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Abstract

Let @ be any group. The non-cancellation set x(Q) is the set of all isomorphism
classes of groups U such that U x Z = Q x Z. Let Q be a finitely generated group
with finite commutator subgroup, there is a group structure on its non-cancellation
set x(Q). If Q is a nilpotent group then the group structure of x(Q) coincides with
the Hilton-Mislin genus group. For a finitely generated group @ with a finite com-
mutator subgroup, we investigate the effect of the group structure of @ on its non-

cancellation set x(Q).
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Chapter 1

Introduction

Let R be a finitely generated nilpotent group with a finite commutator subgroup.
The Mislin genus, denoted by G(R), is the set of all isomorphism classes of finitely
generated nilpotent groups S such that for each prime p we have S, = R,, that s, the
groups S and R have isomorphic p-localizations, see [7]. In [2], Hilton and Mislin
defined an abelian group structure on G(R). Let Q be a finitely generated group
with a finite commutator subgroup, the non-cancellation set, denoted by x(Q), is
the set of all isomorphism classes of groups V such that V' x Z = ) x Z. Note that
the non-cancellation set is a measure of non-cancellation of Z as a direct factor of
() x Z. For a finitely generated nilpotent group R with a finite commutator subgroup,
Warfield in [10] showed that G(R) coincides with x(R), that is, y(R) = G(R). (For
further studies regarding the genus see ([10], [3], [2], [4])). This relation and the
group structure deduced by Hilton and Mislin on the genus sparked an interest in
the study of the group structure of x(Q). The author in [12] showed that some results
obtained for non-cancellation sets of nilpotent groups do not simply generalize to
the non-nilpotent groups. That is, the result x(Q?) = G(Q) does not hold for every
group Q.

Denote by x, the class of all finitely generated groups with a finite commuta-
tor subgroup. The author in [11] showed that for any x,-group @ such that @ has
subgroups of finite index the non-cancellation set x(Q) has a group structure which
coincides with the Hilton-Mislin genus group if @ is nilpotent. Let A be a finite
abelian group and let m be a positive integer. The class K of groups of the form
A »x Z" is a subclass of y,-groups. This subclass was studied in [9] for groups with
an abelian torsion subgroup. The authors in [9] gave an alternative description of
the group structure of the non-cancellation set of a K-group. In this work we fo-

cus on x,-groups. We study the effect of the group structure of a x,-group on its
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non-cancellation set. We consider y,-groups with some additional properties and
check whether the additional properties on the x,-group have an effect on the group
structure of its non-cancellation set.

In Chapter 2 we give basic definitions and results from Group Theory. We define
the key terms needed in later chapters such as torsion subgroup, automorphism
group, commutator subgroup etc. A formal definition of a finitely generated group
is given. There is a construction of direct products of groups as well as a construction
of semi-direct products. Lagrange’s Theorem (Theorem 2.22) allows us to compute
the size of the non-cancellation sets of certain x,-groups in Chapter 3. Also, the
size of the non-cancellation set depends on the Euler-phi function, we discuss the
Euler-phi function to complete this chapter.

In Chapter 3 we follow the notation introduced by the author in [11] and con-
sider the group structure of non-cancellation sets of x,-groups. We formally define a
X,-group and we give basic properties of these groups. Results which consider sub-
groups of finite index of y,-groups are given in this chapter since subgroups of finite
index play an important role in constructing the non-cancellation set of x,-groups.
Asin [11] we show that the non-cancellation set of a x,-group has an abelian group
structure.

In Chapter 4 we discuss x,-groups with additional properties and check whether
these properties have an effect on the non-cancellation set of the y,-group. In Chap-

ter 5 we conclude our work.



Chapter 2

Preliminaries

2.1 Groups and subgroups
Definition 2.1.

A non-empty set Q is called a group if under the binary operation e the following

are satisfied:
1. vew e Qforany v.w € Q.
2. (ve-ek=ve(wek)foranyv,w,k € Q.

3. There is a unique element i, € @ called the identity such thatvei, =i, ev =v
forany v € Q.

4. There exist a unique element v=' € Q such thatvev™t =vlev =i, v is

called the inverse of v.

Instead v  w we write vw for notational convenience.

Definition 2.2.

A group Q@ is said to be abelian if for any v, w € Q we have that vw = wv.
Example 2.3.

1. Let A = {v € Z : v iseven} define the binary operation on A to be addition.
We show that A is a group under this operation. If v,w € A then v + w is even so
v+ w € A hence Ais closed. Also (v +w) +k =v+ (w+ k) forany v, w,k € Aso A
is associative. We know that0 € Aand 0+ v =v + 0 = v forany v € A, thatis, 0is
the identity in A. Finally v + (—v) = (—v) + v = 0 hence —v € A is the inverse of v.

Therefore A is a group. Also v + w = w + v for any v,w € A4, that is, A is abelian.
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2. C.R,Q, Z are all groups under addition.
3.C - {0},R — {0}, Q — {0} are all groups under multiplication.

4. Consider the set of integers Z under multiplication. We show that Z under mul-
tiplication is not a group. For any v,w € Z we have that vw € Z so Z is closed
under multiplication. Also for any v, w, k € Z we have that (vw)k = v(wk), that is,
associativity holds. The multiplicative identity is 1 since 1v = v1 = v for any v € Z.
Let v € Z and suppose that there is a unique element 2 € Z such that zv = vz =1
then zv = 1 implies that z = 1 ¢ Z contradicting our assumption that z € Z. Hence
for any v € Z the multiplicative inverse of v is not contained in Z therefore under

multiplication Z is not a group.

5. The set of integers modulo n, denoted by Z,, is a group under addition mod-

ulo n, but Z,, is not a group under multiplication modulo n.

6. The set of integers relatively prime to n, denoted by Z,, is a group under mul-

tiplication modulo n.

Definition 2.4.

Let @ be a group and let v € (. We define the order of v, denoted by |v|, to be
the least positive integer m such that v™ = i,. If no such positive integer exist the

order of v is said to be infinite.

Definition 2.5.

The order of a group @, denoted by |Q)|, is the number of elements in Q. We say
that Q is a finite group if Q has finite order otherwise () is said to be an infinite group,

that is, |Q| = .

Example 2.6.

1. The group @ = {i,} is called the trivial group and it is the only group of or-
der 1.
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2. The set of integers modulo n, denoted by Z,, is a group under addition mod-

ulon and |Z,| = n.

Definition 2.7.

A group (@ is said to have exponent m if m is the least positive integer such that

v™ =i, foreachv € Q.

Definition 2.8.

Let U be a non-empty subset of a group ). We say that U is a subgroup of Q if

U is a group under the same binary operation as . We write U < Q.

Example 2.9.

Consider the group of integers Z under addition. We know that the set of even
integers 27 is a non-empty subset of Z. In Example 2.3 we have shown that 2Z is a

group under addition hence 2Z < Z. Note that for any m € Z we have that mZ < Z.

Theorem 2.10. Let U be a non-empty subset of a group Q. Then U < Q if and only if

vw=! € U for eachv,w € U.

Proof. Assume that U < @ so U is a group under the same binary operation as Q.
Letv,w € U thenasw € U we have that w™! € U since U is a group. Thus vw ™! € U
since U is closed under the binary operation.

Conversely, suppose that U is a non-empty subset of @ with vw™! € U for each
v,w € U. Letz € U theni, = zz7! € U. Now if i,z € U theniyz™! = 7l =
x~! € U. For w € U we have that w™! € U hence vw € U. Since the associativity

condition is inherited by U C @ we have shown that U < Q. O

Definition 2.11.

The set of all elements of finite order in a group @ form a subgroup of @ called
the torsion subgroup, denoted by T,,. A group with a trivial torsion subgroup is

called a torsionfree group.

Definition 2.12.

A set Y of elements of a group @Q is said to generate the group ( if all the elements

of ) can be presented as a product of elements of ¥ and inverses of elements of Y.
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That is, for any v € @ there exists y; € Y and ¢; € {1, —1} and some integer m such
that

Pl gt
Note 2.13.
If a finite set Y generates a group @ we say that () is finitely generated.

Definition 2.14.

A group () is said to be cyclic if () is generated by a single element. We denote a

cyclic group of order m by C,.

2.2 Cosets and Lagrange’s theorem
Definition 2.15.

Let v be an element of a group Q and let U < Q. The set vUU = {vu : u € U} is said to
be the left coset of U generated by v. In a similar manner, the set Uv = {uv : u € U}

is said to be the right coset of U generated by v.

Example 2.16.

Let Q = {0,1,2,3}, that is, @ is the group of integers modulo 4. Let U = {0,2},
note that U is a subgroup of (). Thus U has the following left cosets in ¢

0+U=U1+U=1{1,3},2+U=U,3+U ={1,3}.
Hence 0+ U =2+ U and 1+ U = 3 + U. Therefore U has only two left cosets in Q,
thatis,0+U =Uand 1+ U.
Note 2.17.
Let ) be a group and let U < Q.
1. Ui, =i,U = U then U is both a left and a right coset of itself.

2. For an abelian group Q we have Uv = vU for any v € (), that is, there is no

distinction between the left and right cosets.
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Proposition 2.18. Let U be a subgroup of a group Q and let v € Q. Then vU = U if and
only ifv e U.

Proof. Suppose that vUU = U then vu = uj where u; € U thenv = v luy € U
therefore v € U.

Conversely, suppose that v € U we show that U = U. First we show that
vl C U. Letvu € vU wherev € U thenwvu € Usincev,u e Uand U < QsovlU C U,
Now we show that U C vU. Letu € U thenvu € U sincev,u € Uand U < Q. As

vu € U and vu € vU we have that U C vU giving that U = vU. O

Theorem 2.19. Let Q be a group and let v,w € Q. Suppose that U is a subgroup of Q.
Then vU = wU if and only if v™"'w € U.

