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A B S T R A C T

In this paper, we study the pseudomonotone equilibrium problem. We consider a new inertial
condition for the subgradient extragradient method with self-adaptive step size for approximat-
ing a solution of the equilibrium problem in a real Hilbert space. Our proposed method contains
inertial factor with new conditions that only depend on the iteration coefficient. We obtain a
weak convergence result of the proposed method under weaker conditions on the inertial factor
than many existing conditions in the literature. Finally, we present some numerical experiments
for our proposed method and compared it to existing methods in the literature. Our result
improves, extends, and generalizes several existing results in the literature.

. Introduction

Let  be a nonempty closed and convex subset of a real Hilbert space . The equilibrium problem (EP) introduced by Blum and
ettli [1] is the problem of finding a point 𝑥∗ ∈  such that

𝐹 (𝑥∗, 𝑦) ≥ 0, ∀ 𝑦 ∈ , (1.1)

here 𝐹 ∶  ×  → R is a bifunction. Any point 𝑥∗ ∈  that solves this problem is called an equilibrium point of 𝐹 . We denote by
𝑃 (𝐹 ,) the solution set of Problem (1.1).

efinition 1.1. A bifunction 𝐹 ∶  ×  → R is said to be

(i) strongly monotone on , if there exists a constant 𝑐 > 0 such that

𝐹 (𝑥, 𝑦) + 𝐹 (𝑦, 𝑥) ≤ −𝑐‖𝑥 − 𝑦‖2, ∀ 𝑥, 𝑦 ∈ ,

(ii) monotone on , if

𝐹 (𝑥, 𝑦) + 𝐹 (𝑦, 𝑥) ≤ 0, ∀ 𝑥, 𝑦 ∈ ,

(iii) pseudomonotone on , if

𝐹 (𝑥, 𝑦) ≥ 0 ⟹ 𝐹 (𝑦, 𝑥) ≤ 0, ∀ 𝑥, 𝑦 ∈ ,
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(iv) satisfying a Lipschitz-like condition on  if there exist constants 𝑎1 > 0 and 𝑎2 > 0 such that

𝐹 (𝑥, 𝑦) + 𝐹 (𝑦,𝑤) ≥ 𝐹 (𝑥,𝑤) − 𝑎1‖𝑥 − 𝑦‖2 − 𝑎2‖𝑦 −𝑤‖2, ∀𝑥, 𝑦,𝑤 ∈ .

We observe that (𝑖) ⟹ (𝑖𝑖) ⟹ (𝑖𝑖𝑖) but the converses are not always true (see [2] and other references therein).
The EP (1.1) has received a lot of attention from several researchers due to the fact that it unifies in a simple form

several mathematical models such as optimization problem, fixed point problem, convex minimization problem, Nash equilibrium,
variational inequality problem, saddle point problem, among others (see [3–6] and other references therein). Many authors have
proposed and studied several iterative methods for approximating solutions of EP (1.1) and other related optimization problems
(see [7–12] and other references therein). In 1976, Kopelevich [13] introduced the extragradient method for solving saddle point
problems. Quoc et al. [14] extended the extragradient method to solve the EP (1.1) in a finite dimensional space. This result was
later extended to an infinite dimensional Hilbert space by Vinh and Muu [15]. They obtained a weak convergence result under the
assumption that the equilibrium bifunction is pseudomonotone and satisfies the Lipschitz-like condition. When using this method,
one needs to solve two strongly convex optimization problems in the feasible set  per iteration. This is a major drawback of the
extragradient method and could cause the method to be computationally expensive if the set  is not simple. To circumvent this
limitation, Rehman et al. [16] extended the subgradient extragradient method in [17] from solving variational inequalities to solving
EP (1.1). The major advantage of the subgradient extragradient method over the extragradient method is that the second convex
optimization problem is onto a half-space which has a closed form formula. Thus, its computational complexity is less expensive
than the extragradient method.

The inertial technique which originated from the heavy ball method of a second order dissipative dynamical system in time
was derived by Polyak [18]. It is one of the techniques often employed by authors to improve the convergence speed of iterative
methods when solving optimization problems. This is because it increases the rate of convergence of iterative schemes. There has
been an increased interest in studying inertial type algorithms for solving optimization problems (see [19–24]), and one key interest
in these studies is how to improve the conditions on the inertial factor [19]. In 2003, Moudafi [24] proposed an inertial algorithm
for solving the EP (1.1): Find 𝑥𝑛+1 ∈  such that

𝐹 (𝑥𝑛+1, 𝑥) + 𝜆−1𝑛 ⟨𝑥𝑛+1 − 𝑦𝑛, 𝑥 − 𝑥𝑛+1⟩ ≥ −𝜖𝑛, ∀ 𝑥 ∈ ,

where 𝑦𝑛 ∶= 𝑥𝑛 + 𝜃𝑛(𝑥𝑛 − 𝑥𝑛−1), {𝜆𝑛}, {𝜖𝑛} are sequences of nonnegative real numbers and the inertial factor 𝜃𝑛 satisfies

0 ≤ 𝜃𝑛 ≤ 𝜃 < 1 ∀𝑛 ≥ 1,
∞
∑

𝑛=1
𝜃𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2 < ∞. (1.2)

Note that condition (1.2) involves the knowledge of the iterates 𝑥𝑛 and 𝑥𝑛−1 that are a priori unknown. However, it can be ensured
in practice by using the suitable on-line rule: 0 ≤ 𝜃𝑛 ≤ 𝜃̄𝑛, where

𝜃̄𝑛 =

⎧

⎪

⎨

⎪

⎩

min
{

𝜃,
𝜖𝑛

‖𝑥𝑛 − 𝑥𝑛−1‖

}

if 𝑥𝑛 ≠ 𝑥𝑛−1

𝜃 otherwise,
(1.3)

ith ∑∞
𝑛=1 𝜖𝑛 < ∞ and 𝜃 ∈ [0, 1). The on-line rule (1.3) which also depends on the knowledge of the iterates 𝑥𝑛 and 𝑥𝑛−1, was

onsidered in [15,16] for solving EP (1.1).
The relaxation technique is another essential technique used by authors to improve the convergence speed of iterative methods

hen solving optimization problems [22]. In other words, the relaxation and inertial techniques are the two very important ways for
mproving the convergence speed of iterative methods [23,25]. Both techniques arise naturally from an explicit time discretization
f a dynamical system (see, for example, [26,27]). Their influence on the numerical performance of iterative methods was studied
n [25]. Moreover, these two techniques have recently been incorporated into known methods in order to achieve a high convergence
peed of the resulting modified methods (see [22,23,25,26,28]). It is shown in these papers that combining the relaxation and the
nertial techniques gives a better rate of convergence when compared with only the relaxation technique or the inertial technique.
n [29] (see also [30]), the authors introduced the following condition on the inertial factor 𝜃𝑛 and relaxation factor 𝜙𝑛:

