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Abstract _ |

. We gu;e an overvzew of the numenca.l solutmn of the 1mt1a.1 value dlﬁ‘erentxal—algebrmc
- - equatmn (DAE) ﬂ:om the underlymg theory through both the developme.nt of numerical

- techniques and software and a survey of the major areas of apphcatlon, to the mplemen— : S

tatmn of available software codes in the solutiof of DAEsy arising in a.pphcatmns. The

exp&nmental part serves to_ demonstrate the need Tor speclﬁc DAE, ra.ther than simply .

~ ordinary dJﬁ'erentm.l equa.hon (ODE), methods and the. spacml consideratipns required for

- the successful nimerical solution of DAEs, as. well as venfymg predmtmns made in the - R
theory Tt is hoped that: ;his dmsertatxon can’ be used as a reference by those working n

L  reas. of apphcatmn, or a.t least a3 a pmnter to the relevant hterature
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Chapter 1

'. Jacobian 8F/8.r is singnfar:

- i,

\\...

- f’Introduc tlon

.

.i 1.0.1° Matwa.tlon '

g ';'The l'.erm dlﬁ'erentmlaalgebram equat.lon (DAE) has been comed to descr:be d:zﬂ"erenmal :
nE equatzons mﬂl consnamts (dxﬁ’erentml equations on mamfold&) and singular melmt or- -
- dinary diffen
o times ref:erred to as algebraxc—-d.lﬂ‘erentml sqriations (.A.DES) Sugh problems arise and have . -
“ heen soLved in a vari ty of apphcations, mcludmg constrained mechanical systems, ﬂmd -
dynam;cs chemical reliction linetics. the simulation of electnca.l circuits and semiconduc— S

4]

erential equations {ODEs)e Tn the' pure mathematics hterature DAEs are some-

tor devues, control engmeenng, models of power systems and from the apphca,tlon of the

. steady-state approximation or perturbation methods. The study of DAEs also gives us-
~ insight into the 'beha.vmur of numerical method: for, stiff ODES, wh.lch has alsa attracteu _

the inerest of“many engmeers a'si numerical analyats
- The most general form of

: _Where F, a:(t) and o' (t) a.re n—dlmenslonal vectors, pnmes denote d;ﬁ‘erentlatlon, t iy the - :
' mdependent variabls, (usually time) and (1.1) is required to be solved for x(t) on [tu, T] -

This can be seen asa generahzatzon of the exphc1t ODE prcblem,

:z; =f (::: t), : .’C(fn)-—-mﬂu

i E

and can be solved numencally by a mimber of ODE methods, a5 we shall see in Chapter 3. B
_ (1 1} can be mads formally autonomous by mcludmg tinaand ¢ -1 in F. Methods . -
for solving the ge.xferal problem (1 1) must be able to handle the case where the parha.l

dﬁ(w.) o S

- DAEsare problems & the form (1 1) for which (1 2) holds. Thxq can be seen more obvmusly o
ina sem1-exphclt form: o

- problem we qu be cons:denng is the ﬁrnt order ms.tml _
“ value differential equatlon _ e g o

B

-
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1o ) = o, dm(y)= amcx) dm(m'), X : "_(1.3)“
gleins) = 5 dlm(s') dim(y),x R

where the Ja.coblan Bf / oa! is mvertztble in some nelghbourhood of the solutmn 'We as-

sume throughont. that the DAEs we study aze correct?y dlmensmned an& are 1ot GVET ‘Or

' underdetermmsd, “"’nt mrerdetermmed DAEs, see [39] The dlﬁ'erential equatmns (s

pracmcal examples of AES

1 ConStraxned mecha.nlcal systems {65], where (1 '3) is the equat: n of motion, which

- Is generally “of second order and can be reduced to first order by mcludmg first

~ derivatives (velocltzes) in the unknown vector g ‘of (1 1), and (1.4) geometncally or

I _kinematma]]y constrains the system to lie on a manifold. “The procedure of finding

__appropnate genera.lmed coordinates leading to an ODE seems 1ot to be reslizable

- a&;tomatlcaily, whereas systems of the form (1. 8); (1, 4) are the natura.l result of formal
mampulatmns usmg, eg., GMeman conrdinates [76] '

2 ‘Ihe lmear control problem [17] mth :spec:ﬁed output
W =Az+Bu % (o } f Az+Bu
Y= C:z.'-I-Du _Dv\ . C':l:+Du y

ey w

Here, T is the state vector. u g t.he control and y is the outpnt

- There are essentm.lly two distinet classes of problem

’I'ype I have solutions Whlch must e found a.Iong mth conmstent mltl.al cond:ttlons on an .

. interval on which the appropriate “structure” of the system, for e"a.mple the rank
_ index, or core-rank of some approprlate matrix, remams constant,

’I‘ype II descrl'be solutions near a pomt t“‘ where f.he system s structure is d.tﬂ'erent .Erom

the structure on a deleted neighbuurhood of t*. -~

In the lxnear case, - . -
S A(t)m +B{t):n—- (t),

- if A(t} i mvert1ble for £ # ¢ but A} i is singular, we have 4 ’I‘ype II prcjllbm that has '
bae% mdely studied {22, 35]. In this case, ‘the descnptmn of the solutlon}/ involves ser:es '

“' type xechmquvs, and the solutions exhibit turning point behaviour. Soiy pnsmgly enough,

pnor o' \9\2;9 Type I problems, which we shall concentrate on, had not been as well studied

as some o}\the Type II problems. This is due to the importance of understandmg Jump
behaviour and smtchlng effects [89] in electrical c1rcuits o

B
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o Hmtorlcaily, the first paper to refer exphc:[tly to the DAE problam is [36] 1;1 1971 a.nd
;:t.he early papers (}971-1980) were ma.mly apphcatzons-onented ia the 1980‘5, the DAE
problem was put on a more rumerical analytic foatmg and since then it has become a o

' popuiar area in the nurmerical solution of ODEs. As thisis a fast-growing field, it is likely
that the understandmg of both the theory and the numencal solution of DAEs will grow in
' the near future, and the mai;e.na.l presented here is by np means conclusive. The hterature
ccwers sevezal axea.s in the ﬁeld hf DAES, mcludmg the followmg.

L Pure mathematica} theory' ‘ _ . -
s (a} Dxﬁ'e:nnnal-algebrmc groups [18], propertzes of memmorphm solutions {44}, and _
- " geometric characterma.tmns [83], afl of wlicﬁ we omit, : :

(b) Existence, 1 umqueness, prublem class:ﬁca
sha]l 218€ m later chapters, '

Y 2 Presentatlou of ODE methods and packages apphca.ble to DAES, mclud.mg thederiva-. i+
'_ -tion of methods, order and convergence analys:s detalls of lmPlementatmn and e
- perimentation; | R o
S 3' APPIIC%IOH& notabiy in electncal cxrcmts, control t.heory and’ mechamcs

We hope to reﬁect the emphams of f.he numencal htera.ture, thus yléidmg a set of tools to '
“-be. useﬁ on'the mde range of apphcatlons in scwnce and engmeermg B

o

"« In the remamder of tlus chapne:r, some major apphcatmn areas are mtroduced thus E )
pmwdmg the background for the example problems of C‘h&p%er 4

«In Chapter 2, the theory of QAES ig de‘veloped mcludmg solvabzhtf, analytmal so-'

- lutions and the classxﬁcatmn of DAEs according to structural form, "The concept of
index of mlpotency is mf.l oduced and studled for three important DAE classes, and
index reductlon techmques are mmed Several examplea are :ncluded for clanty

e In Chapter 3, dlscrenzatmn methods £or the numencal solutlon of DAEs are gwen ;

 differentiation formulae, Imphcit Rumge-Kutta methods, extrapq‘atmn and ’Ihylor— ' 3
type methods are extended to the solution of DAE’s, yleldmg order results and -

- _method comparisons. Implementatmn problems specific to DAES, such as consistent
initialization, ill-conditioning of the iteration matrix and mochﬁcat. ke error and .

tonvergence tests, are mentloned ancl to some extent, resorlved '

. oIn Chapter 4, t.he exper imental pa.rt of the dlssertatmn. currentl:, avallahle software

xm and ana.lyt:cal solutmns, wluch we - -

; DAEs are compared to stiff ODEs, and popular stiff methods, namely backward -

paclkages developed for solving DAEs are apphed to particular probiems both to

- illustrate the behaviour of numerical solutions :md to test theoretical predlctmns on
' method and code pYomance Our resuh;s are also compa.red with nther wurk in’
" the field. ' '



: The blbhography, mcludmg both crt.e& references a.nd 0t11e1-s ( Appendm A), mcorpurates__ - |
' 'mosf. deﬁmtwe papers and sta.ndard texts and ma.ny papers on apphcatmns, ptzbhshed_:. L

- 13.1 A.ppllcatmns :

: \1 1.1 Grﬂph Theory

. Ou:c first maj or a.pphcatmn 1s the mtegratlon of eauamons resuitmg from a graph—theoretlc ' _ -
. formulatiof of major scienti“ﬁt“ dwcxphma [11]. We look spemﬁcaﬂy at two. ma;or compu- - -

 tational a,’ff as — electrical circuits and dJnstramed muliibody syatema

N T_h;-'_l_mode].lmg of systems in m RTEaE of engineering and ph;mcs'depends on the.- o
B ccncept! fa netuork | of mtercon.nected eiememts These elements could. be masses, gprings
a,nd dgghpots (in. mecha.mcal systems) pr mductor", resisiors and. capamtors un electncal.- L

s) Such neﬁworks n&{igsarlly mciude

ment:. i’:’l.rough variables, such as eurrent, force, fiuid flow and heat-Bow, wh\ch

. 3 // corresponid o physical quantities gﬂssf F or acting through an element, and agross :-
~ varjables, such as voltage, velocity;| @resmre différence and temperature diﬁ'exence, B
- which act across *he ends of the element, eg. current § and voltage v, such that vt

for a resmtor, v o di /dt for an mductor and § i dv / dt for a cap&cltor, and B

2 Topologlcal algebmc constramts unpoaed on the congugatp vanables by the pa.ttem

- of mterwnnectmn of the elements

..An understandmg of the fundamentals of the network problem pmwdes a umﬁed basis
" for analyzing networks. of all kinds, whether electncal, ‘mechanical, structural, molecular,'

acoustic, hydraulic or. thermal In (1), above, the properties of each element &re descnbed

by constm}uve relatmns mvolvmg the conjugate. varmbles, ard are mathema.tlca]ly similar

. in that they are hnear or nonllﬁear algebra.xc or d,lﬂ'ezentml equations,  je. (l 1] The
: -'topolngzcal constramts Jmposed on the network by Jnterconnectmg the elements a.re

1 ‘I‘he through vanablea add to zerp ) at eve.ry pomt of mt.tszrranne(:tv:m1 eg Em:hhoﬁ"

\urrent law (KCL}

' _ 2 The across vana.bles acld ta Fero around every Ioap (closed pa,th) of the network eg. -

. Iurchhoﬂ"s voltage law (RVL)

The topologmal constramts thus gwe rise to stnctly linear algeﬁ;ra‘.lc equations.

Directed Lnear graphs (digraphs) contain nodes and directed edges. The edges are -

'enther branches {if part of u tree contammg all the nodes of the graph) or lmks (1f not
. on the tree) A tree is part of the g;ra.ph with no closed paths {or loops).- Two of the
_ _topologlcal matrlces chara.ctenzmg the \.unnectmt.} propernes ofa dlgraph sh::w h({w the

 pair of functmnally related comuga,te variables chuaﬂmmg each netwOfk el-

a
i



) more, electrical circuits are a very clean applicatic: - of gmph theory due to the ohi jous -
_ : correiatmn between circuit dmgx-:ams a.nd the clrcuits they represent ‘Network analysis
: mcludes : U

k)

i

) branches are: comlectod to the npdes {4 matnx) and mcluded in the Ioops (O mabrix)

K | [+, -1, 0] thhe ith mc:ldent on t.he th { node
Loy J bra.nch is [pos neg',ﬁ S mcluded‘in ¥ Iop

. Hist.omaﬂy, network theory was developed pnmanly for the st.udy of electn“al cir- |
cuits; Whgl exblains both why electrical circuits are a major application of DAESJ and
hy grap:

~thearetic concepts are often mixed with electrical ‘tircuit qoncepts Furlher-

';:j..

1 Ebrmt.latmn

(a) The charact.enzatmn of mdwldual ¢léments by constitutive equatmﬂs, whlch 13" -

prnna.rﬂy d:smphne-dependent and Fequires an uudersta.udmg of the vanables

- involved. Often these are sn:nple dlﬁ'erentlal or algebraic equations embodmng _ |

B fund&mental physical law, such as Ohm’s law or Newton s second law, and

* . {b) The determmatmn of all partment topologmal constramt equ&.tmns, in the form"

of topolagcal matnces. .

2 'I'he solutzon of the resnlmng d1ﬁ‘erent1a.1-algebra1c system, mther analytma.lly or nu-
merically :

_ The line of demarcation between the formula.t:on and solutlon phases of network analysm' E
. hag become somewhat blurred +The dangers of this are appargnt, for § a.mlﬂe, in the. biind:

application of the Euler method for diseretizing time derivatives, regdlting in such dubious

- practices as the ‘eonstruction’ ‘of companion models for cirenits=Another example of this
. blurringis symbolic manipulation in order t0 minimize the sumber of equa.twns to solmm _
exaaple of which we will prosently see, manifest in the nodal, aporoach vs. state equa,mon- '

debate of the’ 1970 s, ‘Togethir with the advent of labour- ag:td space-saving sparse thatrix

_ methods ‘the DAE methods presented here allow for vast xmprovement; especially i in terms _ '
“of robustness, order of accuracy, stah;hty and computational cost. Beyond the fo*mula* an.

and solution by DAE methods, we can firther take advantage of the underlymg struet ..

of the networlc problem to improve the efiicienty for hxghly repetxtwe network problems. )
~ “such as those involving the numerical solution of partial differential equations (PDEs).”

The spplicability of the: necwork approsch to a wide variety of dynanic systems_

" of their solution by DAE kolvers (network equations are aiso charactenstwaily stiff), spaime

matrix methods, etc. This also Juﬁt]ﬁis yrther research into modifications of existing DAE

methods or development of new methods, based on the underlymg structure of the network
tormulatmn - : S

Electx maj Clrcmts

.VVP now limit our diswssmu to the electrical case and adopt tlie compos1te branch cot-

vention, whera a branch can cnnta,m AN .R, G, C or L element, as well as a senes voltage. :

1

" Berves tq unify to formulatmn in the modelhng of such’ systems ‘and c.llows the automation
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| source E aiad 4 para.llel curr{mt source J We dlstmgmsh between elfzmenf. vf}lta.ge V and
* cutrent I, ?.nd the branch vofltage ¢ and current Iy giving the;elat:ons

!

[}

V= E+e,. I=Jd4q ’

- Owr pmbid&n is, Biven & netmrk of known topology, kmown elements ¢, G R and L and
" kmown sou;tres E and J, to find all the response volta.ges and currents e a.nd i simultane- :

ously satmkymg the constztumve laws and top010g1ca1 constra.mts Nuw KVL can be sta.ted
eqmvalentiy ags : _ ; _

¢ = Aén, Where e contains bra.nch voltages (@) _'

and ey, containg node-tmgmund vultages,

' ur '_'G'T:e_ = (}, o volta.ges around aloop sum ta gero. - (L6}

.- (The relatlon GTA> 0 19 eaaszly proved ) KGL can be sta.ted eqmvalently as:

__ A JL., j htanchcun‘ents, 3;, hnkcu.rrents,- S
or ATj'-._._

' "I'he conshtqi;xve equatmns are gmen eqmvalently by

B -._V'_’-_—— Z-I--- -'ﬂ'—-impedunce fOM',' IZ'_. one ofR lf;»"‘1 Ld dt or fC‘“l dt ‘ B

YV —hadmittance form S" = One of R 1, G, f Ldt or Od//tf:}

or mhybrid_form' I!* =(%, (%Y. (1._9) -
'Smce we requue a s;!rstem of DAEs for the numencal somt;un phase of the px:oblem,
. our choice of the formula{uon of ths cansntutwe equa.t.mns is limited t0 & hybrid form,

‘pactitioned so as to exclude integral terms Z.= [ CldtorY = [ Lat, in favour of
differential terms Z= Ld/ dt and ¥ = Od/dt. More specific a.pplicatmns might not reql,ure'-
hybrid formulation. The simplest hybnd formulation is the h,vbnd nodal approach [51], "

which uses (1.9) for the conistituti-» law, and only the matrix 4 for tOpoIogy (e {1.5) =
and (1. 8)) This resulis in & hnear gystem of equations, whose ‘matrix I8 referred to asthe

0.'. B T 8

- hybrid ta.bleau Ancther hybnd combination is the siate varichle formtﬂatlon, in which the - '
' ob,]ectlve is to derive a mmnnal set of de’s of the form : . :

d=Berse, . o

' _descnbmg the network The state variable formulatmn uses the simple brs.m,h convention, o
the y- and z-type branches are divided into C- and G-types and R- and L-types respec- ]

tively and branch’types are placed in the order E,C, G, R, L,J,"in order fp identify od
discard E.links and J-branches The state mna.blps 1 -are the C-type hr&aar'.g volthges e

_ and the L-type link currents, since these characfenze the energ}' storage in the circuit.

LU

%
W
L

’«"_';\_J_I
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. n additiau, dgebra.m vanablee ﬂlg comprise. voltages ACTOSS a.nd 1~11rrents through G— and |

R—type branches The resulting system of aquations is a DAE problem

Pa'.l + ani + Qlimn f 1 (t)
Qz1w1 + Qzawe = fz(t)

(CHAPTERL, INTRODUOTION 7

In the Lterature, thl& dlﬁ'erent:alwalgebraic system is. typmally dealt wﬂ;h by reducmg it to -

 the ODE (1.10). We smw look & two part:cular formuia“hnns .

e Sparse ta’* @au approach [45]

- 'We summazize- the formulatmmof the appropnate tablea.u for the automatlc desxgn

' _'_:and a,nab'ms of electrical networks, This is uset‘ul for calculations of sens:t.mty taa , \

set of design parameters, ahd for tolerance analysis; which is often the ﬁnal step in R

- cu:cmt des:gn In general we consider demgn ob,]ectwes of the clnss

. min 2= .¢:(iu,P,E)-4t;°_ s
St ? ’ a D-’> : "»_..,:".\.l: ! ) . T

"ﬁvhef'e Bisa generalized scalay abjective fﬁnttional‘ ah({ ¢ is aﬁ"bbjet.tii% fﬁﬁétiéh

*. "of the unknown vector w, the &%@ parameter vector 7 and time . ‘I‘ypi&a,liy, ¢is o |
' & measure of the dlﬁ'erence between some deszred Q,utput aud an obtamable Outpu* o

' The network equatlons dre - . : -
: V ndde' '{*oltages
i branch currents -

E bra.nch voltages )

F( o it) (Vs iy, QS.éiP)T :.bs ‘

'-.As can be expe.cted the tableau 0paratm: F is genera.lly dlfferemial-alge raic. The '

vy

- tablean matrix Fi{w,t) is a linearization of the tableai operator around the operatmg '

point w: ﬂ(w t) BF(w t) /Bw For general networks, F bas the. form belnw

'V' _i. = q,@_‘p _i | : _
ojaTlo] o | .
D1 _;E C—-dfdt T

’Ihe rows, a8 partmont 3, embody KCL KVL constitut:ve rr. lations and dynamlc_

relations describing generalized energy storage 818111811ub, respectively, The inatrices’
A (the tupologlca.l matrix A as before), £, B, 'Y" and Z are ggnerallv sparse '

" o RC networks [66] . _ _
S:ncmec et al gnre the followmg equatmns for ;2 network coutaming E and hn,ear C



! andR elements . . o
(_cvé-\ "( 0 oo R 0\7 Ve [0\ °
ey pe I 0o 0 0 0 0 )IVs} {&}
o | [0 0o 1 0 .0 -R D el o]
0 {+] 0 -I: o 00 0 Ag || Is |=1.0 |. (@11
1 o I 0 0.6 0. 0 Ae |l Ll Lo
0 gt o -0 0 0.4l o foe

V; and I, are. branch valtages and cuu-em;s (z = E Cc, R), a.nd VN is the node voltage ”: o
vectgr Note that equations (1. 5), (1.7) and (1 8) have been used, and there i no - .

~-meed to use the h;yhnd fornrfﬂatwn Again, 4; are bra.nch-node mcldence ma.trxces

Most network spec:ﬁca.tmns assume oie o£ the follomng responsas

} _,_ . se

1 DC mpamc i;m%edomam response of s purely res:stwe network tu constant sources : : 2

"2, AG‘ response frequency doma.m response of a network of hnea.r elements to. 2 sinu-
5 smd&l szgna] mput : : : '

3 %amaent mspome tlme domam response of any network

| For some cilzjults AC or DC a.naljs.sm is suﬁiclent but’a fully automated network ana.lys:ls
. pmgmm “rovist alap mclude tranment analysis, whu:h can alsn handle T

- 1 Nonhnear nétworks where element values depend on circuit va.rla.bles, response Js'
genera.lly riot proportronal to exmta.tlon, and the tablea.u approach :ls msuﬂiaent eg. -

netwmks contammg dmdes or tra,nmstors, and

2 Time- varymg networks, where elema':t values vary mth tzme, bui: are mdependenf._
- of excitation, eg. the control of cu'cm{s by swn:chmg and: circuits usmg a8 mput the’

- nunhnear non-s:nusmdal Output f_rom "f - der Pol c-scillators

' __’General _network-ana.lysxs therefore requ:res__ eﬂ'e_ctwe nuierical _DAE software,

Constrmned Mult1budy Syst.emsL

' “Dyna.rmcs of multxbody systems is 6f great unpm t:ance in the ﬁelds of robutlcs, -

« biomechanics, spacecraft. control, road and rail velucle des:gn, and dynamxcs of -
« ma.clnnery » (W, Sehxehlen 1990) ' :

The above quote Justlﬁes the substantla.l amount of work done on ‘JAEs apphed to me~: =

chanical systeiss, eg. [11, 13, 34, 43, 65, 97}. Much of the theory of index reductisn

- and mainteiring solution imeariants of DAES (in later chapters) was -developed from the

Euler-Lagrange formulation and the theory of Lagrange multipliers which, for the con-

strained mechanical system wi_t]i position z, v'elpcﬁ;y u, -kihet_ic energy T(x,u), external -

X



K 'force f(:z:,u,t) and constramt qS(:c) 0 meld the DAE

o

L e = o) =) U Lam
 Rulere SRR e
“f;”f”&F ﬂﬂ '~*fg- B aM)_

be posed and solved numencally in séveral different ways, as.we shall see later.
A recent paper on cybemetlcs [7] presents & graph-theoretlc Newton-Buler formula-

tion of constrained muliibody systems in order to “combsne the topological mfomatwn of
. .a constreined rigid body system with the .., eqméaom of motion in.a direct, systematic and

- consistent procedural fashion that lends staelf to o straighiforward computer implementa-
7 'tinm.” This gragh—theoretm simulation is necesgary, as “classicol kinemutics and, dynumscs T
amlym lach general methads that can handle ... many dz_ﬂ'erent types af mechamsms, .
- their componsnts, canﬁqumtwm and arrangements.” g : LE
_The dynamic s:mula.tmn probl&m for mechanical systems id stated as fo]lowa '

. leen a set of externai forces or torques a.nd an initial atate of a mechanma.l n
'_system, ca.lculate the positions, velomtms and acceleramna, and theu‘ angular -
' counterparts, ag ‘well ag intérnal reactmn forces and mternal moments at pmuts

uf interest in the system at & la.ter time. . .

| The paper ['i’j represents the state—of the-art of mmtﬂation of mu1t1bady systems, yet the -
authors realize that the power of: "raph-theoretac formulatbd multabody systems has nge

yet been fully exploited.

o Wﬂ note that the classic descriptor and stat&apace formulatmns of the equatmns of
: 'cnnstramed mechanical motion both have severe, hm:tanons. Some p
_ t:ons, mth 1mpr0ved numerical propertzes, are dlscussed ina rgtw ’ .éper [34]

0posec1 reformula—

4,
o .

:112 Singular Perturbatmn o o '_ _- o \:..

. The hnea.r canatant—cueﬂicxent version of the pro'blem si,udled here is

B

"_' o :'-.MQm—cwm+ﬁ | "_:_{3 (s

" whlch depends on a small posnwe parameter €insuch a Way that. the full ODE, when
- &> 0y s of fuller rank than the reduced equation, obtamed by setting € = 0. The reduced .

form is known as the quasi stea.dy staste mppmmzmaiwn to'the original equatmn Singular

permrba.tmn tet‘hmques [72,73, 94, etc,] can be used to solve the smaller, reduced problem, -
and *hen to build an approxlmate solution to the full problem An analytlcal study of the -
) svstem '

if
L

= A1(f)m '—1'-_A2_(e)y,
& = Bi(e)e+ By,

I

i
4

' 'mth denvatnre array G= 6‘¢/am and Lagrange muI..lpher A (Suh_scnpts den.ote partza.l o
- derivatives. y IE Tm(m) ig invertible (it is typically positive definite}, then this syiem can

o

3



" whereit wassumed that

g

r\

o’

(m) = yu(m)+cy1(m)+ o ¥ w(m)w(e”“)

z(:l:) b zo(:c)—!—azl(a:)-}- +e zN(:c)+O(e”+1), _ (1 18)..-_:_'. -

. -
o : o Y o
=

- 0 g(yﬂnzﬂ}n . s ._“:." o _ . :_ 120)

@

and in‘general * L

- _113 Contrnl Prr\blem e --_0_ .

We cons:der here two 'ba.sm problems in control theury uptlmal a.nd constramed control :

[17, 58, 70, 71, etc.], -

The aim of optxmal control is to choose a control u 50 a5 to cause the state :x: of o,
- a system to exhibit some desired behaviotir and m1mm:ze a cost functwnal J(z, 'u) We

: con51der the autonomons control pmcess :

-with quadratic cost functioﬁal o . e e

T=3 f (H;c,x)-l-{Qu,u}dt, R (126)

Lol = y(y,_z),. : 0;<'e'«:=i,-_ e '_(_.1.'1_6)

W= Bt hesa e
. _*f’ﬁ"_“_.-Qy(yo;zn)m+.9z(ym;o)_z1_, _(1.'22)_.

Who = Fyltm 2008k + Felo, z0)2 + a0, 20, -~ ,yra_hzk-ﬂ (e |
zH = Qy(yﬂazu)yk +9‘z(?}0:zu)zk+m;(yng, v ,yk_l,z,, e (L24)

'@"-“;Aw*'rfBu )

- and 11;3 reduced ﬁ:rm can be found in [22] ’We look more spec:ﬁcally at the prablem {47] : s

e
I

. <55f" > “""’“ St (1 13) o
_ holds for some scalar product in"a umghbourhood of the solutxén. 0uts1de the 1mt1a1
transmnt phase, (1. 16) is known to have an e—expansmn n£ the form B

thh srmotlr e-mdependent coe.lﬁclems :t>£, zK. Insertmg the expansmn (1 18) mto the prob- _ " o .
- lem (1,16) and compa.rmg powera of € meﬂfls a sequence of d:fferentml»a}gebram systems ¢

- mtﬁc ﬂic]ents v E R o "

Flnz) e :_':'1' 19)
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o ; result in the DAE system

a 'eQuahons

'Qubjg.ct to. | e

' su-bjeci: tc; -

A o o e L, . - B o

’ -.'\\\} .

_ ?Where " and Q are Pomtma deﬁmte, and Q is generally :“c'f' *‘P“te‘i t"" be invertlbfe.
" (1.25) and (1.26) are referred to a.ﬁze basie quadra.tzc cost problem Usmg Lagr&ﬁse
' mult‘%:hera A

¥y,

T I A ﬁj! X A"___.- H.. 0 J\ G\ S
- o Loy 2 Rt - == A CE f;.s
' “ 000 _u’-. B* 0 Q@ r; CNO S e

-is the necessary conditmn for opt:mlzatium Optzmal control probIems w;th smgular matn- e
' ces in the quadratic cost ﬁmctmnal have received: much atterition, and they uc@ur natural‘iy
"‘as a first orger apprmnmat:on to more genera,l optimal control problems N

A different type of control problem Is one where the output is spectﬁed 'I‘he controla

- drtBu
= C'$+D'u. '

e

g &J
oy

[hi¢ )( 26 ()

-
8 »

B Anothm: problem, related to the above, is the general contmuuus Hnear progi‘a.mnung

pmblem, whlé'h isto m;nmuze o

T" o g'
| f | _-C*(t)m(t) dt.

B{t)m(t3+f Kt @)m(s)ds—am, el e

where cach cOmponent of z is posmve (:c > 0) A speclal case of th:ﬁ& the lmear optlmal _
' control probiem, wh.ich is to numlmze ‘

_‘,{ ﬂf(i)m(t)-i-cﬁ.(t)u(t)_dt S | o

"w’_:Aa:—E_Bu-{-'h'
0=Cz+Du+tb L y _
:c>ﬂ >0, _:c(to)-:rg - L, (Las)

Note that (1 27) is an mtegra.ted form of (1 28) .

An example of the use of numerical DAE cocles isinthe numerlca.l algonthm DA.REC

o [54] for t.he solution of Riceati dlﬁ'erentml equa.tmns o j o o B E

. —EXWE = C°QC +E*X()A + A*XE o
' -—(B*X(t)E»i—S*C)*R“l B"X(t)E-i—S*C) - (1.29)

Gy ':.':r
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" o

DAREC re,ducea (1 29) tu 2 lmearly mphcﬂ; DAE via smgular value dmmpﬁmtmn " f E - ST

. K]

' and theu cnlﬁ a numencal hneax DAE code t.c Solve 11‘.

11 4 Flmd Dgna:mcs |

The Navxe.r~St0kes equatmns fgr mcempressbee v:scous ﬂow [22] are given by
T au,«at—l-(w)u = _:;*Vp-!"r)l?”

Va e aw;

[}

where u is the w,locxt;q P the pressure and . the lunema.tic Wcﬁslty Aﬂ;er apatza.l & e

Ay

_- cret:za.tmn thlva finite diﬂ'erence or finite. element m?.-thod 2*‘ \yg.ctors U(f) and P(t), . L
_ a.pprmumatmg u(a:,t) and p(a:,t), satlsfy the DAE aystem “*”L_ L s e e

MU’ + (If + N(U);EF +CP = f(U, P}

ety = o - (131)

| where M 15 the mass matrm, C dxscretzzm V aud the forcmg flmctmn _f emana.tes from the

boundary conditions. The: system of PDEs (1 30}, has heen tmnsformed by the n otho d- B S

of Imes (MOL) mto ﬁhe DAE system (1 31), which ﬁa& the farm= o
. . fl(ﬂ»'a-'("ﬂfrﬁ E .

o

i '_ “ o fﬁz‘) “0 (132)

o An alternatxve formulatmn is S L _ RN
5 MU’ ¥ (K'i-N(U))Uq-GP f(U P) .;;. :

4P —<ﬂmrmf(x+mumvh_.u;?-- “%¥ 

where A CTM “10 dlscretmes V2. An a,dva.ntage of (1.33) over (1.32) is thas (1 38} ca»n .
be solved usmg an expllmt method, A dma.dvantage is that t.he ma.trzx A mav not be very .
sparse if the fintte. element approa.d{m taken. . . =

The Euler eqttatmns describe a ccrmpresmble zrmscxd 1sentrop1c medmm '

o 3p/8t+(uV)p+qu N -
N - 3%X6t+{u.VJu+Vp/p S L
e T Y e f(,a) 0. p= scalardens:ty

li»_"

-11 “ﬂ'__-

A ﬁmte difference spat:al dmcretzzatmn, ’where Q, U and P apprcmmate mu and p,h o

r@sgectively, yxelds the DAE gystem

' . »s

D’+C’1(U)D+C‘2(D)U =0
R P‘FCs{U)U+C‘4(D)P '

wluch h_a#lthe-.forml' o '

[ i
R

f;(:'x: :c' ,""y,'f) =0
; s y,t) =40 "
Tl'us can easﬂy be reduced to an ODE svstem by replacing P with & (D)

R
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. Thegry’ . .
A fmerion s iso -*"'°1ﬁti5# of thesener'ai-_ﬁoﬁnm DAE, v ;' o
CFedg=e T (21)

e

From this- poinn onwards we are concerned only . w:th the case where aolunons to {2 1) -

- 'emst and aﬁf. umquely deﬁned on the. mterval uf interest.

