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Sequence alignment using the seeding heuristics method

by Adedoyin OYEKANMI (2260391)

In this dissertation, we studied Guillaume J. Filion's paper on utilizing analytic combinatorics
to calculate the probability that a read of size (s = k) has no seed (P(S)). First, we
computed the weighted generating functions of all reads and reads that have no seed by
constructing sequences of combinatorial objects using transfer graphs and transfer matrices
as formulated by Filion. Then, we extended his logic to calculate the probability that a seed
is present in a read (1 — P(S)) by singularity analysis, after obtaining the probability that
a read has no seed. This involved extracting coefficients of weighted generating functions
and solving complex polynomials which is the analytic combinatorics approach. Finally, we
use recurrence approach (on Mathematica) to find more precise probabilities than what was

provided by Filion for some practical examples.
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Chapter 1

Introduction

Sequencing technologies are methods such as data analysis, sequencing, imaging and prepa-
ration of templates which in turn give insights on biological functions and differences of
sequences [24]. The study of the genome's methylation pattern is one biological applica-
tion that has been enhanced by sequencing technologies [10]. For many of these biological
applications, alignment of sequences comes first, as reads (sequences) need to be aligned
with the reference genome to know the location of each read and find the similarities [28].
Due to the amount of data produced by new sequencing technologies, many alignment
tools have been introduced to help in aligning sequences.

“Sequence alignment is a way of arranging sequences of DNA, RNA or proteins to iden-
tify regions of similarity, that can be a consequence of functional, structural, or evolutionary
relationships between the sequences” [4]. In a simple form, sequence alignment in bioin-
formatics involves comparing and detecting similarities in biological sequences [4]. The
two types of sequence alignment methods are pairwise sequence alignment and multiple
sequence alignment (MSA). Pairwise sequence alignment involves aligning two sequences,
while multiple sequence alignment allows aligning many sequences [8], [17].

Sequence alignment can be classified into two approaches, namely: local and global
alignments [20]. A global alignment approach is an expression of global optimization which
forces an alignment to cover the length of the entire sequence. This type of alignment is
suitable for protein-coding genes and genome sequences with a short length. On the other

hand, local alignment is necessary for long genomic DNA. In local alignment, a similar
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region between two long sequences is identified by taking account of the medium, large-
scale rearrangement and large sequence insertions and deletions [20]. The problem of finding
seeds is a local alignment problem, while the mapping problem is a global alignment problem.
The sequences involved in local alignment can be DNA, RNA, or protein sequences, and
databases containing a considerable number of sequences (e.g., patented protein sequences
and protein databases (PDB)) [30]. Optimal and heuristic sequence alignment are two
categories of sequence alignment that have been presented over the years. The goal of
optimal sequence alignment is to get the best alignment, while heuristic sequence alignment
aims for a close match to the best alignment [18]. The size of DNA and protein sequences
have grown and have become important in analysis of sequenced genes and proteins because
they give room for finding similarities between sequences. Algorithms that have been
used in the optimal sequence alignment include the Needleman-Wunsch algorithm [25],
and the Smith-Waterman algorithm [29]. The Needleman-Wunsch algorithm is a type
of optimal global alignment while the Smith-Waterman algorithm is a type of optimal
local alignment [19]. The Needleman-Wunch algorithm and Smith-Waterman algorithm are
dynamic programming algorithms for sequence alignment that employ a scoring function to
determine the similarity between sequences [8]. The score applied to determine the similarity
between sequences is a numerical value that represents the performance of an alignment
and based on this score, a particular alignment is preferred to another. A gap penalty (which
involves inserting or extending gaps) is used to discover the optimal alignment [8]. The
effects of insertion, deletion, and substitution errors over the years have produced sequences
that have more or fewer gaps during alignment [20].

The sequence alignment problem has been addressed using a variety of computational
approaches. These computational approaches include dynamic programming, which is slow
but assures a correct solution, and heuristic algorithms, which are built for large-scale
database searches and are fast but can produce inaccurate sequence alignment solutions.
Dynamic programming involves simplifying complex problems by breaking them down into
simpler ones in a recursive way [12]. The dynamic programming method is quadratic in
time and the memory required is proportional to the total length of the two sequences that

are to be aligned [12].
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Over the years, in bioinformatics, the seeding heuristic approach has been the most
widely used strategy in speeding up sequence alignment [14]. The seeding heuristic ap-
proach is the most used because alignment solutions are obtained faster compared to other
alignment methods that have been used. It has to do with searching regions where se-
quences are similar. A seed is an exact local alignment of the read with the genome. The
advantage of the seeding method is that it locates the seed quickly; nevertheless, it is pos-
sible that no seed may exist in the sequences being aligned. Heuristics sequence alignment
does not produce an optimal solution but is preferred to the optimal sequence alignment as
it reduces the time needed in obtaining the best alignment. We have heuristic local align-
ments and heuristic global alignments. The Basic Local Alignment Search Tool (BLAST)
[1] and Fast-All (FASTA) [19] are examples of heuristic local alignments while LAGAN [7]
and MUMMER [11] are examples of heuristic global alignments.

FASTA was first used to find similarities between sequences before BLAST [2], [26]. The
FASTA method includes the use of a scoring matrix and classifying sequences into fragments
of k-tuples of specific sizes to obtain a region of similarity [19]. FASTA aligns sequences
faster than optimal alignment algorithms but does not produce an optimal solution because
scores lower than a certain cutoff are not regarded for alignment [19].

The use of seeds in sequence alignment is the most used approach for comparing/align-
ing large genome sequences. Seeds have been employed for large-scale local alignment
in the whole-genome sequence and multiple sequence alignment algorithms [3], [6]. In
[31], seeds were grouped into three namely, basic seeds (seeds that determine a match or
mismatch between aligned sequences), transition seeds (seeds that allow transition muta-
tions at certain positions) and score seeds (seeds that involve computing scores to obtain
alignment). Seeding heuristics were used in the BLAST algorithm [1], to compare pro-
tein sequences and DNA sequences to determine the similarity between them. Altschul
et al [1], estimated BLAST heuristics by arriving at a reasonably accurate score identity
for the seeds to cut down on the amount of time used in alignment. The discovery of
the indexing by the Burrows-Wheeler transform made it possible to map short reads. The
Burrows-Wheeler Aligner and Bowtie make use of the Burrows-Wheeler transform to map

short reads. The indexing method helps in determining the number of times the substring
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occurs more quickly, see, for instance, [21], [22].

The problems discussed earlier regarding seeding heuristics can be addressed with the
help of concepts from analytic combinatorics. In [14], Guillaume J. Filion used analytic
combinatorics in studying the read mapping problem and calculated the probability that a
read of size k has no seed. In this dissertation, we denote the probability that a read of
size k has no seed and probability that a read of size k has a seed as P(S) and 1 — P(S)
respectively. The seed used in [14] is the basic seed which is concerned with the finding an
exact match between aligned sequences. Analytic combinatorics is also applied to estimating
the number of reads where seeding heuristics fail. The solution of the heuristics approach
is greatly influenced by the kind of errors, the probability of errors occurring, the size of
the read and the length of the seed. The paper which we are studying, [14], aims to
show how instrumental analytic combinatorics is in solving sequence alignment problems in
bioinformatics. Some of the tools of analytic combinatorics that are used in solving some
alignment problems are generating functions, transfer matrices, transfer graphs, singularity
analysis and asymptotic approximation.

In this paper, [14], Filion obtained the weighted generating function of the reads repre-
sented as a sequence of objects and approximated the probabilities, which involved solving
polynomial equations. | computed the weighted generating functions of all reads and reads
that have no seed by constructing sequences of combinatorial objects using transfer graphs
and transfer matrices as formulated by Filion in more detail. | consider a read mapping
problem and calculate 1 — P(S) by first obtaining P(S) under different error models (sub-
stitution only; substitution and deletion; and substitution, deletion and insertion). In this
dissertation, | have used Filion's suggestion that the recurrence approach is more accurate
for smaller read sizes. | have elaborated on finding P(S) using the recurrence approach
to obtain more precise probabilities than provided by Filion with some examples. | also
plotted the graph of P(S) and 1 — P(S) using Mathematica using the values given in the
examples. When we compared the probabilities obtained using analytic combinatorics and
the recurrence, we arrived at the same numerical value correct to four decimal places for

read sizes (50, 100, and 200) and three decimal places for read size 25.
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Generating Functions

In this section, we discuss generating functions and how we relate them to sequences of

combinatorial symbols (see [16], [27]).

Definition 2.1. Given a sequence (g0, 81, $2, - &k, ---), the function

G(z) =go+ g1z + g2° + .. = Y_ &2, (2.1)
k>0

is called the ordinary generating function (OGF) of the sequence [27].
Example 2.1. The generating function associated with (1,1,1,1,...) is

1
=14z4+224+224 ... = ——E K,
G(z) z+2z"+z - k>Oz

Example 2.2. The generating function associated with the sequence (1,2!,22,253...) is

1
G(z)=1+42z+2%%+ . 42k = = =V 2kk
(z) = 142z +2%2% + ... + 257" + T k;{) z

The basic operations of the generating functions discussed below allow one to solve

more complex generating function problems.
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2.1 Operations on Ordinary Generating Functions

1. Scaling: Given the sequence (g0, 1,82, §n, ), the generating function of the

sequence (go, &', a%¢2, ..., &gy, ...) is

Glaz) = ) gul(az)" = go+ 10tz 4 ga’z 4 . 4 guaz" + .. .
n>0
2. Addition: Given two sequences (g0, 91,82, $3,--) and (ho, hy, ho, hs, ...) with gener-
ating functions G(z) and H(z) respectively, G(z) + H(z) is the generating function

for the sequence (g0 + ho, g1 + h1, g2 + ha, 3 + h3, ...) written as

G(z) +H(z) = ) _ (gn +hu)z".

n>0

3. Right Shifting : The generating function of the sequence (0,0, ..., 0, g0, £1,82, 83/ ---),
k

is
907K 4+ 912 4 902" P2 4 g =K g0+ qiz + P+ g3+ )
= 7G(z)

We change the limit of summation by setting n = n — k and obtain the generating

function of the sequence as

Y guiz".

n>k

4. Differentiation: If G(z) = Y50 gnz", then the generating function for the sequence

(1,282,3¢3,...) is G'(z). So,

g1 +28z+3g2% +...= Y ng2" L.

n>1
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We change the limit of summation by setting as n = n + 1 and obtain

g1 +28z+3g2% +..= Y (n+1)gu 412"
n>0

5. Convolution: Given the sequences (0,91, $2,83,-.-) and (ho, hy, hy, h3, ...), the gen-

erating function of the convolution of the given sequences is given as

Ge) Hz) = L (1 sehai)2"

n>0 " 0<k<n

= goho + (g1h0 + goh1)z + (g2ho + g1y + goh2)z> + ... (2.2)

6. Difference: The generating function for the sequence (90,81 — 80,82 — 1, --»Sn —

Qn—1,---), is given by

(1-2)G(z) =80+ )_ (& — gn-1)z

n>1

7. Integration: The generating function of the sequence (0, go, ‘%, %2, %, LS

/OZG / (n;ognt”)dt
= g (/ gnt"dt)

tn—i—l

n+1

I
oQ
=
—_

8. Partial sums: Partial sums are a special case of convolution. The generating function

of the sequence (g0, g0+ &1, $0 + 81+ &2, -» Lo<k<n ks --), IS given as
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2.2 Symbolic approach involving generating func-
tions

We translate combinatorial objects to generating functions to have an understanding of the
relationship between them. In simple terms, this has to do with describing the sequence
of objects using mathematical symbols [27]. The sequences of objects have size s and a
weight denoted as w. In general combinatorial examples, the weight of the sequences of
objects could be the length of the sequence or size of a subset of a set. For example, if
g = (91,92,83,--8k), the weight of ¢ is the sum of the elements in g, w(g) = g1+ g2 +

Q3 + ... + g and the size s(g) = k is the number of elements in g.

Definition 2.2. A weighted generating function, G(z) of a set G where G is a set of

combinatorial objects, is defined as

G(z) = ) w(g)Z, (2:3)

g€y

where |g| denotes the size and w(g) refers to the weight of an object g [27].

The operations on combinatorial objects can be described in terms of operations on their
weighted generating function. Examples of combinatorial objects include permutations,
subsets of sets, and binary trees but our focus will be on sequences of symbols with finite

alphabets.

Example 2.3. Let G = {¢} and H = {h} where |g| = 1 and |h| = 1, then we assume
that w(g) = m and w(h) = n, so G(z) = mz and H(z) = nz are the weighted generating

functions of G and H respectively [13].

