Differentiating this with respect to t gives

dr  f(z(t))a(t)

Df(z(t)) = = Tor—m = ~ f(2(1)) A1),

dt— |[f(=(t))]l

where a(t) and A(t) are some scalar constants. Since they only indicate the speed
at which we move along the path, their magnritude is unimportant. The sign of
A(t) is important however, and an orientation argument shows that the sign is that
of det(Df(x)). Thus, beginning at almest any point on the boundary of D" and
foilowing this differential equation, leads to an equilibrium.

Now suppose that f: D' = R/ is only continuous but still sa.isfies (SB). Define a
new continuous map fy : Dy = R (where D} is the disk in R of radius 2) by

Fynes {/(,) for gmlf <

I
-z for ||z]| > 1.
Take a sequence of ¢; — 0. For each i construct a (" approximation f; of fy, such
that || fi(z} = fo(x)|l < ¢ for all z € I').‘...

What we have shown then implies that the exists an «, € [)ﬁ with fi(x;) = 0. Clearly
zi € D' and also 2, = {z € D'|f(x) = 0} as i = 00. This proves the theorem in the
case of the strong bounds -y conditi-n (SB).

Finally, suppose f : D' — R' is continuous and satisfies the weaker boundary con-
dition (Bp). Define a continuous map f : Dy — RY such that f(z) = —z for all
x € 0D} as

f(x) for [[af[ < 1,

s
e (2~ 2l (&) + Uizl = D(=2)  for Jlz]| > 1.

We have shown that there is an 2* € D} with f(z*) = 0. But || < 1 for otherwise
the boundary condition would be violated. Thus f(x*) = 0 and we are done. 5

For the main resuits on the existence of equilibria we modify the theorem 6.1 from

si={peF|Ere1)

JA = {p & Ay some p' = 0}

Ao {:ER'IZ:':J}

T B 17 %

disks to simplicies. Define

il

Pe

pe being the centre of A;.
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Theorem 8.2. let ¢ : A; — Ay be a continuons map satisfying the boundary
condition

]

B« o(p) is not of the form p(p = p.).u > 0 for p € DA,.

“If Df(x) is now-singular, the Euler's methad of discrete spproximation yields

Huew

2o % 2oy £ Df(20=1)"" f(Znar),

which with fixed sign, is Newton's method of solving f x) = 0. Thus the Global Newton is indeed

R TR

a global version of Newton’s method in some reasonable sense gAE>
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Then there is a p* € Ay with o(p”) = 0.

Proof, A “ray” preserving homeomorphism into the situation of theorem 6.1 is con-

structed.

Define h : Ay = Ag by h(p) = p — pc. Let 3: Ag\0 — R* be the map

1 1
g i (7) (m:) '

Then let D = D' N Ag:t : D = f(A;) defined by v(p) = u(p/lipll)p. ¥ is a ray
preserving homeomorphism.

Consider the composition a : D — Ag,
b -1 ;
D —‘-P ’l(A]) -ﬁl——) A] j) A()
To show that « satisfies the boundary condition (Bp) of theorem 6.1. consider ¢ € oD
and let r = ¥:(q) + p. = h~'¥(g). The boundary condition insures that there is no

u > 0 with o(p) = p(p — pe) or with u(p—p.) = a(pj. Equivaiently there is no g > 0
with a(g) = u(q), and since v is ray preserving that means that a(q) # pg.p > 0.

We now conclude from theorem 6.1 that there is a ¢ € D with a(g”) = 0: or if
p* = v(q") + p. then o(p*) = 0. 0

Proof of thearem E. Define from the excess demand function of the theorem, f :
P\{0} — R/, anew map & : Ay = &g by o(p) = f(p) = ( 3 fi(p))p. Since 3~ o*(p) =
Sp) - S F(p) TP =0, clearly ¢ is well defined. ¢ is also continuous. If
p € 0A,,p' = 0 for some i and so ¢'(p) = f'(p) > 0. Thus (B) of theorem 6.2 is
satisfied and there is an p* € A, with ¢(p*) = 0or f(p*) = X f'(p")p". Taking the
dot product of each side with f(p*) and applying Walras’ law shows that || f(p9)|I* =0
or fip*) =0 O

The methods presented here have been successfully generalised by Hirsch and Smale
[13], in particular to finding zeros of polynomial systems. Smale [32] has also con-
sidered the speed of convergence of some of these methods.
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7. LocALLy STABLE PRICE MECHANISMS

7.1. Introduction. An effective price mechanism s one, like the GNM whose solu-
tion curves always tend to an equilibrium of an economy. In §5 we showed that
(7.1) p= f(z)

was not effective, while in §6 we showed that effective price mechanisms do exist. The
difference between the two mechanisms is their informational requirement. For 7.1
the market needs to know the price of each commodity; if one were to use the Globai
Newton method or other “quasi-Newton” methods, the information necessary for
the dynamic increases to include the Jacobian matrix for the economy, that is, how
a change in the j-th commodity effects the rate of change of demand for the k-th
commodity for all j and k. For all practical purposes, this amount of information
is to vast to be known. Consequently, the natural question is whether there exist
effective price mechanisms with more modest demands on information content. This
section begins to answer such questions.

