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ABSTRACT

Continued fractions have been extensively studied in number theoretic ways. We
consider continued fractions with partial quotients that are in Z[i] = {a +ib : a,b €
Z,i* = —1}. These continued fractions are expressed as compositions of Mobius
maps in the Picard group PS L(2, C) that act, by Poincaré’s extension, as isometries
on H?. We investigate the Picard group with its generators and derive the funda-
mental domain using a direct method. From the fundamental domain, we produce
an ideal octahedron, Q,, that generates the Farey tessellation of H>. We explore
the properties of Farey neighbours, Farey geodesics and Farey triangles that arise
from the Farey tessellation and relate these to Ford spheres. We consider the Farey
addition of two rationals in R as a subdivision of an interval and hence are able
to generalise this notion to a subdivision of a Farey triangle with Gaussian Farey
neighbour vertices. This Farey set allows us to revisit the Farey triangle subdivi-
sion given by Schmidt [44] and interpret it as a theorem about adjacent octahedra in
the Farey tessellation of H>. We consider continued fraction algorithms with Gaus-
sian integer coefficients. We introduce an analogue of Series [45] cutting sequence
across H? in H®. We derive a continued fraction expansion based on this cutting
sequence generated by a geodesic A in H? that ends at the point £ in C that passes

through Oy.
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Chapter 1

Introduction

1.1 Historical Background

In this thesis we consider general continued fractions of the form

a
a

bo + K(a,|b,) = by + (1.1.1)

bl + a

b
2+b3+...

where the {a;} and {b;} are sequences of integers, real numbers or complex numbers [4], [5],

(71, (110, [19], (311, [401, [45].

In this thesis we will consider continued fractions by + K(a;|b;) where the sequences {b;};>o

and {a;};>; are of complex numbers.

Continued fractions have been used in mathematics since the 16th century, mainly as a
tool for evaluating or approximating real numbers. The first two people who used finite
continued fractions explicitly in this way were R. Bombelli and P. Cataldi in 1572. They

found approximations to V13 and V18.
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The first recorded study of a general theory of continued fractions appeared in John Wallis’
Opera Mathematica in 1695, and introduced the term ‘continued fraction’. Many well
known mathematicians have added their knowledge to the subject. In particular, these were
Euler; in his exposition from 1737, ‘De Fractionlous Continious’, Gauss (1813), Jacobi

(1843), Hermite (1843), Stieltjes (1884) and Ramanujan (1913).

Traditionally, number theorists studied continued fractions with {a;};>; and {b;};>o being

sequences of integers. We may define continued fractions by recurrence relationships, with

initial conditions A_; = 1,Ag = by,B_; = 0,By = 1 with A, = b,A,.1 + a,A,—» and
A, b,A,_1 + a,A,_

B, = b,B,_; + a,B,, forn > 1. Thus — = 1 ra 2 where {a;} and {b;} are
Bn ann—l + aan—Z

sequences of integers [40].

We examine the recurrence relations, where {a;};>; and {b;};>o are sequences of complex

numbers. Assume againthat A_; =1, B_.; =0, Ag = bp and By = 1.

a A;
b+ ——=—,...
a B2

Ay a A
Letby= — ,byg+ — = —,
°7 B, """ b, B
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A1 A 1 by
We see that if a,, = 1 for all n then = and
B_, By 0 1
1 by
A_1By—B_1Ag=1-0=1 =det
0 1
AO Al b() bObl +1 1 b() 0 1
B, B 1 b o1 ]l1 5
and
1 by 0 1
A()Bl —B()Al =0-1=-1=det
0 1 1 b
A A bobl +1 boblbz + b() + b2 1 b() 0 1 0 1
B, B, b bbb, +1 0 1 1 b 1 b,
and
A]Bz—BlAz :O— 1 = 1
In general,
A, Ay 1 by 0 1 0 1
B, B, 0 1 1 b 1 b,

and |An—an - Bn—lAn| = 1.