L qb(c,t) 14 deﬁned on. aH of I for eacﬁ c€ 52,

2 (é(c,t) &(c,t),t)enfar(c,t)enxz, o

ceﬂtmd R T “_o_"

o 4 The gmph af fﬁ as a_funcnan of (c, t) is an T+ 1 dm ensaoml m\amfdid

This deﬁmtlon says thai‘. Iocally there is an r~dnmens1onal f&mﬂy of s?lutxons, the solutlons '

- are continuons functions of the initial candltions and no bifurcationsexist (thereby exclud-
' ing Type II). We develop our understandmg of DARS by considermg them under various
- -structural assumptions,” smce this approach has proven useful a.nd is ‘now tradstmnal m'r E
: dem'mg new algan*h.tns and results R L : : _'-”

2.1 Lmear Constant-Coefﬁcmnt Preblem : Loy

* In some sense, the simplest or at least the best understood ¢lsss of truJy dﬂferenhai« |
: algebrax, pmblems is that wlnch is lmearly irplicit thh constant coefﬁcients

N

]

on an mterval .’L' if 2 z s conmmously dlﬂerentlable onZ and sa,t1sﬁas (2 i) for ali ié I o

. ].'beﬂmtmn 2.9 1 [14}’ Let I be a.n ogien submtewal of ’?Z Qo comected apen subset af e
REMHL and Fn dz,ﬂ“erentmble functsan from §1 to R Then the DAE (2.1 J ss solvable

. omZIin Q if tﬁ’ere is gn r-dimensiondl fumzly af aam’twm qb(c, t) deﬁned qn a connected
o .'apenaetnxl',ﬁc‘}?.’ auchthwt e e

o

| s If Wit} is uny ather so&stzon mth (';b(t) 1,&’ (t),t) € ﬂ “then w(t) ¢(c, t) for some_ o



- zstmcmbie(

- Fortunately, nu;

' and 8 depends only on the method and recent steplength history,

N -
B § LA - . . - . . P - . .
7 T '__‘_,_ *zj;. o e L )

see below thiat solvability of the DAE problem (2.2) is eqmvalent 0 regufunty of t.he Matsix

: .pencﬁ (Ad + B), ie. the mvert:brhty of Ad+ B fbr gome A, Wlthou? ‘becammg deeply
o nvolved in the t]:._eory of matruc mlpotency, we merely state the nec&ssary sta.nda.rd results

Y g

| -'_Beﬁmtn;on 911 "3 For A,B € C* m«’m/e R, the vector s € C™ s  said tobes
- consistent; initial cond Jon (¢ c) associated with iy for (2 2) if 2. 2) possessia at least
~ one solution. Eqmtzon (8.5) is suid to be tractable at the point by if the I VP (2 4} fsas a

: umgué\ éblutwn for each. conszstent smhal wect:)r Zo° g&socmted wtth to

o 'Theorem 2.1 2 {£§j Far A; B E C“"“ﬂhe hamogen\e\cus dsﬁerentmf equafwn

'aﬁi ”) i :md nn!y if them it a ). E 4 sﬂch that (AA +B)“1 ea:ista

-

scaling, In fact, the development of analytzc SDlutIDIlB to {2 3) gwen in f22}is mdependent

o _ ‘of A, It is also noted that (2 2) is tractable only if (2.3) is tractable

When A+ Bis singular for all values of A, either no solutions exist or mﬁmte]y

.' many solutions. j}ust It is not even. reasonable to try tb solve these systemﬂ numericelly.
erical ODE. mgthods reject these problems automa.t:cally because, after

- dmcretlzatmn, they are required to invert the matrix A + h8RB, wh f h is the staplength
If the tractablhty
- condition in Theorem Z. 1.2 is not satisfied, then this matnx is smgular fog ¢ all va.lf.xes of h

~ The following t.heorem leads tu the’ solutmn of (2 2}

_' _tﬂces P Q € C’"‘“ such that

'R@f(?ﬁ)?:@ﬁjmﬁé(ékg;:_.i@@; _j

=3

o cmaprERE TRy . e

‘ | A;'c’(t‘ +B:r:(t) ==f(t), :J:(tu) 380, n.:.._ s . (2 2)

y W ere A imd B are XN consta.nt matrices. Here and throughout the text, all ﬁmctwns
"'_are assained to be suﬁic:tently cont.muous and diﬁ'erentlable unleas otherwise stated. 'We

A:n’(t)-f—B:c(t) [} o (23)

| . The proof is given im [22], where it m also noted that the cho:ce of Ais ummpnrtant dne to

L Theorem 2.1. 3 (35} If ()\.»’L+B)“I doea emast, then there emwt nan@znyu’ar constont ma-

- where I'is the unit motriz, blank malriz eniries am'zer;a' C and N are camtmt- c R

_' invgriible and N s mlpotent of degme V< chm(N ), de. NV =17, N =g ;’-‘ 0, i= 1 ,!_f,
»E z+ The ODE ease, n ) Av is- abﬁlnt corresponds to v = 0 -

By premultlplylng system (2. 2) by P and mtroducmg new vanables ¥ such that &= Qy, |

~we obtain an equwalent system (1e one that has the sume solution)

| PAGYW+PBQUO=PSW).  wmi=Pa. @8 .

)
LA



o e

Ui (06, (00 st o ol ey, L
o derom@=a®. a8

CeL el A N ) = e
PR . where y=Gof, zm” fad Pf= T R

i : S a
Fd . .

o -_Subsystems (2.6) amd (2 ’i’) are. calied the dlﬁ‘erent:la.l (D) and algebrmc (A) parts, respec-- )

- - tively, and together they are known as the. Kmnecker (or Jordan) mnomca! form. {KOF) _
of (2.9), Now D) is a standard system of ODE's, a;nd all the smgula.nty is conta.med in -
C{A)Itis easﬂy verlﬂed (by substltutmn) that the solutw’_' ﬁ?& 6}, (2 7) cm;l 'E)e expressed :

_analytlmllyas . o '

-

'(?A) vz(t) E( N)‘ fé"(t) o _' S gz-w)”f}i |
= S '."'" "_0 .': Co :
- | _Cleax]y, y1(tg) ean be choswmblhmﬂy, whlle yg(tu) must satlsfy (2 10) tui. order to be e |
' conmstent ‘This  will-be d( -_ vith mnre genera]ly in §3. 5. Note the presence of the -
S ‘(v — 1):th denva.uve of the urmng function £, and thus its reqmred smoothness In this
e _context, the degree of nilpotency of NV is called the (mlpotency) index of the DAE system -
(2 2), dengted by Ind(N) or Ind(A B). In standard wnanica! farm (SC’F), Nis stnctly o
\-—‘tmngular InKCF - o

)

'ﬁuxmi :

_ 3 ,
50 that (2 7) decuuples to & subsystems of the followmg form (new subscripia dehote
compomnts mthm the a—th subsystem) ' :

k - N.yz.‘(tHyz.s(t) - fz‘t(t),

e ghat) = -yz.1(t)-+fz..1(t); . '_(211)
| CHs® = Cma®+ha®h @)

S

) = @+ hen® 13)
0= e e (2.14)

i



N
-..} B}
1

: | "E‘he above syetem ca.n be sulved for yg(t) by perfonnmg the foﬂowmg in ea.ch snbsystem

- Solve (2 14) for ?J.{,m(ﬂ y&m(t) = "‘fz,m(t)
Subs"-ltute yz.m(i) mto {2. 13) yz,(m-n(t) .fz.m(ﬁ) + fz,(m-u(f)
| etc. . T
il R m(z) + f""’”(t) +-

higher-index probléms requme more continuity in f3. In fact, an mdex v problem requires

whereas hlgher—indez:l problems are not easy:

One might hope thax the study of (2.2) could be used a8 & gmde fox unde.mtandmg

| '__."_,;:mure comphca.ted systemek ‘tn general, this fails to be trug. The structure of the local
 constant-coefficient ]meaxi’g“ed version of (2 1) may not describe the beha.wo@ of solutions -
to the DAE, for }mnhnear or even linear varisble-coefficient systems L A, Numem&al
R methods wh.lch work for ( 2. 2) break down when the rﬂatrxces are txme—dependent ar where
Sy > 1 - N

. 2 2 Lmear Varzable—Coeﬁcxent Problem» -

‘I‘he solutlon of the hnea.r vanable—coefﬁcxent DAE gystem,

A+ BE)atr) = 1), dm—uéff' oy

. s & much more mtnca.te problem For example, there 13 no- eqmvalence between the

solvabmty of (2.15) and the regulanty of the matrix pencil (ME)A(g) + B(g)) for all ¢,
“There are examples where an irregular DAE cqn be transformed into a reg-ula.r solvable{
-~ DAE [22). Also, a regular DAE need not be solvable [41). |
-+ Although the properties of [¢2 15} are not as yet fully Imown, unlike the constant-
coeﬁclent prohlem, wé-study them because they arise vaturally in apphcatmn& and they
also gwe us msxghts into the gene:ca.l non]mear prcib}em o :

221 Solvabzhty

Consxstenf. wﬂ:h Deﬁmtlon 2, 0.1, 8 mngular system (2 15) 15 solvable ol I [to, Tj 1f fm
 any sufficiently smooth (¢}, solut:ons to (2. la) exist and are uniquely determmed by their
values at z‘o As for t}ae constant- oeﬂicxent case, a system (z 15) in the form

(D) BO+CONE = ﬁm S e
trigﬁ"'gma,'r; sinSCR.ENis
OF (SSCF) or semi-canonical

-'fA)“'- N(t)yz(t)-i-yz(i) =”R

_where N (t)is nﬂpotent ax s and stnctl} upper (or lower
- constant (1e N(t) =N ), the system is said to be in atrong

- /1% that this routme requn-es Nin SCF not necessarﬂy in KGF The above shows that o

~ f1 to be C*~! in some of its components Later we will see that these hzgher order - B
.\a;  derivatives. drasticaﬂy a:&’ect the truncation error of ODE miethods, and this is the root _
ZL- of the. problem ‘with using ODE methods. In general, mdex 1 problems are easz,r to aohre, . n S



. CHAE’TERz -THEORi" -

. there exist nonsmgular ma.tnces P and Q such that

S fozm 'I'he I‘&I&{'.ll:mshlp between solvab:hty of (2 15) and the ex:stence of the SCF is g.lVBJl TR
: below - _ _ : e
_Thecrem 2.2.1 [9] If A(t) cmd Bft) are mal tmnlytzc on an mterml I fkcn the smguiar
system (2. 2) is solvable iff fhere are- tmmfomatwns of the form T = Q(t)y and lef- -
. mufﬂpiscatzons P(t) (where P and Q are analytic and nansmgular), which #mnsform (2. 2) '
e SGF evamwhem on I. (Far yenemﬂy non—reai A and B, see [14, p.28] )

The proof of Theorem 2 21 yxelds an a.lgonthm for computmg the SCF. 1f (2 3) is trans- E
: .farmable tn SGF by (P Q) then we have o '

(]

o It* is t.he txme-varmg coordma.te change, T = Q(t)y wluch causes the demratwe Q’ (£}
o m (2.18), I ¢ can be chosen constant, such that Qf = 0, the melmtzon@are ca]Ied_
. safe and the solirtion tales the same: form as (2.9), (2.10). Vve now give an example ofa’ .

) Type I problem wmch falls to be analytma.lly solva.ble - - -

&

Tt

. hms the salutwn ¥y= (th-l_c: Bt) s & constant, at a!l pamts ezcept the tummg poind, t* 1_..' o
' Notc that the .S‘C‘F Jor tfu.-, e.g:ample changes structure at t* . _' o ”

_ . o Lo e
R . ’ i paa-tel

2 2 2,5 Index

' The deﬁrificm of mdex ‘given in §2 1 can be extended to the vamable—coeﬂicxent case, a.nd -
there are at least three possible ways to define the index. The local indes Bt a tnne i

defined as v (£) =Ind (A(t )5 B(E )), the index of the consta.nt-cpeﬁment problem at i So

EEG ) Pﬂtfn.cz-—-('c' 1)

- andu(f) = Tnd(N). If (2.15) is sransformable to SCF (2.16), (2.17) by a safe transforma-

tion (P,Q), then the index, v(t), is defined as the rulpotency of N(t) in (2. 17). (2.18) is. :

“called a ﬁ:ted mde:t: v system if the local index is the same for all £, If a system (2.15) is o
transformable tgns‘_SCF then »(t} = v = Ind(N) is called the global znde,m

i o e . : ' T R

__ f Pgt)A(t)Q'@)+P(t)B(t}Q(t) = ( @ r) (2—18).

P

R
e e - -



[u)

_ Example 2.2 If a ayatem (2 E) %ﬁm\q\sfomabie to SG'F wsth

- and we htwp a wnable~zndem hsgher—mdem .system

: Thzs waes abmmed from

: uy a change of mmables, r= (

0k 0 0
B 0 N
T Nﬁ’) 00 01t
" o - {4 for £#0, 1 S
g L2 for t=1. e

Tbis the glnbal mdex th&t determines the behavmur of xhe solution, If the g'lobal mdex is |
& constant m, we know that. chm(D) mdependent initial value: can be r.hosen, _and that

the drmng term f can be sﬁb,]ect to differentiation m ~ 1 times. -

_ The local index in some sense gaverns the behavwnr of the numencal methﬁd For .
_example,"zf the matrix pencil is smgu]ar at a poigt #*, numerical ODE. methods cannot
solve the proplem at . Tn understanding why these. methods break dnwn, we need o

know how: p:]obal and loaal mdlces are related

. In [41] it is shown that if the Jocal index <1, then it is not changed by a smooth o
' transformation (P, Q). Otherwise a 'smooth, noncovstant trausformation of variables in.
| (2 15) will yield a s:,rstem whose 10cal index is 2 unless addmonal cunstrmnts are sa.tmﬁedf'
by the transformatior?” A restncted set of transformatlons will cause the index £o be”
greater than 2, of the. pencil to be singular. When the transformation to SSCF is med,
t'hls shows the relationship between the local and global md:ces

' Example 2 3 Gonszder thi- syatgm s

{ .

. _  ( 2 g )m +m_( g(t) )
- - -
01

in (2 19) is 3mgulm‘ Otkerwzse it is easy to veﬂfy thnt its local mde:z: zs also 2, using the

o N
e

o qoam\
P, Q= T )
B S SNUAE .

3

oY

e 3';‘.’:;)? () e

)y * tke gZobal indea is . If n= '—1 the pencil ¢
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aExa.mple 2 4 C’onszder ii‘;e sysfem

o

‘Thi§ cun be seen fo ﬁaé)e.lacal indes § by' the tyﬁmfamﬂﬁw - |

ot m_(

oo e
c_n--r;:

. ﬁnd_"_glpb_’h:l; indezs Eby the tmnéfm'fnm_ﬁéﬁ:_

s b

'—-1/?? Hn

The deﬁmtmns for the loca.l and globa.l indices are- useﬁ:l,l foi studsnng the. underlymg _
structure of comphcated DAE systems, but they fail o provide us with any kind of simple'_ o
procedure for finding the index of a given I)AE system, for whlch Algorxthm 2.2 5 below .

ig-useful. (See also [14, p.30).) e L g

oo fe e e 10 nt | y(t) A o
: (1 Mt)ﬂ( L0 )x?( @ ) S my
NG 10/ - o0/, \O /) o .
ﬂ) R TN

o P(t)='-?f__;, Q(i) ( 0 1). RE _(:2.2_2)-__ |

_ We ' first mentmn two structural ﬁsrms ansmg i apphcations whose solvabllity we o
" do know about, - : . . _

[t} a&

4 Ay Az .

'Bl,‘r-:?_l By =
By 0 |7

% .

*
' Br,r--l 8/ -Tr

-~ I B

. where 2; are vecfors, B;, ( also mpresanted by x} are matncea, and the Hessenberg conch-

tmn, that the y:mduct Bf,,._zB,._ |,.._2 oo By B8 nonsmguia.r, is satﬁsﬁed

solvable forras prevm usly mentmned

' Deﬁnitmn 2. 2.3 {14] The DAE (2 1'?) as on r-th order tr:langulqr cham u’ a* is in the
o fawn 3

_311 0 LAY . \ A\

} _.821 Bzz ' . .

ok %O e
By ¥ % By f \2¢/ fr. )

A0 0 0y 3"1 '

* o % 0|

.A,.l ® *-_.A.,;,.' .1:’;

R\

'Deﬂmtmn 2.2. 2 [14] The DAB’ (2 15) i in I%Sessenberg form of sme T af it catt be written

“In [14] it ig proposed that a DAE in ﬁessenberg form of size r is solvable and has global s |
“and local index r. Often in apphcatmns, systems appear onIy a8 a combma.mon of the =



'\\_'

O

T C.

. 1.-1

| ““d aach 3“539'“87"' Assm; +Bn$~; = fi - Z (A;J +B,Jm,) iy ezther glaba! mde:.c one or" -
o zem, in Hessenbem form, or in SC’F T '_ o

Any system quch is analytica.ﬂy eqmvalent to & tnangular cham is. solva.ble In Theo- _' S

R rems 3.4.1 aud 3.4.2, characterzzatmns of solvnbmty end consistent m1tml conditmns of
- other lygher-mdex probleﬂis are obtamed usmg 'I‘aylor-t.ype methods ' '

223 Index Reductmn -

I'J

It is sqmetnnes possi'i:le to use analytzca,l techmques to rewnte the system ina form w:t.h o

.  lower index, wiich can thén be solved numerically. We discuss two reduction techniques,
 the first of which is useful for determining the index of a system, and reducmg it, while

" the sécond is the idea behind the techmque for constructmg the transformation matnces .

P(t) and Q(t) nf Thearem 2 2. 1

'\i ERE
Iblf A(t) in (2 15) sa,nanaangu!ar fur aH t then we care daue .' -'_,jfl

ey Algonthm 2. .4 [42] T v

mpmber offawa of A cmd pamute them to the bottam, to obtam

8. Differentiate the bottor half of the g__y_gziem,__“to' of:t_ain_ the;_n_ew system

4 Now a.ppIy ﬁteps 1-8 to fhg; new system. -

_'I‘he ides behind this algonthm is that -each dﬂerentlatlon of the a]@ebralc constramts
yields an equivelent system of Tower mdex For a solvable linear system (2.15) with 0. _
turning points, Algorithm 2. 2.4 t.erminatua (resulting in an ODE system) in s iterations

. i the global index is m, and does nnt terminate at &l for systems which are not solvable,
* Note that we have mtroduced a number of constants of mtegratmu, which means that we
... must determine the correct initial co:udltmns This can be done by sa.tlsfymg the- initial

- - system and each of its dlﬁ'erentla.ted forms at the initial pomt (ef, §3. 5) Algorithm2.2.4

can be used to ﬁnd the local index by corsidefing matrices A and B at. some ¢ = { and

: applymg the algorithm to {he resulting sy stem, in which case the algorlthm terminates in
“m steps iff the local index is m. Snce the local index js equal to the giobal index if the -

mdex is 1, the algonthm termmates afief one fteration iff the index is 1.

2 Otherwzse, pmmulﬁp!y (2 15) by a mmingmar matm P(t) to zsra out a mmmal o

.e‘_v N
R |

Another approac.h to simplifying the system {2.15) is based on using the algebra:c '

{. constraints to solvé for some variables in terms of thg}a‘emammg variables, thus reducing



.

the suze of the system Tlns approach embodxed in the algonf.hm belnw, can be used to .
| . - redice solvable systems (2 15) to seml-canomcal form When it cantiot he completed the '
) systemzsnut"sulvable oo : '

Algorlf.hm 2 2.5 [42] _ _
L .{fA(t) n (2 15) is nomingular far aII t, then we are done

3 Otherunae, prcmultsply (215} by a nonsmgulur matriz P(2) to zere out a mawzmul I
number of rows of A , and permute them to the botf.om, to: obtain

o (An Alz)(mz)+(3u szo)(m{._) (gltt) S
A -_}"_ A LA zy ]\ Bu B ) () g;{\ .
f Permute ihe aa!umns of A and B 80 that ng it nonsmgu!&r (It crm be shown tht!ut |
for solmable syatem (Bn{ B} ha& full rank j H,'" s : '
\J’

(,

4 Solue for a'g 1?3?3 (gg e Bg;:m) anrl di,ﬂ"{ f\ ,.Pé’ﬁawh tu aa!ve far :x:g m)__’ .

A ’ ¢ ? c..- 7’ : i ,i' ::'_,f

L 5 Subsﬂmte the ij } gsgions for vy mra‘ xh er;ltn “ihe. tan half af the syatem, ama“ewnte |
t0 obtam ) system of form- (2. 15, for T 'I‘ug i, 3ystem i alw;_r_;zr. sma&!er than the -

- ongmal one. - _ S ‘f"‘\\\ v
6. Go back to 3tep Iu - o .
4 Examplé 2 5 For the RC netwark equatwn (1. 11 J, 1t can be shoum that if the columns of

(AEAc- A}g)T and the rows of (AE AC)T are linearly mdependent, then the mde:c ig 1, The

: ﬁrst condition i5. equwalent to requmng that the network is cannected, and the second. tlmt
there are no loops containing Eend C eleinents. only. It tfae second condztmn 1% satasﬁed |
(1.11 ) catt be reducgd 1o state varighle form S . h

R {75 a0 y‘_’+ AT 00 y=g) o "12.23}
o 0 00/" B1 _z_ /- N -

' where A1 18 mvertsble Makmg wae of Algomhm 2. 2. 4, we dzﬁemntmte rows 2. and 8 and '
subsistute Jor the upper pwrt oj y from row 1

A4 00 o A AT
{0 0.0 -A'{' -ATA"JAn y=§t).
LV | Bz\e B' ' BlAl Az ﬁ T

Swoppmg rows 2 a.nd 3‘ ‘the mde:c i 1if (.f!\TA{'IAg)‘“1 &mst&. 1 :_tf Ag !ms Imeariy
e mdependent dolumns, and i follows that the global indez of (2.23) is 2. That the. !oca?“}

mde:s is also 2 can be seen uamg a .ssmzlar a.rguamaﬂ;t applzed to the Iacal Imeamatwn of
(228). :



| Avpart'- R — .

. whem D 18 the daﬂermtmtzan opemtor (“’Dy y (t) )

o -ThlS is prnved by

Lo

_2 2 4 Analytxcal Solutmns b _ - .
| For comp]eteness we cansider the ana.lytmal aulutmn [9] of system (2 15) m 1ts SCF (2 16),

w

'_The D-part (2 16] 88 standard ODE system, a.nd i1 is we]l*known that 1f G(t) is LlpS(:llltz
' continuous, the mrrespondmg homogeneous system, 3} @)+ G'(t)yl(tl D hes & contin- -
uously differentiable funda.mental matrix solutlon @(ﬁ), such .tha.t &' 4 ﬂ’f(t)@ = (. Usu_ag_ B '
@, thesoluﬁonof(ZlB)ca.nbewnttenas R S

oy
FE

o where m (to) isan arbltrarzly chnsen 1mt1a1 condxtmn Note that for the consta.nt-coeﬁiment
case C(t) =0 a.nd @(t) o e‘“‘-‘;, 80 (2 24) is eqmvalent to {2 9). If ¢ commutes with its

' dematwe then _ N _ o

'othermse @(t)@*l(tu) T(z)exp({ A(s)ds) I(ta), __ o

N -..where Ais dlagonal These exponentlal representatmns are of interest m asymptotm
o estnnates of yl(t], ie. in ﬁndmg estlmates of |[y1 (t)|| a8 well &8 ||(§(t}@"1(fg)||

'I‘héoré__n@ 22,8 The unique solutioh'of '(2.17) -'c_an be wﬁ@ten a8
| - ' s—l

yz(_f) 2 }:(-—N(ﬂﬂ)‘fz(ﬂ,

. qe=0
1 Suhstltutmn into (2 7y y '
2 ( -N (t)D)‘ (t) =0, i & 28 J’proved by mductmn on i usmg e trlangulantg, of N ),

- Umqueness follnws by vaductao ad absu r'dum .

C:HAP‘I_'ERZ THEORY L e e

&

o mtt)w(t)@*(ta) wilta) -:i-?I?(#)ﬂft‘f"’i.(s)fltside,- '(2.-24')-_:7

B



B _-”"At the compnnent level, v can be computed as
| | ﬁ;ar g downtn 1

s :- yg,,(t) fz'{(t) - E ﬂij(t)ﬂzd(t), Where N [n'J]‘..
o AEE J—'H‘l S o -
"(This ‘ié-'e“iw- P’Wéd Bf'é'ibﬁfituting components in.-feverse 'ﬁf_ﬂ?‘ i._“tP '(2.-17.)_-) .

o _2 3 General Nonlmear DAE Systemg o

o A general DA.FE ta.kea the fully 1mnhc1t form )

F(ff,w’ tJ | (2 2’5) S

e .

- .whéfe:c(' ER—R" andF E‘R’." R“x'E—»R" is afuﬁctzon for w}uchwewﬂlaasume

S su:,ta.ble di exent:ahﬂaty In tlns gection, we generahze the concépts of mdex andgndex
tra.nsformatwn and reductmn, to the a.bove p;roblem T S .

c -At Ieast ‘two forms of mdex for the gene:l:al problem appear i1 the hteratnre 'I'he ﬁrst, o
" uged by a number of authors, including Gear, Lotstedt and Petzold in [38, 42,66, etef ds
- the number of times. the DAE must be ¢ 9rent1ated in order to generate an ODE satisfied ©
by the solntion, "This can- ‘be seer, :mp be tqmvalent to the global index defined for lmea.r
aystems, by refemng to Algonthms g, 2.4 and 2.2.5 and we call it the dzﬁ'erentwl indez d, ) _
. More recently, Hau‘er, Lubich and Roche [47] deﬁne the mdex by conmdermg the effect of e
~* perturbsitions of the equativns on the solutions. This index, which we call the pertwbatzon. o
'mde:.: B, is one ‘more than the hlghest order der:vatzve of the perturbatmn appearmg in-
ithe estimate of the bound of the change in the solutmn We djscuss bath mdwes a.nd the
_relatlonshlps between them : : - R |

=

Dlﬂ‘erentxal Index d;

If the Jaco‘man 3Ff&:c’ is nonsmgular, the mdex d, = 0, Then (2 25) is an impht:lt. 2
WODE which can, in prmcipal, be mverted, yleldmg a:’ f(m, t)

2, Othermse (d, > 0) cons:der :

| F_(;c,m!t) = 0 o - e

i = e+ oo cerpy=0
diFfaE = (aF,(am') m’"—}- Vi

ll-

& Fjdtt - (aF/aa':'-) m<é+1)+.__..,_ =0 (a8



Cwe daﬂ'erentmt? the z-th equatlon z tunes (s = 1 2, ,m) to abtam

' as & system of equatmns in. the sepamte dependent vana.bles ..-:' m("“l} and
solve for these vanablea as futictions of z and £ d?nssdered ag mdﬁpendent vanablbs
* Since 8F/8:c‘ is smgular it will not be possible to solve for :c“'f'l) or possibly even

for FO¥ for smaller g. litis posmbla to splve for 2! for some fidte 8, then the mdex
© d. is. deﬁned as the smalléét 8 for w]nch (2 26). can be solved for a:’ (m t)

_ ""I‘he relatmnshlp between di and I'.he mdex as dm\ned eqrher, can eas:ly he seen for hnea,r -
- -DAEs in semi-canonic. i’urm For the diﬁ'erent subsyatem S '

o R .'_ie.. 92"'_“9'1 : _.f:l(t)ﬁ__

pee Jl

L e _="fm_'1(t) R

-li'"

‘*‘ﬂ’l = f1(t)

(m) = f{mJ (t)

fﬂq L

o Addmg up theq;e equataons w1th a.ltematmg signs pmduced yl Thzs, together wﬂ.h the

o firstm—1 equhtmns of (2:27), gives an exphmt ODE 50 that d., Tnd(N). .

‘The dlffei‘entml index determmes some major charactenstics of the und&lymg struc-.

o ture, for ex&mﬂile the mumber of manifolds on which the solution is constrained to he, _
- _whlch is the :iu;;nher of sets of algebrmc relatmns developed in the mde:-c reductlan process
" descrlbed belm‘ L S L

Perturhatmnalndex P

The perturba.tmn index ;o, is deﬁned 88 the sm&llest mteger m Bllch that the dn‘ference '
between the so]utmn of (2 25) and the solutmn of the perturbed equatmn -

b S R =e

[

caxi e b_om’idec by an e;cpressmn of the form

téﬂm ry(f) w(t)ll [[I:n(ta) y(z‘.g)[|+ max {I]E(f)"

+ o ﬂuz#(t)uw _+max (uefmf”ct)m] CECNS




e

- 3'where k is an a.rbitra:fy constant and |E I] denotes 8 suxtable vector norm 'I‘o allow for p,' e
o to be zero, we mclude wit.hm the square bra,t;kgt,g the tem TR W

@
e
S .

te[tg.'r] (||e(““1}(t)|;) ; -whe;'e' E("‘lf"(t).- f e('r)d'r

L For (2 27), pi= max { m,} = Ind(N ], sime m depewds on the (m li%h denvatwe of fm

* The perturbat:on index iz an n‘aportant factor in the numerxcal solution of 2 DAE BT

due to its major réle in dei;ermmug the impact of roundoff etrors. If the method performs*
- hixmerical differentintion on rovindoff errors of Ofe), it is clear that we can expect: resultmg o

 errors afO(a/hP""l) / '

.Relatmnshlp bet.ween d; and p, _

L We res‘tnct ourselves to, problems for whlc.h both mdlces are deﬁned It is a}.ways posmble-‘_.' .
S to restate a problem in a form for which the formal deﬁmtmns do not apply. For example, O
' the problem z? = 0 has no perturbatmn index; since the bonnd (2 28) dges not exist.”
- (One dﬁereutxahon yields " == 0, which has two solutions, :1:" =0 mth d, - 1, an_d_:c-— o

 withd;=2) In [40], the follomng relatians are glven o

g

. 1 d <Pe<tie+1 e

2 m=d Ifthe DAE has mtegmf form, ie, :f F(;C: ‘tJ = aa(a: t):c + b(:c,f) =0, In' o
paa:tlcular ‘linear DAEs in sem—canomcal form have p, = d;-{ = Ind( 4, as shown_-

earher

_'which are dlﬁicult to descnbe in terms of t.he ongma,l DAE
4. ﬂm exphc:lt. or nnphcxt ODE system has ¢ = D, P = 1'

23,2 Structural Forms o R | D {

Noulmear versmna of all the forms in the prevmua section a.ppear in the htera.ture

Deﬁmtmn 2.3 1 [14;' The DAE (2. 25) 15 n Hessenberg form of size v zf it has the farm ’

o -1_’1 .'z Fl(&'h&z; :xﬂﬁ)
'“' mfﬂ = F2(_ml$w21 !mrv-lit) :

x‘ =-".. .Fi(d’,_],u .-.p_r,-;...]_,t),u 3$i5r-1, ] \‘J. .
0 _m F.(xr-].‘tl

and (6F,~/3:cr -1)(81‘}-1/8.1:?-2) (an/ﬂxi)(aFd&r,.) s nonsmgu!ar o
(Hessenberg condztzon) L

3. p,, = di +1 for genera.l Bystems, unless the DAE satzsﬁes soma 5pemal condltmns :' )



_ -Remember f.hat; the % are’ not components but. vectofs such thaﬁ* T = (a:l, ,:r:,.
- '_Assummg the F tabe suﬁiczently differentiable, the Hessenberg form of sxze ris ‘solvable o
) and has local, dlﬁ'erentlal a.nd perturba.t:on mdzces ' [14} (The I-Ieasenberg form 1s of_. .

o '_'l’nangular-.chains-ar& always snlvable_.

. 2. 3 3 Index Reductzons |

o '_--_-Hom this pomt cnwa.rds, the term. ‘mdex‘ (ar y) refers to the global or dlﬁ”erenuatmn S
- index d, FII‘S!‘.I}V,=W£' m%ntlon that Algonthm 2.24 apphes directly to problems of the .;. g
. ._'form (2 25), when F is Jinear in :r:’ We now consnder the follomng spacml fag]m of DAE )

4

Erﬂrﬁ{rm)

o Deﬁmtmn 2 3 2 EL{] The DAE (Q 25) 80 tm.ngxﬂar cham of order r zf it can be wntten' -
'_.mtkefof‘m o :

F1(a:1,:t:1,t) "‘-= 0
Fz(mlsm{z:ml,fﬂz:f) '= 0.

.F;-(-'U;, 13:-:31: 3xnt) = 0 -

..'.‘urr' =. f('ua'”vt)

e

. 'am! the systsm deﬁned by each funmon M is :m ezplmt m- zmphcst O.DE mde.w: one, a._:.
: Hessenbem form, or in SGF m thr vamabie (:1:1 - zT)T ':1\

0= gt DR (2.29)"-_'-_

a It a8 pomted dht in [89 96} (and shows abave for the iinear case) tha.t these equa‘rions.-
‘may not have conf.muous solutions. . Here, we show an eqmvalence between aem1~explic:|t

equations (2. 29) ancl fully implicit DAEs (2. 25) of index one lower. We also’ give trans- o
fnrmatmns between. (2 29) and (2 25), and show how a problem can 'be red.uced thhuut_

mtmducmg a.ddltional t:onsta.nts of integration, to an index 1 semx-exphclt form, which

S1.We can tra.nsform (2 25) mto (. "9) bv replacmg :c’ w:th v and ¥ mth L to get

1 F(u,i},_f).

" can then be reduced to an implicit ODE whose solution yields the solution to the o:c1gmal o
' problem by a dJﬁ’erentlatmn and a hnear transforma.tmn - '

2, We can alsq transform (2.29) into (2.25) by replacing u with z; and ¥ with 2} to get

1

2y - flapaht) =
g.(i']ﬁré,.t) =

13
0.

(230
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_Reductmn Algonthm

g

i

N Gea.r i ,i*.on.wcmi‘res t;ha.t bonversion (1) (or (2)) above always raises (or Iowers) the mdex
' by one mless {2. 29) is at ODE, ie. there ig. oo g, in ‘which case there is no mdex cha;nge _
: " Note th:zt although (2) reduces the index, we s4ill have to differentiate a5 to recover
. f.he original variable v. So the eﬁ‘ectwe index has stayed the same, as far as the munerical
" method is concerned, Also, restating (2 29) in the form (2 §5) and then usmg (2) 0
. tra.ns:t‘ormbaskto (2 29), o

“

i

f(mlsmmt) =

Bl o ‘lLl = U
B ‘!51-f(1&1,u2) =0 . |

_ forma]ly mcreases the mdex by one, but only Becauae it requlres the d1ﬁ'erent1atmn of ’
- addmonal vanables vy and vy to compute u”‘ and v unneqessanly '

m_' 7

(Note sxmﬂamty wﬂ;h Algorithms 2 9.4 a.nd 2. 2 5 ) The mdex of the Seml-expl'lCIt system
' (2 29) ¢an be reduced by 1 by replacmg the algebra.m equ&mon in (2 29) w1th its danva.nve- '

o

gaft'u,v,t)+g,,v +5“t=0 . o : .(232) :

To remove constants of mtegratmn, we can conmder (2. 29) and (2. 32) aimultaneously,

- resultmg in an overdetermmed systern, This problem is dealt with in [37] by introducing

-+ Lagrange mumphers whose solutions are zero, The procedure formally diiferentlates (2.29)
to get an index 0 sysiem and then remtroduces the algebra,lc consn-amts 'I‘h:s may not .

vi
A

|

always be pra.ctxcal however. :
. Let r be the rank of Fyr in (2 25). If =1, the mdex ig aIready 0. Othervwse,

- there is-a vousingular ry X ™ submatrix of Fgl, assumed 10 be the upper pnncxpal minos.

By the implicit function t.heorem the first 7, equatmns in (2.25) can be solved for the first
1 components of z'. Now break z into (:z:1 \ )T difm(:::;) = r1, 50 that

wl“‘elcmhvla”l’t) - - {283) |

: Substltute this mto the Iast n = P equatlons in (2 25) to get the 1mpllclt relatmnshlp

Cp@mag=o (234)

Dx."ferentxa.tmg thlS glves

T fmet (3319731 ) ”1 ai} + .91,1.11'01 + 5’1‘: = ﬂ N {2.35)

. .Ck-; :



o equa.twne {¢f. §1.1, 1). Such aystems always have indes § and can éassiy be wntten in sems- -

%\ \..:::. .

't“‘

- __'The above process has redvced (2 25) to the mdex 2 seml-exphc:t form (2. 37) {2. 38) The g _
o 'mdex can be reduced to 1 by deﬁmng the minimal form, je. by replacwg p, with 12 to gef. L

R ¢?= ﬂm}+&v;'e~a o

G ig- referred 0 s tht. dematwe army

oM

S - f mmn.ﬁ“W:,ﬁu‘ (nemv'
The solut:ons of (2 36) mclude the eolutxons of (2 25) but. a]so addltmnal solutmus due’
_to constants of mtegmtmn mtruduced by dzﬁ‘erenuatlon Algebralc equatmns af the i‘Orm--
t (2 34), genera]ly wntten BS I : T R
.' ' 9(""'(&) 0 ' 9 {9:}: - (237)
_'need te be appended to (2 36), yleldmg an avemetermmed system So we then mtroduce SR
Can a,ddxtxanal vector vanable o dnn(u.) dun(g), and add the term g,,,‘ uto the ?J-IS of '
. (2 3‘53* yzeldmg : '

'cm' f,(:c,t) ng 0 : B (2.38}'_‘“

- _'I‘heorem 2. 3 3 (vaed n [38] ) Any system of equaisons (2 38) for i=1l.m ond
(2,37} hos p = 0 and © ab a solution of (2. 25). Corwersely, cmy aolut:on af @ 25) isa -
solman to (ess) and (2. 37) with u 0 ' :

GO ol

" Now (2. 3_), (2 34) is eqmvalexrl: tu (2, 25), while (2. 33), (2.35) is of mdex one Iowar _ o
. ~ We then repeat this process, whlch termnates after m steps If the mdex is m,_-' R
: yzeldmg the set of ODE’s .