The results presented here show that the informational requirements of effective price
mechanisms cannot be significantly less than that of the Global Newton Method. We
follow the paper of Jordan [14].

7.2. Definitions and preliminary results. Certain definitions from previous sec-
tions will be tailored so as to deal more effectively with the local perspective of this
section. We will deal with an [ good economy. Notationally it will often be conve-
nient to let » = { — 1 and to denote the tangent space to S at a point p simply by
R™.

Definition 7.1. Let Q be an open subset of S. The space of market excess demand
functions, denoted M, is the space of ("' sectionfrom @ to T'Q with the topology
of C'' uniform convergence on compact subsets of @Q, that is, the ("' weak topology
C1(Q,TQ). For each p € Q let M, = {f € M|f(p) =0 and det (Df(p)) # 0}.

The open set @ should be interpreted as small. In particular, if K is a compact
cube in P and Q is a neighbourhood of A NS, then for any f € M, f can easily be
extended to a function f:S — R" sa..ilying

1. f is bounded from below;
2. for any sequence {pi}2, € S with no cluster points ir S, ILf (px)]| = oc; and

3. .fll. - fll\'~

This section covers only local stability and since the first two conditions are global
in nature they are ignored in the definition of M. Initially we shall not distinguish
between the functions f a-d f even though working with f has the potentially
negative side effect of introducing additional equilibria. This problem shall however
be dealt with in §7.4.

Definition 7.2. A price mechanism is a function M : Q x M — T'Q which maps
each (p, f) € Q@ x M to a vector in T,Q(~ R") such that

1. M(p, f) =0 if and only if f(p) = 0; and
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2. There is an open set i C Q x M with {p} x M, C U such that :
(a) M is continuous on ¥{: and :
(b) M(-, f)is C'" on the open set {p|(p, f) € U}. ‘
»
¥
Given f € M and p’ € P, a price mechanism determines the ordinary differential g \
equation!” '
: | |
(7.2) p=Mip, f), p0)=p". »
Price mechanisms will be characterised by their response to perturbations of the
excess demand functions. For fixed p’ consider the two functions from M\M, to |
R\{0} defined by =
fr M. f)
f = m(zero(f) - p) =

where zero(f) is an equilibrium point of f near p’ and = is the projection of the
vector into the space T,/(). The first map describes th initial movement under the x
price mechanism while the second map describes the dir. tion of actual equilibrium.
The first major step (theorem F) will be to show that the “price paths” generated
by a “stable mechanism™ trace out a homotopy between these two maps. This will
then be used to establish a convenient characterisation of stable price mechanisms.

Definition 7.3. Given a price mechanism M, let D = {(p, f)|(7 2) has a unique
solution on the entire real domain [0,00)}. Define the function ¢ : D x [0.o) = P
by setting ¢(p, fit) equal to the solution of (7.2) at time t. A price mechanism is
locally stable if for each p’ € Q and each neighbourhood {7 of p/, there is an open
neighbourhood & of {p'} x M, such that for each (p, f) € U.

I. g(p, f:t) € U for all t; and
IL limo.c q(p. fit) exists and is in {p*|f € M. }.

We shall suppose, with out loss of generality, that ¢ is small enough such that the
second condition of definition 7.2 is satisfied.

Condition Il is known traditionally as asymptotic stability . Condition I is a variation
of Lyapunov stability. If f was fixed, the first condition would be the traditional defi-
nition of Lyapunov stability. Classically, Lyapunov and asymptotic stability together
are known as local stability.

The motivation for our departure from the traditional definitions is that deviation
from economic equilibria is more likely to come from a change in the demand function
than from an exogenous change in the price system. Thus the first condition of
definition 7.3 is also one of Lyapunov stability for small perturbations in f.

The two stability conditions together imply that ¢ converges continuously to equilib-
rium. This fact will be used in order to construct a homeomorphism in theorem F.

"For the “ordinary” Newton method mentioned previously M(p, f) = —(Df(p))~" f(p) which is
well defined if Df(p) is non-singular. The Newton method can be extended to @ x M by specifying
M(p, f) = f(p) if Df(p)is singular. This satisfies the two conditions of the definition and indicates
why the regularity conditions (part 2 of the definition) are not imposed on all of Q x M. We shall

-

show in proposition 7.19 that this awkwardness cannot be avoided
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Definition 7.4. Let [0,oc] be the one point compactification of [0.0c) with sets of
the form (a, ) U {oc} forming a neighbourhood base at oc.

Note that the function g : [0,1] = [0, o] defined by

) {r% if < 1,
g(z) =

00 ifp =1
is a homeomorphism.

