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A BSTRACT

A NEW MULTI-CURVE INTERACTION METHOD FOR THE PLASTIC
ANALYSIS AND DESIGN OF UNBRACED AND PARTIALLY-BRACED FRAMES

SCHulLZ, Hans Erich, Ph.D. University of the Witwatersrand,
Johannesburg, 1981

This thesis describes the development of an alternative
aocooroximate technicue for the elasto—plastic analysis c¢”

unbraced and partially-braced rigid rrames.

The proposed technigue, which allows for the treatment o
simple portal frames as well as for multi-storey and multi-
bay structures, is not confined to steel to which it has been
applied in this research but could also be developed for

other materials such as reinforced concrete.

In essence, the method represents a refinement and extension
of the Merchant-Rankine interaction formula. The proposed
concept makes use of a multi-curve interaction principle
placing the failure load of the actual frame oetween its
plastic collapse load on the one hand and a load related

to the elastic buckling load on the other hand. The failure
curves 1in the inelastic range are empirical. The plastic
collapse load is obtained using the standard first-order
approach. The required elastic parameters are evaluated

from an elastic buckling analysis and a second-order elastic



load analysis, both performed on suitable subassemblages
for the general frame. The mathematical derivations are
based on the slope-deflection equations including stability

functions.

For the elastic analyses a purpose-made computer program
has been developed. This program makes allowance for
transverse column loads, patterned beam loadings and the
special case of sway buckling including bending, termed

"Symmetry-Buckling".

In this thesis the proposed method has been applied to
the structure as a whole. In this case the plastic
collapse load of the entire frame is determined, whereas
the corresponding elastic parameters are evaluated from
as many subassemblages as are contained in the structure.
The combination of plastic collapse load and elastic
parameters which gives the lowest failure load is sig-

nificant .

It is also possible to calculate failure loads for indi-
vidual sections of a framework. The plastic collapse load
and the salient elastic parameters would then both be

examined on matching subassemblages.

Furthermore, it has been demonstrated that a graphical
presentation of the elastic results 1is possible, thus
allowing a "manual" evaluation of the failure load,
i.e. without the need of a computer, once the plastic
collapse load is known. The derivation of the plastic

collapse load is not included in the scope of this thesis.



In addition, an approximate analytical procedure, using
established computer methods, has been formulated for

the calculation of the elastic wvalues.

A number of frames have been evaluated by the proposed
method and the results have been compared both, to the
Merchant-Rankine solutions and to mathematical solutions
obtained using an elasto-plastic, computer analysis.

The accuracy of the new method has also been tested
against published laboratory results of other researchers.
In addition, ten small-scale model frames were analysed
and tested for this research to confirm the wvalidity ot

the empirically evolved interaction curves.

It has been concluded that the proposed method is in

good agreement with test results anc discrete mathematical
solutions, and thus represents a satisfactory substitute
for the more complex approaches, without the loss in
accuracy and the restriction in usage which applies to the

Merchant-Rankine formula.

Some other related aspects such as the application of
the proposed method to other materials and structures,
deflections at the working load level, in-plane member
instability, lateral torsional buckling and additional
P - A effects have been identified as areas recommended

for future research.
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CHAPTER 1

INTRODUCTION

i.l1 General

Plastic design of unbraced frames is complicated by the
need to make adequate allowance for the loss in load
carrying capacity induced by in-plane instability effects
of which the P-A moments are the most prominent. Initially,
in section 1.1 of this chapter, an overview 1is provided

of existing P-A approaches, a detailed literature survey

of the various methods will follow in sections 1.3 and 1.6.

In general, past research has attempted to solve the

problem of instability in three ways, namely

a) By using rigorous analysis techniques taking the

exact moment-curvature characteristic into account.

b) By using an elasto-plastic iteration procedure on

the frame as a whole or on suitable subassemblages.

c) By using interaction formulae applied to the entire

framework.

Exact rigorous methods of analysis have so far only been
applied to simple structures or to individual beam-columns.
Some relevant research is mentioned in section 1.3.2 of

this study.



Elasto-plastic analysis procedures, for which various com-
puter programs have been developed, are most suitable fov
the investigation of larger frameworks. A detailed
literature survey of elasto-plastic methods follows in

ser i1.3.2.

Approximate subassemblage approaches, which use the true
moment-curvature relationship of the column members, have
been introduced to facilitate the plastic analysis of
multi-storey structures. Similar techniques have been
developed on an idealised elasto-plastic basis. Reference
literature related to representative subassemblage methods
is presented in section 1.3.3 of this introductory chapter.
Although the subassemblage techniques may be regarded as
manual methods, incorporating a semi-graphical approach,
they appear cumbersome. They usually involve plotting the
load-deflection or load-stiffness history for each column
and its restraining beams. Thereby, all possible hinge
permutations of the particular subassemblage have to be
considered. This procedure has to be extended over the

entire storey for each storey of the framework.

On the other hand, interaction formulae predicting the
approximate failure load of unbraced frames are simple in
their application when compared to other methods of analysis.
The two most important developments in this field have been
the Merchant-Rankine formulal-2 and its modification by
Wood’ and the design rule based on research by Lu4,

The modified Merchant-Rankine formula has been proposed



by the European Convention for Constructional Steelworkb5,6
(ECCS) and 1is intended for inclusion in the new British
Steel Design Code, B20 . However, the Merchant-Rankine
formula and Lu's design rule, although extremely useful
in practical design, have a number of shortcomings. A
detailed discussion of the interaction methods is pre-

sented in section 1.6 of this chapter.

1.2 Present design code requirements and provisions for

the plastic design of unbraced frames

Plastic analysis and design of unbraced frames, as covered
by design specifications, has been regulated by the follow-

ing three provisions:

a) A number of current design codes9-10 , recommendations
for steel constructionb and draft specifications?7 all
call for a second-order, elasto-plastic analysis for
the general unbraced multi-storey framework in order to

account for the P-A effects.

b) At the same time, most major codesb5'7*9 make allow-
ances to dispense with this overall stability check

provided certain requirements are met.

c) The ECCS Recommendations5 and the British Draft Code
B207 contain an approximate second-order technique
based on the Merchant-Rankine principle which may be
followed in cases where the structural parameters

satisfy certain specific conditions.



In the subsequent sections of this chapter the above pro-
visions will be examined in some more detail, making re-
ference to the various analysis techniques. Special
emphasis will be placed on the evaluation of the inter-
action methods, since this research project falls into

this category.

In addition, in order to formulate the objectives of

this research, it was necessary to analyse briefly the

P-A provisions of the "stress-controlled" design approaches.
In this context, a great deal of criticism has been voiced
in connection with the use of the traditional moment-
magnification concept incorporated in wvarious design
codesl'* . A number of deficiencies have been discussed

in the literature, the most important of which will be
presented in section 1.7 of this study. The plastic and
elastic analyses are also closely interrelated by certain
design requirements. Firstly, a plastically designed
structure has to perform adequately at working loads.
Secondly, 1in order to control the sway deflections of
unbraced frames, the stiffness of structures is often
modified to such a degree that plastic analysis and the

P-A provisions become irrelevant as the principal criteria.
In fact, sway limitations are used to justify the omission

of the overall-stability check5'7.



1 3 Rigorous and second-order, elasto-plastic analysis

methods

1.3.1 General

These methods predict the failure load of a frame by using
loss of stiffness as the failure criterion. Rigorous and
second-order, elasto-plastic analysis techniques may be sub-

divided into full-frame approaches and subassemblage methods.

1.3.2 Full-frame methods

Full-frame analyses, using the exact moment-curvature re-
lationships of all members, are rare and have only been
performed for limited structures. In the solutions by
Oxfortll'l2 a single beam and column arrangement with rec-
tangular member sections was considered. Chu & Pabaciusl3,
Moses1l*, Yura & Galambosl5 and Adamsl6é investigated simple
portal frames with pinned bases and flanged members and
included the effects of residual stresses. The demands

on the computer are formidable and the compilation of the

enormous amount of data becomes a time-consuming task.

More commonly, designers resort to the so-called second-
order, elasto-plastic methods of analysis, which assume
that plastic hinges form at discrete points whereas other
portions of the members remain elastic. A second-order
analysis is performed at loads between the formation of
consecutive hinges. A detailed survey on computer based
methods for plastic analysis and design was published by

Griersonl7. Massonetl", writing about the ECCS Recommen-



dations, referred to the mi.nrmuin-wei.jht wvvuiv.it VIV..V.«1

by Horne i Morris >’ and Emkin 1 title-' 1lwb U'h vonsuiec

strength and sway requirements at the same time m a atep

by step procedure.

A frame collapse method using the tangent sttrfnes.

proposed by Tranberg et al>=. This method wvan also 1In

elude strain-hardening.

The benefits of straln-h. rd.mln,, wave tits, e, .aa,ned 14

Horne:!,:', who suggested that tot many sttuvtu.ss si.aln-

hardening will be sufficient to overcome the tendnn.

the carrying capacity to be reduced by frame ins,ability

For this purpose, Horne proposed a con, apt 'at ! '
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dations, referred to the minimum-weight computer programs

by Horne « Morris-' and Emkin i Litle”

.»' which consider

strength and sway requirements at the same time in a step

by step procedure.

A frame collapse method using the tangent stiffness was

proposed by Tranberg et al". This method can also in-

elude strain-hardening.

The benefits of strain-hardening were first examir, ' by

Horne?2'’-

2%ho suggested that for many structures strain-

hardening will be sufficient to overcome the tendency for

the carrying capacity to be reduced by frame instability,

for this purpose, Horne proposed a concept termed rigid-

plastic-rigid theory. This theory was examined by Medland

is,ae, who conducted experiments on pitched-rocf portal

frames which to some extent confirmed the rigid-plastic-

rigid theory for particular frames. Davies” discovered

additional limitations of the rigid-plastic-rlgld theory

associated with mode changes due to frame instability. He

concluded that, because of frame Instability, plasti-

theory must lose a good deal of its basic simplicity when

applied to tall slender structures.

Pankh28 considered axial deformations and resid.al

stresses, Davies” included for hinge reversal effects

and Korn & Galambos” allowed fm the reduction in plastic

moment capacity due to the presence of axial loads. For

symmetrical frames subjected to symmetrical vertical



loading, McNamee & Lu3l published a solution known as the
limit-load technique or small-lateral-load approach.

Wood32 developed the concept of the deteriorated critical
load. Other elasto-plastic computer methods were published
by Driscoll et al33, Majid3*, Je.mings & Majid35, Majid

& Anderson36, Cneong Siat Moy37 and Cohn & Franchi38

A "manual" preliminary design method based on the equili-

brium concept was put forward by Driscoll et al3l.

1.3.3 Subassemblage methods

Subassemblage techniques were developed in an attempt to
undertake a second-order, elasto-plastic analysis of multi-
storey structures without the aid of computers. Solutions
described by Chu & Pabacius'3, Lu-, Mosesl4d and Ojalvo

& Lu*2 seem to be more appropriate to single-storey frames.

Two representative methods suitable for a general frame are

a) The subassemblage technique suggested by Daniels & Lu*l
based on the research by Levi et al*2 for combined

loading.

b) The storey-stiffness concept by Cheong Siat Moy*3'**
applied to plastic analysis, for vertical and combined

loading.

Both methods consider a subassemblage consisting of a
column and its restraining beams. At the formation of
plastic hinges, either in the column or in the beams, re-

ductions in the restraining functions are introduced.
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In the method by Daniels & Lué4l a shear-displacement curve

is constructed for the entire storey. For a specified
apolied column load and column slenderness and for a given
beam restraining function, the moment at the top of the
column is determinea. From the corresponding rotation,

the compatible sway-displacement is computed, which in turn
is r lated to the shear force. The maximum acceptable hori-
zontal shear for a given vertical load corresponds to the
apex of the resulting combined displacement curve constructed

for the entire storey.

In the method by Cheong Siat Moy43,-u instability failire

is interpreted as the occurrence of zero or negative ccrey
stiffness. When horizontal loading is involved an incremental
load analysis 1is required relating the storey stiffness, the
change in sway and the variation in the beam and column
moments to the load increment. The mome.t changes are

added successively to give the total moment acting on the

beam and on the columns. When plastic hinges occur the

storey stiffness 1is reduced accordingly. In this way a

load-storey stiffness curve 1is obtained.

Cheong Siat Moy has pointed out that five possible types

of failure mechanisms may apply for each individual sub-
assemblage. Hence, despite the fact ttv' both subassemblage
approaches can be performed "manually", it appears that

they are cumbersome. It must be expected that a number of
different hinge locations will have to be investigated,

that moment calculations for beams and columns are required



for load Increments, and that a shear-dlsplacement or

load-stiffness path has to be constructed for each sub-

assemblage and storey. The lowest load factor for any

one storey Is adopted as the overall failure load factor

of the frame. It must be recognised that this procedure

can only result in an approximate failure load for the

general structure, since effectively no parameter 1is used

which 1is representative of the frame as a whole.

1,4 Omission of stability check in plastic design

The purpose of a second-order, elasto-plastic analysis 1is

v°® account adequately for the in-plane instability effects.

The P-A moments of unbraced frames have been identified as
the most important contributory factor to reduce the overall
strength and tB change the failure mode from plastic collapse

to inelastic instability. The need to consider the P-A

efrect in the design of steel frames has generally been
acknowledged¥5--6. This 1is even more relevant 1in the case

of plastic design because sway displacements will increase

rapidly once inelastic action has commenced. Since any

second-order, elasto-plastic analysis 1is time-consuming

and laborious, the designer would be interested to know

whether such an analysis is required in the first place.

Parameters have therefore been extracted from research

which categorise the class of frames for which the P-A

effect is small enough to be ignored. These parameters

have been described in the design codes and indicate to
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the designer which frames can be proportioned by a first-
order analysis, without the risk of failure below the de-
sired load level.

1.4.1 Low-rise buildings

The ECCS Recommendations5 and the British Draft Code B2C

give simple safeguards in terms of stiffness and sway limits

for single-storey frames and pitched-roof portals. If these

limits are satisfied, stability is guaranteed.

The American Design Specifications8 , AISC November 1978,
do not require a stability check for single or double-

storey frames with rigid Jjoints.

The Australian Standard, AS 1250-19755 , has based its re-
commendations on the research by Lu4 and dispenses with
stability checks for frames not exceeding three storeys,

provided the ratio of elastic-buckling load to plastic-

collapse load 1is at least equal to 3,0.

1.4.2 High-rise buildings

On the basis of Wood's modification of the original Merchant-

Rankine rule, the full plastic-collapse load may be realised,

when the ratio of elastic-buckling load to plastic-collapse

load exceeds a value of 10. This is justified by strain-

hardening and sundry composite action in buildings. It com-

posite action is included in explicit ways, the ratio should

be taken as 20. Wood's proposals were incorporated in the

EEEEEEEEEERIMP
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ECCS Recommendations and the British Draft Code B20.

1.5 Provisions for cladding

It is of interest to note that Massonnet46 queried the
omission of stability effects for low-rise buildings with-
out further safeguards, and the lack of provisions in other
codes 9-9 for cladding or oracing effects. These aspects

have been covered to some extent in the ECCS Recommendations.

Considerable research has been undertaken to establish the
interaction behaviour between steel frames and their
cladding “7-su. A more rational approach to account for this
beneficial influence was suggested by Wood3 and Wood &
Robertsss. They recommended that this effect should be in-
corporated by an equivalent elastic restraint at the beam
levels. This reduces the sway of the structure and enhances
the elastic buckling load of the system. Goldbergb6 demon-
strated that out-of-plane horizontal bracing can fulfil

a similar function.

1.6 The interaction methods

'vo interaction methods are mentioned in recent design
specifications as an approximation to the second-order,
elasto-plastic failure load of unbraced frames. Firstly,
the Merchant-Rankine formula* 2 and its modification by
Wood3 and, secondly, the design rule based on the research
by Lu¥*. However, both approaches are severely restricted

in their application in the codes. Furthermore, results
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obtained by the Merchant-Rankine formula are generally

considered as too conservative.

1-6.1 The Merchant-Rankine methodl'2 and Wood's modification3

In this interaction method the failure load of the frame,
PF, is obtained using the value of the plastic collapse load

Pp and the elastic buckling load PQ.

Wood has slightly modified the original Merchant-Rankine
formula to account for a minimum amount of strain-hardening
and restraining action due to composite Dbehaviour. This
modification would not be applicable when comparisons are
being made with bare frame solutions and when strain-

hardening is neglected.

The interaction curves proposed by Merchant-Rankine and Wood
are illustrated in Figure 1, which also shows the results of
theoretical studies on single-storey and two-storey frames
by Salem 7. 1In Figure 2 these curves are compared with the
theoretical solutions by Salem57 and Mosesl"“ and the ex-
perimental results by Low \ A further comparison 1is con-

tained in Massonnet's paperlb on the ECCS Recommendations.

The ECCS Recommendations and the British Draft Code B20
have limited the use of Wood's modified version of the
Merchant-Rankine method to ratios of Pp/PO0 < 0,25.

This boundary is also marked on both figures.
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Pf = Failure Load
Pp - Plastic Collapse
Load
Elastic Buckling
Lead
,0
44
, 8
Merchant-Rankine Load
,6
Wood
,2
0
P
FIGURE 1: The Merchant-Rankine load and Wood's

proposal compared with theoretically
obtained failure loads
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= 0,25
1
Wood
* 4
Ref. 14
o
Ref. 57
Ref. 58
Merchanc-
Rankine
0
0 1

FIGURE 2: The Merchant-RankIne formula and
Wood's modification compared with
tests and theoretical results

The reserva-ions which exist in regard to the use of th.
Merchant-Rankine formula are apparent from these comparisons
It is clear that the results are generally too conservative,
thereby requiring unnecessary strengthening of members. 1In
addition, the representation of frames subjected to a
multitude of different load arrangements can hardly be
justified by a mere combination of the plastic collapse

load and the elastic buckling load. Moreover, the impli-
cation that a frame at the elastic buckling load level,

when Pp/P" = 1, has a zero failure load ratio in terms of
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its corresponding plastic collapse load (P"/Pp = 0) can

at best lead to a lower-bound solution.

Because of its increasing inadequacy in the case of more
slender and flexible frameworks, the use of the Rankine-
based approximations have been limited to frames for Y ah
Pp/pQ does not exceed a value of 0,25. Frame solutions
falling above this ratio of 0,25 should be analysed by

more exact second-order procedures.

A more refined formulation of the Merchant-Rankine method
was suggested by Ltgtenberg*l. He proposed to use the
buckling load of the structure after the formation of all
plastic hinges but one, 1in place of the elastic buckling
load. However, the evaluation of this condition is in it-
self a tedious task and not easily identified for a frame

of practical importance.

The research project described in this thesis attempts to
eliminate some of the shortcomings of the Merchant-Rankine
methods without increasing the complexity of the procedure
unduly. The study will in particular focus on an improved
representation of the frame behaviour in the region where
the failure load approaches the elastic buckling load, 1i.e.
at high values of the ratios Pp/P" and pp/pO» To achieve
this, the nature of the applied loading has to be observed
and not just the elastic buckling load as in the case of

the Merchant-Rankine methods.
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Lu has evolved an approximate secvnd-vrdet Lol o p'ftu
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nodes 1s recognised.
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1.6.2 Lu's" design approximation

Lu has evolved an approximate second-order, elasto-plastic
design rule from a rigorous full-scale analysis of a symmetri-
cal portal frame with pinned bases and subjected to sy t-
metrical vertical loading. He subsequently suggested that
these results were also suitable for double—storey and

three-storey frames.

Lu's design graph is depicted in Figure 3 which also shows
the results of some theoretical calculations and model frame
tests for simple portal frames. Results for the failure
load P are obtained from the elastic buckling load Po and
the ultimate load P”. The term P” 1is not the plastic
collapse load Pp used in the Merchant-Rankine formula.

is defined as the ultimate loai of the frame, determined
by assuming that the frame is prevented from sway]j , and
that failure occurs as a result of instability of the column
members. Conveniently, P® is obtained by making reference uo
prepared tables or graphs60, which relate axial force and
column-end moments for a particular column slenderness ratio.
The applied column-end moments and the corresponding axial
forces must not exceed the permissible wvalues of the rele-
vant beam-column curves. Hence, the computation of Py
will usually result in an iterative procedure. By using
the ultimate load V[ rather than the plastic collapse load Pp
allowance 1is made for member instability on a direct
basis since the occurrence of plastic hinges between the

nodes 1is recognised.



17

1,0
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0

FIGURE 3: Lu's design rule compared with
tests and theoretical results

The straight line passing through and G* in Figure 3

is given by

PF PrF
p- + 3T = 3,4
0 U

Where Pp/P0 is less than 0,4, the failure load F, will
equal and for conditions Pp/P" < 0,8 the strength of
the frame is determined by the elastic buckling xoad P".
For cases 0,4 < Pp/PO < 1,0, the failure load is calcu-

lated from the linear expression given above. The resulting
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value for must at least equal the factored working loads.

It can be seen that theoretical results and model tests

plotted in Figure 3 are in good agreement with the pro-

posed design rule.

However, the following comments can be made:

a) The Jraph is only applicable to vertical loading.

'9 The graph is based on a theoretical analysis of a
portal frame with pinned bases and different curves
may be required for other base conditions and for

multi-bay and multi-storey structures.

c The rule does not apply to any deviation from full
symmetry. This includes geometry, stiffness, loading

and imperfections.

d The evaluation of the failure load necessitates the
knowledge of P.., the ultimate load of the frame. This
may require the calculation of the full bending moment
diagram for the frame and may result in an iterative

procedure.

1.7 P- effects in "stress-controlled' design

The reason for covering the P-A aspect in the context of
"stress-controlled" design 1is twofold. Firstly, in this
research project, as well as in traditional P-A provisions

in "stress-controlled" design, use is made of the elastic
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buckling load as a principal parameter. Secondly, a ¢ .dy
01 present elastic P-A techniques would be helpful in for-
mulating an approximate analytical procedure as a complemen-
tary alternative to the computer and graphical solutions

developed for this research.

Ahe origin of "stress-controlled" design, as it is used
in various design specifications , 1s found in the
ultimate-strength, interaction curves of beam-columns
analysed into the plastic range. Thes' codes propose the
following equations 1in ultimate strength form for the
design of a beam—column. Equivalent expressions Ce.n be
formulated in terms of working loads.

M = MpC = Mp for O<A«; < 0,15 EQON. 1

1,18 Mp fl : for 0,15 < rr'< 1,0 EOQON. 2
Y Ccy

M = MpC

< 1,0 EQN. 3|

The wvarious terms in Equations 1, 2 and 3 are:

P and M = Axial load and end moment defining a point

on the ultimate strength interaction curve.

P B ultimate axial load that can be supported
cr
in the absence of moment. Based on a safety
factor and an allowable stress related to

the relevant effective length.
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= Elastic buckling load for the member in the
plane of M, usually derived on the basis of

the effective length.

1
1- p = Amplification factor for moment.
Mp = Fully plastic moment capacity of section.
npC = Reduced plastic moment capacity to account
for axial load effects (Equation 2).
= A fy = Yield load of a member with cross-
sectional area A and yield stress fv.
n = Factor, wused to allow for the shape of the

bending moment diagram along the length of

the member.

The mechanics and implicat.ons of "stress-ccntrolled" P-A
design are best demonstrated by comparing a first-order
and a second-order analysis with the relevant provisions
of Equations 1, 2 and 3. For this purpose reference has
been made to the graphs of Figures 4, 5 and 6, which were
derived by Wood et al6l'62. These figures give the results
of various analyses for columns subjected to an axial
load, P, and a transverse load, H. The column, which is
pinned at the base and restrained by a rotational spring
at the top, 1is shown in the inset to Figures 4, 5 and 6.
The spring represents the restraining action of beams as

the column undergoes a sway A. In the deformed position
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the c¢ t-end moment is Mc = Hh + PA. The value G re-
presents the ratio of column to beam stiffness and r is
the radius of gyration of the column section in the plane
of bending. Three different combinations of column

slenderness X = h/r and stiffness ratio G are considered.

Moy
1,0
Egqn.3 Sway Prevented
0,8
PA

0,6
P_
F, Egn.3 Sway F »d

0,4 X X

'"Egn.2
0,2
0

Mp

FIGURE 4: Interaction relationship, h-4npr, '*2
(Reference 62)
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the column-end moment is Mc = Hh + PA. The value G re-
presents the ratio of column to beam stiffness and r i—

the radius of gyrat on of the column section in the plane

of bending. Three afferent combinations of column
slenderness X = h/r and st ffness ratio G are considered.
1,0 X @
Egn.3 Sway Prevented
&
0-8 -
0,6
P
P, Egn.3 Sway Permitted
0,4 1

McHr + PA

0,2 \
1Egn. 1
0 1
0]2 oT4 0,6 0,8 1,0
MC
MP

FIGURE 4: Interaction relationship, h=40r, G 2
(Reference 62)
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Egn. 2

.3 Sway Prevented

PA

Egn.3 Sway Permitted

MCHT + PA }-Eqn.1

e

FIGURE 5: Interaction relationship, h=60r, G=2
(Reference 62)

P
1,0
0.8 Egn.3 Sway Prevented
1
0,6
0,4
0,2
Egn.3 Sway Permitted
Eon.l1l
0 0,4 0,6 0,8

FIGURE 6: Interaction relationship, h=4Cr, 0=10
(Reference 62)
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The upper solid lines in Figures 4, 5 and 6 represent the
carrying capacity of the three subpssemblages based on a
second-order, elasto-plastic analysis. The lower solid
lines indicate the permissibl2 corresponding axial force
and moment ratios in terms of first-order principles.
Thus, the difference between the two solid lines is a
measure of the actual P-A effect. The results of Equations
1, 2 and 3 are also shown in Figures 4, 5 and 6. The upper
dashed lines in the diagrams represent the solutions of
Equations 1, 2 and 3, the latter incorporating an ampli-
fication factor applicable to the sway-prevented case.

The lower dashed curve represents Equation 3 evaluated on

the basis of the sway-permitted model.

The following findings with respect to the P-A provisions

are self-evident from the diagrams of Figures 4, 5 and 6:

a) A second-order analysis provides directly for the P-a
moments. In this instance, Equations 1, 2 and 3 (the
latter based on the sway-prevented case),will usually
predict the failure behaviour adequately, provided the
column slenderness 1is moderate and the restraining
beams are substantial such as in Figure 4. In fact,
this approach is slightly unsafe since the capacity
predicted by the interaction equations e eeds the

actual capacity represented by the upper solid line.

b) For more flexible subassomblages (Figures 5 and 6)

and higher load ratios, P/Py, the same procedure may
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overestimate the member capacity by a considerable
margin, since the full strength of the section cannot

be utilised.

If the structure is analysed on a first-order basis,
the P-A moments are initially ignored. Compensation
for overall-stability is then provided by sizing the
column on the basis of the effective length factor
applicable to the sway-permitted model (lower dashed
lines in Figures 4, 5 and 6). The relevant curves
suggest a conservative result. The first-order moment
Mc permitted on the structure (lower dashed 1line) is
less than the moment = Hh/2 which could be accepted

for a given ratio of P/P.,.

If ¢ first-order analy 1is 1is used as a basis for design,
no recognition is given to the fa :t that the P-y effect
increases the beam moments as well as the column moments.
This may lead to a reduction in safety for structures in
which the P-& effect is significant. The designer is
also misled in believing that an increase in column size
is the best remedy in order to improve the structural
efficiency. However, in the general case, a stiffen

beam would be more helpful. This was confirmed for
numerical examples by Cheong Slat Mcy61-64 and
Liapunové65, who also warned that the use of high strength
steel would have a particularly adverse effect on sway

and ultimate strength.
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e) Actual columns in rigid multi-storey frames are con-
verted into equivalent pin-ended struts using their
elastic buckling load as the reference parameter,

A wrong assessment of the elastic buckling load may
lead to a considerable error in evaluating the strength

of such a member.

The above points are amplified by a number of research
findings. Based on comparisons of seven representative
frames, designed in a number of different ways, Cheong Siat
Moy et al66'67 in two studies and Lu et al68 in a further
investigation concluded that instability may be ignored

for "stress-controlled" designs according to the AISC Spe-
cifications , provided the following conditions are satis-

fied for the case of uniformly distributed loading:

i) The storey stiffness i1s such that A/h < EH/9EPS,
in which,

h B Storey height

IPg = Total vertical load on storey at working loads
EH = Total shear on storey at working loads
A = First-order relative sway of storey due to EH

ii) At working loads, the bending moment due to distributed
loads w on a beam, taken conservati ely as the fixed-
end moment wL:/12/ mus- be greater chan 25 per cent

of the berm moment due to lateral Iload.

iii) The column stress ratio is such that f£*/p”® < 0,75,

where,
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f = Average axial compression stress due to vertical
a
loads

p W Allowable compressive axial stress 1in the absence

of moment, based on h/r
iv) The maximum in-plane column slenderness h/r < 35.

If conditions 1) and 1ii) are satisfied, designs based on
the AiSC Specifications will result in frames which have
failure load factors for combined loading greater than the
specified value of 1,30. mhe other two constraints prevent
premature hinge formation in the column members. Similar
recommendations were subsequently proposed by Cheong Siat
Moy 63 when he investigated the relevant design method of

the Australian Standard, AS1250-1975.

The above limitations are possible due to the intrinsic
conservatism of "stress-controlled" design approaches.

It lies in the nature of Equations 1, 2 and 3, that practi-
cally the attainment of a plastic hinge at one location

in the critical member is assumed to correspond to failure

of the complete structure.

Cheong Siat Moy66-67 and Lu et al66 designed a numner of
frames 1in accordance with "stress-controlled" methods

and subsequently analysed the same frames on a second-order,
elasto-plastic analysis basis. These studies revealed

that the particular frames had a further strength reserve

of between 15 and 35 per cent, with an average excess of

20 per cent. Cheong Siat Moy66-67 and Lu et al69 concluded
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that frames of the nature investigated, which meet the
limitations above, will develop P-A effects which can be
absorbed by this extra strength margin. The omission of
the P-A moments, and a first-order analysis procedure

would then suffice.

Where the above limitations are exceeded two approaches

are possible:

V) An elastic second-order analysis. This may be done
by making use of a full-scale computer analysis, by
employing the concept of storey-stiffness advocated
by Cheong Siat Moy'“' or by modifying the results of
a first-order analysis as demonstrated by Wood et alsl

and McGregor & Hage69.

vi) A first-order analysis and implicit P-A provisions on
the basis of the effective length concept applicable
to the sway-permitted case. Cheong Siat Moy et al66<67
and Lu et al*3 confirmed for seven representative

frames that this approach is usually safe.

The strength margin and safety scatter identified for
"stress-controlled" design methods would not be relevant

to second-order, elasto-plastic analysis techniques, which
provide a more economical structure with a consistent factor
of safety against failure. However, in this context it
should be noted that design provisions based on a sway

limit at working loads were found to govern the design of

the structure when compared with either "stress-controlled"
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or plastic design procedures s“,eot

Cheong Siat Moy61l demonstrated on a Jrame designed to the
Australian Standard, AS1250-1975, that the approach out-
lined in point wvi) 1is not always conservative. He con-
cluded that the P-A effect may be underestimated from a
first-order analysis when axial forces are large enough
to influence the frame stiffness significantly. He sub-
seouently proposed a revised design interaction ormula,

direct.lv incorporating the actual second-order moments

A further magnification effect to the P-A moments can be
attributed to member yielding6:. Theoretically, the P-A
forces should thus be based on deflections that exc I
those calculated by elastic analysis. However, because
of the conservative nature of the column design procedure
(Daniels71) and since elastic beam action does not seem
to reduce the overall frame stiffness significantly
(Ramirez72), Wood et al6: concluded that this effect may

be ignored in "stress-controlled" design.

A fair amount of criticism has recently been voiced in
connection with the implicit P-A provisions based on the
effective length concept or the elastic buckling load.
This arises firstly, because of the inability of repre-
senting the true behaviour of a frame by its elastic
buckling load. In addition, there are the problems in-
volved in 1i.ndiny correct effective length wvalues from

alignment graphs or equivalent formulae. For a number of
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sway frrmes Kuhn73 and Kuhn & Lundgren74 have compared
the results of typical effective length charts as used

in various Ign codes 1-10 with rjgorous elastic stability
solutions. They noted that the chart solutions often de-
viate by as much as 20 per cent from exact solutions and
identified several instances of variations as large as

50 per cent, and in one case even 74 per cent. They con-
cluded that modifications to the basic effective length,
as suggested by the Structural Stability Research Council
(SSRC) 75 7 , had no effect on these results and advised

a cautious use of the alignment charts. The implications
of a 50 per cent error in the effective length on the P-A
effect may be assessed by comparing Figure 4 and Figure 5
for a given ratio P/P,,. For the more slender column of

Figure 5, the i moments are approximately doubled.

