
I  c  R"* is open and /  e C ( l / , R n). The r-jet o f /  at a- 6 6' has a canonical 
representation, namely the Taylor Polynomial o f /  o f order r at * . This polynomial 

map from R " ‘ to R "  is uniquely determined by the list o f derivatives up to order r 
o f / at x. This list belongs to the vector space

r

P r (m,  n)  =  R n x J|  Z,*ym(R m, R " )
1

where L*ym(R m, R " )  denotes the vector space of symmetric /t-linear maps from R ” 
to R ". Conversely, any element o f /~(m . n) comes from a unique jet in „ ) .  In
this way we have the identifications

«/*(>», n) =  P r (rn, n)

and

./r (m, « )  =  R ”‘ x P r {m, n).

In particular, ,/r (m , « )  is a finite dimensional vector space (for r finite) If C  c  R ” ‘ 
and I c  are open sets then ,/r (f/, T ) is an open set o f J r (m.  n).

If -U A ’ are manifolds o f dimension m , w i t h  >)M =  d N  =  0 and charts ( y- n  
( i” , V ), the map

0 : J  ( I  , I ) —► J r . i ’ I ')

«  ■ J r f  ^

where =  / (x ), ls a bijection. Thus H sends each jet to the jet o f its local repre­

sentation. Since j y i f ,  * V )  is an open set i„ the vector spare r ( m , n )  (which is 
isomorphi. to a Euclidean space), we can view (0, . F (U ,  I ' ) )  as a chart on ( \1 V )

The topology on J r ( M .  A ') is determined by these charts. In this wav , r ( A l ,  V i is a 
( manifold .

l or each (  r map / : M  —> .V define a map

j rf  : M  —► J r ( M,  Ar) 

r  / / { ' ) ■

1 his r-prolongation of / is continuous and is clearly injective.

T h eo rem  2.10. Th image o f

j r : C r ( M .  N )  —>f'(,\/,./r(A/, .V )) 

is closed in the weak topology.

A W /  We prove that the i, dos„ ,  ,lniror,„  co„ „ e„ „  „ „  „  ^  

suffices to consider convex compact subsets o f co-ordinate charts, l ltimatelv, we 
must prove t i.it if I <_ R  «  is open and {/ „ }  is a sequence such that for each 

{ fn{$ convprgesuniforn,ly°nrt o ; i ^  
fnrl t* f  ™  =  50 (U' P * ' th derivative o f »o ). This is proved bv
induction on k. The inductive step is the same as the case for k =  1.

If A/, A are C '  + > manifolds, 7 r (A/, A ') is a C  manifold.

II
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II D f „  converges u n iW ily  t og ,  and /,, converges uniformly to g„. we have that for 
x , x  +  y  6 V

9o(r  +  y) — iilll fn(T +  y)n—¥ckj

=  Iilll f n( x ) +  lim f D f n(x  +  ty)ydt
n - foc »j—♦oo J q

~ 9o{x) +  [  gi(x +  ty)ydl
JO

by uniform convergence. It follows that //, =  [ ) g 0 n

T he topology on C ( M ,  A ) induced by j r from the weak (resp. strong) topology or

i.s called ti.e weak (resp. strong ) topology on C U A l . X )  and is 
denoted C rJ M ,  N )  (resp. C ' [ (M ,  N ) ) .

From theorems 2.7, 2.S and 2.10 we obtain

T h eo rem  2 .11. The strong and weak topologies have the following properties :

1. C'rw( M  N )  has a complete metric.

2. Every weakly closed subspace o f f ; (A / ,  A’ ) is a Baire space (in the strong 
topology).

In the general ca.se where M,  X  are allowed to have boundaries the definition o f the 

f'-jet remains unchanged. We do however have to examine the topology on J r (i\l \ ) .

Let I . I be open sets in the halfspaces H m C R " ‘. H n r  R ’1. For each (.r. y) e  I ' x \ 
there are canonical identifications (for r <  so)

r

A: =1

consequently. J r ( f\ V )  -  ( ’ x \ x „ ) .

If either t)l or(>\ is empty this is an open subset o f a halfspace. If W  ^  0 and rU' ^  

0 it is not. It is however homeomorphic to an open subset o f a hairspao; this follows 

from the same property for C  X V  which it, turn follows from the homeoti.orphism

[O.oo) x [0. 00) a  R X [0, oo).

thus again J r ( M , N ) has a manifold structure and the preceding development 
goes through4.

2..1. T ran sversah ty  T h eo ry . We turn our attention now to issues o f stability. Par­
ticularly useful from the viewpoint o f applications is the existence o f properties which 

do not change at all, at least locally, when the original system is perturbed slightly.
a mathematical model describes a physical system, its parameters are usually'only 

known with limited precision. If a particular property is observed for an open set of 

dynamical systems and hence an open set o f parameters, the., it is likely to reflect 
the tru.» properties o f the system.

