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f,Lbstract

We give an overview of the numerical solution of the initial value differential-algebraic
equation (DAB) from the underlying theory, through both the development of numerical
techniques and software and a survey of the major areas of application, to the implemen-
tation of available software codes in the solution of DABs arising in applications. The
experimental part serves todemonstrate the need for specific DAB, rather than simply
ordinary differential equation (ODE), methods and the special considerations requited for
the successful numerical solution of DAEs, as well.as verifying predictions made in the
theory. It is hoped that '.his dissertation can be used as a reference by those working in
areas of application, or at least as a pointer to the relevant literature.
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Chapter 1
If

Introduction

1.0.1 Motivation
I)

The term differential-algebraic equation (DAE) has been coined to describe differential
equations with constraints (differential equations on manifolds) and singular implicit or-
di:qary qi~eren.t,ial equations (ODEs)v In the "pure mathematics literature PAEs are some-
times referred to as algebraic-differential eqt?ations (ADEs). Such problems arise and have
been solved in a var~~ty of applications, including constrained mechanical systems, fluid
dynamics, chemical re\Hon kinetics the simulation of electrical circuits and semiconduc-
tor devices, control engineering, models of power systems and from the application of the
steady-state approximation or perturbation methods. The study of DABs also gives us
insight into the behaviour ~fnumerical methoer

; for stiff ODEs, which has also attracted
: . . . H

the interest of'many engineersend numerical analysts,
The most general form of the problem we wiiI be considering is the first order initial

value differential equation: 1\

F(x, x', t) :;::::0, (1.1)

where F, x(t} and x'(t) are n-dimensional vectors, primes denote differentiation, t is the
independent variable (usually time) and (1.1) is required to be solved for x(t) OrL [to,T).
This can be seen as a generalization of the explicit ODE problem,

X' :;::::f(x, z), x(to) :;::::XO,

and can be solved numerically by a number of ODE methods, as we shall see In Chapter 3.
(1.1) can be maqf) formally autonomous by including t in x and t' - 1 in F. Methods
for solving the general problem (1.1) must be able to handle the case where the partial
Jacobian 8F18;r' is singular:

(:1.2)

DAEs are problems &the form (1.1) for which (1.2) holds. This can be seen more obviously
in a semi-explicit form:

1 J,'}



CHAPTER 1. INTRODgCTION 2

f(x,x1,y,t) = 0,
g(x,y, t) - 0,

dim.(f) = dim(:z;)= dim(x'),
dim(g) = dim(y),

(1.3)
. (1.4)

where the Jacobian af/ax' is invertible in some neighbourhood of the solution. We as-
sume throughout t,hat the DAEs we study are correctiy dimensioned and are not over or
tlp.derdeterminedi \:'01' overdetermined DAEs, see [39]. The differential equations (1.3)
musf be sehYe~lsimultaneously with the algebraic equsslons (1.4). Here are two simple
practical examples of bAEs.

1. Constr.~ined mechanical systems [65],where (1.3) is the equati~n of motion, which
is generally:bf second order and can be reduced to first order by including first
derivatives (velocities) in the unknown vector x of (1.I}, and (1.4) geometrically or
kinematically constrains the system to lie on a manifold. The procedure of finding
appropriate generalized coordinates leading to an ODE seems not to be realizable
cfJtomatically,whereas systems of the form (1.3), (1.4) are the natural-result offormal

\1

manipulations using, eg., Cartesian coordinates [76].

2. 'The linear control problem [17J with specified output:

x, =Ax+Bu
y=Cx+Du (Xl] _ ( Ax +Bu. )

===} \Or>' - Cx+Du-y ~

Here, z is the state vector. U is the control and y is the output.

There are essentially two distinct classes of problem.
Ii

Type I have solutions which must be found along with consistent initial conditions on an
interval on which the appropriate "structure" of the system, for example the rank,
index, or core-rank of some appropriate matrix, remains constant.

Type II describe solutions near a point t* where the system's structure is different from
the structure on a deleted neighbourhood of t"'.

In the linear case,
A(t) Xl + B(t) x == .f(t),

\\
if A(t) ,', invertible for t # t* but .ACt*) is singular, we have a Type IIprd11em that has

.. bg.eJl widely studied [22, 35J. In this case, the description of the solutionJ/involves series

.' ~ ... , \\ i.

type\t~chniques, and the solutions exhibit turning point behaviour. Surprisingly enough,
prior t~W80, Type I problems, which we shall concentrate on, had not been as well studied~?
as some of the Type IIproblems. This is due to the importance of understanding jump
behaviour al~dswitching effects [89]in electrical circuits.
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1.0.2 Overview

Historically, the first paper to refer explicitly to the DAE problem is {36] ~p.J971, and
the early papers{1971-1980) were mainly applications-oriented. In the 1980's,.the DAE
problem was put on a more numerical analytic footing and since then it has become a
popular area in the numerical solution of ODEs. A~this is a fast-growing field, it is likely
that the understanding of both the theory and the numerical solution of DAEs will grow in
the near future, and the material presented here is by no means conclusive. The literature
covers several areas in the field of DAEs, including the following.

1. Pure mathematical theory:

(a) Diffet'!n,tiaJ-algebraicgroups [18],properties \)£ meromorphic solutions [44J, and
geometric characterizations [Sa}, all of wb;<.tl.we omit.

(b) Existence, uniqueness, problem cIassificat~~nand analytical solutions, which we
shall ~lsein later chapters.

2. Presentation of ODE methods and packages applicable to DAEs, including the deriva-
tion of methods, order andjconvergence analysis, details of implementation and t J.-

.perimentaticn, \\,
II

3. Applications, notably in ele2trical circuits, control theory and mechanics.

We hope to reflect the emphasis of the numerical literature, thus yielding a set of tools to '
be used onthe wide range of applications in science and engineering.

_ In the remainder of this chapter, some major application areas are introduced, thus
"providing the background for the example problems of Chapter .4.

• In Chapter 2, the theory of DAEs is developed, including solvability, analytical 80-

bitions and the classification of DAEs according to structural form, The concept of
index of nilpotency is introduced and studied for three important DAE classes, and
index reduction techniques are examined. Several examples are included for clarity.

lit In Chapter 3, discretization methods for the numerical solution of DAEs are given.
DAEs are compared to stiff ODEs, and popular stiff methods, namely backward
differentiation formulae, implicit Runge-Kutta methods, extrapolation and Taylor-
type methods, are extended to the solution of DAE's, yielding order results and
method comparisons. Implementation problems specific to DAEs, such as consistent
initialization, ill-conditioning of the iteration matrix and modificati-' to error and
convergence tests, are mentioned and, to some extent, resolved.

• In Chapter 4, the experimental part of the dissertation, currently available software
packages developed for solving DAEs are applied to particular problems both to
illustrate the behaviour of numerical solutions and. to test theoretical predictions on
method and code p~rformance. Our results are also compared with other work in

\\
the field. ii
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The bibliography, including both cited references and others (Appendix A), incorporates
most definitive papers and standard texts and many papers on applications, published
before 1990. We also refer to more recent publications.

:1>.1 Applications

1.1.1 GraphTheory

Our first major application is the integration of eouations resulting from a graph-theoretic
f()rmulatio~~of major scie:t!Hfi~'disciplines [11J. We look specifically at two major compu-
tational a{;~as - electrical circuits and (}ijnstrainedmultibody systems,

T~ljmodelling of systems in man~'JiTeasof engineering and phJr~ks depends on the
concep~<6fa net'Ylprk of interconnected eiett.ionts.These elements fould be masses, springs

Ii' ,
and d~;shpots (In.mechanical systems), ItT iuductOTC,resistors and capacitors On electrical
circu/is). Such networks ne{'Jlsarily include,

1\ '
J'. \.~ pair of functionally related conjugate variables characterizing each network el-
i1:~ment: t:;~roughvariables, such as current, force, fluid flow and heat4iow, which

,-.' ( >'J . -'-

(:// correspond to physical quantitIes f~sstFor acting; through an element, and across
variables, such as voltage, velocitY,I,el'essuredifference and temperature,difference,
which act across the ends of the element, egocurrent i and voltage v, such'that 'I) oci
for ().resistor, V ocdi/dt for an inductor and s ocdv/dt for a capacitor; and

2. Topological algebraic constraints imposed on the conjugate variables by the pattern
of interconnection of the elements.

An understanding of the fundamentals of the p,etworkproblem provides a unified basis
for analyzing networks of all kinds, whether electfical, mechanical, structural, molecular,
acoustic, hydraulic or thermal. In (1).above, the properties of each element am described

\(;\

by constii,itive relations involving the conjugate variables, and are mat hematically similar
in that they are linear or nonlinear algebraic or differential equations, ie. (1.1),. The
topological constraints imposed on the network by interconnecting the e!ements are:

l.,The through variables add to zero at every point of interconnection, egoKirchhoff's
\~'urrent law (KCL).

, ,

2. The across variables aC(;:Uozero around every loop (closed path) of the network, ego
" . (

Kirchhoff's voltage law (KVL).

The topological constraints thus give rise to strictly linear algerraic equations,
Directed linear graphs (digraphs] contain nodes and directed edges. The edges are

either branches {if part of a tree containing all the nodes of the graph) or links (if not
on the tree). A tree is part of the graph with no dosed paths (or loops)., Two of the
topological matrices characterizing the connectivity properties of a digraph show h0-~vthe

1\'
','
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branches are connected to the nodes (A matrix) and included in the loops (0 matI'ix):

{
aij } = [+1, -~) 0] if the i~th{. 'l.:n.cident~n} the 1-th{' •nOde} .
Cij' branch 1S [pos.neg; '. <1.. . iucluded'in . loop

;

Historically, network theory was developed primarily lbr the study of electrieal cir-
cuits, wlhl"P exMains both why electrical circuits are a major application of DAEs! and
why gr:apk'~theoretic concepts are often mixed with electrical 'Circuit concepts. Ftt#'ther-
more, electrical circuits are a very clean applicatio Jf graph theory due to the obl~ious
correl~tjon between circuit diagrams and the circuits they represent. Network analysis
includes:

1. Formulation:

(a)'1The characterization of individual elements by constitutive equations, which is
primarily discipline-dependent and requires an understanding of the variables
involved. Often these are simple differential or algebraic equations embodying
a fundamental physical law, such as Ohm's law or Newton's second law; and

(b) The determination of all pertinent topological constraint equations, in the form,
of topological matrices.

()

2. The solution of the resulting differential-algebraic system, either analytically or nu-
merically.

The line of demarcation between the formulation and solution phases of network analysis
has become somewhat blurred. The dangers of this are apparent, for JJxamPle, in the blind,
application of the Euler method for discretizing time derivatives, t~¢.lting in such dubious
practices as the 'construction 'of companion models for circ1.!it~>Another example of this
blurring is symbolic manipulation in order i 0 minimize the number of equations to solvet.an
example of which we will pr\tsently see, manifest in the nodalapproach vs. state equation
debate of the 1970's .. Together with the advent of labour- and space-saving sparse tllatrix
methods, the DAE methods presented here allow for vast improvementpespecially in terms
of robustness, order of accuracy, stability and computational cost. Beyond the fozmula+ion
and solution by DAE methods, we can further take advantage of the underlying strucr .;,'~
of the network problem to improve the efficiency for highly repetitive network problems,
such as those involving the numerical solution of partial differential equations (PIDEs).

The applicability of the' network approach to a wide variety of dynamic systems
serves tq unify to formulation in the modelling of such systems, I 'and allows the automation
of their solution by DAE solvers (network equations are also characteristically stiff), sparse
matrix methods, etc. This also justifies, lurther research into modifications of existing DAE
methods or development of new methods, based on the underlying structure of the network
formulation.

Electrical Circuits

We now limit our discussion to the electrical case and adopt the composite branch con-
vention, wher;" a branch can contain an R, G, C or L element as well as a series voltage

"
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source E aj~d a parallel current source J; We distinguish between el~ment v/~ltage V and
current I, ~',ndthe branch vo:ltage e and current j ~i giving the relations

"
V:;:::::E+e, 1= J+j.

Our problem is, ~iven a network of known topology, known elements C, G, Rand Land
known soutnes E and J, to find all the response voltages and currents e anti j simultane-
ously satislfying the constitutive laws and topological constraints. Now KVL can be stated
equivaleIitlly as'~

where e contains branch voltage~
and en contains node-to-ground voltages,
voltages around a loop sum to zero.

(1.5)

or aTe = 0, (1.6)

,'"
(The relation aTA ~)0 is easily proved.) KCL can be stated equivalently as:

//-<,Y

or
j - Gir, , .i: branch currents, ic : link currents,

ATj ::::: O.
(1.7)
(1.8)

The constitufive equations axe giyen equivalently by

V = ZI _.')....impedance form I

I .=:.. YV ~ admittance form I

Z::::: one ofR, G-1, Ld/dt or J a-I dt

} = one of B-1, (;, / L dt or cd/it

( Iy ) _ ( ~) ( Vy )
V; - Zz' Iz.·

Since we require a system of DAEs for the numerical solution phase of th~ problem,
i.._\

our choice of the formulation of the constitutive equations is limited to a hybrid form,
partitioned so as to exclude integral terms Z = J C-l dt Or Y = JL di, in favour' of

differential terms Z = Ld/dt and Y == Cd/dt. More specific applications might not require
hybrid formulation. The simplest hybrid formulation is the hybrid nodal approach [51],
which uses (1.9) for the constituti '; law, and only the matrix A for topol~gy (ie." (1.5)
and (1.8)). This results in a linear system of equazions, whose matrix is referred to as the
hybrid tableau" Another hybrid combination is the state variable formulation, in which the

or in hybrid form (1.9)

objective is to derive a minimal set of d.e.'s of the form

X' = Bx + J(t), (1.10)

describing the network. The state variable formulation uses the simple bran\'h conventton,
the y- and a-type branches are divided into C- and G-t.ypes and. R- and L-types respec-
tively and branch types are placed in the order E, C, G, R, L, J, in order ~I? identify,;, ud
discard E~links and J-branche!" The state variables Xl are the C-type brb~~voltA:ges
and the L-type link currents, since these characterize the energy storage in th~' circuit.
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In additics, algebraic variables X2 comprise vo~tages across and ~;urrents through G- and
R-type branches. The resulting system of equations is a DAE. problem:

Pxi +Ql1Xl + Q12X2 = h(t)

Q21Xl + QnX2 ;:;..{h(t).

In the literature; this differential-algebraic system. is typically dealt with by reducing it to
the ODE (1.10). We, now look at two particular formulations.

i

• Sparse ta} I¢au approach [45]
We summarize the formulation of the appropriate tableau for the automatic design
aiid analysis of electrical networks. This is useful for calculations of sensitivity to···.1l,.i)
set of design parameters, and for tolerance analysis, which is often the final step in
circuit design, In general, we consider design objectives of the class

min {p == (T if;('iV,p, t) d...t,
p 10' -'

where .p is a generalized scalas; objective functional and' ¢ is an objective function
of the unknown vector w, the J~$ign parameter vector '[J and time t: Typically, ¢ is
a measure of the difference between some desired output and. fLnobtainable outp~?
The network equations are

{

V node voltages
i branch cutI.'ents
11 branch voltages
q energy storage

As can be expected, the tableau operator F is generally differential-alge raic, The
tableau matrix Fl (w, t) is a linearization of the tableau operator around the operating
point w: Fl(w. t) = 8F(w,t)"/aw .. For general networks, Fr has the form below .

. ' ,-

I F 1 i i v >1 q, <i),i]
o I AT 0 0
A o -1 0
0 Z Y .8
0 E -d/dt

The rows, as partition« i, embody KCL, KVL, constitutive r(,~ations and dynamic
relations describing generalized energy storage elements, respectively, The matrices
A (the topological matrix A as before), E, B, Y" and Z are gf)llerally sparse.

r(

• RC networks [66J
Sincovec et at give the following equations for a network containing E and linear C
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I)

(,an.d R elements:

eVe 0 0 0 0 -I 0 0 Ve 0
0 0 1 0 0 0 0 0 VE 'E
0 0 0 I 0 0 -R '0 VR 0

i -.

0 + 0 -I 0' , 0 0 0 AE IE = 0 (1.11)
0 -1 0 0 0 0 0 Ae Ie 0
0 0 0 -I 0 0 0 An In 0
0 0 0 0 A~ AT A~ 0 VN , 0c

'Vi and Ii are branch voltages and currents (i = E, C, R), and VN is the node vql~age
vector, Note that equations (1.5), (1.7) and (1,8) have been used, and there'is no
need to use the hybrid formulation. Again, Ai are branch-node incidence matrices,

Most network specifications assume oue of the following responses:
l) ,,'

1. DO re.,spo'fl,.~e: tin;J,e:domain response of a purely resistive network to constant sources:
"(j

2. A C response: frequency domain response of a network of linear elements to a sinu-
soidal signal input.

3. Transient response: time domain response of any network

For some cicuits, AC or DC analysis is sufficient, buta fully automated network analysis
program must al~p include transient analysis, which can also handle

1. Nonlinear networks, where element values depend on circuit variables, response is
.~ >,' " , , _ " ' ';J

generally not proportional to excitation, and the tableau approach is insufficient, ego
networks containing diodes or transistors; and

2. Time-varying networks, where eleme-it values vary with time, ibut are independent
of excitation, egoithe control of circuits by switching and circuits using as input the

'\

nonlinear non-sinusoidal output from '.:1 ., der Pol oscillators.
\., '

General network analysis therefore requires effective numerical DAE software.

Constrained Multibody Systemss-

"Dynamics of multibody systems is (1jf great importance in the fields of robotics,
biomechanics, spacecraft control, road and rail vehicle design, and dynamics of
machinery." (W. Sehiehlen 1990)

The above quote justifies the substantial amount of work done on \QAEs applied to me-
chanical systems, ego [11, 13, 34, 43, 65, 97J. Much of the theory of index reduction

and maintaining solution im,,,ar~ll.ntsof DAEs (in later chapters) was developed from the
Euler-Lagrange formulation and the theory of Lagrange multipliers which, for the con-
strained mechanical system with position z, velocity 1l. kinetic energy T(x, u), external
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force lex, u, t) and constraint </>(a:) ==: 0, yield the DAB

Tuu(x)u' = g(x, u) - GT(X)f

x' = U

o =.: ¢(x),

(1,12)
(1.13)
(1.14)

with derivative array G = 8¢/8x and Lagrang~ multiplier A. (Subscripts denote partial
derrvatives.) If Tuu(x) is invertible (it is typically positive definite), then this sytem can
be posed and solved numerically in several different ways, as, we shall see later.

,. \'<

A recent paper on cybernetics f71 presents a graph. theoretic Newton-Euler 'formula-
tion of constrained multibody systems in order to "combine the topological information of
a constrained rigid body system with the. .. equations of motion in a di'rect, systematic and
consistent procedural fashion that l{{nds itself to a straightforward computer implementa-
tion." This graph-theoretlc simulation is nscessary.as "classical kinematics and .dynamics
analysis laek general methods t~lJ,atcan handle ... many different types of mechanisms,
their components, configurations and arrangements:" \\ Ii
The dynamic simulation problem for mechanical systems i§- stated as follows:

Given a set of external forces or torques and an initial state of a mechanical
system, calculate the positions, velocities and accelerations, and their angular
counterparts, as well as internal reaction forces and internal moments at points
of interest in the system at a later time.

\\

The paper [7] represents the state-of-the-art of simulation of multibody systems, yet the
authors realize that the :po'Wei>~£graph-theoretic formulated multibody systems has not
yet been fully exploited.

w.,7 note that the classic descriptor and,state-.£pace formulations of the equations of
constrained mechanical motion both have sever~, limitations. Some ~/oposed reformula-
tions, with improved numerical properties, are discussed in a r~;5:ilt~~per [34].

1.1.2 Singular Perturbation

The linear constant-coefficient version of the problem studied here is

A(E) x' =:; G(E) X + f, (1.15)

which depends on a small positive parameter € in such a way that the full ODE, when
e > 0, is of fuller rank than the reduced equation, obtained by' setting € =:; O. The reduced

(\

form is known as the quasi steady date approximation to .\he original equation. Singular
perturbation teehniques [72, 73, 94, etc.] can be used to solve the smaller, reduced problem,
and then to build an approximate solution to the full problem. An analytical study of the
system

:t!' = Al (E):r, + .A2(E)Y,
EY' = B1{t:)x + B2(E)Y,
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and its reduced form can be found in [22]. We look more specifically at the problem [47]

y' cC fey, z),
e.z' ;:::; g(y,z), 0< € ~ 1, (1.16)

where it is assumed that

(1.17) "
\)

holds for some scalar product in"'a neighbourhood of the solution. Outside the initial
transient phase, (1.16) is known to have an e-expansion of·the form

vex) ;:::; ye(x) + CYI (x) +; ..+ e.NYN(X) + O(e.N+1),
z(x) '-- zo(x) + eZl(X) + ... + e.N ZN(X) +O(€N+1),

'\ ''\\ .,'
with smooth €-independent coefficients vi, Zk. Inserting the expansion (1.18) into the prob-

lem (i..~~~)and comparing powers of :' yie,rs a sequence of differential-algebraic systems
in tfi(~ )Rc~~~ts: ,. ,. ,

,·"'........_ _rl

Yo - f(yo, zo)
(";::}o ;:::; g(yO, zo).

(1.18)

i1.19)
).20)

y~ == 'fy(Yo~ ZO)Yl + fz(yO, ZO)Zl
Zo == gy(YOI ZO)Yl + gz(yO, ZO)Zl,

(1.21)
(1.22)

and in general

fY(YOl ZO)Yk + fz(YO, ZO)Zk + <Pk(YO I Zo,···· ,Yk-l, Zk-l)
.= 9y(yO, ZO)Yk + 9;;(Yo, ZO)Zk + 'ljJ~.(Yo, zg, .•. ,'Yk-ll Zk-l)'

(1.23)
(1.24)

1.1.3 Control Peoblems
We consider here two basic problems in control theory: optimal and constrained control
[17, 53, 70, 71, etc.],

The aim of optimal control is to choose a centro) u so as to cause the state x of
a system to exhibit some desired behaviour and minimize a cost functional J(x) u}. We
consider the autonomous control process

x' '== Ax -{-Bu. (1.25)

with quadratic cost functional o

I1TJ =:"2 (Hx,x) + (Qu,u)dt,
to

(1.26)
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;where Hand Q are positive definite, and Q is generally ,not expected to be invertible.
(1.25) and (1.26) are referred to a/the basic quadratic cost problem. Using Lagrange
multfPJicrs A,o

~, ,";

-,(I 0 0) Jl ().,I)' (A* H 0) ( ).,\ (' 0 \
0" L d/ " x' +",0 - A -B, x ) =, ,0, ),
o 0 0 u' ,B* 0 Q ()' 'U 0 •

is the necessary condition for optimization. Optimal control problems with singular matri~
ces in the quadratic cost f~ctional have received much attention, and they ~ctfu naturally
as a first order approximation to more general optimal control problems.

A different type of control problem is one where the output is specified. The control)
~. 'J

equations

Xl = Ax+Bu
0 y ce-c u«-

result in the DAE system

'('I 0) ( XI) (-A -B) (ax: \ (0)'o 0 'l],' +. CD'" u) = y •
,)

Another problem, related to the above, is the general continuous linear programming
problem, which is to minimize

r
f c*(t)x(t) dtlto

subject to

B(t)x(t) + r K(t,Q)x(s.) ds :::::bet),i. (1.27)

where each component of x is positive (x > 0). A special case of thi~;iS the linear optimal
control problem, which is to minimize

fT ci(t)x(t) + C2(t)u(t) dtIto
subject to

X' :::::A:r +B·u + bI
0==Cx+Du+b2

x > 0, 'l], > 0, x(to) = Xo.

Note that (1.27) is an integrated form of (1.28) .
An example of the use of numerical DAE codes is in the numerical algorithm DAREC

[?~1Jfor tbe solution of Riccati differential equations:

(1.28)

-E*X(t}E = C*QC +E*X(t)_4+A*~\:nE
--(B* X(t)E + 5*C)* R-1(B* X(t)E + 5*C). (1.29)
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DAREC re,d~cesii(1.29) to a Ime~ly implicit DAE via singular value decomposition of E,
and then calls a numericalliueafDAE code to solve it.

1.1.4 Fluid Dynamics

The Na"hir~Stokes equations fqr'incompressibole viscous How [22J are given by
'::.

; aulat + (u.\l)u :::: -VP + "tV'2u
V.u :::::0, (1.30)

where u is the velocity, p the pressure and'Y the kinematic Vi?cosity. After spatial dis-
cretization \~it1¥a finite difference ,,Or finite element meth~d \(~~'\Yectors U(t) and P{t),

~". "-:-

approximating u(x, t) and p(x, t), satisfy the DAE system ,O;'itJ'

MU'+(J(+N(U)~J+CP = f(U,P)
eTu :::: 0, (1.31)

where M is the mass matrix, C discretizes v andthe forcing'f'unction f emanates from the~. .~\ ~,
boimdary conditions. The system of PDEs (1.30) has "been transformed' by the method-
of-lines (MOL) into the DAE system (1.31), wb.ich li~~theform=~ . "

fI(x,xl,Vyt} ,- °
- j;'(iJ = o.

An alternative formulation is

MU' + (J( +N(U})U+ GJ) ::::f(U, P)
AP'; = C™-1(j - (1( +N(U»U),

(1.32)

(1.33)

where A = cTM~lC discretizes v.l, An advantage of'(1.33) over (1.32) is that (1.33) can
be solved using an eXpliG,itmethod. A disadvantage is that the matrix A may not be very
sparse if the finite. element approaci! is taken.I, '<::

The Euler equations describe a compressible inviscid isentropic medium:

fJp/8t + (u.\l)p + p"V.u - 0
8u/8t+ (u.\l)u+ 'Vp/p ::::: 0"

(I

p-,f(p) '"'" O. p := scalar density.

A finite difference spatial discretization, where .Q~U and P approximate p, u and p,

re~.?ectively, yields the DAE system. ))

D' +C1(U)D + C2(D)U" = 0
U'/r4-G3(U)U + G4(D}P = 0

P~F(D) = 0,

which has the form

]1 (x, Xl, y, t) = 0
hex, y, t) = 0.

This can easily be reduced to an ODE system by replacing P with F(D).

\\



~~hapter 2

'Theory
"

A'functlon xU) is a solution of the general nonlinear DA.E,

F(.x,x',t)= 9, (2.1)
"
((, .' "

, on ,au interval T if x is continuously differentiable on I and satisfies (2.1) ~or all t E ,T.
From this p,Qint onwards, we are concerned only with the case where solutions to g_2.1)
exist and a(!~un~quely defined on the inte:r~al of interest.

I','.1

Definition 2.0.,1 [141 Let T be an open subinterval of'R, (1. a connected open subset of
R211?;+1, and F'a differentiable function from n to niT". Ther,~ the DAE (2.1j is .solvable
on T in n if tli'ere is It'll r~dimensional family of solutions e/>(c,t) defined (m a connected
open set n x X, Q C Rl', such that

1. e/>(c, t) is defined on, all of I for each c E n;
2" (e/>(c,t), ¢/(c,t), t) En for (c, t) En x E;

'-\ -- I_',

9. If 7j;(t} is any otMr solution with (7j;(t);,Ij/(t), t) E n, then 7j;(t) = e/>(c,t) f()r some

c En,' and

4. The graph ole/>as a function of (c, t) is an r + I-dirr,,:ensional ~anifdtd.

This definition says that locally there, is an r-dimensional family of t\?lutions, the solutions
are continuous functions of the initial conditions and no bifurcations-exist (thereby exclud-
ing Type II). We develop our understanding of DABs by considering them under various ,
structural assumptions, since this approach has proven useful and is now traditional in

c'
deriving new algorithms and results ..

2.1 Linear Constant-Coefficient Problem

In some sense, the simplest or at least t he best understood class of truly differential-
algebraic problems is that which is linearly implicit with constant coefficients:

13
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Ax' (t) + Bx(t) :::::f(t), ' x(to) = XO, (/ (2.2)
\1

\\ wJr~re A and B are n x n constant matrices, Here and throughout the text, all functions
'\ areassumed to be sufficiently continuous and dllferentiable, unless otherwise stated. We
\ see below that solvability of the DAE problem (2.2) is equivalent to ~egularity of the ~atrix
,\pencil (AA + B), ie, the invertibility of Ali +B for some A. Without' becoming deeply
in~olved in the th!'lory of matrix nilpot~ncy, we merel; state the necessary stand~rd results.

'.,;'>/

Definition ~",1.1 U For A, B E cnxn a:rtt; ,to) E R: the vector Xo E en ie said to '~e a
consistent initial condtion (c.i.c.) ossociated with to for (2.2) if (2.2},possesses at least

" it
one soluiioti. flquation (2.2) is said to be tractable at the point to if the IVP (2.2) has a
unique\ §olution for each. consistent initial vector Xo r=with to.

a ~

Theorem Z.:t.2 {22}For A, B E enxn,,:;the homogen~tJ?lSdifferential equation
o n

,,\ ';: Ax'(t) +Bx(t) :::::;0 (2.3)"
!-~( N

is tractable (:-'3iJivab~e")if d;~dconly if there is a A E C such that (AA +B)-l exists.
1\

The proof is given in [2;2], where it is also noted that the choice of A is unimportant, due to
scaling. In fact, the development of analytic solutions to (2.3) given in [22] is independent "
of X It is also noted that (2.2) is tractable only if (2.3) is tractable. . U ~

When AA +B is singular for all values of A , either no solutions exist or infinitely ,
'I

many solutions ~~ist. It is not even reasonable to try to solve these systems numerically.
Fortunately, nl(~ferical ODE methods reject these problems automatically because, after
discretization, they are required to invert the matrix A + h(JB, where h is the steplength
and ,8 depends only on the method and recent steplength h1stor/! If the tractability
condition in Theorem 2.1.2 is not satisfied, then this matrix is singular fQr all values of h.