In another publication Lind77 demonstrated that different

analysis techniques may lead to vastly different results
the,elastic buckling load. He recommended that current

tie ign methods should be adjusted to include for selfweight

and load redistributio.

Cheong Siat Moy! maintained that effective length factors
will never be able tc account properly for such effects

as semi-rigid connections, partial yielding, initial storey
eccentricities, ixial beam loads, foundation settlement,
non-uniform temperature and strain-hardening which all have
a direct influence on the sway and thus the P-A moments.

On these premises, and referring to the essays on the
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effective length by Grier78, he developed his proposals

for a frame design without the use of the effective length
concept to account for the P-A effect"0. In a further
study, Cheong Siat Moy79, utilising his own storey-stiffness
approachshowed that secondary effects such as those

mentioned above can be included in a rational way.

In discussions on Cheong Siat Moy's design of frames with-
out the effective 1length, v.d.Woude, Johnston and Zweig8l
agreed that limitations exist but argued that the effective
length concept nevertheless fulfills a useful role in many
other ways, e.g. 1in selecting the relevant factor of safety
and in accounting for membf.r instability. Johnston76,
writing about the Third SSRC Guide, referred to the five
possible modifications offered by the SSRC Guide to provide
for unsymmetrical frames, unsymm» crical loads, column base
conditions, semi-rigid connections and inelastic action.
Inelastic effective length factors were pioneered by Yurab2

and further investigated by Disque83.

Iffland"" pointed out that the effective length concept has
an extremly weak theoretical and empirical Jjustification
when used to account for the influence of the P-A effect

of the entire frame on a single member. This statement

has been confirmed by the results of exact second-order
analyses of frames designed in accordance with the effective
length approach. Wood et al6él and Cheong Slat Moy et aléb
clearly exposed the erratic nature of the effective length

provisions.
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In a further study, Liapunové65 emphasised the importance

of assessing the correct conditions at the column bases.
In this context he demonstrated the effects of an incorrect

assumption on the analysis of a 32-storey, three-bay frame.

It is obvious from the above literature survey that the
effective length concept is unreliable in certain cases.

Moreover, it appears that the elastic buckling load is

better evaluated from first principles, when required in

a design situation. Many technic-es are available for this

purpose. A simple and apparently very successful method,

based on the first-order storey sway or storey stiffness

respectively, was suggested by Rosenblueth , Goldberg

14
Stevens97 and lately by Cheong Siat Moy'5% A similar
approach, using the sway deflection of frarras initially

proportioned to satisfy a sway limit, was recently endorsed

by Anderson98 for use in the Merchant-Rankine formula.

1.8 Choice of research and objectives

1.8.1 Choice of problem

The preceding sections give an insight into the provisions
for frame stability in plastic and "stress-controlled"

design. It becomes apparent that a need exists for a more
accurate and comprehensive approximate second-order, elasto-

plastic analysis procedure for unbraced and partially-

braced rigid frames.
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The only codified method presently available is the Merchant'
Rankine interaction approach of the ECCS Recommendations and
the British Draft Code, B20. This approach is known to

be conservative and only covers frames for which the elastic
buckling load is at least four times the plastic collapse
load. This requirement, in many cases, compels the designer

to resort to more complex analysis techniques.

Another interaction procedure, developed by Lu, has only
been proven for unbraced symmetrical portal frames with
pinned bases and subjected to symmetrical vertical loading.
Lu allowed for the pre-buckling bending moments caused by
loading applied between the ends of members. This is a
case corresponding to the special condition of "Symmet.:y
Buckling". 1In this thesis, the term "Symmetry-Buckling"
refers to frames which are characterised by symmetry in
regard to geometry and loading and which fail in a sway

mode when analysed elastically for buckling.

Other approximate second-order, elasto-piastic analysis
techniques published in the literature are based on the
subassemblage concept. They require a step-wise approach
and the plotting of load-displacement or load-stiffness
diagrams and appear to be lengthy in comparison with the

interaction methods.

In developing the objectives of this research project,

recogniti n had to be given to the following points:

a) An interaction method based on estimating the failure
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c)
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load by the loss-of-stiffness principle and similar in

procedure to the Merchant-Rankine rule would be desirable.

This approach promises to be simple and dispenses with

moment and/or stress calculations in the plastic range

in establishing structural stability.

A consistent and generalised approach covering all types

of unbraced rigid frames would be essential.

Accuracy would be of prime importance to improve on

the results obtained from the Merchant-Rankine formula.

However, this should be achieved with 1little increase

in the complexity of the method in general.

It would be untenable to make implicit provisions for

the P-A effect in the elastic or inelastic range

using a concept based on the effective 1length, such

as the moment-magnifier approach in "stress-controlled"

design.

Where the elastic buckling lead is required in the
analysis, an evaluation based on first principles or

the storey-stiffness approach would be superior to

results derived from effective length or related charts.

A computer analysis should remain simple and should
therefore be performed on a limited frame, provided

the necessary accuracy 1is maintained. A subassemblage

approach would facilitate a graphical presentation of

results for "manual" use, 1i.e. a method without the

need of the computer.



q) A subasseu-blage technique would enable the designer
to concentrate on critical portions of a frame which
can often be identified by inspection of the practical
structure. Repetitive or less critical sub-sections
of the same framework are then covered by one sub-
assemblage analysis. This will reduce data compilation
and computer time and will speed up a "manual"

assessment.

h) Recognition should be given to the restraining effects

of cladding and allowance should be made for different

types of base restrain -.

i) For symmetrical structures and loadings cognisance

should be given to the special case of "Svmmetry-

Buckling".

J) It would be desirable to outline an alternative,
approximate analytical procedure to cover cases which
have not been presented in graphical form, where

possible, this technique should be based on established

analytical concepts.

1.8.2 Objectives of this research

The principal objective of this research project has been
to develop an alternative, approximate second-order, elasto-
plastlc analysis procedure for the plastic design of un-

braced and partially-braced, rigid steel frames.



Suitable mathematical formulations havr been aoriv.a ana

a relevant computer program has been developed ana (r.tea.

A graphical presentation of certain solutions, h*., t*evn

prepared and an analytical approximation outlined. Teoex

method of analysis proposed in this rcsoai.h has beru

compared with research results of other studies. A series

of Lurpose-made, small-scale model frames has been tested

to confirm the proposed design curves.

The investigational procedure followed 1In c0.«pU»l*ent

of the various research objectives Is briefly outlined below.

1.9 Investigational procedure

a) Description of principles and derive,Ion of proposed

design curves.

b) Choice of suitable subassemblages for analysis purposes,

C) Mathematical analysis Of subasBf-mblagen covrMng

ventional buckling, "Symmetry-Buckling" and Mm

order elastic state o0f stress corresponding *o loading

related to the elastic buckling 1load.

d) Development of the computer program.
e) Description of the design prooeiir*,
)

comparison of the proposed met od w:th b''

theoretical results and /perirent : work by o'

researchers.
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Suitable mathematical formulations have been derived and
a relevant computer program has been developed and tested.
A graphical presentation of certain solutions has been

prepared and an analytical approximation outlined. The

method of analysis proposed in this research his been
compared with research results of other studies. A series
of purpose-made, small-scale model frames has been tested

to confirm the proposed design curves.

The investigational procedure followed in the accomplishment

of the various research objectives is briefly outlined below

1.9 Investigational procedure

a) Description of principles and derivation of proposed
design curves.

b) Choice of suitable subassemblages for analysis purpose.

c) Mathematical analysis Of subassemblages covering con-
ventional buckling, "Symmetry-Buckling" and the second-
order elastic state Of stress corresponding tO loading
related to the elastic buckling 1load.

d) Development of the computer program.

e) Description o0f the design process.

)

comparison of the proposed method with previous
theoretical results and experimental work by other

researchers.
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confirmation of the design curve shape by comparison

with results obtained from the testing of purpose-

made model frames.

Derivation o0f parameters and design aids for a

"manual" design technique.
outline of an approximate analytical procedure.

conclusions and some recommendations for future

research.



37

CHAPTER 2

THE PROPOSED ANALYSIS TECHNIQUE

2.1 General Principles

The proposed method is based on a multi-curve, inter-

action approach, incorporating the plastic collapse load

on the one hand and certain elastic failure parameters on

the other hand. They are combined in empirical curves in

order to cover the inelastic instability range of the

structure.

For a specific frame and loading, it will be necessary

to identify the relevant curve on the interaction diagram.

Each curve represents the behaviour of an infinite number

of frames, all of which have the same value of a para-

meter which is referred to in this thesis as the "limiting

slenderness ratio". The "limiting slenderness *atio" 1is
based on the elastic response of the frame to loading

which is related to the elastic buckling load. The position

on this curve of a particular frame within this group of

frames is identified by the ratio of the plastic collapse

load, Pp, to a load related to the elastic buckling load

of the frame, ctPy.

For the general case of a multi-storey, multi-bay framework,

the plastic collapse load is calculated from a full-scale

analysis of the complete structure, whereas the correspon-
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ding elastic buckling parameters are evaluated for each

of the relevant subassemblages contained in the structure.
The combination of plastic collapse load and e astic para-
meters leading to the lowest failure load is then identi-

fied. This is the way the method is used in this thesis.

In addition, it is also possible to employ the principles
of the method developed in this study to determine the
failure load of the various subassemblages contained in
the cramevork. For this purpose, the plastic collapse
load and the elastic parameters would both be evaluated
on matching subassemblages. The significance of this
approach will briefly be referred to in section 3.2,

paragraph c) .

2.2 Interaction curve
2.2.1 General

Initially, the underlying principles and theory of the
proposed interaction curves will be developed. A detailed
description of how to derive the individual curve shape
will follow in the next section of this study. A typical
interaction curve applicable to a specific group of frames

is shown in Figure 7.



39

s 1'a
20"
M
H
ab
H
H
FAILURE LOAD/LOAD RELATED
TO ELASTIC BUCKLING LOAD aPb
FIGURE 7:

Interaction curve

in Figure 7, the failure load P, of a frame is presented

as a function of the plastic collapse load Pp and a load

oPO, in which PO is the elastic hue <ing load of the frame

and a a reduction factor. The purpose and significance

of the reduction factor a will be explained at a later

stage.

section X-Y of the interaction diagram of Figure 7 signi-

fies elastic failure, for which the ratio PF/aP0 must be

equal to ’,0. For failure unaffected by instability, the
ratio P /P,

reaches a maximum value at point Z as the
F P
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ratio P /oP0 approaches zero. A value somewhat lower than

P., may be reached near point Z if the reduction in fully
plastic load due to the presence of axial forces ana

initial imperfections is allowed for. The inelastic

failure behaviour between these two extremes 1s represented

by the curve between points Y and Z. The curve shape, which

is empirical, will be further discussed when th ¢ detailed

derivation of the interaction curves 1s examined.

Point Y at the right end of the curve marks the transition

between elastic failure and inelastic instability. Further-

more, a point on the curve between Y and Z is identifiable

by the radial line of slope ctPg/Pp through the origin of

Figure 7. It will be shown that a curve such as that given

in Figure 7 applies to a specific group of frames, char-

acterised by common intersection points Y and Z.

Initially, a failure curve wi.ll be examined in more detail

for the special case of "Symmetry-Buckling". Subsequently,

the findings will be extended to cover the general frame-

work .

n.2.7 Symmetrical conditions

For demonstration purposes the symmetrical pinned-base

portal frame of Figure R is investigated. The frame is

subjected to symmetrical beam loading and has uniform

beam and column properties. The given loading, Q, refers

to the ultimate 1limit state? i.e. factored working loads

are considered.
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The following sections of this chapter, up to section

2.3.4, only refer to structures in which the beam and
columns have the same inertiis. Equations 4 to 9 are
applicable to tnis case. The implications of a difference

in the inertias of columns and beam will be examined in

section 2.3.4.

Because of the symmetrical geometry and loading, the be-
haviour of the frame given in Figure 8 would be that
"Symmetry-Buckling". When considering the case of
"Symmetry-Buckling", the pre-buckling deformations cue
to the applied loading are allowed for. The vaKn
applicable to this condition (see Figure 7) is ecual

tc 1,0.

@)
Il

gL

: A
pin * rin

nh

FIGURE 8: Frame example



42

Ignoring the influence of axial member forces, the frame

of Figure 8 has a plastic collapse load Pp of

16Mp lefyZp
PP = “nh nh

where M, is the plastic moment capacity of tne section.

The moment Mp can be related to the yield stress, fy,
and the plastic * ction modulus Zp, which in turn can be
expressed as the elastic section modulus Zy multiplied
by the shape factor k~*. For symmetrica], sections it

follows that:

zZp KX2Yy = f

where I is the second moment of area and d the depth of

the section.

The depth of the section is related to the radius of

gyration, r, about the axis f bending by the factor <2-

Hence, the following expression for Pp 1is obtained:

The elastic buckling load PQ of the frame 1is evaluated
from basic principles. This load will have the same arrange-

ment and location as the applied ultimate 1load, Q, 1i.e.
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uniformly distributed for the example of Figure 8. The

buckling load PQ may be expressed as follows:

v
PO = Tv” EI
where and the buckling load itself, is a function of
the beam and column stiffness, the conditions at the column

bases and, to a lesser extent, the load arrangement.

For given base and loading conditions, ttr is simplified
to a function of the ratio of beam to column length, pro-

vided the inertias, I, are uniform.

mo ' £ (n ' K>

The ratio P"/Pp of the given frame assumes the following
form, if A= h/r 1is substituted as the column slender-
ness ratio:

PO E<2mo"n 1

Pp - 32T°T1 X EON. 4

It has been mentioned that one such interaction curve as
shown in Figure 7 applies to a certain group of frames,
and that this group is identified by a common intersection
point Y. The particular frame corresponding to the tran-
sition point Y will be designated as the "limiting frame"
within a specific group of frames. This "limiting frame"
is characterised by a column slenderness which is called

the "limiting slenderness ratio" , Af. The "limiting frame"



is similar to the actual frame in regard to the frame con-
figuration and the load arrangement. Moreover, if sub-
jected to its elastic buckling load PoV it will develop

a stress corresponding to first-yield at a particular

critical section.

If Equation 4 1is relevant to frames falling on the curve
of Figure 7, it also applies to the "limiting frame"
corresponding to point Y. For the limiting i.rame
Equation 5 is obtained from the expression given in
Equation 4. All parameters specifically referring to

the "limiting frame" will be given the additional

suffix K) .

% = t | EQN- 51

In Equation 5 the plastic collapse load of the "limiting

frame" has been assumed as

32fYI<K]
PT <2rnh;

This expression presumes that plastic failure occurs in

the same mode for both, the actual and the "limiting frame
that the hinge locations are identical and that the effects
of axial forces on the elastic moment capacity of the
section are negligible ,.c2 assumptions, which are satis
fled for the problem of Figure 8, will be further examined

in sections 2.2.5 and 2.3.4 of t. chapter.
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A group of frames represented by a specific curve as
shown in Figure 7 will have the same ratio (PO/Pp),.
This is generally accomplished by keeping the "limiting
slenderness ratio",A,, as well as the first term in
Equation 5, constant for all frames of a particular group.
Thus, Equation 5 defines the parameters of a specific
group of frames. Furthermore, frames other than the
"limiting frame", but lying on the same interaction curve,

are then related to their "limiting frame" by Equation 6.

By varying the column slenderness ratio from A=0 to

A=A., the whole range of frames is considered in terms

of the radial lines of slope, PQ/Pp. The relationship
between the actual and limiting frames as defined by
Equations 4, 5 and 6 is further illustrated in Figures 9a

and 9 for the problem of Figure 8.

As required by the previous definition, none of the para-
meters contained in the first term of Equation 5 has been
altered in the transition from the actual frame to the
"limiting frame" and, in addition, Equation 6 1is satis-

fied.



46

POf£ POLLE

<e

PO£

= ECEH H M Yo
B S

(@]

mo

PPL

pin pin pin pin

FIGURE 9a: Actual frame FIGURE 9b: "Limiting frame"

A further requirement, namely that of constant X, for
a particular group of frames, 1is demonstrated for the
frame of Fijure 10 wusing the results of second-order

stress computations.

Example:

A symmetrical pinned-base, portal frame is subjected
to a uniformly distributed beam loading of intensity d.

All other salient parameters are given in Figure 10.
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£Y 250 Mna
d 4 0mm
1,48
mo
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h = 0,333m E =3

40x40 A 1,6*10 '"3n2
mm
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pin
X p = 28,83
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L = nh = 1,0m 0’2133*10 Wk

2,06*105 MPa

=

FIGURE 10: Demonstration of "limiting
slenderness ratio"

Tho buckling parameter #7=1,48 has been obtained from
a computer analysis for a frame with a ratio of beam to
column length n=3. From this follows the buckling load

of the actual frame

PO = POL = (pr) EI = 868 KN

The critical section of the frame is section 1-—1 of
Figure 10. Loading the frame of Figure 10 with 17=868 kN
results in the following bending moment for the critical

section using a second-order elastic analysis:
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The. formula for the "limiting slenderness ratio",

is derived in a later chapter of this thesis (section 6.2),
and will be used here without further verification. At
this stage, it is sufficient to point out that the "limit-
ing slenderness ratio" can be expressed as a function of
the properties and forces of the actual frame when sub-

jected to loading related to its elastic buckling load Py.

M h d
£ ~ I fY 2r

\ - 752

The "limiting frame" will have theproperties and con-

figuration of the actualframe , with the only difference

that
h; =h *9-= 8,69 m
L.=L — — 26,08 in
This result 1is now put to the lest. It needs to be

shown that the "limiting frame" attains a stress of 250 MPa
at section 1-1, when subjected to its own elastic buckling
load POj. The buckling load for the "limiting frame"

amounts to

The wvalue n0=1,48 1is also applicable to the "limiting frame".
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The bending moment at section 1-1 of the 1llimiting frame"

due to PO .=1,28 kN has been calculated as

Ny 2,66 kNm

For this moment, the corresponding stress at section 1-1

becomes

ft,i-1 W 250 hlPa

It can easily be verified that other frames, similar to

the portal frame of Figure 10, would yield the same "limit-
ing slenderness ratio" of X*= 752, e.g. retaining n=3 but
changing the length L to 0,75m, or keeping L at 1,0m but
chancing the cross-section to 50x50mm, will also result in
\r= 752. All these frames will have a different PO/Pp -
ratio as X changes. At the same time, the two terms of
Equation 5 and thus the ratio (P0/Pp); of the corresponding
"limiting frames" remain unaltered. This proves that an
infinite number of frames with a common "limiting frame"
may be accommodated on a particular interaction curve,

such as that given in Figure 7. Furthermore, a specific
frame of a certain group of frames is distinguishable by
its ratio P*/Pp, which in turn is proportional to the in-
verse of the column slenderness X. The easiest way to
generate a specific group of frames is to modify the
absolute member lengths L and h but keeping their ratio n

constant so that the frames are geometrically similar.
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2.2.3 Non-symmetrlcal conditions

For the case of "Symmetry-Buckling”™ a specific "limiting
slenderness ratio" X? and load ratio (Pg/Pp)% can be
identified at point Y of Figure 7. This is only possible
because "Symmetry-Buckling" 1is characterised by true load
bifurcation at tne elastic buckling loads PO and PQ, .

This 1is further illustrated in sectiu i 6.1 of this thesis
which deals in detail with the derivation of the "limiting

slenderness ratio" for this case.

For conditions not qualifying for the case of "Symmetry-
Buckling ", the "limiting slenderness ratio" X% would tend
to infinity for loading corresponding to the elastic buck-
ling load Pg . The reason for this can be found in the
nature of the associated load-displacement curve which is
not characterised by load bifurcation. To obtain a finite
stress and slenderness ratio corresponding to elastic
failure, a reduced load aPQ and aP” (a<1,0) willbe nomi-
nated as the fictitious "elastic buckling load". The de-
tailed derivation of the "limiting slendernees ratio" X%
and the factor a will be dis ussed in section 6.1 of this
thesis. At this stage, it is sufficient to point out that

a will be related to the "limiting slenderness ratio",

The reduction of the elastic buckling loads PQ and P*

to aPQ and aP” for non-symmetrical cases has been found
to be a safe approximation as illustrated in Figure 11.
This manipulation of nominating a fictitious "elastic

buckling load" below the actual elastic buckling load
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would qualitatively change the failure curve from the

dashed curve X-Z to the solid curve Y-Z in Figure 11.

FTcnnK 1 : Effect of reduced buckling load

The failure load corresponding to a point Y1 for the full
will be greater than the failure load for a pcint Y

which belongs to a reduced load aPQ. This h,s been con-

firmed by computer evaluations for progressively increased

values of a. It has also been observed that for frames

of practical proportions the consequences of using slightly

different values of a for a given problem is not significant.

In the same context, it must be remembered that the assump-

tion of infinite displacements and thus infinite slenderress
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ratios at the instance of elastic buckling is not a
realistic one. This is only due to the linearised
mathematical approach usually adopted to solve the problem
of elastic buckling. If the effects of axial member
shortenin': and range displacements were allowed for, a
finite stress and deformation state corresponding to the
full buckling load could also be identified for non-

symmetrical cases.

Thus, except for the reduction factor a, non-symmetrical
cases may be treated in the same way as the special case

of "Symmetry-Buckling". The fact that curves such as shown
in figure 7 are relevant for both cases has also been con-
firmed by comparisons with results from other research

(Tables 6/1 and 6/2).

The frames and loadings applicable to the actual and limit-
ing conditions of non-symmetrical cases are illustrated in

Figures 12a and 12b.

It is of interest to recognise that tne "limiting fra "e"
is subjected to the same arrangement of loading as the

actual frame md that the load ratios, n”, are retained.
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FIGURE 12a: Actual frame FIGURE 12b: "Limiting frame"

As for the case of "Symmetry-Buckling", the fictitious
"elastic buckling load" aPQ can be related to the plastic
collapse load P . For the frames of Figures 12a and 12b

the following expression is valid:

aPbPo aE<2m0 2 (n+4.") 1
|[EQN. 71

and for the "limiting frame", assuming a mode of cdlapse
identical to the actual frame and ignoring the effect of

axial forces.
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FIGURE 1Za: Actual frame FIGURE 12b: "Limiting frame"

As for the case of "Symmetry-Buckling", the fictitious
"elastic buckling load" aP0 can be related to the plastic
collapse load P . For the frames of Figures 12a and 12b

V «
the following expression is valid:

aPO0 akE<2m0 2 (n+4n")

[

|[EQON. 71

and for the "limiting frame", assuming a mode of collapse
identical to the actual frame and ignoring the effect of

axial forces.
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aE<9%9m?2 (n+4ni) 1 [EQN. §;
aPO0s.

p- = 32fyKi

Actual and "limiting" frames ara then related b\ the

following expression:

abq _ \ |[EQN. 91
P &
or falling on a particular interaction curve
Iquation 8 must furnish the same numerical value. This

IS achieved by keeping the first term of Equation 8 con-
stant for Identical "limiting slenderness ratios"1%.

Since the factor o is indirectly related to Xv it will
also remain unchanged as long as '~ 15 constant,

easiest way to generate a specific group of frames is to
alter the column slenderness ratio X in Equation 7, whilst
maintaining the dimensional ratio n=L/h and the load ratio
n . This will neither influence the factor a nor the
"limiting slenderness ratio", X*, nor the elastic buckling
load parameter, mO- This has been confirmed by a computer
analysis, the results of which appear in a later chapter

Oof the thesis (Table 9 of chapter 10).

2.2.4 Multi-curve diagram

In the preceding sections a particular Interaction curve
was defined by its intersection point Y on the right axis

of the interaction graph. The position of this intersection
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c, P01 o) = aE” mn2 (n+4nl) L

PFPL Vn Vi X1

Actual and "limiting"

| EQN- 81

frames are then related by the

following expressions

,aPrA Xil [EQN. 91
gT" = e u

For frames falling on a particular interaction curve

Equation 8 must furnish the same numerical value. This

is achieved by keeping the first term of Equation 8 con-
stant for identical "limiting slenderness ratios"Xwv
Since the factor a 1is indirectly related to it will
also remain unchanged as long as '%ls ccnstan-.

easiest way to generate a specific group of frames is to

alter the column slenderness ratio X in Equation 7, whilst

maintaining the dimensional ratio n=L/h and the load ratio

n, . This will neither influence the factor a nor the

"limiting slenderness ratio", Xv nor the elastic buckling

lead parameter, mp.

This has been confirmed by a compu r

analysis, the results of which appear in a later chapter

of the thesis (Table 9 of chapter 10).

2.2.4 Multi-curve diagram

in the p-ecedlng sections a particular interaction curve
was defined by its Intersection point Y on the right axis

of the interaction graph. The position of this

intersection
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point is a function of the ratio (=xP0/Pp), as given by
Equations 5 and 8 respectively. It is obvious, that any
variation of the parameters contained in these equations
c ' lead to a different numerical result for (aP"/Pp)

terms of the proposed method, this signifies that an
infinite number of different interaction curves, with
respect to the intersection point Y, could be generated.
It is for this reason, that a multi-curve interaction dia-
gram 1s proposed for the purposes of this research. The
tendency of having more than one design curve for columns
and beam-columns has been given ample attention in literature
7; e '"however, so far this approach has not been attempted

for entire frameworks.

The evaluation of a problem requires three steps:

a) The curve relevant to the particular problem has to be
selected from the array of possible curves. This is
achieved by calculating the ratio (aPO/pp); for the

"limiting frame".

b) On the relevant curve, which represents a whole group
of related frames, the particular frame under consider-
ation has to be identified. This 1is accomplished by
calculating the ratio otp(/Pp for the actual frame.

This ratio appears as a radial 1line of this slope
through the origin of Figure 7. The intersection point
of the radial 1line with the curve selected in a) above

will locate the specific frame on its failure curve.
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c) Ths distance from the intersection point to the upper
ceiling (PF/Pp=1,0) of Figure 7 1is the measure by
which the plastic collapse load Pp is reduced due to

instability.

2.2.5 The ratios aP0/Pp and (ctP0/Pp) ;

The purpose of the two ratios was outlined at the end of

the previous section, and their functional relationship

was expressed in Equations 6 and 9 respectively. Thus,

once the ot-values are known, it will suffice to compute

the elastic buckling load P* and the plastic collapse load Pp
for the actual frame. The ratio aPQ /Pp, for the "limit-
ing frame" can then be calculated by factoring aPQ/Pp by

the ratio of the actual to "limiting slenderness ratio",

i.e. +— . The expressions given 1in Equations 6 and 9 are
valid for all cases in which the effect of axial forces

on the plastic moment capacity of the section can be ignored.

Two other conditions may occur:

a) The hinge locations in the actual frame and the "limit-
ing frame" are identical, but the plastic moment capa-
city of the section is influenced by the presence of
axial forces. Since the plastic collapse load of the
"limiting frame" is usually much smaller than that of
the actual frame, the reduction of the plastic moment Mp

due to axial load will be different for the two frames.

b) The plastic capacity of the column section is affected
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by the presence of axial forces, and certain column
hinges in the actual frame are replaced by beam hinges
in the analysis of the "limiting frame" because of a
gain in the plastic capacity of the column faction due
to the lower axial forces of the "limiting frame".
This 1is especially relevant for cases in which the
plastic capacity of the column section is different

from that of the beam section.

Both these aspects can be accounted for by establishing

the plastic collapse load of the"limiting frame" from first
principles. Alternatively, the ratio (aP0/Pp) . for these
conditions may be evaluated on the basis of the "limiting
slenderness ratio", X£, as given in Equation 10, i.e. using
a correction factor R. This factor would have to make pro-
vision for the variation in the influence of the axial
forces on the plastic collapse load of the actual frame

and the "limiting frame".

IEQN. 10|

The additional suffix (C) in Equation 10 signifies that
the plastic collapse load has been calculated giving due
consideration to the presence of axial forces. In many
cases it 1is possible to estimate the size of R. The factor
a, which is concerned with the elastic analysis of the
structure, 1is not affected by the abovementioned consider-

ations .
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2.3 Evolution of design curve shape
2.3.1 Procedure

Inj —.tally, the load-slenderness curves for a number of
frames will be drawn for regular increments of the slender-
ness ratio X. Subsequently, these curves will be converted
into plots fitting a non-dimensional graph such as pre-

sented in Figure 7.

The principle 1is first demonstrated on the uniform symmetri-
cal portal frame of Figure 10. For this frame the graph
development procedure will comprise four consecutive stages.
The frame of Figure 10 will be identified within each of
the four stages and the status of the various parameters
will be defined at the beginning of each stage. Thereafter,
the method will be extended to include for horizontal

loading and other changes.
The following two hypotheses need to be confirmed:

a) A group of frames as defined by Equation 5 can be
presented on a common curve 1in a non-dimensional

interaction diagram as shown in Figure 7.

L) On a particular failure curve, a frame of lower
slenderness will have a higher failure load as re-
lated to its actual plastic collapse load than a

more slender frame.
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2.3.2 Vertical loading - "Symmetry-Buckling"

Stage 1

Constant parameters for the purpose of the
I, Air/ Efy s

Constant parameters for any one curve:

example:

(mQ 2EA) for a particular EA and base fixity, n, Pg”".

Variable parameters for any one curve:

X, Po, h, L=nh.

These parameters apply to Figure 13 and to a problem

such as given in Figure 10.

Following the Euler principle, the elastic buckling load

of frames can be expressed as PO0=m0 2EA/X2 where

hig, which

is a function of I/h for the given problem, reflects the

elastic buckling load of the complete frame.

This hyper-

bolic function 1is presented in Figure 13 for frames of

different geometry. Each curve corresponds to
ratio n=L/h, which is given as a ringed number
point on the relevant curve marked thus For
value of slenderness ratio, X, the curves only
the factor m”, which in turn remains unchanged
one curve when X varies. The variation in \ 1is

by modifying the member lengths h and L. Hence

a certain
next to the

a particular
differ by

for any

then achieved

each curve

of Figure 13 represents a whole group of frames. For any

one group of frames with a specific geometry factor n=L/h,

the buckling load, axial member forces, bending moments

and thus stresses can be expressed as a function of the

term mO2EA/>2. Recognising that for given base

and
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2.3.2 Vertical loading - "Symmetry-Buckling?’
Stage 1

Constant parameters for the purpose of the example:
1fA; rT Et fYe

Constant parameters for any one curve:

(mQ 2EA) for a particular EA and base fixity, n, Po".
Variable parameters for any one curve:

X, PO, h, L=nh.

These parameters apply to Figure 13 and to a problem

such as given in Figure 10.

Follow ng the Euler principle, the elastic buckling load

of frames can be expressed as P0O=m02EA/A2 where m0O, which
is a function of L/h for the given problem, reflects the
elastic buckling load of the complete frame. This hyper-
bolic function 1is presented in Figure 13 for frames of
different geometry. FEach curve corresponds to a certain
ratio n=L/h, which is given as a ringed number next to the
point on the relevant curve marked thus-f-. For a particular
value of slenderness ratio, X, the curves only differ by
the factor mQ, which in turn remains unchanged for any

one curve when A varies. The variation n A is then achieved
by modifying the member lengths h and L. Hence each curve
of Figure 13 represents a whole group of frames. For any
one group of frames with a specific geometry factor n=L/h,
the buckling load, axial member forces, oending moments

and thus stresses can be expressed as a function of the

term m"EA/A2. Recognising that for given base and
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loading conditions, m(, is solely a function of n, the

stress function can be expressed as follows:

If the frame geometry n and its parameters E and A are
known and if, furthermore, the stress is equated to the
stress value at the onset of yield, the above expression
can be solved for a specific value X, called the "limit-
ing sJenderness ratio" > . This parameter is well known
in individual column design and has here been applied to

frames in a similar way.

The slenderness ratios X and the corresponding points

on the buckling curve are marked thus —-J- in Figure 13.
They indicate the transition from elastic to inelastic
failure, and the associated failure load would equal

FOK.= V ea/*£2e+ The corresponding frame has been defined

as the "limiting frame".
Example frame of Figure 10

The "limiting slenderness ratio" >, for this frame (n=3)

was calculated in section 2.2.2 as X, = 752. With m"=1,4 8
follows:
actual frame: PQ = ~4 = 868 kN

~r o= 1,28 kN

5
!

"limiting frame": Pof-
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The latter result, together with the limiting slenderness

X,, 1is marked on Figure 13. The buckling load PQ of the

actual frame would fall outside the graph for the scale

chosen in Figure 13. The relevant curve 1is therefore

shown again in the inset to :igure 1

Stage 2

Constant parameters for the purpose f the example:

I, A, r, E, fvy» Tpe-
Constant parameters for any one curve:

L,=L, L/r, Av hv Pp=PpV POV *0%' r

¢}

Variable parameters for any one curve:

h, X, m0O, Pg, Pp/ n=L/h.
These parameters apply to Figures 14 and 1 ana

a problem such as given in figure 10.