0 = 𝜃1 ≤ 𝜃𝑛 ≤ 𝜃𝑛+1 ≤ 𝜃 < 1, ∀𝑛 ≥ 1,

𝜏 >
𝜃2(1 + 𝜃) + 𝜃𝜎

1 − 𝜃2
, 0 ≤ 𝜙 ≤ 𝜙𝑛 ≤

𝜏 − 𝜃[𝜃(1 + 𝜃) + 𝜃𝜏 + 𝜎]
𝜏[1 + 𝜃(1 + 𝜃) + 𝜃𝜏 + 𝜎]

, (1.4)

where 𝜎, 𝜏 > 0. Unlike in (1.2) and (1.3), condition (1.4) does not require any information on the iterates but on the coefficient 𝜙𝑛
(the relaxation factor) and other parameters. However, it is complicated to get the upper bound of the inertial sequence even if 𝜙𝑛
is known. We can also see that the inertial factor is restrictive in (1.4). For more relaxed inertial techniques of existing algorithms
in the literature, see [19,22,23,26,28,31–35].

The main purpose of this paper is to consider an inertial factor with new conditions that only depend on the iteration coefficient
𝜙𝑛, and where the upper bound of the inertial sequence is easy to determine. Combining these relaxed inertial terms (i.e, the
terms with 𝜃𝑛 and 𝜙𝑛) with the subgradient extragradient method, we propose a new method for solving the EP (1.1) when 𝐹 is
pseudomonotone. We prove that the proposed method converges weakly to a solution of EP (1.1). Furthermore, we present some
numerical experiments for our proposed method and compare it with other related methods in the literature.
2
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The rest of the paper is organized as follows: In Section 2 we recall some basic definitions and results required for our convergence
nalysis. Section 3 presents and discusses the features of our proposed method. In Section 4, we study the convergence of this
ethod. In Section 5, we carry out some numerical experiments of our method in comparison with other methods in the literature.
e conclude in Section 6.

. Preliminaries

In this section, we recall some lemmas and definitions that will be needed in the subsequent sections. Let  be a real Hilbert
pace with inner product ⟨⋅, ⋅⟩, and associated norm ‖ ⋅ ‖ defined by ‖𝑥‖ =

√

⟨𝑥, 𝑥⟩, ∀ 𝑥 ∈ . We denote the weak convergence of
a sequence {𝑥𝑛} to 𝑥∗ by 𝑥𝑛 ⇀ 𝑥∗.

efinition 2.1. The domain of a function 𝐹 ∶  → R ∪ {∞} is defined by 𝐷(𝐹 ) = {𝑥 ∈  ∶ 𝐹 (𝑥) < ∞}. The function
∶ 𝐷(𝐹 ) ⊆  → R ∪ {∞} is said to be lower semicontinuous at a point 𝑥 ∈ 𝐷(𝐹 ), if

𝐹 (𝑥) ≤ lim inf
𝑥𝑛→𝑥

𝐹 (𝑥𝑛).

efinition 2.2. Let 𝐹 ∶  → (−∞,∞] be proper. The subdifferential of 𝐹 at 𝑥 ∈  is

𝜕𝐹 (𝑥) = {𝑢 ∈ | 𝐹 (𝑦) ≥ 𝐹 (𝑥) + ⟨𝑦 − 𝑥, 𝑢⟩, ∀ 𝑦 ∈ } .

The normal cone 𝑁 of  at 𝑥 ∈  is defined by

𝑁 (𝑥) = {𝑤 ∈  ∶ ⟨𝑤, 𝑦 − 𝑥⟩ ≤ 0, ∀ 𝑦 ∈ }.

emma 2.3 ([36]). Let  be a nonempty closed and convex subset of  and 𝑔 ∶  → R∪{∞} be a proper, convex and lower semicontinuous
unctions on . Assume either that 𝑔 is continuous at some point of , or that there is an interior point of  where 𝑔 is finite. Then, 𝑥̄ is a
olution to the following convex problem min{𝑔(𝑥) ∶ 𝑥 ∈ } if and only if 0 ∈ 𝜕𝑔(𝑥̄) +𝑁 (𝑥̄), where 𝜕𝑔(⋅) denotes the subdifferential of 𝑔
nd 𝑁 (𝑥̄) is the normal cone of  at 𝑥̄.

emma 2.4 ([37]). Let  be a real Hilbert space, then the following assertions hold:

(1) 2⟨𝑥, 𝑦⟩ = ‖𝑥‖2 + ‖𝑦‖2 − ‖𝑥 − 𝑦‖2 = ‖𝑥 + 𝑦‖2 − ‖𝑥‖2 − ‖𝑦‖2, ∀𝑥, 𝑦 ∈ ;
(2) ‖𝛼𝑥 + (1 − 𝛼)𝑦‖2 = 𝛼‖𝑥‖2 + (1 − 𝛼)‖𝑦‖2 − 𝛼(1 − 𝛼)‖𝑥 − 𝑦‖2, ∀𝑥, 𝑦 ∈ , 𝛼 ∈ R.

emma 2.5 ([38]). Let  be a nonempty subset of  and let {𝑥𝑛} be a sequence in  such that the following two conditions hold:

(a) for each 𝑝 ∈ , lim𝑛→∞ ‖𝑥𝑛 − 𝑝‖ exists;
(b) every sequential weak cluster point of {𝑥𝑛} belongs to .

hen, {𝑥𝑛} converges weakly to a point in .

emma 2.6 ([39]). Let {𝛾𝑛}, {𝜓𝑛} and {𝑡𝑛} be nonnegative sequences. Assume that

𝛾𝑛+1 ≤ 𝛾𝑛 + 𝜓𝑛(𝛾𝑛 − 𝛾𝑛−1) + 𝑡𝑛,

nd 0 ≤ 𝜓𝑛 ≤ 𝜓 < 1 and ∑+∞
𝑛=1 𝑡𝑛 < +∞. Then, lim𝑛→+∞ 𝛾𝑛 exists.