Example 2.6 We ﬁfﬂsimte by usmg f.h.e above pmedum on the canstmmed Enler—Lugmnge _ I

emphcat Jform. - : _ |
' g
e Index 8 formulatmn (pasmon Zeﬂel desmptor form) _ e -
Theorﬂgmal spphem T \\, o ““--SPI e
LY = T mﬂ’ TR 17 ()
&=  #¥*% -%:'@@-
_U_' = ¢(:c), : R (2.41)

' wzth H = &;5!6:1: (note the change n notatwn fmm tj! 1. 1 and the assumed mﬂert—-__ o

ebthty af Tm, ) is Hessenﬁerg of .me 3 zf
CHTGIHT W dmvertible, e

" de. if H has lintarly independent rows. (

2 : _ S . E e

4



Lo
.' . Index 2 formulatmn (welocsty Ievei)
Ds_ﬂ’erentwte (@ 41 ) (wzth reapect to t), yzeldmg

and mplane (2.41 ) wzﬂa (9 43) Thss 3yatem i Hessenh* of size 2 zf (2 42) s
| saﬁzsﬁed. |
' :'_ » Index 1 fornmla:t:on (a.ccelemtwn Iwe!} o
Hﬁﬁ'emnﬁate (2,41 ) agam, yseldmg o ": K

0= H},,-(:c)(u,u} i-H(a:)T;f(x)(h(Eg%) HT(z)A) | ""-"(.2'_-44)'"_

Repiacmg (2. 41) wzth (2 44}, ?he md&z 1 assﬂmptwn is (2 42)

o "o IndexO formula.tion _ 7 - L e
L Dgﬂ'erentmte (241) ayum, y:efdmg A

R A'cm) o em
The resn!t-mg e:sp!aczt ODE system, {3 39), (3 40) (2 .41.5), has 1o constmmt atab:—

Izzatian

t' . -

“ o F&L formulation ]34]

" Append the r:anstmmts (2.41 ), {2. 43), (2 44) (collectwely U g(:r:) ) io Hae dsﬁ‘emnmal o

" system (2.39), (2.40); (2.45) shified by GTp, where G = 8g/0z. This system has

i mde:a % by'the indes reduction technigue if (2.48) holds. Defining Jz u" hawevef*,' - .

does not seem Yo allow the e.'r:phc:t solution far v w a symbohc fam

. GGL formulation [43]

P

An incomplete form of thg above, satsafymg only yosztson tmd ve!ocsty lewl coﬂ.- :
3tmmts is obtamsdfmm the indez 3farmulatwn by m)qfhng only ﬂie wvelocity equatmn'

(2,40} by HTﬁ. fmd mciudmg {2 41). This system mtzsﬁes the mde:z: 2 assumptson, |

_ agam pmmded that (2. 42) is. satwﬁed SN

5

B Example 2.7 The Nmner—Stokes equatmm af §1 1.4, .
| MU’ + (If +N(U))U+ CP = f(U P)

T o=, S @ 46)
_ hq.'ue both Iaml and g!oba! mde:a: 2 if eithey 3f /BP = { and é‘ has full column rank, or

. C'TM ‘1(0 —af fﬁPj‘ _ egists (uaua:!ly true), The altematwe farmulatwﬂ. '
MU’ + K +N(U))U + C’P FU, P)

AP = OTMNf HEANO)D. T @ 47) B
o wath A = C'TM "IC‘ can be obiginéd from - (2 46) by one zm};lementatzan of the indez

reduclion algonthm, tmd tlms has mdem 1.
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N umerlcal Solutmn

3 1. Intmductmn “ |

As tlilere 13110 closed-form solutmn tu the general DAE problema _ R

o 'we turn £ nnmencal appro:umation technzques for the solutmn of DAEs. In fact, cha.rac-» _
e tefizations of solva.blhty and index for inear and more general DAEs can be derived nging -
' -~ the: ’I‘aylor-type numencal methods of §8.4.2, We have Iaoked at. techmques fox changmg'j_ :

3 hxgher~1ndex systems to lower-mdex ones so that, in theory at least DAEs can be riruced - o

10 ODE's and solved by conventlonal numerical ODE methods [58}. In this’ chapter, we

- look at numenca.l methods fm: solvmg DAEs as. gmﬂ.\ for the following very m:pq_rtunt o

T
- reasdns

8 Reductmns of mdex might be cestly, and we mlght not even lmow how to eﬁ'ect them,ﬁ

_ _' mther ana.lytxcally or numerically. s

_ «_-E._ e Reduct.xons generally destroy any spa.rseness present in the ongmal i‘ormula,tlon. T]:us. _

L very large, very sparse systems. For example in the trausient network analysis of
integrated circuits, one chip alone can’ compnse of the order of 108 components, each _
modelled by several equations. In such'cases, the only feasible method of soliticn is a

L nu.marxcal DJ}E solver used in conjunction with the latest in‘.parse matruc techmques ¢ _
' Also seme- of these very la.rge problems are lmown to have an mdex of2, 3 or Iugher Sy

e A fully automa.ted packa.ge for the numerical solution of genetal DAE systems of
unknown index requn:es proﬁ]ams posed wIthout prmr mampula.tlon as mput

311 DAEs andSﬂ‘IODEs S S R &

% S

DAES are, in fact, very snxmla.r to stiff ODEs [1] For exas. ftje zf 0 {‘ €<l then :

(A+eB)y(t)--By(t)+9(t) o (32)

3

1@ of extreme 1mportance, since the major arveas of apphca.tlon requu'e solatmn of AR




oo

o

13 B si:iﬂ' sysi;en:i, w1t11 stlffness U(s‘"’l), near to thes lmear DAE a

. TR
Tt - x\ . .

o o o Ay’(t)wy(t)—rg(t), L (33)_

[
'-l'

- not. Rrestatmgrﬁ(s 2) as

i N = -(A+eB)"By+f(tJ
e\ Jy+f(t)
3

R

~and is know'i a;s f.he ragutmzatwn of the DAE Here, A s rank-deﬁcxent but A + eB i -

the ratio of 1a1geat to smallest neg&t}ve elgenvalues of J = --(A + E.B)“IB or the ratin o

of time constaj:tts of the exponentxaﬂy decreasmg elgenfuuctmn solution, is O(e™). Thus

'.nut — |:>le that many of the methods we 1e are based on stiff ODE solvers, which

) . "
3.1.2 'I‘he Bad}‘rvard Euler Method

plicit Rung\e-Kutta methods Ms) A study of the test equaf.lon

-~ are necessaxily A-stable or stiffly stable, such- 4} the backward: dlﬁ'erentq.tmn formulae
(BDFs) and |

R e i o _
ef”f;'f“; "Tﬂ wm+gm Mm A«m_ﬁd-.J w@¥_

usmg IRKs anl\k Iettr;zg stiﬁ'ness P --oo, ﬂelds l\;ne predicted DAE order Joss (cf §3 3) N

- The recent. reseklrch on order redustion for IRK qlethods applied to stiff ODEs [33], ob-
taining sharper a.nd sharper error bounds, can thud be used to make order predxctlons on
the DAE obtmriuu by taking the stiffness to its lm:ut Likewise, it ig possible to derive

order results for (lertam classes of stiff problems from DAE order results [46, 95]. However,

L stiff regzﬂanzatmns of DAEs generally exlnbtt worse order behaviour than their limiting .
- DAEs. So stiff prablems are, in a sense, harder to solve t" n then' mﬁnitely stiff (DﬁE) _

counterparts.
. i‘ )

'The idea of using ODE methods for solvmg DAE system}s d.lrectly was mt.roduced b} Gear

* in [36) and is best JIlustrated by ronsidering the simplest posmble algorithim, based on

we expect tha}t if the underlymg DAE (e = 0) 11as a_kigh index, many of the pno\\blems -
' associated mt:), DAEs such as (3 3) shonld oceur‘in problems like (3.2} .
' Since D Es ¢an be seen as an eéxtension oﬁ stif ODEs (w:th mﬁmte stzﬁ'ness), it is-

i

 the backward Euler ,{pethod (BEM), which is the s1mpﬂvst Arstible ODE method. Here; - . B
we approximate z'(h 1) by 8 baclr.ward dxﬁ‘erence of :c(t) and the resulting system of N

_ (generally) nonlmear & uations,

B N .
. ) F :cn+1, -————-—*—"“ 2 tnrt) =0,
b '

s SOI‘Ed for Trl Tlsmg @ modified Newton’ 5. method thus advancmg the solution from ~

" time ty to tnyy. Higher Drder methods such as BDFs, IRI{ s and extrapolatmn methods

- are generahzatmns of tiuls smaple iden. ' o . S ‘ 3
ra . |



. CHAPTERS. NUMERIGALSOLUTION BT o 33-)

In this sectwn we a.pply the BEM to three sunple mdex 2 and 2 linear bAEs [89]

 in order o investigate some. problems characterrstic to the numenca.l solutlon of DAEs

»  Later, we discuss BDFs applwcl to weniers} nonlineax systems, also covering implementatwn o
- detalls common to all D.&E m mﬁ%ﬂ We then look speclﬁcally at IRIxs and spme ‘,qf the-

more obscure methods,

' \Example 3. 1 The snm,plest mde:r 3 pmblem, constant-coejﬁment tma' in SG'F s

- Cm=a

" Tts soluteonjs x1 g(t), J:z —-—9’ (t), 93:;*'9"(*)

=k

Note the fo!lowzng

._'1_.

1. .If zmtza! m!ue.s are specsﬁed for the Tiy the salutﬂon haa a jump dnscontinmty at Ehe

_ amtsal pomt un!eas these smtml va!ues are consistenfiy = - . S ,_

_ 2 If the dmmq tem g(t) is not twace dzﬁerentmb!e everﬁfpbem, #&e sa!utwn w:ﬂ Lwt_
o e:z:zst eaerywhere, eg. R . L '

".& v, _T' s 'l

il
o

ﬁ'ﬁ tu) R

Hem, H is the Heamsde fun.ctson and 6 18 the Dzmc-dclta funcﬁon

B - o | : .'.c;-;

-Ajl?!ytngihBBEMiO{S.ﬁ)yaeIds S e o ) ;

Loma=ee
gz = (e mwet)/l (et —taa)
o ma,n = ($2‘n il‘-';;,,a;..,j)/f“1 : R ’ o s o S

and x3,1, which dweme 48 i — 0. After two sieps Ta,2 is obtamed by.o divided dqﬁ"emni:e of

.g(t) and is thus O(h) correct, and after the third step w35 s “also O(h) correct, Glearly, in
thie case, the accuracy expected ﬁvm solving QDEs iz obtainable for DAE& but anly dfter
" few steps. Also, we can already see ihat o ch.ange tn step!ength will reduse the uccumcy

for u few aleps,

Example 3.2 Canszder E.mmple 2.9, which is o lmem' vunable—coeﬂicsent mdea: 2 prob!em :
forn # -1 The' BEM gields the so!utwn I

S
A

[T A Sy -7y
.2“1 1+?} ‘!‘.I.'-l h(1+ﬂ)

) [N
Tim = gn=Tnom '

.- The t:alues of 1 'wzH be correct at all steps, agnormg mundoﬁ' error, although the mztml .
- value x1p may “be a{;conststent Houwever, muonsmtem m. weld tneorrect values )‘m’r1 X3
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o o The true solution is’ 'm"g(t;] '“Hm a:l(t,,) = gn o+ ?}tﬂgn The mzmwncal squhan i -
clearly emstable o<~ If P >4, it conviges to' the true solution. From numeﬂcal

. _ODE theory we alse kna'w that this siabzh?ty pmblﬂm would not be sol‘vgifay spcreasmy the '
. arder of the method ' ¥ : _ _

_'-Example 3.3 Carmder Emmp!e 2.4, zmother Imear wmble-caeﬁcmm pmb!em If we
ezamine the oam)mca! fam aﬁer mnsfarmmg fmm :q to ¥ and write y = (u,v w)¥, we s

huve the eguutaom o - :.- : L
't_v-’ = (v W)/n

K for ihe underlymg mdew 2 syatem The ODE campar;ent w8 stable zfn > 0. Appiymg

: the BEM ta the mgmal aystem, we obtam the recug{‘qnce relatwns far d: = (p, 4, 7T,
. . ) . R : 4 - &
.'r.“' = "ﬁ('rﬂ"l - r,;.,g)/‘ b - (-?ﬂ _ |P9‘n-1 'H?n—z)/ hf;% -
. ” (gﬂ n—-l)/h’ _' 'l o _ E

_ wh'zch are unaiablc sf h < 273 or h < —n C‘omequendy, tha method ca{‘mot conver;qe as .
A0 B I -

o The delayed eﬁ‘ect of thh dnvmg functmn gon the hlgher-mdex camponeri:ts‘ mentloned m
? E:tample 3.1, hag. another curious effect [80], Suppose that ¢ is nsufficiently contmuous, ‘
- stich as g{t) = BLH(t) (H is the Heamslde functmn), which is C9 but not. oLl a.t == 0 If
we were solwng guch-a problem numencally, we would hope th&t the code would ﬁnd the
o dJscontmmty and pass over 1t, or at least fail at the dmcontinmty lnstead a code based on ~
o the BEM with the usual error control mecha.nmm — with an error estxmate proportional
- 'to the difference between predicted and correct.ed values — is likely to fail on%ie step.
- “__—_ " after the step whmh Bpans the dmcontinu’ity ‘I‘hls leaves us with little indication that the
o discontmu:ty wag. ‘the source of the dlﬂiculty, and i is espemally surpnsmg if we thi of
. one-step methods as having no memory. :
1. Togainan undexstandmg of the source of the problem, we compare the 1oéa1 egox at
a i each step with the error estimates, Oxne step os" the BEM for the lmea.r constani-coe cient

syatem, s e i
- -.Aqf-(t)+Bw(t) .-=y.(t). T -‘(3 6)
b T A("‘*ff‘“—) B‘“mﬁy(tm) e

If .r(f,,.v r) is the true solutmn to (3 6) at time t.H_;,. t.hen we have

- ax(t_ﬂ'-!-l)_.".: r{tﬂ) :I" hn-}-lwl(tn'l‘l) j!‘*j'iﬁll’(@: i (e [trg'! tﬂ-ﬂ]- L (30‘3)

LAY

-
ST
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';Snbstit;ute m'(t,,.;_l) fr‘nm' (3;;8)-"intu "(3'.3'6) "at:f,,,.'{.'l.'td get E

| ) ;Fof i iudex 2 verszon of Exa.mple 3 1 above,

-

hu+1

a:(fn.;.ﬂ < afty) = *”—“’"(ﬂ) + Bm(tn+1) = sr(mﬂ

Do S LG L e L

o (3‘:.9')_ | o

Subtrac#; (3 9) ﬂom (3 '1') aﬂd deﬁne *he globai error 8u+1 oo :::,,.,.1 e :z:(tﬂ.,.:l) ’I‘hen

o (8n+1"8u+—"""'-’8”(§}
. A.
o hn-i-l

)+Ben+1 '—U

or : en+1 - (A + hn-}-lB)*IAe“ (A + hn+1B)"1A G’ ) m”(CJ

ey

"_so that the local error is ( 0 hn+1g”(§)/2 )
- O(h,ﬂ,l), and d“epmd& on () a.nd nat 2}(t), s that the usual enim; estmrﬂel\whosa i-th L
' '__coxﬁponent is- basetl un (21 /2)ef s asympto’c:ca]ly a gmss undﬁeahma.te S
o Ther; are mt{ 2 severe problems for mdex > 3 systems For the index 3 problem (3 5), 2

-"‘-‘1/}3114-1 0 -
""1/hn+1 9

.I hn—i-!l( :’(é)) ) _
'_ 2 g(:'f)(q )

. o )

e

e1 ——_-(A+ hn+13)”14‘i ( ) m”(C) ”

H50° ‘that

hnil'mlr(g) =

'd "

(A *E}ir%iB)‘,]ﬂ-

-

PR

&

eyt __
' _,9_151 + 1 h..-u.gm(c)

Toe

o

"ff) (_gm((%',). o 'and.,' fA'-I:h,, B)“IA

1f hﬁﬂ'

i‘ma"m

A= T

o

k

The logal errorjor ma(t} is O(h,,,.;.ﬂ. not

0y
0

For the lm.al ﬁruncatian error, set eg =0 and then €1 13 the local error, -

S
it % )

T and the locai error can not be made smalbby Chﬂﬂsmg any sma.ll hn*l

L

W
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e 3 2 Backward Dlﬁ‘erentlatlon Formulae S AN
Zajmﬂ—.} = hﬂg:c’
3-0 : !

&

% hackward dlﬁ‘elentlatmn formula.a (BDF) BDFs can be restated as zl, =

_ pm.n/ hy where P
ga the dliference opera’cor deﬁned by B
| _ﬁﬁff e

Tlm k—step B?}F k = 1 2 ,ﬁ has orcier of accu/mcy k (ie. pw(t,,) = hw"(tn) +O(h"‘)),-'
ancl an mﬁmte regmn of absolute atabliity' S When apphed to ODEs BDFs areu

1 St.xffly stahIe (te. S o {u, Re(u) < —2,?, D> 0} mth the method “accumte” m
Lo rect&ngle —~D <Re (#) < a, 9 5 Im(m < a>0,4 %W/S)":\ . Z: o

3 A—sta.ble (Ie.S :}C‘“) for L..i\‘ . 1 . f

: Hexe, u = Fi) and ) | zs the Llpsh:tz coystant. Coe{ﬁcxents
below We a.lau mentmn the k-step generahzed BDF

t’i '. a;nd based on t;he k-th ord,er mterpolatmg polynomlal on {a:,,_j}j_,n, is knnwn a8 the. '

h _(3,1i)_'

2 A(a)-sta.bie (1e s:a{u, larg(—-pN«:a, ,u;&{)}} N R

ethods :(GEDFS) [53), for which |

Tm ¢,& T S e | o | e Jea | D

.-ﬁnﬁ :

T
2/3 |
8711

N T /2N L N 0
~4f3 &1/3 . ;- i . oo leee | o

st lopn | - | 80°

0:083

= ST P

80/137

12/%. |

BO/147 {

48725

~300/187
~360/147

36/25
800/137

4B0/147"

16/25.
~200/187
+400/14z

._3}2_5....
75/137.

225 }' 14'? :

N .

r12/187
-~?2{14?

ELE

.10314?

73
51°
18°

0.887
6075 ||

=

o

i

(3 11) is repla.ced by the div;ded d:ﬂ‘erence nperator '

an.ﬂ zﬂhgwn-g! '

Jzﬂ"-

o

S h

: Table 3 1 CoethCtents and stabtl.ty for k—step BDF methods

'FI

“which more closely resémble__s dlﬁ'epentmtmn th_a;n dues_ p. GBDFS can be stable heyond
order 6, where the order ;- (generally p < k) is ghven by pun, = w!(t,) + O(k?), N

3.

L]
: i
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H

' "8 2.1 Linear Cbnstant-Coeﬁicient DAEs

_ 'The beha:vmur of the g;eneral BDF method i is verj? smnlar to tha.t of the BEM for ﬁxed
_ sk-yalze o

_'.Theorem 3.2. 1 [93] If the k-.step constant—atepswe BDF i appked ta thc canstanhcocﬁ‘icaent
- linear pmblem 4 -

&w+mm "o ;:. o )

af mdea: v wsth k < 7 the .solutean is O(h") accumte globa!!y aﬁer o mazimutm af (u-—l)k—l—l
. _3teps For vaﬂable stepaize, where the ratio of adjacent stepsazes is bounded, the g!abal
- error i O(hfax), where g = minfk, k—v+2). The canstant»stepsaze cade is easn!y pmved

- using. Theorem 213 and the anaiyf.mal solution (2 9), 2.1 0).)

| I‘he dxfﬁculty ] be seen by consldeung the pravmus mdex 3 problem (3.5} for vanable
- stepsxzes and k = 1 B ~

Son

-"«'1.,1}' = gn

e D s/
o e = s met) /e
| s mielesos
o :B.a,:.u.— (gn: ;fn-l .gn_;;n_gn—?) /h"’ .I /? A
- é;idt_hgérro'r.iﬁ:_'._ | . .:_ | EEDUREE o
R %(ﬁ_ﬂh.:l ..1)g"(¢)+0(h,,), .

wluch is 'O(i)"ar.::[d "ddés not converge s ho— 04 b= Ohn. -1) but . ?’—' bip1. For
o constant; step{slze the error is O(h) which converges as h — 0, This suggests that va,xmbl&
-st.ep BDFs aw not suitable for solvmg constant-coeiﬁclent lmear DAKs.

- 3.2, 2 Lmear 'Vanable-Cugﬁcxent DAEs _ -
- We apply the k-step BDF to t.he tlme-varymg subsystems

ST dmechem = AB f-fsf C @)
wf' L NeEmrme = A e

in SCF. .gs seen ea,rller, t.he D—pa.rt. {8.18} is an ODE system, and it is weIl—knowm that

~ the BDF method-is stable and tonverges globally for ODEs. For the A-part (3. 14), the

' convergence propertxes are stated in the follnwmg thenrem . : 2 '

Theorem 3.2.2 /9] If the k- step constant-stepsize BDF me‘hod is app!zed ta the & ); s
linear variable-coefficient smphczt system (.‘3‘ 14) wzth. k<, the 3alutmn is O(h") aceumte
globally aﬁer a mazimum of (s — 1)!» +1 .steps '
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o Deﬁmng backwa.rd dlﬂ'erence operators \4

V) = altj- m(t~h)

| o -i-i' - Via(t) = Vi‘ z(t) Vi__“l..-:(t -.h)'

h

B '_ a.nd .Dk| =1/h E,=1 V‘/z, we have for the dxﬁ'erentﬁatmn operator [9}

p=igo¥_
. _ i

i
-k

b
EMB'

S
].;

- 'The BIDF method apphed to (3 14) at 1y yields (droppmg the subscnpt 2)

(N:,Dk + I)a:n = fa
=r‘ .'1:-‘ _E (NnDk + I)nll fr

fI_.'

=0 L h
s+1 S B
: Z(-Nur>;,)*fn  (Theorern 226)

=0

:1| 

g—1

_ Z(-&;T’]‘f n+ G’(h"c ) (usmg (3 15) and mductmn on z)

L= :g(t.,) + O(RY). (”J-‘h‘w?'fem 2 3 6)

k!

. _'I‘he cumputatmn of z, mvolves only Nﬂ_;, Fots I = 0 1. ,(3 - 1)& 80 tha.t :::,1 -
_mdependent of the mltml values a.ﬂ:er at most (s - l)k + 1 steps oo

L 3 2 3 Nonlmear DAES o

. Wae,state’ wnvergence results for BDFS a.pplled to index < 3 generally nonlmea.r 1mp11c1t o
'DAE systems, and then consider practlcal mplementatmn. mu.ch of wh:ch applles equally k

to other DAE methods, - _ .
In [66] itis shtmrn that for consfant-stepsize BDFs apphed toa problem in d1ﬂ'erentml-

algebranc form

il

Fl (mi 37,1 yl't)! _ m(tﬂ) = .’L‘o

Fy(z,pt), y(tu) 0. {3.16) .

Gs.

i

A

thh nunsingular Jacoblan 8F, /84, pmwded the ﬁvstcm is solvable and has a global index
of 1. 2 or 3, the g!obal error of a zero-stable k-step -onstant-stepsize BDF method i it O(h"’ ) B

§  if the Newton iteration is solved to O(RA+1), Proofs: for the fully 1mphc1t umfam index 1

and, seml-unpllcn. index 2 and 3 Hessenberg forms are given in [14} In [15] kv is shown
that starting va.lueq which are numerically consmte ¢\to Of h’”‘* 1) are suﬁicnent to ensure

: o

Sy
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S T

| the abuve-stated a.ccurax:y. In the index 3 case, tlus 13 true gnly aﬂ;er k4 1 steps GBDFs R
have been shown to converge for Hessenberg DAEs of index 3, 4 and possibly & 53l |
Gonvergence s aasured by p > % for index 3 and p > 3 for mdex 4. Other, lesa general_ R

. resu.’lté’ can ?be fotmd m the papers mentmned above.

o Practlcal Impht.atwns :

' _' an automat:c code Flrsi: we nota tha.t. for all the unphcft methods St‘lldled here (BDF, R

IRK etc.), & Newton 1teratmn of some sort s typlcally used to solve the fmplicit a.lgebrazc
stem resultmg from d.iscretmatmn, taking as mltlal guess the solutmn at the prevmus

) step. The following applies spectﬁcally for DAr.';s in daﬂerentzalnalgebraic form (3 16\& but -

the basic 1daas huld for the fully general DAE E oo

(a) Condltxomng of matrices [82]

C‘ondmomng 1s 8 problem fur DAE systems, especzaﬂy hlgher mdex ones, hecausa the.“-

3__ ._ condmon number of the Newton iteration matrix for an m&ex m problem is O(h™™). We -

~describe’ schemes for scaling DAEs so that 1terat10n ma.trmes are'no longer siugular as. -
h- 0, and show how s scaJ.mg cani easily be: 1mplemented into existing DAE software -
'l‘he J~th Newton 1teraﬁmn for the dxscretmed versmn of (3 1), | c e

: IR “‘” a F(xmﬂf"n/h tn) = 0 L
e reads L(mbﬂlmmb]) - Fr&ﬁ],pw,[&?yh“tn), i

] w]:nch ig a syatem of hnenzr equatxons of the form Jz E’" Usmg Gaussmn eljminatmn mth'[ 2

partw.l pzvotmg, the camputed snIut:on z+ Az satlsﬁes

| (.I+AJ)(z+.&zJ\-=-b S e
where Al < rul[.f]lm, | R ) '18) :

) is 8 moder&fe number and u is the mach.me unit, The accuracy of thls computatlon JS : _'
: nnproved if we mtreduu & Tow scaling of J lsy premult:plymg by a dmgonal matrlx D

Qs

a0
’ =

Tl < tw-in-lmwuma),
o ZI(J"ID"I):N (DA + A2

]

< ZI(J”‘D“‘):;I uouﬁlnam I B

< mzl(ﬁwm ||DJ||mu~+A..||m )
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____.,g_; (a;,y,t), T (sa20)

We conmder the mrphczt mdex 1 or 2 problem

|I'

a,lf,hOugh thme 1deas extend easily to more general pxoblems. The 1terat10n mam:: :s'

wntten a8 .

1 For the mdex 1 case, g, is' nonsmgu]ar, 50 th is nonsmgula.r a8 h—0 if we scale the :

rows corresponding to the algebmc constraint by 1/h, the eﬁ'ect of which, shau.lrl be
- to 1mprove the accuracy of the solutlon for all variables; ' :

I

2 Fo_r mdex 2, y, =10. Exp. '11 computatlon of (hJ ) gwes

L ("“"“’ ' (O(I/h) O(l/h‘*’))

Agam, scalhug the algebrmc rows of ﬁJn by 1 / h, the aca.led ma,trm can be wntten as P

TR m (ch s —hfy)

H \l
|. : .

R LI foﬂows from (3 19) tha.t roundoﬁ‘ etrors of Ou/h} and O(u/ h”) are m!:roduced in' -
zand y respectively, for the unscaled system, but O(u) and O(u/h) for the scaled
systermn. As h — 0 thé error in y can begin to doramate We will discussbhis later.
~ ‘Since the sthte variables z, Wwhoge solution we are most interested in ﬁndmg, can be: .
- found accurately and errors in the nonstate (algebraic) vana.bles y do not aﬂ'ect zat
- Iater stages, f.lus sca.hﬁg isa considerable :mprnvement. over the ongxnal one

3. For index 3 problems of the fnrm (1. 12) —(1. 14], such as in Example 2 6 it is suggested :
to sca.le the row corres;:onding to (1.14) by ﬁ‘/h or (1.13) by h, '

What. this anal:ysxs shows is that the erroxs introduced by m-cond:tlomng are concent:ated
in the algebraic variables, s0 we must be careful about usmg algebraic variables in other '
' error ‘tests in the code - ' : : -

(b) 'I‘ests for termmatmg the correc;or iteration [82]

Even if we are preparea*x to tolera.te Iarge errors m the nonstate vanables, we 51;111 need
Jore criterian for riecuhng when to terminate the corrector iteration, so these ervors are
‘gtill a source of difficnliy, Here we show that it is sufficient to terminate the Newton' '
iteratibn based on the errors in the scalecl ’mr,iables. as deseribed above. '

We will examine the propagation DI errors due to mterruptmg the Newton 1terat1ons
 Let (.r,,.yﬂ) be the computed selu*mn and (:rmyn) be the true salutlon to the dlﬁ'erence



&
=
|

_equatmn Then :z,, =&y + &% and y,, == y,t 6” Let en a:_,,, - a:(iq,.) and e” = y,, y(tn) L
“be the gIobal errors and 'r,; the logal trunca,tmn error, Then '
0= F(onomafb )
= Flén +5?fsﬂ($n+'5i)/hsyn rntn)
= F(a:(tn) +ent 6::, plotn) + €5 + 6 )/h,y(tn) +ed+ 634, tn)
| = F(w(tn),m’(tn),y(tn), ) +2 5 Fe &)

(p(e,, + E”J/h + -rﬂ) + “—(e" +6Y) +ﬁh1gher order terms. @) |

Introducing | »
'"f_F_ = OF /0, Flmf——aFl/ax. A1 aon -Az‘“—“-aFi/_-a%'_
Az = 3F3/3$ a.nd A4 anlay, B '

S

we h_av,a |

( hAs hAg ) ( e§§+-é__¥_i_)__."., ( o -:“"*"*"“: . B@)
~ where e = Y‘aste:..,w:..a
T _ =
~ From this we find that

: AN AY A hap \7 C) ] |

| (eﬁ)*('-&)*(m m) [(§) #noss
-_ _ where C is the RHS of thc top oquatmn of (3 22) It follows from (3 21) that
o hAz
: D hF(mm(aﬂ-' +cﬂ)/h!yn1tl'o)+ hA hA.j_ +h°t S'.
A kg \ [ & Y .
( hAs hs ) ( 6?2 ) *"’"’““"( Fun ) S e

In the index 1 case, 7 must be of O(h") [66‘ 50 tlm iteration should be terminated when

" Hanee

6% and 8% are of O(h*+1) in (3 23), Let 97 = (p. 7. If Ay = 0 and the index is 2, then

m and’ 12 must be of O(h") and O(h"“"l) reapect:vely, which i is achleved by Iettmg 6"‘ and -
-hﬁﬁ be proportmnal to'hFH in (3.23). . BT _
' ‘In general one shonld never tota.IIy exclude vanables from t.he corrector 1teratmn _
- convergence test. This is true evenifa variable occurs hnea_.rly since we often use cpdes that -

n
i!,
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N make use of Jacobiens ca.lcuiate.“ at. prewous steps, poesﬂaly based on dzﬂ’erent stepsuzee
o 80 the Newton 1tera,tmn wﬂl noi neceseanly converge in ohe stsy '

. {c) Brxa 1-&3_1; '[32] . :

Here we see why sonie of the vanables 5houid he” excluded from the errev test inan
a.utom&tlc code. I+ follows from (8.21) and (3.22) that the previous exrors, ¥, < n,inthe .
a.lgebraic variable y, do not dlrectly mﬁuence any of the other variables at ¢, for systems
* of index 1 or 2 (when OF, /By 0), since they dn xiot appear in (3 21), So we can consider
_igdoring these variables in the error estimate. '{f we base the error test on y, which cuuld_ L
~ have g, large error and still pass the Newton, iteration convergence test, this could cause s

: problem, because the new y value does not approach L{xe old incorrect value, thus causmg' o

‘the error test to fail,
Another poeexble grror estunate is based en the truncatmn ermr h-r,, in’ (3 22}

o 'ear...:(' o ).—(“h.}' )""1 ( Fiste ) +ho-ta s (324

T Sl 0_ ST

- This is the contribution to the global erref”that is dl ;ectly'i.nﬂuenced by a chenge in.
© ptepsize. An estlmaf;e of e.,,, cun be obtained by mlﬂmplymg the usual error esumate by .

the ma.tnx ' '- '
T ,._1 l 12’ ) N . . AR

An a.pproxima.te fa.ctonzatmn of iJ, is avaaleble from the Newton 1terat10n ‘The stepsize '
is ehosen eo thaﬁ the eet:ma.te € in (3. 24) is: mthm a user~epec1ﬁed tolerance

3 3 Runge-Kutta Methods | _ -' | - .

It is well—knoWn that exphclt Rung&Kutta methods are madeqﬁate for solvm&‘ any but the_ ow
o mlldeet stiff ODE systems, so we cannot use them for DAEs. On the other hel))i, itiseasy
" “to find‘A-stable and even L-stable implicit Runge—Kutta 3, associated with varicus types
~of quadrature rules. However, the solution of <he resultmg s:,rstem of 5+ n (where & is the
number of stages and 7 is the dimetision of the system) smmlta.nef "8 nonlinear equations

by Newton iteration poses a formidable computatlonal task, Re{.enbly, much work has .

been done using TRKs to solve stiff systems, and. the latest methods and techniques are
also being applied to DAEs, We shall first give & brief review of the liternture in this field,
“and then discuss in depth the solution of the linear constantfcoefﬁcxent pmblem and the -
nonhnear index I and 2 cases, reviging TRIS concepts as we go. -
- The IRKs comprise » wide, and growing, family of methods, derived in dlﬂ‘erent

_ ways and for different reasons, Their application to a variety of DAE problems in the -
literature has resulted in & huge body of specific results, As yet, no real attempt has been
“made to generalzze erther IR%- methods or results, $0 no general conclusions can be dra,wn
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| ~ at thlﬂ stagh Consequently, we merely mentlen some nf the work thag: ha.s been done, and '

: wal not attempt to snmmanze the hterature _ e

1. Pet.aold {811 obtamed the ﬁrst convergence resu.tts for RK methods apphed to the.__ o
general DAE, F(y, i,t) = 0 ; of index 1, by formally applymg an .s—stage IRI{

Iﬂethod 0 obta.m the system of d1ﬁ‘erence equatmns AR
F (yn-1+h2a., 7] ,f,,hljec,-h) =0, i=1,2..,8.
y(t,,)~yn,1 +h£b¢;,- : . o o (328)

= _

. . J—l .