-~-:::.:-.~.~0,'I

The following theorem leads to the solution of (2.2). .:

Theorem 2.1.3 [3S) 11 (AA +B)-l does exist, then there exist nons.in:)u!ar constant ma-
trices P, Q E cnxn such that

PAQ= (I N) and (2.4)

where 1 is the unit matrix, blank matrix entries are zero, C and N are constant, C if.
in'/)~rtible and N is nilpotent of degree 11/::; dim(N), ie. NV ::::0, Nv-i 1= 0, i = 1, ... IV,

'[

1) E Z+. The ODE case, 1.1.;" n N is ab,wint, corresponds to V :::::O.

By premultiplying system (2.2) by P, and introducing: new variables y su~r~that x:::: Qy,
we obtain all equivalent system (ie. one that has the same solution):

PAQy'(t) +P'BQy(t) = Pf(t), y(to)::::: Pxo. (2.5)
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Using (2.4" (2.5) reduces to two smaller systems._~

CD)' viet) + eYi(t) ;::;bet),
(A) (Ny~(t) + Y2(t) = h(t},

Y ;::;(yT yri)·T ~and Pf = (fT fT~)"r.
1 )~2 <A l' 2

(2.0)
(2.7)

(2.8)where

Subsystems (2.6) and (2.7) are called the differential (D) and algebraic (A) parts, respec-
tiyely, and together t1:ley are known as the Kronecker (or Jordan) canonical form (KGF)
of (2.2). Now (D) is a standard system. of ODE's, and all the singularity is contained ill
(A). It is easily verified (by substitution) that the soluti6ji~of(1!.6), (2.7) Ci'!,I;l be expressed
analytk"\.lly as

(D) \\ YI(t) - e-C(t-to)Yl(tO) + rt e(s-t)C ]1(5) ds,ito (2.9.)

C\
"(A)

v-l
Y2(t) ;::; I:(_N)i f~i)(t).

i=O

\',

(2.10)

;(

Clearly, Yl.{to) can be chose~<?:~pitrariIy, while Y2(tO) fuust satisfy (2.10) in order to be
consistent. This will be de;':--"}ith more generally in §3.5. Note the presence of the
'(v - 1)-th derivative of the dri~illgfunction l, and thus its required smoothness. In this
context, the degree of nilpotency of N is called the (nilpctency) index of the DAE system
(2.2), denoted by lnd(N) or Ind(A, B). In standard canonical form (SGF), N is strictly

(\c,
"~triangulal'. In KeF,

01\
o 1

1
o mixmi

and v = max] m.i},
t \

so that (2.7), decouples to k subsystems of the following form (new subscripts denote
components within the i-th subsystem):

NiYb(t) + Y2,i(t) == fz.i(t),

ie. YbW = -Y2,1(t) + i2,l(t),

y~,3(t) - -Y2,2(t) + h2(t),

Y2,m(t) = -Y2,(m-l)(t) + h(m.-l)(t),
0 = 1l2,m(t) + hm(i).

(2.11)
(2.12)

(2.13)
(2.14)
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,:rhe above system can be solved for Y2(t) by performing the following in each subsystem:

Solve (2.14) for Y:l,m(t)
Substitute YZ,m(t) into (2.13)
IJ

//jI
-;:_.,

r6te'that this routine requires N in SCF, not necessarily in KeF. The above.shows that
J higher-index: problems require more continuity in h. In fact, an index u problem requires

i(="C;;- h to be cv-1 in some of its components. Later we will see that these higher order
\' .' ,.
''Q,;" derivatives drastically affect, the truncation error of ODE methods, and this is the root

"1) of the problem with using ODE methods. In general, index: 1 problems are easy to solve,
~. whereas higher-index problems are not .easy.

•• .s: One might hope tha:t the study of (2.2) could be u~ed. 8') a guide for understanding
more complicated systems, "In general, this fails to be tru~). The structure of the local. - - _ __'<-"\ 1.\

constant-coefficient linearf~-ed version of (2.1) may not .describe the behavio1.lJ,.pfsolutions
to the DAE, for ?:t9nlinear Of even linear variable-coefficient systems wZ ..~=:;:~L'Numeri'~~al
methods which ~~'~rkfor (2.2) break down when the ni'atrices are time-dependent or where

• (j

Y2,m(t) = - iz,m(t)
Y2,(m-l)(t) = f~,m(t) + h(m~l)(t)

etc.
until Y2,1(t)= ± ft~-l)(t) + ....

11> 1.

2.2 Linear Variable ...Coefficient Problem,

'I'he solution of the linear variable ..coefficient DAE system,

A(t)x'{t) +B(t)x(t) =: f(t)) x(toY= Xo, (2.15)

is a much more intricate problem. for example, there is no equivalence between the
solvability of (2.15) and the regularity of the matrix. pencil ('\(t)A(t) + BCt)) for all i:
There are examples where an irregular DAE c~}nbe transformed into a regular solvable,
DAE [22]. Also, a regular DAE need not be sol~able [41J.

Although the properties of (2.15) are not as yet fully known, unlike the constant-
coefficient problem, w~study them because they arise naturally ill applications and they
also give us insights into the general nonlinear problem.

2,2.1 Solvability

Consistent with Definition 2.0.1, a singular system (2.15) is solvable on I:::: [to, T] if, f01
any sufficiently smooth Jet), solutions to (2.15) exist and are uniquely determined by their
values at to. As f01' the constant-coefficient case, a system (:U5) in the form ((

yi(t) + C(t) Yl (t) = b (t)

N(t) y~(t) + Y2(i) = {~2(t),
\,

where N(t) is nilpotent, s x s and strictly upper (or lowell triangular, is in SCF. If IV is
\\

constant (ie ..N(t) ::::N), the system is said to be ill strong S\7F (SSCF) Or semi-canonical
I:

(D)
(A)

. (2.16)
(2.17)

\, '
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form. The relationship between.solvability of (2.15) and the existence of the SCF is given
below.

Theorem 2.2.1 {9}If A(t) and Bet) are real analytic on an interval I, then the singular
system (2.2) is solvable iff there are transformations of the fo'rm x~= Q(t)y and left-
muiiiplicaiions pet) (wher'e P'osul Q are analytic and nonsingular), which transform (2,,2)
to SOP evp.r"Jwhereon I. (For generally non-real A and B~ see [14, p.?-S}.)

The proof of Theorem 2.2.1 yields an algorithm for computing the SCF. If (2.3) is trans-
formable to SCF by (P,Q), then we have

P(t)A(t)Q(t)

(2.18)

N(t) ),

P(t}A(t)Q'(t) +P(t)B(t)Q(t) =

It is the trIlle-varying coordinate change, ti: = Q(t)y I which causes the derivative Q'(t)
Ii

in (2.18). If Q can be chosen constant, ~uch that Q' == 0, the transformations-are called
safe and the solution takes the same form as (2.9), (2.10). We now give all example of a
Type II problem which fails to be analytically solvable.

Example 2.1 The problem

( t - 1 -.1,.) ,( 0 )\ 0 \., y +y = et

has the solution y = (~!ic,et) T, c constant, at all points excep~ the turning point, t* = 1.

Note that the SOF for thib example changes structure at t",

2.2.2 Index
The defir~ndn of index given in §2.1 can be extended to the variable-coefficient case, and
there are"at least three possible ways to define the index. The local index at a time f iI's
defined as III (i) == Ind (A.(f), B (l)) I the index of the constant-coefficient problem at f. So

c-,

there exist nonsingular matrices P and Q such that

PA(t)Q == (I N) I PB(i)Q == ((: I)'
and\III (f ) = Ind(N). If (2.15) is transformable to SCF (2.16), (2.17) by a safe transforma-
tion (P, Q), then the index, lI(t), is defined as the nilpotency of N(t) in (2.17). (2.18) is
called a fixed index 1I system if the local index is the same for all t. If a system (2.15) is
transformable to $SCF, then lI(t) = 1I ;:::::Iud(N) is called the global index.

i

17
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Example 2.2 If a system (2.2) $sl~q,___n8forma,b[~to SOP with

" ~ "'\cco

(

0 t< 0
. 0 Jr'l-t

N(t) '=. 0 0 0
Al 0 0
".-.j

1~-t)
then

and we have a variable~index Mgher-index system.

It is the global index that determines .the behaviour of the solution. If the global index is
a constant Tn, we know that dim(D) independent initial value: can be chosen) and that
the driving term f can be subjecf to.'differentiation ni - 1 times.

The local index in some sense governs the behaviour. of the numerical methed. FOT

example, 'if the matrix pencil is singular at a poi)Jt t", numerical ODE methods cannot
solve the problem at t*. In understanding why these methods break down, we need to
'.' .' \!
know how global and local indices are related.

In [41J it is shown that if the local index::; 1, then it is not changed by a smooth
transformation (P, Q). Otherwise a smooth, nonconstant transformation of variables in.
(2.15) will yield a system whose local index is 2 unless additional constraints are satisfied
by the transfonnati~ A restricted set of transformations will cause the index to be
greater than 2, orthe pencil to be singular. When the transformation to SSCF.is used,
this shows the relationship between the local and global indices.

Example 2.3 Oonsider th!l system.
(2.19)

.!!
This was obtained from

(' 0 0) I ( g(t) )lOx +x== (\

vs a change of variables, x = (~ it) Y . so the global index is 2. If 17== -1, the pencil '

in (2.19) is singular. Otherwise it is easy to ver~fy that its local index is also 2, using the
transjoruudior:

p=] • Q=( 1 IF).o 1+1/
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,J.l}xllmple 2.4 Consider the system

( 0 0 0) (1 0 77.t) .' (.g(t) \
1 0 77t x' + ' 0 1 01 x =:= 0

0
,) .

o 1 0 . 0 0
(2.20)

This can be seen to have local index :1 by ibe transformation

pet) == I ) -..'fit).o ,
1

',)

(2.21)

and glob~'l index 2 by the transformation

pet}:::I j Q(i) == ( o~ ~ ~t) .
-1/77 1177

(2.22)

o

The definitions for the local and global indices are useful for' studying the underlying
structure of complicated DAE systems, but they fail to provide us with any ki~d o{simple
procedure for finding the index of a given DAE system, fbr which Algorithm 2•.~.5 below
is useful. (See also [14, p.30].)

We first mention two structural f6rms arising hi applications whose solvability we
do know about.

Definition 2.2.2 [14] The DAE (2.15) i.9 in I~essenberg form of size r if it can be written
as

1 0 0 xi Bll * * Bl,r-l Blr Xl /1
0 I ...- B21 * * 'E2,1'-1 0

I + 0 * * * -
I . * *

0 0 x, 0 0 Br,r-l 0 Xr frr

wher~ Xi are vectors, Eli (aLso represented by *) are matrices, and the Hessenberg condi-
tion, that the product Er,r-lBr-l,r-2 ... Blr is nonsingular, is satisfied.

In [14J it is proposed that a DAE in (Ressenberg form of size r is solvable and has global
and local index r. Often in applications, systems appear only as a combination of the
solvable forms previously mentioned.

Definition 2.2.3 !14) The DAB (2.15) is an r-th order triangular chain if it is in the
[ortn.

e" 0

q )C1

) e" 0 O)C) Cl).121 A22 . . + B21 B22 L .. = j,..1:'1
* * L •.? .;cj *i !of<

* * * *
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i-I

and each s'ubsystem AiiX~ +BiiXi :::;:Ii - L (Aijxj +BijXj) is either global index one or"
j=1

zero, in Hessenberg form, or in SCI'. o

Any system which is analytically equivalent to a triangular chain is solvable. In 'I'heo-
rems 3.4.1 and 3..1.2, characterizations of solvability and consistent initial conditions of

I::::.

.other higher-index problems are obtained using Taylor-type methods.

2.2.3 Index Reduct.ion
II

It is sometimes possible to use analytic~l techniques to rewrite the system in a form with
lower index, whlch can th~n be solved numerically, We discuss two reduction techniques,
the first of which is useful for determining the index of a system, and reducing it, while
the second is the idea behind the technique for constructing the transformation matrices
pet) and Q(t) of T~egrem 2.2.1.

Algorithm 2.2.4 [42]
C> •

Ii
1.s1f A(t) in (2.15) is.nonsingular fut all t, then we ere done.

"2. Otherwise, premultiply (2,15) by a no.nsing1Llar matrix pet) to zero out a m:aximal
number o/.,rows of A and permute them to the bottom; to obtain

3. D'ifJererttiate tht;; bottom ha{f of the system, to obtain the, new system

4. Now apply ~teps 1-3 to th~new system.

The idea behind this algorithm is that each differentiation of the al~ebraic constraints
yields an equivalent system of lower index. For a solvable linear system (2.15) with no
turning points, Algorithm 2.2.4 terminates (resulting in an ODE system) in rn iterations
iff the global index is Tn, and does not terminate at ii.l for systems which are not solvable.
Note that we have introduced a number of constants of integration, which means that we

/1

must determine the correct initial conditions. This can be done by satisfying the initial
system and each of its differentiated forms at the initial point (d. §3.5). Algorithm<2.2.4

can be used to find the local index by considering matrices A and B at some t :::;:f and
applying the algorithm to the resulting system, in which case the algorithm terminates ill
m steps iff thr local index.is m. S~-ncethe local index.is equal to the global index if the
index IS 1, the algorithm terminates after one iteration iff the index is 1.

Another approach to simplifying the system (2.15) is based all using the algebraic
constraints to solve for some variables in terms of the •remaining variables, thus reducing
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the size of the system. This approach, embodied ~n the algorithm below, can be used ,to
reduce solvable systems (2.15) to semi-canonical form. Whe~, it cannot be completed, the
Jlystem is not' solvable. I)

Algorithm 2.2.5 {42}

1. If A(t) in (2.15) is nonsingular for all i; then we are done.

2. Otherwise, premultiply (2.15) by a non8ingular matrix P(t) to zero out a maximal
number of rows of A , and permute them to the bottom, to obtain

(j

\\,
1\

:J. Permute the columns of A and B so that Bn is nonsing'ular. (It can be shown th~l
fo/solvable s:vstems (B211B22)ha1''jull rank~/>

I', \ ","

4. Solve for 7,2 == Eli'll (g2 - B21q;1) a~d diJle/, ; ~'" ~~lJ8io'h to solve for 'X~=.
c terms of'X~ and al\~. ,~~. /)' } h;'-'f\.~ \
5. Substitute the eXl·)i.:,;ssionsfor X2 and :rf iW;' the to» hill! oJ the system, anr1ewrite

to obtain a system of form (2.15) IClf x:', 'fhi\system is al'w;ij) .• 'smaller than the
original .one.

(Au A12) (. Xf) +( Bll B12 -:) ( Xl. ) ::;:; ( gl(t) )' .
o 0 x2 BZl B22 X2 92(t)

0, e«back to step 1D

Example 2.5 For the flO network equation (1.11).. it CQ,n be shown that if the columns of
'(AEAcARf and the rows of (AEAC):t' are linearly indeperuient, then the index is 1. The
first condition ,is equivalent to requiring that the network is connected, and the second th,at

'" !there ore no loops containing E and C elements only. If the second condition is sati,~fied,
(1.11) can be reducr;d to state variable [orm.

1/ A2 0)o O· y = get),
B2 I

'(2.23)

where Al is invet'tible. Making use of Algorithm 2.2.4, we diffe1'entiate rows 2 and ,9 and
substitute lor the upper part oj 1/ from row 1:

Swopping rows 2 and 3; the index is 1 if (ArA11 A2)-1 exists, ie. iff.42 has linearly
independent columns, and it follows that the global index of (2.28) is 2. That tlu: loealJ
imde: is also 2 can be seen using a similar argurne?jt applied to the local linearizati~n of

'.\ \

(fJ 'J.")_.""",tJ •
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2.2.4 Analytical Solutions

For completeness we consider the analytical solution [9}of system (2.15) in its SCF (2.16),
(2.17). "

D...part

The D-part (2.16) is a standard ODE system, and it is well-known that if CCt) is Lipschitz
continuous, the corresponding homogeneous system, yi (t) + C(t)Yl(t); f,' 0, has a contin-

uously differentiable fundamental matrix solution i.l?(t), such that i.l?t+ (?(t)i.l? == O. Using
\

ill, the solution of (2.16) can be written as 1\

(2.24)

\)

where Yl (to) is an arbitrarily chosen initial condition. Note that for the constant-coefficient

case C(t) =,C and i.l?{t) ~.~-tC, so (2.24) is equivalent'to (2.9). If C commutes with its
.,",',j.;_

derivative then

i.l?(t)~-l(tO) == exp (1: -O(s) dS) ,
"

otherwise i.l?(t)i.l?-l(to) == T(i) exp (J( A(s) dS) T-1(to),

where A is diagonal. These exponential representations are of interest in asymptotic

estimates of Yl(t), le. in finding estimates of IIYl(t)1! as well as 1IC1l(t)i.l?-l(t!)II.

c,

A..part

Theorem. 2.2.6 The unique solution of (2.17) can be written as

s-l

Y2(t.) == 2:,.( -N(t)1J)i f2(t),
i:::::O

where'D is the difJerentiation operator ('Dy == y'(t»).
\,

This is proved by:

1. Substitution into (2.17);
il /./

2. (-N(t)'D)i f(t) == 0, 'i ::f s (iproved by induction on i using '18 triangularity of N);
1

3. Uniqueness follows by f'ed'!'('ctioad obsunium:
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o At the component level, Y2 can be computed as

for i!:::: S downto 1,
s ,

Y2,i(t) := /2,i(t) - 2: nij(t)yb(t), where N = [nij].
c: j=i+l

(This .is easily proved by substituting components in reverse order into (2.17).)
(1,

2.3 General Nonlinear D~E Systems
I

A general DAB takes the fully implicit form

F(x,x', t) ::::0, (2.25)

where x(~2 En -+ 1?_nand F E nn x 1?}"x 1?_ .~. nn is a function for which we will assume
~.,.;:,-.

suitable differentiability. In this section, we generalize the concepts of index and jndex
transformation and reduction, to the above pro~lem.

2.3.1 Index

At least two forms of .index for the general problem appear ill the literature. The first,
used by a number of authors, including Gear, Lotstedt and Petzold, in [38, 42l'66, etc.], is\,
the number of times the DAE must be ci;i!i>rentiated in order to generate an ODE satisfied
by the solution. This can be Seel\/rip 1)t: equivalent to the global index defined for linear
systems, by referring to Algorithms 2.2.4 and 2.2.5 and we call it the differential index di•
MO).'erecently, Hairer, Lubich and Roche [47] define the index by considering the effect. of
perturbations of the equations on the solutions. This index, which we call the perturbation
itulex Pi, is one more than the highest order derivative of the perturbation appe~ril1g in
the. estimate of the bound of the change in the solution. We discuss both indices and the
relationships between them.

-::

Differential Index di

. If the Jacobian ap/ax' is nonsingular, the index di ::::O. Then (2.25) is an impllcit
ODE which can, in principal, be inverted, yielding x' :::;l(x, t).

2. Otherwise (di > 0) consider

P(x,x', t) = 0
dF/dt :::: (aF/ax') x" + (aF/ax) x' + (ap/at) = 0

d2F/dt:2 = (aF/a~~r) XIII + .. , :::;0

dBF/dtS = (apIa:;:') x(s+l) + ... = 0 (2.26)



CHA.PTER 2. THEORY 24

as a system of equations in the separate depeng_ent variablesar", X't, ... x\8+1), and
solve for these variables as functions of x and t ~Vnsidered as independent variables.

Since of/ax' is singular, it will not be possible to solve for x(s+1), or possibly even

for x(q) for smaller q, If it is possible to solve for x, for some finite s, then the index
di is defined as the smallest s for which (2.26) can be solved for x/ex, t).

The relationship between di and the index as de~\ned earlien, can easily be seen for linear
\\ t,'. ,. ..'

DABs in semi-canonic" form. For the differential subsystem

Ny' +y = f(t), (2.27)

ie,
,

!1(t)yz +Yl -
-~-':;-.,
"'"L

I fm-l(t)Yrn +Ym-l =
Yrn - frn(t),

we differentiat~i the i-th equation i times (i = 1,2, ... ,m) to obtain

y~ + yi - ff(t)

y~) + y;::-~l)

y};:)
:; f~rr:_11)(t)
= f$nm)(t).

Wi i'

il
Adding up the!~e equations with alternating signs produces vi. This, together with the

first m - 1 equl~tions of (2.27), gives an explicit ODE, so that di = Ind(N).
The diffe~'ential index determines some major characteristics of the underlying struc- c

ture, fo:; examl!~le the number of manifolds on which the solution is constrained to lie,
which is the riuj:nber of sets of algebraic relations developed in thE)index reduction process
described belo~r'

Ii
Perturbationllndex Pi

': _ __ _ (r

The perturbatipn index Pi is defined as the smallest integer m such that the difference
between the sO'~'zion of (2.25) and the solution of the perturbed equation

F(y,y',t) =~(t)
,
r-

Call " bounded by an expression of the form

max itv(t) - x(t)11 S; k [llx(tok- y(to)II+ max (lk(t)lI)
tE[to.TJ t€[to,T]

\'. + max <lk:'(t)lI) + ... + max (lIc(m-ll(t)ID], (2.28)
\ t.[to,T} !E[f',"[.



CHAPTER 2. THEORY 25

where k is an arbitrary constant and 11·11 denotes a suitable vector norm. To allow for.Pi
to. be zero, we include within the square brackets the term

o

max. (lIc<-l)(t)II) ; where t(-l)(t);:;:: it £(1") dr,
" tE[to,T] "to

o ., '"

For (2.27), Pi =max {mi} ::::::Ind(N), since VI depends on the (m -~1)4;h derivative of 1m.
The perturbation index is an important factor in the numerical solution of a DAB

due to its major role in determining the impact of roundoff errors. If the method performs
numerical differentiation on roundoff errors ofG(e), it.is clear that we can expect resulting
errors of G(c/hP,-l). / '

Relationship between d~ and Pi 0

'Werestrict ourselves to, problems for which both indices are defined. It is always possible
to restate a problem in a form for which the formal definitions do.not apply, For example,
the problem :£2 ::::::0 has no perturbation index, since the bound' (2.28) 5rs not exist.
(One differentiation yields xx' ::::::0, which has two solutions, x' ;;::0 with di 1f: 1, and x = 0
with di ::::::2.) In [40],the following relations are given.

1. di -::;Pi -::;di + 1.

2. 'Pi = di if the DAE has integral form, ie. if F(z, x', t) == a.xe;'!;, t)x' +b{x, t) ::::::O. In
particular, linear DAEs in semi-canonical form have Pi = di ::::::Ind(.4), as shown
earlier.

3. Pi.. ::::::di + 1 for general systems, unless the DAB satisfies some special conditions
"whichare difficult to describe in terms of the original DAE.

4. An explicit or implicit ODE system has di ::::::0, Pi == 1.

2.3.2 Structural Forms

Nonlinear versions of all the forms in the previous section appear ill the literature.

Definition 2.3.1 [14j The DAE (2.25) is in Hessenberg form of size r if it has the fo?'m

xi:::::: Fl(Xl,X2, ... ,Xr,t)
X~ = F2(Xl,X2,.",Xr-l,t)

3 -::;i -::;rr- I, C)

and (8Fr/OXr ••J)(or"'r-doxr-2)'" (8F2/8xl)(8Fd8x1') is nonsingular
(Hessenberq condition).

\1
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Remember that the Xi are not components but vectors such that' x = (xf, ... ,xnT.
Assumilig the Pi to be sufficiently differentiable, the Hessenberg form of size r is solvable
and has local, differential and perturbation indices r [141. (The Hessenberg form is of
. p

integral'$)rm.)

Definition 2.3.2 IJ.4} The DAE (2.25) is a triangular chain of order r if it can ~eW1'itten
in the form

Fl (xi ,Xl, t) - 0

F2(xi,x~'Xl,X2,t) - 0

a,,!d the sllstem defined by each function Ft, is an explicit 01' implicit ODE,. index one, a
Hessenberq [orm, 01' in SCF in th« va1'iable (xi, ... ,xDT.

'Iriangular chains are always solvable.

2.3.3 Index Reductions

From this point onwards, the term 'index' (or 1I) refers to the global,O! differentiation
index di. Firstly,,,,,wemention that Algorithm 2.2.4 applies directly to problems of the
form (2.25)'f when F is linear in Xl, We now consider the following .special forp of DAE:

u' = f(u, v, t)
o - g(u, v, t). (2.29)

ILis pointed dht in [89, 96} (and shown above for the linear case) that these eq~ations
may not have continuous solutions. Here, we show an equivalence between semi-explicit

C\· j

equations (2.29) and fully implicit DAEs (2.25) of index one lower. We also give trans-
formations between (2..29) and (2.25), and show how a, problem can be reduced, without
introducing additional constants of integration; .to an index 1 semi-explicit form, which
can then be reduced to an implicit ODE whose solution yields the solution to the original
problem by a differentiation and a linear transformation.

1. We can transform (2.25) into (2.29) by replacing x' with '1.1 and x WIth 1!, to get

~\ u' = 'I) .

\\ 0 == F(u, v, t).

2'. We can also transform (2.29) into (2.25) by replacing 11 with Xl and v with x2 to get

xi - f(Xbx~,t) - 0
g(Xl,X2,t) = o. (2.30)
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Gear,:(,~)conject&es that conversion (1) (or (2)) above always raises (or lowers) the index
by one unless (2.29) is an ODE, ie, there ie no g, in which case there is no index change.

Note that although (2) reduces the index, we still have to differentiate X2 to recover
the original variable v. So the effective index has stayed the same, as far as the numerical
method is concerned. Also, restating (2.29) in the. form (2.25) and then using (2) to'
transform back-to (~.29),

xi - f(x1, X2, t) - 0
g(Xll X2, t) = 0

=:;:} ui = Vl
I

V2,U2 =
'Iil - f(u1, 1),2) == 0

9(U]" 'iL~) = 0,

(2.31)

formally increases the index by one, but only because it requires the differentiation of
additional variables VI and vz to compute u" and v" unnecessarily.

',." "...... (,' -;'

Reduction Algorithm

(Note similarity with Algorithms 2.2.4 and 2.2.5.) The index of the semi-explicit system
(2.29) can be reduced by 1 by replacing the algebraic equation in (2.29) with its derivative

9u1(u, v, t) + 9vV' + gt = O. (2.32)

To remove constants of integration, we can consider (2.29) and (2.32) simultaneously,
resulting in an overdetermined system. This problem is dealt with in [37J by introducing
Lagrange multipliers whose solutions are zero. The procedure formally differentiates (2.29)
to get an index 0 system and then reintroduces the algebraic constraints. This may not
always be practical, however.

Let rl be the tank of FyI in (2.25). If rl = n, the index is already O. Otherwise,
there is a nonsingular rl x rl submatrix of FyI I assumed to be the upper principal minor.

By the implicit function theorem the first 1'1 equations in (2.25) can be solved for the first

7'1 components of x', Now break x into (x[, v[l j dhn( xl) = Tl, so that

(2.33)

Substitute this into the last n ~ T! equations in (2.25) to get the implicit rela.tionship

(2.34)

Differentiating this gives

(2.35)
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Now (2.33J, (2.34) is equivalent to (2.25), while (2.33), (2.35) is of index one lower.
We')hen repeat this process, which terminates after m steps if the index is m,

yielding the set of ODE's

II

:c~= fiex, t).(; (2.36)

The solutions of (2.36) include the solutions of (2.25) but also additional solutions due
to constants of integration introduced by differentiation. Algebraic equations of the form
(2.34), generally written as

9(X, t) ::;;0, s= {gi}, (2.37)

need to be appended to (2.3.6), yielding an overdetermined system. So we then introduce
an additional vector variable tL, dim(tt) := dirn(g), and add the term g'£_ J.L to the,')lHS of
(2.a~tyielding

•• _J"., ••

(2.38)

Theorem 2.3.3 (Proved in[38).} Any system of equations (2.88) for i = 1...m and
(2.37), has tt :::::0 and x as a .solution ·of (2.25). Conversely, any solution of (2.25) is a

,(]

))

solution to (2.38) and (2.37) with Jt = O.

The above process has reduced (2.25) to the index 2 semi-explicit form (2.37), (2.38). The
index tan be reduced to 1by defining the minimal for~, ie. by replacing tt with Ti, to get

o
x' - I(x, t) + aT v',

g(x,t) - o.

G is referred to as the derivative array.

Example 2.6 We illustrate by using the above procedure on the con$trained Euler-Lagrange
'. equations (cf. §1.1.1). Such systems alwQ,Yshave index 3 and can easily be written in semi-

explicit [orm,
(~:j

• Index 3 formulation (pos'ition level; des6tiptot' !orn:l)
II
I)

The) original system

o - ¢(x),

(2.39)
(2.40)
(2.41)

,.,' = u

with H :::::8¢j8x (note the change in notation from §t.l.l and the assumed invert-
ibility of Tuu) is Hessen'berg oj size 3 if

(2.42)

ie. if H has linearly independent rows.

I',I
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• Index 2 formulation (velocity level)
Differentiate (2,41) (with respect to t), yielding

0= H(X)iL, (2.43)

and replace (2.41) with (2.43). This system is Hessenb,?~; of size 2 if (2.42) is
satisfied.

• Index 1 formulation (acceleration level)
PoiJJerentiate (2.41) again, yielding

0= 1I:x(x)(u, u} -1- H(x)T;;u1(x)(h(x, u) - HT(x)A)

Replacing (2.41) with (2.44), the indl~x 1 ass~tmption is (2.42).

(2.44)

• Index 0 formulation
Differentiate (2.41) again, yielding

A' = X(x,u). (.2.45)

lization.
The resulting explicit ODE system, (2.39), (2.40), (2.45), has no constraint siabi-
,- - - (~

• F&L formulation [34J
Append the constraints (2.41), (2.48), (2..1;4) (collectively 0 = g(x)) to the diffe.rential
system (2.39), (2.40), (2.45) shifted by GT JL, where G = ag/ax. This ~Iystem has
index 2 by'the index reduction technique if (2.42) holds. Defining.j1. = 1/, however,
does not seem to allow the explicit solution for I),. in Ii symbolic form.