. Proposed method

In this section, we present our proposed method. We begin by giving the following assumptions under which our weak
onvergence result is obtained.

ssumption 3.1. Let 𝐹 ∶  ×  → R be a function satisfying the following assumptions

(1) 𝐹 (𝑥, 𝑥) = 0, ∀ 𝑥 ∈ ;
(2) 𝐹 is pseudomonotone on ;
(3) 𝐹 satisfies the Lipschitz-like condition on  with constants 𝑎1 and 𝑎2;
(4) 𝐹 (𝑥, ⋅) is convex, lower semicontinuous and subdifferential on  for every 𝑥 ∈ ;
(5) 𝐹 (⋅, 𝑦) is continuous on  for every 𝑦 ∈ .

ssumption 3.2. For all 𝑛 ≥ 1 and sufficiently small 𝜖 > 0, let 0 = 𝜃 ≤ 𝜃 ≤ 𝜃 and:
3

1 𝑛 𝑛+1
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(i) 𝜃𝑛+1 ≤ 𝛽𝑛, if 𝜙𝑛 ∈ (0, 0.5), 𝜙−1
𝑛 − 𝜙−1

𝑛+1 + 3 > 0, where

𝛽𝑛 ∶=
1
2

1
𝜙−1
𝑛+1 − 2

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1− ▵𝑛
)

(3.1)

with

▵𝑛∶=
√

(𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)2 − 4(𝜙−1
𝑛 − 1 − 𝜖)(𝜙−1

𝑛+1 − 2). (3.2)

(ii) 𝜃𝑛+1 ≤
1−𝜖
3 , if 𝜙𝑛 ≡ 0.5.

(iii) 𝜃𝑛+1 ≤
√

𝑝2𝑛 + 𝑞𝑛 − 𝑝𝑛, if 𝜙𝑛 ∈ (0.5, 1 − 𝜖], where

𝑝𝑛 ∶=
1
2

1
2 − 𝜙−1

𝑛+1

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

(3.3)

and

𝑞𝑛 ∶=
1

2 − 𝜙−1
𝑛+1

(

𝜙−1
𝑛 − 1 − 𝜖

)

. (3.4)

Algorithm 3.3. Relaxed inertial subgradient extragradient method with adaptive step size strategy.
Step 0: Choose initial points 𝑥0, 𝑥1 ∈ , let 𝜆1 > 0, 𝜇 ∈ (0, 1) and set 𝑛 = 1.
tep 1: Given the current iterates 𝑥𝑛−1 and 𝑥𝑛 (𝑛 ≥ 1), compute

𝑤𝑛 = 𝑥𝑛 + 𝜃𝑛(𝑥𝑛 − 𝑥𝑛−1)

nd

𝑦𝑛 = argmin
{

𝜆𝑛𝐹 (𝑤𝑛, 𝑦) +
1
2
‖𝑤𝑛 − 𝑦‖2 ∶ 𝑦 ∈ 

}

.

If 𝑦𝑛 = 𝑤𝑛: STOP. Otherwise, go to Step 2.
tep 2: Choose 𝜔𝑛 ∈ 𝜕𝐹 (𝑤𝑛, 𝑦𝑛) and 𝑤∗ ∈ 𝑁 (𝑦𝑛) such that 𝑤∗ = 𝑤𝑛 − 𝜆𝑛𝜔𝑛 − 𝑦𝑛 and construct the half-space

𝑇𝑛 = {𝑥 ∈  ∶ ⟨𝑤𝑛 − 𝜆𝑛𝜔𝑛 − 𝑦𝑛, 𝑥 − 𝑦𝑛⟩ ≤ 0}.

hen, compute

𝑧𝑛 = argmin
{

𝜆𝑛𝐹 (𝑦𝑛, 𝑦) +
1
2
‖𝑤𝑛 − 𝑦‖2 ∶ 𝑦 ∈ 𝑇𝑛

}

.

STEP 3: Compute

𝑥𝑛+1 = (1 − 𝜙𝑛)𝑤𝑛 + 𝜙𝑛𝑧𝑛,

where

𝜆𝑛+1 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

min
{

𝜇
(

‖𝑤𝑛−𝑦𝑛‖2+‖𝑧𝑛−𝑦𝑛‖2
)

2(𝐹 (𝑤𝑛 ,𝑧𝑛)−𝐹 (𝑤𝑛 ,𝑦𝑛)−𝐹 (𝑦𝑛 ,𝑧𝑛))
, 𝜆𝑛

}

, if 𝐹 (𝑤𝑛, 𝑧𝑛) − 𝐹 (𝑤𝑛, 𝑦𝑛) − 𝐹 (𝑦𝑛, 𝑧𝑛) > 0,

𝜆𝑛, otherwise.

(3.5)

et 𝑛 ∶= 𝑛 + 1 and return to Step 1.

Remark 3.4.

(a). 𝜙−1
𝑛+1 − 2 > 0 in (i) since 𝜃𝑛+1 <

1
2 . Similarly, 2 − 𝜙−1

𝑛+1 > 0 in (iii).
(b). The sequence {▵𝑛} defined in (3.2) is well-defined. Indeed,

(𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)2 − 4(𝜙−1
𝑛+1 − 2)(𝜙−1

𝑛 − 1 − 𝜖)

=
(

𝜙−1
𝑛 − 𝜙−1

𝑛+1

)2
+ 6𝜙−1

𝑛 + 2𝜙−1
𝑛+1 + 4

(

𝜙−1
𝑛+1 − 2

)

𝜖 − 7

> 0.

Therefore, Assumption 3.2 is valid.

Remark 3.5. In contrast to the assumptions in [15,16,24], (3.2) does not require the knowledge of the iterates. Also, unlike in [29],
the choice of 𝜃 is relaxed and its upper bound is easy to obtain; once 𝜙 is chosen, it becomes very easy to compute 𝜃 .
4

𝑛 𝑛 𝑛
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Lemma 3.6 ([40]). The sequence {𝜆𝑛} generated by Algorithm 3.3 is a monotonically decreasing sequence with min
{

𝜇
2max{𝑎1 ,𝑎2},𝜆1

}

as
ower bound.

emma 3.7 ([41]). Let {𝑧𝑛} be a sequence generated by Algorithm 3.3 under Assumption 3.1. Then, for each 𝑤̄ ∈ 𝐸𝑃 (𝐹 ,), the following
nequality holds:

‖𝑧𝑛 − 𝑤̄‖2 ≤ ‖𝑤𝑛 − 𝑤̄‖2 −
(

1 −
𝜆𝑛𝜇
𝜆𝑛+1

)

[

‖𝑤𝑛 − 𝑦𝑛‖2 + ‖𝑧𝑛 − 𝑦𝑛‖2
]

.

