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ABSTRACT

This paper studies an inertial reflected method for the approx-
imation of fixed points (assuming existence) of nonexpan-
sive mappings in Hilbert spaces. The proposed method is a
combination of Krasnosel’skii-Mann iteration, inertial extrap-
olation step and reflected step. The aim is to improve and
complement various versions of inertial Krasnosel’skii-Mann
iterations and the recently proposed reflected Krasnosel’skii-
Mann iteration in the literature for approximating fixed points
of nonexpansive mappings in Hilbert spaces. Some applica-
tions to problems of finding zeros of the sum of monotone
operators are given. Finally, numerical simulations including
image restoration problems are performed using standard test
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examples to show the superiority of our proposed method.

1. Introduction and preliminaries

In this paper, let us take H to be a real Hilbert space with the inner product (., .)
and the induced norm || - ||. A mapping T : H — H is nonexpansive if

ITx — Tyl < llx—yll, VxyeH.

Approximation of fixed of nonexpansive mappings has been a topic of interest for
researchers in continuous optimization and fixed point theory. Some of the many
important results on fixed point problems for nonexpansive mappings can be
found in the literature (e.g. [1-5] and references therein). One of the most impor-
tant iteration methods to approximate a fixed point of a nonexpansive mapping

T is the Krasnosel’skii-Mann iteration [6-8], which is of the form: x; € H,
Xpt1 = (1 —op)xy +ayTx, Vn=12,... (1)

where {a,} C (0,1). Several conditions have been imposed on {&,} in order to
obtain weak convergence results to a fixed point of nonexpansive mapping T for
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the sequence {x,} generated by Krasnosel’skii-Mann iteration (1). For some of
these results, please see, for example, [8-19] and the references contained therein.

Recently, the study of Krasnosel’skii-Mann iteration (1) with inertial extrap-
olation step for approximation of fixed of nonexpansive mapping 7T has been of
interest to many researchers. This is because it has been shown in applications
to optimization problems, image restoration, signal processing, to mention but a
few, that the presence of inertial extrapolation step improves the efficiency and
increases the convergence speed of Krasnosel’skii-Mann iteration (1) in terms of
number of required iterations and the CPU time. Some of these related results
are found, for example, in [20-32].

In the recent paper of Dong [33], Krasnosel’skii-Mann iteration (1) with iner-
tial extrapolation step was proposed and studied for finding a fixed point of a
nonexpansive mapping T: xo,x1 € H,

{)’n = Xn + 8 (xy — Xn—1) )

Xpt+1 = Yn + an(Tyn _yn)»

where §, € [0, 1), @, € (0, 1) and the step y, = x, + §4(x, — x,—1) is the iner-
tial extrapolation step. Weak convergence results are obtain in [33] using (2)
under some appropriate conditions on {o,} and {§,} (see [33, Theorem 3.1] for
more details). The results of Dong [33] improved on the earlier results of iner-
tial Krasnosel’skii-Mann iteration obtained in Bot et al. [34] and Maingé [30] by
providing new conditions on {§,} to obtain weak convergence and depend only
on the iteration coefficients.

Dong et al. [35] studied the following general inertial Krasnosel’skii-Mann
iteration for nonexpansive mapping T in Hilbert spaces:

Zp = Xp + On(Xp — Xn—1)
VYn = Xn + Bn(xn — xn—1) (3)
Xnt1 = (1 — o) yn + ay1zy,

where {8,} and {3,} are chosen in [0, 1) satisfying other conditions and {a,,} C
(0,1). Using (3), Dong et al. [35] obtained weak convergence results for fixed
point problem involving nonexpansive mapping T and gave some numerical
applications. It can be seen that general inertial Krasnosel’skii-Mann iteration (3)
extends inertial Krasnosel’skii-Mann iteration (2) (observe that (3) reduces to (2)
when 8, = §,).

In [36], Dong et al. proposed the following inertial Krasnosel’skii-Mann iter-
ation for approximating fixed point of a nonexpansive mapping T: X, ¥o, 20 €
H, o > 0,

Xpt1 = (1 — )Ln))’n + AnTz,

Zpt1l = X1 + 6 (Xpg1 — Xp) 4)
1)
n

Yntl = Xn + 1 (Xn — Xn—1)>

n
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where 8 € (1,00) and 0 € [0, %). They obtained weak convergence results
for approximating fixed point of nonexpansive mapping T in Hilbert space. It can
be seen that inertial Krasnosel’skii-Mann iteration (4) is a special case of general
inertial Krasnosel’skii-Mann iteration (3).

Furthermore, it is observed that the choice §,, =1 is not considered in
general inertial Krasnosel’skii-Mann iteration (3) and also we have from (4)
that the choice 6 =1 is not considered, since 6 € (1,00). It has recently been
shown by lyiola et al. [37] that the choice §, = 1 in (2) improves the numeri-
cal computations in terms of number of iterations and CPU times for inertial
Krasnosel’skii-Mann iteration (2). Therefore, this natural question arises.

Question: Can we obtain weak convergence results for general inertial
Krasnosel’skii-Mann iteration (3) with 8, = 1 and inertial Krasnosel’skii-Mann
iteration (4) with § = 1?

Our contribution in this paper is to answer the above question in the affirma-
tive. Thus, we obtain weak convergence results for general inertial Krasnosel’skii-
Mann iteration (3) with §,, = 1 and inertia Krasnosel’skii-Mann iteration (4) with
6 = 1. In summary,

e We give weak convergence analysis of general inertial Krasnosel’skii-Mann
iteration (3) with 8,, = 1 and inertial Krasnosel’skii-Mann iteration (4) when
8 = 1, otherwise referred to as inertial reflected Krasnosel’skii-Mann itera-
tion. Our results improves on the results of Dong et al. [35-37];

e We apply our inertial reflected Krasnosel’skii-Mann iteration to monotone
inclusions;

e Numerical implementations are given to justify the efficiency of our pro-
posed method over some inertial Krasnosel’skii-Mann iterations in [33,34]
and image restoration.

Let us organize our paper as follows: We first introduce our proposed method
from the point of view of dynamical system in Section 2. Then our main results
are given in Section 3, where we give the weak convergence analysis of our pro-
posed method. Applications of our results to finding the sum of three operators
in which two are maximal monotone and the third is cocoercive operator are
given in Section 4. We give numerical implementations and comparisons of our
method with other related methods in the literature in Section 5. We conclude
the paper in Section 6 by giving some final remarks and our future projects.

We give below some results which would be needed in the convergence
analysis of our proposed method.

Lemma 1.1: The following identities hold in H:

(@) Nu+vI? = llull® + 2(uwv) + [IVII% Y u,v € H;
() 2w—vyu—wy=lu—v|*+ lu—w||?> = ||v—w|? Yu,v,w € H;
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(i) eu+ (1 — vl =«lul®* + A —|vI* — k(1 —)lu—v|? VYuve
H,Vk € R.