• GGL formulation [43J
An incomplete form of th~· above, satisfying only position and velocity level con-
straints, is obtained frorffthe index 3formulation bY''-'12iftingonlY'I';,;1evelocity equation
(2.40) by }IT fl· (l!nd including (2.41). This system satisfies the index 2 assumption,
again pro1Jided that (2,12) is satillfied.

Example 2.7 The Nauier-Stokes equations of §1.1.4,

MUI + (J( +N(U))U + CP = f(U,,?)
cro = 0, (2.46)

have both local and global index 2 if eithe» of lap;::;:: 0 and e lias full column rank. or
CT~,\:[-l(C - af ;8P)-1 exists (usually true). The alternative .formulation

.MU' + (K +N(U))U +CP = feU, P)
AP = cTA.r-1(f :':'}(K +N(U))U), (2.47)

with A = CTAJ-Ie, can be obtained from (2.46) .by one implementation oj the index
,'.

reduction algorithm, a.fI,dthus has index 1.
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Chapter 3

Numerical Solution

3.1 Introduction
Ii

As tlftere is no closed-form solution to the general DAE problem,

F(x)x',t) = 0, (3.1)
c'l "

we turn to numerical, approximation techniques for the solution of DAEs. In fact, charac-
terizations of solvability and index for linear and more general DAEs can be derived using
the Taylor-type numerical methods of §3.4.2. We have looked at techniques for changing
higher-index systems to lower-index ones so that, in theory at least, DAEs can be r!i)iuced
to ODE's and solved by conventional numerical ODE methods [58]. In this' chapter, we
look "at numerical methods for solving DAEs as giVEjll,for (pe following very irilportu,nt
reasons, II

,
,. Reductions of index might be costly, and we might not even know how to effect them,

either analytically 0'( numerically.
"-,~-;_.:' . /~ ~

• Reductions generally destroy any sparseness present in the original formulation. '.rhis
iSt, of extreme importance, since the major areas of application require solution of
very large, very sparse systems. For example, in the transient network analysis of
integrated circuits, one chip alone cancomprise of the order oflOl) components: each
modelled by several equations. In such.cases, the only feasible method of soluticn is a
numerical D..}E solver used in conjunction with the latest in',,!)arse matrix.techniques.
Also, some of these very large problems are know~to have an index of2, 3 or higher.

t) A fully automated package for the numerical solution of general DAB systems of
unknown index requires proli]IlIDs posed without prior manipulation as input.

3.1.1 DAEs and Stiff ODEs
i\

DAEs are, in Iact, very similar to stiff ODEs [1].. For exa';.ti7Je, irO ~ e «: 1 then

(.4 + €B)y'(t) = - By(t) +g(t) (3.2)

30

/1
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Ii
Ii
Ii ~

, ,I

is a st1ff systerri, with stiffness O(€-l), neat to the linear DAE
I ~.::T~\ .~<~

;) 31

Ay'(t) +By(t) :::;get), (3.3)

and is known as the regularization of the DAB. Here, A is rank-deficient but A + €B is
,\ .' "

not. Restatingil(S.2) a'3
I .

y' = -(A + €B)-lBy + J(t)
= Jy + J(t),

the ratio of laj'gest to. smallest negative eigenvalues of J = -(A + €B)-lB, or the ratto

of time constants of the exponentially decreasing eigenfunction solution, is O(Cl). Thus
we expect th~~ if the underlying DAE (€ = 0) has ahigh index, many of the problems

!( .' ..".. .' .. ,' ':"... . .' . .. "~:
associated witjil DAEs such as (3.3) should occurun problems like (3.2) .

Since Di~Es can be seen as an extension of stiff ODEs (with infinite stiffness), it is
not unreasoneble that many of the methods we use are based on stiff ODE solvers, which
are necessaril~r A-stable or stiffly stable, such al~the backward differentijtion formulae
(BDFs) and i~~Plicit Runge-Kutta methods (IR~S). A study of the test equation

q. ;!i

1\ v'et) ~ )..y(t) + g'(t) - )..g\(t), )..« 0, (3.4)
II . , ;,

using nU{s an~\ lettil}g stiffness).. -T -00, yields ~,~cpredicted DAE order loss (cf. §3.3).
The recent res~frch on order redudion° for IRK ~}ethods applied to stiff ODEs [33], ob-
taining sharper'i;and sharper error bounds, can thuil be used to make order predictions on
the DAE obtained by taking the stiffness to its limit. Likewise, it is possible to derive
order results for (\\ertain classes of stiff problems from DAE order results [46, 95J. However, 0-:

stiff regularlzatiol1s of DAEs generally exhibit worse order behaviour than their limiting
DABs. So stiff problems are, in a sense, harder to solve t~.m their infinitely stiff (DAE)
counterparts.

o

3.1.2 The ~ac~\ward ..Euler Method
The idea of using O~)E methods for solving DAE systen:\s directly witfnt.roduced by Gear
in [36] and is best i:\lustrated by considering the SimPlest possible algorithm, based on
the backward Euler i~ethod (BEM), which is the simplest A~st~ble ODE method. Here,
we approximate a:/(tJ:tl) by a backward difference of x(t), and the resulting system of

"(generally) nonlinear cl,~uations!
\\
"

e \'

is solved for Xn+l using',a modified Newton's method, thus advancing the solution from
\I

time tn to tn+l' Higher brder methods such as BDFs, IRKs and extrapolation methods
are generalizations of thil~ simple idea.
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In this section we apply the BEM to three simple index 2 and ,} linear l:>AEs [89J
in order to investigate some problems characteristic to the numerical solution of :bAE·s.
Later Iwe discuss BDFs applied t,.. =eneral noriUnear systems, also covering i~plementati()n

, /" " " ' ,,' ,," , ,. (")

details common to all DAE m~l..udC!s.We then look specifically at IRKs and I:1Qmei~fthe
more obscure methods.

Example 3.1 The'si174plest index /( problem, constant-coefficient and in SOF, is

Xl _. g(t)
xl-· X2 - 0
x~ - ::(:3 -- O.

Its solution ,is Xl;:;;: g(t), X2 = g'(t), X~:C='gl'(t).
Note the following:

1. If initial values are specified for the Xi I the solution has a jump discont'inuity at the
initial point, unless these initial 'values are consi8tenl~. \\

2. 1./ the drwing term g(t} is not twice differentiable e~letywhere, the solution wW
exist ever'ywhere, ego

g(t} = H(t - to) X2 ::: 8(t - to)
X,3 = 8'(t - to).

,:'

Here, H is the Heavisidefunction and 8 is the Dime-delta funct,ton.

Applying the BEM to (3.5) yields

Xl,n - gn

X2,n ~- (~l,n - {l!'1:,n~l)lh,
X3,n = (:X2,n - X2,rt-l)!lt?

T}~e values of Xl will be correct at all steps, ignoring roundoff error, although the 1)J,itial
'value Xl,O may "be 1:~?onsistent. However, inconsistent :Oi,O 1!'ield incorrect values fO'i..X2,1
and X3,1, which diverge as h -+ O. After two steps X2,2 is obtained. by a divided diffe?'enbe oj
get) and is thus O(ft) correct, and after the third step X3,3 is also O(h) correct. Clearl1,,"~n

, ,

thil' case, the accuracy expected from solving ODEs is obtainable for DAEs, but only dft~r
a few steps. Also, we can alTeady see that a change in step length will reduce the accuracy
for a few ateps.

Example 3.2 Consider Example 2.3, which is a linea» variable~coejJicient index 2 problem
J01'. 77 .=fi -1. The BEM Zlields the soiutioti

(31.5)

\J

()
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(1
\)

The true solution is i2(t~) = -.q~, Xl(tn) == On + 1Jtng~. The numf~rical solution if!
clearly unstable iff} < -~. If Tj > -i, it com l'!Jell to the true solution. From numerical
OpE theory we also knou: that this stability problem WO'l,l.!d not be solv~t1;j~Yi1}creasing th~
order of the meth'od.

Example 3.3 Consider Example 2.4, another linear variable~coefficieril problem. If we
examine the canonical form after transforming from 31.' to 'Jj, and write u= (u,v,w)T, we
have the equations

'lL ::::: gCt)
::::: IVII'lL

w' = (v-w)/rJ

for the '::underlying index 2 system. The ODE oomponen: w is stable iAn> o. Applying
I~ 'l

the BEM to the original system, we obtain the recu\(~nce relatiotis for ~;:::::(p, q, r)T,

rn - .-17(rn-l - rn_2)/h + (gTl
qn _. 'rJr,n,- (gn - g'n-l)!h
Pn - Bn -'rJtnfn,

\i

which are unstable if h < 2'lj' or li < -1]. ConsequenUy, the method c(A'r;notconverge as
(I

h -j. O.

The delayed effect of the driving function 0 on the higher-index componeri,ts, mentioned in
Example 3.1, has another curious effect [80J. Suppose that 9 is insufficiently continuous,

such as g(t) :::::ctH(t) (H is t},leHeaviside function), which is CO but not 01 at t :::::O. If
we were solving such a problem numerically, we would hope that the code,.would find tHe
discontinuity and pass over it, or at least fail a,t the discontinuity. Instead, a code based on
the BEM with the usual error control mechanism - with an error estimate proportional
to the difference between predicted and corrected values - is likely to fail on \\he step
after the step which spans the disconthluity. This leaves US with little indication t~at the
discontinuity was the source of the diffieultj, and is especially surprising if we 4ink of
one-step methods as having no memory. . \~

To gain an understanding of the source of the problem, we compare th810c'~1 el~l'ol'at
,',each step with the error estimates. One step of the BEM for the linear constant-coeficient

I iL

system,
Ax'(t) + Bx(t:) :::::g(t), \(3.6)

A (
xn+l - Xn) '''B ... (. )

" } •.'~f' Xr,+l:64 9 tn+l .
hl+1 •

(~l.7)

If ;r:(tll< j) is the true solution to (3.6) at time tll+h·t.hen'we have

(3.8)
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Substitute Xl(tn+l) from (3.8) into (3.6) at tn+! to get

Subtract (3.9) from (3.7) and define the global error en+! = Xn+1 - x(tn+1)' 'then

(
+ ~ ,'t(r))A _1 - en.. 2 X , +' B _

h ' €n+l-
'n+l

or

For the local truncation error, set eo = 0 and then el is the local error,

el = -(A + hn+1B)-lA (h~2+1) Xll«().

For tt index 2 version of Example ~1.1above,

1~ , '

. x't(();:;: ( :::,~~~ ) and (A + hn~iB)-l A;:;: ( '~l/~n+l

(3.10)

,\

so that the local errQr is (0 hn+l0"«()/2 f. The local error Jot x2(tlJs O(hn.+D, not

O(h~+l)' and depends on xf(t) and not xq(t), so that the usual er,;o.l.'e~tim~;L~,;w}.lOsei-th

component is based on, (h~+l/2)xr: is asymptotically a",gross undete,~thnate. \\
i'

The~,~are m~I'e s~'Ver~problems for index ~ 3 systems. For the index 3 problem (3.5),

I 0 0
(A + hn+1B)-lA ;:;: {'-l/hn+l 0

\ l/h;+l -l/hn+l

rI'so that ..

and the l~cal error can not be made small-by choosing any small hn+1•
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3.2 Backward!Differentdafion Formulae
The class of multistep methods given by

k

LCl:jXn-,i = h/3ox~
;j=O "

and based on the k.,th order interpolating polynomial on {xn-j}J=Ol is known as the

backward differentiation formulae (BDF). BDFs can be restated as x~ :::;PXrJh, where p
" , " '-,

the difference operator defined by

(3.11)

The k-step BDFI k = 1,2, ... ,6, has order of acc~{l.cy k (ie, pw(tn) = h'w'(tn) +O(hk)),
and an infinite region of absolute stability S' wlie~applied to ODEs. BDFs are;

1. Stiffly stable (ie. S => {Jli Re ett} < ~.p;D > O} with thf; method "accurate" h~
rectangle -D ~.Re ("') ~ a, ,.,B ~ ImthL} ~ B, a> 0, B ~.7r/5).\\ ')

2. A(o:)-stabie [ie. S => {tt; larg(-/-iJI < 0:, p 1= OJ).

3. A-stable (ie, S :J C-) for k::::1,2.

Here, fJ. :::: hA and A is the Lipshitz COl)st~~nt.Coefficients 1/hd stability properties are given
below. We also mention the k-step g€'~eralized BDF Jethods (GBDFs) [53], for which

II
:1 I!

1/ \ {}

k f30 Cl:o Ctl _It i~3_ Cl:4 Cl:5 ~ 'Cl: D
1 1 1 -1 !.

I 90° 0
2/3 -4/3 i .

90° 02 ! )/1/3
-2>/113 6/11 1 -18/11 9/11 80° 0.083

4 12/25 1 -48/25 36/25 -16/25 3/25 'II 730 0.1367
5 60/137 1 -300/137 300/137 -200/137 75/137.- ;.,12/137 ,. i51° 2.327
6 60/147 1 -360/147 450/147 -400/147 225/147 -72/147 10/147 18° 6.075

Table 3.1: Coefficients and stability for k-step BDF methods

(3.11) is replaced by the divided difference operator

which more closelv resembles differentiation than does p. GBDFs can be stable beyond~ .... . \., ~
order 6, where the order i (generally p < k) is given by (}U'n == w'(tn) + O(hP).

35



'V ..

CHAPTER 3. NUMERICAL SOLUTION 36

3.2.1 Linear Constant-Coefficient D,AEs

The behaviour of the general BDF method is very similar to that of the BEM for fixed
s~p:size.

Theorem 3.2.1 [98Jlithe k-siep consteni-stepsize BDF is applied to the constant-coefficient
linear problem

A:t'(t) + Bx(t) == y(t} (3.12)

oJ index u with k < 7, the solution is O(hk) (LCcumteglobally after a maximum of(v-1)k+l
steps. For variable siepsize, where the ratio of adjacent stepsizes is bounded, the global
error is OChfuax) , where q == minCk, k - v +2). (The consiant-siepsize case is easily proved
using Theorem 2.1.3 and the analytical soluium (2.9), (2.10).)

The difficulty can be seen by considering the previous index 3 problem (3.5) for variable
stepsizes and k == ~:

Xl,n - gn
X2,n - (Xl,n - Xl,n-l)/hn
X3,n :;:::;(X2,n - X2,n-l)/hn•

Ignoring initial errors;

_(gn - 9n·-1 _ 9n-l - 9n-2.) /hX3,n - h h n,
n n-I

and the error is
i (hh:l -1) .: + O(hn};

which is 0(1) and does not converge as h -T 0 if hn = ()(hn.-l) but hn ;:/:hn-l. For
constant stepsize the error is O(lL) which converges as h -r O. This suggests that variable-
step BDFs are not suitable for solving constant-coefficient linear DABs.

3.2.2 Ii Linear Vafiable-C~\.~fficientDAEs co.

We apply the },;.step BDF to the time-varying subsystems

xi (t) .+ C(t)xi (t) == fl(t)
N(t)x~(t) + x2(i) = /2(t)

(3.13)
(3"14)

in SCF. ~s seen earlier, the D-part (3.13) is an ODE system, and it is well-known that
the BDF method is stable and converges globally for ODEs. For the A-part (3.14), the
convergence properties are stated in the following theorem.

Theorem 3.2;2 {9} If the k-step constant-stepsize BDF method is applied to the {3 ~,8

linear variable-coefficient implicit system (3.14) with k < 7, the solution is O(hk) accurate
glQQally after a maximum of (8 - l)k + 1 ·step8.

Ii
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Defining backward difference operators \7;

\7x(t) = x(t) - x(t - h)
\7ix(t) == Vi-1x(i) - "7i-1x(t - h)

and Dki'= I/h 2:~'::1yri [i, we have for the dtfferentiation operator [9]

(3.15)

The Bl~F method applied to (3.14) at in yields (dropping the subscript 2)

(Ni~Dk + I)xn -~ in
::;:::::? x.... == (NnDk+ I)-'1r.

00

= L(-NnDk)iin
i=O
8-1

= '~i)-NnDk)iin
i=O "

(Theorem 2,2.6)

9-1
== 2) -N;(D}i in +O(hk) (using (3.15) and induction on i)

i=O

= x(tn) +O(hk). (Theoren~ 2.2.6)

The computation of Xn involves only Nn-ll in-I, I = 0,1, ... ! (8 - 1)k, SO that Xn 1S

independent of the initial values after at most (8 - 1)~ + 1 steps. 0

3.2.3 Nonlinear DAEs
\-Ve,state' convergence results for BDFs applied to index :$ 3 generally nonlinear implicit
DAE systems, and then consider practical implementation, much of which applies equally

<:

to other DAE methods.

algebraic form
In [66J it is shown that for constant-stepsize BDFs applied to a problem in differential-

,>

° ._ F1(x,x',y,t),
o = F2(X,y,t),

:z:(tO) ::= Xo
veto) == Yo (3.16)

with nonsingular Jacobian 8FI! 8x', provided the svstom is solvable and has a global index

of 1, 2 or 3, the global error of a zero-stable k-steJ onstant-stepsize BDF method is O(hk)

if the Newton iteration is solved to 0(11',<+1). Proofs for the fully implicit uniform index 1

andsemi-implicit index 2 and 3 Hessenberg forms are given ill [14]. In [15] it is shown

that starting values which are numerically consist~:~ to O(hk+1) are sufficient to ensure
\\
~.

'-'::<~~::
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the above-stated accuracy. In the index 3 case, this is true only after k + 1 steps. GBDFs
have been shown to converge for Hessenberg DAEs of index 3, L1 and possibly 5 [53].

t:' . . ()

Convergence is assured by Pc 2 for index 3 and p > 3 for index 4. Other, less general,
results can 'be found in the papers mentioned above.

Practical Implications

We discuss here some of the practical considerations ofimplementing BDF methods within
an automatic code. First we note tha.t for all the implicit methods studied here (BDF,
IRK, etc.), a Newton iteration of some sort is typically used to solve the implicit algebraic
, vstem resulting from discretization, taking as initial guess the solution at the previous
step. The following applies specifically for DAEs in differential-algebraic form (3.1f<~but
the basic ideas hold for the fully general DAE.

(a) Conditioning of matrice~ [82]

Conditioning is a problem for DAB systems, especially higher-index ones) because the
condition number of the Newton iteration matrix for an index m problem is O(h'-m) .•We
describe schemes for scaling DABs so that iteration matrices are no longer singular as
li ~ 0, and show how t~,;,sscaling can easily be implemented into existing DAE software.
The j-th Newton iter~tion for the discretized version of (3.1),

reads

whi,ch is p, !iyste~ of linear equations of the form Jz = II Using Gaussian elimination with
partial pivoting, the computed solution z + Az satisfies

(J + AJ)(z +Az) = b,

c' where IIAJlloo :$1'uIlJII00,

(3.17)

(3.18)

r is a moderate number and u is the machine unit. The accuracy of this computation is
improved if we introduc. a ",ow scaltng of J by premultiplying by a diagonal matrix D:

IAzil :$ I(J-'l Jj'-l DAJ(z + AZ))il

2: I(J-l D-1)ijll(DAJ(z + D.z))jl
j ccle\

:$ L:I(J-1 D-1)ijllIDAJIldi:.llz + Azlloo
j

:$ ru~ 1(J-ID-1)ijIIlDJilooliz +Azlloo.
.i

(3,19)
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.We consider the explicit index 1or 2 problem

X' - f{x,y, t)
0 = g(x,y, t), (3.20)

although these ideas extend. easily to more general' problems. The iteration matrix is
written as

1. For the index 1 case, gy is nonsingular, so h.Jn is nonsingular as h ~ 0 if we scale the

rows corresponding to the algebraic constraint by 1/h, the effect of which should be
to improve the accuracy of the solution for all variables,

2. For index 2, fjy == o. EX.oI lit computation of (h.Jn)-l gives
\_ r

" -1 _ (0(1) O(l/h)')
(hJn) - O(l/h) O(1/h2) •

Again, scaling the algebraic rows of h.Jn by l/h, the scaled matrix can be written as

It follows from (3.19) that roundoff errors of Oeu/h) and O(u/h2) are introduced in
X and y respectively, for the unsealed system, but O(n) and O(n/h) for the scaled

.'

system. As h -+ 0 the error in y can begin to dominate, W~ will discuss-this later.
Since the st~te variables X, whose solution we are most interested in finding, can be

(/

found accurately and errors in the nonstate (algebraic) variables y do not affect x at
later stages, this scaling is a considerable improvement over the original one

3. For index 3 problems of the form (1.12)-(1.14), such as in Example 2.6, it is suggested
to scale the row corresponding to (1.14.) by ±Vh or (1.13) by h.

What this analysis shows is that the errors introduced by ill-conditioning are concentrated
in the algebraic variables! so we must be careful about using algebraic variables in other
errortests in the code. '

(b) Tests for terminating the corrector iteration [82]

Even if we are prf,'pare4?to tolerate large errors in the nonstate variables, we still need
"')orne criterion for decidirig when to terminate the corrector iteration, so these errors are

still a source of difficulty, Here we show that it is sufficient to terminate the Newton
iteration based on the errors in the scaled variables. as described above.

We will examine the propagation or errors due to Interrupting the Newton iterations.
Let (i·n• Yn) be the computed solution and (xnl Yn) be the true solution to the difference
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equation. Then Zn = xn + t5~ and Yn = Yn + 6X. Let e; = xn - z(in) and eK = Yn - y(tn)
be the global errors and 1'7~the local truncation error. Then

o = F(xn,pxn/h, Yn, inJ

= F(xn +o~,p(xn + 6~)/h, Yn + 6~, tn)

- F(x(tn) + e~+ 6;,p(x(tn) + e~+ §~)/h, y(tn) + e~+ 6K, tn)

= F(x(tn),x'(tn), y(tn};tn} + a:: (e~ + 6~)

of BF.
+Bx

'
(p(e~ + 6~)/h + Tn) + By (e~ + c5K) +,hlgher order terms. (3.21)

Introducing

P1;z: :.:::BFI/Bx, FIxl = BH/Bx', Al = aoFl;z:l, A2 == BPI/By,

A3 = aF2(aX and A4 == BF2(By,

we have

(3.22)

where
k

en - Lai(e~_.i + c5~_i)'
i=l

From this we find that

( :~ ) = ( =~~)+ (h~3 ~1:)-1 [( ~ ) +h.O,t.,s.] \

where ( is the RHS of the top equation of (3.22), It follows from (3.21) that

Hence

(3.23)

In the index 1 case, ".,must be of O(hk) [66], so the iteration should be terminated when

8~ and oK are of O(hh'+l) in (3.23). Let TIT = (".,f. JT, If A4 == 0 and the index is 2, then

7J1 and 772 must be of O(hk) and O(hk+l) respectively, which is achieved by letting \?~ and

hbK be proportional to hk+1 in (3.23).
In general one should never totally exclude variables from the corrector iteration

convergence test. This is true even if a variable occurs linearly since we often use codes that
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make use of Jacobians calculated, at. previous steps, possibly based .on different stepsizes,
so the Newton iteration will not.necessarily converge in one step.

(c) Error test [82]

Here we see why some of the variables should he excluded from the error test in an
automatic code. It follows from (3.21) and (3.22) that the previous errors, el, i < n, in the
algebraic variable V, do not directly influence any of the other variables at tn) for systems
of index 1 or 2 (when fJ.F2/8y = 0), since they dn not appear in (3.21). So we can. consider
ignoring these variables in the error estimate. 'if we base the error test on V, which could
have a.large error and still pass the Newton. iteration convergence test, this could cause a
problem, because the new y value does not approach the old incorrect value, thus causing
the error test to fail.

Another possible error estimate is based on the truncation error hTn in (3.22):

-( er~ ) _ t-ia; )-1 ( FlxlhTn ) +h t'ern - - n 0 .0•• s.
er~

(3.24)

(\ rOO :

This is the contribution to the global erro6'l}that is ciUectly influenced by a change in
stepsize, An estimate of ern c~.n be obtained by multiplying the usual error estimate by
the matrix

)1
;?

An approximate factorization of hJn is available from the Newton iteration. The stepsize
is chosen so that the estimate ern in (3.24) is within a user-specified tolerance.

3.3 Runge-Kutfa Methods

It is well-known that explicit Runge-Kutta methods are inadequate for solvin~\ any but the
mildest stiff ODE systems, so we cannot use them for DAEs. On the other ha#d, it is easy
to find A-stable and even L-stable implicit Runge-Kutta's, associated with various types
of quadrature rules. However, the solution of' he resulting system of s . n (where s is the
number of stages and n is the dimension of the system) simultanee Its nonlinear equations
by Newton iteration poses a formidable computational task Recently, much work has
been done using IRKs to solve stiff systems, and the Iatest methods and techniques are
also being applied to DAEs. We shall first give a brief review of the Iiternture in this field,
and then discuss in depth the solution of the linear constant-coefficient problem and the
nonlinear index 1 and 2 cases, revising IRK concepts as we go.

The IRKs comprise wide, and growing, family of methods, derived in different
ways and for different reasons. Theil' application to a variety of DAE problems in the
literature has resulted in a huge body of specific results, As yet, no real attempt has been
made to generalize either IRK' methods or results, so no general conclusions can be drawn
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at this stage. Consequently, we .merely mention some of the work tha:Ghas been done, and
will not attempt to summarize the literature.

3,3.1 Survey

1. Petzold [81] obtained the first convergence results for RK methods applied to the
general DAE, F(y, y', t) = 0 , of index I, by formally applying an a-stage IRK
riiethod, -to obtain the system of difference equations

i=1,2 •... ,s,

8

y(tn) ~ Yn-l + hLbil!',
i=l

(3.25)

where
's

C·,<:=: '\a··~'.' L... ~J
j=l

and

The ~fage deriVlttives Y'/ are estimates for y'(tn-l +cih). An rrJl< method is uniquely

dsfined 'by (c, A, bTL where c = (Cj, ... , cs)T is the vector of quadrature nod~s,

A.= [aij] is the coefficient matrix and &1' :;:: (bb ... I b8) is the vector of quadrature
weights. In.terms of the Butcher identities,

Al(k)

B(k)

r;Ck)

bTA-lei:;:: 1,

bTd-1 :::;Ifj,

Aei-1 = Cj/j~

,\

j ::::::1, ... .k

j ::-..:1, ... , k

j == 1" .. ,k

D(k) l == 1, ," ,k., (3.26)
i=l

r.
the internal order lej of the RK formula is defined to be the largest i~teger k for which
B(k) and C(k) hold. Condition B(kJ (or C(k)) means that the q~(adrature formula
with weights b1, •.• .b, (or ail, ... , aij) and nodes Cl," . ,l.:s inteJ~tes polynomials

\:;"
up to degree k -1exactly on [0,1] (or [0,ciD. If kd is the order of the RK formula as
an ODE method, Pet.7,ol6:showed that the order of convergence for index 1 constant-
coefficient .linear implicit DAEs is at least roin(kd' kr + 1), under the .assumptions
that

(a) A is nonsingular; and

(b) ITI < 1, where the sta1?Wty constant r is given. by r = bTAI, and 1 is the vector
\ '

of ones, (This is the strict stability coirdition.)

The reduced order of convergence, kr +1 < kdl found experimentally, is most striking
for diagonally and singly diagonally implicit formulae (DIRKs and SDIRKs), which
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:J

-~/_, y, I') :). :)

a~e computationally the most effidenfJRKs. "(For 'DIllKs,. th~ma.tJ;ix A is lower
i'tiangular, the first stage is a BEM step and kI = 1. SDIR'i(s have, in addition,
equ~\ diagonal elements in ..4..) ))

I . :. •. .... . (I

The au'ove r&sl.\ithas been extended .to th~ d~serf'!;:C: t in,[191. i1ttman and Petzold'
[J.6] dete~min~d the Idc~l discretization e;ror for Iinear constant,.coefficientO~yqtems

, \ ", . \1 '. . .." ,.,..... .
ofa~b~tr~r ind~ and obtain~'d orrxe of co~~erg\ln:cemin(kd~-kI) for non~illear s?;¥ni-,.,
explicit index 2 systems, which 1%tim exhibit reduced order These two ('as~s are
studied in more depth below. Iu [2], order reduction for DIRJ{s is overcome for
arbitrary index constant-coefficient linear DAEs by allowing A: t~ be singular.& '. ~

" _;J/
_ 2. Hairer, Lubich and Roche [411 use methods based on' Gau$ir,~.Radau and Lobatto'~l\\ quadrature, whose coefficients are uniquely determined by

\ ·,-.Ii ' Ii. .

\~:'\Jz.-Ga1l;ss : B(28), C(S), \'i{ D(8) .
.- Rad4uIA ; B(2s - 1), C(8 -:-1), D(8),

Rad6,uIIA : B(28 ~~1), 9As), D(8 -1),
LobattoIIIA : B(28 - 2), 0(8),. D(8 -: 2),
Loboiiol l It) : B(28 -. 2), C(8 - 1), DCs ;11),

'. .\

((

CJ.,..,= O.
'. ,.1

C" = 1)
q:: 0,
Cl :::: 0;

Cs = 1,.
Cs = 1,

Applying these methods to explicit DAEs of index 1 (of form (3.20)h 2 or 3 (of Hes-
senberg fornitthey ~tudy the influence of perturbatipns, local error and convergence,

I, asymptotic expansions, convergence of simplified Newton iterations for the arising
nonlinear systems, ;t\ud the pr~ blems of local error estimation and incoDf).j1stent start-
ing values. Orde '; of convergence are given in. Table 3.2. They also d'heloped the
package RADAiJ5, using, th~ 15eh9tder Radau IIA method, to solve the 'constant-
coefficient linear implicit\)roblem By' ::::fey, t) tor index 1, 2 and 3.

