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1 Introduction

The free O(N) vector model, described by the action
1 a a
S /d%iam 06 (1.1)

provides an instructive example of holography [1-3]. This conformal field theory is dual [4]
to higher spin gravity [5]. An early suggestion [6] for a constructive approach to developing
holography suggested that the higher spin gravity description is obtained by expressing the
dynamics of the conformal field theory in terms of invariant collective variables. A key insight
motivating [6] is the observation that although the loop expansion parameter of the original
conformal field theory is A, the loop expansion parameter of the holographic gravity theory
is 1/N. To change between these loop expansion parameters one should change to gauge
invariant field variables, which is known as the collective field theory representation [7, 8].
The proposal of [6] was explicitly realized in a light front quantization in [9]. In this case
the collective variables are given by equal 2™ bilocals

N
o(at oy, w1, 2y, 32) = Y % (aT, 2], 21)0" (2T, 2y, 32) (1.2)
a=1

This bilocal field can be written as the sum of a large N expectation value of the field,
denoted og(zt, 7, 21,25, 22), plus a fluctuation as follows

_ _ _ _ 1 _ _
o(xt zy, w1, 75, 12) = oo(aT, 2], 21,75, 22) + —=n(xt, 2], 21,25, 72) (1.3)
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It is the fluctuation n(a™*, 27,21, x5, x2) that is identified with the dynamical higher spin
gravity fields. Indeed, after the change of coordinates

pf:cl —i—p;xg \/pfpi(wl — ) 4 4
X==0 53 Z = + 4t X' =z
pi T p; pr + Py

JF
Pt =pf +p] 0 =2tan"! ( 192+> (1.4)
Py

the relation between the fields is given by

> AXX-XX(x+ Pt X, 7) AXX-XZ(x+ Pt X, 7Z)
(p — 2 9 9 9 ) . 2 0 5 5 5
;; <cos( s0) 7 + sin(2s0) 7
4. b oot o0 0 . . 50 0
=27PTsinfn| X", P" cos §,X + Z tan §,P sin §,X — Zc0t§ (1.5)

where AXX~XX(X+ Pt X 7Z)and AXXXZ(X+ Pt X,Z) are the two independent and
physical components of the spin 2s gauge field in light cone gauge [10]. The above mapping
is determined entirely by conformal symmetry and it provides a detailed matching between
independent degrees of freedom in the conformal field theory and physical and independent
degrees of freedom in the higher spin gravity [11]. This gives a construction of the gravity
fields that obey the correct gravity equations of motion [9] with the correct boundary
conditions [12], it explicitly realizes [13] entanglement wedge reconstruction [14] and it is
manifestly [15] consistent with the principle of the holography of information [16]. The
change of coordinates (1.4) can be recovered as a consequence of bulk locality [17]. Finally,
the generalization of the map for d-dimensional conformal field theory was worked out
in [18, 19] (see also [12]).

Given this success, a natural extension is to consider matrix models. Specifically, we
study the conformal field theory given by

1
S — / x5 Tr(0,00) (1.6)

For the case of matrix models, the space of invariants is much larger. As in the vector
model, we will have a bilocal invariant given by Tr(¢(x1)¢(x2)). The primaries captured
in the bilocal invariant are a scalar of dimension 1 and a family of conserved higher spin
currents, one of each even integer spin. However, we now also have the possibility of trilocal
Tr(o(z1)p(x2)d(23)), quadlocal and in general, k-local field invariants. It is only the bilocal
invariant that packages conserved currents. Recall that every single trace primary operator
of the conformal field theory corresponds to a field in the AdS gravity, and further, primaries
that are conserved currents correspond to gauge fields. Consequently the gauge fields of the
dual gravity are packaged into the bilocal invariant, and all remaining invariants package
massive fields of the gravity theory, which we will refer to as matter fields. The mapping
for the gauge fields works exactly as in [9]; the matter fields are a new feature of the free
matrix conformal field theory. Our goal in this article is to understand how the holographic
mapping works for these matter fields.



The first non-trivial question to answer is exactly what primary operators are packaged
in each multi-local gauge invariant operator. We consider this question in section 2. Using
conformal characters and respecting the cyclic symmetry of the trace, we are able to write
Hilbert series for each gauge invariant operator. Expanding these series gives the dimension
and spin of the relevant primary operators. The Hilbert series representation also suggests
how these primaries can be constructed and in a few examples we explicitly carry this
construction out.

Leaning heavily on the work of Metsaev [31-35], we review the description of spinning
fields in light front AdS in section 3. In section 4 we discuss the holographic dual to the
collective description. We argue that the fields packaged into the trilocal collective field
correspond to two Regge trajectories, providing a compelling hint that there is underlying
string theory dynamics. Using the requirement of bulk locality we then construct the mapping
between the coordinates of the collective field theory and those of the AdS space time. This
allows us to demonstrate that the bulk equations of motion found by Metsaev do indeed hold in
the collective field theory. We collect conclusions and suggestions for further work in section 5.

2 Single trace primary operators

In this section we study the single trace primary fields of the conformal field theory. Every
single trace primary in the conformal field theory corresponds to a field on AdSy in the dual
gravity theory. Determining the spectrum of single trace primaries in the conformal field
theory determines the field content of the dual gravity theory. Primary operators, which
correspond to irreducible representations of so(2,3), are labelled by a dimension A and a
spin j. We label the irreducible representations by this pair of numbers A, j.

Multilocal operators do not transform in an irreducible representation of so(2,3). Our
goal is to take the representation relevant for a given multilocal operator and decompose
it into irreducible representations, using the methods developed in [20-23]. This analysis
uses character methods. See also [24] for related relevant and useful ideas. The character
that we need is given by

Xr(s,t) =Trr(g) g=s"t% (2.1)

where R is a representation of so(2, 3), Trp is a trace over the states in this representation, D is
the dilatation operator and the so(3) subgroup of spatial rotations has basis J, Js3. The basic
character from which everything else is constructed is the character for the representation
of the free scalar field. The free scalar field has dimension A = % It transforms in a short
representation of so(2,3) because it has null states corresponding to the free equation of
motion and its descendants. The character of the free scalar field is
s(1— st
X(3.0)(5:1) = (1— 32t)(1( - 32)()1 — /1)

Conserved currents with spin j have a dimension of j + 1. This is again a short representation

(2.2)

with null states corresponding to the conservation equation of the current. The character
of a conserved current of spin j is given by

