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Abstract

Despite having been around for roughly 85 years, quantum mechanics continues to
produce many surprising results. Furthermore, although theoretical work aiming to
fully complete quantum mechanics is still ongoing, the form typically employed in
quantum information and quantum computing studies can be axiomatised by four
succinct postulates.

In this work we will discuss, in detail, four interesting quantum photonics and quan-
tum information experiments which can neatly be divided into two groups: quantum
ghost imaging and quantum random number generation. The interplay between the
four postulates underpinning contemporary quantum mechanics, and the experiments
themselves, will also be touched on throughout this work.

First, we present a novel four-way quantum ghost imaging setup which employs
entanglement swapping to create correlations between initially completely independent
down-converted biphoton states. The projection and measurement techniques used
give rise to an anti-symmetric biphoton state (in contrast with the symmetric states
normally used in quantum ghost imaging). This, in turn, results in a surprising
‘contrast-reversed’ ghost image with respect to the original object; the symmetric case
would give rise to an ordinary ghost image. Such considerations of state symmetry may
prove important in future higher-dimensional imaging and communication protocols
which incorporate entanglement swapping (which is a key component of a future
quantum network).

Second, we investigate the connection between ghost imaging and state symmetry
further by using a two-way ghost imaging experiment which is modified to tailor
the symmetry of the down-converted state. In this case, when postselecting on anti-
symmetric subspaces, the reconstructed ghost image turns out to be a juxtaposed
version of the original object, rotated both clockwise and counterclockwise. This again
emphasises the importance a state’s symmetry has on the observed physics.

Third, although quantum mechanics has been an extremely successful theory, it
is fundamentally incomplete. We therefore explore the potential of using quantum

field theory, which is a more complete set of ideas, to explain quantum ghost imag-



ing specifically and the measurement /detection process in quantum photonics more
generally. We find that the so-called Unruh-DeWitt detector model is successful in
explaining quantum ghost imaging when one draws an analogy between the pixels
comprising the original object plus the pixels comprising the measurement device, and
two arrays of Unruh-DeWitt detectors. This different approach may be a useful first
step in considering quantum imaging in non-inertial reference frames and the nature
of entanglement of down-converted states in nontrivial gravitational backgrounds, for
example.

Finally, a key feature of quantum mechanics is the inherent indeterminacy built into
the formalism, by way of the postulates. We present work whereby this uncertainty is
exploited to demonstrate the generation of true higher-dimensional random numbers
from the orbital angular momentum degree of freedom of down-converted biphoton
states. Digital spatial light modulators are used to tailor the probability distribution
of the state, allowing us to mitigate bias and imperfections in the experimental setup.
With these techniques, we are able to generate more than one bit of truly random
information from each orbital angular momentum detection event. Entropy and
randomness are increasingly important both fundamentally and commercially, and

hence such proof of principle studies are important.
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Chapter 1

Introduction: quantum mechanics

& its postulates

University corridors and cafeterias are often filled with debate between researchers of
various ‘hard science’ disciplines over which theory of Nature has been the most ground-
breaking and successful. While mathematics is rightly referred to as ‘The Queen of
Science’, other discoveries, such as general relatively, evolution by natural selection, the
kinetic theory of gasses and the Big Bang have all both revolutionised the way humanity
understands the world as well as opened up countless practical opportunities. However,
one theory in particular undoubtedly belongs on this list despite its somewhat chaotic
genesis; its immensely far-reaching, meticulously verified yet often counterintuitive
predictions; its numerous real-world applications, with many more still untouched; and
its strangely persistent quality of being poorly understood from both theoretical and
philosophical grounds. This great theory is quantum mechanics.

Quantum mechanics is a fundamental physical theory which provides a strong
mathematical framework with which to formulate various physical laws describing
nature. Although it does not specify which specific laws a particular system follows, it
provides a coherent set of rules and postulates with which to develop said system [1].
Its importance in contemporary life is undergirded by its broad list of successful appli-
cations, from understanding elementary particle behaviour to an extraordinary degree
of accuracy, to modelling the movement of electrons in semiconductors, to optimising
the atomic fission process in nuclear reactors and to providing guaranteed security
in quantum communication systems. Furthermore, despite the fact that quantum
mechanics has been prototypically applied to understanding small-scale systems (on
the scale of atoms and subatomic particles), by the famous correspondence principle

(originally outlined in [2]), it should be possible to reproduce results observed on a



2 Introduction

more macroscopic scale, such as in bio-logical or engineering systems, by appropriately
scaling corresponding systems derived from baseline quantum mechanics [3]. As such,
Nature is indeed quantum.

Delving deeper into quantum mechanics, many different subfields exist, all focusing
on different aspects of quantum systems. For example, quantum thermodynamics
focuses on the thermodynamics of quantum systems which may or may not be in
equilibrium and the thermodynamic laws arising from the system’s quantum nature [4],
whereas particle physics studies the irreducible matter and force particles composing
the universe and their interactions [5]. By instead shifting focus onto the information
content of quantum systems, we arrive at the field of quantum information. The
combination of traditional information theory (first formulated in the 1940s [6]) and
quantum mechanics (which was born in the early 1900s) has prompted many deep
theoretical - and philosophical - questions as to the exact nature of Nature, such as
whether observables can be said to objectively exist before we measure them and how
measurements performed in certain local regions of spacetime affect distant regions
(the ideas behind local realism [1]). However, this combination has also been quite
fruitful in practice, having given rise to many technologies such as completely secure
communication systems [7, 8]; teleporting information from one particle to another,
distant particle [9, 10]; ultra-precise quantum metrology [11]; and, of course, quantum
computers, which focus on the information processing capabilities of quantum systems
in that they can solve certain problems exceedingly faster than classical computers
[12, 13] and potentially allow for more efficient drug research [14] and financial market
modelling [15], among other applications. Quantum information (QI) will be a major
focus of this thesis.

It is possible to encode information in, and perform QI experiments using, any
degree of freedom of any set of particles as long as they display the requisite quantum
behaviour. Modern demonstrations include single photon modes in an optical cavity
coupled to an isolated, two-level atom [16], trapped and cooled Be ions [17] and nuclear
spin states [18] among others. Another approach, and the one we focus on in this
thesis, is that of quantum photonic experiments whereby optical photons serve as the
information carriers. While both traditional photon-based quantum information and,
especially, quantum computation implementations have drawbacks (such as problems
in scaling such systems up and interacting single photons with one another, which is
usually done by way of extremely lossy nonlinear Kerr media [1]), unlike the other
information carriers given above, photons are very easy to manipulate and suffer far

less decoherence. Either way, quantum photonics undoubtedly holds much promise



in quantum communication and cryptographic systems [19]. Furthermore, recent
discoveries open the door to scalable photonic-based quantum computers without the
need for nonlinear media [20], and new models such as the cluster state approach [21,
22| provide new avenues to, for example, implement the CNOT gate (see [23] for a
review). Photonics-based QI experiments were performed as part of this thesis.

There have been dozens of demonstrations of QI phenomena using photonics.
While such demonstrations often overlap in some sense, the forthcoming chapters will
chiefly focus on two phenomena. First, that of quantum ghost imaging, in which the
correlations created between a pair of entangled photons are used to image an object,
even though each photon individually contains no information about said object (see
[24] for a comprehensive review of ghost imaging). And second, that of quantum
random number generation, whereby the inherent indeterminacy of quantum mechanics
is used as an entropic source from which to generate true random bit strings (see, for
example, [25, 26] for further information on quantum randomness and randomness
extraction devices). Various aspects of ghost imaging will be discussed in Chapters 2
to 4, while Chapter 5 will focus on random number generation.

Returning to our broader discussion of quantum mechanics above, an important
step when formulating any theory is to axiomatise it by breaking it down into its
most basic concepts and rules. These rules can then be applied to specific examples
and more complicated theories can be built on said axioms. Quantum mechanics is
no different. Although different sets of postulates exist, all should more or less be
equivalent. A common set of such postulates is given in Chapter 2 of [1]; the quantum
photonics experiments in the chapters to come will touch on the ideas contained in
these postulates. They are:

Postulate 1: Given an isolated physical system, the state space of the system is
an associated Hilbert space H over the field of complex numbers. The state of the
system is described completely by a positive semi-definite, Hermitian, trace 1 density
operator, p, acting on the state space. Furthermore, if the quantum system has a
probability p; of being in the state p;, the density operator for this ensemble is the

convex sum p = y_; p;Pi-

Postulate 2: Lossless operations (those which don’t cause a loss of information)
on, and by extension, the time evolution of a closed quantum system, are described by
unitary transformations: the system at time ¢, py, is related to the system at time %o,

p2, by a unitary operator, U, that only depends on the times ¢, t5, according to

p2=UpU".
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Postulate 3: A set of measurement operators, { M,,}, which act on the state space
H describe quantum measurements performed on the system. Here, m labels the
possible measurement outcomes. The measurement operators satisfy the completeness

relation,

S MM, =1

m
Given a state p before the measurement, the probability of observing outcome m

when performing said measurement is

pl) = Tr (oML
with the state of the system immediately after having observed m, p,,, being given by

M, pM;,

P pm = Tr (ng@Mm) .

Postulate 4: A composite system (one consisting of two or more distinct physical
quantum systems) has a state space comprising the tensor product of the individual
component Hilbert spaces. Furthermore, if subsystem ¢ is described by the state p;,
the state p of the composite system is the tensor product of the individual subsystems,
p=Qipi

P1 sets the stage, providing a framework with which to describe an isolated quantum
system’s state; P2 describes how such a closed system evolves; P3 outlines how we
extract knowledge from the system by way of measurements; and P4 provides us with
a way of combining irreducible quantum systems into larger, composite ones [1].

With P1 in mind, quantum theorists often assume that one simply has access to
the ‘ideal’ initial state on which one can then perform relevant manipulations (P2) and
subsequent measurements (P3). However, in practice, this is not the case. Although it
is, relatively speaking, easy to generate single photons, the deterministic, on demand
generation of single photons remains a challenge (although studies into using nitrogen-
vacancy centres in diamonds [27] or trapped atoms [28] as potential sources have proven
promising). Contemporary methods of generating pairs of entangled photons pose
further challenges: the commonplace process of using spontaneous parametric down-
conversion (SPDC), whereby a strong coherent laser source pumps a nonlinear crystal
such as f-barium borate (BBO) or periodically-poled potassium titanyl phosphate
(PPKTP), to generate a pair of entangled photons is probabilistic and extremely

inefficient [29, 30]. However, given such a down-converted pair, the spectrum of



the various degrees of freedom one may wish to encode information in are also not
optimal. For example, one often wishes to create so-called maximally-entangled states
whose components have equal amplitudes, yet down-conversion creates states whose
probability amplitudes taper off, especially when considering higher-dimensional degrees
of freedom such as a photon’s orbital angular momentum [31]. Techniques such as
pump shaping [32, 33] do attempt to address this, but suffice it to say that much work
still needs to be done on creating better sources which generate single and entangled
photons with the requisite properties.

Instead of considering methods of generating, out of the box, the states we need,
this thesis will consider both the evolution/manipulation (P2), and measurement
(P3) of quantum optical states within the context of quantum ghost imaging and
quantum random number generation experiments. Photons are bosons of spin 1 and
therefore the wavefunction of two (or more) identical photons must be symmetric under
a permutation (‘swapping’) of the particles [5] (i.e. for a wavefunction ¥ of two bosons
each individually parameterised by x; and xs, we must have ¥(x;,x5) = ¥(x2,x1)).
However, a general quantum state consists of a superposition of pure states in which
the photons may have different values for some degrees of freedom (and are hence
distinguishable), and therefore, in general, could consist of both symmetric and anti-
symmetric terms (where for the latter, ¥(x;,x5) = —W(Xs,X1)). Interesting physics
arises from quantum systems described by completely symmetric or completely anti-
symmetric states, such as Bose-Einstein condensation [34], superconductivity [35], all
the way to better understanding the collapse of stars into white dwarfs [36]. The effect
that a state’s symmetry has on the image obtained in quantum ghost imaging will be
of fundamental importance to the discussions to come.

In particular, Chapter 2 (which is largely based on the author’s work in [37])
presents a novel quantum ghost imaging protocol in which, in contrast with traditional
two-photon ghost imaging experiments, the requisite correlations are created between
two completely independent photons by combining and entanglement swapping two
pairs of mutually independent down-converted photons. Among others, an interesting
result is the counter-intuitive, ‘contrast reversed’” image obtained when the two-photon
state is tailored to be anti-symmetric, whereas the ordinary contrast image is measured
in the purely symmetric case. This manipulation (P2) of the state had a clear effect
on the measured (P3) image. Such entanglement swapping protocols may also be
important for any future quantum networks in which entangled quantum bits, namely
qubits (or even higher-dimensional qudits) would need to be created from isolated,

initially separable single photons.
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Chapter 3 (which is based on [38]) considers the concept of symmetry further by
studying a single entangled photon pair whose symmetry is engineered (P2) using
a Hong-Ou-Mandel filter [39]. In contrast with the results of Chapter 2, the image
obtained with this experimental setup, in the anti-symmetric projection case, is a
juxtaposition of the original object rotated both clockwise and counterclockwise,
resulting in a sort of ‘double’” image. This further speaks to the important effect a
state’s symmetry can have on the observed physics. However, in both of these chapters’
experiments, the measurement process we employed necessarily involved postselecting
on the observance of coincidence counts (i.e. simultaneous photon detection events)
between either two (Chapter 3) or four (Chapter 2) avalanche photodiode detectors. We
hence, admittedly, were not utilising the full quantum state p but rather a conditioned
‘subset” of p. Furthermore, the process of postselection itself doesn’t fall neatly into
either P2 (manipulation) or P3 (measurement) in that we essentially manipulate the
state, to obtain one we desire, by throwing away information after the measurement
process. This further highlights the need for research into sources which can produce
exactly the desired quantum states as well as potential measurement protocols which
could forgo the need for postselection.

The postulates above are very abstract and don’t provide any specific information
about, for example, the laws a particular system obeys. Indeed, P3 merely gives
the probability distribution for the possible measurement outcomes, given a set of
measurement operators { M,,}, and specifies the new state of the system immediately
after said measurement if we indeed measure the system. Were we not to perform
the measurement, the state remains unchanged, both on paper and in practice. P3,
emphatically, does not tell us how to go about measuring a quantum system nor
how a specific measurement interacts with and perturbs said system. This inherent
uncertainty (in that the best we can hope for is a probability distribution, not a
deterministic answer) and the strange interplay between a system’s seemingly objective
state and our more subjective choice of whether to observe said system or not, result
in important unsolved philosophical, as well as operational, problems in physics (a
famous case in point being the so-called measurement problem [40]). So, as tested and
trusted as it is, quantum mechanics is certainly not complete.

Quantum field theory (QFT) [5] is a quantum theory which can, however, explain
some observed phenomena which usual quantum mechanics cannot, such as particle cre-
ation/annihilation and transforming results between different inertial reference frames.
Indeed, studying quantum informational aspects of Nature from the framework of QFT

has recently given rise to the niche area of Relativistic Quantum Information (RQI) [41,



42]. And within RQI, a common model used to understand the measurement /detection
process (P3) is the Unruh-DeWitt (UDW) detector [43, 44]. This detector consists of
a local, first quantised, two-level system coupled to the quantum field we wish to probe.
A typical calculation in this model involves first coupling the detector-field systems via
a well-defined Hamiltonian and then allowing this composite system to evolve (P2).
Thereafter, changes in the state of the detector at some later time can be interpreted
as the detection of a particle/excitation of the field (such as the electromagnetic
field) we're probing. The UDW detector model fits well in the context of quantum
information experiments: it has been applied to cavity quantum electrodynamics and
studying the Casimir effect [45, 46, 46], and some common models in quantum optics
are in fact derivatives of the UDW detector model. Finally, given that it is based on
a well-defined Hamiltonian which couples the detectors and the quantum state being
measured, this model may shed a little light on the more operational complexities of
the measurement problem.

Chapter 4 (based on the author’s work in [47]) proposes a novel approach to
quantum imaging by applying the UDW detector model to a traditional quantum
ghost imaging setup: we take the object (in one optical arm) and the spatially-resolved
measuring device (in the second arm) to both be made up of initially independent arrays
of UDW detectors prepared in particular initial states. After coupling these detectors
to a scalar field state (which functions as an analogy for the typical down-converted
state), evolving the system (P2) and finally measuring (P3) the state of the detectors,
we find that it is possible to model the quantum ghost imaging process using this
new QFT-based framework. This opens up the door to, among other things, studying
imaging in accelerating frames and curved gravitational backgrounds, for example.

We have discussed P1 to P3 above. However, since all of the experiments in the
body of this thesis will involve at least two photons, and since P4 is pertinent to
composite systems with two or more degrees of freedom, P4 silently permeates all of
our discussions. It is worth noting, however, that P4 gives rise to arguably the most
fundamental - but strangest - concept behind many observed quantum phenomena:
quantum entanglement. A composite system is said to be entangled if its density
operator (i.e. its quantum state) cannot be written as a tensor product of its individual
subsystems’ states. An in-depth discussion of entanglement could fill a lengthy book
(see [1] for a good introduction), but the concept will nonetheless appear repeatedly in
the forthcoming chapters.

We have also touched on another important difference between classical and quantum

physics above: the idea of the randomness or, rather, quantum indeterminacy, of
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measurement outcomes (indeed, this randomness is built into P3). Quantum mechanics,
and therefore Nature, has uncertainty built into its formalism at a fundamental level:
in general situations, even with perfect knowledge (on the part of the experimenter) of
a system as well as perfect measurement apparatus, it is impossible to deterministically
predict the outcome of any particular measurement. The absolute best that one
can calculate is the probability of measuring a certain value for a chosen observable.
While perhaps unintuitive at our macroscopic ‘classical’ scale, this indeterminacy can
have important practical applications. In Chapter 5 (based on [48]), we present a
novel demonstration of one such application, namely a true quantum random number
generator which uses the orbital angular momentum (OAM) degree of freedom of single
photons as the source of entropy. Randomness plays an extremely fundamental role in
our everyday life, from weather [49, 50] and financial market modelling [51], all the way
to cryptography [52]. The use of OAM as a source of entropy is noteworthy in that a
well-defined OAM state lies in a countably infinite-dimensional Hilbert space. As such,
one can theoretically extract as many bits from a single photon as one wishes, with
the limitations being set by the experimental setup (such as its numerical aperture).
The protocol which will be demonstrated could also be incorporated into existing
randomness generators as an enhancement.

Finally, after the main body of work in Chapters 2 to 5, concluding remarks and

ideas for future work are given in Chapter 6.



Chapter 2

Ghost imaging using

entanglement-swapped photons

Chapter 2, based on [37], details a new experiment which is the first to exploit
entanglement swapping to correlate photons, which are initially completely independent,
for use in quantum ghost imaging. This should be contrasted with ordinary ghost
imaging (in both the classical and quantum regimes), in which the photons, while
eventually propagating and hence becoming spatially separated, originate from the
same source/medium and are hence correlated from the beginning of the experiment.

Specifically, given two independent pairs of entangled photons, say A-B and C-
D, the novel experiment’s combination of a Hong-Ou-Mandel (HOM) filter and a
postselection /Bell-state projection scheme for photons B and C creates entanglement
between the remaining two photons, A and D, which can then be used in a traditional
quantum ghost imaging protocol. The particular choice of postselection event, namely
either the presence or absence of photon coincidence events in arms B and C, allows
one to tailor either an anti-symmetric or symmetric state, respectively, for photons A
and D. While a HOM filter is unitary (and is therefore in spirit with postulate P2),
as discussed in the introduction, the projective Bell measurement /postselection is not
unitary as we essentially use a conditioned state. It hence blurs the line between P2
and P3. However, the conditioned state’s symmetry nonetheless has an important
bearing on the observed physics. For this experiment, in the anti-symmetric case, the
ghost image we observe turns out to be ‘contrast reversed” with respect to the original
object, while one would measure an ‘ordinary contrast’ image in the symmetric case.
The concept of (anti-)symmetry is tightly linked to those of (in)distinguishability and
(non-)identical particles (see, for example, [53] for a discussion of these concepts). This

procedure of using postselection to alter a state’s symmetry should be kept in mind
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while reading this chapter. Indeed, there is no strong notion in classical physics of

state symmetry/(in)distinguishability, since all classical particles are distinguishable.

2.1 Introduction

Information protocols based on photonic states of light are of interest for a number
of reasons. For example, the multiple degrees of freedom, such as spatial, frequency,
polarisation, and the high-dimensional nature of light all provide access to a large
alphabet in which to encode information [54, 55, 56]. The increased information capacity
provides the ability to communicate at high data rates and provides mechanisms to test
quantum fundamentals [57]. However, an ongoing challenge is the exact generation,
precise manipulation, and efficient detection of such states of light.

In the context of quantum networks based on photonic states of light, the challenge
is to distribute quantum information over large distances in an efficient manner. At
the core of a quantum network is a process known as entanglement swapping, which
relies on a Bell-state measurement. Entanglement swapping [58] generates correlations
between systems that have not interacted and has been observed in many degrees of
freedom, for example, polarisation [59] and orbital angular momentum [60], and it can
also be used for the quantum teleportation of multiple degrees of freedom [61]. One
protocol that requires correlations is ghost imaging, and while it is now known that
ghost imaging only requires correlations in one basis, the implications of entanglement
swapping on such a process remain unknown.