Method No. of Index 1 Index 2
stages ;;.X y Xl X2

Gauss 8 odd 28 8+1 8+1 8- 1
- . 8 even 28 s I 8 8- 2Ii

Radau IA 8- 3 '12S -1 8 8 8- 1
':~'~ 8> 3 . 28-1 8 8 8-1

Radau IIA 8= 2,3 28-1 28-1 28- 1 8
8> 3 2s -- 1 28- 1 28-1 8

Lobatto IIIA 8 odd 28-2 28-2 28- 2 8-1
8 even 28-2 28-2 28-2 8

Lobatto HIC )8 = 3,4 28- 2 2.f-- 2 28-2 8- 1
8> 4 213 - 2 28- 2 2s -2 13- 1

.'

Index 3
Xz ""'X1 xa

8-1 8-1 8-2
8 8~1 8-2

28- 2 8 8-1
8+2 8 8-1

28- 4 8-1
8+1 t(-1

8-2
18-2

Table 3.2: Orders of cOh'~~rgencefor some RUl'lge~kutta methods

3. In an early paper, Liniger [63] used one-leg (OL) methods, which for the ODE
//
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y' - j(y, t) == 0 are given by
~

\' G

Note that back valt\es of y and tare used in j, as with other Runge-Kutta methods,
while a multistep bcitkward differentiation is used for y', The interest in OL methods
is that they have Sprd~\lgerstai.ility and/nrcontractivity propeuies than the multistep
-.methods, without thJ\cOmputational ~~ttl)\required for other IRKs. See also [75].

;. -. ... \. i
4. Rosenbrock (and Roseabrock-type, Rosenbrock-Wanner CIt !=tOW) methods, where

the Jacobian, estimated'[n the Newton iteration, is r-xplicitly included in thx method,
have been applied to exp~icit index 1 DAEs [69, 84; 87,90]. Rosenbrock methods do

'0 notrequire the solution ~fnonlinear systems of equations but only one evaluation of
the Jacobian and one LU ~}ecomposition per step.

5. In [48], order conditions aJI~ stability properties are discussed.fer a variety of IRK
methods, resulting in the ~e~:~lo~ment of the following codes (based on RADAU5) for
solving con~tt1n;t~coefficientirt~ex 1DAEs of the form By(t) == f(y. t): SDIRK4 (4th
order 5~step SDlRK method), X~OS4(4th order Rosenbrock method), RODAS (Rosen-
brock method), SEULEX (e:x:tl'aI-'olationbased on Euler method) and sonEX (extra:Jl'
elation based on mid-point method). Experimental comparisons of these codes Jre
also given in f48J. '

.,
6. Collocation methods and projected Runge-Kntta's (PInKs) [5, 64, 68] have recently

been applied '~bDAEs,:9f ind~~ 1 and Z, and have proved popular for solving boundary
value DAEs (DAB'VPs), which we omit.

7. Error behaviour and order reduction of IRKs for stiff and DAE systems have been
discussed in [19, 46, 95]. In [46], it is shown that the coefficients in the expansion
of the' globahuffor in powgks.of the :,tiffness parameter are the global errors of the
RK method applied to a DAE; A study of these errors and of the remainder of the
expansion yields sharp error bounds £<>rthe stiff problem.

(.f'

3.3.2 Linear Constant ..Coefficient DAEs

After [~6J,we state fiecessary and sufficient conditions to ensure that the local error of an
IRK method attains a given order when applied litothe canonical subsystem

Nyt(t) +y(t) = get) (3.27)

/)
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o
(If arbitrary index u, We then study error propagation and obtain an expression for the
'global error. Applying the IRK method to (3.27), weJhavc ,7

i==l, ... ,s.

s

y'f). = Yn-! + hE bi}i'.
i=l

(3.28)

Let Y/ = (Yi~l' Yi~z,,· . ,}:i:II)T, where 1:i~j is the i-th stage clerivati~e corresponding to the

j4h compdnent of thesolution vector. Becarse of the structure oLN, the difference equa-
tions (3.28) can be solved componentwise, first for the stage derivatives Y{,l' }~,1'' . ~,'Yi,!
corresponding eo Yl(t), then tor,y{,2"~" 1'1.2corresponding to Y2(t" and so on. So (3;28)

can be solved uniquely for Y' == (Y{ I' •• 1Yi)T if A is nonsingular, In general, for each
component of the solution Yj(t) , j = 1, ...~, u, we s<?lYea subset of s equations from (3.28)
fo; he corresponding stage derivatives: ,(

(
'(.'1 1\ rl ')TLl,}.' • , • I Y 8, J - (1/h).A-1 (C!1j(tn-l +- elh), ... ,9j(tn-l + csh))T

'1 (VI "V'I)T\- Yn~'l,j'_ *1,j-1'···.'.LS,j-l J' (3,29)

Note that the stage !;ierivative of the j-t~i component ~depends only on the numericp1
SO\~ltionYn+l,j and on the deriyative of the (j -l)-th corbfonent. If we define .

II '

\\
'i.\

G, - (::::::~:: :::l~::~::~:::~:)
Ci ,.. (ci ci)T• ..:= 1,· .. , II . , 'J

.:

use the local error assumption, Yn-l = y(tn-lh and substitute for the (.$' - l}-th stage
derivatives in (3.29), we obtain the following expressions for the local stage derivative,

(Y{'l)'" IYi,l)T = A-1G1,

(Y{'2I"" Y;,2)T -- ,..4.-1G'2- (l/h).4.-2G'1 + (1/h)A-119i (tn-d,

(Y{,3"" ':Y;,3)T = A-1G3 + (1/h)A-ll[g~(tn_1) - di(tn-l)]
-(1jh)A-2G2 + (1/h2)A-3Gl - (1/h2)A-:.llgiCt~_1))

etc.

We define the local errol' by

s

dr = y(tn-i) + hL biY! - y(tn),
i:::1

(3.30)

(3.31)

\\,
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where dn =;, (dn,b. s., dn,v)T ,"and Vi' ~te given by (3~3'O). Expanding (3.31) in a Taylor

series about tn-l and equating like powers of h, it is easy to see that the local error in the

first component is dn,l = O(hk~,i+l), when b1'A-1ci == 1, for i ::::::L .. , I ka,t. ka,l is called
the aly:"braic order o,f the IRK method applied to index 1constant-coefficient systems. In
a similar fashion, we obtain local error estimates for the other components, and finally

where ka.,1/ is the largest integer satisfying

b'T .A.-il ::::: bT .A.-VcV-i/(zl - i)!,

bTA-vci = i(i - 1)··· (i - v I- 1),
i == 1,2,°, .. ! V - Vi

• Ij

t == v, 11; + I, ... , ka,v.. /I

I

Cl~arly, the higher the index, the more difficult it is to obl;~in IRK methods which are
co:qvergent in all components, restricting, our choice of coefficients.

To examine the error propaga0ion we solve (3.27) by the perturbed RK method:

i:::::: 1, ... ,8,

(3.32)

when" ,he perturbations, 8~) ;;:::(8~,L,:.16~:v),have a bounde4~'rorm. These perturbations

\ could be due to roundoff error, or errors in solving the linear systems at each stage, or they
'could be interpreted as truncation errors at each stage. Subtracting (3.32) from (3.28),

and defining en ;:::Yn -'. Zn 'i)1d E~ == Y{ - Ztl we obtain

(3.33)

s

en == 1311.-1+ hI:: E: + o~s+1) •
i==l

(3.34)

Solving (3.33) for E~ and substituting into (3.34) yields a relation describing the error
propagation. Petzold did this for v == 1:

(1 bT A~.11) (bTA-L: J:'(S+l))en,1 == . -,,~ en-l,l - Un,l ..,. un,I 1

This recurrence relation is unstable unless the strict stability condition 11 - bTA-Ill < 1
is satisfied, Continuing until the z/-th Component, we have

v-1 .

( bl'A-l) .(bT \-1J:' 1:(8+1») U '"' (-I)lbTA-'i-1( )en,v;;::: 1- 1. en-I,ll - ,;. Un,v - un,'v - L..J -,;r- On,v-i + len-l,v-i.·
i:::::1

Note that:
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o (,.> !I
L The-strice stability condition is 110 longer sufficient' for stability if 11 > 1.

2. F~r small stepsizes, roundoff error can be significant in higher-index systems.
) C)

3. Sensitivity to roundoff errors is confined to,higher~index components and does not
propagate back into the earlier components.

These error propagation relations are required for extending the index). result of §3.3.1
to higher-index DAEs.

Theorem <3,3.1 {16}Suppa. the IRK metkod(3.25) sal;i~fies the strict stability condition ...'~ , \

Tlies» the- cvnstant~coefficienfi' dfder kc,v of the ttJbal error dl this method is

Results are ,given in Table 3.3 (from. [16]),

L~stablemethods kd kO"l ka,2
Two-stage SrRK 2 00 2
Five~stage,DrRK 4 00 1
Three-stage SInK 3 3 2 '1.\

Seven-stage Excrap, 3 00 3 (J

Table 3.:1: Orders of convergence for linear constant-ccefflcient DAEs

(.'

3.3.3 Fully Implicit Index 1 Systems

Theorem 3':3.2 {14]For the fully implicit DAE (3.1) suppose thtlt

1. It has uniform itule» 1, ie. its linearization is well-behaved and everywher,i? inde::c1
in a neighbourhood of the sol1dion;

2. The IRK method satiltfies the stability condition Irl ~ 1 (ef. p.42);

8. The errors in the initial conditions ore O{kG); and

4. The errors in terminating the Newtoft iterations are O(hG+6), where 8 = 1. iflrl '=1
and 8 = 0 otherwise, and G > 1.

Then the global errors are O(hG), where

{

q if C(q) and B(q)
G ~ q'+ 1. if C(q). E(q +1) and -1 :;;r :; 1

q + 1, if C(q), B{q + 1), At (q + 1) and 11'1 = 1.
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These lower bounds for the order are supported by experimentation, which has also shown
that certain methods exhibit higher order for some DABs. In the light of the above
theorem; SIRK methods, whose A matrices; have a single a-fold real eigenvalue, appear
promi~\ng, because high stage orders are possible and because they can be implemented
efficiently. In general, Irl == 1 schemes: are not recommended for solving proh1"-,, 1)[ the

:.. ,_- (

form considered here. Results or'~J{periments coMparing the observed global order kg
with the orders predicted above are given' for some likely candidates for DAEs in Table 3.4
(references in [14]).

Two-stage SIRK 0 Z 00 2 2 2
Five-stage DIRK 0 4 00 1 2 2
Three-stage SIRK Q 3 3 2 3 3
Seven-stage Extrap. 0 3 00 1 2 3
Houhak & Thomsen 0 2 '1 1 2 2
Lobatto nrc 0 c' 4" 00 2 3 4
Midpoint -1 2 1 1 2 2
Gauss-Legendre 1 4 2 2 2 2

Table 3.4: Orders for nonlinear index 1 systems

3.3.4 Semi-Explicit Index 2 Systems

In this section we solve nonlinear semi-] ·~dicit index 2 systems of the form

f(x,x',y,t) II)

g(x, y, t) = (3.35)
I)

where 1;1 exists and is bounded in a neighbourhood of the solution, and By has constant
rank.

Theorem 3.3.3 (Proof in [16}.) Given the nonlinear semi-€:tplicit index 2 systcrrp (3.35),
to be solved by the s-stage IRK rn'#hod (3.28), suppose

"1. The IRK method has internai order kI,'
"

2. The IRK method satisfie,s the st1'ict stability conditionj and

3. The initial conditions fiatisfy 11(1 - ,[i)eall = O(h"'G), where (J - H) is a projection
operator defined by th~ problem, ea == Xo';'_ x(to), and kG -= min(ka, ki +1).

Then the global errors in X'l'~ and 'lin are O(hiCG) and O(hkr) respectively.

In [16J, SIRKs! DIRKs and extrapolation methods are applied to a variety of index 2
problems arising in applications, nch as the index 2 pendulum formulation (cf. §4.6).
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,--:,

Method kd «: ka,2 k[ kJ: k;c kY k~a 'a G
i-:- ,~

2Two-stage SIRK <' 2 00 2 2 2 2 2
Five~~tage DIRK 4 ' 00 1 1 2 Z .: 1 1
Three-stage SIRK 3 3 2 2 3 3 2 2

I'Seven-stage Extrap, 3 co 3 ~ 3 2 3

Table 3.5: Predicted and observed orders f6r index 2 pendulum probl~;111

It is found that the observed convergence rates can sometimes be as slow as the error
bounds derived. Some forxwfr1ae,especially extrapolation methods, exhibit higher 'order of
accuracy. The SIRKs: )~thojkl~I~~.m. - 1, ar~ expected to perform ver~ well on inde~ 2
problems. However, un\! dev\~lopment of an efficient IRK code for DAEs with u > 1remains
a challenge because of difficulties in developing appropriate error control strategies for all
of the variables.

3.4 Other Methods

We now consider some of the other numerical methods that have been applied to DAE
problems, studying i:tt ~epth both the extrapolation methods, m~htioned previously, and
the Taylor methods derived by Campbell in [23].

3.4.1 Extrapolation

Extrapolation methods have been used for solving linearly implicit index 1 and 3 .~.
[30, 41, 48, 67, 781. Fpr the sake of brevity, we consider only the index 1 case.

'.7

(a) Bx'(t) == f(x, t) [3G]

The DAE can be stated inan autonomous form by including the equation tt = I in the
system and t in x. The resulting system, Be' = J(x), reduced to,

y(O) = Yo
z(O) = Zo,

(3.36)
(3.37)
\:

inspires the study {lithe following class of o~e-step methods:

"
Yn-!-1 == Yn + hif?(Yn. Zm h),
Zn+1 = 'I!(Y,nl Zn, h). (3.38)

If the method (3.38) satisfies the consistency conditions

~I(t+ h) - y(t) - hif?(y(t), ,z(t), h)

z(t + It) -- w(y(t), z(t), h)
= dp+1(t + h)hP+1 + dp+d(t + h)hp+2 + ...

ep(t + h)h'p+1 + ep+l(t + h)hP+l +1. ..
/i
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d

and the contractivity equation
;~ . ;00.. ;".

II
8i.P(y, z, 0) II

. -----··.· ..11::; Q < 18;; 1.

in a neighbourhood of the solution, th~:ll,":~'(:;.global error .has a perturbed asymptotic
expansion of the form

Un - y(tn) :=: bp(tn)hP + (bp+1(tn) + (3~+l)hP+l + ...+(bN(tn) + /3;;)hN + B(n, h)hN+1

Zn ~ z(tn) :=: (cp(tn) + 1f.)hP + ... + (CN(tn) + "f;;)hN + C(n, h)hN+1,

where tit :=: nh, all coefficients vanish for :=: 0, !3t i. :=: OCan) for some a, Q < (1 < 1,
Il.nd B, C are uniformly bounded for nh ::;t. For the semi-implicit Etiier method, which

the differential equation y' = f (y) reads

(I - hf'(Yo))(Yn+1 - Yn) = hf(Yn)

and corresponds to the BEM followed by one Newton iteration, the following results hold .

• ,B~= 0, /3~= 0, !3~= 0, "fA= 0, for n ~ O. )!
I 'y; = 0, for n 2': 1.

~~=O, for n 2': j - 2 and j::; 4. ((
~ /

If }~,l and Zn,l (for n = 1,2,3\ ... ) denote the numerical solutidiTf(f{y and z respectively
in (3.36), (3.37r'at H :=: nh.n, obtained by applying (3.38) n times with stepsize h10 the
approximations obtained by repeated Richardson extrapolation are given by

!:>''Onechoice for the numbers n. ni:=: i. A simili1r relati'?n holds for Zi,k. The above

resulcs can be used (see [30J for details) to explain the order reduction observed in some
entries of the extrapolation tableau (Table 3.6). The global order of accuracy of Xi,} (or

Zi,j) is O(Hq), where q is the (i,j)~th entry of the tableau. This method has been incorpo-

rated into the code tIMEX (cf. §3.3.1), which also includes the following implementation
considerations,

)Order and stepsize control

Separation of y and z components involves impractical rank-decision devices. However, it
was fe·and that using Table 3.6(p.) for all 'Components results in treating the z-parts more
cautiously t1,an necessary! which is acceptable in a robust algorithm. Otherwise, an ODE
order and stepsize control policy is used. h

II
I.

F
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" ..

1 2
1 2 2 2
1 " 3() 2 2 3..
1 2 3 4 2 2 3 4
1 2 3 4 4 2 2 3 4 4
1 2 3 4 4 4 2 2 3 4 5 4

'"1 2 3 4 4 5 4 2 2 3 4 5 5 4
1 2 3 4 4 5 5 4 2 2 3 4 5 6 5 ri 4
1 2 3 4 4 5 6 5 4 2 2 3 4 5 6 6 5 4
1 2 3 4 4 5 6 6 ~i 2 '2 3 4 5 6 7 6 5 4

\)

Table 3.6: Order pattern for extrapolated (a) y-components, (b) z-cornponerrts

Index monitor

Fo).' the BEM .we have: '"

• Yl - Yo ::::;c2h2-v for 11 > 6, given consistent initial values .

• Yl - YO = c3hl-1I for 11 > 0, for inconsistent initial values.

This can easily be monitored in the context of extrapolation. A rough estimate of. the .
exponent p c~n befound from

(3.39)

on the basis of which

1, 11 =0
1, 11:::: 1 with consistent Yo

'JJ :::: Q., IJ:::: 1 -> with inconsistent Yo ,
0, 11:::: 2 with consistent Yo

<: 0, 1I;?: 2

and LIMEX terminates when p '-); 0 is detected. We note that LIMEX has be .found to
;. ,;" .. '. I

be comparable in performance to the widely-used BDF code DASSL (see later)! for those
problems for which LIMEX is applicable [30j.

(b) B(x, t}x' ::::lex, t) [67]

As for the constant-coefficient case, f{:~~iturbedasymptotic expansions can be derived for
the semi-explicit Euler method applied to the embedded system

y' :::: Z

o - f(y) -$(y)z.
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3.4.2 Taylor-TypeM~thods

(i, j)-Methods

We dis\i11'SS advantages, disadvantages and implementation of a family of Taylor-type meth-
ods [23] for so:ving almost all known classes of solvable linear DAEs,

A(t)x'(t) +B(t)x(t) = fU), (3.40)

of size n. These methods circumvent tIle ill-conditioning of the iteration matrix as h _" 0,
and can attain. arbitrarily high order.

First we develop the methods. Suppose (3.40) is solvable, and we require x(t),

knowing xCi). The Euler method consists of finding x/Cl) and then estimating x(i +h) by

x(t + h) ~ 5:((+ h) h x(i) + hx'(t),

First we try to solve (3AO) for xl(t). Let

xCt} == I:8ixi,
i=O

A(t) == L6iAiI
i=O

B(t) =L8is;
i=O
{.\

f(t) =L 8i/i,
i=O

where 8 = t"':1 and Ci = cCi) (i) Ii! for c == x, A, B, f. Sllbstituting these Taylor expansions

into (3.40) yields the system

Ao
,AI +Bo
A2 +Bl
Aa+B2

... \... I

... )........ .

000
2Ao 0 0

2Al +Bo 3Ao 0
2A2 +Bl 3A1 +Bo 4Ao

or AX = :P.
\1 ;:

Any solution of (3.41) must satis~~

fo - Boxo
h - BIXO
!2 - B'J,xo
fa - Baxo

(3.41)

(

Ao
Al +Bo

Aj-l ~ Bj-2

o
2.40

o
o

ie. j ~O. (3.42)
')

Since A is singular, (3.42) does not determine Xj uniq'0e1y. We call .A.J. r-full if there is a
/r

matrix R such th~t '

R.A. (
I;;xz 0 ..

j == 0 H)' z == rn,

Thus (3.42) uniquely determines XL. ••• , Xs iff Aj is r-full with r ~ B. Since solutions to

(3.42) are nonunique, we are free to choose to solve it in the least squares sense, so that

(3.43)
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~. .. n

Xj = A}Fj) where .ttt is the Moore~Penrose (generalized or minimal norm) inverse of A..

At is uniquely given by A.At.4 == A and At.4At == At. We can now define the i~th order
j-block method, or (i, j)~method, with ste~&-lzeh as follows:

Given Xo ;;::; xCi), f,grm AjrYj :-:;.fi and solve for Xj '= AJFj~ Xj == (xL ... ,xnT.
Then estimate x(t + h) by ;'/

(3.44)

If Aj is z-ful], (3.44) will be O(hi+1) accurate if x(i) is O(hi) accurate. There are obvious
advantages over implicit methods:

1. The method should result in a globally O(hi) approximation.

2. The conditioning of (3.42) is h.-independent.

3, The stepsize can easily be varied.

Note that for A = I the method reduces to a high order Taylor ODE method.
, .

Applicability

The applicability of (i,j)-methods depends on the generality of the fullness assumption
on Aj. The following theory is stated and proved in (23}i

1.. Suppose Aj is s-full on [a, bJ and there is a continuous invertible R(t) such that

R(t)Aj(t) = (Ins;n8 lI~t»)'

Then the (s,j)-method is O(hS) accurate onTa,bJ.

Proof

Let R(t). ==( RR·3
1((.i
t
)) R2 (t») Th\ (3 42) . Id. R4(t).' (,)U . Yle s

(3.45),

( ~l)._( Rl(t)). "'_".(t)
; - Rz(t) I J J •

xs
(3.46)

Since Rt) R2 are continuous and hence uniformly bounded on [a, bj, we are done. 0

If (3.45) holds; with invertible and I-times differentiable R(t), we call Aj l-iimes
smoothly ,,-jull.

2. If Aj is l-£u11on fa, bj, there is a continuous invertible R(t) such that
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and each R1r is n x n, r = 1, ... .i, then every solution of (3.40) is a solution of

X' =Q(t)x + J(t), (3.47)

j-l

with Q(t) = --2:Rl,i+1(t)Bi(t)
j-l

and l(t) =LRl,l+l(t)!i(t),
i:::::O i::::O

Note that the (i,j)~method is really solving (3.47) by an explicit Euler method and
that the above procedure has embedded t-l.1esolutions of the DAE (3.40) into those
of the ODE (3.47). The continuity in the first ni rows (\~.1iis crucial,

3. If Aj is s-full on [a, bj, and Aj has constant rank on [a, b], then the first ns rows of

AJ(t), denoted (RI (t), R2(t)) may replace (RI, R2) in (3.46)\\ and it! (t), R2(t) are as

smooth a30 A(t), B(t) are. Note that this does not assume '~that ACt) has constant
rank, but A(t) must have.

4. Sl,~pose (3.40) is solvable with constant-coefficients A, B and index v. Then All+! is
/( .
L-full so that the (1, u + l)-method gives an O(h) approximation on [a, bJ.

5. For the .above problem, if J E CIl+i then AIl+i is i-full and the (i, v + i}-method is

O(hi) accurate on [a, b] if the starting value is 9(hi) accurate,

6. For variable-coefficient systems of the form

i A(t)x' + X = J(t), (3.48)

suppose that ACt) has index:::; 2 on [a,b] and is Cl and A2(t) has constant rank. De-

fine P,Q,N,C by P = ADA, Q = I -», C =AAD A, N ={i -ADA)A, where

AD is the :Qrazin inverse of A, uniquely specified by AAD = ADA and ADAAD = AD.
If I - N'(t) is invertible, then (3.48) is solvable and we can find its solutions using
transformations (P, Q) to obt;tin SCF (N, C). If, in addition, [± 2N'(t) is invertible

and rank(Q(I - N')Q) = rank(Q(-2N')Q) = rank(Q), then A3 has constant rank
and is smooth s-full,

Suppose we are trying to solve (3.40) by using differentiations and coordinate changes
(cr. reduction techniques in Chapter 2). It is shown in [23] that when (i,j)~methods
work with j-differp>:lMations, then Aj+l is l-full, Since the (i,j)-methods work directly

with derivatives of A(t), B(t), instead of differentiating time-varying coordinate changes
applied to differentiated blocks, this method is' probably easier to apply to most higher-
index problems.

It is shown in [23] that the corresponding coordinate changes on A, B, such' that

Aj ~ .Aj! do not alter the rank or fullness. Thus, to show that Aj is, say, l-full and of

constant rank, we need only show this for Aj;



1..1 __ 0

CHA.PTER .'3. NUMERICAL SOLUTION 55

Additional comments

1. Error tolerance: If Aj is s-full, Aj = Aj + O(€), andrank(Aj) ::::::rank(Aj), then

.-4/ ::::::A; + O(E). Thus we need f = Ii", to maintain local 0(11/) accuracy.

2. It is possible to li~it the amount of smoothness of the solution required for (3.42).
("f

3. (i,j)-methods easily handle many higlieJ.·-index solvable systems with nonconstant
( Iranks.

4. Although Taylor-type methods are less implementable than other ODE methods,
they provide a tool for =nderstanding linear and more general DAEs. In particular,
we can now give characterizations of solvability and index for linear systems.

Theorem 3.4.1 [14J Suppose that A(t) and B(t) are 2m-times c@ntin1tOuslydiffe'rentiable
and (:;.40) is solvable on I. Then

1. Aj has constant rank on I for j ::::::m + 1;

2. Aj is sriwothly i-full on I for j =. m + 1; and

If A(t) and B(t) are 3m-tz,..nes'diffe1·entiable.) then (1}-(3) abo?Je"implythat (3.40) is solv-
able"

It is proposed in [141that the index is the smallest integer u such that All+! is l-full and
has{,~onstant rank.

Theorem $.4.2 [1#-Buppose A(t) (J,ndB(t) are 2m-times continuously differentiable,
(3.40) is $olvable, and Aj 'is .i·full and has constant rank. Then the linear manifold of
consistent initial conditiori;s is the set of all x(to) such that (3.42) is consistent, and can
be found by the following algorithm:

1. Compute W such that AjW ::::;0 and rank(W }=nullity(Ai)'

2. Solve W1'.rj = 0 for x at to.

Least Squares Methods

Recent improvements of (i, j)-methods have resulted in the constrained least squares (OL8)
methods [8], and, more generally, least squares completions [24]. For the same amount of
work, CL8 methods have the same order of accuracy and better stability properties, and
have been found experimentally to be more accurate, than (i,j)~methods. The main
difference lies in their implicit structure, allowing e'x'act integration of the algebraic Pf-I):t

,. \

;~
r(
1\

\\
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I

.1,I
of the. DAE. CLS methods use j differ...entiations of the. DA['.'!I'and d.ifferel}t"CLS methods

.. . .. ... . . ... ·.11

different additional conditions to determine the sohrtion uniquely.

I '
\
I

-:?

Tay l~'H.vpe (CLS-l~,k)

Using theTaylor-expansion
(

,.,.1

"(t )h'l. /2 (l'k (k)lt )' ~k/kl(t ''\X n 'f •• , - } X \ n '1' ',:::::J X 'n-lh

I

v ( (lr" . (j»T '> k ( h diff fr ih' V f (3 41)')\ .' 1rl.j:= Xn, Xn , •. ,' Xn , J _ ., .notet e VH'rence om ,I ,e r1, 0 • 1S (J,eternune(
frortx the least squares problem t . ,,

'I
:1
f ,
I

" Here, Gland b are derived from the first jderivatives of the: pAE,~and the un-lerdetermined
system (3.'19) is derived from j~;heTaylor series, ie, '(

G2 := ~,-hI, h2I/2" .. , (-l)khkI/~l 0) ... ,0).
i

,'/

I

G2Xj:::::J Xn-l

subject to G1Xj === b.

Pade~type (CLS-Pj,k)

(3.49)
(~..50)

A higher-order of accuracy is,pb,ained using derira'i~fsat both t. and t.",. In the
above, (3.49) is replaced by , I

H2X,:::::J C, !
., if

\ I.~
2 \k

with H2 = (I, i-LlhI, Mh I, .. " ,:tk,~ 1,0, ... ,0),
" t, h (1) 'l hl ,(l)

C -- Xn-l -, Wi Xr~_l:+' "1 -\1 (.VI Xn'/l'

Ii
The parameters /ti, i= 1 ... k, and Wi, i= 1 ... Z, are cho~fn ,..frofu

1+Et-l wih~ ~ eh• \ I)

1+ :E,dtl'ih' ,\..

,\~)r~er results and experiments for linear hme-va.ryin€ iDAEs can be f~und in [8]. CLS
methods may be preferable 'BDFs and IRKs fot high~f index systems, but are time-

, t"

consuming for index .. systems. Their high accuracy (up ~o O(h2kt~\)),)s not S'"!.'prising
since analytical COih!?utatiotLof derivatives of the DAE $~OUldgive better results than
methods :using only"function evaluations. \

~r~[24], general results for least squares completions .~sing the derivative array (see
page 28) for genet;!,!DAEs are obtained. However, theoreti(\al foundations, generality and
limitations of least squares methods remain to be-determined.'

I

Qnd
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The Strangeness Ind~

We summarize three recent papers by Kunkel & Mohrmann on linear DAEs, generalizing
Taylor-type methods:

[57J New existence and uniqueness results are obtained for linear DAEs, based on the
KeF.

[56] A new set of local characterizing quantities are found, leading to new global invariants
generalizing the differential index, dil to include undetermined solutioncomponents.
The global invariants are the dimensions of the differential r.l.ndalgebraic variables
(after reduction to canonical form) and the strangeness index, Si. When both di
and s; arJ' well-deflne-], either di = Si = 0 or d; = Sj + 1. Nonvanishing strangeness
corresponds to higher-index.

[55J A class of discretization methods for linear DAEs is developed. Computation of the
local invariants leads to the numerical evaluation of global invariants, especially Si,

and a strangeness-free system, solved by any index 1 method, is extracted from the
original system and its derivatives. Experiments show the success of these methods
for arbitrarily high-index DAEs.

3.5 Consistent Initialization

For the DAE
F(x,x', t) = 0, x(to) = xo, with singular aF/ax', (3.51)

there is an underlying algebraic subsystem, Which imposes a consistency requirement on
the solution, so that there is not ,a solution through every initial value. When the ODE
methods described above aXI)used to solve a DAE, small inconsistencies in the initial
values cause the method to fail or to. become extremely inefficient. Poor approximations
to the initial derivatives may lead to a sequence of costly failures, as t.he stepsize is rr 'd
to pass the relevant error test because of the poor initial prediction. Also, the t .~8n
iteration at the first step will either not converge, converge very slowly, & converge to an
undesired solution.

