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U C R™ is open and f € CT(U, R™). The r-jet of f at r € U has a canonical
representation, namely the Taylor Polynomial of f of order r at 2. This polynomial
map from R™ to R" is uniquely determined by the list of derivatives up to order r
of f at z. This list belongs to the vector space

Pr(m,n) =R" x ] LE,.(R™, R")
k=1

where LY, (R™ R") denotes the vector space of symmetric k-linear maps from B™

to R™. Conversely, any element of PT(m,n) comes from a unique jet in J(m, n). In
this way we have the identifications

Jr(myn) = P"(m,n)
and
J"(m,n) = R™ x P"(m, n),
In particular, J"(m,n) is a finite dimensional vector space (for r finite). If U/ ¢ R™
and V' C R" are apen sets then JY(U, V) is an open set of JT(m,n).

If M, N are manifolds of dimension m,n with AM = N = ( and charts (e, U),
(v, V), the map
0:J7(U V)= J (U, V)
0: 420 = jy(vfe™!)
where y = f(z), is a bijection. Thus € sends each jet to the jet of its local repre-
sentation. Since J”(@l/, V') is an open set in the vector space J"(m,n) (which is
isomorphic to a Euclidean space), we can view (8,./7(l’, V'}) as a chart on J" (M. N).
The topology on J" (M, N) is determined by these charts. In this way J(M,Njis a
" manifold?®,
For each C'" map f: M = N define a map
J'f:M = J(MN)
r v j"f(z).
This r-prolongation of [ is continuous and is clearly injective,
Theorem 2.10. Th: image of
J° CT M, NY C(M,J" (M, N))

is closed in the weak topology.

Proof. We prove that the image is closed under uniform convergence on compact sets,
It suffices to consider convex compact subsets of co-ordinate charts. Ultimately, we
must prove that if 7 ¢ R™ js open and {f,} is a sequence such that for each
k=0,...,r the sequence {D*f.(2)} converges uniformly on {7 to a continuous map
gk : U = L¥(R™ R"), then gk = D¥gy (the k-th derivative of go). This is proved by
induction on k. The inductive step is the same as the case for k = |.

If M, N are C7+* manifolds, J"(M, N)is a €'* manifold.
11
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If Df, converges uni‘ormly to gy and f, converges uniformliy to ¢go, we have that for
rr4+yel

go(z +y) = 'in_l’n\ falz +y)

]

1
lim fu.(z)+ lim / Df.(x + ty)y dt
i O N0 0

1
= go(z) + / g1z + ty)ydt
0

by uniform convergence. It follows that g1 = Dgy =

The topology on €' (M, N) induced by j” from the weak (resp. strong) topology on
C(M.J"(M,N)) is called ti.e weak (resp. strong ) topology on (M, N) and is
denoted C'7(M,N) (resp. Cr(M, N)).

From theorems 2.7, 2.8 and 2.10 we obtain
Theorem 2.11. The strong and weak topologies have the following properties

L. €7, (M, N) has a complete metric.
2. Every weakly closed subspace of Co(M,N) is a Baire space (in the strong
topology).

In the general case where M, N are allowed to have boundaries the definition of the
r-jet remains unchanged. We do however have to examine the topology on J7 (M, N).

Let U7,V be open sets in the halfspaces H™ c R™, H" ~ R™. For each (z,y) e Ux V
there are canonical identifications (for r < o)

.l;:_y((" V)= H L:‘,HI[R’“, R") = J§ o(m.n)
k=1

consequently, J"(I',V) =1/ x V' x Jholm.n),

If either D17 or AV is empty this is an open subset of a halfspace. If 9" # 0 and 9V’ e
0 it is not. It is however homeomorphic to an open subset of a halfspace; this follows
from the same property for U/ x V' which in turn follows from the homeomorphism

[0,00) x [0,00) 2 R x [0, 00).

thus again J"(M, N) has a € manifold structure and the preceding development
goes through,

2.3. Transversality Theory. We turn our attention now to issues of stability. Par-
ticularly useful from the viewpoint of applications is the existence of properties which
do not change at all, at least locally, when the original system is perturbed slizhtly,
If a mathematical model describes a physical system, its parameters are usually only
known with limited precision. If a particular property is observed for an open set of
dynamical systems and hence an open set of parameters, then it is likely to reflect
the true properties of the system,

.
‘It M, N are CT+* manifolds, both with boundary, /" (M. N) has no natural €' structure. In the

case in which we shall work, 9N = @ and so there will be a natural manifolds structure on the jet
space.
12
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Structural stability is a good example of such a situation. Any topological property
for a structuraily stable diffeomorphism is preserved under small perturbations. In
the nonstructurally stable case however, tiie most one can hope for is to say something
about “most” systems, that is to describe a “typical” system. For a family of systems
depending smoothly on a finite number of parameters, there are two competing
notions of “typical” :

1. Using the natural Lebesgue measure o1 the space of parameters. A property is
typical in a certain domain D of parameters, if it holds for all parameter values
in 2 except a set of measure zero.