Proof. Suppose that vU = wU then as i, € U we have that vu = w for some u € U
giving that u = v~ lw, thatis, v lw =u € U.
Conversely, suppose that v~ 'w € U then v~lw = u for some u € U so w = vu

therefore

wU = vul = U
since U is a subgroup. O
A similar result holds for right cosets.

Note 2.20.

Suppose that @ isa group and let U < Q. If v € Q then ¥ : U — vU defined by
J(U) = vu is a bijection then |vU| = |U| which holds for all v € Q.

Definition 2.21.

Let U be a subgroup of a group Q. The number of distinct left (or right) cosets of
U in @ is said to be the index of U in ), denoted by [Q : U].

Theorem 2.22 (Lagrange’s Theorem). Let @ be a group and let U < Q.
Then |Q| = |U|[Q : U]. Furthermore , if Q is a finite group then |U| divides |Q| and

[@: 1=

Proof. A partition of Q) is formed by the left cosets of U hence

Q=U’UU.
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Note that for v, w € Q with v # w we have vU N wU = ) hence the above union is a

union of disjoint cosets. Thus

Q1= vv| =3l

veQ vEQR

As we know that |U| = |vU| for all cosets of U then

> U=3 Ul

veQ veQR

Therefore

Q=Y _Ul=[Q:UjU|
vEQR

Corollary 2.23. Suppose that Q) is a finite group.
1. Ifv € Q then |v| divides |Q|. Furthermore i@l = I
2. If @ has prime order then (Q is a cyclic group.

Proof. 1. Suppose that v is an element of ) of order m then U = {i,.v.....v™ '} isa
subgroup of @ of order m. Thus m divides |Q| by Theorem 2.22. In particular since
|v| divides || we have that v/? = 15

2. Suppose that |Q| is prime. Then we may take v # i, in @, given that |v| divides
|Q| we have that |v| = |Q|. Then @ coincides with the cyclic group generated by

. O
2.3 Normal subgroups and quotient groups
Definition 2.24.

Let v be an element of a group Q. The element zvzr~! where z € Q is said to be

the conjugate of vin Q.

Definition 2.25.

Let Q be a group and let U < Q. Then U is called a normal subgroup of Q) if vU = Uv
for each v € Q. We write U < Q.
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Example 2.26.

1. Let Q be a group. Then the trivial subgroup {i,} < Qand Q < Q.

2. LetQ =Z, and U = {1, —1}, then for any v € Z, we have that
vlv l=wl=1eU

v~ l=—wlvH=-(wwH)=-1€U
hence U < Q.

Note 2.27.

Suppose that @ is an abelian group and let U < Q. Then for all v € Q withv & U we
have vu = wv for all u € U hence vU = Uv. Which implies that U < Q. This holds
for any subgroup U of Q. Hence all subgroups of an abelian group @ are normal

subgroups of Q.
Theorem 2.28. Suppose that Q is a group. Then the following conditions . cquivalent:
1. U<Q.
2. vUv™ 1 C U foreach v € Q.
3. vUv=t =U foreachv € Q.
Proof. 1. = 2. Let v € @ and assume that U < Q. We show that vUU = Uv implies
that vUv~! C U. Let u € U then

vuv € vlUv = vuecolU =Uv=vuelUv=vuw el

thus vUv~! C U.
2. = 3. Suppose that vUv~! C U for each v € Q it follows that v Uy C U. Let

u € U then

uw=vv luvr~! € vUv L.

Since v luwv e Uasv 'Uv CUsou € vUv™? giving that U C vUv~! hence
wUv™t =U.
3. = 1. Suppose vUv~! = U forall v € U. We show that vUv~! = U implies that
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vU =Uvforallv € Q. Letw € vU = wv™! € U = w € Uv giving that vU C Uw.

Now letk € Uv = v 'k € U = k € vU giving that Uv C vU hence vU = Uw. O
Example 2.29.

Suppose that @) is an abelian group. We show that 7, < Q. It is enough to show
that T, < Q. Since for any integer m we have that i} = i, so i, € T, giving that
T, # @. Letv,w € T, so there are finite integers n; and ny such that o™ = "2 = ig
then

(vw)™"? = ™M™ =i,
since (? is abelian therefore 7}, is closed. For any v € T, with v" = i, we have that

v =" = (v™)~! = i_ so T, contains inverses of its elements and the identi
Q Q

is i ,. Associativity is inherited from Q. Normality follows as @ is abelian.

Proposition 2.30. Let Q be a group and let U < Q. Then the set of cosets of U in Q form a

group under the binary operation
vU e wlU = vwU for v,we Q

Proof. Let Q = {vU : v € Q}. Clearly Q is closed since if vU, wU € @ then vU e wlU

= vwl € Q as vw € Q, thatis, Q is a group. Now i, € @soi,U =U € Q and
for any vU € @ we have that vU e i,U = i,U e vU = vU hence U is the identity
element in Q. Since Q is a group for any v € @ thereis v=! € Q hence v='U € @ and
vU e v~ = vu™lU = i,U = U, similarly v™'U e vU = U so v™'U is the inverse of

U in Q. Let vU, vU, kU € Q now
(vU e wlU) o kU = (vw)U o kU = (vw)kU = v(wk)U = vU o (wk)U = vU o (wU o kU)
therefore @ is associative. We have shown that @ is a group. O

Definition 2.31.

Let @ be a group and let R < Q. The set of cosets of R in @ form a group called
the quotient group of Q by R, denoted by Q/R.

Example 2.32.

Let Q = Z, and let U = {1,-1}. In Example 2.26 we have shown that U < @
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therefore /U is a group. Note that Q/U is an abelian group, to justify this claim let
vU,wU € Q/U then

pU e wlU = vwl = wvlU = wlU e vl.

Since v, w € @ and the binary operation in () is commutative hence /U is abelian.

Definition 2.33.

Let @1 and Q2 be groups.

1. Amap k: Q) — (2 is said to be a group homomorphism if for each v, w € @)
k(vw) = k(v)k(w).
2. Suppose that x : Q; — Q; is a group homomorphism. The set
Kerk={veQ: : k(v) =iy}

is said to be the kernel of k, denoted by Ker k. Moreover, Ker x < Q.

3. Letx : Q1 — Q2 be a group homomorphism. The image of k, denoted by I'm x,
is defined by
Imek={k(v) : v € Q}.

Furthermore Im x < Q2.

Remark 2.34.

Suppose that Q) and @ are groups and « : Q1 — Q2 is a group homomorphism.
Then Kerx < Q1. We prove this result. Clearly Kerx # 0 since s(i, ) = i,

so iy, € Kerk. Letv.w € Kerk then w(vw) = k(v)k(w) = ig,1,, = iy, SO

Q

vw € Ker k giving that Ker « is closed. We know that if v € Ker x then x(v) = i,

so k(vv71) = k(V)K(vTT) = Qg k(vT!) = K(vT!) but k(vvT!) = K(iy,) = iy, so

1

x(v™1) = iy, hence v™! € Ker . Furthermore, Kerx < Q to show this result let

Q
v e Qand w € Ker k then

k(vwr™!) = k(v)k(w)k(v™) = n(v)iQin(v'l) = k(V)k(v™) = k(vv™1) = K(ig,) = ig,-

Then vwv~! € Ker k, thus Ker x < Q1.
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Proposition 2.35. Suppose that Q is a group. Then every normal subgroup of Q) is a kernel

of some homomorphism.

Proof. Let R < Q. Defineamap 7 : Q — Q/R by n(v) = vR. We show that 7 is a
group homomorphism with Ker 7 = R. Let v,w € @ then 7(vw) = vwN

=vN ewN = 7(v)m(w) so 7 is a group homomorphism and

Kerm={veQ:m(v) =iy} ={veQ:vR=R}={veR: a€ R} =R.

Definition 2.36.

Let @ be a group and let R < Q. Then group homomorphism
7:Q > Q/R

is said be canonical homomorphism.

Note 2.37.

A group homomorphism is one-to-one if and only if the kernel is trivial.

Definition 2.38.

Let @; and Q2 be groups and & : Q1 — ()2 is a group homomorphism.

1. k is said to be a monomorphism if  is one-to-one.

2. kis said to be an epimorphism if  is onto.

3. k is said to be an isomorphism if « is a bijection.

4. r is said to be an endomorphism if Q1 = Q».

5. k is said to be an automorphism if Q; = Q2 and & is an isomorphism.
Definition 2.39.

An automorphism group, denoted by Aut(Q), is the set of automorphisms of @ un-

der the composition of maps.

Lemma 2.40. Let v be an element of a group Q. Define ¢, : Q — Q by ¢y(z) = vav.

Then ¢, is an automorphism.
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Proof. Letz,y € Q then

1

r=yovrv I =vyv! & dy(z) = du(v).

Hence ¢, is well-defined and one-to-one. Also for y € Q we have thaty = vv ! yvv™!

= ¢ (v~ 1yv) thus ¢, is onto. Let =,y € Q then
du(ay) = vaye™! = vzv oy ™! = ¢y (x) o (y).

Thus ¢, is a group homomorphism. Therefore ¢, is an automorphism. O

Definition 2.41.

Let v be an element of a group Q. The automorphism ¢, : Q@ — @ defined by

dp(r) = vrv~! is said to be the inner automorphism. The set of inner automor-

phisms is denoted by Inn(Q).

Definition 2.42.

Let x and y be elements of a group Q. Then z and y are said to be conjugate if

there is v € @ such that ¢,(z) = y.

Proposition 2.43. Suppose that Q) is a group. Then the set of inner automorphisms Inn(Q)
is a subgroup of Aut(Q). Moreover, Inn(Q) < Aut(Q).