From stage 1, only the transition points, aga. 1 shown

thus-f , have been transferred tc another diagram depicting

the frame failure load PF on the vertical axis (Figure 14°'.

These transition points correspond to the "limiting frame"

which 1is characterised by a dimension ratio —ILf h”,given

ringed next to the point'* marked thus-f in Figure 14, ana

the "limiting slenderness ra' .v", X*. A particular curve

of Figure 14 is obtainei by keeping the beam length constant

at a size corresponding to that of the "1"mr.ting frame

14

i.e. =L - n;A,r. At the same time, the column height is
allowed to vary from zero to infinity. As a result, L io

different for different curves since n® and X changes ana,

in addition, for any one curve the ratio L/h varies irom
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zero to infinity because of the height change.

With reference to the constant parameters stipulated for
this stage, individual curves will have a constant ratio
L/r and plastic collapse load Pp=16Mp/L. Due to the
variation in I, different curves will show proportionally
different Pp values on the vertical axis. At the limiting
conditions the plastic collapse load would be Pp?=Pp, and
the elastic buckling load would equal P*""iti”EA/A* , as

already derived for stage 1.

The curve section between the "limiting slenderness ratio"

A, and A=0, represents frames failing by inelastic instability.
In this region the curve shapes of Figure 14 are empirical.
For this research it has been assumed that the curves
branch-off tangentially from the exact elastic buckling
curves, applicable to frames with slenderness ratios greater
than the "limiting slenderness ratio" A”". At the other end,
near A=0, the failure curves of frames would gradually

reach the plastic collapse load in a near-tangencial approach.
Similar curve shapes were suggested by Lu4 based on an exact
elasto-plastic analysis for pinned-base portal frames.

Scholz *1 confirmed the general curve shapes by testing

four small-scale portal frames with constant beam length

but varying column height.

Curves of the nature assumed in Figure 14 will eventually
lead to the final interaction graph proposed in this re-
search. These interaction curves were compared with a

number of discrete theoretical solutions and results of
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various laboratory tests. A good agreement was obtained.

It needs to be mentioned that frames falling on a parti-

cular curve of Figure 14 correspond to different "limiting

frames" by definition of Equation 5. In fact, in simple

terms, Figure 14 represents a series of curves for frames

with different beam and column stiffnesses in which each

curve represents all the frames with the same beam length

and fully plastic collapse load, but not the same or Por

Points on the curves of Figure 14 other than the transition

points can be identified by referring to the relevant

"limiting slenderness ratio". This 1is demonstrated by
obtaining some points on the curve passing through the

transition point marked (2)4- for which L/r=1024.

Elastic range
To find a point 1 x on the curve of Figure 14, corres-

ponding to a slenderness ratio X=1024, it 1is necessary

that the column height is double that of the "limiting
frame", for which X,=512 and n"*2. The modified frame

column will thus attain a slenderness ratio of 1024 and

n would change to 1. Returning to Figure 13, the corres-

ponding point for X=1024 is found on the curve for n-1

and has been marked thus 1 x. The relevant failure load,

which is elastic, will equal m"EA/10242, where m” refers

to a frame with n=1.



Inelastic range

Points in the inelastic range such as 3 * can be related

to column heights by simple proportion from the limiting
condition, i.e. the column height and slenderness ratio
corresponding to point 3 M (n=3) would have to be n /n=2/3
times those at the limiting condition, i.e.X=341 applies.
The failure load applicable to the frame with X=341

is evaluated from empirical curves, as discussed previously

in this section.

Example frame of Fiiare 10

Frames with the same ratio n=L/h of Figure 14 are found
on different curves. By definition of Equation 5 such
frames have the same "limiting frame" and "limiting
slenderness ratio". For the frame of Figure 10, n=3 and
(L/r)£=n> .=2256, the corresponding "limiting frame" with

X,=752 1is marked thus (3) 4 in Figure 14.

A summary of results applicable to this "limiting frame"

is given below:

Mp = fy | 4KNm

Il
)
5

Il

26,08 m

1,28 kN
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(p*) i ~ 0,52

The plastic collapse load for the actual frame of Figure

is given by

16Mp

Pp = = 64 kN

To identify the failure load of this actual frame on
curves such as given 1in Figure 14, it is argued that a
curve will exist for which L/r=86,5. In this instance,
the beam length and the plastic collapse load will both
coincide with that of the actual frame of Figure 10.

The condition described above may come about for a curve
such as shown in the inset to Figure 14. On this parti-
cular curve the actual frame with ,\=28,83 can be located
by proportional reference to the relevant transitional
slenderness ratio of 216, which corresponds to a wvalue
n=0,4. The failure load . of the actual frame is indi-

cated on the same curve.
Stage 3

For stage 3, the same definition of parameters applies
as for stage 2.
This stage involves the simple transfer of all curves and

the points marked on the curves of Figure 14 to a new

10

plot giving the non-dimensional ratio Pp/Pp on the vertical

axis rather than the absolute failure load Pp (Figure 15).

As a result, all curves of Figure 15 run into the common

intersection point Pp/Pp=1,0 on the vertical axis. The



PEOT

osdeT 100

o13serd @ peoT

aanTTed

6T

HANOTA

ivd

dVTioo Dixsvid/avoil ram

avol as



69

constraint of constant beam length for the individual curve

of Figure 14 throughout the X-range still applies.

For the example frame of Figure 10 the position of the
actual frame with L/r=86,5 as well as the ratio

are indicated on the relevant curves of Figure . It
must be reiterated that by definition of Equation 5 the
actual and "limiting" frames are not located on the same
curve. This will only be accomplished in the final inter-

action graphs.

Stage 4

Constant parameters for the purpose of the example:

If A, ri E, Fyf Mpe

Constant parameters for any onecurve:

X%, h*, ILgy L~/h*, L/h, m0O, n, “Po//PP* T
Variable parameters for any onecurve:

X, PO, h, PF, Pp, L=nh.

These parameters apply to Figure 16 and a problem such

as given in Figure 10.

In stage 4 the construction of the final interaction plot
of Figure 16 will be explained for frames with a common
dimensional ratio n . For this purpose, it 1is necessary
to identify the points on the different L/r curves of
Figure 15 which correspond to the same value of n=L/h=3,
i.e. points corresponding to X=h/r=(1/n) (L/r). Hence

point 3 M on the curve for L/r=1024 corresponds to X=1/3*1024.
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Likewise, other points 3B have been indicated on all
curves of Figure 15. The relevant point on the curve for
L/r=3185 1is found on the elastic curve section. For 1ihe
curve applicable to L/r=2256, the transitional point is
directly wvalid. Points on the curves for L/r less than

2256 will fall in the inelastic region.

It is possible to change the horizontal axis to represent
the dimensionless ratio pF/p0 in Figure 16, by noting that
the slope of any radial line through the origin, tan
(Pp/Pp)/ (PF/PO0) = Pg/Pp. Thus any point on Figure 15,
corresponding to a specific value of n, can be transferred
onto Figure 16 by recording the relevant value of Pp/Pp
(vertical axis of Figure 15) and calculating the magnitude
of Po/Pp for the associated value of X (horizontal axis of
Figure 15). The scale of the slope of the radial 1line
through the origin is determined from the slope of the
line through the limiting wvalue (PO/Pp),. The ratio of
these slopes is inversely proportional to the relevant
slenderness ratios for frames with the same geometric
parameters. In this way points 3'* on the curve of
Figure 16 can be developed from equivalent points 3 MW

of Figure 15.

The resulting plot is taken as the common locus of all
frames with a dimensional ratio n=3 for portal frames
with a uniformly distributed beam loading, pinned bases,
equal column and beam properties I, A, “~and <2. For

such frames, the buckling parameter remains unaltered
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despite the wvariation in the absolute length of the

members.

Within the slenderness range 0<X<), the curve represents

inelastic failure, with a load PF/Pp or Pp/P,,, and for
failure would be elastic with PF=P". A specific

frame on the curve of Figure 16 is located by plotting

the radial line of slope P*/Pp from its actual parameters.

It is important to recognise that in the process of con-

structing the curve of Figure 16, the previous constraint

of constant beam length 1L, applicable to Figures 14 and 15,
has been removed since different points 3'e stem from
different curves of Figures 14 and 15. Similarly, different

plastic collapse load values Pp correspond to different

points on the curve of Figure 16.
Example frame of Figure 10

Once a curve, such as that in Figure 16, 1is derived for

a specific value of n, all one needs to identify for the

frame of Figure 10 is the ratio PO/Pp or X. Using as the
scale of the slope of the 1line through the origin, the slope
of the 1line through the limiting point, the actual frame can
be located. Thus, for a frame of constant geometric pro-

portions such as the frame of Figure .10 follows:

PO/P: _ 868/64 L Xf 7572
'('vvi " “oTsr " 26,08 or j— 28783 * 26'08

Both slopes, i.e. Pg/Pp and (PO/Pp)f, and the failure load

ratio Pp/Pp have been entered in Figure 16.
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Conclusion

With the development of the curve in Figure 16 for n=3
for the special case of "Sym.etry-Buckling”" it has been
shown th 11 a s”ocific group of frames, characterised by

a constant "limiting slenderness ratio" >, and particular
values E, fy, £7, k*, n and mfi, can be presented on one
interaction curve. Furthermore, frames falling on a
particular interaction curve would progressively reach

a higher failure load ratio Pp/Pp as their slenderness

diminishes.

The behaviour summarised in this conclusion confirms the
two hypotheses formulated in section 2.3.1. It is also
easy to verify that in Figure 16 different curves would
be obtained for different dimensional ratios n. The
principal difference between these curves is the ratio

(Pg/Pp), of their "limiting frames".

2.2.3 Non-symmetrical conditions

In many ways a frame subjected to arbitrary loading be-
haves similarly to a frame subjected to vertical, sym-
metrical loading. As mentioned in section 2.2.3, for
cases 1involving general loading (eg. horizontal loading)
a fictitious "elastic buckling load" aPy, below the
actual elastic buckling load Py, will be selected, with
the reduction factor a closely related to the "limiting
slenderness ratio". Hence, for combined loading elastic

failure curves would deviate Ly a factor x from the
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hyperbolic curves of Figure 13,

For the general load case, failure curves such as shown

in Figures 14 and 15 cannot be plotted since individual
curves were based on a constant beam length L throughout
the X-range. As a result, the plastic collapse 1load :p
remained unaltered as the column height was changed. If

a horizontal load were added, the plastic collapse load

Pp would increase as the column height diminishes. However
the constraint of constant beam length was finally removed
for the interaction graph of Figure 16. In fact, the inter
mediate plots of Figures 14 and 15 were only presented
here to facilitate the understanding of the development

process behind the final interaction curves.

The supposition that a curve, such as that in Figure 16,
is also applicable to combined loading is based or. the

following two conditions:

Firstly, that frames with the same dimensional properties
n=L/h, particular geometric properties I, A, E and sub-
jected to a specific load arrangement could be classified
into a common group of frames at the limiting conditions.
This would satisfy Equation 8 for specific values m", E,
fy, k% and <2 .

Secondly, that frames on a particular interaction curve
would display a progressively increasing failure load

as their slenderness reduces.



Both these points have been confirmed by elastic second-
order computer solutions, which were processed in a similar
way as described for the case of "Symmetry-duckling".

The second statement has also been checked by appropriate
laboratory testing and the relevant results are published

in a later chapter of this thesis (Table 9 of chapter 10).

2.3.4 The extended n-ratio to cover variations in sectional

properties and strength

If the ratio n=L/h 1s extended to include sectional vari-
ations between the members, e.g. n becomes HJh)(IC/IB),

or allowance 1is being made for a difference in beam to
column depth or beam to column strength, this will not be
reflected in the elastic buckling loads Pf] and PQ,. it
must be remembered that the inertia ratio is in itself not
significant since the ratios L/h and 1,/T" are interchange-
able with respect to the elastic buckling loads as wel]l as

the corresponding parameters m”™ and mO ..

However, the above variations will influence the plastic
collapse loads Pp and Pp”, the reduction factor a and the
"limiting slenderness ratio" A{. The change in the plastic
collapse load Pp is absorbed by the non-dimensional axis
parameter Pp/Pp in graphs such as given in Figure 16.

The other variations can only produce a deflection from

the basic curve shape which is shown as a solid line in
Figure 17. The dashed lines in Figure 17 represent
possible curve modifications to account for sectional or

strength variations.
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A similar effect occurs, when different subassemblages or
load arrangements are compared. In fact, these influences

can also change the elastic buckling parameters m” and m".

Notwithstanding these modifications, the two principal

hypotheses of section 2.3.1 are confirmed.

1,
modified curve
PF basic curve
P
P
-"odified curve
0
0 1,0
P

FIGURE 1’; 1Influence of sectional and strength
variations

The phenomena described above, together with the wide variety
of possible load applications, base conditions and sub-
assemblage shapes makes it impractical to present curves

such as that in Figure 16 as a function of the dimensional

ratio n. A vast number of different curve shapes would be
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necessary to cover all these eventualities for a given
value of n. Hence, more conveniently, the ratio

@P0/Pp). at e limiting conditions is proposed as the
dominant wvaria 1lc. Tl is ratio appears on the right, wver-
tical axis of the non-dimensional diagram of Figure 1l6.
Thus, for a particular frame @PQ/Pp); has to be evaluated
to select the curvo applicable to the problem. Conveniently,
the ratio (uP"/Pp) can be determined in the way as already
shown in Equations 6, 9 and 10 and as outlined in section
2.2.5. The value a, which is related to the "limiting
slenderness ratio", will be derived in section 6.1 of this

thesis.

2.4 Some general applications

The mechanics of using interaction curves such as that in
Figure 16 and the implications of the fictitious "elastic
buckling load"™ aPQ are briefly outlined in a general way.
Some cases are examined in this context, exposing the
shortcomings of the Merchant-Rankine approach and demon-
strating the improvements achieved by this research at

the same time.

If the Mercnant-Rankine rule is used to compare two identical
frames, one subjected to vertical loading and one to ver-
tical and horizontal loading, it would appear on first sight
that the addition of a horizontal loading, such as shown

in Figure 18, would have a favourable influence on the be-

haviour of the frame in regard to instability. However,
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by intuition, one would expect the opposite to be true.

FRAME 1 FRAME 2
Q Q
PT P2
01 02
pin pin pin pin

FIGURE 18: Frames subjected to vertical or
combined loading

For otherwise identical frames, the plastic collapse load Pp
reduces when a horizontal load is added, whereas the elastic
buckling load PQ "~emains constant, i.e. for the conditions

of Figure 18, the following .implies:
PP1 > PP2

POl P02 PO

and thus, tanQ,A < taﬁtg for the Merchant-Rankine rule



The two slopes tanti, and tanfi2, both referring to actual
conditions, have been entered in Figure 19 for comparison.
The distance from the curve intersection points S#, S§0,
and R, to the load lever Pp/Pp=1,0 represents the reduction

to the plastic collapse load due to frame instability.

vertical load

1,
combined load
this research
Rankine
0
0 P 1,0
cth,

FIGURE 19: Effect of combined loading

The Merchant-Rankine rule assigns a hiaher relative loss
in load carrying capacity due to instability to frame 1
since the intersection point lies below R"™.

This effectively equates instability to the magnitude

of the applied load, whereas it should rather be a

function of applied load and corresponding sway.



Using the proposals developed in this research, intersection
points S”* and SO0 may be obtained for framel and frame 2
respectively. A different curve, ata level below that

for vertical 1load, would be applicable to combined loading
due to an increase in the "limiting slenderness ratio".

The slope tanft is not presented as but rather as
(Equations 4 and 7). In addition to that, for cases other
than "Symmetry-Buckling", a nominated fictitious "elastic
buckling load" otRQ, less than ?c, will contribute to con-

servatism in the evaluation of tani#.

The intersection points S and S., are thusbrought into

the correct perspective, 1i.e. S2 falls below S”. It has

been speculated earl er that the Merchant-Rankine formula

is conservative. Hence, if the failure loads pertaining

to and are taken as bein correct, then should

fall below S, and R"® below S. in Figure 19. This require-
ment, together with the fact that is less than R",

whereas it should be greate than R, , shews that methods
based on the ratio of the elastic buckling load PQ to plastic
collapse load Pp can be little better than just a safe

lower bound.

In this context it is opportune to emphasise and illustrate
the following further shortcomings of the Rankine-based

methods:

a) No real distinction is being made between a difference

in the type of the beam loading.
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This is demonstrated on a pin-based portal frame subjected
to different types of vertical beam loading, but otherwise

identical conditions, as shown in Figure 20.

2P.

J- —-—pin pin pin pin

FIGURE 20: Frames subjected to different beam
loading

The plastic collapse load Pp and the elastic buckling load
PO are the bxe for both frames of Figure 20. Hence, Ran-
kine-based methods would predict identical failure 1loads Pp.
However, it can be verified that the given loadings would
impose different deformed shapes on the structure in the
elastic and post-elastic range. The different curvatures

would correspond to different second-order forces.

This behaviour, which is ignored by other methods, is re-
flected in the method developed in this research by con-
sidering the actual 1load arrangement when determining the

curve 1intersection points Y on the axis for (PO/Pp) 2.
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Different failure loads . are thus obtained for the portal,
frames of Figure 20, since different failure curves will be

evaluated, as illustrated in Figure 21.

I
1 Rankin
(both frames)
FIGURE 21: Non-dimensional failure diagram
for different beam loading
b) A gradual transition between and within failure

mechanisms is not fully recognised.

This is demonstrated on a fixed-base portal frame with
given geometric properties. The frame of Figure 22 would
give rise to unchanged failure loads for the entire
range of either collapse mode 1) or iii) when analysed
by the Merchant-Rankine rule, despite differences in :he

magnitudes of the applied loads.
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denotes
plastic hinge

PL
"P

iii)

Hh

FIGURE 22: Failure modes of fixed-base portals

For collapse mode i), for example, the plastic collapse
load, Pp, for a given frame, would result in the constant
value Pp=8Mp/L despite the variation in H from zero to
2Mp/h. For practical purposes, the same frame would also
be characterised by a constant elastic buckling load, PQ -
Therefore, the ratio Pp/P” and thus the failure load Pp
remain unaltered for mode 1). Similarly, for mode iii),
the elastic buckling load, PQ, and the plastic collapse
load, Pp=Hp=4Mp/h, stay constant when the vertical load P

changes from P=0 to P=4Mp/L. Model frame M2, investigated
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for vertical and combined loading, serves to amplify the
aspect described in this paragraph (see section 10.5 and

Table 9)

The multi-curve interaction method developed in this re-
search differentiates between such cases of wvarying load,
providing a gradual change in failure load between and

within collapse modes.

c) For cases of pure vertical loading proper cognisance
is not taken of the fact that the unbraced frame may

approach the braced frame capacity for finite wvalues

Of Pp/Po.
This has been amply illustrated in publication- y Iu"
a.id Scholz- . It suffices to note that certain unbraced

rames display a failure load which very nearly equals the
failure load of a braced but otherwise identical frame.
The ci”erence, in fact, 1s so small that it may be ignored,
and a "braced" treatment would be allowed for the actual
unbraced frame. A considerable economic penalty may be

imposed on such structures if this aspect is neglected.
25 Proposed interaction curves

2.5.1 Basic curves

Based on the theory outlined in the preceding sections of
this center the design graph of Figure 23 has been pro-

posed. The curve shapes, which are empirical, will be
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P17 = lijura Load
lastic Collapse Load
Elastic Buckling Load

example for straight-
line approximation

po -
deduction Factor
WOOD :
O -1 0,2 0,3 0,4 0,5 0,6 0,7

abP

FI iURF 23: Basic 1interaction curves

1,0

0,6

1,0
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compared with a number of exact theoretical solutions and
results of laboratory tests in a later chapter of this
thesis. The formulations by Merchant-Rankine and Woe 3

are also entered in Figure 23.

The curves of Figure 23 together with the elastic para-
meters oPQ and , which are typically obtained by computer
analysis, are the fundamental components of the proposed
method. It will also be demonstrated at a later stage

that the required computer results can be presented in
graphical form (chapter 11 and Appendix VI). Moreover,

a simplified analytical procedure to obtain the elastic

parameters will be described in chapter 12.

2*5.2 Straight-line approximation

A satisractory straight-line approximation to the curves

of Figure 23 has also been formulated within ihe P /aPG

F
range of 0 to 0,60. The straight-line Equation 11 has
been derived from the curved (ap0/pp)f -values of “igure 23

by utilising the intersection points iQ of straight .ines

through PF/Pp= 1,0.

An approximate expression for the intersection points 1is

compared with the actual wvalues in Figure 24.
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0,97
0,85
0,7 0,78
APPROXIMATION
0,62 Sl
0,62
0,46
0,38
0,76 0,15
0,08
0,03
T
0 0,2 0,4 0,6 0,8 1,0
/aP
(- OF CURVES
denotes actual values
FIGURE 24: Intersection points for straight-line
approximation

Using the information given 1in Figure 24, the straight-line
approximation 1 can be incorporated into an interaction

formula for the failure load as shown in Equation 11.

_____ |[EQN. 11

with

zaP,
10 - 0,76 [o0,92 -(*2) 3
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The ratio (ctP0/Pp) , in the expression for i” refers to

limiting conditions, i.e. to A=A,,

In Equation 11 the resulting value of should not
exceed 0,60 of aPQ to maintain good correlation with the
actual failure curves. The approximation of Equation 11

has also been incorporated in the computer program.

2.5.3 Design parameters

In summary, it can be concluded that for design purposes

all the designer needs to know is the plastic collapse

load Pp, the fictitious "elastic buckling load" ™PQ and

the relevant "limiting slenderness ratio" A.. By comparison,
the Rankine-based methods only require the knowledge of

the plastic collapse load Pp and the elastic buckling load

In the proposed method, the elastic buckling load is re-

stricted to

a) being the failure load in the case of "Symmetry-
Buckling”, as long as all parts of the structure re-

main elastic,

b) being the failure load in the case of conventional
buckling in conjunction with the reduction faclLor a,

as long as all parts of the structure remain elastic,

c) being the indicator for locating the actual frame on

the inelastic failure curve.
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Since the proposed second-order, elasto-plartic analysis
technique and the basic Merchant-Rankine formula are both
applicable to bare frames, results obtained from these
methods are directly comparable. The term bare frames
refers to structures comprising column and beam members,
disregarding the effect of any composite action such as

from cladding, infill panels or masonry.
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CHAPTER 3

CHOICE OF SUBASSEMBLAGE

3.1 Purpose of analysis

It has been mentioned in the preceding chapters that the
proposed method requires an elastic buckling analysis and
an elastic analysis for loading related to the elastic
buckling load of the structure. The elastic buckling load
PQ is obtained from the buckling analysis. Subjecting the
actual frame to a loading arrangement the same as that for
the ultimate load, but in magnitude related to the elastic
buckling load P”*, the outstanding terms >f and a are eva-
luated from a second-order, elastic load analysis. In
principle, this procedure has already been demonstrated

in section 2.2.2, where the "limiting slenderness ratio",
},, was obtained for the frame of Figure 10. For the
special case of "Symmetry-Buckling" the factor a is

generally 1,0.

Ideally, the required elastic analysis would be performed
on the entire framework to achieve optimum accuracy. How-
ever, 1in the approach described in this thesis a sub-
assemblage method was given preference. The computation
of the plastic collapse load Pp is amply illustrated in
many textbooks and has not been included in the scope of

this work.
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32 Reasons for subassemblago approach

The following considerations led to the choice of a sub-

assemblage method:

a)

A subassemblage analysis would lend itself more readily

to a "manual" design procedure, 1i.e. a method without

the need to use a computer. One of the primary objectives
of this study has been to demonstrate that results may

be presented in graphical form for "manual" use. This

can only be achieved successfully by keeping the number

of wvariables to a minimum.

An elastic solution by computer of the entire frame
would require the compilation and processing of a large
amount of data for a single analysis, which may only

be a first trial in a series of attempts to obtain

the optimum solution. Although computer time for an
elastic analysis would be 1less than that for a full
elasto-plastic analysis, from the designer's viewpoint,
there would not be a great deal to choose between the
proposed method when applied to an entire frame and

established elasto-plastic approaches.

The failure load calculation for portions of a frame
is possible. By combining the plastic collapse load Pp

and the relevant elastic parameters otP® and A, of

corresponding subassemblages, the failure load of the

subassemblage can be determined. In this way, the

method developed in this research functions exactly



as the subassemblage methods by Daniels & Lu4l and

Cheong Slat Moy43'44, which were outlined in section

1.3.3. However, much less calculation work is required

for the proposed interaction procedure since only aP”?,

X, and Pp for the subassemblage need to be determined.

A subassemblage approach would enable the designer to

focus attention on critical portions of a frame. These

can often be identified by inspection of the practical

structure. Repetitive or 1less critical sub-sections
of the same framework are then covered by one sub-

assemblage analysis.

e) The special case of "Symmetry-Buckling" requires a

complex mathematical approach for th computation of
the elastic buckling load and the corresponding stresses.

Furthermore, for the stress calculations, the axial
member forces appear in the arguments of trigonometric
functions. For larger structures, the mathematics in-
volved becomes prohibitive and there are no simpli-

fying computer algorithms.

Results obtained on a subassemblage basis have Dbeen
found to be in good agreement with full-scale second-

order, elasto-plastic solutions.

When using a subassemb?age approach certain simplifications

are inevitable. However, in this context it must be borne

in mind that the method developed in this research is not

very sensitive with respect to a moderate error in the
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elastic buckling load. The corresponding state of stress

will have a compensating effect. The accuracy of the
solution, therefore, should be assessed in terms of the

final results of the complete procedure.

This is demonstrated foran arbitrary case usingthe de-
sign graph of Figure 23 in conjunction with Equation 6.
A frame is investigated with a column slenderness ratio
X=50 and qualifying for the special condition of "Symmetry-

Buckling", 1.e. a-1,0. The ratio Pg/Pp=2,5 and Xj}=250.

actual frame: tanft = = A

"limiting frame": tanQ” T7

Il
O
~
ul

For these two ratios follows from Figure 23:

0,89

P

It is now assumed that a 25 er cent error has been made

in the assessment of P, i.e. PO becomes 1,25 PQ. From

the equation for the "limiting slenderness ratio" a value
of x =1,40x250 would be obtained using the results of a
second-order, elastic load analysis for the example.

Hence, the above ratios are modified by a factor of 1,25

and a factor of 1,40 respectively.

14

actual frame: tanu = 2,5*1,25 - 3,1"g
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"limiting frame": tanfi.=0,5xy&- = 0,45

If entered in Figure 23, the two slopes result in a failure
load of

PF
™™ ~ 0,90

This compares with Pp/Pp B 0,89. The difference 1is in the
order of 1 per cent and could even be less for non-symmetry

buckling, where the factor a contributes to conservatism.

3.3 Objectives of “ubassemblage analysis

The principal objective of the subassemblage analysis 1is
to obtain adequate results for tne elastic buckling load
and the second-order stresses for loading related to the
elastic buckling 1load, pertaining to the same portion of
the structure. The stress calculations may involve ver-
tical and combined loading of a nature typical for buildings.
It should also be possible to transfer the chosen sub-
assemblage laterally within a storey and vertically from
storey to storey throughout the height of the structure.
For the general multi-storey, multi-bay frame the relevant
elastic parameters for the various subassemblages are to
be combined with the plastic collapse load of the total
structure. That combination of plastic load and elastic

parameters giving the lowest failure load is significant.

In choosing a suitable subassemblage certain recognition
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has to be given to the remainder of the frame, where the
frame size exceeds the subassemblage size. The sub-
assemblage must also be feasible for smaller structures

such as single-storey portal frames.

3.4 The investigated subassemblages

3.4.1 General

On the basis of the foregoing considerations it was de-
cided to investigate the subassemblage shown in Figure 25.
It comprises information on up to three storeys and a
maximum of five bays. r"ie subassemblage of Figure 25 1is
applicable to the buckling analysis and the analysis of
vertical 1loading, as will be illustrated in more detail

in sections 3.5 and 3.6 respectively. It was felt that
the general subassemblage of Figure 25 could be further
simplified for the analysis of horizontal loading. This

will be examined in section 3.7 of this chapter.

In the derivation of the various subassemblages, it was
endeavoured to keep the size of the subassemblages as

snail as possible without reducing the accuracy of the
final result unduly. This objective was also of importance
in view of a graphical representation of results for which
the number of variables should be kept small. A number of
frames investigated for the purpose of this study (chapters
9 and 10) have all been analysed on the basis of the sub-
assemblages derived in this chapter. A good agreement

with exact full-scale solutions has bean obtained.
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The s- " ion of the swbassemblage shown in solid lines in
Ti uz i been <®*>.gnatea as the core-module. Satis-
r o ;e wlr. peet t the: elastic buckling load
me Hh I tr -orresponding to loading related
te *: : ’'"inl ocad -ire sought for the two columns
ind * » ! e be it of the core-module. by trans-
forr e 3 re-it -. . aterally th 'oughout the store”
.nd v *: r v ' storey, the total framework
Cc .n i. The dashed lines 1in Figure 25 re-
tirer : '.11 try member,;. They have been added to im-
r Vv L 'v : the resultsof the buckling and load
a ’ nsiderin r that the core-module may be part of
;1 iree: rucfcure .
e e no: tt ¢ . nalysis of the suocassemblage, the
.hown as solid lines will represented on an
*x ..\is, whereas various simplifications will be allowed
dashed wu tillary members. The approximations in
re * r: the axJ i1 forces in the ancillary column members
.r..' Hissed in section 4.1.4.1. Simplifications con-
cvrr..n : *L . eotat ional behaviour at the remote ends of

m -i:L<ry columns and beams are presented in sections
4.1.5, 4.1.8, 4.2.2 and 4.2.4. Furthermore, the sway-
displacement jf ancillary columns is allowed for on an
approximai basis is demonstrated in section 4.2.3 of

the thesis.
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3.4.2 Notation and symbols

The salient parameters of Figure 25 are explained bel w.
A suff.'.x has been added to the basic symbol for  Jjr-her
identification. This suffix usually refers to th< nc irest

significant joint (s) of the core-module.

I =moment of inertia of member
Lin = length of member
] = stiffness of member
Fl, F4 = linear elastic rotational restraint
E7 = lateral bracing restraint

ij
Mi
y applied loading referring to the
1
i ultimate limit state
H

.89 = coefficients for load'ng

3.4.3 Loading

The loading shown in Figure 25 covers the typical loading
encountered in buildings. Allowance has been made for an
applied lateral load I, for joint moments Mi and for trans-

verse loading acting on the columns between the Jjoints.
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Furthermore, the uniformly distributed beam loading shown
in Figure 25 may be replaced by a set of dual-point loads
which can be reduced to a single central beam load.
Particulars referring to this case are set ovnt. below in

Figure 26.

The beam load between Jjoints 2 and 3, whether uniformly
distributed or po." ' load, will henceforth be referred
to as Q. This term has been used as the reference para-

meter, to which all other loading will be related.

U2 U2=f(Q) Ul Ux U3 U 3=£f (Q)

FIGURE 26: Alternative beam loading
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3.4.4 Restraints

The restraints F* and F Jj of F.-.gure 25 will be used to re-
present the conditions at the column base in bottom storeys,
considering the soil-foundation interaction behaviour on

a linear-elastic principle. The same function can be
assumed by the stiffness expressions ZKb,, ZKn4, ZKBT-

and ZKBL, when the respective nodes coincide with a column
foundation. For other cases, such as in multi-storey
buildings, the stiffnesses ZK represent the restraining
effect of beams at the remote ends of ancillary column
members. Provision has also been made for the presence

of a partial lateral bracing restraint. The stiffness

of such a restraint will be represented by the parameter

3.5 Subassemblage for buckling

In determining the subassemblage to be analysed for
buckling, consideration was given to the displaced frame-
work in the sway-buckled state as shown in Figure 27.
Based on the sway model as shown in Figure 27, the total
subassemblage of Figure 25 will be analysed for buckling.
Beams adjoining the core-module are assumed to be bent

in double curvature and beam loads will be transferred

to the joints. The effects of lateral load are ignored

in the buckling analysis.



FIGURE 27: Displaced frame in the swav

buckling state

When considering the special case of Symmetry—Buckling

r
the influence of pre-buckling bending moments needs to be

included. This means, that beam loadings must be re-

tained in their original position for this special case.

3.6 Subassemblage for *eMeal 1load

Once the elastic buckling load PO has been established

for the particular subassemblage, +'<* related second-order



state cf stress must be evaluated. The general loading
may inc.lude vertical and horizontal load components. For
vertical loading, provision needs to be made for full-
frame loading and for checkerboard loading. This 1is
demonstrated in Figures 28 and 29, showing possible load
arrangements and the resulting bending -oments respectively
The dashed lines in Figure 29 refer to full loading and
the solid lines to local checkerboard loading. The core-
module section, for which stresses nee-' to be calculated,
is superimposed on both figures. The ending moment dia-
grams are non-linear since alio u ce has been made for
the interaction of axial loads with the deformations of

the members.

max.
TTT

min.