. If we consider open sets as large, a property is called typical or gencrie if it
holds for a set of parameters which is a countable intersection of open dense
subsets of D. Such a set is called residual in D.

These two notions are quite distinct (see for example [15] exercises 7.1.4 and 1.1,8)

The reason for the importance of the second notion is the Baire theorem : In a
complete metric space a countable intersection of open dense sets is dense.

In §3 we shall study certain generic properties of maps in the (' topology, r > 1.
The key notion in dealing with generic properties in this topology is transversality.
Assume, from now on, that unless otherwise specified, all manifolds are ('™

Definition 2.12. A point € M is called eritical for a ! map f: M — N if the
linear map T.f : M, — Ny is not surjective. We denote by Y the set of criticai
points of f. The set N\ f(X;) is then called the set of regular values of f.

Let f: M — N beaC" map and A C N a submanifold. If K ¢ M. we write frhg A
to mean f is transverse to A along K, that is, whenever € I and f(z) =y € A,
the tangent space N, is spanned by Ay and the image T, f(M,). When K = M we
simply write fh A. Define

k (M,N;A) = {f € C"(M,N) | f by A)
h" (M, N; A} =y, (M. N; A).

Theorem 2.13 (Inverse Function Theorem). If y € R™ is a regular value of a ("
map f: U — R™ U open in R¥, then either S~H(y) is empty or it is a submanifold
V of U of dimension k — n.

As an application of this theorem, we have the following regular value theorem for
the case of manifolds with boundary.

Theorem 2.14. Let M be a (' manifold with boundary and N a (" manifold (with
or without boundary), r > I. Let f: M — N be a (" map. If y € N\ON is a
regular value for both f and flOM, then f~'(y) is a neat C'" submanifold of M.

Proof. The property of being a neat (" submanifold has local characte r, that is, it is
true of A C M if and only if it is true of A, C M, where {A;} is an open cover of A
and each M; is an open subset of M containing A;. This property is also inveriant
under ' diffeomorphisms, that is, A C M is a neat submanifold if and only if
9(A) € M"is a " submanifold where g : M — M'is a (" diffeomorphism (or even
a (" embedding).

13
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Using these properties, we now reduce the theorem to the case where M is an open
set of the m-halfspace H™ ¢ R™ and N = H". Since y € N\GN is a rezular value
for bath f and f|oM, the result follows from the Inverse Function Thearem (theorem
2:13)« O

Theorem 2.15. Let A N be a (" submanifold. Suppose that either

a. A is neat or
b. AC N\oN or
Col AR,

ff:M—aNisacr map with both £ and flOM transverse to A, then f~1(A) is a
€ submanifold and 9f~1(4) = [71(04).

Proof. We shall prove the theorem assuming (a), again working locally (the other
cases are similar). Therefore, replace the pair (N, 4) by (U x V,U x0) where U x V C

H? x HY is an open neighbourhood of (6,0). The maps f : M - U x V and ’ ':
FIOM : PM = U7 x V are transverse to I/ x 0 and 9t/ x 0 if and only if the .
composite maps S |

aMbuxv iy

- ‘4:

glom :om L2Y% o0 v 2 v x;‘

have 0 for a regular value. Since S™HU x 0) = ¢~1(0) and (floM)=1(0U x 0) = : }
(9/0M)=1(0), the result follows froit theorem 2.14. Also note that codimension (A) )‘
= codimension (f~14), O A

2.3.1. The Morse-Sard Theoren.. An n cube (' ¢ R™ of edge A > 0 is

a product
C=hx...xIl, CR x o X R=R™

of closed intervals of length A. The measure or m-measure of C' is p(C') = u,, (C)=
A"l‘

A subset X C R™ has measure zero if, for every ¢ > 0, X can be covered by a family
of m-cubes, the sum of whose measures is less than ¢. A countable union of sets of
measure zero has measure zero. Therefore X' has measure zero if every point of X
has a neighbourhood in X of measure zero,

R
T

Lemma 2.16. Let [/ Z R™ be an open and fiU=SR™a map. If X c U }
measure zero, 5o has f(X),

1as

Proof. Every point of X belongs to an open ba!l B C U such that NDf(z)]| is %.
uniformly bounded on 3. say by k. Then t?