We will calculate the weighted generating functions of sequences of symbols by breaking
them down into simpler weighted generating functions which are already known. Below are

some examples where we applied two operations on weighted generating functions.

1. Addition: Given that the weighted generating function of a pair of disjoint sets G and
H, are G(z) and H(z), the weighted generating function of the union of the sets

(GUH)is G(z) + H(z) = mz + nz [27], considering Example 2.3.
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2. Multiplication: The elements in the cartesian product of G and H are defined as
(g,h). So, the size and weight of the Cartesian product of the sets G and H are
defined as |(g, )| = |g| + |h| and w(g, h) = w(g)w(h) respectively. The Cartesian
product of the sets G and H has a weighted generating function G(z)H(z) [27].

Recall the convolution operation from the section above (see Equation (2.2)).

G(z)H(z) = Y w(@)Z8 Y wm) = Y w(g)w(H)zEHM,
8€¢G §EH (gh)€GxH
In the following two examples, we assume the weight of element g is m, and the weight of

element h is n.

Example 2.4. Let G* = {(g,£,4,8)} be a tuple containing four elements. The tuple G

has size s =4 and weight w = m*. So, G(z)* = m*z* is the weighted generating function

of G*. [13].

Example 2.5. The set (GUH)? = {{g,¢},{g, h},{h g}, {h h}} has size s = 4 with
2

each pair having size s = 2 and the weight of each of the pairs is denoted as m*=, mn, nm,

and n? respectively. The weighted generating function of (G U H)? can be written as
(mz +nz)? = (m? + 2mn + n?)z> = (G(z) + H(z))?,

by applying the addition and multiplication operations.

Remark. We use the results obtained from the addition and multiplication operations to

construct a finite sequence of objects. This is referred to as the Sequence principle.

Proposition 2.1. Given a weighted generating function G(z) of aset G = (g0, £1,82, -+ Sks ),

and go = 0, the weighted generating function of G = u;legk, is

G(2)
1-G(z)

Thus, the set which contains non-empty sequences of the elements of G is referred to as

g+.
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Proof. The weighted generating function of a set G¥ is G(z)*, for a fixed k > 1. Since
the sets of GF are disjoint, the weighted generating function of the union of the sets G¥ is

written as

G(z) +G(2)> +G(2)° + ... = G(2)[1 + G(2) + G(2)® + ...]
1
=G [1 — G(z)]

(see [13]).

Example 2.6. Let G = {¢} and G* = {g,¢,4, ..., g} with size s = k and weight w = m,

then the weighted generating function is G(z)k = m*z¥. The union of G,G2,G3, ..., GF has

its weighted generating function as

mz + mzz2 + m323 + ...+ mkzk.

Note that

1
1—mz

—1+mz+m222+mPB+ .. +mFr+ .. = Z mkzk,
k=0

and

(14 mz+m?22 +m®B + ..+ mhzF + )1 —mz) =1

(see [27]). Then for k > 1, we have
(mz 4+ m?z* + m32% + ..+ m*Z*) (1 — mz) = mz — (mz)F+1. (2.4)

The expression (mz)k*1 becomes zero as k increases where |z| < % so U®  GF has its

weighted generating function as

1 — k
mz + m?z> + m3z3 + ... = lim mz( (mz)") _ "= ,
k—o0 1—mz 1—mz

(see [13]).
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]

Definition 2.3. The weighted generating function of an empty object €, having a weight

of 1 and size of 0 is 1 [27].

Proposition 2.2. Given a weighted generating function G(z) of a set G, the weighted

generating function of the set G* given by G* = U;":OQ", is defined as

1
1-G(z)

G* refers to the set of sequences of the elements of G [27].

Proof. Let G* = {€} UG™. By Proposition 2.1, since the weighted generating functions
of G and € are 6E) _and 1 respectively. So we have the weighted generating function

1-G(z)
of G* as

G(z)  1-G(z)+G(z)

e = T i-c)
1
-

]

Example 2.7. From Proposition 2.2 and the addition operation we have that the weighted

enerating functions of G* and G U H are —L— and mz + nz respectively. So, the
g g 1-G(z)

weighted generating function of (GUH)* is

1

1= (mz + n2) =1+ (m+n)z+ (m+n)*2® + (m+n)z> + ... (2.5)

(see [13]).

The equality in Equation 2.5 implies that the weighted generating function for a set

{{g,h},{g,h},..,{g, h}} containing k elements is (mz + nz)k.
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2.3 Extracting the coefficients of generating func-
tions

The coefficient gj of zX in G(z) is denoted as [zX]G(z). The expression [zX]G(z) is the
total weight of all combinatorial objects with k occurrences (or of size k). We suppose that
the coefficient g of zF in G(z) represents a count related to k objects with each object
labelled for identification.

The different ways of computing the coefficients of generating functions include:

1. Applying Taylor's theorem which results in a more difficult problem to solve. We

write Taylor's theorem as

to extract the coefficients given that the derivatives exist [27].

2. Expanding the generating function by breaking it into known simpler ones. The

expansion can be done using convolutions and partial fraction decomposition.

Example 2.8. Find the coefficient of z" in the ordinary generating function

(1—z)zlnliz

(see [27]).
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Solution.

(i) We obtain the coefficient of z" in the ordinary generating function using Taylor's theorem

G(l)(z):(1_z)[1—2ln1_z] T T
(2) — —(n
G?(z) :zmﬁ% ¢ 2!(0) - 2_13: n((nj_ll))
2 G©)(0) 2 2
GO)(z) = i 3 31 n(n—1)(n-2)
2 G (0) 2 2
@) =g I e ()
) B 2(71—3)! G(”)(O) - 2(71—3)! . 2
W) =G i Al i )(n-2)

So the coefficients for n > 3 are

" _G"(0) _ 2
2']G(z) = n'  nn-1)(n-2)

(i) We expand (1 — z)?, multiply by ln% and simplify below to obtain the coefficient

(1—z)21n1L - (1—2z+zz>1n1L

1 1 1
—n— —2z2lIn—— +22In——
12 an—z+z S
n n n
S I B
nzln nzln nzln

n+1 Zn+2

e B

n>1 n>1 n>1
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We change the summation limits to obtain the coefficient below

" | z" z" z"
2 1(1—z>21n1——[z1(2;—22n_1+2n_2>

—Z n>1 n>2 n>3
1
n—2

2
n n-—1

2
forn > 3.

nn—1)(n—-2)

We have the coefficient of the generating function at n = 1,2 as

1
n’ n :1/
1
n N2 _ —(n+1) _

n(n—lz)(n—Z)’ n=3.

Sometimes, we employ another approach used in Filion's paper to obtain the asymptotics
for the coefficient of a generating function G(z). We assume that G(z) is the rational
function U(z)/V(z) with U(z) and V(z) being relatively prime and V(z) # 0 where

V(z) has one solution with minimum modulus z; then,

g U(z) U(z1) 1
V(z) V'(z1) 27{+1

(see [27], [16]). This approach of extracting coefficients is preferred to Taylor's theorem if

we cannot explicitly find the coefficients of the generating function G(z) [27].
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Chapter 3

Transfer Graphs and Transfer

Matrices

This chapter discuss the tools addressed by Filion needed to obtain the required probabilities

later in this dissertation.

3.1 Representing sequences of symbols in a transfer

graph

When it comes to aligning sequences, we are looking for similar patterns and whether the
sequences match. Generating functions come in handy when searching for similar patterns
in sequence alignment. We represent these sequences on a transfer graph which we translate
into a transfer matrix to get the weighted generating function [23].

We start with an example to lead up to the transfer graphs and transfer matrices. For

example, the animal genomes where DNA methylation occurs on dinucleotide CG alone.
Definition 3.1. DNA methylation is a mechanism that controls gene expression.

Definition 3.2. A walk is a finite sequence of consecutive edges which joins a sequence

of vertices (see [5]).

Remark. Figure 3.1 is a directed graph (edges with arrows) consisting of vertices {A,C, G, T},

edges {AC, CA, AG, GA, AT, TA, CT, TC, GT, TG, GC but not CG} and loops {AA, CC,

GG and TT}. A loop is an edge that connects a vertex to itself. A sequence with no
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FIGURE 3.1: A walk on the graph above represents a sequence of nu-
cleotides without the edge CG [13, Page 8].

dinucleotide CG is thus represented as a walk (sequence of edges) on the graph in Figure

3.1.

We do not want to confuse the adjacency matrix with the transfer matrix, so we describe

the adjacency matrix below.

Definition 3.3. The adjacency matrix or connection matrix denoted by M is a matrix
where the elements dictate if the pairs of vertices are adjacent or not. The elements

contained in the adjacency matrix are either 1 or 0 [5].

A

<

I
HOO >
[EE T U U
I )
= e
[HE T U U

FIGURE 3.2: The matrix represents the adjacency matrix of Figure 3.1 [14,
Page 8].
In Figure 3.2, the elements 1 and 0 indicate whether one nucleotide (vertex) follows

another or not, respectively, thereby implying that the position with element 0 represents

that vertex G does not follow vertex C.

Remark. In this dissertation, when we say edge CG does not occur, this does not imply

that edge GC does not occur as we can see in Figure 3.1. In Figure 3.2, the element in
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position (2,3) is 1, which represents that the dinucleotide GC can occur (vertex C follows

vertex G).

Definition 3.4. A graph that has its edges labeled with weighted generating functions is
called a “transfer graph". A transfer graph is a graph that contains outgoing edges from
the open circle “head vertex" and incoming edges into the closed circle “tail vertex", as well

as some edges of the subgraph in between (see [13]).

H(z)

T(z)

N

FIGURE 3.3: A generic transfer graph [13, Page 9].

The labels of the edges are the weighted generating functions of the classes of combi-

natorial objects (here: DNA sequences).

3.2 Transfer Matrix

Definition 3.5. A transfer matrix is a matrix whose entries are the weighted generating
functions of labelled edges of a transfer graph at position (i, ), where i represents the row

and j represents the column of the matrix [14]. We denote the transfer matrix as M(z).

The subgraph in Figure 3.3 above is represented by M(z) which translates to an m x m
matrix. The edges from the open circle (head vertex) to the subgraph are represented by
H(z), a vector of m weighted generating functions. The edges from the subgraph to the
closed circle (tail vertex), T(z) is a vector of m weighted generated functions.

We go back to our example on DNA methylation in Section 3.1. In Figure 3.4, we give

an example of a transfer graph without the head and tail vertex.
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FIGURE 3.4: A walk on the graph above represents a sequence of nu-
cleotides with labelled edges except the edge CG .

We now specify the transfer matrix for the sequences of nucleotides without CG using
Figure 3.4. This is not the entire transfer matrix because we do not include the head and
tail vectors. If Gs and Cs have a frequency of m/2 and As and Ts have a frequency of
n/2, where m = 1 — n, the weighted generating functions of the single nucleotides are

C(z) = G(z) =mz/2 and A(z) = T(z) = nz/2 respectively.

ACGT
M(z) = nzoomz nz

In obtaining the weighted generating function of all sequences (single nucleotides) rep-

resented in Figure 3.3, we introduce Theorem 3.1.

Theorem 3.1. Let

Mi(z)= [0 M(z) T(z) |, (3.1)
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be the transfer matrix interpreted from the transfer graph in Figure 3.3 where H(z) is a
vector of dimension 1 x m, T(z) is also a vector of dimension m x 1, M(z) is the m x m
dimension matrix corresponding to the subgraph, and (z) is a 1 by 1 matrix of dimension
1. The sequences obtained from the transfer matrix M, (z) have the weighted generating

function

p(z) + H(z) - Q(z) ".T(2), (3.2)

where Q(z) = I — M(z) and we assume that M(0) = O (null matrix) and that all M(z)'s

eigenvalues have modulus <1 [14].

Proof. In order to find the determinant, we first compute 1 — M. (z) as

100 0 H(z) ¢(z) 1 —H(z) —¢(z)
01 0[—]0 M(z) T(z)|=|0 1—M(z) —T(z)
0 01 0 O 0 0 0 1

So, the determinant |I — M., (z)| is given by

1(1— M(z) — 0) + H(2)(0 — 0) — T(2)(0 — 0) = 1 — M(z).