Lemma 7.5. Suppose that M is locally siable. Let p’ € Q, f' € M, and let U be
a neighbourhood of p’ in Q. Let ¢ be an open neighbourhood of {p'} x M, as in
definition 7.3 and for each (p, f) € U, define g(p, fio0) = lim~ q(p, fit). Then ¢
is continuous on 4 x {0, oc].

Proof. The continuity of ¢ on U x [0,00) follows from the second condition of def-
inition 7.2 and standard results regarding the continuity of solutions to ordinary
differential equations. To prove continuity at t = oo, let {py, fuita}iz, CU X [0, o0)
converging to (p, f:oc) for some (p, f) € U and let p = ¢(p, fi00) which is well defined
by the asymptotic stability condition in definition 7.3. Let ¢ > 0 and using I, let 4*
be a neighbourhood of (p, f) such that for each (p*, f*) € U*, p(q(p™, f*:t)—p) < efor
all £. Here (and throughout this section) p is the metric on the /-1 sphere. Again, by
the asymptotic stability condition there is some t* > 0 such that (¢(p. Bt el
Since (pn. fn) = (b, f). we have (G(pn, fu:t*), fn) € U’ for sufficiently large n. Hence
for large n,

p(q([)"'f":'ﬂ):i’) - P(‘I((I(Puvfnif')-fnlfn i ’.):I’) < 6,

Definition 7.8. If X is a topological space and A C X, let
X\A={z€ X|z ¢ A}

with the topology it inherits as a subspace of X. If f and g are continuous functions
from X\A to Y\B. f and g are homotopic, written f = g, if there is a continuous
function H : (X\A4) x [0,1] = Y\B with H(-,0)= f and H(,1)=g.

Let p' € @, U be a neighbourhood of p’ it (Q and let ¢ be an open neighbourhood of
{p'} x M, as before, to remain fixed fron: now on. Let M'= {f € M|(p', f) e U}.
Thea M’ is an open neighbourhood of M,.. Define ¢ : M’ — R" by ¢'(f) =
m(q(p, f,00) = p') where, as usual, 7 is the projection into the tangent plane at p.
Then ¢’ : My — {0} and ¢' : M"\M, — R™"\{0}. Also, M(p', )« My — {0}
and M(p',:) : M'\M,, — R"\{0}. The function f+— M(p', f) describes the initial
direction of movement dictated by the adjustment mechanism and f +— ¢'(f) gives
the direction of actual equilibrium from the iritial point p’. To characterise stable
mechanisms the former shall be related to the latter. This is done by establishing
a homotopy equivalence between the adjustment mechanism and the equilibrium
function. This equivaience is established in the following theorem which is the basis
for all the remaining results in this section.

Theorem F. The functions ¢' : M'\M, — R*\{0} and M(p',+) : M"\M,; —

R\ {0} are homotopic!®.
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Proof. Define the function H : (M"\ M) x [0,00] = R™\{0} by

m(q(p', f: A) = ') ifA> 1
H(f,A)=en(qp'.fiA)=p)/A) ifo<Ar<]
M@, ) if A= 0.

Then H(-,0) = M(p',-) and H(,00) = ¢'. The continuity of H follows from part 2
of definition 7.2 and the definition of ¢’. Since [0, 20] is homeomorphic to [0, 1], the

proof is complete, 0

7.3. Price Mechanisms at a Fixed Initial Condition. As mentioned in the
introduction to this section and proved in previous sections, the price mechanism
p = f(p) is not ‘effective’, while that of the Global Newton method is “effective”
(here effective means that the solution curve of equation 7.2 tends to a zero of f as
t — o0). Also, as noted in the introduction to this section, the difference between
these fwo mechanisms is their informational requirements : one depending on f(p)
aud the other on both f(p) and D f(p). We now decompose a general price mechanism
into components from which we seek to analyse the contribution of the various types
of information in an effective general price mechanism. (For example, in the case
of the Global Newton method, we wish to examine exactly how many terms in the
Jacobian, D f(p), are necessary if the price mechanism is to remain stable).

To this end, fix an initial price p/, and decompose the function M (-, p') by additively

decomposing the demand function f into the vector of excess demands f(p') and the

function f — f(p') :

Suppose that A : R" x M, is a continuous function that satisfies for each f & M’
M@, f)=A(f0). [~ ().

Note that for each f € M, A(-, f) : R"\{0} = R"\{0).

Let Gil(n) denote the space of linear functions from R"\{0} to R™\{0} with the
topology of uniform convergence on compact subsets of R*\{0}. Each N & G{(n) is
represented by a non-singular n x n matrix. The topology of uniform convergence
on compact subsets agrees with the topology on Gl(n) viewed as a subspace of R",
Define a function i : M, = Gl(n) by i(f) = =(Df(p'))~". Clearly { is continuous.

