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ABSTRACT
The block trace and partial trace are closely related. However, the
block determinant and partial determinant are quite different. We
introduce a new determinant-like operation, the determinant-root,
which has a partial operation that is more natural in the algebraic
sense. The block determinant retains some of the algebraic prop-
erties of determinants, while the partial determinant-root retains
the same algebraic properties for matrices which are Kronecker
products.We investigate the equationsdet(D(A)) = det(A),D(AB) =
D(A)D(B) and D(eA) = eT(A), where D is the block/partial/partial-
root determinant and T is the corresponding block/partial/partial-
normalized trace. These results yield a characterization of non-linear
preservers of determinants of Kronecker products.
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1. Introduction

Let {E[n]ij : i, j ∈ {1, . . . , n} } denote the standard basis in Mn(F), the algebra of n × n
matrices over a field F. In other words, E[n]ij is an n × n matrix with a 1 in the i-th row
and the j-th column and all other entries are zero. The standard basis is given entry-wise
by (E[n]ij )kl = δikδjl, where δik is the Kronecker delta

δik =
{
1; i = k,
0; i �= k.

The transpose of thematrixA ∈ Mn(F)will be denoted byAT . Let⊗ denote the Kronecker
product of matrices, i.e. for A ∈ Mm(F) and B ∈ Mn(F) the matrix A ⊗ B is given block-
wise by

A ⊗ B :=

⎛
⎜⎜⎜⎝
(A)11B (A)12B · · · (A)1mB
(A)21B (A)22B · · · (A)2mB

...
...

. . .
...

(A)m1B (A)m2B · · · (A)mmB

⎞
⎟⎟⎟⎠ ,
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where (A)ij is the entry of A in the i-th row and j-th column. The Kronecker sum of A ∈
Mm(F) and B ∈ Mn(F) is the matrix A ⊕ B = A ⊗ In + Im ⊗ B, where Ik is the identity
matrix inMk(F), k = m, n.

We have Mmn(F) = Mm(Mn(F)) = Mm(F)⊗ Mn(F). Let A ∈ Mmn(F), then we may
write

A =
n∑

i,j=1
Aij ⊗ E[n]ij , A =

m∑
i,j=1

E[m]
ij ⊗ A′

ij,

where A′
ij ∈ Mn(F) are the blocks of A, and Aij ∈ Mm(F) are the ‘block like’ parts of A

induced by the isomorphismMm(F)⊗ Mn(F) = Mn(F)⊗ Mm(F).
Choi gives the definition of the partial determinants det1(A) and det2(B) as follows.

Definition 1.1 ([1]): Let A ∈ Mmn(F) with

A =
n∑

i,j=1
Aij ⊗ E[n]ij , A =

m∑
i,j=1

E[m]
ij ⊗ A′

ij.

The partial determinants det1(A) and det2(A) are given by

det1(A) :=
n∑

i,j=1
det(Aij)E

[n]
ij , det2(A) :=

m∑
i,j=1

det(A′
ij)E

[m]
ij .

This definition is analogous to that of the partial trace. The partial trace features
prominently in quantum information theory (see for example [2]).

Definition 1.2: Let A ∈ Mmn(F) with

A =
n∑

i,j=1
Aij ⊗ E[n]ij , A =

m∑
i,j=1

E[m]
ij ⊗ A′

ij.

The partial traces tr1(A) and tr2(A) are given by

tr1(A) :=
n∑

i,j=1
tr(Aij)E

[n]
ij , tr2(A) :=

m∑
i,j=1

tr(A′
ij)E

[m]
ij .

Proposition 1.1: Let r ∈ N, A1, . . . ,Ar ∈ Mm(F) and B1, . . . ,Br ∈ Mn(F). Then

tr1

⎛
⎝ r∑

j=1
Aj ⊗ Bj

⎞
⎠ =

r∑
j=1

tr(Aj)Bj,

and

tr2

⎛
⎝ r∑

j=1
Aj ⊗ Bj

⎞
⎠ =

r∑
j=1

tr(Bj)Aj.
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Proof: We have

tr1

⎛
⎝ r∑

j=1
Aj ⊗ Bj

⎞
⎠ = tr1

⎛
⎝ r∑

j=1

n∑
k,l=1

Aj ⊗ ((Bj)klE
[n]
kl )

⎞
⎠

= tr1

⎛
⎝ r∑

j=1

n∑
k,l=1

((Bj)klAj)⊗ E[n]kl

⎞
⎠

=
r∑

j=1

n∑
k,l=1

tr((Bj)klAj)E
[n]
kl

=
r∑

j=1
tr(Aj)

n∑
k,l=1

((Bj)klE
[n]
kl )

=
r∑

j=1
tr(Aj)Bj.

�

The following proposition shows that tr1 is the block trace of [3], i.e. the trace ofA taken
over the matrix ringMn(F).

Proposition 1.2: Let A ∈ Mmn(F) with

A =
m∑

i,j=1
E[m]
ij ⊗ A′

ij.

Then

tr1(A) = A′
11 + A′

22 + · · · + A′
mm.

Proof: We have, by Proposition 1.1,

tr1(A) =
m∑

i,j=1
tr(E[m]

ij )A′
ij =

m∑
i=1

A′
ii.

�

Consequently, we note the following corollary for any A ∈ Mmn(F) and B ∈ Mn(F).

Corollary 1.1: Let A ∈ Mmn(F), B ∈ Mn(F) and C ∈ Mm(F). Then

tr1(A(Im ⊗ B)) = tr1(A)B and tr2(A(C ⊗ In)) = tr2(A)C.

Proof: We have

tr1(A(Im ⊗ B)) = tr1

⎛
⎝
⎛
⎝ m∑

i,j=1
E[m]
ij ⊗ A′

ij

⎞
⎠ (Im ⊗ B)

⎞
⎠
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= tr1

⎛
⎝ m∑

i,j=1
(E[m]

ij Im)⊗ (A′
ijB)

⎞
⎠

= tr1

⎛
⎝ m∑

i,j=1
E[m]
ij ⊗ (A′

ijB)

⎞
⎠

=
m∑

i,j=1
tr(E[m]

ij )(A′
ijB)

=
m∑
j=1

A′
jjB = tr1(A)B,

and similarly,

tr2(A(C ⊗ In)) = tr2(A)C. �

The partial trace is linear while the partial determinant is not linear. Additionally, the
partial trace is ‘partial’ in the sense that the trace can be completed, i.e. using Proposi-
tion 1.1,

tr(tr1(A ⊗ B)) = tr(tr(A)B) = tr(A) tr(B) = tr(A ⊗ B),

so that, by linearity of the trace and partial trace,

tr(tr1(A)) =
n∑

i,j=1
tr(tr1(Aij ⊗ E[n]ij )) =

n∑
i,j=1

tr(Aij ⊗ E[n]ij ) = tr(A).

Similarly,

tr(tr1(A)) = tr(tr2(A)) = tr(A).

Thompson showed that if A ∈ Mmn(C) is positive definite, then det(det2(A)) ≥ det(A)
and that

det(det2(A)) = det(A) ⇐⇒ A′
ij = δijA′

ij,

where δij denotes the Kronecker delta [4].
Let R := Mn(F) be the associative ring of n × n matrices over F. Then the trace trR in

Mm(R) is the block trace, i.e. trR(A) = tr1(A). The same relation does not hold for the
block determinant detR, if we use the definition of detR from [5, Definition 2.1].

Definition 1.3: Let B ∈ Mm(R), where R = Mn(F), with

B =
m∑

i,j=1
E[m]
ij ⊗ Bij.

The block determinant detR over R is given by

detR(B) =
∑
σ∈πm

sgn(σ )B1σ(1) · · ·Bmσ(m),
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where the sum is taken over all permutations σ of { 1, 2, . . . ,m }, i.e. the symmetric group
πm.

Here, det(detR(B)) = det(B) when the blocks of B commute [6]. In fact, not all of the
blocks need commute as shown in [5, Theorem 1.2].

Another important property to consider is whether the identity det(AB) = det(A)
det(B) carries over to the partial determinant. In other words, what are the conditions onA
andB such that det1(AB) = det1(A) det1(B)? The same question can be asked for the block
determinant. In the case of the block determinant, we have detR(AB) = detR(A) detR(B)
(Theorem 2.1) under certain commutativity conditions on the entries of A and B in R.

SinceB ⊗ C is a permutation similar toC ⊗ B via the vec-permutationmatrix P (perfect
shuffle matrix) [7, 8] so that det2(A) = det1(PAPT), we confine our attention to det1(A).
The characterization for arbitrary matrices (i.e. neither Kronecker products nor posi-
tive definite matrices) remains open. We also consider a (less restricted) monoid Dm(F)

and a determinant-root operation Det (see Section 4.2 of this text), such that the partial
determinant-root obeys Det(A ⊗ B) = Det(Det1(A ⊗ B)) and Det1((A ⊗ B)(C ⊗ D)) =
Det1(A ⊗ B)Det1(C ⊗ D).

Finally, we note the connection between the determinant and trace. If F is the field of
complex numbers or the field of real numbers and A ∈ Mn(F), then

det(eA) = etr(A). (1)

The exponential map also provides a connection between Kronecker sums and Kronecker
products [9, p. 440], i.e.

eA⊕B = eA ⊗ eB.

We investigate whether the exponential-determinant-trace relation may hold for det1 and
tr1. In the case of Kronecker sums, we have a straightforward answer. We also show that
detR(eA) = etrR(A) in a certain factor group, and that for a Kronecker sum A, we have
Det1(eA) = eTr1(A) over a certain factor group. Here, Tr(A) = 1/n tr(A) in Mn(F) and
Tr1(A) = 1/m tr1(A) inMmn(F). For partial determinants and partial determinant-roots
of arbitrary matrices (see Section 4.2 of this text), we have not found an equivalent result.