’ If M. N  are C r+ '  manifolds, both with boundary, ./'(A/. .V) has „o  natural C  structure. |„ f(lP 

‘ We *l,aU wo,k- d N  =  •  * lul so there be a natural manifolds structure on the jet

12



Structural stability is a good example o f such a situation. Any topological property 
for a structurally stable diffeomorphism is preserved under small perturbations. In 

the nonstructurally stableca.se however, the most one can hope for is to say something 
about "most systems, that is to describe a “ typical" system. For a family o f systems 
depending smoothly on a finite number o f parameters, there are two competing 
notions o f “ typical” :

1. Using the natural Lebesgue measure on the space o f parameters. A property is 

typical in a certain domain D  of parameters, if it holds for all parameter values 
in D  except a set o f measure zero.

2. II we consider open sets as large, a property is called typical or gener ic if it 
holds for a set o f parameters which is a countable intersection o f open dense 
subsets o f D.  Such a set is called residual in D.

rhese two notions are quite distinct (see for example [15] exercises 7.1.4 and 7.1.5).

I he reason for the importance o f the second notion is the Maire theorem : In a 

complete metric space a countable intersection o f  open dense sits is dense.

In §3 we shall study certain generic properties o f maps in the C r topology, r  >  1. 

The key notion in dealing with generic properties in this topology is transversalitv. 
Assume, from now on. that unless otherwise specified, all manifolds are (  "x

D efin ition  2.12. A point r  6 A/ is called critical for a C* map f  A/ —> A if the 

linear map Tzf  : M x -+ N t  is not surjective. We denote by H/ the set o f critical 
points o f /. 1 he set A '\/(E/) is then called the set o f regular values o f /.

Let / : A/ —► A be a C '  map and .4 C .V a submanifold. If A' c  A/. we write / rhA .4 

to mean f  is transverse to .4 along A', that is. whenever .r € l\ and f ( r )  -  y 6 1. 
the tangent space A'v is spanned by .4,, and the image Txf ( M r ). When 1\ =  M  we 
simply write / rh .4. Define

rtrA- (A/. N ;  .4) =  {/  € C r ( M .  N )  | / rt>A .4}

ftir (A/, A'; .4, =rtt’A/ (A/. A'; .4).

T h eo rem  2.13 (Inverse Function Theorem). If g e R ’1 is a regular value o f a C T 
map / : I -> R ” , /' open in K*. then either is empty or it is a submanifold
I o f V  o f dimension k -  n.

As an application o f this theorem, we have the following regular value theorem for 
the case o f manifolds with boundary.

T h eo rem  2.14. Let A/ be a f ' r manifold with boundary and N  a C”  manifold (with 
or without boundary), r  >  1. Let / : A/ -+ A' be a C"  map. If y <= N \ d N  is a 

regular value for both / and f\UM.  then /-'(?/) is a neat C r submanifold o f A/.

/ roof. The property o f being a neat C  .submanifold has local diameter, that is, it is 
true o f .4 C A/ if and only if it is true of .4, C A/, where \ .4,} is an opr n cover o f .4 

and each A/, is an open subset o f A/ containing A,. This property is also invariant 
under C’r ( I somorph isms,  that is, .4 C A/ is a neat submanifold if and onlv if 
!/(■ 4) C A/ is a (  submanifold where g : M  —> ,\/' is a C r diffeomorphism (o; evon 
a ( 'y embedding).

13
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: z z c ; ; ;  r ^ Z T ' z :  % cz ? z  :i r  r
■ or J.0.1. / an.1 /|8M , the result fo il™ , f,0,„  Inverw Funr[jo„  Tbeor(, "

□
T h eo rem  2.15. Let .4 c  JV be , C '  ™ bm .nifold. Suppose that either

a. .4 is neat or 

'»• .4 C N \ 8 \  or 
<•• .4 C

r /  : f 7 a r ’P maf  with both / f\ i )M  transverse to .4. then / -> M ) is a
(  submanifold and d f ~  ( A )  — f~ ^ (d A )

< « . s e / , re , i , j | a  , T h '  7 " '  .... ...........  W ' * * " "  ” r k i " S l o ™ " V <t h '  “ ' l - r^  w e  similar). J lierefore replace the pair (,v, hy ( V x V . l ’ xO)  where r  x r  c  

I p o a i t e  I ;  '  *  V * "  ,ra " " " S'  “  "  X °  * '  *  »  i f  - ...  oal.v i f  the

(] : M  -L  I !  x I ' A r

9\u m  : o a i  — — > f W x V ' 4  V  

have 0 for a regular value. Since f - U n  x m i / ■

=  M l ° m  fr° ‘ ’ t W , n  A,so that codimensioti^( 4 )
□

2.1.1. Tht K W W  Timm, , , .  An .  cube f  C R ”1 o f  edge A >  0 .............

t =  I\ x . . ,  x /„, c R x . . . x |  =  r  

o M „ »e , l  intervals o f length A. The ................. o f f . „  / j| r) _

A subset A c  R ”‘ has measure zero if. for everv < >  n V , i , .
Of „,-n ,he.. tl„. „ f  ..... „ „ ; m '  * >  • • A ' * »  'overetl l.v .  f « „ i l v

measure 2ero has measure m  Therefore .V has r "!