= »,/,-

| _ ' The .srage derwutwes Y a.re est:mates for i (t,‘_.1 +c,h) An Eﬁt method is umquely
de.ﬁned By (c, bT), where ¢ = {21, ,cs) _is the vector of quadrature nodes,

[a;,] is the coefficient matnx and b7 = (bl, .1 bg) is the .Ver.ctpr{ Qf____quaﬁmtum T

o wai.ghi'.s In tefms of the Butcher 1dent1t1,ea, o
| Al(k)' G A =, ;=1, Gk
Bl + Bot=1/, =1, k o
A Al ek

o) =.wai“‘%-—b;ﬂ(1 c‘), l='-1.'.,:_..-,k;'_-.' (326)

z—l

' the mtemal order k; of the RK formula is deﬁned 10 be the la:r:gest i
_B(k) and C{k) hold. Gondmon B(k } {or: C(k)) means that the g
wlth welghts b,...,bs (or ai,.. ,a.d) and nodes C1y. .-y by inte

‘an ODE method Petzold showed that the order of convergence for mdex 1 constant- -
coefficient - linear mphc:.t DA.ES i8 a.t least mm(kd, k; + 1), under the“assumptlons
that S

| (a) Als nonsmgular, and

(b) |r| < 1, where the stablhty consta.nt ris gwen by P bT Al e.nd 1 is the vector

- of ones: (‘I‘hls is the sirict stability coi&htmn.)

B .'I‘he veduced order of convergence, k;+ 1< kd, found expenmentally, is most strzkmg

for dugonally a.nd smgiy dmgonally unplzclt fornmmulae (DIR‘KB and SDEB.Ks), which

R

4]

eger k for which -
drature formula -
'\!;es polynam.lals.: i
up to degree k1 exactly on [0, 1] (or [0, e:]). If Ky is the ordex of the RK formulaas

L
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s _equ31 d:agena.l elements n A) T 5} Ve T f’ "
| "I‘lm a.hcve n.aq.',it has been extended i‘o thg éhse ’}*! = 1 m r19] 'urtenan and Petzold |
2 - {16 determmed the 1ot,al dlscretiz jtion error fﬂr ]fnea.? consﬁ&nt-maiﬁcnent°sy:-,tems P
.. of arbitrat- :ndq\:ic aud obtamed orgéer of converg%’nce nun(ifh;) for nonhnea.r Seﬁm.‘ L
: _.exphmt index 2 systenis, which 4 in ‘eghibit réduced arder’ These t:wo rases are B
* studied in more depth below.” In [2], order ¥eduction for DIREKS is overuome for
' ‘mtraa:y mdex constant—abeﬂicient lmear DAEs by allowmg A to-be smgula!: =( B
** 9. Haiter, Lubich sad Rocke [47 use methods based on' Ga,usﬁ;’.i/éiau and Lobatto T
quadrature, whose coeﬂiclents are umquely determmed by o
\\S&Gauss _ i_B(Zs),- - C(s), “r D(s) _-Qﬁz. o
RadauIA -._:B(Zs”-'-'l),_ C'(sul), D(s), "clo—-{] R #
N RadthA : B(2s_1—'~_ 1), /Gﬁa), Dis~1), aa=1, b= a,, - .
;- LobattolITA" : B(3s~2), T(s),  D(s-2), c1 20, =1 " bi=ae < ‘
. Faba.z‘.toIIIC B(2s - 2), C(s— 1), D(a e 1), o=k =1, b; = lgis .
_ Applying theae methods ta exphmt DAEs nf mdex 1 (of form (3 20)}, 2 or 3 {of I-Ies- . . '
e f-_senberg form), they’ study the infuence of perturbaﬁiona, local error and convergence, S ff
. asymptotic expanisions, convergence of simplified Newton iterations for the atising - L
. nonlinear systems, gad the pmblems of local €1Tor. estimation and incongistent start- I
. jng valiies. Ordes of gonvergence are given i Table 3. 2. ‘They also velaped the
. package RADATJ5, using, the 5th order Radau I1A method, to solve the“constaut— |
B -coeiﬁcient lmea.r mphc:t problem By = f(y, t) i’or index 1, 2 and 3. _ SN p
T "M_ei:hbd- ' No o[ Tadex 1 .' Inclex PR '__'Ind_ex's " o
stages | .z Yy | @ ¥’ Lo s DI 5 - ;
Gauss sodd | 2 s+1 s—kl et S
= | seven | 28 . & .4 & =2 — 1 = =
RadauIA 3=3 [28—-1 . g 8 B=1]|8~1 s-1 s5-2
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are computatwnally the most eﬁueﬁi IRI{s (For DIRI\S, the maj;xix .A. is lower 5

. “a

Nmmusexmmfﬁ N

. :.91' i o N

PR

. Biapgular, the first stage is 2 BEM step and iq ._._1 snm:ia have, i adqhtxon,

.
O

=,

' Taﬁ!e‘)3.2: O_t'c'f}.rs' af cél{{f;a?gén@e for soime Ruhg‘eikutta methods

3. In an early paper, Liniger [63] used oneleg (OL)'methods, which for the ODE
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il

Q;:APTEM NWERICAL seLUTION B T " S
] =0 wegiventy A e
1/ hn (} aj,nyn-k-l-;) (Z 133’ Y yn«k-i-q,ZﬂJ,ntn—-k-[—J) 0

N Nnte tha& back val&es of y and 1 ave used in f, a9 w:ttha other Rung&hutta methads,

~ while a multistep backward dlﬁ'exentlatmn is used for ', The interest in OL methods

o isthat they have at,rd,uger stability and for ‘contractivity propemes than the multlstep o
R methods wrthout thet computatmnal A{Xﬁi‘n‘ requn-ed for other IRKs. See also ["'5]

) 4 Rosenbrock (and Rosehbrock—type, Rosenbrock~Wa.nne: m': ROW, ;nethods where

o 'the 3 acablan, ESthated‘m the Newton 1teratmn, is e:acphcz’aly mcluded in the method, . o

_ -:_have been applied to t.xp‘hcxt indexl. DAEs' [69 841 87, 90). ‘Rosenbrock methods do.

> not reqmre the solution of nonlinear systems of equations but anly onie eva.luatmn of .

< thelJ at,oblau and one LU t‘iecumpomt.mn per step

© 5 In [48], order condmons and stablllty praperties are dzscussed for vanei;y of. IRK'
L -mathods, resultmg in the dex\plopment of the following codes (hased on.- RADAU&) for .

~ solving constant-coeﬁ‘ment ir}k;lex 1 DAEs of the form Byls) = f(y,t) SDIRK4 (41:11 .

* -order B-step SDIRK method), 13.054 (dth otder Rosenbroc‘it method), R:ODAb {Rozen-

- brock met.hod), SEULEX (extrapolatmn based on Euler mel:hod) and SODEX (extri . K . |

- olation based on’ m:td-pomt method) Expenmental compansons 01 these cod
also grveﬁ n [&8] : '

6. Collocatmn methods a.nd pm,]ected Runge-lxutta.s (PIRK&) [5 64, 68] have recently -
~been apphed w0 DAEsg.of mdex 1and 2, and ha.ve proved popular for solvmg boundary - |
. valog DAEs (DABVPs), which we omlt ' '

7. Emob behahour a.mi order reduetion of IRKs i-or stxﬂ:' and DAE systems have been o
- - discussed in [19, 46, 95] In [46], it is shown that the coefficients in the expansion
- of the global- a;;(-or in powése of the : 4ifness. parameter are the global errors of the
- RK method applied to a DAE: A study of these errors and of the remamder of the
© - expansion yields sharp ereor bgunds for the shiff pmblem. _

3. 3 2 Lmear Constant-(]oefﬁclent DAES g )

- After [16], we state hecessary and sufficient condltlons to engure that the local error of an
IRK method attams B gi‘ven order when apphedx«to the canomca.l subsystem '

WonO=o, o em

A -

s o
Ty
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. of arbxtrary mdex v. We then st.udy error propaga.tion and obtam an expresslon for the

"; _.':_globa.l error Applymg the IRK method to (3 2”] wdhave

.oog

'. NY + yn__l-l- (hza,JY’) ;-g(tn_j;’i'cgh), i .'=.1'-;-...-, ,3 hh B .

oo gl o ﬁ""’
Let 1"-’ -( ¥l ge Y;',,)T where i'; J. is the i-th stage demratwo corresponchng tothe« .

- ,;rath oomponent of the solut:on vector, Because of the structure of NV, the dﬂerence equa-
~ tions (3.28) can be solved companentwise, first for the stage cfenvatwos RERTS L RTINS 44 ' .
_ correSpoogmg %o ;(f) then for: )fl PYRTERS 4 correspondmg to ya(t) and $0 ox. So (3 28)
can be solved umquely for Y = (Y{, ‘,Y')T 1f A s nonsmgular In general for. each o _
o component. of the solutlon ulth i=1,..,, v, we sc}ve a subaet df 8 equations from (3 28) _' o
h fox ‘he correspondmg stage denva.twes - :

(h,;a E&’ 8:3 )T (1/ h)v"-“L ((Hj(fn-l +81 h), s§3 (tn-l + Csh))r ﬁ* o
. i . _m. ) : T _:‘:_‘ o lyﬂ_‘ 10 (Ylgﬂ-li vy EJ--].)T) ) ( 29)
. Note that the stage g;lerwatwe of the j-th component .éiapends only on the numeno'@l -
_ soxxnon yn.].m a.nd on the dgnvatwe of the (4 ~ 1)~th comgonent I{" we defme - .: \% _
' | _ (gt(f'no-l +cah) gt(tn-—-l))/ b‘ y: _' 'w._ A
C (cli Qca) 3 . __;. 0 B \%ﬂ

. use the Ioca.l error assumptaon, Yn—1 = y(tn-—lla und substitute for t.he (s — 1)-th sta,ge
_denva.twes in (3 29), we Dbta.m the follomng expressmns for the local sta.ge denva.tlve, e

. (Y;,z, ?;fz) = 'A“1og-(1/h)A-2G1+(1/h),4~1191(;,,__1),

(Fares Vg = A7IGa-+ (/A ) - He-
- o -(1}h)A‘2G2+(1/h3)A"aG1‘—(1)”"2 A"‘lyl(tn~1):
‘ete. S o (3 30)

~ We define the local ervor by

b =tla) 4RI 0Y ~ylta) o @A)
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Where dn = (dn,h ,dn,p) and Y' gre given by (3 30) Expandlng (3 31) ina ’I‘ayior i
geries a.bout - L and equa.t.mg llke pewers of A, it is easy to sea that the local error in the

( _ﬁrst camponent is a‘n,I = O(h“'--‘“) when bT.A'“ & = 1, fori= iy ka,l Ry 8 called
" the algrbraic order of the IRK met:hod applied to index 1 canstant-coeiﬁclent systems. In
a snmlar fashmn, we obtain. loca.l error estlmates for the other components, and ﬁnally

dn v = O(h’&' ""v+2) -+ O(hk" u-1--l#~|-3) + ..|.. O(hk“ 1+].)
- where ka,,, is the la.rgest mteger sa.hsfymg

Py = b"A“‘*c"““(wz)' Ci=L2., =
bT,A‘” é _'--=_ z(z~—1) (mmv i—l)s ﬂ\uf“f'i-l k au

- Clearly, the hlgher the mdex, the more dlfﬁcult it 49 to.obthin TRK methods whzch are Tl
eogvergent in all components, restnctmgL our choice of coefficients. S
- To examlna the ervor propaga{{mn we sa.'lve (3. 27) by the perturbed RI{ method

NZ’ (zn-l-t-th,_l anZ’ - ‘)) Q(tn«-l +qh). = g;._._}','s;'

s zn-m..whz_mz* 6"’“’- I (332) S
where »he perturbations, 6(‘" = (6{‘ g (‘)., ) have abounded norm 'l‘hese pertus:batmns o
kN could be due to roundoff error, or errors in solvmg the hnea.r systems at each stage, or they
“could be mterpreted as truncatnon errors at each stage. Subtractmg (3. 32) Erom (3 28), .
and deﬁmng en = Yn = 7 Cj:ld E’ Y’ Z{t we obtam -
- NE{ .“-}'- (em +hZa,J +§(‘)) =0 v (3.33)_ '
en = e‘h—-l‘!“hZE’ +5"‘*‘1> o (3.34)
,J Solvmg (3. 33) fox E! and substituting mto (3 34) yields a rela.tmn @escnbmg the error o o

C pmpagatlon PPtzold did tl;us for v= 1
en= (1 bTA H)en-12 - (bT.A iam s"“’), b= (6 L8

_ This recurrence relation is unstable unless the smci; sta.blhty condﬁ.mn ]1 bTA'“lli < 1
is satlsﬂed Coutmmng untxl the v-th. component, we have

em,: - b‘ A-lneﬂ_l, —-(bT.A“lé ~a(’+1}) 2( 1) bT.A““(«Su.M+1e,,_1,y-s)
- _ _ i=1 - _

g

. Note that: __ .
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o ~w L Theastrlcf, stablhty cundition is no longer suﬂcienﬁ for atabljlgty if v > 1.

2 Fur sma,ll stepsmes, ronndu&' ermr can be s:gmﬂcant in Iugher mdex systems .

S o

3 Sensﬁmty to foundoﬁf errors is conﬁned ta, hlgher—mdex com[foneqts and does not R .

prnpa.gate back into the earher components

The&e error propagatmn relatlons are requlrlﬂd for extending r.he mdex 1 result of §3 3 i
to. hxghmmdex DAEs. . : a -

'I‘heorem 4.3.1 [1 6} Suppo « the IRK metf‘,rod (3 25) sw&uﬁes t}te stnct .stabahty candm‘.wn

Thm ther constan#cogﬁ‘icienf tt?'der i,c,v of the n’ybai error éf thss method 8 - & -
. . 3"‘-‘:‘ _ Imlél (kdl kai -y + 2)
S @ . _ o

a8 _ | Resuits are ,ngen m 'I'able 3 3 (from [16])

o L‘-stable metho,ds
e o E-Twa-'atage_SIRK b
T | Piveestage.DIRK.
S ~ o7 | Three-stage STRK |
R S R 'Sevﬁﬁ'-'-_ﬁita'_ge Exirap,

e [ Faa ||

Lo
3 |
o

v Y Tab_le_a;a_: Ofd_er_s._of' i:&n:\kér"gen.c'é- for linear c.__d:i'staﬁt-fcaaﬂic.ient __DAEs o

- 8. 3 3 Fu]]y Imphcﬂ; Index 1 Systems *5‘_ o _ . \"

'I‘heomm 3 3.;2 [14} For the fu.liy :mplac:t DAE (S‘ 1 ) 3uppase tfmt 5

' "‘“ . f) 1 It ha.e umferm indes 1, ie. its Imeamatzon is wel!~behaﬂeﬂ rmd everywhez‘f mde:r: 1

Yoo ina naaghbourhuod of the solutwn, S

8. The IRI{ method mmﬁes the stabahty mndmon |r| <1 (:.-f - 43},

c 3.’?I-The errors m the msimi condstwna are O(}LG'), and:

b The errors in termmatmg the Newton stemtwns are O(ha""’), where. 6 =1 1f Irl = 1
. and 6 0 othsrwwe, and o> 1 ' : _

Then t}ae g!abul errors are G(hf"), where

S { & i C(g) and B(g) -
G=< g+1, Cg),Blg+1) cmd--l<r<.'1 _
q+1, sz(q) B q+1) Ai(ﬂ+1) and ]r[—-l
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L These lower bounds for the urder are supported by expenmentatmn, Whl(‘ll has alsc shown o
* ‘thot certain methods . exlnbit higher order for some DJAEs, In the light of the above -

 theorer, SIRK methods, whose A matricew: have o single s-fold real sigenvalue, appear

: pmmm\‘mg, hecause high stagé orders are poss:ble and becanse tb,ey can be. 1mp1emented L

eﬁmently In general, |r| = 1 schemes are pot recnmmended for solving pr?hlrw" of the

' form considered fere. Results of exper:ments coniparing the observed global order ky
" with the orders pred:cted abnve are g:ven for som.e hker cand1da.tes for DAE& in Tahle 3.4
(references in [14]} : -

h

Method' .
Two-stage SIRK.
|| Five-stage DIRK
| Three-stage SIRK
| Seven-stage Extrap,
I Houbak & Thomsen
Lobatto TIIC -
Midpoint. -
(Jauss-Legendre

3
F-
F 3
A
...

o8 8 8l

@

|

S O OO

R SOOI K ) S
N it a3

. t‘w.m:m-p_m”ﬁb m'mg
{00 10 w0 S o o eelE]
g}

S '_Tablé_B;éz'O_rdeis for Ino_r'llin_ea!' index 1 systems.
B Yoot

3, 3 4 Sem1~Exphcit Index 2 Systems -

.

: In this sectwn we solve nonhnear senn-* % f\hmt. mde:c % systetns of the form :

[ - - f(ms !yi ) i ﬂ\ 3 ' Lt
wo gt =L '(335)

w]i_'ere fa: 1 exjsts and is bound-ﬂd ina nelghbourhood of the. aolutmn, a.nd 9y has constant

Theorer 3 3.3 (me in [16] ) Given the non!mear sems-emphcst mde:c 2 system (3.35), a

. 1o be .solved by the s-atnge IRH m@thod (3 28), suppoaa

B 1 The IRK method has mtemaf order ki;

2 The IRI( method aamﬁes the stﬁnt stability condmon., and

3. _ ThP mmal comfmam ﬂumsfy ||(I ﬁ)eﬁ'l] = O(h"‘f?], whem (I—-H ) i progectaon
opemtor defined by hé pmb!em, ef =mq = :n(tn), end ke = mm(ka,k; + 1)

. \._

' Then the gtoba! errors in oy and Y are O(h“ﬁ') and O(kr) mspectm!y

In [16], SIRKS, DIRKS and exttapolatmn methodas are applied to 3 va.nety of index 2-

problems arising in applications, nch as the index 2 pendnlum formulation (cf. §4.6).

[
o0 . B
A i

e



I =" n & B R T - u. X,
q'.Methud ky '_ku.-; kn.n kr ?3 k:; “'kg‘- -. kg‘
el -'I‘wo-stageSIRK 2700 § 2 [2]2 322
e C 7 U Pivestage DIRK. . [ 47 e0 i1 {1 2724 1|1 |
C . Three-stageSIRK '3 [ 200 N I I - B B O - O 2
o ,.Seven—ste_x_ge E_tt_mp Blooj @ |12 l3]12]3
. Table 35 Predfct'e_d' and abégrved orders fér index 2 hend.ul_u.m problém

S SR . - _

It s fmmd that; the observed convergence rates can sometxmes be a8 slow as t.he error -

B bounds derwed Some fon}! lae especxally extrapolation 1 methads exh1b1t higher orderof
“accuracy. The SIRKs, yith oi}q‘g_'r\> m ~ 1, are expected to perform very well on index 2

- problems, However, 6 devglopment of an efficient IRK code for DAEs with » > 1 remains
“a cliallenge because of dxﬁicultxes in developmg a,ppropnate error Lontl‘ﬂl strategzes for all -

o ofthe variables.. e . : : N

f) "o

3.4 Other Methods e

..We now conmder some of the other numerical methods that have beqn apphed to DAE
- prohlems, studymg i depth both the exﬁrapolatmn methods meﬁtmned prevmnsly, and
. the Ta.ylor medhods denved hy Campbe!l in [23] :
o 'G_
- ¥ 4 1 Extrapoiatmn . _ L
- Eh{trapola.txon methods. h&ve been used for solvmg llnea.rly nnphclt mdex 1 and 3 IT_E? e
[30, 41, 48, 87, 78] Fpr ihe sake of brewtv, we cons1der only the index 1 case ' :
| (a)M [301 e // o e |
e The DAE can be stated in"an- autonomous form by 1ﬂclud1ng the egua.tion t" =1 in the R
: sysi‘.em s.nd tin z. 'I'he resultmg System, Bg' = f(m), reduced to : '
o= f(;yuz)a Ty = yo o _' g (a3
. _ .\.\0 = gls, 3‘)3 _ z(0} = S _ (3 37)
N | : mspires the study nf the follumng class of one-step methods |
B yf_t-%—_l = ?fﬂ + h‘ﬁ(yn,zm h)l - B
_ _ _ zf:l+1_ -.= g(y\ﬂ: %,h) o o L ' (338)
If the mstnod (3 38) satmﬁes the consmtency conthmns - | _
Y ylt+h) - y(t) hﬁ(v(t);z(f):h) = dp+1(f- +h)h”“ + dp+z(t+ h)h”*” + I
Kt h) = Wy(t), 2() k) “-= (t + R 4 f-'p+1(t + h)h’*“ ¥



| expa.nsmn of the form

[

o, -.CHAPTEM. 'NUMER;CAL-SQLUTIOQ ST e

and t.he contractmty equa.tmn D S

. .. :‘ ) :. : _ _.n.«E-é Hé‘@(yw.ﬁ)lls a-_<1 .

“ina nelghbourhood of the solutmn, the

y(fﬁ) = B,(tn)hl’+ (bp+i(tn) +ﬁ‘”‘ 1):‘1”“ Foe (bn(ﬁu) * ﬁ” wY + Bln, h)hN“-“-

“(tn) = (cp(tn)wﬂ)h% +(cN(tn)+v£"Jh“ +C(n, thN“ L

whefe tn = nh, all ccefﬁclents vanish for "= 0, ﬁ ,'}é',, O(a“) for some & a < &< 1
- a,nd B,C are umformly bounded for nh. < t For the seml-lmplicm Euler method wh1ch "
o the dxﬂ'erentw,l equatmn ¥y = f(y) reads 7 ' '

(I hf’(yﬂ))(yn-}vi/*‘ yn) = hf(ﬂn)

c...

- and corresponds to the BEM fo]lowed by one Newton 1tera.t1on, the followmg results hold .

....ﬁn_  B= 0 34'—0, '}'n D for n>0 j‘[ '
sl =0, 'yﬂ 0 for n>1 '
gt =0, y,’,.-o for n>_7—-2 and j<:4 (-' o

If Yy, and Zﬂ,l (for n= 1 2, 3, ) dennte the numesical solutabn“mi y aﬂd z 1e3pect1ve1y o |
in (3.36), (8. 37)'st H = nhn, obtained by applying (3.38) n times with stepsize Ay, the

_ a.pproximatmn,s obtained by repeated Rlchardson extra.polatmn are glven by

4 .
Y;.k Yiee il

T Vs = Vi il

Q\One choice fur the numbe:s ns Wy =i A amnla.r relati?u holds for Z; . The abave s
résults can be used (see [30] for details) to explain the order: reduction observed in some -
entriss of the extrapolation tablesu (Table 3.6). The global order of accuraey of Y;,, {or

Z; ;) is O(H?), where g is the (z,g)-th entry of the tableau. This method has been i mcorpo-

B rated into the code LIMEX {cf. §3 3, 1), which also mcludes the follow‘mg mplementatmn

conszdenatmns §

brder and stepsuze contml

_ Separatmn of y and 2. components involves mpractmal ra.nk-decxsxon clewces However, it
. was feand that using Table 3.6(a) for all components results in treating the z-parts more

cautmusly th a4 necessary, which is acceptable in a ruhust algonthm Dthemse, an ODE
orde: and stepsize contral pohcy is used : .'

» obal exor bas 3 pestubed asymptotle
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_ .Ta_ble-.3;6':' Ofdéf-.patte_rn-'fgr éxfrapola;ted {a) y-compdnént's._. {b) z-components -« -

Imiex momj‘,g. ' _
= For the BEMWEhave = L o IR ”

. yl - yo = czhg‘“" for v > 0 glven cnnsnstf:nt mmml values

. yl 2o = c::;h.l “ for V> 0, for mconsisteut 1mt18.1 values

g Thls can, easﬂy be memtored in the context of extra.pola.tlon. A rough estimate af the .

é}cponent p can be” fmmd from o ;‘:" P

llm(h,) yall //( ﬁz)
||D‘1(ha—1)ﬂ B

» |
;on the ba.sns of whlch

. (L e=0 S
S T e | with conmstent Yo _
L = 0, =1 with inconsistent yp |
T 0, v=2 with consistent yp v
- <0 w22 o e

0

and LIMEX termmates when'p < 0 is detected. Wé note that LIMEX has be ", found to
be compa.rable in performance to the mdely«used BDF code DASSL (see la.ter ), for thoae _
pmblems for wluch LIMEX is apphcable [30] S

- n _ o - g

| (b) B(m,t)m’ Flat) [67]

.. As for the constant—c:;eﬂiclent casa, k- 3tu:b’ed asymptotm expalnsmns cdn he denved for
the semi- exphmt Buler method a.pphed to the embedded system :

] o e

Y = )
ﬁ@ﬂmk

....0

0

i
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. 3. 4 2 Taylor-Type Methods
'_"_(e,_z) Methods - '

We dJ.SG“SS advantages d.tsadv&ntages a,nd 1mplemenj;atmn of a famsly nf Taylor—t;ype met.h—_ _

' ods {23] for solving almost all known ciasses of solvable linear DAEs,

A(t)x'(t)-l—B(t)x(t)-—f{f), - (3 40)_. = |

- of size . These methods c:rcumvent the xll-condxtmnmg of the 1teratmn matnx as h — 0 h

" and can: attain arbitrarily high order. -
o Fust wé dévelop the methods, Suppose . 4[1) is snlw able, and we requu-e x(t),

_ knowmg m(t) The Euler method conmsts of ﬁnd.ing #(F) and then estlma,tmg .r(t +h) by . ':

"j'm(£+h)as:c(f+h) a:(t)-l-ha:(t)

. : Fmﬁ’f- we i'-l‘}' tu sulve (3 40) for :r’ (f) Let

=T A= Zm- 3B<i>‘eﬂ;22-a:‘e 0= Zﬁfn

. Ij] ?._ :""B - z=0

- where 6= - f endc. = c(‘}(t)/z' for ¢ = :::,A B _f Sub&tltutmg these ’I‘aylor expansmns - .

© into (3 40) ylelds the system

) fﬂ-f"Buiﬁb_ .
o | h-Biz |
= | fa-Baxg |
: fa = Byzo

{ A . 0 0 0 e
A+ By 24 -0 '
HAg 4By 24; 4 8p 34 0

Ag+By 24+ By 3A1+By 449 -

o

A . . B 1, . or |
" Any solution of {3.41) aust sat_;i_sﬁi? SRR
{1 A+By 24 G -0

 fo—Bozp
Fi—~Byxo

nfxng N wixt .\ fje1w Biymo ‘mgxl

A};lﬂ;Bj»z e JAy
o | e, A = Fis Cj20. (342)

_ .SmceAlsmngular (3. 42) does not determine X umqy}ely We caiIAj 7 fu!lifthere is &
' .__-matrm R such that _

- Thus (3.42) _uzr.iquely determines 1, .., 2, Hf A; is r-full with r > s Since sc':lutiohe' to
{8.42) aré nonunique, we are frée to choose to solve it in the least squares sense, so that.
" o . . B e

E R

__R.Aj - ( Ir.x_z .H ) 3 : m. o (3_43).
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L Jc;. = A 5%, where AT is the Moore-Pem'ose (generallzed or nummal nomx) inverse of A .
Al is umqueb' given by AA*A A and A’fAAf . A, We can now define the z-th order E

: —block noethod; or (i, 5)- method, with stepsize ks as follows:

leen Zy = a:(t), t:grm .A_,;t} = f, and solve for X . Al ,7-}, ,J(J (3*'1 . - 53')7 -.
- Then estzmate a:(t + h.) hy ; : : _ -

E

i § ..4, is z—full (3 44) wﬂi be O(!ir,“‘1 accurate if m(i } is O(h‘) a.ccurate There are obvmus >

a.dvanta.ges uver unphclt methods:
L The method should reSult ina globa.lly O(h.‘) appro:umatxou
2 ’I‘he coudmonmg of (3 42) 1s h-mdependent

w7
3 The step'ﬂze can easﬂy be vaned

R .Not.e that for A I tfxe method reduces t0 a high order Taylor ODE method

. A;gplicab,]it.z

- The’ appllcabﬂlty of (%,J)-methods depends 6n the generaﬁty of the fullness assumptmn _' S
© on Aj, The foﬂowmg theory is stated and proved in [23]:

_ 1_,_5 Sup_pose Aj is s~full on [a., b] and there zs 2 contmuous mvemble R(t) such nha,t .

R(t).AJ (‘t) ( Iﬂaxns H(ét) ) ) | . | ) (3.45) |
_ Then the ( 3,3)—met:hod is O(h") a.ccurate o [a, b] | R
(5 ) e
;(&m . e]f*_ iy

Ry(t)

Sinces RuRz are continuons and hencs 'uﬁifomﬂy baun.ded'on fa, 8]y we are done. O _
- If (3.45) holds,. wﬂ:h invertible a.nd I-times dn‘ferentlable R(t) we. call A, - tamea o

o smoath!y e-full,-
e/

2 IfA; s 1-full on [a., b], there i 13 a contmuuus invemble R(t) sut,h that

)
e

R0 - (5 ) o = (2:1 - BYSL

IR

- o

__ ,\; o m(t+h) :bo+h:ng+h2x2+ +h*:r, - NG I
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LN a'.nti each erlS n X n_,.’r = 1, iy thén_. every solut_ioﬁ_ of (3.4_0) is a. solution of -

"

d =¢<f>m '+‘f'c't>;-- o U
| L “'“"U ' !=ﬂ .

| _' :Not.e tha.f. the (i, J)—met.hod is really solvmg (3.47) by an explmt Euler method a.nd
o that the above procedure has embedded the solutions of the DAE (3. 40) into those_
. -_of the ODE (3. 41’) The contmu:f.y in the fn.'st: ni rows ol is crurla.i.

3 HA; s s-full oh [a, b}, a.nd .AJ has consta.nt rank on [a, b, then the ﬁrst ns rows of

. Af(t), denoted (R1 (), Rg(t)) ma,y replace (Rl, Rz) in (3. 46)\1 and R; {t), 7 {t) are as _'

' smooth a.:»A(t) B(t) are. Note that th.ls daes not, aasume ‘tha.t A(t) has conatant o
'_rank,butA(t)musthave ' o E e

S48 pose (3 40) is solva.ble with conatanhcoeﬁcmnts A, B and mdex v. Then .A,,.,.l is
l-full so that the {l,v + 1)-method gwes an O(h) appro:umatmn on [a, b]

5. _For the a,bove problem, i f € C”"“ then Au.;., is z-i‘ull and the (z,v + a}~method ie
o O(h) securate on {a, b] if the starting value is Q(h‘) a.ecura.te :

o y 6. _For vauable-coefﬁment systems of the form .

A(f)m +m-f(t), D O

- suppose that A(t) ha mdex < 2 on fa, b] and is C‘l and A"(t) has constanf. rank De-
| fne PQ,N,CbyP=A4PA, Q=I-P, C=AAPA, N=(I-APA)4, where
. AP 15 the Dyazin inverse of A umquely spemﬁed by &AD = AD 4 and ADAAD — 4D
KT~ N (t) is mvertzble, then (3.48) is solva,ble and we can find its solutlons using
- transformations (P, @) to o‘Bta.m SCF (N, C‘) If, in addition, 742N '(t) is invertible
and rank(Q(I NYQ) = rauk(Q(-2N’)Q) = rank(Q), then Aj has. congtant ‘rank -
a.nd is smooth .s»full

| 'Suppose we are trying to solve 3 40) by usmg dlﬁ’erentla.tmns and coordmate cha.nges '
_ {ct. reductmn techmqu&s in Chapter 2).- It is shown in [23] that when (i, 5)-methods -

rk with j-dﬁermtmtmns, then Ay is 1-full, Sinee the (4, j)-methods work dizectly

. W:th denvatlves of A(t), B(t), instead of differentiating time-varying coordinate changes

applied to differentiated blacks, thJs method is fprobably easier t.o apply to most hlgher— - :

 index problems
' Tt is shown in [23] that the correspfmding coordmate changes on A B, such ‘that

- Aj —+ Aj;, do not alter the rank or fullness. Thus, t6 show that .A, Is, gay, l-full and of -

constant rank, wa need only shcmr this for Aj. .
. . v ]!.‘]
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- Additio;;g_l 'éommeﬁi:s e

1 Error toler.mce If .AJ 13 s-fuil .AJ = .AJ + O(s), and rank(.A ) == ra.nk(A,) then. -

./3:- = .AT + O(e) Thus we need €= h‘ to ma.mtam local O(hf) accuracy

K

2. It is poss*ble to 1zm1t the amount of smoothness uf the sulutlon reqmz:ed for. (3 42)

\\i‘;:

3 {1, J)-n‘ethods easxly ha.nd.le man?y higher—mdex solvabl:e systems with nmwonstant

ranks .. - : L . -

4. A}though Taylor—type methods are less lmplementa,ble than othpr ODE methods
they provide a tool for. mderstanding linear and more general DAEs. In particular,

- we can now give charactenzatmns of solvabxhty aud mdex for lmear aystems

s

Theorem 3 4.1 [1.4} .S’uppose that A(t) and B(t) are 2m times csntmuons!y da,ﬂ"erentmble L |
o and /3. 40) w aolvab!e on I Then '

) [

1 Aj has canstant mnk on I for 3 =m+ 1

: 2 .A.j 8 smoothly i full on I fO'!"J == m+ 1, and

.

3 R(Aj)+R(BJ)—-'R"‘J VtEI 1<3-<m+1 Hers BJ—-(BO B,_.l}

If A(t) and. B(t) are 3m-esme§' dzﬁerentmb!e, then {1)——(3) a.bowe zmply Jzat (4. 40) is sol'n-

It is pmposed in [14] that the mdex is the smallest integer ¥ such that .A.,+1 ig 1~full and' o

has1 t;onstant ra,nk

Theorem B.4.2 [fq‘f—Suppase A(t) :md B(t) are 2m-£smea contmuousfy dz_ﬁ'erentmble, '

(8.40) is Eolvable, and Aj; 8 Ifu!l and has constant rank. Then the linear mamfo!d of

canmtent zmtsaf conditiony is the sel of all m(to) such that (3 42} as eans;stent and can |

be faund by the fol!owmg algorithm:.
1. G‘ompute W such that A;W = 0 and mnk(W )—nufhty(.Af )

Ea

-2 Sa!ue WTJ-' = 0 for z at tg.

