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Abstract

Given enough data and access to an environment, model-free deep re-

inforcement learning algorithms allow for direct unsupervised behaviour

learning in an environment without relying on a model of the environ-

ment’s dynamics. As such, these algorithms have typically been favoured

when learning tasks defined in continuous environments such as robotics

where such models are hard to come by. Despite their success here, these

approaches still suffer from high sample complexity and other drawbacks

imposed by the use of the function approximators they rely on. This

includes poor generalisation across tasks, poor initial performance and

generally unsafe learning procedures due to inherent randomness in the

learning process where actions sampled from random policies are executed

for the purpose of exploration in the environment.

In this work we address these issues by presenting a method for transfer-

ring knowledge from multiple, previously solved tasks (source tasks) to

new target tasks in the same continuous environment. Equipping succes-

sive agents with this body of prior knowledge allows for easier acquisition

of subsequent behaviours in the given continuous environment. We also

empirically show that our proposed method “mixture density network ac-

tion priors” demonstrates improved safety as well as improved learning

compared to a standard model-free deep reinforcement learning agent in

continuous environments.
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Chapter 1

Introduction

1.1 Motivation

Machine learning methods such deep reinforcement learning have shown great promise

and versatility in enabling complex behaviour learning in robotics. However, these

methods typically require a large magnitude of data in order to converge to optimal,

yet sufficiently general solutions. This is largely due to the fact that it is difficult

to equip a robot with prior knowledge when presented with a task. As such, new

tasks have to be learned from scratch through extensive data collection. However,

collecting this data in robotics is a slow and expensive process as most robots have

short battery life and require constant monitoring which places a limit on the amount

of data that can be recorded in a single instance. In some cases, this data collection

process requires the robot to operate undisturbed for long periods of time [Finn et al.,

2016, Levine et al., 2018], which may cause wear and tear on robot hardware.

Compared to robots, humans require far fewer interactions with the environment

when learning new tasks. This can be attributed to their ability to exploit prior

knowledge gained from previously solved tasks. This body of prior knowledge is used

to constrain exploration, heavily reducing the amount of interaction time with the

environment required to solve the task. Dubey et al. [2018] confirmed this observation

by investigating the effect of such priors on human performance when playing video

games. In the study, the authors employed randomly selected humans and distributed

them across the original video game and versions of the video game that were modified

to mask prior knowledge such as the concept of free space, ladders can be climbed, the

1



visual similarity of objects to real world counterparts, etc (Figure 1.1a). It was found

that human players took longer to learn how to play the video game as more visual

prior information was masked, thus highlighting the significance of having access to

prior knowledge when learning.

Similar studies also found that humans develop strong prior knowledge about specific

objects, game rules and observational learning experience in video games to construct

theory-like representations [Tsividis et al., 2017] or “start-up software” [Lake et al.,

2017] which can be transferred to similar scenarios, allowing humans to learn how to

play video games more rapidly. These findings suggest that humans employ a transfer

learning mechanism to facilitate learning new tasks.

(a) Original video game (b) Game with masked visual simi-
larity.

Figure 1.1: Video game used to investigate the effect of prior knowledge in humans
when learning to play video games [Dubey et al., 2018].

Given this evidence, we are interested in implementing a transfer learning mechanism

to facilitate robot learning via deep reinforcement learning.

Although there have been successful attempts at achieving transfer learning for deep

reinforcement learning agents, implementing transfer in robotics still remains a chal-

lenge.
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1.2 Research Problem

Deep reinforcement learning algorithms are effective methods for learning optimal

action selection strategies for a given environment. However, the continuous, high-

dimensional and noisy nature of data in robotics environments makes it difficult to

apply these algorithms. Unlike in discrete environments, optimal actions for every

possible robot configuration cannot be explicitly stored. Instead, deep reinforcement

learning algorithms rely on function approximators such as deep neural networks to

represent these state-action mappings.

The function approximators used in deep reinforcement learning are typically ran-

domly initialised. This results in pseudo-random control policies that obtain poor

initial performance on the target task, and are unsafe to execute on safety-critical

systems.

Due to the infinite size of continuous environments, it is not feasible to try all possible

state-action combinations during learning. As such, good exploration strategies are

crucial for finding the optimal solution. However, the standard paradigm for explo-

ration in deep reinforcement learning algorithms is to alternate between executing

randomly generated actions (exploration) and executing actions sampled from the

current partially–trained control policy (exploitation). While executing random ac-

tions can be good for exploration, it also poses a safety risk as it can lead agents to

harmful states; possibly causing wear and tear or damage to the physical agent.

In this work we use transfer learning (particularly action transfer) to address issues

of sample inefficiency (long training times), poor initial performance and safety in

deep reinforcement learning algorithms for continuous environments. Thus making

deep reinforcement learning algorithms more practical for physical systems such as

robotics, where safety is a major concern.
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1.3 Research Objectives

As a step towards applying deep reinforcement learning algorithms to physical, con-

tinuous environments such as robotics, we aim to address issues of sample inefficiency,

poor initial performance and safety through developing a framework for performing

sample efficient and safer deep reinforcement learning through knowledge reuse in the

continuous setting.

1.4 Contributions

In this work we make novel improvements to an existing multi-task transfer learning

framework for discrete environments [Rosman and Ramamoorthy, 2012], allowing it

to function in continuous environments. We use mixture density networks to learn a

multi-modal prior knowledge representation from a set of source tasks which is used

as an action selection strategy for achieving safer exploration in the learning process

of new tasks. Furthermore, we empirically show that incorporating prior knowledge

into deep reinforcement learning algorithms in this way can lead to benefits such as

improved asymptotic performance, safer policy training as well as a jump-start in

initial performance on the target task.
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1.5 Dissertation Outline

This dissertation is arranged as follows:

• Chapter 2 introduces fundamental concepts used in this work, such as the re-

inforcement learning problem as well common approaches for learning tasks in

discrete environments.

• Chapter 3 explains how function approximators (particularly deep neural net-

works) can be used to scale discrete reinforcement learning algorithms to con-

tinuous environments under the deep reinforcement learning framework.

• Chapter 4 discusses common approaches in multi-task transfer learning where

the goal is to reuse previously obtained solutions from solving prior tasks in rein-

forcement to improve learning and generalisation in deep reinforcement learning.

• Chapter 5 presents our solution: “mixture density network action priors”, which

extends a previous framework [Rosman and Ramamoorthy, 2012] for doing

multi-task transfer learning in discrete settings – into continuous settings using

mixture density networks.

• Chapter 6 contains the experiment results and related discussions that show

that continuous action priors are a viable technique for performing multi-task

transfer in continuous environments.

• Chapter 7 summarises the conclusions of this study and lists possible directions

for future work.
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Chapter 2

Reinforcement Learning

In this chapter we provide a brief introduction to reinforcement learning in discrete

environments and set the mood for later chapters, which discuss: how to scale rein-

forcement learning to continuous environments (chapter 3), how reinforcement learn-

ing can be improved through knowledge reuse (chapter 4), and how we implement

multi-task transfer for reinforcement learning in continuous environments (chapter

5).

In section 2.1, we discuss the components that make up the reinforcement learning

problem according to Sutton and Barto [1998]. This includes the Markov Decision

Process – the environment for which we learn the optimal policy, as well as how value

functions can be used to specify the optimal policy. We explore two main approaches

for learning the optimal policy, namely value-based reinforcement learning (section

2.3) and policy-based reinforcement learning (section 2.4). We then discuss common

approaches to solving the exploration-exploitation trade-off (section 2.5) and lastly

summarise the chapter in section 2.6.

2.1 The Reinforcement Learning Problem

Reinforcement learning is a field of machine learning where agents1 learn how to

behave optimally in some target environment according to some objective. This

objective is typically encoded using a numerical reward or feedback signal the agent

receives after executing an action based on its configuration in the environment.

1Decision-making entities
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Finding the optimal behaviour then becomes a sequential decision-making problem

where agents have to take actions that maximise the sum of these rewards.

Unlike in supervised and unsupervised learning, where training data for the task in

question is presented as input to the learning process, in reinforcement learning, train-

ing data is sequentially generated through repeated interaction with the environment.

This makes reinforcement learning an ideal tool for solving challenging tasks where

labelled or unlabelled data is difficult to produce. For example, creating a sufficiently

complete labelled dataset D = {xi,yi}Ni=1 for playing chess such that game states xi

have corresponding human-expert moves yi is difficult since the state space is too

large. Furthermore, a supervised learning model trained on this dataset would only

learn to imitate the expert instead of learning the best possible chess strategy and

only manage single timestep predictions instead of learning long-horizon strategies.

2.1.1 Markov Decision Processes

The standard formulation of a reinforcement learning task is a tuple consisting of the

following elements.

• States S. The set of possible states or configurations the agent can occupy in

the environment at any time t.

• Actions A(s). The set of available actions or controls the agent can take in

state s ∈ S. The agent may have different actions depending on its current state.

However, for simple agents, all actions in the action space A(s) are admissible in

all states s ∈ S. Reinforcement learning agents use actions to transition between

different states in the environment, traversing the state space in pursuit of goal

states.

• Transition Function. A function T : S × A → S that dictates what state

st+1 the agent transitions to after taking action at while in state st. In non-

deterministic environments, the transition function is defined by a probability

distribution over the set of states Ss,a ⊆ S reachable by taking action a in some

state s, i.e. PT : S ×A× S → [0, 1].
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• Reward Function. A function r : S × A → R that returns a value the

agent receives for entering state s′ from some state s using action a. This value

provides a measure of how desirable a state is for the agent. As such, goals or

behaviours in reinforcement learning are encoded using reward functions.

• Discount Factor. A constant γ ∈ [0, 1) that regulates reward priority based

on whether rewards occur immediately or in the long-term. If γ is close to 1,

then the agent considers future rewards more strongly. But if γ is close to 0

then the agent acts more greedily, only prioritising immediate rewards.

If the above problem formulation is constrained to obey the Markov property,

which states that the next state of the system is only determined by the current state

i.e. P (st+1 | st) = P (st+1 | st, st−1, st−2, ..., s0), then it can be referred to as a Markov

Decision Process (MDP)2.

Figure 2.1: In reinforcement learning, an agent interacts with the environment (the
MDP) to learn a policy (shown in blue) for how it should behave in the environment
to achieve the highest cumulative reward.

2.1.2 The Policy

A solution to an MDP is a function π : S → A, also referred to as the policy. In

other words, for any state s ∈ S the policy will return an action a ∈ A for the agent

to execute (shown as blue arrows in Figure 2.1). For non-deterministic environments,

policies are given by a probability distribution π(a|s) over all possible actions admissi-

ble to the agent in state s. Policies are action selection strategies which reinforcement

2In this work, Markov Decision Process and reinforcement learning environment are used inter-
changeably.
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learning agents use to act in the environment. As such, a solution to a reinforment

learning task is typically encoded as a trajectory τ = {s0, a0, ...st−1, at−1, sT , a∅}3

from some start state s0 to some terminal state sT (in the case of episodic tasks).

Agents generate these solutions by executing actions sampled from the policy π(st|at)
at every timestep until the terminal state sT is reached.

In general, not all policies are equally good for a given MDP. Therefore, a mechanism

for comparing them is required. Such is the role of the value function.

2.1.3 Value Functions

Unlike the reward function which dictates immediate rewards, the value function

places emphasis on future rewards. Formally, the value of a state st denoted V π(st)

under policy π, is the discounted sum of the future rewards (also termed the return)

observed when starting in state st and following policy π thereafter. i.e.

V π(st) = rt + γrt+2 + γ2rt+3 + . . . =
T∑
k=0

γkrt+k+1 (2.1)

where T =∞ for continuing (infinite horizon) tasks4, in cases where an agent has to

continue acting forever in the environment to solve the task, or T ∈ N+ for episodic

(finite horizon) tasks, in cases where the agent has to solve the task in a finite number

of steps in the environment. In this work, we only consider episodic tasks.

In non-deterministic environments, this discounted sum of rewards at a state (equa-

tion 2.1), is weighted by the corresponding state transition probabilities under policy

π. Writing this out recursively leads to a form of the value function known as the

Bellman equation [Sutton and Barto, 1998]:

V π(st) = rt + γ
∑
st+1

PT (st+1 | st, π(st))V
π(st+1) (2.2)

As suggested by the recursion in the Bellman equation, the value of a state depends

on the values of its neighbouring states. More precisely, the value of a state is given by

3The agent cannot execute actions in the terminal state sT since it is an absorbing state. There-
fore, a∅ is the null action, a special action which leads back to the terminal state.

4In continuing tasks, the discount factor γ prevents the return from going to infinity.
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the weighted average of the values of the neighbouring states. This weighted average

can also be written as the following expectation5:

V π(st) = Eπ,PT [ rt + γV π(st+1)] (2.3)

A policy π is defined to be better than or equal to a policy π
′

if its expected return

(i.e. equation 2.3) for all states is greater than or equal to that of π
′
. Consequently,

the optimal policy, denoted π∗, is the policy with the highest expected return across

the state space. In other words, the optimal policy is the policy whose value function

returns the highest value across all states than other policies i.e:

π∗(st) = arg max
π

V π(st) (2.4)

The optimal policy can be obtained using an optimal value function:

V ∗(st) = Eπ,PT
[
rt + γ max

st+1

V ∗(st+1)

]
(2.5)

In this particular value function, the value of a state is no longer given by the weighted

average of neighbouring state values, but by the value of the neighbouring state with

the highest value. An agent with access to an optimal value function can follow the

optimal policy by taking the action that leads to the neighbouring state with the

highest value at each state.