The term ‘ghost imaging’ arose only in 1995 in the context of studying EPR
correlations in position and momentum [62]. It was noted that the position correlations
of an entangled photon pair generated by means of spontaneous parametric down-
conversion (SPDC) could be used in an imaging experiment, as shown in Fig. 2.1(a).
In a conventional ghost imaging experiment, the photon in the object arm is detected
with a ‘bucket’ detector with no spatial resolution so that the object information is
erased, while the photon in the other arm, which has never interacted with the object,
is collected with a spatially-resolved detector. Consequently, when the photons are
measured in coincidence, the spatial correlations allow image reconstruction. Since this
seminal work, many manifestations of the above have been realised, including the use of
thermal light in the classical regime [63, 64, 65], momentum-correlated ghost imaging
[66], spiral ghost imaging with orbital angular momentum [67, 68], time domain ghost
imaging [69], computational (a technique which only requires bucket detectors) [70,

71, 72] and compressive (which reduces the number of required measurements) ghost
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Fig. 2.1 Two- and four-photon ghost imaging schematics, using entangled
photon pairs. (a) Traditional two-photon ghost imaging using photon pairs generated
by parametric down-conversion. By exploiting the quantum correlations between
photon A which ‘sees’ the object but is detected with a bucket detector and photon B,
which doesn’t see the object but on which we perform spatially-resolved measurements,
the object information can be determined. (b) Our four-photon ghost imaging setup
showing contrast inversion. In this four-photon case, two pairs of photons are generated
in two independent parametric down-conversion processes. The state of the photons A
and D become entangled when photons B and C undergo a Bell state measurement.
Contrast reversal of the object is observed when photons B and C are projected onto
the anti-symmetric state.

imaging [73], as well as the use of nondegenerate SPDC for dual wavelength ghost
imaging [74, 75].

In this work we combine the essential tools of quantum networking with high-
dimensional quantum states of light and the core principles of ghost imaging. We
provide a full theoretical analysis of the observed phenomena and experimental evidence
of ghost imaging using two sets of entangled photon pairs. We demonstrate that the
spatial state of non-interacting photons that were initially independent, in other
words, photons that have never interacted and start with no position or momentum
correlations, can be used for ghost imaging. Entanglement swapping is employed to
establish the correlations needed to reconstruct a ghost image of an object. In doing
so, we demonstrate that the Bell projection required for entanglement swapping plays
a crucial role in the ghost imaging outcome: projection onto the set of anti-symmetric
states results in contrast inversion whereas a projection onto the set of symmetric
states results in conventional ghost imaging, in other words, no contrast inversion.
As a consequence, a projection onto all sets simultaneously, both symmetric and

anti-symmetric, results in no image at all. This is due to the inability to establish any
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spatial correlations between the two independent sources. This work also paves the

way for long distance image transfer across a quantum network [76].

2.2 Experimental setup

The experimental setup, depicted in detail in Fig. 2.2, consists of a Ti:sapphire laser
at a wavelength of 808nm and a repetition rate of 8O0MHz. A 0.5-mm-thick BBO
crystal is pumped to produce 360mW of upconverted light at 404nm. This light then
pumps two BBO crystals, each 1mm thick, to produce down-converted entangled
photons, labelled A and B from crystal 1 and C and D from crystal 2. We filter the
down-conversion immediately after the crystal using 20-nm bandpass filters centred at
810nm. Additionally, photons B and C are later filtered with 3-nm bandpass filters
centred at 808nm to ensure a good HOM dip visibility.

In order to produce correlations between photons A and D, photons B and C
are interfered on a beamsplitter. Using a translation stage in the path of photon B,
the path lengths of photons B and C can be matched so that they undergo Hong-
Ou-Mandel (HOM) interference. This projects their joint state into one of the four
two-dimensional Bell states, from which the only anti-symmetric state can be selected
by postselecting on four-fold coincidences. An object placed in arm A is experimentally
realised using a spatial light modulator (SLM); a second SLM in arm D is used to
make measurements using a single-pixel SLM scanning technique. Such SLMs allow
us to tailor the spatial structure of the incident paraxial light [77], allowing arbitrary
changes in the intensity and phase profiles to be effected. These devices will feature
in a number of the forthcoming chapters and the interested reader is hence directed
to [78, 79| for detailed explanations of modern spatial light modulation devices and
techniques.

The light is collected using single-mode fibres in arms A and D as this results in very
few background counts. However, we use multi-mode fibres in arms B and C to ensure
that we are collecting as many spatial modes as possible after the interference filter.
The light is detected using single-photon avalanche diodes (ExcELITAS SPCM-800-14-
FC) while time tagging and coincidence counting are performed using a PICOQUANT
HYDRAHARP.
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Fig. 2.2 Detailed experimental setup used to observe four-photon ghost imag-
ing. The focal lengths of the lenses are marked in millimetres, in other words, 1.100
corresponds to a lens of focal length 100mm. BBOO: 0.5-mm-thick BBO crystal. BF1:
two consecutive bandpass filters at 405 4+ 5nm. SF: 100-pum circular aperture. BBO1:
I-mm-thick BBO crystal. DM: dichroic mirror. BBO2: 1-mm-thick BBO crystal. LF:
longpass filter, cutoff wavelength 750nm. SLM: spatial light modulator. BF2: bandpass
filter at 808 + 1.5nm. BF3: bandpass filter at 810 & 10nm. TS: translation stage. BS:
non-polarising beamsplitter. SMF': single-mode fibre. MMF: multi-mode fibre. SPAD:
single-photon avalanche diode.
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2.3 Four-way ghost imaging theory

Consider the simplified four-photon entanglement-swapped ghost imaging setup shown
schematically in Fig. 2.1(b). It consists of two independent parametric down-conversion
processes that generate two EPR states [66]. Photon pairs A-B and C-D are initially
entangled in their spatial degrees of freedom, so the initial four-photon state in the

position (i.e. pixel) basis is given by

ABC’D—Z\/—|T1 Z\/—|7’g C|7’g (2-1)

where |r;/;) are eigenstates in the pixel basis Hilbert space of dimension d, and r;/; are,
respectively, the position vector at the SPDC source for photons A-B/C-D. Note that
because the crystal planes are imaged to the SLMs in paths A and D (see Fig. 2.2),
these correspond to pixels on SLM A and D, respectively.

We now consider the state of photons in paths B and C, which are incident on a
beamsplitter (BS). A coincidence in the two output paths of the BS projects onto the
anti-symmetric states; the absence of a coincidence in the two output paths of the
BS projects onto the symmetric states [80, 81, 82]. In high dimensions (d > 2), there
are a number of different orthogonal bases in which we can represent the state. The
states that we consider are the Bell-like states {|¥E )pc} and {|®,)5c} which, taken

together, form a basis: the anti-symmetric states are

(W,n) BC = \}5 () Blrm)c = [rm)BlTa)cl (2.2)

while the symmetric ones are

W Yo = jg [ra)slrm) + [ slra)c] (2.3)

@) Be = |Tn)BlTR)C, (2.4)

with 1 <n < m < d. We do not consider the Bell-like states |®E )po = —2 [|Tn)BlTn)C
+|rm)B|7"m)c] as they are not orthogonal to one another when d > 2, for example,
B,/ 70

If one could perform a perfect joint measurement on photons B and C, the probability
of finding the biphoton state to be anti-symmetric is (d —1)/2d, whereas the probability
is (d 4+ 1)/2d for the symmetric case (see Section A.1 of the Appendix for details).
Furthermore, projecting exclusively onto any of these three sets ({|¥,, Ysc}, {|V; ) sc}



2.3 Four-way ghost imaging theory 15

or {|®,)pc}) leaves the biphoton state in paths A and D, p4p, in a mixture of all
possible two-qubit entangled subspaces spanned by the corresponding set [60]. The
state is only pure if there are two pixels, d = 2 (or only a single two-dimensional
subspace is considered).

The transmissive mask object we place in path A, O, is binary. Therefore, the value
of pixel 4, namely O(i), is either 1 (transmissive) or 0 (opaque) and the set {O(i)}
hence contains all the information about the object. Finally, B = >, O(i) is the number
of transmissive pixels.

The mathematical calculations detailed in Section A.1 of the Appendix show that
the detection of a photon after the mask in path A combined with different projections
for the two photons in paths B and C can herald different states for photon D. This is
the key to this ghost imaging system: provided that photon A is detected, the state
of photon D exhibits contrast reversal or not, with respect to O, depending on the
projection choice. The various possible ghost images are given by the sets of intensities
{Iy- (1)}, {Ty+ (D)}, {Ia(2)},{Ias(?)} and {Is(i)}, where each I(i) corresponds to the
probability of detecting light at pixel ¢ in path D, given the different projections in
paths B-C (AS = anti-symmetric, S = symmetric). By considering the object formation
and detection in the pixel basis, we disregard any phase information between the pixels.
As such, this is somewhat akin to classical object imaging. However, one could instead
use the SLM and single-mode fibres for remote state preparation and then herald a
qubit in path B; the implications of this for quantum teleportation are discussed in
Section 2.5.

The pixel intensities in each case are given by

fy () = T () = 2290, (25
(i) = 2. (2.6
Ias(i) = B_Zd(i(l), and Ig(i) = "”gd(}”. (2.7)

The contrast of the ghost image formed from projections onto either the ¥~ (Eq. 2.2)
or Ut (Eq. 2.3) Bell-like set of states is clearly reversed with respect to the object,
since the binary pixel value of the object O(i) is subtracted from a constant B for
the corresponding ghost image pixel ¢ (Eq. 2.5). In other words, brighter pixels of
the object correspond to dimmer pixels in the image, and vice versa. An ordinary

contrast ghost image is reconstructed when projecting onto the ¢ (Eq. 2.4) set of states
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(Eq. 2.6). However, note that the U~ set is the only set of anti-symmetric states in the
Bell-like state basis and so projecting onto this set is equivalent to projecting onto any
and all anti-symmetric states (I/as). Furthermore, projecting onto symmetric states is
equivalent to projecting onto the U+ and ® sets. In this case, the combination of pixel
intensities results in an ordinary contrast ghost image (Is). As per Appendix Section
A.1, one can quantify this contrast by calculating normalised contrast values C, with

respect to the initial object, for each of these ghost imaging cases

Cy- =Cy+ = m; (2.8)
1

C@ — E, (29)

Crs = —— 2 and G = ———— (2.10)

MTBA—1) M T B+ 1) '

Interestingly, it can be seen (from summing together Iag and Is, Eq. 2.7) that if the
anti-symmetric and symmetric ghost images are added together, one obtains a uniform
pixel intensity value which is independent of any particular pixel 7. This is equivalent
to one having performed no projection, onto any particular subset of states, in paths
B-C and then measuring the ghost image. As one would expect, no image is observed
in this case as no correlations would be created between the independent photons A
and D, and the resultant state in path D is maximally mixed, i.e. ppjas.a + ppjs,a < I
(see the Appendix Section A.1).

Theoretical simulations of the predicted ghost images for an initial ‘A’ object mask
are shown in Fig. 2.3; we see that the image in the anti-symmetric projection and
postselection case (Ias = Iy-) exhibits contrast reversal with respect to the object,
which is not the case for symmetric projection and postselection. Furthermore, the
sum of the anti-symmetric, Fig. 2.3(e) and symmetric, Fig. 2.3(f), images produces a

constant image which contains no information.

2.4 Four-way entanglement swapped ghost imag-

ing results

In our experimental realisation (outlined in Section 2.2), after using two BBO crystals
to produce two pairs of independent photons, we choose to project the photons in

paths B and C onto the set of anti-symmetric states to effect entanglement swapping
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Fig. 2.3 Predicted ghost images for different projections in paths B-C. (a)
3D representation of a binary ‘A’ object in a d = 100-dimensional space (i.e. 100
pixels) with B = 20 pixels ‘on’; each pixel transmission value is either 0 or 1. (b)-(f)
Simulations of the predicted ghost images, with the height of each pixel representing
the pixel intensity /probability of detecting a signal. The anti-symmetric ghost image
(e) corresponds with projection onto the {|¥~)gc} set (b); the symmetric image (f)
corresponds with projecting onto either (or both) the {|¥U")zc} set (c) or the {|®)pc}
set (d).

between the remaining two photons (A and D). As such, Ixs in Eq. 2.7 is tested.
However, the system is first characterised by using simple two-pixel (d = 2) images.
The crystal plane is relayed to SLM A and D, at which point photons A and D exhibit
strong position correlations. With SLM A masked with a two-pixel hologram (the
object), with one half ‘on’ (pixel value 1) and the other half ‘off” (value 0), SLM D is
masked with either the same hologram or a contrast-reversed version. By subsequently
measuring the number of four-fold coincidences between all four paths as we vary the
path length difference (using the translation stage in path B) between paths B and C,
we gauge the efficiency of the Hong-Ou-Mandel (HOM) filter.

The results of this test are shown in Fig. 2.4. Indeed, the dip appears when
both SLMs are loaded with the same two-pixel mask, while there is no change in
the coincidences when the measurement SLM D is instead masked with the contrast-
reversed pattern (see the Appendix Section A.2 for further details). The presence of the
HOM dip confirms that our system is indeed projecting onto the set of anti-symmetric
states. As such, the corresponding two-pixel, four-photon ghost image results are shown
in Figs. 2.5(a)-(c), which compares the original object, the simulated ghost image and
the experimentally-observed image. Clearly, the ghost image in Fig. 2.5(c) is contrast
reversed with respect to the object in Fig. 2.5(a), verifying our earlier predictions.
Apart from this first observation of a contrast-reversed image in a four-way ghost
imaging protocol, positive and negative images have also been observed algorithmically
using thermal light [83, 84], in a quantum interference experiment [85], and simulated

using thermal fermions [86].
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Fig. 2.4 Hong-Ou-Mandel dip test. The four-fold coincidence counts are shown
as a function of the path B translation stage position for the two cases: either the
contrast-reversed (red) or ordinary contrast (blue) two-pixel mask (with respect to the
SLM A object) loaded on SLM D. There is no discernible reduction in counts for the
contrast-reversed case, while there is the prominent, prototypical HOM dip, with a
visibility of 0.56, for the ordinary contrast case.

We repeated the experiment using a 2 x 2-pixel image (d = 4) loaded onto SLM
A with a single pixel ‘on’ and the other three ‘off’. SLM D was used to scan through
these four pixels, one at a time, to obtain four measurements which were combined
to form the ghost image in path D. The results, shown in Figs. 2.5(d)-(f), again show
a contrast-reversed image when projecting onto anti-symmetric states in paths B-C,
albeit with a lower contrast than the d = 2 case. This is in line with Eq. 2.10.

We chose B = 1 (i.e. object masks with only one bright pixel) in an attempt
to maximise the ghost image’s contrast (see the Appendix Section A.3 for a further
discussion on the protocol’s inherent efficiency). Indeed, only when B = 1 is the pixel
value in the ghost image, which corresponds to the bright pixel in the original object,
theoretically equal to zero (see Eq. 2.7). The measured contrasts for the two ghost
images are compared with the corresponding contrast predictions in Fig. 2.6. For the
d = 2 case (Fig. 2.5(c)), we obtain a contrast value of —0.59 £ 0.13; for the d = 4 case
(Fig. 2.5(f)), a value of —0.19 + 0.15 (with the errors calculated by assuming Poisson
statistics in the measured count rates). This compares favourably with the predicted
contrast values of —1.0 and —0.33 respectively. However, the images in Fig. 2.5 are
based on the raw data, without any background subtraction applied. After data
processing and subtracting the anticipated four-way count accidentals, the measured
values become —0.66 +0.13 and —0.26 £0.14 for the d = 2 and d = 4 cases respectively,

in good agreement with the theory.
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Fig. 2.5 Contrast-reversed ghost images measured in four-way coincidence
with an anti-symmetric HOM projection. (a)-(c) the d = 2 case, and (d)-(f) the
d = 4 case. The plots are normalised such that the sum of the pixel values is 1. The
total four-way counts for the d = 2 case were {45,175} counts, over 90 minutes, while
they were {{168,191},{98,227}} counts, over 800 minutes, for the d = 4 case.
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Fig. 2.6 Ghost image contrast as a function of dimension, d, for anti-
symmetric projection. The data points correspond to the measured contrasts
for the data shown in Fig. 2.5, with the error bars found assuming Poissonian noise;
the solid line is the theoretical prediction of Eq. 2.10. The blue points are the raw data
contrasts; the red points are background-subtracted contrast values.

Finally, it is worth mentioning that the contrasts observed in Fig. 2.5 are so because
of the chosen objects, namely with only one pixel ‘on’; for higher-resolution objects (d)
with more pixels turned on (B), the contrast would be deleteriously affected in line
with Eq. 2.10.

2.5 Discussion

In this experiment, we made use of quantum interference and postselection between
the independent photons to manipulate the state (P2 and P3) and create correlations.
These correlations arise from the quantum nature of light, and information was encoded
and measurements performed in only one basis, namely the position basis. However, it
is well known that classical correlations are sufficient to perform ghost imaging [64, 65]
and therefore the ‘classical vs. quantum’ ghost imaging question can be applied to our
experiment.

Indeed, a classical analogue of our experiment would be of significant interest. Such
a realisation would require two independently correlated sources of light and a means to
classically correlate two independent modes from said sources. The specific method by
which the two modes are classically correlated could then result in a variety of possible

ghost images, for example, images that are inverted, rotated, or shifted. It would be
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interesting to study the precise nature of such classically correlated images as well as
their relative contrasts with respect to the initial object. It should be emphasised,
however, that the method used here to correlate the two modes is quantum in nature
and that there is no obvious classical analogue to projection onto (anti-)symmetric
states. Indeed, correlating bright modes in a classical manner is possible, but very
different from using quantum interference.

While a form of ghost imaging would be possible with a classical analogue of this
experiment, the quantum teleportation of spatial states of light is one facet that is
only possible with our system: no classical ghost imaging system is able to perform
state teleportation. The implications of our scheme for quantum teleportation are
hence of significant interest due to the high-dimensional nature of the spatial states
considered here as well as the corresponding restrictions of Bell-state measurements
[87]. To simplify our discussion, we first consider the protocol’s implications for qubit
teleportation and then consider the implications for higher-dimensional qudits.

Quantum teleportation is the teleporting of an unknown, arbitrary quantum state
onto a new information carrier (here a photon) in a remote spatial location [1]. An
implementation of this only requires three photons, but it is conventional to start with
a four-photon system such as the one outlined above. When thinking of our experiment
with a view to performing teleportation, a photon in path A is used to herald the
presence of a single photon in path B whose state we wish to teleport onto the photon
in path D. As always, depending on the outcome of the Bell-state measurement, a
unitary operation may be required on the photon in path D in order to recover the
teleported state.

However, a significant difference between the ghost imaging and teleportation
protocols is that the SLM, which was used to create the classical ‘object’ in the ghost
imaging protocol, is now used in combination with the single-mode fibre to remotely
prepare a qubit in the teleportation protocol: given a quantum state |¢)) = a|0) + 5]1)
where v and f are complex probability amplitudes of the pixel basis states, these
amplitudes can be set using the SLM. After doing so, the detection of a particular
photon mode in path A heralds the presence of the qubit to be teleported in path B.

The data presented in Figs. 2.5(a)-(c) was taken within the context of our ghost
imaging protocol. In spite of this context, and as discussed in the previous two
paragraphs, the data also holds when metaphorically viewed through a ‘quantum tele-
portation lens’ in which the SLM and single-mode fibre in path A are used to remotely
prepare a quantum state in path B. Although we only performed the measurements in

the pixel basis, further measurements in mutually unbiased bases (for example, the
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momentum basis) would be required in order to unequivocally demonstrate quantum
teleportation. Nevertheless, our results are consistent with the qubit teleportation of a
spatial state of light, and full quantum teleportation of a spatial state qubit would be
possible with a simple modification to our existing system: the modified system would
require a complete Bell-state measurement rather than a single projective one onto the
{|¥7)} set. The efficiency of such a scheme would be limited to 1/2 when using linear
optics [88]. Such state teleportation has been demonstrated in prior work [60], whereas
the emphasis of this work has been on full-field quantum imaging between initially
independent photons as well as the impact that manipulating the state symmetry has
on the resulting object/image relation (P2 and P3).

Finally, we consider the implications our system has for higher-dimensional qudit
teleportation and quantum networks. Indeed, higher-dimensional entanglement itself
is proving to be a useful resource in photonics (for further details on this topic, see
[89]). The work of Calsamiglia [87] precludes perfect high-dimensional Bell-state
measurements using only linear optics: high-dimensional image teleportation can only
be achieved using multiple photons in an extended version of the setups in [90, 61}, or
by implementing nonlinear optical imaging methods such as outlined in [85]. For our
system, when photons B and C are projected onto either anti-symmetric ({|¥~)}) or
symmetric ({|¥1),|®)}) sets, photons A and D are left in a mixed state of all possible
two-dimensional biphoton states spanning the corresponding set. This situation is
analogous to the simultaneous two-dimensional entanglement swapping observed in
[60]. The state pap is mixed, and hence knowledge of the state of photon A does not
give precise knowledge of photon D’s state. This results in the contrast reduction seen

above for higher-dimensional quantum imaging.

2.6 Conclusion

To conclude, Chapter 2 presents work constituting the first implementation of ghost
imaging using initially completely independent information carriers as well as the first
observation of ghost imaging using entanglement swapping. We reveal the underlying
physics of quantum imaging with non-interacting photons, showing the importance of
state symmetry, postselection and object/image dimension on the resultant ghost image.
We have also outlined the implications of this experiment for quantum teleportation
of spatial states of light. Indeed, our system enables teleportation exactly in two
dimensions but the scenario is more complex for higher dimensions. These findings,

which we observe in a quantum setting, point to new considerations for traditional
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classical ghost imaging whereby new signal processing methods could be developed
to enhance and alter the observed images. Finally, this scheme also contains all the
features required for a high-dimensional quantum communication network in that
quantum imaging, with more than two pixels, could be seen as a form of higher-
dimensional communication. Such quantum teleportation and entanglement swapping

schemes may become important for such future networks.