S2IT2(v (1) — 82y 1 (¢
X(j+1,5) (8, 1) = 7= 32(;)(2?)_ s2) (ﬁj_liz)/)t)

(2.3)



where x;(t) is the character of the spin j representation of so(3)
J
xi(t)= >t (2.4)
a=—j

Finally, the character of a representation of spin j and dimension A > j + 1 is given by

B SZAXj(t)
X(ag)(s:t) = (1—s2t)(1—s2) (1 - s2/t)

(2.5)

For a very readable account of these characters and how they are computed, the reader can
consult [25]. With these characters we can resolve the multilocal invariants into a sum over
irreducible representations. Although the answers for the bilocal invariant is known, we
will start with this case as a pedagogical device. After using character methods to extract
the irreducible content we outline a convenient polynomial approach to the construction of
the corresponding primaries [20-23]. Using this polynomial description, we explain how the
known spinning currents are recovered. We then consider the trilocal invariant in detail.
The trilocal invariant is sufficiently complicated that it illustrates the general case. In the
context of the trilocal invariant we explain how Hilbert series provide a systematic approach
to the problem of extracting the irreducible representations which appear and further, that it
gives guidance on the construction of the corresponding polynomials. We also explain how
the linear independence of the polynomials can be probed to ensure that we have indeed
generated a complete set of primary operators. Using these tools we consider the quadlocal
case in detail and also give some general remarks on the k-local case for general k.

2.1 Bilocal collective fields

The bilocal collective field is
oa(zt 2], 21,15 ,20) = Tr (¢(m+,xf,x1)¢(x+,w5,x2)) (2.6)

Since the trace is cyclic, this operator is symmetric under swapping 1 <> 2, i.e. it is symmetric
under the group Z = {1, (12)}. The symmetric representation has characters Xz, sym(9) = 1
for g € Zs. The projector onto the symmetric representation is

b

Psym = ‘Z2|

(1+(12)) (2.7)

N =

Z XZQ,sym(U) 0=

o€EZLs2

where the permutations swap copies of the so(2,3) representation space of the scalar field.
The character associated to the representation of the bilocal operator is now given by

Xoye(1,0)2 = Tr(Paym 9 © 9)

(Tr(9)* + Tx(g?))

N = N

(X(%,O) (S,t)2 +X(%70) (82,t2)) (2.8)



Using the characters quoted in the introduction to this section, some simple algebra proves that

% (X(%70)(37t)2 + X(%70)(327t2>) = X(1,0)(8, 1) + ZX(2j+1,2j)(37t) (2.9)
j=1

Thus, an analysis of the relevant characters has proved that

1

Cyc ((2, 0>®2> =(1,0)& é@s +1,2s) (2.10)

s=1
This result is the celebrated Flato-Fronsdal theorem [26, 27]. The right hand side above is a
complete list of the primary operators that are collected into the bilocal collective field. It is
this character analysis that we repeat below to learn about the primary operators packaged
in the trilocal, quadlocal and k-local collective fields.
We would like an explicit construction of the primary fields we have just listed. One way
to proceed is to use the following realization of the (%, O) representation of so(2,3) [20, 21]

)
Ku = gan
By = (220, — 22,20 — x,)
w = (270, — 2z, x,
1
D=z e
(x (9—1-2)
M, = x,0, — 2,0, (2.11)

To discuss an operator constructed from n fields, we need the tensor product of n copies of
the ( ) ) representation. For the bilocal collective field we have n = 2, but we will keep
n general for now. To obtain the tensor product of n copies of the ( ,O) representation,
introduce n sets of coordinates z!', i = 1,--- ,n and use the operators

"0

K= 2 gar
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n
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With this representation, primary operators correspond to polynomials ¥ in the 2! that
obey three conditions

K,V = Z—\II—O

L,V = Za“am =0

U(zt) = U(z )) oc€eg (2.13)



i.e. primary operators correspond to translation invariant, harmonic and symmetric poly-
nomials. The choice of the group G = Z,, reflects the cyclic symmetry of the trace. If we
had considered a product of scalar fields, for example, we would have to implement bosonic
symmetry, so we would choose G = S),.

For the bilocal operators we have two sets of coordinates z! with ¢ = 1,2. To build
translation invariant polynomials, use the variables

y* =2 — b (2.14)

This ensures that we obey the first condition in (2.13). The third condition in (2.13) forces our
polynomial to be even under swapping xf > 4. Thus, our polynomials are of even degree in
y*. This ensures that we obey the third condition in (2.13) and it is the reason why we get
only even spins in (2.10) and not all possible spins. To obey the second condition in (2.13),
we need to consider harmonic polynomials, in which case the degree of the polynomial is the
spin of the primary operator. If we use a polarization tensor e that is traceless

Muee” = ()2 = ()? = ()2 = 0 (2.15)
we find that the complete set of polynomials are given by

(e-9)* = (e-m1 — € 29)* (2.16)

Given the complete set of polynomials, we can construct the corresponding primary operators.
To construct the primary operator from the polynomial, we use the following translation
between polynomials and operators [20, 21]

! 1(e- )% (2.17)

(e~x)k—>m

To derive this rule, compute the right hand side by applying the momentum operator given
in (2.12) a total of k times, which gives
(- P11 =2k —1)(e-z)¥ (2.18)

In this rule, which neglects an unimportant overall sign, the (2k — 1)!! factor is crucial to
obtain a primary operator. It is therefore useful to indicate the origin of this factor. Since
the polarization is null € - € = 0, using (2.12) we easily find

e-Ple-x)"=—(e-x)22-0+1)(e-2)" = —(2n + 1)(e-2)" ™! (2.19)

Using the rule (2.17) we now find

(e~y)28 — (6‘331 _6'372)25
2s 041
= ];)(_1)]“(28(_]1)”“(6 cx1)F (e mg)PH
2s 225 25)! )
— kzzjo(—l)’f (25 — k)!k!(2k _(1)!!)(45 ok — 1) (c- (e D)2k

(2.20)



This can be compared to the higher spin currents evaluated for example in section 2.1 of [28].
Recall that since we study a real scalar field, all odd spin currents vanish and we only
reproduce the currents with even spin. The higher spin currents are

JS(:CJF7 T, x,a) = R (37+, T ) ok ot

ZS: (—l)k : (a . 8)37k¢a(x+7mﬁ7$) (Oé . a)k¢a($+,x7’x) :
k=0 k!(s — k)T (k+%)r(s_k+%)

(2.21)