The value function can also be defined as the value of taking an action a in state s

and thereafter following policy π, this particular value function is more commonly

known as the action-value function or the Q-value function:

Qπ(st, at) = Eπ,PT [rt + γ V π(st+1)] (2.6)

which results in the following optimal Bellman equation:

Q∗(st, at) = Eπ,PT
[
rt + γ max

at∈A
Q∗(st+1, at+1)

]
(2.7)

Similarly, an agent can follow the optimal policy by greedily choosing actions with

the highest value at each state:

π∗(st) = arg max
at∈A

Q∗(st+1, at+1) (2.8)

5More commonly known as the expected return

10



2.2 Model-free and Model-based Methods

If all the elements of the MDP are known, then the policy can be computed using

planning-based approaches where agents are able to simulate future states and re-

wards, allowing them to learn a policy without ever having to execute actions in the

environment. However, this is not the case for practical reinforcement learning prob-

lems as the agent does not know how the environment will change in response to its

actions (the transition function) or what immediate rewards (the reward function)

it will obtain after applying these actions. In such cases the agent has to act in the

actual environment and learn a policy based on its observations.

Model-based reinforcement learning agents solve this problem by learning these

functions from data generated through interacting with the environment. These

learned functions can then be used to plan a solution for the given MDP.

Unlike model-based approaches, model-free reinforcement learning agents do not

attempt to learn models for predicting the next state and reward before they execute

actions. Instead, they direct effort towards learning quantities that represent the

policy directly, through trial and error. Model-free reinforcement algorithms can be

further classified as being either off-policy or on-policy. In reinforcement learning

literature, on-policy reinforcement learning refers to cases where agents execute ac-

tions sampled from the current policy (i.e. the data-generating policy is the current

policy), whereas in off-policy reinforcement learning, the data used to update the

current policy is not generated by the current policy.

2.3 Value-based Reinforcement Learning

So far we have discussed different ways of formulating the value function (i.e. as

the value of individual states or as the value of state-action pairs) as well as the

corresponding optimal value functions (equations 2.5 and 2.7) and further explained

how to extract the optimal policy from these (equation 2.8). Algorithms that learn the

value function and then extract the policy in this way are referred to as value-based

reinforcement learning algorithms. An example of such an approach is TD-learning.
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2.3.1 TD-Learning

As opposed to computing the value function directly (i.e. calculating the total dis-

counted reward), Temporal Difference (TD) learning [Sutton, 1988] agents incremen-

tally update the value function through bootstrapping, using the Temporal Differ-

ence error.

δ = r + γV (s′)︸ ︷︷ ︸
The TD target

−V (s) (2.9)

This error (equation 2.9) is defined to be the difference between temporally successive

estimates of the value function. The TD-Learning algorithm6 is as follows:

Algorithm 1 TD-Learning

1: Input: initialise V (s) ∀ s ∈ S
2: repeat
3: for each episode do
4: Initialise s
5: a← action from the estimated policy π in s
6: Take a, observe r, s′

7: Update V:
V (s)← V (s) + α [r + γV (s′)− V (s)]

8: s← s′

9: end for
10: until s is terminal

In this algorithm, the current, possibly incorrect estimate of the value function V (s)

is improved over time as the agent continues to interact with the environment. Since

the agent behaves according to the implicit policy in the value function V (s), it is an

on-policy algorithm.

The on-policy nature of the TD-Learning algorithm makes it sensitive to the initiali-

sation of the value function V (s) since the algorithm commits to following the same

implicit policy during learning. This becomes an issue in environments with large

state-action spaces where good exploration strategies are imperative. Furthermore,

the above TD-learning algorithm does not make use of the action information at each

6The algorithm presented here is also known as TD(0). TD(0) is a special case of the more
general TD(λ) algorithm, which instead of using a single timestep to update the value function, uses
multiple timesteps, yielding a more accurate estimate of value function.
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state. As such, a one-step look-ahead model is required to extract the policy. These

issues are addressed in the Q-Learning algorithm presented in the next section.

2.3.2 Q-Learning

Q-learning [Watkins and Dayan, 1992] is an off-policy variant of TD-Learning where

the optimal action-value function Q∗(s, a) can be learned independent of the policy

being followed. This off-policy nature, allows for a straightforward integration of an

exploration strategy where the agent can sometimes execute actions from another

policy (e.g. a random policy) to explore. Being able to behave off-policy means

that Q-learning is less reliant on the initialisation of Q(s, a). As such, it has better

chances of discovering better solutions compared to the TD-Learning algorithm. The

Q-learning algorithm is summarised below:

Algorithm 2 Q-Learning

1: Input: initialise Q(s, a) ∀ (s, a)
2: repeat
3: for each episode do
4: Initialise s
5: for each step in episode do
6: a← arg max

a
Q(s, a)

7: Take a, observe r, s′

8: Update Q:
Q(s, a)← Q(s, a) + α

[
r + γ max

a′
Q(s′, a′)−Q(s, a)

]
9: end for

10: s← s′

11: end for
12: until s is terminal

The action-value function in this algorithm is stored in a Q-table – a table-like data

structure where each cell stores the Q-value for the corresponding state row and

action column. The Q-values for each (s, a) pair would then be updated during

learning. However, such a representation is only possible for discrete environments

with countable states and actions.
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2.4 Policy-based Reinforcement Learning

In contrast to value-based reinforcement learning, policy-based reinforcement learn-

ing methods approximate the policy directly, and learn what action to take in a state

in order to maximise some notion of cumulative reward. As such, policy-based algo-

rithms explicitly represent the policy π and iteratively update this policy using data

obtained through direct interaction with the environment.

However, policy-based reinforcement learning algorithms generally suffer from high

variance which results in them requiring a large number of interactions with the

environment before converging to a good solution. This effect is exacerbated in large

state-action spaces. One way to address this issue is employ a good exploration

strategy.

2.5 Exploration Strategies

Exploration strategies play an important role in reinforcement learning in that they

help balance between exploration and exploitation. In general, agents start out with

more exploration than exploitation, and explore less in later episodes where the cur-

rent policy is closer to optimality. This paradigm is apparent in the common explo-

ration strategies we discuss below.

2.5.1 ε-greedy Exploration

In ε-greedy exploration, the agent selects actions for exploration and exploitation

according to some parameter ε ∈ [0, 1] such that the agent chooses a random action

with probability ε (exploration) and chooses an action from the current estimate of

the policy with probability 1 − ε. In practice, ε is initialised to be large so that the

agent performs more exploration than exploitation in the early episodes and decayed

over time so that the agent exploits more in later episodes. This ε-greedy action

selection can be incorporated into the standard Q-learning algorithm (algorithm 2)

in the following way.
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Algorithm 3 ε-greedy Q-Learning

1: Input: initialise Q(s, a) ∀ (s, a)
2: repeat
3: for each episode do
4: Initialise s
5: for each step in episode do

6: a←

{
arg max

a
Q(s, a) with probability 1− ε

randomly selected action with probability ε

7: Take a, observe r, s′

8: Update Q:

Q(s, a)← Q(s, a) + α
[
r + γ max

a′
Q(s′, a′)−Q(s, a)

]
9: end for

10: s← s′

11: end for
12: until s is terminal

In the above algorithm, line 6 has been modified to include the ε-greedy action selec-

tion strategy.

2.5.2 Boltzmann Exploration

In Boltzmann exploration, actions are selected according to a softmax distribu-

tion as opposed to selecting the action with the max Q-value at each state. The

effect is that the agent selects good actions (actions with higher Q-values) more often

(exploitation) and other actions less often (exploration).

2.5.3 Random Exploration

Another approach to exploration is to explore randomly, where agents select actions

uniformly at random at each state. In continuous action spaces, actions sampled from

the current estimate of the policy are polluted with additive noise (zero mean and unit

variance) i.e. a← π(a|s) + η, where η ∼ N (0, 1). In some cases, authors substitute η

with temporally correlated noise such as the Ornstein-Uhlenbeck process, where the

additive noise on current actions depends on previous actions [Lillicrap et al., 2015].
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2.5.4 Other Exploration Strategies

More advanced exploration strategies include count-based exploration where state-

visitation or action counts are maintained during learning and are used to bias agents

towards taking actions or visiting states with lower counts [Tang et al., 2017, Thrun

and Möller, 1991, Rosman and Ramamoorthy, 2012, Thrun and Möller, 1992]. Other

approaches include intrinsic motivation where agents are able explore based of some

internal notion of state novelty or curiosity model [Pathak et al., 2017, Burda et al.,

2018, Barto, 2013].

Exploration in reinforcement learning is typically random in nature, where agents

have to execute actions sampled from random exploration policies. This presents

an issue for safety critical systems since there is no guarantee that the agent won’t

perform the most harmful action in the environment. In this work, we present a

method which relaxes the randomness in the exploration policy, thus resulting in

safer reinforcement learning.

2.6 Summary

This chapter introduced the basic concepts in traditional reinforcement learning. This

includes the reinforcement learning problem formulation (summarised in Figure 2.1),

common optimal value-function formulations as well as how the policy can be ex-

tracted from them. Algorithms for learning the policy can be 1) model-based where

the agent prioritises first modelling the environment and planning using the resulting

model, or 2) model-free where agents interact with environment and update their

policy based on observations in the environment. Reinforcement learning agents rely

on good exploration strategies to discover good solutions for the given MDP. Algo-

rithms that learn off-policy are able to interleave between executing actions from the

estimated policy and actions from a different policy, used solely for exploration. This

exploration step is typically achieved by selecting actions randomly, this poses safety

issues and makes it difficult to apply reinforcement learning on safety-critical systems.

The concepts and algorithms discussed in this chapter are only compatible with envi-

ronments where the state and action spaces are discrete in nature, and rely on tabular

representations to store reinforcement learning quantities during learning. However,
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in more practical settings, such data structures are impractical. In the following chap-

ter, we explain how function approximation coupled with traditional reinforcement

learning be used to enable learning in richer spaces.
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Chapter 3

Deep Reinforcement Learning

Having discussed the reinforcement learning problem for discrete environments (chap-

ter 2), we now port these concepts to continuous environments through function ap-

proximation and discuss work that has done this successfully under the broad umbrella

of deep reinforcement learning. First we describe the deep-Q network in section 3.1,

then we discuss the transition from this value-based deep reinforcement learning al-

gorithm to policy-based deep reinforcement learning using policy gradients in section

3.2. We then explain how these approaches can be combined under the Actor-Critic

framework in section 3.3, and present the DDPG algorithm in section 3.4 – an algo-

rithm that combines all the ideas discussed in this chapter. We list issues with deep

reinforcement learning in section 3.5, and finally summarise the chapter in section

3.6.

In general, deep reinforcement learning is defined as the combination of function

approximation (more commonly deep neural networks) with reinforcement learning.

Where function approximation is used to approximate the different elements of the

reinforcement learning problem. particularly the policy (for policy-based deep rein-

forcement learning), the value function (deep reinforcement learning), and the dynam-

ics model (for model-based deep reinforcement learning). We discuss these (with the

exception of model-based deep reinforcement learning) in more detail in the following

sections.
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3.1 Deep-Q Networks (DQNs)

The Deep-Q Network (DQN) [Mnih et al., 2015] is one of the pioneering works in

value-based deep reinforcement learning. In their work, the authors solve the previ-

ously difficult task of incorporating deep neural network function approximators in

reinforcement learning, producing an algorithm (Deep-Q Learning with Experience

Replay) that was able to play different games in the Atari game set using the same

learning architecture (Figure 3.1). This algorithm was able to achieve superhuman-

level performance on most Atari games, exceeding the performance of closest matching

work in similar domains.

Figure 3.1: An overview of the Deep-Q Network (DQN) used by Mnih et al. [2015]
to represent the action value function Q(s, a). In their method, the neural network
would predict the average return for each possible action for the given state.

Before Deep-Q Learning with Experience Replay was introduced, reinforcement learn-

ing algorithms that used non-linear function approximation (particularly neural net-

works) to estimate the action-value function Q were believed to be inherently unstable

and were thus likely to diverge [Tsitsiklis and Van Roy, 1996].

This instability was partly caused by: 1) the violation of the standard assumptions in

the stochastic gradient descent optimizer used to train the network, i.e. the training

data must be i.i.d.1 and drawn from a stationary probability distribution. How-

ever, data in reinforcement learning is sequentially generated and is thus temporally

correlated, which breaks the i.i.d. assumption. Furthermore, the distribution over

these transitions changes as the agent learns over time [Mnih et al., 2015]. 2) non-

stationary targets caused by the temporal correlations between the current estimate of

the action-value function Q and the target rt + γmax
a′

Qφtarg(st+1, a
′)– the temporally

successive estimate of Q.