Lemma 1.2 (Alvarez and Attouch [20]): Let {n,}, {y,} and {1} be sequences in
[0, +00) such that

+00

Ml < M+ AW — Mp—1) + Vs VY >1, Z Vn < 100,

n=1

and there exists a real number A, where 0 < A, < X < 1 for all n € N. Then we
have the following:

i) Y Xnn — nu—1l4 < +oo, where [t]4 := max{0, t};
(ii) there exists n* € [0, +00) such that lim,_, o 1, = n*.

Lemma 1.3 (Opial [18]): Let C be a subset of H, with C # () and let {y,} be a
sequence in H that satisfies the following conditions:

(i) limy— oo l[yn — yll exists forany y € C;
(ii) every sequential weak limit point of {y,} belongs to C.
Then {y,} converges weakly to a point in C.

Definition 1.4: A mapping T: H — H is said to be demiclosed if for any
sequence {y,} C H converges weakly to y € H and {Ty,} converges strongly to
z€ H,thenT(y) = z.

Lemma 1.5 (Browder [38]): Let C C H be nonempty, closed and convex and T :
C — C be a nonexpansive mapping. Then I—T is demiclosed at 0.

2. Perspectives from dynamical systems

Let us first introduce our method in this paper from the point of view of
dynamical system.

Let T be a nonexpansive mapping and let us consider the following inexplicit
first-order dynamical system:

x(t) + a®)x(t) = a()T(x(t) + x(1)), (5)

where « : [0,00) — [0,00) is a Lebesgue measurable function. Now, set x(t) &
=1 on the left-hand side and x(t) ~ =1 on the right-hand side of (5),
we have

W o = aT (xn N ’%) - ©)
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Let us take h = 1 in (6), then we obtain
X1 = (1 — ap)xn + oy T(2xy — Xp—1). (7)

The Equation (7) is the reflected Krasnosel’skii-Mann iteration studied in [37].
Now, let us consider the following inexplicit second-order dynamical system

x(t) + () +a® —y0))x(t) + a®)x(t) = a(O)T(x(®) + x(1),  (8)

where o,y : [0,00) — [0,00) are Lebesgue measurable functions. Observe
that (8) is the same as

X(t) +y 0)x(t) = a(®OTE@) + x(1) —a® A — y(O))x(H) —a®)x(@). (9)
Discretizing, we get from (9) that

Xnt+1 — 2Xn + Xp—1 Yn(Xn — Xn—1)
W P

Xn — Xn—1Y) an(l — yn)(xn — Xp—1) — UpXy. (10)
h hn

=, T (xn +

If we take h,, = 1 in (10), we obtain from (10) that
Xptl — 2Xn + Xp—1 + )/n(xn —Xn—1) =y T(2xy — xp_1)

—an(1 = yn)(Xn — Xp—1) — UpXp. (11)

Thus,
X1 — Xn — (L= yp) Xy — xp—1) = oy T (2% — Xp—1)
—an(1 = yn)(Xn — Xp—1) — UpXp. (12)
If we take 6, = 1 — y,,. Then (12) becomes
Xnp1 = Xn + On(Xy — xn—1) + 0y T(2xy — Xp—1)

— o (Xp + 0n(xn — x4n-1))

=1 —an)xp + 0p(xn — xp—1)) + @ T(2xy — xp—1). (13)

This is an inertial reflected Krasnosel’skii-Mann iteration we intend to study in
the next section of this paper.

3. Main results

In this section, we introduce our proposed inertial reflected Krasnosel’skii-Mann
iteration and obtain weak convergence analysis of our method for finding fixed
point of a nonexpansive mapping T under some appropriate conditions on the
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iterative parameters. For the rest of this paper, F(T) := {x € H : Tx = x}, the set
of fixed points of T. We give our main convergence result below.

Theorem 3.1: Assume that T : H — H is a nonexpansive mapping with F(T) #
@. Suppose {x,} is a sequence in H which is generated by: x, x; € H,

Zn = 2Xn — Xn—1
Yn = Xn + 0(xn — Xn—1) (14)
Xpp1 = (1 — O‘n)yn + ayTzy,

where {a,} and 0 satisfy the following conditions:

1

(D) 0<a=<oay=<awm = o

(i) 0 <@ < €2

€

€ € (2,00);

Then {x,} converges weakly to a fixed point of T.

Proof: Pick z € F(T), then
1xn41 — 21> = [1(1 = &) (yn — 2) + on(Tzy — 2)||?
= (1= an)llyn — 2II* + oull Tzn — 2|
— an(1 — ) lyn — Tznl?

< (1 —alyn —zl* + anllzn — 2|?

— an(1 = ap)llyn — Tzull*. (15)
From x,41 = (1 — apn)yn + anTz,, implies x,41 — ¥ = an(T2y — yn). So,
1
Iy — Tznll = — %1 — yall- (16)
Uy
Thus,
(1 —ay)
lxns1 — 2l1* < (1 — a@)llyn — 2lI* + anllzn — 21> — —llyn — X1 %
n
(17)
By Lemma 1.1(iii), we get
lzn — 2)1* = [12%0 — x4—1 — 2|1?
= [12(xn — 2) — (xn—1 — 2)|I?
= 2[|xy — z[1* = X1 — 201* + 2/l — x0—1 11> (18)

Similarly, using Lemma 1.1(iii), one has
lyn — 21> = 1(1 + 0) (xn — 2) — 0 (%1 — DI

= (1+0)|x0 — 2l* = Ollxu—1 — 2lI* + (1 + 0) |10 — X011
(19)
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Also,

%1 — yall® = %01 — G + 0Ctn — xa— )12
= || Gen1 — Xn) — 6 (xn — X1 |12
= lxns1 — xall> + 02115 — Xn—1 11> — 20 (Xpp1 — Xn» X — Xp—1)
> ||%ns1 — xall> + 0% lxn — Xp—1 )
- 29”"114—1 — Xnllll%n — xn—1l

> (1= 0)[lxn41 — Xnll> + (0% — 0) |1y — xn—1]% (20)
Putting (18)-(20) into (17), we get

%41 — 21> < (1= o) (L +0)lxn — 2lI1> — 01 — &) [ X1 — 2[1?
+ (1= a0+ 0)lxn — xu—1l* + 20 lxn — 2II>
— otyllxn—1 — 2|1 + 2004l 5 — xp—1|I?
(1 —ay)

— ——(1 = 0) | xnt1 — xnll?
Uy

_ (1 - O‘n)
(o471

= ((1 — o) (1 + ) + 2a) [l — 2|12
— (O — ay) + ap) 1x4—1 — 2|2

+ [(1 —an)f(1+6) + 2a, — %(92 — 9)} llxn — xn—11I?

n
(1 —ay)
— — (1= O)lxng1 — xall?
ay

= (1 +an+0(1 —ay)lx, — z|I*
— (oty + 01 — @) [lxn—1 — 2|I?