Remark 7.7. The function M(p/,) is continuous on the set M’. The definition
of A extends the domain of continuity to the set R" x M. That is; M(p,+) is
required to be continuous at all excess demand vectors f(»') such that Df(p') is
non-singular. This definition does not place a substantive restriction on the class of
price mechanisms and none of the subsequent results would be affected if we adopted
the laborious process of keeping track of the proper domains of continuity.

"This homotopy equivalence'is necessary by not sufficient for local stability. For example if n = 2
let A" denote the Newton method and for each —1 < A <1 let R()) denote the rotation matrix

A (1= A2)2
(1= A2 A
Then for each A, the price mechanism defined by M*(p, f) = R(A)M*(p, f) is homotopic to the
Newton method but M~! = —Af? is explosive and 41 is cyclic
59
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Theorem 7.8. Suppose that M is locally stable. Then for each f € M, A(-, f) and '
i(f) are homotopic as inaps from R™\{0} to R*\{0}. In particular, if f, f € M, with
sign (det (Df(p'))) # sign (det (Df(p'))) then A(, f) and A(:, f) do not coincide on p
any neighbourhood of 0 in R™. %
Proof. Let f € My, and let U/ be a closed ball about 0 in R™ such that {f F 3
z|z € U} € M'. where M’ is specified as before and f + = denotes the function i
z — f(z) + z. By theorem F, there is a homotopy H : (/\{0}) x [0, 1] = R™\{0}
with #(,0) = A(-. f) and H(z, 1) = ¢'(f + z) for each = € U'\{0} and ¢’ defined
as before. (This can be seen by identifying the function f; € M\M,, from the
homotopy in theorem F with the function f = f; — = where z = fi(p') # 0 in this ‘ |
theorem). Define the function H' : (I/\{0}) x [0, 1] = R"™ by PR 3 1
d(f+2) if A=1, . |
H(z, X) = ¢ XV (f+ X2} iFO0<A<], Ty 4
(=Df@))z ifA=0,
and define the function G : (/\{0}) x [0, 1] = R" by
: H(z,2)) if < i
G(z,A) = ,( " s f 3
H'(z,2-2)) A>3 -
Then i is a homotopy between A(-, f) and i(f) as maps on {7\{0}. Let ¢ denote the A S ]
radius of 7 and define A*, ¢ : R"\{0} — R™\{0} by g e

A*(2) = Az, f) if z € U\{0},
e A(el|lz]|" 2, f)  otherwise,
and
PR UV if = € U\{0},
2 —(Df(p')""(e||zll"'2) otherwise.
Modifying G in the same way gives a homotopy between A® and ¢*. The function
H" : R™\{0} x [0, 1] — R™\{0} given by
A% (z ifzel ;
H”(:.A) = ( ) if e \{0}
A (AeflzlI"'z+ (1= XN)z, f) otherwise,

shows that A(-, f) = A”. Similarly, ¢" = i(f) which proves the first assertion.

If sign (det Df(p')) # sign (det Df(p')), then i(f) and i(f), which are linear maps,
also have determinants of differing sign by the definition of i. Therefore, for every
neighbourhood V' of 0, i(f) and i(f) are not homotopic as maps from V\{0} to

R™ {0}. Hence A(-, f)lv # A(-, f)|v. O

The implication that A(-, f) is seusitive to the sign of det (D f(p')) is rather a coarse
implication of theorem F. By using some more homotopy theory sharper implications
can and shall be obtained later in this section. For now however, by strengthening the
stability requirements in a conventional way, much stronger results will be obtained
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Given a price mectanism M and a demand function f € M, we define a function
M :QxR"—=R"by M'(p.2) = M(p, f+ 2= f(p)). Then (i) M'(p', 2) = A(2, f)
for all z, (i) M'(p. f(p)) = M(p, f) for all p and (iii) M'(p.0) = 0 for all p.

If we assume that M is sufficiently smooth so that M’ is C'' at (p/,0) we obtain

DM, f)= D,M'(p',0) + D.M' (P, 0)Df(p") by (ii)
=D.M' (v, 0)Df(p) by (iif) ;
= D A0, [)Df(p) by (i).

Hence the sufficient condition for local stability at p' (i.e. that D,M(p', f) has
eigenvalues with negative real parts) becomes the requirement that all eigenvalues of
D.A(0, f)Df(p') have negative real part. This motivates the following definition.

Definition 7.9. A price mechanism is hyperbolically locally stable (HLS) if

1. for each f € M, , the function z — A(z, f) is ct, |
2. the function f— D.A(0, f) is continuous on M. and ]
3. for each f € M, all the eigenvalues of the matrix D.A(0, f)D[f(p') have 2 |

negative real parts.
Note that the property of hyperbolic local stability is a property of A, that is M(p',").
The behaviour of M at prices other that p’ is not formally involved. TR

A mathematically convenient HLS price mechanism called the orthogonal Newton is
now defined. This mechanism will be shown to contain the “minimum information”

required for a price mechanism to be HLS. It is defined as a modification of the i
(obviously HLS) Newton method. ‘i
If Df(p) is non-singular, Let D*f(p) denote the orthonormal matrix obtained by ”{
applying the Gram-Schmidt process to the columns of D f(p). This process is deined E
inductively as follows : The first column of D" f(p) is the first column of Df(p) !
normalised to Euclidean norm 1. The (F + 1)st column of D" f(p) is the normalised i

projection of the (k+1)st column of D f(p) projected onto the orthogonal complement
of the hyperspace spanned by the first k columns of D* f(p).