/(@) = F0)] € Kz -y 5
for all Ty € B. It foliows that if ¢ C B is an m-cube of edge A, then f(() ,"1 :
is contained in an m-cube " of edge less than vmkA = L), Therefore ") e “‘»,
L™ u(C), 3

Write X = Uj\=x X, where eacl, X is a compact subset of a ball B as above. For b |
each ¢ > 0,X; C U, Ck where each ( & nr‘ an m-cube and ¥~ u(c k) < €. It follows .5: ‘
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that f(X;) C (J, €} where the sum of the measures of the m-cubes is less than L™, i
. - LA
Hence, each f(.X;) has measure zero and so X has measure zero. O 3

Now let M be a (C'*°) m-dimensional manifold. A subset X' ¢ M is said to have
measure zero if, for each chart (¢, ), the set (I’ N X) ¢ R™ has measure zero.
By lemma 2.16, this will be irue provided there is some atlas of charts with this
property.

Since a cube does not have measure zero, a subset of measure zero in B™ has an
emptv interior. It follows that a closed measure zero subset of R™ or a manifold M
is nowhere dense. More generally, suppose X C M is measure zero and is o-compact,
that is, X' is a countable collection of compact sets. Each of these subsets is nowhere
dense and so X is nowhere dense by the Baire category theorem. The complement
of X' is residual and therefore dense,

We state now the theorem of Morse and Sard. Since the proof involves methods that

are not used at all in this survey and indeed throughout differential topology, it is % ;
not presented here. i |
23]
Theorem 2.17 (Morse and Sard). Let M, N be manifolds of dimension m.n and |
JiM = N aC" map. If r > max{0,m - n}, then S(X;) has zero measure in N, g A
The set of regular values is residual and therefore dense. |
5 “"
Immediate consequences of Sard’s theorem show that there is no retraction /)" — X s
S5"=1 and the same argument implies that if M is any compact smooth manifold, 1
there is no retraction M — dM. Given the correct boundary conditions for an excess 9
demand function, this result can be used to prove that there are equilibrivm points L5
for an economy. See Smale [31]. ; o

The main result of this section is :

e
L

Yy

Theorem 2.18 (Transversality Theorem). Let M. N be manifolds and 4 C Na
submanifold. Let 1 < r < a0 then

L. (M, N; A) is residual and therefore dense in €7 (M, N);

2. 1If, in addition, A is closed in N and L ¢ M is closed then M, (M,N:A) is
dense and open in 7 (M, N).
We shall prove this theorem localiy and then globalize using a standard globalization i

technique. Since this technique will be used in both theorems 2.18 and 2.23 it will
be presented abstractly below.

Let M and N be (" manifolds 0 < r < oc. By a (" mapping class on (M, N)
we mean a function A’ of the following type. The domain of .\ is the set of triples
(L,U,V) where U ¢ M.V C N are open, L C M is closed and L ¢ U/. To each
triple, X' assigns a set of maps AL (U, V) C (U, V). In addition, .\’ satisfies the

¥
i

following localisation axiom : & '

Axiom. Given triples (L, U,V),amap f € C"(U,V)isin X (I, V) provided there é

are triples (L;, Uy, Vi) and maps f; € A7, (U, Vi) such that & ¢ UL, and f=fiina e

neighbourhood of L; for all 1. '?‘ |
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use of a C" mapping class is XL(U, V) =] (u,v;vn AR

The first example we shall
open covers U,

VY of M\N such that

led rich if there are
fU,Vand L C U is

M.V C N are subsets of elements O

is dense and open in CT(U,V).