. Convergence analysis

emma 4.1. Let {𝑥𝑛} be a sequence generated by Algorithm 3.3 under Assumptions 3.1 and 3.2. Then, for 𝑤̄ ∈ 𝐸𝑃 (𝐹 ,),

𝛤𝑛+1 ≤ 𝛤𝑛 − 𝜖‖𝑥𝑛+1 − 𝑥𝑛‖2,

here 𝛤𝑛 = ‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛‖𝑥𝑛−1 − 𝑤̄‖2 + 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2 and 𝛿𝑛 = (1 + 𝜃𝑛)𝜃𝑛 + 𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛)𝜃𝑛.

roof. Let 𝑤̄ ∈ 𝐸𝑃 (𝐹 ,). From the definition of 𝑤𝑛 in Step 1 and Lemma 2.4 (2), we have

‖𝑤𝑛 − 𝑤̄‖2 = ‖𝑥𝑛 + 𝜃𝑛(𝑥𝑛 − 𝑥𝑛−1) − 𝑤̄‖2

= ‖(1 + 𝜃𝑛)(𝑥𝑛 − 𝑤̄) − 𝜃𝑛(𝑥𝑛−1 − 𝑤̄)‖2

= (1 + 𝜃𝑛)‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛‖𝑥𝑛−1 − 𝑤̄‖2 + (1 + 𝜃𝑛)𝜃𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2. (4.1)

lso, from the definition of 𝑥𝑛+1 and Lemma 3.7, we have

‖𝑥𝑛+1 − 𝑤̄‖2 = ‖(1 − 𝜙𝑛)𝑤𝑛 + 𝜙𝑛𝑧𝑛 − 𝑤̄‖2

= ‖(1 − 𝜙𝑛)(𝑤𝑛 − 𝑤̄) + 𝜙𝑛(𝑧𝑛 − 𝑤̄)‖2

= (1 − 𝜙𝑛)‖𝑤𝑛 − 𝑤̄‖2 + 𝜙𝑛‖𝑧𝑛 − 𝑤̄‖2 − 𝜙𝑛(1 − 𝜙𝑛)‖𝑧𝑛 −𝑤𝑛‖2

≤ (1 − 𝜙𝑛)‖𝑤𝑛 − 𝑤̄‖2 + 𝜙𝑛‖𝑤𝑛 − 𝑤̄‖2 − 𝜙𝑛

(

1 − 𝜇
𝜆𝑛
𝜆𝑛+1

)

[

‖𝑤𝑛 − 𝑦𝑛‖2 + ‖𝑧𝑛 − 𝑦𝑛‖2
]

− 𝜙𝑛(1 − 𝜙𝑛)‖𝑧𝑛 −𝑤𝑛‖2

= ‖𝑤𝑛 − 𝑤̄‖2 − 𝜙𝑛

(

1 − 𝜇
𝜆𝑛
𝜆𝑛+1

)

[

‖𝑤𝑛 − 𝑦𝑛‖2 + ‖𝑧𝑛 − 𝑦𝑛‖2
]

− 𝜙𝑛(1 − 𝜙𝑛)‖𝑧𝑛 −𝑤𝑛‖2.

y Lemma 3.6, we have

lim
𝑛→∞

(

1 −
𝜆𝑛𝜇
𝜆𝑛+1

)

= 1 − 𝜇 > 0. (4.2)

hus, there exists 𝑛0 ≥ 1 such that for all 𝑛 ≥ 𝑛0,
(

1 − 𝜆𝑛𝜇
𝜆𝑛+1

)

> 0. Hence,

‖𝑥𝑛+1 − 𝑤̄‖2 ≤ ‖𝑤𝑛 − 𝑤̄‖2 − 𝜙𝑛(1 − 𝜙𝑛)‖𝑧𝑛 −𝑤𝑛‖2. (4.3)

rom the definition of 𝑥𝑛+1, we have

𝑧𝑛 −𝑤𝑛 = 𝜙𝑛
−1(𝑥𝑛+1 −𝑤𝑛).

hus,

‖𝑧𝑛 −𝑤𝑛‖2 = 𝜙−2
𝑛 ‖𝑥𝑛+1 −𝑤𝑛‖2

= 𝜙−2
𝑛 ‖𝑥𝑛+1 − 𝑥𝑛 − (𝑥𝑛 − 𝑥𝑛−1) + (1 − 𝜃𝑛)(𝑥𝑛 − 𝑥𝑛−1)‖2

= 𝜙−2
𝑛 ‖𝑥𝑛+1 − 2𝑥𝑛 + 𝑥𝑛−1‖2 + 𝜙−2

𝑛 (1 − 𝜃𝑛)2‖𝑥𝑛 − 𝑥𝑛−1‖2

+2𝜙−2
𝑛 (1 − 𝜃𝑛)⟨𝑥𝑛+1 − 2𝑥𝑛 + 𝑥𝑛−1, 𝑥𝑛 − 𝑥𝑛−1⟩

= 𝜙−2
𝑛 ‖𝑥𝑛+1 − 2𝑥𝑛 + 𝑥𝑛−1‖2 + 𝜙−2

𝑛 (1 − 𝜃𝑛)2‖𝑥𝑛 − 𝑥𝑛−1‖2

+𝜙−2
𝑛 (1 − 𝜃𝑛)

[

‖𝑥𝑛+1 − 𝑥𝑛‖2 − ‖𝑥𝑛 − 𝑥𝑛−1‖2 − ‖𝑥𝑛+1 − 2𝑥𝑛 + 𝑥𝑛−1‖2
]

= 𝜙−2
𝑛 𝜃𝑛‖𝑥𝑛+1 − 2𝑥𝑛 + 𝑥𝑛−1‖2 + 𝜙−2

𝑛 (1 − 𝜃𝑛)2‖𝑥𝑛 − 𝑥𝑛−1‖2

+𝜙−2
𝑛 (1 − 𝜃𝑛)

[

‖𝑥𝑛+1 − 𝑥𝑛‖2 − ‖𝑥𝑛 − 𝑥𝑛−1‖2
]

≥ 𝜙−2
𝑛 (1 − 𝜃𝑛)2‖𝑥𝑛 − 𝑥𝑛−1‖2 + 𝜙−2

𝑛 (1 − 𝜃𝑛)
[

‖𝑥𝑛+1 − 𝑥𝑛‖2 − ‖𝑥𝑛 − 𝑥𝑛−1‖2
]

. (4.4)

ubstituting (4.1) and (4.4) into (4.3), we have

‖𝑥𝑛+1 − 𝑤̄‖2 ≤ (1 + 𝜃𝑛)‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛‖𝑥𝑛−1 − 𝑤̄‖2 + (1 + 𝜃𝑛)𝜃𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2

− 𝜙 (1 − 𝜙 )
(

𝜙−2(1 − 𝜃 )2‖𝑥 − 𝑥 ‖

2 + 𝜙−2(1 − 𝜃 )
[

‖𝑥 − 𝑥 ‖

2 − ‖𝑥 − 𝑥 ‖

2
])
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= ‖𝑥𝑛 − 𝑤̄‖2 + 𝜃𝑛(‖𝑥𝑛 − 𝑤̄‖2 − ‖𝑥𝑛−1 − 𝑤̄‖2) − 𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛)‖𝑥𝑛+1 − 𝑥𝑛‖2

+ 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2, (4.5)

here 𝛿𝑛 = (1 + 𝜃𝑛)𝜃𝑛 + 𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛)𝜃𝑛.