Least Squarea Methods

- Recent unprovemenl.s of (¢, j )-methods have resulted jn the constmmed least squm\es (CLS)

methods (8], and, more generally, ledst squares completions [24]. For the same amount of
work, CLS methods have the same order of accuracy and better stabxhty properties, and

have been found expenmem;aliy to be more aceurate, than (a,j)-methods The main .
dlﬁ-'erence hes in their inigleit structure, allowing e;cact mtegratmn of the algebra;c pﬂ;t_ :

FI

i
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| _-'-Tayfi‘;%_—wpe (cr,'s;iz’j,- ,,).- R

B system (3 49) is derzved from Jﬁe Taylor senes, ie,

Cpe o Gg..(r ~hI, hmz (= 1)’%’*1/:4
Pa.dé-tjrpé (CLS- i k) \ ' i, s B

| N above, (3. 49) is replaced by

| 'I‘he parameters Biy 1= 1 k and w,, g 1 1, are choq\zn ﬁom v

<

\\w

-;1-.

qug the 'I’aylor-expa,nsmn
(ta) @ (tn)h + x"(tn)h‘*fz ( 1; a:“‘“tn)i "/k* ~ x(tn,ﬂ

he ;r of (3 41)) is e:étermmed

' '(mm.r,(r,”, ,.z:n))T iz k (note the difference from
from the least squares problem '

--—_f-1_..

GﬂXJ ®In-1 i
: sub_]ect {0 Gl.—‘n’ =b.

(349
(3 (3:80) -

Here, G1 and ba are derived from the. ﬁrst denvatwes of the; L)AE and the unﬂ:erdetemﬁned

u, 0) L
i |

: E
o .
RS T
» .

|

HEI’Y( FU' Cy :
: 4
f - "

4 .

A hlgher«*order of accumcy is. obtamed usmg denvatnf}s % both tn &nd th-1. In the

.Wi_th Hz =. [I,}.nhf,;&zhzf i#k{ a Y
'- *‘.md e = :nﬂ_;,d—mhmr_l:l- .n-l w;h‘ ( . {;’/ -

1+E§_1 l'-&hh‘ --eh o i o \)
1+L.J:"‘l p"hi .- ‘-il . . L

5 “‘Or&er results and expenments for Imear tnme-varymg DAE_s can be f;u'nd m {8} CLS

- methods may be preferable , , BDFs and IRKS for. hlghev index systems, but ate time.
4 consuming for index . systems. Their high accuracy (up fo O(h%+Y).js not svrprising
- since a.nalytlcal coihputa.tmn of derivatives of the DAE sf“"ﬂd give botter results than
S methodsgmng only’ fometion evaluations, L S

“In [24} general results for least squares cOmpletmna ing the Cc':'leriva,tive arragr (see

s

- page 28) for genersl DA¥s are obtained, However, thmde fountlatrmns, generahty and

hmltatlons of leaat squares methods remain to be.determin

Ayt
|

. . 5
. . .o - . it H . N
0 . C . . i : o D T

1
. AR O
. . iA

i
|
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“The Strangeness Inc@c

“We summa.rme three recent papers by Kuu.kel & Mehrmann on linear DAES, generahzmg |

Taylor-ty pe methods:

a0

o [a’?] -New existence a,nd"uniquen_es::. results are obt"nine'd for linear DAFs, based on the |

KCF.

[56] A new set of local characterizing quantities are found, Ieading to new global invari_a__.nts'. ’

generalizing the djﬁ'érenfia.l'index," d;, o include undetermined solution components.

‘The global invariants are” the dimensions of the dlﬂ"erentml and a]gebraac vanables .
_'_(after reduction to canonical form) and the strangeness index, s;. When both d; -
' __and 8i aré well-deﬁna;l either dy = s; 0 or d; = 8 + 1 Nonvamsmng strangeness . _' _

} corresPonds o hIgher-mdex. N

' [5o] A class’ ni‘ dmcretzzanon methuds for hnear DAEs is developed Computa.tmn of the
local invariants leads to the mumerical evaluation of global mv&nants especxallg Siy

- and 8 strangeness-free system, solved by axy index 1 method, is extracted from the
' or1g1nal system and ity der:.vatlves. Expenments show the Success of these methods

t‘or arbltranly h1gh mdex DAEs B :
8. 5 Consastent Imt:ahzatmn .

_For the DAE

there is an uuderlymg algebraic subsystem whith nnposes a consmtency reqmrement on

the solution, so that there is not a solution through every. initial value, When the ODE - -
. methods described above ain used to solva a DAE, small inconsistercies in the inifial
_ values cause the method to fail or to ‘become ememely inefficient, Poor apprmnmatmns '

 to the initial derivatives may lead toa éequence of ¢ostly failures, a5 the étepsme isrp o

to pass the relevant error test because of the poor injtial prediction. Also, the ¥. .o

iteration at the first step will either. not converge, converge very slowly, 6r converge to an . L

undesired solution.
Although consistent mltla.l conditions (cic. a) can sometlmes be determned from

hysical considerations, their calculation more often requires a greater understanding of

the underlying relationshipa between variables then is needed to state the problem. Asan

example consider the index 3 -plane pendlﬂum {of §4 6}. The initial posu;ion can be any

- point on the unit c;rcle, satisfying the a.lgebralc constraing a.t tg, but the initial velocity
must be consistent with the first derivative of the contraint at. 2. 'The tension T' must be

" derived either from phyaical cmnslderatmns or by a second differentiation of the constraint, '
and its denvatwe T' by yet an«fher The point i that we ieed information about the _'
tate of the system which is hard to find even though that infoimation is contained in the

swtem itself. So we need to address the canmtent mmahzatwn prob!em

P(z,2't) =0, z:(tu)-:cg,_ it g'\ﬂafapf'am; . . (3 51)_
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Cow

' Given spemﬂed mformatmn about the mmal state of the system, suﬂic:ent to

speufy a umque solutmn to- the DAE determine the complete nutlal vector : o

(z(tn), x (tn)) correspondmg to this umque solutlon

-

‘We do thts by developmg a system of equa.tmns mvolvmg denvatlves of (3 @y that an
“indtial value m(tg ) and derivative ' {to) mibist setisfy in order to lieon a smooth solution of - :
" the DAE. Note that this is essentially what we did for the Taylor-type methods considered
- earlier. - Sincd the derivatives of the gexeral nonfinear DAE are often dﬂﬁcult to ohta.m._
_' a.nalytmally, numerical methods are devised. o : : .
- We ﬁrst dxscuss work that has been done om the conmstent xmtxallzatxon problem. .

the correct. value. However, the mmal value :n(tg) npust be known.-

o 2. Go.mphell (23] suggesta a ’I‘a.ylor-senes expansmn approach for determmlng cic's

: 1 In the code DASSL f14], Petzold determires the lmtml denva;tlve a:'(tu) by ta.kmg at.
7 small ba.ckward Euler step and’ relymg on a damped Newton 1terat10n ta deterro_me N

“for the linear t:mo—-varymg problem which, however, requires a knowledge of the

denvatwes of the matrices. This has recently been extended to nonlinear problems

but it is unlikely to he competmve for broblems whose pa.rtzal J acoblan matnces are .

e elther u.nknown or dlﬁcult to compute :

'*zi': -

" tions to be dzﬁerentlated to solve for cic.'s. This algorithm has. low computaiional -

. oomplexltz,r and i is also useful for transformng DAEstoa form aménable to solution - :

by emstmg codes with mlmmal distortion of the structure of t;,e ougmal system '

Unfortuna.tely, it is possible for an equation subset that ought to ‘be dl&'erentmtnd to' _

_ escape detectmn Iyy the a.lgomhm R _ . _ _ ‘.’f

_' -4 Mmglod (cf. [79]) determmes consiatent initial values usmg a thorough decomposta _ ., -

‘tion of the system sttucture. This approa.ch isolates che algebraic constraints by index

- reductmn and requires knowledge of analytlca,l exprek\slons for maus der:vatzves of o

the problem.

5 Leunkuhler et al [59] solve the conslstenoy equa.tmns for certam zmportant classes .
. of DAEs usmg 8 fa.mlly of onooxded finite dzﬁ‘erenco appro:nma.tlons to the bngma.l o

equations.

We now discuss 1mp1ementa.tmn of the méthods of (5) above We first mt:oduce the
pseuda derivative onera.tor, in order * to restnct our attention to the initial pomt The
o pseudmderwa.twe DG of a function a= G(Cg, .l C,,, t) is glven by '

o= () () - ()t (8):

w@;ere' the'parti_als are evalusted at .(Cg,' e t) (Here, (i is :c(‘)(t) ) We call (3. 51) L
smoothly solvable on [to, 7] if Fhasm continuous derivatives and_ _the.nonlmear system of .

' .\‘.‘

8 Pantehdes {79) user a yraph-theotetic algonthm to dete.rmne the mmlmal set of equo- AR



h equatmns o

F(Cﬂl{l;i) =0 a i : ._.." P
: DF(CmCLCﬁ t) B

B

. DmF(CG! CllC?: 1'\131-+11t) ": 0

| ‘can be solved for = qﬁ((q, t) on [to,T;, whrre ..6 is LIpSChltz contmuous Glearly mis
the ifferential index. Note that the Giri=2,.,. ,m + 1, are not umqus-ly determmed by

thr ,}stem of derlvatwes ‘The equa.tlon Jorg qﬁ(«.,i), referred to as’ the underlymg ODE,

. ig assmned to have S very smooth (C"’""l) solut.mn ina neighbourhond of #g. .

i

The Cuns:stency Equa.tmns '

W

- 'I‘he user- may have informatmn about the mitml state, in the form of algebrauc equatwns -

of

'- __m addxtwn to whmh the problem 1tself must be satlsﬁed at ‘tn'

. F(:co,wa,to) D (3.53)

o Also, dependmg on the mdex, (:r:u,a:{,) must sa.t.asf}r the m denvatxve equatmns

 for some chmce of (:c&", ' ,:cf,"‘_"m), here a.ll part:al derwatwes of 'F are evaluated a.t
-(wn, :r{,,ta) The i + 2 equatxons (3 "{x -(?3154) are called the conmtmcy equ.atzona If the :
'pro»hlem AR L e -

==
¥, -

~ + consistenicy equations have”a solution (:ra,r:{,, ‘es ,mo 1:'), my = Fp and :ra = “'(tg) g
7:5 knov.gn about the nitial

state, we ca(fﬁ\\l principle differentiate the constraints a” w ‘times-aud ma.mpulate the ..

* resulting equations to find the c.ic. 2 But this strategy is madequate as it stards because :

S 8 P
' _ _DF(mOsmar .l{'lto) =-_. ( )z{] (6‘5} Tﬂ (at) . 5

D“‘Ffmmfcmmés g, tn) =0 N (354)__ s

'F'(;rc(t),x’(t) i') - SO
B(:c(to),m'(f-u)) T

" has preclsely orie contmuous solutlon :c(t) and lt is smooth (:c(t] € C’""‘]‘ [tu,T]), then then

are uniquely defined. So, ass asspn ng th.at enough informati

. -the system of consistency equations reqmres the formation of pseudo—denva.tiwa whlch are

expenswe to compute, and becanae (3 52)- (3 54) is ha.rd to solve, in generul

"o

i

B(wa,wé) L (352)--'..-'

focy
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| Cordpat:ble Appruximations _ - o o
* We now shmv how to’ approxihmte the pseudo-derwatlves usmg ﬁmte dlﬁ"erenr-es F1rst1y,

we consider a partzcular a.pprmumatlon to the first denva.twe in the mdex I cage. Deﬁne
o z(t) =2 (.r(t), Z'(£), 1) We seek an appmxmlatmn to the derwatwe o '

rIF(z(t))

--}'.J'(". o 't—%

= JF(”(th)z'(tn),

- _.whare Jp 15 the .Ia.cublan ﬂ*‘/d; Amobvmus chcuce is the sImPIe one-51ded diﬂ'erence, a

o F(zu+h263 F(Zn)

Where 2 ;1-15(*9)" and z = z'(tg'j I;].?h'e argum'ehi' 2 .+ hz{,ﬁ is a {r!incﬁ.ted Tayior séi:ies o

' -_'__expansxon for z(tg +h). Stnee we assume F te be C’2 the truncatmn error ig O(h,) For
' the geneml case, we note t.ha.t - : :

1 Smce F is defined only for £ 2.0, we are hmited to one»sided d;&’erences e ”

2, _The dmplacement h need not be ralated to the stepsme of mtegratmu
inatmg the k-th derivative of A will be magmﬁed by O(h“k)

S The t‘dea,m to choose pomts - TP z_,\ ' truncated senes expansmns of z(to+c1 h) .3 z(tg-i-
. Cyh), and usp,- the walueg of I at th pomts, cumbmed with (:Oeﬁmentg @] .. Og, 1O BN~

o 'mhzlate terms m the Taylor expansion of the :.\pproxma.tmn. ’I‘hls ymldﬂ the class of _-0

a.ppro:'clmatmn methods descrlhed bytr

&

R | =1 7

- . . . :' ) (3 56)

In [59] it is proved tha.t?}'.he t.runcat'.lon éxror of (3. 56), as an a,ppronmatlbn to th@ heth -

__ _pseudo—derivatwe, is Ok prowded that zis C""'l near fo, f is C'l""“ neéar z(tg) for some’
-p>r,p>k+£-1and o : ° -

S 3 z i1 i j=k e e g
‘l o g aac: = {0 if J 5‘-‘-}&‘ }# r= li_“‘_fkl:'l"-.z - 1.

: Naw; 1f we substitute denvatlve apprummatmns into the consmtency equat:ons the
resulting sgatem will probably not have a solution. This is becauss we generally do not
: ':;~,know whmh of hhe variables are determmed by. the conatramts and w}nch are a.rbltraxy

. . I_\:_
Y

w0

) (3.55) o

3, Smce m'memal dlﬁ'erentzatlon is :ll-condltwuéd roundoff errors: made in approxx-— .

D,,F =% [Za_tF (z[} +c,hz5 +o + (c'h) ('}_) (Za ) F(zo)] _ .'_r S k. )

-

'Also mm(p, s)+k+1 is the ma.xmum attaxnable nrder of the k-th derwativaapprommatmn -

A
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N --_-The nat.urd.l apprnach then, is to solve the consnétency system in the Ieash squaxes sense : A
. Aowever, the application of this method is complicated by the known rank deficienty of » -~
. Jp. Por certain classes of problems it is possible to manipulate the gxact consistency

. equations; and- this apphes as well to the apprmma.te equatmns‘ resultmg in a syatem of - ' )

" nonlinear equatinns havmg fall column-rank J&cobla.ns These classes i inc muﬂ ﬂie lndr*x 1 ~ >

| '."-;coﬁstant-meiﬁment problem ané DAEs in tha I-Iessenberg form L \ S s

' _ Examp[e 3.4 Far o semz-emphcw .system wsth k =2, the. consastency equatwns e

- gluo) e Lo T e
B (aﬁa“)“ﬂ""(affa”% S U RS

A

i
N ll'

Up = w(ﬂo;ﬂnaﬂmﬂmuo;ﬁﬁ'” o B
s '(Szgfaﬂzl(umunH(agfan) R 5")

: _' _wh.am 1,': meludes _ﬁrat and ascond denvat-wes of ara (q ) apotee the m’fi{er pmduct
- (3 57) can ¢aas£y be n'duoed since we. on!y want (uu,vu, u{,, vu) ,.{hu yze!ds : g

. :u{,-_.__'= f(’uu,vu) I S Y
L0 =Tglw) . o S S S
0= @y . e e T
o= (Bzy/&u )(f(tto,vo),f(un,vo)}+(39/8u‘ [(5J!3u)f('uo,vo)+(5f/3v)vu] __ ?{ o

'Il

\.--..

g Thzs reductmn orﬂy mqmres know!edge of thegsppamtmn accm'dmg 1'51 the Hesseﬁbery fo#wf
) amd can. equady 5@ applzed to the appramma;te canmtency equotions. - - .

o 'In [59], it is shown that solutmna of approxmatmns to the resd\ﬁfng regular leaat-squares" .

” \1‘\ . problems &re convergent under mild conditions. The solution of the consistericy equations
o g also investigated; mcluglmg existerice and tmiquendss for linéar constant-coefficient and. .= -
77 index 1 linearly implicit DAEs. The above methods, embodied in the code DAIS [59], are - { -

- -__a.lso apphed succesafully to the nontrma.! : tmllzat;on of the {:ragectory control problem' .

_'_"'ofPetzold AP o C _‘ o L _"“-_ .

v
)

1

- -
o
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N
. “Dlﬂ'erenmal-aalgébmc equa.tmns ‘have recewed extensive attentmn in the last'__ _
decade and the theory is- well developed B}e;tajwe stﬂl du nut haviﬂ methods for .
_' _'__lugh-mdex problems, there are o generai Bdes fo: problems of ipdex greater
- than one, and the determmatmn of imtiai ﬁglues rema,ms a diﬁculty s (C Gea.r' S

In thls chapter, we att.empt to solve 3 vanet.}r of small Emblems arlsmg m the n;any areas
' of appllcatmn, usmg gome of the current.ly avaxla.ble DAE codes. ; S

L. _We ‘start with a leBf descnptmn and compa.rlson of the codes usfed frnm A user'
. m*erface pumtuof-wew T S 3

. Next. we outline our expemnenta.l methocfology, mcludmg i hlgher-mdex strategy

i

£ For the ma;or part, we take an in-depth look. at ea.ch problem, mcludmg

- Formulation. descnpnon, backgmund, motwatmn, mampulatmn and theomt-
. _ 1ca] predimons* and - : Lo A ﬂ{ .
SR - Solution: results, ‘graphical and tabular output, compaﬂson of code perfor— _
S ' mance thh respect to applicability, robustness; computatlonal cost and aceu-
' rac‘y obtamed, cumpanson of results thh prednctmns anﬁl vm.h the work of others

in the field, and conclusions. o S
B . P B

‘e Fma.lly, we drpw gemaral canclusmns regarding code performance and the expemments o
undertaken. [ e o e

. The experiments draw extenswely on the theorencal and pra.ctlcal concepts pre-.
Sented in Chapters 2 and 3, especially as regards solvability, index md mde:x reduction,
- canonical and Hessenberg struetura.l forms, consistent initialization, the relation between -
. st.lﬁ' ODEs fmd DAEE, sca.ling for hlghemndex problems and order predlchons ' '

e

LA



RV

, We make use of thr'e of the most mdel;.e used general-purpose codes ava:lable fm&the :
numerxcal sofutinn g - _

:..‘I*he abbrevxa.tmns we use are defined in Table 4, 1, while Table 42 shows bas:c code .
o propert.les and 'I'a.ble 4.3 is & summary of user contzol pa.rameters and available mt.egration -
o mformatmn prcmded by ea.ch co de A more detailed deacriptmn and EpEClﬁc defaulf values -

. and for du-ectly solvmg hlgher-mdex problems

7 =y

DAEs

e« LSODI [49]1 pJ.ESented by I-Imdmarsh and Pmnter in 1980 is baﬁed on the BDF Stiff _
ODE solver (}EARlB a.nd camphes ‘with the ODEPACK lnterface standa.rd. LSODI '

was designed fnr lmea.rly 1mp11 +it ODEs with an extension to DAESs, for which it i
.not e:cpected tasbe robuat We mclude it in our comp&nson as a first attempt at

. DASSL L}4] presented by Petzold in 1982 uses a dlﬂ‘erent mplgmentamou of the _
' BDI‘S to LﬁUDI [14] and was des:gned to solve index 0 or 1 fully unphclt’ BAES :

. DASSL won the first Wilkinson Prize for Numerical Software in 1991 and is probably "
- the nfost widely used DAE code at present. DASSL has also Been extended to move -

.. specific tasks, ‘gpecifically ODASSL for overdetermmed DAEs DASSAC for sensitmty- o

. 'ana.lysm, and DASSLR:I‘ whlch ﬁnﬁ% roots. BT

e :RADAUE f4n, presented by Hairer and Wanner in 1938 (cf §3 3. 1), is mcluded asa

representatwe (and ﬂa.gsh:p) of the IRK codes of [48], for a BDF vs IRK: comparlson B

Cx
A

“\\\We cons:der the following m fofms of DAEa

o F (yayta t) = 01 fuﬂ}’ 1mp11c1t; "45 .
N M = f), - linearly nnphmt

a,

of soPhlstlcated user parameters gan be fa.;nd in the relevant code documentation

. '4 2 I\erthodolbgy

L a2, 1 ﬁmemrk for Companson of Co’de Performance

P S ' o, 'fs/

D

i

- A more ‘exhaustive DAE co&e companson would - ha.ve mcluded the RADAU&type Rosen—». i '
" brack, SDIRXK. and- extrapulatmn codes of [48] (cf. §*% 3.1) and the extrapola.tmn code
" LIMEK {30] (cf §3.4.1), but this wonld not have contributed fuch to the obsexvations -
S made in $his chapter, and the use of these codes is omitted torgthe sake of brevity. For’
o each of these codes, the theory has as yet only been developed for the small mass of ]mearly
_ -xmphc:t index ¥ DAEs (

o The fr&mework We use for comparmg code performa.nce is buﬂt oo ;he approa.ch ta.ken by - B
o _other authors, notably [14] 32, [47] and |48}, and finds its foots in the numerical solution. . = - - -
~of stﬁf ODEs ‘We start with some t,;mtes and notes ta.kJen from these references ' :

A geneml pm pose DAE code and fur dzrect; compausnn | With DASSL auother BDF - o
' 'code o _ L _ _,, . _ :
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L | e, ATOL RTOL
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e
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() -

Jéhe.

© o lres
o [AC

-1 MASS

ipd
;fs fune.
lReg

|l steps
| ORDER . -
ey mdex
| ABS, REL

| NEWT
ETIME.

| ETPsicTRs

_ -mdependent varzable, endpomt of mtegratmn o

. dependent va.nable, m1t1a.l va,lue R

. initia] devivitive ' o

 consistent initial condition

- discretization . parameter) steplengt.h
- residual vector For My’ — f -

" Jacobian matxix (8F/8y or Bf/é}y)
- or rumber of Jacobmn eva,luamons R

. mass matrix M e

L pa:rtla.l derivative (BFfay'

_ functmn Fof . :

number of function eva.luatmns . -
_ (number of) error test failrres; convergence
test fajlures causing stepsize reduction

. yumber of integration steps takei 5o far -

- order of acettacy of method '

differential index (d;)-

. absolute., relatwe '
error tolerance, a.bsolute and relatlve, resp
- - pumber of modified Newton ﬂ:eratwns

computatlon tnne

: out.put mterval

o

o

Table 4 1 Abbrevaat:ons

] .
o '

——Geds

J; ) N .
L RADAUS

T A

1':‘?9'..—'4“**?‘ o

1;hear impliett.
{constant M)

m#phcit

'Gfu_.lly impli'dt -

(vanah*:e M}

0,1,2,3 01 -

'01

I et

Tsb-5th rder BiD‘F

léﬁ-Eth ovder BDF

RETEN

a‘mgle/ muli.l call-" :

ﬁt}i order I'I"{K

smgle smgle / mulh

6

r’l' able 4.2 Basm DAE code propertles

f

&

__single/muiti

P

5;

o

P c

{J: . .

Fa

o

i



| CHAPTER 4, EXPERIMENTS ~ . .

o

o .

1 Cnﬂc;.

TEODI

-Input o ptldns

E - Output rouging for slhgle call” B

Ahbs/rel scalax/vector TOL

' Automat&c/user»ﬁupphed JAC, v 1

7'(0) consistency flag -+ -
Automatic/user—supphed P d
JFull/banded JAC storage

|

T RADATUS

| both or |
neith&z-‘:-;

L

o

Full/banded MASS/p d. storage
Methbd cuni:rol S

Max. NEWT per step

Startmg valug for’ Newtonl ca.lcula._ted_'

B predxcf;mn safety and lmits_

" |l JaC recomputation control

' Newton stopping criterion~
Triftial A (ho), nrax. h '

0 Min,

W
. Q

. @ptmna.l TOL ﬁofm/wexght flmctmn |
T"Max. ORDER -

Max. number of error messages :

- Provision for user parameteérs in

'RES, JAC, eta.. routmes

. Jp T Fap

] xR KRR R

.X

)

BERMERES
x<‘\<\<‘\<\*‘\x X X X x<\ '

5

XA R X XX XL ALK

. §f Output flags -

Success:

¢ |t Excessive wark done SR I
|| Excessive accuracy required
: Illogxcal/mcorrect. fuput

#'(0) computation fhilure -

|| Repeated ETFs = -

Repeated CTF's

Lomponent failing mtegratmh'test; 1

W

s -

SCCCUS T

|

A,

ETF’S, CTF’s S

Gleneral mfarmation o

| Current & =
| Oki A, new“h
1 Old ORDER, new QRDER

o

a

STEPS, JAC evals, p.d. callQ P

leerx Rerawas |

%

5.

rJ

T

B “Table 4:3: User interface to DAE cﬁ.d_es_-)_.'

E

B SR

Y

« &¢= |

DAsSI]



| CHAPTER 4. 'Expf:msms y

I32] On the compa.rxson uf sti

— A stiff method is v1eued as consisting ol\a strategy for ehoosing the next stepsize”™ .
. and-oider, a formuéa. for computmg the Yext appro:umatmn, a formula for esti- -
metmg the local truncationerrot in the fpprmumatmn and a mle for demdmg
' whether to aceept r.he appmxxmatmp” :

— “The user would like a bound on the global error that he/she is prepared to. '.

tolera.te. but methods aT¢ desaig-ned to control some mreagure of the local error,
and the user is required to specify & local error tolerance.” {The th.ree codes we

PR

v

\‘H-m_

use all attempt to keep the local error of % below RTOL,xABS(y,)+ATOLi }

- Suggested rehabﬂlty cntenen based ont TOL-

\\ -

]Iy(t,+1)—ys+1ﬂ<6 -ToL: ::*i_ = __ToL-'_= m*f{lo;“;m*ﬁ,.”

L=

- In the eompansan of cost and reha)allity stahstacs, teJ:s are reatricted to rela-
twely routine integration steps over a range of accuracy reqmrements, evoldmg TR

d.ifﬁculnes due to dmcontmu:tles, ete..
’f}ost of JAC = cost of FCN in most cases.,

Ce [14] ‘On the Mplementlgtmn of DAE codes

= “Thet‘e are 1ssues other tha.n the orde; at convergence of the methods which are

-+ 3 DAE must be chosén to be consistent, the hnear syatem whlch must be solved - -
'at -each timestep is ill-conditioned for small stepalzes, error eetimates used in
the gelection of stepsizes are ‘sensitive to mcons:stenmes inthe mmal cond:t:ons __
.and sharp changes in the solut:on, and the solution methods are dependent on

.
o

» Asa reasonable meagure of efﬁmency, [48] ma.kes use of work—precm’ion diagrams’, in
* which global errot is compared to computational effort over & range of integral, half-

- 1mporl:ant in successfully m‘plementing aud using the methods; These issues are
more. complex for DAEs. tha.n for QDEs, Fox example the initial conditions for

a more eccumte apprommatmn to the xteratmn matrix than is generally heeded
for ODI o S e

- “In general the d;,a.gnostlcs in DAE codeg are not as well developed a8 those i |

“nonstiff ODE codes.”

e Suggested use of TOL: for compbnent Yiy Set RTOL; = 10“(“"‘"1) where m is the

. _number I]!f desu-ed 31gmﬁcant dlglts, and set ATOL, to & value at wh:i%

| essentlall,,r mmgmﬁcant,. o _ R

- lnteg'ral etc., exponent tolerances Ty-plca.lly, scalar tolerances and ATOL=RTOL=TOL
. is used, and the error is the maximum taken over all components and all output

points, using & very strict ToL solution as a truth model if the true solution is un- -
 kmown. Work is measured in terms of ETIME or FCN. The obtained data are displayed

ot

/
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\ .

U“ C_‘... P b . _t_._: f
_ tlns lirie is to the left, the - higher was the obta.med premsmn, and the lower the line is,
. the more econmmcal wes the code. The “slope” of the curve expresses the sﬁectwe
order ¢ of the code. effective order = ~1/ (slope of wnrkaprecmlon curve), fsmthat. m:
" orders of magmtude of precision are obtamed per stder-of magmtude of work if the

 effoctive order, girluch is more appropriate for code cothparison, is a complex oue,
d;ependmg\bn code and unplementatlon partlculars, and the two are only equal for

L

_ _mons ca.n a.Iso be derived from work/ premsmn ratios at. ﬁxed work or precision,

To the above ws a.dd the nbservatlon that eﬂ"ectlve cade companson is dlﬁicult because' :

as a po!~*gona1 Iine (‘work-preciszon curve’) ih double loganthmlc scales, The mo:k

- effective order is m. The relatwnsh:p between con,vergems order for a method and.

. _:.constaﬁi‘. wérk donf' per unit step. (The relatmn between work; steps and mtegra.t:on : .' _
interval depicted in Figure 4,28 is typical for a routine mtegrataon‘) Code compa.r—__ .

1 Dzﬂ'erent codes use’ different tumng pammeters a.nd defaults, and are sultable for.-_ _ -

dliferent types of problems,

. ODEs), only several popular problems, and -

L 3 Compansons in the hterature are few, typically for methods rather than codes. based

and artificial problems - "

. example, we first-attempt to svlve the problem as would a user; with paxtlcula.r values. '
for TOL and T', and default parameters, requiring graplncal and tabular sqlution Output
- for components of interest as well s a.mls.ble mtegratmn stat::stics and error messages

We then attempt a more geperal comparison of code pe rformance 011 a wide TOL Tange -

aud a relatively routine mtagratmn mterval, using safe parameter settings. - We make
_particular use of wurk-preclsmn dmgmms (with cantext-dependent ‘work’ and ‘preczalon }
~ from which we obtain values for effective order and wnrk/preclszon rstms, using Iinear.
: regression on some or all of the data, = : :
N  Unless otherwise stated, uger-defined parameters keep the de.fault values provxded-.
: - - by the source code, or are gwan values which are Found not t6 be eritical for the solution. |

results ave found to be slgmﬁcantly diﬁ‘erent using an a.nalytlcal uger-defin 3 Jacobmn. .
ETIME, when stated, is only used for relative compansm, One reason | v this is its
7 Jma.x\‘\me-dependence Another is that intermediate output, usually to a (}z{ta file, tends
to danﬁna.te the computa.tmn time for small systems, especially if all solution components
are requn%ds Por this reason, comparisons assume that identical amounts of mtermedmte :

output are\féguested ETIME values are stated for either no intermediate output. {no) or

for- output to hard disk (chsk), The requested output interva.l (Atlme)_ is also stated, For -

O
Nowd : - RADAUS, which isl called only once per implementation, intermediate output is provided

2. Tlire s 1o standard set of exa)mple DAEs for code comparxsen (as there mi'or Stiff

_on ﬁxed-steplength order rather than hser-deﬂned parameters and used on idealized

1n the light of the above com;neni'.s, we 1ow outhne our ex:pernmental techmque.,, For each

.

e '- -~ For example, Jacobian mairices axe calculated numerlca,lly by the code (default) unless



: "4 2 2 I—I:gher Index _ o
Although all three Eodes were deengned to solve DA&JS of: index 0.0t 1, we d6 atterpt to-

CHAPTER 4. EXPERIMENTS S s

nioo
o o

' by an extemal rout.me‘ wh,lle DASSL and LSODI reqmre mult:ple calls for mtermedlate
‘ontput. In general mtermedla.te output. is. requested enough 10 reﬂect graphlca.lly tho o

reqmred accuracy and solution behaviour. 5
CAl computa,tmns were performed on the same P@ (33MHz 80486 DX ch1p) All

| source code, both DAE solvers (RADAUS, LS}GDI and DASSL) end the- linear algebra
" -libraries used by the solvers (DECSOL, supplied with RADAUS, and LINPACK used by
LSODI and DASSL), as well as all driver programs (wntten by the author) calling the

solvers, were compiled and Tun in Mzcrosoft FORTRAN 5.10 using double precision and
time optlmizatmn All output da,ta processmg, for £ITOT ana.lyms, vlsua.hzatlon, ete., was
performed by MATLAB 4 .

.r:, .

solve h.:gherdndex problems The reason for tlus is that general purpose codes for solvmg

fo}lows. for. Hessenberg of- size 2, y = (:81,3:2)T where 1 has Iength RWORK(S) and :rg

by h for ‘index 2 components and K2 for ‘mdex 3 mmponents :
- The conventmn of ascnbmg the propért.y of index to individual components, closely

related to the concept of dynamxc order in nonlmear ‘control theory [14], has not found

general acceptance in the literature, which ca.ters ‘almost exclusively for v = 0, 1 DAES
The reason we use it is that some DAEs do not appear to have a structural form to wh:ch
order results, ete., in the theory can be apphed For examp]f. (4. 27) was not found to be

"reducxble to Hessenberg form. Both diffsrential and perturbation iadices ¢an be redeﬁned
intuitively on component levek the differential index of a component z; of ¢ is the Ieast

number of dlﬁ'erentmtlons of the ongmal DAE required to determine o} = = ! Hx, ), and
the pertu:batlon index of z; is defined bjf considering the ith component of (2 28). This
i$ consistent with DAE index in that. some components will have an index as large as v,

" but none larger. Note that the Hessenborg form sepavates va_.rmbles of ui_ﬁ‘erent index, and.

Hessenbirg size and index corresponds to maximal component index. The canonical form
(cf §2.1 and §2.2) also suggests that this component-level definition of inde s consistent.
"~ Unless otherwise stated, for RADAUS we make use of the above- scalme, ‘bption, and

* use no other higher-indéx adjustment. For DASSL and LSODI, we attempt both matrix.
| scaling (by scaling algebraic tows of RES by k~1) and vana.ble scaling (by scaling TOL)
(cf. §3.2.3) if mtegratlon is unsuccessful. Strategles requmng source code modlﬁcatzon,

_ | such as onuttmg qome v;ma.bles from error tests, are not usad he:re

-

i

Il'

higher-index ] DAEs are &5 yet unavailable. RADAUs includes an optwn for scaling the
error estimate used for stepsize selectmn for DAEs in Hessenberg form of size 2 and 3.
For fifs, the Hessenberg form must be kncmru and_the unknown vector is ordered a.s -

' (‘mdex 2 components’] has length RWORK(G}, for Hessenberg of size 3, y = (.1:2.,31,33) Yy ;
' zg has length RWORK(S), %1 {‘index 2') has length RWORK(G), a.nd T3 (‘index 37) hes length”,

© - RWORK(?). RADAUS scales ctmtnbutmns to the error estimate used for stepsme selectum R
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'./ model the circmt for a two-tra.nsmt(m ;é;.;phﬂer [MI {see F1g11re 4 1) In i:erms of'_" _

the u;nknown node voltages, ¥ == (31,..

and capat:lty ma.mx A. are g:ven"By L

S N A
- ( _i "} ' . ‘ R \ o £ f31 )W"(n—l)f(w P‘S) ctx,, "
P L 1 -1 ... . 9= -yﬁ-"" g,m ,ga.f(i’ls—ya) S

1 -1 . oot é—(ﬁL a;h;‘i- e — (%5 )J‘(‘ys —ya) ﬁ"
T | é—f(vs w) et |
; \ 1-.'-____1 '_J_ n;&' “%“97 ﬁ-ffﬂs“‘y&)

%‘:a,ctenstms of the transmtors are modelled by

Parameters and 3 set of ¢.i ;-, denved from phymcal conmdera.nons, are

o =0 99, ;3 10“5, Ry = 1000 Ry = 9000, _ 1_ 9
o c,, =k 108, k= 1 5 Uf =10, uzs U,(t(ﬁ 0, lam(zl]ﬂ':rt),
. Ub . Ub' o U
0 s ,U, U,B 0336336,0T
0= ( &+4:# ”%+¢i% o ) = e
2. '
t ..',:""' %,

ﬁgj'r (ct‘. §1.1.1); and using (1.8) for K rchhoﬁ" -
current. Ia,w and a.drmttance form constitutive equatmns, the nodal équations Ay = g@)

.\ﬁfws. | ﬂ)_.



g _Of imterest is the amphﬁed ex1t voltage, Y8, foragiven mpun sagna.l Ue el
_PerformaS’VD onA A = USVTmthU,Vumtary and % wgorial, _ o o
Then'. Av —g(u) = T A —U"‘g(u) = VT =UTg(w),

v (1), (e = (29)(4)-(5)

 with dxagonal matrix D containing f.he nonzero elements of 3, ie. the smgular va.lues of A
- This seml—exph(:lt DAE has W= 1 1f 8f3/Bz has a buunded mverse, whmh in this cﬁse can’
: easnly be venﬁed ' ' _ .