A mapping class X is cal
whenever open sets UC
compact, then XL(U,V)
lobalisation Theorem). Let
For every closed set L C

X be a rich C" mapping functor on

Theorem 2.19 (G

(M,N),0 T < o0, M. XL(M,N) is dense and open 1n
Cr(M,N).

feC (M, N). In what follows, i runs over a countable index set
finite atlas on M. K; c Ui compact sets such that
h that f(K;) € Vi Since
| open in Cr(E, V;) for

Proof. Fix L and

A. Let @ = {¥i, U;} be a locally
L=UK;and ¥ = {vi,Vi} & famity of charts on N suc

is rich, we cen choose U;, Vi such that Xk (B, V;) is dense anc
every open set E ¢ U; which contains K.

M. N) to be the set of all
localisation axiom

g € Cr(M,N) such that g | Ui €
implies M C XL(M,N).

_ The assumption that each
because ¥ is locally finite).

Define M C C"(
,\'K|((',.\'.-).for all i € A The
and hence in M by localisation)
n implies M is strongly open (

e Xo(M,N) and proceed to th

Suppose [ € XL(M.N) (

Xk, (Ui, Vi) is weakly ope
\e density part of

Now we drop the assumption that T

the theorem.
eighbe yurhood

Then there is a strong basic 1

For each 1, let & > 0 be given.
N=N"(f2V, K.¢)

{K:}iea and € = {€i}ien:

<then K; C E. Since [ is rich, -\'l\,(Eo V) is dense.

that A = 1 near K.

where N =
FixjeA Let E= I'J(‘\f“(\'J)
Let A: E = [0,1] be a ¢ map wit}
V; with an open subset of

\ compact support, such
To simplify notation, identify a halfspace via ¥ SO that
e sense on elements of V;.

vector operations mak
f|E, the following map I'(g)

If g € C(ES V) is sufficiently close to

is well defined

h(z) = {f(’) + \@)gla) - f(@)) fz€E

f(z) if ¢ € M\E.

Moreover, as g tends to fIE in th
.\'K}(E, V;) is dense, we can choose a ¢ € ,\'1\-](1?. V;) so close to f|E
Since h = g near K; it follows that h € Xy, (M, N).

';\‘)(M, N) is dense in C'T(M, N)

e weak topology

This shows that for all i € A the set X
know that it is open and therefore from Baire we know that (), YK,
dense. Since this set contains X (M, N), the latter is strongly dense.
The proof of theorem .18 is based on the following result :

Lemma 2.20. Let K be a compact set in a manifold U
JR2N V) is dense

Vv c R" an open set. Then h (V3 and open in Co(U: vyl

r < oc.

= heC(MN)

h = fin the strong topology. Since
that h € N.

. We already
(M,N)is strongly

R c R" alinear subspace,

*
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Proof. Since (1, V) is open in €7 (1, R"), it suffices to take V = R". Let 7 : R" —
R"™\ R® be the projection. If f ¢ C"(U,R*) and z € [, then £, R® if and only if
either

i. f(z) ¢ R% or
ii. f(z)€R"and zis a regular point for 7 f : {7/ — Rn \ R,

Suppose f g R, Then, each y € K has a compact neighhourhoo K, C K such
that either (i) holds for al] » € Ky or (ii) holds for all - € K,. Fix such a Ky.
In either of the two cases, the subset of CL(U,R™) for which S hu, R s open,
Since K is covered by a finite set Ky, ..., K, of such neighbourhoods, it follows that
My (U, R™ R?) is open.

To prove the denseness, we use the result (not proved here, see for example [12]) that
"™ maps are dense in Cu(U,R™), It therefore suffices to show that an arbitrary ('
map ¢ :U ~+ R" is in the closure of thj. (1, R"™: Re),

Let {ys} be a sequence in R” tending to 0 such that each 7 (i) is a regular value of
79:U = R"\ R®, Define

gk : U - R®
9k(r) = g(z) - y,.
Then g; — g in C7(I7,R"). Since gk h R".rh;\. (", R™ R is dense in C7(U,R") O

Proof of transversality theorem, Assume initially that 4 is closed and 6N = @ and
We prove the second part first.

From lemma 2.20, it follows that, for ) < r £ o0, the function
X (LU, V) =hy (U,V:AnV)

is a rich® Cr mapping class on (M. N). From the Clobalisation Theorem 2,19, it
follows that iy (A7, N A) is strongly dense and oper.