0% = 0)l1xn — %1

— Pullxns1 — xnll* + oullxn — x0111%, (21)
where
(1 —ay)
pn = ———=(1—0),
On
and
1 —
opn =1 —a)0(1 +0)+2a, — %(92 —0).
n
Define

Ty = llxn — zl1* = (@n + 01 — an) 1Xn—1 — 2lI* + ullxn — xu—1l*.
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Then,

Tpgt = T = llxng1 — 2l = (@1 + 01 — ang1)) 1% — 2l
+ Ot IXng1 — xull* = lxn — 2|
+ (atn + 01 — o)) |xn—1 — 2|
— onllXn — xn—1 ||2

(14 oy + 01 = an)llxn — z]1> — (@n + 01 — ) %01 — 2]1?

IA

— Pallxns1 — Xall* + Oullxn — xu—11?
— (@tn1 + 01 — o)) llxn — 2|

+ Ot IXng1 — xull> = lxn — 2|

+ (an + 01 — o)) lxn—1 — 2II?

— oullXn — Xn—1ll®

2 2
< —PnllXnr1 — xull” 4+ onp1 X1 — xall

= —(pn — Ot 1) IXnt1 — %l (22)
Now,
1- Ofn)
Pn — Opp1 = a—(l —0) — (1 —ay1)0(1+0)
n
l—«
— 2041 + ﬂ(@Z —0)
Upt1

>e(1—0)+ e —0) — (1 — apy)0(1 +60) — 241
>e(1—0)+€0* —0) —2(1 — app1) — 2041
=e(1—6)+€®*—6)—2

=€0? —2€0 + € — 2. (23)

Since 9 < 6_;/276, we have that €0% —2ef + € —2 > 0. Combining (22)
and (23), we get

Tui1 — Tn < —8llxn41 — %l (24)

where 8§ := €62 — 2€6 4+ € — 2. Hence, T',y1 < T',.. So, {T',} is non-increasing.
Consequently,

Ty = llxn — zl1* = (an + 01 — an) | Xn—1 — 2lI* + onllxn — X011

> Nlxn — 2l1* — (otn + (1 — )l x0—1 — 2.
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So,

ln — 2)1* < (otn + 01 — ap) -1 — z|I* + T

1+¢€
= pllxn—1 — zlI* + Ty

1
= (— +6(1 — a)) lxp—1 — Z”2 + I
< pllxn—1 — zl* + T

<puMxo—zlP+A+pu+-+p"HI

Iy
< w'llxo — 2> + , (25)
l—pn
where = ﬁ 4+60(1 —a) e (0,1) since 6 <
e—+/2¢

blueFurthermore,
observe that § < m because < < (1+6)€(1_a) fora € (0,1) and

€ € (2,00). Therefore, {||x, — z||} is bounded and so is {x;}. Furthermore,

€
1+e)(1—a)*

<

—llxn1 — 2I1* < %0 — 2lI* — pllxn—1 — zI)? <, <T.
Now,
Tt = Ixns1 — 21> = (@ng1 + 00 — ap1)llxn — 2l
+ Ont1llXns1 — xull®
> —(tns1 + 01 — apy1) lxn — 2l (26)
Using (25) and (26) give
—Tytt < (@1 + 01 — otugr) lxn — 2|

2
< pllxn — 2|l

r
= Wl — 2l + @7
By (24), one gets
Sllxny1 = xull> < Ty = Thpa
and thus (using (27)),
n
5 Z loeks1 — xkll> < Tp — Dy
k=1
r
<T, + Mn+1||x0 _ Z||2 4 IM_I
I
= "o — 2I1* + 28)

1—
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Thus,
0
I'y
D ngt — Xl < ——— < o0. (29)
< (1= 1)
Therefore,
lim ||lxp41 — xall = 0.
n— oo

From (21) we get

%41 — 21> < (1 + aty + 01 — o) [l — 21|
— (an + 01 — an) %01 — 2l
— pallxXnt1 — xall* + oullxn — X112
< % — 2l + (an + 01 — &) (1% — 211> = %=1 — 2[1%)
+ oullxn — xu—1|?

< %0 — 2zl* + (etn + 01 — @) (%0 — 2)1* = llxn—1 — 2[1*)

2
+ |:(1 —01)9(1+9)+m

(1—a)
+ " (G 92)] s — X117, (30)
where
2 (1—a) )
opn < (1 —a)f(1+6)+ + @—-06°), Vn>1.
1+e€ o
Observe that

1
o, +0(l—ay) <—+60(1—a) < 1.
14€
Using Lemma 1.2 and (29) in (30), we get
lim ||x, — z|| exists.
n— o0
From lim,,, o [[ X441 — Xx || = 0, we obtain

X1 = Znll < llxn1 — xnll 4 lln — 2|l

= |lxp1 — xull + Ixp — x4—1ll — 0, n — o0.
Also,

1Xn+1 = yull < %041 = Xull + X0 — yall

= ||Xpr1 — Xull + Ollxn — xu—1ll = 0,n — o0.
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Now,

1Xnr1 — yull = anllyn — Tzull = allyn — Tzull,

which means that

lim |y, — Tz,|| = 0. (31)
n—oo
Furthermore,
”}’n — zyll = llxn + 0 (X — x4—1) — 2%, + xp—1|
= ||xp—1 — x4 + 0 (xy — x0—1)||
< |lxp—1 — xull + Ollxp — x4—1ll = 0,n — o0, (32)
and by (31) and (32),
lzn — Tzull < llyn — Tzull + llyn — znll = 0, n — o0. (33)

From z, = 2x, — x,_1, we have that x,, — z, — 0,n — 00. As {x,} is bounded,
there exists a subsequence {xn;} of {x,} such that {xn;} converges weakly to
some point p € H. Since x, — z, — 0,n — 00, we have that {znj} converges
weakly to p € H. By Lemma 1.5, we have p € F(T). Since the two assumptions
of Lemma 1.3 are verified, it follows that {x,} converges weakly to a point in
E(T). [ |

Remark 3.2: (a) Observe that if & = 0 in condition (ii) of Theorem 3.1, then
our proposed method (14) reduces to [37, (11)].
(b) In [39], a reflected inertial Krasnoselskii-type algorithm of the form

Xnt1 = Mxp—1 + (1 = 2X0)x, + AT (2xy — Xp—1) (34)

with A € (0,@) was studied. Our proposed inertial reflected
Krasnosel’skii-Mann iteration in (14) can be re-written as

Xpt1 = (1 — O‘n)yn + oy Tz,
=1 —an)xy +0(xy — xp-1) + 0y, T2xy — x4-1)
=—0(1—apxp—1+ 1 —a)d+)x, +an,T(2xy — x4-1). (35)

Even though both (34) and (35) are reflected inertial Krasnoselskii-type
methods, the choices of iterative parameters (control sequences) in (34)
and (35) are different. For example, one observes that the coefficient of x,,_;
in (34)is A € (0, @) while the coeflicient of x,,_1 in (35) is —0(1 — «;,) €
(—1,0].