Now, the cofactor matrix of 1 — M,(z) is obtained by getting the determinant of every
2 X 2 minor matrix and writing the solutions obtained in a new matrix form. For the first

row elements

1-M(z) —T(z) 1 M),
0 1
|0 —T(z) 0
0 1
0 1-M()| _
0 0
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For the second row elements

0 )|
0 1 '
)|
0 1 '
B —H(z) 0
o o |
For the third row elements
“HE VO 1) + )0 - M),
1—-M(z) —T(z)
e |y,
0 —T(2) '
1 —H(z) 1 M)
01— M(z)

Now the cofactor matrix is represented as

1— M(z) 0 0
H(z) 1 0
H(z)T(z) +9(2)(1 - M(z)) T(z) 1-M(z)

The transpose of the cofactor matrix called the adjoint of the matrix denoted as Adj() is

1-M(z) H(z) H(z)T(z)+¢(z)(1 - M(z))
0 1 T(z)
0 0 1— M(z)
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So,

(I—Mi(z)) ! = et _1M*(Z))Adj((l — M.(2))

) 1-M(z) H(z) H(z2)T(z) +9(z)(1 - M(z))

= T—M(2) 0 1 T(z)

0 0 1— M(z)

The weighted generating function of all possible sequences starting at the head vertex and

ending at the tail vertex represented in the transfer matrix (3.1) is given by

H(z)T(z) + $(2)(1 = M(z))
1—M(z)

= H(z)T(2)(1 - M(2)) " +¢(2),

which is the top right entry of the inverse of I — M(z). O

Remark. The primary purpose of the transfer graphs and the transfer matrices is to calcu-
late the weighted generating function of the sequences represented by the paths in a transfer
graph. Theorem 3.1 above gives an insight into how the weighted generating function of

sequences is calculated given a transfer graph and the transfer matrix.

Let G(z) = Y5>, gxz" for some neighborhood of z = 0, we proceed to obtain [z¥]G(z)

which can be defined as gy (see Chapter 2).

Remark. The use of the analytical combinatorics approach allows one to approximate the

coefficients of the weighted generating function efficiently.

3.3 Obtaining the coefficients of weighted generat-
ing functions

Lemma 3.1. For n > 0 and every complex number g # 0 [14],

1 o (k+n Zk
e QMY

=0
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Proof. Let G(z) = z/g in Proposition 2.2. The weighted generating function of the

sequences of the elements of G denoted by G* is
1 x K

1—z/g:Z

_k.
k=0 &

(3.3)

Now differentiating both sides of Equation (3.3) n times. For the left-hand side, we equate

—1_i/g to y and differentiate as follows.

y=01-2z/8)7", ¥y =1/g1-2/8)72
y'=2/¢*(1-2/g)°

1
Tl: | n

The derivatives for the right hand side are:

y
V=3
k=0 gk
00 k—1
/ Z
y'=) kK
= &
1 > Zkiz
y' =Y k(k—1)—
k=0
oo Zk—n
y" = Zk(k—l)...(k—n—i—l) —
k=0 8

Now equating the nth derivative of the left and right hand sides obtained above and shifting

the sum index to obtain the required expression,

Zkfn

| (o]
- L = Y k(k—1)(k—n+1) .
k=n 8

g" (1 —z/g)mH!
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Then
1 " k! zk-n
A=/~ B =) &

> k! Zkn

B k‘;l nl(k —n)l g—ntk

00 | k

= Z (krjkT) - replace k by k +n
k+n=n e

B i k+ n) ﬁ
o\ /gt

]

Theorem 3.2. Given that U(z) and V(z) are polynomials, let G(z) = U(z)/V (z) where
the greatest common divisor of U and V is 1 and V(0) is not equal to zero. If V(z) has

exactly one solution, with minimum modulus z1, then

Proof. We can factor the polynomial V as (z — z1)(z — 22)%, ..., (z — z,,) ", where |z1| <

|z2] <, ..., < |zn|. There exist the complex numbers B1, B21, ..., B2,vys s Bni, s Priv,, Such

that when % is expanded using partial fractions we have

Uiz) B P21 P22 B2,0, Bna Bn,o,
V(z) z1—z +zz—z + (z — z)2 tet (zp — z)02 +'"Jrzn—z et (zy — z)0n
(3.4)

Now applying Lemma 3.1 by expanding the terms of the sum in Equation (3.4) as

:3 jm . :3 jm . ,3 j,m

(zi—2)"  (zj(1—z/z))"  zm(1—z/z;)™

Recall that

1 _i k+n é
(1—z/zj)"1 n ) zk

k=0
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then
1 _ i (k+m—1> z*
(T—z/z)m EH\ m—=1 )z

where the knowledge of generating functions in [27] was applied .

We expand each of the n terms of Equation (3.4) as

,Bj,m _ ﬁj,m
zMm(1—z/z;))™  z"mlzi(1—z/z;)™

_ Bjm i k+m—1\ zZF

Now by substituting the above equation into Equation (3.4), to obtain the coefficient of z

in G(z) as

k B X k Ny k

where

U fk+m—1\ B _
ik = L, ( >Zj;f1,m1 = Ok ™).

ot m—1
Since z1 is the dominant singularity, the expression in Equation (3.5) is reduced to the first

term as k increases, so

26(z) ~ P! (3:6)

Zlk+1

(see [27], [16]). To get By, the first term in Equation (3.4) was retained while the other

terms were replaced by the ratio of the polynomials U; and V; below
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Since z1 — z does not divide Vi, we then multiply (a) through by z; — z and set z = z; to

obtain

U@ W),
O AR
when z; = z,
U(Zl) .
Vl(zl) N ‘Bl.

Now by differentiating V(z) = (21 — z) V4 (z) using the product rule, the solution obtained

is

Vi(z) = (21 - 2)V'(z) - i(2)

and let z;y = z to get

V/(Zl) = _Vl(zl)-

Then,

(3.7)

O

Remark. Equation (3.7) is referred to as an asymptotic approximation. It is more accurate
when k gets large. The zeros of V(z) are referred to as “singularities" of the generating
function G(z). Theorem 3.2 shows how the coefficients of a generating function are ex-
tracted and it also implies that the growth of the coefficients (a constant factor of a term
as distinguished from a variable) of the generating function, G(z), asymptotically is deter-
mined by the dominant singularity. In proving Theorem 3.2, the expression for a precise

estimate of the coefficients of G(z) was obtained.

Theorem 3.3. If G(z) = U(z)/V(z) where, G(z) = Yy>08xz" with the degree of
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polynomial U less than the degree of polynomial of V, then the sequence (o, 81, $2, 83, -

corresponds to a linear recurrence relation whose coefficients are constant (see [14]).

Proof. Let

U(z) =ug+urz + ... + upyz™

and

V(z) = vy +v1z + ... + v, 2"

where m < n. Then we have

U(z) =V(z) ) &2
k>0

that is

Uy + 11z + upz?... + upz™ = (v + V12 + V2% + v,2") (g0 + §12 + 277 + §37° + ...

We compare coefficients below for k < n

[ZO] s Uy = Vg0 80 = ug/ v

[z'] 1 uy = v10 + vog1 g1 = (u1 —v180) /0

[2%] : up = V280 + V181 + Vg2 g2 = (up — v280 — v181) /o
k—n Ur — Zk:l Vi

2] = Y ok gr = 0
n=0

where uy :=0if m < k < n.

For k —n > 0, we have

0 =008k + 018k—1 + V28k—2 + - + Un&k—n,

S0,

g = —\018k1 F 028k 0 F o UnBin).
00
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Chapter 4

Analytic Combinatorial Approach

4.1 Sequencing

The sequencing process entails breaking down DNA sequences into shorter fragments or
pieces. A read is a sequence of base pairs that matches all or part of a single DNA fragment
obtained during the laboratory sequencing process. This sequencing procedure is used to

determine the order of the nucleotides in DNA.

DNA

| |

[ Phosphate Group ] [ Sugar Group ]

[ Nitrogen Bases (adenine-A, cytosine-C,guanine-G and thymine-T) ]

FIGURE 4.1: The diagram describes what DNA is made up of.

There are four different types of DNA nucleotides, namely: adenine (A), thymine (T),
guanine (G), cytosine (C), where each of the nucleotides contains three molecules: sugar

(deoxyribose), a phosphate group, and a nitrogen base.
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Definition 4.1. A DNA molecule is a collection of nucleotides linked together in a long

chain, and arranged one after the other. For example, a portion of DNA molecule could be

written as ACTGTCGACCGTG.

Definition 4.2. A read is a sequence of nucleotides that corresponds to a part or the

entirety of a DNA fragment.

For the purposes of this dissertation, we assume that the read and the reference genome
come from the same organism and so there is no genuine genetic difference between their
DNA and all differences are the result of sequencing errors.

During the sequencing process, some errors occur that have an impact on the process's
outcome [14]. Substitutions, deletions, and insertions are examples of the errors that occur

during the sequencing process.

1. An error which occurs when a nucleotide in the reference genome and the read differ

is called substitution,

2. An error which occurs when a nucleotide can be found in the reference genome but

not in the read is called deletion, and

3. An error which occurs when a nucleotide can not be found in the reference genome

but is found in the read is called insertion [13].

When comparing the reference genome to the read, we aim to see if the read contains
errors or if all the nucleotides are correct. The structure of a read represented in Figure 4.2
has four symbols, three of which represent a type of error (substitution, deletion, and
insertion) and one representing a correct nucleotide. During the process of comparing the
read to the reference genome referred to as the alignment process, the differences between
the sequences are discovered, and the errors in the read are detected. However, if many

errors are detected in the read, it becomes difficult to align the read correctly.

Remark. Correct nucleotides can be grouped in an error-free interval if they occur consec-

utively in a read.

A read can also be divided into ‘intervals,” which are referred to as the maximum

sequences of matching symbols [14].
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(1]2]3m4]5]6[7]8]o]0]11 By 13]14]15] - [n-4 Y n-2[n-1] n |Reng

Deletion Insertions Substitution Substitution

FIGURE 4.2: This is a sequence of symbols (read) where the white boxes,

thick horizontal bar, light grey boxes, and dark grey boxes represent the

correct nucleotides, deletions, insertions, and substitutions respectively [14,
Page 8]

(1]2[3m4[5]6]7]8]o]0]11 By 13[14]15] - [n-4 PRI n-2[n-1] n |Read
3 1. 4 3

Intervals

FIGURE 4.3: This represents a sequence of error-free intervals together
with their sizes [14, Page 8].

Definition 4.3. A sequence of correct nucleotides is referred to as an error-free interval. A
maximal error-free interval is a sequence of correct nucleotides that can neither be increased

on the right side nor on the left side [13].

Remark. After discussing the concepts and theorems required to compute the P(S) in
Chapter 2 and Chapter 3, and also representing the sequences of symbols as error-free

intervals, we proceed to calculate the P(S) in a read mapping problem.

4.2 Read mapping problem

Read mapping is the process of mapping or aligning the reads obtained from sequencing
to the reference genome. Mapping can be done by an individual or by using computer
software depending on the number of data involved. By aligning reads to the reference
genome, we hope to align a huge number of reads back to the respective regions where
they were originally formed The problem of obtaining the best alignment or finding the best
match is referred to as read mapping problem.

The length of the read and the rate at which errors occur during mapping have a huge
impact on correctly mapping the read to the reference genome [15]. A genome sequence
contains a large percentage of repeated patterns, which influences the mapping result. Due

to these repeated patterns, there are possibilities of having more than one match between
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Set of reads

N e . Reference genome
I — ——
W B
I
Mapping
I — I ..
]  — |
I I I

GATCAGCAACGTACCGCCAGATACCGGGAACATACCATACGA

TAAGCGACGTA GGGCCAACTACC
Readl TTACCAGATAGG | [t

Read?2

FIGURE 4.4: The figure shows how reads are being mapped to a reference
genome [32]

the read and the reference genome, which makes locating the region from which the read
was obtained difficult [15].

From previous research, BLAST (Basic Local Alignment Search Tool) and FASTA (Fast-
all) are two of the algorithms that have been used in solving the read mapping problem,
both of which provide a correct solution but are slow when dealing with large amounts of
data. BLAST is used to find locally optimal sequence alignments, while FASTA is used
to discover the relationship between the sequences [1]. Because of the large amount of
data involved, some scientists chose a different approach, heuristic methods, which is much
faster but does not guarantee a correct solution. The Seeding method is a popular heuristic

method for mapping DNA sequences which we are studying in this research.

Definition 4.4. A seed is an exact local alignment of the read with the genome. For the

purpose of this research, we denote the minimum size of the seed as 7.

The seed helps to streamline the search and allows us to select candidate sequences.
When computing P(S), we define a seed as a perfect match between the read and reference
genome, and represent it as an error-free interval having size (length) s > 7 [14]. Hereafter,
when we refer to an error-free interval, we assume it is maximal.

