂x) and satisfies the continuity Equation (3). Upon substitut-
ing Equations (8) and (9) into Equations (4) to (7), the conserva-
tion equations and boundary conditions become:(

1 + 1
β

)
∂3f

∂η3
+ (1 + λ)

(
1
2
f
∂2f

∂η2
− M

∂f

∂η
+ λ2θ + λ3φ

)

− De

2

((
∂2f

∂η2

)2

+ f
∂4f

∂η4
+ 2

∂f

∂η

∂3f

∂η3

)

+ (1 + λ)ξ

2

(
∂f

∂ξ

∂2f

∂η2
− ∂f

∂η

∂2f

∂ξ∂η

)

+ Deξ

2

(
∂2f

∂η2
∂3f

∂ξ∂η2
+ ∂f

∂η

∂4f

∂ξ∂η3
− ∂3f

∂η3
∂2f

∂ξ∂η
− ∂f

∂ξ

∂4f

∂η4

)
=0,

(10)

1
Pr

∂

∂η

(
1 + Nr((�− 1)θ + 1)3

∂θ

∂η

)
+ 1

2
f
∂θ

∂η
− ∂f

∂η
θ

+ MEc

(
∂f

∂η

)2

+
(
Nb
∂θ

∂η

∂φ

∂η
+ Nt

(
∂θ

∂η

)2
)

+ γ1
∂f

∂η
+ γ2θ + Ec

(1 + λ)

(
1 + 1

β

)(
∂2f

∂η2

)2

− EcDe

2(1 + λ)

(
f
∂2f

∂η2
∂3f

∂η3
+ ∂f

∂η

(
∂2f

∂η2

)2
)

(11)

+ ξ

2

(
∂f

∂ξ

∂θ

∂η
− ∂f

∂η

∂θ

∂ξ

)
+ EcDeξ

2(1 + λ)

×
(
∂f

∂η

∂2f

∂η2
∂3f

∂ξ∂η2
− ∂2f

∂η2
∂3f

∂η3
∂f

∂ξ

)
= 0,

1
Le

∂2φ

∂η2
+ 1

2
f
∂φ

∂η
+ 1

Le

Nt

Nb

∂2θ

∂η2
+ Kr((�− 1)θ + 1)nφ

× exp
( −E

(�− 1)θ + 1

)
+ ξ

2

(
∂f

∂ξ

∂φ

∂η
− ∂f

∂η

∂φ

∂ξ

)
= 0, (12)

and

f (0, ξ)+ ξ
∂f

∂ξ

∣∣∣∣
η=0

= fw , f ′(0, ξ) = 1

+
(
1 + 1

β

)
δ1f ′′(0, ξ), f ′(∞, ξ) → 0,

θ(0, ξ) = 1 + δ2θ
′(0, ξ), θ(∞, ξ) → 0,

Nbφ′(0, ξ)+ Ntθ ′(0, ξ) = 0, φ(∞, ξ) → 0,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)

where ′ denotes the partial differentiation with respect to η.
The skin friction, Nusselt number, and Sherwood number are,
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respectively, defined as

Cf = 2τw
ρf U2 , Nu = xqw

kf (Tw − T∞)
, and Sh = xjw

DB(Cw − C∞)
, (14)

where thewall shear stress τw , thewall flux qw , and thewallmass
flux are expressed as:

τw = μf

1 + λ

((
1 + 1

β

) (
∂u

∂y

)

+ λ1

(
u
∂2u

∂x∂y
+ v

∂2u

∂y2

))∣∣∣∣
y=0

,

qw = −
(
kf + 16σ ∗T3

3κ∗

)
∂T

∂y

∣∣∣∣
y=0

, jw = −Db
∂C

∂y

∣∣∣∣
y=0

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
(15)

The dimensionless form of Equation (14) takes the form

Re
1
2 Cf = 1

1 + λ

[
2

(
1 + 1

β

)
∂2f (η, ξ)
∂η2

− Def (η, ξ)
∂3f (η, ξ)
∂η3

]
η=0

,

Re− 1
2Nu = −(1 + Nr((�− 1)θ(0, ξ)+ 1)3)θ ′(0, ξ),

Re− 1
2 Sh = −φ′(0, ξ). (16)