Finally, we note that det1(Imn) = In, detR(Imn) = In and Det1(Imn) = In.
WhenF is the field of real numbers or the field of complex numbers, defineHn ⊂ Mn(F)

to be the Hermitian matrices in Mn(F). Linear maps preserving properties of Kronecker
products of matrices have received considerable attention in recent years. Such maps are
closely connected to quantum information science (see, e.g. [10]).More recently, Ding et al.
considered linear preservers of determinants of Kronecker products of Hermitianmatrices
[11], i.e. linear maps φ : Hmn → Hmn satisfying

det(φ(A ⊗ B)) = det(A ⊗ B),

where A and B are Hermitian. A few of the results in [11] are restricted to the case when A
and B are positive or negative semidefinite matrices. In order to study this problem more
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generally, we make use of the identity (1). In particular,

det
(
eA ⊗ eB

)
= etr(A⊕B),

where ⊕ is the Kronecker sum, i.e.

A ⊕ B := A ⊗ In + Im ⊗ B,

where Ik, k = m, n denotes the k × k identity matrix. Under exponentiation of Hermitian
matrices, the Kronecker sum arises naturally as the unique map ⊕ : Hm × Hn → Hm ⊗
Hn satisfying

eA⊕B = eA ⊗ eB, A ∈ Hm, B ∈ Hn.

Moreover, A ∈ Mn(C) is non-singular if and only if A = eB for some B ∈ Mn(C) [9,
Example 6.2.15]. Thus, in studying linear mapsψ : Mmn(F) → Mmn(F) preserving deter-
minants of (non-singular) Kronecker products

det(ψ(A ⊗ B)) = det(A ⊗ B)

of non-singular matrices A and B, it suffices to study maps φ : Mmn → Mmn preserving
the trace of Kronecker sums

tr(φ(A ⊕ B)) = tr(A ⊕ B). (2)

In this paper we will confine our attention to linear maps φ satisfying (2). We denote by
GLn(F) and SLn(F) the general and special linear groups inMn(F) respectively. Thus, we
are also interested in non-linear preservers of the determinant of Kronecker product in
GLmn(F) in terms of linear preservers of the Kronecker sum. Non-linear preservers of the
determinant have also been studied in [12], where preservers were observed under the
additive structure ofMn(F). We also investigate preservers in terms of additive structure,
but due to the indirect (via exponentiation) approach, we are able to reframe the study in
terms of linear preservers.

2. Block determinants

Note that det(detR(B)) = det(B) when the blocks of B commute [6] or, more generally,
under a sufficient commutativity condition [5]. Now we turn our attention to products
and to the exponential map.

2.1. Products

Bourbaki [13, §6 Theorem 1] proved Theorem 2.1 in terms of exterior products. For
completeness, we provide a proof using Definition 1.3.

Theorem 2.1: Let A,B ∈ Mmn(F) and let R be a commutative subring of Mn(F). Then
detR(AB) = detR(A) detR(B).
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Proof: Since all of the blocks of A and B in R commute, the proof proceeds exactly as in
the case of matrices over a field. We have

detR(A) detR(B)

=
∑

σ ,ψ∈πm
sgn(σ ) sgn(ψ)A1,σ(1) · · ·Am,σ(m)B1,ψ(1) · · ·Bm,ψ(m)

=
∑

σ ,ψ∈πm
sgn(σ ) sgn(ψ)A1,σ(1) · · ·Am,σ(m)Bσ(1),ψ◦σ(1) · · ·Bσ(m),ψ◦σ(m)

=
∑

σ ,ψ ′∈πm
sgn(σ ) sgn(ψ ′ ◦ σ−1)A1,σ(1) · · ·Am,σ(m)Bσ(1),ψ ′(1) · · ·Bσ(m),ψ ′(m)

=
∑

σ ,ψ ′∈πm
sgn(σ ) sgn(ψ ′ ◦ σ−1)A1,σ(1)Bσ(1),ψ ′(1) · · ·Am,σ(m)Bσ(m),ψ ′(m)

=
∑

σ ,ψ ′∈πm
sgn(ψ ′)A1,σ(1)Bσ(1),ψ ′(1) · · ·Am,σ(m)Bσ(m),ψ ′(m).

On the other hand,

detR(AB) =
∑
ψ ′∈πm

sgn(ψ ′) (AB)1,ψ ′(1) · · · (AB)1,ψ ′(m)

=
∑
ψ ′∈πm

m∑
k1,...,km=1

sgn(ψ ′)A1,k1Bk1,ψ ′(1) · · ·Am,kmBkm,ψ ′(m)

and the terms in this sum are zero whenever ki = kj, i �= j. Let us consider the terms
where k1 = k2. Then, since every permutation can be expressed as an even permutation
composed with either the identity or the permutation which exchanges 1 and 2, we have

detR(AB) =
∑
ψ ′∈πm

m∑
k1,...,km=1

sgn(ψ ′)A1,k1Bk1,ψ ′(1) · · ·Am,kmBkm,ψ ′(m)

=
∑
ψ ′∈πm

sgn(ψ ′)=1

m∑
k1,...,km=1

sgn(ψ ′)
[
A1,k1Bk1,ψ ′(1)A2,k2Bk2,ψ ′(2) · · ·Am,kmBkm,ψ ′(m)

− A1,k1Bk1,ψ ′(2)A2,k2Bk2,ψ ′(1) · · ·Am,kmBkm,ψ ′(m)
]

=
∑
ψ ′∈πm

sgn(ψ ′)=1

sgn(ψ ′)
m∑

k1,...,km=1
k1 �=k2

A1,k1Bk1,ψ ′(1)A2,k2Bk2,ψ ′(2) · · ·Am,kmBkm,ψ ′(m)

=
∑
ψ ′∈πm

sgn(ψ ′)
m∑

k1,...,km=1
k1 �=k2

A1,k1Bk1,ψ ′(1) · · ·Am,kmBkm,ψ ′(m).



2886 A. FOŠNER ET AL.

Proceeding in the same way for all i �= j, the sum is taken over all terms with distinct k1,
k2, . . . , kn, i.e. the sum is over all permutations σ , where we identify σ(j) = kj,

detR(AB) =
∑

ψ ′,σ∈πm
sgn(ψ ′)A1,σ(1)Bσ(1),ψ ′(1) · · ·Am,σ(m)Bσ(m),ψ ′(m).

�

2.2. The exponential map

Note that exp
F
(A) = expR(A), where R = Mn(F), i.e. the power series for eA yields the

same matrix with multiplication in the field F and multiplication in the ring R. Our first
proposition shows that, in the special case of Kronecker sums A, the block trace and block
determinant obey detR(eA) = etrR(A).

Proposition 2.1: Let F be the field of real numbers or the field of complex numbers. Let
A ∈ Mm(F), B ∈ Mn(F) and let R be the matrix ring R = Mn(F). Then detR(eA⊕B) =
etrR(A⊕B).

Proof: Since all of the blocks (eA)ijeB of eA ⊗ eB commute,

detR(eA⊕B) = detR(eA ⊗ eB)

= (eB)m detF(eA)

= emBetr(A)

and etrR(A⊕B) = etr(A)In+mB = emBetr(A). �

In the following, we let R be a commutative ring, and consider the matrix ringMm(R).
In particular, we will consider the case R ⊂ Mn(F), i.e. R is a commutative subring of
the n × nmatrices over F, and hence we will be considering block structured matrices in
Mm(R) ⊂ Mm(Mn(F)). We have a weaker result of Proposition 2.1 for matrices which are
not Kronecker sums. Let R be a commutative ring and let [Mm(R),Mm(R)] denote the R-
submodule ofMm(R) generated by all commutators inMm(R). If trR(A) = 0n, then A is in
an R-submodule of [Mm(R),Mm(R)] [14, Theorem 15]. The next lemma shows that matri-
ces with zero trace, have unit determinant under the exponential map. By Theorem 2.1 we
have

detR(eA) detR(eB) = detR(eAeB)

Now eAeB is non-singular, so there exists C ∈ Mm(R) such that eAeB = eC [9, Example
6.2.15]. Thus, if R is a commutative subring ofMn(F), then the set

G = { detR(eA) : A ∈ Mm(R) }

is an abelian multiplicative group in R with In = detR(e0mn) and (detR(eA))−1 =
detR(e−A).
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Lemma 2.1: Let F be the field of real numbers or the field of complex numbers. Let A ∈
ker(trR), where R is a commutative subring (with identity) of Mn(F). Then

KA detR(eA) = KA, (3)

where KA is the normal subgroup of G which is multiplicatively generated by A, i.e.

KA = { detR(ejA) : j ∈ Z }.

Furthermore, KA is the smallest subgroup of G which satisfies Equation (3).

Proof: Clearly In ∈ KA and (detR(eA))−1 = detR(e−A) ∈ KA. By construction, KA is
closed. Since R is commutative, KA is a multiplicative normal subgroup of G. If K ′ ⊆ G
satisfies Equation (3), then KA ⊆ K ′ since In ∈ K ′. �

Theorem 2.2: Let F be the field of real numbers or the field of complex numbers.
Let A ∈ Mm(R), where R is a commutative subring (with identity) of Mn(F) such that
exp( 1m trR(A)) ∈ R. Then

KTZ(A) detR(eA) = KTZ(A)etrR(A),

where

TZ(A) := A − 1
m
Im ⊗ trR(A), and KTZ(A) := { detR(ejTZ(A)) : j ∈ Z }.

Proof: Since R is commutative, TZ(A) and 1
mIm ⊗ trR(A) commute inMm(R) and

eTZ(A)e
1
m Im⊗trR(A) = eTZ(A)+

1
m Im⊗trR(A).