Based on the presence of various sequence errors, Filion (see [14]) estimated P(S).
Note that S represents the statement that a read has no seed of length . The weighted

generating functions of reads with no seed of length v are calculated by representing them
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as sequences of error-free intervals which have size s < 7, interspersed by error symbols.
The formula for computing P(S) is

[284(2)

R () (4.1)

where R(z) is the weighted generating function of all the reads represented on a transfer
graph and S, (z) is the weighted generating function of the reads with no seed of length at
least y. The weights of reads of size k with no seed sum up to [z;]S,(z) and [z¢]R(z) is
the sum of the weight of all reads of size k.

In the sections that follow, | present a more detailed analytical combinatoric approach for
obtaining probability that a read has no seed under three different error models computed

by Filion and extend his logic to calculate the probability of a seed occuring in a read.

4.3 Substitution Error Model

This error model is the simplest we will be studying because it has a simple transfer graph
with the edges easily represented and understood. We ignore the deletions and insertions
and model the substitution error alone. We assume that the probability at which a substi-
tution error occurs is p [14]. This error model is represented on a transfer matrix where

the subgraph consist of only two vertices: the error-free interval and single substitutions.

FIGURE 4.5: The transfer graph representing reads with substitutions
(see [14, Page 9]).
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The transfer graph in Figure 4.5 depicts walks that represent sequences of single substi-
tutions and error-free intervals. The symbols Ay and S denote the error-free intervals and
the single substitution respectively, and F(z) and pz represent their respective weighted
generating functions. Using Definition 4.3, the correct nucleotides were merged together

in a single error-free interval,

F(z) = gz + (q2)* 4+ (q2)° + ... = : izqz. (4.2)

The transfer matrix connected with the transfer graph in Figure 4.5 is represented as

o Ag S e
o -0 F(z) pz 1 -
Mi(z) = A 0 0 pz 1 |,
S 0 F(z) pz 1
. 0 O 0 O

where each entry in the matrix represents an edge in the transfer graph, Figure 4.5. For
example, F(z) on the first row second column of the matrix, M, (z), represents the edge
from the head vertex o to the error-free interval Ay.

Then, we obtain the head vector with the outgoing edges as (F(z), pz) = H(z), the
tail vector with the incoming edges as T(z) = (1,1)T and ¢(z) = 1 which is the edge

from the head vertex to the tail vertex (see Theorem 3.1).

Ay S
M(z) = A 0 pz
S F(z) pz

The subgraph of M.(z) is denoted as M(z) above. It is a 2 X 2 matrix representation of

the edges of the vertices of the subgraph in Figure 4.9.
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Now, by applying Theorem 3.1, the weighted generating function of error-free intervals

is given by
w(z) +H(z) - (I-M(z))" - T(z) = R(2). (4.3)

We obtained the solution of (I — M(z))~! using Mathematica, first by calculating |I —
M(z)| which is 1 — pz(F(z) + 1), then,

1

(I=M=)" =12 pz(F(z) + 1)

1—-pz pz .
F(z) 1

Now substituting (I — M(z))~! into Equation (4.3),

1 1—pz pz_ 1
R(z) =1+ (F(z), pz) - 1—pz(F(z) + 1) [ F(z) 1 ’ (1)

F(z) 1
1—pz(F(z)+1) 1—pz(F(z)+1)

1-pz pz 1
— 14+ (F(Z), PZ) 1-pz(F(z)+1) 1-pz(F(z)+1) | .

1
=1 —+ (P(Z), pz) 1PZ(F(Z)+1))

1+F(z)
1—pz(F(z)+1)
. FQ) p(z)(1 + F(2)
1—pz(F(z)+1) 1-—pz(F(z)+1)
1+ F(z)

T 1—pz(Fz) + 1)’

and by substituting Equation (4.2) into the R(z) above, we have

1+ £ 1 1
R(z) = T = = . 4.4
(z) 1—pzlzzqz—pz 1—(p+q)z 1-z (44)

Note: p+g = 1. So, [zZF]R(z) = 1 for k > 0.

Remark. The Equation (4.4) R(z) is a check and the result is not used here but F(z) in

R(z) is replaced by F,(z) to obtain S, (z).
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Let

9z(1 — (g2)"1)
1—gz

Fy(z) = / (4.5)

where v — 1 is the maximum size of error-free interval and this is done in order to obtain

S+(z). We substitute F,(z) in R(z) in place of F(z) to obtain

1+ F,(z) 1+gz+ ..+ (gz)7 1
S (2) — 1 _ . 4.6
1(2) 1—pz(1+F/(z)) 1—pz(1+gz+..+(gz)71) (4.6)
We then apply Theorem 3.2 to the S, (z), to get the coefficient of z¥ in S(z).
Proposition 4.1. Under substitution model, P(S) is asymptotic to
:E
k 7
Zl+1
where
ﬁ — (1 B qzl)2
pPPa(l =7 +1—7921)(q21)""
and z; is the dominant singularity of 1 — pz(1+ F,(z)) = 0 [14].
Remark.
k k
o= IS0 _BISG) B
ya z Zl
Proof. We obtain 3 using the Theorem 3.2 by equating Equation (4.6) to
Pz)  1+F(z)  1+44q(z)+(g2)°+..+(g2)"""
Q(z) 1—pz(1+F,(2)) 1—pz(1+qgz+ (q2)%+ ...+ (gz)7V
and then equating Q(z) to 0, so we have
1= pz(14E,(2) = 0
1
1+ F(z2) = po
Fz)=- 1 (@)
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Now we substitute Equation (4.7) into P(z) and set z = z1 to obtain P(zq)

1 1

By differentiating Q(z) and setting z = z1 we have
Q'(z1) = —p — p(Fy(z1)) — pz(F(z1))- (4.9)

-1
We substitute F,(z) = % and F(z) = qm(qznv—qzziﬁ(tlv_(gzgz—ml(qzm —_

Equation (4.9) to obtain

oy P(A—=(gz1)7(y +1—19z1))
Q (Zl) - 1 — (qzl)z :

So we have the constant term B in Equation (3.6) in Chapter 3 to be,

__P) _ py (1—gz1)°
P= 0@ ~ P a e + 1= 92)
_ 1 (1—gz1)?
pzi p(1—(921)7 (v +1—-qz2))))
2

p?z1(1 = (v +1—9q21)(q2)7)’

Therefore the expression

(1 _qzl)z 1 :B (4.11)

Pa(l—(y+1-9921)(q2)7) 1 4

is asymptotic to the coefficient of z¥ in S, (z), since [z5|R(z) = 1, for any k > 0, see
Equation (4.1).
[l

In [9], it is possible to have (25, 50 and 100) base pairs single-end reads which could be
used for analysis instead of longer reads. For the purpose of this research, the examples that
will be considered for obtaining the required probability under the different error models will

include reads of sizes (25, 50, 100 and 200). These examples will be solved using analytic
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combinatorial approach here in Chapter 4 and the recurrence approach in Chapter 5. The
choice of values for k (read size) and p (probability at which a substitution error occur) in
the examples used in the dissertation are to demonstrate how the model works. Below is

an example demonstrating how P(S) is obtained.

Example 4.1. Find the probability that a read of size k = 25,50,100,200 contains no
seed given that oy = 17 and the probability that a single substitution occurs is p = 0.12.
Solution. We obtain the dominant singularity of S17(z) by equating Q(z) in Equation (4.6)
to 0 and rewrite the expression 1+ gz + (4z)% + ... +¢q(z)7 ! as % Then we substi-
tute the values p,g =1 — p = 0.88 and 7 into Q(z). We solve

1-(0.882))"7

(
1—-0.12z x 1= 0.832

by using the inbuilt bisection function in Python library to obtain the dominant singularity
z1 ~ 1.019251. (see Appendix A.1.1). Then we find that B ~ 1.276608 using Equation
( 4.10) and now we obtain P(S) when: k = 25,

2817(2) ~ 551
21

1.276608
(1.019251)%5+1

Y

~ 0.777585;

[24]S17(2) ~ o
21

1.276608
(1.019251)50+1

~ 0.482746;

Y
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k = 100,
21817(2) ~ 551
27
1.276608
(1.019251)100+1
~ (0.186063;
and k = 200,

[2]S17(z) ~ i
1

1.276608
(1.019251)200+1

~ 0.027640.

Y

Remark. We calculated the P(S) at k = 25,50, 100,200, given that v = 17 and p = 0.12
and based on these probabilities, we deduce that there is an high probability that the read
of size (k =100, 200) has a seed 1 — P(S) when only substitution errors occur in the read.
For small read sizes (k = 25, 50), the (1 — P(S) is very small. When 1 — P(s) is high,

the regions of high similarity are found faster during sequence alignment.

4.4 Substitution and deletion

We consider an error model where substitutions and deletions occur during alignments. We
assume that some of the nucleotides from the genome sequence (stored in a long molecule
of DNA) are deleted with a probability J (see Figure 4.2). Depending on the amount of nu-
cleotides deleted in Figure 4.3, all deletions are regarded equal [14]. Consecutive sequences
of deleted nucleotides are treated as a single deletion which occurs with probability J.

There are two possibilities of deletions occurring during alignments;

1. the deletion takes place between two correct nucleotides, and
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2. a deletion occurring before or after a substitution (see Figure 4.2).

Remark. When a deletion occurs before or after substitution, the error-free interval is not
interrupted, and thus 1 — P(S) is unaffected. We do not consider situations where deletions

occur before or after substitutions because they have no direct effect on the P(S).

FIGURE 4.6: The transfer graph representing the reads with substitutions
and deletions [14, Page 12].

We represent the read as a sequence of edges and vertices in Figure 4.6. In Figure
4.6, an edge is labelled 6F(z), and this edge is a result of having a deletion between two
error-free intervals. The weighted generating function of substitution is pz. The weighted
generating functions of a deletion and an error-free interval of size 1 are denoted by  and
gz respectively. The weighted generating function of an error-free interval of size k > 1 is
(1 —6)*1(gz)* since there are k — 1 "gaps" between the nucleotides. We note that k is
at least one, so the k < 1 is not relevant here. The weighted generating function of all
error-free intervals denoted as F(z) is obtained by summing up all the weighted generating
functions of all sizes (k =1,k > 1) below

F(z) = gz + (1 - 6)(gz)? + (1 — 6)%(q2)> + (1 = 6)°(g2)* + ... = ﬁ

(4.12)
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We represent the edges on the transfer graph on the transfer matrix below

o Ay S e
o 0 F(z) pz
Mi(z)= Ay | 0 6F(z) pz 1
S 0 F(z) pz
° 0 O 0 0

—

[

Then H(z) = (F(z), pz) is the head vector; T(z) = (1,1)7 the tail vector; and ¥(z) = 1
represents the empty sequence € with size 0. The edges on the subgraph (all other vertices
except the head and tail vertices and the directed edges between them) in Figure 4.6 are

denoted as

Now, we apply Theorem 3.1. The weighted generating function that corresponds to the

reads represented in Figure 4.6 is
H(z) - (I—M(2))"! - T(2) + $(z) = R(2) .
We solve for (1 — M(z))~! by following the steps below;

I M(z) = [1(513(2) —pz ] ,

—F(z) 1—pz

and

I — M(z)| =1—pz— (pz(1 —6)+6)F(z) .
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Then,

_ z —1:;- Lo -
(I —M(z)) |1 — M(z)| {F(z) 151:(2)].

Now we substitute (I — M(z)) ! into Equation (3.2),

R(z) =1+ (F 1 te=pepz (]
(z) =14 (Z)rpz)'1_pz_(51-“(z)—F(z)pz+5P(2)PZ F(z) 1-0F(z)| \1

1—pz pz
- 14+ (F(z),pz) (1pz§F(z)F1€;)z)pz+5F(z)pz 1pz&F(zl)§1£(22;72+5F(z)pz) ] (1)

1—pz—06F(z)—F(z)pz+0F(z)pz 1—pz—0F(z)—F(z)pz+dF(z)pz

1
— 14+ (F(z),pz) (1pz§F(z)F(z)pz+5P(z)pz)

1+ F(z)—6F(z)
1—pz—06F(z)—F(z)pz+IF(z)pz

F(z) n p(z)(1 + F(z) — 0F(2))
1—pz—0F(z) — F(z)pz +0F(z)pz  1— pz—IOF(z) — F(z)pz + 0F(z)pz
_ 14 F(z)(1—-9)

1—pz —06F(z) — F(z)pz + 0F(z)pz’

=1+

(4.13)

Remark. By substituting Equation (4.12) into Equation (4.13), we do a check to obtain

the result 1=, which implies that the [zK]R(z) is 1 for any k > 0.