1Independent and identically distributed.
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To remove the temporal correlations between transition samples, Mnih et al. [2015]

used experience replay by Lin [1993]. This method entails storing the agent’s transi-

tions (s, a, r, s′) in a memory replay buffer, and then training on transitions randomly

sampled from this buffer. To handle the non-stationary target issue, the target net-

work weights φtarg were held fixed and only periodically updated after every C-steps

during training. This stabilised the training, allowing the DQN to learn action-values

Qφ(s, a) end-to-end2 using image pixels as the state s, joystick positions as actions a,

and the in-game score as the reward r.

The DQN was initialised with random weights and trained using backpropagation and

stochastic gradient descent to minimize the mean square error objective function:

I = (yj −Qφ(sj, aj))
2 (3.1)

Where yj = rj + γmax
a′

Qφtarg(sj+1, a
′) is the Q-Bellman equation3 target estimated

using the target network φtarg and Qφ(s, a) parameterized using deep-Q network φ, the

current estimate of the action-value function. This loss function (equation 3.1) was

evaluated using a minibatch of transitions B = {(sj, aj, rj, sj+1)} sampled randomly

from the experience replay buffer. The complete algorithm is as follows:

2Training a deep Q network using raw data (image pixels in this case) without the use of pre-
defined features or any form of pre-processing.

3Equation 2.7
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Algorithm 4 Deep-Q Learning with Experience Replay

1: Initialise replay memory D to capacity N
2: Initialise the Deep-Q Network with random weights φ
3: Set target network parameters equal to main parameters φtarg ← φ
4: for episode = 1,M do
5: Observe initial state s1

6: for t = 1, T do

7: Select action at ←

{
arg max

a
Qφ(s, a) with probability 1− ε

random action with probability ε

8: Execute action at in the environment
9: Observe reward rt and next state st+1

10: Store transition (st, at, rt, st+1) in replay memory D
11: Randomly sample mini batch of transitions B = {(sj, aj, rj, sj+1)} from D

12: Compute target yj =

{
rj for terminal sj+1

rj + γmax
a′

Qφtarg(sj+1, a
′) for non-terminal sj+1

13: Update Deep-Q Network by one step of gradient descent using

∇φ
1

|B|
∑

(sj ,aj ,rj ,sj+1)∈B

(yj −Qφ(sj, aj))
2

14: Update target network parameters every C steps

φtarg ← φ

15: end for
16: end for

Given a state s, the trained Deep-Q Network produces Q-values over a discrete action

space i.e.:

Figure 3.2: A possible Q-value function for a discrete gridworld environment where
the agent can execute any of the four actions: {E,W,N, S} at some state st.

To extract the optimal policy from the approximated Q-value function, the agent

greedily selects the action with the highest Q-value at every time step as follows:
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π(st) = arg max
at

Qφ(st+1, at+1) (3.2)

However, this policy extraction method does not extend to environments with con-

tinuous action spaces since the corresponding Q-value function in such environments

is also continuous:

Figure 3.3: A possible Q-value function for a continuous environment where the agent
can execute a real-valued action. For example, this can be a joint torque in the case
of a robot arm.

As such, extracting the greedy policy here, requires a global optimization operation

over possible actions. This optimization problem can be roughly formulated using

the 2nd-order sufficient conditions for local maxima i.e.:

Set π(st) = a∗ iff ∇aQφ(st, a)|a∗ = 0 and ∇2
aQφ(st, a)|a∗ < 0 (3.3)

This is a computationally expensive operation since in addition to first having to

learn the action-value function Qφ, this optimization problem (equation 3.3) has to

be solved for every state st we encounter at every time step t. Furthermore, this opti-

mization problem assumes that Qφ at any state st is smooth and twice differentiable.

However, this may not be the case in some reinforcement learning problems. Also, the

overall computation time for this cannot be reduced by storing previous solutions (as

is the case with most dynamic programming algorithms) since we have uncountable

states and actions as well as no guarantee that the agent will revisit the same state

st, thus requiring the same solution π(st) = a∗.

A more reasonable approach is to instead maintain a function approximator for the

policy, and train this approximator using sample-based optimization such that ad-

justing the parameters of the policy changes the policy at all states simultaneously.
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This eliminates the need to solve for the optimal action in every state encountered

since recovering the policy under this parameterization is now a simple evaluation of

the function approximator at some state s given weight configuration θ.

As with the Deep-Q Network in the Deep-Q Learning with Experience Replay algo-

rithm, having a parameterization requires us to formulate the objective in terms of

the policy parameters such that the optimal parameters θ∗ are given by:

θ∗ = arg max
θ

J(θ) (3.4)

In most deep reinforcement learning algorithms that model the policy in this way,

the objective J(θ) is chosen to be the expected4 return Eτ∼πθ(τ) [R(τ)]. In such cases,

the policy parameters θ are adjusted in the direction of increasing expected return.

Thus yielding the policy gradient:

∇θJ(θ) = ∇θEτ∼πθ(τ) [R(τ)] (3.5)

3.2 Policy Gradient Methods

Policy gradient algorithms are a class of continuous action reinforcement learning

algorithms that make use of function approximation θ (more commonly deep neural

networks) to explicitly represent the policy. In general, the policy parameters θ are

adjusted in the direction of increasing performance objective J(θ) using variants of

the general stochastic policy gradient theorem [Sutton et al., 2000]:

∇θJ(θ) =

∫
S
ρπ(s)

∫
A
∇θπθ(a|s)Qπ

φ(s, a)dads (3.6)

where ρπ(s) is the discounted state visitation distribution, πθ is the policy and Qφ(s, a)

is the action-value function under some compatible function approximator with pa-

rameters φ. Intuitively, the policy parameters θ are adjusted to make high-value

actions more likely, thus maximising the total discounted reward [Silver et al., 2014].

4For stochastic environments
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Different policy gradient methods have different ways of estimating the policy gradient

∇θJ(θ). However, in almost all policy gradient algorithms, the estimated gradient

∇θJ(θ) updates the policy parameters θ as follows:

θ ← θ + α∇θJ(θ) (3.7)

where α is the learning rate.

We now briefly discuss the more common formulations of the policy gradient. This

includes, the Likelihood-ratio policy gradient (section 3.2.1), the Natural policy gra-

dient (section 3.2.2) and finally, the Deterministic policy gradient (section 3.2.3).

3.2.1 Likelihood-ratio Policy Gradient

The likelihood-ratio policy gradient [Williams, 1992] is amongst the earliest policy gra-

dient methods. This particular formulation (see Appendix A.1) uses the “likelihood-

ratio” identity to express the standard policy gradient (equation 3.6) in a convenient

form where where it does not depend on the state visitation distribution or the tran-

sition function.

∇θJ(θ) = Es∼ρπ ,a∼πθ
[
∇θlogπθ(a|s)Qπ

φ(s, a)
]

(3.8)

This formulation makes it an ideal candidate for model-free continuous action re-

inforcement learning, where through Monte Carlo sampling approaches, the above

expectation can be approximated from data5 (see Appendix A.2):

∇θJ(θ) ≈ 1

N

N∑
i=1

(
T∑
t=1

∇θlogπθ(si,t|ai,t)

)(
T∑
t=1

R(si,t, ai,t)

)
(3.9)

where R(s, a) is a general proxy for the value function. The independence of this

policy gradient from the state-visitation distribution implies that the policy gradient

can be evaluated off-policy using trajectories generated offline from a separate policy

ρβ. As such, the exploration policy is allowed to be different and can also be performed

offline. In this work, we exploit this result, and use exploration as a mechanism to

administer knowledge from other tasks in the same environment into the target task.

5In the form of transition samples from trajectories in the environment
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3.2.2 Natural Policy Gradient

Standard policy gradients rely on the learning rate α to control the magnitude of the

policy gradient∇θJ(θ) used to update the policy parameters θ during learning. When

α is too small, the learning process is slow and takes longer to converge. On the other

hand, a large learning rate α causes large changes in the policy parameters space

θ, causing aggressive fluctuations in the policy space. This produces bad policies,

which in turn, hurts further learning as successive policy gradient estimates depend

on transition samples generated using the current policy.

The natural policy gradient addresses this issue by first representing the policy step-

size (i.e. the “distance” between πθ+δθ(a|s) and πθ(a|s)) in parameter space θ, and

then restricting this change in the policy to be less than some parameter ε i.e.:

KL(πθ(a|s)||πθ+δθ(a|s)) ≈ δθTFπθδθ ≤ ε (3.10)

where Fπθ is the Fisher Information Matrix:

Fπθ = Ea∼πθ
[
∇θlogπθ(a|s)∇θlogπθ(a|s)T

]
(3.11)

The natural policy gradient ∇NPG
θ J(θ) is then given by:

∇NPG
θ J(θ) = F−1

πθ
g (3.12)

where F−1
πθ

is the inverse Fisher Information Matrix which approximates the policy

space difference between two points in parameter space θ and g = ∇θJ(θ) is the

standard policy gradient.

Unlike the vanilla policy gradient (equation 3.8), the natural policy gradient achieves

faster and more stable learning [Peters and Schaal, 2008]. Other variants of the

natural policy gradient [Schulman et al., 2015, Wu et al., 2017], also offer monotonic

policy improvement in exchange for more computational complexity. However, recent

work [Schulman et al., 2017] has succesfully brought this computational complexity

down while retaining the useful properties of the natural policy gradient.
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3.2.3 Deterministic Policy Gradient

Following the stochastic policy gradient by Sutton et al. [2000], Silver et al. [2014]

presented the deterministic policy gradient (DPG),

∇θJ(θ) =

∫
S
ρµ(s)∇θµθ(s)∇aQ

µ
φ(s, a)ds (3.13)

where ρµ(s) is the discounted state visitation distribution, µθ is the deterministic pol-

icy and Qφ(s, a) is the action-value function under some compatible function approx-

imator with parameters φ. Compared to its stochastic counterpart, the deterministic

policy gradient theorem (equation 3.13) does not integrate over possible actions and

therefore, can be estimated more efficiently.

The deterministic policy gradient, also termed the action-value gradient, assumes a

deterministic policy µ. This allows the exploration to be handled completely off-

policy by a separate behaviour policy πβ(s). Silver et al. [2014] shows that if πβ is

chosen to be stochastic i.e. πβ(a|s) then we retain the properties of the stochastic

policy in the stochastic policy gradient, with the main difference being that the policy

gradient can now be computed more efficiently.

3.3 The Actor-Critic Framework

The vanilla policy gradient in equation 3.8, computes N individual policy gradient

estimates ∇θJ(θ)i using full trajectories τ = {(st, at)}Tt=1 and then takes the average

over these to compute the final policy gradient:

∇θJ(θ) =
1

N

N∑
i=1

∇θJ(θ)i (3.14)

Computing the policy gradient this way produces a policy gradient with high variance.

This is because each trajectory τi is an evaluation of a stochastic policy. Due to this

stochasticity, different trajectories might receive different rewards for applying the

same action at a single time step t. This variance in rewards between trajectories

accumulates as more actions are taken in the episode, thus leading to a noisy policy

gradient estimate.
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The actor-critic framework reduces this variance in the policy gradient by estimating

the returns directly, using a learned value function instead of waiting for a full episode

in order to compute the returns through Monte Carlo sampling. In this framework,

a dependence between the policy and the value function is established such that

when the policy “the actor” executes an action “acts” in the environment based

on the state it occupies, the value function “the critic” estimates the value of that

action “criticises” in the occupied state. The value function is then used to compute

the temporal difference error (the criticism), which in turn is used to update the

value function and the policy. This relationship between the actor and the critic is

summarised in Figure 3.4:

Figure 3.4: The actor-critic framework. Image adapted from [Sutton, 1988].

If the critic, “critises” actions generated by the current actor (i.e. the trained policy),

then the resulting algorithm is referred to as the on-policy actor-critic. Conversely,

updating the actor and the critic according to transitions generated off-policy results

in the off-policy actor-critic algorithm. Using principles from the off-policy actor-

critic algorithm as well as their deterministic policy gradient (equation 3.13), Silver

et al. [2014] developed the “Off-Policy Deterministic Actor-Critic” algorithm. This

algorithm was later extended by Lillicrap et al. [2015] in their Deep Deterministic

Policy Gradient algorithm, which we discuss in the following section.
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3.4 Deep Deterministic Policy Gradients

Lillicrap et al. [2015] combined the ideas discussed in the previous sections i.e. the

Deep-Q Network [Mnih et al., 2015] and the deterministic policy gradient [Silver et al.,

2014] to produce the Deep Deterministic Policy Gradient (DDPG) algorithm.

In the DDPG algorithm, Lillicrap et al. [2015] utilises deep neural network function

approximators to represent the action-value function and the policy, together with

novelties introduced in the Deep Q-Learning algorithm6 to enable stable learning, this

includes 1) target networks, which in DDPG were made to track the main networks

slowly using some parameter ρ during learning. 2) An experience replay memory

buffer to break correlations in the agent transitions.

The policy and value function networks in DDPG are trained in an off-policy actor-

critic manner using a mini-batch of off-policy transitions B = (s, a, r, s′, d) sampled

from an experience replay memory buffer. First the action-value network Qφ is up-

dated in a way similar to the vanilla DQN [Mnih et al., 2015], where the network

weights are updated by means of stochatic gradient descent over the mean square

error between the temporal difference target:

y(r, s′, d) =

{
r for terminal s′ (d = 1)
r + γQφtarg(s

′, µθtarg(s
′)) for non-terminal s′ (d = 0)

and the current estimate of the value function Qφ:

∇φ
1

|B|
∑

(s,a,r,s′,d)∈B

(Qφ(s, a)− y(r, s′, d))
2

Then the policy network µθ parameters were updated in the direction of increasing

action-values Qφ using the deterministic policy gradient (equation 3.13):

∇θ
1

|B|
∑
s∈B

Qφ(s, µθ(s))

Finally, the target networks are updated using a linear combination of the current

target network weights and the current network weights (see line 15 in algorithm 5).