To see the equality (up to an unimportant overall constant) use the identity

r <n + ;) _ ymen= DU (2.22)

2n
This provides another proof of the tensor product formula (2.10) and it constructs the
relevant primary operators.
2.2 Trilocal collective fields

The list of primary operators packaged by the trilocal collective field as well as the construction
of these primaries are new results. The trilocal collective field is given by

O'3(JI+,5L'1_,.’1317$2_,1‘2, $3_,LU3) =Tr <¢($+71U1_,$1)¢(I’+, 152_,{L‘2)¢($+,$3_,$3)> (223)

Since the trace is cyclic, this operator is symmetric under cyclic permutations of 1,2, 3, i.e. it
is symmetric under the group Zs = {1, (123), (132)}. Again, in the symmetric representation
we have the characters xz, sym(g) = 1 for all g € Z3, which leads to the projector

Zig‘ > Xzgsym(o)o = 1(1 + (123) + (132)) (2.24)

Psym = 3
oEZLs3

Consequently the character associated to the trilocal collective field is

Xeye(r0) (5.0 = 3 (x(30) (00" + 23 (5" 1) (2.25)

A character analysis paralleling that of the bilocal collective field proves that

C (1 0)®3 —(3 0)@@(( +2)(9+3 3 +3)@ <9+3 3 +2)@
yc % =\ N n 5 n, on n 9 n, on

9 9
®(n+1) <2+3n—1,3n+2>69(n+1) <2+3n—1,3n+1>

®(n+1) (g+3n+1,3n+4> ®(n+1) (g+3n+1,3n+3>>
(2.26)

We will again use the polynomial language, so that we can construct the primary operators
listed above. The result (2.26) implies that there are six families of polynomials with the
following properties:!

If the polarizations € are stripped off the polynomial to expose the indices of the x!" coordinates, we are
left with a multi-index tensor. The spin of the polynomial is the spin of this multi-index tensor. Thus, for
example, the spin of a symmetric traceless tensor is simply given by the number of indices.



1. n + 2 independent polynomials of degree 3(n + 1) and spin 3(n + 1).

2. n independent polynomials of degree 3(n + 1) and spin 3(n+ 1) — 1.

3. n+ 1 independent polynomials of degree 3(n + 1) — 1 and spin 3(n + 1) — 1.
4. n+ 1 independent polynomials of degree 3(n 4+ 1) — 1 and spin 3(n + 1) — 2.
5. n+ 1 independent polynomials of degree 3(n + 1) + 1 and spin 3(n + 1) + 1.
6. n+ 1 independent polynomials of degree 3(n + 1) + 1 and spin 3(n + 1).

Since we have 3 fields, we have 3 sets of coordinates x#. There are two independent types
of translation invariant combinations

yf = :E‘f — :L'g and permutations
yh = af + o — 225 and permutations (2.27)

Employing the y!' variables ensures that we immediately solve the first of (2.13). As for the
bilocal, a null polarization tensor € is used to satisfy the second of (2.13). The polynomials
are thus constructed using e-y; and €- ys as building blocks. Judiciously chosen combinations
satisfy the third of (2.13). There are two building blocks of degree three

P =(e-x1—€-x9)(e- w9 —€-x3)(€-x3 —€-17)

Py=(e-x1+e-x9—2c-x3)(e-wa+€-23—2€-21)(€- T3+ €11 — 26 T2)
as well as a building block of degree two
Q=(c-x—€ x)° 4 (- 19 —€-x3)° + (e- 23 — - 11)? (2.28)
As a consequence of the identity
Q% = 54(P))? + 2(P,)? (2.29)

the requirement that our polynomials are linearly independent requires that only Q" for
n = 0,1,2 are employed. We label our polynomials as f, ; where 7 tells us which of the
six families our polynomial belongs to and j indexes members in a family. Using these
ingredients we can write the combinations

fij= (Pl)n+1_j(P2)j 17=0,1,---n+1
faj=(P)" I (P)YQ  j=01,-n
fsj=(P)"I(RYQ*  j=0,1,--n (2.30)

To construct the remaining three families of polynomials, we need to introduce one more
building block, of degree 2 and spin 1, given by

P = P (.731”1'21, + T2uT3y + .%'3M.Z'1V) (2.31)



The remaining three families of polynomials are given by

foj=(P)" I (PYQ*e-v)  j=0,1,---n
f47j:(P1)n_j(P2)j(6"U) .7:071>n
fo 5= (P)" 7 (RYQ(e-v)  j=0,1,--n (2.32)

Finally, it is worth making a comment about the constraints (2.13) that must be obeyed
by polynomials corresponding to primary operators in the conformal field theory. If the
building blocks each obey the first and third conditions, then any product of them will too.
For the second condition it is not enough to check that each building block is harmonic
since a product of harmonic polynomials is not necessarily harmonic. As a concrete example
of this, although € - v is harmonic, (€ -v)™ for n > 1 is not. This is why no higher powers
of € - v appear in our construction.

2.2.1 Hilbert series analysis

From the above analysis it is already clear that there is a considerable increase in the
complexity of the complete set of polynomials corresponding to primary operators when
moving from the bilocal to the trilocal case. For this reason it is useful to employ some of
the powerful systematic tools developed for the description of rings of polynomials. The
basic theory we will employ is provided by the Hilbert series. The Hilbert series can be
computed algorithmically from the character of the tensor product. Its structure gives
information about how many families of independent polynomials are needed, and the form
of the generators of these families. Useful discussions directed towards physicists, that are
pertinent to our analysis are [21, 23, 29].

A generic so(2,3) character, for the representation built on a primary operator with
dimension A and spin j, takes the form

SQA .
Yea(s:1) = P(?;JS) (2.33)

Here by “generic” we simply mean a representation that is not short. The short representations
(given by (%, 0) and (741, 7) in our field theory) have null states which modify the numerator
of (2.33). Notice that the numerator of (2.33) captures the contribution to the character of
the primary itself, while the denominator encodes the contribution from the descendants.
These descendants are generated by acting with the three momenta on the primary and there
is one factor in the denominator for each momentum component. Introduce the notation

P(s,t) = (1 — s*)(1 — s%)(1 — s%/t) (2.34)
for the denominator and write

Xeye(0)®(5:1) = > (2.35)

ijes P(S7 t)



where S is a list of pairs of dimensions and spins (A, j), one for each distinct primary operator
that is encoded into the k-local operator. It is a simple manipulation to verify that?