L CORE -
MODULE

IXTTTTI®?

FIGURE 28: Frame subjected to vertical loadina
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uniform loading
3 checkered loading

CORE MODULE

FIGURE 29: Column moments due to vertical
loading

The checkered loading inside the confines of the ccre-
module can easily be realised, since each beam loading

of Figure 25 has been introduced as an independent
variable. In addition, it is necessary to allow for the
effects of the checkered beam loading just above the core-
module. It has been assumed, that the influence this
loading has on the core-module moments can be accounted
for by suitably adjusting the stiffnesses of the upper

columns.

The checkerboard case of Figures 28 and 29 will also
have an effect on the buckling load. Hence, for the
general case more than one investigation may be required
for buckling and wvertical loading.

The analysis resulting

in the lowest failure load will be significant.



104

For all cases the full subassemblage of Figure 25 is
analysed provided the structure is sufficiently arge.
The stiffnesses of the beams adjoining nodes 5 and 6
will oa determined giving due consideration to their

deformed shape.

3.7 Subassemblage for horizontal load

For the load analysis of horizontal loading a simplified
approach has been adopted. In this case the subassemblage
of Figure 25 is reduced in size by cutting through the
likely points of inflection of the columns and the beams.
At these points hinges are inserted in the core-module.
Furthermore, compensating loadings are applied to account
for the upper-storey effect. A typical storey section
will show the second-order moment response given 1in Figure
when subjected to horizontal loading at the nodes and in
the presence of axial vertical loads. The interaction of
the axial vertical loads with the sway will lead to the

non-linear moment shapes.

The subassemblage for horizontal loading has been evolved
from the typical moment pattern of Figure 30 and has the
general shape as shown in Figure 31. Satisfactory overall-
results have been obtained using the subassemblage of

Figure 31.

30
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FIGURE 30: Frame moments
loading

pin

pin

26

due to horizontal

pin

'12
'34

FIGURE 31: Subassemblage for horizontal 1loading
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The subassemblage shown In Figure 31 applies to the
bottom storey of a framework. When upper storeys are in-
vestigated for horizontal loading two modifications are
required. Firstly, the stiffness at the bases, i.e.

and F4 need to be adjusted to represent a true hinge.
Secondly, the column heights L 12 and L04 will have to

be modified to coincide with the estimated points of

inflection in the relevant column members.

3.3 Curtailed subassemblages

For all cases of analysis, i.e. buckling, vertical and
horizontal loaulng, the general subassemblages derived
above must be suitable for inner storeys, bottom storeys,
top-most storeys and for exterior storeys of multi-storey,
multi-bay structures. For bottom storeys, the beams at
level 1-4 of the general subassemblage of Figure 25 and
the lower columns are omitted. The stiffnesses ¥, F",
"KBL6 an” £KpTr will then represent the rotational be-
haviour at the column base using linear elastic priniciples.
If the top-most storey of a multi-storey structure is in-
vestigated, all upper columns above the level of nodes
6-2-3-5 of the subassemblage of Figure 25 will be removed.
For external subassemblages, the relevant horizontal and
vertical members falling beyond the end of the building
structure are similarly removed. Figure 32 serves to
illustrate the cases described above by showing possible
curtailed core-modules superimposed on a general multi-

storey framework. The ancillary members of the
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subassemblages are indicated as dashed lines.

The mathematical analysis must contain procedures to

deal with all possible subassemblages.

top storey subassemblage

exterior subassemblage

bottom storey subassemblage

FIGURE 32: Curtailed subassemblages
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3.9 Loads bn core-'mbdule froi.: uppef
3.9.1 Combined loading

When analysing a subassemblage such as
axial forces, shear forces and moments
need to be included by considering the

the members. Assigning the suffix (U)

r;to*reys

shown in Figure 31
from upper storeys
deformed shape of

to forces from the

upper storey, the procedure is illustrated in Figure 33

for a typical joint of the core-module.

The factor v de-

fines the distribution of the total applied horizontal

load H among the individual columns of the subassemblage.

point of inflection

FIGURE 33 Loads from upper storeys
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Approximate methods such as the Portal or Cantilever
methods9 -10 @ may be used to establish this distribution
factor when the member sections are not known. In order

to obtain accurate results for the parameters a and

:c 1is essential to make a good prediction of the distri-
bution factor w. In this thesis frames have been checked

for which the member sizes were given (see Tables b/l, 6/2
and 9 . For these cases the shear was distributed in pro-
portion to the stiffness of the columns and cheir restraining

beams.

Assuming points of inflection in the upper columns at
midheight and using as the upper-storey sway, the re-
levant forces acting on the sway subassemblage can be
approximated as given below. Joint 2 has been singled
out for demonstration purposes. Forces at other joints

can be obtained in a similar way.

Applied moment:

Shear:

H2 = v1'Hu 4 ;Hg= vVv(Z:Hu+Hs)

Axial load:
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It is essential to retain the axial member forces such
as generated by P2 and Q in the analysis for horizontal
loading. The stiffness of the members would otherwise be

overestimated in a second-order, elastic analysis.

3.9.2 Vertical loading

A sway such as identified for the case of horizontal
loading can also occur in the presence of pure vertical
loading. Non-symmetry of loadings or a non-symmetrical
structure will then be responsible for the sway Ay, which
in turn will give ris® to the second term in the above
moment expression. To enable the evaluation of the P-
moments for these cases, they will have to be included

in the analysis of the subassemblage for vertical loading.

However, since the full subassemblage of Figure 25 is
analysed in this instance. an error would occur due to

the retention of the upper columns. Like other members

at a joint, the upper columns would attract part of the
P-A moment, whereas they should rather be removed for
this analysis step. It is believed that satisfactory com-
pensation can be made by applying a magnified joint moment
instead. The magnified j”~jnt moment has been calculated
by way of an iterative distribution procedure, details of
which are set out in Appendix I. Using joint 2 as an

example, the basic P-A moment can be expressed as bef a.

Ay

"2 ' ?u T-
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The magnified me .tent may be written as follows:

mag M2 = Z2M2

The magnification factor z, includes the stiffness of the

upper column and the total stiffness oint 2 and takes
the form of a binominal progression. .. P-A moment such as
mag may become relevant for Jjoints 1 to 6 of the
subassemblage of Figure 25. For joints 1 and 4 the ex-

pression for the P-A moment would assume the following

form:

M1 * PL ¢

The suffix (L) refers to parameters relevant to the storey
below the core-module. Details of the wvarious factors =z

appear in Appendix I.

3.10 Concepts of analysis of subassemblages

The core-module in its general form as shown in Figure 25
comprises six nodes and 1is free to sway sideways. In order
to analyse the devised subassemblages for ordinary sway
buckling and "Symmetry-Buckling" as well as the correspon-
ding stress states, it is necessary to follow two avenues
of approach. The first one dealing with ordinary buckling
and a second one covering the special case of "Symmetry-
Buckling". In both instances extensive use will be made

of the conventional slope-deflection method including

stability functions. The case o0of ordinary sway buckling is
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analysed in section 4.1 (buckling) and section 4.2
(forces due to loading). "Symmetry-Buckling" is in
vestigated in section 5.1 (buckling) and section 5.

(load analysis).
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CHAPTER 4

ANALYSIS OF CONVENTIONAL SWAY BUCKLING OF SUBASSEMBLAGES
AND CORRESPONDING STRESSES

4.1 Conventional buckling analysis

4.1.1 General principles

The elastic buckling load for the case of conventional
buckling is calculated using the slope-deflection method
including stability functions. Since the elastic buckling
load refers to a distribution of axial forces in the members,
it is sufficient to assume that all vertical loading acts
at the nodes of the structure and to ignore the effects

of horizontal load. In rectangular frames, the horizontal
load would primarily be responsible for the re-arrangement
of axial forces due to vertical loads. It has been found
that this has 1little effect on the final result for the
elastic buckling load. When using the slope-deflection
method a set of linear equations is obtained. The total
number of independent equations will equal the number of
independent Jjoint rotations and sway displacements of the
structure. This set of homogeneous linear equations can

be expressed as in Equation 12.

5 0 = 0 | EQN. 12]
where,
B = Stiffness matrix for conventional buckling

)
Il

Displacement vector (rotation plus sway)
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Excluding the trivial solution D = 0, the lowest root
of the determinantal Equation 13 will give the elastic

buckling load

| P’ 0 IEQN. 13|

In the following sections the various parameters required

to solve Eugation 13 are derived.

4.1.2 Principal assumptions adopted in analysis

For the buckling analysis a number of simplifying

assumptions have been made. These are given below:

a) Material properties are ideally elastic with constant

modulus of elasticity.

b) Axial and shear force deformations are comparatively

small and may be neglected.

c) Deflections within members are small enough for linear
relationship to apply between bending moments and

curvatures.

d) Members have uniform cross-sections between Jjoints.

e) All joints are fully rigid.

f) Lateral torsional buckling and out-of-plane buckling

is prevented.
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4"1.3 Slope-deflection method including stability functions

As mentioned in section 4.1.1, the conventional slope-
def lection technique has been adopted as the principal
method of analysis to calculate the elastic buckling load
of the subassemblage. Full details of the procedure as
applied to the particular problem of this research can be
found in Appendix II. In what follows, a brief summary
is given of some salient features only. This will pre-
serve the continuity of the derivation procedure and lead

directly to the formulation of the stiffness matrix B.

A typical structural member connecting joints A and B

is shown in Figure 34.

AB

FIGURE 34: Typical member
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According to elementary beam theory the member-end moment
may be expressed as follows, if the member is subjected

to a transverse load g and an axial compression force P.

AR

In Equation 14, 6% and 0B are the end rotations at joints
A and B of the member respectively and A is the relative
displacement of the ends with respect to the undeformed
position of the member. The member stiffness K represents
the ratio I/L. The forces and deformations are positive
if acting in the directions as shown in Figure 34. The
term in Equation 14 is known as the fixed-end moment.
The fixed-end moment 1is used to account for the effect of
the transverse load g considering both ends, A and B, as
fixed in position and direction. As mentioned in section
4.1.1, for the buckling analysis the beam load is divided
between the nodes, so that effectively MpAB 1is equal to
zero 1in this case, “he coefficients S and C in Equation 14

are known as stability functions and can be expanded as

follows:
m(sin m - m cos m)
2-2cos m - m sin m |[EQN. 15a|
¢ i m - m eos |[EQN. 15b |
sin m - m cos m
and

|[EQN. 15c|
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For the case of axial tension, that is, when P is negative

by the adopted sign convention, the load parameter m may

be retained as given in Equation 15c, but the trigonometric

functions in Equations 15a and 15b are replaced by their

hyperbolic equivalents. For zero axial 1load, the factors

S and C approach 4 and 1/2 respectively.

The shear force can also be expressed in a similar

way as the end moments. Conveniently, this is done as

shown in Equation 16.

VAB = P s2 (1-C2)A - ~S(1+C) FBA

ABO [EQN. 16|

The last twoterms in Equation lb describe the fixed-end

snear force. The fixed-end shear is the shear force of

a member A-B (see Figure 34) fixed at both ends, allowing

for the presence of axial forces. The fixed-end shear

can be determined from the fixed-end moments ~ and the

Shoar VABO* The Parameter is defined as the shear

force due to applied load as obtained for a simply sup-

ported equivalent member A-B but ignoring the presence of

axial forces. For the buckling analysis, 1in which all

loads are considered to act at the nodes of the structure,

the last two terms in Equation 16 arc zero.
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For the case of axial tension, that is, when P is negative

by the adopted sign convention, the load parameter m may

be retained as given in Equation 15c, but the trigonometric

functions in Equations 15a and 15b are replaced by their

hyperbolic equivalents. For zero axial 1load, the factors

S ana C approach 4 and 1/2 respectively.

The shear force VAR can also be expressed in a similar

way as the end moments. Conveniently, this is done as

shown in Equation 16.

VAB = P S2(1-C2)A - — S(H-C) (Ca*H:b)-

AB°® |[EQN. 16|

in Iguation 16 describe the fixed-end

The last two terms

snear force. The fixed-end shear is the shear force of

a member A-B (see Figure 34) fixed at loth ends, allowing

for the presence of axial forces. The fixed-end shear

can be determined from the fixed-end moments and the

shear v ~ . The parameter is defined as the shear

force due to applied load as obtained for a simply sup-
ported equivalent member A-B but ignoring the presence of

axia] forces. For the buckling analysis, in which all

loads are considered to act at the nodes of the structure,

the last two terms in Equation 16 are =zero.
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4.1.4 Axial member forces
4.1.4.1 Columns

The axial forces in the columns outside the core-module
are determined in a simplified manner from the axial forces

in the core-module member and the loading on the adjoining

beams. This 1is demonstrated for the upper column running

into joint 2 of the subassemblage of Figure 25. The
buckling analysis 1is carried out for the load Po,

taken

as the load acting between joints 2 and 3 of the sub-

assemblage. All other loading is expressed as a function
of PQ, i.e. n"pQ as shown in Figure 35 for joint 2.
PU2
niyo0 ~ .
P12
4
FIGURE 35:

Axial force in upper-storey column

Assuming that the force P” 1s 9iven and that the beam
loadings adjoining node 2 are n”"Pg and PgQ respectively,
:he upper ancillary column will be subjected to an axial

force as given in Equation 17.
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pPU2 = P12z " T~ |[EQN. 17|

Typically, the force P12 would be evaluated from the axial
force equations of Table 4 1in section 4.2.6.3 ignoring

‘he effects of axial forces on the stiffness of the members.
or this preliminary analysis step, the applied vertical

loadings are considered in their original position.

Similarly, the forces in the ancillary columns adjoining
node 1 and nodes 3-6 are obtained. The axial column forces
are used to set up the relevant stability functions S and

C for the member.

4.1.4.2 Beams

Convent iviial methods used to calculate the elastic buck-
ling load and typical effective length charts usually ne-
glect axial beam forces. This may lead to an overestimation
of the elastic buckling loads, especially in the case of
single-storey frames, for which axial beam forces can be
significant when compared with the column forces. In the
presented study, axial beam forces are considered where

they can be significant, such as in the case of single-
storey frames and in top storeys of multi-storey frames.

For typical building str tures, it 1is assumed that axial

beam forces can be neglected for all other cases.

For single-storey frames and top storeys o multi-storey
frames the axi .1 beam forces are calculated in accordance

with the slope-deflection approach outlined in section 4.2,
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solving the axial force equations of Table 4 and ignoring

the effects of a.ial forces on the stiffness of the mem-

bers. For this analysis step the vertical loadings are
considered in their original position. It has been con-
firmed that results for obtained in this way are satis-

factory when compared with solutions based on the differ-

ential equation method of analysis.

4.1.5 The N and O-functions for buckling

Wood' has shown that a more accurate buckling result for

a particular column can be obtained when the effective
stiffness or beams running into the remote ends of the
upper and lower columns are included. Based on Merchant's*
original work, Wood3 formulated additional stability func-
tions N and 0, which also make allowance for the presence

of a partial lateral bracing restraint F7.

N — g — -S" LktfL-- |EQN. 18a]
S2 (1-c2)+F7

o =CS - -SfJ!+Ci! IEQN. 18Db]
S2(1-cz2) ~

The functions N and 0 are known as the no-shear stability
functions. They refer to a displaced member A-B, such as
shown 1in Figure 34, characterised by 07=0 and VAB=0.

As 1 result, it is possible to represent an adjacent upper
or lower column, including the beams at the remote ends,
as 1 single rotational restraint at the relevant node.

This 1is demonstrated for an arbitrary ancillary column a-B
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of the subassemblage shown in Figure 25. The member-end
moment given in a general form in Equation 14 would

assume the following expression in this case.

«AB * e* (N - °! molrig) 6a IEoN . 19]

The term EKn in Equation 19 refers to the stiffness of
beams at the remote ends of the columns. These beams are
assumed to be bent in double curvature. The stability
functions S and C in Equations 18a and 18b were defined
earlier. The partial lateral bracing restraint F, will
be explained in section 4.1.7. The additional stability

functions N and 0 are only relevant to the case of buckling.

4.1.6 Base stiffness for bottom storeys

Liapuncv6' demonstrated the importance of a correct assess-

ment of the column base behaviour.

For practical cases the base rotation can be related to

the soil properties by appropriate methods 13 -101 The
rotation at the base due to the deformation of anchor bolts
and the base plate was investigated by Sahmell!5 and another
equivalent provision has been propo; -dby the SSRC Guide to
Stability Design Criteria for Metal Structures''’ and by
Schineislll. On this basis it is possible to represent the

total base behaviour by an equivalent spring stiffness.

It has become popular, in the absence of exact information,

to work with a simplifying approximation based on the re-
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search by Galambosll: . Galambos proposed to use the

following non-dimensional base stiffness wvalues:

"Quasi-pinned" conditions : Kg = 0,1

"Quasi-fixed" conditions : Kg = 1,0

These values acknowledge that neither a true hinge nor
a full fixity will exist for practical bases. The relative
stiffness Kf represents the ratio of the base stiffness

to the stiffness EI/L of the supported column.

A stiffness such as described in this section may become
relevant for parameters ZKnT 6, ZKBL-, F* and of the

subassemblage shown in Figure 25.

If the rotational base restraints Kg are incorporated in
the expressions for the member-end moment, the following

modified version of Equation 14 is obtained:

MAB Y RSEKOA IEON. 20|

where K is the stiffness of the supported column (K=I/L).

4.1.7 Partial lateral bracing restraint F5

The stiffness of otherwise unbraced building frames will
be increased by the presence of infill walls composed of
brickwork, blockwork, masonry or similar materials and

also due to steel cladding.
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In the subassemblage analysis of this study provision

has been made to consider the effects of composite action
by introducing the dimensionless lateral stiffness ratio
F—-. A conservative computation of F, was proposed by
Wood , which in a generalised form has also been incor-
porated into the British Draft Code B207 and the ECCS Re-
commendations’'. The lateral bracing stiffness ?1 of
Figure 251is here rendered dimensionless bymaking re-
ference tothe stiffness or the columnbetweennodes 3 and

4 of the core module.

. AF

and in an extended form for wall panels

= YSSL34 , K12+K34

”

7 vy mCc N7~
in which the first term should not exceed 2,0.
The meaning of the various parameters 1is as follows:

~"12' ~34 = Stiffness of column members between

nodes 1 and 2 and nodes 3 and 4.
= Storey height

ZSg = Sum of the spring stiffnesses (horizontal
force per unit horizontal deflection) of
the cladding wall panels in that storey of

the frame.



E = Modulus of elasticity

:kC = Sum of the stiffnesses I/h of the columns in
that storey of the frame.
Y113 Partial safety tactor of materials, proposed as

80 by the British Draft Code B 207.

The high value of Ym=80 is based on the assumption that only
25 per cent of the wall panels are effective and represents

a lower bound in the absence of more accurate information.

1*8 acrnt stiffnesses of ancillary beam members

For the buckling analysis of the various subassemblages
the rotations at the remote ends of the ancillary beams
need to be known in order to determine the stiffening
effects of such beams. For the purpose of this study,

it is assumed that all ancillary beams are bent in double
curvature. In this way, the beams can be expressed as

approximate rotational restraints at the relevant nodes

of the core-morv "e. Ignoring axial forces, the basic

Eouation 14 is modified to

MAB 6EKr:A |[EQN. 21|

4.1.9 Basic slope-deflection method applied to the

general subassemblage

Using the principles outlined in the preceding sections,

a stiffness matrix can be formulated for the problem of
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buckling in terms of six unknown Jjoint rotations and
one independent sway displacement. A set of seven
homogeneous linear equations will be obtained for the

general subassemblage of Figure 25 Dby:

a) Satisfying that IMcments = 0 for the six Jjoints of

the core-module

b) Formulating the sway-equiiibrium equation corres-

ponding to the sway A of the core-module.

Thjs will lead to the matrix expression given in
Equation 12, from which the elastic buckling load of
the problem can be evaluated by satisfying the deter-

minantal Equation 13.

The meaning of the displacement vector D 1is further
illustrated in Figure 36, which shows the deformed

core-module.

The combined end moments Mm of the ancillary members
and the displacements are indicated. The end moments
Mm can simply be expressed as the product of ancillary

met tier stiffnesses and Jjoint rotation.



126

'M b

FIGURE 36: Deformed subassemblage

Executing the procedure outlined above will result in the
equations summarised in Table 1. Matrix B of Table 1 re-
fers to the general subassemblage shown in Figure 25. The
equivalent matrices relevant to the curtailed subassemblages
outlined in section 3.8 are obtained by setting the stiff-
nesses o0f the redundant members equal to zero. The de-
tailed procedure leading to the stiffness matrix of Table 1
is set out in Appendix II/1. The same appendix explains

the various abbreviations used in the stiffness parameters.
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4.2 Stresses corresponding to conventional buckling
4.2.1 General concept

It has been mentioned in previous chapters of this thesis
that the determination of the "limiting slenderne * atio"
requires the calculation of stresses corresponding to
loading which includes the full set of applied loadings,
but now in magnitude related to the buckling load PQ.
Since it is generally impossible in a second-order elastic
analysis such as the slope-deflection method to identify
a unique stress and deformation state corresponding to

the full elastic buckling load B., a somewhat lower load
level ctP0 is examined instead. Based on the load para-
meter ctPg, a load vector Lv will be generated which com-
prises the complete set of applied loadings but now re-
lated to cP0, e.g. the beam load Q of Figure 25 will be
replaced by aP0 and a horizontal load H-n.Q will become
niOIRD’ The structure is analysed successively for two
load vectors, one dealing with the vertical loading and
one with all other loading. For a given load vector,
displacements are obtained from the inverse of the rele-

vant stiffness matrix B”".

where,
Bl = Stiffness matrix relevant to load analysis
DI = Displacement vector relevant to load analysis

(rotation plus sway)
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Ly = Load vector.

The final solution of Equation 22 gives the displacements,
from which the bending moments, shear forces and axial
forces can be calculated in accordance with the principles

of the slope-deflection method.

The solution of Equation 22 is complicated by the fact

thac the axial memberforces enter the stiffness matrix B,

as well as the 1load wvector Ly. It must be remembered that

the -.cad vector contains second-order, fixed-end moments

which are a function of the axial forces. Hence, besides

whe joint displacements all axial forces have to be re-

tained as unknowns. A direct solution to Equation 22 for

a given set of applied loadings is thus not possible.

Therefore, an iterative procedure must be adopted by first

setting up Equation 22 as if no axial forces were present.

Solving this equation will then result in displacements

corresponding to first-order, linear elastic theory. The

displacement vector is used to calculate an improved

system of axial memberforces by solving Equation 23.

P = SP D1 + |[EQN. 2 3 |

where,

P * Axial member forces
SP = Stiffness matrix for axial forces

Pp = Fixed-end axial forces



In the following step, the results of Equation 23 are
used to formulate a revised stiffness matrix and load
vector I,.. This procedure is repeated until a satisfactory

state of convergence 1is obtained.

In essence, the derivation cf the stiffness matrix Bl
follows the same principles as already outlined in section
4.1 of this chapter. The discrepancies in certain stiff-
ness parameters and the consequent modifications to the
stiffness matrix as well as the relevant load vectors will
be examined in the following sections of this study. Items

which remain unchanged will not be repeated.

4.2.2 Ancillary beams

Ancillary beams will be assumed to be bent in double
curvature for the lateral load analysis, in ,/hich case
Equation 21 remains wvalid. For the vertical load analysis
no great error 1is made 1in the force and stress calculations
for the core-module if the remote ends of the ancillary
beams are taken as fully fixed. In this case, and ignoring
axial forces in such beams, the basic expression given in

Equation 14 is modified to

4EKOA IEON. 241

4.2.3 Sway correlation factors 8 and 6"

In section 3.9 of this thesis, the P-A moments of upper
storeys were identified. These moments, which were de-

fined as a function of the upper-storey sway Ay, will
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act as applied m' nts in terms of the slope-deflection
approach. Since they have been related to a displacement
parameter, tne P-A momenta will enter the load vector

in an iterative way, similar to the fixed-end moments.

The structural analysis of the general subassemblage will
locus on the core-module itself, which contains only one
independent sway parameter, i.e. A. In order to restrict
the analysis to the sway A, it becomes necessary to relate
the upper-storey sway 2,, to the sway A of the core-module.
In fact, not only the upper-storey sway should be treated
in this way, but also the lower-storey sway AL . The

lower storey sway will only feature for interior storeys,
where F-a moments resulting from pure vertical loading may
arise as described in section 3.9.2. In this case,the storey
just below the core-module would transmit an approximate

moment of magnitude AL/2 to the core-modul

The relative sways should be based on the results of a
second-order analysis. This in itself could be a tedious
task. However, since only the sway ratios are involved
and since the secondary P-A moments are often small com-
pared with the primary load moments, it was found that in
most cases a first-order sway analysis would suffice. It
must be stressed that the absolute sway A of the core-

module 1is subsequently obtained on a second-order basis.

The sidesway charts of Wood & Robertsb55 are convenient for
the assessment of the first-order sway relationships. This
is demonstrated in principle for the limited frame of

Figure 37.



FIGURE 37: Relative sway of upper and lower
storey

;he suffixes (U and (L) refer to the upper and lower
storeys respectively. Using the relevant stiffness
parameters, the sway index $ can be obtained from
‘vpical charts such as reproduced from Reference 55
.In Figure 38. The stiffness parameter Kt at the top
>nd Kb at the bottom of the subassemblage sums the
total stiffnesses of columns and beams of the entire

Sstorey.
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FIGURE 38: Size of sway 1in building frames5'

For the applied horizontal loadings as shown in Figure 37,

the sway ratios are as follows:

Upper storey:
A 4 1 X SH @

da

E r r" lir

and the sway correlation factor:

A, U ‘Hu
= EQN. 25a

¢ — $ ZKU ZH

Lover storey:

IK E»L
L"HLL" ZKE F-nr
XJ
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and the sway correlation factor:

1/ 4 ZK  ZHT

L A $ 7K n r IEQN. 25b|

If so desired, the first-order sway correlation factors

0 and 61 could be adjusted to account for second-order
effects by applying the well known concept f sway ampli-
fication. This 1is demonstrated for the value 6. The
second-order sway displacements of the storry under con-
sideration (AII) and the storey above (A*",) may be

expressed as follows:

and then

UII 1 - a

This leads to the modified sway correlation factor of

Equation  25c.

|EQN. 25c7]

OU
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.n which,
@ = Reduction factor defined in Equation 39
3?7 = Elastic buckling load of storey
£P0U = Elastic buckling load of upper storey
EPr = Total vertical load on upper storey, when
storey below the upper storey is subjected
to loading related to aPQ of that storey.
It is usually safe use the approximation 8 ' =8.
As already mentioned before (section 3.9.2.) pure vertical

loading can also cause sidesway and thus P-A moments. In
this case the resulting sway will be a function of the
member stiffnesses and the size of the applied vertical
loading. However, since the sway will be small or even
zero, the P-A momentr compared with the primary moments can
be expected to be less significant than those for the case
of combined horizontal and vertical loading. Where appli-
cable, it it proposed to retain the expressions of Equa-
tions 25a and 25b for the sway correlation factors, re-
placing the horizontal load quotient by the appropriate
ratio of the vertical forces. However, setting

Ay = = A will not result in a significant error for

pure vertical loading.
4.2.4 Rotation correlation factors g2 and 83

The correlation factors 82 and 8g are exclusively con-

cerned with the vertical load analysis, to which the general
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subassemblage of Figure 25 aoplies. They will be used

to relate the far-end rotations of the ancillary columns

to the ro' ations of the nodes of the core-mcdule.

Adjusting he bas.c slope-deflection expression of

Equation ’'4 for such a case gives for a lower column
B1AL1]

M = EKS (1+4C) 620A-d+C) |[EON. 26a
AB

and, similarly, for an upper column

6ALr

= EKS (1+C) 6302 - (1+0 EQN. 26b'

MAB rT"

where.

CO
1 + |EON. 26¢C

T+c
For zero axial load the expression for {2 ani® "3

simplifies to

6, EQN. 26d;

In Equations 6a to 26d, the suffix (@A) refers to the
near end of the column. The sway correlation fac”cvs t

and P1 have been derived in the preceding section.

The rotational behaviour of the ancillary columns, when
the subassemblage is subjected to vertical loads, wij-1
vary between double and single-curvature bending, depen-
ding on the rotational restraints at the column ends and
the loading on the adjoining beams. In many cases an

estimation of the 1likely points of inflection will be
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sufficiently accurate. In this study, the case of a
column bent in double curvature (@07=09g) has been taken
as the reference stiffness with a value of B2 or =3
equal to 1,0. This condition would apply to the case

of full and uniform frame loading and equal beam stiff-

nesses at both column ends. The case of single-curvature
bending (6"= -G") may be approximated for checkerboard
loading as shown in Figures 28 and 29. The corresponding

relative stiffness value is one third of that applicable
to double-curvature behaviour, i.e. a figure of 0,33 would
be relevant for G2 or ©3. A blanket figure of 0,67 has
been proposed elsewherell1l3 . Two correlation values 6"

and B3 have been suggested to allow for independent values

to occur for the columns above and below the core-module.

A special situation may arise when a lower column is 1lo-

c .f.ed in the bottom storey of a frame. In this case the
far-end rotation of this lower column 1is governed by the
base-so0il interaction and the base plate particulars.

For this case the correlation factor E2, which refers to
the lower column, should include for the degree of elastic
base restraint K. as defined in section 4.1.6. An ex-
pression suitable for -his condition is given 1in Equation
27b. This equation has been derivedfrom the basic slope-
deflect ion Equation 14. ignoring thesway and the stiffness
effects of axial column forces. Relating the stiffness

to double-curvature conditions and assuming an elastic
rotational base restraint at the remote end B, Equation 14

reduces to
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IEQN. 27a]

with

IEQN. 27b]|

For a fully fixed base Kg-*® ) a value £0=2/3 would
be approached, and a pin-ended column (K,*0) would

correspond to a factor 82=1/2.

On the basis of Equation 27b, the simplified practical
cases discussed 1in section 4.1.6 result in the following

correlation factors:
"Quasi-pinned" conditions : g”*= 0,504

"Quasi-fixed" conditions : 8 = 0,533

4.2.5 Load vector

The load vector relevant to the horizontal and vertical
load analyses will comprise seven elements each, con-
taining applied joint moments, applied joint loads,
fixed-end moments and shear forces. The fixed-end moments
are of the second-order type. Some typical results of
fixed-end moments are given in Appendix II/2. TheP-A
moments derived in section 3.9 willalso beincluded in
the load vector. Since the load analysis 1is executed
iteratively, the P-aA moments will initially be introduced
as zero and then adjusted in subsequent steps of the

iteration cycle, as the sway A becomes more accurate.
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4.2.6 Slope-deflection method applied to load analysis

4.2.6.1 Vertical 1load

Applying the procedure outlined in section 4.1.9 to the
general subassemblage, and considering the vertical com-
ponents of the load arrangement explained in section 4.2.1,
results in a set of seven inhomogeneous linear equations

given 1in matrix format by

~1vV D1V = LW |[EQN. 28a
where,
B1V = Stiffness matrix related to vertical loading

DiV Displacement vector related to vertical loading

(rotation plus sway)

Load vector related to vertical loading.

The expanded form of Equation 28a appears in Table 2 for
the subassemblage shown in Figure 25. The equations of
Table 2 are relevant to the case of a completely interior
subassemblage. The equations for curtailed subassemblages
are derived by setting the stiffnesses cf redundant members
equal to zero. In addition, for bottom storeys, the cor-
relation factors f” and $2 are zero in coniunction with

the base stiffnesses F”* and F”. In their place the new
terms F1K84 and F4K34 become part of the matrix elements

B, 11 and B” 44 respectively. The second sufrix refers to

the location of the element within the matrix B” of Table 2.

The detailed procedure leading to the system of linear
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equations of Table 2 is set out in Appendix II/2.

4.2 .6.2 Horizontal load

Analysing the subassemblage of Figure 31 for the case
of horizontal loading, a similar set of linear equations

is obtained which is given in matrix format by

S 1HDXH - hm |[EQN. 28b]|
where,
B,I = Stiffness matrix related to horizontal loading
n

DXH = Displacement vector related to horizontal
loading (rotation plus sway)
LVH = Load vector related to horizontal loading

The extended form of Equation 28b is given in Table 3.

Further details can be found in Append 'x II/2.