In this work we use the DDPG algorithm to learn multiple tasks for the purpose of

evaluating our proposed solution to multi-task transfer learning for continuous action

environments.
6See algorithm 4
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Algorithm 5 Deep Deterministic Policy Gradient

1: Input: initial policy parameters θ, Q-function parameters φ, empty replay buffer
D

2: Set target parameters equal to main parameters θtarg ← θ, φtarg ← φ
3: repeat
4: Observe state s and select action a = clip(µθ(s) + ε, aLow, aHigh), where ε ∼ N
5: Execute a in the environment
6: Observe next state s′, reward r, and done signal d to indicate whether s′ is

terminal
7: Store (s, a, r, s′, d) in replay buffer D
8: If s′ is terminal, reset environment state.
9: if it’s time to update then

10: for however many updates do
11: Randomly sample a batch of transitions, B = {(s, a, r, s′, d)} from D
12: Compute the temporal difference target

y(r, s′, d) = r + γ(1− d)Qφtarg(s
′, µθtarg(s

′))

13: Update Q-function by one step of gradient descent using

∇φ
1

|B|
∑

(s,a,r,s′,d)∈B

(Qφ(s, a)− y(r, s′, d))
2

14: Update policy by one step of gradient ascent using

∇θ
1

|B|
∑
s∈B

Qφ(s, µθ(s))

15: Update target networks with

φtarg ← ρφtarg + (1− ρ)φ

θtarg ← ρθtarg + (1− ρ)θ

16: end for
17: end if
18: until convergence
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3.5 Issues with Deep Reinforcement Learning

Deep reinforcement learning agents tend to be sample inefficient, requiring lots of in-

teractions with the environment during training before converging to good behaviours.

While this is acceptable for simulated environments (e.g. video games), it is unde-

sirable in the real world. For example, running millions of timesteps on a robot may

take too long, possibly requiring that the robot be left uninterrupted for months on

end. There is also no guarantee that the training will finish during this time since

the actuators and batteries will surely get worn out.

Function approximators in deep reinforcement learning, particularly for policies, are

typically initialised randomly. Executing these randomly initialised policies in the

environment results in poor initial performance. Despite this randomness persisting

after initialisation, agents continue to query these function approximators for actions

to execute during training. This random nature, coupled with random exploration

policies, poses a safety risk for physical systems.

While deep reinforcement learning algorithms present excellent solutions for learning

individual tasks, their solutions typically do not generalise to new tasks [Garnelo

et al., 2016]. As such, deep reinforcement agents solving new tasks in the domain

have to be trained from scratch, and would have to reface the issues listed above.

3.6 Summary

In this chapter we outlined deep reinforcement learning, providing a detailed review

of the pioneering work in this area – the deep-Q-network [Mnih et al., 2015] which

achieved superhuman-level performance on a series of video games with discrete ac-

tions (controls) through neural network function approximation. We then discussed

policy gradients as an approach for applying reinforcement learning to continuous ac-

tion spaces through function approximation, and briefly mentioned recent work that

makes use of these ideas.

We also presented DDPG, an algorithm which extends the Deep-Q Learning with Ex-

perience Replay algorithm to continuous action spaces and extends the “Off-Policy

Actor-critic Algorithm” [Silver et al., 2014] to use deep neural network function ap-

proximators, resulting in a model-free, off-policy algorithm that is able to learn tasks
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defined in environments specified using high-dimensional, continuous state and action

spaces. In the previous section, we discuss that only relying on deep reinforcement

learning algorithms such as DDPG leads to issues of sample inefficiency, poor initial

performance, unsafe learning and poor generalisation across tasks.

We address the above issues using multi-task transfer learning and show how our

proposed method can be incorporated into an off-policy deep reinforcement learning

algorithm such as DDPG. The use of an off-policy algorithm allows for experience from

other trained policies to be incorporated into the target policy in a straightforward

manner. We describe common approaches for transferring knowledge between tasks

as well as related benefits in the following chapter (chapter 4).
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Chapter 4

Multi-task Transfer Learning

In this chapter we discuss related work in multi-task transfer learning. More specifi-

cally, we decompose multi-task transfer learning into two sub-problems: 1) knowledge

compression (section 4.2) where we list methods that combine knowledge from multi-

ple related source tasks into a single model or proxy for common knowledge between

the source tasks, and 2) knowledge transfer (section 4.3) where we list methods for ad-

ministering the common knowledge into the learning process of a related target task.

We discuss the limitations for some of these methods and summarise the chapter in

section 4.4.

4.1 Transfer Learning

In the reinforcement learning context, transfer learning involves agents that leverage

the experience gained when learning a source task(s) to improve the learning of a

related target task [Taylor and Stone, 2009]. According to Taylor and Stone [2009],

a transfer learning agent must be able to:

1. Select the appropriate source task or set of tasks from which to transfer.

2. Learn how the source task(s) and target task are related.

3. Efficiently transfer knowledge from the source task to the target task.
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In their review, Taylor and Stone [2009] also discuss the benefits of transferring knowl-

edge in reinforcement learning domains. Among these is the Jumpstart, this is a

measure of initial performance improvement in the trained policy. In practice, re-

inforcement learning agents that transfer knowledge between tasks are expected to

start training with better initial performance. Another benefit of transfer is sample

complexity or Time to Threshold, this metric evaluates the difference in convergence

times between agents that use transferred knowledge and agents that learn from

scratch. Here, agents with earlier convergence times are regarded as sample efficient

as they need fewer samples (interactions with the environment) to converge. Another

common evaluation metric is Asymptotic Performance, this refers to the ability of

transfer learning algorithms to learn better solutions and retain those solutions over

time. These metrics are summarised in Figure 4.1:

Figure 4.1: Transfer learning performance metrics. Adapted from [Taylor and Stone,
2009].

In some cases however, transferring knowledge can worsen the learning on the target

task and possibly result in poorer performance compared to not using transferred

knowledge at all. Such cases are referred to as negative transfer. This phenomenon

can arise for a number of reasons namely: transferring knowledge between unrelated

tasks, transferring knowledge using inaccurate task mappings [Taylor et al., 2007],

etc. Intuitively, negative transfer is synonymous to transferring “bad advice”.

In this chapter, we discuss common approaches for multi-task transfer learning, more

specifically, approaches that align with the following pattern. As a decomposition of

two sub-problems; knowledge compression and knowledge transfer (see Figure

4.2).
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Figure 4.2: Multi-task transfer learning pipeline.

4.2 Knowledge Compression

Deep reinforcement learning agents tend to rely on large knowledge structures (e.g.

deep neural networks) for implicitly [Mnih et al., 2015] and explicitly [Lillicrap et al.,

2015] representing the policy. Maintaining a library of such policies for purposes of

transferring knowledge to new tasks becomes more impractical with a large, but still

growing number of tasks. Consequently, the more prior knowledge we wish to transfer

to a target task, the higher the associated space complexity cost.

The knowledge compression step in the transfer learning process thus serves to in-

crease the portability of prior knowledge by reducing the amount of total parameters

required by combining multiple models or multiple sources of information into one. In

the context of deep reinforcement learning, this can refer to policies, value functions

or trajectories.

4.2.1 Knowledge Distillation

Related work on knowledge compression in deep reinforcement learning includes pol-

icy distillation [Rusu et al., 2015]. In this method, knowledge is transferred or “dis-

tilled” from a set of teacher models {Tk}Kk=1 (see Figure 4.3), to a student model S
(see Figure 4.4). Under this model, multiple teacher models (Deep-Q Networks) are

trained on different tasks. The teacher model outputs (i.e. the Q-values) are passed

into a softmax function to convert the Q-values into action probabilities i.e.:
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Softmaxτ (Q) =
exp(Q/τ)∑N

i=1 exp(Q(i)/τ)
(4.1)

such that each teacher model (DQN) generates a datasetDk = {si, Softmaxτ (Qi)}Ni=1.

Using this dataset, the student model S is trained (in a supervised learning manner)

to predict/track the output of the different teacher models using the distillation loss

function1:

LMSE(DT , θS) =

|D|∑
i=1

‖ Softmaxτ (QT (s, a))−QS(s, a) ‖2 (4.2)

Figure 4.3: An example of a teacher model used in policy distillation to train a student
model.

1Aside from the Mean Square Error loss shown here, the authors also showed that policy dis-
tillation is compatible with other loss functions namely: the negative log-likelihood loss and the
KL-divergence loss.
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Figure 4.4: In this model, knowledge from multiple teacher models (see Figure 4.3) is
compressed into a single student model through policy distillation [Rusu et al., 2015].

The policy distillation framework was also used by Tessler et al. [2016] who used

distilled DQNs to compress multiple skill2 networks into a single student model (Dis-

tilled Multi-Skill network), for tasks defined in the minecraft domain. This distilled

network was then used as a skill module in their Hierarchical Deep reinforcement

Learning Network, a framework for lifelong learning in the minecraft domain.

Policy distillation presents an effective solution for knowledge compression and uses

fewer parameters to store knowledge from multiple tasks compared to maintaining a

library of individual task solutions. However, a separate output layer has to be added

for every task (teacher model) presented. As such, policy distillation methods still

grow in the number of parameters as more tasks are added.

4.2.2 Fine-tuning and Feature Distillation

Yosinski et al. [2014] discussed that deep neural networks can learn general features

over the task space and that these features are generally not specific to any particular

instance in the training data but are representative of the entire dataset. For example,

in the case of image classification tasks, common practice includes training deep neural

networks to perform classification tasks on extremely large datasets [Krizhevsky et al.,

2In their work Tessler et al. [2016] defines skills as trained policies. i.e. after training on a task,
an agent is said to have obtained a skill for solving that task.
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2012], removing the last fully connected and output layer of the resulting deep neural

network, then treating the resulting deep neural network as a transferable general

representation or feature extractor for other image classification tasks over new image

datasets. The more diverse the data, the more effective this approach is.

Parisotto et al. [2015] applied this idea, as well as policy distillation in deep rein-

forcement learning to perform distillation with features3. In this method, a student

network was trained to mimic the actions of an expert (teacher) model. This was

achieved using the actor mimic objective:

LiActorMimic(θ, θfi) = Lipolicy(θ) + β ∗ LiFeatureRegression(θ, θfi) (4.3)

Where the policy regression objective:

Lipolicy(θ) =
∑
a∈AEi

πEi(a|s)logπAMN(a|s; θ) (4.4)

is the cross entropy loss between the Actor Mimic Network (AMN, i.e. the student

network) and the expert model (Ei, i.e. the teacher model). This objective served

to constrain the action distribution of the student model to stay close to that of the

teacher model. The feature regression objective:

LiFeatureRegression(θ, θfi) = ‖ fi (hAMN(s; θ); θfi)− hEi(s) ‖2 (4.5)

was used to compel the Actor Mimic network (student) to learn the same features as

the expert using a separate feature regression network θfi . In the main loss function

(equation 4.3), β controls the relative weighting of the two objectives, treated as a

hyperparameter for the model.

4.2.3 Weight-Sharing

In these methods, neural networks training on different tasks are typically stitched

together such that knowledge from other tasks transfers (i.e. through network acti-

vations) into the current task. As such, knowledge transfer between tasks becomes

mutual since tasks are typically trained jointly.

3In the paper, features were defined to be the weights before the output layer.
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An example of work that makes excellent use of this idea is Progressive Neural Net-

works [Rusu et al., 2016]. In this work, Rusu et al. [2016] maintains a pool of pre-

trained task models in a single model.

Figure 4.5: Progressive Neural Network [Rusu et al., 2016]

These task models (each column hi in Figure 4.5) are connected by means of lateral

connections. The lateral connections serve as feature extractors for progressive task

models. The extracted features are incorporated directly into the hidden layers of

new tasks models in the following way:

h
(k)
i = ReLU

(
W

(k)
i h

(k−1)
i +

∑
j<k

U
(k:j)
i h

(k−1)
j

)
(4.6)

As with policy distillation, weight-sharing methods also grow in size as more tasks

are introduced. However this is still better than having to train a separate model for

every task.

4.3 Knowledge Transfer

In this subsection we discuss the mechanism of applying or transferring the com-

mon knowledge to improve the learning of a target task. In other words, we ask

the question, given prior knowledge in some environment, how do we administer this

knowledge to an agent learning a task in the same environment such that the trans-

ferred knowledge aids the learning process?
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4.3.1 Through Exploration

Finding good policies in reinforcement learning is associated with having good explo-

ration strategies. Here, an agent can explore more efficiently if it explores according to

the policies (experience) of previous agents in the environment. Intuitively, this trans-

lates to the current agent prioritising actions which previous agents in the domain

found to be useful. If the agent then learns using such actions then it may discover

more rewarding states sooner compared to exploring randomly. Recent work that fol-

lows this paradigm includes the action priors framework [Rosman and Ramamoorthy,

2012] which is discussed in detail in chapter 5.