3. Numerical procedure

Equations (10)–(12) are solved subject to the corresponding
boundary conditions in Equation (13) using the bivariate spec-
tral local linearisation method (BSLLM). The BSLLM is a numer-
ical method that uses first-order Taylor series expansion to lin-
earise nonlinear equations in a system (Motsa 2013). The Tay-
lor series expansion effectively leads to the decoupling of the
original system and ensures that updated solutions to equa-
tions are immediately used in subsequent equations. The result-
ing linear decoupled system of equations is integrated using
the Chebyshev spectral collocation method that uses bivariate
Lagrange interpolation polynomials as basis functions. Apply-
ing the Taylor series expansion to Equations (10)–(12) result
in the following system of decoupled linear partial differential
equations:

a0,rfr+1
′′′′ + a1,rfr+1

′′′ + a2,rfr+1
′′ + a3,rfr+1

′ + a4,rfr+1

+ a5,r
∂f ′′′r+1

∂ξ
+ a6,r

∂f ′′r+1

∂ξ
+

a7,r
∂f ′r+1

∂ξ
+ a8,r

∂fr+1

∂ξ
= R1,r ,

b0,rθr+1
′′ + b1,rθr+1

′ + b2,rθr+1 + b3,r
∂θr+1

∂ξ
= R2,r ,

c0,rφr+1
′′ + c1,rφr+1

′ + c2,rφr+1 + c3,r
∂φr+1

∂ξ
= R3,r ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(17)

where

a0,r = −De

2
fr − De

2
ξ
∂fr
∂ξ

,

a1,r =
(
1 + 1

β

)
− De

2
2fr ′ − De

2
ξ
∂f ′r
∂ξ

,

a2,r = 1
2
fr(1 + λ)− De

2
2fr ′′

+ (1 + λ)

2
ξ
∂fr
∂ξ

+ De

2
ξ
∂f ′′r
∂ξ

,

a3,r = −M(1 + λ)− De

2
2fr ′′′

+ (1 + λ)

2
ξ
∂f ′r
∂ξ

+ De

2
ξ
∂f ′′′r
∂ξ

,

a4,r = (1 + λ)
1
2
fr ′′ − De

2
fr ′′′′,

a5,r = De

2
ξ fr ′, a6,r = De

2
ξ fr ′′,

a7,r = − (1 + λ)

2
ξ fr ′ − De

2
ξ fr ′′′,

a8,r = (1 + λ)

2
ξ fr ′ − De

2
ξ fr ′′′′,

b0,r = Nr

Pr
[(�− 1)θr + 1]3,

b1,r = 6Nr
Pr

[(�− 1)θr + 1]2(�− 1)θr

+ 1
2
fr+1 + Nbφr ′ + 2Ntθr ′ + 1

2
ξ
∂fr+1

∂ξ
,

b2,r = 6Nr
Pr

[(�− 1)θr + 1](�− 1)2θr ′2

+ 3Nr
Pr
(�− 1)[(�− 1)θr + 1]2

θr
′′ − fr+1

′ + γ2,

b3,r = −1
2
ξ fr+1

′,

c0,r = 1
Le

, c1,r = 1
2
fr+1 + 1

2
ξ
∂fr+1

∂ξ
,

c2,r = Kr[(�− 1)θr+1 + 1]n

exp
[ −E

(�− 1)θr+1 + 1

]
,

c3,r = −1
2
fr+1

′.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(18)

The right hand side of Equation (17) are defined as:

R1,r = a0,rfr ′′′′ + a1,rfr ′′′ + a2,rfr ′′ + a3,rfr ′ + a4,rfr

+ a5,r
∂f ′′′r
∂ξ

+ a6,r
∂f ′′r
∂ξ

+ a7,r
∂f ′r
∂ξ

+ a8,r
∂fr
∂ξ

− H1,

R2,r = b0,rθr ′′ + b1,rθr ′ + b2,rθr + b3,r
∂θr

∂ξ
+ b4,rfr ′′′

+ b5,rfr ′′ + b6,rfr ′ + b7,rfr ′′′ +

b8,r
∂f ′′r
∂ξ

+ b9,r
∂fr
∂ξ

+ b10,rφr ′ − H2,

R3,r = c0,rφr ′′ + c1,rφr ′ + c2,rφr + c3,r
∂φr

∂ξ
+ c4,rfr ′

+ c5,rfr + c6,r
∂fr
∂ξ

+ c7,rθr ′′ + c8,rθr − H3,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(19)
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and Hm(m = 1, 2, 3) are defined as:

H1 =
(
1 + 1

β

)
fr ′′′ + (1 + λ)

[
1
2
frfr ′′ − Mfr ′ + λ2θr + λ3φr

]

− De

2
[fr ′′2 + frfr ′′′′ + 2fr ′fr ′′′] + (1 + λ)

2
ξ

[
fr ′′
∂fr
∂ξ

− fr ′
∂fr ′

∂ξ

]

+ De

2
ξ

[
fr ′′
∂fr ′′

∂ξ
+ fr ′

∂fr ′′′

∂ξ
− fr ′′′

∂fr ′

∂ξ
− fr ′′′′

∂fr
∂ξ

]
,

H2 = 3Nr
Pr

[(�− 1)θr + 1]2θr ′2(�− 1)

+ Nr

Pr
[(�− 1)θr + 1]3θr ′′ + 1

2
fr+1θr

′ − fr+1
′θr − MEcfr+1

′2

+ Nbθr ′φr ′ + Ntθr ′2 + γ1fr+1
′ + γ2θr

+ Ec

1 + λ

(
1 + 1

β

)
fr+1

′′2 − EcDe

2(1 + λ)

[fr+1fr+1
′′fr+1

′′′ + fr+1
′fr+1

′′2] + 1
2
ξ

[
∂fr+1

∂ξ
θr

′ − fr+1
′ ∂θr
∂ξ

]

+ EcDe

2(1 + λ)
ξ

[
fr+1

′fr+1
′′ ∂fr+1

′′

∂ξ
− fr+1

′′fr+1
′′′ ∂fr+1

∂ξ

]
,

H3 = 1
Le
φr

′′ + 1
2
frφr ′ + 1

Le

Nt

Nb
θr+1

′′

+ Kr[(�− 1)θr+1 + 1]nφr

exp
[ −E

(�− 1)θr+1 + 1

]
+ 1

2
ξ

[
φr

′ ∂fr+1

∂ξ
− fr+1

′ ∂φr
∂ξ

]
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(20)

To apply the spectral collocation method in both the η and ξ
dimensions, the physical domains ξ ∈ [0, 1] and η ∈ [0, L∞] are
converted to the computational domain [−1, 1], and the Cheby-
shev Gauss-Lobatto nodes are used for collocation. The nodes
are defined in (Trefethen 2000) and (Canuto et al. 2006) as;

ηi = cos
(
π i

Nη

)
, ξj = cos

(
π j

Nξ

)
, i = 0, 1, · · ·Nη ,

j = 0, 1, · · · ,Nξ , η ∈ [−1, 1], ξ ∈ [−1, 1] . (21)

It is convenient to write

∂nf

∂ηn

∣∣∣∣
(ξj ,ηi)

= DnFj ,
∂nθ

∂ηn

∣∣∣∣
(ξj ,ηi)

= Dn�j,
∂nφ

∂ηn

∣∣∣∣
(ξj ,ηi)

= Dn�j ,

∂f

∂ξ

∣∣∣∣
(ξj ,ηi)

= ∑Nξ
q=0 djqFq,

∂θ

∂ξ

∣∣∣∣
(ξj ,ηi)

= ∑Nξ
q=0 djq�q,

∂φ

∂ξ

∣∣∣∣
(ξj ,ηi)

= ∑Nξ
q=0 djq�q,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(22)

where i = 0, 1, · · · ,Nη , djq are entries of the standard first-order
Chebyshev differentiation matrix of size (Nξ + 1) by (Nξ + 1) in
ξ dimension, Dn is the standard nth-order Chebyshev differen-
tiation matrix of size (Nη + 1) by (Nη + 1). These differentiation
matrices are scaled accordingly as d = 2d and D = 2