This implies that

‖𝑥𝑛+1 − 𝑤̄‖2 − ‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛(‖𝑥𝑛 − 𝑤̄‖2 − ‖𝑥𝑛−1 − 𝑤̄‖2) − 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2 + 𝛿𝑛+1‖𝑥𝑛+1 − 𝑥𝑛‖2 (4.6)

≤ −
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

‖𝑥𝑛+1 − 𝑥𝑛‖2.

sing the fact that 𝜃𝑛 ≤ 𝜃𝑛+1 and (4.6), we have

−
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

‖𝑥𝑛+1 − 𝑥𝑛‖2 ≥ ‖𝑥𝑛+1 − 𝑤̄‖2 − ‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛(‖𝑥𝑛 − 𝑤̄‖2 − ‖𝑥𝑛−1 − 𝑤̄‖2)

− 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2 + 𝛿𝑛+1‖𝑥𝑛+1 − 𝑥𝑛‖2

≥ ‖𝑥𝑛+1 − 𝑤̄‖2 − ‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛+1‖𝑥𝑛 − 𝑤̄‖2

+ 𝜃𝑛‖𝑥𝑛−1 − 𝑤̄‖2 − 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2 + 𝛿𝑛+1‖𝑥𝑛+1 − 𝑥𝑛‖2,

hich implies that

𝛤𝑛+1 ≤ 𝛤𝑛 −
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

‖𝑥𝑛+1 − 𝑥𝑛‖2, (4.7)

here 𝛤𝑛 = ‖𝑥𝑛 − 𝑤̄‖2 − 𝜃𝑛‖𝑥𝑛−1 − 𝑤̄‖2 + 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2.
Now, observe for 𝜖 > 0, we have

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1 − 𝜖 = 𝜙−1

𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝜃𝑛+1 − 𝜃2𝑛+1
+ 𝜙−1

𝑛+1(1 − 𝜙𝑛+1)(𝜃𝑛+1 − 1)𝜃𝑛+1 − 𝜖

≥ 𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛+1) − 𝜃𝑛+1 − 𝜃2𝑛+1

+ 𝜙−1
𝑛+1(1 − 𝜙𝑛+1)(𝜃𝑛+1 − 1)𝜃𝑛+1 − 𝜖

= −
(

2 − 𝜙−1
𝑛+1

)

𝜃2𝑛+1 −
(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

𝜃𝑛+1 + 𝜙−1
𝑛 − 1 − 𝜖. (4.8)

ow, we consider three cases.

ase 1: Suppose 𝜙𝑛 ∈ (0, 0.5). Then, from the condition 𝜃𝑛+1 ≤
1
2

1
𝜙−1𝑛+1−2

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1− ▵𝑛
)

in (3.1), we get

▵𝑛≤ 𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1 − 2(𝜙−1
𝑛+1 − 2)𝜃𝑛+1.

y Remark 3.4(b), we have that ▵𝑛≥ 0. Hence,

▵2
𝑛 ≤

[(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

−
(

2(𝜙−1
𝑛+1 − 2)𝜃𝑛+1

)]2

= (𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)2 − 4(𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)(𝜙−1
𝑛+1 − 2)𝜃𝑛+1 + 4(𝜙−1

𝑛+1 − 2)2𝜃2𝑛+1.

hat is,

(𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)2 − 4(𝜙−1
𝑛 − 1 − 𝜖)(𝜙−1

𝑛+1 − 2)

≤ (𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)2 − 4(𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1)(𝜙−1
𝑛+1 − 2)𝜃𝑛+1 + 4(𝜙−1

𝑛+1 − 2)2𝜃2𝑛+1.

ence,

−
(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

(𝜙−1
𝑛+1 − 2)𝜃𝑛+1 + (𝜙−1

𝑛+1 − 2)2𝜃2𝑛+1 + (𝜙−1
𝑛 − 1 − 𝜖)(𝜙−1

𝑛+1 − 2) ≥ 0.

ince 𝜙−1
𝑛+1 − 2 > 0, we obtain

−
(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

𝜃𝑛+1 + (𝜙−1
𝑛+1 − 2)𝜃2𝑛+1 + (𝜙−1

𝑛 − 1 − 𝜖) ≥ 0.

hat is,

− (2 − 𝜙−1
𝑛+1)𝜃

2
𝑛+1 −

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

𝜃𝑛+1 + 𝜙−1
𝑛 − 1 − 𝜖 ≥ 0. (4.9)

sing (4.9) in (4.8), we get

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1 − 𝜖 ≥ −(2 − 𝜙−1

𝑛+1)𝜃
2
𝑛+1 −

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

𝜃𝑛+1 + 𝜙−1
𝑛 − 1 − 𝜖 ≥ 0,

hich implies

−
(

𝜙−1(1 − 𝜙 )(1 − 𝜃 ) − 𝛿
)

≤ −𝜖.
6
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Case 2: Suppose 𝜙𝑛 ≡ 0.5. Then from (4.8), we obtain

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1 − 𝜖 ≥ −3𝜃𝑛+1 + 1 − 𝜖

≥ 0,

ince by Assumption 3.2 (ii), 𝜃𝑛+1 ≤
1−𝜖
3 . Hence,

−
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

≤ −𝜖.

Case 3: Suppose 𝜙𝑛 ∈ (0.5, 1 − 𝜖]. Then from the condition 𝜃𝑛+1 ≤
√

𝑝2𝑛 + 𝑞𝑛 − 𝑝𝑛, we have
(

𝜃𝑛+1 + 𝑝𝑛
)2

≤ 𝑝2𝑛 + 𝑞𝑛,

which implies that

𝜃2𝑛+1 + 2𝑝𝑛𝜃𝑛+1 − 𝑞𝑛 ≤ 0.

ow, using (3.3) and (3.4), we get

𝜃2𝑛+1 +
1

2 − 𝜙−1
𝑛+1

(

𝜙−1
𝑛 + 𝜙−1

𝑛+1 − 1
)

𝜃𝑛+1 −
1

2 − 𝜙−1
𝑛+1

(𝜙−1
𝑛 − 1 − 𝜖) ≤ 0.