Remark 3.3: Observe in our proposed inertial reflected Krasnosel’skii-Mann

6—\/?:1

iteration (14) that as € increases, so is 6 approaching 1 since lime, oo =
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Furthermore, as € increases, o, reduces in our inertial reflected Krasnosel’skii-
Mann iteration (14). Conversely, as € approaches 2, 6 approaches zero and o,
approaches %

Remark 3.4: As noted by one of the referees, the proposed inertial reflected
Krasnosel’skii-Mann iteration (14) can also be expressed in terms of x,, and z,
alone. This is done by adding and subtracting terms to obtain an error that is
bounded by the common bound (1 — 6)||x,, — x,—1||. Consequently, the dissym-
metry between y, and z, in (14) disappears, and this suggests, on the one hand,
that the roles of y,, and z,, can be interchanged, and that the result can be obtained
by analyzing a perturbed algorithm in only one scale.

Remark 3.5: In Theorem 3.1, the relaxation parameter o, must be below %,
which is very restrictive. In earlier papers by Shehu [40], and Iyiola and Shehu
[41], whose analysis is based on Bot et al. [34], the relationship between the
extrapolation and relaxation parameters is more complex but also more flexible.
However, the methods in [40,41] do not have reflected step and the nonex-
pansive operator is not evaluated at the reflected step as we constructed in
our (14). Furthermore, the method in [42] by Maulen et al. only involves
inertial Krasnosel’skii-Mann iteration (without reflected step) for a family of
quasi-nonexpansive mappings.

Suppose S : H — H is f-averaged mapping (A mapping S : H — H is said to
be a B-averaged mapping ifand only if S = (1 — 8)I + BT; where § € (0,1) and
T : H — H is a nonexpansive mapping), we have the following corollary from
Theorem 3.1.

Corollary 3.6: Suppose S: H — H is a -averaged mapping and F(S) # (. Let
{xn} be generated by: xo,x, € H,

Zy = 2Xp — Xn—1
In = Xn + 60 (xn — xXn—1) (36)
Xpp1 = (1 — O‘nﬁ)}’n —ay(1 — B)zy + aySzy,

where {a,} and 0 satisfy the following conditions:

1) O<a<ay, <ap+ < ﬁ,e € (2,00);

(i) 0<@ < <=2

€

Then {x,} converges weakly to a fixed point of S.
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Proof: Since Sis §-averaged, then S = (1 — B)I 4+ BT, where T is nonexpansive.
Hence, (36) is equivalent to

Zy = 2Xp — Xp—1
Yn = Xn + 0(xXn — Xn—1)
Xpp1 = (1 — anﬂ)yn + anBTzy,

with F(S) = F(T). Consequently, the proof follows from Theorem 3.1. |

4. Applications

In this section, we apply the results in Section 3 to solve monotone inclusion
problems. We first recall some definitions below.

A mapping A: H — H is said to be n-inverse strongly monotone(n-
cocoercive), if there exists a constant > 0 such that

(AX) — AW, x—y) = nllAx) —AWI? VYxyeH. (37)
An operator A : D(A) C H — 2H is said to be monotone, if
(u—v,x—y)>0 Vx,ye D), uecAxveA,

where D(A) means the domain of A. The operator A is maximal monotone, if A
is monotone and its graph

G(A) = {(x,y) : x € D(A),y € Ax}

is not properly contained in the graph of any other monotone operator. As an
example, the subdifferential of g, dg [dg(x) := {s | g(y) > g(x) + (s,y — x) Vy}]
is a maximal monotone operator (see, e.g. [1]), where g: H — R is a proper,
convex and lower semicontinuous function.

Suppose A and B are maximal monotone operators on H and C is n-inverse
strongly monotone (i.e. n-cocoercive ). Let us consider the following inclusion
problem:

Find x € H such that 0 € Ax + Bx + Cx. (38)

Let denote by zer(A + B + C), the set of solutions to the inclusion problem (38).
In the recent results given by Davis and Yin [43], the inclusion problem (38) is
equivalently written as

Find x € H such that Sx = x with S:=J,4a 0 2Jyp —I —yCoJ,p) +1—]Jy3,

(39)
where y > 0 and J,4(x) == (x + YA(x))~!, x € H. Furthermore, we have the
following result regarding operator S in (39).

Proposition 4.1: [43, Proposition 2.1] Let A and B be maximal monotone oper-
ators and C an n-cocoercive mapping. Let y € (0,2n). Then operator S defined
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in (39) is a B-averaged mapping with f := 47)2—3/ <1 and zer(A+ B+ C) =
JyB(F(S)). Furthermore, if y € (0,2ne¢), where € € (0, 1), then for allw,z € H,

1 —
n&—ﬁmﬁsnz—mﬁ——gfm1—$z—a—$ww

—v (21= L) ICoLs@ = CofyamI®.  (0)
Using the definition of S as defined as in (39) in (36) gives xp, x1 € H,

Zn = 2Xp — Xp—1

Yn = Xn + 0y — xp—1)

un = JyB(zn) (41)
Vi = JyaQuy — 2y — vy Cuy)

Xnt1 = Yn — AnPYn — Zn) + an(Vn — tin)

as a three-operator splitting method to solve the inclusion problem (38). Apply-
ing Corollary 3.6 with three-operator splitting method (41), we have the follow-
ing weak convergence result for inclusion problem (38).

Theorem 4.2: Assume zer(A+ B+ C) # . Let y € (0,2nt), where t € (0,1)
and

. 49—
(i) 0<a <oy <1 < 5Hg.€ € (2,00
(i) 0<@ < €=2¢

€

Choose xo = x1 € H, and let {x,} be the sequence generated by (41). Then {x,}
weakly converges to a fixed point z* of S and ], g(z*) solves inclusion problem (38).

Proof: We obtain the desired conclusion by applying Corollary 3.6 and
[43, Lemma 2.2]. |

As a special case of inclusion problem (38), we give the following forward-
backward splitting method with inertial reflection step, adapted from the three-
operator splitting method (41).

Proposition4.3: Let A : H — 2! be a maximal monotone operator and B : H —
H be an n-inverse strongly monotone operator, for some n > 0, such that zer(A +
B) # (. Let y € (0,2n]. Let the sequence {x,} in H be generated by: xy,x, € H,

Zy = 2Xn — Xp—1
Yn = Xn + 0(xn — Xn—1) (42)
Xnt1 = (1 —an)yn + an]yA(Zn —yB(z4), Vn> 1.

where {a,} and 0 satisfy the following conditions:
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1) O<a<ay,<ap+ < € € (2,00);

(i) 0<6 < =2€

€

1+e’

Then {x,} converges weakly to a point in zer(A + B).