Now suppose A4 is still closed but 9N # 0. We may assume N C R7 is a closed
submanifold. Then the weak and strong topologies on € (A1, N) are those it inherits
from the weak and strong topologies on (' (), R%). We have already shown that
h” (M,R; 4) is strongly open since A ¢ R i closed and 9R? = ¢, Therefore, the
equation

h" (M,N; 4) = CT(M,N)nd" (M, R"; 4)

shows that " (M,N: 4) is strongly open in ("M, N). A similar proof shows that
ML (M,N; A)is strongly open,

To prove density, let No =N \ON, Ay = 4 \ N so that ONo = 0 and Ay C
No is a closed submanifold.. Then hy (M, Ny; Ag) is strongly dense ip C"(M, Ny).
Also, Cr(M, No) € (M, N) is strongly dense. Therefore, hy, (M, Ng; Ag) chy
(M,N; 4) is strongly dense, This completes the proof of the secand part of the
theorem,

*Take ¥ to be any open cover of M and V be an atlas of co-ordinate domains on N that come
from submanifold charts for (N, A) and apply lemma 2,20,
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To complete the proof, assume A is not closed. Let Ak be a countable family of
compact co-ordinate disks on A. Then

h (M, N; A) = () &7 (M, N; Ay).
k=1
Since Ay is closed, h (M, N; Ag) is strongly dense and open which proves h" (M, N: A)
is residual. a

Oin our applications we shall not deal with all C" maps from M to N but only with
a family of maps parametrised by another manifold V. In this case we have a map
F:V -5 C"(M,N) and a submanifold A ¢ N and we wish to determine the size of
the set {v € V|F(v) h A}, where Flv)=F,: M < N.

Remark 2.21. The next two theorems are stated and proved in terms of manifolds
without boundaries. The generalisation to the case with boundaries (where the
boundary of the submanifold satisfies conditions (a) to (c) of theorem 2.15) is done
in the same way as the previous proof,

Theorem 2.22 (Parametric Transversality Theorem). Let V, M. N be (' manifolds
without boundary and A ¢ N a ¢ submanifold. Let F:V — C"(M, N) satisfy :

1. the evaluation map F* :V x M — N - (viz) = F,(2)is € ; and
2. F* is transverse to A; and
3. r > max{0,dim N + dim A - dim M}.

Then the set h (F; 4) = {veV:F, th A} is residual and therefore dense. If 4 is
closed in V and F is continuous for the strong topology on " (M, N) then h (F: A)
is also open.

Proof. The last statement follows from the openness of h" (M, N: A). To prove the
rest of the theorem let W = FEYSHA) Cc V x M. By (1), W is a C'" submanifold
of VM. Let 7 :V x M = V be the p.ojection. It is readily verified that F,h Aif
and only if v € V is a regular value for the (' map 7|W : W — V. The dimension
of Wis dim V 4dim M - dim N + dim A. The theorem follows fromn the Morse-Sard
(theorem 2.17), 0

The situation in §3 requires a natural generalisation of this result to examine the jet
map

3" CH M, N) = C*=" (M, J" (M, N))

1 £7r < s < oo Given a submanirold A C J'(M,N) we try to approximate a ('
map g : M = N by another ¢ map h whose prolongation j " : Mf — J'(M,N) is
transverse to A. Denote the set of such maps h by h* (M, N;j", A). The following
theorem is also called the Jet Transversality Theorem.

Theorem 2.23 (Thom Transversality Theoram). Let M and N be (' manifolds
without boundary {see remark 2:0) and A C J"(M,N) a €™ submanifold. Let
L €r<s< oo then h? (M,N;j" A) is residual and therefore dense in CHM,N).
It is open if A is closed,
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Prooj. Suppose A is closed. Openness follows from the openness of
(ML T (M, N AL

To prove density let 7 ¢ M. Vv C N be open sets and ot [ C U be closed in M,
Define

t (U, V) = {fe (U, v) 1) f hy A},
One easily sees that \’ : (LU V) =ty (U, V)isa(Cs mapping class on (M. N), By
the Globalisation Theorem (theorem 2.19), it suffices to prove A’ is rich. For the cov-
ering ¢, Vin the definition of rich choose any open coverings hy co-ordinate domains.
It now suffices to prove that if &' C R"™ is an open subset and 4 JT(U/R") is a
closed submanifold, then th? (UR™ j", A) is open and dense in C3.(U,R"). Moreover,
it is enough to prove this for s finite, s > r, Fix f € C*(I/,R™). Openness is obvious,
To prove denseness we find a €' manifold X and a map a : X — C3(UR™) with
f € «(z) and then apply parametric transversality to the composition
F:X S, r") i C*=N(U, JT (U, R™)).
This requires the evaluation map of F,
F!‘u : "' X (' -5 .’r(," Rﬂ)
'o be transverse to A and sufficiently differentiable (F will be a (= submersion ).