1+ —Hﬂf(s)qza —4)

R(z)

1= pzi—i=gy: — P2 T 900 P? — St
1
 1—(1-16)g9z — pgz% — pz(1 — (1 — 6)qz) + 6pqz? — 64z
1
= (4.14)
We replace F(z) in Figure 4.12 by
—(1 =51 v
E(z) = P (1 =07 (42) (4.15)

(1= (1—=0)q2) °
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where v — 1 is the maximum size of error-free interval and this is done in order to obtain

S+(z). So,

1+ F,(z)(1—6)

50 = T (RO TR @

(4.16)

We then apply Theorem 3.2 to the S, (z), to get the coefficient of z¥ in S.(z).

Proposition 4.2. Under the substitution and deletion error model, P(S) is asymptotic to

p

_ 4.17
na (4.17)

where
z1(1— (1 - 8)qz1)?
6+ (1= 0)pz1)((p + q0)z1)A((1 — 6)7-1(qz1)7))’

and z; is the dominant singularity of 1 — pz — (pz(1 — J) + 6)F,(z) = 0, where F,(z) is

P=1

given in Equation (4.15) [14].
Proof. O

We equate S, (z) to

Pe) _  1+E()(1-9)
Q=) T T-pz— (p(1-0) +O)E,()

where P(z) and Q(z) are polynomials and we equate Q(z) to 0 to obtain

1—pz

b =50 vz opz (4.18)

which is the point where we have our singularity. Now we obtain Q’(z1) by differentiating

Q(z) and setting z = z;1. We differentiate

Q(z) =1—pz— (0 + pz — dpz)Fy(2),
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to obtain

Q'(z1) = —p — (p(1 = 9))Fy(z1) — (pz1(1 = 8) + O)Fy(z1).
We substitute the truncated F(z) from Equation (4.15) and its differentiation

g+ (qz1(y = 1)(1 = 8) — ) ((1 = 8)gz1) !
(1= (1=0)gz1)? /

F,’Y(Zl) =

into Q'(z1) to get

(p+q6)z1 —A(1—6)"(q21)"
z1(1— (1 —6)qz1)? '

Q'(z1) =
where
A=75—(1=0)(—p—0q—py+6q7)z1 — v(1 - 8)*pgzi. (4.19)

Now we substitute Equation (4.18) into P(z) and let z = z; to obtain P(z1)

_ 1—pz;
P(z1) =14+ (1-9) p— ‘51721]
_ 0+ pz —dpzmi+ (1 -6)(1 —pz)
6+ pz1 —opzy
B 1
N (5+p21(1—5).
So we have the constant term B as
—P(z1) 1 1

P=Q@) = sipad—6) Q)
z1(1— (1= 6)qz1)?

T 0+ A =0)pz1)((p+g0)z)AM(1 = 8)7 1 (qz1)7))’ (4.20)
where A is given in Equation (4.19). So we have
[zk]SW(Z) z1(1— (1= 6)gz1)? 1

PO = [ RG) ™ G A= 8pm)(p T 49)zM(1— 8y 1(gz)) | 2
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Recall that [zK]R(z) = 1 (see Equation 4.14).

Example 4.2. Find the probability that a read of size k = 25,50,100,200 contains no
seed given that v =17, p = 0.05, § = 0.16.
Solution. Given that p = 0.05, then g = (1 —p) = 0.95. We obtain the dominant

singularity of S17(z) by substituting the values given into Q(z).

0=1—0.05z — (0.05z — (0.16)(0.05z) + 0.16)(0.95z + 0.84(0.95z)* - ... + 0.841°(0.95)16).
(4.21)

We rewrite 0.95z + 0.84(0.95z)2 + ... 4+ 0.841°(0.95)1° in Equation (4.21) as

0.95z — 0.8416(0.95)17
1—((0.84)(0.95)z) |’

(see Equation (4.15)) to obtain

0.95z — 0.8416(0.95)17
0 =1—0.05z — (0.042z + 0.16) [ z (095)

1— (0.7982)

We use the inbuilt numerical bisection function in Python to obtain z; ~ 1.005725 (see
Appendix A.1.2) and by substituting the value of z; in Equation (4.20) we obtain the

constant B &~ 1.082240 which we use in calculating P(S). When k = 25,

2]S17(2) ~ J
1
1.082240

(1.005725)26

Y

~ 0.932960;
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k =50,
When k = 100,
when k = 200,

21517 (2) ~
21

1.082240
(1.005725)51

~ 0.808876;

~Y

[2]S17(z) ~ i
1

1.082240

Y

~ 0.608023;

21517 (2) ~ e
1

1.082240

Y

~ 0.343554.

(1.005725)101

(1.005725)?201

Remark. We obtained the probabilities that reads of sizes 25, 50, 100 and 200 have no

seed (P(S)) in the example above. From the values obtained, we were able to calculate the

probability that the read has a seed (1 — P(S)). For a read of size k = 50 and k = 200,

1—P(S) equals 0.191124 and 0.656446 respectively. The higher the number of reads, the

higher the probability that there is a seed. The error model also influences the probabilities

obtained (comparing the probabilities obtained when substitution and deletion occur to the

probabilities obtained when only substitution occurs).
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4.5 Substitutions, Deletions and Insertions

We have discussed scenarios when substitution errors occur and when substitution and
deletion errors occur, and now we will go over the most difficult scenario: when substitution,
deletion, and insertion errors occur in a read. When three different types of errors occur

during sequencing, the transfer graph for alignment process is more complex.

FIGURE 4.7: The graph reflects the transfer graph of the substitutions,
deletions, and insertions error model.

Remark. Some of the edges in the graph above were not labeled to make it easier to

understand and to keep the graph from becoming too complicated.

The "full error model" refers to the occurrence of all the errors (substitutions, deletions

and insertions) [14]. We note the following before proceeding.

1. We cannot determine the difference between substitution and insertion when deletion
occurs immediately before or after insertion. So, in a situation where deletion occurs

immediately before or after an insertion, the deletion is regarded as a substitution.

2. When insertions occur multiple times consecutively, it is called a burst, and we indicate
r as probability of having the first insertion and 7 > r as the probability of having

other insertions occurring.
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Remark. All deletions that do not occur before or after an insertion can be ignored
since they have no impact on the size of the error-free interval (see Figure 4.3). Note

that deletions have size s = 0 [14].

The probability that a substitution error occurs is denoted by p, the probability that the
correct nucleotide occurs is g and the probability that an insertion error occurs is r. These
probabilities sum to 1 (p + g+ r = 1). We make an assumption that the probability at

which an insertion burst stops is 1 — 7 at every point the burst occurs except the first one.

(A) (B)

FIGURE 4.8: The graphs depict the substitutions, deletions, and insertions
transfer graph, with the subgraph (B) detached from (A) [14, Page 14].

The vertices Ay, S and I are the error-free interval, single substitution, and single inser-

tions respectively. The edges labeled in (B), Figure 4.8 are explained below.

1. The edges labeled by F(z) and pz are the weighted generating functions of the
error-free interval and single substitution respectively. We have edge F(z) when the
arrow points to the error-free interval either from the head vertex (o) or the single
substitution and pz when the arrow points to substitution either from the error-free
interval or from the head vertex (o) or when there is an edge that maps vertex S to

itself (loop).

2. The edge labeled 6F(z) is called a loop because it maps the vertex Ag to itself and it
is the weighted generating function of when a deletion occurs between two error-free

intervals (recall that deletion does not have an impact on error-free intervals).
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3. The probability that an insertion burst terminates is 1 — 7, and once it does, an
error-free interval or substitution occurs after it. Since the total weight of an error-
free interval or substitution occurring after an insertion burst ends is p + g < 1, the

weighted generating function must be reduced by a factor of p+g=1—r.

When an error-free interval occurs immediately after an insertion, the weighted gen-
erating function is HF(Z)' and when a substitution error occurs immediately after

an insertion, the weighted generating function is %pz.

4. The first insertion nucleotide and each subsequent nucleotide of an insertion burst
have their weighted generating functions as rz and 7z respectively. The 7z labels the

loop with the arrow mapping I to itself.

5. The edges which point to the tail vertex (®) from all other vertices A, S, I and o are
denoted by 1 because their sizes do not have an effect on the weighted generating

function.

Using the combinatorial techniques outlined in Chapter 3, we can now calculate P(S).
Recall that F(z) is the error-free interval's weighted generating function and can be ex-
pressed as

_ _ 2  \2(4\3  \3( 04 _ 9=
F(z) =gz+ (1—-90)(gz)*+ (1 —0)“(gq2z)° + (1 —6)°(gz)* + ... 1= —0)az
(4.22)

We represent the labels of the edges of the transfer graph on the transfer matrix below

F(z) pz  rz 1
0F(z) pz rz 1
1

rz

9]
o o o o o
|
—~
N
~—
=
N
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Then, the head vector is H(z) = (F(z), pz,7z); the tail vector is T(z) = (1,1,1)T and
P(z) = 1 represents the empty sequence € with size 0.
The edges on the subgraph (B) (except the edges on the head and tail vertices) repre-

sented in Figure 4.8 are denoted as

Ao S I

M(z) = Ao OF(z) pz  rz
S F(z) pz 1z

I IF(z) Hpz 2

For example, the entries in the first column of the matrix, (6F(z), pz and rz) represent
the edges from vertex Ag to Ag and Ap to S and Ag to I respectively. Now, we apply
Theorem 3.1. The weighted generating function that corresponds to the reads represented

in Figure 4.8 is
p(z) + H(z) - (I - M(2)) 7" - T(z) = R(2).

We solve for (I — M(z))~! by doing some matrix multiplications using Mathematica and

substitute it into the R(z) above to obtain

(1—r)(1—7z+4+rz)(1+ (1 —0)F(2))

Riz) = 1) V@EQ) :

(4.23)

where p(z) and v(z) are polynomials of degree two written below as

2 and

uz)=r+Q-r)(p+r)z—p(f—r)z
v(z)=061-1)+((1=r)(p-06(p+7)+ A —=Fr)z—p(1—208)(F—r)z>. (4.24)

Remark. Then we substitute u(z), v(z) and F(z) into Equation (4.23) and simplify to

get,

which serves as a check to confirm that [zX]R(z) is 1 for k > 0.
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A read which has size s = k with no seed has a probability of [z¥]S,(z). We replace

F(z) in Equation (4.22) with

gz — (1-6)""Y(q2)”
(1-(1=0d)gz) ~

E,(z) = (4.25)

where v — 1 is the maximum size of error-free interval. The use of F,(z) in place of F(z)

is to obtain

(1-r(1—-7Fz4+rz)(1+(1—-0)F,(z))

1= 1(2) — v@)E (@) : (4.26)

Sy(z) =

where 1(z) and v(z) are the same as in Equation (4.24).
Remark. 1. Equation (4.26) will be

. 14 F,(2)(1— 0)
T 1 — pz— (pz(1 = 6) + 0)Fy(z)pz’

when 7 = r = 0, then p(z) = pz and v(z) = pz(1 — &) + J, which is the S, (z)

when only substitution and deletion errors occur (see Equation (4.16)).

2. In addition, 6 = 0 in Equation (4.26), it simplifies to

__ 1+5(@#)
- 1-pz(1+F(2)

Sy(2)

which is the S, (z) when only substitution errors occur (see Equation (4.6)).

We then apply Theorem 3.2 to the S, (z) in Equation (4.26) to get the coefficient of

zFin S, (2).

Proposition 4.3. The P(S) under the substitution, insertion and deletion error model is

asymptotic to

p (4.27)

k1’
2]
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where
b= (1-7r)(1—(F—r)z1)(1+ (1 = 8)Fy(z1))
W (z1) +v/(z1)Fy(z1) + v(z1)F} (21)

and zj is the dominant singularity of the denominator in Equation (4.26). In addition,

1—pu(z) —v(z)Fy,(z) =0 given that y(z) and v(z) is the same as in Equation (4.24).
Proof. We equate S, (z) to

P(z) .: (1-r)(1—=7z+rz)(14+ (1 —06)F,(2))
Q(z) 1—pu(z) —v(z)Fy(2) '

Now we obtain Q'(z1) by differentiating Q(z) and replacing z by z;. Again we make

use of the truncated F(z), which we call F,(z) from Equation (4.25) to get

Qz) =1 - p(z2) —v(2)Fy(2),

and hence

Q'(z1) = = (z1) = V'(2)Fy(21) — v(2)Fy(21)-

We set z = z1 to obtain
P(z1)=1-r)(1—-(F—-1r)z1)1+ (1 =06)F,(21)) -

Hence we have the constant term 8 as

g —P(z7) _ 1-r)(A—=(F—=r)z1)(1+ (1 —=0)F(z1))
Q'(z1) Q'(z1) '
(=) =7z1 +rz1) (14 (1 = 6)Fy(z1))

P = i) TV @) By () + V@) E (1) (4.28)
where
e =BG
and
F(z) = 17102 d) (q21)) 7~V ((1 - I )

(1-(1-4)gz1)
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Then we have

p(S) = 2154(z) (-1 -Fa+rz)(1+(1-0)F(z) 1
2R (z) W(z1) +v'(z1)Fy(z1) +v(z1)F(z1) 2

]

Example 4.3. Find the probability that a read of size k = 25,50,100,200 contains no
seed given that v =17, 6 = 0.15, p = 0.05, r = 0.06 and 7 = 0.45.