4.3.2 Through Regularization

Desired behaviour in reinforcement learning is encoded using the reward function

and consequently, the objective function. As such, it is common practice to include

a regularization term that imposes additional constrains on the resulting behaviour.

This regularization term is commonly used to prevent overfitting (i.e. forcing the

model to prefer simpler configurations). However, it is also possible to constrain for

example a task policy to stay “close”4 to some reference policy or source task policy.

Effectively, the task policy is “told” to pick actions that are not too different from

those selected by the reference policy in some particular state. The result is a task

policy that has similar behaviour to the reference policy but also solves the given

target task. Work that transfers knowledge in this way includes that of Teh et al.

[2017].

Teh et al. [2017] used a distilled model (the shared policy) as a regularizer for training

individual task models. This was achieved by using a shared policy objective which

consisted of expected returns (equation 2.1, in chapter 2)
∑T

t=0 γ
tRi(st, at), a KL

divergence regularization term for constraining task policies to stay close to the shared

policy: cKLγ
tlog πi(at|st)

π0(at|st) , and an entropy regularization term cEntγ
tlogπi(at | st) to

encourage exploration. Resulting in the following objective:

4According to some distance measure e.g. the KL-divergence
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Figure 4.6: Distral: Distill and Transfer Learning [Teh et al., 2017]

J0(π0, {πi}ni=1) =
∑
i

Eπi

[
T∑
t=0

γtRi(st, at)− cKLγtlog
πi(at | st)
π0(at | st)

− cEntγtlogπi(at | st)

]
(4.7)

And the corresponding policy gradient for training the task networks:

∇θiJi(π0, θi) = Eπ̂i

[
T∑
t=1

∇θilogπ̂i(at | st)

(
T∑
u=t

γuRreg
i (su, au | π̂0)

)]
(4.8)

4.4 Summary

Inline with our initial objective of implementing a multi-task transfer learning frame-

work to address sample inefficiency and to avoid training from scratch for autonomous

agents when learning new tasks in continuous environments, we have outlined common

approaches in multi-task transfer learning and in some cases, discussed their limita-

tions. This related work is discussed according to: 1) knowledge compression, which

involves compressing information from multiple source tasks into a single model, thus

improving knowledge portability, and 2) knowledge transfer which involves transfer-

ring or administering the compressed knowledge into an agent learning a new task in

the environment.
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Chapter 5

Continuous Action Priors

In this chapter we describe in detail our proposed solution for implementing contin-

uous action priors. This includes a background on the action priors framework in

section 5.1, possible avenues for extending this framework to continuous settings in

section 5.2, and a summary of the chapter in section 5.3.

5.1 Discrete Action Priors

The action priors framework [Rosman and Ramamoorthy, 2012] is a technique for

multi-task transfer through action selection for tasks M = 〈D,R〉 defined in the

same domain1 D = 〈S,A, T , γ〉, where S is the discrete state space, A is the discrete

action space, T is the transition function, and γ is the discount factor. Under this

framework, trajectories are sampled from multiple policies trained on different2 tasks

in the environment (see Figure 5.1a), to create a dataset of expert trajectories D
= {τi}Ni=1, where τi = {(s0, a0), (s1, a1), ..., (sT , aT )}. In every state s, Rosman and

Ramamoorthy [2012] computed and maintained action counts αs(a) for each action

a ∈ A, indicating the number of times each action was executed in that state across

all trajectories in D. These action counts were normalised3, resulting in a Dirichlet

distribution ψs(a) ∼ Dir(αs) over expert actions in each state (see Figure 5.2).

1We use domain and environment interchangeably in this work.
2In this framework, the state space, action space, and transition function are fixed across all tasks

(i.e tasks only differ by reward function).
3Such that they sum to 1
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(a) (b)

Figure 5.1: a) An illustration of multiple near-optimal trajectories in a discrete envi-
ronment where agents are tasked with navigating to a specific door. b) An illustration
of the resulting action prior distribution, black arrows - actions with low action counts.
green arrows indicate actions a ∈ East,West,North, South with high actions counts.

Under this model, actions most favoured by multiple experts in a state s are assigned

higher action counts αs(a) and consequently higher probabilities in the action prior

distribution ψs(a) ∼ Dir(αs). This results in these actions being sampled more often

and actions that were least favoured by experts to be sampled less. If we assume that

expert agents in the environment behave near-optimally (i.e. they do not execute

harmful actions or collide into obstacles in the environment), then the action prior

distribution can be interpreted as a distribution over good, safe actions across all

states in the environment. This means that action priors effectively prune the action

space in each state, assigning low probability to actions that were least favourable in a

state (see Figure 5.1b). Ultimately, this pruning effect implicitly models the structure

of the environment in the sense that actions with low probability would represent an

obstacle or a wall.

To update this implicit structure, the state-based action counts αs(a) first had to be

updated according to:

αnews (a)←
{
αs(a) + 1 if (s, a) ∈ τnew
αs(a) otherwise.

When new trajectories τnew were available. In the above, an action count αs(a) for

action a in state s would be updated when action a is executed in state s during τnew

(or when the state-action pair (s, a) is encountered in trajectory τnew). Re-fitting a
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Figure 5.2: An illustration of the discrete action prior distribution ψs(a) ∼ Dir(αs)
at states s∗ and s∗∗ respectively.

Dirichlet distribution over the new action counts results in an updated action prior

distribution ψnews (a) ∼ Dir(αnews ).

5.1.1 Learning with Discrete Action Priors

In general, the action priors distribution ψs(a) ∼ Dir(αs) is a proxy for useful actions

across all states in the environment. As such, Rosman and Ramamoorthy [2012]

proposed using this distribution as an exploration policy, where an agent training

on a new task can sample good, safe exploratory actions from this body of expert

advice. Intuitively, such an agent would be exploring by taking actions that were

previously successful more frequently, biasing exploration towards prior knowledge or

experience when training on the given task in the environment. For example, in the

multi-door environment in Figure 5.1a, a new agent can use the action priors (Figure

5.1b) constructed using optimal trajectories from expert agents like 1-5 in Figure 5.1a

to bias exploration towards good actions when learning. That is, even though the

new agent does not know the location of walls and obstacles, it will seldom collide

into them.

To implement this biased exploration paradigm, Rosman and Ramamoorthy [2012]

presented ε-greedy Q-learning with State-based Action Priors (ε-QSAP), a modified

version of the standard ε-greedy Q-learning algorithm where the randomly selected

action in the exploration step (line 5 in Algorithm 6) is replaced with an action

sampled from the action prior distribution.
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Algorithm 6 ε-greedy Q-learning with State-based Action Priors (ε-QSAP)

Require: action prior distribution ψs(a)
1: Initialise Q(s, a) arbitrarily
2: for every episode k = 1...K do
3: Choose initial state s
4: repeat

5: a←

{
arg max

a
Q(s, a) with probability 1− ε

a ∈ A with probability εψs(a)

6: Take action a, observer r, s′

7: Q(s, a)← α
[
r + γ max

a′
Q(s′, a′)−Q(s, a)

]
8: s← s′

9: until s is terminal
10: end for
11: return Q(s, a)

Rosman and Ramamoorthy [2012] also showed that administering the action priors

as an exploration strategy in this way does not undermine the standard ε-greedy

exploration strategy since if the action counts are kept constant i.e.:

αs(a) = k ∀ s, a ∈ S ×A, k ∈ [0, 1]

Then the action prior distribution reduces to a uniform distribution where all actions

are equally likely. Selecting actions ε-greedily according to this particular distribution

is the same as sampling actions according to the standard ε-greedy action selection

strategy.

Through navigation experiments in a series of maze navigation tasks, Rosman and

Ramamoorthy [2012] showed that ε-greedy Q-learning with State-based Action Priors

(ε-QSAP) performed better than the standard Q-learning algorithm, demonstrating

a jumpstart in learning as well as improved long-term performance.

However, the action priors framework is only applicable to discrete environments,

where the state and action spaces are countable sets with a finite number of elements.

In this work, we extend action priors to continuous environments, where both the

state and action spaces can be continuous. We outline the challenges with porting

action priors to continuous environments as well as corresponding solutions in the

next section.
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5.2 Action Priors for Continuous Settings

For environments with large state spaces (as is the case in continuous state spaces),

it is unlikely that an agent will revisit the same state or be able to visit all states (or

a large portion of the state space) in the environment. As such, even if maintaining

action counts was practical, it would not be useful since each state would have, at

most, a single action count. In this section we present solutions for solving this

representation problem through function approximation.

5.2.1 From Counts to Densities

As stated in Section 5.1, the action priors framework relies on maintaining counts for

each possible action in a state and modelling them as a Dirichlet distribution in each

state. This method is not practical in the continuous setting since the state and action

spaces are no longer countable (i.e. specific actions in a state may never be repeated

action across different experts, making the action count paradigm impractical). As

such, the action counts can no longer be modelled sufficiently using a histogram (using

bins), and consequently, the Dirichlet distribution.

The problem of “counting” occurrences for continuous quantities (i.e. continuous

random variables) is analogous to density estimation. The objective in density

estimation, is to construct a probability density function from data. For modelling

action priors in particular, we are concerned with constructing a conditional density

function ψs(a) ∼ Pψ(a|s) from a dataset of expert trajectories D = {τi}Ni=1, where

τi = {(sj, aj)}Tj=1 such that sj ∈ RL, aj ∈ RM . As in the discrete setting, this model

ψs(a) should return a distribution over actions Pψ(a|s) given a state s (Figure 5.3).
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Figure 5.3: An illustration of the continuous action prior distribution ψs(a) ∼ Pψ(a|S)
at states s∗ and s∗∗ respectively. Different “peaks” or modes in the distribution
represent different action preferences at the given state.

5.2.2 Conditional Density Estimation

Unlike standard regression in supervised learning which seeks to estimate the ex-

pectation4 E [y|x] for a training set {(xi, yi)}Ni=1, conditional density estimation is

concerned with modelling the full distribution fω(y|x). Common approaches for con-

ditional density estimation include Gaussian Process Regression and Deep Neural

Networks.

5.2.2.1 Gaussian Process Regression

A Gaussian process is a stochastic process that models a prior over functions [Ras-

mussen, 2004]. Given some data, a Gaussian process will convert this prior over

functions into a posterior that describes the underlying distribution of the data. Un-

der a Gaussian process f , the joint distribution P (f(x1), ..., f(xn)) over a finite set of

random variables f(x1), ..., f(xn) for the corresponding set of input points x1, ...,xn,

are Gaussian distributed according to:f(x1)
...

f(xn)

 ∼ N

M(x1)

...
M(xn)

 ,
K(x1,x1) · · · K(x1,xn)

...
. . .

...
K(xn,x1) · · · K(xn,xn)


 (5.1)

where M(·) is the mean function and K(·, ·) is a positive definite kernel function, and

the co-variance functions respectively. Generally, the co-variance or kernel function

4Also referred to as the conditional mean [Hansen, 1994].
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K(·, ·) is chosen by the domain expert based on their domain knowledge regarding

the smoothness of the landscape of observations.

The objective in Gaussian processes is to adjust the parameters of the co-variance

function such that the resulting Gaussian process denoted f(·) ∼ GP(M(·), K(·, ·))

Given the dataset of expert trajectories Dτ = {(sj, aj)}Tj=1 = {S, a}, the Gaussian

process makes the assumption that the actions s can be described by some function

of the state s and some i.i.d. (independent identically distributed) noise ε i.e. a =

f(s)+ε, where the noise term ε is drawn from a Gaussian distribution with zero mean

and variance σ2
n. The conditional density function P (a∗|s∗) at test locations s∗ can

be modelled by first assuming a Gaussian process prior over the action space:

[
a

f(s∗)

]
∼ N

(
0,

[
K(S,S) + σ2

nI K(S, s∗)
K(s∗,S) K(s∗, s∗)

])
(5.2)

And computing the mean function f̄(s∗) and the co-variance function cov(f(s∗))

according to:

f̄(s∗) = E [f(s∗) | S, a, s∗] = K(s∗,S)
[
K(S,S) + σ2

nI
]−1

a (5.3)

cov(f(s∗)) = K(s∗, s∗)−K(s∗,S)
[
K(S,S) + σ2

nI
]−1

K(S, s∗) (5.4)

Such that actions a∗ = f(s∗) at test locations s∗ can be drawn according to the

following posterior distribution:

f(s∗) | S, a, s∗ ∼ N
(
f̄(s∗), cov(f(s∗)

)
(5.5)

Quantities that do not depend on the actual query points s∗ in equations 5.3 and

5.4 are typically pre-computed in order to reduce computation time when making

predictions. This posterior (equation 5.5) can thus be used to model continuous

action priors ψs(a) where:

ψs(a) ∼ N
(
f̄(s), cov(f(s)

)
(5.6)

However, standard Gaussian Processes tend to be slow when given large state spaces

due to the matrix inversion operation in equations 5.3 and 5.4. Furthermore, Gaussian

Processes take a long time to evaluate, as such they are undesirable for the purposes
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of reinforcement learning since these evaluations for actions have to be performed per

time step (i.e. every time we sample an action from the action priors), as such the

learning process will be slowed substantially.