Although consistent initial conditions (c.i.c.Is) can sometimes be determined from
physical considerations, their calculation more often requires a greater understanding of
the underlying relationships between variables than is needed to state the problem. As au
example consider the index 3 plane pendulum (of §4.6). The initial position can be any
point on the unit circle, satisfying the algebraic constraint at to, but the initial velocity
must be consistent with the first derivative of the contraint at to. The tension T must be
derived either from physical considerations or by a second differentiation of the constraint,
and its derivative T' by yet aMt.her. The point is that we .'.eed information about the
state of the system which is hard to find even though that information is contained in the
system itself. So we need to address the consi.stent initialization problem:
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e.

Given specified information about the initial state of the system, sufficient to.
specify a unique solution to the DAE, determine the complete initial vector
(~(to); x:(to)) correspondiag to. this unique solution.

We do. this by developing a system of equations involving derivatives of (3.Elf> -'that an

initial value x( to) and derivative x, (to) miist satisfy in order to. lie on a smooth solution of
the DAE. Note that this is essentially what we did for the Taylor-type methods considered
earlier. -Since the derivatives of the general nonlinear DAE are often difficult to. obtain
analytically, numerical methods are devised.

We first discuss work that has been done on the consistent initialization problem.

1. In the code DASSL !14j;'Petzold determines the initial derivative x'Cta) by taking a
small backward Euler step and relying on a damped Newton iteration to. determine
the correct value. However, the initial value x{to) must be known.

2. Cartipbell [23] suggests a Taylor-serl~s expansion approach for determining c.i.c.ts
for the linear time-varying problem which, however, requires a knowledge of the
derivatives of the matrices. This has recently been extended tononlinear problems
but it is unlikely to he competitive fo.l?pro.blemswhose partial Jacobian matrices are
either unknown or difficult to compute.

3. Pantelides [79] uses a graph-theoretic algorithm to.determine th~ minima] set of equa-
tions to be differentiated to. solve for c.i.c.ts. This algorithm has low computational
complexity and is also. useful for transforming DAEs to a form amenable to. solution \)
by existing codes with minimal distortion of the structure o.f~~e'0riginal system.
Unfortunately, it is possible for an equation subset that ought to be differentiated to.
escape detection by' the algorithm.

G--

4. Mrziglod (cr. [79]) determines consistent initial values using ~ thorough decomposi-
tion of the system structure. This approach isolates the algebraic constraints by index
reduction and requires knowledge of analytical expressions for ,;~tious derivatives of
the problem.

5. Leimkuhler et at. [59] solve the consistency equations for certain important classes
of DAEs using a family of one-sided finite difference approximations to. the Original
equations,

We now discuss implementation of the m~thDds of (5) above. We first introduce the
pseudo-derivative operator, in order 1;0 restrict our attention to the initial point. The
pseudo-derivative DG of a function G = G((o, ... , (p, t) is given by

r)

bG((ol'" ,(pH, t) == (;~) (1+ t:~)(2+ ... )(~~) (PH + (~~) I

where the partials are evaluated at ((0, ... I (PI t). (Here, (i is x(i)(t).) We call (3.51)

.9moothly solvable on [to, T] if F has m continuous derivatives and the nonlinear system of
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equations

F((O,(l,t) = a
DF((0,(1,(2,t) = a

()
can be solved for (J = <fJ((0, t) on [to, T], where .p i.sLipschitz continuous. Clearly, m is
the -Iifferential index. Note that the (il i= 2, .. , ,m + 1, are not uniquely determined by
the system of derivatives. The equation Xl :::: ¢(;c,t), referred to as the :underlying ODE,
is assumed to have a very smooth (ern+!) solution in a neighbourhood of to.

. (i
J\The Consistency Equations

The user may have"information about the initial state, in the form of algebraic equations

(3.52)

in addition to which the problem itself must be satisfied at to'

F(xo, xti, to) ::::O. (3.53)

Also, depending on the index, (xo, xh) must satisfy the m derivative equations;

(3.54)

for some choice of (x~,.,., xbm+1\ there all partial derivatives of 'F are evaluated at
(xo, xh, to). The m + 2 equations (3.5lb-(3.i$4) are called the consistency equations. If the

-c.. ,_II

problem' ~ ))
'~----::

P(x(t),x'(t), t) '=: 0
B(x{to), xl(ta)) =- 0

has precisely one continuous solution x(t) and it is smooth (x(t) E Cm+1[to,T]), then the"

consistency equations bave.a solution (XQ,X(J, ••• ,xbm+1\ a~id Xo == x~ and ~b::: XI(tO)
are uniquely defined. So, assum :.dg th,at enough informat:i.Q~is knowrr about the initial
state, we c'\f1W-principle differentiate the constraints a f~w times and manipulate the
resulting equations to find the c.i.c.'"~.But this strategy IS inadequate '1S it staads because

\,.. .

the system of consistency equations requires the formation of pseudo-derivatives which are
expensive to compute, and because (3.52)-(3.54) is hard to solve, in general. -:
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Compatible Approximations

We now show how to approxfmate the pseudo-derivatives using finite differences. Firstly,
we consider a particular approximation to the first derivative in the index 1 case. Define
z(t) :::::(x(t), x'(t), t). We seek an approximation to the derivative

where JF is the Jacobian dF Id~. An.obvious choice is the simple one-sided difference,

F(zo + hzb) - F(zo)
h " (3.55)

where Zo = z{to) and zb = z'(to). The argument zd + hZb is a truncated Taylor series

expansion for z(to + h). Since we assume F to be C2, the truncation error is O(h). For
the general case,we note that:

1. Since F is defined only for t ?:: 0, we are limited to one-sided differences.
"

2.•The displacement h need not be related to t:p.estepsize of integraticu.

3, Since numerieal differentiation ..is Ill-conditioned, roundoff errors made in approxi-

fuating the k-th derivative of A will be magnified by O(h-k). '
\.

The idea is to choose points Zl, ••• , Zs \s truncated series expansi~?s of z(to+clh), ... , z(to+
csh), and USf\ the values of F at thos~ points, combined with coefficient(3,0(1 •.. as, to an-
nihilate terms in the Taylor expansion of the approximation, This yields the class of

Ii

approximation methods described by if "

l) r'$ k.

(3.56)
In [59] it is proved thal0'the truncation error of (3.56), as an approximation to th~ k-th'~ ~
pseudo-derivative, is O(hl) provided that z is cr+1 near to, f is Cr+1 near z(to) for some
p ~ r, p;::: k + l .....l, and

"\.~ "'~C,J'I: = {"Ol if i= k} J' - 1 k + 1 - 1,b....... ifd::j:k,' -, ... , .....
i==l .

Also, min(p, 8)'\- k+1 is the maximum attainable order of the k-th derivative'approximation
(3.56).

Now,,)f we 'substitute derivative approximations into the consistency equations the
resulting system will probably not have a solution, This is because we generally do not
know which Of the variables are determined by. the constraints and which are arbitrary,
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/1/(

The natural approach, then, is to solve the consistency system in the least squares sense.
However, the application of this method is complicated by the known rank de,ficiencyof
'JF. For certain classes ofproblems it is possible to manipulate tlie exact consistency
equations, and this applies as well to the approximate equations, resulting in a system of
.nonlinear equations having full column-rankJacobiaps: These classes include d1Cindex 1
constant-coefficient problem and DAEs in the Hessenberg form.

o

Example 3.4 For a semi-explicit, .system with k",,=2, the consistency equations !L1"~

u~ ;;::: J(uo, '00)
o == g(uo}

u~ = (aJ jaw)u~ + (fJf jfJvj:vo
o == (fJglfJu)u~

U~I = 1P(UOIVOI'U~,V~,u~,vg)
o = (fJ2g/au2)(u~jUb) + (8g18u)'a~~ (3.57)

'II t ~ ,'l
where 1P includes first and second clerivat~ves of (f on« (I:") q~~ote[! the irt.ner product.
(3.57) can easily be reduced since we only wa.nt (U!), '00, ub, vb). ~1l.i8 yields "

'Ub -
0 -
0 =
0 =

f(uo,vo)
, g(uo)
(ag/8u)f(uo, '00)
(fPgj8u'J) (f(uo, vo), f(uo, vo)} + (a9/8u) [(8,18u)J(uQ, va) + (8fj8v)'lJo} "

)

(
)

This reduction only requires knowledge of thetfSeparation according ''I;::) the Hessd1bcr:q forrtt
and can equally Of}applied to the approa;imat~"con~istency equations.

In [59},it is shown that solutions of approximations to the resulting regular le~t~squares
problems sre convergent under mild conditions. The solution of the consistency equations
is also investigated, including existence and uniqueness for linear constant-coefficient and
index 1 linearly implicit DAEs. The' above methods, embodied in the code DAIS [59],are

, .. ,·-;:1

also applied successfullyto the nontrivial initialization of the trajectory control problem
of Petzold.

\\

I}

II



Chapter 4

Experiments

"Differential~algebraic .eqita,tions have received extensive attention in the last,
decade and the theory is well developed.: B~t~))westill do not have methods tur
high-index problems, ther~' are no general'c6des for problems of i~dex: greater
than one, and the determination of initi~f\\fllues remains a difficulty." '(C. Gear
1988 [10]) \\

1\
In this chapter, we,attempt to solve a variety of small problems arising in the m,any areas
of application, using some of the currently available DAE codes. I

• We start with a brief description and comparison of the codes used from .a user
interface point-of- view.

• Next, we outline our experimental methodology, including a higher-index strategy.
f';: - (

• For the major part, we take an in-depth look at each problem, including:

- Formulation. description, background, motivation, manipulation and the9rqi-
" IIleal predictions; and

- Solution: results, graphical and tabular output! comparison of code perfor-
mance with respect to applicability, robustness; c?mputational cost and aCCU-
ra.cy obtained, comparison of results with predictions au1 with the workof others
in the field, and conclusrous. )

• Finally, we d~p;wgeneral conclusions regarding; code performance and the experiments
undertaken.

The experiments draw extensively on the theoretical and practical concepts pre-
sented in Chapters 2 and 3, especially as regards solvability, index and i~dex reduction,
canonical a~d Hessenberg structural forms, consistent initialization, the relation between
stiff ODEs and DAEs, scaling for higher-index: problems and order predictions.

62
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F\:'

4.1 Code Intl~oducflon

'I We make use of thr;ee of the most wideJy used general-purpose codes available for,the
numerical solution q1' DAEs: I)

'~ .', .. . ;'

• L80Dl f49], pl:esented by Hindmarsh and Painter ill 1980, is based on the BDF.">tiff
ODE solver GiEARIB and complies with th!: ODEPACK interface standard. LSOD1
was designed for linearly Implicit ODEs with an extension to DAEs, far which it is/,,~~"
not expected to-be ro,pust. We include it in our comparison as a first attempt al
a general purpose DAE code and for direct comparison'\vith DASSL, another BDF
code. <,

I

• DASSIJ (14), presented by Petzold in 1982, uses a different implementation of th,~
BDFs to L80DI [14] and was designed to solve index 0 or 1 fully implicit" DAEs.
DASSL won the first Wilkinson Prize for Numerical Software in 1991 and is probably
the most widely used DAE code at present. DASSL has also been extended to more
specific tasks, specifically ODASSL fer. overdetermined DAEe, DASSAC for sensitivity
analysis, and DASSLRT, which finds roots.

• RADAU5 (47J, presented by Hairer and Wanner in 1988 (cf. S3.3.I)l is included as a
representative (and flagship) of the IRK codes of [48L for a BDF vs, IRK comparison
and for directly solving higher-index problems.

,

A more exhaustive DAE code comparison would have included the RADAU5-type Rosen-
brock, SDffiT( and extrapolation codes of [48] (d. §3.3.1) and the extrapolation code
LlMEX [30] (cf. §3.4.1), but this would not have contributed much to the observations
made in this chapter, and the use of those codes is omitted for the sake of brevity. For

"," . ;, ,,\

each of these codes, the theor):' has as yet only been developed for the small class of linearly
<:

implicit index 1DAEs. ((
"\""Weconsider the follo~ing two forms of DAEs:~

(i

F(y,y',t) = 0, fully implicit

U M(t,y)y' - J(t, y), linearly implicit.

The abbreviations we use are defined in Table 4.1, while Table 4 2 shows basic code
properties and Table 4.3 is a summary of user control parameters and available integration
information provided by each code. A more detailed description and specific default values
of sophisticated user parameters 8an be found in the relevant code documentation.

4.2 Methodology

4.2.1 Fl,:_ameworkfor Comparison of Code Performance

'1'11eframework we use,for comparing code performance is built on the approach taken by
other authors, notably 114J, (32), [47] and [48], and finds its ~oots in the numericalsolution
of stiff ObEs. We start with some (~':lotes and notes taken from these references.
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Li,T
y, yeO)
y'(O)
c.i.c.
h
RES
JAC

independent variable, endpoint of integration.
dependent variable, initial value
initial derivative
consistent initial condition
discretization parameters steplength
residual vector F' or My' ~ I
Jacobian matrix (aF/ay or al/ay)
or number of Jacobian evaluations
mass matrix. M
partial derivative (aF/ay')
functfon F or f
number of function evalu;'tions
(number of) error test failures, convergence
test failures causing stepsize reduction
number of integration steps taken so far
order of acctiracy of method
differential index (di)
absolute, relative
error tolerance, absolute and relative, resp.
number of modified Newton iterations

! MASS
p.d.
f, funo.
Fq~
ETF's,! CTF"s

'I/;

computation time
output interval

STEPS
ORDER
v, index
ASS, REL
TOL,ATOL,RTOL
NEWT
ETIME
Lltil11e

o Table 4.1: ,Abbreviations

64
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1\

/1
I/ . <','

rr--___;;:--=--:-.;..._.---rr----!'..,.--, ".......---t----::-:---!'/--.,c_,..,..._ .- ........_-....,---.,.,...-,i
Code 'i RADAU5 LSQ1)I DASSL"

~'roblem ijhear implici,t linear ini~licit inlly Implicit -,
ll--.....;...~..".....-----i(~ J;co!lstant M) (variab~e M) ~~

v .' 0,1,2,3 O/L 0,1 i" •--'7',' ,I' Methcd nth order IRK Ist-fith order BDF 1st-5th order BDF
-:single!:mttlti call single single/multi single/multi·~·--~~,~--~~--~--~~~~--,_,_,_,_~~r--~~~~,-,-~

'!fable 4.2: Basic DAE code properties jJ

j'l

)
!

/{



CHAPTER 4. EXPERIMENTS

cJ

Code RADAU5 LSODI" DASS~~
Input options
Output routine fOJ: single call V. x x
Abs/tel scalar/vector TOl v' v' v'
Automatic/user-supplied JAC, yf(O) v' v' v'
yl (0) consistency flag x v'
Automatic/user-supplied p.d. i v'
"Full/banded JACstorage v' both or I v'
Full/banded MASS/p.d. storage v' neither . v'--~----,~--~---+------+---~~Methbd control
Max. STEPSper call v'
Max. NEWT per step v'
Starting value for Newton calculated v'
h prediction safety and limits v' .
JACrecomputation control v'

INewton stopping criterion" v'
Initial h (ho), max, h v'
Min. h x
Optional TOLnorm/weight function x
Max. ORDER
Max. number of error messages
Provision for user parameters in
RES, JAC, etc. roU:t11.1es

.,- (l

General information
Current t .~
Old h, new)h
Old ORDER" new ORDER
STEPS, JAC eva.ls, p.d, calls
ElF's, CTF's

x
x

v' v'
x x
x v

1\ x x
x x

{' x X

1::;'/
V ..;
..; x
..; .;
:.; .;
..; x
x ..;

Output flags
Success
Excessive work done

..; ..; ..;
x ..; ..;
x,,> ..; ..;
X ..; ..;
x ..j.... ..;
..; ..; ..;

..; ..;
x ..; ,

z: "'~\
"

X ..; ..;
'''; x ..; ..;

..; , {/
..;. V ..;
x ..; v'

Excessive accuracy required
Illogical/incorrect input
y'(O) computation rMlure
Repeated ETP's
Repeated eTF's G,c

Component failing integration test

Table 4.3: User interface to DAE codes)

1\

(I

6'~o

o
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~ [321: On the comparison of ,J~ODE solvers:.,

~ --~~
- A stiff methodis viewed as consi;ting"o"~ strategy for choosing the next stepsize

and order, a form~~a for computing the ~ext approximation, a formula for esti-
mating the local truncation' error in the fPproximatkm and a rule for deciding
whether to accept the approximationr l

,,:.:~;

- "The user would like a boundon the global error that he/she is prepared to
tolerate, but methods are designed to control some measure of the local error,
and the user is required to specify a local error tolerance." (The three codes we
use all attempt to keep the local error of Yt below RTOliXABS(Yi)+~TOli')

!'.\

66

- Suggested reliability criterion based on TOl:

TOl - 10..,.2,10--4,10-6, .••

II

- In the comparison of cost and reliability sta!Hstics, tests are restricted to rela-
tively routine integration steps over a range of accuracy requirements, 9-yoiding
difficulties due to discontinuities, etc.

- "Cost of JAC ~ cost of FCN in most cases .

• [14]: On the implement.j).tion of DAE codes:

- "There are issues other than the order vf convergence of the methods which are
important in successfully implementing and using the methods. These issues are
more complex for DAEs. than for ODEs. For, example, the initial conditions for
a DAE must be chosen to be consistent, the linear system which must be solved
;::.teach timestep is ill-conditioned for small stepsizes, error estimates used in
the selection of stepsizes are sensitive to inconsistencies in the initial conditions
and sharp changes in the solution, and the solution methods are dependent on
a more accurate approximation to the iteration matrix than is generally heeded
for ODEs."

- "In general, the diagnostics in DAE codes are not as well developed as those
nonstiff ODE codes."

- Suggested UDeof TOL: for component Vi, set RTOli = lO-(m+I), where m is the
numbersf desired significant digits, and set ATOLi to a value at which ]J;if is
essentially insignificant. ~~>_.;::::://

/'//" '-"" ..-
II

• As a reasonable measure of efficiency) [48]makes use of 'work-precision diagrams', in
which global error is compared to computational effort over a range of integral, half-
integral, etc., exponent tolerances. Typically, scalar tolerances and ATOl=RTOL=i~OL

is used, and the error is the maximum taken over all components and all output
points, using a very strict TOl solution as a truth model if the true solution is un-
known. Work is measured in terms of ETIME or FeN. The obtained data are displayed

Ij



CHAPTER 4. EXPERIMENTS 67

1\

'c::,_
as a po~:~got;\al1ine Cwork-precision curve'), in double logarithmic scales. The morl}\
this line is to the left, the, higher was .the obtained precision, and the lower the line is,
the more economical was the code. The "slope" of the curve expresses the effeciiue
order of the code: effective order w -1/ (slope of work-precision curve), l10' that m
orders of magnitude of precision are obtained per order of magnitude of work if the
effective order is m: The relationship between convergence order for a method and
effective order, .:9'hich is more appropriate for cod~ comparison, is a complex one,
Q'¢pendil1gbn c6~e and implementation particulars, and the two are only equal for
c'~nstanfw~rk donfl,per unit step. (The relation between work, steps and integration
interval depicted in Figure 4.28 is typical for a routine integration.) Code compar-
isons can also be derived from work/precision ratios at fixed work or precision.

\ ~i

To the above we add the observation that effective code comparison is difficult because:

, \

1. Different codes use different tuning parameters and defaults, and are suitable for
different types of problems;

2. TlY~reis no standard set of example DAEs for code comparison (as there is40r stiff
ODEs), only several popular problems; and

3. Comparisons in theliterature are few, typically for methods rather than codes, based
on fixed-steplength order rather than user-defined parameters .and used on idealized
and artificial problems.

o

In the light of the above comarents, we now outline our experimental technique." For each
example, we first attempt to solve the problem as would a user, with particular values
for TOL and T, and default parameters, requiring graphical and tabular solution output
for components of interest as well as available integration 3tatistics and error messages.
We then attempt a more general comparison of code performance on a wide TOL range
and a relatively routine integration interval, using safe parameter settings. We make
particular use of work-precision diagrams (with context-dependent 'work' and 'precision'),

",-,_i

from which we obtain values for effective order and work/precision ratios, using linear
regression on some or all of the data.

Unless otherwise stated, user-defined parameters keep the default values provided
by the source code, or are given values which are found not to be critical for the solution.
For example, Jacobian matrices are calculated numerically by the code (default) unless
results are found to be significantly different using an analyticaIuser~define~IJacobian.

ETIME, when stated, is only used for relative comparison. One reason/Jor this is its
'.c ma.(,~ne-dependence. Another is that intermediate output, usually to a d:ata file: tends
.' ,~', " ,h

to doriii~ate the computation time for small systems, especially if all solution components
are requir~Q~ For this reason, comparisons assume that identical amounts of intermediate

~:::- '

output are rbguested. ETIME values are stated for either no intermediate output (no) Of

for output to hard disk (disk). The requested output interval (6.time) is also stated. For
RADAU5, which is called only once per implementation, intermediate output is provided

I

o

\o
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by an external routine, while DASSL and L80DI require multiple calls for intermediate
output. In general, intermediate output is requested, enough to reflect graphically tho
required accuracy and solution behaviour.

All computations were performed on the same pC (33MHz 80486.DX chip). All
source code, both DAB solvers (RADAU5, L80m and DASSL) and the linear algebra.'
libraries used by the solvers (DECSOL, supplied with RADAU5, and LmPACK, used by
L80m and DASSL), as well as all driver programs (written by the author) calling the
solvers, were compiled and run in Microsoft FORTRAN 5.10 using double precz.Ion and
time optimization. All output data processing, for error analysis, visualization, etc., was
performed by MATLAB 4.

4.2.2 Higher Index

Although all three eodes were designed to solve DA~~s'of index D.or 1, we dd attempt to
solve higher-index problems. The reason for this is that general purpose codes for solving
higher-index DAEs are as yet unavailable. RADAU5 includes an opticb. for scaling the
error estimate ~sed for stepsize selection for DAE~ in Hessenberg form 9f size 2 and 3.
-For mIS, the Hessenberg form must be known and the unknown vector is ordered as

follows: for Hessenberg of size 2, Y = (Xl! X2)T, where Xl has length RWORK(5) and X2

('index 2 components') has length RWORK(6); for Hessenberg of size 3, Y = (X2,;7:hXS)T,

X2 has length RWORK(5), Xl ('index 2') has length RWORK(6), and X3 ('index 3') has length
\ !

RWORK(7). RADAU5 scales contributions to the errol' estimate used for stepsize selection

by h for 'index 2' components and h2 for 'index 3' components.
The convention of ascribing the property Jr index to individual components, closely

related to the concept of dynamic order in nonlinear control theory (141, has not found
general acceptance in the literature, which caters almost exclusively for v = 0, 1 DABs.
The reason we use it is that some DABs do not appear to have a structural form to which
order results, etc., in .the theory can be applied. For example, (4.27) was not found to be
reducible to Hessenberg form. Both differential and perturbation indices can be redefined
intuitively on component level: the differential index: of a component Xi of X is the least.
number of differentiations of the original DAE required to determine xi = xHx, t), and
the perturbation index of Xi is defined oJ considering the i-th component of (2.28). This
is consistent with DAE index in that Some components will have an index as large as u,
but none larger. Note that the Hessenberg form separates variables of different index, and
Hessenberg size and index corresponds to maximal component index. The canonical form
(d. §2.1 and 32.2) also suggests that this component-level definition of inde' 's consistent.

Unless otherwise stated, for RADAU5 Wemake use of the above scali!...6option, and
use no other higher-index adjustment. For DASSL and L80DI, we attempt both matrix
scaling (by scaling algebraic rows of RES by h-1) and variable scaling (by scaling TOl)

(cf. §3.2.3) if integration is unsuccessful. Strategies requiring source code modification,
such as omitting' \rome v~~iables from error tests, are not used here.

'.~,

n
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4.3 ( Two-'l'r&n~tor Amplifiel
D }) l' •J:'ortilu arion

~( . ~~
u{{model the circuit for a two-trans'is~;,~ 'Q~ip1ifier [841 (see Figure 4.1). In terms of-.. +/ --_- '.,1 -,..

the unknown node voltages, y:::= (Yb." j ~'ij)T (cf. §1.1.1), and using (1.8) for :W;rchhoff's
current law and admittance form constitutive equations, the nodal equations Ay' = g(y)
and capa~ity matrix A are give~byC~'c=c \\

i~

o

C4

"
i" ' c

Figure 4.1; Circuit ?t~{$r?for two-transistor amplifier

1

,g ::::
1 -1
1 -1

1 -1
1 ....1

Dots denote zero entries. ~htfcnar~cteristics of the transistors are modelled by
~ ,

, I(x) ::::::[3(ex/U, -1).
\-:: :.~-
I, i

Parameters and a set of c.Lc':h ,Cierivedfrom physical considerations, are

Ub ::::::6, a :::::0.99, /3= 10-6, Ro = 1000, Rk = 9000, k = 1 ... 9,

Ck = k.1O-6, k:::::: 1 .•• 5, Uf = 0.026, Ue(t~:::::: O.1sin(2007l"t),

yeO)~ (0, -lIt:l' l: l'U" lit:r' ljtL ,U"0); = (O,3,3,6,3,3,6,O)T.
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Of interest is the amplified exit voltage, V8, for a given inpuj, signal Us,
Perform a SVD on 11: A = U8VT with U, V unitary and b ~.:";gori.aL
Therrs Av' = g(v) ===? UTAv' ,= [T'1'g(v) =? 8VT.I':= UT g(v),

and VTvp(n, d:()~tTg - n n(~:)=u:),
with diagonal matrix D containing the nonzero elements of 5, ie. the singular values of A.
This semi-explicit DAE has 1/ = 1 if 8hl8z has a bounded inverse, which in this cW'e can
easily be verified. "

Solution

The interval of integration was set to (0,0.2] and TOL = 10-5 wa~ requested. The DAE
isbanded, and we made full use Of the bandedness, Full (rather than banded) storage

increased ETIME by'::::: 5 seconds (for DASSL). Atime ::;: 2· 10-4 was used. The initial
derivative, required for DASSL and LSODt, was obtained by solving the DAE at the initial

point, both analytically, with V'(O) == (0,O,-YS(O)/R3C2,O,O,-V6(0)/R7C4,O,O)T, and
numerically, with VitO) == O. For DASSL, a nonzero INFO(ll) indicates an inconsistent y'(O),
for which D,ASSL takes a small implicit Euler step using yeO), and the: inconsistent V\0)
as a starting guess, to find a numerically consistent 1,/(0).

Refer to Table 4.4 and Figure 4.2 for the successful RADAU5 results, and Table 4.5
for the successful DASSL solution statistics. The 'error' is the maximum absolute global
error OVerall components and all 1000 output points on [0,0.2], using the TOL == 10-12

RADAU5 solution as 'true', and ETIME values are for output to disk. The DASSL driver
code and output are given in Appendix B. LSQ,DI was partially successful, integra~iIlg to

Jacobian STeps FeN JAC ETF's Error ETIME(no) ETIME(disk)
analytical 1194 10098 975 79 2.1.10-6 10.4s 15.48
numerical 1196 10080 976 75 2.1·10_;;3 10.9s 15.5s

Table 4.4: RADAU5 solution statistics for two-transistor amplifier

Jacobian y'(o) INFO(l1) STEPS FeN JAC ETF's Error ETIME
analytical analytical 0.. 5638 13513 39~~· 2066 6.7·1O-J 27.4s

1 8099 23032 8628 4389 6.5 ·10-,) 42.5s
numerical 0 5994 14484 4392 2304 6.6 ·10 '6 29.2s

1 7775 21565 7930 4032 6.6 ,10 -J 40..3s
numerical analytical 0 6820 17170 5580 2854 6.4 ·10 -a 39.7s

numerical ]. 5469 13015 3701 1941 6.7.10 -0) 30.45

Table 4.5: DASSL solution statistics for two-transistor amplifier
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Figure 4.2: RADAU5 solution to two-transistor amplifier:
Amplified exit voltage Y8(t) and 'input signal Ue(t1

tUm, when repeated error test ~ailures halted integration at a sharp gradient change. tUm

was found to vary erratically, depending on both number of L80m calls (= T /&time) and
the initial derivative. See Figure 4.3.

• Figure 4.2 appears to be identical to Figure 9.4 of [47], so that our results agree with

[47] for the RADAU5 solution on t E [0,O.~lwith TOL = 10-5•

It For both RADAU5 and L80DI, solution statistics differed marginally when numerical
Jacobians were used instead of analytical ones.

• FOr DASSL, the cost of obtaining a numerically consistent i.e. from one given as,- -._ . \.~

inconsistent was a significant portion ofthe to+al cost, even if the supplied i.c, 1S
consistent (eg. ETIME = 40s compared. to 30s). Solution statistics are marginally
different for numerical or analytical yl(O).

• The obtained minimal global accuracy is 2 to 3 orders of magnitude worse than
TOL. Although no direct comparison should be made, 2 to 3 significant digits were
obtained, compared to the heuristic request of 4 (cf. p, 66),

• For TOL = 10-5 j DASSL required at least ~ 5 times as many steps, ~ 4 times as
many Jacobians, ::::;30% more [unction evaluations and ~ 80% more time, obtaining
~lalf an order of magnitude less accuracy, than RADAU5.

• The numerical difficulty experienced by DAGSL (and which also caused L80m to fail)
is evidenced by the number of failed error tests causing step reduction (~ 30 times
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'Co Analytioal y'(O)
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Figure 4.3: LSqDI sqlution to two-transistor amplifier: tlim 'Us. no. of calls,
'l!

a~,many for,DASSL as for RADAU5).
p ~'j

The work-precision diagrams of Figure 4.4 give a mal" general code' performance compar- 'i

ison, Precision was taken as the maximum (over all compcnents) of the maximum/mean
global absolute error, using the same truth model as beforeand analytical Jacobian and
y'(O). TOl = lO-m, TIt = Z, .•. !9 (including half-integral v~t.lues)was used, with integral
values of m marked .