Proof. Since ¢; (z) =i, zi-! = x forany z € Q thus ¢; € Inn(Q), that is,
Q e 4 Q

Inn(Q) # 0. Let ¢y, ¢y € Inn(Q) then
(Bvdw) (@) = Pu(dw(z)) = dp(wzw™) = vwzw v = vwz(vw) ™ = Guy(z)

where vw € Q as Q is a group then ¢, € Inn(Q), that is, ¢,¢,, € Inn(Q) therefore

Inn(Q) is closed. Also for v € Q we have that
((’bu*l(ﬁv)(x) = ¢v‘1(®1f(I)) = ¢U—1(’Umv_1) = v tuzv ™l = iQ:E’i(;l = ¢iQ (33)

Similarly ¢,¢,-1 = i, SO all elements of Inn(Q) have inverses contained in /nn(Q).

Associativity is inherited from Aut(Q) thus Inn(Q) < Aut(Q). Moreover, let
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k€ Aut(Q) and ¢, € Inn(Q) then
(rpor ") (@) = (u(k™(2))) = k(o™ (@)0™!) = K(V)K(K () (k(v) )

= k(V)zr(v)™! = br(v)(x) € Inn(Q).
Thus Inn(Q) < Aut(Q). |

Proposition 2.44. Let () and ()2 be groups and let x : Q1 — Qo be a group homomor-

phisn.

1. If K < Qy then k(K) < Q2. Moreover, if k is an epimorphism and K <1 Q1 then
K(K) 9 Qo

22K < Qethen k1K) = {v € @ : k(v) € K} < Q1. IfK < Qo then
rHK) 2 Q1.

Proof. 1. Let v,w € K. We show that x(v)x(w)~! € x(K). That is,
r(0)a(w™) = klvw™!) € K(K)

since K’ < Q1. Suppose that K is a normal subgroup of ;. We show that
zi(K)z™! = k(K) for all z € Q2. Given that x is an epimorphism then there is

y € (1 with k(y) = z so that
(K)z ! = r(y)e(K)R(y ™) = r(yKy ™) = (K)

since K is normal in ;.

2. We show thatvw™! € k™ 1(K) for v, w € x~!(K) which is the same as showing that
r(vw™!) € K. As K < Qs then x(vw™?!) = r(v)sk(w™?!) € K where v,w € x71(K)
thus k1(K) < Q). Suppose that K < Q2 we show that for all z € Q; we have
kY (K)z~' = k™1 (K) which is the same as showing that x(zx 1 (K)z~!) = K for

r € Q. Letz € Q; and v € k1K) it follows that
k(zvz™!) = k(z)k(v)k(z) € K

since K < Q. OJ
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Definition 2.45.

Let v and w be elements of a group Q. The element vwv'w™! is said to be the

commutator of v and w, denoted by [v, w].

Definition 2.46.

A commutator subgroup of a group @, denoted by Q' or [Q, )], is the subgroup
of Q@ which is generated by all the commutators of Q.

Note 2.47.

Suppose that @ is a group. The commutator subgroup Q' of @ is also called the
derived subgroup. The commutator subgroup measures the abelianiarity of Q. That

is, if Q is abelian then Q' = {i,, }. If Q is not abelian then Q/Q" is an abelian group.

Definition 2.48.

Let () be a group. Then the centre of a group @, denoted by Z,,, is defined by
Z, ={veQ:vw=uwv forany w € Q}.

Proposition 2.49. Suppose that () is a group. Then Z, < Q.

Proof. We know that i,v = vi, forany v € Qso i, € Z, thus Z, # 0. Letv,w € Z,

and z € () then
(vw)z = v(wz) = v(zw) = (vo)w = (zv)w = z(vw)

giving that vw € Z,,. Let v € Z, we need to show that v™' € Z,,. Forany z € Q we

have that

e 1 1

vz =v lz(vv™) = v @v)r! = (v o)zv ! = av”

hence v~ € Z,. Associativity is inherited from Q hence Z_, < Q. Letv € Z, and
Q 4 Q Q

w € @ then

1

wow ™! = vww ™!

N

=V E 4Ly

therefore for any v € Z, and w € @ we have that wow™! € Z,thus 7, 4 Q. O
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2.4 Direct products and isomorphism theorems

Theorem 2.50. Suppose that ()1 and Q2 are groups. Then the set
Q={(v,w):veE QL we s}
form a group with binary operation
(v1,w1) ® (v2,wa) = (v1v2, wiws)

where vy, ve € Q and wy,we € Qa.

PI’OOf. Let v1,v2 € Q1 and wy, we € Q2 then (vl,-wl) ° (’UQ,T.UQ) = (’!,'11’2,’!1)111.-’2) € (@ so
Q is closed under this binary operation. Also for (vy,w;), (v2, w2), (v3, w3) € Q we

have that
[(’U],wl) [ ] (’Ug, ‘wg)] ® (’Ug, w3) = ('Ul‘UQ, wlwg) [ ] (1}3, w3) = (’Ulvgt,’g, '!1)1?1}2?1}3)

= (v1,w1) o (vou3, wows) = (v, w1) e [(v2. w2) @ (v3, w3)]

hence associativity holds in . Now let (v, w) € Q then
(g, +ig,) ® (v,w) = (ig v, ig,w) = (v, w)

similarly (v,w) e (i, .i,,) = (v,w). Hence (iy ,i,,) is the identity in Q. Now

(v,w)™! = (v, w™1), that is,
@ w ) o (0,0) = (0710, 07 10) = (ig, ig,)

similarly (v,w) e (v, w™1) = (ig,iq,)- Therefore Q) is a group. o
Definition 2.51.

Let @; and Q2 be groups. We define the external direct product to be the group

(1 x Q2 under the binary operation
(v1,w1) ® (v2, w2) = (viv2, wrw2)

where vy, v € 7 and wy, ws € Qo.
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Example 2.52.

Consider the group of integers modulo 2, Zs. Let Q1 = Zo and Q2 = Zs then

Q = @1 x @ is a group under component-wise addition.

Note 2.53.

Suppose that Q; and ()2 are groups and @ = @1 x Q2. Then Q= {(v,iqz) cv e Qr}
and Q2 = {(i,, . w) : w € Q2} are isomorphic copies contained in Q. Moreover, O
and (), are normal subgroups of (). We show that Q> < Q, a similar proof can be
done to show that Q; < Q. Clearly Q2 # 0 since (in sig,) € Qo, that is, i, € Q2
Now let (i, ,w1), (ig, ,w2) € Q2 then (i, ,w1) @ (iy ,wa) = (ig ,wrw2) € Q- since
wiwy € Qg. As Qy is a group so w™! € @ for any w € Q3 hence (i, ,w™') € Q>
also (i, ,4,,) is the identity in @, therefore ; < Q. Finally, let (v,w) € Q and

(iol ,w') € Qo then

(L'.,w)-(in,u:’)o(v_l,ufl) = (m'Qlt'_l,u.:w’w_l) = (v~ ww'w™!) = (in.ww'wfl) € Q2

since ww'w ! € Qs hence Q2 < ¢. Vote that Q = Q1@ with @1 D2 = {(ig, - ig,)}-
Remark 2.54.

Let Uy, ..., U, be groups then Q = Uy x - - - x Uy, is a group with respect to component-

wise multiplication. That is, the definition of the external direct product is not re-

stricted to two groups.

Theorem 2.55 (Factor theorem). Suppose that Q1 and Qq are groups with R < Q1.
Suppose that = : Q1 — Q1/R is the canonical homomorphism and let k : (1 — Qo bea
group homomorphism. Then any group homomorphism with a kernel containing R can be
factored through Q1/R. That is, there exist a unique homomorphism i : Q1/R — Q2 so
that k o m = k. Moreover,

1. & is an epimorphism if and only if x is an epimorphism.

2. F is a monomorphism if and only if Kerx = R.

3. K is an isomorphism if and only if « is an epimorphism and Ker k = R.
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Proof. First we show that if there exist & so that & o m = & then it is unique. Suppose

that there is another homomorphism & such that £ o 7 = k. Hence
(7o m)(v) = (ko m)(v) = K(v)
for each v € @, giving that
k(vR) = &(vR) = k(v).

Therefore for all wR € Q,/R there is w € Q; such that 7(w) = wR, then the image
is given by either % or £ which is determined by «. Therefore & = £ since 7 is onto
hence % is unique. Now we show that such a & exists. Suppose that v € Q; /R such
that 7(v) = vR for v € @;. Define a mapping i : @Q1/R — Q2 by &(vR) = k(v). We
show that & is well-defined. Let w € vR as v and w are in the same coset we have
that v"'w € R C Kerx by assumption. As v™lw € Kerk then k(v™1w) = i, SO
k(v) = k(w), thus  is well-defined. Now we show that % is a group homomorphism.

LetvR,wR € Q1/R then
R(vRwR) = R(vwR) = k(vw) = k(v)k(w) = R(vR)R(wR)

S0 k is a group homomorphsism.
group P

1. The fact that % is an epimorphism if and only if  is an epimorphism follows

from that Im(g) = Im(k).

2. The statement that % is a monomorphism if and only if Ker £ = R is true since
Ker k is a normal subgroup of (1. We show that & is a monomorphism by

showing that Ker  is trivial. As
Kerk ={vR € Q1/R: K(vR) =iy, } = {vR € Q1/R: k(m(v)) = K(v) = iy, }

={vRe @1/R:v € Kerk}.

hence Ker & contains elements of the form vR with v € Kerx but Keri is

trivial if Kerxk = R.

3. From 1. and 2. we get this result.
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Theorem 2.56 (The First Isomorphism Theorem). Suppose that Q1 and Q)2 are groups

and & : Q1 — Q2 is a group homomorphism. Then Q1 /Ker k = Im k.