has a neighbourhood in A’ o f measure zero. " "  P° 'nt ° f  X

Lem m a 2.16. Let I -  R m be an open and / :  V  -+ R ” ' a C l map |f v  r  r  I 
measure zero, so has / (A ) .  C ha*

/»«>/. Every point o f .V belongs to an open ball B Q V  lSllrt, tiiat m .,,, ... . 
uniformly bounded on B, say by k. Then WD f ( x )\\ is

l/ (* ) -  /(;y)| <  k\.r -  t/|

for ail x , y e B. It follows that if T  C B is an m-rube o f edge A then f ( C )  

- ^ n ta m e d  ,n an m-cube C  o f edge less than s/rilkX =  U .  Therefore //(n  <

e^ch" > 0 f t h  r ewheath X i  ;S. a .COm,)a(t s" bsel o f ba»  «  a.s above. For
0-A ,  C U *C *  where each C ,  »  an r«-cube and £ /<(r ' , )  <  t . It follows



that f ( X j )  c  (JkC’k *l»ere the sum o f the measures o f the m-cubes is less than L mt. 
Hence, each f ( X j )  has measure zero and so A  has measure zero.

Now let M  be a (C 00) m-ditnensional manifold. A subset .V C A/ is said to have 
measure zero if, for each chart (9 , U ) ,  the set i^ (f? D A ') C R " ‘ has measure zero. 
By lemma 2.16, this will be true provided there is some atlas o f charts with this 
property.

Since a r ube does not have measure zero, a subset o f measure zero in K ” ' has an 

emptv interior. It follows that a closed measure zero subset o f J?m or a manifold \l 
is nowhere dense. More generally, suppose A' C A/ is measure zero and is rT-compaet, 
that is. X  is a countable collection o f compact sets. Each of these subsets is nowhere 
dense and so A is nowhere dense by the Baire category theorem. The complement 
of A is residual and therefore dense.

We state now the theorem o f Morse and Sard. Since the proof involves methods that 
are not used at all in this survey and indeed throughout differential topology, it is 
not presented here.

T h eo rem  2.17 (Morse and Sard). Let AY. A be manifolds o f dimension in. 11 and 

/ . M  —► \ , a C ' map. It r > m ax{0 , 111 — it}, then f ( ~ j )  has zero measure in A . 
The set o f regular values is residual and therefore dense.

Immediate consequences o f Sard’s theorem show that there is no retraction D "  -> 
.S '- ' and the same argument implies that if M  is any compact smooth manifold, 

there is no retraction M  —> i>M. (iiven the correct boundary conditions for an excess 
demand function, this result can be used to prove that there are equilibrium points 
for an economy. See Smale [31],

The main result o f this section is :

T h eo rem  2.18 (Transversalitv Theorem ). Let A/, A' be manifolds and .4 c  A a 
submanifold. Let 1 <  r <  00 then

1. itT (A/, A ; /I) is residual and therefore dense in f ’’ (A/. A |;

2. If. in addition. .-1 is closed in X  and /. C A/ is closed then ft)’, (A/. A ':.4) is 
dense and open in C r, ( M ,  N ) .

We shall prove this theorem localiy and then globalize using a standard globalization 
technique. Since this technique will be used in both theorems '2. IX and 2.2:1 it will 
be presented abstractly below.

Let A/ and A’ be ( "  manifolds 0 <  r <  00. By a ( ' r mapping class on (XI,  X )  
we mean a function X  o f the following type. The domain o f .V is the set o f triples 

( L A  .1 ) where I C M , V  C A’ are open, L C A/ is closed and L C V . To each 
triple, .1 assigns a set o f maps ,\) ( l  , \ ) c  ( ,r( !  .1 ). In addition, .1’ satisfies the 
following localisation axiom :

A x iom . Ciiven triples ( L .  V . V ) ,  a map / € C r (U, V)  is in X L ( I '. V )  provided there 

are triples ( L , A f „ V , )  and maps /, e  X[ /t(Uu V<) such that i  Q u L, and / -  /, in a 
neighbourhood o f L , for all i.



„  f a C r mapping class is X L (U, V )  ( t t  V ; V  n  .1).
Thp first example we shall use o < guch <hal

a  ^  ;  c  i r j z r *  z x t  - - —  
& >  > -  -  - » ^  r, m w , 8  .