Chapter 3

Ghost imaging with engineered
quantum states by

Hong-Ou-Mandel interference

In Chapter 2 we studied a system in which entanglement swapping was implemented
between two independent pairs of entangled photons to create a state which was used
to perform quantum ghost imaging. The quantum state was manipulated to adopt a
certain symmetry using a HOM filter and postselection. This had important bearings
on the ghost images which were observed. While these concepts are interesting, their
discussion did take place within the context of a relatively complicated quantum
photonics setup. Furthermore, the small number of four-way coincidence counts took
hours to collect as a result of the cascade of extremely inefficient nonlinear crystals. The
single-pixel scanning technique of the measurement SLM also contributed to the low
count rate. Finally, the entanglement swapping protocol relied on postselection which
necessitates the discarding of photon detection events (which were already relatively
scarce).

In this chapter, which is based on work published in [38], the concepts of state
symmetry and postselection will again feature but within the context of a simpler,
single entangled pair quantum ghost imaging experiment. Ordinarily, the biphoton
state arising from SPDC is symmetric and is the one used in typical quantum ghost
imaging experiments. Here, however, both symmetric and anti-symmetric states are
considered by tailoring (P2) the chosen symmetry using appropriate combinations of
Dove prisms and the usual HOM interference filter. A simple proof that the symmetry
of a quantum state is independent of the chosen basis is provided, along with a detailed

theoretical analysis of all experimental results.
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As in Chapter 2, we require projective Bell measurements, in which photon bunching
events at the output ports of the HOM filter are discarded, in order to engineer the anti-
symmetric state. This is not required in the symmetric case as the down-converted state
is symmetric from the beginning and there is hence no need for a HOM filter. However,
one still needs to postselect on two-way coincidences in both cases to ensure that
only entangled photons (not spurious dark counts), and hence the correct correlations,
are included in the results. We show that, interestingly, in the HOM filter /two-way
postselection (i.e. anti-symmetric) case, the ghost image observed is a juxtaposition of
the original object rotated both clockwise and counterclockwise, while the usual ghost
image is measured in the absence of the HOM-beamsplitter combination (i.e. in the
symmetric case). Again, the biphoton state’s symmetry appears to have an important
effect on the observed physics, with these notions having no clear classical analogy.
Finally, two different measurement (P3) protocols, which are both performed using
the SLMs (which allow for the easy, all-digital control of the setup) are tested and

compared.

3.1 Introduction

The main ideas behind ghost imaging were introduced in Chapter 2, but we shall recap
them here briefly for completeness. First, one creates a pair of correlated photons.
Given this, one photon from the pair interacts with an arbitrary object and is collected
by a bucket detector with no spatial resolution. The other photon does not interact
with the object but is rather sent directly to a spatially-resolved device for measurement.
Despite neither photon individually containing any information of the object, a ghost
image can be reconstructed when the photons are measured in coincidence due to the
initial spatial correlations created within the nonlinear crystal.

The first ghost imaging experiment, by Pittman et al. [62], used quantum entangle-
ment as the source of the correlations between the pair of separate photons (usually
arising from the SPDC process [91]). However, other sources of correlations (even
classical sources) can be used, with such studies often drawing useful analogies between
the classical and quantum regimes [92, 93]. In addition to the studies mentioned in
Section 2.1, 3D ghost images have been reconstructed using single-pixel detectors [94],
and ghost imaging has even been studied in the presence of atmospheric turbulence
[95]. Finally, [37] presented the first demonstration of entanglement-swapped ghost

imaging. One should consult [24, 96] for comprehensive reviews of ghost imaging.
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Here we demonstrate a form of ghost imaging in which the object and measurement
arms are placed after an optional Hong-Ou-Mandel (HOM) interference filter [39]. This
allows the quantum imaging to be carried out using either symmetric or anti-symmetric
states. Furthermore, we employ spatial light modulators (SLMs) to dynamically control
both the object and the imaging process. In particular, we use digitally-controlled
holograms in the measurement arm to reconstruct the object without the need for a
mechanical scanning system or a spatially-resolved camera. The symmetry selection
step of the setup, which includes a pair of Dove prisms and the HOM filter in the
anti-symmetric case, results in either the original ghost image or a ‘double object’

image consisting of the original object rotated both clockwise and counterclockwise.

3.2 Experiment

The experimental setup, shown in Fig. 3.1, is described conceptually here in order to
outline the role of each optical element in the forthcoming sections; a more detailed

description of the setup can be found in the Appendix Section B.1.

Laser BBO

Creation State engineering Mask Detection

Fig. 3.1 Experimental HOM ghost imaging setup. The experiment is divided
conceptually into state creation (gold), state engineering (purple), object (blue), mea-
surement (green) and detection (red) steps. BBO: nonlinear crystal; DPygo: Dove
prisms; BS: 50:50 beamsplitter; SLMagp: spatial light modulators; Detqgs: bucket
detectors formed from interference filters, few-mode fibres and avalanche photodiodes;
C.C.: coincidence counter.

In the first part of the experiment, an entangled biphoton state is produced by
way of a SPDC photon pair source, which gives a state that is completely symmetric.
Next, the photon pair passes through a quantum state engineering system made up of
Dove prisms (which control the phase of the state’s probability amplitudes depending
on the orbital angular momentum charge of the photon passing through them) and a

HOM interference filter. The latter is used to single out specific states based on their
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symmetry. Finally, ghost imaging is performed with the engineered two-photon state
using holographic object and measurement mask projections and coincidence counting
hardware.

These tools (namely digital projections in the object and image reconstruction steps
of the setup) are common in computational ghost imaging [72] and allow us to use
only bucket detectors, removing the need for cameras or mechanical scanning systems.
Indeed, the chosen binary object, O, is encoded on SLM, and the measurement is
performed by dynamically modifying the hologram encoded on SLMg (the techniques
employed here using SLMs are described in detail in [78, 79]). The two different
measurement procedures which were investigated, namely a single pixel scan and a

random mask scan, are introduced in Section 3.4.1.

3.3 Engineered ghost imaging theory

We first study the biphoton state in the orbital angular momentum (OAM) basis [31].
However, any set of spatial modes which form a basis can be used to express a paraxial
mode with an arbitrary spatial profile (two common ones being the Laguerre-Gaussian
(LG) or Hermite-Gaussian (HG) modes). It is also evident that any arbitrary state
can be written as the sum of a symmetric part and an anti-symmetric part. The effect
that a state’s symmetry has on, for example, coincidence events in an entanglement
experiment has recently been studied in [81], where it was shown how one can control
the spatial state’s symmetry by exploiting a HOM interferometric measurement [39].
Such techniques work regardless of the chosen spatial basis [97]. In particular, the HOM
filter passes only anti-symmetric states when conditioned on two-photon coincidence
events, and the symmetry of the input state can be tuned by changing the relative
phases between basis states by using two Dove prisms rotated at a judicious angle 6
relative to one another.

To begin, consider the state, in the OAM basis, generated by SPDC at the crystal

plane

V) = %:ael‘l?), (3.1)

where |UF) = % (|10al — O x| —0)all)p), |¢) is an OAM eigenstate with an OAM
value of Al, and a, are the corresponding probability amplitudes (which are determined
from a variety of factors such as the down-conversion efficiency, the nonlinear crystal

type and size, etc.). With reference to Fig. 3.1, the two Dove prisms, set at a relative
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angle 0 in path A, have the effect |[¢) 4 — €™|() 4 on a photon passing through them.

In this case, Eq. 3.1 transforms as

|\I’> — Z\C;% (’@A’ _ £>B€i249 + | _ €>A|€>B€—i2£9)

- ; ay ([WF) cos(200) + i[ W ) sin(2(6) ) (3.2)

Next, note that when the relative angle is set to # = Z, the only [¥;) (|¥;)) terms
that survive are those with even (odd) ¢. When this state is then passed through the
calibrated HOM filter, only the anti-symmetric modes (i.e. |V, ), those with odd ¢
values) remain when the system is conditioned on two-way coincidences after the filter
[81]. All symmetric states are removed since they don’t give rise to coincidences.

One might rightly ask whether such symmetry filtering holds if the state is expressed
in any basis other than the OAM basis. Since symmetry is an intrinsic property of a
quantum state, a state which is (anti-)symmetric in one basis is (anti-)symmetric in all
bases. A proof of this, showing that the symmetry of a quantum state is invariant under
a change of basis, is given in the Appendix Section B.2. Therefore, we can express
a state in any basis we choose without affecting its symmetry. Furthermore, when
considering arbitrary images in which information is encoded in the transverse position
of the pixels the image/beam is comprised, the pixels are more easily described using a
transverse position vector rather than a combination of OAM-containing modes (such
as LG modes). So, it is arguably more intuitive to describe imaging in the position

basis (also known as the pixel basis). With this in mind, Eq. 3.1 can be re-expressed as

(W) = > c(r)r)alr)s, (3-3)

res
where the sum runs over all SLM pixels, a set we call S. We consider this discrete case
since the SLM itself consists of discrete pixels. Here ¢(r) is the probability amplitude
for photons A and B to be found, in the crystal plane, at the transverse position
r = (z,y) (they have the same position since they originate at the same point in the
crystal).

Next, the state is manipulated (P2) by first passing photon A through two Dove
prisms, one of which is rotated at an angle 6 with respect to the other. In this case,
R(26) € SO(2) represents a rotation of the transverse position of photon A (when
0 =0, R(20) =1T). From here onwards, we drop the explicit # dependence for brevity.
Note also that paths A and B are assumed to have the same path length unless stated
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otherwise. As such, at the BS plane, under the action of the Dove prisms, Eq. 3.3

becomes
) — Z ) RrYalT)B (3.4)

3.3.1 No HOM filter state

If we remove the BS (and hence the HOM filter) from the setup in Fig. 3.1, the plane
where the BS was before is imaged directly onto the SLM. The ‘no beamsplitter’ state,
|W,ps), at the SLM plane is then simply Eq. 3.4, so

|Wps) = Zc(r)]Rr>A|r>B. (3.5)

-
Accordingly, a ghost imaging experiment performed using this state is predicted to
result in a reconstructed ghost image identical to the original object but rotated by an

angle 26 relative to the object.

3.3.2 HOM filter state

Next, suppose that the BS is not removed from the setup in Fig. 3.1 (i.e. a HOM
interference filter is used to combine paths A and B). The well-known action of the BS

is

)4 = jﬁ (IFha + 7)) 17)s — ;5 (75 — 7)) (3.6)

and as such, the ‘beamsplitter’ state, |Uys), at the SLM plane is

[Wes) = *Z ) ([Br)a+ |Br)p) (Ir)s — |7)4)

= fz Y(|[Rr)alr)s — |7 a|RP)5 + |Rr, 7Y — |Rr,7)4).  (3.7)

Postselecting on coincidences between paths A and B has the effect of dropping the

latter two terms in Eq. 3.7, so

|Whs) ICZ Y(|Rr)alr)p — |r)alRT)B), (3.8)

with K a normalisation constant.
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It is easier to analyse the predicted ghost imaging results if all R dependence in
Eq. 3.8 is shifted to either photon A or B completely. In the Appendix Section B.3 we
outline how this shift is performed. As a result, Eq. 3.8 is equal to

W) = KD e(r)r)a (IR ') — [Rr)s) - (3.9)

It appears that the ghost image in this ‘HOM-filter-postselection’, and hence anti-
symmetric, case will be a juxtaposition of the original object O rotated by an angle of
both 20 and —26.

3.3.3 Object reconstruction

Given either state |U,;s) (Eq. 3.5) or |W,) (Eq. 3.9), the detection section of the
experiment is carried out by masking SLM, with a binary object O. All information
about O is contained in the function O(r): O(r) = 0 if pixel r in the object is black
and 1 if pixel 7 is white (‘black’ in practice meaning light incident on pixel 7 in SLM4
is not coupled to the detector, and inversely for ‘white’). This object masking process
is described by |O)4 = N 32, O(r)|r) 4, with N the appropriate normalisation. After
masking SLM, with O (and absorbing K into N), the state of photon B, in both the
absence and presence of the HOM filter, is

(OW,p5) = N> c(r)O(Rr)|7r) 5, (3.10)

T

(O[Wy.) = N> e(r) (O(Rr) — O(R™'7)) |r) 5. (3.11)

=

If we assume that the pump beam is expanded such that its intensity is more or less
constant over the object/measurement areas of the SLMs (or, equivalently, assuming
a flat-top pump beam), the probability amplitudes ¢ are all constant. The two cases

above can then be visualised more clearly

(O W) < Y- O(Rr)|r) s, (3.12)

(01Wy,) o 3 (O(Br) — O(R™'7)) |7)5, (3.13)

where, recall, R = R(26) is a rotation in the plane transverse to the optical axis. The

intensity of pixel |7)p in the reconstructed ghost image in both cases is hence
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([ B{O[ W) |* o |O(Br)[?, (3.14)

[(r[5(0|W4s)|* o |O(Rr) — O(R™'r) (3.15)

‘2

Eqgs. 3.14 and 3.15, which are experimentally tested in the following section, align
with the earlier predictions, namely that we expect to observe a single rotated ghost
image in the symmetric, no HOM filter case of Section 3.3.1 and a juxtaposed ‘double’
ghost image, with opposite rotations, in the anti-symmetric, HOM filter case of Section
3.3.2.

3.4 Results & discussion

The experimental system is first characterised by measuring the SPDC spiral bandwidth
and confirming the symmetry filtering effect of the HOM filter (the gold and purple
sections of Fig. 3.1), with the results given in Fig. 3.2. By measuring the coincidence
counts within the range ¢4, ¢p € [—15,15], first without and then with the Dove
prisms and beamsplitter, we see that the HOM filter indeed removes the even ¢ values
(as discussed below Eq. 3.2) and transmits the odd ones. This is equivalent to only
transmitting all of the anti-symmetric |V, ) Bell states.

(a) B (b) o
(I}N U)N+
24 2y
2 5| 0
2 ks ’p
S S Si=s=p ~10
~10 0 10
{4

Fig. 3.2 Spiral bandwidth and HOM filter characterisation. The system is
characterised within the discrete OAM topological charge range €4, ¢ € [—15,15]; the
coincidence counts are normalised with respect to the maximum value. (a) OAM spiral
bandwidth of the SPDC photons without HOM filtering, and (b) the analogous spiral
bandwidth after introducing the HOM filter and setting the relative angle between the
Dove prisms to 6 = 7.

In Section 3.4.1, we investigate standard ghost imaging (without a HOM filter,
but with the two Dove prisms) where the object is created and the measurements are

dynamically performed using the SLM. The pros and cons of two different measurement
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techniques are also discussed. Then, in Section 3.4.2, we investigate the effect that

anti-symmetric HOM filtering has on the reconstructed ghost image.

3.4.1 Standard ghost imaging & measurement techniques

First, ghost imaging was performed with the setup of Fig. 3.1 but with the BS removed
(i.e. without the HOM filter). In this case the initial state, which is imaged onto the
SLM, is symmetric (when 6 = 0). SLM, was masked with a 960 x 960-resolution object
O (as in Figs. 3.3(a)-(b)) and a digital raster scan performed using SLMp (with a
48 %48 resolution). The results are shown in Figs. 3.3(c)-(d) for a relative Dove prism
angle of # = 0 and Figs. 3.3(e)-(f) for 6 = 7.

. Single pixel Single pixel Random mask
Object =0 0 = /4 0=0

Fig. 3.3 Standard ghost imaging results without the HOM filter. (a)-(b) The
objects O encoded on SLM,, with white pixels indicating transmitted photons and
black pixels blocked photons. The reconstructed ghost images of the corresponding
object, using a single pixel 48 x48-resolution scan with SLMg, are shown in (c¢)-(d) for a
relative Dove prism angle of # = 0 and (e)-(f) for & = 7. (g)-(h) show the corresponding
ghost images obtained when using the random mask scan technique.

The ghost images of Figs. 3.3(c)-(f) were reconstructed with the set of measured
coincidence counts, namely {¢;}, and the single pixel raster scan technique, using
SLMg, according to

Ghost image = ﬁP1 + 9P2 +oee (3.16)
n n

where ¢; is the two-photon coincidence count recorded for raster position P; and n is

a normalisation constant (see the Appendix Section B.4 for more details on this and
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the random mask technique). The digital single pixel scan reproduces the expected
ghost image accurately. However, the scanning resolution (and ultimately that of the
ghost image) in this case is limited by the intensity of the biphoton signal at the SLM
plane. Most photons incident on the SLM are discarded with this technique and the
integration time for each raster position must necessarily increase as the pixel size
decreases in order to overcome noise.

As such, a different ‘random mask’ measurement scheme [98], based on the concept
of compressed sensing [99], was also tested. This was done in order to overcome the
noise in low signal cases without needing to sacrifice resolution [100]. The theoretical
details of the technique are outlined in the Appendix Section B.4 and the experimental
results obtained are given in Figs. 3.3(g)-(h). The same 960x960 binary object O is
loaded onto SLM, as before. However, instead of scanning over every pixel with SLMg
and recording the corresponding coincidence count value, a set of N 48x48-resolution
binary masks, {M;}, is first generated. For each mask M;, each pixel is randomly
chosen to be white or black such that the ratio of the total number of black:white
pixels is 1:1. Each mask is then loaded, in sequence, onto SLMg and the corresponding
coincidence count value, ¢;, recorded. Finally, with the sets {M;}, {¢;}, for a large
enough NN, the ghost image is reconstructed by taking a convex sum of the random
masks weighted by their corresponding coincidence count value, i.e.

Ghost image = MMl +— Mo+ (3.17)
n n

where €, the mean coincidence count value [100], is included to correctly shift the
image’s pixel values. Experimentally, one notices that the ghost image’s sharpness
increases with an increase in N. Furthermore, if one were to use masks with a different
proportion of black:white pixels, as the number of white pixels decreases, the noise
of each image decreases (as does €), with the extreme case of 1 white pixel being the
single pixel scan of Eq. 3.16. However, this results in a concomitant decrease in both

the detected signal and the image resolution (for a fixed integration time).

3.4.2 Double ghost images

The random mask measurement protocol was tested, without the HOM filter in the

setup, for the objects given in Figs. 3.4(a)-(d) using N = 4000 random masks and

an integration time of 1s per mask. The results for the § = 7 case are given in

Figs. 3.4(e)-(h) and for # = —% in Figs. 3.4(m)-(p). As in Fig. 3.3, without the HOM

filter but in the presence of two Dove prisms, the observed ghost image is the original
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object O rotated by an angle of 20. While perhaps unsurprising, it is interesting
to note how easily one arrives at this conclusion when the theoretical calculation is

performed in the pixel basis, as this result may be more obfuscated if the calculations

were performed in another higher-dimensional basis (such as the LG modes).

|1Pnbs > |Lpbs > |lpnbs >
0 =m/4 0=m/4 0=-1t/8

Object

Fig. 3.4 Ghost imaging, with and without HOM filtering, using the random
mask scan technique. (a)-(d) The objects encoded on SLM,. In the absence of the
HOM filter, the reconstructed ghost images (given the objects in the leftmost column)
are given in (e)-(h) for 6 = 7 and (m)-(p) for = —%. With the HOM filter, the
corresponding ghost images are given in (i)-(1) for the § = 7 case, and (q)-(t) for the
0 = —% case, where we clearly see the juxtaposed ‘double’ ghost image. The insets

give simulations of the anticipated results in each case.

The more interesting result is seen once the Dove prisms and HOM filter (which
comprises a BS and two length-matched optical paths) are included before the object
and measurement sections of Fig. 3.1. Indeed, the non-zero Dove prism angle 6 and
HOM filter together tailor the |W,,) state, in which case Eq. 3.15 suggests that the
reconstructed ghost image, given object O, is a combination of O rotated by both
20 (R) and —26 (R™'). This is indeed observed experimentally: Figs. 3.4(i)-(1) give
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experimental results for this anti-symmetric ghost imaging for § = 7, and Figs. 3.4(q)-
(t) for @ = —%. This appears to highlight again the important effect that an input
state’s symmetry has on a ghost image in particular and quantum optics results in
general. Note also that this ‘doubling’ effect could perhaps be understood as the
beamsplitter ‘splitting’ the image into two and recombining the image information
from the two different optical paths. Indeed, when measured in coincidence, a rotated
photon A is either transmitted by the beamsplitter and interacts with the object, in
which case the unrotated photon B (whose phase is —26 with respect to photon A)
is measured by the detection scheme, or the unrotated photon B is reflected by the
beamsplitter and interacts with the object, with the rotated photon A (with a 26 phase
relative to photon B) being measured. Further investigation into the exact bearing
that the state’s symmetry has on the observed image is hence warranted.

Next, note that for § = 7 the ghost images in the bottom row of Fig. 3.4 are
identical, with or without the HOM filter, and match the corresponding object’s
intensity profile (save for a superficial rotation). We do not see the ‘double’ ghost
image, since the two juxtaposed halves overlap. This is a result of the invariance of the
object under a 7 rotation. Such a rotational ‘invariance’ effect could conceivably find
application in quantum systems in which one wishes to finely align a setup or ascertain
the precise centres of down-converted photons’ optical axes.