Proof: Define T := J,o(I — y B) (see, for example [44, Theorem 7]). It can easily
be shown that T is 42—j-averaged mapping (hence nonexpansive) and zer(A +
B) = F(T). Then the conclusion follows from Theorem 3.1. [ |

Remark 4.4: We can still obtain the conclusion of Proposition 4.3 if the iterative
procedure (42) in Proposition 4.3 is replaced with the following method adapted
from Corollary 3.6:

Zy = 2Xn — Xp—1
Yn = Xn + 0(xn — Xn—1) (43)
Xnt1 = (1 —auB)yn —an(l — Bz, + Oln]yA(Zn — ¥ B(zn)),

where {«,} and 6 satisty the following conditions:

(i) 0<a§an§an+1<ﬂ(l+€),ee(2 00), B : ——y;
(i) 0<6 < <2

€

Furthermore, we adapt the three-operator splitting method (41) to a Douglas-
Rachford splitting method with inertial reflection step and obtain the following
result.

Proposition 4.5: Suppose A, B : H — 2H are maximal monotone operators such
that zer(A + B) # (). Let y > 0. Let the sequence {x,} in H be generated by:
X0,X1 € H,

Zp = 2Xp — Xp—1

Yn = Xn + 0(xXn — Xn—1)

un = Jya(zn) (44)
Vn = ]yB(zun — Zn)

o
Xn+1 = Yn — Tn()’n —zZp) Foy(vy —up), Vo> 1,

where

2
0<a<an§an+1<r, € € (2,00).

Then {x,} converges weakly to some point y € H such that ], gy € zer(A + B).

Proof: The desired conclusion follows from Theorem 3.1, [1, Theorem 25.6] and
(45, Corollary 5.2] with T := R,p o R, 4 where R, 4 := 2], 4 — L. [ |
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Table 1. Algorithm (42) with varying 6, o, and € for Example 5.2.

Cameraman MRI
an 0 CPU SNR CPU SNR
ol 0 1.4844 223929 0.2062 5.8597
(e = 15,000) 0.2 1.2690 23.2181 0.1605 7.3152
05 1.2777 243278 0.1503 8.3337
0.7 1.1329 24.6979 0.1466 8.7887
0.9 1.1194 25.3058 0.1623 8.8549
roos 0 1.2599 19.6138 0.2080 16.2555
(e =30) 0.2 1.2216 21.1432 0.1606 17.0320
05 1.2287 243613 0.1547 18.0313
0.7 1.2590 26.2761 0.1495 17.1801
12 0 1.2923 18.3352 02027 7.9082
(e =10) 0.2 12772 20,9131 0.2069 9.8334
05 1.2594 254354 0.1425 153593

Table 2. Comparison of algorithms with € = 15,000 for Example 5.2.

Cameraman MRI

Algorithms CPU SNR CPU SNR

Alg. (42) 0.5249 24.9573 0.0765 8.7143
Alg. (43) 0.6536 23.8031 0.0910 8.6758
Botet al.Alg. 1.6628 19.2891 0.1606 6.8789
Dong et al. Alg. 24122 10.6085 0.2043 6.1436
Dong Alg. 1.7536 19.2491 0.1693 6.6487
Maingé Alg. 1.4433 19.3465 0.1176 7.4563
Vong & Liu Alg. 1.2228 19.6949 0.1075 7.7724

5. Numerical experiments

In this section, our focus is on the numerical implementation of our proposed
algorithm related to some of the applications we give in Section 4. This involves
comparison with some other algorithms in the literature. For the numerical com-
parisons, we compare our methods with [30,33,34,46,47] using the examples
below. Also, we consider different values of € € (2, 00). The codes are written in
MATLAB 2016 (b) running on a personal computer with an Intel(R) Core(TM)
i5-2600 CPU at 2.30 GHz and 8.00 Gb-RAM. In Tables 1-6, ‘Iter’, ‘CPU’ and
‘Alg.” means the number of iterations, CPU time in seconds and Algorithm,
respectively.

Remark 5.1: (a) For the numerical comparisons, we employ different choices
of the parameters as chosen in [30,33,34,46,47]:
Bot et al. [34, Algorithm (5)]: 6, = 0.11 and «, = 0.8.
Dong et al. [46, Algorithm 3.1]: 6, = 0.5, u = 0.4, A = 0.5, y,, = 0.9 and
Pr = G-
Dong [33, Algorithm 1 in Section 4]: 6,, = 0.21 and ¢, = 0.7.
Maingé [30, Algorithm (1.2)]: 6,, = min{0.9,

9n
10n+41°

} and

1
nO0 (1) ||xtp—xp1 11

oy =
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N = 400 N = 2500
o % CPU Iter CPU Iter
ol 0 0.0392 318 0.1953 595
(e = 15,000) 0.2 0.0369 309 0.0971 582
0.5 0.0336 298 0.0761 567
0.7 0.0387 282 0.0605 537
, 0.9 0.0344 272 0.0378 507
x n;?j 0 0.0541 186 0.0735 326
(e = 30) 0.2 0.0353 180 0.0524 319
0.5 0.0278 171 0.0385 306
0.7 0.0206 166 0.0246 294
12 0 0.0469 99 0.0409 134
(e = 10) 0.2 0.0163 95 0.0214 122
0.5 0.0119 92 0.0274 112
Table 4. Comparison of algorithms with € = 15,000 for Example 5.4.
N = 900 N = 1600
Algorithms CPU Iter CPU Iter
Alg. (42) 46415 119 14.8506 130
Alg. (43) 5.6431 143 17.5942 156
Botet al.Alg. 7.8305 200 24.7048 218
Dong et al. Alg. 8.2625 210 25.7887 229
Dong Alg. 6.3265 162 19.0594 170
Maingé Alg. 7.5866 195 24.0534 214
Vong & Liu Alg. 7.0853 181 21.5196 192
Table 5. Algorithm (42) with varying 6, «, and € for Example 5.5.
Case 1 Case 2
on 0 CPU Iter CPU Iter
et 0 4.8898 138 108.2405 182
(e = 15,000) 0.2 3.7750 114 70.2063 150
0.5 3.7554 113 65.6388 149
0.7 3.6941 m 63.8221 148
i 0.9 3.6632 110 63.5460 141
x n;{’j 0 6.6878 149 161.3398 197
(e = 30) 0.2 5.2961 135 108.3675 181
0.5 46268 132 946117 178
0.7 5.0849 130 86.9076 177
122 0 14.1344 237 291.7402 323
(e = 10) 0.2 11.4538 224 265.0681 317
0.5 11.5260 220 243.9152 312

Vong and Liu [47, (rmiMann)]: 6, = 0.5, © = 0.4, L = 0.5, y, = 0.9,

Bn = m and &, = (n_,_l)zw-

(b) We carry out several sensitivity analyzes on 60, o, and € only for

Algorithm (42) since we have similar results for Algorithms (43) and (44).