All of the blocks, in R, of TZ(A), 1
mIm ⊗ trR(A) and the blocks of their exponentials

commute. Using Theorem 2.1, Lemma 2.1 and the fact that trR(TZ(A)) = 0, we find

KTZ(A) detR(eA) = KTZ(A) detR
(
eTZ(A)+

1
m Im⊗trR(A)

)
= KTZ(A) detR

(
eTZ(A)e

1
m Im⊗trR(A)

)
= KTZ(A) detR

(
eTZ(A)

)
detR

(
e

1
m Im⊗trR(A)

)
= KTZ(A) detR

(
e

1
m Im⊗trR(A)

)

and by bilinearity of the Kronecker product and [9, Exercise 6.2.13],

KTZ(A) detR(eA) = KTZ(A) detR
(
Im ⊗ e

1
m trR(A)

)
= KTZ(A)etrR(A). �
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Corollary 2.1: Let F be the field of real numbers or the field of complex numbers. Let R be
a commutative subring (with identity) of Mn(F) which is closed under scalar multiplication.
Then for all A ∈ Mm(R),

K detR(eA) = KetrR(A), (4)

where K = { detR(eA) : A ∈ ker(trR) }. Moreover, K is the smallest subgroup of G satisfy-
ing (4).

Proof: Since, for each A ∈ Mn(R), KTZ(A) ⊆ K is a subgroup of K, we have K = KKTZ(A)
and hence by Theorem 2.2,

K detR(eA) = KKTZ(A) detR(eA) = KKTZ(A)etrR(A) = KetrR(A),

so that (4) holds. Now let K ′ be a subgroup of G which satisfies (4) for all A ∈ Mn(R). Let
A ∈ ker(trR), then

K ′ detR(eA) = K ′etrR(A) = K ′

and since In ∈ K ′ it follows that detR(eA) ∈ K ′, i.e. K ⊆ K ′. �

Of course, when R is the field of real numbers or the field of complex numbers, we have
K = {1} and det(eA) = etr(A).

3. Partial determinants

3.1. Kronecker products

Let In denote the n × n identity matrix, and 0n the n × n zero matrix. First we note that
det1(Imn) = det1(Im ⊗ In) = In analogous to det(I) = 1.

Definition 3.1: Let A,B ∈ Mn(R). The Hadamard product of A and B, A ◦ B, is the entry-
wise product,⎛

⎜⎝
a11 · · · a1n
...

. . .
...

an1 · · · ann

⎞
⎟⎠ ◦

⎛
⎜⎝
b11 · · · b1n
...

. . .
...

bn1 · · · bnn

⎞
⎟⎠ =

⎛
⎜⎝
a11b11 · · · a11b1n

...
. . .

...
an1bn1 · · · annbnn

⎞
⎟⎠ .

Letm ∈ N. Them-thHadamard power ofA, denotedA(m) is thematrix defined inductively
as the Hadamard product A(m) = A ◦ A(m−1), where A(1) := A.

Lemma 3.1: Let A ∈ Mm(F) and B ∈ Mn(F). Then

det1(A ⊗ B) = det(A)B(m).

Proof: The proof follows immediately from

A ⊗ B =
n∑

i,j=1
((B)ijA)⊗ E[n]ij ,

where B = ((B)ij). �
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This is a direct consequence of the remark by Choi that det1(A)may be computed as a
determinant where the blocks are treated as scalars and instead of the usual scalar product
we use the Hadamard product [1].

Theorem 3.1: Let A,C ∈ Mm(F) and B,D ∈ Mn(F) with B ◦ D = 0n. Then

det1(A ⊗ B + C ⊗ D) = det1(A ⊗ B)+ det1(C ⊗ D).

Proof: We have

A ⊗ B + C ⊗ D =
n∑

i,j=1
(B)ij �=0

((B)ijA)⊗ E[n]ij +
n∑

i,j=1
(D)ij �=0

((D)ijC)⊗ E[n]ij , (5)

and since B ◦ D = 0n if follows that (B)ij �= 0 =⇒ (D)ij = 0 and vice-versa. The two sums
in (5) are over disjoint subsets of {1, . . . , n}2 and

det1(A ⊗ B + C ⊗ D) =
n∑

i,j=1
(B)ij �=0

det(A)(B)mij E
[n]
ij +

n∑
i,j=1
(D)ij �=0

det(C)(D)mij E
[n]
ij

= det1(A ⊗ B)+ det1(C ⊗ D).

�

Lemma 3.1 provides an immediate characterization of partial determinants that can be
completed.

Theorem 3.2: Let A ∈ Mm(F) and B ∈ Mn(F). Then

det(det1(A ⊗ B)) = det(A ⊗ B)

if and only if det(A) = 0 or det(B(m)) = det(B)m.

Drnovšek considered a much stronger condition in [15] for matrices B (which also
satisfy Theorem 3.2), namely that B(r) = Br for all r ∈ N. Under the determinant, we
have a weaker condition which leads to somewhat trivial cases for triangular matrices and
(0, 1)-matrices. For triangular matrices B, we have det(B(m)) = det(Bm) = det(B)m.

Corollary 3.1: Let A ∈ Mm(F) be arbitrary and let B ∈ Mn(F) be triangular. Then

det(det1(A ⊗ B)) = det(A ⊗ B).

For (0, 1)-matrices B we have B(m) = B, and hence the following corollary of
Theorem 3.2.

Corollary 3.2: Let A ∈ Mm(F) be arbitrary and let B ∈ Mn(F) be a (0, 1)-matrix. Then

det(det1(A ⊗ B)) = det(A ⊗ B)

if and only if det(A) det(B) = 0 or det(B) is an (m − 1)-th root of unity.
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When n = 2, the characterization is straightforward since

det
(
a2 b2
c2 d2

)
= det

(
a b
c d

)2

if and only if b2c2 = abcd, so that bc = 0 (triangular matrix) or ad = bc �= 0 (rank-1
matrix) and both cases satisfy det(B(m)) = det(B)m. Here we used the fact that a rank-
1 matrix xyT remains a rank-1 matrix x(m)(y(m))T under the Hadamard power, where x
and y are column vectors. Now we consider transformations which preserve the partial
determinant. The following theorem characterizes themultiplicative property of the partial
determinant.

Theorem 3.3: Let A,B ∈ Mm(F) and C,D ∈ Mn(F). Then

det1((A ⊗ C)(B ⊗ D)) = det1(A ⊗ C) det1(B ⊗ D)

if and only if det(AB) = 0 or (CD)(m) = C(m)D(m).

Proof: Applying Lemma 3.1 on both sides of the equation provides

det(AB)(CD)(m) = det(AB)C(m)D(m)

and the result follows. �

When F = GF(2), the Galois field of two elements, we have the following corollary.

Corollary 3.3: Let A,B ∈ Mm(GF(2)) and C,D ∈ Mn(GF(2)). Then

det1((A ⊗ C)(B ⊗ D)) = det1(A ⊗ C) det1(B ⊗ D).

Since a row or column permutation of amatrix commutes with the Hadamard power, as
does multiplying each row by a constant, we have the following corollary to Theorem 3.3.

Corollary 3.4: Let A,B ∈ Mm(F) and C,P ∈ Mn(F), where P is a permutation matrix or a
diagonal matrix. Then

det1((AB)⊗ (PC)) = det1(A ⊗ P) det1(B ⊗ C),

det1((AB)⊗ (CP)) = det1(A ⊗ C) det1(B ⊗ P).

Thus, if B ∈ Mn(F) has no more than n(n + 1)/2 non-zero entries, and there exist per-
mutations P,Q ∈ Mn(F) such that PBQT is triangular, then det(det1(A ⊗ B)) = det(A ⊗
B). Of course, this is not true in general. For example,

B =

⎛
⎜⎜⎝
1 0 1 1
0 1 0 0
1 0 1 0
0 0 0 1

⎞
⎟⎟⎠

has 7 ≤ 10 non-zero entries, but no such P and Q exist. We note that multiplying by P
preserves the number of non-zero entries in each column andmultiplying byQT preserves
the number of non-zero entries in each row.
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3.2. The exponential map

Finally, when F = R or F = C, we have

det(exp(A)) = exp(tr(A))

for all square matrices A.

Theorem 3.4: Let B ∈ Mm(F) and C ∈ Mn(C) and let A be the Kronecker sumA = B ⊕ C.
Then det1(exp(A)) = exp(tr1(A)) if and only if the m-th Hadamard and matrix powers of
exp(C) coincide, i.e. (exp(C))(m) = (exp(C))m.

The proof follows from exp(A) = exp(B)⊗ exp(C), Lemma 3.1 and the fact that
det(exp(B)) = exp(tr(B)).

4. Determinant-roots

The monoids of matrices described in Theorem 3.3 also satisfy Theorem 3.2. Let Hm ⊆
Mn(F) be a submonoid undermatrixmultiplication such thatA,B ∈ Hm satisfy (AB)(m) =
A(m)B(m). Then Hm is a submonoid satisfying det(A(m)) = det(A)m for all A ∈ Hm. This
follows since

det(I(m)n ) = det(In)m,

det(AB)m = det(A)m det(B)m = det(A(m)) det(B(m)) = det(A(m)B(m))

= det((AB)(m)).

This monoid structure motivates the definition of a determinant-like operation which
satisfies theorems analogous to Theorems 3.2 and 3.3. If the underlying field is alge-
braically closed, then the analogous theorems hold inMn(F) (i.e. for all matrices). In this
sectionwe definemonoids and a ‘determinant-root’ operationDet which is completable on
Kronecker products of matrices in these monoids. First, let us define them-th roots on the
multiplicative group F× of F.

4.1. Fields withm-th roots of unity

Let G be a multiplicative abelian group, and Rm be the subgroup

Rm = { g ∈ G : gm = 1 } (6)

of G. The cosets of Rm are the equivalence classes a · Rm, where
a · Rm = b · Rm if and only if am = bm (7)

for a, b ∈ G. In particular, if G = F× – the multiplicative group in F – we obtain the
following definition.