“ * ' •  18 d ™ s'  “ d  o p e "  ”  

f W  Fix I  and / € ^ ' ( M .  N ) .  * b* ‘ ' “ " T ^ ' k c  s« *  “ ch tb“ '

a . U *  *  =  < * • « ■ > *  ‘ " c h . r u  o »  ;  - h * « / « ' • • »  =  !••

f ,  rtch. « “ »  . « ! .  <k“  .y * ,(E .V ,) U d » »  » d  ° P « »  -< ' '

. r  r  f/ which contains /\i* every open set E C .  guch that g j ( t €

0 - .  * , * c  * « * .  * > .

,v ; e m (»<■ * -  «* m «*" i j r n ssuppose / € .1LU”  > ' . strongly open (because v

* « ■ ' ■ *  “  ° ..... . :  , e  w „  .V, and proceed « .  .he density P>rt of
Now we drop the assumption that / 6 .U l

d
_  V ( / ,  <1>, 'I*. K .i)

whe, , K . ( K , t o  •»■!■ =  < "> ■ «•  Since .V is rich. A V , ( £ . ' j )  is dense.

[ V ^ ^ e T / * - . ' c o . n W .  ...............................* « * . .........* ’ •

« - .............r ;  ° f
vector operations make sense on element* , , e n „ . ,V |

, , (n n r  the fol owing map 1 (</) '
If p 6 <"!],( E. V j) is e ffic ien tly  close to /|E. the

is well defined r-
( / (x ) +  "  /(X )] *

h (x ) =  \ if *  € M \ E .

, i i f in the strong topology- Since 
Moreover, a , <, tends to f\E  in the w e a k  to p e o *  / ^  ^  to f\E  that h € A '. 

A'k (E , Vj) is dense, we can choose a g € ,1 >>
Since h =  (I near K j  it follows that /i € A/x, ( A f .. )•

. .1 o. IV  ( M  N )  S dense in c ,WV<' •' /•
This shows that for all , € A that f|, .VK j(M . N )  ’»  * " > « < *
know that it is open and theref strongly dense,
dense. Since this set contains A (A/. A ) ,  .ne

o IK is based on the following result :
The proof o f theorem 2.18 ,s R „ a linear subspac e,

Lem m a 2.20. Let l< be a compact w u n  a man • ^  opPn in <"£,(*’.V '), 1 <

V C R " an open set. Then fhrK ( I  1

lfi

f
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! I
I f

i

^ r r ( r  V )  “  ° Pe"  ^  RT<)- U Suffices Ukr V  =  R »  Let *  • R «K \ K be the projection If f  £ C'r l 1 ' pm  j  r» * '
either ( f  . R ) and x 6 U, then f  rf,r R « if and on|y if

i. /(a-) £ R '1; or

11. f ( x )  t  R 1 and x is a regular point for t r f  : U  -> R>‘ \ Ra

t h «  e ith e ^ i i  neighbourh° ° ‘; a v c  a - such

In either o f the two ra.se, the s u 4 t  ^ ( ^ f o  \ \ * i ' J *  ^
Since A ’ is covered by a finite set A . J  1  '*’*'• R '' is °P en-
'♦'a- R ’1: R a) is open. ’ " ’ * * nelghbourhoods, it follows that

Io prove the denseness, we use tlip result in fl , , ,

C ~  maps are dense in C ' ( C  R » j  it th r f  T  P’ for exa,nlJ,p [12]) that

£  l'#‘ i  E " « ■ «  -  •  « *  . * «  , .  reK„ , „  *  or

: V  - ¥  R n

f )k( f )  =  ^(J-) -  J/*..

Then w  - * g  in f - ( r . R - ) .  since fy,  rf, R « ^  R „. p ... . .
A ( « i K  / is dense in r f£,(/ R T1) q

Proof  o f  transversality theorem. Assume initially that 4 is W ,
we Prove the second part first. J 0 A  =  0 amJ

Fr0m ........ U 0 ' 11 foll° “ ’»  • > « .  h l S K . , , 1.

f o i l™  tha, 4 i  ( * n * i .4)“  “u o i i l ;  I p '  Th ' » ™  * « .  II

submanifold. Then the w ^ a k ^ n d 'lu o l J , f A ’ C R<f is a clos^

from the weak and strong topologies on H  1/ 'R ?T  V  V  '  * T** ' ' inherits 

^  W R ’ M )  is strongly open sinC 4 r  U  i f  , , V“ sh™ "
equation ' A C R? 18 clos« *  * "d  <>W =  0. Therefore, the

* r (W ./ V M ) =  f- (A / ,A ')n r f i-  (A/,RVM )
•shows that rff (A/, jV ; 4 )  is „ tro , ,

(A/, A'; A ) is Strongly open. similar proof shows that

To prove density, let ,Y„ =  A  \ ; i v  ,i _  , \ ,,

•Vo is a Closed submanifold.. Then iht (Af  V • t i i ?  V ^ V° =  0 anr| A»  c  
Also, C r (.\l, f t  \ c  v . . ' ‘ ’ * 0, '° )  |R strongly dense in C [ M  V„)
I M  A7. i\ ( ' N )  ,s stronRly dense. Therefore <h' t\ t  v  }