.. TOL. was limited to m ~ 5 for RADAtT5"due .to an exponential overflow error (as" . . .' ~
warned in [47]), and to m :::;6 for DASSL due to repeated ETF's.

,-: ' .~
"

• The work-precision graphs for RADAU5 are fairly linear andhave well-spaced points,
,so that TOl is a good control of work or precision, but this is less sofor DASSL.

~ 0
.. ItADAU5 showed a higher effective order (6,5,6 and 6) than did DASSL (4.4,4 and

5), using linear regression on all data.

• As for the single TOL := 10-5 case, RADAU5 obtained higher accuracy for less work
than DASSL over the TOl range used, ref llidng roughly half an order of magnitude
less work for the same precision.

• The above comments hold for both measures of both work and precision. ii
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Figure 4.4: Work~precision diagrams for two-transistor amplifier.

4.4 Two-Phase Ph::g Flow 'J

d?ormulition

A 'pipeline problem, descnbed in [201, modelling the pr~ssure P(x) and the thickness 9.£
" "

the annular p);lase.y(x) in an oil pipeline, is to be solved au x E [0,L].
-::.' . ''t

System I:
II ,

(4.1)

""\c.
P' =

<) ==

~c}

By Introducing u :;:.;:::pi, this implicit system becomes the semi-explicit System H:
'\
\\

(4~3)
(4.1)
(4.5)

_u2

fC1t.~,P)
o :;: g(u,y).

II
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On differentiating the constraints once,

o = in'll + .f;y' - u2 ip
o = gu.u'.+ gyY',

(4.6)
(4.7)

and u', y' can be found explicitly in terms of u,y, P (ie. 11:::;: 1) iff the matrix

( t« fy)
Yu gy

is invertible along the solution, which is the case. Consistent i.c.'s are obtained by P(O) ==
Po and. solving (4.4) and (4.5) at :r; = O. There are two qualitatively different cases of
interest, resulting in normal and choked flow. A set of parameters is given for each case.

Normal flow

R == 45.72, p == 0.814, fL = 0.098, b:= 0.6Q6,
Qco = 1.1531.106, Qa == 2.035 .105, Po = 1.4,57.108, L == 8.047 >lb6,
0) == 1.651469869370661357709407, y(O) = 4.877400707738074248312839.

Choked flow

R = 45.72, p == 0.814, fL = 0.098, b == 0.345,
Qco = 1.7153 .106, o, == 3.027.105, Po == 1.378.108, L::::: 3.2188 .107,

u(O) = 2.3665271547403188758740152, ;(0) ,h',4A1146652453167371525906,p27.

Solution

All three solvers ale suitable for this index 1 problem. Tlle original implicit form I if,
appropriate for DASSL, but the semi-explicit form II is required fo~'RADAU5 and}!BCi.iJ{l
for which MASS is banded while JAC is full. We initially requested accur a,p::: to within

c.. .....

TOL = 19:;-6. The initial derivative is unspecified but can be found for System II from
(4,6). ((4.7), and by differentiating (4.2)fo1' System L For LSODI, an approximate 'true'

y'(O) wasestimated using the RADAU5 solution a.fter one step, while this 'true' value-was
given to 1ASSL as inconsistent. Refer to Figure 4.5 and Tables 4.6-4.8 for results .

• The results of interest, ie. P(x) and y(x) for normal flow and the choking point for
choked flow, (in bold) agree globally to more than the 5 significant digits expected.
The choking behaviour, with P and y decreasing rapidly to zero at' a c.~oking point,
was observed in all cases fo£' 'choked flow'.

4P The inclusion of the scaling factor .10 := 105 saved RADAU5 much effort for normal
flow, cost DASSL in effort, and otherwise had no great effect.

1/

.. For choked flow, repeated error test failures halted all.three codes near the {hoking
point at x::::: 1.0958 .107, agreeing with the literature [20, 4'/J.
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, Normal flow
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Figure 4.5: Solution to two-phase plug flow problem
L' C::::)

Flow Sys. hI) FCN JAC STEPS ETF's x P(oo) . 10 -B y(oo)
normal r - 67 13 47 0 L 1.2251804 4.5877494

105 91 '113 '.' 55 0 L 1.2251811 4.5877523
II - 4·1 13 30 0 L 1.2251800 4.'5877492

105 53 17 31 0 L 1.2251806 4.5877500
choked I - 13;31 112 748 83 1.095787·10'

105 1407 111) 748 8Q 1.095785 . 107 "

11 ._ 941 67 449 63 1.095792.107
105 972 70 4'69 64 1.095:;92 . 107 i)

Table 4.6: DASSL solution to two-phaseplug' flow Systems I and II

Flow ho y'(o) FeN JAC STEPS a: P(w} • 10 -1.1 oy(a:)
normal - true 47 5 23 '( L }.2251791 4.5877468

- 0 79 10 27 L 1.2251764 4.5877429
105 true 53 6 21 L 1.2251755 4:5877381

choked true 1.0957855·10' -:-----
-- 0 1.0957813. 107
105 true , 1.0957854· 101

<,

Table 4.7: LSODI solution to two-phase plug flow System II



CHAPTER 4. EXPERIMENTS

\\
FeN JAC STI;PS ETF's a:: I P(a::). 10 ,-s

4)5877528
4.5877528

\\I,
7£

80 3 17 0 L c~, ! 1.2251828
32 2 5 0 L 1.2251829

Flow
normal

y(x)

chq~ed 2348 !l32? 341 0 1.0958155·10'1I 1.5· 10-1)
107 2300 3'21 329 0 r, 1.0958155.101 1.5. JP-8

"- -I-, ~ _, ------+'(

·'table 4.8: RADAU5 SOlution( ,t> two-phase plug floW System II
\ (~ .
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Figure 4.6: Work-precision dJagralJ1sfor two-phase plug flow problem.

\ [J
-_ ,i .. .... r;-i0.,~

,.. Inconsistent yl(O) for LSODI cost :=;;j 707'1. more evaluations but did not otherwise

I:i"affectintegration (within TOL). ""..' cr---

• Figure 4.5 and Table 4.4 agree with Figures 9.1'¥d 9.2 (and comments) of [47] for
the RADAU5 solution of System II. "

&l The successful solution of System I 'by DASSL and II by LSODI agrees with [20], in
which no direct comparison is made. \

11
Figure 4.6 shows work-precision diagrams for normal flow using FeN for work, maJcir'h.um
relative error (over all components a~? all 100 points on [O,L]) with 11 RADA,USTOl =
10-15 truth model for precision, default parameters (esp. ho), a X{A,DA,U5y'(O) estimate

If .
and TOL = lO-m,m = 3,4,... II

o For DASSL G.\~dLSODI,((accuracv was limited by either repeated ETF's at x = 0 or an
\1 . ~

inability to calculate yl(O). ;;?
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• Effective orders (linear'rf)gression on m = 3, ..... , 8) 'are apPlioxh:n~tely 8 for DASSL
on Syste1ll I, and 10 :forDASSL, 7 for LSODI and 13 for RAI),At}5on System II.,.

• Again;"RADAU5 has a regular work-precision graph, DAsSt less so, and L801)1 evert
worse. For all three codes, obtained accuracy is within an order of magnitude of TOU,

and work (tone is comparable at t?~6ac'~uracy.
"

z:

4.5 Discharge Pressure Control

PI controller

p(C~-')~ti.o
~
C~:.k

\ III .....'''''*"--I.....-.t
J

~
1__ L......."...._.",..._

P ,~in;,

. Figure 4.7: Schematic fOf discharge pressure c<lritrol problem

FQrmulati,~n
Syst~m I below models a simple dynamic simulation problem In petrochemical engineer-
ing [47]. It consists of a compressor with a suction-throttle valve to control discharge
pressure. Of interest is a comparison between the outlet iland inlet mass flows, met) and
jt(t) (see Figure 4.7). We study this problem to show the failure of index 1 integrators on
higher-index DAEs. System I:

(' k' = (c ~ k)/20 (4.8)
(c +pJ15/ = -(p - 9~.1)/75 (4.9)

M' - jl-m (4.10)
piP :£ 3.35 - O.0,75m +Q.OOlm2 (4.11)
p2 - 49.582 '-'(jt/L2k)2 <\ , (!-12)

<~\ M == 20P (4.13)(\ I'
jt == 15+ 5 tanh(t - 10). ;1 (4.14)J

To determine the index I we first transform to a I~etui-explicit form:
Define s =. C + p/15.
Replace (4.9) with 8':::: -(p - 99,1)/75.
Substitute jt = l1(t) from (4.14) into (4.12) and (4.10).
Substitute P = M/20 from (4.13) into (4:12) and (4.11).

"Substitute c == e - p/15 from above into (4.8).
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The problem now'becomes System II:

/)

k'
s'

\\ AI'
)1 0

0

= (Ii - pj15 - k)/20
= -(p - 99.1)/75

- p,et) - m
= 20p/M - '(3.35 - O.075m + O.001m2)
- !M/20)2 - 49.582 + (p,(t)/f.21..:)2.

y, . (4.15)

(4.1.6)
'/

(4 ..17)
(4.18)

(4.19)

78

r)

The index is the number of times this must be differentiated to obtain (k', 8', lv{',p', mf)
expllsitly in terihs of (k, 8, M,p, my. We already have k'~8', MI.

D1ff. (4.18)

Subst. (4.17)
Diff. (4.19)

Subst. (4.15),C(4.17)
(pur. (4.21)

Subst. (~.15) - (4.20)
Implicit function theorem , ===> m'

Subst. into (4(~Q) ===> p'
c, ~ :))

W~ had to differentiate (4.19) twice, SO.1I := 2.

p' =.p'(m,M,p,M',m')
= p'(p, m, M,m')
= h(k,M,k',M')
:= h(k, 8,M,p, m) (4.21)'

o ~ Ja(k, 5,M,p,m, k', 8',M',p', m')
=i4(k,8,M,p,m,m!) .(4.22)
=m'(k,s,M,p,m) (4.23)
;::;= p'Ck,.s,M,p, m) (4.24)

( (4.20)

o

The above procedure gives us a set of c.i.c. 's for System 1. 'We ate free to choose k(O)
and p(O), and the above yields ,,/).(0),P(u),M(O), m(O), c(O). (An alternative formulation
has m specified and ti unknown. Using a similar procedure to the on~ above, it is easy to

sh2wth~t this pr£'blem has 11 = 1. Also, we are' then fr,ee to choose c(O). Suppose physical
CO~1.,si~lreratiollsdemand k'(O) = 0., .. Then (4.8) yields I~(O}= Ic(O).)
,,;; (lAsinput to our DAE solvers for System I, we thus. haye:

Ay':::: f(y),

I 1
\

.J(I

1 ..L15
1

a.nd yeO) -

(c -- k)/20
-(p -- 99.1)/75
p, -m

f :::: 3.35 - 0,075m +O.001m2 - p/ P
(49.58)2 -- [,i/(1.2k)12 _ p2
20P-M
15+ 5tanh(t ~ 10t- P,

)_'1+

0.25
0.2500145529515559
99.1
734.0.477598381585
36.70238799190.793
9.998240239254898
15+ 5 tanh( -10.)
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Note that;

1. y'(O) is not specified, but can be found from the above manipulation.

2. The mass mat!ix A is banded, but the Jacobian is full,

3. We use System I, derived directly from the model, as it requires no manipui.. ion.

4. Manipulation was, however, required to find the e.i.c.

Solution

\ )
,I

1. DASSL, LsOm
(\ ()

Withcut.high-index adjustment, both I)ASSL and LSODI halted execution due to repeated
ETF's (for TOL> 10-3) or CTF's (for TOl < 10-3) at t:::::; 6"~,,Thisbehaviour is expected for

// • .' "--.,.j

DASSJ:, and L80Dl) when attemptin~to solve a higher-index problem.

2. llADAU5

. . 0 ." ~

RADAU5 suceessfullv Folved the problem. for both SYstems I and II. on t E rO.401 (see Eie-

30 -

m

:;!5

5 10 15
-'-~~_L-_._..I-~_ ...___........

. 20 25 30 :3,5 4,0

Figure 4.8: RADAU5 solution to discharge pressure control:
Outlet mass flow met) and inlet mass. flow fJ.(t).

ure 4.8). Although neither formulation is in Hessenberg form, the high-index scaling of
§3.2.3 is applicable to System II. Scaling the algebraic variables 8,0; 'index 2' in both systems
yielded successful solutions. Curiously, the mass bandwidth was required by RADAUii to
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be no less than the Jacobian bandwidth, so that A was stored in full. Table 4.9 shows the
solution statistics for TOl :::::010-4•TIle 'Error in m' is the maximum relative error in the
index 2 component of interest, m, on 1000 points on (0,40J. d

System.. Jacobian FeN J JA61'STEP,S I ETIME (no) Error in m 11
I numerical 493· t 44 I' 68 I 0.66s 4.6 . 10-4 'if
II numerical 4ql.l40 '~. 58 0.44s 3.3·10 4 II
Table 4.9: RADAU5 ~~Iution statistics for discharge pressurj cont~ol

• Figure 4.8 agrees with [47, Figure 9,8J for the solution of System I by RADAU5.

';>]!'or TOl == 10-4, less work was done and more accuracy obtained for the smaller
semi-explicit System II than for the original linearly implicit System I.

• ETIMEfigures for disk outP~t, at iltiine :::::0.001 rise to ~ 5.22s for System I and
~ 4.39s for System II. ",i •

Figure 4.9 shows work-precision diagrams for RADA0'5, using FeN for work, the error in m (?

for a.<;,curacy,and the TO.L.= 10-12 solution to S,l!~~\~"mII as 'true..',.A rangel!ofTOl = 10-m,
.. .. .. .. . . IrrP1 .. .r . .m :::::0, . ,. ,7 for-System Land m =; 2, ,9 fOI),', 'Jtem II was used.

'If
c';'\

• Accuracy for System I was limited by singular iteration failure.
>:J (I

• Solutions are globally accurate to within an order of magnitude of TOL.

" Solutions to both systems have effective order ~ 6 and roughly equal work/precision

ratios, requiring 0(103) FeN evaluations for. a minimum global relative accuracy
oflOff,(\

FCN - Preolelon; system I FCN ~ Preclston: system II104r------- ~ __~_,
9

~
2

Figure 4.9: RJ\'5AUS work-precision diagrams for discharge pressure control
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4.6 plane Pendulum
Formulation

81

The Newton-Euler equations (cf. p~) modelling a simple plane pendulum, after normal-
ization, are given by System 1 below. Here, (z, y) is the position of the bob, (11" v) is
its velocity, and T is the #nsion in the massless rod. We attempt to solve the problem
in the six formulations ~cussed in Example 1.1.1: the original, naturally-posed index 3
System 1, three inde~?4duced forms, Systems 2, 3 and 4, whose constraints are obtained
by successive diff(ftentiat~on of the constraint of System 1. and two index 2 reformulations
with constrainJ( stabilization, the GGL formulation System 5 and the F&L formulation
System 6. ![-~!

~ \

'~~0

System 1 :t == 3)

XI.=U ,~::~

y' =·v
11,' = =T»
v' == -Ty-l° =: x2 +y2_1

.):2 .xl 3;3
,..-... ...............,..-... TY == (x,y,11"V, T )

yeO) = (1,0,0,0, O)T
y'eO) == (0,0,0.,-1, Of

System 4 (v == 0)

x'::::: 11,

y' =V

11,' = -Tx
VI::::: -Ty ~ 11
T'::; -3i/

"(~TTY = x,V, 11" 'v,:1")
yeO) = (1,0,0,0, O)T
y'(O) == (0,0,0, -1,O)T

System 2 (v == 2) System 3 (v::::: 1)

:r,'=11,

u= v
11,' = =T»
v' = -TY-l°= u2 + 1)2 """'.,T - y

yl = 'V
11,1= -Tx"':) II

v':::::: -Ty-l
0= xu+yv

Xl X2

,....--"--. ~'TY = (x,y,11"v, T )
yeO) :::::(1,0,0,0, of
y'(O)::::: (O,O,O,_l,O)T

System 5 (v = 2)

x' =U-XA
yl =V -YA
11,'==-Tx
'VI::::: -Ty-l
o =x2 +yZ.-l

} \o =xu+yv
Xl ' :V2

y=(~,y~,~T

yeO) == (1,0,0,0,0,0)7'
yl(O) = (0,0,0, -1,0, O)T

!'~T
Y = tx,y,11"v,Tj
y(O) :::::(1,0,0,0, O)T
'( ( . TY 0)= 0,0,0, -1,0)

"System 6 (v;::; 2)

x' == u + 2XAl + U..\2

yl = V + 2YAl +VA2 - A3
11,1 = _';t'x +XA2 + 2UA3

"

v' =.,_Jr-J/ - 1+ YA2 + 2v"\3
TI J""'::"3v -..\3
O=xu+yv
0= u2 + v2 - T- y
0= x2 + y2_1

Xl 3;2

Y = (x,y, ,~,v,t,:\1, ;2, ,,\;)T
y(O) == (1,0,0,0,0,0,0, O)T
yl(O) = (0,0,0,-1,0,0,0, O)T

In each case, the index can be verified either by differentiating the constraints and snb-
if

stituting, or by noting that the higher-index systems are in Hessenberg f()rm (cf. Def-
I'

inition 2.3.1). The Hessenberg conditions are easily found to hold, uSing\~\the~lgebraic
\\ \(
\\

))
,/

/? \~
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Consistent i.c.'s are obtained from physical considerations, with t~ pendu-

82

constraints.
lum startin[ at rest in a horizontal position. We require solution on t E [0, 100] and request

accuracy to within rOL =10-4•

Solution
Due to the semi-explicit form of all Systems l·~,p,.handed matrix. storage was used,' fdr all
three codes.

Without high-index scaling, RADAU5 failed to solve the higher-index, Systems 1, 2,\,~
and 6, but was successful after appropriate scaling (see Table 4.10). Likewise, DASSL and
L80m solved Systerns S and 4 without scaling, but failed to solve Systems 1 and 2, due
to repeated ETF's. Lsom identified the 'algebraic' variable l' as the troulde component.
Matrix scaling, ie, scaling the residual of the algebraic equation, 'for Systel::1,<l1 and 2, by
,1/h for DASSL and 1/100 for L80:01,proved unsuccessful due to corrector convergence
\\ , ,

failure .
.~'Suitable variable scaling Y~~ldedsuccessful integration, although not always satis-

factorily ac~urate solutions. Some successful integration statistics are given in Tattle 4.11.
In each case, a looser unsealed TOl (by a factor of 10) or a looser scaled TOl (by a factor
9£ h) resulted in failure. ho was set at 0.1 for scaling, although "it wan left to the code to

/~:;~....:::....'...., .... "

choose ho for integration. This value was found to be more su«cessfiil"than ho "$1 or 0.01.
'\, "

(:.r:mhi('::\lhr Ji'iO'l1rp 4 Tf1 qh(\wq thp 'mlntirln mrpr ranp l'\prl(\n 1<',O'\lr('<;14. 11-4 l:i <;Ihn",

Figure 4.10: Solution to plane pendulum on t E [0, 10]

the state-space and, phase-space solution, and cO'i!cW'aintsatisfaction on t E [0, 100] for
the original index 3 System 1, and Figure 4.14 sho';~~:'theRADAU5 solution to the ODE
System 4. Constraints 1, 2 and 3 refer to the right hand sides of the algebraic equation in
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Systems 1, 2, and 3, ie, x2 + y2 -l1}nd its'Zfirsttwo derivatives, respectively, and should
be zero for all systems for alltime. In Table 4.13, "Err~r" is the order of the maximum
absolute value of conseratnts 1, 2 and 3 all [0,100], "+" signifies a continued growth in
error and "Quality" is an accurac\\ evaluation based on the appearance of the state-space
and phase-plane plots. -

r--:=---
ETF'sSystem v STEPS :=CN JAC

1 3 100~ 10699 853 12
2 2 1'1156 11594 863 2
3 1 913 8179 675 2
4 0 511 3775 467 27
5 2 1054 1120J 761 0
6 2. 1190 13614 829 0

n

System u Cd'de TOL(x, y) TOl(u,v) "TOleT) STEPS FeN JAC
1 3 DASSL 10-tf'" 10 -o/h lO-ti/h'" 4344 7985 543

L80DI 10-4 1O••4/h3 1O-4/h6 11.93 5226 351
2 2 DASSL 10-4 10-4 1O-4/h 2978 5686 266

tsonr 10-4 10-4 1O-4/h6 , 1812 5953 399
10~'!:' 10-4 4

___,...
3 1 DASSL 10 1714 2589 90

tsonr <f6~5 10-5 10-5 2817 6906 430
L80DI 10-4 10-4 1O-4/h 1339 2821 148

4 0 DA88L 10-4 1Q.-4 10-4 1266 1275 9
LSODI 10-4 \ 10-4 10-4 946 1551 71.'

r ,

Table 4.10: RADAU5 solution statistics for plane pendulum: Systems 1-6 for TOl = 10 ....4•

Table 4.11: DASSL and LSODI sdlt1tjon statistics for plane pendulum: Systems 1- 'L

"'~\\
Work·precisiondiagrams••foi'RADAU5 on Systems 1-6 and DAS8L and L80m on the

index 1 System 3, are displayed in Figure 4.15. FeN was used for work, and the maximum
absolute value of constraints 1, 2 and 3 on all 1000 points on [0,100] for precision. Safe
.~te!,l;.:ationparameters and a range of TOL ::::;lo-m I m = 0, ... ,9 were used (m = 2, 3,4

l"ded for LSODIon System 3 due to failure). Effective orders, using linear regression
on m ::::;5,.,. ,9, are given in Table 4.12.

The followingean be deduced from the figures and tables. :'

• With regard to constraiht satisfaction (using RADAtJ5 solutions only):

-- Solutions liO System 1 show constraint growth (and the resulting drift from
TOL at higher precision), lower effective order and higher work/precision for
consrraints 2 and 3 (more for 3);
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Code System" Effed,;ve order
1 I ~ 3

RADAU5 1 5.3 :~.7 2.4
o 2 4.8 5.0 .3.6 {3 5.1 5.1 3.6

4 s.i 5,1 5.1
5 5.6 4.7 I 4.7
(, 5.5 5.4 4.2

DAS81 3 5.4 5.3 7.4
180DI 3 5.8 5.7 7.0

Table 4.12: Effective order estimates for plane pendultm
()

c .- Solutions to System 2 show ronstraint growth and higher work/precision for
constraints 1 and 3 (more for 3) and loss of effective order for 3;

- Solutiona, to' System 3 show constraint growth and higher work/precision for
constraints 1 and 2, and constraint 3 loses effes~ive order;

- Solutions to SysteJ;lo.4 show constraint growth and higher work/precision for all
::1

constraints 1, 2 and 3; and

- For th~ index 2 reformulations, System 5' (GGL) clearly stabilized contraint 1
(but not 3) and System 6 (F&L) clearly stabilized both contraints 1 and 3,
regaining both effective order and work/precisioi; for stabilized constraints.

All this confirms the th,eory,

• Index-reduced Systems'i3 and 4 shifted work/precision curves to the right, with pre-
cision falling orders of l;~agnitude short of TOl. They are thus dangerous, due, to the
false ~onfidence they in:spire.

• In some cases, some components were unaffected by iI~accuracy and instahility in
others (see ligures 4,1~:and 4.13). This is dUI~to two effects: (x, u) and (y, v) are
mutually independent in. the differential part, and higher-index instability does not
affect lower index components, as mentione~! in the theory and found in the literature.

• Comparing code performance for the index 1 System 3, we observe:

- In decreasing order of precision/work (at 10-5 accuracy): DASSL, then 180DI,
then RADAU5.

- In decreasing order of effective order: 1S0DI, then DASSL, then RADA!D'S,

- DASSL and LSODl(RADAU5) have higher (lower) effective order at higher pre-
cision.

'0 It appeal's that DASSL performed best, then RADAU~' \nd 1S0DI over this pre~
cision range for this problem.
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.. System v ..Code Error Qualityr-~1~~r-~2~~--'~3~~
~~1---+~3-+-R-A~D-A~U~5-~1-0-~t~·'--~~1~0--~

DASSL 10-4
tsom 10-3,.

'c,

2 RADAU5
DASSL
L80m

10·i4 +
10-2 +
10--3 +

10 ~
10-3 10-0
10-1 10+1
10:r- lO-J
10-4 10-2
10-3 10-1

2

vvv
x

RADA-U5 1O~1 + 10-1 + 10 -u + x
DASSL lO+Q + 10+0 + 10+0 + x
tsom, <'i 10+4 + 10+4 + 10+4 + X_.--.s- 2 RADAV~5~1~O-~·5~-~~170-~·v----r7170~3---~--VV

ft.----:-6----I-::2-1I-'R:-A:"-::D~A-=U:-5--t1--:-!1o=r_10--'5 10 -1) II VV

3

o
tsom

10+2 + 10'-4
10_:i 10':'3
llr;i' 10-4

1O-~ 10-2 10-2

, x
x
x
x

10+2 +
10-2
W~2

1 I RADAU5
. DASSL!l.

L80DI

Table 4.13: ~,um:11aryof results for plane pendulur,,',)
• ~I

/1
'_j

') We now mention work done by other authors en this popular example problem.

1. In [47'\ p. 118], Systems ~, 2, 3 and 5 are solved successfully by RADAU5 on [0, 101, and
it is £ound that System 1 requires more work thanthe others (with which'we agree),
while System 2 is solved the fastest and System 3're(luires less time but obtains less
accuracy than the others: (This result depends) on dle' safety parameters used.)

\) \\
(]

2. In IH, pp.155-157j, Systems 3 and 5 are solved by PASSI, on [0,1]. For System 3,
c,' low accuracy ;'.s obtained for constraih:ts 1 and 2, whereas constraint 3 keeps the same
. order of magnitude as Tal. (We a.greJ~J After modifying the code to exclude :!alge-
.~ . '. ." '. . - - -, - ,_ - - :'_ _" - l_." _ , _,' - //

braic' variables from the error test (but not f;Olwergenc:etest], aU three constraints
for System f5 are satisfied to within Tal, and do not drift. (It is uncertain whether
tliis would be the case on the extended interval [0',100], on which contraint 3 for our
R.ADAU5 solution does drift.)

/,.. -

3. In ~~§l,p, 539], for a related index 3 Euler-Lagrange system, solutions to Systems (
3 and 5 by DASSL and 1, 2, 3 and 5 by RADAU5 are obtained, ahd it ,is found tha.t
DASSL performs better than RADAU5 on Systems 2 -and 3, but behaves irregularly
for 5, and fails on System 1 (without scaling). 'I'his correlates with our results for
the pendulum, except that we found DA§$t to fa1'lon Systems 2 and 5.

I~ --~ \
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Position: y(x)
o'r--....,...-~

~~
~!1~----.O~.-5~~~~-

\\
X phase-plane: u(x)

·O.B

1

/\
\\
it

x(t)

I) 0.5

-0.5

~)

Velocity: v(u}--~--...,

o

-0.15

/ ..... hI
1~.i~__£_Or\str"rtt S (')

10° r

:::~I~~--------~--~100o 50
'\
\\
j\

Figure 4.11: RADAUS solui.:ionto plane pendulum: index 3, t E [0,100]
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Position: y(x)
0.--·----,.-

..'0.2 l

.J
0.5

X phase-plane: urx)

0.5

o

50 100

constraint 2 (t);02r- .- __~--------~~

Velocity: v(u)

f,I

Y phase-plane: v(y)

Constraint :3 (t)

Ii

50

Figure 4,12: DASSL sotutlou.to plane pendulum: index 3, t E [0, 0]

100
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Position: y(x)
0.----

-0.2

X phase-plane: u(x)

0.5
o

-0.5r~~::::::::::::;~~~
·1

1
x(t)

0.5 !~I
c' f,

-~

a

-0.5
50 100

Constraint ,2 (t)....---- ~------~

a 10050

88'

Velocity: v(u)

1

Constraint 1 (t)
10

2~~ ~ __ ~ .~

I ~

10.2

10.4

106

o 10050

Figure 4.13: LSODI solution to pian. pendulum: i"lX 3, t E [0,1001
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Position: y(x)

X phase-plane: u(x)

-1

.1·~1L ~O.~5~~!!0~~~~0~,5~-J~i1
'I
'.i
"

x(t)
1~~-rr~,.~~~~---~h

n0.5

o

·0.5

Constraint 2 (t)iO~r---------~~------'_~

89

Constraint 1 (t)

50 100

Constraint 3 (t)102r-----------~~------ __~

100

Figure 4.14: RADAU5 sclution to plane pendulum ODE, t E [0, 100]
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o constraint 1 o
constraint :;:!
constraint 3

RADAU5 System 3
1oSr-Q::-.~-=--:::--------...-,

9~

~
3

RADAU5 System 5
105r--.".,...._~~---~--~-~---,

o o

DASSL System :3105r-. ~-__'.>__-.....,

90

RADAU5 System 2

RADAU5 System 4

RADAU5 System 6105~~----~---~ ~

LSODI System 3105r-~ -~- -'"

Figure 4.15: Work-precision diagrams for plane pendulum
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4.7 Van der P61 Oscillator

Formulation
~.

Y/e consider the Va{der Pol oscillator, studied extensively in [48}for the implementation
!/

of IRKs in the solution of stiff 9PEs. System I:

yl = z ,

eZ
I

=: (1 - y2)z - V,

y(O) = 2 , z(O) =: -2/3.0

(4.25)
(4.26)

We examine the stiff case, 0 ~ r:;« 1, which has stiffness 0($-1). For nonzero €, System I
is a stiff ODE system (v =: 0), while e=:O yields a semi-explicit DAE with v = 1 iff

'J]J =I ±l. If 'Y = ±1 occurs during integration of the DAE, the system becomes unsolvable
since no choice of z 'can satisfy (4.26), which is then 0 = ::r:1. We use this example to
show how DAB methods solve stiff uroblems naturally, without limiting the choice of
(stiffness) parameters. The solution to (4.25), (4.26) with e :j:: 0 and YlD) = 2 is smooth

i£fz(O) = -i + ~~e- i:;7$2-l98l~G2+ 0(e4) (cf. [48, p. 435]). The perturbation caused

by our O(co) choice of z(O) is not expected to cause numerical difficulties, and is 'In most
6ases significantly smaller (cr. [48]) than the tolerances we use.