Definition 4.1: Let F be a field and a, b ∈ F, and define

Rm := { g ∈ F : gm = 1, g �= 0 }.
We write a · Rm = m√b when am = b. If no such a ∈ F exists for a given b ∈ F, then m√b
is undefined. Furthermore, we define m√0 := 0 · Rm.
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We note that m√ab = m√a · m√b when the relevantm-th roots exist. The non-zerom-th
roots of F× form a multiplicative group, and the matrices M ∈ Mn(F) where n√det(M)
exists form a monoid Dn(F). In other words, since Mn(F) forms a monoid under matrix
multiplication, Dn(F) ⊆ Mn(F) is a submonoid since In ∈ Dn(F) ( n√det(In) = 1 exists),
and n√det(AB) = n√det(A) n√det(B) exists whenever n√det(A) and n√det(B) exist. Let m√a
be them-th root of a ∈ F. Since m√a is in the (multiplicative) quotientF×/Rm, we consider
the n-th root n

√
m√a, when it exists. In this case, we may write mn√a ≡ n

√
m√a, since

G/Rmn(G) ∼= (G/Rm(G)) /Rn(G/Rm(G)), (8)

where Rm(G) is the subgroup of the abelian group G as above. The isomorphism is simply

aRmn(G) �→ (a · Rm(G)) · Rn(G/Rm(G)).

We will elaborate more on this isomorphism in Lemma 4.2. In the following we develop
a hierarchy of fields from repeated quotients of the form F×/Rm. This development holds
for fields where every element has an m-th root (for example, when F = C is the field of
complex numbers), but also holds for commutative division rigs (commutative semirings
with multiplicative inverse) where every element has an m-th root (for example, the non-
negative real numbers).

Lemma 4.1: Let F denote a field with multiplication group G = F× such that every element
has an m-th root and let Rm denotes the subgroup (6). Then Fm := F×/Rm ∪ {0 · Rm} is a
field with operations

(a · Rm) · (b · Rm) = (ab) · Rm, (a · Rm)+ (b · Rm) = m√am + bm · Rm.

Proof: In the following, m√x denotes any m-th root of x ∈ F and the statements hold
true for any m-th root. Then Rm is not empty since 1 ∈ Rm. Moreover, since a, b ∈ Rm
we have (ab−1)m = am(bm)−1 = 1 since F× is commutative – i.e. ab−1 ∈ Rm. Clearly, Rm
is a (commutative) normal subgroup of F×. Hence, F×/Rm is a commutative group with
operation (a · Rm) · (b · Rm) = (ab) · Rm. We will show that the multiplicative group may
be extended to a field by defining an appropriate additive structure. We note that a · Rm =
c · Rm if and only if ac−1 ∈ Rm if and only if amc−m = 1 if and only if am = cm. Addition
is well defined since a · Rm is uniquely determined by am. For example, if a · Rm = c · Rm
and b · Rm = d · Rm, then

a · Rm + b · Rm = m√am + bm · Rm
= m√cm + dm · Rm
= c · Rm + d · Rm.

Clearly 0 · Rm is an identity element for addition. Now, additive inverses exist since −1 ∈
F× has anm-th root m√−1 and m√0 = 0 is the uniquem-th root of 0 ∈ F,

a · Rm + (
m√−1a) · Rm = m

√
am + (

m√−1a)m · Rm = m
√
am + (−1)am · Rm = 0 · Rm.

It remains to show that multiplicative distributivity holds. We have a m√x · Rm = m√amx ·



LINEAR ANDMULTILINEAR ALGEBRA 2893

Rm if and only if (a m√x)m = (
m√amx)m which holds true. Thus,

(a · Rm)(b · Rm + c · Rm) = (a · Rm)(
m√bm + cm · Rm)

= (a m√bm + cm) · Rm
= m
√
(ab)m + (ac)m · Rm

= (ab) · Rm + (ac) · Rm
= (a · Rm) · (b · Rm)+ (a · Rm) · (c · Rm).

We also note that F1 ≡ F. �

Lemma 4.2: Let F denote a field such that every element has an m-th root and an mn-th
root. Then Fmn ∼= (Fm)n. Here Fm = F×/Rm ∪ {0 · Rm} with operations as in Lemma 4.1
and similarly for Fmn.

Proof: First we must show that every element of Fm has an n-th root. Let a ∈ F. Since a
has mn-th roots there exists b ∈ F such that bmn = a, and, hence, bm is an n-th root of a
and bm · Rm is an n-th root of a · Rm. It remains to demonstrate that there exists a field
isomorphism φ : Fmn → (Fm)n. Define

φ(a · Rmn) = (a · Rm) · Rn,

where Rm = Rm(F) is the multiplicative subgroup (6) of F and Rn = Rn(Fm) is the mul-
tiplicative subgroup (6) of Fm. The function φ is well-defined since for all x ∈ a · Rmn,
(xn)m = (an)m so that xn · Rm = an · Rm and, finally, (x · Rm) · Rn = (a · Rm) · Rn. Injec-
tivity of φ follows similarly and surjectivity is immediate. Finally, φ is a ring homomor-
phism since

φ((a · Rmn) · (b · Rmn)) = [(a · Rm) · (b · Rm)] · Rn
= [(a · Rm) · Rn] · [(b · Rm) · Rn]
= φ(a · Rmn) · φ(b · Rmn),

φ(a · Rmn + b · Rmn) = φ(
mn√amn + bmn · Rmn)

= (
mn√amn + bmn · Rm) · Rn

= n
√
an · Rm + bn · Rm · Rn

= (a · Rm) · Rn + (b · Rm) · Rn
= φ(a · Rmn)+ φ(b · Rmn).

�
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There is a natural embedding

hm,n : a · Rm �→ an · Rmn

which is well defined since if a · Rm = b · Rm then am = bm and hence,

(an)mn = (bn)mn,

which yields that hm,n(a · Rm) = hm,n(b · Rm). We define the product ∗ as follows

(a · Rm) ∗ (b · Rn) := hm,n(a · Rm) · hn,m(b · Rn) = (anbm) · Rmn. (9)

Consequently, m√a ∗ n√b = mn√anbm when the given roots exist.

Lemma 4.3: Let F denote a field such that every element has an m-th root and an mn-th
root. Then hm,n : Fm → Fmn is a (multiplicative) group homomorphism.

Proof: The proof follows straightforwardly from the definitions

hm,n((a · Rm) · (b · Rm)) = (ab)n · Rmn

= anbn · Rmn

= (an · Rmn) · (bn · Rmn)

= hm,n(a · Rm) · hm,n(b · Rm). �

The fields Fm are defined when all elements have m-th roots. Hence, it is necessary to
consider a theory over the group (or binoid, if 0 is included) F×/Rm and additional results
in Fm when it exists.

4.2. The determinant-root on Dn(F)

Recall that Dn(F) denotes the matrices A ∈ Mn(F) such that det(A) has an n-th root in F.

Definition 4.2: We define the determinant-root Det by

Det(M) := n
√
det(M)

for allM ∈ Dn(F).

Remark 4.1: When n = 2 and F = R, Det(M) is equivalent to the non-negative square
root of det(M).

This definition provides the usual multiplicative property

Det(AB) = Det(A)Det(B)

for A,B ∈ Dn(F). With respect to scalar multiplication however, we have

Det(αA) = n
√
det(αA) = (α · Rn) n

√
det(A) = (α · Rn)Det(A).

By the embedding (9), we have

Det(A ⊗ C) = Det(A) ∗ Det(C)

for A ∈ Dm(F) and C ∈ Dn(F) from det(A ⊗ C) = (det(A))n(det(C))m.
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Nowwe are ready to consider partial determinant-roots and their properties. The partial
determinant-root Det2 is again the block-wise determinant-root.

Definition 4.3: Let A,B ∈ Mmn(F) = Mm(Mn(F)) = Mm(F)⊗ Mn(F) with

A =
n∑

i,j=1
Aij ⊗ E[n]ij , B =

m∑
i,j=1

E[m]
ij ⊗ Bij

and assume that Aij ∈ Dm(F) and Bij ∈ Dn(F) for all i, j. The partial determinant-roots
Det1(A) and Det2(B) are given by

Det1(A) :=
n∑

i,j=1
Det(Aij)E

[n]
ij , Det2(B) :=

m∑
i,j=1

Det(Bij)E
[m]
ij .

In general, we work in the group ring Z[F×/Rn(F×)], i.e. Det2 : Mm(Dn(F)) →
Mm(Z[F×/Rm(F×)]) and similarly for Det1. However, when we are concerned only with
Kronecker products of matrices, we will express our results inF×/Rm(F×)where possible.
Additionally, when Fn exists, we assume Det2 : Mm(F)⊗ Mn(F) → Mm(Fn).

Lemma 4.4: The partial determinant-root obeys

Det1(A ⊗ B) = Det(A)B,

where Det(A)B is the entry-wise product of the entries in B with Det(A).

Proof: We have

A ⊗ B =
n∑

i,j=1
((B)ijA)⊗ E[n]ij ,

where B = (B)ij. It follows that

Det1(A ⊗ B) =
n∑

i,j=1
Det(BijA)E

[n]
ij =

n∑
i,j=1

BijDet(A)E
[n]
ij = Det(A)

n∑
i,j=1

BijE
[n]
ij

= Det(A)B,

since m
√
Bmij = Bij · Rm(F×). �

Theorem 4.1: Let A ∈ Dm(F) and C ∈ Dn(F). Then

Det(A ⊗ C) = Det(Det1(A ⊗ C)).

Proof: Since Det(A ⊗ C) = Det(A) ∗ Det(C) and (by the isomorphism (8))

Det(Det1(A ⊗ C)) = n
√
det(Det(A)C)

= n
√
(Det(A))n det(C)
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≡ mn
√
(det(A))n(det(C))m

= Det(A) ∗ Det(C)

we obtain Det(A ⊗ C) = Det(Det1(A ⊗ C)). �

Lemma 4.5: Let F denote a field such that every element has an m-th root. Then

Det(A) = Det(Det1(A)).

for all A ∈ Mmn(F) if and only if

Det(Det1(XY)) = Det(Det1(X)Det1(Y))

for all X,Y ∈ Mmn(F) and similarly for Det2.