L∞ D, where
d is the differentiationmatrix associated with the variable ξ ,D is
the differentiation matrix associated with the variable η, L∞ is a
number large enough to represent the truncation of the semi-
infinite domain at infinity. The solutions of Equation (17) are

assumed to be approximated in terms of the bivariate Lagrange
interpolation polynomials of the form:

f (η, ξ) ≈ ∑Nη
p=0

∑Nξ
q=0 f (ηp, ξq)Lp(η)Lq(ξ),

θ(η, ξ) ≈ ∑Nη
p=0

∑Nξ
q=0 θ(ηp, ξq)Lp(η)Lq(ξ),

φ(η, ξ) ≈ ∑Nη
p=0

∑Nξ
q=0 φ(ηp, ξq)Lp(η)Lq(ξ),

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(23)

where the functions Lp(η) and Lq(ξ) are the characteristic
Lagrange cardinal polynomials, defined as:

Lp(η) =
Nη∏

i = 0

i �= p

η − ηi

ηp − ηi
, Lq(ξ) =

Nξ∏
j = 0

j �= q

ξ − ξj

ξq − ξj
, (24)

with the following properties

Lp(ηi) = δip =
{
0 if i �= p

1 if i = p,
Lq(ξj) = δjq =

{
0 if j �= q

1 if j = q.
(24)

The vectors Fj , �j and �j in Equation (21) are the vectors of
solutions f (η), θ(η) and φ(η) at each ξj-level, and are defined,
respectively, as

Fj = [f (η0, ξj), f (η1, ξj), . . . , f (ηNη , ξj)]
T ,

�j = [θ(η0, ξj), θ(η1, ξj), . . . , θ(ηNη , ξj)]
T ,

�j = [φ(η0, ξj),φ(η1, ξj), . . . ,φ(ηNη , ξj)]
T ,

⎫⎪⎪⎬
⎪⎪⎭ (25)

and the superscript T denotes a matrix transpose. Substituting
Equation (22) into Equation (17) gives:

[a0,rD4 + a1,rD3 + a2,rD2 + a3,rD + a4,rI + a5,rdjj(D3)

+ a6,rdjj(D2)+ a7,rdjj(D)+ a8,rdjjI]

Fj,r+1 +
Nξ∑

q = 0

j �= q

[a5,rdjq(D3)+ a6,rdjq(D2)+ a7,rdjq(D)

+ a8,rdjqI]Fq,r+1 = R1,j,r . (26)

[b0,rD2 + b1,rD + b2,rI + b3,rdjjI]�j,r+1

+
Nξ∑

q = 0

j �= q

[b3,rdjqI]�q,r+1,= R2,j,r , (27)

[c0,rD2 + c1,rD + c2,rI + c3,rdjjI]�j,r+1

+
Nξ∑

q = 0

j �= q

[c3,rdjqI]�q,r+1 = R3,j,r , (28)

where I is an identitymatrix of size (Nη + 1)by (Nη + 1) andbold
variable coefficients, a:,r ,b:,r , c:,r , represent the diagonalisation
of the corresponding vectors, where each vector is positioned
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along the diagonal of a matrix, with zeros elsewhere. In matrix-
vector form, Equations (26)–(28) are, respectively, expressed as;

A1F =

⎡
⎢⎢⎢⎢⎢⎢⎣

A110,0 A110,1 · · · A110,Nξ

A111,0 A111,1 · · · A111,Nξ
...

...
. . .

...

A11Nξ ,0 A11Nξ ,1 · · · A11Nξ ,Nξ

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

F0,r+1

F1,r+1

...

FNξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

R0,1,r+1

R1,1,r+1

...

R1,Nξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

= R1, (29a)

A2� =

⎡
⎢⎢⎢⎢⎢⎢⎣

A220,0 A220,1 · · · A220,Nξ

A221,0 A221,1 · · · A221,Nξ
...

...
. . .

...