Solution. By substituting the values given into Equation (4.24), we have

1(z) = 0.06 + 0.47z — 0.0195z%, and

v(z) = 0.141 + 0.0095z — 0.0165752>.

We obtain the dominant singularity of S17(z) by substituting the p(z), v(z) and g into

Q(z) and equating it to 0. Note g =1 — (p +r), then we have

0= 1 — (0.06 + 0.47z — 0.0195z%) — (0.141 + 0.0095z — 0.0165752%)-
(0.89z +0.85(0.89z)% + ... + 0.85'°(0.89)).
We rewrite 0.89z + 0.85(0.89z)% + ... + 0.85°(0.89)1¢ as

0.89z — 0.85'%(0.89z)17
1— ((0.85)(0.89)z)

and use the inbuilt numerical bisection function in Python library to obtain the dominant
singularity z; =~ 1.002498 (see Appendix A.1.3). By substituting the value of z; into
Equation (4.20), we obtain the constant  ~ 1.03601 which we use in calculating P(S)

when k = 25,

21817(2) ~ 451
21

1.03601
(1.002498)26

Y

~ 0.970940;
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k =50,

21517 (2) ~
21

1.03601
(1.002498)51

~ 0.912230;

~Y

When k = 100,

[2]S17(z) ~ i
1

1.03601
(1.002498)101

Y

~ 0.805247;

When k = 200,

21517 (2) ~ e
1

1.03601
(1.002498)201

Y

~ 0.627448.

Remark. We obtained the P(S) for reads of sizes 25, 50, 100 and 200 in the example
above. From the values obtained, as the size of read increase (1 — P(S)) increases (see
Appendix A.2.3). One thing to also note here is that when the three errors (substitution,
deletion and insertion) occur together, the probability that the read sizes have a seed of
length <y is smaller compared to the when only two (substitution and deletion) or one

(substitution) error occur.
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4.5.1 Approximation

With the calculations done in the examples given under each of the error models (substi-
tution only; substitution and deletion; and substitution, deletion and insertion), we were
able to tell that the approximations obtained using analytic combinatorics are accurate with
long reads. The error models involved also influences the probability obtained.

Theorem 3.2 aimed at helping to obtain estimates faster. Approximated values can be
used in place of the true value if a scenario is created to check the output in the worst
conditions. In situations where there is a longer read (larger size), approximations are
more accurate and there are fewer errors. In the alignment, the accuracy of approximations
cannot be improved due to the fact that the size of the read is determined by the technology
used in sequencing the reads. When the dominant singularity (singularity with the smallest
modulus) is used in computing the estimates, the estimates converge faster compared
to when other singularities are used. Approximated values obtained using the analytic

combinatoric approach are less accurate in scenarios when
1. when reads are small in size,
2. when the singularities have very close moduli.

In the situation where the read is of size 50 or less, coefficients are obtained by recurrence
to obtain better accuracy and to reduce approximation error. When computing the s; value
using the recurrence method, we obtain the exact P(S) for the three error model considered

in this research.



55

Chapter 5

Recurrence Approach

In this chapter, we used a different approach than the one used in Filion's paper, [14], to
calculate the probability that a read of size k has a seed. We obtained the probability using
the recurrence approach and compared the solution with the probability obtained using the

analytic combinatorics approach.

5.1 Recurrence approach (substitution error model)

As mentioned in Chapter 3, the probability that a read of size k has a seed can be calculated

by a recurrence approach using Theorem 3.3. We rewrite Equation (4.6) as

5.(z) = P(z) L 1+gz+ ..+ (gz)7 ! _
Q(z)  1—pz(l+qz+..4(q2)71)
— (gz)"
=1 - 1_ pz(?f)— (@27 where, p+g=1
1—(g2)7 (5.1)

T 1z pp U

By applying Theorem 3.3, we have

P(z) = Q(2)S4(2), (5:2)
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where P(z) and Q(z) are the same as in Equation (5.1) and
Sy(z) =sp+s1z+ 5022 + 8323 + . + 57,127_1 +5,27 + 5%127*1 + ...
Now we substitute the expressions for P(z), Q(z) and S,(z) into Equation (5.2) to get

1—q"2" = 1 —z+ pq"z" 1[50 + 512 + 522° +832° + oo + 5927 +5,0127 T + 1.

(5.3)

We expand and compare the coefficients of z& on the left and right side of Equation (5.3)
and obtain solutions s; for when k is {0,1,2,..., 7, > 7v}. We obtain s = 1 for the values

of k=0,1,...,r — 1 as follows

[20]11:1-80 — sp=1
[z']:0=1-51—1-5) = s1=50=1

0=1-5p—1-59 = sp=51=1

[z771] :0=1-591—1-5y 0 = 5,1 =1

[z27]:—q"=1-5,—1-5,4
where s,_1 =1, then
sy, =1—4q".

Now for k =y +1,
27110 = sopq" — 54 + 5441

and hence

Sy+1 =Sy —Sopq - (5.4)

So for any k > 7,

sk =sk-1+tpq" Sk—(y+1)
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FIGURE 5.1: The solid lines represent P(S) while the dashed lines represent
1 — P(S). The y-axis represents the probability plotted against the read size
on the x-axis at p = 0.08, 0.1 and 0.12.

where k > 7 + 1 in Equation (5.4). Therefore, in summary we have

1, 0<k<y,

Sk

Sk—1 — P Sk—y—1 k> .

Figure 5.1 was plotted by substituting the values from Example 4.1 into the recurrence

relation, Equation (5.5), using one p value at a time.

Remark. Using Mathematica (see Appendix A.2.1), we inserted the values given in Exam-

ple 4.1 in the recurrence and plotted the graph in Figure 5.1.
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5.2 Recurrence approach (substitution and deletion
error model)

Now we apply Theorem 3.3 to obtain P(S). We substitute Equation (4.15) into Equa-
tion (4.16) below

z—(1-0)7"1(gz)7
PR, T (19)

Q2) " 1 pz— (5 - pz+ opz) B e
1—-(1-6)7(q2)"
(L= (p+q)z+ (6 + pz—0pz)((1 - 6)771(q2)"))
1—(1-6)7(qz2)"
(L=z+ 8+ pz—dpz)((1 = 8)7 qz)7))

S54(z) =

We denote [zX]S, (z) as s and obtain the sy for all k by applying Theorem 3.3,
P(z) = Q(2)5, (). 56)
We write Equation (5.6) as follows;
1-(1-0)"(g2)" = (1 =z + (6 + pz = dpz)(1 = 6)""1(q2)")(54(2)) ,

where  S,(z) =sp+ 5124+ 52% + 5328 + . 45,127 L5027 5,927+ L

So,

1= (1= 8)7(g2)" = (1 — 2+ 6(1— 87 (qz)7 + pg? (1 — 5)727°1).
(s0 + 512 + 5227 +832° + oo + 8,127 1 45,27 45,4127+ ).

(5.7)
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We expand and compare the coefficients of z€ on the left and right side of Equation (5.7)

and obtain solutions s for when kis {0,1,2,..., ¥ — 1,7, > 7} as follows

[2°]:1=1-59 = sp=1
[z']:0=1-51—1-5 = s1=50=1

0=15p—1:5y = sp=51=1

271:0=1-5,1—1:8,9 = s, 1=1
2 —(1=6)"g" =15, —1-8,_1+500(1—=08)"7"1g7
q 04 v q

where s, _1 =1and sy =1, so

Sy =1—0(1—8)71q7 = (1—8)7g"
—1-(1-8)7 1g7(6+ (1-0))

—=1—(1-6)""1g.
Now the coefficient of z7 in Equation (5.7) is
0= —5y 48,41 +8510(1 —8)77 g7 +s0pq" (1 - 6)",

and

Sy1 = 5y —516(1 = 8)771q" —sopq”? (1 - 6)7.

For any k > v,

Sk =Sk-1 = 5k 10(1=6)71q" — pg7 (1 = 6) st (5.11)-
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FIGURE 5.2: The solid lines represent P(S) while the dashed lines represent
1 — P(S). The y-axis represents the probability plotted against the read size
on the x-axis at 6 = 0.14, 0.15 and 0.16.
In summary, we have
1, 0<k<n,
sk=194 1—(1-06)7"1g", k=1, (5.8)
sk1—06(1=08)771g7 sy —pg"(1=6) 51 k>

Figure 5.2 was plotted by substituting the values from Example 4.2 into the recurrence

relation, Equation (5.8), using one J value at a time.

Remark. Using Mathematica (see Appendix A.2.2), we inserted the values given in Ex-

ample 4.2 and two other §'s (6 = 0.14, 0.15) in the recurrence and plotted the graphs in

Figure 5.2. In plotting the graph, the values of p and g remain the same for each of the §

given.
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5.3 Recurrence approach (substitution, deletion and
insertion error model)

Now we obtain P(S) by using a linear recurrence and applying Theorem 3.3. We substitute

Equation (4.25) into Equation (4.26) below;

p(z) A=r(1—=(F-r)z)1+1- 5)%2—(?_—(15)_75);(;;;)7).

Sq(z) = = 7 (1—8)71 (a2
Q=) 1 u(e) — v(a) g s

We denote [zk]Sv(z) as s to obtain every k > 1 and by applying Theorem 3.3, we have
P(z) = Q(2)5(2), 59)

where S, (z) = ¥,>0542". Then

A=r)A-0F=rz)A-0=05)qz+(1-0)qz— (1-6)7(qz2)"

P(z) = 1-(1-9)gz
_ (A== —-r)z)1 - ((1-9)42)7)
1-(1-9)gz
_(A=n-(0=-nF-rz=1=r)(1=0)g2)" + A =r)(F—r)((1 =gz
1—(1-9)gz '

We rewrite P(z) in terms of p;
P(z) = po+ p1z + py2" + pyraz? L

We express Q(z) as
Z — _ > -1
Q(z) =1—pu(z) — y(z)q (11 _(((1 _?)ZZ)'Y

1—(1-6)9z — (1(z))(1 — (1 = 6)qz) — (v(2))(q2(1 = ((1 = 9)q2)" ")
1—-(1-9)gz ’
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where we denote 1(z) = pg + 1z + u2z* and v(z) = vy + v1z + v2z°. We expand and

arrange the numerator of Q(z) as

(1~ po+ (—(1 = 6)g — p + po(1 = 8)q — voq)z + (—pu2 + (1 = 8)g — v19)2* +
(12(1 = 0)g —129)2° +v9(1 = 8) T 1727 +11(1 = 8)" 1g72" ™ +1p(1 — 6)71g72772),

Then we write Q(z) in terms of g;
Q(z) = qo + q121 + 422" + 432° + 442" + Gy 41277 + 42272
We have Equation (5.9) to be

po+ 1z + py2 + pyaz’ ™ = (o + iz + 28+ 032° + 4427 + 4127 4 gy 1027 F2)
(50 + 512 + 5227 +832° + oo + 8127 1 45,27 45,4127+ ).

(5.10)

By comparing coefficients of z¥ in Equation (5.10), we obtain solutions for when 0 < k < 1.

For k = 0, we compute s by considering Equation (5.10), we have

Po = So04o

and substituting po and gg we have

(1—7)=s0(1—7)

S50 — 1.
For the case k = 1, we compare the coefficients of z! in Equation (5.10), thus we obtain

P1 = So4q1 + s19o-
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Substituting,

—(1=7)(F—r) =s0(—(1=0)g — p1 + po(1 = )g —voq) +s1(1 — po)
=(—1-90)qg—AQ-nr(p+7)+r(1=08)g—5(1—r)g+s1(1—r).

Dividing by 1 — r on both sides, yields

—(F=r)=(-p—qg—7) +s1,

since p+q +r = 1. Consequently,

—F+r+1—r+7=s,

and hence, s1 = 1.