M l  strongly Thi,  lh,

< ™  ~ b z r z ' 7 ' , " [ ! ! ,  " " «
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To complete the proof, assume .4 is not closed. Let A k be a countable family of 
compact co-ordinate disks on A. Then

OO

it) (A/, N ,  A )  =  f j  rf}r ( M , A ' ; A k).
k=  I

Since .4* is closed, rh ( V/, N\ A k) is strongly dense and open which proves rt'r (A/. N ;  4) 
is residual. ' ’ ’

Oin our applications we shall not deal with all C r maps from A/ to X  but only with 

a family o f maps parametrised by another manifold V . In this ca.se we have a map 

I : \ -■» C ' ( M , N )  and a submanifold .4 c  A’ and we wish to determine the size o f 
the set € l '| F (v ) ft) .4}, where F ( v )  =  Fv : M  -+ N .

R em ark  2.21. The next two theorems are stated and proved in terms o f manifolds 
without boundaries. The generalisation to the case with boundaries (where the 
boundary o f the submanifold satisfies conditions (a) to (c) o f theorem 2.15) is done 
in the same 'V&y as the previous proof.

T h eo rem  2.22 (Parametric Transversality Theorem ). Let V, A/. N  be C"  manifolds 
without boundary and .4 C AT a C'r submanifold. Let F  : V  _► C r (A/, N )  satisfy :

1. the evaluation map F tz : V  x A/ - f  N  ■ ( » ,  * )  _► F v( x ) is C'r ; and
2. F ex is transverse to A\ and

3. r >  max{0, dim N  +  dim A  -  dim A/}.

Then the set rti (F ; .4) =  { „  € V  : Fv rh .4} is residual and therefore dense. If .4 is 

closed in A and F  is continuous for the strong topology on C (A / , V ) then rh IF-  41 
is .also open, ‘ " '

I  roof. I he last statement follows from the openness o f rtir (A/. \ 4 ) To prove the

rest o f the theorem let W  =  [ F " ) - ' ( A )  C V  x A/. By ( 1). W  is a f -  submanifold

of X '/. Let n . X A/ -> I be the p.ojection. It is readily verified that F v it, 4 if
and only if „  € V  is a regular value for the C r map ir\W ; Jl' I . The dimension

o f M is dim V +  dm, A/ -  dim N  +  dim A. The theorem follows fro ,, .he Mor.se-Sard 
(theorem 2.17).

The situation in §3 requires a natural generalisation o f this result to examine the iet 
map J

/  : C*(A/, N )  -> C - r ( M , ,/r(A/, JV))

1 < r C * <  oo. Given a submanifold A C J '  ( M . N )  we try to approximate a C*  
map g : M  —> ,\ by another C ‘  map h whose prolongation j rh : A J -+ J r (A/, .V) is 
transverse to .4. Denote the set o f such maps h by ( M , N ; j \ A ) .  The followinr, 
theorem is also called the ,/(I Transv^rsnlity Theorem.

Th eorem  2.23 (Thom Transversality Theorem), Let M  and N  be C x  manifolds 

Without boundary (see remark 2.1*1) and A c  J r (A/,AT) a C°°  submanifold. Let

7 r ^ ,s -  cc ^ len (A/, A ; j r,.4) w residual and therefore dense in C ’’( .\l . .\)
It is open if . I is closed.



/ /

Proof. Suppose .4 is Hosed. Openness follows from the openness o f 

T h r o v e  density let </ C A/. V  C N  be open sets and let L  c  V  be closed in A/.

<t\L (V'V) = { f €c>(U,V):j'ftoL/1}.
One easily sees that ,V : ( L V  D  __*. /+>, m  1/1 ;

the Globalisation Theorem (theorem 2 19 i n  " iapp,nK c,ass 0,1 W - *>• »>

* . . L K is an open subset and 4 c  l r l l l  ;
closed submanifold, then if)3 ( I I  U'  ■ i* 11 ; , • ' ' < ) a

• i  ̂ ' open and dense m O* itJ R ’M
it .s enough to prove this for ,  finite, > r . Fix ,  6 c , , , j  R  "  ’ R  Morwiv^
To prove denseness we find a C" *  manifnlH v i penne8s ls ohvmus.
f c. i \ i i  manifold A and a map o : A —>■ C 3 ( [ '  . i
/  6 « ( , )  *nJ thro apply p , „ „ , „ ti,  ,„e  co ,„p< »i,io „

F :  A  A  <?*(£/, i t ’1) Jl> C 3~r ( U , J r ( f . R ’ )).