' Solutmn o _ _ _

" The interval of integration was set to (0,0, 2] and TOL = 10~ was requested. The DAE. -
is banded, and we made full use of the bandedness. Full (rather than banded) storage
increased ETIME by“su 5 seconds (for IJASSL) Atime = 2+ 10~% was used The injtial

_ derwatwe, required for DASSL and LSODI, was obt.amed by solving the DAE at the initial -
point, both analytically, with ¥/(0) = {0,0, ~y3(0)/ RsC2, 0,0, —-yslﬂ)/R?C,;,D 0T, and

nummcally, with 3/(0) = 0. For DASSL, & nonzero INFO(11) indicates an inconsistent 3'(0),

for which DASSL takes & small implicit Euler step using (0), and the mconamtent Y ul‘- :

B .88, a startmg guess; to find & numemca.lly consistent 3'{0).

- Refer to Table 4.4 and Figure 4.2 for the successful RADAUS results, and Table 45
- for the successful DASSL solution stanstms The *error’ is the maxmum a.bsolute global
| _'error over all components and a.ll 1000 cutput pomts on {0, 6.2}, using the TOL = 10712
RADAUS solution as ‘true’, and ETIME values are for outpus to disk. The DASSL driver
code and putput are given i A_p_pe.nd_:x B. LSQDI _was_partmlly suqcessﬁ:l integrating to
T Jacobian || STEPS | FCN | JAC | ETF's | Rrrar | ETIME(no) | ETIME(disk) | < .
3 analytical | 1104 | 10098 (975 | 79 121.107 | i0ds- |  16ds |
|| numerical || 1196 | 10080 [976 | 75 [21-107°] 10.0s 15.5s

Table 4.4; RADAUE soiutmn statlstics for two~tfansnstor ampllfier

]

Jacobian | /(o) | INFO(L1) || STEPS | FCN | JAC | E¥Pa | Brror | ETIME ||
analytical | anaiytical | 0. .|| 5038 | 13613 | 3986+ | 2066 | 6.7~ 103 | 27.4s
3 - || 8099 [ 23032 | 8628 | 4389 | 6.5- 107 | 42.58

1

0 5994 | 14484 | 4392 | 2304 | 6,610~ | 29.%s
_ 1 7775 | 21565 | 7930 | 4032 | 6.6.10-° ) 40,38 |} =
numerical | analytical | © . || 6820 | 17170.] 5580 | 2854 | 6.4- 102 | 39.7s B
. [mumerical |~ T " 5469 [ 13015 3701 | 1941 | 6,7.10°° | 80,48 B

numerical

o Table 4.5; DASSL soluuon statlstics for: two~transnstor amphﬁer
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- thure 4.2: RADAUE solutlon 16 two-transistor ampl:fier':
'.:_Arnplsﬁed exit voltage yg(t) and rnput SIgnal U, (ﬂ_

/R . 4,,.1“ I L

<

_ ' tum, when :epea.ted error test fallures ha.lted mtegratinn at a sharp gradlent clmnge tl,m'
. was found 16 vary erratically, dependmg on both number of LSODI calls (— T/ Atlme) and
"'the initial derivative. See’ Flgure 43. Lo .

. 147] for the RADAUS solution on ¢ € [o,o 5] with TOL = 1075, ,

Jacobmns were used mstea.d of analytmal ones.

e For "DASSL, the cost of obtaining a numenca]iy cons:stent ic. f.rom one gm-n as

s Figore 42 aPpears to be identm&l to Fi 15!39 9 4 of [4?]‘ s0 tha,t oux results agree '\mth .

- e For both RADAUE- and LSODY, solution stat:stms daﬁ‘ered margma’ﬂy when nimetical o

incoxisistent was a algmﬁcant portion of the to*&l coat, even if the supphed ic. i3 Y

~ consistent (eg. ETIME = 40s compared. to 3Us) Solution sta,tlstlcs are mé.rgmalxy .

dzﬂ‘erent for numencal or analytxcal y (0)

s The obtamed mmlmal global’ Becuracy is 2 to 3 orders of ma.gmtude worse tha.n |

- ToL. Although no direct comparisan should be ma.de, 2t08 mgmﬁcant chgxts WBIB o

obtamed c(‘.-mpared to the heunstlc request of 4 (cf P 66)

; aa‘.f an os:der of magrutude less wcqnmcy, than BADAU&

. The numencal dlﬂiculty expenanced by DASSL {and wlnch also caused LSODI to fzul) -
18 evidenced by the number of failed error tests causing skep reduction (s-:-: 30 times -

. For TOL = 10”5 DASSL reqmred at least ~ 5 times as marw steps, ~ 4 times ag
- many J acobla.ns, s 30% more functlon evaluations and = 80% more tune, obta.mmg .
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. .D. ) 0.63

i _ Analyﬂnal iy -

om' AR ave) ?ﬁ R

= B - . . . . @

=

“oealf !

C 0.04p

sor LN

S ] n gt R T 7 P s AR R
* Figtre 4.3: tSODI sglution to two-transistor amplifief: fiiy va. no. of calls, .

L - . L.
e Sl o R = _ N L .- L B a

asmanyforDASSLasfor RADAU&) R : |

: The wprk—preclsmn diagrams of Fxguxe 44 gwe a mox\ genera.l code performa.nce campar- -
- json, Preci*smn was taken as the maximum {over 21 cnmponeﬂtsj of the maxxmum/mean- .
- global absolitte error, usmg the same truth model as before and analytical Jacabmn and
. (D). TOL =107, ™= 2, r ,9 (mcludmg ha.lf-mtegral vtﬂues) was used mth mtegral
"--_valuesofmmarked o : o

L - & TOL was limited tn m > 5 for RADAUE due o a.n exponentm overﬂow error (as_'_' [

wamed in [47]), and to m< 6 for DASSL due to repea.ted ETF‘s. K

_ . The wo:-k—prem&mn graphs for RADAUE; are £9.1r1y lmear a.u(i,have well-spaceﬁ pomts,_ :
so that ToLJs 2 good coatrol of work or precls:on, but this 5 less 50 for DASSL. -

B . RADAUS showed a hight effctive order (5, 5, 6 and 6) than did mssz. 44,4 and-"i'

B Q

5),usmghnearregressiononallda.ta. B S > A “_ -

. n. . . . sy

. As for the single TQL == 10‘“is case, RADAUS tha.med iugher _accuracy for less work

- than DASSL over the TOL' range. ihat‘d re:: mring roughly half an order of magmt'lde
less work for the same precmon ' _

"o The abuve comments ‘hold for buth measures s of both work a.nd precmion - ;e

o
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' ch qu syt

r N .

-':."_'10.

g

.‘ . T4 s

% RADAUS.
< DASSL

Y S '

10.10 R ; g -_1_0-5..

ETIME - Max. error

o ;Formulatmn e

' A pipéline problem, descri'bed in [20], modellmg the pressmre P(:u} a.nd the t‘mckness of R
- the annular pb.asa y(:c) in an: ml pxpehne, is to he aolved on. e [D Ll.. ' ’
- System I

1; ..‘..(R jz@ (2 51n [\/— v’— \ 1 + 10; 5)

.0_.

- 'j_._4 4 Two-Phase Pln:g Flow |

J

- ﬁF-igu_t-‘%_-_#'.ﬂ}:'_-'W@;knp_re:'c}'sion di_agraijn's for tﬂo-iréﬁisistéf'arﬁpliﬁefr; L

- —czwu 0

P' =t
.. 0 f@."i% P). e
. 'G‘;_ = Q(’"’s?")' |

n2

N

\\ 211; /—«—P* ((zsﬂg 12592)1:[[‘/1”\/? 5]+3Ry

- 125y 136R,u1/ m) @ = 0.

. R
_ By mtrodumng %= \/ —P' thls 11::‘1p11c1t System becomes the sa:m exphclt System TL

T o

:_(4.:1)

- S

 EON-Mesneror .t i

_'(4.2)"'

(4)3)' |
[C¥) R

sy

| /;} B



. and u , y can: be found exphc1t1y in terms of u,y, j2 (1e V= 1) iff the matnx '

. cq'{aPTE;;_@._:EXPERMTS*_. ) . o
| \_On d.xﬁ‘erentla.tmg the constramts once, ' _ _
0 = fu +fyy' T (46

.0 .-‘= guu +gy-y’,. ) o - o (47)

(?‘; .fy..)_ . | N ;_ .:

mvertlble along the solutmn. whxch is the case Conslstent i.c.’s are obtmned hy P(U)

_ Po and solving {4.4) and (4.5) at ¥ = 0. There are two qualitatively different cases. DE _ i
_ mterest, resultmg in normal and choke& ﬂow A set of parameters ig glven for each case, -

 R=s57, - p <0814, . p=0.098, 61’.\\6
Qu=1 1651 10° Qo =2.035-10, Py=1457 105, L 8047 1Eﬁ

0) 1 651469869370661357709407 y(O) =4, 877400707738074248319839 R :

o -Chuked ﬂog

R=dim, .-p-'—'_éo.s'm,* L p=0098, - b=0345, - .
Q _17153 105, Q. =3.027. 105 Py=1378- 108 L =232188. 107 o

n(ﬂ) =2 8665271547403188758740152, (ﬂ) %814665245316’?37152590%27

: Solutmn ) o _
Al three solvers ace su.ttable for thig mdex 1 problem The ong;mal 1mphcxt form I
- . appropriate for DASSL, but the serm@cphcit form II is ‘vequired for RADAUS and L“u f
" for Wthh MASS is banded while JAC is full, We. initially requested accuragy” 1:6 within =
TOL = 1078, The initial deivative is 1mspet:1ﬁed but cdn be found for Syatem 11 fram.__ .
- (4. 6), (Z 7), and by dlﬁ'erentmtmg (4. 2) for System L Fbr LSODI, an approximate ‘trie’ L
¢/ (0) was gstimated using the RADAUS solution after one step, while this ‘true’ value was
' 'glven to jDASSL as mconawtent Refer te Figure 4. 5 and Thables 4.6-4.8 for res ults

. The results of mterest, de. P[a:) and y(z) for nor:nal flow and the chokmg pomt for B

' choked flow, (in bold) agree globally 10 more than the 5 sxgmﬁca.nt digits expected

"The chokmg behavmur, with P and y decleaamg rap:ldly to zero at 5 chokmg point, -

was observed m al.l cages for ‘chaked fow’.

© 'I‘he incluamn of the scaling factor fg = 108 sa.xecl RADAUS much eﬂt‘ort for normal : .

ﬂuw, cost DASSL in eﬁ'ort, and otherwise had no great effect,

o For choked ﬂcrw, repeated error test faﬁures halted aﬂ Xhree codea near the /c}hokmg '

pomt. at-z 1, 0958 107 agreemg with the hterature f20, 47]

i

W
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 CHAPTER 4 EXPERIMENTS -

7 Normal flow

i

T LI

g -

10%' ._:

ﬁ. .

=

L
* Figure 4.5:

=)

T

i

7

'Sdluj:ion to two-phase pl_ug__ﬂgg problem

_hu.-‘

FCN

JAC

STEPS |

.P(w] T

" || normal |

“Bys.-

.I,-;

0

10%

E7
ot

. 83

44

_..1_7

13 |
«1B \‘_._

13

- 31

7T
5 |
30

s

CETSE T

1.2251804
| 12251811
| 12251800
1.2251806

4.5877523
45877492
45877500

“4.5877494 ||

choked |

I -

—_—

108
108

72

1587
1407
941

14
67

Tig |

0.

,.748

T48
448 |
469 -

8

83

63 -

1065787107 |

r

1005785107 | e

1095792107 | -

64

1.095792 107

Table 4.6: DASSL solution to two-phase plug flow Systems | and It

oy

I
-

RO

FeN

- JAC

STERs

Fla) 1o

B M|

' r_ﬁaw
~ ' normal |

. true
0

| true

79
B3

47 |

)

10
B ]

23

21

o |

,‘\
SIS LIE

b

1.2261701
1.2251764

"4B8TT408 || .
45877420
45877381 1

¢hoked

1108,

true-
0.
frue

|- 10957813 107

10057855107

1,09578%54 - 107

12251755

N N .
. Al . N
“ ) .

“Table 4.7; LSODI solution to two-phase plug flow Systers 1l

%



B ‘normal |’

€
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-

Flow | For

- ECN

AT

B
-STEPS.

ETF’s

r—— 7

1n® :

. 83,

[ 80

3..

17
5

L

1.2251828

1.2251820

—

1@}’2:

2348 1
2300

827
2T

341

329

c:n a Q.:ﬂ

"..

1088815617 |

15107
15108

‘Tabie 4 8 RADAUS sdutmn{ 1,1

Q

UASQL i

-

N e

£
N

woffect integration (withm TOL)

the RADAUﬁ solution of System II "

which no direct comparison is made. _

- andTOL*——lB“‘“,m 3udinee

: ...10?.

_1,0958185:107 |

" DASSL Y

e

J twd-'pha.s'e. plug flow Sysfe'm_ll' A

i

_10®

: aAbAUa "

'_ -11_ .

100

" .\“\a\ .

\

R

T

r Inconmstent y‘ (0} for LSODI cost m&ﬁ"ﬁ more eva.luatmns but dad. not otherwise
\ .

_Figure 4.6 shows wmk-precnsmn diagrams for normal flow usmg FCN for wark, . 8% -_
relative erxor (over all components and alt 100 pcmts on [0, L)). thh & RADADS TOL =
10~5 truth model for precision, defa,ult parameters {esp. ho),

l

Figure 4 6 Work-prec[smn dlagrams for two-phasa plug ﬂow prcbiem

“

\(—!"

e Fxguxe 4, 5 and Table 4.4 ag:ree with Flgures 8. l‘a.nd 9 2 (and comments) of [47] for-

'-\-

e The sm:cessful snlut;mn of System Thy DASSL and II by LSODI agrees ‘mth [20] m _

AU5 y'(U) estimate

- & For DASSL agd L3ODI Saccnracy. was lmlitec.l'by either repea.ted .ETF’s ati =0 _61_' an’ §
' ma.blhty to ca.lculate y’ (0).- : S o N

Ty

"

FlaT a5

z_. prcI

“ABRTIEE [ L
4.587v628 |1
0E-W0T |
gttt ff o
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R

i -'__c-

o Eﬂ‘eﬁtwe orders (hnea.r rﬂgteSSmn onm = 3 8) &re approxxma.tely 8 for DASSL_ .

*on System I, and 10 fnr DASSL, 7 for LSODI aﬁd 13 for RAErAUS on System II

{‘,‘p;

. Agaiﬁ,‘RABAm has a regular mrk—premsmn graph DASSL Iess %0, and LSODI even s

worse. For all three cod’es, ohtamed accuracy is wlthm an ozder ot magnitu&e of T ot 3

ER

o a.nd work Ct;me is comparabie at y accnn-acy

4. 5 Dlscharge Pressure Gontrol

S

. é_r_éoﬁffoiaeﬁir' e

. o
TR,

comprassor 4

; | Fugure &7 Schematuc for dnscharge pressure t:cmt:’ai problem o :,_;_L o

'.Formtﬂatl,on - SR T .:,1 L ) _ '. S _
-System I below mndels 2 mmple dynaxmc sm:ulatmn probfem in pet.roﬁhemlcal engméer-a

~ ing [47} It consists of & compressor with a suctmn-thmti.le valye. to control discharge
' pressure of interest is a companson between the outlet P’m:(d mlet mass flows, m(t} and

1 :
3

4i(t) (see F1guxe 4.7). We study this problem to shofw the fallure of index 1 mtegrators on

" h1gher—mdex DAES System I

K2

T ¥ = emam I
S a .;(C'!'P;’lﬁ),
S

B L

i

Ik -.ri'-'

.

4958% (u/L2k)?® o L (d12)

rk i

B . B
"1’0 determme the mdex, we ﬁ.tst tra.nsform l'.o aLembexphcm form. -' S
Define s=c+pfls.
" Replace (4. 9) with &' = -(p ~$9.1)/75. _
. Substitute yt = p(t) from (4.14) into (£.12) and (4.10),
" Substitute P = M/20 from (413) into (412) and (4.11). *
Substitite ¢ = s —p/15 from above fato (48).

—e-wum 9
pemo T @i
335 -006m +0000md (41

S AT S
15+ Stanh(t —10), ¢ _E’. - (a1

B S



_';‘.The problem now becomes System II

e (&—p[15 k)/zu e (415)'-"7 _
§o= —p-)s - _(4 18) .

= pty-m s

20p/M —(3.35 — 0075m+0l101m2)-_-_._--__ UL VT RN

'0'_;—-. 'fM,’zu)- 49582+(a(t)/f 2&}2 A (4 ) - '

[JT

[

f -

o The mdex is the number of tn:nes thzs must be dzﬁ'ereutmted to obtam (}c’ ! M ', p . )' )

hgitlym terms of (k,s, ,p,m.) We a.lready have Jc‘s;s" M’ R
o Dzif (4=.181” = p ““p(m, ,p,M m)-'
Diff. (419) = 0 =h(k, MK, MY
(blﬁ‘ (421}'- = 0 = falk, s M, p,m, k¢ ,p m)

o

o We ha.d to dJﬁFl‘eﬁtlate {4 19) twme, sows= 9

o ,ij.

The a,bove pracedure gwes us a set ofede’s for System I We are f.ree to chouse Jc(l}) . -
. and p(l)), and the above yields {0, P(l}) M(O),m({}), c{0). (An alte;:natwe fermulatlon.
" has m specified and B unkm)wn Usmg a similar procedure to the ond a.bosve, itineasyts . . -
: show tﬁat this problem has v=1, Also, we are then free to choose c(B) Suppose p]]ysma,l e

. .. E comqﬁeratmns demand k’(ﬂ) == {), 'I‘hen (4. 8) yields 2{0) = k(ﬂ) )
N -".'__ g qus mput to otr DAE solwe::a for System I we thus have

_ﬁ Ay' f(yL | \y (k c,paMme,#)T R
(- ;%)/20 B \ _.
~(p—99. 1);75 gy
e g “

lwp-m o
".-15+5tanh(t-—10)ﬁ-p DR B

/ 0.25 N
02500145529515559 L
and. y(0) = | Taa0urisesasises |. - _-
o | 86.70238799190793 |
| 9.998240239254898 . |.
-\ 15+ 5 tanh(~10)

B

st @1 =dmMm) (g0

. . 2, Wi
1, B P

st WM. = = ik Mpm) Chay
I Mp,m,m) C{am)

L . ;[mphci‘t ﬁmotlontheom . =——-> m -“m(k,s,m-p,m} o (4 23)_._,:
SuBSt ln.tp (4%?(}} ""'""'" p '""p.(k 3}M p:_m_} S (4“24} -

8,35 - 0‘075m+0001m2—p/1’ .o
(49.58)% - [;!/(121’6)}2~p o

. ..\‘

.y



B L2 The mass ma,L A is ba.nded but the Jacobxan i full

1 DASSL,LSQDI e R

CNewwsw  c oo A

. 1 y (D) IS not apemﬁed hut can be found from the above mamPUlatmm -

o 4, .Maihiliulationgﬁag,.hdw{ever’. required to find the cic

_ Solutibﬁ-_ -

.._9

i . : ] -

@

3. ‘__Wg uge .S___ystem_ 1, derived ;_hrectly from the model,_-aa it requires no manipui.sion. -

-..1

Wlthout&:ghvmdex adjustment both DKSSL and LSODI haited executmn due to repeated-: .
ETF's (for TOL > 10-%) or €TPs (for TOL < 10~3) at ¢ = BQTh:s behaviour is expected for,

D ASSL and. LSODI, when attmptmgto solve a h.tgher-mdex problem

| -12 R.ADAUS

=

SR

. RADAUE succesaful],v med the m‘ohlem for both Svstems I and II. on te fl) 401 { see Fm-“ T

‘30

186

o[-

'thure 4 8- RADAUS saiutlon ta discharge pressure control:
-Outlet mass flow mi(t) and inlet mass, flow ,u(t)

ure 4, 8) Althou,gh ne;ther formmlation is in Hessenberg form, the h1gh—mdex sca.hng of

§3.2.3 is applicable to System IL. Scaling the algebtgic variables a5 *index 2" in both systems.

yielded successful solutions. Curiously, the mass bandw:dth was required by RADAUS to

i



7 e L BT

-d-f o P 'be no less tha,n the J acobmn bandwxdth so that A was sto:ed irr full ’I‘able 4. 9 shows the
' ' . solution statlstics for TOL =104, The ‘Error i inm’ is the mammum relatwe error in the

<
AR . a

, -mdexz comptment 0f interest, m, on 1000 pomts on [0 a0, - S e

: Syét'em.ﬁ 5

J a.t;pbi_an' '

[ FC'N-_.

'_JA(;"

ST.EPS

ETIME (ho)

Error. inm]

numerical

493 -

@

Q.868

TE6-100% ..

- nut'n'erical

441

0445

3.3 10““4

o "I‘able 4 9 RADAUE sr.ﬂutlon stat:stlcs for drscharge pressura cont%o!

;1. .
— B : - L A

B

/}"
1

ey
Sk

- . Flg'ufe 4.8 agrees 'mth [47 F:gu::e 9 8] fo; the solution of Systom 1 by RADAUS
iy N

: 0 “Eor TOL = 10-4, lesé work was done and more accuracy obtamed for- the smaller o

5enu~exp11c1t System II (:han for the orxgmal Imea.rly unphcﬁ. System L

e ET!ME ﬁgures for. dmk out;)cl\{)t, at Atlme = 0 001 nse to ns 5 295 far System I and
m4393for5ystem11 R e

Fxgure 4.9 shows mrk—precmmn dxagrams fm HADAUs, umng FCN for work the error in m :
. for ageuracy, and the TOL = 10~2 solution to vf" in 1T 45 ‘true’s A range of TOL = ID‘""‘ '.
- m= 0, .,,7for5ystemL&ndm 2‘. ,9 s bemIIwasused : B

. Accuracy for System I wa.s hmxted by smgula:r 1tera1non faﬂura

. Solutmns are globally accurate to mthm AN order of magmtude of ’I‘QL

T

» Solatmns ta both systems have effectwe order ~ 6 a.nd roughly equai work/pmmmn e

. ra.tms, reqmrmg 0(103) FCN eva.luatlons for a mmunum global relatwe accuracy -

FCN- Precfelon systaml o _'._1 t.;;' _FON- Pracision: system it

R - 8
o .._7 i

10“ o o 10"%'_

- ' Figuré 4.9: RI\';‘A_{JS Wk_-pfecisién dia‘g_r_érng fra_f dis::harge“pmsur_e_ ';:6Nt_r5|_-- ..;

W

ATy



-'System 1 \?/ =3}

.. y’&:ﬂ

W meTm

Formulatlon _' o

by successive di

cPTRY, -mmmm .

L

Iy

Hof
\J

Cow

its velomty, and T is the

in the six formulations

System 6. 7

= =Ty =1

B e

R I

y=(ThHan T

."_y(O) (1,0,0,0,0)T

)= (n 0,0,-1, o)?‘

. System 4 (v =0)

- y“-.(ai,y,'mv,i)f"

»(0) ={1,0,0,0,0)T

0= 0.0,0-1,07

B

".4 6 Plane Pendulum o .::_.

. ';‘..- 81

h .The Newton—EuIer eqmtmns (cf p- 8) modelhng 8 smaple plane pendulum, after normal— '_ :
- ization, are given by System 1 below Here, (2, ) is the position of the bob, (u,v) 5

ion in the massless rod. We attemnpt to solve the problem o

* System2 (v=2) j.

LR

' 'Qi:’_-—,u

='av ' e K2

e g
o= T:z:~ 3

o = =Ty~ 1

o -0—mu+yv

z2 -
“—‘. 5}1’: u)vl )T

' .I'-y(ﬂ) (1,0,0,0,0T
Y0 = (0,0,0,-1,0)7

™

’ , System .5'_--(9:-42) o

Lo ~u--a:/\

Y= :yf\
_u‘---T:n

=-Ty~1"
0—m2+y2-1

. 0= :m+yv E

o %2

(‘m, 7o, Ty A

v ¥(0) = (1,0,0,0,0 0)T
4(0) = (0,0,0,~1,0,0)7

_zg___ (y—-l)

H=u * _

Y= i
ul = —Tx

.v = Ty~ 1\1‘"-.

B TS B <T—y _

Cy=@yu v,__T_)T' -
o y(o) =_ (11 0-1 Os B&U)T . o
L0y =(0,0,0,-1,0)Tx -

By .sfem 6. (v=2) |
&=yt 2:?:«\1 Fudg
oy =vhyh el = A

o = —-1}"&: + %Az + 2udg

B _%L—I‘y—lﬁﬂy)\z-l—!zvka
T =gy~ g

0 LU Y-
0=u? +o -

T——y,
o B=:n_+y -1

. &L _32. )
y-:-(m,y,-u,v,ii, M, Az, As)F

’ Beussed in Example 1.1.1: the original, naturally—posed index 3
. System 1, three index,7éduced forms, Systems 2, 3 and 4, whose constraints are obtained -

; le/mv;mtmn of the constraint of Syster 1, and two mdex 2 reformulations .
- with, cnnstram stahﬂlzatlon, the GGL formulatlon System 5 and the F&L fornnﬂa.tmn_ o

)
e

y __.(_h-;ﬁ.., -

B

]

y({}) = (l’ D’ 0, 0:'0_': 0,0, O)T o .
y'(n) = (0, 0, D, -—'-1"{]'0’0’0)‘_'{‘..

In each case, the mde:c can be verified ezther by dlﬂ‘erentlatmg the constrmﬁts and sub-
st1tutmg, or by notmg that the. h.lgher—mdex systems are in Hessenberg f ,irm (cf Def-




| CHAPTER 4 EXPRRIMENTS

: constra.mts Consistent i, c. ’s are obtamed fmm physxcal conmders.tmns, wnth t
- lum sta.rtmg atrestina horizontal position. We requxre solutmn on t € [0 IUD] and request

s .accuracy to w1th.m toL = ‘10"4

. BEE T

.pendu—

| : Due td the Selm-exphcm form of 8.11 Systems 1—-6 ,ha.nded matm stnra.ge was used far a‘l
. three codes. T Y -

Without mgh—mdex scahug, RADAUS failed to suIve thv h:gher—mde:; Systems 1,2, &

-~ and 6 but was successful after a.pproprmte scaling (aee Table 4.10). Lﬂmmse, DASSL and
'~ LSODI solved Systems 5 and 4 without scaling, but failed to solve Systems 1 and 2, due
o) repeated ETF's. LSODI identified the ‘algebraic’ varmbl.. T as-the troukle component.
. Matrix scaling, ie. scalmg the residual of the algebraac equa,tmn, for Systems 1 an(,i 2, by
A fh for DASSL and 1/100 for LSOD'I, proved unsuccessf&l due to corref'tor convergence

k ailure _
‘' . Snitable vauable scabmhmekled successful mtegra.tlon, a.lthough not always satis- B

- _--factorlly accumte sohtitions,” Some suc'cessful mtegratmn Bta.tlstms are gtven in-Table 4.11
~ In each case, a Iooser unscaled TOL (by a factor of 10) or a looser scaled TOL (by 2 ‘actur
. of k) resnﬁted in fallure. ho was set at 0.1 for scahng, although it waa left to the cnde to -

- choose hy for integration. This value was found to be mor¢ su@ han hy= =1 or 0.01,

0

-.ran'hmn“v F‘lm:rn 2 Tﬂ :l'hnm this an'infmﬂ mm-r ‘Ana 1‘\9!‘1!’\!‘1 F‘-m-nrm 4 1 1-—4 13 rﬂ-mm R

| 2 .'.' 1 l .'.l"._' ' l _'.-' .__' T .

R | - thure 410 Solutlon to plane penduium on t € [{] 10]

the state-spa.ce and, phasa—spa.ce solutmn, and corsigamt satmfactmn on t € [0 100] fox
the original index 3 System 1, and Flgure 4.14 shows the RADAUs solution to the ODE

' - Sy_sten__; 4, Const_ramts 1, 2 a.nd_ 3 refer to {:he right hand s;des of t.h__e algebraic equation in

C
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_ Systems 1, 2 a.nd 3 1e :z:2 -l- e and 1ts%t ’t.wo dema.twea, respectively, and sﬁould'-'
- be zero for all systems for all fime. In 'I‘able 4.13, “Error” is the or&er of the maxlmum
* absolute value of constramts 1, 2 and 3 on [0, IOD]‘ “+” sigaifies a contihued grnwth in )
~ error and “Qua.hty” is an accurac\{ evaluation based on the appeamnce of r.he state~spaae- o,
and phasenpleme plots D -

Table 4. 10 RADAUE soiution statlstncs fcr plane pendu{um Systems 1-6 for TOL = 10"‘i

-
o

Sjyste'm.'_.v 'STEPS | FCN | JAC | ETF's |

1 3 ]| 1009 [ 10699 | 853 | 12

-2 |2 {lr1s6-111594 |83 2 | - .
3 |1k v | el 2 0 . e
-4 | OW 511 | 3775 467 | 27 || o
5. |2 1064 |11200 |TEL| 0~

..-s- ) 1190 13614 8"9 8 i

i System | v | Code _-TOL(:,y) TOL(u,v) | TOL(T) || STEPS | FCN | JAC ||~
I 1T 7 T3 |0AssL § 107% " ~T1075/n | 107%/R% || 4844 | 7985 | 643
' | LsoDt | 10~ U““*/h“ 10-4/h8 || 1193 |} 5226 | 351 ||
2 2 [ DASSL [ 10—% . [ 10% [ 10-%/h || 2078 | 5686 | £60 |
Cfrsopr |10~ | 107% . )io4/a8 || 1812 | 5953 | 899 .
37 V1| passt |10z Tio* [1w* | I7i4 [2s89 | s0 I -
. LSODI.ﬁ% 10-3 1075 2817 | 6906 | 430 ff
=B .. |LSODIf 10~  |10~t | 10~%/h | 1339 | 2821 | 148
4 {'0 | DASSL |[ 10~ 107 1074 1266 {1275 9
| 180D1 10~ 10t _10*‘4 |l 946 | 1551 71

IJ .

* Table 4.11: DASSL and LSODI so'l‘*tmn statlstlcs for plane pendu!urn Systems 14,

\_\\.\:

‘Ltenatmn parameters and a ra.nge of TOL = 107™, m = 0,.

- The following a.an be deduced from thé ﬁgures and tables. . | e
t WJ.th regard to constra;ﬁ:m satxsfactmn {using RADAUS solutzons only)

i Solutmns 1;0 Syatem 1 show constramt graWth {and the rasultm,g dnft hom

‘Work-precision diagrams,, for mms on Systm _146 a.nd bAS§L and -L_sont onthe
: indes 1’s'ysm 3, are displayed in Pigure 4.15. FCN was used for work, and the maximum

. -absolute value of constraints 1,2 and-3 on sll 1000 points on [0, 100] for precision. Safe.

.,9 were used (m = 2,3,4
“rofied for LSODI on System 3 due to fa.ilure) Eﬁ‘ectm urders, using linesr regressmn' |
Tlotim = 8,00, aregwenin'IlableMZ : '

ToL at higher precision), lower effective order and higher work/precision for 0

- conmramts 2 aml 3 (more for 3),

e Mt i sy A e L
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QHAP'IER4 EXPERLMﬁNTs? T

Ck ¥ o System Effectwve order || ..

~ ['RADAUS | 1. 53|37 24
1 2 H48]50} 36

'8 ||s1}s51) 36 ¢

_ -4 flsrfsry sl .

5 |B6i4T) 4T

b6 ysBib4l 42
- DASSL. } 3.  JI54]531 74
_L30DI 3 Ts8[s7] 70

S

L Tablg 4, 12 EfFactwe order est:mates for plane penduium -
0 . . . "

- Soluf.tons to System 2 show mnstramt Bmwth a.nd hlgher er/p:ec ision for ..

: Lonsf.ramts 1.and 3 (more for 3) and loss of eﬁ'ecnve order for 3;

- Solutlonsn to Systém 3 show constraint growth a.nd hlgher wnrk/prec;smn for
constramts 1 and 2, and constraint § loses eﬁ‘ectwe order, 8

 — Solutions to S}'st.em 4 show constraint growth and Iugher work/preclsmn forall .

constrmnts 1, 2 and 3: and

= For thg index 2 reformulaﬁiuns, Syatem 5 (GGL) clearly stab:hzed coutmmt 1 o
(but not 8) and. System 6 (F&L) clearly stabilized both contraints 1 and 3,

- . reg&mmg both eﬂ'e',tnre order and wurk/ precmm.t} for st&bﬂmed constramts

All t:h:s conﬁrms the th,eory

- Index-reduced Systems ;3 and 4 shlfted wurk/p reclsmn cmes to the nght, vm'.h pre- :
cision fal]ing orders of magmtude short of TOL. They are thus dangerous, dug_to the

_ false gonﬁdence they m@pire

e In some cases, gore camponents were una:&‘ected by inaccuracy and mstahllity in .

- *. others (see Figures 4,12 and 4. 13), This is dus to. two effects* {(z,u) and (y v} arg
mutually independent i m the differential part, and hlgherumdex instability does not
a.ﬁ'ect lower index compements, as mentmneqim the theory and found in the Ilterature S

Y Comp&rmg code perfonnance for ths index 1 System 3, we observe .

- In decreasing ordej of precxamn/work (at 10“5 accuracy) ‘DASSL, then LSODI,-

" then RADAUS, - ; .
Cow=In decreasmg m'del' of eﬁ'ectlve order LSOIDI, t.hen DASSL, then R&DMES

7.