Define M*(p, f) = (=D f(p")T f(p) where the superscript denotes the transpose.
At p’ we have A* : R* x M,y = R" dehned by A™(z, f) = (=D f(p")Tz). Also, ‘
D.A*(z, [)Df(Y) = (=D*f(p')TDf(p') and the right hand side is an upper tri-
angular matrix whose j-th diagonal element is —||¢’|| where ¢/ is the J-th column ‘
of D*f(p') before normalisation. This implies that M~ is HLS. M~ is called the

Orthogonal Newton Mechanism. {
Theorem 7.10. If A is HLS then D.A(0, ) and i are homotopic as maps from M, 3
to Gl{n). 2
&
2
Proof. Given f &€ M, consider the autonomous linear differential equation on the ay
space of n X n matrices, :
¥ b3
B=D.A0, f)Df(p")B + D:A(0, f), B(C) =0 (the zero matrix).
Let B(t, f) denote the solution at time t. Since all the eigenvalues of D.A(0, f)Df(p') 2 -
have negative real parts, B{t, f) converges to (=Df(p'))=! = i(f) and the conver- ¢
gence is continuous in f '* . So, the function B * [0,00] x My — R" obtained by i
6l g 3 e
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setting B(oc., f) = i(f) is continuous. Define H : [0,00] x M, — R™ by

B(t, f) ift>1,
Hiti st Bkl d i<t <l
D.A(0, f) ift=0.

Then H is continuous, H(0, f) = D.A(0, f) and H(nc, f) = i(f), and it only remains
to show that H(t, f) € Gl(n), that is H(t, f) is non-singular for all 0 < t < oo, It
suffices to show that B(t, f) is non-singular for all ¢ > 0, so let ¢ be a non-zero vector
in R™ and consider the differential equation on R™ given by

j = D.A(0, f)Df(p)y + D-A(0, f)e, y(0) = 0,

with solution y(t). Again this equation is stable and since it is autonomous, if y(t) = 0
for some t > 0, then y(-) = 0. However, the solution is given by y(t) = B(t, f)c, so
yl{oo) # 0. Hence B(t, f)e # 0 for all t > 0 which proves the theorem. O

This theorem is a much stronger result on the dependence of M on f — f(p’) than
that of theorem 7.8. Here we see that up to homotopy, D.A(0,:) is a one to one
correspondence on M,,. This implication will be established ir the corollary which
follows.

Let O denote the subset of (;l(n) consisting of orthonormal matrices. In example 2.28
and theorem 2.37 we have seen that O is a smooth compact (n(n—1))/2-dimensional
manifold consisting of two diffeomorphic components : {N € O|det N = 1} and
{N € O|det N = —l}.

Definition 7.11. Topological spaces Y and Z are homotopy equivalent, written Y =
Z. if there exists continuous functions a : Y — Z and b : Z = Y with hoa = 1y and
aob = 1z where 1y (resp. 1z) represents the identity map on Y (resp. Z). = is an
equivalence relation and the functions a and b are called homotopy equivalences.

It is immediate that any map homotopic to a homotopy equivalence is itself a homo-

topy equivalence.

Homotopy equivalence is not the most transparent of chacacterisations. We shall see,
however, that it is still useful in the analysis of locally stable price mechanisms since
it is not always possible to strengthen this characterisation.

The Newton athod maps M, onto the space (;l(n) of non-singular matrices, which
is an open set of dimension n? while the Orthogonal Newton method maps M, onto
the space O of orthonormal matrices which is an n(n = 1)/2 dimensional manifold.
These two maniiolds are however homotopically equivalent (the Gram-Schmidt pro-

cess is a “strong deformation retraction™).

Proposition 7.12. Define j : Gl(n) = M, by j(N)(p) = =N~'(p~p'). Then
t0j = lgyn) and joi =z lag,. Let g : Gl(n) - O denote tie normalised Gram-
Schmidt projection. Then g is a homotopy equivalence, so we have M, = Gl(n) = O.

YIf T . R® = R" is an inevitable linear operator and ¢ € B" is a nonzero constant vector,
the change of co-ordinates of the form z = 77 '(y = ¢) transforms the nonhomegenous equation
& = Tr + c into the homogenous equation y = Ty which, if T has eigenvalues with negative real
part, converges to the point 0. Since y tends to 0, 2 must tend to =T=1(¢):
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Proof. Since i(f) = (=Df(p'))~" it is immediate that joi = lgin)- For each
f € My, joi(f)is the function p— Df(p')(p —p') Define H : M, x[0,1] = M,
by

f(p) far=1
HMH@P) =A@+ Ap-p)) ifi<Aict
Dfp)p-p) if A= 0.