This requires the evaluation map o f F,

F'-’' : X  x T  J r[r,\ R ’1)

•o b ,  U m m m  U, .4 n a d m t r  „ oblMBloil|

*  ” ,h"  0 “ f  * ........... ....

of r- »  «•»«* «- ̂ r / s r ,. E r s"b
R » ) , s ^ /  +  S|„ 1„ d 

fr =  j r ° n :  A  -+ f  1,- r ( r .  . / " ( f R ’1)).

Then F (0) =  /. To compute F ' v make the natural identification

./’■(/■, r « )  s  j j ( r , R » )  x / •

^ •• J q ( R " ‘ . R ’'j x r  -y J' ) ( R " ‘, W ‘j x ( r 

(Jo(ff)'i ) >-* Uo(ff +  / ) , * ) .

0 : J S ( R ’\ R ,,) - > ' / ' ( R " ,, R n)

Jo(s) <-* 7o(<y +  /)

i t : ! : ' l p " "  F 's c ”  M“ " “ " ■ *  - r o  «  » y  ...............  .h , f o W f „ r

•/0S(R m.R '‘ ) -4 (R ” ,R -‘ )

Jn(9> -* j ! ,{g)

which is surjective. 1 |,us F ’v *  ,4; by theorem 2.22 it follows that

{x  € X  : /  (rv(j')) /t) /l}
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is dense in X .  Since

a  : 'Y —► C l ( U .  R " )  

is continuous, it follows that f  is in the closure of

{ h e C ’J U '  R " )  : j rh rti .4 }.

This proves that .V is rich; hence for closed .4 the theorem follows from the Globali- 
sation Theorem.

If .4 is not closed then write A =  U £ ,  Au where each .4, is a compact co-ordinate

in A ' Tllen pach ^  ( M  Ar; / ,  .4*) is dense and open in C'* (M .  A '). Bv the Baire 
intersection theorem, ft) (A/, N ; j r , A)  is dense.

□
2.4. L ie  G roups. An important special class o f differentiable manifolds are the Lie 
Groups. In sections to come, properties o f certain well known Lie groups such as the 

general linear group, the special linear group and the orthogonal group will he used.

D efin ition  2.24. A Lie group G  is a differentiable manifold which is endowed with 
group structure such that the map G  x G  - f  G  defined by (rr. r )  >-> n r ~ '  is

D e fin ition  2.25. A Lie algebra p over R is a real vector space p together with a 
bilinear operator [, ] : p x p -* p (railed the bracket) such that for all x .y.  € p.

t21-.v] = - [ {/ .  x] (anit-commutativity)
2. [jx, y], c] -f [[.V, ■?]. x\ +  [[;, x], y] =  0. (Jocobi identity)

Let n € G .  a left translation by a. /„. is a diffeomorphisrn o f G  defined bv l „ ( r )  =  a r  
for all r  € G.  If I is a subset o f G  let ,rl denote the set l „ ( V ) .  A vector field V (not 

necessarily assumed to be smooth) on G  is called left invariant if. for each rr 6 ( ;  \ 
is /„ related to itself, that is

d l„ o  X  =  X  o l 0.

P rop os it ion  2.26. Let G  be a Lie group and let p be its set o f left invariant vector 
fields.

1. 0 IS a real vector space and the map n : p -> G e( =  TrG )  defined bv n ( X )  =

ls an 'som°rphism o f p with the tangent space G f  to G  at the identity 
( onsequently, dim p =  dim G ,  =  dim G.

2. Left inva iant vector fields are smooth

■i. T he Lie bracket o f two left invariant vector fields is itself a left invariant vector 
field.

I. p forms a Lie algebra under the Lie bracket operation on vector fields (see 
definition 2.4).

Proof. [39] p. -e 85

' lpfinP the Lu al9€ bm ° f  h< L i > gnmp C! to be the Lie algebra p o f left invariant 
vector fields on G.  Alternatively, we could take a.s the Lie Algebra o f G  the tangent 

space G f  at the identity with the Lie algebra structure induced by requiring t he vector



s p a c e  i s o m o r p h is m  ( ( 1 )  in th e  p r o p o s i t i o n  2 .2 6 )  o f  a w i th  r  t k
o f Lie algebras. e e an lsoniorphism

» / ( . ,  R ) where the J Z n i n l ;  1 , ' ,  h " "  ” ' a ” if° ld “  » »  » l '™  » ■  o f

u n d e r  m a t r i x  m u l t ip l i c a t i o n .  L e t  z  i T ’t h e ' e l  b ° !  ^  U (>  gF° Up s t r l l c t " r e

• * *  ~ t o »  »  ead, „ „ trix r ,  Th «  W (» .K )

rational t a c t i o n  o f  { , „ ( „ ) )  and ' ,(V 7J, " ' " f <V""'EI' '«<"-> i »  . 
that the map ( „ ,  r )  ( 1 ,h nO " » r o  denominator. This proves

>• «  be *h ow „  th„  R )  „  * .  Lie i l g e „ r,  o f  a i ( n  i39j

D efin ition  2.27. le t  n  ,  /y i ,

h o m o m o r p h is m  i f  v > is b o th  C '° °  and  a g n u d ho A  V  ^  ^  'S *  q u m V )

*  G  =  G U n .  R , .  th en  ,  : // _>  «  is c a J e T a * 0 " “ ,n° r P hi« "  ^  a b s t r a c t  g r o u p ,  
is a Lie s u b g ro u p  o f  th e  L i e  g r o u p  G  i f  *  ^ P r e s e n ta t io n  o f  th e  L i e  g r o u p .  (//. r j

1- H  is a Lie group; and

2- (H,  v )  is a submanifold o f 6 ’ ; and 
V’ : H  - 4  c ;  is a group homomorphism.