Put X = JS(R™, R"™), Every element of X is the s-jet at 0 of a unique mapping
g : R™ - R" whose co-ordinate maps g, ... 1§ are polynomials of degree < sin
the co-ordinates of R™. We identify the elements of X with such maps g.

Define a : X — CLURY), g £+ 9|l and
F=j"0a:X - C*=M(U, I (U, R™).

Ther F(0) = f. To compute FV make the natural identification

JYURY) = JL(U.R™) x U,
Then the map

F* : B(R™R") x U — Jo(R™ R") x {/

Is given by

(Uo(9):3) = (i (g + £),2).
The map

A J3(R™,R") = JI(R™, R”)
Jol9) = Jalg + f)

is affine, hence I js (' Moreaver the derivative of 4 at any point is the “forgetful”
linear map

',S(RHI.RU) = ‘l';'(R'I“R"’
Jolg) = Ji(9)
which is surjective. Thus F™ h A; by theorem 2.22 it follows that

{r € X:j (a(z)) A}
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is dense in X. Since -

a:X - Cy(URY
is continuous, it follows that f is in the closure of
{h € CL(UR") : j"h th A).

This proves that .V is rich; hence for closed 4 the theorem follows from the Globali-
sation Theorem.

If A is not closed then write 4 = Ui=; Ax where each A; is a compact co-ordinate
disk in A. Then each th (M, N; ", Ag) is dense and open in (’*(M, N). By the Baire
intersection theorem, h (M, N; j", A) is dense.

O
2.4. Lie Groups. An important special class of differentiable manifolds are the Lie

Groups. In sections to come, properties of certain well known Lie groups such as the
general linear group, the special linear group and the orthogonal group will be used.

Definition 2.24. A Lie group G is a differentiable manifold which is endowed with
group structure such that the map i x (¢ — (i defined by (o,7) = or=! is O,

Definition 2.25. A Lie algebra 8 over R is a real vector space g together with a
bilinear operator [, ]: g x g — g (called the bracket) such that for all z. Y.z € q,

L. [z,y] = -[y, 7] (anit-commutativity)
2. ([, 4], 2] + (v, 2], 2] + ([, z),y] = 0. (Jocobi identity)

Let o € 7, a left translation by o, 1. is a diffeomorphism of 7 defined by l,(7) = o7
forall 7 € G. If V is a subset of (7 let oV’ denote the set [,(V). A vector field X (not
necessarily assumed to be smooth) on (7 is called left invariant if, for each o € (5, X
is 1, related to itself, that is

(2.2) dl,oX =Xol,.

Proposition 2.26. Let (i be a Lie group and let g be its set of left invariant vector
fields.

1. g is a real vector space and the map a : g = Ge(= T,.G) defined by a(X) =
X(e) is an isomorphism of g with the tangent space (i, to (i at the identity.
Consequently, dim g = dim 7, = dim (7.

2. Left inva_iant vector fields are smooth

3. The Lie bracket of two loft invariant vector fields is itself a left invariant vector
field.

4. g forms a Lie algebra under the Lie bracket operation on vector fields (see
definition 2.4).

Al

Proof. [39] p. e 85 O 1
We define the Lie algebra of ‘he Lie group G to be the Lie algebra g of left invariant
vector fields on (7. Alternatively, we could take as the Lie Algebra of i the tangent

space (7, at the identity with the Lie algebra structure induced by requiring the vector
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space isomorphism ({1) in the proposition 2.26) of g with G, te be an isomorphism
of Lie algebras,

The Lie algebras of the classical groups admit particularly elegant interpretations in
terms of their tangent Spaces at the identity. Ip particular, the n? dimensional vector
space gl(n,R) of all nxn rea) matrices forms a Lje algebra if we set [A,B)= AB-BA.
The general linear group G'L(n,R) inherits its manifold structure as an open set of
gl(n,R) where the determinant function does not vanish and Lie group structure
under matrix multiplication. Let zi; be the global co-ordinate function on gl(n, R)
which assigns to each matrix its ij-th - try. Then if ¢, 7 Gl(n,R), zi;(6771) is a

rational function of {z(e)} and {Zu(7)} with nonzero denominator, This proves
that the map (a,7) — gr-1 je e

[t can be shown that gl(n,R) is the Lie algebra of Gl(n,R) (see [39] page 86).