Proof: (=⇒) It follows by direct calculation

Det(Det1(XY)) = Det(XY) = Det(X)Det(Y) = Det(Det1(X))Det(Det1(Y))

= Det(Det1(X)Det1(Y)).

(⇐ = ) The proof is straightforward when X = A and Y = Imn, �

Lemma 4.6: Let F denote a field such that every element has an mn-th root. Then

Det(A) = Det(Det2(A))

for all A ∈ Mmn(F) if and only if

Det(X + Y) = Det(X)+ Det(Y) in (Fn)m

for all X,Y ∈ Mn(F).

Proof: (=⇒) Assume that Det(A) = Det(Det2(A)) for allA ∈ Mmn(F). We will show that

m
√
Det(X + Y) = m

√
Det(X)+ Det(Y) in (Fn)m

for all X,Y ∈ Mn(F). By uniqueness ofm-th roots in (Fn)m we will conclude that

Det(X + Y) = Det(X)+ Det(Y) in (Fn)m.

Using Definition 4.1 and the isomorphism in Lemma 4.2, we have

m
√
Det(X + Y) = Det

⎛
⎜⎜⎜⎜⎜⎜⎝

X + Y In 0 · · · 0
0 In 0 · · · 0

0 0 In
. . . 0

...
...

. . . . . . 0
0 0 0 · · · In

⎞
⎟⎟⎟⎟⎟⎟⎠
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= Det

⎛
⎜⎜⎜⎜⎜⎜⎝

X In 0 · · · 0
−Y In 0 · · · 0

0 0 In
. . . 0

...
...

. . . . . . 0
0 0 0 · · · In

⎞
⎟⎟⎟⎟⎟⎟⎠
Det

⎛
⎜⎜⎜⎜⎜⎜⎝

In 0 0 · · · 0
Y In 0 · · · 0

0 0 In
. . . 0

...
...

. . . . . . 0
0 0 0 · · · In

⎞
⎟⎟⎟⎟⎟⎟⎠

and, by assumption Det(A) = Det(Det2(A)),

m
√
Det(X + Y)

= Det

⎛
⎜⎜⎜⎜⎜⎜⎝
Det2

⎛
⎜⎜⎜⎜⎜⎜⎝

X In 0 · · · 0
−Y In 0 · · · 0

0 0 In
. . . 0

...
...

. . . . . . 0
0 0 0 · · · In

⎞
⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎠
Det

⎛
⎜⎜⎜⎜⎜⎜⎝
Det2

⎛
⎜⎜⎜⎜⎜⎜⎝

In 0 0 · · · 0
Y In 0 · · · 0

0 0 In
. . . 0

...
...

. . . . . . 0
0 0 0 · · · In

⎞
⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎠

= Det

⎛
⎜⎜⎜⎜⎜⎜⎝

Det(X) 1 0 · · · 0
−Det(Y) 1 0 · · · 0

0 0 1
. . . 0

...
...

. . . . . . 0
0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎠
Det

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
Det(Y) 1 0 · · · 0

0 0 1
. . . 0

...
...

. . . . . . 0
0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎠

= Det

⎛
⎜⎜⎜⎜⎜⎜⎝

Det(X)+ Det(Y) 1 0 · · · 0
0 1 0 · · · 0

0 0 1
. . . 0

...
...

. . . . . . 0
0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎠

= m
√
Det(X)+ Det(Y).

(⇐=) If Det(X + Y) = Det(X)+ Det(Y) in (Fn)m, then Det is linear in the sense that
Det(αA) = (α · Rm)Det(A) for all α ∈ Fn, Using the isomorphism in Lemma 4.2,

Det(A) = Det

⎛
⎝ m∑

i,j=1
Eij ⊗ A′

ij

⎞
⎠ =

m∑
i,j=1

Det
(
Eij ⊗ A′

ij

)
=

m∑
i,j=1

Det(Eij) ∗ Det(A′
ij)

=
m∑

i,j=1

mn
√
det(Eij)n det(A′

ij)
m · Rmn =

m∑
i,j=1

mn

√(
det(Eij) n

√
det(A′

ij)
m)n

· Rmn

=
m∑

i,j=1

mn

√
det

(
n
√
det(A′

ij)Eij
)n

· Rmn

�
m∑

i,j=1

m
√
det(Det(A′

ij)Eij) · Rm =
m∑

i,j=1
Det(Det(A′

ij)Eij)
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= Det

⎛
⎝ m∑

i,j=1
Det(A′

ij)Eij

⎞
⎠ = Det(Det2(A)).

�

Corollary 4.1: If

Det(A) = Det(Det2(A))

for all A ∈ Mmn(F), then Det(A) = 0 for all A ∈ Mmn(F).

Proof: We have, by Lemma 4.6,

Det(A) = Det

⎛
⎝ m∑

i,j=1
Eij ⊗ A′

ij

⎞
⎠ =

m∑
i,j=1

Det
(
Eij ⊗ A′

ij

)

=
m∑

i,j=1
Det(Eij) ∗ Det(A′

ij) = 0.

�

Corollary 4.2: Theorem 4.1 can only be extended to all matrices in a trivial sense, i.e.
Det(A) ≡ 0.

4.3. Products

Next we show that partial determinant-roots are multiplicative on products of Kronecker
products.

Theorem 4.2: Let A,B ∈ Dm(F) and C,D ∈ Mn(F). Then

Det1((A ⊗ C)(B ⊗ D)) = Det1(A ⊗ C)Det1(B ⊗ D).

Proof: Lemma 4.4 provides

Det1((A ⊗ C)(B ⊗ D)) = Det(AB) (CD).

Similarly,

Det1(A ⊗ C)Det1(B ⊗ D) = (Det(A)C)(Det(B)D)

= (Det(A)Det(B)) (CD)

= Det(AB) (CD).

�
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Lemma 4.7: Let F denote a field such that every element has an n-th root. Then

Det2(AB) = Det2(A)Det2(B).

for all A,B ∈ Mmn(F) if and only if

Det(X + Y) = Det(X)+ Det(Y)

for all X,Y ∈ Mn(F) and similarly for Det1.

Proof: (=⇒) Assume that Det2(AB) = Det2(A)Det2(B) for all A,B ∈ Mmn(F). In partic-
ular, for all X,Y ∈ Mn(F),⎛

⎜⎜⎜⎝
Det(X)+ Det(Y) 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝
Det(X) 1 · · · 1

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝

1 0 · · · 0
Det(Y) 0 · · · 0

...
...

. . .
...

0 0 · · · 0

⎞
⎟⎟⎟⎠

= Det2

⎛
⎜⎜⎜⎝
X In · · · In
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠Det2

⎛
⎜⎜⎜⎝
In 0 · · · 0
Y 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠

= Det2

⎛
⎜⎜⎜⎝
X + Y 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
Det(X + Y) 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎠ ,

and, consequently, Det(X + Y) = Det(X)+ Det(Y).
(=⇒) Suppose that Det(X + Y) = Det(X)+ Det(Y) for all X,Y ∈ Mn(F). By direct cal-
culation,

Det2(AB) = Det2

⎛
⎝ m∑

i,j=1
Eij ⊗

m∑
k=1

A′
ikB

′
kj

⎞
⎠ =

m∑
i,j=1

Det

( m∑
k=1

A′
ikB

′
kj

)
Eij

=
m∑

i,j,k=1

Det
(
A′
ikB

′
kj

)
Eij =

m∑
i,j,k=1

Det(A′
ik)Det(B

′
kj)Eij

=
⎛
⎝ m∑

i,k=1

Det(A′
ik)Eik

⎞
⎠
⎛
⎝ m∑

j,k=1

Det(B′
kj)Ekj

⎞
⎠ = Det2(A)Det2(B).

�
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Corollary 4.3: Theorem 4.2 can only be extended to all matrices in a trivial sense, i.e.
Det(A) ≡ 0 since,

Det(A) = Det

⎛
⎝ m∑

i,j=1
aijEij

⎞
⎠ =

m∑
i,j=1

Det(aijEij) = 0.

4.4. The exponential map

Assume that n �= 0 in F. Define Tr : Mn(F) → F by Tr : A �→ tr(A)
n and define the partial

operation Tr1 in the natural way. For determinant-roots we obtain

Det(exp(A)) = exp(Tr(A)) · Rn(F×). (10)

Partial determinant-roots obey the exponential-determinant-trace relation as follows.

Theorem 4.3: Let F be the field F = R of real numbers or the field F = C of complex
numbers and let A be the Kronecker sum A = B ⊕ C. Then

Det1(exp(A)) = exp(Tr1(A)) · Rm(F×).

Proof: The result follows from

exp(Tr1(A)) = exp(1/m tr(B)In + C) = e1/m tr(B)eC

and, since eB ∈ DM(F) (for F = R or F = C) and using Lemma 4.4,

Det1(exp(A)) = Det1(eB ⊗ eC)

= Det(eB)eC

= m
√
det(eB) eC

= m
√
etr(B) eC

= e1/m tr(B)eC · Rm(F×).

�

5. Non-linear preservers of determinants

In this section we discuss a class of preservers of determinants, i.e. maps ψ : Mn(F) →
Mn(F)which satisfy det(ψ(A)) = det(A). In particular, we studymaps whichmay bewrit-
ten in the form ψ(eA) = eφ(A), where φ : Mn(F) → Mn(F) is a linear map as described
in (11) below. Naturally, this implies a restriction on the matricesA and we will find it con-
venient to reframe the problem in terms of the determinant-root Det from Definition 4.2.
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In this setting, we may study new classes of maps satisfying

Det(ψ(A ⊗ B)) = Det(A ⊗ B),

i.e. we will continue the study of [11] in this new setting. Since the determinant, trace and
Kronecker product are related by the equations

det(eA) = etr(A), eA ⊗ eB = eA⊕B,

over the field R or C, we will first study the Kronecker sum ⊕ and its linear preservers.

5.1. RT-Symmetry

Noting that Mn(F) is an n2-dimensional space, for an arbitrary linear map φ : Mn(F) →
Mn(F), we have

φ(A) =
n∑

j,k,u,v=1

αjk;uvE
[n]
jk AE[n]uv (11)

for some αjk;uv ∈ F in the underlying field.