The results of the sensitivity analyzes (see Tables 1,3,5) show that, as we make
different choices of {«,,}, our methods perform better as 6 gets closer to 1.
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Table 6. Comparison of algorithms with € = 15,000 for Example 5.5.

Case 1 Case2
Algorithms CPU Iter CPU Iter
Alg. (42) 4.2043 108 65.2372 146
Alg. (43) 5.1417 113 67.6933 149
Botet al. Alg. 10.0795 168 156.4393 216
Dong et al. Alg. 7.9246 189 185.6493 275
Dong Alg. 7.2000 149 99.8749 153
Maingé Alg. 10.8218 155 116.1563 154
Vong & Liu Alg. 8.8705 152 110.1250 154

(c) The results of the comparisons (see Tables 2,4,6 and Figures 1-2) show that
our methods perform better than other state-of-the-art methods for solving
inclusion problems.

Example 5.2 (Image Restoration Problem): Let us consider the following prob-
lem:

min {|Dx — bl + v lIxll1}, (45)
xeRN

where y > 0, x € RN is the original image to be recovered, b € RM is the
observed image and D : RN — RM is the blurring operator. In order to solve
the above problem using numerical computations, we choose the regulariza-
tion parameter y = 5e~2. Furthermore, we consider the 256 x 256 Cameraman
Image and the 128 x 128 Medical Resonance Imaging (MRI) from the MATLAB
Image Processing Toolbox. Moreover, we use the Gaussian blur of size 9 x 9 and
standard deviation o = 4 to create the blurred and noisy image (observed image).
Also, we measure the quality of the restored image using the signal-to-noise ratio
defined by

SNR = 20 x log,, (&> ,
[l — x*ll2
where x is the original image and x™ is the restored image. Note that the larger the
SNR, the better the quality of the restored image. We also choose the initial values
asxg = 0 € RNVN x; =1 € RVM with M = N = 50 for cameraman test and
M = N = 20 for MRI test. The numerical results are reported in Figures 1, 3,
Tables 1 and 2 below.

Remark 5.3: In Example 5.2, our model does not really deblur the images, but
induces a sparse(r) representation in the canonical basis, in line with compressed
sensing (it is a regularized LASSO). Deblurring is better achieved by using the
total variation instead of the 1-norm.

Example 5.4: As shown in Proposition 4.5, the inertial reflected Krasnosel’skii-
Mann iteration (14) can be applied to the Douglas-Rachford splitting method in
other to solve the monotone inclusion problem 0 € A(x) + B(x) in Hilbert space
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Number of iterations

Figure 1. Comparison of algorithms with ¢ = 15,000 for Example 5.2: Top: Cameraman; Bottom:
MRI.

H, where A and B are maximal monotone operators on H (see [1,15,48]). We
implement the reflected Douglas-Rachford splitting method and replace y with
¥n- Now, concerning y,,, we adopt the strategies in [33,49] to update y,. Also, we
assume that A is continuous, then at nth iterate, for a known y,,, calculate first

YullA(xn) — A(xa—1) |l

n =
llxn — xp—1ll
Then we update y, by
1.5y, if p, < 0.5,
Yl = 3 ¥ if 0.5 < p, < 2, (46)

0.5y, if p, > 2.
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Figure 2. Comparison of algorithms with € = 15,000 for Example 5.5: Left: Case 1; Right: Case 2.
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Figure 3. Comparison of algorithms with € = 15,000 for Example 5.4: Left: N = 900; Right:
N = 1600.

Let

Q={x:x>0,i=1,...,N}, and
D I 0] I
-1 D —I -1 O 1
A . 4 hc .
1= ) , 2= ) 5
—I D -1 -1 O 1
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be two N x N block tridiagonal matrices, where N = m h = m#ﬂ, ¢ =100,11is
an m x m identity matrix and D is an m X m matrix taking the form 4I + M +
MT,whereMi,j =1lifj=i+1,i=1,...,m— 1;0therwiseMi,j =0.

Now, let A = A; + A,. Then we consider the following complementarity

problem which is also given in [33, Section 5]:
0 € Ax — b+ 08q(x),

where 98 (x) is the sub-differential of the indicator function

0, if x € Q,

6 =
Q) 400, if x ¢ Q.

Setting b = Ae;, where e; is the first column of the identity matrix with order
N x 1 corresponding to the matrix A, as seen in [33, Section 5], x* = e; is the
unique solution of the complementarity problem. Thus, we set

b:=Ae;, A(x):=Ax—b, B(x):=3dq(x).

Using this test example, we implement our method (44) in RY by choosing
x1 = ones(N, 1) and xo = zeros(N, 1) with N € {400, 900, 1600, 2500} and use
vn = PQQuy — z,) = max{0,2u, — z,} and u, = (I + y»A)\(zn + yub). For
the numerical implementation of this example, we use the stopping criterion
llenll2 := llxn, — x*|| < 1073, Our numerical results for this example are reported
in Figure 3, Tables 3 and 4 below.

Example 5.5: Suppose @ C RN,N > 1 is a domain and H := L*(Q) := {f :
Q— R: [, [f(x)]*dx < 400} is endowed with the scalar product (f,g) :=
fo(x)g(x) dx,f, g € L*(R2) and induced norm ||f|| := (fQ [f(x)|2)%.Let us con-
sider the following optimization problem (see [50]):

min {& / ((Kv)(x) — b(x))? dx + ! / F(x,v(x)) dx} , (47)
veH | 2 Q 2 Q
where A > 0,b € L*(R),
K:H — H, (Kv)(x) := / Kk (x, y)v(y) dy,
Q

withk € L2(Q x Q),andF : Q x H — R ameasurable function. The parameter
A controls the trade-off between a good fit of v and a smoothness requirement due
to the regularization term, while the integral operator K models the deblurring of
the original image v. The linear operator K is bounded with ||K|| < [lc[l;2Qxq)
and its adjoint operator K* : H — H is given by (K*v)(x) := fQ Kk (y,x)v(y) dy
for any x € Q.
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In this numerical simulation, let us take Q := (0, 1), F(x, v(x)) := v*,x € Q
and

1, y<x

b6 y) = {0 y > x.

For this choice, K is given by

w0 = [ v,
It can be seen that (see [50])

1
IKN < e llziexe) =

and the adjoint of K is given by

1
(K*v)(x) :=/ v(y) dy.

In this case, Problem (47) reduces to
A 5 1 5
miny— | ((Kv)(x) — b(x))* dx + = (v(x))“dx¢ . (48)
el 12 Jo 2 Jow

Now, define f(v):= %f(o’l)(v(x))2 dx,veH and g(v):= %fQ((Kv)(x)
— b(x))? dx,v € H. Then

B(v) := Vg(v) = AK*(Kv — b), ve€H,

Jya(v) := Prox,s(v) = ﬁ

and Vg is %—Lipschitz continuous.