5.2.2.2 Deep Neural Networks

Another approach would be to use conventional approaches in using deep neural

networks for conditional density estimation to represent the condition density function

ψs(a) with a parametric Gaussian distribution N (µω,σ
2
wI), where µω and σ2

w are the

predicted mean and variance, and ω are the weights of the network5. To satisfy the

constraint σ2
w ≥ 0, the corresponding logits6 for the variance are passed through the

exponetial function. In deep reinforcement learning, this formulation is commonly

used for representing stochastic policies7 [Heess et al., 2015, Duan et al., 2016,

Williams, 1992].

The action priors P (a|s) can thus be modelled using N (µω,σ
2
wI), where actions are

sampled in state s with a mean µω and the diagonal covariance matrix σ2
wI.

A naive implementation of the above proposals (i.e. Gaussian process regression and

the Deep Neural Network) model the action priors distribution P (a|s) using a uni-

modal Gaussian distribution. This has the effect of computing the conditional average

over expert actions in a state (as shown in Figure 5.4). However, in some states, the

true action prior distribution may be significantly non-Gaussian, as different expert

agents are in no way constrained to prefer actions described using a single mean and

variance in any particular state. For example, at a T-junction, an optimally behaving

self-driving car policy may choose to steer left or right, but taking the average action

translates to stopping or going straight (due to a steering angle of zero), which is a bad

action. In such cases, the average of expert actions (i.e. optimal actions) at a state

does not produce an expert (or even desirable) action. Subsequently transferring such

an action prior distribution to other agents in the same environment (i.e. another

self-driving cars) is akin to negative transfer, i.e. giving bad advice at the particular

state.

5This model is structurally similar to the encoder network in variational autoencoders [Kingma
and Welling, 2013]

6pre-activations
7Since the action priors are a stochastic mapping from states to actions, they can be regarded as

a policy in reinforcement learning language.
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Figure 5.4: Standard Gaussian Processes and Deep Neural Networks return uni-modal
distributions (shown by the dotted red line) and tend to “average” (shown red dotted
line) over the underlying modes (expert action preferences), resulting in a limited
description of the action prior distribution.

Instead, it is more appropriate to treat the problem of modelling action priors in

continuous settings as an inverse problem, where a single input state s can be mapped

to multiple possible actions a. As such, we propose to model continuous action priors

using a multi-modal distribution over actions across the state space, such that we

have a mixture model at each state. To achieve this objective, we turn to Mixture

Density Networks.

5.2.3 Mixture Density Networks

Deep neural networks are widely-used function approximators that excel at super-

vised learning tasks. Given data {(xi, yi)}Ni=1, a neural network is able to learn a

mapping (i.e. the conditional density function) P (x|y) between inputs and outputs

in a straightforward manner. However, when presented with a dataset where the re-

lationship between inputs and outputs is “one-to-many”8, standard neural networks

model the conditional average E [y|x] over the set of possible solutions [Bishop, 1994].

This results in a poor fit of the data (see Figure 5.5a), and consequently poor per-

formance on the given regression task, since the conditional average only provides a

limited statistic concerning the true probability density function.

Mixture density networks [Bishop, 1994] address this limitation by modelling the

conditional density function in the target data P (y|x) as a parametric mixture model:

8A single input has multiple possible outputs.
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Pz(y|x) =
K∑
k=1

πk(x)φk(y|x) (5.7)

Where Pz(y|x) is a linear combination of K kernel functions φk(y|x) (i.e. the mixture

model components) and their corresponding mixing co-efficients πk(x). The parame-

ters of the mixture density z are modelled by a neural network. The neural network

takes an input vector x and produces the parameters z of the mixture density model

from which the output vector y can be sampled. Combining the representational

power of a neural network with a mixture model in this way, results in a neural

network that can model arbitrary conditional distributions [Bishop, 1994].

Mixture density networks (see Figure 5.6) are a model for performing conditional

density estimation with neural networks, thus extending the conventional neural net-

works to handle multiple output cases, including noisy multi-target data (see Figure

5.5b).

(a) (b)

Figure 5.5: a) A comparison between a conventional neural network (a) and a mix-
ture density network (b) in a regression task, where in addition to being noisy, the
training data9(red circles) has multiple possible outputs for a single input. The con-
ventional neural network (a) trained using the Mean Square Error (MSE) loss predicts
conditional averages (blue circles) which do not reflect the underlying distribution.
However, the mixture density network (b) is able to accurately model the underlying
distribution.

9Generated using x = 7.0sin(0.75y) + 0.5y + ε, images extracted from:
http://blog.otoro.net/2015/11/24/mixture-density-networks-with-tensorflow/

(Accessed: 22-03-2019 )
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Figure 5.6: The mixture density network. Image adapted from [Vossen et al., 2018].

Although other kernel functions φk(y|x) are possible, Bishop [1994] chose to formulate

the Mixture Density Network using Gaussian kernels of the form:

φk(y|x) =
1

(2π)cσk(x)c
exp

{
−‖y − µk(x)‖2

2σk(x)2

}
(5.8)

As such, the mixture density model has parameters z = {πk(x), µk(x), σk(x)2}, where

πk(x) are the mixing co-efficients, µk(x) are the means, and σk(x)2 are the variances.

To ensure that the predicted parameters z (i.e. the neural network output) produce

a valid probability distribution, Bishop [1994] applied the following manipulations to

the parameter vector z:

1) the mixing coefficients are a categorical distribution over the components of the

mixture density network. Therefore they must satisfy:

K∑
k=1

πk(x) = 1, 0 ≤ πk(x) ≤ 1 (5.9)

This constraint can be achieved using the softmax activation function:

πk(x) =
exp(zπk )∑N

i=1 exp(zπk (i))
(5.10)
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2) The variances must satisfy:

σk(x)2 ≥ 0 (5.11)

This constraint can be implemented using the exponential function as follows:

σk(x)2 = exp(zσk ) (5.12)

3) The means can be real-valued. Therefore, they can be represented directly by the

network outputs:

µk(x) = zµk (5.13)

For training the mixture density network, Bishop [1994] used the following negative

log likelihood loss function:

Eq = −ln

{
K∑
k=1

πk(x
q)φk(y

q|xq)

}
(5.14)

To model K (a hyperparameter) mixture model components, we require the length

of z to be |z| = (1 + 2n)K, where n is the dimension of the observations y. Under

this formulation, higher dimensions, i.e. n > 1, require the use of the multivariate

Gaussian distribution kernels with diagonal co-variance matrices [Bishop, 1994].

However, diagonal co-variances matrices, by definition, place restrictions on the shape

of the resulting Gaussian distribution. As such, we prefer to use a full co-variance

matrix in this work. However, obtaining a valid co-variance matrix from a neural

network is difficult. Williams [1996] solved this difficulty by first exploiting the sym-

metry of the co-variance matrix which dictates that a co-variance matrix only has

at most n(n + 1)/2 independent entries. Thus, implying that a neural network only

has to output enough parameters to construct an upper or lower triangular matrix.

Williams [1996] then defined the inverse of the co-variance matrix using Cholesky

factorization of a symmetric positive definite matrix as ATA where A is an upper

triangular matrix i.e.:

Σ−1 = ATA =

α11 · · · 0
...

. . .
...

αn1 · · · αnn

 ,
α11 · · · α1n

...
. . .

...
0 · · · αnn

 (5.15)

52



To ensure a valid co-variance matrix, the following restrictions were imposed on the

elements of the upper triangular matrix A:

αii = exp(zΣ diag
k ) (5.16)

αij = zΣ
k , i 6= j (5.17)

Unlike equation 5.12 which only uses a single vector zσk from the neural network

to construct the co-variance matrix. The full co-variance formulation requires two

vectors zΣ diag
k for the diagonal elements of A and zΣ

k for the off-diagonal elements of

A. This formulation allows for mixture density components of the form:

φk(y|x) = (2π)−n/2|Σ|−1/2exp

{
−1

2
(y − µk)TΣ−1(y − µk)

}
(5.18)

where:

|Σ|−1/2 =
n∏
i=1

αii (5.19)

This leads to a full co-variance matrix formulation of the mixture density network

which can be trained using the negative log likelihood loss function (equation 5.14).

In this work we use this mixture density network to model continuous action priors,

ψs(a) ∼ PMDN(a|s). To sample actions from the mixture density network given

a state s, we pass s into the network, construct a Gaussian mixture model from

the resulting parameters z, select a component k in the mixture according to the

categorical distribution over the mixing co-efficients πk(x), and finally sample an

action from the selected mode’s Gaussian distribution parameters µk(x) and σk(x).

In addition to being able to model complex, multi-modal distributions, the mixture

density network has the additional benefit of being flexible with regards to the internal

neural network architecture. This means that the multi-layer perceptron architecture

used in this work can be replaced with other neural network architectures such as

recurrent neural networks [Brando Guillaumes, 2017] or convolutional neural networks

[Iso et al., 2017].

Other methods [Ostrovski et al., 2017, Bellemare et al., 2016] have been successful in

using psuedo-counts in continuous environments for the purposes of constructing bet-

ter exploration policies. These methods use density models purely for “counting” state
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visitations. The resulting model can then be used to bias new agents towards states

with the highest visitation “counts”. In this work however, we maintain “counts” of

the actions executed by other agents in a particular state. As such, our exploration

policy is directly conditioned on expert behaviour (i.e. action preferences) instead of

expert state preferences.

.

5.2.4 Learning with Continuous Action Priors

Having discussed the knowledge compression step in our proposed solution i.e. fitting

a mixture density network over expert trajectories, we now discuss how to transfer

the prior knowledge modelled by the mixture density network to agents learning new

tasks in the same environment.

As in [Rosman and Ramamoorthy, 2012], we also administer our proposed mixture

density network action priors as an exploration strategy. Where, as in ε-greedy ex-

ploration (see section 2.5 in chapter 2), we maintain the ε parameter and use it

to control exploration (sampling actions from the mixture density network) and ex-

ploitation (sampling actions from the trained policy µθ). ε is then decayed over time,

causing the agent to depend on expert advice less and start relying on its trained

policy (i.e. the target policy). Once the agent has successfully solved a task in the

environment, the resulting policy can be used to generate optimal trajectories which

can be added to the dataset D, which in turn can be used to update the action prior

distribution. Thus enabling continued learning. A general overview of our proposed

method is provided in Figure 5.7:

Figure 5.7: The mixture density network action priors framework.
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We thus present the Deep Deterministic Policy Gradient with Action Priors (DDPG-

CAP) algorithm where we have modified the action selection step (line 5) to incor-

porate the mixture density network action priors.

Algorithm 7 Deep Deterministic Policy Gradient with Action Priors

1: Input: initial policy parameters θ, Q-function parameters φ, empty replay buffer
D

2: Set target parameters equal to main parameters θtarg ← θ, φtarg ← φ
3: repeat
4: Observe state s

5: Select action a =

{
clip(µθ(s), aLow, aHigh) w.p. 1− ε
ψs(a) w.p. ε

6: Execute a in the environment
7: Observe next state s′, reward r, and done signal d to indicate whether s′ is

terminal
8: Store (s, a, r, s′, d) in replay buffer D
9: If s′ is terminal, reset environment state.

10: if it’s time to update then
11: for however many updates do
12: Randomly sample a batch of transitions, B = {(s, a, r, s′, d)} from D
13: Compute the temporal difference target

y(r, s′, d) = r + γ(1− d)Qφtarg(s
′, µθtarg(s

′))

14: Update Q-function by one step of gradient descent using

∇φ
1

|B|
∑

(s,a,r,s′,d)∈B

(Qφ(s, a)− y(r, s′, d))
2

15: Update policy by one step of gradient ascent using

∇θ
1

|B|
∑
s∈B

Qφ(s, µθ(s))

16: Update target networks with

φtarg ← ρφtarg + (1− ρ)φ

θtarg ← ρθtarg + (1− ρ)θ

17: end for
18: end if
19: until convergence
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5.3 Summary

This chapter has presented a solution for achieving multi-task transfer for reinforce-

ment learning tasks defined in continuous environments. This solution was presented

as an extension of the action priors framework Rosman and Ramamoorthy [2012]

using mixture density networks. Other possible ways of extending the action priors

framework are discussed and dismissed with sufficient motivations.

We select mixture density networks for modelling action priors over Gaussian pro-

cesses mainly for their flexibility in handling different types of datasets (i.e feature

vectors, images, etc) as well as their ease of implementation, i.e. many deep learning

frameworks come with intuitive wrappers for implementing neural network architec-

tures while there are only few software packages for implementing Gaussian processes

(and even fewer when considering more advanced Gaussian processes models such as

sparse Gaussian processes).

In the following chapter (chapter 6), we present experiments which serve as empirical

evidence that our proposed solution mixture density network action priors, is able to

achieve safer learning, a jump start in performance when learning, as well as increased

performance compared to the ε-greedy DDPG agent.
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Chapter 6

Experiments

In this chapter we evaluate various properties of our proposed method through ex-

periments defined in two custom continuous state-action domains, namely the cross-

intersection domain and the pothole domain. We provide formal descriptions of these

environments under the Markov Decision Process framework in section 6.1, discuss

how mixture density network action priors are learned for each of these environments

in section 6.2, and provide experimental results for evaluating knowledge transfer as

well as safety in sections 6.3.1 and 6.3.2 respectively. In section 6.4, we discuss our

observations from experiments and offer recommendations based on these. Finally,

we summarise the chapter in section 6.5.