Finally, the difference in intensity between the two juxtaposed objects in the anti-
symmetric images of Figs. 3.4(i)-(1) and (q)-(t) (the anti-clockwise rotated object
appears dimmer than the clockwise rotated one) is due to disparities in the losses of

each path (different detector efficiencies, slight misalignment in one arm, etc.).

3.5 Conclusion

In Chapter 3 of this thesis, a HOM filter and Dove prisms were used to engineer
particular quantum states and investigate their effects in quantum ghost imaging
experiments. The results agreed perfectly with the detailed theory in both the usual
as well as the anti-symmetric Dove prism-HOM filtering case. In the latter situation,
the reconstructed ghost image was a juxtaposition of the original object rotated
both clockwise and counterclockwise. As in Chapter 2, the results here highlight the
importance that a quantum state’s symmetry, as well as the state preparation and
postselection processes (P2 and P3), have on the observed physics. However, as always,

more studies are needed to understand this all further.
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Finally, it is worth mentioning that although such higher-dimensional filtering
demonstrations are often understood in terms of the OAM basis, here it was translated
to the pixel basis (which is arguably more intuitive when discussing images) given
the invariance of a quantum state’s symmetry under a change of basis. Furthermore,

completely digital devices were employed for fast and convenient image reconstruction.






Chapter 4

Quantum imaging using relativistic

detectors

One of the main aspects of tailoring the state in Chapters 2 and 3 was the process
of postselection. This is a less than optimal strategy in that it involves conditioning
the quantum state on the observance of a specific event (in this case, mutual photon
detection events, i.e. coincidence counts) and ‘throwing away’ all other events. This
process of manipulating and then measuring (P2 and P3) the quantum state is repeated
many times on an ensemble of photons all prepared in the same state. Ideally, one
would love to be able to perfectly glean the quantum state and its statistics in one shot,
without having to repeat the measurement process multiple times. However, quantum
mechanics generally prevents this and one has to hence perform quantum tomography
on an ensemble of identical states [101]. Furthermore, once one has interacted with
and ‘observed’ a quantum state, the wavefunction of the system collapses and the
state necessarily changes based on the observed measurement outcome. This, as
mentioned earlier, is encapsulated in the measurement problem. Indeed, P3 doesn’t
give any specific details as to how exactly our experiments and measurements perturb
a quantum system: it simply dictates the potential outcomes’ statistics and prescribes
the new state conditioned on us having observed a particular measurement outcome.
Physicists hence often try to gain information about a quantum system while not (or
at least minimally) disturbing said system by using techniques such as coupling ancilla
qubits to the system, judicious choices of entanglement witnesses or performing weak
measurements [102]. This should all be contrasted with classical physics/computing,
where the framework allows us to measure a system without disturbing it. Yet Nature

is quantum and is hence described by our four postulates in Section 1.
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While very successful in its own right, we know that the brand of quantum me-
chanics used in typical quantum information and quantum optics studies is ultimately
incomplete. Indeed, notions such as different reference frames, particle creation and
annihilation, and the confounding effects of acceleration and curved gravitational
backgrounds are not accounted for in ordinary quantum mechanics. Quantum field
theory (QFT), a set of ideas which treat quantum fields as being fundamental rather
than particles [5], can however account for both everything normal quantum mechanics
can, as well as these additional phenomena. And while QFT is usually applied to fields
such as particle physics, material science and high energy physics, the combination of
QFT and quantum information, namely Relativistic Quantum Information (RQI), has
proven to be quite fruitful in recent years [41, 42].

Here, in Chapter 4 (which is based on [47]), we change tactics and propose the
idea of using the Unruh-DeWitt detector model (a popular theoretical RQI model of
a detector) to understand the quantum imaging described in the preceding chapters
in particular and the quantum measurement/detection process more generally. We
first present a quantum field theory version of a SPDC state. This state, coupled
to Unruh-DeWitt (UDW) detectors, is used to investigate a single-pixel ghost image
under both inertial and non-inertial settings, and a two-pixel image under inertial
conditions. The reconstructed images obtained for various possible inputs can be
distinguished better than a pure guess and hence it appears the formalism can indeed
be used to describe quantum imaging, even between non-inertial frames. Given the
explicit interaction Hamiltonian underpinning the model, studies of UDW detectors
could shed some light on the measurement problem. We also consider the origin of the
correlations between the UDW detectors, which, at least for the presented simulation,

don’t appear to arise from the usual notion of entanglement.

4.1 Introduction

How to quantitatively describe the process of ‘measurement’ in quantum physics has
vexed scientists for many years: experimental readouts take place on the classical
macroscopic scale, yet the active elements of detectors generally operate on the quantum
level. “How, then, can one establish a correspondence between the quantum and the
familiar classical reality?” [103]. In addition to understanding the detection process in
inertial frames, the inevitable rise of quantum-based communication between satellites,
for example, heightens the need to understand the effects of non-inertial frames on the

behaviour of entanglement and the detection process in practice. Indeed, quantum
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Fig. 4.1 (a) Typical quantum ghost imaging experiment schematic and (b)
our Unruh-DeWitt imaging analogy.

entanglement does not appear to be Lorentz invariant under acceleration [104], and
given that the very notion of a state’s particle content (and therefore information
content) is frame dependent according to the Unruh effect [43], relativity cannot strictly
be ignored.

A popular model of particle detectors which provides such a correspondence was
introduced by Unruh and DeWitt [43, 44] and consists of a first-quantised, two-level
system (such as a two-level atom or the spin degree of freedom of an electron) coupled
to the quantum field to be probed. The Unruh-DeWitt (UDW) detector has since
been applied to the interaction between atoms and the electromagnetic field in cavities
[105], the Casimir-Polder force [46], as well as in attempts to solve the issue of the
non-existence of a position operator in QFT [106], among others.

In a quantum optics laboratory, important experiments such as ghost imaging [24]
and observations of Hong-Ou-Mandel filtration [39], as discussed in Chapters 2 and 3,
necessitate the detection of time-stamped and/or position-stamped entangled photons.
Indeed, after creating a pair of down-converted photons, the ‘object’ photon needs to be
registered by a detector lacking spatial resolution while spatially-resolved measurements
are performed on the second photon (see Fig. 4.1(a)). However, such studies do not
take into account important physics phenomena, such as special relativity. UDW
detectors, which can account for relativity, fit well within the context of quantum
optics. Indeed, it can be argued [107] that models of the interaction between light and
atoms employed in quantum optics, such as the Jaynes-Cummings model [108, 109],
are in fact derivatives of the UDW detector model. Furthermore, optics as a whole
appears to be a useful testbed for phenomena occurring in curved classical gravitational
backgrounds (for example, analogue Hawking radiation is observed when strong laser
pulses are passed through bulk crystals [110, 111]).
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In this chapter, Chapter 4, we present a novel way of studying quantum imaging
using UDW detectors, with a particular focus on the relatively easily implementable
quantum optics experiment presented in the earlier chapters: ghost imaging. Inspired
by the binary nature of UDW detectors, this chapter is threefold. First, we briefly
present a quantum field theory version of a SPDC state. Second, using this state, we
explore the potential of UDW detectors to explain traditional quantum ghost imaging
(in an inertial frame) using an analogy: each pixel which makes up the static object,
and the pixels of the device used to perform spatially-resolved measurements (P3) on
the second photon (such as a spatial light modulator [78]), are taken to be separate
UDW detectors, as per Fig. 4.1(b). All of these detectors are prepared in a particular
initial state representing the object and measurement device, and are coupled to a
scalar field in the SPDC state. After the combined system evolves (P2) and the field
degrees of freedom are traced out, projective measurements are performed on the
detectors to accomplish the imaging. Finally, we consider a case in which some UDW
detectors are uniformly accelerating and the effect that this acceleration has on the

reconstructed ghost image.

4.2 Unruh-DeWitt detector basics

We adopt the conventions of [5], work in d + 1 dimensional spacetime, and model the
electromagnetic field as a scalar field ¢(t,x) = ¢(z) in the Dirac picture
(2m)d \/2Ex k ’ '

where the usual relativistic dispersion relation holds

B = /|2 + m2. (4.2)

We model a quantum ghost imaging experiment by coupling a system of n Unruh-
DeWitt detectors to ngﬁ Given an appropriate parameter (the proper time of the
laboratory frame, for instance), the worldline X! of the centre of mass of detector i can
be parameterised. Each detector is given a finite spatial ‘smearing’ profile, f;(x), to
avoid complications arising from regularising point-like detectors; detector i is coupled
with ¢ by way of its monopole moment operator Q;(¢) (assuming minimal coupling
[46])

—iQ;t

Qi (t) — St

e)ilgli +e g)ileli, (4.3)
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where |g); and |e); represent the ground and excited state, respectively, of detector @
and (); is the energy gap between the two levels. Detector i’s temporal behaviour (i.e.
how it is switched ‘on’ and ‘off’) is given by the switching function ¢;(¢) (in real-world
detectors, such as avalanche photodiodes, this switching function would be a square
or saw wave function) and is coupled to gg with coupling strength ;. The system’s

dynamics is then fully described by the interaction part of the Hamiltonian

n

H™ () =3 1™ (1), (4.4)

=1

where

HM () = Nies(£)Qi(2) /ddfffi(x — Xi(t))d(). (4.5)

Next, denote the initial state of the n detectors by |D) and let |®) be the initial
state of the scalar field gg Assuming the detectors and the field to be initially uncoupled,
namely V(%)) = |D) ® |®) at some reference time ¢y, the evolution of the system to
(W (t)) = U(t, t0)| ¥ (L)) at time ¢ > t, is determined by the Dyson operator

Ut to) =T exp <—@'/t ﬁim(t’)dt’> : (4.6)

to

with 7 the time-ordering operator. Compare all of this with P2: the unitary operator
appearing in Eq. 4.6, which can be found by solving the Schrodinger equation with
a time-dependent Hamiltonian, is precisely what determines the system’s evolution.
P2, however, doesn’t give the exact form of U. It is instead given by the specific laws
and dynamics we use to model the physics, which in this case is the UDW detector
interaction Hamiltonian A™, which in turn uniquely determines U.

Next, without loss of generality, let to — —o0 and t — oo, since all time dependence

can be accommodated by suitably modifying the switching functions ;. Hence

U=T exp (—i Zn: dwdtN;e; (1)Q;() f(x — Xj(t))é(x)) : (4.7)

J=1

Evolving the detector-field system according to this U, the state of the detectors at

time 7 can be found by tracing out the field, i.e.

po(7) = Trg [[W(7)) (U (7)[]. (4.8)
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The challenge of finding |¥(7)) is complicated by the presence of the time-ordering
operator 7. In [112], the authors compute U perturbatively up to second order, with
arbitrary switching functions €;(¢), in their study of entanglement harvesting using
two UDW detectors. In [113], however, a non-perturbative analysis of entanglement
harvesting is performed by choosing Dirac-delta switching functions so that the detectors
couple with the scalar field at a discrete instant of time. Practically, this choice of
switching function is a realistic assumption in the current imaging context given
that the best modern photodetectors, such as superconducting nanowire single-photon
detectors [114], have gating times on the order of picoseconds (so detectors separated by
millimetres lie outside each others’ light cones). We will hence adopt a non-perturbative

approach.

4.3 Non-perturbative expression for U

Assume all detectors couple to the field at time instant 7, so that €;(¢t) = 6(t — 7). This
allows us to factorise U into components acting on each detector individually using
the Baker-Campbell-Hausdorff formula [115]

0 = exp (z Qi) e ffm) = e (1) © 7). (1.9

j=1
where

V(1) = —i); /ddp (Fj(p,Xj(T))&L + c.c.) : (4.10)

f](p) ei(EpT—p~Xj(’T)) (411)

Fj(Pan(T)) = m )

with f; the Fourier transform of f;. The operator Q;(7) is an involution (i.e. Q?(T) =
i ;), and hence each exponential factor in Eq. 4.9 can be expressed in terms of hyperbolic

functions using their Taylor series expansions

A A

exp (Qj(T) ® Y](T)) =1, ® cosh (}7] (7’)) + Q;(7) ® sinh (1%(7)) : (4.12)

Next, defining X!*(7) = (eYa‘s (1) 4 4 e Vis (T)) and

1
2
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Jis(ry = S (4.13)
Eq. 4.12 can be recast as

ep (Qi(r)@Y;m)= Y (SrmeXpm). (4.14)

ise{—1,1}
Suppressing the 7 dependence from here onward and using Eq. 4.14 to rewrite

Eq. 4.9 gives an exact expression for the time-evolution operator

U= > e oreXy, (4.15)

36{7171}71
where )A(@ =11 )A(an, with j = (j1, 2, ,jn) € {—1,1}". Finally, since all the }A/]
operators commute (they all act on the scalar field at the same time), X ;) can be

expressed as

~ 1 - - - n N
Xo=g 2 Ojwbiose by pezen ™, (4.16)
ke{-1,1}n
where
- 1 ifk,=1,
6j5,k5 = (417)
js lf ks - _1

4.4 SPDC state model

To create an entangled photon state in typical quantum optics experiments, a coherent
source of light, such as a laser, is directed onto a nonlinear crystal. This results in an
indeterminate number of pairs of entangled photons by the process of spontaneous
parametric down-conversion (SPDC). To model such a situation, we begin with the
following quantum field theory version of a coherent state parameterised by a coherent
amplitude a(q) [55, 113]

) = Dugl) = oo ([ e folaiy — a*(@ad] ) o). @9

where D is the optical phase space displacement operator. A pump photon with

momentum q from the coherent state has some probability of creating a pair of photons
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with momenta p and k. This probability, along with the nature of the entanglement
between the two output photons, is encapsulated in the quantity x(p,k;q). This

process is modelled by making the replacement

il - / dpdhx(p,k; q)alal, (4.19)

in Eq. 4.18. Note that this substitution necessarily involves postselecting on the photons
which undergo the down-conversion process. And finally, we define J such that our
SPDC state is

e’]0) := exp (/ d4qdipd?k [a(q)x(p, k; q)d;r)ali — c.c.]) |0). (4.20)

Some comments are in order. First, Eq. 4.20 is invariant under exchange of the two
photons, so x(p, k;q) = x(k, p;q) (the state describing down-conversion is symmetric).
It also does not account for the annihilation of the pump photon, as Eq. 4.19 merely
creates two photons. This is known as the semiclassical approximation and is applicable
given the extreme inefficiency of the SPDC process in practice. Finally, it is worth
mentioning that since SPDC does not occur in a vacuum but in a nonlinear crystal,
Lorentz symmetry is consequently broken. Hence all our results need to be interpreted

from a chosen reference frame (here the laboratory frame).

4.5 Ghost imaging scheme

Let |U(t)) = |D) ® |®), with |®) = e”/|0), be the initial state of the detector-field
system. Evolving the system and tracing out the field degrees of freedom at some time

t > 7 gives the density matrix of the detectors

pp = Trg (U0 (te)) (¥ (k)|
= Y o5 DYDISY - 6 g (1 j), (4.21)
il
with 4(1,j) = (O\e_jf(;rl—)f(g)ej]()) Now, using the definitions from the preceding

sections, it can easily be seen that ¢ can be recast in the following form
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-o 1 no e
G(0,7) =5 3. (H Bramu o, X (0] h t>“eJ|0>)' (4.22)

22n _
kme{-1,1}n \sv=1

Next, a braided corollary of the BCH formula, namely

AeBe A — exp kikl![fx, AL [A B, (4.23)

allows e~ e2ckt=mo¥eed ¢4 he expressed in terms of nested commutators of the opera-
tors .J and (ke — mt)fft Although the exponent in Eq. 4.23 does not terminate in

this case, a helpful pattern for the even k and odd k terms does emerge, giving

eI el kmmYig] — oxp l—i / d*pod®p([F (po) (6P (po — p) + Ke(pPo, P))

+F*(po) (X(po. P) + Ko(po, p))]af, +c.c)| . (4.24)

with F(p) = Xy (ke — m) M Fi(p, Xi(7)), X(p1, p2) = 2(27)? [ d%qa(q)x(p1, P2; q), and

1
Ke(po,p) = Y = dpy - - - dpr_1 X" (po, p1)X(P1, P2) - X(Pr_1,P),  (4.25)

k=2,
k even

1 *
K,(po,P) = Z 7l ddpl : "ddpk—lx(pmpl)x (P1:P2) - X(Pr-1,P)- (4.26)
k=3, "

k odd

Finally, Eq. 4.24 clearly has the form of the displacement operator D in Eq. 4.18,

parameterised now by the coherent amplitude S(p) where

5(6) = —i [ o [F(pu) 09 (o — ) + Koo, D)) + F (po) CK(po- ) + Koy )]

(4.27)

As such, the argument in Appendix A of [113] follows verbatim, which allows us to

greatly simplify the vacuum expectation value of the Eq. 4.24 operator, with 5 as per
Eq. 4.27, as
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Qe bmbiedo) —exp (— [ EplaIF). (429)

so that, finally, we have

THEES (ﬁézv,mﬁjs,ksxeXp(—; / ddmmp)r?)). (1.29)

Eme{-1,1}n \swv=1

It is somewhat difficult to glean an intuitive understanding of the detectors’ density
matrix from this general formula; the numerical simulations in forthcoming sections do
shed some light on its behaviour. But, as a sanity check, it can easily be seen that pp
satisfies the properties of a density matrix. The quantities y and « can freely be chosen
to model specific dynamics of the SPDC process, and are given a detailed treatment
in many works (such as [116]). A laser beam’s angular spectrum, «a(q), is typically
described by a Gaussian distribution. However, if the length scales in an experiment
are much larger than the wavelength of the laser, the plane wave approximation is
apt. In this case, a can be taken to be a Dirac-delta distribution, a(q) = §?(q — p,)
for some known constant p,, namely the momentum vector of the monochromatic
photons emanating from the coherent pump source. We make this assumption here
for ease of calculation. Furthermore, assuming a perfect phase-matching condition in
the nonlinear crystal in which perfect momentum conservation occurs, we can choose
x(P1,P2:q) = 0¥ (p; + p2 — q). Given all of this, 3 simplifies to a much easier

expression

B(p) = —i (F(p)cosh(2(2m)?) + F*(p, — p)sinh(2(27))) . (4.30)

Finally, note that the perfect momentum conservation condition forces the total
photon momentum in the plane transverse to the optical axis of the pump photons,
namely transverse to p,, to be zero. In other words, if a photon passes through point
27 in the transverse plane, the other one passes through point —xp. This is indeed

what is typically observed in practice.

4.5.1 Two detector inertial ghost imaging

Here we work through a two detector ghost imaging example. Suppose that we have
two parties, Alice and Bob, who are each given a detector, labelled 1 and 2 respectively.

Suppose that Alice prepares her detector in the excited state |e);. This is interpreted
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as representing a binary image consisting of a single white ‘on’ pixel. Bob, without
loss of generality, prepares his detector in the ground state |g)s. If the detectors are
judiciously arranged in space and if at time 7 a photon from the SPDC state interacts
with Alice’s detector, given the perfect momentum conservation discussed earlier, there
is a reasonable chance that the other photon interacted with Bob’s detector (although
this is definitely not certain, since the vacuum excitation probability of any detector
alone is non-zero).

Next, a postselection scheme is adopted in which Alice postselects on the ground
state of her detector. For this simple two detector example, if we were to adopt
the perhaps more intuitive scheme entailing Alice postselecting on ‘seeing a change’
in the state of her detector, it can easily be shown that Bob would be unable to
ascertain whether Alice had chosen a white or black pixel. After postselecting, Alice
communicates the result to Bob via a classical channel: if she measures the ground
state for her detector, she instructs Bob to measure his detector and keep the result; if
she observes the excited state, Alice and Bob discard their detectors. Either way, they
then reprepare the initial state |e);|g)2 and run the experiment again. By repeating
this experiment multiple times, Bob can infer the probability of Alice having chosen
either the ground (‘off” pixel) or excited (‘on’ pixel) state. So, with |D) = |e);|g)2, the

state at some time ¢t > 7 is

PDAB = Y 07 032 e)11g)a (el (gl20 02 (11, Iy; ji, ja)- (4.31)

Jr.gz;lisl2
Alice postselects on |g)1(g|; and communicates her result to Bob, whose state is

obtained after tracing out Alice’s detector after postselection

pps = KTralpp.aslghi(gli]
= Y 0819)2(91203F (1, 1; =1, ), (4.32)

J2,l2

with K such that Tr(pp g) = 1. With this state, Bob can reconstruct the ghost image
by taking a convex sum of the two possible detector states, with the weightings being

the probabilities themselves, i.e.

Ghost image = P(go) - B+ P(es) - 0O, (4.33)

where P(gy)/P(es) is the probability of Bob observing his detector in the ground /excited

state given Alice’s postselection scheme. Assuming that Alice prepares one of the two
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0.0185037 0.0185019

Fig. 4.2 Numerical simulation of the two possible single-pixel ghost images.
The false-colour images, with the pixel intensities given below them, are rescaled for
clarity. Bob measures the left pixel intensity value if Alice initially prepares her detector
in the ground state and the right pixel intensity if she prepares the excited state. These
images were simulated with the parameters given in the Appendix Section C.1, Table

C.1.

initial detector states (and not a superposition of detector states), it is only crucial
that the grey level of the resultant single-pixel ghost image in one case differs from that
in the other case: a ‘brighter’ ghost image pixel will correspond with one possibility
and a ‘darker’ pixel the other.