O)W(s,t) Ps,t)(1—t)= Y 22 -t (2.36)

2’ AjES

XCyc(l
Keeping only the positive powers we obtain the Hilbert series

HS(5,1) = (Xgyg 0ot (5:8) Pls.) (1= 7))

>
1
z—1

L {4
= omi f Y7 Xeye(L0)®

= Y 24 (2.37)

A jES

k(s,2) P(s,z) (1 —271)

This last step of keeping only positive powers has been accomplished with the following
identity from complex analysis [30]

1 2"

— P
2t Jo z—a

=qa" ifn>0
=0 ifn<0 (2.38)

It is the middle equality in (2.37) that is used to compute HS(s,t) given the character
ch( )®k(8 ,t), for k > 2.

The general structure of the Hilbert series is

p(s,t)
[T;(1 — sBitsi)

Each factor in the denominator above corresponds to a generator of our polynomial ring.?

HS (s, £) — (2.39)

The number A; gives two times the degree of the generator and the number s; gives the spin
of the generator. The numerator encodes relations between the generators (since products of
generators may not be linearly independent) as well as the number of different polynomial
families. As a simple example, the Hilbert series of the bilocal primaries is given by

2

Z §2At = Z shHangn — 5 (2.40)

1— 1 _ <442
AjES s

The s? in the numerator is for Tr(¢(0)¢(0)) which is a dimension 1 and spin 0 primary. This
simply translates into 1 in the polynomial language since there are no derivatives of the fields.
The denominator tells us that we have a single generator ((z; — 22) - €)? of dimension 2 and
spin 2. As we have seen in (2.20), this correctly reproduces the spinning currents.

2For this verification it is useful to keep the explicit form of the so(3) character
i) =t T I
in mind.

3The fact that the primary operators of the conformal field theory of a free scalar field correspond to a
polynomial ring was proved in [23].

,10,



Let us now return to the trilocal collective field. Using the methods already outlined,

we obtain the following Hilbert series?

§3 (14 st + s5¢3 4 s10¢1)
(1 — s*2) (1 — s5¢3)

This Hilbert series implies that the complete set of primaries are generated using a pair

HS(s, ) = (2.41)

of generators. One of them is degree 2 and spin 2, the other is degree 3 and spin 3. The
obvious candidates are

g1 = (e (21— 22))% + (e (w2 — 23))* + (¢ - (23 — 21))°

go = € (1’1 —+ x9 — 21‘3)6 . (xg +x3 — 2.%‘1)6 . (1’3 +x1 — 23}2) (2.42)

The numerator tells us that there are four families of polynomials. The s3 x 1 term corresponds
to polynomials of the form

g1 95" n,m=0,1,2,--- (2.43)
The s2 x s term is given by polynomials of the form
g1 gy € v n,m=0,1,2,--- (2.44)

where we recall the definition of v* from (2.31) above. The s® x s%#3 term is given by
polynomials of the form

g1 95" Q1 n,m=20,1,2,--- (2.45)

where
Ql =€ (1'1 - xg) € (.%'2 — .7}3) € - (1‘3 — $1) (2.46)

1044 term corresponds polynomials of the form

Finally, the s x s
g1 95" Q2 n,m=0,1,2,--- (2.47)

where ()2 is the following degree 5 and spin 4 polynomial
Q2 =¢€-(v1 —x2)€- (22 —x3) € (w3 — 1) €,6"P (x1 p2,) + T2 423, + 3 ,01,,) (2.48)

We have checked that the description provided in (2.30), (2.32) and the description
provided in (2.43), (2.44), (2.45), (2.47) are in complete agreement. The Hilbert series can
be computed in an algorithmic fashion once the character describing the representations
associated to the collective field has been evaluated. It then gives definite information about
the number of generators and the relations obeyed by these generators. This additional
input is helpful in constructing the complete set of polynomials corresponding to the primary
operators associated to the collective field.

4There maybe some manipulation required to get the Hilbert series into a useful form. This Hilbert series
we are considering, for example, could also be written as
53 (1 — %t st (t+ 7)) — 5% + 58t3)
(1 —s2t) (1 — s5¢3)
This does not look correct because there is no generator of degree 1 and spin 1. For this reason we have
multiplied by 1 = (1 + s?¢)/(1 + s%t) to obtain (2.41).

HS(s,t) =

— 11 —



2.2.2 Checking linear independence

It is straightforward to check that polynomials corresponding to primary operators obey
the conditions (2.13). To prove that the set of polynomials gives a complete description
it is also necessary to argue that the polynomials are linearly independent. This requires
introducing an inner product on the space of polynomials. Computing the matrix of inner
product for the complete set of polynomials and verifying that this matrix is full rank
establishes their linear independence. In this subsection, following [23], we will introduce
a useful inner product for this analysis.
A natural inner product on polynomials in z* is defined by®

(ght .ot gt gty = Z SHLVo (1) JH2:V0(2) . . . §Hk-Vo (k) (2.49)
ocESk

Polynomials of different degree are orthogonal in this inner product. Note that the sum runs
over all possible pairings between the z#is and the z"s, reminding one of Wick’s theorem.
Indeed, we can explicitly realize this inner product as a Gaussian integral

o0 0 o0 1 0o 2
{f9) = / d\xf d} C\lmfeé((xo)mxl)%(m?ﬁ)
—0o0 T J—00 T J 0o T

The normal ordered polynomials are obtained by subtracting out all self Wick contractions.

cfiig: (2.50)

A nice compact formula is
- f = 2 (0024017 +(2)°) ¢ (2.51)
There is an obvious extension to polynomials in the multi-variable xf case as follows

v v, Vo Vo
<x%i o 'mﬁz,xﬁl o xnifk> - Z o (1)5n1mg(1) see Qo) 6nkma(k) (2'52>
ocESk

There is again an obvious realization of this inner product as a Gaussian integral.

Since polynomials of different degree are orthogonal and for the bilocal case we have
a single polynomial at each degree, we know that in this case our polynomials are linearly
independent and there is nothing further to check. For the case of the polynomials associated
to primaries packaged in the trilocal collective field, there are multiple polynomials of the
same degree and the check is non-trivial. For example, polynomials of type 1 and type 2
are of the same degree, equal to 3n + 1. Consider the complete set

Py = {f1j, faj} (2.53)

where A, which indexes distinct polynomials, runs over 2n + 2 values. We have verified
that the matrix of inner products

My = (P Py) (2.54)
has rank 2n + 2, for low values of n, using mathematica. Similarly, using the sets

Py ={fs;. fa;} P ={fs; fos} (2.55)

5Note that this inner product is not Lorentz covariant. It is however perfectly adequate for our purposes.
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where A again runs over 2n + 2 values, we can compute the matrices
M= (PEUEY) M= (PRRE) (256)

We again find, with the help of mathematica and restricting to low values of n, that these
are full rank. This establishes that the polynomials give a complete description.