System I can be studie<! using singular perturbations; as in §1.1.2. Expandir.tl5 yet)
and z(t) in powers of e and stopping after three terms, we obtain

y(t) = Yo(t.) + eYl(t) + c:'lY2(t)
z(t) =: zo(t) + eZl (t) + 10:2Z2(t.) and

Yb =!~o } IIo = '<;0(1 _;..Y5) -- Yo .
y~ = Zl
zb =: zl(l - Y6) - 2YoYlZo - YI

y~ == Z2

zi == z2(1 - Y~) - 2YOYIZl - zo(Yt + 2yoY?) - Y2

IV

after equating terms InIike powers of e.'. On differentiating the constraint (or noting
Hessenberg form), we easily find that:

1. System II is an index 1 DAE in ]J = (Yo, zo?, provided that Yo ~ ±1 (otherwise
unsolvable).

:Cl X2

2, System III is an index 2 DAE in Y =: (yo,;0,vi, ~)T. It is Hessenberg of size 2 iff
Yo:/: ±1.

:C2 :1)1 :1)3

3. System IV is an index 3 DAE in y = (YO, z";; vi':~(1;""JT. It is Hessenberg ::>f
size 3 iff Yo =1= ±1.
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Solution

System I has v == O.or 1 and is appropriate for all three solvers for all €. We requested
accuracy to within TOl ~ 10-4 and attempted to solve on I) ::; t,,£ 2. Because of the small
size of the problem, an analytical Jacobian was used in order to reduce computational
effort. For DA88L and L80DI, the initial derivative was chosen as y'(O) ~-2/3 (true to

O(€(})) and ;;'(0) = 0 (arbitrarily), and it was left to the codes to make this consistent.
Strangely, both failed to do this when given an analytical Jacobian, and so the Jacobian
was calculated numerically. See Tables 4.14-4.16 for solution statistics.

RADAt15
------,

">

€ STEPS FCN JAC ETF's Y(2) Z(2.)
10-3 194 1437 120 22 1.7628607 -.83593853
10-3

I 324 2526 182 27 1.7061645 -.89280868

1
10-9 449 3765 247 41 1.7055574 -.89345261
10-1<'" 574 4906 315 54 1.7055438 -.893471i~5
10-15 701

Ii
1.70554316108 3S7 68 -.89347040

0 Exit at t == 0.8068530, Y ~ 1 --
Table 4.14: RADAt~1solution to Van der Pol System (

DA8SL
e STE;PS FCN JAC ETF's y(2) Z(2)
10 -J 405 712 54 12 1.7611896 -.83760529
10-6 727 1240 100 18 1.7043661 -.89465151
10-9 925 1579 144 47 ". 1.7038787 -.89523551
10-12 More than 500 calIs on a step
10-15

0 Repeated ETF's at t == 0.8059089, y :::::1

Table 4.15: DASSL solution to Van der Pol System I

In order to include the DAE case in our comparisons, we then halted integration
at t = 0.8 to obtain the work-precision diagrams (Figure 4.16) for the c == 0 (DAE) and

e = 10-3 (stiff ODE) cases. We used FeN for work, the maximum relative error over both

components over all 100 points on [0,0.8] for precision (using the TOl = 10-15 RADAU5

solutions aH'true'), and the range of TOL = 10-m, m :::::3, ... , 12.
Fox the singular perturbation problem, System IV was solved by RADAU5, with

e = 10-3, TOL == 10-4 and yeO) = (2, -2/3,0,0,0, O)T. Integration failed at the singularity
at t Rl 0.8 due to unsolvability of the DAE subsystem II when y = ±1 (as was the case

I( ,

for System I with e = 0, which is identical). This clearly shows the unsuitability of the
singular f'~rl."Jthation solution within a boundary layer (see also Figure 4.18).
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, ":lJ

LSODI
e: STEPS FeN JAC Y(2) Z(2)

10":';5 449 911 74 1.7617150 -.83709714
10:-6 669 1497 115 1.7040915 -.89.49!H89
10-9 994 2201 161 1.7040655, -.89512384
10-12 More than 500 STEPS on one call
10-15 at t ~ 0.8061, yf::; -2
0 Repeated ETF's at t = 0.8060991, y ~ 1

Table 4.115: LSOOI solution to Van der Pol System I

FeN· Precision: DAE FeN ~Preci~on: Stiff

10;1

Figure 4.16: Work-precision diagrams for (a) DAE (e == 0) and ~~~),stiff (e = 1O-3~Van der
Pol oscillator \1' I

\~

~

Figure 4.17 shows tl;te state space and PhasJ~space RADAU5 solution to System T
for e ;:::10-3, and the number of steps taken during ~tegration, for high-accuracy (TOl ::::

10-12) ap:d then comparing Systems I and IV for Tt\~= 10-4. Figure 4.18 shows the
first thr~e" teJ.'IIu{,(ll:pto System IV) of the singular pertQr}?ation solution up to t = 0.8,

ie. outside the boundary layer, and then the global absolute error in the second order
solution, using the above truth model.

• For System Ir:, \\ o .,' y
.' .>, .1.;;;::\ \;~ I~l

- Only RADAU5 yielded solutions globally accw:a.te to wl;tl.l. ". ~rder of mag-
nitude of TOL. L50m and DASSL were two. orders behinJi fo£"TOL :::: 10..4 andrro \'
worse for stricter TOL. (Figure 4.16) i "i:

I"~

- Solutions were insensitive to changes in e, 0 ~ s « 1, bull',nrunerical cost and
difficulty increased on [0,2] for smaller values of e:, with failure to integrate past

'.i .c

the singularity (Tables 4,14-4.i~l. On [0,0.8], RADAU5 performance was found,,,-

to be unaffected by the choice of r~::"":.10-3or O. ~Fi5ure 4.16)

- Numerical difficulty, cost and inaccuracy were concentrated at the singularities.
(Figure 4.17)



CHAPTER. 4. EXPERIMENTS, \

State 'h~J\lb~;v, z
4r----~~

4 STEPS (tol=1Q1\-12)
2X10

1000

500

-500·

-1000

94
Phase space: :z:(y)

o

-2 o 2

STEPS (tol=10"-4)

0.2 0.4 0.80,6

Figure 4.17': RADAU5 solution to Van der Pol oscillator: System I (i =10-3).
\\

- On [010.8] for c == 10 ...3, the three' codes had almost equal work/precision ~i'lr
tios. Effective orders ate ~ 6 for DASSL, ::::::5 for RADNJ5 and se 8 for LSODI
(couJltered by its slightly higher work/precision at loose TOlS). (Figure 4.16(b))

- On [0,0.8J for g = 0, all three codes had effective order ::::::6. DASSL re~uired

more work than RADAU5 (::::::60% more at 10-6 accuracy) and LSODI more work

thanDASSL (::::::60% more at 10-6 accuracy). (Figure 4.16(a))

- A$ predicted, the DAE became unsolvable when y =±l.

~ RAD1\.U5approached the half-period singularity at t ::::::0.80685238 [48} more
closely than either DA8SL of L80D1.

• For System IV, Figure 4.18 clearly shows (asexpected) the importanc~'ufhig~er order
terms in the expansion as the singularity is approached. Note also the instability near
the singularity, evidenced by the cancelling effect of the first and second order terms,
their exponential growth, and the growth in the error, which is stable outside the
boundary layer .

• In [48, pp.165-171], RAD,j\U5 and other codes are applied to the stiff problem, but
no direct comparisons can be made with their work. Theoretical predictions are
made on the global errors of some IRK methods applied to (4.25), (4.26) (for correct
yeO), z(O)). For RADAU5, "

Yn - y(tn} = Oeh5) + O(g2h3)
zn - z(tn) == O(h,5) + O(ch3),
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Figure 4.18: RADP;U5 solution to Van dar Pol oscillator: System IV (e·'; 10-3).

which agrees favourably with our value of 5 for the effective order of RADAU5 (unless
e >O(h)). '

r:

4.8 Rin~~/ModulatjJr

))

t _ _ .,/_?,~
]Iiormuiat, on

The Xi}iJmodulator (47J mixes a low frequency signal el(t) with a high frequency signal
€2(t), and the modulated signal is used as an input for an amplifier . The differential
system modelling the ring modulator, andcomprising seven admittance form constitutive
equations combined with Kirchhoff's current law and eight impedance forr.....'·canstitutive

"
equations combined with Kirchhoff's voltage law (p. 5), is

GUi = It - 1a/2 +14/2 + 11- Ul/R
GU~ == 12 - 15/2 +!6/2-i51Q;'- U2/R

GsU~ == 13 - G(UDt) +G(Ul1.)
GsU~ = -14 +C(UD2) - G(UD3)
G$U~ = Is + O(UOl) - G(UDa)
GsU~ Jl -16 - G(UD2) +G(UD4)

CpU!, = -Ud~+ G(UDJ +G(UV2) - GeUDa)7i G(UDt)

J/
\)

\"
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1i

L,Jf d~
Ii

L,J~ .;~
Ls~I3 d:
LSsI~ .,.
LS21~ -.
r.,s3I~ -
LSII~ ~~
LSII~ ~.,

'Technical parameters are given by

Rgt = 36.~.
Ra = 600,'
C == 16 .l()-9,
Lh ::;:4.45.;
la == 40.67~l86402 . 10-9,
el (t) == O.5tlin(21r103t),

CHAPTER 4.

The "diodes are modelled by

and the diode voltages 8,1'0

-U2
U1/'2 - tT, - RgJ3
-U1/2 + U.1 - R!JaLt,
U:1/2 - Us -- Rg2IS
U2/2 + Ue -- Raal6

-U1 + el(t) - (Ro + RUI )1.,
-U2 - (Ril. + R91 )18.

UD! ::;: V3 - Us - U1 - €2(t)
UD2 == -U,I + Ua - tr., -- e2(t)

UDa = U4+U5+U7+€2(t)
UD1 - -0'3 - Ua + U7+ e2(t).

RU~ == Ra3 := 11.3,
R == 25000,
Cp == 10.10-9,
LSI := 0.002,
>. == 17.7493332,
e2(t) ::;:2sin(2rr104t).

Ro:= Ri == 50,

Ls~ == LS3 := 0.0005,

Following [47], we coruJlder 3 values for the artificial capacity ('fJ:

Os == 2 . 10-.12, Os=O,

and a set of consistent i:nitial values for all Cs is

The above system,

lh(O) == 0, i= 1" .. ,7,
Ii(O) == 0, i = 1,. .. ,8.

A~)'=I's, t), y = (U1, ••• , U7,I'i.,"" 18)T,
y(O) = 0,

96

is stiff differential for Cs ~i:0 and differential-algebraic for Cs ;:= 0 (since A is singular).
The DAE can be transformed to a Hessenberg system of size 2, with II= 2, and we reorder
variables in y:

\\
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A consistent initial derivative fOl:the DAE is y'{Q) ::: 0, since

Ay'(O) == .f(y(O),&) 1.f(o,Q) == 0 <= yf(O}:::: O.

We include this example as a higher-index linear constant-coefficient DAE which can De
solved by index 1 integ;ato11S. .

Solution

We first attempted to solve the systemwith TOl = 10 ..6 over two periods of the slow

input signal €l(t), ie. T.== 2· lO--:}. RADAU5 (with the usual scaling) and DASSL (without
scaling) were auecessful for a113 values of CS, bus :USODl (without scaling) failed to solve

the very stiff Cs = 2 i 10-12 and differential-algebraic C~9=: 0 cases. For LSOm, the
integration failure point was found to be further fol,: shorter output intervals.

In order to compare code perf?rmance, we then integra\',~~ over a half-period using
TOL= lO-m, m =: 4, ... ,10, and .6.time '= 10-6, and obtain.ed th!e work-precision diagram,
Figure 4.20. We used FeN for work and the maximum (over all components over all 500

",,"points on [0,5.10-2]) absolute global error for precision, using a...RAPAU5 soluti~n with

TOl == 10-15 as a truth model.

• From the'work-precisicn diagram:

-- LSODI, which failed at looser tolerances, took ~ 2.5 times as much work as
DASSL and RADAU5, while DASSL was more economical than RADAU5 at loose
tolerances.

- Only RADAU5 solutions were accurate to within an order of magnitude of TOl,
with DASSL and LSOm an order belilnd.

- The effective order is :::;:6 for all three codes (within. the range of comparison].

• The numerical difficulties reported in [47], especially for Cs .::;::2 . 1O-1~, were not
observed, anlthe~~aph ftir the component Ua(t) in [47] is appreciably different (and
dependent on the value of Cs) from that obtained here, which appears identical
for the three values of Cs used. The output components fa(t) do appear to agree,
however.

• Of significance is that no higher-Index scaling was necessary here for successful solu-
tion by DASSL.

Ci
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Figure 4.19: DASSL. solution t~) ring modulator:/,components !8(t) and U3(t), for Cs = lO-9.
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Figure 4.20: Work~precision diagram for ring modulator
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4.9 Cascade of Differential Amplifiers

"'~
Figure 4.21: Cascade of differential amplifiers

Formulation
11rbitrarily high-index DAEs can arise in circuits containing differential amplifiers [141.
We consider a simple cascade of s differential amplifiers, which we study in depth for,.
S:~ (see Figure 4:.21). Kirchhoff's laws (p. 5) yield the DAB system (where Vi is the
potential at node i, and the resistors (of conductance g) and capacitors (of capacitance e)
are scalar): ..

J
Cl (vi -v~) {.'ie :;::;:: 0

(r ') +91(V2 ~ V3) =0ci V2 ~ VI
,~-:::-; C2(V~ - V4) +gi(1J3 - V2) +il =0

c2(vi-vD +92(1)4 -·'Us) '=0
C3(~I~ -v~) +g;CvS- V4) +h ::= 0
CS('1I~ - v~) -ilY3(V6 - V7) =0

II ':93(vy ,_ V6) +i3 =0
'111 =e
V2 0 G:l

==
1)4 = 0

(~ V6 :::: O.

/'
(4.27)

I:

This sytem, which ~~)easily generalized' to 8 #- 3, is linear constant ..coefficient in y :::;:;

(VI,."! 117,iel'il,'''' i3)T. It seems natural to start with a grounded system at rest, so
, I~

we seli y(O) :::;:;O. Index reduction, differe)li,iating the constraints four times, reduces the
system to the following ODE, nom whlchwe know ..tha.t ~,fi 0 \~)

\) (\ ,. <) "..!\ {J 3.::-.

r;
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o

IYa ;;

vi
V~
IVa

v',,4
v&
v~ ;;

V~
'I
~e
'/71
'f~2
'IZa

e'

,)

o
-!:l.e"

91
a

"...:!!l.~elll
9192

0.
SJ.. .0..sa e""
91 9293
-Cle"
Cle" - 9..tc2elllCI
~C2ell/ + ~}:C3ellll
_!!l. £2.c e'"

9192 3

In this case, t!te underlying ODE is easily integrated. The 8 :;: 3 solution (easily general-
o

ized) is

Vl e(t)
V2 0.

-!!l.e'(t)
0

V3 92 ·f' ~j
V4 0.

VS -SJ..£2.e"(t}
9192

Y3(t) ::;:: Va ::;:: 0.
V7 SJ.. £2. sae" (t)

919293

'ie ,?Clel(t}
f .

it he'(t) - !l1.c2ell(t)
• I Cl

i2 lf1 c erl(t) + !!l..£:tC3elll(t)If 2 9192 .
i3 1"-a £2.C3elll(t)II 9192

\)

(4.18)

I
1/(I

d
Note that:

1. Const,?.ilts of integration are absent from (4.28) as thG\Ywere found to be zero during
index reduction,

2. Our chOice of yeO} :;: 0 is inconsistent (unless the voltagf source ~.at).p.its first s
derivatives are.Initially zero) and, wit~out index r~9-uction; 1/(0) is unknown, so that
successful solution of this problem relies on the ability of the codes to recover from
inconsistent initial-values. ()

In this problem, which is not red;'cible to Hessenberg form, the very.)natural extension
of inde~ to. component level can .be seen. In the case of vs above, for which the original
system had to be differentiated three times to obtain Vt ;; .- ~~;elll, and a perturbation in

t~e equation Vi;; e in (4.27) arrives .differentlated twice in the sclution V5= ':':'~~el/, we

deduce that Vs has (both differentiation and perturbation) index 3. We can then reorder

1.\
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This component/iassifi.cation was found to be useful fpr effective variable scaling during
numerical integration. The above procedure can be generalized to a cascade of size 8 (and
index v :::;:s+ 1):

Yl :::;: (~, fe:-;;'i~')T,
Y2 :::;: (Vlj;2,'v;,G:~T,

Y3 :;:: (1I1IV2,U4,u6,G,~,i;~T,

Ys :;:: (U1,U2,." ,V2s,G, ... ,C'~2s-~,is-l,'lJ;:+1,i;f.

Solution

We attempt to solve the DAE for s t:::: 1,2,3,4 on t E [0,10J with Tal = 10-4 and the
c_ .. /)

parameters
I) ' .... :"'3 .
Ci :;; ~ • 10 \/2, e(t) = sin(t).

~ - - - _- -_ - - - - \\

We start with the somewhat pessimistic predictions from the theory, the first being that the
\\ k~step variable-stepsize BDF method (ie. DASSL and LSODI) can only guarantee accuracy

[{\to o~d~r O(hfuax), q = min(k, k - v + 2) in some components (cf Theorem 3.;.1). Since

\lASSL and LSODI both start with k == 1, we Can expect errors of orde~/~(ho -S) at the
\ltart 'of Integration, becoming more likely to fail the error test as s increases. Note that
iihe strategy of excluding high-index components from error tests .is"inappropriate for this

c,

problem, since it is the highest-index component (output voltage) that we are interested
in. Fo! RADAU5, ,v:e., hope to solve at least the s = 1 (index 2) and 8 ;:::;2 (index 3)
problems, using the high-index scaling option provided for Hessenberg form DAEs.

RADAU5

Table 4.17 shows' the l'es';llts of applying RADAU5 to the cascade problem of size 1, 2 and
3 under a\tvariety of scaling option~~\i,Jtemetnber that Rb-DAU5 requires the dimensions of
the index 1, 2 and $, variables, stored in that order in the unknown vector. In an attempt
to scale the index 4 (for 0S ;:::;3) variables efl'ecti;ely, in order to include thesteplength ift
the scaling it ~/as necessary to convert to a multicall mode for RADAU5. 100 RADAU5
calls on t E [,O,_iiO],using the last successful steplength on each call as the current h, using
the R.t\.DAU5 index 3 scaling option fbr. the index 3 and 4 variables, and then scaling the
tolerance for \~he inshix 4 variables QY1/h, yielded sucd~ssful results;' The same approadll
applied to the index 5 (8 r= 4) system, ie. scaling index 4 tolerances by l/h and index 5

tolerances by 1/h2, was not successful, however.
Table 4.18 SlloWSsolution statistics for the successful solution of the 8

problem by RADAUS. Using the true solution, we can define
;:::;'1,2,3

accuracy = round] -loglO(mean(relative error))),
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dim(v'= 2)
- dim(fi, = 3) Result

0 0 Success
3 a Success
a 0 Failure
3 0 Failure
5 0 Failure
2 3 Success
0 0 Failure
3 0 Failure
2 3 Failure
4 3 Failure
2 5 Failure
0 'II 7 Failure
4 7 Disallowed

s v dim(v = a )
1 ~ 5

2
2 3 8

5
3
3

3411
8
6
4
4
4
o

Tabl~ 4.17: RADAU5 solution to cascade problem: index 1, 2, 3 scaling options

so that a component with a global relative error of TOL (= 10-.1) has an accuracy of 4.

Sl 1,1 STEPS FCN JAC ETF's Accuracy
~r 2 54 241 12 11 (5,32,3,3,3)

l.)

42 184 9 8 (5,35,3,3,3)
2 3 59 259 10 12 (5,29,25,3,3,2,2,2)
3 4 106 727 106 0 (11,84,54,52,2,2,2,2,1,1,1 )

Table 4.18: RADAU5 solution statistics for cascade problem: s;:=: 1, 2, 3

• Numerical solution required prior manipulation, almost to the point of analytical
solution, in order to learn enough about the high-index DAE for its solution.

,. RADAU5's high-index scaling option appears to be consistent with the concept of
component-level differential index, since the index 2 problem was solved more, effi-
ciently with correct scaling than without scaling, and the index 3 problem could be
solved with correct scaling but not with other likely choices.

• RADAU5 was unsuccessful for index 4 (and higher) without modification of the calling
routine to include high-index TOL scaling, nniy partially successful for index 4 (due
to unacceptable inaccurae •n the required solution component) and unsuccessful for
higher index.

• RADAU5 recovered successfully from the inconsist~nt i.c,'s. Replacing yeO) =: 0 with
the true initial value Y3 (0) from (4.28) did not affect Table 4.17 at all, but did improve
the solution accuracy near t == 0, so that, for example, the s = 3 accuracy became,~rn,77; 54, 51,4,4,3,3,1,1,1). \>

))
~...~

'\'"
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Figure 4.22: RADAU5 work-precision diagram for cascade problem: 5::::: 2

• The observed acctUf"."y in Table 4.18 is a good reflection of the TOL scaling, with
higher-index variables enjoying less accuracy in each case.

Figure 4.22 is the work-precision diagram for the index 3 8 = 'J, system, using Fc'N for work
and the maximum absolute true error on a111000 points.ou ,tI,10] for accuracy, for both
'the index 2 component V3 and the index 3 component vr;,. 1'0 ensure safe integration over a
. range of TOl :::::10-m j 2· m ::,:::6, ... ,20, a safe stopping criterion for the Newton iteration
:'was set, the Jacobian was evaluated after each step and tlle NEWT pel' step allowance was
(I II

increased, Rough estimates for the effective order, using lineal' regression on all data, are
4 for the index 2 component and 3 for the index 3 component. Also, the index 2 accuracy

'/

i~an order behind TOL, while the index 3 accuracy fell further 'behin&TOL as precision
increased. This confirms the expected IRK order loss for higher index. Note the unusually
irregular data distribution for RADAU5 on this problem.

\i'

LSODI

The ~~consistel1t initial ya.iues y(O) :.-:;y'{O) :::::Q halted integration by L80m at the initial
step, even for ..~ = 1. On u~ing tr.J.e initial values, integratioil failed (due to repeated
ETF's) befqre i ='~10 was ~:J~ched. For s = 'I., the partial solution was accurate untilII .
failure. ,\ForOexample, accuracy = (4, QQ, 3, 3,3) ,on t e{~,4.1] using high-index variable
scaling. Without scaling, integration failed eadie,r. No ~olution could lie obtained for if

s = 2 or higjher:

(i
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DASSL

Curiously, DASSL failed to compute an apprqxitpate y'(O) when y'(O) ::=:: 0 wfr,gi~en as
inconsistent, but, was found to recover quickly from the inconsistent y'(O) = O~ gi'\ren as
consistent. Without appropriate tolerance scaling, integration.failed due to repeated ETF's
before T == 10, as with LSODI. The inconsistent y(O) = 0 posed no great problem, with
only an initial drop in solution accuracy, as with RADAU~

Some successful integration statistics are given for s = 1,2,3,4 in Table 4.19. As
with the pendulum experiment, weaker or stronger TOL by a factor of 10 (unsealed) or
h. (scaled), resulted in less accuracy or outright failure characterized byrepeated ETF's
.and/or CTF's, not always near t = O. 'Accuracy' here corresponds to the accuracy of the
output voltage and can be compared to the second last accuracy component in Table 4.18.
In 111 cases, he ;:::;10-6 was used, with other choices being less successful. As for RADAU5. (0
we ex]:":rienced more difficulty atJ ,; !jbtained less accuracy for higher-index components.
(An option for setting hmin in dAsSL might have proved helpful for limiting high-index
scaled tolerances.)

An attempt to demand an accuracy ofTOl = 10-4 for the highest-index components,
adjusting lower-index tolerances appropriately, generally failed, probably due to changes
in h allowing inappropriately 10ose,lower~index component tolerances.

" . . . .' . '.' !

The general approach of scaling index ni coml?onents bJr h1-m appears to be unsat-
isfa('t1ory, and this problem clearly verifies the numerical difficul tj'"encountered athigher

'.1

index.

1;.;

I s·
,-,-: TOL' STER:S FCN ".lAC ETF's Accu-

f-----
V-!l\ 1'/ -. 3

'" racyl/;;:::: :I. V'=4 V=5
1 10 ." 10-4/h 117 165 23 2 ~). 3

h 1 _, 36 55 21 0 0
02 lO-l( lO-H/k:4 lO-·HI h+l 300 462 34 1 2

I10=6 1O-61h2 1O-6jh:3 181 285 31 io 2
10-6 10-6 jh 1O-61h3 238 330 25 4 2

3 10-4 1O~41h 10 ·"'Ih'.. 10"·'l.lh'J 150 231 30 2
10 ,Ii 10-4jh 10 ·'I./h:4 lO-I·/h'J 10-4./hiJ 168 292 38 10

'~
4 0

Table 4.19: DASSL solution statistlcs for cascade problem: s = 1, 2, 3, 4

Conclusion

This (arbitrarily). higher-index problem is clearly difficult to solve using these codes. The
'0;) "-' ,I,

difficulty in obtainill€iilDA81,\Lsolutions on a. suitable range of TOl prevented the compar-
ison of effectiNE/o;der!; and ~e onLy conclude that RADAU5 and DASSL appear to obtain

__comparable a~cUl'aci' for comparable work on successful integration runs. Due to effective
higher-index scaling, RA,DAU5proved successful where the others failed.
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4.10 MOL Transrrrission Line

Formulation

We consider a ru rhod-of-Iines (MOL) discretization of the following nonlinear hyperbolic
PDE, which has been used to describe transmission li~es, cell movement and branching
random walks [31}.

XE[O,L,. t~[O,TJ,
v(X, 0) :::::vo(x), Vt(x, 0) :::::0, I

9 E C2[0, IJ, 1+ g(u) > 0,
I E C2[O, 1], f(8) > 0 Vs E [0, I},

f(O) = f(l) :;:::0, /'(0)1'(1) < O.

t:h'tt + (1 -I- g(V))'~lt :;::: ev;cx + I(v),

"from theory [31},we knfiJthat System I has smooth travelling wave solutions

u(';r, t) = U(x - ct)

and that for nonnegative VO(3;) with bounded support on the right,

c-.
vo(x) ~ O~' x E [O,xr), ,vo(x):;::: 0, x E [xr,LJ,

_ \~ .( 4k2JI(O) k)
V(Xr + ct, t) -+ a as t -+ 00 VCC E . , 1+ 4€2 f'(O) , e ' .

Similarly, on the left, the solution tends pointwise to 1, due to the growth term f(v}. This
means that the bulk of the nonzero part of the solution asymptotically lies to the left of
the line x = Xr 'FCmint, where the minimal way-speed Croin is given by

,I"

, "Cmin:::::
4k2 f'(O)

1+ 4e2/'(0) .
'II

We now examine a particular application with 0 ::; e«1 and consider diff~::~~lgebraiC
regularization of System 1. Rephrasing I as the stiff ODE system in t,

and setting €2 :;::: 0, this DAm. system has v :;:::1 iff (1 + g( e) =1= O. So the hyperbolic
condition 1+g(1)) > 0 ensures v::::: 1. Note that the parabolic case, with 1+g(v) :::: 0, has
undefined index, and DAE solvers are unsuitable for solving System I in this case.
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Parameters, are obtained from 0 generalization of the Hodgkin-Hnxley and Fitzhugh-
Nagumo models of the nerve axon to include a small induction along the length of the
axon [91]. The equivalent circuit (where L is now induction) is modelled by

«which, with (:2 = L/R« 1, g(v)::;:: LG'(v)/RC, k2 = l/RC,ancl f(v) = -G(v)/C,
yields the stiff system 1. Specifically, we consider System Iwith e and k H' '; r>e parameters,
L:::: 1,.f(v) = a(v - v3), !JCv) = --e2a(1- 3v2), a 'j i) and vo(x) = 1- H(x) (H Heaviside
function), which comply with the conditions.

MOL discretization of System II replaces v and w with vectors representing numer-
leal approximations to their values at equally spaced n~d9s on [0,LJ \ ie.

Xi::;:: ih, i ::::0,.". In, n::;:: Lfh. = l/h,

and V;t;x is discretized by a second order central divided difference approximation:

(\
-2 +2
+1 -2 +1

A=
+1 -2 +1

+1 -2

Note that h here is the space (not time) discretization parameter. The first and last rows
'.

of A include boundary conditions corresponding to vex > 1, t) = 0 and v:r(O, t) == 0, but
these conditions are not otherwise enforced, Finally, t~e semi-explicit stifi'/DA system we
wish to solve (t he largest system we consider) is

vHt) = Wi(t)

k2 n+l
€2w~(t) - -;-:-;LAijVj(t) -I- fi(t) - (1+ !Ji(t»Wi(t),

n ':::1

for i = 1,... ,n -I- 1 = l/k, with (:;2« 1! Ii = a(Vi - vn, 9i = -r-Z';i(l- 3vf), a> 0,

and initial conditions v(O) = (1,0, ... ,O)T, w(O) = v'(O) = O.