4.2.6.3 Axial forces

It has been argu'd earlier in section 4.2.1, that the
second-order load analysis 1is an iterative procedure
because of the change in -"xial member forces. Hence,
between successive iteration steps, in order to solve
Equation 22, a new set of axial forces has to be cal-
culated from Equation 23. The expanded form of Equation
23, which is derivea by satisfying equilibrium at the

joints, is given in Table 4 for the salient axial forces.
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equations of Table 2 is set out in Appendix 11/2.
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51HDIH - h,H | EQN- 28Db|
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loading (rotation plus sway)
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The extended form of Equation 28b is given in Table 3.

Further details can be found in Appendix II/2.

4.2.6.3 Axial forces

It has been argued earlier in section 4.2.1, that the
second-order load analysis 1is an iterative procedure
because of the change in axial member forces. Hence,
between successive iteration steps, 1in order to soxve
Equation 22, a new set of axInl forces has to be cal-
culated from Equation 23. The expanded form of Equation
23, which is derived by satisfying equilibrium at the

joints, 1is given in Table 4 for the salient axial forces.
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The expressions in column 7 of the irvitrix Op con acn
values relevant to the vertical and horiz “ntat ~ ac
an.xyses. They need to be separated for the individual

analysis steps.

The detailed procedure leading to the development f the
system of linear equations of Table 4 is set out in

Appendix TII/2.
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CHAPTER 5

ANALYSIS OF "SYMMETRY-BUCKLING" OF SUBASSEMBLAGES AND
CORRESPONDING STRESSES

5.1 Analysis of "Symmetry-Buckling”
5.1.1 General concept

In contrast to the case of conventional buckling, where

all loads are considered to be applied at the joints of

the structure causing axial forces only, a special approach
can be adopted for a symmetrical structure subjected to
symmetrical loading acting between the joints. In this
case, which is defined as "Symmetry-Bucklin-", symmetrical
pre-buckling bending moments, axial forces and deflections
will arise which may affect the stiffnesses of members and
the size of the elastic buckling load. At the instance

of sway buckling, an antisymmetrical displacement mode is

superimposed upon the symmetrical pre—buckling deformations.

In essence, two methods have been used to analyse the
special condition of "Symmetry-Buckling". Chwallal34

and Scholz97 adopted a purely equilibrium-based approach,
Masur et all05 and Lul06 chose the extended slope-deflect ion
method, taking the differentials of the stability functions
into account. Lul06 concluded that the difference in the
elastic buckling load, comparing "Symmetry-Buckling" w_ th

an approach neglecting pre-buckling bending effects, would
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not exceed 10 per cent. Most of this discrepancy 1is
attributable to the reduction in beam stiffness due to

the axial thrust generated in portal frames.

The reason for including the case of "Symmetry-Buckling"
xn this study as a separate entity is twofold. Firstly,
because the conventional slope-deflection concept cannot
solve this problem in the usual way. Secondly, although
the condition of "Symmetry-Buckling" may have a small
effect on the elastic buckling load, it was found to be
of significance for the computation of the "limiting
slenderness ratio" X . It has been pointed out that this
parameter 1is of particular importance in the method pro-
posed 1in this research. For these reasons, the problem

of "Symmetry-Buckling" has been fully analysed.

Chwallal04 has proven for a simple portal frame that
"Symmetry-Buckling”™ 1is characterised by a bifurcation
point in the load-rotation relationship if analysed by
linear elastic, second-order theory. This indicates that
a finite state of deformations and thus stresses exists

for the elastic buckling load PQ.

In Figure 39 a frame qualifying for the case of "Symmetry-
Buckling”" and an axially loade , perfect column are

compared.
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bifurcation
column
P
0
bifurcation
"Symmetry-Buckling" of frame
0
3
- ROTATION 0
FIGURE 39: Load bifurcation - "Symmetry-Buckling"

In order to establish the condition under which the
structure becomes laterally unstable, it 1is necessary

to consider theequilibrium of a frame qualifying for

the case of "Symmetry-Buckling" in its infinitesimally
displaced shape, observing the presence of pre-buckling
deformations. In this study the method adopted for this
purpose 1is based on the extended slope-deflection concept
including the differentiated stability functions. If
applied to the investigated structure a homogeneous system
of linear equations 1is obtained, which is expressed in

matrix form in Equation 29. For the infinitesimally dis-
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placed structure no new externally applied loading is

generated, so that the load vector term is equal to zero.

C 5D1 =0 [EON. 29|
where ,
= Stiffness matrix for "Symmetry-Buckling"
6D" = Displacement vector of infinitesimall”®

displaced frame (rotation plus sway)

To arrive at a set of equations as implied by Equation 29,
which contains as wvariables only the infinitesimal dis-
placements AD1l, the unknown changes in axial force 5P

need to be expressed as functions of the primary displace-
ments D”. This is achieved by satisfying horizontal and
vertical equilibrium at the joints of the structure. The
resulting equations are used to solve for 6P and, subse-
quently, these expressions are substituted into Equation 29
Only in this way, which is not a programmable process,
because it involves solutions and back-substitutions of
general algebraical equations, can the homogeneous

Equation 29 be found.

As for the non-symmetrical cases, the elastic buckling
load PQ is calculated from the determinant of the stiff-
ness matrix by searching for the lowest possible root of

Equation 30, excluding the trivial solution D”=0.

151 = 0 |EON. 30|
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The load arrangement related to PQ must not only satisfy
Equation 30, but the corresponding load vector must also
simultaneously fulfil the requirements of Equations 22
and 28a. The displacement vector obtained from Equa-
tion 22 will be used in determining the stiffness matrix
C and thus the determinantal Equation 30. The displace-
ment vector is not suitable for calculating discrete
bending moments corresponding to loading equal to PQ,

since the determinants of Equations 22 and 29 almost

simultaneously attain a zero value. This makes a unique
solution impossible. In fact, any number of solutions
satisfying both equations may exist. However, since the

overall equilibrium state as such is not disturbed in

the vicinity of the zero determinant, the resulting solu-
tion for the displacements as a whole can still be used
to determine the elastic buckling load P*. This has b"en
confirmed when calculated results were compared with

purely equilibrium-based solutions.

5.1.2 Slope-deflection method including the differentials
of the stability functions

It has been mentioned before that for the case of "Symmetry
Buckling" it is necessary to consider the equilibrium of

a structure and its members in its infinitesimally dis-
placed shape, observing the effects of loading applied
directly to the member between the joints. For this pur-
pose. a member A-B, which is already reformed due to applied
loading, 1is aasun"d Lo be further displaced by an infini-

tesimal amount as shown in Figure 40.
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L
A
P+SP
v¥*,,+<sv
6A
initial shape
infinitesimally displaced shape P+6P

VBA+aVsa MpA+aMBA

FIGURE 40: Infinitesimally displaced member

The terms 6M, 6P and 5V are the force changes correspon-

ding to the imposed infinitesimal displacements 60 and 6A.

The incremental moment and shear changes, which can be
found by differentiation of the basic expressions of

Equation 14 and Equation 16 respectively, are obtained

as follows, ignoring products of second-order magnitude.

[ 60A+C60B+5CGB - (1+C)

and



151

Cv « H F's?2 (1-C2)6A+2S6S(1-C2)A -2S2C6CA I
AB L L J

- H[s (5eA+60B) (1+C) + (S<5C+6S+C5S) (0a+0b".

_______ I m e IEON. 321

The expressions in Equations 31 and 32 contain primary
terms such as S, C, A, 0A, Og, and the equivalent
differentiated values including the incremental changes

to the fixed-end moment, i.e.5Mp. The changes in the
stability functions, 50 and 5S, and in the fixed-end mo-
ments, SMp, are caused by the change in P due to 50 and

6A. The differentials of the stability functions were
originally derived by Masurlld and were subsequently
applied to simple portals by LulO6. Conveniently, they
can be expressv as follows, utilising the basic stability

functions S and C.

|EQN. 33al

C |[EQON. 33b]

Further details in connection with the increments' force
changes are given in Appendix IITI. The case of zero axial
forces for the members and the fixed-end moments for a

number of beam loadings are covered in the same appendix.



5.1.3 Extended slope-deflection method applied to the

general subassemblage

The stiffness matrix C for "Symmetry-Buckling”" is obtained
in a similar way as matrix B for ordinary buckling.
Seven homogeneous linear equations result from the

following procedure:

a) Satisfying that 7Z6M = 0 for the six joints of the

core-module.

b) Formulating the sway-equilibrium eouation for the

incremental sway change 66 of the core-module.

c) Substituting the incremental axia] force changes 6P

into equations derived from steps a) and b) above.

Expressing the resulting equations in matrix form leads
to the 49 elements of the stiffness matrix C given 1in

Table 5.

Table 5 has been prepared for the general case. it must
be remembered that "Symmetry-Buckling" is characterised
by truly symmetrical pre-buckling deformations upon which
an antisymmetrical displacement mode 1is superimposed at
the instance of buckling. Because of this condition, the
incremental axial froce changes 6P in the beams are zero
and certain terms ot”SP"j will thus disappear. These are

listed below:



This will also reduce the terras a”agSF”" to zero and
l—a7a85ﬁzs to 1,0. The latter expression has been abbre-
viated to &3 1in the stiffnes matrix of Table 5. The
parameters a, contain the symmetrical pre-buckling de-
formations of the structure, the ordinary stability
functions and their differentials and appear as the
coefficients of the axial force changes 5P. The derivation

of these coefficients 1is given in Appendix III.

The representation of the infinitesimal force changes in
the ancillary members has also been simplified by ignoring
axial force variations. It was felt, that this is justi-
fiable on the grounds that other approximations have already
been introduced with respect to the member behaviour at

the remote ends.

The lowest root of the determinantal equation of matrix

of Table 5 corresponds to the elastic buckling load appli-
cable to the case of "Symmetry-Buckling", analysing a com-
pletely interior storey. Curtailed subas”emblages are
investigated by introducing =zero stiffnesses for the re-
dundant members. In addition, for bottom storeys, the

terms 1in brackets for elements and C*4 must be set
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equal to 1,0.

The procedure applicable to the case of "Symmetry-Buckling"
can also be followed for non-symmetrical structural or

load arrangements such as occur 1in the external subassem-
blages of otherwise completely symmetrical frames, pro-
vided the pre-buckling sway effects are eliminated by

setting & = 0 at all times.

5.2 Stresses corresponding to "Symmetry-Buckling"
5.2.1 General

The elastic buckling load obtained from matrix C of Table 5
together with the associated axial column forces will be
used to find the second-order bending moments within the
structure, with the ultimate objective of calculating the
"limiting slenderness ratio". The differential equation
methou is employed for this purpose. It could be argued,
once the elastic buckling load is known from matrix C,

that Equation 22 could be solved for the displacements D7,
from which the second-order moments would follow, using the
slope-deflection approach. However, such a solution is
unreliable by virtue of the close proximity of the zero
determinants for both matrices B and C. It 1is because

of this shortcoming, that recourse has been made to the

differential equation method.
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.2.2 Differential equation method applied to general

subassemblage
she 1 rontial equation method is now applied to the
VO D .ubf semblages. The complexity of the problem
= . = ;ubsi mtial despite various simplifications.

M ; > -ixx of "Symmetry-Buckling", the storey sway
irrelevant since no sway exist prior to buckling.
In ddition,the influence of loading on the beams next to
nnd . 1 md 4 ard the ancillary beamsadjoining nodes 5 and
R N counted for by an approximate procedure. In
thr.-. context, it must be remembered that other simplifi-
-.ti n have been made for interior storeys in regard to
membt:e forces and rotations at the remote ends of ancillary
B imun . Furthermore, most importantly, the section
ittaining yield first, 1is typically found in the region
between Jjoints 2 and 3 of the subassemblage. Here the
effect of lo 1ling on the ancillary beams is greatly re-

iuceti.

Bjx "Symmetry-Buckling" the same load cases are investi-
gated as before, namely uniformly distributed and point
ic.ng on the beams. The deformed subassemblage shown
in Figure 41 may either be applicable to the bottom
storey or to an inner storey of a framework. As appli-
'able, the ancillary members and the beam between Jjoints 1
iiii 1 are represented as elastic rotational restraints.
In bet hen storey:,, the column base behaviour is considered

in a simil tr manner.
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axis of symmetry

12 34

FIGURE 41: Subassemblage for "Symmetry-
Buckling

For the differential equation procedure, the deformed

elastic shape of each member is found from the following

basic member equations:

d2y.

EI + H + F A O EQN. 34

where M is defined as the bending moment at a position x

comprising the member-end moment at the origin (xi=0) plus



158

the effect of any applied transverse loads. The solution
of equations such as Equation 34 attain the following

transcendental configuration:

mx . mx .
yi= Cl sin — 1+ cos + a: xRP+a2xi+ a” 'EQN. 35|
Herein, m is the axial member force parameter, and C2
are constants of integration, coefficients a., &2 and a”
are functions of the moments M, shears V and axial forces
P, and yiand xtare the co-ordinates of deflection and
distance respectively. Because of symmetry, it is suffi-
cient to investigate one half of the subassemblage as

shown in Figure 42.

The bending moments M required for substitution into
Equation 34 have to be formulated separately for each
deformed member of the subassemblage. This is illustrated

in Figure 42 for the case of -oint loadings on the beams.

The bending moment M for member 4—3 would, for example,

take the following form:

M ‘' P3472 + H4x2 - " Mm4 " ad HA43

The term ad will be explained in section 5.2.3



CL.

ad M

axis of symmetry

ad M

FIGURE 42: Deformed members

Applying the preceding principles to the subassemblage

of Figure 41, it has been found that the structure is
left with one redundancy. This unknown has first to be
determined before the member moments can be calculf*ed

on an equilibrium basis. Conveniently, the horizontal
shear force H” at joint 4 has been chosen as the unknown

force. Since will appear in the arguments of a
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trigonometric equation, the solution must be attempted

on a trial and error basis. The relevant equation for H"

is derived after a lengthy procedure which xs demonstrated
in detail in Appendix IV/1 for various load arrangements.
The method commences with the development of expressions

such as given in Equations 34 and 35.

The final results for the cases which have been investi-
gated are given below. Two formulae have been obtained
for each load case. The first equation refers to con-
ditions applicable to bottom storeys and top-most storeys
and the second equation to intermediate storeys of multi-
storey frames. For the latter, it has been assumed that
no axial beam forces exist. This will generally simplify

the formulations.

Case 1: Dual-point loading on beams

Moz Mo3

‘12 ITT fenrr cos myzf - sin m23c) = 0 |EQN. 36a

|[EQN. 36Db]
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Case 2: Uniformly distributed beam loading

m
23
- V=4 123 0 IEON. 37a
C5 + (C4 + a4 ™M~ N b4 *4") ETT = 0 IEON. 37b/[
The constants of integration C4, C*, C6, Cg, and

Cl2 as *ell as the force parameters contained in coeffi-

cients a4, b4 and c4 are alt-, explained in Appendix IV/1.

Cases for which the horizontal shear H4 1is zero are not
covered by Equations 36a to 37b. However, for =zero shear
the columns are effectively not subjected to moments and
the beam moment computations are trivial. A typical case
is a completely interior regular subassemblage of a multi-
storey, multi-bay structure for which moments can be

established on a first-order, fixed-end Dbasis.

For the general case, after calculating the shear force H4
by satisfying the relevant Equations 36a, 36b or 37a, 37b,
the bending moment at any section of the subassemblage

can be computed, starting with the member-end moments.

5.2.3 Additional bending moments

So far, in the analysis for loading, beam members adjoining
nodes 1 and 4 or 5 and 6 1in Figure 41 have only been in-

troduced with their rotational stiffnesses F1"F4»F5 and F*.



162

For upper
multi-bay structures,
at joints 1, 4, 5 and 6

subjected to loadings.

subassemblages of multi-storey frames and for
additional moments may be generated
when the adjoining beams are

This would give rise to bending

moments throughout the subassemblage as demonstrated for

joint 4 in Figure 43.

ad M3
v 1

(D 123,123 ®

135'L35

134'L34

/

"3MF32y / y y9MF35

1z 1ier/21 o 1v

114,123 yX

ad 4

FIGURE 43:

Additional beam loading
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This moment effect is accounted for in an approximate
way by distributing the difference of the fixed-end
moments ad MF, if any, at the joint in proportion to the
stiffness of the members. The technique is based on the
equations of the slope-deflection method and effectively
comprises the first iteration step of the moment distri-
bution approach presented by Kanillr. With reference to
the case of Figure 43, the additional bending moment at

joint 3 would be defined by

ad M32 = (®»8MF32+69MF35) 2p32, 43 ICON. 38

The coefficients u" , represent stiffness ratios and are
used in the same way as a carry-over factor. Similarly,
additional moments can arise from beam loading on the
ancillary member next to joint 5. Full details of the
results of the distribution process aie given in

Appendix IV/2.
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CHAPTER 6

THE LIMITING SLENDERNESS RATIC

6.1 General

In chapter 2 of this study the "limiting slenderness
ratio", X,, has been ident fied as the principal para-
meter of the so-called "liiiting frame" of a specific
group of frames. When subjected to loading equal to
its elastic buckling load P., ("Symmetry-Buckling") or
to loading related to a fictitious "elastic buckling
load" aP, (non-symmetrical conditions), the "limiting

frame" would just reach yield at a critical section.

In lection 2.2 the "limiting slenderness ratio" X;

was Bshown to be of major importance in ssleeting the
appropriate design curve from the array of possible curves
given 1in the design graph of Figure 23. The calculation
of the "limiting slenderness ratio" X was further de-
monstrated in section 2.2.”, where an example was pre-

sented .

In this chapter, the relationship between the elastic
buckling load of a frame and the "limiting slenderness
ratiol X* will be examined and the concept of the "limiting
slenderness ratio" will be applied to the general sub-

assemblage .
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The "limiting slenderness ratio" can be interpreted as

a measure of the elastic response of the structure to
loading related to its elastic buckling load. In fact,

a direct relationship exists between the magnitude of

the "limiting s: nderness ratio", the elastic buckling
load of a frene and the actually applied loadings

(Figures 9a, 9%b, 12a and 12b). It has previously been
mentioned that the loading which is instrumental in de-
termining the "limiting slenderness ratio" has a slightly
different meaning and definition when cons lering non-
symmetrical conditions in contrast to the special case of

"Symmetry-Buckling". This will be further illustrated.
Case 1: "Symmetry-Buckling"

The significant loading for this case is equal to the
elastic buckling load P . A true bifurcation point exists
in the load-rotation relationship as shown in Figure 44.
This behaviour is based on an clastic analysis and on per-
fect conditions in regard to symmetry of loading and geo-
metry. A frame qualifying for the case of "Symmetry-
Buckling”" may theoretically fail in two ways when analysed
on a linear elastic, second-order basis - in a symmetrical
buckling mode or by sway buckling. Sway buckling will
usually occur at a load level lower than the critical 1load
computed for the symmetrical case. The initiation of

sway buckling, therefore, represents a bifurcation of the

equilibrium configuration.
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o
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FIGURE 41: "Symmetry - Buckling"
The load P” and branch 2 of the curve shown in Figure 44

refer to
ponds to

rotation

the

the

for

lated, on an

sway buckling mode, whereas branch 1 corres-
no-sway mode of buckling. The post-buckling
branch 2 of Figure 44 can only be calcu-

elastic basis, if the approximation 4d”/dx"

in Equation 34 1is replaced by the correct expression for

the curvature

(d2yi/dx”)/ [1 + (dy”/dx™) "]

The parameter Dlv refers to the vector of deformations

associated with a frame qualifying for "Symmetry-Buckling"
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and loaded with its elastic buckling load Po . At the
load level of P a finite state of deformations, bending
moments and stresses exists which can directly be re-
lated tc the relevant "limiting slenderness ratio' X~.

This will be confirmed in section 6.2.

The curve shape and the location or the bifurcation point
in Figure 44 depends on the sectional properties of the

members, the frame dimensions and the nature of the

load:ng.

Case 2: Non-symmetrical conditions

For this case, which would apply to non-symmetiical

structures, non-symmetrical loading or imperfect sym
metrical structures, elastic analysis wou-td reveal a
progressive lateral collapse and no bifurca'

on of equi-
librium would exist. The collapse curves, when shown in
a load-displacement diagram, would approach the elastic
buckling load of .he structure in an asymptotic way. The
curve shapes would again vary with the stiffness of the
structure and the disposition and composition of the
applied loading. Three arbitrary curves are shown in
Figure 45. A flatter curve would be obtained for a more
flexible structure or larger bending effects. A variation

in stiffness could also have an effect on the absolute

magnitude of the elastic buckling load PgQ



168

t. \D'ELASTIC BUCKLING LOnD

>
Sstt'i; 1: 1
step 3: CURVE"C
star 2: 4
HO, 4 o« DISPLACEMENTS
'L 43: Non - symmetry failure
\ . such 1is shown in solid lines ¢in Figure 45

v. u.i re .:h infinite displacements D" at the level of
elastic buckling load P(. Thus, 1f the "limiting
lend, rness ratio" were directly related to the elastic

suc< ,ng load Pp, in this case \would theoretically

irr.r rich infinity for all non-symmetrical cases. It will
own 1in section 6.2 that the "limiting slenderness

r.t*i ” is directly related to the second-order forces

w: .cr. in turn ire i function of the displacement vector



The original interaction curve suggested by Merchant-
Rankine and the modification by Wood are in line with
this condition, i.e. A 20 for . These methods are
thus not suitable for distinguishing adequately between
structures of various stiffness and loading conditions.
At the same time, it can be seen that these interaction
rules constitute a lower-boundary approach with respect
to the curve termination point on the vertical axis
through Pp/P"=1 of the design curves of Figure 23.

By implication, the wvalue corresponds to a slope

(PQ/Pp), =0 at all times by virtue of Equations 5 and 8.

In order to overcome this problem in this research, a
somewhat lower load than PQ is designated as the fictitious
"elastic buckling load" of the structure. For this load,

which is called aPG (0<axl) , a finite displacement state

and thus "limiting sl”iderness ratio" can be identified

as shown in Figure 45. It is significant to realise that,
generally, for a structure of limiting conditions the

ratio of (aP0/Pp); is now not equal to =zero, since A .*A

To determine a suitable reduction value a, the following

points were considered:

a) The formulation of a would have to contain aparameter

taking stiffness and loading into account.

b) The 1load level aP” should lead to rational values for

the "limiting slenderness ratio".
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c) A generalised approach covering all possible cases

would be desirable.

After a thorough investigation it was felt that curve C
of Figure 45 fulfills the requirements stipulated above.
This curve, passing through oPo , ha= en carefully chosen
to link points on the load-displacem ..c curves Jjust before
the deformations start to increase rapidly, thereby ren-
dering the structure undesirable. Numerous variations to
curve "C" of Figure 45 were also tested by computer but
found to be less efficient than the curve obtained from
Equation 39. The formula for a given in Equation 39 has
yielded satisfactory results in terms of the "limiting

slenderness ratio" for a large number of frames analysed

by computer.

IEON. 391
a

The value Xgnff is defined as the largest slenderness
ratio associated with all conditions producing a deviation
from the special case of "Symmetry-Buckling . This will
include non-symmetrical loading and non-symmetrical struc-
tural arrangements. The slenderness ratio *hg,4

computed in the same way as the "limiting slenderness ratio

\ with an applied loading related to 0,4 Pge For instance,

for a symmetrical frame subjected to a symmetrical vertical
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loading of 0,4 and a horizontal 1load of 0,4n”"Pg, aho#4
would be based on results derived from the application of
the horizontal locad 0,4 n . In this way, Equation 39
would lead to a value of a=1,0 for the case of "Symmetry-
Buckling" , thus providing a gradual transition between

non-symmetrical conditions ( ~>0) and "Symmetry-

Buckling" "™XHO, 4=°* *

It is evident that for a particular group of frames
as defined in section 2.2.3 of this thesis, the value a

would remain unchanged. The elastic response to lateral
load of such frames in terms of the wvalue XH0>4 would be

identical.

If for certain cases Equatic i 39 fails to produce a
realistic result for i.e. X;>1500, or if Xh0O,4>70°
and a<0,4, satisfactory solutions may still be obtained
by reducing a until X. fallsbelow 1500. The change in a
can be justified because of the fairly insensitive nature
of the relationship between aP0, X" and the failure 1load
Pp. This has already been demonstrated in section 3.2 of

this study.

The wvalue a in Equation 39 1is based on a slenderness ratio
XHOf4 expressed 1in terms of column properties and refers
to a ratio d*,/2r" equal to unity. The reason for setting
dc/2rc equal to unity becomes apparent when examining the

formulae for the "limiting slenderness ratio" (Equations

40 and 41), which will be derived in the following section.
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The load-displacement behaviour of structures (Figure 45),
and thus the value of &, which reflects this behaviour,
should not be a function of the parameter y/r=d/2r which
appears in Equations 40 and 41. Since the computation

of ng . will be based on these equations, the ratio

14

d/2r is eliminated by equating d/2r to 1,0 .

The evaluation of the cubic equation for a comprises
the following three steps within the frame analysis

procedure as a whole:

Step 1
Establishment of elastic buckling load PQ.

Step 2
Second-order load analysis for a load arrangement
related to 0,4P0, and subsequent calculation of the
corresponding slenderness ratio, 7“HO 4 ' usin<3 column
properties and a ratio d*/2r" equal to 1,0.

Step 3
Based on the results of step 2, the final reduction

factor a is predicted evaluating Equation 39.

Using the result obtained from step 3, the required
"limiting slenderness ratio" X. corresponding to the

load level aP0 1is determined.

The calculation procedure set out above 1is necessary

for the following two reasons:



i) A direct prediction of the reduction factor a is

not possible.

ii' t picks up the general elastic response behaviour
of t.ie problem, thereby fulfilling the abovementioned

requirement a) .

6 .2 "Limiting slenderness ratio" applied to subassemblage

The relevant subassemblage is thus subjected to the elastic
buckling 1load in the case of "Symmetry-Buckling" and

to the fictitious "elastic buckling load", aP0, for non-
symmetrical conditions. All other relevant loads f(Q),

now presented as f(aPn), are also applied to the structure
at the same time, for example, if =235 = Q/2, 1t now

becomes aPy/2.

Using the analysis principles set out in chapters 4 and 5,
second-order displacements and forces are obtained. These
in turn are utilised to calculate the "limiting slender-

ness ratio" for discrete critical sections of the structure.

Before developing the necessary formulations for the
"limiting slenderness ratio" it is opportune to illustrate
the prevailing moment and axial force state. A possible
distribution for the members of interest is shown in

Figures 46a and 46b.

The dots shown in Figure 46a 1indicate possible critical
sections for which the "limiting slenderness ratio" will

be calculated. It would also be feasible to include
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column sections between the nodes

FIGURE 46a: Bending moments

26

FIGURE 46b: Axial forces

34
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For a typical symmetrical cross-section, the stresses
may be composed of the twc contributions shown in

Figure 47.

max

FIGURE 47: Sectional stresses

The maximum fibre stress can be expressed as follows,

using compression stresses as positive:

Substituting for the stress fp on the stress-strain

curve at which yielding effectively occurs, the follow-
ing quadratic equation in X,is obtained from the above

stress expression:
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This expression has the solution given in Equation 40.
The detailed derivation of the final solution is pre-

sented in Appendix V.

Ecuation 40 relates the "limiting slenderness ratio"
to the sec ional forces M and P and to the sectional

properties I, L, v, r, fD of the actual structure.

Sections for which the axial member force is small com-
pared to the bending moment can be assessed by Equation
In this case, the second term under the square root of
Equation 40 is negligible, so that the following ex-

pression is an adequate approximation:

41.

|EQN. 41|

Equation 41 will be used when evaluating beam sections

anl Equation 40 will serve to analyse columns.

It has been found useful to relate all critical sections
to a particular reference section and to include for the
possibility of different beam to column strengths. This
will slightly modify Equations 40 and 41. Details of

these modifications and the application of the procedure
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to the investigated subassemblages are presented in

Appendix V.

It must also :e borne in mind that provision has to be
made for separate analysis steps for vertical and hori-
zontal loading respectively. The results of both these
steps need to be combined. The largest "limiting slender
ness ratio" obtained in this manner is the most signifi-
cant and will be retained for further processing with the
ultimate objective of selecting the appropriate curve in

the design graph of Figure 23.

For the evaluation of a in Equation 39, the slenderness
ratio XHg R will be calculated in accordance with
Equations 40 and 41, using a ratio d*/2r” = 1,0 and

properties relating to the column member between joints 3

and 4.



CHAPTER 7

T HE COMPUTER PROGRAM

7.1 Objectives

The principal purpose of the computer program is to ob-
tain the results of the elastic analyses required for

the evaluation of the interaction curves of Figure 23.
This involves the evaluation of the elastic buckling
load, the stresses pertaining to loading related to the
elastic buckling load and the "limiting slenderness ratio"
for both, conventional buckling and "Symmetry-Buckling".
It is also possible to use the information obtained from
the elastic analyses, together with the plastic collapse
load, to calculate the failure 1load, Pp, of the structure
by computer. For this purpose, the straight-line Equa-

tion 11 has been incorporated in the computer procedure.

7.2 Procedure

The complex procedure involved in obtaining numerical
results and the fact that certain solutions are only
found after a number of iterative cycles makes it neces-
sary to employ a suitable computer program. The compu-
tation of the elastic buckling load and the establish-
ment of the corresponding second-order state of stress
is essentially based on the solutions of a set o', linear

equations. The wvarious sequences of this analysis are
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executed using the well known principles of matrix
algebra which will not be discussed in detail in this

thesis.

The program developed for the purpose of this research

is best illustrated by way of a flow chart which outlines
in block form the main steps in the computation process

(see Figure 48). A concise summary of the major operations

is given below:

Step 1
For a given frame investigate a possible elastic
buckling load PO within a predetermined interval.

Step 2
Evaluate numerically all functions £ (?20).

Step 3
Calculate corresponding second-order axial forces
for vertical loads by solving the matrices 07=1 1LV
and P=SpD1+PF until satisfactory convergence 1is
achieved. 1In this form step 3 is only executed for
cases of "Symmetry-Buckling". For conventional
buckling a first-order evaluation of these matrices
is sufficient.

Step 4
Satisfy determinants of stiffness matrices to zero:
DET |B] = 0 for conventional buckling
DET |[C|] =0 for "Symmetry-Buckling".
This step will determine the elastic buckling load

of the system.



Step 5

Establish the second-order displacements and forces
r loading related to the elastic buckling load of
t. structure. In the case of "Symmetry-Buckling”,
g iv tne equations obtained from the differential
.r ion method. For non-symmetrical cases, deter-
Ehir.e *he reduction factor a first and then solve

Lv and P»SpD1+PF as in step 3 above.

will be exec.ted separately for vertical
i.n,: and then for other loading, by analysing the
r —-.rlate subassemblages. After completing step 5
1 r the vertical load analysis, the resulting state
*<ial forces 1is retained. This will maintain tne
.iffness level of the structure and will allow for
the interaction of axial forces and the sway dis-
.cement. The results of both analysis steps, 1i.e.
rM for vertical load and then for the remaining
; :;; will be combined to give the final result.
Stcll I
G mpute the "limiting slenderness ratios" , and
iontify the numerically largest wvalue.
Step 7
Once a plastic collapse load Pp has been evaluated
for the structure, the frame failure load Pp can 1ilso

be predicted by computer by using the straight-line

approximation of Equation 11.
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A flow chart of the program steps 1is given in Figure 48.
In the computer program provision has been made for the
numerical evaluation of single problems as well as the
repetitive evaluation of cases within a range of geo-

metric parameters.

7.3. Some program details

7.3.1 Language, notation, units

The computer program has been written in Fori an IV and
comprises about 1 450 statements. Input of data relevant
to the problem is effected by means of eight data cards
containing about one hundred data elements. Although

no external functions or subrout, nes are called, reference

is made to a number of standard library functions

The notation for the constants and variables follows
closely the designations used in the text of this study.
The printout elements are well explained in the output
itself. The numerical results of the analysis process
are preceded by a complete printout of the data on which
the results were based, this, fa ilitating cross-reference
and checking. Any set of conpatible units may be chosen
for the data field. A switch of units will usually be
resorted to, wnen the programmed dimensions of the input

or output fields would not suffice.
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7.3.2 Special instructions, error messages

A number of error messages have been incorporated into

the program. These are mainly concerned with the adequacy
of the overall load interval within which the final result
is sought by iteration. It may occur, through errors in
the data compilation, that no result is obtained within
the stipulated load boundaries. In this instance, a
message to this effect is printed out and the problem

evaluation 1s terminated.

7.3.3 Computer model, computer time and cost

The IBM Processor 370/158, running -nder the operating
system VS1, and the associated peripherals were used

for the program execution. Program compilation takes
about 40s and the processing time per problem varies
between 0,7s for 10 steps within the interval and 3,75s
for ino steps within the load interval. To save cost,

it is recommended to prepare and read data cards covering

the complete frame.