It is equally easy to consider a parallel analysis for the polynomials constructed using
the Hilbert series as a starting point. Again, for the classes of polynomials we have tested
numerically, we confirm linear independence.

2.2.3 Primaries

The final step in the construction of the primaries entails translating the polynomials we have
constructed into operators. We will employ the Hilbert series description of the polynomials.
Towards this end, introduce the three variables

a=c¢- 1] b=-¢-x9 c=¢€ T3 (2.57)
The pair of generators (2.42) can then be written as

g =(a=b*+(b-c)+(c—a)
g2 = (a+b—2c)(b+c—2a)(c+a— 2b) (2.58)
A key formula that we need is the following power series expansion
2n-+2m 2n+3m—p

gl = Y. D apg albicPntEmora (2.59)
p=0 q=0

where the coefficient oy, can be obtained by applying the Multinomial theorem
n m
(1 +x2+- - +ay)" = Z (k " . ) H a (2.60)
ki tkot ki =n; kika, k>0 \TD V20 m )y

to gT" and ¢4, and then collecting terms. The primary operator then follows upon using (2.17).
For example, the primary operator corresponding to the polynomial g7 g4" is

2n+2m 2n+3m—p 2n+2m—p—
COPh(e- (e O p—q
Y. D o s ,), e ),,qﬁ(e ) ¢ I (2.61)
= = (2p — DN (2¢ — DN(2n + 4m — 2p — 2¢)!!
which gives a new family of primary operators.
2.3 Quadlocal
The quadlocal collective field is
os(xt,xy, w1, 05, w2, 03, T3, Ty, T4)
=Tr (¢($+, $1_, $1)¢($+, 1'2_, $2)¢(IE+, x??? $3)¢(II}+, I’Z, $4)) (262>
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Since the trace is cyclic, this operator is symmetric under Z, = {1, (1234), (13)(24), (1432)}.
The symmetric representation has characters xz, sym(c) = 1 for all o € Z4. Arguing as we
have done above, the character for the representation of the quadlocal collective field is

Xeye(3.0)%* = i (e2.0)(5: 0"+ x(2,0) (8% ) +2x(1 ) (5%, 1) (2.63)

A straightforward computation leads to the Hilbert series
HS(s,t) = (8" = " (1 +) + (1 + 2t + £2) + 821 1482 = £5) = 501 4 £ — )
—sM(t — 1% = 2th) — 1027 1t — %) $ B — 17— 19
S0 5 4B — s22( 245 4 45) 4 s24(45 4 1) — 826t6>
o 1
(1—82)(1—5%)(1—s%t) (1 —s*2) (1 — s8t4)

Although this Hilbert series is rather complicated, we can for example, truncate to the
2k 1k
t

(2.64)

maximal twist terms which have the form s . After performing this truncation we obtain

4 1043 1244

1251043 4 512
HSY T (s5,8) = 2.65
(5:8) = G Sammy(1 = 55 (265)

The denominator indicates that we have three generators and the numerator indicates that

there are four families of polynomials. Since we have 4 fields, we have 4 sets of coordinates
xk. There are three independent translation invariant structures

yl =al —af and permutations
yh = xf + xfy — 22k and permutations
yh = ol + 2f + 25 — 32} and permutations (2.66)

From these we can build the following generators
g1 = (e (21— 22))? + (e (w2 — 23))* + (e - (23 — 20))” + (¢ (w4 — 21))”
g2 = (- (w1 + x2 — 223))* + (- (w2 + 23 — 224))* + (¢ - (w3 + 74 — 21))
+(€ . (.’E4 +x1 — 2(15'2))2

g3 :e-(xl+x2+x3—3w4)e‘(x2+m3+a:4—3a;1)e-(x3+x4+x1—3372)

xe - (xg + 21 + 22 — 323) (2.67)
The four families of polynomials corresponding to the maximal twist primaries are then
given by
91" 92°95° Qk (2.68)
where
Q=1

Qo = (e (x1 —x9))* + (e~ (2 — 23))" + (- (w3 — 24))> + (€ - (w4 — 1))’
Qs = (e (21 + w2 — 223))° + (e - (w2 + 23 — 224))° + (e - (23 + 74 — 271))?
(€ (x4 4+ 1 — 229))3
Qs = (e (21 + 22 — 223))* + (e - (w2 + 23 — 224))* + (e - (x5 + 24 — 221))*
(€ (zg 4 21 — 229))* (2.69)
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As a non-trivial test of this construction we have verified that the set of polynomials defined
in (2.68) are linearly independent in the inner product (2.52) up to and including degree 10.

2.4 k-local

The k-local collective field is given by

Uk($+,$;,$1,$§,$2, to ax];a$k) =Tr (¢(l’+,$;,$1)¢($+,$5,$2) o '¢($+’xlzaxk))

(2.70)

Cyclicity of the trace implies that this operator is symmetric under cyclic permutations of
1,2,--- ,k, i.e. it is symmetric under the group Zj generated by the k-cycle (123 --- k). The
symmetric representation has characters xz, sym(c) = 1 so that the character associated to
the representation of the k-local operator is

1
Xoye(20)% = & > Tr(og®F) (2.71)

€Ly,

Restricting ourselves to prime k, we know that the group Z; has a single element corresponding
to the identity permutation and k& — 1 elements that are given by k-cycles. Consequently,
we have the simple and explicit formula

chc(%,o)(@’“ = % (X(%70)(S,t)k + (k- 1)X(%70)(sk,tk)) (2.72)

In the previous subsection we exhibited a dramatic simplification of the Hilbert series upon
focusing on the maximal twist primary operators. In this section we follow the same strategy
and construct the Hilbert series for this maximal twist case. The leading twist contributions
are the descendants of a single component of momentum. Consequently, we can simplify

X(%p)(s,t) — XI(J'%T’('))(S,t) = 1%3215 (2.73)
and
P(s,t) = PYT(s,t) = (1 — %) (2.74)