A22Nξ ,0 A22Nξ ,1 · · · A22Nξ ,Nξ

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

�0,r+1

�1,r+1

...

�Nξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

R2,0,r

R2,1,r+1

...

R2,Nξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

= R2, (29b)

A3� =

⎡
⎢⎢⎢⎢⎢⎢⎣

A330,0 A330,1 · · · A330,Nξ

A331,0 A331,1 · · · A331,Nξ
...

...
. . .

...

A33Nξ ,0 A33Nξ ,1 · · · A33Nξ ,Nξ

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

�0,r+1

�1,r+1

...

�Nξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

R3,0,r

R3,1,r+1

...

R3,Nξ ,r+1

⎤
⎥⎥⎥⎥⎥⎥⎦

= R3, (29c)

where

A11j,j = a0,rD4 + a1,rD3 + a2,rD2 + a3,rD + a4,rI

+ a5,rdjj(D3)+ a6,rdjj(D2)+ a7,rdjj(D)+ a8,rdjjI,

A22j,j = b0,rD2 + b1,rD + b2,rI + b3,rdjjI, A33j,j = c0,rD2

+ c1,rD + c2,rI + c3,rdjjI,

A11j,q = a5,rdjq(D3)+ a6,rdjq(D2)+ a7,rdjq(D)+ a8,rdjqI,

A22j,q = b3,rdjqI, A33j,q = c3,rdjqI, j �= q.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(30)

Equation (29) is solved sequentially subject to appropriate
initial guesses, which are functions that satisfy the boundary
conditions (13). To this end, the following functions are chosen
as the initial guesses

F0(η) = fw + 1

1 +
(
1 + 1

β

)
δ1

− 1

1 +
(
1 + 1

β

)
δ1
e−η ,

�0(η) = 1
1 + δ2

e−η , �0(η) = Nb

Nt(1 + δ2)
e−η . (31)

We also note that A1, A2, and A3 are matrices of size
Nξ (Nη + 1)× Nξ (Nη + 1) and A11, A22, and A33 are matrices
of size (Nη + 1)× (Nη + 1). We also remark that the boundary
conditions given by Equation (13) are imposed on the matri-
ces A11j,j , A22j,j , and A33j,j while the corresponding rows of the
off-diagonal matrices A22j,q and A33j,q are imposed with zeros,
exceptA11j,q that has−ξdNη ,q imposed on the last row and zeros
on rows 1 and Nη − 1.

3.1. Convergence analysis

In this section, convergence analysis is conducted to demon-
strate that after a certain number of iterations, the solution of
the partial differential Equations (10)–(12) solved subject to the
boundary conditions in Equation (13) converges to a particular
numerical value.

Table 1 shows that by the 25th iteration, the variables
−f ′′(0, ξ),−θ ′(0, ξ) and−φ′(0, ξ) for both theCassonand Jeffery
fluid cases converge to stable numerical values, indicating the
accuracy and stability of the computational method employed
in reaching a solution. Thus, the spectral-based method used in
this study can be considered effective in providing satisfactory
solutions to the systemof differential equations under study. For
the sake of completeness, Figure 2 is presented to reaffirm the
convergence of the method using the engineering parameters.
The parametric values are the same as those in Table 1, except
for Pr = 8.0, Ec = 0.3, M = 1.0, fw = 1.0, and � = 1.0. We note
that after a few iterations, the numerical values of the wall drag,
wall heat and mass transfer coefficients remain constant.

4. Results and discussion

This section discusses the computational results obtained using
the bivariate spectral-based method outlined in Section 3. To
start with, Figure 3 shows the sparsity patterns of the matri-
ces on the left-hand side of Equation (29), which is of size
((Nη + 1) · (Nξ + 1)) by ((Nη + 1) · (Nξ + 1)). In this case, Nη =
100 and Nξ = 10, so the matrices are of size 1111 by 1111.
Unless specifiedotherwise,β = 1.2, De = 0.01, λ = 0.1, and the
default parameter values used for the numerical simulation are
listed in Table 2.