Definition 5.1: LetF be an arbitrary field and φ : Mn(F) → Mn(F) be a linear map in the
form (11). We define the linear transform ′ : φ �→ φ′, by

φ′(A) :=
n∑

j,k,u,v=1

αuv;jkE
[n]
jk AE[n]uv ≡

n∑
j,k,u,v=1

αjk;uvE[n]uv AE
[n]
jk . (12)

When F = C is the field of complex numbers, we denote by φ∗ := φ′ the complex
conjugate composed with φ′, i.e. φ∗(A) = φ′(A).

The following two lemmas follow immediately.

Lemma 5.1: Let φ,ψ : Mn(F) → Mn(F) be linear maps. Then

(a) (φ′)′ = φ,
(b) (αφ + ψ)′ = α(φ′)+ ψ ′ for all α ∈ F.

Lemma 5.2: Let φ,ψ : Mn(C) → Mn(C) be linear maps. Then

(a) (φ∗)∗ = φ,
(b) (φ + ψ)∗ = φ∗ + ψ∗.

In the following, we will associate to every map φ a matrix�, which is defined in terms
of the vec operator. Given amatrixA, let vec(A) be the column vector obtained by stacking
the columns ofA on top of each other [7]. The following lemma shows that the vec operator
maps rank-one matrices to Kronecker products of column vectors.

Lemma 5.3: Let a, b ∈ Fn be column vectors with entries from the field F. Then vec(abT) =
b ⊗ a.
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Proof: Straightforward calculation yields that

vec(abT) = vec

⎛
⎜⎜⎜⎝
a1b1 a1b2 · · · a1bn
a2b1 a2b2 · · · a2bn
...

...
. . .

...
anb1 anb2 · · · anbn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1b1
a2b1
...

anb1
...
...

a1bn
a2bn
...

anbn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= b ⊗ a. �

Let� be the matrix representing the linear map φ in the standard basis, i.e.� vec(A) =
vec(φ(A)). Similarly, let�′ be the matrix representing φ′. Since

φ(E[n]pq ) =
n∑

j,v=1
αjp;qvE

[n]
jv , φ′(E[n]pq ) =

n∑
j,v=1

αqv;jpE
[n]
jv ,

it follows by Lemma 5.3 that

� =
n∑

j,p,q,v=1
αjp;qvE[n]vq ⊗ E[n]jp , �′ =

n∑
j,p,q,v=1

αqv;jpE[n]vq ⊗ E[n]jp .

Definition 5.2 (Perfect shuffle matrix [7,8]): The perfect shuffle matrix P is the unique
permutation matrix which satisfies PT(A ⊗ B)P = B ⊗ A for every A,B ∈ Mn(R), i.e.

P =
n∑
j=1

n∑
k=1

E[n]jk ⊗ E[n]kj .

The perfect shuffle matrix is also known as the vec-permutation matrix on Fn ⊗ Fn. It
follows that

�T = PT�′P. (13)

Definition 5.3 (Rearrangement operator [16]): The rearrangement operator R is linear
and defined by

R(A ⊗ B) = (vecA)(vecB)T ,

where vec is the vec operator [7].

The rearrangement operator provides the characterization of φ which obeys φ = φ′.

Lemma 5.4: Let φ : Mn(F) → Mn(F) be a linear map and� be the matrix satisfying

� vec(A) = vec(φ(A)).

Then the following are equivalent:
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(a) φ = φ′,
(b) �T = PT�P,
(c) R(�)T = R(�T),

where P is the perfect shuffle matrix (Definition 5.2) and R is the rearrangement operator
(Definition 5.3).

Proof: The proof (a) ⇐⇒ (b) follows since � is uniquely determined by PT(A ⊗ B)P =
B ⊗ A, and by (13). By simple calculation, if φ = φ′, then using the forms of φ in (11) and
of φ′ in (12) we have that αjp;qv = αqv;jp,

R(�T) =
n∑

j,p,q,v=1
αjp;qvR(E

[n]
pj ⊗ E[n]qv ) =

n∑
j,p,q,v=1

αjp;qv vec(E
[n]
pj ) vec(E

[n]
qv )

T

=
n∑

j,p,q,v=1
αjp;qvE

[n]
jv ⊗ E[n]pq =

n∑
j,p,q,v=1

αjp;qvE
[n]
qp ⊗ E[n]vj ,

R(�) =
n∑

j,p,q,v=1
αjp;qvR(E

[n]
jp ⊗ E[n]vq ) =

n∑
j,p,q,v=1

αjp;qv vec(E
[n]
jp ) vec(E

[n]
vq )

T

=
n∑

j,p,q,v=1
αjp;qvE

[n]
pq ⊗ E[n]jv = R(�T)T .

On the other hand, comparing coefficients ofE[n]pq ⊗ E[n]jv inR(�)T = R(�T) yieldsαjp;qv =
αqv;jp so that φ = φ′. We have proved (a) ⇐⇒ (c). �

Lemma 5.4(c) motivates the following definitions.

Definition 5.4: A linear map φ : Mn(F) → Mn(F) satisfying φ = φ′ is said to be RT-
symmetric. If φ = −φ′ then φ is said to be skew RT-symmetric.

Definition 5.5: A linear map φ : Mn(C) → Mn(C) satisfying φ = φ′ is said to be RT-
Hermitian. If φ = −φ′ then φ is said to be skew RT-Hermitian.

The following lemma follows immediately from φ = 1
2 (φ + φ′)+ 1

2 (φ − φ′).

Lemma 5.5: If the underlying field has characteristic not equal to 2, then every linear map
φ : Mn(F) → Mn(F) is the sum of an RT-symmetric map and a skew RT-symmetric map.

5.2. Linear trace preservers of Kronecker sums

Wemay write a linear map φ : Mmn → Mmn in the operator-sum form

φ(M) =
r∑

i=1
PiMQi
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for some matrices Pi,Qi, i = 1, . . . , r, of the appropriate sizes. If φ preserves the trace of a
Kronecker sumM, then the cyclic property of the trace yields

tr(M) = tr(φ(M)) =
r∑

i=1
tr(QiPiM)

and so we need only consider preservers of the form

φ(M) =
r∑

i=1
QiPiM = PM,

where

P :=
r∑

i=1
QiPi (14)

and the remaining preservers are all obtained by representations (14) ofP. First we consider
maps of the form φ(M) = PM,M ∈ Mmn.

Theorem 5.1: Let φ : Mmn → Mmn be a map given by φ : M �→ PM for some P ∈ Mmn.
Then tr(φ(A ⊕ B)) = tr(A ⊕ B) for all A ∈ Mm(F) and B ∈ Mn(F) if and only if

tr1(P) = tr1(Imn) and tr2(P) = tr2(Imn).

Proof: First, let us write P in block matrix form, P = (P′
kl) where each P′

kl ∈ Mn(F) for
k, l = 1, . . . ,m. In other words,

P =
m∑

k,l=1

E[m]
kl ⊗ P′

kl.

Since φ is linear, themap φ preserves the trace of Kronecker sums if and only if φ preserves
traces of Kronecker products of the form E[m]

ij ⊕ 0 = E[m]
ij ⊗ In and of the form 0 ⊕ E[n]kl =

Im ⊗ E[n]kl . Thus, we have

nδij = tr(E[m]
ij ⊗ In) = tr(φ(E[m]

ij ⊗ In)) (15)

and

tr(φ(E[m]
ij ⊗ In)) =

m∑
k,l=1

tr((E[m]
kl E[m]

ij )⊗ P′
kl)

=
m∑

k,l=1

δil tr(E
[m]
kj ) tr(P

′
kl) =

m∑
k,l=1

δjkδil tr(P′
kl) = tr(P′

ji). (16)
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It follows, by comparing (15) and (16), that

tr2(P) =
m∑

k,l=1

tr(P′
kl)E

[m]
kl =

m∑
k,l=1

nδklE
[m]
kl = nIm.

For Kronecker products of the form Im ⊗ E[n]kl , we find

mδkl = tr(Im ⊗ E[n]kl ) = tr(φ(Im ⊗ E[n]kl )),

and since tr(PijE
[n]
kl ) = (P′

jj)lk,

mδkl = tr(φ(Im ⊗ E[n]kl )) =
m∑

i,j=1
tr(E[m]

ij ⊗ (P′
ijE

[n]
kl )) =

m∑
i,j=1

δij tr(P′
ijE

[n]
kl ) =

m∑
j=1
(P′

jj)lk.

Consequently,

tr1(P) =
m∑
j=1

P′
jj = mIn.

Conversely, suppose that tr1(P) = mIn and tr2(P) = nIm. Then, by Corollary 1.1,

tr(φ(A ⊕ B)) = tr(tr2(P(A ⊗ In)))+ tr(tr1(P(Im ⊗ B)))

= tr(tr2(P)A)+ tr(tr1(P)B) = n tr(A)+ m tr(B) = tr(A ⊕ B). �

Corollary 5.1: Let φ : Mmn → Mmn be a map given by φ : M �→ PM for some P ∈ Mmn,
where

P = Imn +
r∑

j=1
Aj ⊗ Bj.

Here, r is the tensor rank of P − Imn over Mm(F)⊗ Mn(F) and Aj ∈ Mm(F), Bj ∈ Mn(F)

for j = 1, . . . , r. Then tr(φ(A ⊕ B)) = tr(A ⊕ B) for all A ∈ Mm(F) and B ∈ Mn(F) if and
only if tr(Aj) = tr(Bj) = 0 for j = 1, . . . , r.