Definition 2.27. Let ¢; aad H be Lie Broups. Amapy: H 5 Gisa (Lie group)
homomorphism if v is both ("™ and a group homeomorphism of the abstract group,

If G =Gl(n,R), then V:H = Gis called a representation of the Lje group. (H, )
is a Lie subgroup of the Lie group (' if

1. His a Lie group; and
2. (HY)is a submanifold of G5 and
v HGisa group homomorphisn,

Example 2.28. Define v : Gl(n,R) - Sym(n,R) where Sym(n,R) is the vector
space of all real symmetric n X n matrices by

V(A) = 447
where AT js the transpose of A4,

Let O = O(n) = »=U(1), I the identity matrix. O(n) is a subgroup of Gl(n,R),
under matrix multiplication, called the orthogonal group.  To apply the Implicit
Function Theorem to conclude that O(n) has a unique manifold structure such that
(O(n),?), i the inclusion mapping, is a submanifold of Gl(n,R) and that in this
manifold structure ; is an imhedding and O(n) has dimension (n(n=1))/2, one nee
only check that di, is surjective at each o € O(n). For this it suffices to check that
dvyy is surjective since, whenever o € O(n)

v=19Yor,

where r, is the diffeomorphism of Gl(n,R) defined by r4(7)

=70 (right translation
by @). This is done via a directly calculation.

Proposition 2,29 (and Definition). Let # be a closed subgroup of a Lje group ¢
and let G/H = {oH|o ¢ Gl Letinw 0@ o G/H denote the natural projection
m(@) = e H. Then G/H has a unique manifold structyre such that

L. 7is C*: and

2. there exist smooth sections of G/H in G (that is, if oH € G/H, there exists

a
neighbourhoaod W of o/ and a (' map 7: W — G such that

OT = liy).

Manifolds of the form G/H are caljed homogeneous manifolds,
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Remark 2.30. fis a (" function on G/H if and only if foris C™ on G for if f
is " then certainly for is C'™. Conversely if fomis C™ then f, which can be
locally represented as a composition of a smooth section of G/H in G with for, is

also' =

Example 2.31 (Homogeneous Manifolds). Let ¢;,i=1,...,n be the canonical ba-
sis of R™ where ¢, is the n-tuple consisting of all zeros except for a 1 in the i-th spot.
Each matrix ¢ € Gl(n,R) uniquely determines a linear transformation on R” which
shall be denoted o by requiring that

o(e;) = Zn.Je].

In other words, if we consider the n-tuples of R” as n x 1 matrices, then o acts on
R™ in the natural way by matrix multiplication. The map, which we denote here by
v, which sends (o, v) to o(v) gives an action of Gl(n,R) on R” on the left :

(2.3) Gl(n,R) x R" - R",

Let (, ) denote the standard inner product on R™ with respect to which the basis
€} is orthonormal. Then if o € Gl(n.R :
j

(2.4) (a(v), w) = (v.nT(m)).

If @ € O(n), the orthogonal group, then a7 == | and therefore it follows that
(a(v),a(v)) = (v, chrr(z.')> = (v, v);

thus o preserves lengths of vectors. Thus the action in (2.3) restricted to O(n) x §7~1
factors through the unit sphere §7-1 (that is, in the following diagram v(O(n) x
S"=1) € i(S™=1), i the identity map).

Oln) xSn—t 2., R»

[

grn-1

n

Obviously the map 1 is an imbedding. It follows that % is continuous.

Proposition 2.32. 5 is (",

Proof. It suffices to show that 87! can be covered by a co-ordinate system (17, T)
such that the map v o r restricted to the open set n~!1(U/) is (. Let p & §n~1
and (V. v) a co-ordinate system on a neighbourhood of i(p). As a consequence of the
Inverse Function Theorem, there is a projection 7 of R" onto a suitable subspace
(obtained by setting certain of the co-ordinate functions equal to 0) such that the
map 7 = 70701 yields a co-ordinate system on a neighbourhood {7 of p. Then

S TICT

A3 AR
"

roqly-yuy=moyoio Ny=yy=moyo Vln-1yw)

0O

which is ',
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So there is a natural ("™ action
(2.5) O(n) x 8"~ < §n=1

of the orthogonal group O(n) on the unit sphere S"=! on the left. The fact that
this action is transitive (that is whenever v, w € $™~1, thereisa o € O(n) such that
o(v) = w) can be seen as follows :

If v € ™1 let {v;,...,v,} be an orthonormal basis of R” containing vy as the

U= E o5t
J

Then the matrix 7, whose entries are determined by this equation, is orthogonal
and o(e,) = vy. It foliows that if v and w are any two points of S"~!, there is an

first element. Let

orthogonal matrix ¢ such that o(v) = w.