Fig. 4.2 gives a numerical simulation of the two reconstructed, rescaled ghost images
Bob could obtain in this case. The pixel intensity indeed differs between the two
possible outcomes. So if, for example, Bob reconstructs an image with a pixel intensity
corresponding to the right pixel in Fig. 4.2, he can conclude, better than a guess,
that Alice chose the excited ‘on’ pixel as her original object. It hence appears that
this formalism can indeed be used to explain quantum imaging within the framework
of QFT. This potentially unlocks many field theoretical techniques with which to
understand quantum photonics.

Admittedly, the contrast between the two possible ghost images, although well
within the numerical error tolerance, is low. This can partly be chalked up to the
Dirac-delta coupling between the detectors and the initial field state. Studying the
present scheme in the perturbative regime, with switching functions of compact support
but with a non-zero measure, would prove interesting since it is likely one would see
an increase in the contrast given such finite switching functions with larger supports.

On a more general note, it is as yet unclear how to satisfactorily define an entangle-

ment measure for systems of higher dimension. In the current 2x2 dimensional case
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however, a measure such as the negativity A/ of a state [117] can be used to investigate

the nature of the correlations between Alice and Bob’s detectors. N is defined as

N(pag) = — Z min(\; 2, 0), (4.34)

where A7 are the eigenvalues of p’%, which in turn is the partial transpose of pap
with respect to subsystem B. In other words, A is the absolute value of the sum of
the negative eigenvalues of p'% (and is 0 if it has none). Now, it has been proven
that A is zero iff the state pap is separable (i.e. not entangled). Interestingly, the
negativity of the state in Eq. 4.31 is 0 (given the same parameters used in Fig. 4.2).
There is, however, a clear correlation between Alice’s initial chosen state and the
ghost image pixel in Fig. 4.2. This raises interesting questions as to the source of this
correlation. First, it is certainly true that improving this UDW imaging model by
using better choices for «, x, and the switching function (which amounts to choosing a
more experimentally realistic pump beam profile and/or phase matching condition)
could give rise to a non-zero negativity and stronger correlations between the detectors.
However, it is also well known that separability alone is not sufficient to ensure the
absence of quantum correlations in a state; quantum correlations can be present in
mixed, separable states. This is a phenomenon described by the notion of quantum
discord, D(p) [118]. Discord, which is the difference between two quantum analogues
of classical mutual information, can intuitively be thought of as the total correlations
present in a bipartite system psp (as measured by the quantum mutual information
Z(pag)) less a quantity Cg(pap) which represents the classical correlations obtained by
finding an optimal von Neumann measurement on subsystem B [119] (note that one
could instead choose subsystem A, which then in general gives a different value due to
the nonsymmetric nature of C). D is hence a measure of the total ‘quantumness’ of
the correlations, not only those correlations strictly due to entanglement. Although
computing D is highly nontrivial in general, the state in Eq. 4.31 belongs to the subclass
of so-called two-qubit ‘X’ states for which a simple algorithm for finding the discord
exists [120]. Applying said algorithm gives Z(p) = 3.5 x 1077 and Cp(p) = 2.2 x 107'2.
Since D(p) = Z(p) — Cp(p) > Cr(p) in this instance, the correlations between Alice
and Bob’s detectors are, for all intents and purposes, completely quantum in nature.
Although it is possible to demonstrate ghost imaging using only classical correlations
[63], the quantumness of the correlations here opens the possibility of further studies
exploring ghost imaging between spacelike-separated detectors. However, it is worth

emphasising that the total correlations between Alice and Bob’s detectors, namely
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Z(p), is still quite small. As mentioned, we anticipate that the correlations could be
increased by instead considering switching functions with larger supports or different

a, x functions, for example.

4.5.2 Four detector inertial ghost imaging

In the two detector simulation from the previous section, the information content of
the ghost object Alice initially encodes in her single detector is 1 bit. This exactly
equals the information bandwidth of the classical channel Alice uses to message Bob
(to tell him whether he should keep his measurement or discard it, depending on what
she observes). To demonstrate quantum ghost imaging using this model with an object
containing more than 1 bit of information yet still employing the 1-bit channel, assume
that Alice and Bob are now each given a pair of detectors. Alice’s detectors are labelled
1 and 2, Bob’s 3 and 4. Suppose that Alice prepares her detectors in the state |e)1|g)2,
namely a two-pixel binary object with pixel 1 ‘on’ and pixel 2 ‘off’. Bob, without loss
of generality, prepares both of his detectors in their ground states. Given the same
postselection scheme for Alice as the previous two-pixel case, and having Bob measure
his conditioned detectors’ state to determine the statistics, the reconstructed ghost

image is given by

Ghost image = P(gs, g4) - WMl + P(g3,e4)- WO+ P(es, g4) - O+ P(es, eq) -00. (4.35)

Fig. 4.3 gives a numerical simulation of the two-pixel image Bob reconstructs given
Alice’s initial ‘excited-ground’ ghost object. As before, our UDW model appears
capable of describing ghost imaging within the more complete framework of QFT. The
new image contains more information than the classical channel’s bandwidth. It should
be noted that the contrast between the pixels of the ghost images Bob could recreate
decreases markedly as the pixel number increases. This was also the case for the
experimental results for the anti-symmetric four-photon ghost imaging demonstration

from Chapter 2.

4.6 Non-inertial ghost imaging

Finally, we consider a single-pixel ghost imaging simulation in which one of the
parties is accelerating. It is known that non-inertial motion has a nontrivial effect on

entanglement [121, 122]. Therefore, if Alice’s detector (i.e. the single-pixel object)
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Pixel 1: 1 Pixel 2: 0

Pixel 3: 0.01903  Pixel 4: 0.01902

Fig. 4.3 Numerical simulation of the two-pixel ghost image Bob reconstructs.
The false-colour, scaled ghost image that Bob observes (bottom), assuming Alice initially
prepares a ‘white-black’ image (top). The parameters employed in this simulation are
given in the Appendix Section C.1, Table C.2.

were uniformly accelerating instead of remaining stationary with respect to the chosen
laboratory reference frame, the correlations between Alice and Bob’s detectors, and
hence the ghost image Bob reconstructs, would be affected. Furthermore, the ghost
image will by affected by the time instant 7 at which the detectors couple to the
scalar field. While commonplace quantum optics cannot account for such a non-inertial
situation, the framework of QFT, and by extension the current UDW scheme, can.

Assume the same two-pixel situation as before, with Bob’s detector stationary with
respect to the laboratory frame. Alice’s detector, on the other hand, is now uniformly
accelerating in the z direction with a constant proper acceleration a. It is furthermore
given an initial speed such that it is temporarily at rest when 7 = 0 (at this instant
this situation corresponds to Fig. 4.2, when Alice’s detector is the same distance from
the optical axis as Bob’s). The coordinates of Alice’s detector, measured with respect
to the laboratory frame and denoted by (T, X, Y, Z), are then given by the well-known
Rindler coordinates [123]
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Fig. 4.4 Non-inertial ghost imaging simulation. The bars represent the ghost
image pixel intensities Bob observes for various detector-field coupling instants 7 (for
Dirac-delta coupling at 7) and assuming that Alice initially prepares her detector in
either its ground or excited state. The parameters employed are given in the Appendix
Section C.1, Table C.3.

T = zsinh(at), X = xzcosh(at),Y =y, Z = z, (4.36)

where x = é Fig. 4.4 gives a simulation of the ghost image pixel intensities Bob would
measure (as a function of a sample of possible detector-field coupling instants 7), if
Alice initially prepares either the off (ground) or on (excited) detector state.

A contrast between the two possible single-pixel ghost images (which is proportional
to the difference in intensity values) in Fig. 4.4, although small, does exist. Therefore,
again, it appears that the scheme presented here can describe ghost imaging (and,
by extension, spatially-resolved detection in other quantum photonics experiments)
between non-inertial frames. However, note the more prominent difference between the
intensities for larger values of 7. This is somewhat strange and unexpected. Indeed, one
would intuitively expect the contrast to increase as |7| decreases since a photon passing
through the point z7 in the plane transverse to the pump’s optical axis (which is where
Bob’s detector lies at 7 = 0) is correlated with a photon passing through point —x
(where Alice’s detector lies at 7 = 0). As such, this model certainly warrants further
improvement and investigation: this counterintuitive behaviour may merely be a relic
of the particular parameters chosen for the numerical simulation, or may be a more
general phenomenon. To isolate the cause, one could choose, as the initial detector state,

a suitably ‘pre-entangled’ one. This would eliminate any complications which may be
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arising from the model of the SPDC state in Eq. 4.20. And, as before, performing
these calculations in the perturbative regime with more general well-behaved switching

functions would be worthwhile too.

4.7 Discussion & conclusion

In this chapter, we have presented a novel theoretical model of the quantum imaging
process in quantum optics using a more complete framework of quantum mechanics,
namely quantum field theory. First, a QFT version of an entangled down-converted
state was introduced. Next, a scheme whereby sets of Unruh-DeWitt detectors (which
function as analogues of both the original ghost object as well as the spatially-resolved
measuring device) couple to the entangled SPDC state to be probed. This detector-field
coupling takes place according to the usual Unruh-DeWitt interaction Hamiltonian, and
after the system is allowed to evolve (P2), the experimenters measure the detectors. The
information gained from the detectors, along with a classical 1-bit channel, demonstrate
ghost imaging (one could possibly conceive of different experiments in which one wishes
to glean information about the scalar field itself instead). Given the explicitness of the
Hamiltonians used in this process (although different models of UDW Hamiltonians
are possible [124]), one could hence argue that the Unruh-DeWitt detector model may
shed some light on how exactly the experimenter’s measurements interact with, or
disturb, the quantum system (P3).

The SPDC field state presented in Section 4.4 is quite general: only the semiclassical
approximation was made, which is widely used in practice. Furthermore, the state
is clearly normalisable, which simplifies computations. Previous studies have usually
concentrated on harvesting entanglement from the vacuum, but it could be argued that
the vacuum state is more often the exception rather than the norm in the laboratory.
Further developing the model for an entangled, nonempty state may prove fruitful.
Even so, this SPDC field state results in a relatively unwieldy solution for the density
matrix of Alice and Bob’s detectors once the scalar field is traced out. Furthermore,
although convenient mathematically, the assumption of a Dirac-delta switching function
in the interaction Hamiltonian is somewhat idealistic: most photon counting modules
employed in the laboratory have gating profiles resembling square or saw wave functions.
Therefore, a switching function which couples the detectors to the field over a longer
period of time may increase the correlations between the detectors and consequently the
contrast between ghost image pixels. Such an analysis would need to be perturbative

in nature.
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The scheme was simulated and confirmed in both single-pixel and two-pixel inertial
settings in Figs. 4.2 and 4.3 respectively. In the former case, we found that, interestingly,
the negativity of the postselected state between Alice and Bob was 0, implying a lack
of entanglement between the parties. The reason for this needs further investigation,
especially given that the non-zero value for the quantum discord arises entirely from
correlations which are quantum in nature. Despite this, Bob could still infer, better
than a simple guess, the state Alice initially prepared in both cases.

Our model was also applied to a non-inertial case with one uniformly accelerating
detector. In this situation, the contrast between the different potential ghost image
pixels turned out to be non-zero, but still extremely small (smaller than the inertial
cases). Although the amount of entanglement harvested from the quantum vacuum,
by detectors coupled to it, is very small [125], one would anticipate observing a larger
contrast in this ‘non-vacuum’ case. Our model hence needs to be improved upon if it is
to ever be used in practice. However, there are many reasons for physicists to focus on
further understanding quantum information in non-inertial and nontrivial gravitational
background situations. For one, quantum ghost imaging could be seen as a form of
quantum communication (the message being the ghost image itself) and the relaying
of quantum information via satellites is becoming a reality [126]. Finally, it would
be interesting to consider imaging in nontrivial backgrounds. For example, higher-
dimensional quantum communication protocols often focus on the orbital angular
momentum (OAM) degree of freedom of photons to encode information [127], and
strong gravitational fields (for example, rotating black holes) alter the OAM spectrum
of nearby photons [128].

Lastly, it is worth making a comment about how this model relates to the mea-
surement problem. While the outcomes of experimental quantum measurements obey
the four postulates, one can define an interaction Hamiltonians akin to Eq. 4.5 within
a simpler framework traditionally used in quantum optics. However, given that we
know Nature to be relativistic, it makes sense to try to understand the measurement
problem within the more complete QFT framework. Indeed, although it has yet to
be definitively observed experimentally, the Unruh effect [43] posits that a particle
detector accelerating through a vacuum will find its surroundings to be a thermal
bath of particles, whereas an inertial detector would measure only the vacuum. If
mere non-inertial motion has an effect on what we measure, it stands to reason that a
relativistic framework is needed to describe the specifics of the measurement process
itself. However, such effects would admittedly only become prominent at accelerations

orders of magnitude larger than those encountered in common laboratory settings.



Chapter 5

Holographically controlled random
numbers from entangled twisted

photons

Another important aspect of quantum mechanics hinted at in previous chapters is
the inherent indeterminacy, or randomness, which is built into the formalism. This
should be contrasted with classical mechanics in which all particles and objects are
distinguishable and in which all solutions to classical equations of motion give completely
deterministic answers. Indeed, even the interpretations of the central solutions to the
classical equations of motion differ from their quantum analogues. Consider Newton’s
Second Law, F = ma. The quantity usually solved for, namely the acceleration vector a,
is a quantity we can directly measure and has a very intuitive, everyday interpretation.
Furthermore, if we have perfect knowledge of the system (such as the mass m of the
classical object in question, perfect understanding of all forces F acting on the object,
the object’s initial state, etc.), solving the equation of motion tells us exactly where
the object will be, how much energy it will possess, and so on, for all time. In other
words, we gain perfect, deterministic knowledge of the system by solving its equation
of motion.

However, the quantum case is very different. The object usually sought after when
solving quantum mechanics’ equation of motion (the Schrodinger equation) is the
wavefunction W. This complex function does not have an intuitive, clean interpretation
analogous to acceleration or any other physical quantity. Indeed, one cannot directly
observe a quantum system’s wavefunction. Instead, observables are extracted from ¥
by applying certain operations to it. Furthermore, the wavefunction can never give

a deterministic answer as to what to expect when measuring a chosen observable
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of a system. Even with perfect knowledge of the wavefunction (which contains all
information of the system), the absolute best one can gain is a probability distribution
for said system’s observables; one can never make 100% certain predictions of what
one will observe when measuring a system, only the chances of observing a certain
outcome. Indeed, this is precisely encapsulated in P3.

This wildly different, unintuitive interpretation of quantum mechanics, as well
as the inbuilt randomness, are part of the reason for its strangeness and reputation
as being a difficult subject to master. However, this also brings with it important
theoretical and philosophical questions as well as exciting technologies not possible
with classical mechanics.

In the final chapter of this thesis (which is based on [48]), we will exploit the
randomness of quantum mechanics by demonstrating a quantum random number
generator (QRNG) which uses the random outcomes of projective measurements per-
formed on quantum superposition states of photons. Multiplexed holograms (encoded
on SLMs) are used to spatially map down-converted photons into different optical
paths. This gives one full digital control of the mapping process, which we can tailor
to theoretically achieve any desired probability distribution by dynamically changing
the system’s entropy while maintaining the indeterminacy. Furthermore, this method
can also be used to account for any bias or imperfections within the transmission
and detection systems, allowing one to mitigate the need for time-consuming and
perhaps inefficient unbiasing algorithms. After characterising and testing the setup
using the path information degree of freedom, the same process is extended to realise
a QRNG based on photons’ orbital angular momentum (OAM) degree of freedom.
The QRNG achieved a min-entropy of Hp;, = 0.999 4+ 0.001 bits per photon (with
the theoretical maximum being 1) in the two-dimensional case and passed the NIST
battery of randomness tests. The scheme was repeated in a three-dimensional case
whereby we observed a min-entropy value of Hy,;, = 1.577+0.001 bits per photon (with
the perfect value being 1.585). This all demonstrates the potential of generating true
random numbers from the OAM degree of freedom, which in turn opens up access to a
novel higher-dimensional Hilbert space from which one can extract multiple random

bits per photon.

5.1 Introduction

Our intuition around randomness is often flawed. For example, one would think that if

one were to generate a great deal of elements from a truly random source, no patterns
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in the generated data would emerge. According to Ramsey theory [129], however,
this is not the case: ideal randomness in huge data sets, in which no conceivable
patterns in the data exist, is impossible. This, for example, is why ancient cultures
assigned meaning to the various arbitrary constellations of the night sky. In part due
to our sometimes faulty understanding, studies into randomness continue to remain
interesting. Furthermore, random numbers and the closely related concept of entropy
are of fundamental importance in areas such as cryptography [8, 7, 130], numerical
simulations and Monte-Carlo integration [131, 132], weather [49, 50] and financial
market [51] modelling, as well as the computer game and gambling industries [133].
Their importance is difficult to overstate.

Historically and traditionally, random number generation (RNG) has been domi-
nated by mathematically complex algorithms that, given a so-called seed, produce a
sequence of bits displaying statistically pseudorandom properties [134]. However, if an
attacker gains access to the ultimately deterministic algorithm as well as the seed, all
security is lost. Therefore, RNG has undergone a fundamental shift towards focusing
on truly unpredictable, indeterministic processes from which to extract entropy. Indeed,
understanding the process behind the unpredictability is of fundamental importance:
the initial randomness an arbitrary system displays may in fact simply stem from an
incomplete knowledge of said system or a limitation of the formalism [135, 136]. In
addition, a flawed (and perhaps malicious), seemingly chaotic, but ultimately deter-
ministic RN generator can theoretically output bit strings reminiscent of truly random
ones.

This being the case, the inherent indeterminism of quantum physics provides an
important source of entropy which can be used to create quantum random number
generators (QRNGs) [137]. Within this set of devices, two subcategories of QRNGs
exist. One is the trusted-device QRNG, in which a relatively simple but fixed system
outputs RNs at a generally high rate and low cost. However, trusted-device QRNGs
indeed assume their namesake, namely that one has full confidence in the device and
its manufacturer. On the other hand, the second subcategory is the device-independent
‘self-testing’” QRNG in which the quantum randomness is verified using an entanglement
witness or nonlocal Bell inequality violation. Such devices, however, are often extremely
inefficient and require initial true random seeds [26].

What is certain, however, is that most QRNGs arise from the field of optics. Indeed,
studies focusing on optical parametric oscillators [138], spontaneous Raman scattering
[139], amplified spontaneous emission [140, 141], laser phase noise [142] and quantum

vacuum fluctuations [143], among many others, have all been considered as appropriate
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sources of entropy. Random bit sequences are also often extracted from the Poissonian
statistics intrinsic to the photon emission and detection processes [144, 145, 146, 147]
(see [148] for a review of RNGs based on these and other optical sources). Furthermore,
in the quantum photonics subfield, some nonlocal (even potentially spacelike separated)
correlations between entangled photon pairs also display intrinsic random properties
[149, 25], such as correlations in polarisation [150], photon arrival times [151], path
branching [152] and photon number states [153].

Although these protocols are efficient at generating high quality unpredictable
bits, limitations still exist. First, optical transmission and detection systems have
experimental imperfections in the equipment, setup, etc., which introduce unwanted,
detrimental bias in the generated bits. Even a small bias gravely affects the randomness
of a string. To counter this, post-processing algorithms exist which attempt to balance
the overall ratio of 0’s to 1’s (from von Neumann’s simple pairwise grouping and
discarding protocol [134] to more complex ones [154]). However, post-processing
debiasing protocols can limit the RN generation rate (often by sacrificing bits), while
pre-detection debiasing often does not (although it may limit a protocol’s clock speed).
A system which hence allows for the dynamic control of the bias during the generation
process - without compromising the ‘quantumness’ of the protocol - would be beneficial.
In fact, unbalancing the ratios of 0’s to 1’s in a bit string can have some important
cryptographic applications [155, 156]. The protocol which will be presented here is
such a system.

Second, almost all early optical QRNGs extracted only one random bit for each
photon detection event, such as when considering the path or polarisation degree
of freedom, for example. These single bit generation schemes, combined with the
commonplace but extremely inefficient single and entangled photon sources (chiefly
nonlinear crystals), resulted in suboptimal RN generation speeds. Improvements
have since been made by employing more efficient sources and equipment. However,
another way of upping a system’s speed is by considering degrees of freedom lying
in higher-dimensional Hilbert spaces. For example, drawing randomness from the
positions of arrival photons [157] and single-qubit quantum walks [158] are two such
higher-dimensional techniques. Our protocol instead introduces the novel use of the
orbital angular momentum (OAM) degree of freedom as a viable source of entropy,
given OAMs success in other higher-dimensional demonstrations. Indeed, quantum
information processing in photonics using higher-dimensional entanglement between
OAM-carrying qudits, rather than the usual binary qubits, is increasing in popularity

(see [89, 159] for overviews).
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In particular, this chapter first demonstrates a path-branching RNG setup in
which, in place of the archetypal beamsplitter, a spatial light modulator (SLM) is
employed. The SLM, in a totally probabilistic fashion, directs an incident photon from
a spontaneous parametric down-conversion pair down one of two optical paths (with
the second photon simply heralding the first). The SLM allows for full digital control
over the holograms and by extension, the probability of the incident photon choosing
either path. One can hence create and remove bias ‘on the fly’ by scaling the digital
SLM hologram. The theoretical details and experimental results will be fully outlined.