Hence,

(2 − 𝜙−1
𝑛+1)𝜃

2
𝑛+1 + (𝜙−1

𝑛 + 𝜙−1
𝑛+1 − 1)𝜃𝑛+1 − (𝜙−1

𝑛 − 1 − 𝜖) ≤ 0,

which implies

−(2 − 𝜙−1
𝑛+1)𝜃

2
𝑛+1 − (𝜙−1

𝑛 − 𝜙−1
𝑛+1 − 1)𝜃𝑛+1 + (𝜙−1

𝑛 − 1 − 𝜖) ≥ 0.

Thus, by (4.8), we obtain

−
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

≤ −𝜖.

Therefore, in all cases, we have established that

−
(

𝜙−1
𝑛 (1 − 𝜙𝑛)(1 − 𝜃𝑛) − 𝛿𝑛+1

)

≤ −𝜖.

Now, using this and (4.7), we get

𝛤𝑛+1 ≤ 𝛤𝑛 − 𝜖‖𝑥𝑛+1 − 𝑥𝑛‖2. □

Lemma 4.2. Let {𝑥𝑛} be generated by Algorithm 3.3 under Assumptions 3.1 and 3.2. Then lim𝑛→∞ ‖𝑥𝑛 − 𝑤̄‖ exists for all 𝑤̄ ∈ 𝐸𝑃 (𝐹 ,).

Proof. By Lemma 4.1, we see that {𝛤𝑛} is nonincreasing. Now, let 𝛾𝑛 ∶= ‖𝑥𝑛 − 𝑤̄‖2. Then, 𝛤𝑛 ∶= 𝛾𝑛 − 𝜃𝑛𝛾𝑛−1 + 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2. Thus,

𝛾𝑛 − 𝜃𝑛𝛾𝑛−1 ≤ 𝛤𝑛 ≤ 𝛤1,

which implies that

𝛾𝑛 ≤ 𝜃𝑛𝛾𝑛−1 + 𝛤1
≤ 𝜃𝛾𝑛−1 + 𝛤1 (for some 𝜃 < 1, since 𝜃𝑛 < 1)

≤ 𝜃(𝜃𝛾𝑛−2 + 𝛤1) + 𝛤1
= 𝜃2𝛾𝑛−2 + 𝜃𝛤1 + 𝛤1
⋮

≤ 𝜃𝑛𝛾1 + 𝜃𝑛−1𝛤1 +⋯ + 𝜃𝛤1 + 𝛤1 ≤ 𝜃𝑛𝛾1 +
𝛤1

1 − 𝜃
.

ence, for 𝑗 ≤ 𝑛 − 1, we obtain from Lemma 4.1 that

𝜖
𝑛−1
∑

𝑗=1
‖𝑥𝑗+1 − 𝑥𝑗‖2 ≤ 𝛤1 − 𝛤𝑛 ≤ 𝛤1 + 𝜃𝑛𝛾𝑛−1 ≤ 𝛤1 + 𝜃𝑛−1𝛾1 +

𝛤1
1 − 𝜃

.

Thus we have that {∑𝑛−1
𝑗=1 ‖𝑥𝑗+1 − 𝑥𝑗‖

2} is bounded for all 𝑛. Hence,

+∞
∑

‖𝑥𝑛+1 − 𝑥𝑛‖2 < +∞. (4.10)
7
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Now, from (4.5) we obtain

‖𝑥𝑛+1 − 𝑤̄‖2 ≤ ‖𝑥𝑛 − 𝑤̄‖2 + 𝜃𝑛
(

‖𝑥𝑛 − 𝑤̄‖2 − ‖𝑥𝑛−1 − 𝑤̄‖2
)

+ 𝛿𝑛‖𝑥𝑛 − 𝑥𝑛−1‖2.

From the previous inequality, (4.10) and Lemma 2.6, we have that lim𝑛→+∞ ‖𝑥𝑛 − 𝑤̄‖ exists. This implies that {𝑥𝑛} is bounded. □

Theorem 4.3. Let {𝑥𝑛} be generated by Algorithm 3.3 under Assumptions 3.1 and 3.2. Then {𝑥𝑛} converges weakly to 𝑤̄ ∈ 𝐸𝑃 (𝐹 ,).

Proof. From (4.10), we have

lim
𝑛→∞

‖𝑥𝑛+1 − 𝑥𝑛‖ = 0. (4.11)

Hence, we have

‖𝑥𝑛 −𝑤𝑛‖ = ‖𝑥𝑛 − (𝑥𝑛 + 𝜃𝑛(𝑥𝑛 − 𝑥𝑛−1))‖

≤ ‖𝑥𝑛 − 𝑥𝑛−1‖ → 0, as 𝑛→ ∞. (4.12)

rom (4.11) and (4.12), we get

lim
𝑛→∞

‖𝑥𝑛+1 −𝑤𝑛‖ → 0, as 𝑛→ ∞.

ence,

lim
𝑛→∞

‖𝑧𝑛 −𝑤𝑛‖ = lim
𝑛→∞

𝜙−1
𝑛 ‖𝑥𝑛+1 −𝑤𝑛‖ = 0. (4.13)

rom Lemma 3.7, we get
(

1 − 𝜇
𝜆𝑛
𝜆𝑛+1

)

‖𝑤𝑛 − 𝑦𝑛‖2 ≤ ‖𝑤𝑛 − 𝑤̄‖2 − ‖𝑧𝑛 − 𝑤̄‖2

≤
(

‖𝑤𝑛 − 𝑤̄‖ + ‖𝑧𝑛 − 𝑤̄‖
)(

‖𝑤𝑛 − 𝑤̄‖ − ‖𝑧𝑛 − 𝑤̄‖
)

≤
(

‖𝑤𝑛 − 𝑤̄‖ + ‖𝑧𝑛 − 𝑤̄‖
)

‖𝑧𝑛 −𝑤𝑛‖ → 0, as 𝑛→ ∞.

Hence,

lim
𝑛→∞

‖𝑤𝑛 − 𝑦𝑛‖ = 0. (4.14)

Furthermore, we have

0 ≤ ‖𝑥𝑛 − 𝑦𝑛‖ ≤ ‖𝑥𝑛 −𝑤𝑛‖ + ‖𝑤𝑛 − 𝑦𝑛‖ → 0, as 𝑛→ ∞.