Now the set of matrices in O(n) of the form

oy, Ol o R a2 )
T2 b SR S - O P SR
O(n-1),1 O(n-1)2 -+ O(n=1),tn-1) 0
0 0 0 1
forms a closed subgroup of O(n). The matrices
J1,1 ay.2 T1(n=1)
3 2.1 02,2 T (n=1)
(r - . .

Tn-1)1 Tn=1)2 -++ O(n=i1)(n=1)

occurring in this subgroup are precisely the matrices in O(n=1). So O(n - 1) sits in
O(n) as this natural closed subgroup. We claim that O(n - 1) is the isotopy group
for the action (2.5) at e, € §™! (If v € §"! and H = {e € O(n)|le(v) = v}, then
H is a closed subgroup of "= calied the isotopy group of S™~' at »),

Proof. Clearly the elements of O(n) leave ¢, fixed. On the other hand. suppose that
o € O(n) and o(e,) = e,. Since a(en) = Y, diney, it follows that agn=0fori < n
and a,,, = 1. Since ¢ is orthogonal, oo” = I and this implies that 3~ ¢ = 1. Since

ni
Tnn = 1 we must have that o,; =0, i < n, thus o € O(n-1). O
Finally, we claim that the map
8:0(n)/Omn- 1) = §*! B(aO(n - 1)) = ale,)
is o diffeomorphism.
Before we can proceed with the proof of this statement, we introduce some machinery.

The Lie algebra associated with the Lie group O(n) is the space O(n), = o(n) of
skew symmetric matrices, that is, o(n) = {4 € Gl(n)|A+ AT = 0}, define a mapping

exp:o(n) = O(n)
23
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J‘ "
g
by
(= v} n
, X X
exptX = e = —
P n!
=0

The next two result are quoted without proof. For a discussion of these results,

see [39] pg. 104
Theorem 2.33, Let i : O(n ~ 1) = O(n) be the inclusion homevmorphism. Then

the following diagram is commutative.

O(n~1) —— O(n)

exp] Texp

on=1) =2, o(n)

Proposition 2.34. Let X ¢ o(n). If X & di(o(n ~ 1)) then exptX € i(O(n - 1))

for all t. Conversely, if exptX € i(O(n - 1)) for t in some open interval, then
X & di(o(n)).

Proof that 3 is a diffeomorphism. Observe first that 3 is well defined since

Bla (1 (en))) = B(a (e,,))

forany 1 € O(n - 1). 3is surjective since (n) acts transitively. It is injective since
if

A (O(n = 1)) = B(a2 (O(n - 1))
then a;’a,(e n) = €, which implies that n;ln, €0(n=1)orm0O(n—1) = 0,0(n-1).

To prove that 3 is a diffeomorphism it suffices to prove that 4 is ('™ and that d3 is
non-singular at each point®,

By remark 2.30, 3 is O™ if and only if o is C"™ on O(n) where 7 is the natural
projection of O(n) onto O(n)/O(n - 1). Now Jor = N0, where i is the ('™ map
of O(n) into O(n) x §"=! defined by i., (@) = (0,¢,) and 5 is the transitive action
of the Lie group O(n) on 5"~ that is. n(a.e,) = a(e,). Thus 3 is €<,

To show that .d3 is non-singular at each point. Let 3= Box. Since the kernel of
dr|O(n), is

(n()(u - I)) C O(n),,
in order to prove that

dB|{(O(n)/O(n ~ 1))

a0(n-1)
is non-singular it is sufficient to prove that the kernel of d3|0(n), is also loO(n-—-1 ),
Since for each ¢ € O(n)

4= Ne © 3o gy

(e = n(o,:) the transitive action of the Lie group and [, is left translation), it
suffices to show that the kernel of dslO(n). is O(n = 1),, € the identity. Certainly
O(n ~ 1), C ker (dB|O(n).) so let z € ker (d3]0(n).). To show x &€ O(n - 1), let

®See appendix A.
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