It is vital to highlight that this study investigates the
behaviour of two incompressible fluids, the Casson and the Jef-
fery fluids, simultaneously flowing over an expanding surface
with slip conditions. Specifically, the Casson fluidmodel is recov-
ered by setting the Jeffery parameter, λ = 0, and the Deborah
number, De = 0. It is also noteworthy that while the Deborah
number is not a primary parameter for the Jeffery fluid, it arises
from the non-similar analysis due to the constitutive relation of
the Jeffery fluid. The Jeffery fluid model is obtained by taking
the limit of the Casson parameter, β → ∞. The effect of the
magnetic parameter is illustrated in Figure 4. Examining the con-
servation equations describing the flow reveals that the mag-
netic force acts as a resistive force in the momentum equation
while serving as a supportive force in the energy equation. This
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Figure 2. Convergence of the engineering parameters.

Table 1. Convergence of the BSLLM solution when fw = 0.8, Nr = 0.5, λ2 = 0.2, λ3 = 0.2, δ1 = 0.1,M = 2.0, � = 1.0, Pr = 7.2, Ec = 0.5, Nt = 0.15, γ2 =
0.1, γ2 = 0.1, δ = 0.1, δ2 = 0.02, Kr = 0.05, E = 0.2, Nb = 0.2, n = 1.0 and ξ = 1.0.

Casson (β = 1.2, λ = 0.0, De = 0.0) Jeffrey (β → ∞, λ = 0.2, De = 0.01)

Variables Iteration Iteration

5 10 24 25 5 10 24 25
−f ′′(0, ξ) 0.9306546 0.9304906 0.9304907 0.9304907 1.4845719 1.4843595 1.4843595 1.4843595
−θ ′(0, ξ) 0.4492491 0.4490364 0.4490368 0.4490368 1.3758664 1.3785872 1.3785794 1.3785796
φ′(0, ξ) 0.3369368 0.3367773 0.3367776 0.3367776 1.0318998 1.0339404 1.0339346 1.0339346

Figure 3. The sparsity patterns of the matrices on the left-hand side of Equation (29), left: matrix A1; middle: matrix A2; and right: matrix A3.

Table 2. Parameter values used for the numerical simulation.

Parameter Value Parameter Value Parameter Value Parameter Value Parameter Value Parameter Value

fw 0.8 Nr 0.5 λ2 0.2 λ3 0.2 δ1 0.1 Pr 7.2
Ec 0.5 Nb 0.2 Nt 0.15 γ2 0.1 γ1 0.1 δ 0.1
δ2 0.02 ω 1.0 Le 1.5 Kr 0.05 E 0.2 n 1.0

dual role is consistent for the Casson and the Jeffrey fluids flow-
ing over the stretching surface. As the magnetic field becomes
more substantial, the Lorentz force generated acts against the
flow direction, leading to a decrease in the velocity of the fluids.
Consequently, the increased magnetic resistance restricts the
motion of the fluids, resulting in reduced flow rates. Thus, while
the magnetic field provides some stabilising effects, it simul-
taneously impedes the fluid’s ability to flow freely, particularly
under the influence of a stretching surface. For the temperature

profile , there is a transition in the behaviour of the fluids subject
to a variation in the magnetic field parameter. Interestingly, this
slower flow allows particles or solutes within the fluidmore time
to diffuse and accumulate, leading to higher concentration lev-
els. This improved mixing helps distribute solutes more evenly
and facilitates a higher concentration distribution.

Figure 5 shows the impact of the temperature ratio on the
fluids’ profiles. Temperature ratio (�) represents the ratio of the
actual temperature difference to a reference or characteristic
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Figure 4. Magnetic (M) influence on the flow profiles.

temperature. As � increases, the curves seem to shift slightly.
For Casson and Jeffery fluids, an increase in� appears to reduce
the magnitude of the velocity gradient near the surface (η =
0). This result suggests that higher � values lead to decreased
momentum change due to reduced fluid heating or internal fric-
tion. The parameter � affects the temperature distribution in
the boundary layer. Higher values of � enhance the thermal
boundary layer of both fluids. For the Casson fluid, the tem-
perature drop is steeper than the Jeffery fluid, which suggests
higher sensitivity to thermal variations. The Jeffery fluid shows a
more gradual decrease in temperature, implying that it retains
heat over a longer distance compared to the Casson fluid. As
� increases, the concentration profile of both fluids exhibits a
noticeable peak before satisfying the boundary layer condition.
This dynamics indicates that the concentrations of the fluids
reach a maximum for some physical parameters (e.g. heat flux,
thermal conductivity) at a particular distance from the surface.