The Hilbert series describing the maximal twist primary operators is then given by
1
L.T. _ L.T. k LT. (.k 4k L.T.
HSVT:(s,8) = 1 (W) (50" 4 (= DTy (65,89 ) P (s,
sk (1 +k—1)(1-s2)" - s%tk)

= & (1 _ SQt)k—l (1 _ szktk) (2.75)

This formula is easily used to generate the spectrum of irreducible representations that
appear for any prime k. To obtain some information about the ring of maximal twist primary
operators, it is helpful to rewrite the Hilbert series as

HS™ " (s,1) = 2 Skpk(s’t)k 4 (2.76)
k(1 — s%2)” (1 — s84)" 7 (1 — s2ktk)
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where
pr(s,x) = <82:B + 1) ko <s4x2 + l)k_4 (lf s2 4 (k—1) (1 - 82$>k_1> (2.77)
a=0

An important property of the numerator pg(s, x), established through explicit computation
with mathematica, is that it admits an expansion

4k—11
pr(s,x) = Z vy 52z (2.78)
q=0

with positive coefficients a; > 0. Consequently the Hilbert series (2.76) implies that the ring
of maximal twist primaries is a polynomial ring with k£ — 1 generators. The fact that there
are no negative signs in pg(s, ) implies that these generators do not satisfy any relations.
For k > 5 there is a total of 4k — 12 families of polynomials. To understand why there
are k — 1 generators, note that the fact that we consider fields at k distinct points, implies
that we have k distinct sets of coordinates z#. There are k — 1 independent translation
invariant combinations that we can form

g =Y al —nat, =12 k-1 (2.79)

which matches the number of generators in the ring. The generators will be constructed
as a function of these translation invariant combinations in much the same way that the
construction of the primaries from the quadlocal collective field worked.

3 Spinning fields in AdS

In light-cone gauge a complete gauge fixing of free massless higher spin gravity fields was
achieved in [10]. This was extended to massive fields in [31-35]. Since we will make extensive
use of these results in the next section, we need to review this background material.

Working in AdSy, each field is associated with a positive energy unitary lowest weight
representation of SO(2,3). These representations are labelled by a dimension (A) and a
spin (s). Fields for which A = s + 1 are in short representations and correspond to massless
fields. The bulk fields dual to the bilocal collective field all have A = s+1 and they correspond
to a bulk scalar and even spin gauge fields. The bulk fields dual to the trilocal collective
field all have A > s + 1 and these correspond to massive fields. It is this case of massive
fields that is of interest to us below.

The list of dimensions and spins of primary operators that we have obtained for both
the trilocal and quadlocal collective fields can be translated into a spectrum of masses m?
of fields in AdS4. According to Metsaev (see for example formula (2.23) of [32]) a primary
of spin s and dimension A is dual to a massive field of mass squared m? with

= (a2 - (o) 51
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Recall from (2.26) that the trilocal collective field packages primaries with dimension and
spin given by

11
(A, s) = {(3n+;,3n+2>,(3n+g,3n+3) ) <3n+2,3n+4>} (3.2)

with n =0,1,2,---. These dimensions and spins lead to a mass squared spectrum m? = k +
0.75 with k£ = 1,2,3,---, so that these primaries lie on the Regge trajectory

m? =s—0.25 (3.3)
providing clear evidence for an underlying string description. The scalar primary with A = g
has m? = —i so that it too lies on this Regge trajectory. The trilocal collective field also
packages primaries with dimension and spin given by
7 9 11
(A,s) = 3n+§,3n—|—1 , 3n—|—§,3n—|—2 , 3n—|—?,3n—|—3 (3.4)
with n = 0,1,2,---. These primaries lie on a second Regge trajectory given by
m? = 3s+0.75 (3.5)

Thus the complete set of primary operators packaged into the trilocal collective field fill
out two Regge trajectories.
Metsaev has also given the light cone wave equation that each field must obey

(28*8‘ +0% + 0% — ;2) o) =0 (3.6)

where |¢) packages the spin degrees of freedom using oscillators of, with I ranging over Z
and the directions transverse to the light cone (for AdS, this is just X). In this way we are
decomposing the so(d — 1) = so(3) totally symmetric and traceless representation into a sum
over so(d — 2) = so(2) representations. Concretely we have®

6) = > Doy, -+ ar,¢"|0) (3.7)
s'=0

I

The oscillators o' are creation operators and the corresponding annihilation operators are

denoted a’. They obey
[, a’1=6"" aljo)=0 (3.8)

The operator A, which acts only on the spin indices, is the AdS mass operator. It can be
written in terms of a! and a’. A formula for the AdS mass operator is

A= 2MZXMZX 2+ A(A—3)+s(s+1)+2B?
=2B+2+A(A—-3)+s(s+1) (3.9)
In the next section we obtain formulas for the AdS bulk coordinates in terms of the coordinates
of the collective description, and in the appendix A we obtain the form of the AdS mass

operator in the collective description. With these results in hand we are able to directly
confirm the equation of motion (3.6) holds in the collective field theory description.

5We employ the very useful oscillator representation introduced in [10].
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4 Holographic mapping

The requirement of bulk locality can be used to derive the coordinate transformation of
bilocal holography, which relates the coordinates of the boundary conformal field theory
to those of the bulk [17]. We will use this logic to determine the mapping relevant for the
k-local collective field in a d-dimensional conformal field theory. We use light cone coordinates
in the dual AdSy41 bulk. The coordinates of the AdS space time, in Poincaré patch are
(Xt X, X , Z) with X a d — 2 dimensional vector of coordinates transverse to the light
cone. Z is the usual holographic direction.

Consider a collective field dual to a bulk operator which is localized to the set of bulk
points given by X = 0, and definite values for X and Z. X~ is not fixed so we are considering
an operator localized to a light like line of points in the AdS;;1 bulk. For this line of points,
using the results of [10], the momentum P* and special conformal transformation K+ become

Pt=0" Kt=—2(X-X+2z%)0" (4.1)

N

The combination K* + %()? X+Z 2) P# therefore leaves this light like line of points fixed.
This implies a non trivial differential equation that a bulk field localized on the light like
line must obey

<K+ + %(X' X + 22)P+> Oy =0 (4.2)

This equation is general, holding for fields of any spin, thanks to the form of KT given
in (3.71) of [10]. A Fourier transform on X~ in gravity replaces the differential operator o
with the variable PT. Since we have localized only to the light like line parametrized by X,
the Fourier transformed field obeys the same bulk locality condition. The results of [9] imply
that the coordinate transformation between the coordinates of the conformal field theory
and the bulk AdS space time can be determined by matching the generators of conformal
transformations of the bilocal conformal field theory with those of the higher spin gravity.
This implies that we can insert the bilocal generators into the above equation. As usual we
identify X = 2. Inserting the bilocal expression for the generators into (4.2), we obtain

k k
1 L. o
(—2§ T Tl + (XX +2%)) :p;> Oy = (4.3)
=1

Notice that this is a polynomial multiplied by the field. Since the field does not vanish the
polynomial does. Setting the polynomial multiplying Oy in (4.3) to zero relates the bulk
AdSg441 coordinates X and Z to the coordinates #; and p;r of the conformal field theory.
Recall that &; are d — 2 dimensional vectors of coordinates transverse to the light cone.