E xam p le  2.28. Define v- : G U n

space o f all real symmetric n x  n matrices by" "  *  "  ^  ,Syin("  R ) is the vector

V’ ( .4 )  =  .4 ,17

where ,\T is the transpose o f A.

under matrix multiplication, ca lled^he' " ' f  f (w) is a s,,,'Rro'<P o f G/(n ,R ) ,  

Function Theorem to conclude that 0 ( « )  has a T ” ”  rT °  apply tllP lmPlic<t
W » ) .  i), ,• the inclusion .napping i T  r '1 7  such that

manifold structure i is an imbedding and CM«) h!! r  ° f W ( n ' R ) « *  ‘ "a , in this 

° nly ^ eck  that ^  is surjective I t  each n l  > > P ” T "  ( " ( "  ~  « - »
* 7  is surjective since, whenever a € r ) ( „ )  '  "  " uffires fo chp^  that

1- if is C 00; and

2. there exist smooth sections nf r ' / n  / l

neighbourhood I f  o f  o H  and a p “  map r IV Z  'c h ^ ^  3
map r  C» such that o r  =  l  .)

- Manifolds o f th , fotm ^  ^  ^



R em ark  2.30. / is a C,XD function on G / H  if and only if / o n is C’°° on G  for if / 
is C'x  then certainly f  o n  is C°° .  Conversely if / o tt is C'°° then /, which can be 

locally represented as a composition o f a smooth section o f G / H  in G  with f  o n .  is 
also C°°.

E xam p le  2.31 (Homogeneous Manifolds). Let e , . i = l ........„ be the canonical ba­

sis o f R n where e, is the n-tuple consisting o f all zeros except for a 1 in the t'-th spot. 

Each matrix a e  G l ( n . R )  uniquely determines a linear transformation on K " which 
shall be denoted a by requiring that

<T(£j) = Xl<r0e7-
I

In other words, if we consider the «-tuples o f R »  as n x 1 matrices, then <r acts on 
R ' in the natural way bv matrix multiplication. The map, which we denote here by 
v. which sends (a. i>) to cr(v) gives an action o f6 7 (n ,R ) on R n on the left :

(2-3) G I ( n . R )  x R " R ’1.

Let ( , ) denote the standard inner product on R " with respect to which the basis 
{ ( , }  is orthonormal. Then if a € Gl (n,  R ),

( " ( v ) ,  w) =  ( v .(TT( w ) ) .

If € O '  n), the orthogonal group, then a Ta rr / and therefore it follows that

(<r(v),ff(t>)}= (v,crTer(v)) =  (v,v)\
thus <7 preserves lengths o f vectors. Thus the action in (2.3) restricted to 0 ( « ) x  $ » - !  

factors through the unit sphere S’’- 1 (that is. in the following diagram t ( 0 ( n )  x 
V* ) C » (.S'” - 1). I the identity map).

O ( n )  x $ n~'  — £ n 

>

Obviously the map V- is an imbedding. It follows that /, is continuous.

P rop os it ion  2.32. 7/ is C°° .

Proof. It suffices to show that .S'— * can be covered by a co-ordinate system (C ,r| 
such that the map rj> o r  restricted to the open set r/_ , ((/) is C°° .  Let p c  S ’l~ ] 

and (T, 7 ) a co-ordinate system on a neighbourhood o f i(p ). As a consequence o f the 
Inverse Function Theorem, there is a projection n o f R "  onto a suitable subspace 

(obtained by setting certain o f the co-ordinate functions equal to 0 ) such that the 
map t =  n o - f  o t  yields a co-ordinate system on a neighbourhood f  o f p. Then

r  o =  1 0 7 0 1 0  »;| ,r ,(y ) =  n o 7 o V’U-iff/)

which is C °°. ^
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So there is a natural C°°  action

(2.5) O (h ) x 5 n_1 5 n_1

of the orthogonal group O ( n )  on the unit sphere 5 n_1 on the left. The fart that 

this action is transitive (that is whenever t\ w € 5 ” -1 , there is a cr g O ( n )  surh that 
<r(u) =  w) can be seen as follows :

If dj 6 5 ” -1 , let {tJ i,. . .  , r n}  be an orthonormal basis o f R n containing t'i as the 
first element. Let

=  ] T  ai ' er
J

Then the matrix rr. whose entries are determined by this equation, is orthogonal 

and cr{ci) =  ti]. It foiiows that if v and w are any two points o f S n~ l , there is an 
orthogonal matrix a such that <r(?>) =  w.