For k = 2, the coefficients of z2 in Equation (5.10) are

P2 = soq2 + 51491 + s290-

Now we substitute the terms, expand and simplify as follows;

0=so(—p2+p1(1—6)g —11q) +s1(—(1 —6)q — p1 + po(1 — 0)g — voq) +s2(1 — po)
pF—1)+(A=r)(p+7)(1-6)g—((1-r)(p—0(p+7)+(1—7F)r)q+
(—(1=08)g—QQ—=r)(p+7)+r(1-05)g—6(1—r)q) +52(1 —71)

=p(F=1)+q(F=7)+ (1 =r)(=q—p—T+s2).

Since p+q+1r =1, we have

0=1-r)(F—r—1+r—7+sy)

= (1 =) (=1+s2)
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and hence s, = 1.

For k = 3, the coefficients of z3 in Equation (5.10) are
0 = s0g3 + 5192 + s2g91 + s3q0-
We substitute the terms, expand and simplify as follows;

0 =so(p2(1—0)q —v2q) +s1(—p2 + p1(1 = 0)g —11q) +s2(—=(1 = 6)q — pa+
po(1 —8)q —voq) +s3(1 — po)
= (=(pF=r)(1=0)g+ (p(A=0)(F—r)g) + (p(F—1) + (L —=r)(p+7)(1 —0)q
—(A=r)(p=0(p+7))+ A =7)r)g) + (=1 =0)g— (L =r)(p+7) +r(1 = d)q—-

0(1—r)g) +s3(1—r).

Hence, s3 = 1.
The computations for {s4, ..., 5y—3, S,—2, 5y—1} are similar to the earlier computations of

sk where {k =1,2,3}, so we omit them and proceed to obtain s.. Then for z7, we have

Py = S04y + Syqo + Sy—141 + Sy—242 + 51343,

where s.,_1, 5y_2, s,—3 equal 1. We now substitute the terms needed and simplify to get

—(1=r)((1=6)q)" = vo(1 = 6)"71q7 + 55 (1 — po) +55-1(1 = 6)q — 1 + po(1 — 8)g—
vo0q) + sy—2(—p2 + p1(1 = 6)g — 11q) + s4—3(p2(1 — 6)q — v29)
=0(1=)((1=6)""1g") +s,(1 = 1)+ (=(1=8)g — (L =r)(p +7)+
r(1=06)q—0(1—r)q) +pF—r)+ 1 —r)(p+7)(1-0)q—
(A=r)(p—6(p+7)+ (A —7)r)q
=(1-n(A=8)""q") sy +—q—p—F+7—1],
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then we divide both sides by (1 —r) to obtain
—(1-8)"q"=6((1-6""1g") +sy—q—p—F+7—r,
and where p+q+7r =1,

sy = —(1-08)7g" —6(1=6""1g") +1

sy =1—(1-08)7"1g7.
For k = v + 1, we compare the coefficients in Equation (5.10) and obtain

Py+1 = S04y+1 T+ S1qy + Syq1 + Sy—142 + Sy—243 + S4+140-

We substitute in the terms required and simplify

(1=r)F=r)((1=8)g)" = vi((1=8)"'q") +vo(1 =) 1q7 +55-2(p2(1 = 6)q — v2q)+
sy(=(1=06)g — p1 +po(1 = 6)g — voq) +sy—1(—p2+ p1(1 = 0)q—
n1q) +8y41(1—7)

=((1=1)(p=d(p+7)+ (A =7)r)(1=6)""1g")+
S(1—=r)(1=6)"719") +59(~(1=8)g = (L =) (p+7) +r(1—6)q—
6(L=r)g)+ (p(F—r)+ (L =7)(p+7)(1—0)g—
(A=7)(p=0(p+7)+ A =Fr)g+sy(l—7),

we divide both sides by 1 — r and have

(7= N1~ 0)q)7 = (p—a(p+7)+ ST

(1-(1=8)7"""q")(=q—p—7)+(F 1) +5y11.

((1=0)"1g") +6((1—0)""g")+
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Now make s, 1 the subject of the formula to obtain

sy = (=) (1= 0)g) — (p— a(p+ 1)+ ST (= oyiqm)-

5((1=0)1g") (1 - (1=0)""g")(—g—p—F) = (F—71).

Factorise and apply the expression p + g+ r =1 to simplify

Sy = —((1=8)7q)[ = (F=r)(1=8)+ (p—8(p+7) + (11_7”) +o+1—r+F|+1

=1—((1-96)71g7) [p-l—éq—i—%-i—l]

=1 (-0 ) [p o+ .

When k = 7 + 2, the coefficients of z7*2 in Equation (5.10) are
0 = soqy+2 + s1qy+1 + S2qy + Syq2 + Sy—143 + Sy+141 + Sy+240-

We substitute the known terms and simplify as follows;

0= S()Vz((l — 5)7_1617 + 511/1((1 — 5)7_1(]7) + 521/0(1 — 5)7—1177 + SzH_z(l — ]/l())—i‘
Sy(—p2 +m1(1 = 96)q —119) +5441(—(1 = )g — p1 + po(1 — 6)q — 19)
=so(—p(1=8)F—r)((1=06)"""g") +s1(1—=1)(p—d(p+7) + (11__rr)r)((1 —5)71g7)

+52(1=1)3((1=8)"71q") + 51 =1)(F = 1) +5541(1 = 1) (=g = p = 7) +5y52(1 = 7).

We divide both sides by 1 — r and simplify

L2000 (1= gy

+525((1=8)719") + 5, (F — 1) +5y41(—g — p — F) + S142.

F—r
0=so(~p(1=0)7q")y— +s1 (p—op+7)+
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Note that p+g+r =1, so

F—r (1—=7)r

sy+2 = sop(1 —9)7q7) (1 - r) — 51 (p —8(p+7) + )((1 —6)771g7)

—50((1=8)771g") — s, (F— 1) — sy1(—1 47— 7).

In general, when k > « 4+ 1, we have

se=p(1 -8 (F0) siya— (p—otp 41+ E20) (- 071 sy

— 5((1 = 8)T7q7) sty — (F— P)sia 5 (LHF = 7).

—r

In summary, we can express s as follows:

1, 0<k<y,
1—(1-6)7"147, k=",
1= ((1-8)77Yq7) (p+ 09 + 1), k=7+1,

sk=19 (1+7—71)-s5_1—(F—7r) 82 (5.11)

51 =55
+( P (p T — “{f)’) (1= ) g7 sy
+pq" (1= 0)V =L - sy 2, k>y+1.

r

\

Note that Equation (5.11) is slightly different from the original text ([14]) because a typo

was spotted and corrected here.

Remark. Using Mathematica (see Appendix A.2.3), we inserted the values given in Ex-
ample 4.3 and two other r's (r = 0.04, 0.05) in the recurrence and plotted the graphs in
Figure 5.3. In plotting the graph, the values of p remain the same for each r given, but for

each of the given r, there is a corresponding g obtained from the formula p +¢q+7r = 1.
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FIGURE 5.3: The solid lines represent P(S) while the dashed lines represent
1 — P(S). The y-axis represents the probability plotted against the read size
on the x-axis at r = 0.04, 0.05 and 0.06.
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Chapter 6

Conclusion

In this dissertation, we focused on the alignment of DNA sequences. We studied the
paper “Analytic combinatorics for computing seeding probabilities" by Filion [14] to find
the similarities between sequences (using exact seeds) in order to align the sequences faster.
We employed some mathematical tools (analytic combinatorics) in obtaining the probability
that a read of size k has a seed (1 — P(S)) under the different error models (substitution
only; substitution and deletion; and substitution, deletion and insertion). We described
these sequences of symbols in terms of weighted generating functions and represented
them on a transfer graph. The weighted generating functions, represented as edges in the
transfer graph, are converted into a transfer matrix to get the weights of the sequences of
symbols referred to as reads (error-free intervals) using Theorem 3.1. This led us to obtain
the weights of reads with no seed (S,(z)). We found the probability that a read of size k
has no seed (P(S)) under three error models by taking the proportion of weights of reads
with no seed over all reads. This involved extracting coefficients of weighted generating
functions where we employed the use of singularity analysis in Theorem 3.2.

Filion mentioned in his paper, [14], that the probability computations for short reads
are not exact using the analytic combinatorics approach but are better computed using
the recurrence approach. This motivated us to build on Filion's work by delving into the
recurrence method extensively and address the computations for short reads (read sizes 25
and 50). We elaborated on using the recurrence method (with the help of Mathematica) to
obtain the probabilities required for reads of length 25, 50, 100, and 200. We obtained the

recurrence relation (sx) by equating S, (z) to the ratio of two polynomials and compared
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the coefficients on either side of the equation to obtain P(S). We used the same values as
the examples considered in the analytic combinatorics approach in the recurrence relation
approach.

We compared the probabilities obtained from the two approaches (see Appendix A.2)
and plotted the graphs for the probabilities P(S) and 1 — P(S) against the read sizes
under different error models. We concluded that the recurrence approach and the analytic
combinatorial approach gave similar results. We also deduced from the graphs plotted that
1 — P(S) increases monotonically with read size. The smaller the read size, the lesser
the accuracy of the probability obtained using the analytic combinatorial approach. The
result presented in [14] helps to streamline the search for similarities between sequences by
locating seeds (exact) in reads thereby speeding up sequence alignment.

In [14], Filion focused on obtaining the probability that a read has no exact seed (the
basic kind of seeds) and did not cover how the probability that a read has no seeds for
other kind of seeds (transition or score seed, see [31]). This creates an opportunity for
further research on obtaining the probability that a read has no specific seed type. For
this research we assume that the only differences that occur during alignment of sequences
are as a result of sequencing errors. Further studies can be done where genetic differences

between sequences are taken into consideration and not sequencing errors only.
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Appendix A

Appendix

A.1 Numerical bisection using Python

A.1.1 Substitution only, Example 4.1

def f(x):
answer = 1-0.12%x*((1-(0.88%*x)**x17 ) / (1-0.88%x))

return answer

# We must specify limits a and b in the arguments list

# so the method can find the root somewhere in between them.

bisect_root = optimize.bisect(f, a=1, b=2)

# Print out the root. Also print out the value of f at the root,

# which should be zero if the root has been found accurately.

z= print (£f"The root of the function f(x) is: {bisect_root:.6f}. At
this point, f(x) = {f(bisect_root)

:.65F")

The root of the function f(x) is: 1.019251. At this point, f(x) = 0.

000000

A.1.2 Substitution and deletion only, Example 4.2

def f(x):
answer = 1-0.05%x-((0.042%x+0.16)*(0.95*%x-((0.84*x16)*(0.95%x) **x17
)) / (1-0.798%x))
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return answer

# We must specify limits a and b in the arguments list

# so the method can find the root somewhere in between them.

bisect_root = optimize.bisect(f, a=1, b=2)

# Print out the root. Also print out the value of f at the root,

# which should be zero if the root has been found accurately.

z= print (£"The root of the function f(x) is: {bisect_root:.6f}. At
this point, f(x) = {f(bisect_root)

.6E1")

The root of the function f(x) is: 1.005725. At this point, f(x) = O.
000000

z=1.005725

A.1.3 Substitution, deletion, insertion, Example 4.2

def f(x):
answer = (0.94-0.47%x+0.0195*x**x2)-(((0.141+0.0095*x-(0.016575*x*x*
2))*(0.89%x-((0.85%x16)*(0.89%x
)*x17 ))) / (1-0.7565%x))

return answer

# We must specify limits a and b in the arguments list

# so the method can find the root somewhere in between them.

bisect_root = optimize.bisect(f, a=1, b=2)

# Print out the root. Also print out the value of f at the root,

# which should be zero if the root has been found accurately.

z= print (f"The root of the function f(x) is: {bisect_root:.6f}. At
this point, f(x) = {f(bisect_root)

:.651")

The root of the function f(x) is: 1.002498. At this point, f(x) = 0.