Then H is the desired homotopy between j o i and Iy If « : O = Gl(n) is the
inclusion map then, we have gor = ip, and there is a geometrically obvious horiotopy
between 1¢y,,; and 20 g. Hence g is a homotopy equivalence which completes the
proof. O

Corollary 7.13. If A is HLS, then D.A{0, ) is a homotopy equivalence. In partic-
ular, 7o D.A(0, ) = IMP,A

Proof. By theorem 7.10, /). A(0, ) = i and by proposition 7.12 joi = 1-“”:»" O

We would like to establish that among the class of HLS. the Orthogonal Newton
method uses the least information about f — f(p/). The most transpaient way to
do this would be to show that for any HLS mechanism A, there is a function h such
that D.A*(0, f) = h(D.A(0, f)). This, however, turns out to be impossible.

The eigenvalue condition on D.A(0, £)Df(p') will remain satisfied for small changes
in Df(p') even if D.A{0, f) is held constant. Hence any HLS mechanism A may he
modified so that D_A(0. ) is held constant on a €'} open neiglibourhood of any given
f € M. For this reason, a characterisation of stable mechanisms must be stated in
terms of their global behaviour on M, and the tools of homotopy are well suited to
this purpose.

The informational minimality of the Orthogonal Newton method can be established
in a coarser but still standard form. The question asked is how many parameters
would be needed to parametrise the kiowledge of f required by 1. A(0, f). To
answer this the derivative D.A(0, f) is representad as being obtained initially by
projecting f to a “summary statistic?® zy(f) € X - where X is a manifold -
and then computing this derivative as a continuous function on X. The smallest
dimension of the manifold X to support this representation is a measure of the
information required by D.A(0, ).

So, let X' be a topological space, let 7y : My = X be continuous and let B
R” x X — R" be a continuous function satisfving

1. for each » € X, B(+, ) is C'1;

2, the function = = D.B(0, z) is continnons and

3. B(z,mx(f)) = A(z, f) for all (z,f) € R" x M.
The following theorem shows that the Orthogonal Newton method is inforinationally
minimal,

Theorem G. If 4 is HLS and X is a manifold, then dim X Zn(n—1)/2=dim0O.

20 ¥ 3 ¥ . ; 2
By summary statistic we mean some elements which capture certain desired information without

having to contain all information from the system
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Proof. Let m = n(n — 1)/2. Let H,,(Y,Z;) denote the m-th order homology group !

of a space Y with coefficients in the integer mod 2. If the space Y is connected has a
triangulation and is of dimension m, then we have seen (see proposition 2.60) that this

top order homology group H,,(Y,Z;) = Zy. O, being such a manifold has dimension :
m and two components. Therefore H,,(0,Z;) = Zy & Z;. Since homotopic spaces ,‘ |
have isomorphic homology, proposition 7.12 implies H,, (M, Z;) = H, (0. Z3) = i

H,,(Gl(n),Z) and i induces an isomorphism from #,, (M, Z3) to H,, (Gl(n), Zy).
Let X° = {z € X|D.B(0,z) is non-singular }. Then 7x(M,) C X° and X° is an
open subset of X, and thus a manifold of the same dimension. By theorem 7.10, the
induced isopmorphism factors through H,,(X° Z3) so H,,(X° Z;) # 0 and hence

dim X > m. 0

To show the Orthogonal Newton method achieves the minimum dimension, take
X=0,7x(f)==D"f(»)7 and B(z,N) = Nz.

Corollary 7.13 implies that all of the homotopy groups of O factor through the
corresponding groups of X, so that X is homotopically at least as rich as O. The

next corollary shows that, if 7y is sufficiently like a projection that 7.'"\'.' admits a i
continuous selection. then X and O are homotopy equivalent.

Corollary 7.14. Suppose that A is HLS and there is a continuous function v : X —
M, such that 7x oy = 1x. Then X = O,

Proof. Let B* denote the function D.B(0,-). Since B* ony = D.A(0.:), corol-
lary 7.13 implies that jo B omy = laq,. Hence jo B* o mxy oy 2 4. and since
xoy=1x,70B" =+, Therefore ryo(joB*) 2 rxoy=1x,s50 7y and jo B*
establish that X' = M,.. Now by proposition 7.12, M, = O which cumpletes the

Ci

B

proof.