Proof. We know that Ker k < Q1 so Q1/Ker x is a group. Define a map
R:Qi/Kerk — Imrby k(v Ker k) = k(v). LetvKer s, wKerk € Q1/Ker k then

vKerk=wKerk < v 'we Kerk & k(v w) = ig, © k(v) lk(w) = ig,

& k(v) = k(w) & k(v Ker k) = R(w Ker k)

thus % is well-defined and one-to-one. In order to show that & is onto we show that

Im#r = Imk, that is,
k(v) € Imk & K(vKerk) = k(v) € Imk
therfore & is onto. We show that 7 is a group homomorphism.
R((vKer k) (w Ker k) = R(vw Ker k) = k(vw) = k(v)k(w) = k(v Ker k)R (w Ker k)

hence Q/Ker k = Im k. O

2.5 Permutations and group actions
Definition 2.57.

Let v be an element of a group @ and let U < Q. The set {vuv™! : v € U} is

said to be the conjugate of U, denoted by U” or vUv™".

Proposition 2.58. Let Q be a group and let U < Q. Then the conjugate of U is a subgroup
of Q.

Proof. Since i, = viyv~! € U” we have that U" # 0. Let vugv—!, vugv~! € UY then
(vuyo Y (vugr™ )7t = (vurv Y (vuz o) = vug (v w)ug v = vuguy vt € UP

since ujuy ' € U as U < Q. Associativity is inherited from Q. Thus U" < Q. O

Lemma 2.59. Let Q be a group and let U < Q. Ifv € Q then vUv ™1 is isomorphic to U.
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Proof. For v € Q we have vUv~! < Q. Define ¢ : U — vUv~! by ¢(u) = vuv 1. We

show that ¢ is an isomorphism. Let u;, up € U then
u = us S vuv T = vuv ! & d(uy) = ¢(uz)

hence ¢ is well-defined and one-to-one.
For any vuv~! € vUv~! there is u € U such that ¢(u) = vuv~! so ¢ is onto. Finally

we show that ¢ is a homomorphism, let u;, u € U then
olujuy) = viugusv t = vugv touge ! = od(ug)od(us)

s0 ¢ is a homomorphism. Therefore ¢ is an isomorphism giving that U = vUv~1. O
Definition 2.60.

Let ¥ be a set with m elements. We define a permutation of ¥ to be a bijection
on Y. The set of permutations on Y (with respect to function composition) form a

group called the symmetric group on Y, denoted by Si,.

Definition 2.61.

Let Y be a set with m elements. The alternating group, denoted by A,,, is the set

of all even permutations of Sp,, A, < Spe.

Theorem 2.62 (Cayley’s Theorem). Every group (Q is isomorphic to a subgroup of the

group of permutations.

Proof. Denote by Sg the set of permutations of a group (). We show that every group
is isomorphic to a subgroup of Sg. Define a map p : Q@ — Sg by u(v) = u, where
fy + @ — Q is a bijection on @ defined by p,(z) = vz. We need to show that p is
one-to-one. Since () is a group we have that y,(z) = uy(z) = v = wrif x = i, so

it is one-to-one. Finally,
(1(v) o p(w))(x) = (o © pw) (x) = v(wT) = Vwz = ppw(z) = pvw)(z)

for any z, giving that u(v)op(w) = p(vw). Thus p is a group homomorphism. Which

completes the proof. O
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Definition 2.63.

Let Y be a non-empty set and @ be a group. A mapping = : Q x Y — Y, defined by

v *y = vy, is called an left action of Q on Y if it satisfies:
l.vxyeY foranyv € Qandanyy €Y.
2. i, xy=yforiy € Qandanyy €Y.
3. (vive) xy = v1 * (vg*x y) forany vy, v € Qandany y € Y.
The set Y is said to be a )-set or we say that Q) acts on Y.

Definition 2.64.
Let Q be a group and let Y be a Q-set. Then the set {v € Q : v*xy = y} where
y € Y is called the stabilizer of y, denoted by Stabg(y).

Proposition 2.65. Let Q be a group and let Y be a Q-set. Then the stabilizer of y € Y isa
subgroup of Q. This subgroup is called an isotropy subgroup.

Proof. Asi, xy = yso i, € Stabo(y), that is, Stabg(y) # 0. Let vi,vo € Stabg(y)

then v * y = y and vy x y = y then

(vi2) sy =v1 5 (2 1Y) = w1y =y

so viva € Stabg(y). If v € Stabg(y) thenvxy = ysoy = v~! % y giving that

v~ € Stabg(y). Associativity is inherited from @ hence Stabg(y) < Q. O

Definition 2.66.

Let a group @ act on a set Y. Then the orbit of y € Y, denoted by Orb(y), is de-
fined by
Orbly) = fv*y:ve Q).

Example 2.67.

(a) For a group @ define = : Q x @ — Q by v x y = vy. We show that * is an ac-
tion.

1. Letv € Q, clearly v x y = vy € @ since Q is a group, that is, @ is closed.

2. i, xy =1iyy = ysince i, is the identity in Q.
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3. Let v1,va,y € @ then

(vive) x y = vivay = vi(va x y) = v * (V2 * y).
Thus * is an action.

(b) Suppose that Q is a groupand Y = {U : U < Q}. Then @ acts on Y by con-
jugation. We justify this claim. Define + : Q x Y = Y by v+ U = vUv~1 =UY,

lL.vsU=vUv!1=U"€Y foranyveQandU €Y.
2. igxU=i HiJl=U% =UforigeQandU cY.

3. (v1v2) *U = (vyv2)U(vyv) "1 = vl(ngvz_l)vl_l = vy *(ve*U) forany vy, va € @

and U €Y.

Therefore (Q acts on Y by conjugation. Also
Stabg(U)={v e Q:v*xU=U}={veQ:vUv1=U}={veQ: :U’=U}.

(c) Let C2 = (z) and let C,, = (y). Define % : C2 x Aut(Cy) —» Aut(Cp) by z = f = f;
with f, : C;, — C,, defined by f,(y) = y~1. Also fo, * = f"'cg where fi02 :Cp — O
is defined by ficg (y) = y, note that f; e is the identity map.

We will show that * is an action.

1. For z € Cy we have = + f = f, where f, : C), = C,, is defined by f.(y) = y~*

hence f, € Aut(C,). We now verify the claim f, € Aut(Cy). Since f; : Cr, —
Ch, it is enough to show that f; is an isomorphism. Let a,b € C,, then a = y"

and b = y™ for some n,m € Z.
fo(0b) = f2(5™™) = fe(™F™) =y " " =y " = () ™) = a7

hence f, is a homomorphism.

I'so f, is onto.

For any y~! € C, thereis y € C,, such that f,(y) =y~
Since C,, is a group then the inverse of y € C,, is unique giving that f. is one-

to-one and well defined. Thus f, is an isomorphism.
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2. 0, * = fic2 then f«,‘cz : Cp — C,, is defined by ficz (y) = y. That is, ficz is

equivalent to the identity map in Aut(C,).

3. Since |Cs| = 2 so icy & € C hence
(micz) * f = fri02 — fz

Thus
(CBiCQ) «f=z+ (7;(;2 * ).

Example 2.68.

Suppose that @ is a group and let Y = {U : U < @Q}. From Example 2.67(b) we

know that @ acts on Y by conjugation. Now we have that for U € Y.
Orb(U)={v+U:veQ}={vUv 1 :veQ}={U":veQ}.

Definition 2.69.

Let a group @ act on a set Y. An action * : @ x Y — Y is said to be transitive

if * has exactly one orbit.

Theorem 2.70 (Orbit-Stabilizer Theorem). Suppose that a group Q acts on a set Y and
y €Y. Then
|Orb(y)| = [@ : Stabg(y)]-

Proof. Since Stabg(y) < @ then by Theorem 2.22 [ : Stabg(y)] is the number of
left cosets of Stabg(y) in Q. Define a map ¢ : Orb(y) — {v Stabg(y) : v € Q} by
Y(v *y) = v Stabg(y). Let vy, v2 € Q then

VI kY =V Y S (v;lzfl) Xy =y U{lvl € Stabg(y)

< vy Stabg(y) = v Stabg (y) & V(v *y) = F(v2 x y)

thus ¥ is well-defined and one-to-one. For any v Stabg(y) we have v x y € Orb(y)
such that J(v * y) = v Stabg(y) hence ¥ is onto. Thus ¥ is a bijection therefore

|Orb(y)| = [Q : Stabg(y)]. O

Definition 2.71.
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Let @ be a group and let U < Q. We say that U is conjugate to a subgroup V of
Qif thereis z € Q such that U = zVz~! = V=, We say that U is self-conjugate if U is

a normal subgroup of Q.
Lemma 2.72. Let Q bea groupand U < Q. Then [ : U] = [Q : U"] forany v € Q.

Proof. Let F ={zU : x € Q}and F' = {zU" : x € Q, for a fixed v € U}. Note that
|F| = [Q: Uland |F'| = [@ : U"]. We show that there is a bijection between F and
F'. Define vy : F — F' by ¥(zU) = z*U?, let zU, yU € F then

$(aU) = Y(yU) = 2°U° = y*U¥ = (y )\°a*U* = U” = (y )" € U”

sy vz lewv iz v o tewv =y lzeU=sy l2U=U

= aU = yU.

Thus 9 is one-to-one. For any 2U" € F' thereis ¥ 'U € F such that

1

Y(z? "U) = 2U", therefore v is onto. Hence ¢ is a bijection giving that | F| = |F'| so
[Q: U] = [@:0Y]. O
Note 2.73.

Let U and V be conjugate subgroups of a group @, that is, there is z € @ such
that V' = U?. From Lemma 2.72 we have that [Q : U] = [Q : U*] hence
[Q:U]=[Q:U*] =[Q:V]. Thatis, U and V have the same index.

Theorem 2.74. Let U and V' be subgroups of a group Q. If U and V' are conjugate then
e,

Proof. Since U and V are conjugate there is ¢ € Q such that U = cVe™l. As V
is a subgroup of @ it follows from Lemma 2.59 that V = ¢Ve™! = U giving that

Uvzv. a
Example 2.75.