Matching the symmetry X~ — X~ + a in the bulk to z;; — z; + a in the collective
field theory we find that

k
Pt = Z pi (4.4)
=1
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Denote the momentum conjugate to X by ]3, and that conjugate to Zx by pi. An identical
argument matching translations in the directions transverse to the light cone implies that

k
Pr=>"p (4.5)
j=1

Now consider an SO(d — 2) transformation R’; which acts as

X' — R XY (4.6)
in the bulk, and as

xj — R'jx] (4.7)

in the collective field theory. Thus, X and # are all in the d — 2 dimensional vector
representation of SO(d — 2). This suggests a linear relation between them

k
X: = Zalfl Z o] = 1 (4.8)

The condition that the coeflicients o sum to 1 ensures that the translation X > X+adin
the bulk corresponds to the simultaneous translation ¥; — Z; + d@ in the collective field theory.
The arguments we have considered so far allow the parameter «; to be arbitrary functions of
the momenta p;r. The bulk coordinate Z is invariant under translations X¢ — X’ + a' and
under the SO(d — 2) transformations R';. This implies that Z is a function only of |Z1 — Z5].
Setting the polynomial multiplying Oy in (4.3) to zero now implies that

A Sk pf - v
S T ¥ =1P; ViV
X = zzlszrz 7 — =11 131 (49)
v : k 3
i=1F; (E]’:1 pj)2
where
k
Ui =) pf (T — 1)) (4.10)
j=1
Notice that Z = 0 requires that we set ¢; = 0 for all 4. Since it is easy to check that
L U; — U
T — I = (4.11)
S n

we see that Z = 0 requires that all of the spatial points Z; in the k-local collective field
become coincident. This observation implies that the arguments of [15] which show that
bilocal holography realizes the holography of information [16, 36-38].” For further background
motivating the holography of information the reader can consult [39-45]. We will be content
with sketching the basic idea. Start with the observation that k-local collective fields, with
the k locations Z; well separated, correspond to fields localized deep in the bulk i.e. at a

"For a beautiful set of lectures, incredibly helpful when learning this material, go to: https://www.youtube.
com/channel/UCJ-YA8uOwUIACIn49iD7TvA.
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large value for Z. Using the operator product expansion (OPE) the k-local collective field
can be reduced to a sum over conformal primaries and their descendants. These can all be
constructed from the k-local collective field with arbitrarily small separations |Z; — Z;| < e.
The k-local collective fields with arbitrarily small separations are all located in an arbitrarily
small neighbourhood of the boundary. In this way all of the information available on any
given Cauchy slice is available in an arbitrarily small neighbourhood of the boundary of
the slice. To really construct a compelling argument, one would have to show that the
relevant OPEs converge.

In what follows we will also need derivatives with respect to the AdS coordinates. These
are given by

o Xk: B) 0 1Xibi g
oXt = 8$Z- 82 Z Zk 1 p]
o Zz 1pz 81? 0 B i (4 12)
oPT Ykt oX+ ~ Oxt '
Jj= J

Using the expressions for M*% and B? derived in appendix A, we obtain the following
translation of the bulk equation of motion into the collective description

(Ca—A@A=-3)=s(s+1))0=0 (4.13)

where Cy is the quadratic Casimir of the conformal field theory (M, N are summed over
-1,0,1,2,3)

1
Cy = 5LMNLNM (4.14)
where we write Ly;ny = —Lyas in terms of the conformal generators as
1
Ly = Jw Ly—1= §(Pu + KM)
1
L_13=-D L,3= §(Pu - K,) (4.15)

The indices M and N are raised and lowered with the metric n = diag(—1,—1,1,1,1) and
the conformal generators are listed in appendix B. Notice that the bulk equation of motion
simply becomes an equation which selects the correct representation from the collective field.
Therefore, it is obeyed in the collective field theory and it states precisely which primary
operators are to be identified with which bulk fields.

5 Discussion and conclusions

In this paper we have started to study the collective field theory of a free matrix in 2 4+ 1
dimensions. The first step in this procedure is to formulate the dynamics in terms of (gauge
invariant) collective fields, which are k-local fields for k = 1,2,3,---. For k > 1 this collective
field packages an infinite number of primary operators. We have explained how the methods
of [20-23] allow us to work the list of spins and dimensions of the primary operators that
appear. Further we have explained how these primary operators can be constructed.
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Using the well developed light cone formulation of Metsaev [31-35] we have shown that
the primaries packaged into the trilocal collective field lie on a pair of Regge trajectories,
given in equations (3.3) and (3.5). Further, the primaries packaged into the bilocal collective
field all lie on the Regge trajectory m? = 0. The fact that Regge trajectories appear is a
strong hint of an underlying string theory description.

We have also described the coordinate transformation which related the coordinates of
the collective field theory to the dual AdS spacetime. Formulas for the coordinates of the
AdSg441 space time, needed to map k-local collective fields of CFT; have been obtained for
any d. We have also verified that the bulk equation of motion has a natural interpretation in
the collective field theory: it simply becomes the equation that isolates the relevant conformal
primary, using the quadratic Casimir.

According to the coordinate transformation we have found, the value of the extra
holographic coordinate Z becomes larger as the separations in the k-local collective fields
increase. The value Z = 0 is only achieved when all k fields are coincident. As we have
argued above, this is a very strong hint that the collective description localizes information
exactly as predicted by the principle of the holography of information [16, 36-38]7 and hence
exactly as expected in a theory of quantum gravity.

There are a number of interesting directions in which this work can be extended. A
rather simple but instructive exercise would involve computing the spectrum of primaries
for k-local collective fields with k& > 3. One could also consider the spectrum of primaries
for k-local collective fields for more general values of d. A further instructive exercise is to
demonstrate the matching of the equation of motion for £ > 3 and more general values of d.