6.1 Learning Environments

In this section, we provide descriptions for the continuous environments used through-

out the chapter for learning and investigating the effect of applying continuous action

priors when learning new tasks. Although there are widely available learning envi-

ronments such as OpenAI gym [Brockman et al., 2016] and mujoco [Todorov et al.,

2012], the continuous state-action environments they offer typically do not include

mechanisms for evaluating the safety of the learning procedure. As such, we construct

custom environments and define the safety measure as the number of collisions with

obstacles in the environment during learning. We use these environments to empiri-

cally show that implementing continuous action priors using mixture density networks

results in action prior distributions which retain the useful properties of their discrete
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counterpart [Rosman and Ramamoorthy, 2012], but have the benefit of being com-

patible with continuous state-action environments. Namely, the cross-intersection

environment and the pothole environment in Figure 6.1.

(a) Cross-intersection environment (b) Pothole environment.

Figure 6.1: In both environments, the agent is tasked with navigating from a start
state (•) to a goal state (•). The agent’s reward is computed based on its distance
from the goal state, such that the closer the it gets to the goal, the higher the reward
it receives. However, the agent also receives penalties (large negative rewards) for
“colliding” with the boundaries of the environment as well as (in the case of the
pothole environment) visiting bad states (“the potholes”) represented by the blue
circles. We depict examples of successful trajectories by a green line starting at the
start state (•) and ending at the black dot(•) since the episode is terminated when
the agent is within some radius around the goal state (•).

6.1.1 Cross-intersection Domain

This environment (Figure 6.1a) is a continuous state-action MDP where the agent

has to learn a policy for navigating from a given start state and a given goal state.

Different tasks in this environment are represented using different start and goal

states.

In this work, this environment (Figure 6.1a) is used to demonstrate the ability of

mixture density network action priors to capture the expert behavioural preferences

in different regions of the state space. More specifically, we expect that expert agents

in the horizontal sections of the environment mostly favour continuous actions that

generally lead to the left or to the right, agents in vertical sections mostly favour up or
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down actions, and agents at the intersection favour both “up-down” and “left-right”

actions.

The formal description of this environment is as follows:

• States: The continuous 2D position (sx, sy) an agent can occupy in the envi-

ronment1. As such, the state space is bounded, i.e. sx, sy ∈ [0, 56].

• Actions: The continuous 2D step (ax, ay) an agent can take in the environment.

For simplicity, the actions are bounded such that ax, ay ∈ [−1, 1].

• Reward function: This is given by the sum of the negative of the distance

between the agent’s current state (sx, sy) and the goal (Gx, Gy), as well as the

penalty (large negative reward incurred for “colliding” with the wall). More

specifically, the agent is given a penalty rp = −5 whenever it collides with the

wall i.e. if one or both sx, sy are assigned boundary values. Otherwise the

penalty is zero i.e. rp = 0.

• Transition function: The simple one-step transition given by adding the se-

lected action to the current state. i.e. (s′x, s
′
y) = (sx +ax, sy +ay). If the transi-

tion (sx+ax, sy+ay) places the agent outside the boundaries of the environment,

then that transition is modified such that the affected state component(s) takes

on the boundary value.

Later in the chapter, we provide experiments that show that action priors lead to im-

proved safety as well as improved transfer according to some of the various evaluation

metrics introduced in [Taylor and Stone, 2009].

6.1.2 Pothole Domain

Similar to the previous environment, the objective in this environment (Figure 6.1b)

is to find a policy that navigates from a given starting point (sx0, sy0) to a given

goal state (Gx, Gy). The difference here is that the agent also has to avoid bad state

regions (“the potholes” depicted using blue circles in Figure 6.1b).

1Within the blue boundaries
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We introduce this environment mainly to investigate how the proposed mixture den-

sity network action priors affect the safety during training. We define safety as the

sum of the number of collisions with the boundaries and the number of times the

agent visits the bad regions. This way, agents that have fewer collisions with the

boundaries and fewer pothole state visitations during training can be regarded as

learning safer compared to agents where these quantities are higher.

Similar to the previous environment, we formally describe the environment according

to the MDP formalism introduced in chapter 2 as follows:

• States: The continuous 2D position (sx, sy) an agent can occupy in the envi-

ronment2. As such, the state space is bounded, i.e. sx, sy ∈ [0, 50].

• Actions: The continuous 2D step (ax, ay) an agent can take in the environment.

For simplicity, the actions are bounded such that ax, ay ∈ [−1, 1].

• Reward function: This is given by the sum of the negative of the distance

between the agent’s current state (sx, sy) and the goal (Gx, Gy), as well as the

penalty (large negative reward incurred for “colliding” with the wall). More

specifically, the agent is given a penalty rp = −5 whenever it collides with the

wall i.e. if one or both sx, sy are 0 or 50. Otherwise the penalty is zero i.e.

rp = 0.

To encourage agents to learn policies that avoid the potholes, an additional

term rrep = −exp

(
−1

2

(
d2sp
2Rp

)2
)

is added to the reward for each pothole in the

environment. This depends on: 1) the distance between the agent’s current

state (sx, sy) and the centre of the pth pothole (px, py). 2) the radius of the

pth pothole Rp. This term specifies a repulsive field that is strongest (more

negative reward) at the centre of the pothole, weakest at the pothole boundary,

and negligible outside the pothole. This repulsive field concept is commonly

used in optimal path planning literature to encode obstacles into the planning

problem [Park et al., 2001].

• Transition function: The simple one-step transition given by adding the se-

lected action to the current state. i.e. (s′x, s
′
y) = (sx +ax, sy +ay). If the transi-

tion (sx+ax, sy+ay) places the agent outside the boundaries of the environment,

2Within the blue boundaries
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then that transition is modified such that the affected state component(s) takes

on the boundary value.

6.2 Learning Continuous Action Priors

Having introduced our learning environments, we now discuss the process for learn-

ing mixture density network action priors for each environment respectively. We also

provide evidence that our proposed solution “mixture density network action priors”

succeeds in capturing the behavioural preferences of expert agents in the environ-

ment. Similar to Rosman and Ramamoorthy [2012], the notion “expert agent” in an

environment can refer to optimal trajectories collected from either: 1) a trained deep

reinforcement learning agent, 2) a human expert, or 3) a planning algorithm. For

each of the following we explicitly state the source of expert trajectories.

6.2.1 Data Collection

Cross-intersection Environment

As mentioned in chapter 5, section 5.2, one challenge with modelling action priors

in the continuous setting is the multi-modal nature of expert action preferences (see

Figure 5.3). In other words, different experts may prefer different actions at the same

state or state region according to their reward functions. This makes it hard to fit a

model for optimal actions across multiple experts at a state. We further remarked that

due to this reason, we cannot rely on naive implementations of Gaussian processes

or conventional Gaussian neural networks and instead presented the mixture density

network as a model which is capable of modelling this multi-modal nature of the

expert preferences.

To test our claims, we (the human experts) manually construct a dataset of trajecto-

ries in the cross-intersection environment where state-action pairs are such that, for

each state we choose, we specify multiple optimal actions with different directions.

For example, for a single state in the horizontal section of the environment, two op-

timal actions are specified, a pure “left” action (ax = −1, ay = 0) and a pure “right”

action (ax = 1, ay = 0). Similarly, a state in the vertical section in the environment

has optimal actions: “up” (ax = 0, ay = 1) and “down” (ax = 0, ay = −1). This
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procedure was repeated at multiple states, to create a dataset with 20000 entries

(state-action pairs). We visualise this dataset in Figure 6.2:

Figure 6.2: A visualisation of human expert data in the cross-intersection environ-
ment. For visual clarity, only a subset of the data is shown.

In Figure 6.2, Figure 6.3, Figure 6.4, and Figure 6.6 the arrow tails represent the state

and the arrow itself represents the corresponding expert action (i.e. the direction that

the agent would move towards if it were to take the action represented by the current

arrow). The arrow colour then represents the corresponding orientation or heading

of the arrow β where β ∈ [−π, π] (see colour bar).

Pothole Environment

Since manually specifying expert actions for this environment is difficult, we collect

expert trajectories from DDPG (see algorithm 5) agents trained on different tasks

with randomly selected start and goal states. We classify the resulting policies as

experts if they produce trajectories that do not “collide” with the boundaries or visit

the bad state regions (pothole states). Out of 500 trained DDPG agents (50 different
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tasks × 10 trials on each task), only 138 DDPG agents meet our criteria. We then

sample trajectories from these agents and concatenate them to create a dataset of

state-action pairs of size 26328. We visualise this dataset in Figure 6.3.

Figure 6.3: A visualisation of trained DDPG agent data in the cross-intersection
environment. For visual clarity, only a subset of the data is shown.

In some cases, the tails (i.e. the states of the agent) are located close the boundaries

of the environment, this causes the arrow heads to peer outside of the environment.

This phenomenon is a consequence of visualising actions as arrows and should not be

mistaken for agents located beyond the boundaries of the environment.

6.2.2 The Quality of Learned Continuous Action Priors

To learn the mixture density network action priors, we split each of the collected

datasets into training and testing datasets. We then train the mixture density network

until convergence on each environment’s training dataset respectively. In this section
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we provide visualisations of the learned action prior distributions at states selected

from the testing datasets to demonstrate that the mixture density network action

priors model can generalise to unseen data and as well as capture expert behavioural

preferences at various regions in the state space.

Cross-intersection Environment

In this section, we provide visualisations of the learned mixture density network action

priors for the cross-intersection environment. First, we visualise actions sampled from

the learned continuous action priors model (Figure 6.4) in the environment for visual

comparison with our training data (Figure 6.2), and then visualise the actual mixture

density model at select states in the environment (Figure 6.5). In this environment,

we set the number of components in the mixture density network K to 2.
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Figure 6.4: A visualisation of actions sampled from the learned mixture density net-
work action priors model in the cross-intersection environment.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.5: A visualisation of the learned action prior distribution at select states in
the cross-intersection environment.
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In Figure 6.5, we visualise the learned action priors (Gaussian mixture densities)

for the cross-intersection domain at various states. The y-axis represents “up-down”

actions ay and the x-axis represents “left-right” actions ax, the colorbar represents

the probability of an action pair (ax, ay) being sampled. In this case a) and b) are

action priors at states in the horizontal section of the environment, and thus restrict

other actions besides a = (−1, 0) and a = (1, 0) (left and right movement). Likewise,

c) and d) encode similar restrictions along the y-axis. e) and f) are states at the

centre of the environment and allow for actions in both directions.

Pothole Environment

In this section, we visualise the learned mixture density network action priors for

the pothole environment. As in the previous environment, we first visualise actions

sampled from the learned action prior distribution (Figure 6.6), and then visualise

the action prior distribution at various states in the environment (Figure 6.7). In this

environment, we set the number of components in the mixture density network K to

4.
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Figure 6.6: A visualisation of actions sampled from the learned mixture density net-
work action priors model in the pothole environment.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.7: A visualisation of the learned action prior distribution at select states in
the pothole environment.
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In figure 6.7, the learned action priors (Gaussian mixture densities) for the pothole

environment at various states. The vertical axis represents actions along the y-axis

ay and the horizontal axis has actions along the x-axis ax, the colorbar represents

the probability of an action pair (ax, ay) being sampled. For example, c) can be

interpreted as: “left” and “right” actions are most probable at state s ≈ (40, 33). As

such, this action prior avoids the top-left pothole in the environment.

6.3 Applying Learned Continuous Action Priors

So far, we have shown that mixture density networks are able to successfully compress

knowledge (i.e. trajectories from multiple experts) into a single model and represent

continuous action priors adequately. In this section we discuss the administration

of this prior knowledge model into the learning process of unseen3 target tasks. In

particular, we administer continuous action priors according to Deep Deterministic

Policy Gradient with Action Priors algorithm discussed in chapter 5, section 5.2.

This algorithm applies the learned continuous action prior distribution as a explo-

ration policy in an ε-greedy manner. Using this algorithm, we train DDPG agents

on new tasks in the environment and compare them against standard DDPG agents

which learn vanilla ε-greedy exploration.

To show that our proposed solution: mixture density network action priors, retains the

useful properties of discrete action priors (i.e. improved learning and safer learning).

We evaluate transfer as well as safety in the following subsections.

3In this context, unseen refers to new tasks that have not been previously solved by an expert in
the environment.
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6.3.1 Evaluating Transfer

Figure 6.8: Results showing the cumulative reward per episode averaged over 5 DDPG
agents with different random seeds in the cross-intersection environment.

In Figure 6.8, we present a performance comparison between the standard ε-greedy

Deep Deterministic Policy Gradient algorithm and the Deep Deterministic Policy

Gradient with Action Priors algorithm on an unseen test task in the cross-intersection

environment. In this experiment, we observe an increase in asymptotic performance

as well as a jump start [Taylor and Stone, 2009] in performance, implying that our

modified agent learns a better overall task policy. This shows that our action-prior

policy is a viable technique for multi-task transfer in continuous control environments.

As further evidence to support our observations in Figure 6.8, we present a visuali-

sation in Figure 6.9 of actions sampled from both deep reinforcement learning agents

during the learning of the target task in Figure 6.8. To successfully complete the

task, the agent had to navigate from the left-end of the environment to the top-end.