Suppose that Q = Z x Zand U = {0} x Zand V = Z x {0}, note that U < Q
and V < Q. Thenthe map « : U — V defined by (0, y) = (y.0) is an isomorphism,
we justify this claim. Let (0,y). (0,2) € U then

0,y)=(0,2)cy=2,y,2€Z < (y,0) = (2,0) & (0,y) = (0, 2)
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so x is well-defined and one-to-one. For any (y,0) € V there is (0,y) € U such that

%(0,y) = (y,0) hence x is onto. Let (0,y), (0, z) € U then
£((0,9)(0, 2)) = £(0,y2) = (y2,0) = (y,0)(2,0) = £(0,4)x(0, 2)

therefore x is a homomorphism thus & is an isomorphism. It follows that U = V. Let

k € @ and let (y,0) € V then
k(y, 0k~ = (kyk™",0) g U

this is true for any k € @ giving that U is not conjugate to V. Hence U = V does not

imply that U is conjugate to V.

Remark 2.76.

Let U and V be subgroups of a group Q. Suppose that U = aVa™! for some
a € Q. Let Y be the set of all subgroups of Q). Define an actionx : @ x Y — Y
by k(a, V) =aVa~! € Y. Then the orbit of V is given by

Orb(V) = {x(a,V)|a€ Q} ={aVa!|a e Q}.

thus U € Orb(V), similarly V' € Orb(U). Hence under this action Orb(V') = Orb(U)

if U and V' are conjugate.

Definition 2.77.

A group @ can be presented in the form (X |Y), thatis, Q = (X |Y) where X is

the set of generators and Y is the set of relations between the elements of X.

Example 2.78.

Consider the cyclic group with m elements Cy,. Since C,, has one generator, say

a,thena™ =i, soX ={a}andY = {a™ =i, _}so
Cm = (ala™ =i,_).

Since Cy, is generated by single element a we write Cy, = (a).

Example 2.79.
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A K-group @ is a group which is presented as follows
G = {a,b|a™ = iy, bab~! = a*)

where ged(m, u) = 1.

2.6 Euler phi function
Definition 2.80.

A function is called an arithmetic function if it is a real-valued or complex-valued

function defined on the set of natural numbers N.
The function defined below is an example of an arithmetic function.

Definition 2.81.

Let n be a positive integer. The Euler phi function, denoted by ¢(n), is defined to

be the number of positive integers relatively prime to n.

Note 2.82.

Since Z, contains all the positive integers which are relatively prime to n we have

that |Z, | = ¢(n). Thus |Z, | = ¢(n) is even for n > 3.

Definition 2.83.

An arithmetic function 7 is said to be multiplicative if for any m,n € N we have

that n(mn) = n(m)n(n).

Remark 2.84.

From Number Theory we know that  is multiplicative also for any prime p we have
that ¢(p) = p — 1, that is, all positive integers less than p are relatively prime to p.
Now for p = 2 we have that ¢(2) =2 — 1 = 1. If pis an odd prime then ¢(p) = p — 1

is even. Let m be any positive integer. It follows that
p(™) =p" - p" T =" p - 1)

s0 ¢(p™) is a multiple of an even number hence (p™) is even. Let k be any positive

ma |

integer such that k > 3. Let k = p{"p3"? .- p;"* where p;,...,p; are primes and
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M, ..., m; are positive integers. Then
(k) = p(p"py? - pi ) = (P )e(P3?) -+ (bt )

where each (p]"), 1 < i < t,is even hence (k) is even for any £ > 3.

In Chapter 3, we will show that for certain x,-groups the size of the non-cancellation

setis %m), for some positive integer m which will be defined in the next chapter.
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Chapter 3

Non-cancellation sets of x -groups

In this chapter we discuss some results obtained by the author in [11]. In the first
section we discuss basic properties of x,-groups. In Section 2 we study subgroups
U of a x,-group @ such that U is of finite index in (). We discuss the classes in the
non-cancellation set of a x,-group Q. We conclude the chapter by investigating the

group structure of the non-cancellation set of a x,,-group.

3.1 Basic properties of y -groups

In this section we introduce some basic properties of x,-groups, for a x,-group  we
define the number m(Q) as in [11] and prove certain properties of this number. Note
that for a y,-group @ the torsion subgroup is a finite normal subgroup. We begin

the section by defining a x,-group.

Definition 3.1.

We say that a group Q is a x,-group if Q is a finitely generated group with a finite
commutator subgroup.

Theorem 3.2. Let Q be a group and let U < Q with [Q : U] finite. Then Q is finitely
generated if and only if U is finitely generated.

Corollary 3.3. Suppose that Q is any x,-group and let U < Q with [Q : U] finite. Then U
is finitely generated.

Proof. Given that Q is a x,-group then Q is finitely generated. It follows from Theo-

rem 3.2 that U is finitely generated. O

From [11] we have the following two properties of x,-groups.
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Lemma 3.4. Suppose that Q is a x,-group. Then Q x Zis a x,-group.

Proof. Given that () is a x,-group then Q is finitely generated, say ¥ = {v1...., v} is
the generating set of Q, and Z is generated by 1, that is, Z is also finitely generated so
Q) xZis generated by elements of the form (v, 1) where v € Y. As thesetY is finite we
have that there are finitely many elements of the form (v, 1) where v € Y therefore
Q) x Z is finitely generated. Since @ is a x,-group then () has a finite commutator
subgroup, as Z is an abelian group then the commutator subgroup of Z is trivial,
that is, [Z, Z] = {i, }. We show that the commutator subgroup of ) x Z is finite. The
commutator subgroup of ) x Z is given by elements of the form (v, i) where vis a
commutator of ). Since there are finitely many commutators in Q it follows that the

commutator subgroup of Q x Z is finite thus Q x Z is a x,-group. O
Lemma 3.5. Suppose that Q is a group. Then Q x L is a x,-group if Q is a x,-group.

Proof. Suppose that @ is not a x,-group. Then Q is not finitely generated and ¢
has an infinite commutator subgroup. As () x Z is a x,-group so the commutator
subgroup of Q x Z is finite. Since the commutator subgroup of () x Z has elements of
the form (v, i, ) where v is a commutator of (), there are infinitely many commutators
of @ by assumption. Hence there are infinitely many elements of the form (v, ;)
where v is a commutator of @, thus the commutator subgroup of @ x Z is infinite, a
contradiction. Also (Q has infinitely many generators, let Y be the set of generators
of @ then Y has infinitely many elements, as Z is generated by 1 it follows that the
generators of @ x Z are of the form (v, 1) where v € Y. Therefore there are infinitely
many generators of @ x Z since @ has infinitely many generators, contradicting that

Q) x Zis a x,-group. Therefore ) is a x,-group. O
Theorem 3.6. Suppose that Q is a group. Then Q x Z is a x,-group if and only if Q is a
Xo-group.

Proof. If Q x Zis a x,-group then by Lemma 3.5 we have that ¢} is a x,,-group.
Conversely, suppose that Q) is a x,-group then @ x Z is a x,-group by Lemma
34. a

The following property of x,-groups was givenin [11].

Proposition 3.7. Suppose that Q is a x,-group. If U is a group satisfying U x Z = Q x Z
then U is a x,-group.
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Proof. As Q is a x,-group we have () x Z is a y,-group by Lemma 3.4, since
UxZ=QxZthenU x Zis a x,-group thus by Lemma 3.5 we have that U is a

X,y-group. O

The notation presented below was introduced in [11].

Notation 3.8.

Let Q be a group and let m(Q) = mymgimsz where:
e m; = exponent of L
e my = exponent of Aut(T,),
e m3 = exponent of TZQ.
Theorem 3.9. Suppose that Q) is a group.
1. If Q is trivial then Aut(Q) is trivial.
2. If Q is a cyclic with |Q| = 2 then Aut(Q) is trivial.

Proof. 1. If @ is trivial then Aut((Q) contains only the trivial automorphism hence
Aut(Q) is trivial.

2. Suppose that @ is cyclic with |@Q| = 2. Let = be a generator of @), thatis, Q = (z) so
x? =i o since the order of Q is 2. Let ¢ : 2 — () be an automorphism, it follows that
#(z) is a generator of Q so (¢(r))? = i, Assume that ¢(x) # z. Then @ is generated
by two elements z and ¢(z) contradicting the assumption that ) is a cyclic group of

order 2. Therefore ¢(x) = z, that is, ¢ is the identity map. Thus Aut(Q) is trivial. O

Proposition 3.10. Suppose that Q is any x,-group with Z, = {i, } and m = m(Q). If T,
is cyclic with |T,,| = 2 then m = 2.

Proof. Since Z, = {i,} then TZQ = {i, } thus the exponent of TzQ is 1 so mz = 1.
As T, is a cyclic with |T,| = 2 by Theorem 3.9 we have that Aut(T,) is trivial so the
exponent of Aut(T,,) is 1 hence ms = 1. Also as T, is a cyclic with |7, | = 2 we have

that the exponent of 7, is 2 so m; = 2. Therefore

m=m(Q)=mmamz=2x1x1=2.
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Lemma 3.11. Suppose that a group Q is non-abelian. If Q) is not trivial then Aut(Q) is not

trivial.

Proof. Since @ is not trivial and non-abelian thus there exist v € Q with v # i,.
We define ¢, : Q@ — Q by ¢,(z) = vrv~!, that is, ¢, is the inner automorphism
hence ¢, € Inn(Q) giving that [Inn(Q)| > 2. As Inn(Q) < Aut(Q) then |Aut(Q)| >
[Inn(Q)| > 2 therefore Aut(Q) is not trivial. O

Theorem 3.12. If Q is a group with |Q| > 3 then Aut(Q) is not trivial.