— DAYSL and LSODI (RADAUs) have h;gher (lower) effective order at h1gher pte--

0181011

=1 appears that BASSL performm best then HADAU& nd LSODI over thls pre—

. cision range for this problem

n

TN
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L .
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N s Table413 Spmmaryof resutts for plane pendulurl R

"a

Lep We now mentmn work done hv other authors on thxs popular exampie problem
S A

e L In [4?11: 118}, Systems 1, 2 3 and 5 are solved suceessfully by RADAUS on. [l} 10], a.nd_
o s found that System 1 req_mres more work than the others (wlth which. We agreej, o
' wh:le System 2 is solved the faatest and System ¥ reqmres less time’ but: obiains less

' accuxw_:, than- the others* (Thxa result depends’on the sa,fety pa.rame EI\;S used y o

2. In £14 pp.155~1a7], Systems 3 and *5 are solved by DASSL on [0 1] For System 3,
f; low accuracy i vbtained for constrainty 1 and 2, wheteas constraint 3 keeps the same
., order of magniiude as oL, {We agree.) After modifying the code to. excil;de/‘alge- o
bralc vanables frnm the efror test (but not gonvergende test), sﬂl thred constraints

for System 3 are satlsﬁed to wﬂ;hm TOL, and do vof drift, (It is uncertain whether '

t]j:lﬂ would be the case on the éxtended inferval [ﬂ lﬁD], on wl:uch contrmnt 3 for our
' mws salutmn does drift, ) BRSPS ._U . L
3 In [&&, b 539]; for & reIated index 3 ExﬂepLagrange system, soluuons to Systems 2 |
" 3and 3 by DASSL and 1, 2, 3 and 5 by RADAUS are obtained and it 4s found that -
« DASSL performs better than RADAUS on Systems 2 «and -3, but behaves :rrega.darly
for 5; and fails on System 1 (mt.hout scaling). Thiy correlaes with our results for
- the pem:'l“ulunrl,F exca,pt that we found DASSL 0 fa.ﬂ on Systems 2 and 5

‘:*
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' 4 7 Van der Pol Oscxﬂator o
. Formulatlon

e c'onsu.ier the V{;ier Pol oscﬂlator, étudled extenswely in [48] fo: the :mplementahgﬁ o
- of IRKs m the solutlon of stiff ODEs System I S ;

y(ﬂ) Ly z(ﬁ) = _2/3 -

We examine the stiﬂ‘ t:ase, 0 ek 1$ whmh has stiffness O(s“‘) For NONZEro £ System I -
s a stiff ODE system. {v = 1), while & = 0 y:elds & semi-explicit DAE with » = 1 iff .-

;é :I:l Ty= 21 occurs dunng integration af the DAE the system becomes unsolvable L )
. since 1o cho:,ce of z can satisfy. (4.26), which. is theu 0 = 71, We use this example o .
show how DAE met.hods solve st]ﬂ“ sroblems- nat.urally, mthout lxmﬁmg the choics of - '_: -
' '.(stlﬂ’lless) pa.rameters The solutmn to (4.25), {4.26) with £ # 0 aod D) = 2 is smooth S

R PR TS P = 3He? + O(e) (¢t 48, p. 435]). The porturbation caused -

R ‘by our O(a“) chome of ({0} is not expected to cause numenca.l dlﬁcultms, d is m most

| o -@5'35 Slgmﬁca“ﬂ)’ smaller (ek. 143]) than the tolemnces we use.. - .- S
. System I can be: stud:ed usmg singular perturbatmns, as in §1 1;2 Expa.ndmt g(t)- .
and z(t) in powers of & anni stoppmg after three terms, we obtam o '

| O yo(t)+syx(t)+e m(t)
o _' -.:e__z(t zn(t)+ez1(t)+a2zz(¢)

T yﬁ:‘z" e 7 R AT
ST 0 = z9(1~ y§) - yo S
: Iir - _
_ 'y'i:zl o T, PIV L
: zu -—21(1 yg) 21’0#120-"9'1 - S
o 1‘2222 '
P --22(1 W) - 21:03!121"20(91 +2yoyz) yz ; '
after equatmg terrns in' like powers of <. On dJﬂ'erentlatmg the consinamt (or notmg '
_ Hessenberg form), we easily ﬁnd that : : :

w'

1. System 1 is an mdex 1 DAE in y = (yg,Z[)) , pruwdecl that yo 9!= *1 (othermse '
unsolvable) - '_ . : : L
' 2 System III 1% ax mdex 2 DAE in y (ﬁo, Zoy \1‘,’?1'\)7, It is Heasenbarg of size 2 iff

.
@y :n

3 Byatem IV iz an mdex 3 DAF in y = (‘yo,zo,yl‘, z1,y3, )T It is H&ﬂsenberg of
g Slze?rlffyn?é:lﬂ _ , o
o



.-Solutmn :”'\ o -_%.. o : . _
- Syst.em I has ¥ = 13 or 1 a.nd is approprmte for all thee solvers for alI g. We requested '
- 2cCUracy to mf.hm TOL 210~ and attémpted to solve on § < # g, ‘Because of the snall -

© . size of the problem, an analytical Jacobian was used in order to reduce computatmual_ R

- effort. For DASSL and LSODI the ihitial denvatlve was chosen as ¥ (0) = —3/3 {trae to . |
-~ O(e")) and #(0) = 0 (arbltra.rﬂ:,r), and it was left to the codes to make this consxstent '
Strangely, both fiiled to do this when given an analytical Jacobian, and 50 the Jacobian '

- was ca.lcula.ted numerlcally See 'I'ables 4 14-4.16 for solution. statistics.

L

RADATE ©

& [ sters | FcN JIaC [ETPs [ y(2) z(2)
(107% || 194 | 1437 | 120 | 22 | 1.7628607 | —.83593853 1 -
Colhaet b &24 | 2526 1182 | 27 | 17061645 | -.89280868 |
4-107% | 449 | 3765 | 247 | 41 | 1.7035574 | -.89345261 |
10712 574 | 4506 3ﬁ5 54 | 1.7055438 | ~.809347145
- 1071 ] 701 | 6108 | 387 [ 68 | 1.7055431 | —.80347040
o 1 _ Exit at £ =0.8068530, y ~ 1 T

Table 4 14 RADALE& solutlon to Van der Pol System I

: DASSL

e '--_'._;'.'sTEPs_ FCN | JAC | ETFs g‘;(’z)ﬁi Cz{z) |

5 [110-% ] 405 | 712 [ 54 | 12 | 17611896 | -.83760629

©oof 1078 | 727 | 1240100 | 18, | 1.7043661 | 80465151 |
107§ 925 | 1579 144 | 47 -| 1.7038787 | 89623651 || -
jro2i More than 500 calls ona,sr.ep -
_10-15
n R Repeated ETF"S at t = ososgosa I |

Table 4, 15 DASSL solutlon to Van der Pol System i
~In brder to mciu&e the DAF case m'oui- comparisous, 'We thén halted iﬁtegnitxbn
_a.t t = 0.8 to obtain the work-precision dlagrams {Figure 4.16) for the e =0 (DAE} and

e=10"3 (stiff ODE} cases. ‘We used FON for work the maximum relative &rror over both -

: fcomp%‘nents over all 100 points on [0 0.8] for precision (usmg the TOL = 10"15 RADAUs |
- golutions a ‘true’), and the range of TOL = 167™,m =3,...,12

- For the mngular perturbatmn problem, System IV was solvﬂi by RADAUS, wﬂ:h o
g = 1073, TOL = 10~ and »(0) = (2,-2/3,9,0,0, 0)*, Integra.tmn failed at the singularity '

‘at ¢ = 0.8 dus to unso.vab:hty of thé DAE subsystem I when y = %1 {as was the case
for "\ystem I mth £ = 0, which'is- 1dent1cal} This clearly ahows the unsuitability of the
- amguhr p#:a,mhatmn solutmn within a bmmda:ry layer (see also Fxgure 4. 18} '



| CHAPTER 4. EXPERIMENTS . e

L

o oLsODI- - .
o o fe TsTEPS | RN JJACY g2 | #{a) -
[ 1073 | 449 | 911 [ 74 [ 1.7617150- [ —83709714 || =
CeT o 11en ) 869 | 14971 115 | 1.7040915 | -89400180 ¥
S oo | 1070 o094 | 2201 | 161 | 1.7040655 | —.89512384
T More than 500-STEPS on one call =~
WITB - ab e 0806, & -2

0 . | - Repeated ETF's at £ = 0.8080991, y =~ 1.

_ “Table 4.16: LSOBI solution to Van der Pol System |

. FOM:-Precisio:DAE. - ' - FCN-Precision: Stff
— - . 10% Ml :
— R :

NG opas S

_ N, . bk teenr
N UL x'RADAYS _ o R |
o T e AR e IR | he e : ! S

o
th
e ¥
e
=
&%

g Figufé' 4.’16.: .' Wofk‘-pret_:isi'on -Biagréh-rs for (a) DAE (e == 0) and @)ﬁﬁfl’-(;ﬁ 10‘3);%¥ah'j&e'r.' :

-

\

Pol osciilator -+ -

Figure 4.17 shows thé stafe space and phas\ space RADAUS solution to System T~
for ¢ =103, and the number of IStéps' taken during iutegration, for high-accuracy (TOL= -
' = 10~%. Figure 4.18 ghows the
 first theée tevms,p to System TV) of the singula¥ perhichation solution up to £ = 0.8,

ie. outside the boundary laer, and then the global absolute error in the second order

10712} and then _g._pfﬁp&riﬁ’g Systems I and IV for T

e ol

- solution, using the above truth model. . =~ o
s . . . e n . . . . ) .
 For Sy_ste::_nI_:q o R | L\{ﬂé oy

'~ Only RADAUS yielded solutions globally accysaté to

N )
=) . d

Ea

W g L i
Wit brdér of mag-

~ ‘nitude of TOL. LSODI and DASSL were two, orders beh‘in;g.fcs&m =10%pnd
i B [:\ .\.\;? Lo

 worse for atricter TOL. (Figtre 4.18) -

;—~: Soiutiong_ were insensitive to changes me 0Le<, -bﬁﬁ}nume-fical cost and -
- ‘difficulty incressed on [0,2] for smaller values of s, with failure to integrate past -

" the singularity (Tables 4.14-4.18), On [0,0.8], RADAUS performance was found

to be unaffex:ted by the choice of Eayg-s or 0. ¥Figure 4.16)

-~ Nurnerical diﬂié_uli:y, cost é._nd.iﬁacquracy wéi‘_e concentrated at the.singula_ri't.ies.' )

L
T4

| (Figue 417)
" )
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R e i Q00 [ e i

x 1 04 STEPS (toi =100 2}

" Figire 4.17: RADAUS solution o Van der Pol oscillator: System | (¢ =10-3).

e .= On {O 0. 8] fm‘ £ = 10”3 t.he ‘three: codes had almost. equa.l work/precmmn ra-
e tios, Eﬁ‘ecnve orders are » 6 for DASSL, = 5 for RADA‘US and & § for LSODI- ;
w] o L (coqntered by 1ta shghtly l:ugher work/premsmn a.t loose ToLs) (Flgure 4 1B(b))'
©~ On'{0,0.8] for £ = 0, all three codes had effective order & 6. DASSL required_ -
_ more work than RADAUS (m 60% more at 10~6 a.ccuracy) and ISODI more. wcrk S

_ than DASSL (= 60% more at 108 accuracy), (Figure 4. lﬁ(a))
- As pradmted, the DAE became unsolvable when y = :I:l ' %

;0 ._?. ' closely than exther DASSL of LSODI L \‘\\

» For System IV Flgure 418 clearly shows (a8 expected) the ixnportance of hlgh er order- A
~ terms int the expansion 4s the singularity is approached. Note also the instability near
" the smgula.mty, emdenced by the cancelling effect of the first and second order terms,

' their exponential growth, and the g-rawth in the error, whu-.h is sta:ble outs;de the

bou.nda.ry layet

- «Tn |48, pp: 195-'171], N.Tﬁ 'aﬁd 'othei:' CD.des' are'appﬁed to"'tﬁe .stiff 'Problem; but"

no direct compansnns can be made with their work., Theoretical predlctwns are

‘made on the global errors of some IRK me‘ohods apphed to (4 25), (4.26) (for correct_

y(O),z(D)) ForRADAUs. B

e = 00+ O
o= O(h*) +O(eH)

i
Ry

- RADAUS a.ppruached ‘the ha]fapemd Bmgula.nty at t =0 80685238 E48] more: - __

,,,,,
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o S e

48 R Modulator S

Dth nrdar term '- ,}; S o .-’lét_qrdér term SO

o5

andorderterm

%% o,2d 04 o8, o8 .

.

Figute 4‘.135':RADA-U‘5‘30_[;1ﬁ§n to Van der Pol oscllator: System IV {ei210%),

e

which agrees favoura.bly mth our value of 5 fm the eﬂ'ective order ot' RAD&U5 (u.uless
e>OMﬂ 3.* e : 1

4
N . . T . s

.":{_‘\_';-

S
vl

o . IR S

s

=

Iurmura‘?mn L : . _ S
The mé modulatnr L47’j mlxes a low &equency mgnal e;(t) with a hlgh »&equeucy sxgnal

system model]mg the ring modulator; and’ cumpnsmg Beven admttance form constitutive

equatmns combined with Kirchhoff's current law snd- exght m:pedance fan:_ canstztutzve .
e equa.tions combmed with Klrchhoﬂ"s voltage. Iaw {p. 5), '

fa{2 +I4/2 + r'r - U)IR
. -fg_;- Isf2+Jo/2+ %~ Ua/R
A3 - G(Up,} + G(Up,) -
I +_¢(UD¢)—G(_UD;)-'_ _ Lt
B+GWn)~6Un) Ao L L
~Ig = G(Up,) +GUpY>" . ° ¥ :
—U'If R'i + G(UD!.) + G(UD:) G(Uﬂaj G(UDJ

=

i!-_-.

GU{
cus,
Ol
- CsUj

_ CsUé
- CsU§
P

,“_

i

B

|

W

T

 ea(t), and the modulatad signal is used &s an input'for an smplifier. The differential .
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L e
) ._th;
Lg

LS‘aIsi

LS:ISI.

N -‘3316
- 'L.?;I?

. . L‘i'lIE .

: ﬁ_' 'I‘he dmdes are modellel:l by '
| a.nd the dio_de__voltagés__'s‘r_e

Uy,

(,_»—'-.

| .Techmcal .parametﬂra

Ry, =36, 3.,

I By = 600,

L‘,. =4_.45; _
- I, =40.67486402. 109, A =17.7493332,

elrt) . 0,8

B
3t
| S T

i

Uy /2 ~U. ~ Ryl
: 4U1/2 + ty - Rg_,‘fq,

- U= Bl
= /2 + Us~ Ry ds
= Uy e {t) = (R + By )M

s 5*..

~Ua = (Ra+ Rm)Ia

G(ﬂ) = fs(ehv_ - 1} T

i .

Un, - Ua-—'-.{'ﬁ' R ealt) :

= -—Ud + Uﬂ.'“; tr'( - 92(0 .
U, = Ui U5_+U7_+ ea(t)” :
Upe = ~lo-To 4Ty s

are gwen bjr

: Rgg _='.Rga_ = 17.8,
‘R=2500, .
Cp=10-10"°

Lt Lg, = 0,002,

mn(21r103t), ex(t) = 2sin{2rivit),

Following [47}, we conAider 3 values for the art:ﬁclal capacny f"s

< and 8 get of consistent

The above aystem, L

_ 18 stlff dxﬁ-‘erentxal far Cg ;é 0 and dlﬁ'erentml-a.lgebram for C'g = 0 (smce A is smgular) '
The DAE can be transformed to a Heuenberg system of size 2, mth po=2, and we renrder _

-  variables in y‘

ds = 10‘“9 Cs
-gtgiﬁal values for a,u_cs\,:._is

L TO=0, =17,
I!(O) 0! 3-#1,-'..,_8. .

'La .

Aﬂ’ f(y! t)l

W
t L

K3

3(0) =

® S me
'y . Fuy

y={Tn. T Ui, s Uy Oye o D)
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_ A conmstent nntlal tienvat.we fol: the DAE is ¥ (Q} 0 s:nce .

Ay 0 = fw(U) (& 2400 =0 = ym 0. _- ®
- We mclude this example as a hxghet~1ndex linear canstant—r:oefﬁcxent DAE whmh can be - o
aolved by index 1 mtegratm:s oY A T o
Solutmn o |

| 'We ﬁrst at.tempted to solve the system wmh TOL = 10 = over. two permds of the slow
" input mgnal e (t), ie, T 2 1073, RADAUS {with the ‘ugual sc&lmg) and DASSL (w1thout-

7 sealing) were successful for all 3 values of Cs, bue: LEODI (without, scahng) failed to solve '_
" the vexy stiff Cs = 251012 and dIﬂ‘erentmLaIgebrmc €y = 0 cases. For LSOI}I the _

m’eegra.tmn failure point wag found to be *‘m’ther for shorter uutput intervals.

In order. f.o compare code performa.nce, we ‘then mtegraxed over 8 half—pexiod usmg. '
o TO{. = 10‘"’,m = 44,.., 10, and’ &time = 10‘5, and. ubta.med ths° work«precmoﬁ dxagram, '
_Flgure 4.90. We used FCN - for work and the maximum (Over all components over all 500 -'

. __mpomts on [0 5+ 1(]"2]) absolute global etror fo:- preclsion, uslng a R&PAUE solutmn with

N\

TOL = 10”‘15 as & truth madel.:

e Emm thé’ work-precxsmn d1agmm'

°

- LSODI, wh:ch ihlled at 1ooser tolerances, took T 2 5 tnnes a8 much work as .
DASSL and R.ADAUE: whxle DASSL was mora economlcal !;ha.n RADAUE at loose S

tolerances

"= Only RADAUS solutmns were accurate to wn:hm an order of magmtude of TOL -

-~ with DASSL-and LSODI an grder bénmd :
- The e&'ectwe order is p.: 6 for all three co&es (mthm the range of cnmpa.rwon)

. The numemcal dzﬂicultlea reported in |47}, especmlly for Cg = 2+ 10-12 were not

~ observed, and the qgaph for the component La(2) in [47)4s appreczabiy different (and -
dependent on the value of Cs) from that obtained here, which appears identical

for the three values of O_g used The output compm;ents Is(t) do appear o agree,' »

however. -

« Of aIgmﬁcance is that o hzgher-index scalmg wag uecessa:y here for successful solu»_

tion by DASSL,

W

4
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{ . Figure 4.19: DASSL solution
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B  we sek y(0). = 0. Index reductmn, djﬂ‘erantmtmg tha consirainta fom: times, reduces the

|49 Caicade of Differential Ampliflers

B

' -_'Figﬁ'ré'4.21:_ta5ca_dé of &ifferential é”r_npiiﬁe_ka. |

PR -1 .
A s .

‘_Furmulatmn L _ |
'ﬁrbltr&rﬂy Ingh~index DAEs cau arise i czrcuits contaimng dlﬁ‘erentlal a.mphﬁers [14]
 We consider & simple cascade of 5 dlEerentml amplifiers, wluciz we study in depth fo: o
B = (see Figire 4.21). “Kirchhoff's laws (p. B). y1eld ihe DAE system (where vg is the - o
- potential at node i, and’ the remators (of cenductance g) and wapac:tors (of capacltance g)
"axescalar) S L |
.._cl(”l"'"'-’ﬂ) S me;u
S al=1) (v —v) =0
cow el -v) Weilm—w) =0 0 o
e o) hm-w) =0 .
o e eglul —b) -lyz(vs-v4).'+iz_j%"_-.‘ ' B G
L ek mleee) =0 Tlaan
N IR g_s(w“vs)'f +Hg =0 S
) _ '3- T I
I

N

oa

- _'TIHB syt.em. whxch i easlly genemhzed to =;E 3, i Imear conmaut-coeﬁment n y = -
B CCETPP R 0 S i3)T. It seems natural to start with & grounded system af rest, 5o - .

" Sy&!aem to. the follomng GDE, fmm wluch'we knaw that vwxr LRI ONCERS

.- Co [ P L . . : . 7
e : N Lo 3 w Tk a . . a7
o . . . . "" . . . o ST
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In th.is case, tlge underlymg ODE lB ea.a:ly integ*a.ted The 8= 3 solutlon (easxly genera.l— "

_ ( vy
. Uy
s
1 .'*_u;

wl=|

~ Note that: o - .
1 Lonsta.ﬁts of mtegrat:on are absent &om (4 28) B thoy were found to be 260 dunng

. index ra,ductmn. - '_

2 Our chojce. of y(0) = 0 is mconsnstont (unloss the voltage source ' argd its ﬁrst &

o

RSN

| ( e(t)

d(t)
: O

_1.52_ "
o gze (t}

og g M :
amae

1 zaetey

¢(8) ~ ﬂcze”(t)

an 92

_ 'aiﬁ%cse'”(ﬂ

-[{ e

'\

cge"{t)wl- nga_csEm(tl-_ .

ff

o 4,

o

deri‘vatwes a.reamtza]ly zero) and, wzthout index r@duction, k' (i}) is unknom, so that . :
successful solution. of this probleﬁu rohes on. the abllity of the codes to recovor from .

inconsxstant initlal values.

o4

 system had to ba diﬂ‘erentmted three times to obtain v§ = —SL&ke",

In this problenn, which s not reduoﬂale to Hesaenberg form, the very natmal extonamn_’ .'

of mde‘x o component level can be seen, In the case of v above, for wh:loh the original -

e and perturhation it

' +he equation vy = 1! in (4 27) arrives d.xﬂ'erentlatod t\wco in the solutmh vs = A& we

- o9

deduce that v has {both dlﬂ-'erentmtlon and pefh:rbatzon) mdex 3 We can then reorder '

ir.

',,';.,1' v ved pmt R

= (Uls'”zsﬁ‘i:”ﬁﬂe: UB:‘I:”&S:H;’”T:‘S

{}"g\
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' :_Thls component lassﬁcatmn was fuund £0 'be useful f&n eﬁ'ectwe vanable scahng durmg o

. numerical integration. The abovp pmcedure can be generahzed to 8 cascade of slze § (and_ L
: ___.mdexw—s-i—l) ' SRR ' -

n = @i -
w = EERLREWE
s {11, v2, Vg U85 Ter U3, 41,05, I, U7, 88) y

I

g

D ¥ = (1’151’21_--_'- <y V24, 2ey 1_1'31 Js--21 ”23--11%--1;1’28+1s 3;)

| Solutmn

We attempt tu solve ihe DAE for g = 1 2, 3 4 ont e [0 16] mth TOL = 10“4 and the R

parametera S .

c, =i 10“3 Vi, f' _'-;}- 10"3 w, Cel#) —sm(t)

: We start thh the- ﬁomewhat pess:mlstzc predlctxons from the theory, the. ﬁJ:st bemg that ﬁhe

in. - For RADAUE, wa hope-to solve at least the s = 1 (index 2} and s = 2 (mdex 3)
problems, usmg the hlgh-mdex sca.hng option prcmded for Hessenberg form DAEs

K . . . . . o o .

- Table 4, 17 shows the results of a.pplymg R&DAUE» t.o the t.ascade problem of me 1, 2 and" EE

.RADAUE

' 1 J-step vanable-stepsme BDF method (fe. DASSL and LSODI) can only g‘ua.rantee ACCITACY -
- to orde:: O(hmx),q = mm(k, -y 2) in some components {cf. Theorem 3.2. 1} Since
'ASEL and LSODI both start with k= 1, we ca,n expect errors of order (hz'”) at-the
- Ytart \af mtpgratmn, becoming more 11]561}' to fail the errgr test as s incréases. Note thaﬁ -
{he sirategy of em:ludmg ]:ugh-mdex compnnents t‘rom error test&is approprmte for this

problem, since it is the h1ghest—1ndex component (output volt.agé) that we are mteresteci -

- 8 under n‘fvanety of acalmg opt:onﬁi‘\ ;B.emamber that RALDAUB requires the d.tm(enslons of
the indes 1, 2 and 3 var:ablea stored:in that order in the unknown vector, I an attempt :

to scale the mdex 4 (for s= 3) variables effectively, in order to include the steplength . -
" the scalmg it xras necessary o convert o a 'multicall mode for RADAUS, - 100 RADAUS _
callsonte LOJH], using the last successfirl steplength on each call as the current 4, using

_the RADAUS index 3- scaling opption fox the index 3 and 4 varlables, and then scalmg the

_ tolerqnce for(‘the mdex 4 variables by 1/&, ylelded succéssfil results’ The game approaﬁh =
_ apphed to the index 5 (s = 4) system, ie. scahng index 4 tolerances by I/h and index 5 -
- tolerances by 1/‘h2 was not successful however,

Tabls 4.18 shows s::lution stntxstncs for the auccessfnﬂ soi\utmn uf the § = 1 2, 3

":pmblem b}r RAIJAUB. Using the tme solutmn, we ca.n. deﬁne
accuracy = mund(-— Mglu(mean(reiatwe errot))),



dim(p = 1) | dim{p’= 3) | dim{p = 3) | Result
g Oy N - Success -
‘Buceess
I Failure
A Failure § - o
I Failure ¥ -
-Buecess
il . Failure
" Faijlure
Failure
- Failure |-
It Pailure
' Failure-"
Diaallo“fed

pc:»:;_h.'mw'cmém.wcm'::
a e WD Ofw oo ol o

Lo
>
'_cl B e O3 00 (5[ 09 G2 W ool o

LA T

Table 4 1? RADAUB solutlon tu cascade problem mdex 1 2 3 scailng opttons o

50 that a component with a global relative error of TOL (= 1()'”_'-4) has an accuracy of 4. i

[

- & Tw| STEPS | FCN | JAC | ETF's || Accuracy

. el s4 fesrfiz] ar (5,32',3,3,_3)

oo 2fs 88 "89] 10 [-12 (52%25332@3) .
- [314 _' _1_06 727 106 -9 i, 84,54,52,222,2,1,1 1)

L _' R Table 4.18: RADAU5 solutlon statlstlcs for cascade prob!em s = 1 2 3 :

e Numerit:al so]utxon requued prior ma.mpulatlon, alrnost to the pomt of analytlcal L
-~ solution, in order to learn enpugh a,hout the h:gh«mdex DAE for 1ts solutmn

.' [ ﬁ.ADAUﬁ‘s high-mdex sca.hng option appears Lo he con:-nstent w:t.h the concept of

'~ component-level diﬁ'erentlal index; since the index 2 pmblem was solved more effi-

solved with correct scalmg but. not with other likely chomes
. RADA'UE was unsuccessﬁ:ll fav mdex 4 (and hm;her) without modlﬁcation of the calling

‘ciently with conrect. scahng‘ than without scahllg, and the index 3 prublem could be' SR

' rout:ne to inchide hlgh-mdex TOL scaling, oniy partially succeqsful for index 4 (due N

to unacceptable j inaccurac - in the_requ;red_ solution _corg;;ponent) and unsuccessful for '
h;ghe-:index R T S '

- _--’i RAI}AUs recovered succestully from the mcons:stent fe.s. B.epla.cmg y(ﬂ) 0 w1th.--. |

" the true n:utml value ¥3 (0) from (4.28) did not aﬁ‘ect Teble 4, 17 at all, but did i imprave :
the solution accnmcy near ¢ = {, so tha.t, for example the 5= 3 accuracy became_

{11 77,54 51 4,4331 1,1). . \ . X



. :
CHAPTEB 4. EXPERMEWS ,; - 103
“ ....'O : | o
£ m_dé::_é component . ' :
o o tndex 3 c_arﬁpc:ﬁa_:f;t . ""-\'\t'l
o ® e 0 10% T L T

' _#iéc_:e 4._2'2;'_-_':R}§-DAU5.vcc_rk-'precision_ diagram for _ca_s_céde: pcbb_lem: =2 S

' .® 'I’he observed a.ccm?z.oy in 'I'a.blc 4, 18 s a good reﬂectwn of t:he TOL scalmg, wnth'

h:gher—mdex vanabIes en,]oymg Iess accuracy in each case. IRCRT g

P

" -and the maximtiie absolute true error on all 1000 pomts ol ,0,10] for accuracy, for both_.__-.
"‘the index2 component vy and the index 3 component ug: To ensure sa."‘e mtegra.tmn over a
range of TOL =107",2.m=§,...,20, 8 gafe stopping cntenon for the Newton iteratmn

wa.s get, the J a.cobian was evaluated after each step and tHe NEWT per step. allowance was-

mcreased ‘Rough estimates. for the effective order, nsing linear regression on all data, are -
%' for the index 2 component, and 3 for the index 3 component, Also, the index 2 accuracy -
is an otder behind TOL, while the index 3 accuracy fell further ‘behind TOL as precision-
. incrensed, This confirims the- expected IRK order loss for higher mdex Note. the unusually":' ,

' irregular data. dlstnbutmn for RADAUS on this problem, .

xj} - . . : XTI — . . . . ) .-\
e : S : Y 5 e

. The ipconslstéﬂt mma.l xa.iues y((}) = (D) Q ha.lted mtegratmn by LSODI at r.he lnitlal -

- step, even fof ¢ = 1.  On ug}ng trze initial values, integratioh failed (due to. repeated
ETFS) befqre T ="10 wac ;.mched For g = 1, the partial solution was accurate until '_
fojlure, For exa.mple, acguracy = {4, 00, 3, 3 3) on t €3, 4, 1] usmg high-index variable - _
acalmg Wlthnut scalmg, mtegratmn failed earher. No solutmn coulcl ‘t?e'obtained fors

LA

s—2orh1gher‘ '

'F1gure 422 is the work-precmon dxagram for the: mdex 3s= system, usxng FCN fo:r work



'DASSL _ o . o _ .
Gunously, DASSL faﬂed to compute an approximate y (0) when y’ (0) = 0 w?r m\en a3y

- mconmstent but was found to recover quickly Erom the mconsistent ¥(0) = 0, given as

consistent. W 1thout. appropnate tolerance scaling, mteg-ratlon farled due to repea.ted ETF's
“before T = 10, a5 with LSODI 'I‘he inconsistent y(0) = 0 posed no great problem wrth

o only an 1n1t1a1 drop in solution accuracy, as with RADAU“ o e

‘Some successful mtegratioﬁ statistics are given for 3 a= 1 2,3,4 in Table 4.19. _As_ )
~ with the pendulum experl.merrt. weaker or stronger TOL, by a factor of 10. (unocaled) or -
ke (scaled), resulted in less accuracy or outnght failure characterized byorepeated ETF's

o '.'_:&nd/or CTF 8, not alwayb near { = 0. ‘Accuracy here corresponds to the accuracy of the

output. iroltage and can be compa.red t0 the second last accuracy component m Table 4 18.

. Tn Al cases, Ay = 10”5 was used m*h other choxces being less successful As for RADAU5 |2
_' ;= e exv‘nenced more difficulty ab * Shtained less accura.cy for hxgher-dex components.

:(An optrpn for setting hmm m D[:(SSL rmght have proved helpful for lnmtmg h:gh—mdex P
' scaled tolerauces ) - : : B
0 Am attempt to demand an accuracy of TOL = 1074 for the hlghest-mdex oomponents, .
-a.d,)ustmg lower-index: toleran(:es a.ppropriately, genera.lI}r fajled, probably due to changes'
o h allowing. mappropriately loose- lowerﬂ-lndex componeut to}erances : ' .
_ * The generl approach of scalmg mdex m com;gonents by K=" appears to be unaet— o
mfarfory, end t.hrs problem cIearly verifies the numerrcal dlﬂibulff fvencountered at iugher

L [FEalv=2 | v=8 | v=g | w=5 | - " | | .|| racy
110 [ 1% | .| - S T ies | 23| 2. @
AR 1] s ] .. 36| 85| 2|  Of 0"
- 2 10°° | 107%/R4 :10"3/h“'.__' R {800 462 | 2341 . 1 2 .
10‘“-_,- 10~8/k | 10"?/!»3.; oo b ok 2881330} 25| 4. #
3§ 107% | 107%/h | 1079 /% U“’“‘/h‘* ' .. 1501 231 (- 30 2
I I I i/ 30 I Ol £ L L 0“‘*/&5 ff 168 | 292 "'38‘ 710 i

Table 4, 19 DASSL solutfon §tat|st|cs for cascade problem. s5=1,2, 3 4

. o -
R~ S BT

Conclusxori e : ;

- This { arbxtramly) hlgher-mgljex problem is clearly dlﬂimﬂt by solve us;ng these codee. ’T‘he' .'
- diffienlty in obta.mmg DAS‘Y}., solutions on & suitable range of TOL prevented ti:re compar- - -
ison of effectivg orde;, and we onl:y conclude that RADAVS and DASSL appear ta obtain _

. comparable atcurscy for comparable work on successful integration runs. Due ta eﬂ'ectrve o

hrgher-mdex sca.lmg, RADAUS proved succeﬂsful where t]:e ofhers I'atled

’ J.’

i o
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s 1!} MOL Transmissmn Lme-  _'

Formulatmn e R TR PR

“We cona:der a m ehodnof-lmu (MOL) dlscretxzatlon of the followmg nonlmear hyperbohc o
" PDE, which has been used to descnbe tr:msmlsswn lines, cell movement and branchmg S

frandom walks [31] Ta

IR 1’te+f1+9(1-'))1't k vmf(v), B I

| ze[oL__.gté[oT], N
v(a:, 0)= v}, uela,0) = Y S

g eCo,1], "1+g(u):>0 S S

- f ecﬂ[u 1]; fle) >0 we [ﬁ 1} |
f(ﬂ) - f1) =0, _-f’(O)f’(I) <0 J

h “F&um theury [31] we knﬁw*tha.t System 1 has smoof.h travelhng wave solutlons

‘o

T N o =y A

.. .. ?..&fi“,t Utm ) .VC’G [.:_1_’-_4.621'-'_!([])_1.5 v.
- .. .and tha.t for nonnegatlve vo (:?) wnth bmmded suppott on the nght, 3 ._ E
-vg(.z:) > G ‘re {B, a:,.), ‘Ha(z:) 0, :c S [:c,, ]

il (0)

jv.(¢r+.3t,t)ﬂ-0._as't-+>_oo "VcE e(

c Smnlarly, on the Ieft., the solut:on tends pomfmse to 1 due 0 the growth tertn f(v) Th:s |
means tha.t the bulk of the nonzero part of the sulutlon asymptot:caily hes to the left: of N

'_ the lme z = :n,. o cmmt where the mzmma.l wav —speed cmin ia glven by -

RS

W)
| 1 + 4e‘2f'(0)

=S

' 'We now ex&mme a parts.cular apphcation with IJ S e« 1and consxde‘r dzﬁ‘ en tial-algebniic
regular_lzatmn_ of System 1. Rephrasing I ag the stlﬂ‘ ODE" sygf,em imt, :

Ctp= e - S
Ez‘wt'-—— Lvm-i-f('b‘) (1+§('”))ws }II

A

and settmg € = 0, thls DAF system has p = 1 iff (1 + g(eu)) 5é 0 So the hyperbohc.
- conditien 14 g(v} > 0 ensures » = 1, Note that the parabolic cage, with 1 4 g(v) =0, has -

. undefined mdex, and DAE solvers are unsmtable for solving System I in th:s ca.se
‘~.\ :

1'+ 4&2]“(0) ) . r; | S



| Parameters are obtamed from > generahzat;on of the Hodgkm—anley and F 1tzhugh--
. Nagumo models of the nerve axon to include a small mduct.:on along the Iength of the.-
- axon [91} The quvalem cxrcmt (where L is now mductlon) is modelled by : o
.\\, Lcafﬁ I-at(LG(u)+RCv) M—RG( ), T |
. "_whlch ‘with'¢ g = L;’R @: 1, o{v) = LG"(u)/RC’ kz = l,fRC‘ and f(L) --_—-G v)/C :
. ¥yields the stiff system L Speclﬁcally, we consider sttem 1 with and k & poe parameters, .
L=1,f»)= a(v ~v%), (v} = —e?afl - 3y? )3 D a.nd vn(:r:) = __1 ~ H[.r) (H_ Héaviside"_-
) functmn) which comply with the condztmns '

MOL dascretxzatmn of System II replaces v and w w1th vectots "epresentmg numer- <

“jenl appro:umatxons to thmr values at equally spa.ced n?dﬂs on [0 L] ie.
- v,(t; s 11(:::,, t), Cmmih, im0..m, = _L/h= 1/&

'.and 'um. 15 discretwed by 1 second urder centra.l dmded dxﬂ'enence approxlmatmn :

_ _.d'

D os

. Note that b here is the space (nat tlme) dlscretlzatmn pa.rameter The first and Iast TOWS
of A include boundary conditions correspondmg to v(m > 1,%) == 0 and zJ,,(O £) = 0, but

- these conditions aré not othermse enforced. Fmally, the seml-exphcxt st:ﬂi‘/DA system we .