From (4.11) to (4.14) we have

‖𝑥𝑛+1 − 𝑦𝑛‖ → 0, as 𝑛 → ∞, ‖𝑧𝑛 − 𝑦𝑛‖ → 0, as 𝑛→ ∞. (4.15)

Next, we show that the set of all sequentially weak limit points of the sequence {𝑥𝑛} belongs to 𝐸𝑃 (𝐹 ,). Since {𝑥𝑛} is bounded
we have that {𝑥𝑛} has at least one accumulation point, say 𝑧 ∈ . Assume that {𝑥𝑛𝑘} ⊂ {𝑥𝑛} such that 𝑥𝑛𝑘 ⇀ 𝑧, 𝑘 → ∞. Since
𝑦𝑛 − 𝑥𝑛‖ → 0, 𝑛 → ∞, we have that 𝑦𝑛𝑘 ⇀ 𝑧, 𝑘→ ∞ for some {𝑦𝑛𝑘} ⊂ {𝑦𝑛}.

Now, from [41, Lemma 3.2, equation (14)] and [41, Lemma 3.2, equation (6)], we get

2𝐹 (𝑦𝑛, 𝑧𝑛) ≥
2
𝜆𝑛

⟨𝑤𝑛 − 𝑦𝑛, 𝑧𝑛 − 𝑦𝑛⟩ −
𝜇
𝜆𝑛+1

[

‖𝑤𝑛 − 𝑦𝑛‖2 + ‖𝑧𝑛 − 𝑦𝑛‖2
]

(4.16)

nd

𝜆𝑛𝐹 (𝑦𝑛, 𝑦) ≥ 𝜆𝑛𝐹 (𝑦𝑛, 𝑧𝑛) + ⟨𝑤𝑛 − 𝑧𝑛, 𝑦 − 𝑧𝑛⟩, ∀ 𝑦 ∈ , (4.17)

espectively. Combining (4.16) and (4.17), we obtain

𝜆𝑛𝑘𝐹 (𝑦𝑛𝑘 , 𝑦) ≥ ⟨𝑤𝑛𝑘 − 𝑦𝑛𝑘 , 𝑧𝑛𝑘 − 𝑦𝑛𝑘 ⟩ −
𝜇
2
𝜆𝑛𝑘
𝜆𝑛𝑘+1

[

‖𝑤𝑛𝑘 − 𝑦𝑛𝑘‖
2 + ‖𝑧𝑛𝑘 − 𝑦𝑛𝑘‖

2
]

+ ⟨𝑤𝑛𝑘 − 𝑧𝑛𝑘 , 𝑦 − 𝑧𝑛𝑘 ⟩, ∀ 𝑦 ∈ . (4.18)

Taking the limit in (4.18) as 𝑘→ ∞ (taking note of (4.13)–(4.15)), we obtain

𝐹 (𝑧, 𝑦) ≥ 0, ∀ 𝑦 ∈ .

which implies that 𝑧 ∈ 𝐸𝑃 (𝐹 ,). Using this and Lemma 4.2 in Lemma 2.5, we have that {𝑥𝑛} converges weakly to an element in
8

𝐸𝑃 (𝐹 ,). This completes the proof. □
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5. Numerical experiments

The focus of this section is to provide some computational experiments to demonstrate the effectiveness, accuracy and easy-to-
implement nature of our proposed algorithm. We compare our proposed algorithm (Algorithm 3.3) with Algorithm 1 in [16],
Algorithm 1 in [15], Algorithm 2 in [42] and Algorithm 1 in [43]. Throughout this section, we shall name these algorithms RKSPW
(Alg. 1), VM (Alg. 1), CS (Alg. 2) and SCJ (Alg. 1), respectively.

Example 5.1. We consider the Nash-Cournot oligopolistic equilibrium model in [44] where the bifunction 𝐹 in R𝑁 is of the form:

𝐹 (𝑥, 𝑦) = ⟨𝑃𝑥 +𝑄𝑦 + 𝑞, 𝑦 − 𝑥⟩,

where 𝑞 ∈ R𝑁 and 𝑃 ,𝑄 are two matrices of order 𝑁 such that 𝑄 is symmetric positive semi-definite and 𝑄 − 𝑃 is symmetric
negative semi-definite. The feasible set is defined as  =

{

𝑥 ∈ R𝑁 ∶ −5 ≤ 𝑥𝑖 ≤ 5
}

. The bifunction satisfies Assumption 3.1 with
𝑎1 = 𝑎2 = 1

2‖𝑃 − 𝑄‖ (see [14]). The vectors 𝑥0, 𝑥1, 𝑞 are generated randomly and uniformly in [−𝑁,𝑁] and the two matrices 𝑃 ,𝑄
are generated randomly such that their properties are satisfied.

Example 5.2. Let  =
(

𝓁2(R), ‖ ⋅ ‖2
)

be the linear spaces whose elements are all 2-summable sequences {𝑥𝑖}∞𝑖=1 of scalars in R,
that is

𝓁2(R) =  =

{

𝑥 = (𝑥1, 𝑥2,… , 𝑥𝑖,…), 𝑥𝑖 ∈ R ∶
∞
∑

𝑖=1
|𝑥𝑖|

2 < ∞

}

with inner product ⟨⋅, ⋅⟩ ∶ 𝓁2 × 𝓁2 → R and norm ‖ ⋅ ‖ ∶ 𝓁2 → R defined by ⟨𝑥, 𝑦⟩ ∶=
∑∞
𝑗=1 𝑥𝑖𝑦𝑖 and ‖𝑥‖2 =

(
∑∞
𝑖=1 |𝑥𝑖|

2)
1
2 ,

for 𝑥 = {𝑥𝑖}∞𝑖=1, 𝑦 = {𝑦𝑖}∞𝑖=1 ∈ 𝓁2(R). Let  =

{

𝑥 ∈  ∶ ‖𝑥‖ ≤ 1

}

. Define the bifunction 𝐹 ∶  ×  → R by 𝐹 (𝑥, 𝑦) =

3 − ‖𝑥‖)⟨𝑥, 𝑦 − 𝑥⟩,∀ 𝑥, 𝑦 ∈ . It is easy to show that 𝐹 is a pseudomonotone bifunction which is not monotone and 𝐹 satisfies
he Lipschitz-type condition with constants 𝑎1 = 𝑎2 =

5
2 . Also, 𝐹 satisfies Assumption 3.1 ((4)-(5)). We consider the following cases

for the numerical experiments of this example

Case 1: Take 𝑥1 =
(

5
7 ,

1
7 ,

1
35 ,…

)

and 𝑥0 =
(

1
2 ,

1
6 ,

1
18 ,…

)

.