Proof. If @ is not an abelian group and () has order at least three then the result
follows from Lemma 3.11. Assume that @ is abelian with || > 3. Define a map

¢ :Q — Qby ¢(v) = v~l. We show that ¢ is an automorphism. Let v, w € @ then

v=w=vw ! = iQ swl=v'l= P(w) = ¢(v) = ¢(v) = q)(u)

Therefore ¢ is well-defined. Now
Kerg={veQ: ¢(v)=i}={veQ :vl=i}={ve@:i,=v}={i,}

hence ¢ is one-to-one. Since @ is a group we have that for any v~! € Q thereisv € Q
group y

such that ¢(v) = v~! so ¢ is onto. Let v, w € Q then

p(vw) = (vw) ™ = w vl = g(w)¢(v) = (v)¢(w)
since @ is abelian, hence ¢ is a group homomorphism. Thus ¢ is an automorphism
so |Aut(Q)| > 2, that is, Aut(Q) is not trivial. d

Proposition 3.13. Suppose that Q) is a x,-group. If m(Q) is prime then m(Q) = 2.

Proof. Suppose that p is is an odd prime and m(Q) = p. We consider three cases:

Case 1
Assume that m; = pand my = m3 = 1. Since T, is not trivial it follows that Aut(T,)

is not trivial by Theorem 3.12, therefore my # 1 contradicting the assumption that

may = 1s0om(Q) # p. Case 2
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Assume that m3 = p and m; = my = 1. Since m3 = p we have that TZQ is not trivial
therefore there exist z € TZQ such that |z| is finite thus z € T, which implies that 7,

is not trivial so m; # 1 contradicting the assumption that m; = 1 thus m(Q) # p-

Case 3
Assume that ms = pand m; = m3 = 1. Since m; = 1s0 71, is trivial then A-ut(TQ)
is trivial. Therefore the exponent of Aut(T,) is 1, that is, mz = 1 contradicting the

assuption that my = p thus m(Q) # p. O

For any infinite y,-group @, the following proposition guarantees existence of a sub-

group W of Q of index n for any natural number n.

Proposition 3.14 ([11], Proposition 2.5). Let n € N. If Q is any infinite x,-group then
there exist W < Q with [Q : W] =n.

3.2 Subgroups of finite index

The author in [11] showed that for any x,-group @ the classes in x(Q) are repre-
sented by the subgroups U of @ with [Q : U] finite and ged([Q : U]. m) = 1 where
m = m(Q). In this section we study these subgroups in detail. First we give a formal

definition of a non-cancellation set.

Definition 3.15.

We define the non-cancellation set of a group Q, denoted by x(Q), to be the set
of all isomorphism classes of groups U satisfying U x Z = @ x Z. A non-cancellation

set is said to be trivial if it contains a single isomorphism class.

Note 3.16.

For a finite group @ we have that x(Q) is trivial, hence in our study we consider

infinite y,-groups.

For any y,-group @, the following result guarantees that if U < @ with [@ : U] finite
and ged([Q : U], m) = 1 where m = m(Q) satisfies U x Z= @ x Z.

Theorem 3.17 ([11], Theorem 4.1). Suppose that Q) is any x,-group. If U is a subgroup of
Q with [Q : U] finite and gcd([Q : U], m) = 1 where m = m(Q). Then U x Z = Q x Z.
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For any y,-group @, the next result shows that any group U satisfying U xZ = Q x Z

is isomorphic to some subgroup of @ of finite index.

Theorem 3.18 ([11], Theorem 4.2). Suppose that Q is any x,-group and m = m(Q). If
U is any group satisfying U x Z = Q x Z, then U = W where W < G with [ : W] finite
and ged([Q : W],m) = 1.

Let U and W be subgroups of a x,-group Q of finite index. The next result gives the

isomorphism classes of subgroups U of () such that Q@ x Z = U x Z.

Theorem 3.19 ([11], Theorem 4.3). Suppose that Q is any x,-group and m = m(Q). Let
U< Qand W < Q such that [Q : U] and |Q : W] are both finite. If ged(|Q : U], m) =1
and [Q : W] = £[Q : Ulmodm then U = W.

Theorem 3.20 ([11], Theorem 4.4). Suppose that Q) is any x,-group and m = m(Q). Let
U be a subgroup of Q such that (Q : U] is finite. If ged([Q : U].m) = 1 then there is a
mapping « : Q — U such that [Q : U)[U : Im k] = +1 mod m.

3.3 Group structure of non-cancellation sets

Let Q be a x,-group and let m = m(Q). The author in [11] deduced that the group
structure on Z,, /{1, —1} induces a group structure on the non-cancellation set x(Q).
We study these results and give the order of x(Q) for certain x,-groups in this sec-

tion. First we consider non-cancellation sets of abelian x,-groups.

Let A be an abelian y,-group. In Theorem 3.29 we show that x(A) is trivial. We

first give results which are needed in the proof of Theorem 3.29.

Note 3.21.

The direct product Z x Z x - - - x Z is a finitely generated group with a finite commu-
tator subgroup. Thatis, Z x Z x --- x Zis a x,-group, we write Zx Z x -+ - X Z = A

if we have t copies of Z.

Lemma 3.22 ([6], Lemma 1). Suppose that R and S are any groups. f RxZ = S X L X Z
then R= S x Z.

Theorem 3.23. Let Q = Z' for some r > 0. Suppose that V is a group satisfying Q x Z =
V x Z. Then Q = V.
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Proof. We have that V' x Z = @ x Z then
VXZZ xZ=>VxZ2Z  xIxLZ

thus V = Z' ' x Zby Lemma 3.22. Hence V = Z' = Q giving that V = Q. O

Remark 3.24.

Let Q = Z for some r > 0. From Theorem 3.23 we have that any group U satis-
fying Q x Z = U x Z is isomorphic to Q. Hence all isomorphism classes in x(() are
represented by [Q], that is, x(Q) contains a single element therefore x(Q) is trivial.
Theorem 3.25 ([1], Theorem 11.1). (Fundamental Theorem of Finite Abelian Groups).

Suppose that A is a finite abelian group. Then
A%’anl XKoo Xan_-;

where p is prime and n; € Z, i = 1,...,s. Furthermore, the group A uniquely

determines the number of terms and orders of the cyclic groups.

Theorem 3.26 ([8], Theorem 9.27). (Fundamental Theorem of Finitely Generated
Abelian Groups). Suppose that A is a finitely generated abelian group. Then

AZZ XZp X - X Ln,

where 7 is a positive integer and n; > ny > -+ > ngy > 2withr > 2 and n;4+1|ny.
Furthermore, this expression is unique.

Corollary 3.27. Suppose that A is a finitely generated abelian group then A= Z" x T, for
somer > 0. Moreover, T, is a finite abelian group and it is isomorphic to a direct product of
cyclic groups.

Corollary 3.28 ([11], Corollary 6.3). If R and S are any x,-groups with R infinite and
X(R) trivial, then x(R x S) is trivial.

Theorem 3.29. If A is an abelian x,-group then x(A) is trivial.

Proof. Since A is an abelian y,-group, we have that A is a finitely generated abelian
group. Then A = Z" x T, for some r > 0 by Corollary 3.27. Now Z’ is an infinite
X,-group and x(Z") is trivial. From Corollary 3.28 it follows that x (Z" x T,) is trivial

therefore x(A) is trivial which completes the proof. dJ
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The next result shows that any x,-group with a trivial torsion subgroup has a trivial

non-cancellation set.

Theorem 3.30. Suppose that Q is any x,-group and m = m(Q). If T,, is trivial then x(Q)

is trivial.

Proof. Given that 7}, is trivial then the exponent of T, is 1, thatis, m; = 1. As T, is
trivial it follows that Aut(T,) is trivial so the exponent of Aut(T},) is 1 hence m» = 1.
We know that Z, < @, since Q is torsionfree it follows that Z, is also torsionfree

hence T, , is trivial, giving that the exponent of T,  is 1 thus m3 = 1. Now
m=m(Q)=mmama=1x1x1=1

From Theorem 3.17, 3.18 and 3.19 we have that each class in x(Q) is represented by
U < @ such that ged([Q : U],m) = 1. Since m = 1 we get that ged([Q : U], 1) = 1
so [@ : U] = 1 hence @ = U for any U < Q@ satisfying gcd([Q : U], m) = 1. Thus
x(Q) = {[Q]}, that is, x(Q) is trivial. ([

In Theorem 3.30 we have shown that any x,-group @ with a trivial torsion subgroup
has a trivial non-cancellation set x(Q), that is, torsionfree groups have a trivial non-

cancellation set. Going forward we assume that the torsion subgroup is non-trivial.

Note 3.31.

Recall that Z,, = Z/mZ for some m € Z. If m = 1 then Z; = Z/Z which implies that

71 = Z. Hence we denote by Z,, the group of integers modulo m with m > 2.

Let [o] denote an isomorphism class and denote by Y the set of positive integers
n such that ged(n,m) = 1 where m = m(Q). A well-defined surjective mapping
v:Y — x(Q) defined by v(z) = [U] where U < Q with [Q : U] = |z| can be defined
from Theorem 3.17, 3.18 and 3.19. Using the "reduction mod m"-function the map v

can be factorized to

v:Y = Z /{1,-1}.
Define ¢ : Z, /{1, -1} — x(Q) to be the unique mapping such that ¢ o ¢ = v.

Theorem 3.32 ([11], Theorem 5.1). (a) Let ¢~ 1[Q] denote the fibre of ¢ over [QQ]. Then

¢~'[Q] £ Z,,/{1,-1}.
(b) If U] is any element of x(Q) then ¢ [U] is a coset of ¢~ [Q).
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Proof. (a) From Theorem 3.20 we have that for y € ¢ 1(Q)] there is v! € ¢ [Q].
Hence the fibre contains all the inverses of its elements. Suppose that y,z € ¥ and
5 :Q - Qand & : Q — Q sothat [Q : §;(Q)] = yand [Q : 6(Q)] = =z thus
[Q : 65 0 81(Q)] = yz which gives that ¢7[Q)] is closed. Asy,y~! € ¢~ 1[Q] we have
that 1 = yy~! € ¢~1[Q] so ¢ ![Q)] has an identity element. Associativity is inherited
from Z,, /{1, -1} therefore »~1[Q] is a subgroup of Z, /{1, —1}.