Next, the potential of using biphoton states entangled in their OAM degree of
freedom is considered. By probabilistically projecting the incident photon down an
OAM-dependent path, one is able to generate sufficiently random bits for various OAM
combinations. The same SLM debiasing techniques are available in this OAM case
which allows us to tailor (P2 and P3) the probability distribution after having initially
measured the down-converted pair’s spiral bandwidth. The generation of random bits
from OAM is demonstrated in a two- and three-dimensional case, and the observed
entropy compares extremely favourably with the maximum possible min-entropy value.
This shows the potential of using OAM, a theoretically countably infinite degree of
freedom, to generate multiple bits per photon detection event. However, while some
modern discrete and even continuous-variable QRNGs, such as [160], have achieved
very impressive bit generation rates (ones admittedly much higher than the rates
demonstrated in this proof of principle study), the protocol presented here, which
stands alone and could achieve higher bit rates with more cutting-edge hardware, could
also potentially be incorporated into some existing discrete-variable QRNG schemes to
improve their rates.

Finally, the sections of this chapter which contain the experimental setup and
results are prefaced by concise sections expounding the theory behind modern studies
of randomness as well as the theory behind the spatial modes often considered in

general higher-dimensional quantum photonics studies.

5.2 Quantifying randomness

To design and subsequently characterise a quantum random number generator, one
needs a basic understanding of the mathematics behind ‘randomness’ An ideal random
string of length n, in base b, is a sequence of n values uniformly and independently
drawn from the set {0,1,--- ,b — 1}. The sequence of elements necessarily need to be

drawn independently of one another: it should be impossible to predict the subsequent



62 Random numbers from OAM

element in the sequence, even with sight of all previous elements [161]. When b = 2,
the situation corresponds with n trials of flipping a two-sided unbiased coin.

There are a number of alternative ways of defining and understanding randomness.
For example, Kolmogorov randomness posits that a string is only fully random if a
computer programme needed to reproduce the string is longer than the string itself [162],
whereas traditional information theory typically takes completely random numbers to
be those which maximise a chosen measure of information entropy [163]. We adopt the
latter point of view.

A notion closely related to that of entropy in information theoretical contexts is
that of self-information. This can intuitively be thought of as the amount of knowledge
gained when observing a value = of a random variable X. The pioneer of information

theory, Claude Shannon, required self-information I to meet a few intuitive axioms [6]:

1. An event certain to occur yields no new information: I(p = 1) = 0.

2. The more unlikely an event is to occur, the more information its observance gives,
with this monotonic increase in self-information being continuous and positive:
I(p1) < I(pe) if po < pq, with I(p) >0V p € [0,1].

3. The information gained from observing two independent events is the sum of

their individual self-information values: I(p; X p2) = I(p1) + 1(p2)-

Up to a multiplicative factor, it can be proven that there is a unique function
which meets all three of these axioms: given a random variable X with the set of
possible outcomes {z;} and a probability distribution Px(x;) = p; for i = 1,2,...,d,
the self-information Ix(x;) is given by [6, 163]

Ix(z;) = —log,(ps), (5.1)

in base b. In our case with b = 2, [x is measured in bits. Shannon defined the
Shannon entropy, H(X), of the random variable X to be the expectation value of this

self-information, i.e.

H(X) = _sz’ log, (pi)- (5.2)

The Shannon entropy is a measure of how informative a random variable X is: it
can easily be seen that perfectly random events (i.e. those where p; is the same for
all outcomes z;) maximise H, whereas perfectly predictable events (those where p; is

either always 0 or 1) minimise it.
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In our quantum system, randomness manifests itself in the purely probabilistic
outcomes of projective measurements on a state p (compare this with P3). Furthermore,
in a quantum setting, one often uses the notion of a quantum system’s von Neumann
entropy S [164], which is given by S = —Tr(plogp). This formula holds when p
is expressed in any arbitrary basis. However, a well-defined quantum state (see
P1) necessarily admits a spectral decomposition p = Y, ¢;|i)(i|, with |i) the state’s
eigenvectors and ¢; the corresponding real eigenvalues [1]. In this form with p diagonal
with diagonal entries {¢;}, the formula for S is formally equivalent to the information-

theoretic Shannon entropy of Eq. 5.2, and

S(p) = = >_cilog(ci). (5.3)

The entropy of a quantum state is an intrinsic property independent of the chosen
basis. However, Eq. 5.3’s simplicity highlights the value of expressing a quantum state
in its eigenvector basis. p is a probabilistic mixture of pure eigenstates |i)(i| with
the diagonal elements {¢;} (corresponding to the probabilities {p;} above) quantifying
the various pure state contributions. As such, the set {¢;} completely determines the
randomness of a system.

While the above two definitions of entropy often appear in various contexts, when
working in cryptography or randomness extraction (or other security-related studies),
one often wishes to assume the worst case scenario. As such, consider the so-called

min-entropy, defined as

Hypin = — logQ(m?x{pi}). (5.4)

This measure is the worst-case bound on Eq. 5.2, the lowest limit of the randomness
that can be extracted from a system. We will use H,,;, in what follows since it is a
more cautious estimate of a system’s randomness.

In addition to measures of entropy, statistical hypothesis testing is another widely
used method to quantify RNGs [165, 166]. Given a dataset of bit strings arising from a
model of a RNG, hypothesis testing applies unbiased analytical tests to the dataset to
gauge whether the generator itself tends to output sufficiently random strings. We use
the term ‘sufficiently random’ since no amount of hypothesis testing can definitively
prove that the protocol produces inherently random, irreproducible strings; the tests
themselves only offer a simple ‘pass or fail’ evaluation to improve our confidence that the
generator is producing numbers that have characteristics reminiscent of randomness.

While many statistical test suites are available, such as John Walker’s ENT [167],
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DIEHARDER [168] or the well-known NIST-800 22a Statistical Test Suite [161], any finite
set of tests can overlook hidden correlations. As such, no particular test suite can be
deemed complete and no amount of testing on the outputs from a RNG can guarantee
its robustness.

In this proof of principle work however, we employ the NIST Test Suite for the
pragmatic reason that it is recognised as the industry standard and is formulated
from comprehensive theoretical and experimental analyses. The measured statistics of
each test are converted to a p value using a x? reference distribution. These p values
can then be interpreted as the likelihood that an ideal RNG would have generated
a sequence less random than the tested sequence [161]. We evaluate the test results
by comparing the p value to a predetermined significance level a, which is set by
the required security level of the application at hand. The significance level can be
thought of as the probability that the test will deny that a perfectly random sequence
is in fact random (i.e. it represents the probability of observing a false negative):
obtaining a p value greater than « implies that one accepts the hypothesis that the
random number generator produces truly random strings while a p value of less than
« implies that the random number generator may be faulty. A confidence threshold
of a = 0.01 was chosen, in which case on average 1 in 100 sequences from an ideal
RNG will fail the tests by chance. It should be stressed that statistical tests usually
only test the outputted sequences (and do not include any modelling of the random
number generator itself) and hence, at best, can be viewed as sanity checks against
obvious flaws rather than being definitive proof of randomness. As mentioned earlier,

it remains essential to assess the physical process behind a RNG [169].

5.3 Spatial modes & SPDC

The electromagnetic field, and in particular its excitations at the single photon level,
has proven to be a rich source of easily engineered quantum mechanical phenomena.
On the classical level, Maxwell’s equations describe the behaviour of electromagnetic
radiation as being a wave with speed c. Given this wave equation, factoring out
the time dependence of the - as yet unknown - solution, the resultant Helmholtz
equation describes the radiation’s profile in space [170]. Next, experiments in optics
and photonics almost exclusively employ paraxial coherent laser light, the propagation
direction of which is almost entirely constrained to a single propagation axis (the
system’s optical axis, usually chosen to be the z direction). Applying this parazial

approzimation to the Helmholtz equation in turn gives
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where k is the wavenumber and A the electromagnetic field amplitude (propagating in

the z direction). Solutions to this equation are often the focus of optical studies.

Our proposed random number generator, which operates at the quantum level,
measures properties of pairs of photons created via SPDC [30]. The well-known
Laguerre-Gaussian (LG) modes, LGf,(q), which are also solutions to Eq. 5.5 above,
are chosen as the complete basis for the vector space of each photon [171]. Here,
¢ € Z is the azimuthal index (a photon with such an azimuthal index possesses
orbital angular momentum of #if), p € Z°" is the radial index, and q € R? is the two-
dimensional wavevector component transverse to the optical axis. Note that LGf;(q),
the momentum-space representation of an LG mode, is the Fourier transform of a
real-space LG-mode solution. With this, the entangled biphoton state |i)sppc) can be
written as a superposition of LG modes

_ sl
Pspi

where [(,p) = [ quGf;(q)&T(qHO) is the state of an LG-mode photon with indices ¢

and p, a' is the usual creation operator, |0) is the vacuum state, and the subscripts s, i

€S7ps>|€iapi>7 (56)

merely distinguish the two photons (called the signal and idler photons for historical
reasons). The probability amplitudes C’ﬁ:fji fully characterise the entangled biphoton
state |sppc). The joint probability of finding the signal and idler photons in the
[ls, ps) and |¢;, p;) states, respectively, upon performing a joint projective measurement
%,

1 1 Ls i
is given by [Cs 1 |*, where
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The quantity ® describes the profile of the pump beam (usually a paraxial Gaussian
beam) as well as the phase-matching condition [30]. By the conservation of momentum,
the OAM charge of the input pump photon equals the sum of the OAM charges of
the signal and idler photons the pump photon gives rise to, i.e. £, = {; + {; [172].
Furthermore, assuming a Gaussian pump beam (where ¢, = 0 = p,), the entangled
down-converted photons have equal but oppositely charged OAM values, ¢ = (, = —/;.
Note that although most studies on OAM focus on the azimuthal charge ¢, the radial
index p is important in its own right [173].
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Finally, note that our chosen experimental measurement scheme is sensitive only
to different OAM charges. Given a Gaussian pump, C’Ifz:ﬁ_ amplitudes with non-zero
radial indices are generally found to be far smaller in magnitude compared with the
p = 0 amplitudes. We can hence take the former to be approximately 0 and take only
the latter into consideration in Eq. 5.6. Designating the idler, signal photon paths with

A, B subscripts respectively, the SPDC state is hence

lhsppe) = D Coll)al — 0) 5, (5.8)

where (Y is the probability amplitude of the |¢) 4| — ¢) g state. Therefore, performing a
joint coincidence measurement on the state |m)4| — m)p (i.e. projecting onto state
|m) and | — m) in the idler and signal arms respectively) picks out the corresponding
probability amplitude C,,. The probability of observing the state |¢sppc) in the ¢th
mode is given by |Cy|?.

In practice, we shape, or ‘structure’ the paraxial light using spatial light modulators
and projective measurements in order to achieve these higher-dimensional entangled
states. These techniques are almost identical to those employed in Chapters 2 and 3.
See [77] for a comprehensive review of modern techniques used in studies of structured
light and the review articles listed in previous chapters for detailed explanations of

SLMs and similar apparatuses.

5.4 OAM random number generator setup

The setup shown in Fig. 5.1 is a variation of the widely-adopted QRNG scheme based
on path branching [152]. In the original scheme, the RN generator was built using a
beamsplitter to create a superposition of two states labelled with path information.
To allow for dynamic control over both the incident beam’s spatial profile as well
as our RNG’s statistics, a phase-only HOLOEYE PLUTO-2 SLM was used, which
probabilistically directs the incident photon down one of two paths. This in essence
mimics the action of a beamsplitter.

The equipment used in our setup is similar to that used in Chapters 2 and 3. First,
a pair of degenerate type-I entangled photons, created with a 355nm mode-locked
VANGUARD UV laser and a nonlinear BBO crystal, are spatially separated into paths
A and B with a D-shaped mirror. The crystal plane is imaged onto a SLM placed in
each path.
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Fig. 5.1 OAM random number generator setup. First, the down-converted photon
pair is split into two optical paths. The path A photon (the idler) simply acts as the
heralding photon. The path B (signal) photon is itself probabilistically directed down
either path By or B; using SLM B. A random bit is generated when a coincidence
detection event is registered between path A and either path By or B;. F: filter,
Li: 200mm lens, Ly: 400mm lens, Ls: 500mm lens, Ly: 2mm lens, C: coupler, APD:
avalanche photodiode.

The modulated light, which lies in the first diffraction order, is separated from the
unmodulated light by aligning the setup with holographic diffraction gratings loaded
onto the SLMs. Being able to digitally control the frequency of the diffraction grating
also makes the setup easier to align (later, SLM A is also used to project photon A
onto different OAM modes when characterising the system and measuring its spiral
bandwidth).

Photons in path A function as the heralding photons. SLM B, however, is masked
with a juxtaposition of two diffraction gratings, each with different spatial frequencies,
instead of a single one. This double diffraction grating causes a photon in path B
incident on the SLM to be directed into one of two paths, By or B;. The choice of path
occurs completely probabilistically and the probabilities themselves can be controlled
by modulating the individual respective grating depths (i.e. the diffraction efficiencies)
of the gratings comprising the juxtaposed SLM B mask; altering the grating depths
alters the proportion of incident light diffracted into the first order of either grating.

To be more specific, if one is given a diffraction grating hologram with a maximum
possible phase depth of 27 within some local region, subsequently scaling the phase
range of the pixel at transverse position (z,y) by a factor of M(x,y) (where M € [0, 1])
splits the diffracted light into multiple orders according to [78§]
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len(@, y)|* = sinc? [w(n — M (z,y))], (5.9)

where n is the diffraction order and |c,|* is the fraction of power in this nth order [174].
For the first order (n = 1), reducing the phase depth across the entire hologram directs
a greater proportion of the incident photons out of the first order. The case of two
juxtaposed gratings corresponding to paths By and B is slightly more complicated.
However, one can still use this technique to digitally control any bias in the system to
achieve the desired ratio of photons in each path. This provides us with a simple tool
to mitigate experimental imperfections in the system, such as mismatched detector
efficiencies and optical losses in each arm. Furthermore, this can also eliminate the
need for cumbersome randomness distillation algorithms post measurement.

After the SLMs, lenses and couplers in the three paths couple the photons into
fibres which are connected to EXCELITAS avalanche photodiodes. These devices output
an electrical TTL pulse signal for every detection event observed. A HYDRAHARP
400 time tagged each pulse (with a resolution of 1ps). This creates a record of both
the arrival time as well as the path in which the detection event occurred. With this
record, to extract photon coincidences one simply reconciles the overlapping APD
pulses which separately arise for a photon detection event in either path By or By, with
a pulse in path A. Indeed, photon A, the trigger photon, causes either the path By or
By detector to register a corresponding entangled photon if the arrival times lie within
a small, predetermined tolerance interval. Such a situation is a close approximation to
a localised single-photon state [175].

The resultant data was then post-processed to generate the random bit strings and
two detectors were said to have detected a pair of entangled photons if a single photon
was tagged at each respective detector with the corresponding arrival times differing
by a maximum of 25ns (such a value was chosen to minimise false coincidences). If
detectors A and B, together registered an entangled photon pair, a ‘0’ was appended
to our random bit string. Likewise, a ‘1" was added for a coincidence between detectors
A and B;. This entire process was fully automated using LABVIEW.

Finally, it is worth mentioning that a perfectly unbiased system should register the
same number of photon detection events in each of the B subpaths, the sum of which
should furthermore equal the number of events registered in arm A. Experimentally,
although the down-conversion efficiency of the crystal and the extraction algorithm itself
affect the protocol’s efficiency, the most significant bottleneck in the RN generation

rate is typically the single-photon APDs [26].
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5.5 Results & discussion

5.5.1 Path information random numbers

First, the experimental setup of Fig. 5.1 was used to generate RNs from the photons’
path information. Perhaps unsurprisingly, there were initially disparities between the
two arms and the setup hence outputted unequal coincidence detection probabilities,
po and pq, between the detector pairs A — By and A — By, respectively. In particular,
we define a bias ratio, R = po/p;, which should be 1 for a perfectly unbiased system.
R was found to be 0.854 4 0.002 initially (i.e. B; was slightly favoured). This gives
a min-entropy value of Hy,;, = 0.891 + 0.001 bits, whereas the ideal value is 1 (note
that one can express Eq. 5.4 in terms of R with p; = 1/(R+ 1) and py = R/(R + 1)).
While this at first may appear to be a small discrepancy, randomness tests typically
pick up on this and flag the RNG as faulty. Indeed, a 1Mb sequence generated with
our scheme, when subjected to the NIST Test Suite, failed to pass three of the 15
statistical tests as per Fig. 5.2(a): the p values were well below the chosen significance
level of 0.01 (a level typical for cryptographic applications [161]). This error greatly
affects the randomness of our protocol. To overcome such bias, many other QRNG
systems apply numerical debiasing techniques to extract clean random bit strings from
imperfect data [154]. However, such an extra step is often inefficient and retards the
generation rate by necessitating the consumption of bits.

This problem is relatively easily overcome in our protocol by altering the diffraction
efficiency of the more favoured arm (here B ) by changing the phase grating depth of the
SLM hologram. The particular SLM we employed was calibrated such that the displayed
8-bit grey-scale images represent a total possible phase of 27. Scaling path B’s
diffraction grating by a factor M € [0, 1] (see Eq. 5.9) decreases p; according to p; —
P} = pi|c1]?. Furthermore, the renormalised constraint pj + p} = 1 implies that p, —
po=1—(1—po)|c1|>. As such, the min-entropy becomes Hy,i, = — log,(max(p), p})).

The effect that the SLM scaling, M, and the initial bias ratio, R, have on H;,
is depicted in Fig. 5.3(a). Given our initial bias ratio of R = 0.854 4 0.002, the slice
of Fig. 5.3(a) with this R value is shown in Fig. 5.3(b), and the experimental data
points confirm the anticipated relation. To maximise the entropy, the count rate (i.e.
detection probability) of arm B; hence needed to be decreased to match that of arm By.
This occurs when the grating in arm Bj is scaled by a factor of M = 0.852. The SLM
device used to do this has a typical resolution of 1/256 (with the grey-scale holograms
corresponding to a total phase change of 27). As such, the min-entropy resolution in

this instance is given by
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Fig. 5.2 NIST Test Suite results for a 1Mb sequence. (a) shows the results for
the initial QRNG without having corrected the inherent experimental bias, while (b)
gives the corrected results after having adjusted the SLM grating appropriately. p
values above the significance level of o = 0.01 indicate that the corresponding test was
passed.

a]Jmin 1
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8]\/./ R=0.854, 256 x 38 0-006 (5 0)
M=0.852
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After carrying out this procedure to adjust the detection probabilities of both arms,
a corrected bias ratio of R’ = p{,/p| = 0.999 £0.001 was achieved. This in turn resulted
in a new min-entropy of Hy,;, = 0.999 + 0.001 bits per photon, which is very close to
the theoretically ideal value of 1, at which point one observes maximum randomness.
Indeed, an unprocessed generated random bit string of 1Mb, from the corrected system,
passed all of the NIST tests (with the results given in Fig. 5.2(b)). This absence of
patterns in the random bit string gives credence to the hypothesis that our QRNG

outputs sufficiently random numbers. Note that despite the pass results increasing
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Fig. 5.3 Relation between the min-entropy, grating depth and bias ratio
of our system. (a) Theoretical Hy;, value for our QRNG as a function of the
grating scaling M and the bias ratio R. The initial, uncorrected system had a bias
of R =0.854 +0.002, and (b) gives the predicted H,,, value as a function of M for
this R. Scaling the hologram using the peak M value of 0.852 subsequently gave a
new corresponding min-entropy value of Hy,;, = 0.999 + 0.001 bits per photon. This is
confirmed by the experimental data points.

our confidence in the generator, such statistical tests cannot generally be used as
comparative measures between different RNG systems.

Next, in most quantum optics studies one also has to take detector dark counts
and false coincidences into account as they are common challenges and may have a
bearing on the quality of the RNG. In our case, we gauged the dark counts’ effect
by considering the ratio of the photon counts registered at the detectors (n,) to the
detector dark counts (ng) in the form of the signal-to-noise ratio S/N = 101log,(n,/n4).
For the particular EXCELITAS APDs used, the dark count rate is about 250Hz. Also,
the mean photon counts recorded by each detector were observed to be 600kHz on
average. This results in a S/N of 34dB, a negligible value. Furthermore, any effect
from false coincidences would be far smaller. As such, the system indeed appeared
to generate random numbers with statistics derived almost exclusively from genuine
coincidences, and as such, derived from a quantum source.

This path information QRNG achieved a bit generation rate of 24kHz when single-
mode fibres (which only accept Gaussian optical modes) were used, and up to 0.46MHz
when the single-mode fibres were swapped out with multi-mode ones. It must be
mentioned that optical QRNGs, which could exploit a number of different degrees
of freedom, have managed to achieve far higher bit rates even after applying some
debiasing protocols [26]. However, our protocol presented in this proof of principle

demonstration is novel for two reasons. First, the OAM of a photon lies in a higher-
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dimensional Hilbert space and, as yet, has not been studied as a source of entropy.
Extracting more than one bit of information per detection event (i.e. using a higher-
dimensional degree of freedom) is one of the most efficient ways of increasing a RNG’s
bit rate [26]. Second, our proposal is novel in that the technique of scaling the SLM
hologram grating allows the experimenter to perform some debiasing of the system
in real time. Despite the fact that offline processing in quantum systems is always
required, this technique does mitigate the need for this; indeed, the real-time generation
of bit strings is missing from most modern protocols. Our bit rate here could also be
increased by using more sophisticated biphoton sources and newer equipment, such as
ICCDs with better time resolution.