Case 2: Take 𝑥1 =
(

1
2 ,

1
6 ,

1
18 ,…

)

and 𝑥0 =
(

1
3 ,

1
9 ,

1
27 ,…

)

.

Case 3: Take 𝑥1 =
(

1
3 ,

1
9 ,

1
27 ,…

)

and 𝑥0 =
(

2
5 ,

1
5 ,

1
10 ,…

)

.

During the computation, we make use of the following:

• Algorithm 3.3: 𝜆1 = 0.1, 𝜇 = 0.5, 𝜖 = 0.000001, 𝜃𝑛 = 𝛽𝑛 (when 𝜙𝑛 = 𝑛−0.5
2𝑛 ), where 𝛽𝑛 is as defined in (3.1), 𝜃𝑛 = 1−𝜖

3 (when

𝜙𝑛 = 0.5) and 𝜃𝑛 =
√

𝑝2𝑛 + 𝑞𝑛 − 𝑝𝑛 (when 𝜙𝑛 =
𝑛−0.1
𝑛 ), where 𝑝𝑛 and 𝑞𝑛 are as defined in (3.3) and (3.4), respectively.

• RKSPW (Alg. 1) in [16]: 𝜆1 = 0.1, 𝛿 = 0.9, 𝜎 = 0.9min{1, 0.5𝑎1, 0.5𝑎2}, 𝜇 = 0.9𝜎 and 𝜖𝑛 =
100

(𝑛+1)2 .
• VM (Alg. 1) in [15]: 𝜆 = 0.9min{0.5𝑎1, 0.5𝑎2}, 𝜃 = 0.9 and 𝜖𝑛 =

100
(𝑛+1)2 .

• CS (Alg. 2) in [42]: 𝜆1 = 0.9min{0.5𝑎1, 0.5𝑎2}, 𝛼𝑛 = 1
2𝑛+1 , 𝜇 = 0.1, 𝛽𝑛 = 𝑛

100𝑛+1 , ∇𝜑(𝑥) = 𝜌𝑥 (where 𝜌 ∈ [0.1)), and

𝛿𝑛 ∶=

{ 0.5
𝑛2‖𝑥𝑛−𝑥𝑛−1‖

, if 𝑥𝑛 ≠ 𝑥𝑛−1
0.5, otherwise.

• SCJ (Alg. 1) in [43]: 𝜇𝑛 = 𝜇 = 0.9min{0.5𝑎1, 0.5𝑎2}, 𝜂𝑛 =
1
𝑛+1 ,∇𝜙(𝑥) = 𝜌𝑥 (where 𝜌 ∈ [0.1)), and 𝛿𝑛 ∶=

{ 1
𝑛‖𝑥𝑛−𝑥𝑛−1‖

, if 𝑥𝑛 ≠ 𝑥𝑛−1
0.5, otherwise.

We then use the stopping criterion; TOL𝑛 ∶= ‖𝑦𝑛 −𝑤𝑛‖ < 𝜀, where 𝜀 is the predetermined error.
All the computations are performed using Matlab R2023b which is running on a personal computer with an Intel(R) Core(TM)

i5-10210U CPU at 2.11 GHz and 8.00 Gb-RAM.
In the Tables 1 and 2, ‘‘Iter’’ means the number of iterations. Also, in the tables and figures, Alg. 3.3, RKSPW (Alg. 1), VM

(Alg. 1), CS (Alg. 2) and SCJ (Alg. 1) represent Algorithm 3.3, Algorithm 1 in [16], Algorithm 1 in [15] Algorithm 2 in [42] and
Algorithm 1 in [43], respectively (see Figs. 1 and 2).

6. Conclusion

We have considered in this paper, a new inertial condition for the subgradient extragradient method with self-adaptive step size
for solving pseudomonotone equilibrium problem in a real Hilbert space. It was proved that the sequence of iterates generated by
9
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Table 1
Numerical results for Example 5.1 with 𝜖 = 10−5.
Algorithms N = 20 N = 50 N = 100

CPU time Iter. CPU time Iter. CPU time Iter.

Alg. 3.3
(

𝜙𝑛 =
𝑛−0.5
2𝑛

)

1.5845 172 2.7013 210 2.9610 288
Alg. 3.3

(

𝜙𝑛 = 0.5
)

1.4864 129 1.8413 144 2.5517 213
Alg. 3.3

(

𝜙𝑛 =
𝑛−0.1
𝑛

)

0.9217 86 0.9687 89 1.6092 153
RKSPW (Alg. 1) in [16] 6.3664 676 5.2644 577 3.3365 350
VM (Alg. 1) in [15] 2.8233 243 3.4392 219 3.5181 312
CS (Alg. 2) in [42] 8.3144 832 3.8683 209 8.0181 843
SCJ (Alg. 1) in [43] 3.9099 299 3.5544 291 3.7348 331

Fig. 1. The behavior of TOL𝑛 with 𝜖 = 10−5: Top Left: 𝑁 = 20; Top Right: 𝑁 = 50; Bottom: 𝑁 = 100.

our proposed method converges weakly to a solution of the equilibrium problem under improved conditions on the inertial factor
than many existing conditions in the literature. The assumptions regarding the inertial relaxation are less restrictive compared
to many other papers addressing pseudomonotone equilibrium problems in the literature. These conditions remain independent
of the iterates, which are frequently unknown a priori. Additionally, determining the upper bound of the inertial sequence is
straightforward. Numerical results are given to support our analysis. These results demonstrate the effectiveness, accuracy and
easy-to-implement nature of our proposed method when compared to others in the literature.
10
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Table 2
Numerical results for Example 5.2 𝜖 = 10−5.
Algorithms Case 1 Case 2 Case 3

CPU time Iter. CPU time Iter. CPU time Iter.

Alg. 3.3
(

𝜙𝑛 =
𝑛−0.5
2𝑛

)

0.0068 99 0.0098 106 0.0097 102
Alg. 3.3

(

𝜙𝑛 = 0.5
)

0.0030 63 0.0031 68 0.0022 66
Alg. 3.3

(

𝜙𝑛 =
𝑛−0.1
𝑛

)

0.0021 47 0.0029 51 0.0021 49
RKSPW (Alg. 1 in [16]) 0.0912 110 0.0951 110 0.0803 110
VM (Alg. 1 in [15]) 0.0905 140 0.0833 162 0.0996 150
CS (Alg. 2) in [42] 0.0803 108 0.0811 114 0.0817 119
SCJ (Alg. 1) in [43] 0.0919 141 0.0919 208 0.0901 123

Fig. 2. The behavior of TOL𝑛 with 𝜖 = 10−5: Top Left: Case 1; Top Right: Case 2; Bottom: Case 3.
11
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