(b) Let y. z,c € Y such that v(z) = v(c) and let W < @Q with [Q : W] = z. Then there
is a mapping o : W — Qsothat [Q : a(W)] = c. LetV < Wsothat [W : V] =y
then [Q : V] = [W : V][Q : W] = yz giving that [V] = v(yz). Since (V) < (W) we
have that [Q : (V)] = [a(W) : a(V)][Q : &(W)] = ye giving that [V] = v(yc). Hence
v(z) = v(c) implies that v(yz) = v(yc). The result follows from the latter part. |

Note 3.33.

As a consequence of Theorem 3.32 we have the following bijection
@ (Z,/{1, -1}/ (67 [Q]) = x(Q)
so that we have a canonical epimorphism of semigroups
B Lo/ {1, ~1} = (Zpn/{1, -1}/ (¢7'(Q))
such that ¢ = ® o 3.

In order for us to impose a group structure on x(Q) we use .

Theorem 3.34 ([11], Theorem 5.2). Suppose that Q is any x,-group. Then a group struc-
ture on x(Q) is induced by the map ¢ : Z,,/{1,—1} = x(Q) where m = m(Q). If Q is
nilpotent then x(Q) is the same as the Hilton-Mislin genus group.

Note 3.35.

In the group Z,,/{1,—1} we have that a € Z,, and its additive inverse —a belong

to the same class in Z,, /{1, -1}, that is, a{1, -1} = {a, —a} € Z,, /{1, -1}.
Remark 3.36.
Suppose that Q is any x,-group and m = m(Q). Define a map p : Z.. — x(Q)

by u(v) = [U] where U < @Q such that [Q : U] = v. We show that y is a well-defined

surjective map. Suppose that b,b; € Z;n such that b = b; then there are subgroups
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B and B; with [Q : B] = band [Q : B;] = . Hence [Q : B] = [Q : By as
Q : B] = [Q : Bjmodm then [Q : B] = [Q : BiJmodm giving that B = B; by
Theorem 3.19. It follows that [B] = [B;] since B and B; belong to the same isomor-
phism class thus b = b; implies u(b) = u(by). Thus pu is well-defined. Also for any
[U] where U < @ there is v € Z,, such that u(v) = [U] with [Q : U] = a. Therefore
is a well-defined surjective map.

Moreover, if y,2 € Z,, then u(yz) = [V] where V < @Q such that [@Q : V] = yz.
Note that ged(yz,m) = 1 then ged(y,m) = 1 and ged(z,m) = 1. Then the are sub-
groups U7 and Us such that [Q : Uj] = y and [Q : Uz] = z respectively. Giving that
[@:V]=[Q: Ui][Q : Us] therefore

n(yz) = [V] = [U1][Us] = p(y)p(z)-

Thus p is a homomorphism.

Suppose that @ is any x,-group and m = m(Q). The group structure on x(Q) is

imposed by the map
®: (Z,,/{1, -11)/¢7'1Q = X(Q).

Note that Z,, /{1, —1} is not isomorphic to x(Q) in general, that is, the map
6 : Z,./{1,-1} — x(Q) is not an isomorphism in general. In the next result we
show that ¢ : Z,. /{1, —1} = x(Q) is an isomorphism if isomorphic subgroups of

are conjugate.

Proposition 3.37. Let Q be any x,-group and let m = m(Q). If isomorphic subgroups of
Q) are conjugate then the mapping

¢:Z,/{1, -1} = x(Q)

is an isomorphism.

Proof. In order to show that ¢ : Z,, /{1, -1} — x(Q) is an isomorphism, we show
that Z,,/{1. -1} = x(Q). We know that there exist a surjective group homomor-
phism u : Z,, — x(Q) defined by p(v) = [U] where U < Q with [Q : U] = v.
Now

Kerp={v € Zp | ulv) = iy )} = {v € 2, | U] = [Q)).
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As U < @ such that [Q : U] = v and we have that [U]| = [Q] hence U and @ belong to
the same isomorphism class giving that U = Q. Since isomorphic subgroups of () are
conjugate, it follows that U is conjugate to Q. Therefore (@ : U] = [@ : Q] = 1 then
1 =[Q: U] = v thus v = 1. From Theorem 3.19 we get that U is isomorphic to any
subgroup W of @ with [Q : W] = £[Q : Umodm so [@Q : W] = £ 1mod m. Giving
that Ker p contains 1 and —1, that is, Ker u = {1,—1}. Hence Z, /{1, -1} = x(Q)

by the First Isomorphism Theorem, since ¢ is a unique map hence
$: Zp/{1,-1} = x(Q)

is an isomorphism. a

Recall that the map
@ : (Z,,/{1,-1})/¢71[Q] = x(Q)

induces a group structure on x(Q). In the next result we show that for a x,-group

@ such that isomorphic subgroups of @ are conjugate then ¢~[Q] is trivial, that is,
¢~ Q] = {{1,-1}}-

Corollary 3.38. Suppose that Q is any x,-group and m = m(Q). If isomorphic subgroups
of Q are conjugate then ¢~1[Q] = {{1, -1}}.

Proof. Note that ¢~![Q] < Z,,/{1,—1}. We need to show that ¢~1[Q] € {{1, -1}}
and {{1,—-1}} C ¢~'[Q)]. First we show that ¢~![G] C {{1,-1}}. Leta{l, -1} be an
arbitrary element of ¢~'[Q] and a € Z,,. We show thata = 1. As a € Z,, there is
U < Qsuch that [Q : U] = abut a{l, -1} € ¢ ![Q] hence U = Q. Since isomorphic
subgroups of ) are conjugate, then U is conjugate to Q therefore a = [Q : U] =
[Q : Q) = 1s0oa = 1. Asaf{l,—1} was an arbitrary element of ¢~![Q] we have
that {a{1,-1}} = {{1,-1}}. Therefore ¢'[Q] € {{1,—-1}}. Now we show that
{{1,-1}} C ¢71[Q]. We know that ¢ : Z,,/{1,—1} = x(Q) is an isomorphism hence
#({1,-1}) = [Q] also [Q : Q] = 1. Hence {1, -1} € ¢~'[Q] giving that

{{1,-1}} € ¢7'[Q]. Thus ¢~[Q] = {{1,-1}}. D

Remark 3.39.

Suppose that @ is any y,-group and m = m(Q). From Theorems 3.17, 3.18 and
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3.19 we have that the non-cancellation set of ) is given by
X(Q) = {[U]: [Q: U] < 00, ged([Q : U], m) = 1}.

From Theorem 3.34 we have that x(Q) has an abelian group structure.

Suppose that @ is a x,-group such that any isomorphic subgroups of @ are conju-
gate. In the following result we show that, if 7, is cyclic with |T,,| = 2 and the centre

of @ is trivial then x(Q) is trivial.

Corollary 3.40. Suppose that Q) is any x,-group with Z, = {i,} and m = m(Q). If
isomorphic subgroups of Q are conjugate and T, is cyclic with |T,| = 2, then x(Q) is

trivial.

Proof. Given that Z, = {i,} and T, is cyclic with |T,,| = 2 then m = m(G) = 2 by
Proposition 3.10. From Proposition 3.37 we get that ¢ : Zy/{1,—1} — x(Q) is an
isomorphism. Now Z; = {1} and {1, -1} = {1}. Hence

Zy/{1, -1} = {1}/{1} = {1}
thus
{1} =x(Q)
so x(@Q) is trivial O

Suppose that Q is a x,-groups such that isomorphic subgroups of @ are conjugate.
In Corollary 3.40 we have shown that if @ has a trivial centre and T, is cyclic with
|T,,| = 2 then the non-cancellation set is trivial. The following result determines the
order of x(Q) of a x,-group @ such that isomorphic subgroups of ) are conjugate
with m(Q) > 3.

Proposition 3.41. Suppose that Q is any x,-group. If isomorphic subgroups of Q are con-

jugate then

where m = m(Q) > 3.
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Proof. We know that there is an isomorphism ¢ : Z,,, /{1, -1} — x(Q) then |Z,, /{1, -1}| =
|x(Q)| since ¢ is a bijection. Now Z_, is finite so we apply Theorem 2.22 to get

|1Z,. /{1, -1} = [Z,, : {1, -1}] = Hll,ﬁfll} _ 90(;1)

SO

(@) = [Z;,/1, -1 = £,

In Theorem 3.42 we generalize Corollary 3.40.

Theorem 3.42. Suppose that Q is any x,-group and m = m(Q). If isomorphic subgroups
of Q are conjugate and T, is cyclic with |T,,| = 2 then x(Q) is trivial.

Proof. Note that |T,| = 2 implies that T, contains two elements, that is, the identity
i, and an element, say z, such that z* =i,. If Z, = {i,} and we are given that T,
is cyclic with |T,| = 2 then x(Q) is trivial by Corollary 3.40. Suppose that Z, is not

trivial. We consider two cases:

Case 1

If Z,, is torsionfree then Z,, contains only the trivial torsion element so T, , is trivial
giving that the exponent of T, , is 1 so m3 = 1. Also T, is cyclic with |T,,| = 2 then
Aut(T,) is trivial so the exponent of Aut(7},) is 1 so my = 1. Since T}, is cyclic with

|T, | = 2 then the exponent of T, is 2 so 1 = 2 giving that
m=m(Q) =mmamz=2x1x1=2.