For this example, we consider the following cases for the numerical implemen-
tation:

Casel:x; =1+ t*andxy =5+ L.

Case?2: x; = 4t +t* and xg = 2 + €.

Furthermore, at the nth iterative step, we define the function TOL, by
TOL, := [Ixn — Jya(xy — ¥y B(x4))||, and use the stopping criterion TOL, < 7
for the iterative processes, where t is the predetermined error. Here we take
T = 10~*. We give numerical results of this example in Figure 2, Tables 5 and 6
below.
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6. Final remarks

We obtain weak convergence analysis for finding a fixed point of a nonexpansive
mapping using our proposed inertial reflected Krasnosel’skii-Mann iteration. We
gave some applications to monotone inclusion problems involving three-operator
splitting method, forward-backward splitting method and Douglas-Rachford
splitting method. Numerical implementations show numerical advantage gained
by our proposed inertial reflected Krasnosel’skii-Mann iteration over other iner-
tial Krasnosel’skii-Mann iterations proposed in the literature. Future projects
include applications of our results to solving linearly constrained separable con-
vex optimization problems and primal-dual algorithm versions of our method
to solve structured convex optimization problems. We will also consider, in the
future, the weak convergence analysis of the discrete version of our method
proposed in Section 2.

Disclosure statement

No potential conflict of interest was reported by the author(s).

References

[1] Bauschke HH, Combettes PL. Convex analysis and monotone operator theory in Hilbert
spaces. New York: Springer; 2011. (CMS Books in Mathematics).

[2] Bauschke HH, Burachik RS, Combettes PL, et al. Fixed-Point algorithms for inverse
problems in science and engineering. Springer; 2011. (Springer Optimization and Its
Applications; Vol. 49).

[3] Berinde V. Iterative approximation of fixed points. Springer: Berlin; 2007. (Lecture Notes
in Mathematics; Vol. 1912).

[4] Cegielski A. Iterative methods for fixed point problems in Hilbert spaces. Springer:
Berlin; 2012. (Lecture Notes in Mathematics; Vol. 2057).

[5] ChangSS, Cho Y], Zhou H, editors. Iterative methods for nonlinear operator equations
in Banach spaces. Huntington, NY: Nova Science; 2002.

[6] Krasnoselskii MA. Two remarks on the method of successive approximations. Uspekhi
Mat Nauk. 1955;10:123-127.

[7] Mann WR. Mean value methods in iteration. Bull Amer Math Soc. 1953;4:506-510.

[8] Reich S. Weak convergence theorems for nonexpansive mappings in Banach spaces. |
Math Anal Appl. 1979;67:274-276. doi: 10.1016/0022-247X(79)90024-6

[9] Chidume CE. Geometric properties of Banach spaces and nonlinear iterations. Springer:
London; 2009. (Lecture Notes in Mathematics; Vol. 1965).

[10] Cho Y], Kang SM, Qin X. Approximation of common fixed points of an infinite family
of nonexpansive mappings in Banach spaces. Comput Math Appl. 2008;56:2058-2064.

[11] CominettiR, Soto JA, Vaisman J. On the rate of convergence of Krasnoselski-Mann iter-
ations and their connection with sums of Bernoullis. Isr ] Math. 2014;199:757-772. doi:
10.1007/s11856-013-0045-4

[12] Davis D, Yin W. Convergence rate analysis of several splitting schemes. In: Glowinski R,
Osher S, Yin W, editors. Splitting methods in communication and imaging, science and
engineering. New York: Springer; 2016. p. 115-162.


https://doi.org/10.1016/0022-247X(79)90024-6
https://doi.org/10.1007/s11856-013-0045-4

706 (%) C.IZUCHUKWU AND Y.SHEHU

(13]
(14]

[15]

(16]

[20]

(21]

(22]

(23]

(24]

(25]
[26]

(27]

(28]

[29]
[30]
(31]

[32]

Genel A, Lindenstrauss J. An example concerning fixed points. Isr J Math.
1975;22:81-86. doi: 10.1007/BF02757276

Goebel K, Reich S. Uniform convexity, hyperbolic geometry, and nonexpansive map-
pings. New York: Marcel Dekker; 1984.

Kanzow C, Shehu Y. Generalized Krasnoselskii-Mann-Type iterations for nonex-
pansive mappings in Hilbert spaces. Comput Optim Appl. 2017;67:595-620. doi:
10.1007/5s10589-017-9902-0

Liang J, Fadili ], Peyré G. Convergence rates with inexact non-expansive operators. Math
Program A. 2016;159:403-434. doi: 10.1007/s10107-015-0964-4

Matsushita S-Y. On the convergence rate of the Krasnoselskii-Mann iteration. Bull Aust
Math Soc. 2017;96:162-170. doi: 10.1017/S000497271600109X

Opial Z. Weak convergence of the sequence of successive approximations for nonexpan-
sive mappings. Bull Am Math Soc. 1967;73:591-597. doi: 10.1090/bull/1967-73-04

Yao Y, Liou Y-C. Weak and strong convergence of Krasnoselski-Mann itera-
tion for hierarchical fixed point problems. Inverse Probl. 2008;24:015015. doi:
10.1088/0266-5611/24/1/015015

Alvarez E, Attouch H. An inertial proximal method for maximal monotone operators
via discretization of a nonlinear oscillator with damping. Set-Valued Anal. 2001;9:3-11.
doi: 10.1023/A:1011253113155

Attouch H, Goudon X, Redont P. The heavy ball with friction. I. the continuous dynam-
ical system. Commun Contemp Math. 2000;2(1):1-34. doi: 10.1142/50219199700000
025

Attouch H, Czarnecki MO. Asymptotic control and stabilization of nonlinear
oscillators with non-isolated equilibria. J Differ Equ. 2002;179(1):278-310. doi:
10.1006/jdeq.2001.4034

Attouch H, Peypouquet J, Redont P. A dynamical approach to an inertial forward-
backward algorithm for convex minimization. SIAM ] Optim. 2014;24:232-256. doi:
10.1137/130910294

Attouch H, Peypouquet J. The rate of convergence of Nesterov’s accelerated forward-

backward method is actually faster than %2. SIAM ] Optim. 2016;26:1824-1834. doi:
10.1137/15M1046095

Beck A, Teboulle M. A fast iterative shrinkage-thresholding algorithm for linear inverse
problems. STAM ] Imaging Sci. 2009;2(1):183-202. doi: 10.1137/080716542

Bot RI, Csetnek ER. An inertial alternating direction method of multipliers. Minimax
Theory Appl. 2016;1:29-49.