With the variation of the interval steps as above the
cost per subassemblage analysis will fluctuate between
R 0,30 and R 1,30 if a total of fifty subassemblages
are analysed at a time. These costs are based on the
following rates charged by the Computer Centre of the

University of the Witwatersrand, Johannesburg:



Processor (CPU) : R 1 100/hr

Memory occupancy

(based on CPU time + 30 per cent): R 26/hr/100 K
Printing on computer centre

supplied stationery : R 0,07/100 LINES
Step execution : R 1,0/EXEC. STEP
Use of peripherals

Printers : R 1,15/1000 CARDS

Reader . R 1,15/1000 CARDS

7.3.4 Iteration procedure

The buckling load is the lowest load satisfying the
condition that the determinants of matrix B or C (see
Equations 13 and 30) reach a value of zero. This can
only be accomplished by using an iterative approach
within the load interval in which the buckling load is
expected. A possible result is indicated where from one
interval step to the next the sign of the determinant
changes. The wvalues of the determinant, DET, and DET,,,
corresponding to the loads PQl and P”" before and after
the zero Intersection, are used to predict a preliminary
solution for the actual buckling load PQ. The technique
of prediction adopted in this program is known as the

lIRegula Falsil given 1in Equation 42.
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Successive predictions for ?( are made in this way, each
time reducing the interval sizes and narrowing the boun-
dary wvalues. Subsequent solutions are compared and if
the desired degree of convergence is obtained the pro-

cedure 1is terminated.

For the most general case, where the axial beam forces
are not zero, the system of linear equations given by
B.D.-1**=0 of Equation 22 must also be satisfied as the
determin mts DET 5 or DET C attain a zero value.

This procedure 1is illustrated in Figure 49 which shews
the results of two consecutive iteration steps. , and
P*2 refer to step 1 and P” and Pc, refer to the subse-
quent step. The corresponding determinants! values are
DET, , DET”, DET. and LET, . The exact values for the de-

terminant appear as a solid 1li: e in the bottom section of

the diagram.

step size

LOADING P

01 V 04 02

FIGURE 49: Iteration procedure (top section of
diagram)
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DET
+ EQUATION 42
actual buckling load
DET
DET LOADING P
0
DET
DET
first prediction
second prediction
FIGURE 49: Iteration procedure (bottom section

of diagram)

7.3.5 Lowest buckling mode

Precautions must be taken not to miss the lowest root of
the buckling matrices B and C, and pick up instead a
higher wvalue belonging to a subsequent buckling mode.
This can happen when the determinant of the stiffness
matrix suddenly "dives" down, using the description
coined by Wood’. In this research a similar phenomenon
was observed when analysing upper storeys of multi-storey
structures. The problem can be avoided by increasing the

step numbers within the load interval for the first
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iteration cycle. A step size of 5ro=1,6x10 3 EI/L2
will usually suffice in this Instance, whilst a f.tep

size of 6Po=2,5x10'2 EI/L2 1is recommended for all

other cases.
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CHAPTER 8

THE DESIGN nRGCES.S

8.1 General principles

If the method developed in this research is applied to

a particular problem, the designer has to combine the
plastic collapse locad Pp of the structure with certain
elastic parameters, i.e. aPQ and The purpose of

this investigation has been to provide information about
the elastic parameters and propose a suitable interaction

procedure.

The computer analysis described in the previous chapter
can be used to obtain the elastic buckling load Pn, the
reduction factor a and the "limiting slenderness ratio"
X; for wvarious subassemblages. For the general multi-
storey, multi-bay framework the designer has to investigate

all subassemblages contained in the structure.

In many practical frames critical subassemblages can be
identified by inspection and the analysis will then con-
centrate on a lesser number of cases. In regular building
frames, beams are often kept constant throughout a parti-
cular storey and columns extend two storeys in height be-
fore a splice occurs. 1in this case it 1is generally
sufficient to analyse the lower of the storeys in which

the columns remain unchanged. For a multi-bay regular
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frame, at most three subassemblages need to be investi-

gated per storey, one completely internal and,

the left and right exterior bays.

Each set of elastic parameters established in this way
is combined with the plastic collapse load of tne total

framework by forming the ratio of elastic buckling load

or fictitious "elastic failure load" to plastic collapse

load for the actual frame and for the "limiting frame".

These slopes, when entered in the design graph of Figure
will define »he failure load PF of the structure. The

lowest load so predicted is taken as the second-order,

elasto-plastic failure load of the entire framework.

8.2 Detailed design procedure

If the design load at the ultimate limit state is taken

as the factored working load, namely as Q-Yf w, the

following condition should be satisfied for a satis-

factory solution:

On the basis of Equation 43 the design steps can be

stipulated as follows:

Step 1
Calculate O='ffW

Step 2

Choose members and establish Mp or MpC«

in addition,

23,
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A plestic collapse analysis 1is recommended for this
purpose. In this case Pp Q.

Step 3
Calculate the exact Pp for the chosen members and
obtain the elastic buckling load Pg, the reduction
factor & and the "limiting slenderness ratio"

Step 4
Find the ratio tiPg/Pp for the actual irame and the
"limiting frame".

Step 5
With the results of step 4 enter the design curves
of Figure 23 and find Pp/Pp and then Pp.

Step 6

Show that Pp * Q « YfW, or that Pp/W > yf

If necessary change section sizes and wvalues cf Mp,

and then repeat steps 3 to 5 wuntil Pp > Q = YIW.

For the establishment of the plastic collapse load Pp
cognisance must be taken of the presence of axial column
loads. These may be sufficiently large to warrant a re-
duction in the plastic moment capacity of the section.
This would change the plastic moment Mp to MpC. As an
approximation for regular flanged sections the previousl>
given Equations 1 and 2 are recommended by design

codes 8'10.
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8.3 Design example

The framework analysed by Cheong Slat Moy in Reference 63
is re-anaiysed here to demonstrate the procedure outlined
in the preceding section. This frame 1is of particular
interest, since Cheong Slat Moy showed that an ordinary
"stress-controlled" approach does not necessarily lead

to a safe solution. Tre frame had to be strengthened to
resist the real second-order forces. Instead of con-
sidering the entire frame, only the two lowest storeys

of the ten-storey structure were analysed by Cheong Siat
Moy . Further details related to the problem are given

in Figure 50.

11
125,3 550 kN 00 1100
3,7 kN/m
16,7 BEAMS
Wl2x22
16,7 3,7 kN/m
COLUMNS
EXT. W8%*58
(typ) 2,9m

INT. W14x78
quasi-pinned

denotes plastic
6 m 6 m 6 m hinge

FIGURE 50: Frame example - First trial
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The sections given in Figure 50 are taken from the
section tables issued by the American Institute of Steel
Construction (AISC)G6cC. The loadings refer to the work-
ing load level and the plastic collapse load is derived
from a combined sway mechanism with hinges in the beams.
The plastic moment capacity of the beams is Mp=120 kh'm.
In accordance with the solution by Cheong Siat Moy, the
columns are considered to be bent about their minor axis
and the yield strengths of both, beams and columns are
taken as 250 MPa. The load factor >" applied to the

wor xng load W 1is equal to 1,30 as suggested by the AISC
Code8 for the case of combined horizontal and vertical
leading. For the given conditions described above, the
load factor pertaining to the plastic collapse mode has

been calculated as PD/W = 1,37.

In line with step 3 of the design procedure, a number of
subassemblages must be analysed for the elastic para-
meters aP0 and ) . At most six cases need to be con-
sidered, however, it was estimated and confirmed that
the lower storey would give the worst results. The com-
puter results applicable to the relevant subassemblage
are given below. Subsequently, they are further pro-

cessed, following the design steps given in section 8.2

Step 3
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R itio of elastic buckling load to working load:
3,02

Reduction factor defined in Equation 39:

a = 0,778

"Limiting slenderness ratio" (Equation 40) from a second-

order elastic analysis to determine axial forces and

moment — under aPoO :

= 551
Step 4
aPO 0,778x3,02 i
actual frame : —gr * PTT/ —
"limiting frame' :(~pM)n" “p~ TJ = 1,72x%,7251 0,15

Equation 9)
Step 5

i1 0,75 from Figure 23, using -he results of step 4

Step 6

1 iz = 0,77x1,37 = 1,03 <Yf - 1,30

From this inequality follows, that the trial frame given

in Figure 50 1s inadequate and needs strengthening. Th-.s

v.nfirms the findings of Cheong Siat Moy.



The revised frame suggested by Cheong Slat boy shows the

following member sections:

2nd Trial
Beams : W1l4*26
External Columns : W1l4*74
Internal Columns : W14*84

The structural analysis, which follows the same procedure

as above, results in the values giv-.n below for steps 3 to 6

Step 3
P-
5T - I'S?
B2 " 3-82
a = 0,782
X* = 461
Step 4
actual frame :—77- = 1,6
P
"limiting frame" : 1, 6 - = 0,11
Step 5
PF
3- =0,72 from Figure 23
*P

Step 6
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The final step confirms that the revised frame is now

adequate. In fact, the frame is overdesignedby about

4 per cent in terms of the load factor. Thi

.1s not sur

prising since the sections chosen in trial 2 are Jjust

adequate by the "stress-controlled" design approach. I+

is typical that a second-order, elasto-plastic analysis

of such a frame reveals a small reserve strength.

The result obtained above refers to a bare frame analysis

and 1is, therefore, directly comparable to the Merchant-

Rank ine formula. Step 6 for the Merchant-Rankine rule

takes the following form:

II
1 = W--—~ = 1,26 < 1,30

 +0

This inequality suggests that trial frame 2 1is still net

adequate and further strengthening is necessary when ana-
lysed by the Merchant-Rankine rule. Compared to the
"stress-controlled" approach and the technique developed .
in this study an uneconomical solution would eventuallv

be adopted.
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Crtr.- YER 9

COMPARISONS WITH PREVIOUS RESEARCH

9.1 General

In chapter 2 of this study the general shape of the pro-
posed interaction curve was developed for a particular
group of frames. The same procedure can be repeated for
a number of other frames specifically selected for this
purpose. As a result the array of curves presented in

the design graph of Figure 23 has been obtained.

In the derivation process for each curve use was made of
two exact points, the starting point and the termination
point, however, the failure locus between these boundaries
was hypothesised. Considering the entire curve develop-
ment orocedure, it is believed that, on the whole, no
great error could have been introduced despite the facu
that no exact theoretical solutions in the inelastic range
were incorporated. In this context it must also be
aporeciated that an explicit mathematical description,
based on a rigorous elasto-plastic analysis, for any of
the curves of Figure 23, has not been published so far.
By implication, each -urve represents an infinite number
of different frames which only in the elastic range have

a common response parameter.
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In order to assess and possibly improve the accuracy of
the initially vypothesised inelastic curve sections,
solutions obta ed by the proposed technique were com-
pared with a nv.nbvr of discrete theoretical results as
well as results of laboratory tests. The final com-
parisons are given 1in tabulated form in the next section

of this study.

9.2 Comparisons

In the comparisons of Table 6/1 and 6/2 care was taken
to cover a wide range of frames. Only the pertinent re-
sults of the analysis are given. Hence for multi-storey,
multi-bay structures, the parameters shown in columns

2, 4, 5, 6 and 7 of Tables 6/1 and 6/2 refer to that
subassemblage which, in combination with the plastic
collapse load of the entire frame, resulted in the lowest
overall failure load. The failure load is expressed as
the ratio Pp/Pp. The elastic buckling load PQ and the
plastic collapse I'"ad Pp are given in various units, as
they appear in the literature, either as absolute wvalues
or in terms of load factors. The ratio (aP0/Pp) is
evaluated from Equation 6, 9 or 10, as applicable. For
comparative purposes, the correct elasto-plastic results
from a computer analysis or laboratory tests are also
shown. These were taken from the references given in
column 1. Furthermore, the solution of the generalised
Merchant-Rankine formula has been added in each case 1in

column 10 of both tables.



198

CM

sosATeU®R

UM

CcM

suosTIedwo)d

FS
- =)

*T/9



199

in

g

in

*QUO0D

sosATeur

CN

OE

suosTaeduo)

M ©

ATdVYL



200

Zs'o

€90

zL'o

160

€8°0

€6°0

ANTINYYT HOJIVASHA

—LNVHOIHN

STHL

d .

in
00
O

5100 o

m

00

Cco
VO
(@)

M

0z &

o
XAl

O &

v'E

N B

NS <

Bt

B oF g T

BT
oy ok &"

Bk
D oF 3

s3s93 U3IM

N 582

N o o

g3 ¢
3 s

(=feas!

"

S
B &

B AR Fam
Ak o8 © Kn

suosTtaedwo) 1Z/9

CEASLAR



201

=8

He

CN

f8 3

(S5

m

Se

*H



202

9.3 Comment on comparisons

From the comparisons of Table 6/1 and Table 6/2, it can
be concluded that results based on the proposed method,
which appear in column 9, are in good agreement with
exact solutions (column 8) for the investigated struc-
tures. This 1is equally applicable for frames with low
reductions in load carrying capacity due :0 instability
(1.e. frames 3, 4 and 8 of Table 6/1 and frames 1, 7, 8
and 9 of Table 6/2) as well as for frames with large
reductions due to instability (i.e. frames 1, 5 and 7

of Table 6/1 and frame 5 of Table 6/2).

It has also been confirmed that the Merchant-Rankine
approach, 1in most cases, is a conservative approximation.
However, in general, this method becomes extremely in-
accurate for frames which are characterised by a low
"limiting slenderness ratio" or a high wvalue of a. This
includes, 1in particular, symmetrical frames subjected to
pure vertical loading for which a equals 1,0. Differences
ranging from 9 per cent (frame 8 of Table 6/2) to 89 per
cent (frame 3 of Table 6/2) have been identified for
these symmetrical cases. For the same frames, the method
developed in this research, is accurate within 2,4 per
cent for eight cases and differs by 5 per cent and 12 per

cent respectively for two further frames (frames 9 and 3

of Table 6/2) which were tested in the laboratory.

A consistency good correlation has been obtained



between results of the proposed method and the theoretical

solutions given in Table 6/1.

Ten model frames which have been analysed and were sub-

sequently tested in the laboratory *:re compared in

Table 9 of chapter 10.
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CHAPTER 10

LABORATORY TESTS

10.1 Objective of tests

It has beer shown in the preceding chapter of this study
that discrete experimental and theoretical results are
in good agreement with the proposed design curves of
Figure 23. The observed correlation should suffice to

confirm the wvalidity of the presented method as a whole.

However, it can be argued that the unrelated an”® arbitrary
examples taken from previous research do not necessarily
confirm the fundamental curve shapes developed in chapter 2,
and in particular the two principal hypotheses formulated
in section 2.3.1. In chapter 2 it has been found that

a single curve in the inelastic instability range corres-
ponds to a specific group of frames with a common xcad
arrangement and a certain global parameter in regard to
geometric properties. This [ammeter reduces to the
dimensional ratio of beam to column length if the sectional
properties and the arrangement of the subassemolage remain
constant. By keeping the length ratios unchanged but
varying the absolute member lengths, and thus tae slender-
ness ios, the entire range of a particular interaction

curve can be covered. This is illustrated in Figure 51.



certain ratio

decreasing ’
increasing

H 51: Interaction curves for constant
geometry

In order to test the individual curve shape, a number of
frames were selected so that they belong to one particular
c.rve and that tuey correspond to curve points progres-
sively approaching Pp/Pp=1,0. tsecau'e of the inevitable
scatter of test results, it was decided to monitor curves
with a pronounced deflection. In order to meet these
objectives adequately, structures with a large slender-
ness ratio had to be included in the test series to ob-
tain curve points in the regions of larger losseu due to

instability.



* i !

DI 1I» «

KIICIIT M U

I

I'11

h AND i
,4
v o vl' IHHt .K
h 14 t AU UIATL AXIAIL !M<*l« K I HAN'.1:, ‘I- ANi
ny
! i -
£ i K« ISTt.H N/, QU T11 hATIi -N M1 I\ | IT1] 11 IMIT
>
u 4 o
£V 1Y IMv )K [11] LIMIT
<(« VM/I 1'iNAI HIM t | INt, ZvNAi YSIti /vND .
"MYMMI i i<V 1<IU> I INt.** ANAl Y I: AND
A '* TAjil. M i<41D «ihhl it lL«AI- AN, 1Y: 1 o
A*- A* TAIl I, .1I1IHD <'hi< i« I, AD ANAl.y MI
AHim.I VI II INK , HMI[| « || . .
Jrimi :Ams 1w M iiix
I VAI DAII I)['ILKMINAN'I DI 1 [t ) L
1 V/VIHAII Di II MIINAIN HI j J( |
B r
1 1] i di r < 11 MY e¢1I<>] (HAN
1 AND *'Ml A1l iIN WI1IIT I 11 111
KJJ i 11ANvi-:
i vi ' 11N '"HAN' I
.o
in W III HAI I'IN WIIItIII KI I)D< I.D IN II.LHVAI II DIW I111-AIK iN WITH N ML DIid 1¢ INI KRVAL
I1.1 H u 1 I'M |' | M
Mi OHI) DII'Il.IN', Ia,AD I 1 ID I 'iKk) HD' IN in< H BT 1
101 0
1EKKORM Nl <ilthl x ANAJ Y : ID H R « 1i1RA11 Mil -Nli illpl K h'WRrII
VI INK/VI, I, AD HY DiI1hID N1 1Al I .'DAI I« N M1 111' ID
] o DI ' ')ND Nil
11K1UKM DH <X1D «H DI « ZJiADY. 1. 1 i« ,il
iM IT R IKAD -
t
DI 1HI ML « I n iii i i1k
11IN 1 AND /1'*K,D I ITI'D
- i1 -e
i n, 4
< t-ML N1 |
"1 1M1 IIN', SIJ N1' HNI HA 1Ki" >
t
i I 0,1
oM1;INL A, il AND P
1
TO !',11Hii 1-AD 1
......... S i
11w I ini
" /21, Nl'rt DATA i K IO /I 1i- I-1.1 M
IfD

4H,

Ki.AU

(m uwi'fc

VAhY K
u

L.DT V1 AtS11I

WITHIN

n 1t.1, 1/Vi A

M in NKti:,n; k

IMTfcKVAJ.

ITY 1111k* I'*i

4 ANI C I/J

< AlA IIIVVI 1

Mhi.t iz

I> >Al» VLt "l <d< L

M in

1-1111 TA« fcMl.fil b u h i,

I» TLI'MINI

VAU UIVv'l t.

I1... hiM

TAIiT1L1I1Y

AXI Al. 11 JA I r

MA1hI x is

t-UN<*] 1i *4.

h ITHVI i Yi IJ

1 <Il/vh

DIN

| <

I

| .

I8T






206

The foregoing considerations led to the choi f he

two test series, P and M, each comprising five frames.
Portal frames PI to P5, subjected to proportional ver-
tical and horizontal loading were tested in order to
verify one curve and the double-storey frames Ml to MS
with similar loading were used to monitor a second design

curve of Figure 23.

10.2 Details of test frames

Details of the test frames are given in Figure 52 and

Table 7 respectively.

0.10

-L. fixed fixed dIF fixed fixed

FIGURE 52: Test frames



TABLE 7:

FRAME

PI

P2

P3

P4

P5

M1

M2

M3

M4

MS

Geometry of test frames

L ()

1,125

0,937

0,750

0,656

0,500

1,125

0,937

0,750

0,656

0,500

0, 750

o, rob5

0,500

0,437

0,333

3,750

0,625

0,500

0,437

0,333

431

359

287

251

190

431

359

287

251

190
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The cross-sections of all members were rectangular (29mm

x enun ) and loading was applied in a way to cause bending

about the minor axis. Also shown in Figure 52 is the 1load

disposition, consisting of a central point load on the

beams anu a horizontal load acting at the beam levels. The
load ratio of vertical to horizontal load was kept constant

at 10:1.

The calculation of the failure load PF requires the know-

ledge of certain material strength parameters. These were

determined from specimens subjected to a bending test as

shown in Figure 53. A bending test was given preference

for two reasons. Firstly, failure of the actual frame occurs

in a similar mode and, secondly, all the required parameters

follow directly from such a test procedure.

b xd=2 9mmx 6mm
screw device

proving ring

FIGURE 53: Bending test



The load-deflection curves and the measured plastic
collapse load Pp obtained from the bending tests were

ased to calculate the modulus of elasticity E, the plastic
moment capacity tip and the yield stress fy of the material.
The plastic collapse load follows from the load-deflection

curve by extrapolating the plastic slope backwards until

ic meets the elastic slope. The three salient parameters

were evaluated from the expressions given in Equations 44a,

44 and 44c.

E = 7 Q < Qyieid 1EQN- 44a|
|[EQN. 44Db!
"p
PdL 4M- . .
P = — 77 |[EQN. 44ci
fY = EH7 " bd

Six beams, denoted BM1 to DM6, were tested and assessed

in this way.
The pertinent results of the test beams are given in
Table 8 together with the values adopted for the

analysis of the frames. No significant residual stresses

could be identified.
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TARLE 3 Results of bending tests
BEAM
0,06621
0,06621
1,908*10
USED 1IN

ANALYSIS
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10.3 Test arrangement

The arrangement chosen for the frame tests is shown in

Figure 54. Provision was made to test single and double-

storey frame models.

TEST FRAME dial
pulley
dial
load
load
dial
pulley
dial
load
load
Fixed AUXILIARY
TRESTLE
TEST BED
FLOOR

FIGURE 54: Test arrangement

Since the applied loadings induced bendmg about the minor
axis only and because of the flat cross-sectional shape,

no out-of-plane buckling was expected. This allowed the
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testing of single frames and thus eliminated the influence
of transverse bracing which has been known to disturb the

accuracy of certain measurements in twin-test arrangements.

The test loading for the experiments was effected by gravity
loading applied at the beam centres and via pulleys at the
beam levels in a horizontal direction. Care was taken to

keep vertical and horizontal loading proportional at all

times. The loading system as a whole could freely move with
the frame at all stages of the experiment. Lateral displace-
ments at the beam levels were recorded for all frames. 1In

addition, for frame M2, measurements were taken of the de-
flections at midspan of the beam member”. Horizontal and
vertical loads were applied in successive increments and

the frame displacements were measured after each load appli-
cation. The increment of load was gradually reduced as

the applied load approached the predicted failure load.

Three photographs are reproduced in Figures 55, 56 and 57,
depicting frame M2 at various stages of testing. In Figure
55, frame M2 1is shown on the testing rig Jjust prior to the
load application. Figure 56 depicts the same frame during
loading and in Figure 57 the deformed frame, after testing,

is shown with all loads removed.

In another experiment, an identical frame M2 was tested
with the horizontal loads omitted. The deformed shape of

this frame, after load removal, is shown in Figure 58.



FIGURE 55: Frame M2 before testing



FIGURE b56: Frame M2 during testing



FIGURE 57: Frame M2 after testing



FIGURE 58: Frame M2 after testing for
vertical loading
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10.4 Results of tests

The main objective of the experiments was to determine the
maximum load the frames could carry at failure. For the
purpose of this research, failure was defined as that con-
dition of loading for which the displacements continued
to increase under constant load without coming t a stand-
still within reasonable limits. This condition woul thus

coincide with a peak in the load displacement carver as

shown for frame M2 in Figures 59%9a and 59b.

(10 =" kN)

o°

500.

SWAY

FIGURE b59a
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(10'3 KkN)

O 500.

- SWAY

FIGURE 59b: Second storey sway - Frame M2

The complete set of failure loads for the ten frames

tested in the laboratory is given in column 8 of Table
The recorded failure loads PF have been expressed as a
function of the plastic collapse load Pp applicable to

the particular frame.

The values in columns 2 to 7 of Table 9 are those re-

quired to establish the failure load, using the interaction

method developed in this research. The values PQ, 1 and H

were obtained using the computer analysis described v

chapter 7 of chis then is. The ratio Pp/Pp in column 9 ct

Table 9 has been evaluated from the design curves cf

Figure 23, using the two slopes aPg/Pp and (aPg/Pp)* for
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the actual and the "limiting" frames respectively. For
comparison purposes the solutions based on the Merchant-

Rankine formula are given in column 10 of Table 9.

It has been mentioned that frame M2 was also tested for
vertical loading. The results relevant to this experiment

are shown 1in brackets 1in Table 9.

The last column of Table 9 gives thepercentage difference
between the test results and the solutions predicted by
the analysis approach developed in this thesis. The test

results are taken as I'X) per cent.

As indicated before, the tests weredesignedto monitor
certain failure curves of the interaction graphs given in
Figure 23. The curve checked by the portal frames P has
the selection parameter (aPn/Pp)” =0,54 and the relevant
curve applicable to the double-storey frames M has che re-
ference parameter (aP"/Pp) =0,44. Both these parameters
appear in column 7 of Table 9 for all frames of a parti-

cular group of frames.

The fact that all >,, a and (aPg/Pp), at are equal for
the respective test groups P and M comes as no surprise.
It may be recalled that these conditions were presumed
when hypothesising the interaction curve shapes of

Figure 23. The consj-toncy of these computer results
thus confirms the wva, , of the tendered design pro-
position for the general frame and substantiates the two

principal hypotheses formulated section 2.3.1 of this

study.
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In Figures 60 and 61 the test results of Table 9 are
plotted against the interaction diagram of Figure 23,
showing only the two relevant design curves. The curve

points are shown thus o and the test results are marked

thus

1,0

- TESTS
o THEORY

FIGURE 60: Test results for frames P plotted
on interaction graph

1,0

TESTS
o THEORY

FRAMES M

ap

FIGURE 61: Test results for frames M plotted
on interaction graph



10.5 Summary of test results

From the comparisons given in Table 9 and Figures 60 and
61, 1t can be seen that satisfactory correlation has been
obtained between the test results and the frame analysis

method proposed in this thesis.

In nine cases the predicted failure loads were slightly
below the experimental wvalues and in one case the test
result was identical with the theoretical solution. The
range by which tests exceeded the results of the analysis
was found to extend from 0 per cent to +2,6 per cent,

with a mean variation of +1,5 per cent. By comparison,
the mean deviation of results evaluated according tc the
Merchant-Rankine rule has been calculated as +8,9 per cent
for the ten frames tested for this study. For the Merchant-
Rankine rule, the range of the results was found to extend
from +5,2 per cent to +11,7 per cent. Hence, the proposed
method represents a distinct improvement in the prediction

of the failure 1load Pr.

The results given in Figures 60 and 61 show that frames
O1 lower slenderness ratios, within a specific group of
frames, approach progressively the maximum ratio PF/Pp=1,0
as the slenderness decreases. This confirms the second
hypothesis formulated earlier in section 2.3.1 of this

study.

The reason for the slight underestimation of the failure

load by the proposed analysis approach can be attributed
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to strain-hardening, the stiffening effect of welds at
the member intersections and the nature of the base re-
straint. The latter two aspects are equivalent to a re-
duction in member length. In the analysis, the distance
between the centre lines of the members and at the base
the distance to the centre of the embedded column length
were usea. The assumption of an ideal point load is also
an approximation. If these disturbances would be allowed
for, an even better correlation between theoretical

solution and test result were possible.

A further point of interest is the test performance of
frame M2, when subjected to pure vertical loading. The
proposed method of analysis predicts the failure load
quite adequately as shown in brackets in Table 9. For

the same frame the result obtained by the Merchant-Rankine
method is out by +22,6 per cent. In fact, for this parti-
cular frame and loading, this method does not distinguish

between a frame subjected either to combined or pure ver-

tical loading. For both cases a beam mechanism is suggested
as the failure mode. This results in the same value for
the plastic collapse load and thus Pp. A case such as

this was discussed before in section 2.4, paragraph b) .
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CHAPTER 11

DEVELOPMENT OF DESIGN GRAPHS

11.1 Principles

0'l- of the important features of the method developed 1In

this research is the fact that the results can be pre-

sented In graphical form. This enables the "manual"

evaluation of common cases, i.e. an analysis without com-

puter is possible, once the plastic coll pse load is known.

A rational presentation of results in graphical form has

been achieved for two reasons. Firstly, because an in-

finite number of similar frames can be represented by a

common identification parameter, namely the "limiting

slenderness ratio". This was demonstrated in chapter 2

of this study. Secondly, if the "limiting slenderness

i.e. a case of

ratio" is determined for a basic case,

equal strength, member depth and moment of Inertia for

beams and columns, other "limiting slenderness ratios"

pertaining to conditions different from this basic case

can be obtained by simple linear modification. This will

be confirmed in a later section of this chapter.

These two fundamental findings greatly reduce the number
of variables usually associated with the problem of in-

elastic failure. The remaining variables would mainly

be concerned with the loading and the nature of the sub-

assemblage.
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11.2 Scope

11.2.1 Geometry

It is envisaged that a graphical method should carer for
the typical building structure with respect to loading,
fiame geometry and column base conditions. For the General
multi-bay, multi-storey structure the significant sub-
assemblages to be covered by a graphical method are shown
superimposed on a general framework in Figure 62. Only

the core-module members are indicated in prominent lines.

FIGURE 62: Subassemblages for design graphs
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Each of the subassemblages of Figure 62 corresponds to
one set of design graphs comprising a graph A for the
buckling load PQ and a graph B for the "limiting slender-

ness ratio" A, and reduction value a.

In addition, for single-bay frames, two further sub-
assemblages need to be investigated - one applicable to
the bottom storey and another for intermediate and top-
most storeys. With respect to the column base conditions,
at least two types of elastic base restraint, that of

a "quasi-pinned" and a "quasi-fixed" base, should be in-
cluded for the bottom storey subassemblages. This will
result in a minimum of twelve graphs A and twelve graphs B
for the case of bare frames, provided a specific type of
subassemblage with all its related load combinations and
different storey numbers is presented in a single graph B.
By restricting the number of graphs in this way certain
simplifications and omissions are inevitable. The major

assumptions are given below:

a) A two-bay structure can be adequately assessed by
analysing two core-modules, i.e. (1) and () or (9

and (6) of Figure 62.

b) Where applicable, the columns above and below the
core-module are identical to the core-module columns.

The core-module columns are of constant size.

c) All beams belonging to one subassemblaf - are of

equal size.
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n : .. sight: these limitations seem to be more severe
than they really are. Firstly, many practical frames
have constant beam sizes throughout the entire storey
and column sections are often kept unchanged over two
storeys 1in height. Secondly, the failure load, P , is
not very sensitive to the elastic parameters used in the
presented method, e.g. a higher than actual bt kling load
0] ' G P&"tially compensated by a lower reduction

alue a and an adjusted "limiting slenderness ratio" X~*.
This was demonstrated in section 3.2. Hence, for most
prast-ca. rrames, the twelve graphs as suggested, will
be adequate in predicting the failure load. However,

desired, the range of graphs could easily be ex-
ter.del to cover further parametric variations and also

the 2sc :a r .rti 11 1iteral bracing restraint.

11.2.2 Loading

Typica! loading in buildings consists of uniformly distri-
buted vertical beam loading and horizontal wind loading.
'e wind shear is usually represented by shear forces
apnl j.eo :t the levels of the beams. The design graphs
for "manual" use should be based on these loading con-
ditions. Furthermore, allowance should be made for
patterned boom loadings when covering the case of ver-
tical loading. Since all parameters required for the
.aphical presentations are <btained by computer, it is

n t di.licult to analyse the case of checkerboard loading

as well. However, this could introduce a new variable
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in that a distinction has to be made between dead and

live loadings.

Apart from the load configuration, the load size needs

to be considered. The size of the vertical column 1load
is linked to the number of storeys above the considered
subassemblage. Fach additional storey will progressively
increase the axial force in the columns, which implies
that a separate curve will appear in graphs A and B for
different numbers of storeys. Alternatively, a separate

graph could be drawn for each additional storey.

The same considerations as for vertical load also apply
to the storey shear. In this case, the shear not only
varies with the number of storeys, but the load intensity
for each individual storey may assume different values.
A different curve will thus result for various wind load

intensities.

113 Graphical presentations

After careful evaluation of all points examined in the
preceding section of this chapter, it was found convenient
to use the general layout shown in Figures 63a and 63b

for the design graphs

The graph for the elastic buckling load PQ, shown in
Figure 63a, uses the variable (lyig) (L/h) on the hori-
zontal axis and the ratio of the elastic buckling load

to Euler load P® on the vertical axis. The Euler load Pv
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applies to the elastic buckling load of a strut pinned

at both ends.

3RAPH A
o
P .
E ip iP
Q
S
O
f
H3
g
(co]
H NUMBER
Ei
B OF STOREYS
5
u
€ STIFFNESS RATIO

FIGURE 63a: Design graph for buckling parameter

The elastic buckling load PO refers to the beam loading
shown in Figure 63a. The presence of storeys above the
investigated storey is accounted for by additional axial

loadings iP".