7.4. Stability at Unique Equilibria. Up to now price mechamsms have heen
required to be stable at p’ whenever p' 1s a regular equilibrium. Since nothing is
special about the price p’, this amounts to requiring every regular equitibrium to be
locally stable which may seem unreasonable. At the other extreme, procbably the
least that could be expected of a stable mechanism is that every regular demand
function have at least one stable equilibrium. In particular, unique equilibria, if ) A

regu'ar, should be locally stable,

Dierker [6] has shown that if det(—Df(p')) < 0 for a regular f, then f must have at
least two other equilibria. In this section, we will only require stability at p'if p’ is
the unique equilibria. This is the same as requiring stability when det(=Df(p')) > 0
in the sense that if f satisfies this condition, then there is a demand function f which
coincides with f near p’ and has p' as its unique equilibrium (this will be established
in 7.16). Since the results here depend only on the behaviour of demand functions
near p’, this criteria for uniqueness is sufficient. Thus all of the results of the previous
section will carry over with M, replaced by ,M’*’_, = {f € My|det(=L f(p')) > 0}
and O replaced by the rotational group SO(n) = {N € O|det N = 1} . Of course
the result that A(:, f) must be sensit:ve to the sign of det [)(p’) is obviated but the
results for HLS mechanisms retain their strength because O is simply the disjoint

union of SO(n) with its mirror image. In particular, the informational minimality
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of the Orthogonal Newton Mechanism is retained with no change in the 1ininium

dimension.

Definition 7.15. A price mechanism M is called locally stable at a unique equilibria
if definition 7.3 is satisfied with M, replaced by the set ,\4;’,. A mechanism M (more
precisely A) is called HLS at a unique equilibria if definicion 7.9 is satisfie 1 with M,

replaced by .Vl:,

Let Gl(n)* = {N € Gl(n)|det ¥ > 0}.

Proposition 7.16. Let f & .M:,. Then there is an open neighbourhood N of p’ and
a (! function f: P - » R" satisfying :

1. flv=fIn;

2. fis bounded from below:
3. for any sequence {pi}7=, € S with no cluster points in S, || f(px)|| = o0 : and

-

Cfp)#0ifp#p

Proof. Since Df(p') is non-singular, there is an e-ball B, C @, (with a slight abuse
of notation we will let B, be the intersection of a ball, centred p’ with radius ¢, in
R' and Q) with ¢ < min{p’ : 1 < j < n}/3 and f(p) # 0 for all p € B, with p # p'.

Let @ : By, — [0,1] be a (" function satisfying :

a. o(p)=1if p(p' = p) < ¢ and

b. a(p) =0 and Da(p) =0if p(p’ = p) = 2¢.

Now define f*: By, = R" by

f‘(m={

F (' +eap)p=2))/cp)

Df)(p-»)

if a(p) # 0,
if o(p) = 0.

Then f* is a ("' function on By, which agrees with f on B, and f*(p) # 0if p # p'.
Also, (b) implies that for each p € 0By, f*(p) = Df(p') (p=p') and D f*(p) = D f(p').
Since det(=Df(p')) > 0, sign (det(Df(~ V) = sign (det(—17)) where [ is the identity
matrix. Therefore (see theorem 2.38) there is a continuous function 7 : [0, ¢} = Gl(n)

satisfying

c. 7(0) = Df(p') and 7(¢) = =1.

S'nce (7l(n), as an open subset of R™ is a smooth manifold, 7 can be turned into a
("' function satisfying, in addition to the previous constraint,

d. Dr(0) = Dr(e) = 0.

Now extend f* to By, by defining f*(p) = r(plp=p')=2¢)(p=p') if 2¢ < p(p=p') < 3e.
Then on By, f*is a ("' function satisfying f*(p) # 0 and D f*(p) = —1. Now extend
f* to P by setting f*(p) = p' = pif p# p', and for all p € IBs,, f*(p) =p' = p

if p £Bs,. For each 1 < j < n, et h;

function satisfying

e. h; is bounded from below;
f. lim rp! hj(r) = oc; and

¢ (=00, p") = R be a O strictly increasin
Y, ) g
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g. h;(z) = z for all z € [-p//2,p//2].

Finally, define f : P — R" by f(p) = (h;(f;(p)))}<;- Assuming that ¢ was chosen
small enough so that |f,(p)| < p}/2 for all p € B,, f = f(p) for all p € B,. Hence
the first condition of the theorem is satisfied with N = intB,. Also., (e) vields the }
second and (f) the fourth condition. The third and fifth conditions follow from the
definition of f*, (g) and the fact that each A, is strictly increasing. Therefore f is
the desired extension. 0O

ey

7.5. Market Mechanisms. Actual markets are not likely to adjust prices according
to the Newton method, orthogonal or otherwise, so we still need to determine whether
there is a stable mechanism which can be interpreted as a market adjustment process,
This is of course an ambiguous criteria, but it seems reasonable to require that if the “ g
excess demand for commodity j is zero then p» = 0. Unfortunately, theorem 7.18
shows that no such mechanism can be locally stable at unique equilibria.

Definition 7.17. A price mechanism is a market mechanism if there is a continuous =
function®! A : R™ x M, — R" such that for each f € M’,

LM, f)=A(f(p), f = f(p)): and
2, foreach 1 < j<n, A(f(P),f=f(P))=0if f2(p') =0, wheie A/ (resp. f7) Pring )
denotes the j-th co-ordinate of A (resp. f).