Figure 6 shows the impact of the activation energy and Lewis
parameters on the concentrationprofiles of the fluids. Activation
energy (E) is related to theminimumenergy required for a chem-
ical reaction to occur in the fluid. In the context of fluid flow, it is
also associatedwith the rate atwhich a concentration gradient is
affected by a reaction or diffusion process. For the two fluids, the
concentration profiles exhibit a peak near η = 1 and then decay

as the surface is stretched. As E increases, the concentration
peaks drop and shift slightly to the right. The physical mean-
ing here is that the concentration buildup near the surface is
higher; however, diffusion into the fluid slows down, leading to
a slower decay in concentration as the fluids move away from
the wall. Lewis number (Le) is the thermal and mass diffusivity
ratio. It measures the relative rate of heat transfer to mass trans-
fer in a system. The enhancement in (Le) shows thermal diffusion
dominates over mass diffusion, leading to a lower peak concen-
tration andamoregradual decay for both fluids. TheCasson fluid
shows more sensitivity to changes in (Le), while the Jeffery fluid
experiences smoother changes in concentration profiles. Brow-
nian motion parameter (Nb) induced kinetic disturbances in the
particles of both fluids.

As shown in Figure 7, Casson fluid exhibits greater ther-
mal sensitivity and tendency to flow compared to Jeffrey fluid,
except for species distribution. Boosting the Brownian parame-
ter in this scenario increases the fluids’ viscosities, thus reducing
the fluids’ flow rates. The heat and concentration also decrease
because more reactants are used. Thermophoresis refers to the
movement of microscopic particles driven by temperature dif-
ferences within the surroundingmedium. Figure 8 confirms that
the thermophoresis parameter Nt exhibits a behaviour opposite
to that of the Brownian motion parameter for the flow profiles.
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Figure 5. Temperature ratio (�) influence on the flow profiles.

Figure 6. Activation parameter (E) and Lewis fluid parameter (Le) influence on the concentration profile.
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Figure 7. Brownian movement (Nb) influence on the flow profiles.

The behaviour of both fluids, subject to a parameter that char-
acterises their non-Newtonian nature, is shown in Figure 9. The
Casson parameter (β) represents the yield stress ratio to the
fluid’s viscoplasticity. This parameter determines how the Cas-
son fluid behaves under applied stress. We note that increasing
β indicates the fluid is more resistant to flow until a certain
stress threshold is reached. The response of the Jeffrey fluid is
strongly influenced by the interaction between its viscosity and
relaxation term. As the parameter λ increases, the fluid viscosity
rises, reducing flow rates. Slower flow rate leads to lesser heat
transfer, thus less kinetic energy is generated, resulting in lower
temperature distribution within the fluid. However, due to the
reduced heat transfer and flow rate, fewer reactants are con-
sumed, thereby enhancing the thickness of the concentration
boundary layer.

Table 3 presents the effect of various thermophysical param-
eters on the engineering quantities of interest. As the fluid
velocity becomes less sensitive to the temperature and con-
centration gradients of both fluids, the drag coefficient and
heat transfer rate decrease. In contrast, the mass transfer coef-
ficients for both fluids increase. However, as the kinetic energy
to enthalpy ratio in both fluids decreases, the heat transfer rate

increases, indicating enhanced thermal energy exchange. Con-
versely, both the drag force and the mass transfer coefficient
decrease, suggesting reduced resistance to flow and lower rates
ofmass transfer across the fluid interface. This result implies that
changes in the balance between kinetic energy and enthalpy
significantly impact the overall transport properties of the
system.