Solution
We attempted to solve System II \;Jverthe time taken for the slowest predicted travelling
wave to traverse the axon, T = l/Cruin' By this time the potential applied at x = 0 from

t = 0 is expected to have reached L ::;::1. Different choices for e2, k2 and a give us 6 sample
problems (Table 4.20). Required accuracy was set at TOl = 10 ~6, and a 'true' solution

was obtained using TOl = 10-9 (by RADAU5 in Problem 6 and by DASSL otherwise).
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Due to an inability to calculate the initial derivative (for W)I L80m failed at t = 0

even for ('2 = 1. DASSL and RADAU5 showed varying degrees of ~uccess'?tl~arly showing a
travelling wave solution at a fixed speed .. This and other ptoperties, such as diffesron, can
be seen in Figures 4.23-4.25. Of quantitative interest is the observed wavespeed ~cieni~ed)
from the output) and 'Error", the maximum absolute error over all components of v and
w over}~~ entire interval of integration, based on the 'true' solution. An output interval
of .6.ti,;:te ;::;;Tj20fJ was used. Solution statistics are given in Table 4.21, and Figure 4.26

1[.

shows work-peeoision diagrams based on both ETIME and FCN. \./

# nT €2 k2 a Cmin 'Cmax T Symbol
1 20 10-;:1 10-3 1 6.3· 10 -z 1 ,15.8 0

2a 40 10-3 10-3" 1.., J{'3 10-2 1 15.S
2b 80 10-3 10-3 1 116.3. 10-2 1 15.8 '::
a 20 10-3 1 Ie; 2.0 31.6 0.501 x .
4 20 10''"3 10-3 10 0.20 1 5.10 +

\.'

5a 20 10-6 10-6 ») 1 2.00· 10-3 1 5UO
·~tl.20 1O~6 '0-6 1 2.00.)0-3 1 100

~0-61
.

20 I'" 0 1 2.00· 10-3 00 J 500 -:;fl

\Table 4.20: Sample problems for MOL transmission line

o

# Code STEPS FeN JAC ETF's 'ETI!,1l: '( dis,l~) Errol' c*
1 DASSL 370 480 29 5 13.8::: 1.3.10-0 6.0 ·10 ·2

RADAU5 127 937 100 0 2P.2s 2.3.10-6
2a DASSL 352 488 37 7 " 35.4s

RADAU5 Exit 'at t ::::;0 due to singular matrix "~-
Underflcw error at t == 02b DASSL n

RADAU5 Exit at t ::::;0 due to singular matrix
3 DASSt 430 537 41 0 15.8s 4.4.10 -4 14.3 IRADAU5 203 957 7 5 20.8s -,, 3.4.10-6 .)

4 DASSL 809 928 40 3 20.5s 1.8.10-4
(( O:~

RADAU5 344 2623 304 1 73.2s 1.8.10-5
Sa I DASSL 1315 1849 100 40 35.3s 3.8.10 ·4 !>\?10 '4

5b 1231 1760 88 4~:; 33.9s

I 5a RADAU5 56,1) 43)73 481 56 116.8s 5.7 _10-5
5b 506 3949 438 52 106.08
6 DASSL 'y'(Ci) could not be computed at t == 0

RADAU5 556 4338 481 56 116.2s 6.5'10-;) 9.3. 1 ,.-4--
Table 4.21: Solution statistics for MOL transmission line

From these results we can observe the following .

• Problem I, taken as the basic form, results in a wavespeed slightly slower than the
predicted Cmin. (See Figure 4.23.) Figure 4.26 show;'!the global absoluk, errors of all
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co~ponents. Clearly. RADAU5 succeeded il1control}in.g the -i!1~cc~~,rIiCYwhile PASSL
exbibit'~ a growing) )'01'. "

o )\

• Problim ·i: ust.19-1 a finer mesh with ~ore in{lerio,pno<1I,\8, l'eSHl~~~·a m6re ill~
conditioned iteration mal .ix, which halted)'iltlg;·r.diori,: when numerically singular,
DASS'S appears more successful in thi~r,;reiard, but t.b[~sis possiblY at Ihe expense 6f

,t ,'\' ~

accuracy. No 'true"flolutioll could beff~lpta~nedfor ~Afficiently strict TOL. ,,'

• Problem 3, with large diffusion constant 11., shows a wavespeed welhwithin the pre-
dicted range. (See Figure 4.24.) OUf,;value for c* may be inaccurate due ttl l'u'pid
diffusion of the initial disturbance.

c;

,
c;-:~). Problem 4, with a proportionally larger shunt conductance in the equivalent cir-

\C1' Sh, ov~sa wavespeed within the predicted,~',}rang~, slightly higher thai! Cmill,' (S,:,~e
~~]U£e 4.25.) \~! 1,1

• Problems "5.and 6, in which inductance is reduced, even tg zero, show wavespeeds
within the predicted range and, in 'f>:ASSL, an inabil~ty to handle the initial condition
for tb,~ DAE Problem 6.

• Throughout this problem, DASSL took less effort) but obtained less accuracy than
RADAU5, signifi<.:--antlY'''worset~all TOL in some cases, whereas RADAU5 kept the
accuracy close. to TO~. Also, increasing stiffness resulted in both more work and less
.accuracy. (See Figure ;1,.26.) "

3-d plot: v (left). W (right)

Contour plot: v, w
1Sr----

10

i';

Figure 4.23: DASSL solution to MOt problgm 1: 3-d plot (v(x,t), w(x,t)), time evolution
(v(x), w(x) for various t) and contour plot (v(x,t), w(x,t)). I
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3-d plot: v

1

0.5

oo
I)

50

0.1

20

Figure 4.24: DASSL solution to MOL Problem 3: 3·d and

3-d plot: v (I~ft). IN (right)

4

2

o
~100,

·~~~5:----;j;:;=--;;;---::~-c-:-:?"-.....;.;2.._--.,~. 50,/ '\
1Jl, 15 20 '"'5 30 . 0 ' , )!e. 35 40 ;,,1

2-d plot: v, W

30

Contour plot: v, W5r-------___.------------~
4

40

~

~/
o· , 10

Figure 4.25: DASSL solution to MOL Problem 4: 3.d plot, 'time evolution and contour plot
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OASSL error(z)
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+ ,lit., .... J

o. ' -. ""
X'''"" .r..:" +.. x DASSL
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10.4 10.2
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RAD~U5 e~ror(t)

FeN· Precision104r-_~------~~.
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""
'0 '·X

DASSL
102_~ ~~ ___j
1~ 1~ i~

Figure 4.26: Global absolute errorsfor MOL Problem 1 and work-precision diagrams
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4.11 Small Contrived Problems

For this final experiment we .solve numerically 'two lineal' variable-coefficient DAEs of
theoretical interest [41L(cf §2.1.2).

4.11.1 Irregular Solvable DAE

Formu.lation

System I below has a singular pencil for all t, and is thus irregular:

(It) I (0 0) ( fr)o 0 x + .. 1 t X= !2 . 1 IJ
A linear time-dependent transformation. of variables yields the regular index 2 constant-
coefficient DAE (Hessenberg of size 2) System II.

( t 1)x=: -lOY }n
I,

"The unique true solution, easily fo\~nd by index reduction, is
'\
\\

Y =: ( /1 '-2 'i ), . (t(fl - f~) +h )leo x=: -(/1_:_f~) .

Solution
1,\
\\

We attempted to solve both Systems I I\nd II (to within TOl =: 10-4) numerically, with

(h) == ( 2t
2
... )...h t+l' t E [-0.5,T].

(The choice of to 1= 0 was in order to retain generality that would have been lost for
to =: 0.) Consistent i,c. 's were obtained from the tl "solution.

As expected for··the irregular DAE System I, DASSL and L80DI failed at to due to
repeated corrector convergence test failures. (System I is unsuitable for RADAU5 due to
the time-varying mass matrix A.) The sd\, essful solution statistics for SyetenlII are given
in Table, '.4.22. Note-the high order of global accuracy obtained (up to the double precision
used) and the remarkable ease of computation. RADAU5 used only one JAC evaluation
since it solves the DAE in linear form and therefore its Jacobian in this case is constant.
DA.SSL solves the fully impli'Cit form and has a time-varying Jacobian, which therefore
requires repeated evaluation. Of significance is the fact that PASS):, solved the higher-
index DAE without adjustment or undue effort. This is not unexpected, as Theorem 3.2.1
predicts no order loss in this case.

This problem verifies the claim made in 32.1.2 that an irregular DAE can be trans-
formed to a regular one, and that these numerical methods used require regularity, in
addition to solvability, for successful integration.
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T Code STEPS FeN JAC Max. error in :r(1)
aRs reI

2 DASSL 17 17 16 o (lDq4) 0(10-10)

" RADAU5 9 :36 1 0(10-15) 0(10'~16)

2:1DASSL 19 Ii 19 18 0(10-13) 0.(10-10)
!L RADAU5 10 40 1 0(10-14) 0(10-16)-

Max, error in y(2)
abs rel

0(10--1v) 0(10";10)
0(10-15') 0(10-16)
O( 10-!,j) O(lO"::TU)
0(10-13) 0(10-16) k

Table 4.22: Solution statisticsfor irregular solvable DAE System II

(_;:

4.11.2 Variable Index DAE
<: Formulation

The equation

with ¢(t) ={ ¢+(t) > 0 for t > 0o for t ;:;0 ' {
0 for t 2:: 0

·¥,(t) '= l/J-(t) > 0 for t < 0 '
.:-,:... ,..... ~'.. "

and ¢ and 1/' illflnitely differentiable, fs solvable on (-00, (0). The pencil formed by the
ecefficients is nilpotent of index 2 ift ;fi. 0 and of index). if t :=; o. The unique solution is

X -( Xl) _( h ...¢f2 )
" ~'X2 - h - l/Jfi .

Nqte that A changes rank at t:::; 0 and changes nullspace as"t crosses 0, so that no smooth
\.,.. r.· \\ .

coordinate changes P, Q can be found which transform the sY$tem.to a semi-explicit DAE
\ . . ~

with ~x.p1icitalgebraic constraints. \\
\. \1

Solution \J

We chose.'

o

and reqnesteli TOL :;:;::10-'1, Consistent i.c.'s were obtained from the true solution. Note
.that If; is C2 and, '1jJ is c- (both not COO). RADAU5 is unsuitable for time-variant A, but
DASSL solved the p~9blem successfully without higher-index adjustment 01' computational
difficulty, e'lt~!2oJyjJ_4the in.dex and nnllspace change at t == 0 (see Figures 4.27 and 4.28).

II
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Solution
O.25r--~----__"""--------.

o 0.$

'113

·4 Absolu'te error2.5 x 10 ~ ---.,

2

1.5 x2

Figure 4.27: DASS!.. solution to variable index DAE,

STEPS

A
~

____ J
o 0.5

FeN
100r---------------~---,

80

60

40

20

!:TIME

0.5/
.8.'-5--.....---0---- 0.5

5

.8.5 '----o=-- 0.5

FigUJ\') 4.28: DASSL solution statistics for variable index DAE
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4.12 -Conclusion

4.12.1 Report on Techniques

Scaling

The steplength-based variable scaling and row scaling suggestions of §3.2.3 were 11: l'ly
unsuccessful, most likely since source code was not rewritten to include current steplength
in TOl and RES routines at each step (only at each call in a muHkall mode). Although
short output intervals were requested, resulting in frequent steplength reevaluation, this
proved insufficient especially in the sensitive initial stage. Some variable scaliJ,;igdid re-
sult in successful integration but the obtained accuracy was usually intoler3,~j{~,aridfl1,~
approach of scaling index m components by h1-m (based on scaling algflliraic 'V'ariable~

by h-1 (§3.2.3)) is clearly inadequate. Row scaling was attempted for all higher-index
problems. but with no notable improvement.-, -

TOl fof Precision

From the work-precision diagrams I it appears that L80D1 and D.AS8L have roughly the
same interpretation of the TOl request, with the obtained global accuracy; falling behind
TOLJn this respect, RADAU5 proved more reliable, with global ac(uracy' confirming the
TOl request, often to within an order of magnitude.

Code Comparison

Before presenting a conclusive report on relative code performance, we warn against ex-
elusive use of results such as effective order, which, although providing an uncomplicated (,
standard for comparison between methods and with theory, oversimplify the issue and)
presuppose robustness, which. is often lacking, ego

L The high effective orders obtained by L80DI (eg. Figure 4.12) is overshadowed by
the difficulty of obtaining a successful solution over a range of error tolerances (eg.
Fig1¢re4.20).

i',

2. The concepts of effective order and work/precision ratios rely on the underlying
Ihleatity of work-precision curves, &.t least for some precision range, This, was':not
always the case (eg, Figure 4.1'g)~"

\\

4.12.2 Code Comparison

Table 4.23 summarizes the results of the experiments according to two basic criteria:

1. Success: Did the code solve the problem at all?

2. Quality: If so, how good was the" solution?
\ ,-
\-,

\
,~\
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'The answer to (1)' is determined by snit ability and 'robustnes~. For (2), wh,i(1b aepellds )
;:~«.\---

primarily on accuracy, N" nomy arid predictability, <:1;hecodes are listed (by. initial) )n
decreasing order of 'quality', using '>' to denote preference. (An important omission
here is that L80m·· and, to sow~eexteU~) DASSL were given information on the initial

>:, '
condition gained from RADAU5:} Fro~ liable 4.23 it. is apparent that RADAU5 generally

t:

2~Transistor Amplifier 1 ..; ..; ;it R>D1----- . .. ..; V ..; D>R>L. 2~Phase Plug Flow 1
Discharge Pressure Control 2 ..; x x R

'jPlane Pendulum 1 ";i ../ ..; D>R,L I
>1 ..; ..; x R>D>L

Van der. Pol Osc~Jlator 0 ...; ...; ...; R,Q,L
(or very stiff index 0) 1 ...; ...; ...; R>D>L I;(,.
Rfng Modulator 0 ...; ...; ...; RID>L
(or very stiff index 0) 2 ...; Y X R,Dr--->

2 ...; ...; R,D?<
Cascade of Diff-Amps 3 J x x R,D

4 '/ x x 11
I--

MOL
~

/J 'Iransmission Line 0,1 ..; ...; x R>D

Table 4.23: Comparison of co,.... I' .rformance
(} I:.. ,

E Pnoblem . • II . Success . ~..quality II
Name • .=r Index II RADAUS PASSt I L80Pl I :,

outperformed both L80m and DJ.\.SSLin these experiments, which, 'it may be argued,
are biased towards RADAU5"as they derive mainly from literature presenting methods for
solving linear or linea;ly implicit DAEs. In fact the constant-coefficient linearly implicit
restriction is <J. severe one, and PASSL would be the obvious choice for any 10re"general
problem.

For index 0 problems without extreme stifi'p.essl the three codes performed compa-
rably, presumably, would any decent stiff ODE solver, '"

RADAU5's main advantage over DASSL is its higher-index scaling,' for which, un-
fortunately, there is theoretical support t.nly''£or v I'F 2,3. DASSL was successful for the
index 2 ring modulator problem without ftny higher-index remedy, but this is an exception.
For index 0 or llineady implicit ~r~blemsl no clear preference is given: sometimes DA8SL
was better, sometimes ~ADAU51 and sometimea it was too close to tell.

That L80m was not designed to be robust on ,~ll index 1 linearly implicit DAEs is
reflected in the results, lih:: higher-index problems a.A;· dearly beyond its scope.

; l



Chapter 5

Critique o

"

In this dissertation, an attempt has been made to convey the entire process of solving initial
value D,AEs numerically} from the underlying theory to the development of numerical
techniques and the implementation of available software for solving problems from a variety
of application areas. It is hoped that it will prove useful as a guide to the field, requiring
no other prerequisite than a graduate course in numerical analysis. We consider the
achievements of the dissertation to be:

~I Literature surt'ey: }ncorporating, or at least citing, the main works by the major
authors in the field, as well as subtle points and obscure methods.

o
It The observation that the unifying concept. or a network formulation of physical sys-
terns is fundamentally suited to the solution of the resulting:o:DAE.

• Experimentation: collection, formulation, solution and analysis of a variety of DAEs.
not restricted to index 1, verifying and illustrating theoretical predictions.

• Software eomparison: examining the suitability (with respect to applicability, accu-
racy ~.iid robustness) and economy of some of the availfl:ble DAE code\?, based on the
above experiments .

.. The observation that the general.theory and available methodsand software donot
cater eff~ctively for general higher index DAEs arising in applications, such as the
index 3 ,Juler~Lagrange equations, the index 2 Navier-Stokes and (some) nel,)york
equations and the :,l,rbitral'ily high Index DAEs possible with singular perturbations.
Clearly much worl< is still to be done.

• The collection 65 different uses of the index, a concept which is only vaguely defined
in much of the literature.

/)

We see the major weakness of the dissertation to be that in seeking to provide an overview
ra.ther than focusing on a specific topic, no real ground breaking work has been done.
The analysis ~f the experiments of Chapter 4 could have been more thorough, and some
p:rr,lems were treated more fully than others, This is justified, as the pi:imary objective

11 116
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, ,,/'1
there was the illustration of DAE behaviour and the application of the d~llOJs and
conceptual tools presented earlier, and not the successful solution of the problems tackled.
Some work has been omitted for-the sake of brevity, importantly:

• Proofs of some important results and theorems in Chapters 2 <1~d3. These are either
standard results outside, the scope of this dissertation, or results requiring a deeper
understanding of specific subtopics within numerical DAE or ODE theory than is
possible here. Some proofs are included, and these support the discussion without
hindering it.

• The solution of the classic spac~' shuttle problem [14, p.157} and other nonlinear
DAEs.

o

• The use of other codes, such as LThrIEX(extrapolation) and DAIS (consistent initial-
ization),

"

u

• The'solution of large problems and the use of parallelization. (A parallel version of
DA,SSL is in prepara{ ,:1m.) ,

, ;/

() The boundary value DAE problem. [6, 28, 60, 61(j. We do mention that
a
the code

COLDAE1 an extension of the code COLSYS/COLNEW, attempts to solve semi-explicit
multipoint boundary-value DAEs of index: at most 2, using projected collocation at
Gaussian points with automatic mesh selection and error control. COLD'AE was
written by U. Ascher and R. Spiteri and is now available from NE1'1IB.

• Recent work on Taylor-typt .cethods, w~kh are still being devel?ped and are not
yet available for use, shows that these methods are very promising for the accurate
solution to highJ~r-index DABs. Much ot this dissertation has focused on the failure of
general codes villen solving higher-index problems, and this seems sure to be remedied
in_the near fu~ure.



Appendix .l~.

Further Reading
1:'\l\

/fr)"
-Apart from the references .cited in th~~extl the following related material was also read
in preparation. ., )

• Section L1z Introduction

- 1.1.1 14, 21, 26, 27, 29, 52, 98] - Electrical circuits.

- 1.1.3 [13;, 50, 53, 70, 93] ~ Control theory.

o • Chapter 2: Theory 11
- 2.0 [85.86]-- Existence and uniqueness.

• Chapter 3: Numerical Solution

- 3.2 [3,1.2,531- BDFs.

- 3.3 [88,90, 92J-IRKs.

~ 3.4 [62,64, '(4,7~1.-Other methods .
.<~I

I)

{'
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Appendix B

Sample Fort.ran Driver

a.i Amplifier Driver Code
c· -.- ..,.--- ....----.----- ....---- ....------ ../..,---------.---;._----------------
C ~-- DASSLDRIVERFOR PROBLEM1: 2-TRANSISTORAMPLIFIER ---
C - ~----- ....-------------------.,---------------~--------------

Il1}?LIClT REAL*8(A-H,0-Z)
COMMON'f/parms/ue,ub,u#,alpha,beta,pi,rO,r(9),c(5)
IUTEGEa*2 ihr,imin,is1c,i100th,ihro,illlinO,iseCO,i100thO

C --- Declarations .
EXTERNALres, jac .
PARAMETER(neq""8-_Jroa{;ol:(i=5, .rol;;:o2,mu=L)
PARAMETER(lrw:::;200) #
PARAMETER(Hw=20+m:iiq)
DIMENSioNy(neq), Yi~rime(neq), rwork(lrw); iwork(liw)
DIMENSIONinfo(15)

C --- Set timeO
CALLGETTIM (ihrO,;/ iminO J isecO, ifOOthO)
DO 1 i=l,15 Ii

1 info(i) = 0 //
C --- Output parameters;:

OPEN(6,FILE='sam~~e.ou.t;)
OPEN(10,FILE=' dafra , ou.t I)
OPEN(8 ,FILE:' samiplc. err')

C --- Solver paramete~~
C --- Multi- or singl~!-call (multi)

info(S) = 0 II
C --- Jacobian parame1ters

iwork(l) = ml, if
iwork(2) = rou .

C --- Required Tolerl~ce (for vectors: into(2)=1)
tol ;: l.d-5
rtol ;: tol
atol ;: tol

C --- Problem parauvpters
pi = 3.14159265358979dO
ue ;: O.ldO
ub = 6.0dO
ut '" 0.026d0
alpha:.:: 0.99M
beta. = LOd"'6
I'O = Ld3
DO 10 i=1,9

119
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10 rei) = 9.d3
rr, ~Jlr:-_~o i=1 ,5
U 2b~ ccCi) ;;::i*Ld-6
C ..,--Initl.al conditions
" t = O.dO

y(1) '"O.dO
y(2) =, ub!(r(2)!r(1)+1.dO)
yeS) ,,;'ub!Cr(2)!r(1)+LdO) cy(4) = ub
y(5) = ub!(r($)/r(5)+1.dO) ,:;-;,
y(6) = ubi (r(6) /r(5)+1. dO)
y(7) '"ub

.y(8) = O.dO
C --- The :following were obtaineli analytically :from the DAE at to

DO 30 i=l,neq
30 yprime(i);:::O.dO

yprl1lle{3)::::-y(3)!(r(3)*c(2)
yprime(6) = -y(6)!(r(7)*c(4»
WRITE (10,*) neq+1
nerr = 0ttimes =01000tend;:::O.2dO
dtout = tend!ttimes
tout = dtout

C --- Main loop ,,
DO 50 iout=1,ttimes

C --- Double-precision DASSL routine call
CALL ddassl(res,neq,t,y,yprime,tout,inio,rt()l.atol,idid,

rwork,lrw,iwork,liw,xpar.,ipar,jac)
C --- Write output data

WRITE (10,*) tout.l
DO 40 i=l, neq ',:.;,

WRITE (io,*) y(i)
WRITE (19,*) <}e>I<DSIN(2.0d2*pi*tout)
hu '"rwork(7) (\
nqu = .iwork(S)
WRITE (6,1010) t,y(8),ue*DSIN(2.d2*pi*tout),nqu,hu
IF (idid.L't.O) GO TO 60

50 tout = tout ;:dtou.t
60 CONTINUE

40

!i

C --- Write integration statistics
IF (idid.LT.O) ner'r ;::nerr + 1
nst ;::itoork(11) .,
nte ;::iwork(12)
nje = iwork(13)
net~ = iwork(14)
nctt = iwork(15}

C --- Calculate elapsed time
CALL GETTIM (ihr, imin. isec, il00th)
etime = 60.dO*(60.dO*(ihr-ihrO)+(imin-iminO»+(isec-isecO)

+(i100th-i1QOthO)!100,dO
WRITE (6,1020) neq,rlJt,nfe,nje,nerr,netf,nctt,idid,tol,etime

190 CONTINUE
IF (nerr.GT.O) THEN
WRITE (6,1030)
ELSE
WRITE (6,1040)
ENDIF
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1010 FORMATcix, 't::;! ,el0.5,' y(8)=' ,e12.5,)
) erder=' ,il, ,. h==',e8.3)

1020 FORMATU/1X,' Integration statistics' ,/
lX,' Syst~m size ' ,i8/
lX. I Number of steps == '. i8/
lX,' Number 0":: F-s = J, i8/
1X,' !~umberof J-s ',isl
lX,' Err(lr cvarxun ) •i8/
lX,'j~umber of etf-s ::; ',is/
iX,' Number ef ctf-s == ',is/
lX,) ~uccess = ,.1 • i8/
lX,' Error tolerc;mce =[/,el0.5/
lX,' Etime =;',e10.5)

1030 FORMAT(/,' **********DDASSLPASSEDA~,L TESTSfi!,*********')
1040 FORMAT<I, I **********DDASSLFAIlED $OME'TEST$*********')

STor .
END

,e12.5,

SUBROUT!NE~es (t J y, Wim,!lb delta, b:¢s. rpar , ipar)
IMPLICIT REAL*$CA-H,O-Z), d • ••

COMMON/parms/ ue,ub,u:f,alpha,beta,pi,rO,r(9).,,(5)
DIMENSIONy(8) ,yprime :3) ,delta(8) "
uet = ue*DSIN(2. Od2*pi*t)
f23 = beta*(DEXP«Y(2)-y(3»)/Ufh~\dO)
f56 '" beta*(DEXp«y(5)-y~I\\)/Uf)-1.dO)

C --- del'ta = f ...A*y" \\)
delt!:\(1) == (y(1)/rO-uet/;rO)/c(1)

-(-yprime(1)+yprime(2)
delta(:?') ::; «1/r(1)+1/r(2) )*y(~:-(alpl1a-1.dO)*f23-ub/r(2) )/('(1)

- (yprilll!f (1) -yptime ~~",'J ,," ,
delta.(::l) = (f23~,y(3)/r(3»/c(Zj

...(yp:r:ime(3» .'.
delta(4) = (ub/rC4)-y(4);t(4)-alpha'''f23)/c(3)

-(yprime(4)-yprime(5»
delta(5) = (-ub/r(6)+(1/r(5)+1/:r(6»*y(5)-(a,lpha,,1.dO)*f56)/c(3)

-(yprime(4)-yprime(5» 1.1 !J

aelta(6) = (f56-y(6)/:r(V»/c(4)
-(yprime(6»

delta(7) == (ub/r(8)-y(7)/r(8)-alpha*:f56)/c(5) c,::'
-(yprime(7)-yprime(8»

delta(8) = (y(8)/r(9»)/c(5)
-Cyprime(7)-yprime(8»

RETURN
END
SUBROUTINE.jac(t,y,yp:rime,pd,cj,rpar,ipa:r)
IMPLICIT REAL*8(A-H.O-Z)
COMMON/pa:rms/ ue~ub» uf ,alpha, bet'a,pi,rO ,r(g> ,cJ5)
Dlt1ENSIONy(8) ,yprime(8) ,pa(6,S) /) 1"\

C/o--- Banded storage
eilf--- pd = dg/dy + cj*dg/dy', = df/dy,- cj*A .r>II i) ,. ,,,~,
Ii fdash23 ==beta*D~~P«j4(2)-y(3)/Uf)r-~!:1>

f)dash56 = beta*DEXP«(y(5)-y(6))/uf)/uf
l'd(4,1) = 1/(1'O*c(1» .
pd(3,2) =
pd(5,1)
pd(4,2) ==
pd(3,3) =

+ oj
- cj
- cj

«1/rC1)+1/r(2»-(alpha-1.dO)*fdash23){Q(1) + cj
(alpha-1.dO) *fdashf3/c (1) .,
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r~(5;2) ==fdash23!c(2) ~~
I 4,3) == (-:fdash23~1!r(3»!c(2) - cj
pd(6,2) ::-alpha*:fdash23!c(3)
pd(5,3) :::alph'a*fdash23!c(3)
pd(4,4) ==-1!(r(4)*c(3) - cj
pd(3,S) :::' + cj
pd(5,4) = - cj
pd(4,5) = «1/r(5)+1!r(6»)-(alpha-in.dO)*fdash56)!c(3) + cj
pd(3,6) == (alpha-1.dO)*fdash56/c(3)
pd(5,5) = fdash56!c(4)
pd(4,6) = (-fdash56-1!:r(7»!c(4) - cj
pd(6,S) = -alpha*fdash56!c(5) ,
pd(5,6) ;::alpha>l<fdash56!c(S) (
pd(4,7) ::-l!(r(B)*c(S» \ - cj
pd(3,8) ;:: '1\ + cj
pd(5,7) == - cj
pdC4,S) = 1!(r(9)*c(5») + cj
RETURNEND

B.2 Amplifier Output File
t=.20000E-03 y(8)= "'.75359E-03 uet== .12533B-01 order==3 h=.2S6E-04
t=.40000E-03 y(S)::::.34486E-02 uet== •24869E-01 order=4 h=.256E-04
t;::.60000E-03 y(8)= .44398E-0'2 uen= .36812E-Ol order==5 h=.230E-04
t=-.80000E-03 y(S);: .44374E-02 uet= .48175E-Ol order=3 h=.154E-04
'\;=:' .10000E-02 y(8)= •44248E-02 uet= .58779E-01 order=2 h=.152E-04
t-~.12QOOE-02 y(8)= .44150E-02 uet= .68455E-01 order=>3 h=.308E-04
tdl,14000E-02 ,.y(8)= .44052E-02 uet= •77051E-01 order=4 h=.555E-04
t=\:lJ3000E-02 y(8)= .43954£-02 UE:lt= .84433E-01 order=4 h=.499E-04
t=)\8CrOE-02 y(8)= .43857E-02 ua;':= .90483£-01 order=5 h=.499E-04
t=.20000E.-02 y(8)= .43760£-02 uet= .95106£-01 order=3,\-,,:b,~_.A99E-04

t=.19900£+00 yO:»=: .1251'lE+Ol ueti= ~.58119E-01 orde;r;::;2h=.888E-04
t=:.19920E+00 yC = .12484£+01 uet= -.48115£-01 order=3 h=.888E-04
t=.19940E+OC y(8)= .12457E+01 uet= ~.36812E"Ol orde" =3 h=.888E-04
t.=.19960E+00 y(8)= .12428£+01 uet= -.24869E-01 order=S h=.88SE-04
t::;.19980£+00 y(8)= •12400E+01 uet= -.12533E-01 orde:r:=2 h=.799E-04
t=.20000E+OQ\ y(8)= .12370£+01 uet::f'.16411£-08 order=2 h=.799E-04
Integration :',tatistics
System size = 8
Number of steps ::; 6282
Number of F-e = 15699Numbe:t of J-s = 495',
Er;,,'p:r:overrun '" 0
Number of et£-s = 2543Number of ctf~s = 0
Success = "l . 3Error tolerance = .~OOOOE-04£tims ::;.43180E+02

**********DDASSL FA!LED SOME T£ST8*********

(:;
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