A typical graph giving the "limiting slenderness ratio",
X, and the reduction factor a is shown in Figure 63b.
One such graph 1is applicable to a specific subassemblage

and will refer to a definite number of storeys.
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Loadings from storeys above the investigated storey are

represented by the term IQ.

X GRAPH B

H=0 ("Symmetry-Buckling
where applicable)

zmeENo =I—gp—aw

pa

- STIFFNESS RATIO

FIGURE 63b: Design graph for "limiting
slenderness ratio"

A number of different horizontal load parameters H will
have to be analysed for each graph B such as shown in
Figure 63b. The case H=0 for "Symmetry-Buckling" is
more conveniently presented in a separate graph. For
both, graphs A and B, interpolations may be required

when dealing with the analyses of the real structure.
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11.4 Graph parameters

11.4.1 Wind shear

In Figure 63b the wind shear H appears as the sole
effect from lateral wind loading. However, it is obvious
that for a subassemblage analysis a compensating joint

moment will also be generated and needs to be considered.

A simple relationship between shear and Jjoint moment can
be established once the storey shear H is known. In this
way implicit allowance can be made for the moment as well
as the shear. The moment-shear function incorporated in
the design graphs is based on the principle illustrated
in Figure 64. The column shear, Hc , 1is related to the

subassemblage shear, H, by

7

point of
inflection

vH

\V4 v "Hu+vHs

FIGURE 64: Shear and moments from upper storeys



If the point of inflection occurs at Ly/2, the applied

moment can be expressed as follows:

M
After some manipulation the joint moment can finally
be related to the wind shear as given in Equation 45.
M
LAP EON. 45|
U

This formula applies to two columns in the subassemblage
and the term ns is the number of storeys above the storey
under consideration. It is also assumed that the shear
distribution factor v remains unchanged throughout the
height of the building. The factor v has been discussed
in section 3.9.1. Using Equation 45, it 1is then possible
to represent both load variables,namely H and MAp, by the

single variable H which appears in the design graphs.

11.4.2 Stress fp at the onset of yield

The stress fp incorporated in the design graphs is taken
as 240 MPa. This value is suggested by the British Draft
Code B207 as the design strength for mild steel sections
of grade 437, 43B, 43C,43D and 43F with a thickness up
to and including 40 mm. Any deviation from this stress
value can be accounted for ty proportional modification

of the "limiting slenderness ratio".
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11.4.3 Modification of graph results

The "limiting slenderness ratio", Xf, obtained from the
computer analysis and displayed in graphs of the type

as shown in Figure 63b will be based on the results of
Equations 40 and 41 developed in chapter 6 of this thesis.
Using Equation 41 for demonstration purposes, the following
two cases can be observed. The suffix (B) refers to beams
and a suffix (C) to columns, the beam length is L and the

column height is h.

a) First-yield occurs 1in beam (Equation 41):

L dB
ZzB - TT" r- TTT

This can be expressed in terms of column and beam para-

meters by using the conversion

L rcxic
K_

ZB

Hence, the following expression 1is obtained:

It is now demonstrated that a basic "limiting slenderness
rat Ho" can be presented as a function of the ratio
[L/h) and that other "limiting slenderness ratios"

can be derived from this basic value. For this purpose,



the beam moment Mg is expressed as a function of the
buckling load parameter m” = h/ P"/EI” and the beam
length L is introduced as nh. The terms mQ and n have
been explained previously (section 2.2.2) . It thc">

follows, that the bending moment My is proportional to

no
*8 ~V =1IT EIc

and substituting this into the slenderness formula for

A.c, yields the following final relationship:

P P IEQN. 46a]
PC PB B C C

b) First-yield occurs in column:

Using the same considerations as for the previous case,

a similar equation can be derived when first-yield occurs

in the column. From Equation 41 follows that
M (m=)E d
~ S TV~ IEQN. 46bl
PC C
1 %

The design graphs such as shown in Figure 63b will con-
veniently be based on the results obtained from the evalu-
ation of the first terms in Equations 46a and 46b respec-
tively. This implies a value of 1,0 for all other ratios

appearing in the two equations.
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It is important to recognise that the first terms in
Equations 46a and 46b are primarily a function of the
column and beam stiffnesses since the relevant bending
moment can also be expressed as a function of (1%,/Ig) (L/h)

Hence, Equation 46b can be presented as

AiC

This fundamental expression indicates that the "limiting

six nderness ratio" A can be plotted as a function of the
member stiffnesses for a given subassemblage and specific
ratios E/fgg, IX/Ig, d~/d%, and dc/2rc. At the
same time it is also apparent that for the first terms

of Equations 46a and 46b, I"/Ig and L/h are interchangeable,
so that a variation in L/h can cover the whole stiffness

range of practical frames.

The design graphs for the "limiting slenderness ratio"

would therefore be compiled from the evaluation of Equa-
tions 46a and 46b, varying the parameter L/h, but keeping
IC/IB=1,O. The largest value A. obtained in this way will
be presented in graphical term. In order to adapt this
value to the actual frame, modification factors fpc/fpB,
IG/IB' d%dp% and dv/2rﬁ need to be applied. This proce-
dure may be adopted by allowing for the following additional

aspects:

i) One needs to know whether the "limiting slenderness

ratio", which appears in the design graphs, refers to
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a column or a beam section. A "limiting slenderness
ratio" based on first-yield in a column section must
be modified by d*/2r , whereas a case of first-yield
in a beat, section requires adjustment by fpVfpB,
1C/IB, dB/dc and d~/2r . In order to deal with this
situation, the results appearing in the design graphs
will be clearly identified as belonging either to a

column or a beam member.

ii) In rare instances it may occur that the largest
"limiting slenderness ratio" prior to multiplication
with any of the modification "actors (graph wvalue)
would be exceeded in size by a "limiting slenderness
ratio" of another critical section, once the relevant
adjustment factors have been applied. This is demon-

strated in an example.

First terms of Equation 46a and 46b:

Equation 46a :A;c = 400 (graph value)

Equation 46b ¥, C 300 (not appearing in graph)

After application of the modification factors:

Equation 46a :X .c = 400 xT7Ts *"H"™y0"8"” ~"43

Equation 46b AN 300x v 375

Hence, using the graphs as outlined in i) above would
result in the design value of A”%c = 343, whereas the

more critical wvalue of 375 remains undetected.



A similar reversal of the critical sections may arise if

first-yield is ini.ially predicted to occur in the column.

Three comments are of importance in this context. Firstly,

the occurrence of this problem is associated with the con-
dition of first-yield in a column section, which was only
observed for extreme cases of high lateral loads or weak
column sections. It has been experienced that for most
practical frames first-yield appears in a beam member.
Secondly, it has been observed that the error described

above only leads to marginal differences in the "limiting

slenderness ratio" and the failure 1load Pp. xhirdl”

14

a conservative approach could easily be reached by applying

both modification factors, i.e. those relevant to Equation

46a or 46b, and proceeding with the larger of the two

results.

For the design graphs of Appendix VI/2 it is adequate to

follow the procedure outlined in subsection 1) and ignore

the recommendations of subsection ii).

11.4.4 Reduction factor a

The reduction factor of, as it appears in :the design graphs
such as given in Figure 63b, 1is related to the stress f*

at the onset of yield. The stress fp has been defined in

section 11.4.2 and the factor a in Equation 39. In Equa-

tion 39, a has been expressed as a function of the term

X

which in turn is directly proportional to fp. The
HU - 4
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parameter A 4 would be
or 41. Small deviations
in the design graphs can

discrepancies the factor

A
HO,4

39

evaluated from Equation 40
from the stress fp Incorporated
be ignored. However, for larger

a needs to be adjusted. If a,

, and £ refer to the conditions of the design graphs,

the revised wvalue a' for a different stress at the onset

of yield, e.g. fp' , may

be obtained as follows:

Step 1 (Equation 39 solved for A"™ ")

XHO, 4 =~ 7°° V V

Step 2

fp
HO, 4 ~ fTr XHO,4

Step 3 (Equation 39)

in which,

fpl = stress at onset of yield * 240 MPa
xgb 4 slenderness ratio based on loading related
14

to 0,4 PO

of fp'.

and a stress at onset of yield
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11.5 Sample charts

Based on the foregoing discussion, i set O' charts were
prepared and have been enclosed In Appendix I. These
charts cover the case of a single-bay frame subjected

to vertical or combined loading with a maximum of six
storeys, assuming equal vertical loading in all storeys.
The graphs referring to the bottom storeys have been de-
rived for a rotational restraint at the column bases

equal to ks = 10.

The graph values were obtained by computer, solving the
basic expressions for the "limiting slenderness ratio" in
Equations 40 and 41, keeping the ratios fpc/fpB, “¢/I1Br
dB/dC and d é%r. at unity. By varying the dimensional
ratio n=L/h, the stiffness range (IC/IB) (L/h)from 0,5 to

4,0 has been evaluated. This will include for most prac-

tical frame structures.

The influence of various modification factors on the
"limiting slenderness ratio" 1s accounted for by factoring
the graph values by the relevant ratios. The modifying
ratios, which appear in Equations 46a and 46b, will not
directly affect the reduction factor o, provided

f,)( £pB 240 MPa. By definition, the factor a is related
to the elastic second-order moment response, and thus
primarily a function of the first terms in Equations 46a

and 46b respectively.
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For the graphs, it has been indicated whether first-yieid
occurs in the column or in the beam. For graphs B

a separate diagram has been presented for each storey
except for the case of "Symmetry-Buckling". The latter

case 1is covered in graphs Bl and B2 of Appendix VI/2.

11.6 Example by design charts

The four-storey frame analysed by Jennings & Majid

is considered. The salient results for the failure load
of this frame, when analysed by computer, appear in
Table 6/1 of chapter 9. The load factor fo” plastic

collapse has been established as 2,15.

The graphical method is applied to the bottom storey

of this four-storey frame. The t-hree upper storeys
could be treated on a similar basis. The values read
from the graphs of Appendix VI refer to the case of a
bottom storey with fixed bases (K = 10) and represent
a 3"-storey frame, which allows for the fact that the
roof of the frame is only subjected to half the normal
floor loading. The salient results with explanations

have been entered in Table 10.

The other three storeys ot this frame were analysed in
the same way. The lowest failure load predicted for any
of the four storeys is that applicable to the bottom storey,

for which the solution is given in Table 10.
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TABLE 10: Analysis by charts

DETAILS
5 092* 10 ''a*
1.254
PROBLEM 4 789% 10%' a*
2,06*10s MPt
PC PB
16,5 kN
X-43 h* 3,66m
Fixed (K —10
LI-4 ,5m
203,2 mm
GRAPH Al t
BCCKLHJG LOAD
0,31 1,17
PARAMETER
BASIC "LIMITING extrapolate fraa
SLENDERNESS 430
GRAPHS B4 and BS
RATIO"
MODIFIED EQUATION 46a
"LIMITING and section 11.4.2
SLENDERNESS
RATIO"
extrapolate from
GRAPHS B4 and 35
Ignore section 11.4.4
LOCATION 4,13 actual frame
PARAMETER
CURVE 0,31 limiting frame
SELECTION
PARAMETER EQUATION 9

FAIL RE LOAD -0,90
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It is interesting to note that the failure load obtained

by using the charts of Appendix VI is identical to the

accurate computer solution given in Table 6/1. It must

be remembered, that the derivations of the graphs are

based on a number of simplifying assumptions, such as

equal column stiffnesses 1in storeys above and below the

investigated storey and equal conditions at the remote

ends of such columns. In addition, interpolation was

required with respect to the storey number as well as

the size of the lateral load. This seemingly confirms

the insensitive nature of the relationship which exists

between the elastic buckling load Po, the reduction

factor a, the "limiting slenderness ratio"and the

failure load Pp.



CHAPTER 12

OUTLINE OF AN ANALYTICAL A?TRCXT MATRON.

12.1 Formulation of principles

The major numerical work of this research project is
associated with the calculation of the elastic buckling
load and the assessment of stresses for loading related

to the elastic buckling load. In this study, the elastic

buckling locad is obtained by satisfying the determinantsl
equation of the stiffness matrix relevant to a particular

subassemblage to zero, and the load effects are assessed

on the basis of a second-order, elasticanalysis. The

results of both analysis steps are usedto determine a

reduction factor m (Equation 39) and a "limiting slender-

ness ratio", (Equations 40 or 41).

In section 1.7 of this thesis it has beenpointed cut

that satisiactory approximate methods exist to establish
the elastic buckling load without the need to evaluate

the determinant of the stiffness matrix.4 9 These

methods are based on the first-order storey sway or

directly on the storey stiffness. In addition, a second-

order, elastic analysis for loading may be approximated

by exploiting the results of a first-order analysis and
applying the principle of moment magnification.€

On this basis an approximate analytical procedure to
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obtain the elastic parameters can be formulated as follows:

a) Establish the elastic buckling load PO by using the
concept of storey-stiffness developed by Cheong Siat

Moy 31>66.

b) Execute a first-order, elastic analysis for vertical
load related to PQ and a first-order, elastic analysis
for a magnified horizontal loading related to PQ.

This procedure has to be performed twice. First for

01=0,4 and then for the final value of a.

c) From the results of b) find the "limiting slenderness
ratio" A, from Equation 40 or 41. Firstly, for a
value 0=0,4 to predict the final o from Equation 39,

and again for the final value of a.

The procedure is further explained in the following sections

of this chapter.

12.2 Elastic buckling load by the storey-stiffness concept

Cheong Siat Moy37Tlktobtained the elastic buckling load

from the condition of zero storey stiffness as follows:

where,

ZP\ = Total vertical load on a storey at the instance

of sway buckling



= Axial column load in the upper storey and the

storey itself respectively

The summation of the expression ir brackets has to extend
over the entire storey proceeding from column to column.
Several examples solved by Cheong Siat Moy3 demonstrated
that it is sufficiently accurate to consider the elastic
buckling load of the entire frame as being that of the

weakest storey.

12.3 Approximate second-order, elastic analysis

Several researchers"9'1ll ~1’ have developed a direct
P-A procedure utilising the results of a first-order
analysis. Applied to the problem of this research it
will take the following general form for the case 0o,

combined loading:

a) Calculation of the first-order storey s ;ys
for loading related to aP?, The "manual" approach
based on the charts by Wood & Roberts is suitable

for this purpose.

b) The second-order storey sway for the i-th storey

is then estimated as follows:
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where js the total storey shear and ZP" 1is the
sum of the vertical load on the storey, both at the

load level aPQ. The storey height is h.

c) Equivalent additional horizontal sway loads 6Hi

are calculated from the sways as follows:

d A first-order analysis 1is then carried out for the
entire structure subjected to all applied loading re-
lated to aPgo and the additional sway loads 6 . It
is assumed that in this way allowance has been made
for the sway-displaced shape of the structure. The
resulting moments and axial forces are taken as the
second-order forces required to calculate the "limiting
slenderness ratio" ). and the reduction factor a.

For X* and a it will be sufficient to concentrate on

the critical sections of the structure.

In the method described above, moment magnification is
restricted to the portions of moments resulting from

lateral loads. 1If a frame is subjected to vertical

loading only, it 1is usually satisfactory to obtain a and

Xf directly from a first-order, elastic analysis without
moment magnification. The error introduced by this approach
will generally be marginal with the exception of certain
portal frames with a low lateral stiffness. The method

is demonstrated on the double-storey frame M2, which was

previously analysed in chapter 10 of this study (Table 9).
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12.4 Example

12.4.1 Elastic buckling load of frame M2

Each storey needs to he investigated on a separate basis:

Top-storey

At - 2 qg-“*r - TTEK

V1"— TTTE
:pt = W2:6;62X~Q" "iTrxTO™ = 2,45 kN
PO = ZPt = 2,45 kN

Bottom-storey

According to Cheong Siat Moy6“™, the storey stiffness
expression takes a slightly different form for bottom

storeys, i.e. for fixed bases:

EP, 12 EV

EP1 3,062 kN

1,531 kN

The lowest value is significant, i.e. P* = 1,531 kN.
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12.4.2 First-order storey sways

These are calculated for H = 0,1x0,4%?", the applied

horizontal 1load related to aP”.

TOP STOREY: K.

1,5*2

t 2*1,5+3*1 *0,5
61,25 0,625m !
10*3kN
$ = 3,2
0,625 BOTTOM STOREY : =0
m 0,67
$=2,0

0,937m

The procedure developed by Wood & Roberts F is used to
obtain the first-order storey sways. The method is based

on sway charts such as shown in Figure 38.

t EHth3 3,2%61,25%10~3%0, 6253 x1n:

AT,t = 12E11 12%1,91%10%*2%0,522%10-1
EHDbh : 2,0%2%61,25x10~3%0, 6253 , , 3

Ai,b " Tzrrr 12*1,91*10s*2*0,522*10-9

AI,b ™ 25 ~
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12.4.3 Approximate second-order sway, and sway loads cHi

AT, t " 20

AII't " ' . l1-0Tf&5
Ln .

A = 29,1 nun
IX /L .

4 b

‘Ib i.'Tb. 1"0X5

‘n.b * 41-7 ™
Hence, the corresponding additional sway loadings are:

6Ht » EPt # - 612.5x|*ix10-' - a,,8«10- kN

{.,b . ;pb , 2x612,5.1"-x10-= 81,7x10- kN

12.4.4 First-order analysis forvertical load and

magnified horizontal load -

The loading moments given 1in Figure 65 are applicable to

loading related to a reduction factor a=0,4. Established
conventional computer programs can be used to obtain the

first-order forces for the given loading. The wvalues in

brackets for the bending moments duetohorizontal load

are explained in section 12.4.5.
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612,5
61,25+28,6= 90
612,5
61,25+81,7
= 143
LOADING (10*3 kW)
18,5(27)

27,3(42,2)

(13*1) /36,5(55,3)

FIGURE 65:

Approximate

56,5
65 86,9
21
44
78,4
10,5

BENDING MOMENTS (10" 3 kNm)
VERTICAL LOAD
BENDING MOMENTS (10 '3 kNm)
HORIZONTAL LO"D

analytical solution - example



252

The v*. . .~ ,, required for Equation 39, is now cal-

.'u.a*e : * mn Equation 4J . For Equation 39 the slender-

ness r t , should be found in terms of column pro-

per tie. : ng a ratio d*/2r” equal to unity. The Jargest
, £ r the example occurs at section 1 -1 shown

in Fi e :rc 65.

_ MC A 45,6 x10 *3x0,625 .
HO, 4 ~ ~ T2Z -.'52%.— —— 253'71m10! ~

The final value of i is then calculated from Equation 39

= 0,50

It ic n x necessary to obtain the bending moments for
t 1-ioin : related to r 0,30x1,531 kN » 0,766 kN.
The lending n ments lue to vertical load are found by
pr vert i nal magnification, i.e. by factoring the re-
lev ma values of F: jure 65 by 0,50/0,4=1,25. For hori-
zontal 1 adin -, the procedure applied in section 12.4.2
and 12.4.3 need. ‘' Dbe repeated for an applied load

of H=0,1-0,50-1,531 76,6x10"" kN.

The salient results ire riven below:

-j,t 1,25-20 - 25 mm

1T

o
Il

1,25-25 = 31,3 mm
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37 41,/ mm

vFg A 62,7 mm

51,1x10 *3 kN

6HDb

153,7 x1lo *3kN

The total horizontal loads applied at the level of the
top and bottom beam are (76,06+51,1)*10 "3=127,7*10 Y kN
and (,6,6+153,7)xio '= 270,3x10 'kN respectively.

A first-order analysis for this leading leads to the

bending moments given in brackets in Figure 65 for the

case of horizontal loading. Thus, the largest "limiting
slenderness ratio" ) expressed in terms of the column
properties is found for section 2 - 2
(1,25%65+55,3)xi0*3x0,937x/T ’
t “W— ,-522*10-M; 253,-) *10~*T75—— = 1 116

The ratio d*/2r*=v"3" applies to the case of a rectangular

cross—-section.

12.4.6 Est litated failure 1load

The parameters required to evaluate the interaction graph
of Figure 23 can now be calculated. The plastic collapse

load for frame M2 amounts to Fp=0,565 kN

aPo 0,50*1,531 , , _
0TSTS5———-
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(1'2) = 1,36* i- = 1, 36 * % - 0,44

The failure load associated with the two parameters is
equal to P ,=0,79 Pp, which is identical to the computer
result and slightly 1less than the test result of 0,81,

both given in Table 9.

12.4.7 Frame M2 analysed for vertical 1loading

For the case of vertical loading, the first-order moments

are directly used without magnification. The corresponding

value a 1is taken as 1,0. Hence, there 1is no need to
evaluate Equation 39. The worst bending moment occurs
at the centre of the tcp-storey beam (Figure 65). For

a - 1,0 follows

M = = * 86,9x10 *3 = 217 ,25*10 "3 k.Nm

The "limiting slenderness ratio" with respecttocolumn

properties 1is found from Equation 41 as

’ 217 ,25*10"'3xQ, 937 zr

3 0, 522*10-4'2$3,7x10i<1,5 /3

X1 - 1773

The relevant ratios required for the evaluation of the

interaction curves of Figure 23 are:
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aPO  _ 1,0%1,531_ .,
3r9
2,71
1771 9093

o°

-

M
|

The failure load for these two ratios amounts to
= 0,91 Pp, which is identical to the computer result

and less than the test result of 0,93 Pp (Table 9).
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CHAPTER 13

CONCLUSION

In this thesis an alternative, approximate second-order,
elasto-plastic method of analysis has been developed for

unbraced and partially-braced building frames.

The method is based on an interaction approach and in-
corporates the plastic collapse load and certain elastic
parameters. The principal elastic parameters are the
elastic buckling load and the "limiting slenderness ratio".
The "limiting slenderness ratio" defines a "limiting frame"
similar to the actual frame. When subjected to loading re-
lated to its elastic buckling 1load, this "limiting frame"
is assumed to fail by reaching first-yield at a critical
section. The failure load of the "limiting frame" con-
stitutes one boundary in the interaction procedure, the
second boundary being the plastic collapse load of the
actual frame. Bot.. values are taken as the two extreme
points of a specific failure curve applicable to a parti-
cular group of frames. The failure load of the actual
frame can be identified on the failure curve by a location
parameter which incorporates properties of the actual
frame. For the general multi-storey, multi-bay structure
the properties of the "limiting frame" are determined from
appropriate subassemblages. That combination of elastic

parameters obtained for a particular subassemblage with
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the plastic collapse load of the entire frame which yields

the lowest failure load is significant.

A suitable computer program has been developed to deal
with the aspects related ro the elastic analyses. The
failure load is eventually evaluated from a multi-curve

interaction graph.

The hypothesised inelastic portions of these failure curves
have been tested against a number of. discrete theoretical
solutions and were compared with laboratory results from
previous research as well as model frames especially de-
signed for the purpose of this investigation. In all

cases a satisfactory correlation between tests, theory

and the proposed design approach was obtained.

The principal objective of this research was, to formulate
a simple analysis method which would improve on the re-
sults calculated by the Merchant-Rankine rule, which is
known to be conservative in many cases. It is believed
that the proposed method has achieved this objective
without adding unduly to the complexity of the procedure

as a whole. Comparing both methods with exact results

has shown that the new approach predicts the actual failure
load of a frame more accurately chan the Merchant-Rankine

formula.

An added advantage of the method developed in this research
is the possibility to present the salient elastic para-

meters in graphical form. This nas oeen demonstrated
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for a single-bay, multi-storey framework. Other cases
could be treated in a similar way, so that many common
frame problems may be analysed without a computer, on.;e

the plastic collapse load is given.

An approximate analytical approach incorporating established

methods of analysis has also been formulated.

In summary, it has been concluded that the method deve-
loped in this research appears to be a satisfactory sub-
stitute for a strict theoretical full-scale, elasto-
plaf.tic computer analysis. In this study the new method
has been applied to steel structures, although the same

principles could also be used for other materials.

In pursuance of the research objectives formulated at

the start, it became apparent th t certain related aspects
could further enhance the potential of the presented method.
In addition to investigating the method in conjunction

with other materials, the following aiaas ate recommended

for future research:

a) Working load def.ections

It seems possible that the design curves of Figure 23
may be useful in determining the load level corres-
ponding to the clastic-plastic transition state of
the structure. Considering that the establishment

of the "limiting slenderness ratio", X , was based on

the supposition that the structure, if subjected to
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a load level equivalent to aP@Q¢t should nowhere attain
a stress 1in excess of a predetermined elastic limit,
the working load W could be examined in Jjust the same
way. If elastic structural behaviour is confirmed

for W, a conventional elastic displacement analysis
may follow. Alternatively, 1if a structure based on

a strength analysis cannot produce the desired elastic
behaviour at working loads, a strengthening of members

may be required.

In-plane member instability (yielding between nodes)

It should be examined whether some provision in tnis
regard could be incorporated in the method presented
in this study, by introducing a further critical
section between the ends of column members. This
aspect could be included in the search for the maxi-
mum "limiting slenderness ratio", X,, in the same
way as demonstrated for other sections shown in

Figure 46a.

Lateral torsional buckling

The basic method proposed in this research ignores
lateral buckling. However, it appears that the effect
of lateral torsional buckling may be included on an
approximate basis by following the procedure adopted
by the American Institute of Steel Construction,

AISC-19788. 1In this approach, the plastic moment
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capacity Mp is reduced to a moment capacity which

could be accepted by a member before lateral torsional
buckling occurs. On the basis of this reduce” moment
capacity, the plastic collapse load could be calcu-
lated and then used in the proposed interaction method.
Alternatively, adequate later;.1 bracing should be

provided.

Further P-A effects

Cheong Siat Moy "3 has pointed cut that an initial
storey eccentricity, axial member shortening, un-
equal temperature influences, foundation settlement
and semi-rigid connections can generate additional
P-A contributions, thereby reducing the load carrying
capacity of the structure. It is of interest to in-
vestigate whether provisions for these aspects could

be incorporated in the method proposed in this research.

An initial storey sway A" cou.d be accounted for

if the analysis were formulated in terms of a general-
ised member orientation in contrast to the orthogonal
system of members assumed for the basic slope-deflection
method. Alternatively, this effect may be approximated
by applying an additional horizontal storey load equal
to £Pg A"/h, where £Pg is the total vertical load on

the storey.

Kornl2 0 has demonstrated how to extend the slope-
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deflection method to include for the effects of
axial member shortening. Furthermore, temperature
influences and foundation settlements can be evalu-
ated by including these as "load"elements in the re-
levant load vector. Cheong Siat Moy " proposed to
allow for semi-rigid connections by reducing the

stiff'esses of restraining beams.

In terms of the method developed in this research,
the 1 idusion of the abovementioned aspects will
result in a smaller reduction factor, a, and an
adjusted "limiting slenderness ratio", X;, ndi-

cating a further loss in load carrying capacity.

Pitched-roof portals

In recent design specifications5' , the stability of
pitched-roof portals is controlled by stiffnecs and
sway limitations. It would be of interest to extend
the presented method to this type of structure and
compare the results with the provisions of the design

specifications.

Residual stresses

Liapunov'5 investigated a 32-storey, three-bay frame

a cwin; for the presence of residual cooling stresses
for flanged sections in accordance with Reference 121.

He concluded that the effect of such residual cooling
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<s tn the failure load of this frame was
no: igible. The examination of residual stresses
in n met; )n with the method developed in this

st my w< .ild be a further aspect for future research.
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APPENDIX I

P-:. MOMENTS FOR VERTICAL LOAD

In certain instances a P-A moment 1is generated by pure
vertical loading. One such case 1s shown in Figure 66.
Although of minor importance compared with the case of
combined leading, provision has been made to invoke such
P-A moment by means of a factor z when analysing the

various subassemblages.

K26 | Ku:

FIGURE 66: P-A moments due to vertical load

The procedure to obtain the magnified moment, mag M, is
demonstrated for Jjoint 2 of the subassemblage relevant

to the case of wvertical loading (Figure 25).
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Moment equilibrium at Jjoint 2 requires:

M2 = M23 + M26 + M21 + Mu2

The t~tal joint stiffness ZK is defined as

For the beam-end moment M23 follows,

1st step

At the same time, the upper column attracts the moment

This moment will again be distributed and causes a

further moment increment for M23.

2nd step

The moment My2, when distributed, will also induce a

moment in the upper column, which equals

KU2
~U2 = ZK2 MUZ2

If M"2 is distributed, M23 .s further increased to

3rd step



Similarly, for the (r + 1st) step follows.

(r + 1st)step

K
y K23 4, 02 K2 KU2 2
23 ZK- IK. (ZK™) 2 TIKJP (ZK2 ) r
Hence, instead of applying the joint moment to a sub-

assemblage which should exclude the upper column a magni-
fied moment may be considered in conjunction with the
full subassemblage of Figure 25. It is sufficiently
accurate to include the first three terms in the brackets,
i.e.

”2
U2 U2 [SON. 48|
K (ZK)2J

mcC M. M. 1 +
The wvalue in brackets has been abbreviated to z2.
A magnified moment such as in Equation 48 can occur for
joints 1 to 6 of tha core-module. The stiffness ratios
for the various joints take the form as given in

Equations 4%9a to 49f.

Joint 1

= "> 0 - |[EQN .49a]|
1 K14+KB14"eK 12512 (1+C:12) 2KL1SL1 (1+4CL1)

Joint 2



Joint 3

;, 6-3 [EQN .49¢c
3 K23+K35+'603KU3SU3 (1+CU3 "+7X34S34 (1+C34)

Joint 4
~“4 =0 ---"kl-."fCL4)———— |EQN.49d
K14+KB4+iK34-34 (14C34)+592*14=14 (1+CL4)
Joint 5
V5 p———— e IEQN.49%e
K354+KB5+6iBKUSSUS5 (1+CU5)+6K15S15 (1+C15)
Joint 6
Kgs = 6™3 KY§ SHE--(1+C¥6) EON.49f

6 K26+KB6+?2a3KU6SU6 (1+CU6)+5*16=16 (1+C16)

In Equations 49%9a to 49f, the stiffnesses are related to
double-curvature conditions for the beams and columns.
In addition, axial forces have been taken into account
for the column members by incorporating the relevant
stability functions S and C. The meaning of the corre-
lation factors 62 and 63 has been explained in section
4.2.4 of the thesis.
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— BUCKLING ANALYSIS

Initially the principles of the slope-deflection method
are applied to the case of conventional buckling.
Referring to Figure 25 for the general subassemblage
and loading and to Figure 36 for the deformed shape,

the member moments can be derived as follows applying

Equation 14:

M12

M21

M23

M32

M43

M 34

M 35

M53

M62

M26

w

w

EK12S12[ei+C12S2-,1+C12,L ~

EK12s12i52*C]20r

EK23S23 (:J2+4C2333)

EK23S23 (33+C2332)

EK34S34 [04+C3403" (1+C34)L""]

EK34S34 [03+4C3404™ (1+C34)L ~ ]

EK35823 (°3+C23G5)

EK35823 ( 5+C23°3)

EK26S23 (J6+C2302)

EK26S23 (02+C2306)

(1+Cc12,L ~ j

+MF23

+MF32

+MF35

+MF53

+MF62

+MF?6

APPENDIX II/1



In a conventional buckling analysis the applied loads are

generally concentrated at the joints and,

the fixed-end moments are equal to =zero.

consequently,

The member-end

moments Mm in Figure 36 are as follows for tha buckling

case:

Bottom storeys (Mml)

Mml * F1 0L

Upper storeys (Mml>

6IB1.4114L 7h A Q2

1L

Mm2 F2\N2 °2 | F2N2+EIKb2 2

Bottom storeys (Mm4) t

Mm4 ' F4 04

Upper storeys (Mm4)
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Mm5 - 6iiKB5 (5+FU5 'Nn~“0tdd IZ ”~ n"TZ7 I5
A U5'0!'U5 1 ~A5NU 5 ~ KBUS *J;

I, 2 6FL5 \Q

FL5 (NL5S L5 1F_ N_e+EF.KnT
fFL5NL5+E } KBLS'

s~ GEKBGSGLEYE (N0 GeRI0 g | eudiatizrkbus: 6

+ FL6 (NL6<6 1, 't EZK, J 6
6 L6 L6 BL6

It js now possible to formulate the equilibrium equations

for the six joints of the core-module.

Joint 1

Joint 2

»21 + M23 + M26 + Mm2 + M2 = 0

Joint 3

M32 * M34 + M35 + Mm3 + «3 '

Joint 4

M43 + Mm4 + M4 = 0
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Joint 5

Joint ©

The moments to , which may represent moments due to

applied loading, are zero for the buckling analysis.

In addition to the six joint equations, one sway-equili-
brium equation can be formulated for the core-module.
This equation is obtained from the upper section of the

sway subassemblage as shown in Figure 67.