5. Conclusion

This study has shed light on the interplay between Casson and
Jeffery nanofluid flows over an expanding surface without the
need for independent simulations of each fluid’s flow separately.
This research provides a deeper understanding of the influence
of common-cause effects on flow, heat, and species transfer
mechanisms, as well as the behaviour of nanofluids under spe-
cific conditions, emphasising their impact on flowdynamics. The
nanoparticles are mathematically modelled using Buongiorno’s
model. Themodel described the randommovement of nanopar-
ticles due to thermal agitation and response to concentration
gradients, which significantly influence the diffusion and disper-
sion of the nanoparticles in the fluid, respectively. The fluids are
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Figure 8. Thermophoresis ratio (Nt) influence on the flow profiles.

Table 3. Numerical values of drag coefficients (Re
1
2 Cf ), Nusselt number (Re− 1

2 Nu) and Sherwood number (Re− 1
2 Sh) using the value fw = 0.8, Nr = 0.5, δ1 = 0.1,M =

2.0, � = 1.0, Nt = 0.15, γ2 = 0.1, γ2 = 0.1, δ = 0.1, δ2 = 0.02, Kr = 0.05, E = 0.2, Nb = 0.2, n = 1.0 and ξ = 1.0.

Casson fluid (De = λ = 0.0) Jeffrey fluid (β → ∞)

Pr De λ2 λ3 Ec Re
1
2 Cf Re− 1

2 Nu Re− 1
2 Sh Re

1
2 Cf Re− 1

2 Nu Re− 1
2 Sh

.2 0.01 0.2 0.2 0.5 −2.73596 3.26702 −0.92596 −2.03305 3.83888 −1.09105

.0 – – – – −2.73888 3.48863 −0.98983 −2.03625 4.11915 −1.17230

.0 – – – – −2.74193 3.75690 −1.06733 −2.03963 4.45862 −1.27101

.2 0.009 0.2 0.2 0.5 – – – −2.03172 3.83950 −1.09123
- 0.010 – – – – – – −2.03305 3.83888 −1.09105
- 0.015 – – – – – – −2.03970 3.83578 −1.09016
.2 0.01 0.2 0.2 0.5 −2.73596 3.26702 −0.92597 −2.03305 3.83888 −1.09105
- – 0.1 – – −2.80724 3.23283 −0.91612 −2.08669 3.80805 −1.08213
- – 0.0 – – −2.87793 3.19812 −0.90614 −2.14007 3.77646 −1.07299
.2 0.01 0.2 0.2 0.5 −2.73596 3.26702 −0.92596 −2.03305 3.83888 −1.09105
- – – 0.1 – −2.77140 3.22852 −0.91489 −2.07067 3.79059 −1.07708
- – – 0.0 – −2.80782 3.18780 −0.90317 −2.11009 3.73776 −1.06180
.2 0.01 0.2 0.2 0.5 −2.73596 3.26702 −0.92596 −2.03305 3.83888 −1.09105
- – – – 0.3 −2.75837 4.69909 −1.34113 −2.04541 5.03147 −1.43833
- – – – 0.1 −2.78097 6.12537 −1.76049 −2.05790 6.22594 −1.79029

sensitive to thermal changes and chemical reactions, meaning
their behaviour and properties are influenced by temperature
variations and chemical interactions. After performing a non-
similar analysis of the governing conservation equations, the
physical systemwas reduced to a system of equations with two

independent variables. A bivariate spectral-based method was
used to approximate the solutions of the deterministic equa-
tions, allowing for the analysis of the problem under study.
The findings revealed that the behaviour of Casson and Jef-
frey fluids is consistent for all parameter variations, whether an
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Figure 9. Casson (β) and Jeffrey fluids (λ) parameter influence on the flow profiles.

increase or decrease in a parameter enhances or reduces the
fluid’s response. The Casson fluid showed a greater tendency for
flow and exhibited a higher temperature profile than the Jef-
frey fluid. On the other hand, the Jeffrey fluid showed a more
pronounced concentration profile, with stronger reaction char-
acteristics, than the Casson fluid under similar conditions. Future
research will explore the existence of dual solutions, perform
stability analysis, and conduct a parametric study of the thermo-
physical effects under varying flow conditions.
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