It follows from Proposition 3.37 that ¢ : Z;/{1,-1} — x(Q) is an isomorphism.
Now Z, = {1} and {1, -1} = {1} hence

Zo/{1, -1} = {1}/{1} = {1}

thus

{1} =x(Q)

so x (@) is trivial.
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Case 2

If Z,, contains a non-trivial torsion element then TZQ = T, since there are only two
torsion elements. Hence T,  is a cyclic group of order 2 thus the exponent of T,
is 2 so m3 = 2. Also T, is a cyclic group of order 2 so Aut(7},) is trivial hence the
exponent of Aut(T,) is 1 so mg = 1 and my = 2 since T, is cyclic with |T,| = 2
therefore

m=m(Q)=mimamz =2x1x2=4.

From Proposition 3.41 we have

therefore x (@) is trivial. O
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Chapter 4

X,-groups with additional

properties

In this chapter we study x,-groups with additional properties and deduce whether
these additional properties have an effect on the group structure of the non-cancellation

set of a x,-group.

Property 4.1.

Let Q be any y,-group such that any subgroups of @ with the same index are conju-

gate.

Theorem 4.2. Suppose that Q is any finitely generated group and n € N. Then there exists

finitely many subgroups with finite index n.

Proof. Suppose that U is a subgroup of ¢ with [ : U] = n. Then there is an action
of Q on Y where Y is the set of left cosets of U. This action corresponds to the
homomorphism from @ to the permutation group S, that is transitive. Furthermore,
since Stabg(U) = U so U is recovered as a subgroup of the coset U. There are only
finitely many homomorphisms from @ to S,, which are transitive since @ is finitely

generated. Hence there are finitely many possibilities for U. O

Corollary 4.3. Suppose that Q is any x,-group with Property 4.1. Let U < Q with
[Q : U] = m where m € N. Then there are finitely many subgroups of Q) conjugate to U.

Proof. Let U be a subgroup of @ such that [Q : U] = m. Then by Theorem 4.2, there
are finitely many subgroups of finite index m. Since @ has Property 4.1 we have
that all subgroups of ) of index m are conjugate to U. As there are finitely many
subgroups of finite index m. It follows that @ has finitely many subgroups which

are conjugate to U. O
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Notation 4.4.

Denote by F the set of all isomorphism classes of subgroups of a group @ of the

same finite index. That is, F contains all classes [U] with[Q : U] finite.

Theorem 4.5. Suppose that Q is any x-group with Property 4.1. If U and V' are subgroups
of Q of the same index. Then U =V,

Proof. Since U and V have the same index and @ has Property 4.1 we have that U is

conjugateto VsoU = V. O

Remark 4.6.

Let Q be any x,-group with Property 4.1 and let m = m(Q). From Theorem 3.17
we have that y(Q) contains all classes [U] where U < Q with ged([Q : U], m) = 1.
From Theorem 3.18 we have that any group V satisfying V' xZ = @ x Z is isomorphic
to some subgroup of Q with finite index relatively prime to m. Finally, from Theo-
rem 4.5 we have that all subgroups of the same index are isomorphic. Each class in
x(Q) is represented by a subgroup U of Q with [Q : U] finite and ged([Q : U], m) = 1.
Hence x(Q) C F. However, we can define amap ¢ : F — x(Q) by

{ 3(0) = (U] if ged((Q : U),m) = 1
S(U) = [Q) if ged((Q : Ul.m) #1
this is a surjective map between F and x(@Q).

Example 4.7.

Suppose that @ is an infinite x,-group and m = m(Q). From Proposition 3.14 we
have that for any n € N there exist a subgroup V' of @ with [@ : V]| = n. Thus there
is a bijection u : N — F giving that |F| = |N|. Consider U < Q with [@ : U] finite
then [U] € F but [U] € x(Q) if ged(|Q : U], m) = 1 then [x(Q)| < |F|.

Property 4.8.
Let @ be a x,-group such that any isomorphic subgroups of () are conjugate.

Proposition 4.9. Suppose that Q is any x,-group with Property 4.8 and m = m(Q). Let
U < Q with [Q : U] finite. If there is V < Q with [Q : V] finite and ged([Q : V], M) =1
such that [Q : U] = £[Q : V| mod m then U is conjugate to V.
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Proof. Let U < @ with [@ : U] finite. If we have a subgroup V of @ of finite index
with ged([Q : V], m) = 1 such that [@ : U] = £[Q : V]mod m, then U is isomorphic
to V by Theorem 3.19. As @ has Property 4.8 it follows that U is conjugateto V. [J

Note 4.10.

Suppose that Q is a x,-group with Property 4.8 and m = m(Q). Since x(() contains
all isomorphism classes [/] where U < @ with [Q : U] finite and ged([Q : U],m) = 1.
As all subgroups isomorphic to U are represented in the class [U], it follows that all

subgroups represented by the class [U] are conjugate to U as @ has Property 4.8.

Remark 4.11.

Let () be a x,-group with Property 4.8. Let
Y={U:U<Q,[Q:U] <00, ged([Q:U],m) =1}

where m = m(Q) and define an action * : @ xY — Y byv«U = vUv™l As Q
has Property 4.8 we have that if U is isomorphic to V' then U is conjugate to V hence
Orb(U) = Orb(V). Thus we have that

{Orb(U) : [@Q : U) < 00, ged([@Q : U], m) = 1} = x(Q).
Theorem 4.12. Suppose that Q is a x,-group with Property 4.8. Let
Y={U:U<Q,[Q:U], ged([Q : U],m) =1}

where m = m(Q) and define an action = : Q x Y — Y by v« U = vUv™". If the action *

is transitive then x(Q) is trivial.

Proof. Since the action « is transitive we have that there is only one orbit. Hence the

group
X(Q) = {0rb(U) : [Q: U] < o0, ged([Q : U], m) = 1}

contains a single element therefore |x(Q)| = 1 giving that x(Q) is trivial. O

Note 4.13.
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Suppose that @ is any x,-group with Property 4.8. Let
Y={U:U<Q,[Q:U] < oo, ged(|Q : U],m) = 1}

where m = m(Q) and define an action * : @ xY — Y by vxU = vUv~!. If subgroups
U of Q with [Q : U] and ged([Q : U], m) = 1 are conjugate, that is, all the elements of
Y are conjugate then the action x is transitive. It follows that the action * has a single

orbit therefore
x(Q) = {0rb(U) : [Q : U] < 00, ged([Q : U],m) =1} = {Orb(U)}

thus x(Q) is trivial.

Remark 4.14.

Suppose that @ is any y,-group with Property 4.8. Let
Y ={UsU = @, |Q U] = oo, ged([Q=U],mj=1}

where m = m(Q) and define an action * : @ xY — Y byvsU = wUv~t. We
have given an alternative description of the non-cancellation set x (), in which the
classes in x((Q) are the orbits of the action described above. From Proposition 3.41
we have that for a y,-group @ with Property 4.8 we have “’”#)—l Thus the number of

orbits of the action * described above is given by %’ﬂ
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Chapter 5

Conclusion and Further work

Suppose that Q is a x,-group with i = m(Q). Then a group structure on the non-
cancellation set x(Q) is induced by the group Z,, /{1, —1}, see [11]. We have studied

these results in Chapter 3. In Chapter 3 we made the following contributions

e Theorem 3.29 in which we have shown that for any abelian y,-group the non-

cancellation set is trivial.

e Theorem 3.30 where we have shown that the non-cancellation set of a torsion-

free x,-group is trivial.

In Chapter 3 we also consider x,-group with the property that any isomorphic sub-

groups are conjugate, that is, Property 4.8. We obtained the following results:

e Proposition 3.37 we showed that if a x,-group has Property 4.8 then the map
¢ : 7, /{1,-1} — x(Q) is an isomorphism.

e Corollary 3.40 we showed that any x,-group with Property 4.8 which has a
trivial centre and a cyclic torsion subgroup of order 2 then the non-cancellation

set is trivial. In Theorem 3.42 we gave a more general version of this result.

e Proposition 3.41 we give a computation of the order of non-cancellation sets of

X,-groups with Property 4.8.

We have given two cases (Theorem 3.30 and Theorem 3.42) in which we considered
the group structure of the torsion subgroup of a x,-group. Given more time we can
attempt to generalize Theorem 3.42. That is, consider all x,-groups instead of con-
centrating only on x,-groups with Property 4.8. Then we can study the effect of the
group structure of the torsion subgroup of a x,-group @ on the group structure of

the non-cancellation set x(Q).
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Suppose that @ is any y,-group with Property 4.8, we have shown that x(Q) is iso-
morphic to Z,, /{1, —1}, that is, the group structure of x(Q) is the same as the group
structure of Z,, /{1, —1}. From this result we have also deduced that for a x,-group
@ with Property 4.8 has |x(Q)| = %’”) where m = m(Q). Note that in this work we
have only managed to compute the order of non-cancellation sets of x,-groups with
Property 4.8. It would be interesting to determine the order of non-cancellation sets
of any x,-group. That is, does Proposition 3.41 hold in general, if not then what is

the order of non-cancellation sets of x,-groups without Property 4.87

In Chapter 4 we considered y,-groups Q with additional properties. First we consid-
ered x,-groups with Property 4.1. From our study, we can conclude that the group
structure of x(Q) is exactly the same as the group structure of x(Q) described by

Witbooi in [11].

We also studied y,-groups with Property 4.8. Suppose that () is any x,-group with
Property 4.8 and m = m(Q). Let

Y={U:U<@,[Q:U] <oo, ged(|Q : U],m) =1}

and define an action * : Q x Y — Y by v« U = vUv™!. We have given an alternative
description of the classes in x(Q), that is, for a x,-group @ with Property 4.8 the
classes in x(Q) are the orbits of the action * described above. Therefore, @ is the
number of orbits of the action = described above. To take our work a step further
we can consider a general x,-group then describe an action * in which the classes in

y(Q) are the orbits of this action.
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