Proof: By Theorem 5.1, we only need to show that tr1(P) = mIn and tr2(P) = nIm if
and only if tr(Aj) = tr(Bj) = 0 for j = 1, . . . , r. The proof of (⇐) is immediate. For (⇒),
suppose tr1(P) = mIn and tr2(P) = nIm. It follows that

tr1(Imn) = mIn = tr1(P) = tr1(Imn)+
r∑

j=1
tr(Aj)Bj ⇐⇒

r∑
j=1

tr(Aj)Bj = 0n,

tr2(Imn) = nIm = tr2(P) = tr2(Imn)+
r∑

j=1
tr(Bj)Aj ⇐⇒

r∑
j=1

tr(Bj)Aj = 0m.

Since r is the tensor rank of P − Imn, the set {B1, . . . , Br} is a linearly independent set and
tr(Aj) = 0 for j = 1, . . . , r. Similarly, tr(Bj) = 0 for j = 1, . . . , r. �
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As a consequence of Theorem 5.1, we have that φ : M �→ PM satisfies tr(φ(A ⊕ B)) =
tr(A ⊕ B) if and only if

tr1(φ(Imn)) = tr1(P) = tr1(Imn) and tr2(φ(Imn)) = tr2(P) = tr2(Imn).

In general, this statement is true modulo a traceless matrix. We note that any linear map
φ : Mmn → Mmn can be written in the form

φ(M) = M +
s∑

j=1
(Aj ⊗ Cj)M(Bj ⊗ Dj),

where Aj,Bj ∈ Mm(F) and Cj,Dj ∈ Mn(F) for j = 1, . . . , s. In the following we denote by
[A,B] = AB − BA the Lie product (the commutator of matricesA and B of the appropriate
sizes).

Lemma 5.6: Let φ : Mmn → Mmn be a linear map given by

φ(M) = M +
s∑

j=1
(Aj ⊗ Cj)M(Bj ⊗ Dj).

Then tr(φ(A ⊕ B)) = tr(A ⊕ B) for all A ∈ Mm(F) and B ∈ Mn(F) if and only if

tr1(φ(Imn)− Imn) =
s∑

j=1
tr(AjBj)[Cj,Dj]

and

tr2(φ(Imn)− Imn) =
s∑

j=1
tr(CjDj)[Aj,Bj].

Proof: Since tr(φ(A ⊕ B)) = tr(A ⊕ B) if and only if tr(φ(A ⊗ In)) = tr(A ⊗ In) and
tr(φ(Im ⊗ B)) = tr(Im ⊗ B) for all A ∈ Mm(F) and B ∈ Mn(F), we consider these two
cases separately. In the first case we have by the cyclic property of the trace,

tr(φ(A ⊗ In)) = tr(A ⊗ In)+
s∑

j=1
tr((Aj ⊗ Cj)(A ⊗ In)(Bj ⊗ Dj))

= n tr(A)+
s∑

j=1
tr
(
((BjAj)⊗ (DjCj))(A ⊗ In)

)

= n tr(A)+
s∑

j=1
tr
(
tr2(((BjAj)⊗ (DjCj))(A ⊗ In))

)

= n tr(A)+
s∑

j=1
tr
(
tr2((BjAj)⊗ (DjCj))A

)
(Corollary 1.1)



LINEAR ANDMULTILINEAR ALGEBRA 2907

= n tr(A)+ tr

⎛
⎝
⎛
⎝ s∑

j=1
tr(CjDj)BjAj

⎞
⎠A

⎞
⎠ (Proposition 1.1)

for all A ∈ Mm(F). Thus, n tr(A) = tr(A ⊗ In) = tr(φ(A ⊗ In)) holds for all A if and only
if

0m =
s∑

j=1
tr(CjDj)BjAj =

s∑
j=1

tr(CjDj)([Bj,Aj] + AjBj). (17)

We note that

tr2(φ(Imn))− tr2(Imn) =
s∑

j=1
tr2((AjBj)⊗ (CjDj)) =

s∑
j=1

tr(CjDj)AjBj.

Defining the traceless matrix Q (i.e. tr(Q) = 0) by

Q :=
s∑

j=1
tr(CjDj)[Aj,Bj]

provides the condition equivalent to (17)

0m = −Q +
s∑

j=1
tr(CjDj)AjBj = −Q + tr2(φ(Imn))− tr2(Imn).

Hence, tr(A ⊗ In) = tr(φ(A ⊗ In)) for all A if and only if

tr2(φ(Imn)− Imn) =
s∑

j=1
tr(CjDj)[Aj,Bj].

Similarly, the second case yields that tr(φ(Im ⊗ B)) = tr(Im ⊗ B) for all B if and only if
s∑

j=1
tr(AjBj)[Cj,Dj] = tr1(φ(Imn))− tr1(Imn).

�

The commutators in the above lemma highlight the traceless character [17].
Moreover, Lemma 5.6 shows that the partial traces of the identity matrix must be

preserved modulo a traceless matrix. However, this traceless matrix is not arbitrary but
precisely defined in terms of φ. The following theorem shows that φ′, defined as in
Equation (12), plays a fundamental role in the characterization of φ and provides a suc-
cinct characterization for RT-symmetric and skew RT-symmetric maps in the subsequent
two corollaries.

Theorem 5.2: Let φ : Mmn → Mmn be a linear map. Then tr(φ(A ⊕ B)) = tr(A ⊕ B) for
all A ∈ Mm(F) and B ∈ Mn(F) if and only if

tr1(φ′(Imn)) = tr1(Imn) and tr2(φ′(Imn)) = tr2(Imn).
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Proof: Using the representation of φ from Lemma 5.6 provides

tr1(φ(Imn)) = tr1(Imn)+
s∑

j=1
tr(AjBj)CjDj,

tr1(φ′(Imn)) = tr1(Imn)+
s∑

j=1
tr(BjAj)DjCj

and subtracting these two equations yields

tr1((φ − φ′)(Imn)) =
s∑

j=1
tr(AjBj)[Cj,Dj].

Similarly,

tr2((φ − φ′)(Imn)) =
s∑

j=1
tr(CjDj)[Aj,Bj].

FromLemma5.6, tr(φ(A ⊕ B)) = tr(A ⊕ B) for allA ∈ Mm(F) andB ∈ Mn(F) if and only
if

tr1(φ(Imn)− Imn) = tr1((φ − φ′)(Imn)) and

tr2(φ(Imn)− Imn) = tr2((φ − φ′)(Imn))

if and only if

tr1(φ′(Imn)) = tr1(Imn) and tr2(φ′(Imn)) = tr2(Imn).

�

Corollary 5.2: Let φ : Mmn → Mmn be an RT-symmetric map. Then tr(φ(A ⊕ B)) =
tr(A ⊕ B) for all A ∈ Mm(F) and B ∈ Mn(F) if and only if

tr1(φ(Imn)) = tr1(Imn) and tr2(φ(Imn)) = tr2(Imn).

Corollary 5.3: Let φ : Mmn → Mmn be a skew RT-symmetric map. Then tr(φ(A ⊕ B)) =
tr(A ⊕ B) for all A ∈ Mm(F) and B ∈ Mn(F) if and only if

tr1(φ(Imn)) = − tr1(Imn) and tr2(φ(Imn)) = − tr2(Imn).

It is straightforward to extend Corollaries 5.2 and 5.3 to the RT-Hermitian and skew
RT-Hermitian cases since tr1(φ′(Imn)) = tr1(Imn) if and only if tr1(φ′(Imn)) = tr1(Imn).

Now we are ready to consider the connection with the work in [11]. The connection is
provided by the exponential map, i.e.

det(eA ⊗ eB) = etr(A⊕B).
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5.3. Determinant preservers of Kronecker products

Denote by GLn(C) the general linear group of n × nmatrices over C with non-zero deter-
minant and by SLn(C) the group of matrices with determinant equal to 1. In the following
we will follow the notational convention Rn := Rn(C), i.e. Rn is the zero of the field Cn of
Lemma 4.1. The condition given in Lemma 5.6 implies that we may characterize a class of
determinant preservers of Kronecker products in terms of partial determinants. However,
the relationship between the partial trace and the partial determinant is not straightfor-
ward. If we restrict our attention to matrices over the complex numbers,Mmn(C), then we
have from (10)

Det(eA ⊗ eB) = eTr(A⊕B) · Rmn,

where Det(A) := n√det(A)Rn and Tr(A) := tr(A)/n for A ∈ Mn(C), and Rn is the mul-
tiplicative group of n-th roots of unity in C. Furthermore, we showed in Theorem 4.3
that

Det1(eA ⊗ eB) = eTr1(A⊕B) · Rm and Det2(eA ⊗ eB) = eTr2(A⊕B) · Rn.

Definition 5.6: Let 	n ⊂ Mn(C) denote the set of matrices A ∈ Mn(C) with the imagi-
nary part of each eigenvalue λ(A) satisfying Im(λ(A)) ∈ (−π ,π].

Thus, we associate with every non-singular matrixA a uniquematrixM ∈ 	n such that
A = eM [9, p. 474]. Next, we wish to consider linear maps restricted to 	n. The following
lemma shows that trace preservers on	n are equivalent to trace preservers onMn(C).

Lemma 5.7: Let φ : Mn(C) → Mn(C) be a linear map obeying φ(	n) ⊆ 	n. Then φ
satisfies

tr(φ(A)) = tr(A) for all A ∈ Mn(C)

if and only if tr(φ(B)) = tr(B) for all B ∈ 	n.

Proof: It suffices to show that each standard basis element E[n]ij ∈ Mn(C) is also in 	n,
which is easily verified. �

Let φ : Mn(C) → Mn(C) be a linear map obeying φ(	n) ⊆ 	n and letψ : GLn(C) →
GLn(C) be the non-linear map

ψ(eM) = eφ(M), M ∈ 	n.

The map is well defined sinceM ∈ 	n is uniquely determined for every matrix inGLn(C).
We have

detψ(eM) = det eφ(M) = etr(φ(M))

so that detψ(eM) = det(eM) if and only if etr(φ(M)) = etr(M). Moreover, if φ(M) ∈ 	n and
M ∈ 	n, then eTr(φ(M)) = eTr(M) if and only if tr(φ(M)) = tr(M). The following theorem
motivates the remainder of the study.
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Theorem 5.3: Let φ : Mn(C) → Mn(C) be a linear map obeying φ(	n) ⊆ 	n. The map
ψ : GLn(C) → GLn(C) given by

ψ(eM) = eφ(M), M ∈ 	n,

satisfies det(ψ(eM/n)) = det(eM/n) if and only if tr(φ(M)) = tr(M).