Now the set o f matrices in 0 ( n ) o f the form

^1.1 0 , 2 f f l , » - l ) O'

<*2.1 <*2.2 f f 2 , ( n - l ) 0

n — 1). 1 <*(n—1),2 • • ^ ( n - l j . t n - l ) 0

0 0 0 1.

forms a closed subgroup o f O ( n ) .  The matrices

<*1.2 . . .  " l . l n - l )  

• • •  f f 2 ,< B - l )  

n - l ) , 2  • • •  —1 |)_

occurring in this subgroup are precisely the matrices in 0 ( n  -  1). So 0 ( n  -  1) sits in 
0(»/) as this natural closed subgroup. We claim that 0 ( n  -  1) is the isotopy group 
for the action ( 2..',) at en 6 .S” - 1 ( I f  t- € 5 " - '  and // =  {a  <= 0(n)|<r(t>) =  u}, then 

H is a closed subgroup o f .S’ ’1-1 called the isotopy group o f .S'* -1 at ?’ )•

Proof. Clearly the elements o f 0 ( n )  leave fixed. On the other hand, suppose that 
c  € 0 { n )  and n(cu) =  cn. Since rr(cn) =  it follows that nIH =  0 for i <  n
and ir,„, -  1. Since rr is orthogonal, era1 =  I and this implies that nfn =  ]. Since 
ff„„ =  l we must have that trni -  0. i <  n, thus a 6 0 (n -  1). □

Finally, we claim that the map

ti : O ( n ) / O ( n  — 1) —> .S'"-1 , i (crO(n — 1)) =  rr ( (n) 

is a diffeomorphism.

Before we ran proceed with the proof o f this statement, we introduce some machinery.

I he Lie algebra associated with the Lie group O ( n )  is the space 0 (n ) r =  o(n)  o f 

skt w symmetric matrices, that is. o(n ) =  {.4 € Gl (n)\A +  A T =  0 }. define a mapping

exp : o ( « )  - »  O ( n )
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The next two result are quoted without proof. For a discussion o f these results 
see [39] pg. 104

T h eo rem  2.33. Let t : 0 [ n  -  1) - »  0 [ n )  be the inclusion homec.iiorphisiu. Then 
the following diagram is commutative.

0 (n -  1) — !— > O (n )

t «p•■-T I-
o ( n  -  1) — — > o ( n )

P ro p o s it io n  2.34. Let X  € o ( « ) .  If X  € di (o (n  -  1))  then exp t X  € i ( 0 ( n  -  ] ) )
for all t. Conversely, if exp t X  6 i ( 0 ( n  -  1)) for I in some open interval, then 
X  € dt (o(n) ) .

Proof  that ti is a diffeomorphism. Observe first that ,i is well defined since

0 ( * ( ' ( e n))) =  f)(cr{en)) 
tor any / € 0 ( n  -  1). 0  is surjective since O ( n )  acts transitively. It is injective sincc

, ( O ( r i - l ) ) )  = /J (ffa (0 ( „  -  i ) ) )  

then rr. ;1 * , ( « » )  =  en which implies that a .;1* ,  € O ( n - l )  or<r,0 ( » - l )  =  er20 ( n - l ).

To prove that 3 is a diffeomorphism it suffices to prove that ,i is ( ,v and that il.i is 

non-singular at each point6.

By remark 2.30. /i is if and only if ii o *  is on 0 ( « )  where rr is the natural 
projection o f O ( n )  onto 0 ( n ) / 0 ( n - \ ) .  Now : i o n  =  „ o i tn where i . .  is the ( " *  map
of 0 ( W) ,„to  0 (n )  x J - >  defined by =  (<,.<„) and „  is the transitive action
o f the Lie group O ( n )  on S n~ l , that is. =  f f (Cfl). Thus ii is C ~ .

To show that d/i is non-singular at each point, Let d =  / io n .  Since the kernel o f 
dn\0 ( n ) a is

(trO(n  - 1))^ c  0 (u )„ ,

in order to prove that

d.) l (0 ( » )/ 0 ( »  

is non-singular il is sufficient to prove that the kernel ofd;}|0 (tt)„ is also (r r O (w - l ) )  

Since for each rr g O ( n )

fj =  i)„ o ii o

Ofc =  v(tr. - )  the transitive action o f the Lie group and l„ is left translation) it 
suffices to show that the kernel o f dd\0(n)r is 0 { n  -  l ) „  , the identity. Certainly 

U { , , ~  C ker( ^ l O ( n ) r )  so let x € ker (d j|0 (w )r). To show ,  6 0 ( «  -  1), let 

6Spf appendix A.
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