§)— (D @

21

FIGURE 67: Horizontal equilibrium

From ZzZH = 0 follows
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Replacing the shear forces by moments using the relation-

ship given in Equation 16 results in

K, EK
- 1TT $12 ll-cn )i+ 512 (i-cl2) 01402)
12
MF12+MF21 B B
+
- - +
s Voro  p3a dp (LTGWAY g5 W3y
(14C34) (03>04) + "_ V340 - F?A + H = 0

For the buckling analysis, where only vertical loads
are considered and where beam loads are distributed to
the joints, the terms including fixed-enc. moments, the
shear forces Vv2]0, V34Q and the applied horizontal load

H are taken as =zero.

The six Jjoint equations and the sway-equilibrium equation

are given in matrix form in Table 1 o*7 this thesis.

The following abbreviations have been introduced:

K

23 )
SChy g3 mp3y (103

K12

sCc12

S12 (1+C1l2)

sc34 ' n S34 (1+C34»

K15

SCl22= S1lz (1"C12 } L3Y



sc342

sSC
U2

SC
U3

SC
LI

sC
L4

sC
U5

sC
L5

sC
U6

sC
L6

U6

34

34
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LI (1+CL1

L5 (1+CL5

34 sSsU6 (1+CUe6

L6 (1+CL6

U2

EK
U5

EK
U6 U6

EK

34
U3
L5
L5
L6

34

EK

L5
EK

L6
EK



Upper storeys

Fl 30 PR3y

Bottom storeys

Ks1 Fi

i EK 34 EK 34

N and O-functions
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NOLS
r L 5K34NL5T *"BL5

g U6 34

U6 34 BUE

NO L6'°L6
L6 L6 34 BL6
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APPENDIX II/2

SLOPE ~ DEFLECTION METHOD APPLIED TO SUBASSEMBLAGE

LOAD ANALYSIS

For the load analysis, the fixed-end moments Mp and the

shear forces VQ need to be considered. They can be

expressed as follows for a member A - B shown in Figure

= - EKS (Ya + CYg) EQN' 5Ca

and

|[EQON. 50b
SFBA * (YA + CYqg)

where Y,

A

and YB represent the end rotations of the member

- B when simply supported and subjected to the giver,

loading. Expressions for yvya and Yg can be found in the

standard literature. T-ro common cases relevant to the

loading conditions investigated in this research are

given below.

Uniformly distributed lofting of intens~t\ wv.:

- —-rB - ~ ( 5 - %) Jjegn. 511

symmetrical dual-point load of magnitude W

where P i1s the axial member force and m is obtained from

Equation 15c.

For zero axial forces P, the expressions in Equations

50a and 50b reduce to the fixed-end moments of the basic

slope-deflection method applicable to a first-oraer anavysis
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For a member A - B, the simply supported shear forces

corresponding to the same two load cases are as follows:

Uniformly distributed loading of intensity g

symmetrical dual-point load of size U:

Vertical loading

For the analysis of vertical loading the member-end
moments of the core-module are identical to the moments
formulated for the buckling analysis (see preceding appen-
dix II/1l). However, the member moments Mm in Figure 36

should include the possible fixed-end moments as follows:

Bottom storeys (M".)

Upper storeys (M*")
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J02
Mm2+Mm2 “ F2SU2 (1+CU2> (0263-6 E’EZ £§4),—P2 1672 Zq5

M _+M3 - F3su3 (i*cu3) (e3a3-6 _ _ A

Bottom storeys (M)

Mmd - F4 ®4

Upper storeys (Mm4)

21.
«m4™4 - + J~1) 64 + E 23 + F4SL4«1+CL4>
@264—61 E"~) +MFB4+MT14-P14 34

Mm5+M5 - 1FubSUS5 (1+CU5>B3+FL5SL5 (1tCL5, 62+4EKBi]®5

A
[FUSSUS511+CUS>6 Z Z FL5SL5 (1+CL5>]11 34

P5 §SzH4 zZf] 65 MF32

Mm6+M6  FU6SUG6 (1'€U6, 63+FL6SL6114CL6) 62+4EKB6] e6

Ue* U6)BL"4 + FL6SL6 (1+CL6)] L, ,

P6 2?2 ez6 v~ B6 AF32
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The correlation factors 6, Sv B2 and 63 have been ex-

plained in sections 4.2.3 and 4.2.4 of the thesis.

With the above moments, the seven inhomogeneous equations
of Table 2 can be developed by using the six joint
equations and the sway-equilibrium equation already

formulated for the buckling anaysis. The load vector

L contains terms referring to vertical loading.

Horizontal 1loading

in contrast to the analysis for vc ical loading, the

moments M and the applied ;0'it moments of Figure 3b

assume the following form < he case of horizontal

loading. The subassemblage of Figure 31

is applioab e

» A . U2
Mm2+M2 * - MAP2 - P2 2 6

A i LU3
Hm3+M3 * - MAP3 " P3 I 6 Lj;

Mm4 =0
Mmb =0
Mm6 =0

The sway correlation factor 6 has been derived in section
4.2.3 of this thesis.

Using the member-end moments already formulated for the

buckling analysis (Appendix II/1l), it 1is now possible to

develop the six Jjoint equations and the sway-equilibrium
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equation which appear in matrix format in Table 3. The
load vector contains terms relationg to horizontal
loading.

Axial member forces

Axial member forces for the load analysis are established
by satisfying horizontal and vertical equilibrium at the
various joints of the relevant subassemblages. This is

demonstrated below

Joint 2
U2
26
26 .23 -t
V23
21
12
Vertical equilibrium : + V26 7 V23 7 P2 =0

Horizontal equilibrium: H - V21 - P2" + V2 + P26 " O



Joint 3

23

Vertical equilibrium

Horizontal equilibrium:

Joint ©

L6

Vertical equilibrium

U3

34

V32 - V35

P23 - P35

Rg + V*g

35

- 1

62

- P
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Joint 5

Vertical equilibrium : Rg + v=3 “ ;r5 P5 0

In the calculation of axial forces two independent cases
are considered, 1i.e. intermediate storeys of multi-storey

frames and sinyle-storey frames or top-most storeys of

multi-storey frames.

Bor intermediate storeys the axial forces in the beams
a. e assumed to be negligible. This leaves the column
forces to be considered. They are determined from ver-

tical equilibrium at the wvarious joints of the sub-

assemblage .

piz P2 + V23-V26

P34 ' P3 + V35'V32

R5 * P5 + VRG' V53 " P5 * V53

p6 " P6 " VL6 ' V62 * P6 " V62
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Joint 5

IPS

53

R5

Vertical equilibrium : Rg + v53 " wvr5 P5 0

in the calculation of axial forces two independent cases
are considered, 1i.e. 1intermediate storeys of multi-storey

frames and single-storey frames or top-most storeys of

multi-storey frames.

For intermediate storeys the axial forces in the beams
are assumed to be negligible. This leaves the column
forces to be considered. They are determined from ver-

tical equilibrium at the various joints of the sub-

assemblage .

pn  *p2 + V23- V26

p34 * P3 + V35%* V32

R5 - P5 4+ VRS " V53 7 P5 ‘V53

R6 " P6 " VL6 " V62 “ P6 'VG62
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Since exact expressions will not be available for the

terms V 5 and V*, these will be approximated and added

to the axial loads P5 and Pg fiom the upper storey. The

total load P5 and P6 will then be appliad to the core-

mcdule as an external load.

For top-most storeys and single-storey structures the

axial forces in the beams at level 6 - 2 - 3 - 5

will be included. To simplify matters, the axial forces

in beams 2 - 6 and 3 - 5 will be set equal to P",

the force in the beam between joints 2 ana 3.

Hence, for analysis purposes, P35 and P26 are initially

taken as =zero. On this basis P23 is calculated and

subsequently equated to ?3g and P25} ~1r0 vase!

effectively only P2J appears as an unknown. The force P23

follows from the horizontal equilibrium equation at

joint 2. The term Vu2 1is zero for top-most storeys ana

simple portal frames, i.e.

If the shear forces V are substituted into the above

expressions for the axial member forces, the axial

force matrix of Table 4 is obtained.
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APPENDIX III

" SYMMETRY - BUCKLING "

In order to obtain the stiffness matrix C for the case

of Symmetry — Buckling", the member—end moments are

required in their incremental form such as given in

Equation 31, incorporating the differentiated stability

functions of Equations 33a and 33b. For the core-module

of Figure 25 follows

Infinitesimal member moments

EK

SM12

6M23 = EK23S2 3 (492+C23 803) + [EK239230 302

+EK23S23 (V C2303)+M*23]6P23
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M32 “ EK23S523 {<503+C236C2)+[EK23352302C23

"hK23723(93+C23G2) +MF32ji 5P23

SK,,S3,['"3,+C3,6e3-(1+C3,)#_1+"'SK
'34-

-EK
M34534C34 EK345:4[04+4C34S3 - (1+4C34»L"]

~4 3 6P34

"34 - EK34S34 /5e3+C34S04-<1+C3 4>~ ( EK34534-4C34

-EK’4534C34 Lf7+EK34514[93+C34e4-fl1+=34>r" ]

*'T34 *? 34

Assuming P a n d to bo equal to and thus approyt-
rr-ting S35 and S26 to S2j, C35 and C2g to C23 and,

similarly, equating the first derivatives it follows, that
M35 = ILrv35S23 (003+C23'5e5)+[EK35523°5C23

TERoEP ')y (13¥C,59@) #M i al 5P g

M53 " "K35b23 MO0 5fC23<% 3)+ [EK3552303C23

+EK35S823 (05+C23 (3 }*P53i <P23
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sM,., = EK26s23(ie6+c23662H |

62

6M26 - EK26S23 (552+4C23506, + [EK2652316C23

+EK26S23 (02+C230e) +tMF26| P23

Differentiated fixed-end moments

The infinitesimal fixed-end moments Mp which appear as
part of the meinber moments, can be obtained from Equations
50a and 50b by differentiation with respect to the axial

member force P.

and "FBA = - IFAB

The differentiated terms yA and %é can be derived

from the basic expressions in Equations 51 and b52.

Uniformly distributed loading of intensity g

and Yg



287

Symmetrical dual-point load of magnitude L

4+nm tan -m-m tan ~ -2 EON. 55|

and Yg - -Ya

The term m has been defined in Equation 15c.

Incremental member moments <8

Referring to Figure 36, the differentiated moments *
are simplified as follows, using the stability functions
N and 0. The N, O-functions are exclusively concerned

with elastic buckling.

Upper storeys

Ll

LI
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102

103
Bottom storeys (6M™")
«Mm4d ' F4664
Upper storeys (6M™")
olps gy i
5Mm4 - EL’L35 + / 5e4 + L23
L4
oL
L4
&,
4 ~ 4 4 N4+7KB4
1US
U5
oM s x*85+ T, NU5-0U5
m Us "us
NUbS+ KBUS
6LU5
IL5
JHI 160,
+ g (NL=-°L5 ~

6L15 NL5+"“KBLS5
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U6

6LU6

66,
Mg 6KB6+ (1,U6'°U6 "6

NU6 + JKBU6
6LU6

"L6

6L
O L6 56,

NL6+ ‘KBL6
L.16

The stability functions N and 0 in 6Mm shoula also be
used in their differentiated form in conjunction with

the primary rotations 6. However, since other simplifi-

cations have been made in regard to the far-end conditions

of the ancillary columns, it is believed that the differ-

entials of the N and O-functions would unduly increase
the complexity of the problem without any significant

gain in accuracy.

roint equations

tfith the differentiated member-end moments known, it 1is

possible to formulate the joint equations as follows:

Joint 1

5Mml + 5M12 " O

Substituting the moments Mml and M12, this equation

becomes
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The factor represents all terms containing the in-

cremental change

it 2
6Mm2 + 5M21 + 5M23 + 6M26 = 0

A,
6Mm2'I'EK12S :2 502+C1T5OI*(1+C12)112 +a2 P12

+EK23823 (502+4C23503) +a3<G23+EK26523 (502+C23506)

w ©°

The factor a2 represents all terms containing the in-

cremental change and represents all terms con-

taining 6P22 -

Joint 3

4Mm3 + *732 + **34 + **¥35 v °

**m3+EK23S23 (*03+C23*02)+*4*P23+2K34E 34

603+C34604_(1_K:34) N =3 + ab5fP34+FK355823

(6Q3tC23565) « O

The factors a4 and represent all terms containing

5P23 and 6P34 respectively.
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Joint 4

{Mird4 + {M43 ™ O

A
6Mm V EK34S34 504+C34403- (1+C34>C +a66P34 = 0

The factor a& represents all terms containing 6P34

Joint 5

6Mm5 + 5M53 = 0

<IMn5+EK35523 (<S05+C23<803) +otl06P23 = 0

The coefficient combines all terms containing 6P23

Joint 6
6Mm6 + iMe62 “ 0

OoMm6+EK26S23 1'"6+C23'SW2) +“11SP23 = 0

The coefficient combines all terms containing SP”" e

In the equations for Jjoints 5 and 6 it has been assumed

that the stability functions pertaining to beams 2 - 6
and 3 -5 are equal to those of member 2 - 3 and that

the incremental force change for all beam members is 5P2”
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The displacement equation

deferring to Figure 07, the sway-equilibrium equation for
the incremental force changes takes the following form

for the case of "Symmetrical Buckling"
-6V2L - SV34 - F?5A =0

This equation can be expanded by substituting the terms
6V as given in Equation 32. This 1leads to the following
incremental version of the sway equation

EK
EK12

L77 81i211"Ci2,64 X 7 S12($61*5e2) (1J€12) ‘a76P12
Ii.

EK EK-.
34 g3, (1-cr)6a "-21s34(5G3>5G4) d+C34)-ag6P34
'34 '34
- F?6A = 0
where combines all terms containing SP12 and a9

represents all terms containing 6P34.

Incremental axial force changes 6P

In order to obtain the homogeneous set of equations given
in Equation 29, it 1s necessaily to express all incremen-
tal force changes 6P by rotations 6Qand the sway change 5A.
This is achieved by considering horizontal and vertical
equilibrium at the wvarious Jjoints of the structure. The
same assumptions as for the calculation of the axial forces
due to applied loading are retained (Appendix II). 1In
addition, the axial force changes 6Rg and 5Rg are taken

as zero. This 1s justified because other simplifications

have already been made in regard to the ancillary columns
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adjoining nodes 5 and 6 of the core-module.

If the subassemblage is infinitesimally displaced m a

general way, all axial beam forces will undergo incremental

changes. In line with previous assumptions, axial beam

forces are taken as zero except for the top storeys of
multi-storey frames and for single-storey frames,
these instances a good approximation of the real behaviour

is obtained by assigning initially the entire force change

in the beams to beam 2 - 3. Subsequently, the change of

force in the other beam members is equated to 6P23*

Joint 2
+
V2
I
6P23
(D
6’\/23
6V21
6P 1,
Vertical equilibrium : 6P12 ™ 5V23 + 5V26 " O
Horizontal equilibrium : -6V21 - 6P23 + oVu2 + SP26 " °

Lucause of the assumptions made above, the latter equation

reduces, for cases in which the axial forces in the beams

matter, to

"e*21 * *p23 = °

The two significar ¢ equations can be expanded as follows,

substituting the general expressions for 6V
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~12+ S23(602+506)
L26
(1+C2,) 7
and
K12 )
- B ﬁsiZ(l—CiZ)SAJ+ S12 (6G1l+602) (14.C12)-a76P12
12
Substituting from the first equation into the second

equation results in the following expression for SP23:

EK EK

2
-P23 (1-a7ag) - L12 S:2 (1-C?2)66 + Si2 (60i+662)
12
r ek23
(1+C12)-a7< L~ 'S23 (502+5G3) (1+C23)3
23
EK
26
. 56
L S23702+4706 ~ +023" BQN. 56l

Back-substituting 6I;23 into the above expression gives

the final equation for 6P*2 :

EK.
6P15 v _ _TA[S23 (5024{03) (14C23>5 + "L~ IS23
11>C231] - CLEf[S12(1'C1l2," ]+ S12
(Ml+aeg) (1+C12)-a7 | ——-L33[S23<SS2+ '03) (1+C23)]

EQN. 57
+ ° [S23(502+506) (1+C23>]11}}
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The remaining axial force change 6734 1s obtained by

considering vertical equilibrium at joint 3.

Joint 3

V3,

6V 35

6P34

The infinitesimal force change in the upper column is
set equal to zero. Since some substantial adjustments
have already bean made in regard to the conditions at

the remote end of the member, this further simplification

is of minor importance.

Vertical equilibrium : 6P34 + SV-~ - 6V35 = 0

If the shear forces 6V are substituted

EK 35

<P34 ' Tq7[S23(4V  SS3) (1+C23) '35

S23 (1503+6G5)

(1+C23)J™ ai2bp23 " O

The coefficient a*2 combines all terms containing SP23-e

Substituting the previously found expression fvr 6P23

gives the final equation for 6P34.
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EK23 EXisg
oP 523 (503+505)
34 L '35
23
EK
1 al2 12LSizd—Ciz)A
(1+C23)J + l—a?a8 I .12
EK12 f EK23fc
+ s12 («el+«SJj) (i+cl2)-a7j- J"—Ls23
EK26
(<562+603) (1+C23) e S23(ie2+cc61,:+C23]

|EON. 58 I

With 5P-,3, 6P12 and 6P34 calculated in this manner and
setting 6F3- and 6P2" equal to 6P23, it is now possible

to substitute these incremental axial force changes into
the six joint equations and the one sway equation.

As a result, the required system of homogeneous linear
equations is obtained which is presented in Table 5. “he
stiffness matrix C of Table 5 1is used to calculate the
elastic buckling load for the special case of Symmetry

Buckling".
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A PPENDTIX Iv/1

LOAD ANALYSIS FOR "SYMMETRY - DL'CKLINU"
DIFFERENTIAL EQUATION METHOD

With reference to Figures 41 and 42, the differentia”
equation method is first applied to the case of dual-
point loading.

Rotational restraints

Using the stability functions of the slope-deflection

method, the elastic rotational restraints F7, F~ and

F- can be expressed as follows

F3 - Fj EK34 Su3 (I+CJjgJg) 63

Bottom storeys (F7")

Upper storeys (F.)

~14 , ~B4

2 723_135 + o o

4 34 4

(1+C 8

L4 1)

F; = EK,, FU5SU5 (1+CU5) I'34¥L5SL5 (14CL5) B2+ 4F ~



Member moments M + Py. for the deformed shapes

Member 3 - 4 : q x2

M * P34y2 + H4X2 - Mm4 ' ~~T~L

Memoer 3 - 2
M - - M32 + P23y3 x 1<?L23
M = P23yi+V32x1-M32-Ul,x1" 5L23> x 1>51.23

Member 3 - 5

M ' P5x3~Mm5-"5+P23"3 X 3<CL35
M= V3 "'MmbO"M5'U3 (x3"' CL35HP 23y: (1-~ L35>X3<5L35

M * 55x3-Mm5-M5-U3 (2x3-L35)+P23y3 X3><1-5) L35

These moments are used in differential equations such as
given in Equation 34. The differential equations, which
have solutions of the kim. presented in Equation 35,

result in the following expressions;

Member 3 - 4

rrud "2

y2 * Clsin -TAF €2cos — 3/ + a3"b3x2 + C3X2

Member 3 - 5
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Member 3 - 2

— 2 _ —_ 4 - )
Yj_ll n g% 5%(1 L23 —Ip-'m gL23@JOCOS a b, x3

rn - al3dinT ~ - + C12c¢°s -~ 7 + *5 -

The first derivatives are also required

Member 3 - 4

*2

cl1E7 003 7 " C2 Sin -b3+2c3x2

Member 3 - 5

. n‘ .
y,, =c1 11t o8 "trr ' ¢4EL sin —

y32 = C5 E7 COs -~ 7 " C¢6 Sln " b?

y33 - C7 77 ~ - CcC8 17 SlIn " 77 - Db8

Member 3 - 2

yh =c91!3$ees éle &(o 7t sin "t

yi2 Y Cn % cos - 77 - ci2 17 sin - 7 7 * bs
The constants of integration ... C12 have to be

determined from boundary and continuity conditions.
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bl b and ¢ have the following meaning
The variables

2c L

23

23

+M

23

23

23

23

23

23
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bl b and ¢ have the following meaning
The variables

2C-.L

23

23

23

23

23

* 23

23

23

2P
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The axial force parameters have been defined as follows:

Mg =30/ BT34

23 23/ EIZ23

35 "35/ EI35

Boundary and continuity conditions
Member 3 - 4

1. x2=0 2y2 =0

2. x2 - L34 ; y2 =0

Member 3 - 5

X3 0 5y =o

4. a L35 |

&

?33 ' °

S x3 135 and x2 ° L34 1 33

6. x3 ° El3s 1 y31 - y32

7. a ijd-() i y3z2 - A33

&

8. X3 5135 ° A32 *

1.35(1-5) 1 yj2 & a33

&

Member 3 - 2

10. xi1 =0 2Vi =20
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14. xx = 0 and x~ = L34 ; = -y

It is now possible to solve for the various constants

of integration using the relevant boundary or continuity

condition

Condition 1

ConditLon 2

Condition 14

cotan m34 (cos m34-1)

sin m34 | + b3 (1-m34 cotan m34)

otan m..) + Db

Condition 11

C11

m23 cotan —re-—

condition 10



Condition 12

=11 - s1 A~" |C9 Sin m23?2tC1l0 cos m23C+ad4-b45L23

Cl2 cos m23"va5+p57L23)

Equating conditions 11 and 12 and solving for C1l2 gives

1

12
+cotwn m23"

Eventually, from condition 13 the final Equation 36a

is obtained. In order to solve this equation for HA4

the coefficients a, b, ¢ need to be expressed as
functions of HA4, ' "4 or R5*

The axial forces PJ2, 2?34 and are taken from the
solution of Equation 23 for loading equal to the elastic

buckling load. The outstanding terms in parameters a,

b and c¢ are evaluated from the following moment expressions
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The required solutions are obtained by expressing

Mm3, Mm4 and as functions of P12, P34 or R .

This 1is accomplished by using the relationship between

the elastic rotational restraints, member-end tangents

and moments as followrs:

Mm3 ' F3 y ' u lX1'=0) F3 (C9 " bi> ~Qt>' ~

EQON. 59b:

Mm4 = F4 y2 ,X2'0) F4 1Cc1 &r v B3

Mmb5 = F5 * F5 (<3 E%% " be!' =

Using C1l from condition 2 and substituting ~4n34

~34 34 ~ 7~ into Equation 59 leads to

EQN. 60|
*m4d = N4
in which,
Fim34 (cosm”-1)
€1 ' 1 "™ L34P34sin m34
and
Mg M34a34L3 q34EI34
Fd4 " 3y sin m oy, 2P34 sin m34 P34

(cos m34-1)m34

~"34 s”™n m34
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Similarly, Mm3 is derived by using Cg from condition 14

and M A from Equation .O.

Equation 59a then results in
m4

Mm3 = F3,Mnd e3 +

'EQN.
in which,
m 34 I- sin m., "~ - cotan (cos ~1)
=3 = P3"34
anQ g34L34 1, '%34 cotan
£4 U "m34 COtanm3 4 —-———- PAT"

=1" *34 _ "~ ~"~34  (egqg _i)

m 34 m 34

The derivation of is rather tedious since further

constants of integration, i.e. C4, C5, Cg, C? ana Cg

need to be calculated in order to obtain Cg for Equation 59c.

Some 1intermediate results are given below.

Condition 6

r  a6ft>% /L35 7" 35-—=7 ¢ cotan m.-G+Cc+CgCOtan m™"f,
v3 " sin m35C 4 °

Condition 3
c4 " ao

Conditions 4 & 5

1 b8L35~a8 B5

'8 7 tan m35+cotan m35 sin mse m3gcos m3g
- . sin m34+b3-2c3L34+b8)
(— m34 cos m34+ L 4

34 34



Condition 4
bnlg, C—

C7 ' sin n-— - C8 COtan m35

Conditions 7 & 9

Co~CH tan m35(1l-c)+cotan

ag8-a7+b7L35 (1-0 b7%b8)L35
sin m3g (1-C) ' m35cos m3g (1-C)

Condition 7

C5 = C?+ (Cg-Cg) cotan inJ5 (1-U

ag-a7+b7L35 (1-C) “H8L 35 "
+ s'.n m3-(1-C)

Using these constants of integration, C3 can be reduced

to a function of Cg which in turn can be substituted

from conditions 4 & 5. Subsequently, after some mani-
pulation, can be determined as in Equation 62.
M r = F. — IEON. 62
m5 '5 Eg |
where,
Fgm 3c , cotan m35C-cotan m35
e6 =1+ P23L35 sin m35 V + tan m35+cotan mjg

- cotan m3gC sin m3g]
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M5Y“U3L 35
and " b 8L 35"
U335 Te 23
+ cotan m355+ sliTm35
P23sin m35
/ cotan m~"gC-cotan U3m 35
v o+ tan muﬁﬁﬁﬁﬁﬁﬂlmnf % P23S”n m35 ~
cotan m35-cotan m”~gd-S)
1 £ tan m%g(i—%)+cotan m35 (1-C)
cotan m~cS-cotan m..c / Riv3 4
17 — r 'C, 77- cos mlA
cos m35 (tamr m*~=+cotan m35) X 1 L!M
- C2 sin m34~b3+2¢c3L34-b8) ~b8

Hence, in successive steps Mm4, Mm3 and Mmb5 can be
determined in that order for a trii.l value of A".
Subsequently, the moments M43, M34, M32, M23 and M35
are calculated so that the variables a, b and c

can be solved and substituted into Equation 36a.

A solution for H4 is found when Equation 36a is satisfied.

Dual-point 1load and zero axial beam forces

If the stiffness ..eduction in the beam members 1is neglected
Equation 36b is obtained. Compared with the previous case,
the following adjustments are required. All other terms

remain unchanged or are irrelevant.



i-b(1-m cotan 4'-c”"L” } 2-m.j” cotan

2= i" "ad~2~ + "i -y- (C' 1]

M A\

s et; 5 ro

where

and

Uniformly distributed beam loading

The following results are obtained when the dual-point
loadings on the beams are replaced by a uniformly
distributed loading.

Member moments M +

Member 3 - 4

Member 3



Member 3 - 5

_ ~35x3
M = P23y3 + R5x3 ' Mmb ' M5 r -

The differential equations of the type * 1in E ;u .tier.

have the following solutions

Member 3 - 4

X2 X2
ci sin m34 177 + C2COS m34 r: + a3%“;

y2

Member 3 - 5

X3 X3
Ji-

C3 sin m35 + €,cos m35

14

y3 + a6-bé6xr r.v;

Member 3 - 2

| X1 X1
yx - C5 sin m23 + E6cos m23 J;*- +

Variables a, b, c



Constants of integration

C1l sin m34 :a3 (cos r@34~1'+b3L34 c3L34.

34 4 i
— cotan m. . (cos — sin .
v3 X 134 34 34 ~34 34
+ b3fl-m34 cotan -c3L34 t2+m 3, cotan m3") +b4
C4 =" ao

b6L35"a6"'6L35

S1in m35

- C4 cotan m35

From the condition that = 0 for x1 =

Equation 37a is derived by substituting the wvarious
constants of integration.
The following relationships are essential for the para-

meters a, b and c¢ which appear in some form in Equation 37a.
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M34 ' HA4L 34 " M43 " HAL34

q35L 35
Ms32 » M34+Mm3+M3+ — Vv 2 " R5L35 4+ Mm5 + M5
~"23 = M32

23 23 M32+M23
mi r~~

Mm4 = F4 r

»m 3 * F3 ,M,,'£3 + eid>

Mm5 1 F5 T7

The factors ev zr 3 and e4 are exactly the same

for the case of dual-point loading. However, e5 and

e6 are defined as follows

m

. 35 (1-cos
€6 m P23L35 Sin m 35
M,
and m 2c 6L 23
35 bAL?E_C_L35 VP Mz~
g sin ~25 ° e 23 23
(cos - 1) - b.

Uniformly distributed load and zero axial beam forces

The following values assume a new meaning compared with

the preceding case

as



These expressions are relevant for Equation 37b.

The special case of a two-bay frame, as shown in Pigure

requires some modifications. These are given for the

case of uniformly distributed beam loading.

FIGURE 68: Two - bay frame
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FEquation 37a is modified to

23 23

and Equation 37b to

23 23

El23

The bending moment M in this case, is

23

EON.63a

EON. 63Db
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APPENDIX IV/2

LOAD ANALYSIS FOR "SYMMETRY - BUCKLING MOMENT
DISTRIBUTION FOR JOINTS 4 AND 5

Joint 4

With reference to Figure 43, the following moment needs

to be distributed at joint 4

ad M* = + 6735

The distribution procedure is based on distribution
coefficients y which incorporate the beam stiffnesses
and the stiffness of the column members as obtained

from the slope-deflection method.

1 SC34L34 6
1
u34 " i rr--—-----
-=r +Koc+
ub3 - 1
6
1

v35 7 I
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The various terms SC, and F*  have been
explained in Appendix TII/1. The additional moments
can then be found as in Equations 64a - 64d and

Equation 38.

ad M43 = ad Mp4u43 (2~M34) IEQN.

ad M34 = ad Mrd4ud3 (1-2u34) | EON.

ad M35 = ad Mp4u43 (2-ub3) | EON.

ad M53 - ad Mr4u43Vv35 (1-2u53) |EON.
Joint 5

The same procedure 1is adopted for a loading applied

the right of joint 5 as shown in Figure 69

FIGURE 69:

Additional loading at Jjoint 5

cda

64b

64dc

64d
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The first iteration step of the technique developed by

Kanii1is

to 6be.

ad

ad

ad

ad

ad

results in the moments given 4n Equations

M53

M35

M34

M43

M32

ad ©~ 5753 (2-u3)5)

ad MpgUgj (1-2u35)

ad Mfsu53 (2-U43)

ad >"5753734

2 ad ©~ 5753732

(1"2wvi4 3)

EON.

EON.

EON.

EON.

EON.

5ta

65c |

65b |

65¢c|

65d|

65e|

These moments have to be added to the bending moments

obtained from the analysis of the subassemblage excluding

loadings to the right of joint 5

and on the beams

adjoining node 4 The above values apply to a completely

symmetrical structure

in regard to geometry and loading.
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A PPENDTIX Y%

"r . TMTTTNG SLENDERNESS P\TIO" FOR SUBASSEMBLAGE

Equation 40 1is derived from the compression stress of

the section by using the following relationsmos:

=

m2EI
~Nr—

where P is the axial member =zorce.

The stress fmax in Figure 47 becomes:

fmax * I +Il

max

Dividing by E and multiplying by X2 leads to a quadratic

equation the solution of which is given in Equation 40.

The dimension y 1is the distance from the centre of

gravity of the section to the extreme fibre.

Referring to Equations 40, 41, 46a and 46b the

"limiting slenderness ratio" X% 1is found for the various

critical sections indicated in Figure 46a. All wvalues

have been expressed in terms of the column member between

joints 3 and 4.
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The beams are assumed be of uniform depth, d~.
The suffix (mi) refers to the centre of the relevant

beam.

First-yield in bear j

Beam 2 - 3
M23 d3 h 4 d34

"134 = Lop @34 123 2r34
M32 dB ~34 d34

X114 FPB d34 "23 2134

- dB  ~34 d34

PB 123 2r34

~35 dB  "34 d34

XA34 = gpp 934 135 2134
~53 dB L34 d34
34 £PB a34 135 34
Mmi dB ~34 d34

X134

fPB a34 135 2r34

Beam 2 - 6 ;
M26 dB hi d34
X£,34 =

726 2 34
M62 dB h 4 d34

X£,34 £PB 126 2r34
Mni dB L34

X5, 34

226 "~ 34
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First-yield in columns

Column 3 -4

d3y M43 134

234 5y34 134 pC _
vif'; m43)
4fPC?34134
2n4 /d3a
M
3 43/
Column 1-2
dio  M12 L34 1 7 4fPC?212712
1 + _ %;
234 2r3; 12 pc 7
( % \\n)
12 M21 L34 4fPCP12T12
/d
234 2r3; 13 pc 12
I2r,, M21)

In many cases the term under the square root may

approximated to 1,0.
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APPENDIX VI/1

SAMPL-: Di:,SIGN GRAPHS

GRAPHS \ : ELASTIC BUCKLING LOAD %46}
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APPENDIX VI/2

SAMPLE DESIGN GRAPHS

GRAPHS

B

"LIMITING SLENDERNESS RATIO"U
AND REDUCTION FACTOR 1

For all wvalues from Graphs B first-yield

may be assumed to occur in a beam member,
except for single-storey portal frames and
top-most storeys in multi-storey frames,

where first-yield may either occur in a beam
or in a column. In this instance, the largest
value for X~ after the application of both
adjustment factors, 1is relevant. The wvalue

for n i*? directly applicable, provided

fp =240 MPa.

Adjustment factors for H
First-yield in beam:

240 fPC IC dB dC
fPC *"PB 1B

First-yield in column:
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