000000
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A.2 Recurrence Plots

A.2.1 Recurrence plots for substitution only

Plotl = With[{pl=0.08, q1l =0.92, p2=0.1, 2 =0.9, p3 = 0.12, q3 = 0.88}, ListLinePlot|
Transpose[RecurrenceTable[{G[k] = G[k - 1] - p1q1'” G[k - 18], G[@] =1, G[1] =1,
G[2] =1, G[3] ==1, G[4] ==1, G[5] ==1, G[6] =1, G[7] ==1, G[8] ==1, G[9] =1,
G[10] =1, G[11] =1, G[12] =1, G[13] =1, G[14] =1, G[15] ==1, G[16] == 1,
G[17] =1-q1'7, T[k] =T[k-1] -p2q2Y T[k-18], T[O] =1, T[1] =1, T[2] =1,
T[3] =1, T[4] ==1, T[5] =1, T[6] =1, T[7] =1, T[8] =1, T[9] =1, T[10] =1,
T[11] =1, T[12] =1, T[13] =1, T[14] =1, T[15] =1, T[16] =1, T[17] =1 - q2V7,
ULk] =U[k-1] - p3g3*” U[k-18], U[@] =1, U[1] =1, U[2] =1, U[3] =1, U[4] =1,
U[5] =1, U[6] ==1, U[7] =1, U[8] =1, U[9] =1, U[10] =1, U[11] =1, U[12] =1,
U[13] =1, U[14] =1, U[15] =1, U[16] =1, U[17] =1-q3"}, {G, T, U}, {k, 25, 200}]],
DataRange -» {25, 200}, PlotRange - All, PlotStyle » {Medium, Medium, Medium},
PlotLegends —» {"p=0.08", "p=0.1", "p=0.12"}]]

Plot2 = With[{pl=0.08, q1l=0.92, p2=0.1, q2=0.9, p3=0.12,3=0.88},
ListLinePlot |
1-
(Transpose [RecurrenceTable[{G[k] = G[k - 1] - p1q1*’ G[k - 18], G[@] =1, G[1] =1,

G[2] =1, G[3] ==1, G[4] ==1, G[5] =1, G[6] ==1, G[7] ==1, G[8] =1, G[9] == 1,
G[10] =1, G[11] =1, G[12] =1, G[13] =1, G[14] =1, G[15] =1, G[16] == 1, G[17] == 1 - q1*7,
Trk] =T[k-1] -p2q2Y” T[k-18], T[O] =1, T[1] =1, T[2] =1, T[3] =1, T[4] =1,
T[5] =1, T[6] =1, T[7] =1, T[8] =1, T[9] =1, T[10] =1, T[11] =1, T[12] =1,
T[13] ==1, T[14] =1, T[15] =1, T[16] =1, T[17] =1 - q2Y7,
ULk] =U[k-1] -p3q3*” U[k - 18], U[®] =1, U[1] =1, U[2] =1, U[3] =1, U[4] == 1,
U[5] =1, U[6] =1, U[7] =1, U[8] =1, U[9] =1, U[10] =1, U[11] =1, U[12] =1,
U[13] =1, U[14] =1, U[15] =1, U[16] =1, U[17] =1-q3'"}, {G, T, U}, {k, 25, 200}]]),

DataRange -» {25, 200}, PlotRange - All,

PlotStyle » {Dashing[Medium], Dashing[Medium], Dashing[Medium]}] ]

The Plotl and Plot2 represents the graphs in substitution error model. The recurrence
solutions of P(S) and 1 — P(S) were first obtained before the graph was plotted using the

listLinePlot function in Mathematica.
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A.2.2 Recurrence plots for substitution and deletion

Plot3 = With[{p =0.05, q=0.95, 51 =0.14, 52 =0.15, 53 =0.16 },
ListLinePlot |
Transpose[RecurrenceTable[{G[k] = G[k - 1] - 61" (1-61)* G[k-17] -pq" (1-61)" G[k - 18],

G[O] =1, G[1] =1, G[2] == 1, G[3] ==1, G[4] =1, G[5] =1, G[6] =1, G[7] == 1, G[8] == 1,
G[9] =1, G[10] =1, G[11] =1, G[12] =1, G[13] =1, G[14] =1, G[15] == 1, G[16] == 1,
G[17] =1- (1-51)%¥% g7,
Trk] =T[k-1] -52q" (1-652)*® T[k-17] -pq'” (1-62)" T[k-18], T[@] =1, T[1] =1,
T[2] =4 T[3] =4 T[4] =4 T[S] =4 T[G] =4 T[7] =4 T[8] =4 T[9] =4
T[10] =1, T[11] =1, T[12] =1, T[13] =1, T[14] =1, T[15] =1, T[16] =1,
T[17] =1- (1-52)%¥%q"7,
Urk] ==U[k-1] -563q* (1-63)® U[k-17] -pq*” (1-63) U[k-18], U[@] =1, U[1] =1,
U[2] =1, U[3] =1, U[4] =1, U[5] =1, U[6] ==1, U[7] =1, U[8] =1, U[9] =1,
U[1@] =1, U[11] =1, U[12] =1, U[13] =1, U[14] =1, U[15] =1, U[16] =1,
U[17] =1- (1-53)*q"}, {G, T, U}, {k, 25, 400} ]|, DataRange - {25, 400},

PlotRange » {0.2, 1.0}, PlotLegends » {"56=0.14", "6=0.15", "5=0.16"},

PlotStyle -» {Medium, Medium, Medium} | ]

Plot4 = With[{p=0.05, q=0.95, 51 =0.14, 52 =0.15, 53 =0.16 },
ListLinePlot [
1-
(Transpose[RecurrenceTable[{G[k] = G[k-1] - 61 (1-61)* G[k-17] -pq'’ (1-61)" G[k - 18],

G[@] =1, G[1] =1, G[2] =1, G[3] =1, G[4] =1, G[5] =1, G[6] =1, G[7] =1,
G[8] =1, G[9] =1, G[10] =1, G[11] =1, G[12] =1, G[13] =1, G[14] =1, G[15] =1,
G[16] =1, G[17] =1- (1-51) g7,
Tik] =T[k-1] -62qY (1-62)% T[k-17] -pq*’ (1-62)Y T[k-18], T[Q] == 1,
T[1] =1, T[2] =1, T[3] =1, T[4] =1, T[5] =1, T[6] =1, T[7] =1, T[8] =1,
T[9] =1, T[10] =1, T[11] =1, T[12] =1, T[13] =1, T[14] =1, T[15] =1, T[16] == 1,
T[17] =1- (1-562)%% g7,
Urk] ==U[k-1] -563qY (1-63)¥ Ulk-17] -pq*’ (1-63)Y U[k-18], U[@] == 1,
U[1] =1, U[2] =1, U[3] =1, U[4] =1, U[5] =1, U[6] =1, U[7] =1, U[8] =1,
U[9] =1, U[10] ==1, U[11] =1, U[12] =1, U[13] =1, U[14] =1, U[15] =1, U[16] == 1,
U[17] =1- (1-63)*q"7}, {G, T, U}, {k, 25, 400} ]]), DataRange - {25, 400},

PlotRange » {0.2, 1.0}, PlotStyle -» {Dashing[Medium], Dashing[Medium], Dashing[Medium] }]]

The Plot3 and Plot4 represents the graphs in substitution and deletion error model.
The recurrence solutions of P(S) and 1 — P(S) were first obtained before the graph was

plotted using the listLinePlot function in Mathematica.
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A.2.3 Recurrence plots for substitution, deletion and insertion

Plot5 = with[{p =0.05, q1=0.91,r1=0.04,92=0.9,r2=0.05, q3=0.89, r3 =0.06,
R=0.45, 6 = 0.15},
ListLinePlot[
(Transpose[

RecurrenceTable[

{G[k] = (1+R-r1) G[k-1] - (R-r1) G[k-2] +pq1?” (1-6)Y R-rd G[k-19] +

1-ri1
q1*? (1-25)1 (—p+6 (p+R) -ri (11_R1) ) G[k-18] -5q1*7 (1-06)%G[k -17],

G[@] =1, G[1] =1, G[2] =1, G[3] =1, G[4] =1, G[5] =1, G[6] =1, G[7] =1,
G[8] ==1, G[9] =1, G[1@] ==1, G[11] ==1, G[12] ==1, G[13] =1, G[14] =1, G[15] == 1,
1

-rilR 16)
— +pP+
1-r1 pP+q s

TLk] = (1+R-r2) T[k-1] - (R-r2) T[k-2] +pq2'” (1-6)" z_—ri Trk-19] +
r

a2 (1-6)*% (-p+5 (p+R) -r2 (11—R2) ) T[k-18] -5q2* (1-6)*®T[k-17],

G[16] =1, G[17] =1- (1-65) q1'7, G[18] ==1- (1-5)* q1V7 (

T[O] =1, T[1] =1, T[2] =1, T[3] =1, T[4] =1, T[5] =1, T[6] =1, T[7] =1,

T[8] ==1, T[9] =1, T[10] ==1, T[11] ==1, T[12] ==1, T[13] =1, T[14] =1, T[15] ==1,
1-
1-

ULk] = (1+R-r3) U[k-1] - (R-r3) U[k-2] +pg3'” (1-56)Y :-_rz Urk -19] +
-r

2R
T[16] =1, T[17] =1- (1-6) q2'7, T[18] =1 - (1—6)16q217( : > +p+q26),

g3t (1-656)% (—p+<§ (p+R) -r3 (11_R3) ) Urk-18] -56q3Y7 (1-6)% Uk -17],

ure] =1, U[1] =1, U[2] =1, U[3] =1, U[4] =1, U[5] =1, U[6] =1, U[7] =1,
u[8] ==1, U[9] =1, U[1@] ==1, U[11] ==1, U[12] ==1, U[13] =1, U[14] =1, U[15] ==1,

1

-r3R
U[16] =1, U[17] =1- (1-5) 37, U[18] =1- (1-5) g3V —3+p+q35)},

1-
(G, T, U}, {k, 25, 500}]]), DataRange - {25, 600}, PlotRange - {©.1, 0.9},

PlotLegends - {"r=0.04", "r=0.05", "r=0.06"}, PlotStyle » {Medium, Medium, Medium}]]

The Plotb and Plot6 represents the graphs in substitution, deletion and insertion error
model. The recurrence solutions of P(S) and 1 — P(S) were first obtained before the

graphs were plotted using the listLinePlot function in Mathematica.
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Plot6 = With[{p =0.05, ql=0.91, r1=0.04, g2 = 0.9, r2 = .05, q3 = .89, r3 = 0.06,

R=0.45, 5 = 0.15},
ListLinePlot [

1-

(Tr‘anspose [Recur‘r‘enceTable [

{G[k] = (1+R-r1) G[k-1] - (R-r1) G[k-2] +pq1*’ (1-45)YV % G[k - 19] +

(1-R)
1-ri1
G[O] ==1, G[1] =1, G[2] =1, G[3] ==1, G[4] ==1, G[5] ==1, G[6] ==1, G[7] ==1,

G[8] =1, G[9] =1, G[10] =1, G[11] =1, G[12] =1, G[13] =1, G[14] =1, G[15] == 1,
1

-rilR 16)
—_— +p+
1-r1 p+q s

q17 (1-5)%® (-p+6 (p+R) -r1 G[k-18] -56q17 (1-56)®G[k -17],

G[16] =1, G[17] =1- (1-5)1® q1'7, G[18] =1- (1-65) q1V7 (
T[k] = (1 +R-r2) T[k-1] - (R-r2) T[k-2] +pq2' (1-46)V :'—r; Trk-19] +
-r

q2'7 (1-5)% (-p+6 (p+R) -r2 (11_R2)

T[k-18] -5q2Y7 (1-6)*®T[k-17],

T[@] ==1, T[1] ==1, T[2] =1, T[3] =1, T[4] =1, T[5] =1, T[6] =1, T[7] =1,
T[8] =1, T[9] ==1, T[10] =1, T[11] ==1, T[12] ==1, T[13] =1, T[14] ==1, T[15] ==1,

1-r2k 26)
+p+
1-r2 prd ?

T[16] =1, T[17] =1- (1-65) q2'7, T[18] =1- (1-6)% q2V7 (

ULk] = (1 +R-r3) U[k-1] - (R-r3) U[k-2] +pg3'” (1-56)V Ror3 Urk - 19] +

1-r3
(1-R)
3

g3 (1-45)%® (-p+6 (p+R) -r3 T Ulk-18] -593'7 (1-6)%Ulk-17],

ure] =1, U[1] =1, U[2] =1, U[3] =1, U[4] =1, U[5] =1, U[6] =1, U[7] =1,
u[8] =1, U[9] =1, U[10] =1, U[11] ==1, U[12] =1, U[13] ==1, U[14] ==1, U[15] ==1,

1-r3R 36)}
+p+
1-r3 P+q s

(G, T, U}, {k, 25, sae}]]), DataRange - {25, 600}, PlotRange —» {0.1, 0.9},

U[16] =1, U[17] =1- (1-5)1 g3, U[18] =1- (1-5) g3V (

PlotStyle » {Dashing[Medium], Dashing[Medium], Dashing[Medium] }]]
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