Theorem 7.18. If n > 2 there does not exist a market mechanism which is locally
stable at unique equilibria.

Proof. Define the function d : SO(n) — M, by setting d(N) equal to the demand
function defined by d(N)(p) = =N~'(p - p'). Then d is continuous and since SO(n) ’
is compact, d(SO(n)) is compact. I* follows that there is some ¢ > 0 such that :
{f+(60,...,0)|f € d(SO(n))} ¢ M'. Let ¢ = (¢,0,...,0). Then for each
N € S0(n), ¢'(d(N) +€°) = Ne® = ¢N', where N! is the first column of N. Let i
M be a market mechanism and suppose by way of contradiction that M is locally
stable at unique equilibria. Then by theorem F., A(¢°,d()) and ¢'(d(-) + ¢°) are
homotopic as maps from SO(n) to R"™\{0}. By the second condition definition 7.17,
A(e?,d(50(n)) is a compact subset of {y € R"\{0}|y; = 0 for all j > 1} which is ;
contractible in R"\{0} since n > 2. Therefore, A(¢°,d(+)) is homotopic to a constant i . ; e
’ . ‘

function. However, since the map N — N is the projection in the standard fibre
bundle representation of SO(n), and is not homeomorphic to a constant (see remark J
2.35). Hence p/(d(:) 4+ ¢°) and A(¢°,d(+)) are not homotopic and this contradiction
completes the proof. a

This result does not require the characteristic root condition. In other words, lo-
cal stability unique equilibria requires the adjustment j to depend directly on the
excess demand on other markets. In fact, it must depend directly on the excess
demand on all other markets. This suggests that unless restricted to special classes
of excess demand functions, competitive markets can operate satisfactorily only if i
price adjustments are made by a central planning agency. On the other hand the-
orem 7.18 may rely too heavily on the dubious idertification of commodities and

*'See remark 7.7, r
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markets. Perhaps different excess demands give rise to different market structures
so that the class of natural adjustment mechanisms differs across demand functions.
Of course we cannot pursue the evolution - arkots here except to note a possible

qualification to theorem 7.18 which is pre. ~»* .d now.

7.6. Generalised Newton Methods. The Newton and Orthogonal Newton meth- §
ods depend on f — f(p') only through the derivative Df(p’j. Thus the derivative ;
contains enough information to ensure stability, so it is natural to investigate mech- :
anisms of the form 'f

]

M(p, f) = A(f(p), Df(p)), forall (p,f) € @Q x M,

where Df(p) is non-singular and A : R" x Gl(n) = R" is a ("' function. We call :
these generalised Newton methods. 1t follows that a generalised Newton method is 3 5 “
HLS (resp. HLS at unique equilibria) if for every N € Gl(n) (resp. N € Gl n)*),

D.A(0,n) is non-singular and all characteristic roots of D.A(0,n)N have negative L
real parts. f

Saari and Simon [21] nave studied such mechanisms for the purpose of determining |
whether any entries of the mz. ix Df(p) can be ignored. An ignorable entry is a f il
partial derivative which need not be evaluated in computing p, so the maximum . vj
number of ignorable entries may have practical significance. Before turning to this i 5
question, we show in proposition 7.19 that such mechanisms, if locally stable at i A N
unique equilibria, cannot be extended from the space of non-singular matrices [ f(p) } !
to the space of all matrices. Thus the somewvhat awkward domain restriction in b . ¥
definition 7.2 is essential. Proposition 7.20 notes that if a generalised Newton method : i
is HLS then it is locally stable, strengthening the motivation for studying hyperbolic 3

local stability,

Proposition 7.19. Suppose that there is a continuous function A : (R"\{0}) x
R™ — R™\{0} which agrees with A on (R"\{0}) x GI(n). Then M is not locally

stable at unique equilibria. g
Proof. Let ¢ > 0 and ¢ = (¢,0,...,0). Since R™ is contractible to 0, A(e®, ) 3
is homotopic to the constant function n — A(¢®,0). However, as in the proof of
theorem 7.18, theorem F can be applied to show that this is inconsistent with stability k
at unique equilibria. 0 |
Proposition 7.20. If a generalised Newton method is HLS (resp. HLS at a unique
equilibria) then it is locally stable (resp. locally stable at unique equilibriz).
s
Proof. This is a straight forward application of a standard result in the theory of }
ordinary differential equations. 0O ;
Definition 7.21. An entry ij is ignorable if there is some neighbourhood {7 of 0 in :
R™ such that for every z € U, every N € Gl(n) and every N;; € R, i
: o KR :
A(:wA\):"l(""\/‘\l.j) f
where N/N/ € Gl(n) is the matrix obtained by substituting N ; for N; ;. H ; |
Two entries i7 and km are re-distinet if ¢ # k and 7 # m. : |
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