In the visualisation (Figure 6.9), the modified DDPG agent explores according to

expert action preferences that are relevant in that particular region of the state space

(Figure 6.9a), unlike the standard DDPG algorithm which uses a random explo-

ration policy (Figure 6.9b) and prescribes random actions at all the queried regions
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of the state space. The mixture density network adequately models the expert action

preferences and prescribes correct actions for different regions of the state space i.e.

“left-right” actions in the horizontal section of the environment, “up-down” actions

in the vertical sections, and both at the intersection.

(a) (b)

Figure 6.9: a) Cross-intersection environment mixture density network exploration
policy. b) Cross-intersection environment random exploration policy. The colour of
the arrows here, represents the direction of the specified action.
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6.3.2 Evaluating Safety

Figure 6.10: Results showing the number of collisions per episode averaged over 2
DDPG agents with different random seeds in the pothole environment.

This experiment (Figure 6.10) presents a safety comparison between both DDPG

algorithms. We expect this number to start high and decrease as the agent learns

to avoid collisions since they result in heavy negative rewards. Between the two

agents, our method (shown in blue) results in a fewer number of collisions with the

environment, this shows that exploring using our continuous action prior policy results

in a safer deep reinforcement learning agent.
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6.4 Discussion

6.4.1 Selecting the Number of Mixture Model Modes K

For the given environments, we select K according to a visual assessment of how close

the resulting mixture density network was able fit the expert data. As such, we found

K = 4 to be sufficient for the pothole domain and K = 2 for the cross-intersection

environment.

The expressiveness of a mixture density network largely depends on K. If K is small,

then the mixture density network is forced to average over modes and cram support

into the remaining modes. For example, when K = 1 we recover the Gaussian neural

network discussed in chapter 5, section 5.2. Conversely, when K is large, the mixture

density network attempts to allocate a mode (i.e. a kernel) for each observation which

could result in poor generalisation.

6.4.2 Selecting ε

ε is a hyperparameter that controls the proportion of exploratory actions to actions

from the trained policy (refer to chapter 2, section 2.5). Typically ε is selected such

that ε ∈ [0, 1] and then decayed during learning. In our proposed method, ε controls

the proportion of applying expert actions and applying actions from the trained policy.

In other words, agents that learn with a high value for ε prioritise expert actions and

produce policies that select actions in a way similar to experts. Such agents are

strongly biased to follow expert behaviours and may be hindered from learning their

own tasks as a result.

On the other hand, a low ε value results in an agent that prioritises actions from

the trained policy. Exploiting the trained policy too often does not leave room to

discover other possible solutions. This is especially the case for deterministic policy

algorithms such as the Deep Deterministic Policy Gradient algorithm used in this

work. After trying out multiple values for ε in the two learning environments, ε = 0.6

was found to work best. This value was then kept fixed for all evaluation experiments

and decayed such that the final episode (i.e. episode 200) had ε = 0.
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6.4.3 Conflicting Reward Functions

The mixture density network action priors in this work are presented such that, dif-

ferent tasks are characterised using the same state space, action space and transition

function i.e. tasks only differ by reward function. However, it is possible for any two

agents to have conflicting reward functions. For example, the first agent receives pos-

itive reward for avoiding obstacles while the successive agent receives positive reward

for colliding with obstacles.

Such a scenario presents a challenge since action priors learned for the first agent

produce undesirable actions for the successive agent, and would most likely lead to

suboptimal behaviour.

Dubey et al. [2018] showed that humans also suffer from the same problem. They

showed that when playing video games, humans are biased towards interacting with

objects that visually stand out from the background first, compared to objects that

are concealed in the background. For example, humans did poorly in games that had

objects that were the same texture as the background since they assumed that such

objects were non-existent. However, a deep reinforcement learning algorithm that

was trained from scratch did not have these biases and was able to achieve a better

score than humans for this particular version of the game.

One possible way to address this problem is to explicitly model task similarity such

that action priors are only constructed from sufficiently related tasks. However, this

extension is outside the scope of this work.

6.5 Summary

In this chapter, we empirically show that mixture density networks are able to suc-

cessfully port action priors to continuous domains. We conduct experiments where

we learn an exploration policy from expert data, that explores according to expert

preferences and thus shows improved asymptotic performance, a jumpstart, improved

sample complexity and demonstrates safer deep reinforcement learning. We also dis-

cussed hyperparameter choices, namely the exploration parameter ε and the number

of modes in the mixture density network K. In the following chapter (chapter 7), we

summarise our findings as well as recommend directions for future work.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In model-free deep reinforcement learning algorithms that learn off-policy, the quality

of the target task policy depends on the quality of the transition samples discovered

by the exploration policy. In this work, we have presented a method for achieving

multi-task transfer in continuous environments. This method successfully extracts

useful common knowledge1 from multiple, previous expert policies in the same envi-

ronment, producing a summary of expert preferences in different regions of the state

space. The presented method “mixture density network action priors” is an exten-

sion of the action priors framework [Rosman and Ramamoorthy, 2012] – a framework

for achieving multi-task transfer in discrete environments, into environments with

continuous states and continuous actions.

This model of prior knowledge is administered to agents learning new tasks in the

environment in an ε-greedy exploration fashion, where instead of exploring according

to a random exploration policy, agents explore by sampling and executing “trusted”

expert actions from the learned mixture density network action priors distribution.

We provided an example of how the exploration step of off-policy deep reinforcement

learning algorithms (i.e. the Deep Deterministic Policy Gradient) can be modified to

incorporate our continuous action priors model in chapter 5, and presented experi-

ments in chapter 6, which demonstrated that our continuous action priors maintain

1i.e. in the form of optimal trajectories
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the standard benefits of the discrete action priors framework [Rosman and Ramamoor-

thy, 2012] such as safe exploration, a jump start in performance when learning, and

increased performance.

This work has shown that combining deep reinforcement learning and multi-task

transfer learning can result in safer and accelerated learning of tasks in continuous

environments. Thus bringing us a step closer towards being able to apply model-free

deep reinforcement learning to physical robot systems without relying on simulated

environments.

7.2 Future Work

7.2.1 Portability of Learned Continuous Action Priors

As done by Rosman and Ramamoorthy [2012], we condition the learned action priors

on the state space. This implies that the action priors are only useful as long as the

state space remains fixed between tasks. This limits the portability of action priors

across different environments. For example, if the cross-intersection environment

(chapter 6, section 6.1) is rotated by 450, then action priors would no longer be useful

and would most likely lead to negative transfer.

In future work, we propose to overcome this restriction by using perception-based

action priors [Rosman and Ramamoorthy, 2012], where the action prior distribution

is conditioned on observations instead of states. More specifically, these perception-

based continuous action priors can be modelled through the use of a convolutional

mixture neural network [Iso et al., 2017] – a standard convolutional neural network

[LeCun et al., 2015] coupled with a mixture density network layer [Bishop, 1994].

7.2.2 Gaussian Process Action Priors

In this work, we dismiss Gaussian processes as a possible candidate for modelling con-

tinuous action priors due to their tendency to produce the conditional “uni-modal”

mean over observations given input (see chapter 5, section 5.2). However, there are

approaches that extend standard Gaussian processes to cater for multi-modal sce-

narios [Dutordoir et al., 2018, Lázaro-Gredilla et al., 2012]. These advances together
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with sparse approximations, could result in a Gaussian Process distribution that suf-

ficiently models continuous action priors for large datasets.

7.2.3 Uncertainty Measure in the Mixture Density Network

Since the mixture density network is a probabilistic model, it returns a measure

of uncertainty2 [Brando Guillaumes, 2017, Choi et al., 2018] regarding the action

prediction for the given state. As such, this uncertainty measure can be used to further

guide decision-making for successive agents learning in the environment, possibly

resulting in a continuous action priors framework, that weights the probabilities of

expert actions according to how much data (trajectories) was available around that

state.

2In case of Gaussian distribution kernels, this uncertainty measure is the co-variance matrix.
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Appendix A

Derivations

A.1 Likelihood-ratio Policy Gradient Derivation

Given the objective function:

J(θ) = Eτ∼πθ(τ) [R(τ)] (A.1)

WhereR(τ) is the value function evaluated at some trajectory τ = (s1, a1), ..., (sT , aT ).

The gradient of this objective function is then given by:

∇θJ(θ) = ∇θEτ∼πθ(τ) [R(τ)] (A.2)

Unrolling the expectation and taking derivatives of the objective:

∇θJ(θ) =

∫
∇θπθ(τ)R(τ)dτ (A.3)

Likelihood-ratio identity (true for any probability distribution):

πθ(τ)∇θlogπθ(τ) = πθ(τ)
∇θπθ(τ)

πθ(τ)
= ∇θπθ(τ) (A.4)

Substituting equation A.4 into equation A.3 we obtain:

∇θJ(θ) =

∫
πθ(τ)∇θlogπθ(τ)R(τ)dτ (A.5)

This leads to the expectation:

∇θJ(θ) = Eτ∼πθ(τ) [∇θlogπθ(τ)R(τ)] (A.6)
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A.2 Estimating the Policy Gradient from Data

Given the policy gradient1:

∇θJ(θ) = Eτ∼πθ(τ) [∇θlogπθ(τ)R(τ)] (A.7)

In the above expectation, πθ(τ) is a trajectory given by:

πθ(s1, a1, ..., sT , aT ) = ρ(s1)
T∏
t=1

πθ(st|at)P (st+1|st, at) (A.8)

If we take logs on both sides we obtain:

logπθ(s1, a1, ..., sT , aT ) = logρ(s1) +
T∑
t=1

logπθ(st|at) + logP (st+1|st, at) (A.9)

And taking derivatives w.r.t θ, the terms logρ(s1) and logP (st+1|st, at) vanish since

they do not depend on θ. Therefore:

∇θlogπθ(τ) =
T∑
t=1

∇θlogπθ(st|at) (A.10)

Substituting this expression into Equation A.7 and letting R(τ) =
T∑
t=1

r(st, at), γ = 1

for finite episodic tasks, results in:

∇θJ(θ) = Eτ∼πθ(τ)

[(
T∑
t=1

∇θlogπθ(st|at)

)(
T∑
t=1

r(st, at)

)]
(A.11)

This expression can be approximated using Monte Carlo i.e.:

∇θJ(θ) ≈ 1

N

N∑
i=1

(
T∑
t=1

∇θlogπθ(si,t|ai,t)

)(
T∑
t=1

r(si,t, ai,t)

)
(A.12)

1Also known as the likelihood ratio policy gradient.
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Appendix B

Implementation Details

The proposed framework (figure 5.7) consists of two main components: 1) the mix-

ture density network for learning the exploration policy (i.e. the continuous action

priors), 2) A deep reinforcement learning agent for learning the target task policy.

In this work, we implement both these components in tensorflow1 (cpu version 1.10)

and python3. Further details regarding the specifics behind each component’s imple-

mentation are discussed below.

B.1 Mixture Density Network Architecture

Individual layers in the mixture density network were implemented using the dense

layers API (i.e. tensorflow.layers.dense), with Relu activation functions. The last

layer z was split into three individual layers that were all connected to the previous

layer. These three layers (the mixing co-efficients πk(x), the variances2 σk(x)2, and

the mean vector µk(x)) were allocated activation functions according to equations

5.10, 5.12 and 5.13 respectively. The Gaussian mixture model was implemented us-

ing tensorflow probability (version 0.3) layers, particularly using the Mixture object,

which takes as input, mixture components and a categorical distribution. These were

obtained from tensorflow probability distribution objects (the Normal distribution

and a categorical distribution) from the separate parameter z layers, which had to

be split further, depending on the number of modes K. Using tensorflow probability

1https://www.tensorflow.org/, Accessed: 25-05-2019
2These were implemented as a diagonal co-variance matrix since the actions were multi-

dimensional.
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simplified the specification of the negative log likelihood loss function, which was

given by: −reduce sum(mixture model.log probability(current action)).

The mixture density network architecture was set up to have 6 hidden layers (exclud-

ing the z-layer), where each layer had 64 hidden units. The mixture density network

was trained using the tensoflow’s AdamOptimizer with a learning rate of 10−3. This

architecture was kept constant throughout the experiments.

B.2 DDPG Learning Agent

The Deep Deterministic Policy Gradient with Action Priors was implemented as a

modification (line 5 in algorithm 7) of an existing DDPG agent implementation.

More particularly we used the DDPG agent from the OpenAI baselines [Dhariwal

et al., 2017] repository, which implements the DDPG algorithm according to the

architectural setup reported in the original paper: [Lillicrap et al., 2015].

We implemented our framework in a virtualenv3 which we deployed in a cluster with

60 interconnected i7 linux machines running the Ubuntu 16.04 operating system.

These machines were setup under the TORQUE4 resource manager and MPI5. To

run the experiments (discussed in chapter 6), multiple instances of the same program

were sent to multiple computers on the cluster, such that each computer runs the

same experiment (task) using different random seeds. The results (csv files) would

then be collected after training using secure copy (scp).

3A python tool for creating isolated environments, allowing users to install various python soft-
ware packages without affecting the operating system.

4A resource management tool, commonly used for managing parallel computation in high per-
formance computing systems.

5An interface for passing messages between multiple computers
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