5.5.2 OAM random numbers

Next, our QRNG was adapted to generate random numbers from the OAM degree
of freedom of entangled biphoton pairs. To achieve this, SLM B was loaded with
a mask comprising a superposition of two Laguerre-Gaussian modes and diffraction
grating holograms. The two diffraction gratings, with different spatial frequencies,
probabilistically direct the incident path B photon down one of the two possible
subpaths (and are also scaled to account for any bias, as outlined in Section 5.5.1),
while the corresponding superimposed OAM holograms impart an OAM charge on the
photon which is directed into the corresponding subpath. Combined with single-mode
fibres (which only couple photons with OAM charges of 0), the system in effect performs
projective measurements (P3) on the path B photon. A photon will hence only be
registered by a detector in either of the subpaths if it possesses a specific OAM value.
As such, this simple modification (which is a well-established spatial mode detection
technique [79]) allows the QRNG to now draw its randomness from the OAM value of
the down-converted photon incident on SLM B. Path A is fitted with a multi-mode
fibre (which admits all spatial modes of any OAM value) and SLM A masked with only
a diffraction grating. This is simply to ensure the correct heralding of path B photons.

The mode availability of each arm of the RNG was first characterised by spiral
bandwidth measurements. This involved iterating through a set of projective OAM
measurements in each path. The results of this process (namely the normalised
coincidence counts for the various OAM projections) are given in Fig. 5.4. The full
width at half maximum (FWHM) value of 19 indicates that a large proportion of the
OAM values of photons A and B were correlated. Note that the path B projective
measurement was performed, alongside that of path A, by appropriately combining

measurements from both paths By and B;.
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Fig. 5.4 System spiral bandwidth characterisation. (a) Normalised probability
matrix for different OAM projection combinations in paths A and B. The FWHM of
19 indicates a high OAM mode availability; access to this potentially countably infinite
set of OAM states is limited chiefly by experimental constraints. (b) Plots of some
intensity and phase profiles of the various possible OAM combinations. Judiciously
choosing these profiles offers another method of tailoring the probability distribution
of the system.

These experimental coincidence count values allow one to deduce the entropy, and
hence randomness, of the system. First, as before, the juxtaposed gratings on SLM B
are scaled to ensure that it is equally likely for a path B photon to be directed down
either path By or B;. Next, if a path By photon is projected onto an ¢p, eigenstate
and an independent photon in path B; onto an {p, eigenstate (note that they are
independent since a photon in path B only traverses one of the two subpaths), the
min-entropy is a function of these two OAM charges, Huyin = Hmin({5,,¢5,). This is
the case because the probabilities of registering a bit value of 0 or 1, i.e. py or p;
respectively, in general depend on the modes projected onto in the subpaths, namely
(g, B, as well as the mode projected onto in arm A, £4. So, py = p(0|¢p,, {p,,0a)
and similarly for p;. However, photon A in this scheme simply functions as a heralding
photon and the inclusion of the multi-mode fibre in path A means that all OAM values
for photon A are registered (in the end, we do not project onto particular OAM values

in path A; this is only necessary when characterising the system). This means that
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when deducing the min-entropy conditioned on both ¢p, and 5, we use marginal

probabilities with the photon A OAM value ‘traced out’ (i.e. summed over), so

p(o/leo’gBJ = Zp(o/leovgBlng)' (5'11)

LA
Furthermore, the probability of generating a 0 bit is independent of the chosen
OAM projection value in path Bj since a 0 bit value is only generated if a photon is

registered in path By and it doesn’t matter what value was chosen for ¢g,. Therefore

P(OMBO,EBJ Ep(OMBo)a (512)

and similarly for a 1 bit value, p(1|¢p,,{p,) = p(1|¢p,). Finally, given that the
probability of observing a 0 or 1 is proportional to the spiral bandwidth coincidence
count values between A — By or A — By respectively, data corresponding to Fig. 5.4(a),
but for the two subpaths rather than the entire B path, was collected. This allows one
to deduce p(0|¢p,) and p(1|¢p,) by summing the coincidence count values over the £,
variable (assuming a reasonable cutoff) and normalising the final answer. Similarly,
one can calculate a bit generation rate for the different OAM values ¢p, and ¢p,. The
experimental min-entropy and generation rates as functions of ¢p,, g, are given in
Fig. 5.5(a).

Various random bit strings were then experimentally generated for a subset of
possible OAM projections, namely setting £, = 4 and {5, € {—20,---,20} (note that
the chief reason we need to project onto different OAM charges in this protocol is a
result of the experimental measuring technique; using an OAM mode-sorter and an
ICCD, for example, would allow one to measure all possible OAM values in real time
without needing to project onto particular values). The experimental H,,;, and bit rate
values are shown in Figs. 5.5(b) and (c) respectively. From this, one achieves the highest
min-entropy value of 1 bit per detection event when projecting the two B subpaths onto
OAM states possessing equal magnitudes (i.e. |(p,| = |¢p,|). This is expected, as OAM
momentum conservation ensures an equal probability of measuring the conjugate OAM
value in either subpath. Next, given that the SPDC state’s probability amplitudes are
known to taper off for higher OAM values, projecting each subpath onto higher OAM
charges results in lower detection probabilities and hence lower random bit generation
rates, as confirmed in Fig. 5.5(c). Indeed, projecting the down-converted photons onto
OAM eigenstates with increasingly larger differences in their absolute OAM values

correspondingly lowers the min-entropy and bit generation rate.
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Fig. 5.5 OAM QRNG experimental results. (a) shows the min-entropy (hue)
and normalised bit generation rate (bar height), as functions of the different OAM
projection combinations, calculated from the spiral bandwidth measurements. With
(g, set to 4, random bit strings were then generated. (b) gives the corresponding
experimental min-entropy values as a function of /g, € {—20,---,20} and (c) gives
the normalised bit generation rates calculated from the generated random bit strings.

These results confirm the potential of using a photon’s OAM degree of freedom
to generate random bits. While work would still undoubtedly need to be done to
improve the system’s bit rates and efficiencies, this should be possible using modern
apparatus. Contemporary RNG systems may consider incorporating OAM sensitive
detectors to enhance them. Furthermore, the holographic grating scaling and OAM
projection techniques demonstrated here potentially offer a method with which to
tailor the probability distribution of the system, as many practical applications call
for distributions other than the uniform one. With the current protocol this would
unfortunately come at the cost of a reduced bit generation rate. However, given a
system tailored with a particular probability distribution, observing random bit strings
not following the expected distribution could also potentially alert the user to the
presence of an adversary.

Finally, up until this point, only two OAM values were considered simultaneously
as sources of entropy: the setup of Fig. 5.1 only has two subpaths in arm B, and these
subpaths are in one-to-one correspondence with the chosen projected OAM values.
Given that OAM eigenstates lie in a higher-dimensional Hilbert space, this and their

relatively easy experimental manipulation suggests the possibility of exploiting their



76 Random numbers from OAM

higher-dimensional nature to build a ‘multibit” QRNG. While the spatial information
of a photon has previously been used to realise such multibit QRNGs [157, 176],
no experiment has to date considered generating more than one bit, per detection
event, using a photon’s OAM. Indeed, high bit generation rates comparing favourably
with existing QRNGs are not beyond the realm of possibility given the existing

modulation/multiplexing schemes and OAM sensitive detection devices available.
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Fig. 5.6 Multibit quantum random number generation using OAM. The
schematic shows how the previous setup is adapted to realise a multibit QRNG.
By projecting photons in path B down OAM-dependent subpaths (where we chose
¢ € {—1,0,1}) and registering coincidence counts in any of these three paths (with
photon A still the herald), random ternary values were easily generated. This approach
could be scaled to higher dimensions.

With this in mind, the setup in Fig. 5.1 was adapted to include a third path, B,.
SLM B was masked with a multiplexed hologram consisting of three OAM values
(chosen to be £ € {—1,0,1}), each with a unique diffraction grating (see Fig. 5.6). As
such, the photons incident on SLM B were mapped down one of three OAM-dependent
paths. The experiment was then repeated exactly as in the two-dimensional OAM case
above, with photon A heralding the detection of a photon in path By, By or B,. This
generated a ternary sequence of random values, resulting in a multibit QRNG which
draws its entropy from the OAM content of a down-converted photon. The digital SLM
debiasing techniques from before allow one to easily adjust the coincidence detection
probabilities such that all three are equal (however, one could alter the gratings to
achieve a custom arbitrary higher-dimensional probability distribution).

In this way, a random string of numbers, with each detection event corresponding

to more than 1 bit of information, was generated. We hence achieved our goal of an



5.6 Conclusion dré

OAM-based higher-dimensional QRNG. To quantify the system, it is worth noting that
there is, as yet, no obvious statistical test suite with which to probe the randomness of
a ternary string. We hence instead turn to min-entropy as a quantitative measure. For
an ideal three-dimensional QRNG, the amount of entropy attainable from each photon
is log,(3) = 1.585 bits. Using Eq. 5.4, the min-entropy of the random strings generated
from our system (after correcting and debiasing) was found to be Hy,, = 1.577 £0.001.
This is close to the ideal value. Furthermore, the higher-dimensional nature of the
generated strings means we also achieve an increased bit generation rate compared
to the previous two-dimensional case. The two- and three-dimensional min-entropy

results are summarised in Table 5.1.

Dimension | Min-entropy (theoretical)
d=2 0.999 + 0.001 (1)
d=3 1.577 £0.001 (1.585)
Table 5.1 Measured H,,;, values for the d = 2,3 OAM-based QRNG cases.

As per the schematic in Fig. 5.6, this OAM QRNG could be extended to even
higher dimensions (subject to obvious experimental limitations such as the system’s
numerical aperture). However, scaling the system up in the current case would require
an additional subpath for every additional OAM value to be included, and hence the
system, as is, does not scale nicely. However, this is simply a result of the chosen
detection equipment. A more efficient, feasible improvement could entail using mode
sorting to conformally map a photon’s input OAM charge to a lateral spatial position
[177, 178] and subsequently detect such lateral positions with an array of single-photon
detectors (such as with an ICCD).

5.6 Conclusion

In Chapter 5 we introduced both a novel technique and a new protocol. First, the
integration of holographic SLMs in an optical QRNG scheme was demonstrated. This
allowed for the easy digital control of the probability distribution of the system by
replacing the traditional static beamsplitter with a device with which one can easily
tailor the probability of the down-converted photon being directed down either subpath.
This simple technique of hologram grating scaling also offers one a technique with

which to partly mitigate any inherent asymmetries in the transmission and detection
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portions of the system, which affects the quality of the generated random bits. This
all occurs ‘on the fly’, not post measurement.

While many QRNGs indeed focus on drawing random numbers from a uniform
distribution, other distributions are also necessary in practice. For example, any
half-decent casino slot machine would want the player to lose a game far more often
than win one. A series of these simple binary ‘win-lose’ games is modelled by a
binomial distribution consisting of a sequence of independent drawings from a Bernoulli
distribution. For this latter distribution, one draws a 0 with a probability p and a
1 with a probability 1 — p. In an optical setup, although one can achieve such a
Bernoulli distribution by, for example, tuning a half-wave plate in a path-information-
based QRNG which incorporates a polarising beamsplitter, using our scheme makes
the process more dynamic. Furthermore, although we only demonstrated the two-
and three-dimensional cases, this technique easily adapts to higher-dimensional cases
which would use more OAM values and could create more complicated probability
distributions. It is worth mentioning however that the intrinsic OAM distribution of the
down-converted biphoton state strongly depends on both the profile of the pump field
incident on the nonlinear crystal as well as the type and size of the nonlinear crystal
itself. Therefore, further advances in the area of pump shaping could be incorporated
into this protocol to tune the distribution, and hence the system’s entropy, more finely
given a particular crystal [179, 180].

Second, we implemented a QRNG based on the OAM degree of freedom of down-
converted photon states. The use of SLMs and single-mode fibres to project onto
OAM eigenstates created a one-to-one correspondence between the paths and OAM
charges. Using the above techniques, one can tailor the entropy of the system all while
maintaining the inherent quantum indeterminism. This OAM QRNG was demonstrated
in both a two- and three-dimensional case. The measured entropy in both cases were
very close to their theoretical maxima and the bit strings in the two-dimensional case
passed the complete NIST Test Suite despite having undergone no post-processing.

This proof of principle work is an important first step in realising an OAM-based,
higher-dimensional QRNG. Two properties of an ideal QRNG would be a high bit
generation rate as well as the real-time generation of random strings (i.e. no post-
processing procedure required). The protocol presented here already includes the
possibility of upping the rate if more sophisticated equipment were used and more OAM
modes considered. In addition, modifying the setup to forgo the projective, iterative
‘scanning’ detection technique and instead using equipment capable of discriminating

the various OAM modes in real time (such as using mode sorters and ICCDs) opens
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up the latter possibility. Finally, although many efficient QRNGs already exist (see
26, 148]), the OAM scheme presented here could conceivably be incorporated into

some of them to increase their efficiencies.






Chapter 6
Overall conclusion & outlook

Despite the fact that there have been many great theoretical and experimental studies
into quantum mechanics since its birth in the first half of the 20th century, this is
an area of physics which is somewhat unique in that it seems to constantly output
new and unintuitive results, even in the present day. Given that all of physics, and by
extension Nature itself, must ultimately have quantum mechanics as its bedrock, this
is still an exciting time for science as a whole.

In this thesis, we presented four studies within the context of quantum photonics, a
subfield of physics in which it is relatively easy to experimentally observe and test the
four postulates outlined in the Introduction, along with their interesting consequences.
We chiefly focused on quantum ghost imaging and quantum random number generation.
This all represents but a small contribution to the existing body of knowledge. Indeed,
although a number of interesting experiments were demonstrated, results arrived at
and questions answered, as always, answering one scientific question potentially opens
the door to new ones.

Chapter 2 demonstrated a novel four-way quantum ghost imaging scenario in which
correlations between two pairs of initially independent down-converted photons were
created using entanglement swapping. This entanglement swapping, carried out with a
HOM filter and appropriate coincidence postselection, resulted in the creation of an
anti-symmetric state with which to perform said ghost imaging, rather than the usual
symmetric state arising from SPDC. One main result was the observation of a ‘contrast
reversed’ ghost image in this anti-symmetric case, where brighter pixels in the object
corresponded to darker pixels in the ghost image, and vice versa. This appears to
stem from the symmetry of the tailored state, which shows how interesting symmetry
as a concept is. Indeed, symmetry has a strong bearing on physics in a variety on

contexts. For example, the well-known Bose-Einstein Condensation [34] and the Pauli
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Exclusion Principle [181] phenomena are both a result of a quantum state’s symmetry.
Furthermore, changing a particle’s state’s symmetry has been observed elsewhere. For
example, BCS theory [35, 182] details how the phenomenon of superconductivity in
a material is a result of the formation of Cooper pairs, which are pairs of electrons
occupying bound states at low temperatures. Single electrons have intrinsic spins of
1/2 and as such are fermions obeying Fermi-Dirac statistics [183]. However, by cooling
a conventional superconductor material to extremely low temperatures, the state of
pairs of electrons eventually possesses an energy below the Fermi energy of the system
[183]. When this happens, the electron pair state is bound into a composite state with
a total spin of either 0 or 1. States with integer spin obey Bose-Einstein statistics [183]
because of the strong relation between a state’s spin and its statistics/symmetry (by
the so-called spin-statistics theorem [5]). The result of all of this is the many interesting
superconductor phenomena which have been experimentally observed in recent decades.
With this in mind, it may be interesting for future work to consider more deeply the
link between the symmetry of a biphoton state and the ghost image obtained with
said state, and whether a change in symmetry would have any resultant bearing on
the photons’ statistics.

Quantum technologies will become increasingly prevalent in society, and creating
links between nonlocal quantum optical network systems may become necessary. Our
four-way ghost imaging demonstration contains the core ingredients which may be
required of any such future quantum optical network [76]. The efficiency reported
on in Chapter 2 would obviously have to be improved upon, but the fact that the
entanglement swapping protocol (which is how the links were created) theoretically
works in higher dimensions is worth emphasising. Finally, the techniques presented
could also be adapted in both classical and quantum settings to enhance or alter the
observed ghost images in nontrivial ways. Quantum imaging is finding use in many
devices [184] and any studies into improving imaging techniques should also prove
fruitful.

Next, Chapter 3 also considered quantum ghost imaging but within the context of
a simpler two-way setup. The state was now tailored using a pair of Dove prisms along
with the usual HOM filter and appropriate postselection scheme. In the symmetric
case the usual anticipated ghost image was observed. On the other hand, in the
anti-symmetric case (i.e. in the presence of a HOM filter and postselection protocol),
we observed a novel result in that the ghost image turned out to be a juxtaposed
image consisting of the original object rotated both clockwise and counterclockwise by

a controllable angle. This interesting result again appears to stem from the tailored
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symmetry of the input state and as such brings forth interesting questions very similar
to those stated above. However, two other important points which future work may
consider looking into are worth mentioning. First, the action of the Dove prisms and
the HOM filter (indeed, most optical equipment) are described by unitary operators and
hence align neatly with P2. On the other hand, as mentioned in both the Introduction
to this thesis as well as in Chapters 2 and 3, a key technique we used in engineering
the requisite quantum states was that of postselecting on coincidence counts. By and
large, postselection is a strange blend of postulates P2 and P3 and its inclusion in
protocols is far from ideal. Studies into methods of generating more efficient sources
of tailored, ‘out-of-the-box’ quantum states, such as pump shaping [32, 33], could
potentially mitigate the need for postselection. However, barring better sources, are
better measurement techniques possible which would forgo postselection? Would we
even observe the same results without postselection? Is postselection a theoretical
necessity?

In Chapter 3 we also discussed two techniques with which to perform the spatially-
resolved measurement, namely the single-pixel scan and random mask scan. These
methods both had their pros and cons, and it may be interesting to consider other
techniques, such as those based on Hadamard matrices [185], in more detail within the
context of ghost imaging. Finally, a deeper investigation into the subtleties between
a two-particle quantum state’s symmetry and its (in)distinguishability would also
prove interesting. It is claimed that a HOM filter and postselection scheme only
transmits the anti-symmetric portions of states [81]. However, a similar argument
could be made that a HOM filter-postselection scheme registers distinguishable states
and not indistinguishable ones. This difference may be important as two of the four
Bell states (|¥*)) consist of particles with different quantum numbers and are hence
distinguishable, yet one of these two is symmetric and the other anti-symmetric (the
two |®*) Bell states are both indistinguishable and symmetric).

In Chapter 4 we changed tactics completely and outlined a novel model of quantum
ghost imaging within the framework of quantum field theory. QFT is a more complete
model of quantum mechanics than the usual framework used when studying quantum
optics. However, it has some unwanted consequences. For example, it is impossible
to define a position operator with all the required properties in QFT: attempts at
doing so run into problems for massless particles of spin 1 or higher [186], and high
energy calculations and experiments often tend to opt instead for the momentum
representation. The Unruh-DeWitt detector model is perhaps one way to work around

these problems. In our case, we used UDW detectors as analogies for both the ghost
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object as well as the detection system. In doing so, we found that it should be possible
to describe ghost imaging, and by extension other quantum photonics experiments too,
using such techniques. However, the contrasts and intensities arrived at were quite
small and so the next obvious step would be to improve the model to increase these
values and perhaps make it more readily experimentally testable. Indeed, one could
perform the calculations in the perturbative regime rather than the non-perturbative
one we considered. This would complicate the mathematics in that the time-ordering
operator in the Dyson series would now have a nontrivial effect on the results. Any
results arrived at would also not be exact. However, such an approach would allow one
to generalise the formulae of Chapter 4 to different switching functions, potentially
resulting in stronger and longer coupling between the entangled scalar field and the
detectors.

Another interesting study may be to consider higher-dimensional detectors, since
usual UDW detectors are simply two-level first-quantised systems. This corresponds to
the binary images we used as well as binary detection events (i.e. you either detect
something or you don’t). One could conceivably model detectors with more than
two levels however, and using these should allow us to generalise the simulations
to non-binary images as well as more complicated models of experimental detectors.
Finally, further studies into the theoretical underpinnings of this detector model and, in
particular, its potential in discriminating the orbital angular momentum of photons (or
any relevant particle) would align well with the common OAM techniques increasingly
being employed in higher-dimensional quantum photonics studies. A key assumption
in the derivation of the UDW interaction Hamiltonian is that no orbital angular
momentum be transferred between the detectors and the particles being probed [46,
187]. As such, it is hence unclear whether this model could be made useful for the
study of OAM, but answering this question definitively would still be interesting.

Finally, in Chapter 5 we studied a new type of quantum random number generator
which uses the OAM spectrum of down-converted photons as the source of entropy.
This is the first demonstration of a QRNG which exploits this degree of freedom.
First, we detailed how one can use a SLM in place of a traditional beamsplitter in a
path-information QRNG to both tailor the probability distribution of the system to
any one we wish as well as account for experimental imperfections in the transmission
and detection sections of the setup. This is interesting as a SLM is an easy to use,
relatively fast device allowing for both the easy digital control of a system and allowing
us to forgo other usual static optical components. However, the main result was the

demonstration of the system in generating random bit strings in both a two- and a
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three-dimensional case. The experimental entropies obtained were extremely close to
their theoretical maxima, which demonstrates the potential of the system. Finally, in
the three-dimensional case, more than one bit of entropy was extracted per detection
event.