Proof: LetM ∈ 	n, thenφ(M) ∈ 	n so that Im(Tr(φ(M))), Im(Tr(M)) ∈ (−π ,π]. Thus,
exp(Tr(φ(M))) = exp(Tr(M)) if and only if Tr(φ(M)) = Tr(M). Hence,

tr(φ(M)) = tr(M) ⇐⇒ exp(Tr(φ(M))) = exp(Tr(M))

⇐⇒ exp(tr(φ(M/n))) = exp(tr(M/n))

⇐⇒ det(exp(φ(M/n)) = det(exp(M/n))

⇐⇒ det(ψ(exp(M/n))) = det(exp(M/n)).

�

The condition det(ψ(eM/n)) = det(eM/n) implies (det(ψ(eM/n))n = (det(eM/n))n.
Furthermore, from det(eM/n)n = det(eM) we have, by the uniqueness of n-th roots in
Rn, that Det(eM) = det(eM/n) · Rn. Similarly, by linearity of φ, we have Det(ψ(eM)) =
det(ψ(eM/n)) · Rn. Thus,

Det(ψ(eM)) = det(ψ(eM/n)) · Rn = det(eM/n) · Rn = Det(eM),

for allM ∈ 	n. Hence, the following corollary.

Corollary 5.4: Let φ : Mn(C) → Mn(C) be a linear map such that φ(	n) ⊆ 	n. If
tr(φ(M)) = tr(M) for all M ∈ 	n, then the map ψ : GLn(C) → GLn(C) given by

ψ(eM) = eφ(M), M ∈ 	n,

satisfies Det(ψ(eM)) = Det(eM) for all M ∈ 	n.

Lemma 5.8: Let φ : Mn(C) → Mn(C) be a linear map such that φ(	n) ⊆ 	n. Then the
map ψ : GLn(C) → GLn(C) given by

ψ(eM) = eφ(M), M ∈ 	n,

satisfies ψ(eMeM) = ψ(eN)ψ(eN) for all 2M,N ∈ 	n such that e2φ(M) = e2φ(N).

Proof: IfM,N ∈ 	n such that e2φ(M) = e2φ(N),

ψ(e2M) = e2φ(M) = e2φ(N) = eφ(N)eφ(N) = ψ(eN)ψ(eN). �

Theorem 5.4: Let m, n ≥ 2 and φ : Mmn(C) → Mmn(C) be a linear map such that
φ(	mn) ⊆ 	mn. If tr(φ(A ⊕ B)) = tr(A ⊕ B) for all A ⊕ B ∈ 	mn, then the map ψ :
GLmn(C) → GLmn(C) given by

ψ(eM) := eφ(M), M ∈ 	mn,

satisfies Det(ψ(A ⊗ B)) = Det(A ⊗ B) for all A ∈ GLm(C) and B ∈ GLn(C).



LINEAR ANDMULTILINEAR ALGEBRA 2911

Proof: If A ∈ GLm(C), then there exists MA ∈ 	m such that A = eMA , and, similarly, if
B ∈ GLn(C), there existsMB ∈ 	n such that B = eMB . We have A ⊗ B = exp(MA ⊕ MB).
We note thatMA ⊕ 0n = MA ⊗ In ∈ 	mn and 0m ⊕ MB = Im ⊗ MB ∈ 	mn, so

tr(φ(MA ⊕ MB)) = tr(φ(MA ⊕ 0n))+ tr(φ(0m ⊕ MB)) = tr(MA ⊕ 0n)+ tr(0m ⊕ MB)

= tr(MA ⊕ MB).

Letλ be an eigenvalue ofMA and μ be an eigenvalue ofMB. Then (λ+ μ)/2 is an eigenvalue
of 1

2 (MA ⊕ MB), and all eigenvalues of 1
2 (MA ⊕ MB) have this form [9, Theorem 4.4.5].

Moreover, 12 (MA ⊕ MB) ∈ 	mn since Im(λ+ μ)/2 ∈ (−π ,π] whenever Im(λ), Im(μ) ∈
(−π ,π]. There exists a unique C ∈ 	mn such that A ⊗ B = eC. We have,

A ⊗ B = eC = eMA⊕MB , det(A ⊗ B) = etr(C) = etr(MA⊕MB).

Thus, det(eC/2)2 = det(e(MA⊕MB)/2)2. By Lemma 5.8,

ψ(eC) = ψ(eC/2eC/2) = ψ(e
1
2 (A⊕B))ψ(e

1
2 (A⊕B)),

and hence

Det(ψ(A ⊗ B)) = Det(ψ(eC))

= Det(ψ(e
1
2 (MA⊕MB)))Det(ψ(e

1
2 (MA⊕MB)))

= e
1
2 Tr(φ(MA⊕MB))e

1
2 Tr(φ(MA⊕MB)) · Rmn

= eTr(MA⊕MB) · Rmn

= Det(eMA⊕MB) = Det(A ⊗ B).

�

Theorem 5.2 and its corollaries provide the following corollaries.

Corollary 5.5: Let m, n ≥ 2 and φ : Mmn(C) → Mmn(C) be a linear map such that
φ(	mn) ⊆ 	mn. If tr1(φ′(Imn)) = tr1(Imn) and tr2(φ′(Imn)) = tr2(Imn), then the map ψ :
GLmn(C) → GLmn(C) given by

ψ(eM) = eφ(M), M ∈ 	mn,

satisfies Det(ψ(A ⊗ B)) = Det(A ⊗ B) for all A ∈ GLm(C) and B ∈ GLn(C).

Lemma 5.9: Suppose that φ′(Imn) is a Kronecker sum. Then the following are equivalent:

(1) tr1(φ′(Imn)) = tr1(Imn) and tr2(φ′(Imn)) = tr2(Imn),
(2) φ′(Imn) = Imn,
(3) tr(φ(E[mn]

jk )) = δjk for all j, k ∈ {1, . . . ,mn}.
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Proof: ((1)⇐⇒(2)) Suppose that φ′(Imn) = A ⊕ B is a Kronecker sum. If tr1(φ′(Imn)) =
tr1(Imn), then

tr(A)In + mB = mIn. (18)

Similarly, if tr2(φ′(Imn)) = tr2(Imn) then

tr(B)Im + nA = nIm. (19)

Hence, A and B are both scalar matrices. Taking the trace of Equations (18) and (19) both
yield that

n tr(A)+ m tr(B) = mn,

so that

B =
(
1 − tr(A)

m

)
In, A = tr(A)

m
Im.

It follows that

φ′(Imn) = tr(A)
m

Im ⊗ In + Im ⊗
(
1 − tr(A)

m

)
In = Im ⊗ In = Imn.

The converse is immediate. ((2)⇐⇒(3)) Suppose that φ has the form

φ(A) =
mn∑

j,k,u,v=1

αjk;uvE
[mn]
jk AE[mn]

uv (20)

for some αjk;uv ∈ C. Then

φ′(Imn) =
mn∑

j,k,u,v=1

αuv;jkE
[mn]
jk E[mn]

uv =
mn∑
j,v=1

( mn∑
k=1

αkv;jk

)
E[mn]
jv = Imn (21)

if and only if
∑mn

k=1 αkv;jk = δjv, where δjv is the Kronecker delta. On the other hand,

tr(φ(E[mn]
jk )) = tr

( mn∑
s,t,u,v=1

αst;uvE
[mn]
st E[mn]

jk E[mn]
uv

)

= tr

( mn∑
s,v=1

αsj;kvE[mn]
sv

)

=
mn∑
s=1

αsj;ks = δjk

if and only if
mn∑
k=1

αkv;jk = δjv. �
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Corollary 5.6: Let m, n ≥ 2 and φ : Mmn(C) → Mmn(C) be a linear map such that
φ(	mn) ⊆ 	mn. If tr(φ(E[mn]

jk )) = δjk for all j, k ∈ {1, . . . ,mn}, then the map ψ :
GLmn(C) → GLmn(C) given by

ψ(eM) = eφ(M), M ∈ 	mn,

satisfies Det(ψ(A ⊗ B)) = Det(A ⊗ B) for all A ∈ GLm(C) and B ∈ GLn(C).

Corollary 5.7: Let m, n ≥ 2 and φ : Mmn(C) → Mmn(C) be an RT-symmetric map such
that φ(	mn) ⊆ 	mn. If tr1(φ(Imn)) = tr1(Imn) and tr2(φ(Imn)) = tr2(Imn), then the map
ψ : GLmn(C) → GLmn(C) given by

ψ(eM) = eφ(M), M ∈ 	mn,

satisfies Det(ψ(A ⊗ B)) = Det(A ⊗ B) for all A ∈ GLm(C) and B ∈ GLn(C).

Corollary 5.8: Let m, n ≥ 2 and φ : Mmn(C) → Mmn(C) be a skew RT-symmetric map
such that φ(	mn) ⊆ 	mn. If tr1(φ(Imn)) = − tr1(Imn) and tr2(φ(Imn)) = − tr2(Imn), then
the map ψ : GLmn(C) → GLmn(C) given by

ψ(eM) = eφ(M), M ∈ 	mn,

satisfies Det(ψ(A ⊗ B)) = Det(A ⊗ B) for all A ∈ GLm(C) and B ∈ GLn(C).

6. Conclusion

We have considered three different notions of the determinant operation in Mmn(F),
namely the block determinant, partial determinant and determinant-root. The block deter-
minant and partial determinant-root retain the multiplicative property and exponential-
determinant-trace relation, although only for Kronecker products in the case of the
determinant-root. The results offer a method for obtaining non-linear preservers of
determinant-roots of Kronecker products by utilizing the linear preservers of Kronecker
sums.
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