W1sh to solve { *he Iargest system we canmder) is

) _-;..w,f(t) e, A
. o . _ . - | \\ . B
T‘Auv;,(f)+f;(t) (1+y;(mw,(t) r

- li"f‘- |

Sul) =

| folr-i_ = oo ,n +.1'= 1/?;,__ with 52 ﬁ.i,'f1 a('u,-uv ), gi = _Fz {1 31:2), o> 0, - “

 and initial conditions (0) = (1,8, U)T 'm(cr) = fm) =0.
...Solutmn S ERE S
- We att.empted to solve System i} Slwer the time ta.ken for the slowest predicted travelling

wave to traverse the axon, T = 1lcmin By this time the potential applied at z =0 from - |

=0 is-expected to have reached L =1, Different choices for ¢%, k2 and o give us 6 sample
problems (Table 4.20). Requirad aceuracy was set at TGL =10 "5 and a ‘true’ selution

. was nbtmne N usmg TOL = 10~? (by RADAUS in Problem 6 a.nd by DASSL athermse)

SN | o Lo g .. ; (

/.
4



B _ From thede results we can c-bserve the followmg. o

Due to an mabillty to ca.Icula.ife the lmt.lal derlvatlve (for w), LSODI falled at t =

N ,f;{_} -
"’ Lo t(( ’
.'__.CHAPTER‘i E:XPERIMENT% TR A ot et

even for € =1, DASSL and RADAUs shoved varying degreeg of auccesseti%arly showulg a '.

o travelh,ng wa.ve solution &t a Bxed speed. -This and other propertzes. such as diffésion; can
be seen in Fxgures 4. 23-—4 25. Of quantxtatwe mterest is the uhserved wmespeed Coy &enuYed, R
from the output, and ‘Err(;;' the maximum absolute error aver all. components of v and .

W over }he entire interval of integration, based on thé ‘true’ solutmn‘ An output interval

" of Atime = T/200 wus used, Solution statistics are given in Table 4.21, and F.tg}].re 4.26

shows work-pt*ec'mon dmgrams based on bath ETIME ancl FCN. o e

#lnl € | B* |al Cmin_ tmax | T | Symbol
U210 o] 1] 63" 0 1 I8 o
9 (| do 108 (10784 1| 63.107% | 1 jasd |
o5 | a0 | 10-% {103 | 2" des02 |1 e |
3 fleofs0®}) 1 1- 2.0 [3L610801| % -
-4 (20| 10+3 { 108 (10 0200 | 1R8I0+
¥ba 20| 2078|1078 Por 1 200.1070 | 1 [ s00 | - 7
_51;: 20 [10°% 130781 1) 200.20°% [ 1 1007 ..
R 6] 20 40 1070 1 200 1978 oo L5oe "-,,f
‘rableﬂ,zo- Samp]e pmblems for MOL transmission lme S
'.c. : m
# | CTode . [ sTEPS | FCN [ JAC [ ETF’s | ETIME (disk) | Error | e
1 || DASSL | 370 1. 480 |20 [ 5 | = 138w 13.10°% | 6.0 107
|l raDAUS || 127 937 |10 | O - 9025 2.3.10°8
2a || DASSL § 362 | 488 | 37 | 7 P~ 36ds :

i RADAUS - Exltatt—qﬁduetosmgtﬂa\:matmc R
2b | 'DASSL § Undeiflow exrorat £ =10 ST oL
- RADAUS. -E:ntatt—.ﬂduetosmgula!mam v R
|3 | DASSL || 436 53T | 41 158 [44.107 ] 143
|l rapaus | 203 | 957 7 . 20.8s: |3.4.10"% L

4 || DASSL || 809 | 028 | 40 206y | L.8-10 %1 0.26

- || rADAUS || 344 | 2623 | 304 . - 732 |LB1ORIY .
5a i DASSL ‘[ 1315 | 1849 | 160 | 40 | = 353s - ] 3.8-107* '!_a\@-'lﬂ“'?‘

Ho_:tmczj

Sby | 1281 [1760 | 88 © | s ||
Sbjl il 506 | 3940 | 438 52 | 106.0s. .

6 [ DASSL [ 3'(t) could mot be computecl att=0 "

4
ko

Tab!e 4, 21 So!utton statistics for MOL transmlssmn I:ne

- : 5 :
i} . o S

i

_ . Problem 1, taken as the basic form, results ina wa.vespeed shghtly slower tha.n the

predlcted Cmm» (See Figure 4.23.) Flgure 4,26 shows the global absoltbu errors of all

Lo

[
[

| mapavs [ 35 (4338 [ 461 66 |  1i63a 155 10”“1_9.3-'&-:*3' |
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components Clearlv, RADAUS succeeded iﬁ control,lmg the macc}u&y \&hﬂe DASSL

O, , Y
. . . . /i '\ C‘ .
. Problem ‘3. . um{ A fmer mesh wﬂfh more 1n11er1 mdms, resttlm 21 a.‘more 1II—
'; cond1t1oned xtera.t.mn ma.* sdx, whlch halted htr.gx:a um when humencally smgxﬂax.
- DASSL appears more suérbssful in t Fard, but His i possthbly at the expense nf
accuraey. ‘No ‘true\“qolutmn cmﬁd be, :,_tptamed for 51

d.iffusxon of the nntzal d.wturbance. ( - Jz

Two @

.'{)

&ﬁcmntly st'.“xct TGL . ) e

| . Problem 3 wn;h laxge dleusmn constant %, shows a w avespeed well,w:thm the prp- s ‘
- dicted range. (See Figure 4, 24) Our, value for ¢, may be maccurate due t.o f’apld B

Qli Problem 4 w:th a proportlona.]ly ia.rver shunt conductance in the eqmvalent. cit- s

, showa a wavaspeed mthm the predzcted range, s}.ightly hlgher than Cmin (S;e

s

e Problems 5 a.nd 8 in which mducty e e is reduced even to Zexo; shbw waveapeeds

within the predlcted range and in ﬁASSL an ma.blhty to handle the. mma,l cond:tmn‘

Jor thp DA.E Problem 6.

® Throughout thls p*'oblem, DASSL took less eﬁ'ort, but o'btamed less accuracy thau_ .

RADAUS, significantly worse than TOL in some cases, whereas RADAUS kept the

accuracy close to TOL. f-ﬁso, mcreasmg stiffniess. result.ed in both mm:e work and less -

o
o !

accuxacy (SeeFigureéiZe) S S A AR

a-d plol v (laﬂ;), w (r!gﬁl)

anura 4.23. DASSL. soiution o M(\l F?roh{em 1: 3—:I
(v{xh w(x) *‘or varibus t) and contour plot (v(x t), w(x ). .

i

43

plot (v(x.t) w(x, £)), time evolution

I M
R .



- R _i‘-’igtire_ 4,24 DASSL solution to MOL. Ri’ohlefh 3 3-d and con{:au}:’g\lots S

Lo

3

) w. Figura 4:-25: DASSL solution to MOL, Prablem 4: 3-;d plot, time eVol.ut‘ton'a'n;l_, contour plot
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The umque true solutmn, easily forhnd by mdex reductmn, is

3

- --'CH;ﬁ-"TER 4 EXPERMNTS e s

Y

4 11 Small Cantrwed Problems

- _' For this ﬁnal expenment we sohe numerlcall}r two lmear vanable—cnefﬁmeut. DAES of :

theoretmal mterest [41] (cf §2 L 2)

-‘-1 11 1 Irregular Salvable DAE
Pormﬂatlon - S o
System 1 below has a singular penc:l for all t an and is thus i:regular:___h__ ;

(=) b

A lnear tlma-dependent transformation of varxahles y1elcls the: regular indéx 2 constant~
coeﬂicxent DAE (Hessenberg of't size 2) System II * -

(G = (G De(h) e

5

._” -( _ffz_)___:_t__.i‘f ””(t(fft}zfi)g)fz) |

K
s
!

Salutum . _ CR ! S
. .':- ‘ . f.':‘/ o

A We a?temoted to solve both Systcms I hud II (to wn.hm TOL == 10“‘1) numermally, w1th

(4)-(2): wwewn

(The chmce of & 7& 0 wag- m order to 1etam generahty that would have been Iost for
i =0,) Consistet i.c.’s were obtained from the t1 = solution.- :
As expected for-the u'regula.r DAE System T, DASSL and LSODI failed- at tg due to
repeated corrector tinvergence test faxlures (System I is unsuitable for RADATS due to
the time-varying mass malrix 4.) The su\ Fssful solution statisties for System TI are given
" in Table 4.22. Nute'the high order of glohal accuracy obtained (up to the double precision
uwed_.)_ and the remanﬂble ease of _compuj:atmn RADAUS used only one JAC evaluation - '
since it solves the DAE in linear_foi'm and therefore its Jacobian _i.n_'this' case s constant.
DASSL solves the fully implicit form and has a time-varying Jacobian, which therefore
requires repeated evaluation, Of s:Lgmﬁcan{.e is the fact that DASSL solved the higher-
index DAE withous adgustment or undue effort. ‘This is not unexpf's.ted, a.s Theorem 3.2.1 o
predlcts no order Joss in this case, : .
This problem verifies the claim made’in §2 1.2 that an megula.r DAE ean he trans-
- formed to a negular one, and that these numerical methods used reqmre reglﬂanty, »
addmon to sulvahmty, for successful mtegratmn ' o '

.
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B

e o

FRR T

=

- .-._(_Jo.de_;'. '-

@ -

STEPS.

FCM ¢

: Max. endr in y(1)

Max error in y(2) |

ahs .

—vel

abs |

Tvel

2

“HASSE |
. | ranaus ||

- 17
9

17
36

RN
1 O(10~15)

iROE
o118

'-_0(10*15)

0(1071%)

B0-)
O{10-18)

20

- DASSL

10

ST
w0 |

o1y
. 0(10*‘4)

0{107°)

_. o'(m'-'"i).

Q{1071

0(107%%)

“O(1071%)
_'0(1'0"-_.%“) |

=

_RADAUS
| Tab!e 4 22 Solutmn sta*'lst:cs for |rregular solvable DAE System 1

o 411 2 Varmble Index I)A.E R TR A
- o '_Farmulatlon R -;,(. /

_Th? unatmn ; .'; o
q‘J+(t)>U Rore>0 0 frtzo
fort <0 ’9'-

W’ {w..(t)>o fort<0 " |

;m } Mt) {

By .

R _ raid ¢~ and w mﬁmtely dﬂerenuable, ’Jg;olvable on (-oo, co) “The penc:l ﬁnrmed bv the'-_ =

e A coeﬁcxeni:s ja nﬂpotent of mdex 2 i t ;é 0 and of mdex X lf t =0, The unique solut.i'm s |

. 'cooxdmate changes P, Q can be found which transform the 8
x with exphcxt algebraw constramts. S oy

. Solutid’t{' N
o -'Wechosa
\

Ean-:i reqﬁesteﬁ TOL = 104, Consxstent ic ’s wela obtmned from t.he tme solution. Note o
- that s ot &ndm,b is (both not C"") RADAUS is unsuitable for tm&vamant A but

- DASSL solved the pr' blem successfully without hlgher-index adjustment o computatzonal
A the mdex a.nd nn]JSpace change att= ﬂ [see F:gures 4.27 a,nd 4. 28)

T

'ute that A changea ra,nk at t = U and changes nuJ.ISpace ang rqpsesﬁ 50 that no amnoth' .
%qmtg _a..sem-exphcxt DAE :

-j--(ir2 t“)’*‘" w¢+(t)~sm(t),_w-(t)—-mn‘*(t), t6[~ﬂo,051, -
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4 12 ﬂonclumn :;"" o '. |
4 12 1 R&port on 'Ihchmqties . .
Scahng

The steplength—-based vanable scahng and fow scalmg suggeotlons of §3 2 3 were luv »Iy'
unsuccessful mast Iikeiy since source code was not rewritten to include ourrent steplength':.'

. jn TOL and RES routines at each gtep (only at each call in & mufti-call mode). Although |

“short output intervals were requested resultmg m ﬂequent steplength reevaluatmn. this
proved insufficient especmlly in the sensitive initial stage. Some variable scaligh did re-
sult in sﬁccessful integration but the obtamed accuracy way usually intolers ﬂ aM
approach of sca.hng index m components by AlT™ (based on scaling algg’f)ram variables
by h=1 (§3.2.3)) is clearly inadequate. Row scalmg was attempted for all Iugher—iﬂdex 3
problemsg but mth 1iG notable 1mprovement RS N .

b

‘TOI_ foi* Premsmn -

' E:om the work: -preomon d:agroms, it appears th&u LSODI and DA‘SSL have roughly thef -

same ititerpretation of the TOL request, with the obtained global acouracy. falling behind
TOL. In this respect, RADAUS ‘provid more reliable, mth global a.ccuracy conﬁrmmg the._ -
TOL request, often to w:lthm an order of magnitude : o

] .

Code Comparison

Before presentmg a concluswe report on relatwe code performance, we wam agamst ex-
clusive use of resuii;s such as effective order, which, a,lthough prov:dmg an uncomphcatea

- standard for' comparison between methods and with theory, oversxmphﬂy the issue and? .

presuppose robustness, which is. oﬁ;en lacking, e,

1. The high effective orders obtamed by LSODI (eg‘ Fxgore 4.12) is overohadowed by
' the dlﬁculty of obtammg 8 successful aolut.lon aver & range of error tolera.nces (eg -

2 The eoncepta of ec‘i‘ectwe order a.nd work/precmgn ratzos rely on tho undarly;ng
- lineaxity of: work—precxslon cu;‘vos, a.t. least for some precismn range: Thls wag’ nbt EE
always f.he case (eg; Figure 4, 155“ S - '

1’« . s

» 12 2. Code Comparr:son g

Table 4, 23 summanzes the results of the expenments accordmg to two basxc ontena

1 Success: Dld the code solve hhe problem at a.ll"

.'J

2. Quality: Ifso, how good was the solution?, o

v

. .
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_ qTli'he answer “to (1) is deternnned by smtabxhty and robustnesh For (2), wlxjel%\flenends
'_ ___pnmanly on geetiracy, e snomy and’ predlctabihty, ,ghe codes are hsved {by: initial} in -
' decreasmg order of quailt}r, using ! to denote preference._ {An 1mportant omission

here is that LSODI-and, to sme exteht, DASSL were. given iuforma.twn on the m1t1ai

- . condjtmn gamed from RADAU&)’ Froxg,"‘[‘able 3 23 it 13 apparent that'. RADAUS generally ;

Pmblem o ' T Success 'Qualit.y O
| Name . { In dex  RADAUS | DASSL [ ESODI | - &
_ R-T‘ranslstnr Amphﬁer AN AR R>D ]
_ -_2.Phase Plug Flow ' 1 ' W VA b T L DERL Y
| Dls‘e‘h&’?ge Pressure Control | 2. Vb= box TR
o Plmeremm | | VLV | VO DEE
R R Tl e ] ReDRL
ok verystiffindex 0 7| -4 -l ol /0 T o/ TRSDSLE
CRimgModulater - |0 | . | ¥ 1V [RD3L 4. -
(o:verystzﬁmdexu} ' 2 - el x |RD  #
TV VxR
Ca.scade ofD:ﬂ?Ampa 3 v x| % [RD
' MOL ’I&:a.nsm;ssmn Lme - -_0,1_ N3 -;\/-.' Vv x | R>D
Table 4, 23‘ Compar:spn of com N .rfarmant:e

outperformed both LSODI a.nd DASSL in these experlments, wh;ch ‘it may he argned
aré bfased towards RADAU-as ihey derive mainly from literature presentmg methods for -

' solvmg linear or hnearly nﬁphclt DAEs In fact the cunatant-coeiﬁcwnt hnearly 1mphcit

~ restriction i is g severe Dns, a.nd DASSL would be the obvmus choxce for am toreh gener_al g
- Prabiﬂm. ) S T :
“ For index 0 problems wlthout extreme stﬁness, the three codes performed compsg
rably, £ presumably, wuuid any decent- stif ODE sélver, =~ . RS
RADAUS's main adva.ntage aver DASSL is :ts h:gher~1ndex scaling for whlch, un-

.'I.‘ .

fortunately, there is theoretical support &hly“for v & 2,3, DASSL was. successful for the

. index 2 ring modulator problem without Ay hxghar~1ndex remedy, but tb,ls is an exception,

For index G or 1 linearly implicit Qroblems, no’ clear preference iz gwen sometunes DASSL

- was better, sometimes RADAUS; and somet:mgs it was too clage to tell. o
i That LSODI was not d@lﬁﬁed to- be robust oiill index 1 linearly nnplic;t DAEs is
. reﬂected in the results, A hlgher-mdex problems -'

clearly beyond 1ts scope..

.\.‘

"
kS

T

A
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. In ﬂus dlssertatmn, an attempt has been made to convey the entire process of solving 1mtia1'_ .
B value DAES numerlca.lly, from the underlvmg theory to the development of numerical .~ .
' '_techmques and the unplementatwn of avmmble software for solving problems from a variety e

" of apphca.tmn aréas. It is boped that it w:.ll prnve useful as 3 guide to the feld, reqmrmg _'
" no other prerequmte than a- graduate course in numerleal analyms We cons1der the .
e ach;tevements of the dwsertatmn to ber S s ax :

3' n'r thvrature sm?ey. mcorporatmg, or at lea.st cztmg, the main works by t.he ma.lor'- -

authors in t.he ﬁeld as wall By subtle points and nhscure mathods
U :

g The nbservatmn 'bha,t the umfymg concept gﬁ & netwotk furmulation of ph‘.ysica,l sys~ S

' tems 1s fimd'xmentally smted to the solutinn of the resultngAE

-' .'- Expemnentation. collection, formulatmn, solutlon and analysis of & varlety nf DAES.'-- T

not resf,ncted to mdex 1, venfymg and 111ustra:ting theoretica.l predlctmns e '_ '

e Software comparison- eﬁammmg the smtablhty (thh resPect to applica,‘blhty, accu-
racy and rabustness) and economy of some of the a.vmlgble DAE code\a, hased on the‘ '
above expenments‘ ) - : L . :

_i The observatmn tha.t the general theory and ava:lable me’chods and software do not

cater eﬁ'nctlvely for general higher- mdex DAEs arising. in applications, such as the

 index 3 wuler-Lagrange equations, the index 2 Navier-Stokes and (some) neiwork a
 cauations and the arbltranly high index DAES Possible mth singular perturbatmns.

Clea.rly rauch work is still o be dune. .

1

= The collectxon c¥ dJﬁ‘erent uses of the mdex, a concept whzch is only vaguely deﬁned
m much of the hterature. :

' We see ‘the major weakness of the dwsertatmn ta be that in seekmg to prn!nd,e an overview {
." rather than iocusmg on a specific topic, no real gtoundbreakmg work has been done.

The analya:a of the expemnents of L-hapter 4 could havé been more thomugh, and some
_ pr?blenm were treated more fully than others. Th:s is Just:ﬁed, 8s. the phmary objectwe
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' _:there waS - the 111113t1:at10n of DAE behavwnr a.ncl uhe apphcatmn of the QOds aud_ -
o conceptual tools preseuted earher, and not the successfu.l solutlon of the pruhlems tackled IR
. Some work has been omitted for: the sake of brevity, mponantly. : .

. Pmofs of some important resnlts and then!‘ems in Chapters 2 ancl 3. These are elther"

L _' “standard results outside the seope of this dissertauon, of results requmng a deeper_ E __
understandmg of specific subtopics within nuserical DAE or ODE theory than is. -

_ possible here. Some prqofs are mcluded and these support the d.tscusszon mthout
‘h’indmnglt. T SR - - _

C e “The solutmn of the class:c spach shuttle probiern [14 p 157} a.nd other nonh;pear_- o
DAEs. - - - N . o
. The use nf other codes. such a.s L]ME}{ (extrapolatmn) and DAIS (conszstent 11111‘.1&1—.: :

Z ma.twng T \z o

ASSL is in prepara.mn.) TR

multlpoint boundary—value DAES of index,at most 2, using projected collocation at_
T Gassian points with automatic mesh selectmn a.nd error. control. "COLUAE “was
' wntten by U Ascher and R. Sp1ter1 and is now avaﬂable from NETLIB S

:_-o Recent work on ‘I‘aylor—-typk .mthods, wlﬂf'h are still’ bemg developed and are not'.'.__':- o

yet a.vallahle for use, shoiws that these met.hods ate very prowmising for the accurate
-golution to hagh{pr-mdex DAEs. Much of this dissertation has focused on the failure of -

i . general codes when solvmg !ngher-mdex problems, anti t.h.ts seems sure to be remedied

mthenearfuture. A S e

&

_ '- The“&olutlon of Iarge problems and the use of parallehzat:on (A para,llel verswn of RN

'3 The boundary value DA.E problem [6 28, 60, Gﬁ We do mention that the code ) o
 GOLDAE, anextension of the code COLSYS/GOLNEW, a.ttempts to solve seml-exphclt e
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. Chapter2 ’I‘hebry e
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. Sample Fc»rtran Dmver

Amphﬁer Drwer Code

u

LTS

DASSL nm:vnp. FOR pnusmm 10 2—mnsxs'mn mmm ——
IMPLIGIT REALWB(A-H,0- o LT

- CUMMON /parms/ ue,ub,if ;alpha, bata.,p:. xo,rcg) )

. INTEGER#2 ihr,imin, :.s?“c,:l.iﬂﬁ‘t:h,:.hro,m:.nﬁ :.secO iiOGt:ho

Declarations - .. i

| EXTERNAL res, jac . N :
| PARAMETER, (neq“&;, o::-'ﬁ='5-, ml=2, I.lIl-iﬂ)_ L _

" PARAMETER (1rw=200)
-'PAR&HETER (Liw=20+ndq) -

o ——

e
g

o R

G \.--_'-.-

DIMENSIDN v(neq), y],'!orime(naq), rwork(lrw) iwork(liw)

DIMENSION 1nfo(15)

Sat timeld .

CALL GETTIM (;hro,y*mmo :.sch iiOOthO)
DO 1 i=1,1B . _

- dnfe(i) = 0 bl'

Cutput’ pa.ramste;rsF
OPEX(6,FILE="g

.

e.out?)

OPEN(10,FILE="dafa.ous?) .~ = - - Rt
~OPEN(8,FILE=’ sampla. err’) - : B
Solyer paramate:]%

Multi- or szngl?*—-call (mult::.)

info($) = 0 i BECARNY
Jacobian parameters
iwork(1) = mi {*
ivoxk(2) = ; : '
Required Tole::fpnca (far vectors: infa(2)-1)
tol = 1,d-5
“rhol = Hol, oo -
Cabel = tol 1 1
Problem parmtars o
pi = 3. 141592653589?‘9:10 .
= 0,140 ' -
ub = 6.040

 uf = 0.02680;
* alpha = 0,9940 -

bata = 1, Od-B
0= 1,43 ©
D 10 i=1, 9

118




' APPENDIX B. SAMPLE FORTRAN DRIVER

“ine
i= :
o nf e ) = ixl.d-6

g o In:.-l::.al cond:.t:l.ons S

a

t = 0.d0 .

. y{iy =040 -
Ty s ub/(r(:!}/r(i)-i-l dO)
L oy(e) ., SR B

y(4) = ub . ' _ v

y{(8) = -

ub/(x (2) /r{l) +, dO)

W/ (6 /2 (8L A0 R

() = /@ /e
Ty () = b .

G

CLy(8) = 0.d0 : ' o
The following were ohta:meli analyt:l.cally fram the DAE at. tO '

D080 i=i,neq

80

-yprime(i) = 0.40 |

- yprime{3) = ~y(3)f(r(3)*c(2))

- yprims(B) = ‘y(ﬁ)/{r(7)*=(4))

| WRITE (10,%) meq#l - - °

‘nérr. = 0

-ttimaa =21000 TRRUE S

‘tend = 0,240

' dtout = tend/tbimes -

o ..J J c "-?"‘_;":'

g -

40

80

- 60

c ————

ﬂri'be oﬁﬁput data

CONTINUE _
Write mtagrat:.on stat:r.stxcs

IF {1did.LT.0) nerr = nem: +1

nst & iwork{ii) e o
nfe = dwprk(12) e
nje = iwork(13) o -

aetf = iwork(id)

Cpetf = ivork (15}

tout = dtowt .

Maip loop == '

© D0 50 joutsl, t‘nimas o o
Double-precision DASSL rnutine call

CALI. dda.ssl(res ,2neg,t ,y,y‘pra.ma,tout,m!a rtol a.to..,ld.:l.d,
rwork, lrw,:.wo:ck a.iw,::pax 1pa.r, ja.c) o '

CWRITE (10,#) towte b

DO 40 d=igeq . W . - 4 ¢

WRIIR (10,%) (i) :
WRITE (10,%) »‘ e*DSIN(2. Oda*p**tout)

| = rwork(7) D R o ﬂ}

nqe = ivork(8)}
WRITE -(6,1010)" t,y(e),na*nsmtz dﬂ*p:.*tout) nqu,hu

7 IF (idid.LT.0) GO 10 60 S R

tout = tout +. &taut

&

g e ("alculate elapaed time

i9@ -

CALL GETTIM (ihr, imin, isec, :100th) .
"~ etine = B0.40%(80. dog(ih:-ih.co)-!-(im:ln—iminﬂ))-!-(isec-isec(l)

+(1100th~-1100%40) /100.40

WRITE (6,1020) neq,ﬂs‘t.nﬁa nje, ne:r,netf nétf, :.di& tol etime
CONTINUE

. IF {nerr.GT.0)Y THEN.
HRITE (6, 1030)

-WRITE (6,1040) IO
. ENDIF o

e

. B
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APPENP"‘« 2. SAMPLE FORTRAN DRIVI?R

.jl‘;'

10

'g 10

SRR+ % Sucoess ' =,b ,18/

10

£

[
A i ey
¥ . Ry

10 FﬂRHATCiI,‘t=’,910 5, }r(B)—- ,912 5, ] ug?r—*.eiz 5,
* oxder=’,ii,” h=?,eB.3) .
20 FDRHATU /11( ' Integration statist:r.ca’,l \i .
« 1X,* Systam siza - = !,i8/ S
P18, Yumber of steps = 18/ |
1X,’ Number ol F-5. = !,i8/- ;'A o
o+ 1X,? Numbex of J-s - = ’,i8/ - | -
T .13&,’ Err'ur qﬁ'ex‘m 'ief }}i
. 2 liB/ ) g

’,i8/ * : '_if':. :

Y
el
"
?
o
&
1 .
3
]
-
=+
L
a
Wy oaR

_____

L 1]{,’ Num‘bsr cf ctf~s

o N rvor tolerance - 010, 5/ - EE § =

1%,? Etime - C= 7 alliB)

30 FORMAT (/" sormiuoninkDDASSL PASSED ALL TESTSRvensntisns)

- 1040 FORMAT (/,? *t*&******DDASSL FALLED SﬂHE’IEST%*********’)

T L.
IEND L i |

Bl

© BUBRQUTINE sea(t,y,ypnm‘dalta,1r€s,rpar,mpax) |

IMPLICYT REAL#8CA-H,0-2)

+ COMMOK /patms/ ne,ub,ut,alpha, beta,pi ro r(g),;(s)

C;-

T

. DIMENSION y(8),yprime 8}, d’ma(a)

. uet = uesDSIN(2,0d2#pixt) :

- f8d= ‘batax (DEXP{ (y (2)=y(8)) /4it)~ dO) _
£56 = bata*tDEXP((?{E)-ypa‘)/uf) .14 ) BRI

-dalta(a) RETCIPATCIDTL ) I
) A *(yprime('()*yprime(ﬂ))
BETURN “". .
BN * o
SUBRGUTIHE jac (1: ¥ ,y:::l:ima JLpd,cg ,rpar 1par}
- TMPLICIT REJ\L*B(A-H 0-2) '
© COMMON /parms/ ue,ub,uf alpha,bata,p:. rO,r(Q),c:(E)
- DIMENSION y(8),yprime(8) ,pd(s, 8 N
-— Banded Etorage
-~ pd = dgfdy + cjdg/dy’. = df/dy - c;*ﬁfﬁ
$d88h23 = betasDEXP( (A -y () /aDAT L

[V

v @ - delta = f - iy’ o . \1:3 '
: dali:g.rﬁi) = () / FO~uwet /e /e (L) S e E\_ y !.-i"-“\

L _ -(~y:pr:.me(1)+3rprime(2)) o 2
-_del‘l:a(2) %_((1fr(1)+1/r(2))*y(~3 (alpha~1 do)*fﬁs-ub/r@))/r(i)

e = (yprimg{1)~yprime
delta,(.\J) = (£23<y(33/2(3))/ct
. =(yprime(3)) _ ' L
da-_lt'a(&) a (ob/r(4) —ym)/i':(4)-a1pha:ufas)/c(3)

© v =(yprime(4)ryprime(8)) . -

- delta(b) = (-ubir(6)+(1fr(5)+1/r(s))*y(s) (a.lpha. -1, dO)*fES)/c(S) n
. -(yprime('ﬁ-yprime(ﬁ)) o “ '
delta(s) = CfBS-y(S)/r(?)’)fc(ll) o
L4 ~Cyprime(6)) :
del‘ta('f) = (ub/r(B)-y(?)/r(B) alpha*fﬁs)/c(s)

=(yprime(7}-yprine(8))

fdashb6 = beta*DﬂlP((}r(ﬁJ"y(GJ)/uﬁ/ui S o
$dd,1) = 1/(:0*:(1)) S _ I s B
pd(s,2) = L e
pd(8,1) = | Yo - ¢j

pd(a,2) = ((1/:(1)+1!r(2)) (alpha-1 dﬂ)*tdashza)/cci) + cj E

 pac3,d) = (a,lpha-i dO)*fdashﬂE/c (1)

vzﬁ.

R i

. e w

o



" APPENDIX B. SAMPLE FORTRANDRIVER -~ - [ _-q'-f
r&f5 2) = fdash23/c(2) N
Cpii43) = (-fdashﬂs-i/r(-?»))fc(m S e -ej
: pd(S 2) £ ~alphasfdashd3/e(3) o o
- pd(5,3) = alphhsidash23/c(3) .- L
. pd(4,4) =._-1/(r(4)_*c(3)) Y
pala,g) =« .- rej o
. pd(4,B) = C(ifr(5}+1/r(6)1 ~{alpha-1s do}*fdaahss)fc(enJ +e]
©pd{3,6) = (alpha-t. 40)*£dashb6/c(8)
. pd(B,5) = fdash56/e(4) - . S _ I
_pd(4,8) = (~fdash86-1/2(7TI}/e(d) - . ¢ g - cj
- pd(8,5) =1-a1pha*£dashbefc(5) S Co
. pd(B,6) = alphaxfdashb6/c(8) | - . . .
pd(4,7) =T-1/(r(B}*c(5)) \ o R
pd(s,8) = b I R 4 oej
pa(B, Ty = v -ej
*_ pd(4,8) = 1/(:(9)*6(5)3 P R

nEND

B. z A.mphﬁer Owtput File

£=.20000E-08  y(8)= =.76359E-03 uete .125838-01 oxder=3 h=.J56E-04 -

. $=,40000E=03 y{B8)= .34486E-02 uet= .24869E-01 ordsr=4 h=.256E-04

t=,60000E-03 y(8)= .44398E-0% uet= .36812E-0l order=5" h=,280E-04

© t%B0000E~03 ~ y(8)® .44374B-02 uete  ,4817BE-O1 ofder=§  he.154E-04
1=, 10000802 y(8)= ,44248E-02 ust= . .5B77Y9E-01 ‘order=2 h=.1B52E-04

) 140006-02 y(8)= .44062E~02 uet= . .77051E-01 order=4 -he= B55E-04

't- 20000E-02 y{(8)= .43760E-02 uet=  .96108E-01 orae:é3%;g§59495-04 .
$=,19900E+00 y{(M= .12519F401 uet= - ,537193~01"’Jrae:=2 b= 888E-04 -
. te,19920E400 y(i:= ,124B4E+01 uet= -,48175E-01 order=3 h=.888E-04
- = 19940F+0C  7(8)= .124B7E+01 uet= -,38812E-01 orde =3 ' h=.BBGE~04
t=,19960E+00 y(8)= .12428E+01 uet= -, 24869E-01 order=3 h=.888E-04
+=,19980E+00 y(8)= '.12400E+01 uet= -,12533E-01 ‘order=2 h=.799E~04

+.120008~02 y(8)= .441B0E-02 wet= ..B84GBE-01 order=3 h=.30BE-04

\150003~02 y(8)= .43964£-02 mnet= (B4433E-01 order=4 h=.490E-04 .
JBN40E~02  y(8)= .43857E-02 ne3d= ' ,90483E-01 order<§ h=,499E-04 -

t=, 200008400\ y(8)= - 12370E+02 - wet~ .1641iE-08 order=2 h=.799E-04 .

| Integration tatistics

System size - = - - 8

_Numbar of steps = 6282

‘Humber of F« .= . 16689

Number of J-8 = - 4857 o . B

Eribr overran = o o L L
. Nunihex of etf-g = 2543 L oo

Number of ctf~s = R R no v o
-~ Success = - = % 3 .
.. Error toleranca = io 00E-04

Etine . T = (ABIBOE402 ]
***#*****tDDASSL FAILED SUHE TESTS********& "o (Q .
N
o 4,
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