Three potential next steps come to mind. First, it would be interesting to experimen-
tally study how much one could push such a system to extract very high-dimensional
multibits. Indeed, increasing the dimension of the measured state’s Hilbert space is
an efficient way of increasing the efficiency of a QRNG. Second, the current protocol
generated the random bits after having collected all the measurements, whereas it
would be useful to be able to generate higher-dimensional random bits in real time.
This should be possible using more sophisticated equipment such as a more intense
down-conversion source, an ICCD and an OAM mode sorter. This is an avenue we
are currently investigating. Finally, many detection devices nowadays are capable
of discriminating multiple different photon degrees of freedom simultaneously. For
example, the aforementioned mode sorter/ICCD detection system should be sensitive
to both the particle number as well as the OAM charge of an incident photon state. The
theoretical techniques needed to simultaneously consider different degrees of freedom
of entangled photon states have recently been developed (see [188, 189]). Adapting our
experimental system to include such equipment would give one access to a much larger
composite Hilbert space (P4) from which to extract entropy and potentially greatly
increase the random bit generation rate of the QRNG.

Clearly the work presented in this thesis is but a small addition to our under-
standing of quantum mechanics. However, despite the tremendous advances made in
understanding it and, by extension, Nature, over the past century or so, it is clear that
many exciting discoveries remain before we can fully understand and appreciate one of
science’s great theories.
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Chapter 2 appendix

A.1 State projection theory

In this section of the Appendix we discuss the theoretical details which allowed us
to arrive at the main results of Section 2.3 in Chapter 2. Specifically, we consider
the state of photon D (and hence the ghost image), given an object in arm A, under
various projections in arms B and C. In all cases we place a transmission mask (i.e.
object) in path A where the transmission O(7) of pixel i is equal to either 1 or 0. The
set {O(i)} hence contains all the information about the object. The effect of this mask
is to modify the state of photon A according to

Olriya — O(@i)|r) 4. (A1)

Therefore, losses associated with absorption (i.e. O(i) = 0) fall away. Furthermore,

B =Y, 0(i) is the total number of pixels in the object O with transmission equal to 1.

A.1.1 Projection onto {|¥  )pc}

Consider projection onto the states {|¥, )pc}, which includes terms which contribute
to the coincidences between the two output ports of the BS. The overlap between

|W, Ypc and the initial state |p) apcp is given by
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|pm)ap = Bc{WYml®) aBeD
1
= EZ: ? ﬁ|ri>A|7ﬂj>D [0in0j.m — 0im0j]
1
= gglirmalrmdo = [rm)alra) ol (A.2)

with § the Kronecker delta. The projection on a single two-dimensional anti-symmetric
state in paths B and C clearly leads to a pure anti-symmetric state in paths A and D.
Furthermore, since {|U; )pc} is the only set of anti-symmetric states, projecting onto
this set is equivalent to projecting onto anti-symmetric states in paths B-C and results
in a mixture of two-dimensional entangled qubit states for photons A-D.

The state of photon D, conditioned on both object O in arm A as well as us having
projected onto anti-symmetric states in paths B-C, is denoted by ppy- 4. This state,
multiplied by both the probability of projecting onto an anti-symmetric Bell state |¥™)
(i.e. py-) and by the probability of photon A encountering a transparent pixel in the

transmission mask object through which it passes (i.e. pa), is given by

pu-pappio-a = O (relaO(k)|emm) an{Ppm| apO (k) |15) 4

m,n,k

1
= 2 @02(/@ [53,k|7“m>p<rm|D + 5i7k|rn>D<rn1D}

m,n,k

[7n) p{ralp X Z O(m)
m#n

1
:sz;

- L [Z O(n)T - ;0<n>rrn>D<m|D]

_Q;M—M, (A.3)

where A =3, O(n)|r,) p(r,|p is a diagonal matrix with diagonal entries corresponding
to either opaque (O(i) = 0) or transparent (O(i) = 1) pixels in the object. This can
also be found by multiplying the three factors py-, pa, and ppjy- 4 directly, where

d—1 B BI — A

Puv- = Td; paA = E; PD|w— A = m (A-4)

Next, the ghost image in arm D is reconstructed from a set of intensities {1 (i)} with

I(i) being the probability of detecting a photon at pixel i. I(i) can be experimentally
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determined by, for example, placing a transmission mask in path D which only transmits
photons through pixel ¢ while blocking all other light, or, as we did, by performing a
scanning protocol using SLM D. In the current ¥~ projection case, the set of intensities
is determined from Eq. A.3 as

Iy (i) = 2=90W. (A.5)

This result predicts that the ghost image’s contrast will be reversed with respect to
the original object. In other words, if pixel 7 in the object is bright (O(i) = 1), the
corresponding pixel will be darker in the ghost image, and vice versa. To quantify this,
we define a normalised contrast value for the ghost image where the maximum and
minimum pixel values are taken with respect to the original object and the sum of the
pixel values is unity. In the current case, we have

B-1_ B 1
2 2
C\IJ _ 2d 2d

TB(E)+@-5(%) Ba-1

The overall minus sign above indicates the predicted contrast reversal.

(A.6)

A.1.2 Projection onto {|¥V}! Ypc}

Next consider the case whereby we project onto the set of states {|¥;} Ypc}. The
overlap between an element of this set and the initial state, namely pc (V' |¢)aop,
is given by

1

A =pc (U -
lomm) ap =Bc (Yo, l0) ABCD Jod

Projecting onto the pure symmetric state |¥; )pc gives a pure symmetric state

[[mn)alrm) D + [rm) alra) D). (A7)

in paths A and D. The full state, when projecting onto the entire set, is a mixture of
symmetric, entangled two-qubit states.

Analogously to Eq. A.3, the state of photon D, namely ppjy+ 4 (now conditioned
on us having projected onto the set of symmetric states {|¥} Yo} in paths B-C),
multiplied by both the probability of projecting onto |¥*) (i.e. pyg+) as well as the
probability p4 from before, gives

DPu+PAPDlY+,A = Z (T AO(F) [ o) AD(Pra | 4D O(R) |7k 4
m,n,k
1
= — [BI—A], (A.8)

2d?
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which can also be factored

Po+ = d2dl§ ba = S; PD|u+ A = lf(lc[i—?) (A-9)

Interestingly, note that ppjg+ 4 = ppjw— 4. However, our scheme of postselecting

on simultaneous photon detection events filters out all states but the anti-symmetric

ones {|V¥,,.)sc}. On the other hand, postselecting on the absence of simultaneous

photon detection events would filter out the anti-symmetric states and leave behind
only symmetric states, of which the set {|¥;} )pc} forms only part [80, 81, 82].

The set of pixel intensities in the current W+ case is found, from Eq. A.8, to be

B — O(i)
2d?
Like before, the contrast of the ghost image is reversed with respect to that of the

T+ (i) = . (A.10)

object and the normalised contrast value is identical to that in the ¥~ case, i.e.

—1
Bd-1)

It should be noted that if one could postselect, in paths B and C, on only the current

Cyr = (A.11)

set of symmetric Bell-like states U+, we would also observe contrast-reversed ghost
images when measuring the conditioned entangled state in paths A and D. However,
our filtering/postselection scheme selects states based on their symmetry. The set of
U states is but one, incomplete set of symmetric states. The final set {|®,,) gc} which
we will consider below are also symmetric states, but would not give contrast-reversed

ghost images.

A.1.3 Projection onto {|®,)pc}

Finally we move onto the set {|®,)pc}, where the overlap pc(®,|©) apop is

1
|n)ap =Bc (Pnl@)aBcp = g|7“n>A|Tn>D7 (A.12)

and so projecting onto the full set {|®,)pc} leads to a mixture of pure symmetric
states for photons A and D. Again, analogous with the previous two subsections, the
conditioned state for photon D, namely pp|s 4, multiplied by both the probability of
projecting onto |®) (i.e. pg) as well as pa, is

1

papappiaa = Y _(TklaOk)|n) an(@nlapO(k)|ri)a = 2N (A.13)
n,k
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which, factored, is

1 B A
Pe =i PA= i PDjeA = 5 (A.14)

The set of pixel intensities for this ® case is

Ip(i) = Od(;)

Notice that the ghost image here is not contrast reversed with respect to the original

(A.15)

object as was the case previously: brighter pixels in the object will be brighter in
the ghost image, and vice versa. When postselecting on anti-symmetric states, the
contribution from these ® states will mask the contrast reversal from the U+ states.

Finally, the normalised contrast value for this case is given by

1
B?

with the positive sign indicating no contrast reversal with respect to the original object.

Co = (A.16)

A.1.4 Anti-symmetric vs. symmetric projections

We'll finally compare the reconstructed ghost image pixel intensities that we observe
when postselecting on either symmetric or anti-symmetric states in paths B-C. In the
anti-symmetric case, the intensity of pixel 7 in the ghost image is given by Eq. A.5,
while it is given by a combination of Eqs. A.10 and A.15 in the symmetric case, such
that

Anti-symmetric {|¥7)} JAS(@'):B_M(;@, (A.17)
Symmetric {[¥"), |$)} Js(i):lgzd(j(i). (A.18)

Note that if we were to project onto either symmetric (S) or anti-symmetric (AS)
states together, the state of photon D would be proportional to the identity matrix. It
would hence be maximally mixed and contain no information about the object. This

can be seen by summing Eqs. A.3, A.8 and A.13, i.e.

pPp|As,A + ppjs,a < L (A.19)
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Finally, the normalised contrast values for projections onto all anti-symmetric and

all symmetric states are given by

-1 1

Ba—1) %~ Ba+1) (4.20)

The factors of 1/B are present as we chose to define the contrasts normalised with

Cas =

respect to the initial object; they would not be present if we were to normalise with

respect the ghost image instead.

A.2 HOM results

The visibility of the HOM dip in Fig. 2.4, without any background count subtraction,
is measured to be 0.56. This value is a result of both the anti-symmetric postselection
scheme as well as the high background counts present in the experiment. Such
background counts are caused by the large numerical aperture (of approximately 0.22)
of the multi-mode fibres in paths B and C. Higher single photon detection events in
paths B and C will give rise to more false four-fold coincidences which do not originate
from actual correlated events. As such, roughly 25% of the recorded coincidence counts
are from false background counts as well as up to 90% of the coincidences detected
in the middle of the HOM dip. This has a significant deleterious effect on the dip’s
visibility. One could instead employ fibres with smaller cores as well as minimise
external sources of infrared light in order to mitigate this and arrive at a more accurate

visibility measurement.

A.3 Experimental setup discussion

While teleporting images through an entanglement swapping process is a necessary step
for transmitting information across a quantum network, such four-photon experiments
do present some challenges. Our experiment suffers from low count rates due in large
part to us having measured a single pixel at a time. In the case of the two-pixel image,
we can at best detect p = 50% of the total single counts at any one time; in the
four-pixel case, that number is 25%. As this reduction occurs in both paths A and D
and because the detection of these modes also reduces the counts in paths B and C by
the same amount, we see a p* reduction in the four-fold coincidences with an increase
in resolution. In the four-pixel case, this is a factor of 0.004. For this reason, increasing

the resolution of the image makes it prohibitively time-consuming to obtain sufficient
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counts. Furthermore, the theory for our experiment predicts a decreasing contrast with
an increase in dimension d. Taken together, these aforementioned limitations make
accessing higher-dimensional spaces difficult. However, we predict that these technical
challenges can be overcome and that the observed contrast decrease with dimension
can be ameliorated as outlined.
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Chapter 3 appendix

B.1 Engineered ghost imaging experimental setup
details

Consider the setup shown in Fig. 3.1 of Chapter 3. A mode-locked laser operating
in the picosecond regime with an 80MHz pulse repetition rate, centred at 355nm
with an average power of 350mW, is used to pump a 3-mm-long nonlinear, type-I
f-barium borate (BBO) crystal. Degenerate, spatially-entangled photon pairs centred
at 710nm (labelled A and B) are generated in the crystal by spontaneous parametric
down-conversion (SPDC). The small difference in the angle of emission between the
two photons (of around 3°) allows us to separate them with a simple D-shaped mirror.
The photon in path A traverses two consecutive Dove prisms. One of them, which is
fixed to a rotation mount, is rotated by an angle # about the optical axis to introduce
a specific phase between the spatial modes. Path B’s length is adjusted to achieve
HOM interference.

Paths A and B are then combined using a 50:50 beamsplitter (BS), the core element
of the HOM filter. As discussed in the body of Chapter 3, only anti-symmetric input
states will result in a single photon being emitted from each output port of the BS,
and so an anti-symmetric state can be considered as having been created when the
detection system is conditioned on coincidences. The symmetric states are tested by
removing the BS. Next, the photons are directed to the ghost imaging section of the
setup. The object and image arms are controlled using a single SLM encoded with
amplitude and phase holograms (one half of the screen was used for the object and
the other for the image). The plane of the crystal is imaged onto the SLM with a 5x

magnification system (namely a 4 f-system with f1 = 100mm and f2 = 500mm, not
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shown in Fig. 3.1) in both paths A and B. This gives a ~ 5mm SPDC beam diameter
at the SLM. The SLM plane is then imaged with a 375x de-magnification system (a
4 f-system with £3 = 750mm and f4 = 2mm, also not shown) onto couplers connected
to few-mode fibres (FMFs). FMFs with ~ 13um-core diameters are used to increase the
collection area instead of using single-mode fibres with ~ 5um cores. Multi-mode fibres
with ~ 62.5um cores were found to give images with too much noise. The SLM-FMF
combination allows us to make joint projective measurements of particular spatial
modes. Interference bandpass filters with bandwidths of 10nm are used prior to the
FMFs, which are in turn connected to avalanche photodiodes to detect single photons.
Coincidences are registered between the two paths using a PICOQUANT coincidence
counter. The coincidence window is set to 12ns to minimise any possible accidental

false positives from neighbouring electronic TTL pulses.

B.2 State symmetry under a basis change

A well-known result from high energy physics is that a change of basis does not change
a state’s symmetry. Here we outline a simple proof of this.

Let H,, := (V,(,-)) be a complex Hilbert space of dimension n and let the sets
{uy,ug, -+ ,un}, {v1,v9,- -+ ,v,} be two orthonormal bases of V. We define the linear
‘change of basis’ matrix operator M such that Mu; = v; V i. It is easy to see that
M is then unitary, i.e. (Mxz, My) = (z,y) ¥ z,y € V. Indeed, let z = >, ayu;,
y = 14 Bju; be arbitrary vectors. Then

n

<l’,y> = ZaiBj <ui7uj> = Zaiﬁia (Bl)

ij i=1

(Mx, My) = Zaﬁj (Mu;, Mu;) = Zaiﬁj (vi,v5) = z;aﬁi. (B.2)
i.j i.j i=

The converse (i.e. that a unitary matrix is a change of basis matrix) can be
shown too: let U be a unitary matrix, let {|u;)} be an orthonormal basis, and define
t;) := Ulu;) for all i. Then (t;|t;) = (w;|UTU|u;) = (uilu;) = d;;, so {|t;)} is an
orthonormal basis too. Therefore, given a matrix U, U is unitary iff U represents a
change of basis.

Next, let H 4, Hp be Hilbert spaces of dimension n and m and let {|i)4},{|j) 5} be
respective orthonormal bases. Any arbitrary (anti-)symmetric state |U) € Ha @ Hp

can be written as
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¥) = 25 ab, (i) + vial)s) (.3

with v = 1(—1) for the (anti-)symmetric case. Next, define the exchange operator P
which switches the two particles in a state |z,y): P|z,y) = |y, x). If the state |z,y) is
symmetric, then |z,y) = |y, z); if it is anti-symmetric, then |x,y) = —|y, x).

Applying P to |V) necessarily requires H4 = Hp, and hence n = m. So

n

PIw) = > aibj (l)ali)s + vli)ali)s)

ijl

= v Z aibj (|t)ald) B + v17)ali)s) = v|¥). (B4)

i,j=1

The eigenvalue of P, i.e. v, tells us whether the state |¥) is symmetric or anti-
symmetric. Next, consider two n x n unitary matrices U; and U, which change the
bases of H4 and H g, respectively, to any other bases. It turns out that P commutes

with the change of basis transformation U; ® U, if U; = U,. To see this, consider

(U, @ Uh)P|Y) = (U @ Uy)v|¥) = v(U, ® Uh)|V), (B.5)

and, since U; maps a basis to another basis, we have

PU, @U)Y) = P Y aib; (Ui]i)aUils) g + vUi|5) aUL i) )

= 'il (U1|j>AU1| >B+VU1| >AU1|j> )
= ’;(U1®U1)|\I’>- (B.6)

So, P|V) =v|¥) = P(U; @ U))|V¥) = v(U; ® Uy)|¥). The symmetry of a state
is hence unchanged by an arbitrary change of basis.

B.3 R/R! shift between photons A and B

Here we outline how to shift the R dependence from photon A to photon B in Eq. 3.8
of Chapter 3. First, note that given a bijective mapping o : S; — S, from a finite set

Si to a finite set Sy (with |Si| = |S3]), the sum of the values of a function f evaluated
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on mapped elements of S, i.e. 3,,cq, f(0(m)), is equal to the sum of the values of
[ evaluated on elements of the mapped set Sy, i.e. 3 ,.cs, f(n). That is to say, since
o(Sy) = Sa, we have 3, cq, f(0(m)) = X,c0(s,) f(m). This idea can be extended to
the following identity for arbitrary functions f and g, where o~! is the inverse bijection

> flom)g(m) =3 f(m)glo™" (m)). (B.7)

meSt mea(S1)

Next, if we assume that the pixels of the SLM screen are small enough that every
pixel in the transverse plane after the rotation R can be associated with a unique pixel
in the original unrotated plane, then R is a bijection. In fact, R is a particular type
of bijection, called a permutation, since the domain and range of R are the same set.
As such, there exists an inverse permutation, R~!, which represents a rotation of the
transverse plane by the same magnitude as R but in the opposite direction. With R as

the permutation and applying Eq. B.7 to the first term of Eq. 3.8, we obtain

Zc(r)\Rr)Alr)B: Z c(R7'r)|r) 4| R7'r) g, (B.8)

res reR(S)

with S the set of discrete pixel positions. However, the permutation R is simply a
rearrangement of the elements of S, and since we are summing over all pixels, we
can replace R(S) with S above. Finally, under the assumption that the probability
amplitudes ¢(r) are invariant under rotations (a paraxial pump beam, along with most
optical components in typical quantum optics setups, are often agnostic to rotations of

the transverse coordinates and so this assumption is reasonable), Eq. 3.8 is equal to

W) = K3 c(r)[r)a (IR r)s = |Rr)s) (B.9)

B.4 Different measurement schemes

Here we make some brief comments on the theory behind the two ghost imaging

measurement schemes described in Section 3.4.1 of Chapter 3.

B.4.1 Single pixel scan

Given an object O masked on SLM,, after dividing SLMpg into a set of pixels every
such pixel has a unique 2D position vector r. Switching on pixel r; on SLMg and
turning off all other pixels (or, more precisely, coupling only photons incident on pixel

r; to the avalanche photodiode) can be represented by the operator (M;|p = (r;|p.
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Then the observables |pupsil? or |ppsi|® (which can be interpreted as the number of
coincidence counts per unit time), which correspond respectively to Eqgs. 3.10 and 3.11

from Section 3.3.3, are given by

DPnbs,i = <Mz|B<O|\I[nbs> = N*C("'Z')O(R’ri), (BlO)

Posi = (Mi| p(O|Wps) = Nc(r;) (O(Rri) — O(R’lri)) : (B.11)

Repeating this process for every pixel ¢ in SLMp gives a set of observables {|pps.:|*}

or {|pesi|*} which can be used to reconstruct the original ghost object O according to
O(T’L) = |pnbs/bs,i‘2-

B.4.2 Random mask scan

For this protocol, given the same object O from before, we generate a set of N random
binary 50:50 black:white masks {M;}. For the ith mask, loading the measurement SLM
(SLMp) with M; can be represented by the operator (M;|p = w} Y., M (s)(s|p, where
all information about the ith mask is contained in the binary function M;(s) € {0, 1}.
Note that this scheme could be adapted to random masks with any arbitrary ratio of
black:white pixels. If all generated random masks have the exact same ratio (as in
our case), the coefficients w; will all be equal in magnitude (practically, the observed
coincidence count values would all be normalised with respect to the same mean value).
As such, w; can be absorbed into A" in which case the observables [, :]* or [mys|?

(which are again interpreted as the coincidence count rates) are given by

Mupsi = (M| (O Wpps) = N> c(r)O(Rr) M (r), (B.12)

T

Mpsi = (Mi|(O|Whs) = N* " e(r) (O(Rr) — O(R™'r)) M (r). (B.13)

T

Finally, the original object O, for a sufficiently large random mask set (i.e. N > 1)
can be reconstructed from the convex sum O(r) & SN 1 [Mypps/psi|* Mi(r).
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Chapter 4 appendix

C.1 Unruh-DeWitt simulation variables

Tables C.1 to C.3 give the parameters and functions used in the simulations in Chapter
4, withd=3, m=0, 0 =1/10, p, = (0,0, —27) and f(z,y,2) = N e (@ Hy?+a?)/20%

Function/Parameter Value
AT 1,0
X(T) (1,1,0,0)
X5 (7) (1,—1,0,0)

Table C.1 Variables for 2 detector inertial example.

Function/Parameter Value
A\, T 1,0
r,0 1,7/6
Xi'(7) (1,7 cos(f),rsin(6),0)
X5 (7) (1,7 cos(f), —rsin(f),0)
X% (7) (1, —rcos(#), —rsin(6),0)
X (1) (1, —rcos(#), rsin(),0)

Table C.2 Variables for 4 detector inertial example.

Function/Parameter Value
N 7.0 11,0
1
a rcos(0)
X1 (7) (£sinh(a7), Lcosh(ar),rsin(f),0)
Xg(T) (7_7 _%7 r Sin(9)> O)

Table C.3 Variables for 2 detector non-inertial example.
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