Another nice direction would be to determine the complete coordinate transformation for
the trilocal collective field. This would involve finding the transformation for three additional
angles, which would be used to package the complete set of primaries into a single field. With
this complete map, one could verify the GKPW boundary condition holds for the collective
construction and thereby confirm that we have a complete bulk reconstruction.
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A AdS mass operator

In section 4 we have derived formulas for the bulk coordinates X, Z and P in terms of
the conformal field theory coordinates appearing in the trilocal collective field. To obtain
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the AdS mass operator, given in (3.9) we will need the spin generator M4 as well as the
B?Z operator. In this appendix we evaluate M?4X and BZ.
The bulk higher spin fields are collected into a single field

Ahlzlas(X+ X=X, 7)
Z

o0
X X7, X,Z,0") =D anorn, - ar, 0) (A1)
The index I on the oscillators runs over Z and X. The trilocal collective field can be
decomposed as

o3 = Ug +n3 (A.2)

where of is the large N expectation value of 03,% and 73 is a fluctuation about this large
N value. It is n3 that is mapped to the bulk higher spin gravity field. The holographic
mapping between the fields in this case is

q)(X+7P+7X7 Z7 aI) = M(p;_a$i)773($+7pii_;xlap;7$27p§_a$3) (A3>

where u(p;, x;) is a factor needed to ensure that the conformal generators of the collective
field theory and those of the higher spin gravity map into each other under the change of
spacetime coordinates given in section 4. Using Lags to denote a bulk generator and Lopt
to denote the corresponding collective generator, we have

1

wu(py s i) (44

Laas = pu(p;, ;) Lepr

By matching generators we learn that

u(pt, @) = \/p1 3o \/pl DS (21 — 22)? + plpf (21 — 23) + pipi (w0 — 23)>  (A5)

To obtain the spin generator, note that by evaluating the conformal generator
1
Kis = —5(2X+X* + X2+ 290X + XD+ MX?Z + M¥ X (A.6)

at XT

I
o

= X we obtain
1
Ky = —§Z28X +MX?%7 (A7)

By using (A.4) to equate this expression for K /i(ds to the generator of the conformal field theory

13 B B, o 1
Ké(FT:—QZ(x?a% ,DZ.) Di= iy p +aig (A.8)

i=1 Li
we are able to express M*XZ in terms of the conformal field theory coordinates. The result is
233 1D; (xz j) -2 Zz—l pz Ui 88+

2/ pip) (= ( — xj)?

8For the free theory this contribution vanishes. With cubic interactions, it will be non-zero.

MXZ

(A.9)
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In obtaining this result we use the fact that M*7 is translation invariant so it can only
depend on coordinate differences and the fact that since X = 0 we can replace

Vi
pl+ps + 03

Next, by evaluating the generator

T — i=1,2,3 (A.10)

Kxas = —%(2X+X‘ +X*+ 2P+ X D+ a%XfaJM” ~ 2ZX8+ [MZX, A + a%B
(A.11)
we find that
B = (M*?)? 4+ MY k) - if# (A.12)
where

. pfp;p;‘ Tro — I3 6 r3 — I1 8 r1 — T2 8
R=EWF ¥, F o T T e T o o (A.13)
Py +py + D3 Y2 L1 Do L2 Ps3 T3

we are able to express B in terms of the conformal field theory coordinates. Note that
k, M*% and [M*? k] generate an su(2) algebra. Finally, using this expression for B we
are able to verify that
1
p(pi s i)
with Cy the quadratic Casimir defined in defined in (4.14) in terms of the generators of the

(22(2P* P~ + 0% + 03) — 2B = 2) u(p{ 1) = C (A.14)

conformal field theory. With this last identity it is now simple to verify (4.13).

B Generators of the conformal group

A highly non-trivial confirmation of the holographic mapping proposed in this article is the
fact that the generators of the conformal field theory agrees with those of the dual higher
spin gravity. This amounts to demonstrating (A.4), after the change of coordinates given in
section 4 and the relation between bulk and boundary fields given in (A.3) and (A.5) are
used. In this appendix we list the generators of the conformal field theory and those of the
higher spin gravity, that we used to demonstrate (A.4).

B.1 Conformal field theory generators

The generators we quote below are the generators acting on the trilocal field in the collective
field theory. They are obtained using the coproduct

AL =L®1®l+10Lel+loleL (B.1)

of the standard representation of the generators L of the free scalar field. The only slightly un-
usual feature is that we have performed a Fourier transform from = to p*. The generators are

3
Pt =3"pf
=1

0
T

3
szga
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P == ——

;21??33??

20
JTm=atPm+ Y —pf
;319? I

3 o 3

13 o 8 o 3 1 02 o o 1
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B.2 AdS generators

Once again, we rely on results obtained by Metsaev [31]. The formulas below are obtained
by Fourier transforming (from X~ to P1) the generators given in section 2 of [31]. The
generators are

PX =09y
Pt =p*
P_:_8§(+8§ Loy

2Pt | azZpt
D=X"P" —Pt0p+ + X0x + Z0y

JtT =XTPT + Ptops +1

JX = XTox — XP*

J X = 0prdx — XP~ +M ¥

Kt = —%(XZ + 7% - 2X10p)PT + XD

1
KX = —E(XQ + 7% - 2XT0p1)0x + XD + M*X?7Z + M¥X— X

1
K = —§(X2 + 7% —2XT0p )P~ —0pi D + 57 (X07 — Zox)M*?
X 1
— M?X A+ —B B.3
szpr M Al B (B-3)
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where A is defined in (3.9) and

_ _ 0z 1
M X _ MX _ ﬂ[XZ
P+  2ZP+t

B = B? 4+ M#X Mm2X (B.5)

[MZX | A] (B.4)

and BZ is a component of the vector B! = (BX, B) which obeys
([B[,BJ] + %MIKMKLMLJ _ %MJKMKLMLI
~(A(A =3) + s(s+ 1) + M¥ZMXZ 4 2)M! ) ) = 0 (B.6)

The state |¢) is defined in (3.7). In verifying the equality, we replace the combination
A(A — 3) + s(s + 1) by the quadratic Casimir written in terms of the AdS generators.
This then gives us a universal set of generators that can be applied to bulk fields in any
SO(2, 3) representation. It is these universal generators that agree with the generators of
the collective field theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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