Bot RI, Csetnek ER. An inertial forward-backward-forward primal-dual splitting
algorithm for solving monotone inclusion problems. Numer Alg. 2016;71:519-540. doi:
10.1007/s11075-015-0007-5

Chen C, Chan RH, Ma S, et al. Inertial proximal ADMM for linearly con-
strained separable convex optimization. SIAM ] Imaging Sci. 2015;8:2239-2267. doi:
10.1137/15100463X

Lorenz DA, Pock T. An inertial forward-backward algorithm for monotone inclusions.
] Math Imaging Vis. 2015;51:311-325. doi: 10.1007/s10851-014-0523-2

Maingé PE. Convergence theorems for inertial KM-type algorithms. ] Comput Appl
Math. 2008;219:223-236. doi: 10.1016/j.cam.2007.07.021

Ochs P, Brox T, Pock T. iPiasco: inertial proximal algorithm for strongly convex opti-
mization. ] Math Imaging Vis. 2015;53:171-181. doi: 10.1007/s10851-015-0565-0
Polyak BT. Some methods of speeding up the convergence of iteration methods. Zh
Vychisl Mat Mat Fiz. 1964;4:1-17.


https://doi.org/10.1007/BF02757276
https://doi.org/10.1007/s10589-017-9902-0
https://doi.org/10.1007/s10107-015-0964-4
https://doi.org/10.1017/S000497271600109X
https://doi.org/10.1090/bull/1967-73-04
https://doi.org/10.1088/0266-5611/24/1/015015
https://doi.org/10.1023/A:1011253113155
https://doi.org/10.1142/S0219199700000025
https://doi.org/10.1006/jdeq.2001.4034
https://doi.org/10.1137/130910294
https://doi.org/10.1137/15M1046095
https://doi.org/10.1137/080716542
https://doi.org/10.1007/s11075-015-0007-5
https://doi.org/10.1137/15100463X
https://doi.org/10.1007/s10851-014-0523-2
https://doi.org/10.1016/j.cam.2007.07.021
https://doi.org/10.1007/s10851-015-0565-0

(33]
(34]

(35]

(36]

(371

[40]

[41]

[45]

[46]

(47]
(48]
[49]

(50]

OPTIMIZATION 707

Dong Y. New inertial factors of the Krasnosel’skii-Mann iteration. Set-Valued Var Anal.
2021;29:145-161. doi: 10.1007/s11228-020-00541-5

Bot RI, Csetnek ER, Hendrich C. Inertial Douglas-Rachford splitting for monotone
inclusion problems. Appl Math Comput. 2015;256:472-487.

Dong QL, Cho YJ, Rassias TM. General inertial Mann algorithms and their convergence
analysis for nonexpansive mappings. In: Rassias TM, editor. Applications of nonlinear
analysis. Berlin: Springer; 2018. p. 175-191.

Dong QL, He S, Liu L. A general inertial projected gradient method for varia-
tional inequality problems. Comput Appl Math. 2021;40:168. doi: 10.1007/s40314-021-
01540-4

Iyiola OS, Enyi CD, Shehu Y. Reflected three-operator splitting method for monotone
inclusion problem. Optim Methods Softw. 2022;37:1527-1565. doi: 10.1080/10556788.
2021.1924715

Browder FE. Semicontractive and semiaccretive nonlinear mappings in Banach spaces.
Bull Am Math Soc. 1968;74:660-665. doi: 10.1090/bull/1968-74-04

Moudafi A. A reflected inertial Krasnoselskii-Type algorithm for Lipschitz Pseudo-
Contractive mappings. Bull Iran Math Soc. 2018;44:1109-1115. doi: 10.1007/541980-018-
0074-1

Shehu Y. Convergence rate analysis of inertial Krasnoselskii-Mann-Type iteration with
applications. Numer Funct Anal Optim. 2018;39:1077-1091. doi: 10.1080/01630563.
2018.1477799

Iyiola OS, Shehu Y. New convergence results for inertial Krasnoselskii-Mann iterations
in Hilbert spaces with applications. Results Math. 2021;76:75. doi: 10.1007/s00025-021-
01381-x

Fierro I, Maulén JJ, Peypouquet J. Inertial Krasnoselskii-Mann Iterations. Preprint,
arXiv:2210.03791v3 (2023).

Davis D, Yin W. A three-operator splitting scheme and its optimization applications.
Set-Valued Var Anal. 2017;25:829-858. doi: 10.1007/s11228-017-0421-z

Bot RI, Csetnek ER, Meier D. Inducing strong convergent into the asymptotic
behaviour of proximal splitting algorithms in Hilbert spaces. Optim Methods Softw.
2019;34:489-514. doi: 10.1080/10556788.2018.1457151

Combettes PL. Solving monotone inclusions via compositions of nonexpansive averaged
operators. Optimization. 2004;53:475-504. doi: 10.1080/02331930412331327157

Dong QL, Yuan HB, Cho Y], et al. Modified inertial Mann algorithm and iner-
tial CQ-algorithm for nonexpansive mappings. Optim Lett. 2018;12:87-102. doi:
10.1007/s11590-016-1102-9

Vong S, Liu D. An inertial Mann algorithm for nonexpansive mappings. J Fixed Point
Theory Appl. 2018;20:1-16. doi: 10.1007/s11784-018-0583-9Paper No. 102.

Lions PL, Mercier B. Splitting algorithms for the sum of two nonlinear operators. SIAM
J Numer Anal. 1979;16:964-979. doi: 10.1137/0716071

Dong Y, Fischer A. A family of operator splitting methods revisited. Nonlinear Anal.
2010;72:4307-4315. doi: 10.1016/j.na.2010.02.010

Bot RI, Meier D. A strongly convergent Krasnosel’skii-Mann-Type algorithm for finding
a common fixed point of a countably infinite family of nonexpansive operators in Hilbert
spaces. ] Comput Appl Math. 2021;395:113589. doi: 10.1016/j.cam.2021.113589


https://doi.org/10.1007/s11228-020-00541-5
https://doi.org/10.1007/s40314-021-01540-4
https://doi.org/10.1080/10556788.2021.1924715
https://doi.org/10.1090/bull/1968-74-04
https://doi.org/10.1007/s41980-018-0074-1
https://doi.org/10.1080/01630563.2018.1477799
https://doi.org/10.1007/s00025-021-01381-x
https://doi.org/10.1007/s11228-017-0421-z
https://doi.org/10.1080/10556788.2018.1457151
https://doi.org/10.1080/02331930412331327157
https://doi.org/10.1007/s11590-016-1102-9
https://doi.org/10.1007/s11784-018-0583-9
https://doi.org/10.1137/0716071
https://doi.org/10.1016/j.na.2010.02.010
https://doi.org/10.1016/j.cam.2021.113589

	1. Introduction and preliminaries
	2. Perspectives from dynamical systems
	3. Main results
	4. Applications
	5. Numerical experiments
	6. Final remarks
	Disclosure statement
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