We recall from [29]], a Mobius map g : C,, — C, is defined as follows:

az+b
cz+d

g(z) =

where a,b,c,d € C and ad — bc # 0, with g(e0) = ¢ and g(~2) = co where ¢ # 0. This

group of Mobius maps is represented by M or PGL(2, C) and is explored further in Section
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By convention, there is a homomorphism from GL(2, C) to M, hence we may associate

a b
each Mobius map g with a matrix M, = , or a scalar multiple of M, in GL(2, C)

c d
[29]].

In particular

a 0 a
t(z) = —— with associated matrix
z+b
1 b
and
a b a
s(z) = b + — with associated matrix
Z
1 0

are Mobius maps, where a and b are non-zero complex numbers. These maps form the

basis of a geometric representation of continued fractions.

ay

The Mé6bius map ¢, : C,, — C,, is given as t,(z) = 5 where #,(z) = z + by, a,, b, €

n

0 a,
C, n > 1 and corresponds to the matrix . Certainly M is a group [29]]. If
1 b,
T,(z) = tot;...1,(2) 1s the composition of these maps, then the matrix corresponding to
An-1 An A +A
T, is with 7,,(2) = =272 \where |Ay_1 By — By1A,] = 1.
B 1 B Bn—lZ + B}’l

Definition 1.1.1. The continued fraction (I.1.1)) converges classically to a value « if the

sequence

of partial quotients converge to a, where a could be oo or any complex number. The terms of

this sequence are called the convergents, or approximates, of the infinite continued fraction.
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Thus the convergents of the continued fractions can be written in terms of partial quotients:

A A
b0+Laz:_2, bO"‘L:i
b1+b— Bz

2 b2+_

A A
0 b0+ﬂ:—l

b :_’ b
*" B, b B

A, ) )
The convergent, 3z can be expressed in terms of 7, and 7)., as 7,(0) or T,,;(c0). Since

n
A,y . . .
B" and B—" are successive convergents of the continued fraction (I.1.T]), we have
n—1 n

|An—1Bn - Bn—lAn| =1

That is:

by = 1p(0)

bo + L = 151,(0)
b,

This leads to a result that yields an alternative definition of convergence of continued frac-

tions.

Lemma 1.1.2. The continued fraction by + K(a,|b,) converges classically to « if and only
if

lim 7,,{(c0) = lim 7,(0) = «

where T,(0) = T, (t,41(0)) = Tpy1(0).

Definition 1.1.3. A regular Gaussian integer continued fraction expression is of the form

€1
{_ﬂ0+ 62

,31+—63

182+,83+"'
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where €, = £1, i and 3, € Z[i].

In this thesis, we will consider continued fractions with a; = 1 for all i. The b; will be ele-
ments of the set of Gaussian integers, Z[i] = {a +ib:a,beZ,i* = —1}. We will establish
that each z € C may be expressed as a Gaussian integer continued fraction expansion in
many ways. The following discussions are informed by Ford, [[15]],[16], Schmidt [44], and
Vulakh [49]. In the 1920’s, L. R. Ford published several papers in which he considered
continued fractions in the context of the geometry of the action of certain Mdbius maps
on two and three-dimensional hyperbolic space [15],[16]. Ford made the geometric con-
nection between integer continued fractions and Ford circles, which are horocycles in H?
touching the real axis. Each Ford circle represents a fraction of integers. He also noted
that Gaussian rationals may be represented by Ford spheres that touch the complex plane
and lie in the upper half space. Ford further established that any vertical line z = @, € R
or C will cut through a sequence of Ford circles or spheres, each of which represents a

‘convergent’ to a with respect to some continued fraction algorithm [[15]].

In 1975, A. L. Schmidt [44] noted that many attempts had been made over the past 100
years to develop an algorithm for the continued fraction of complex numbers, with prop-
erties that the simple continued fractions algorithm [31], [40], for integers, is known to
possess. Schmidt developed two new kinds of algorithms for continued fractions with
Gaussian integer coefficients. He based his development on what he defines as Farey sets
and dual Farey sets taken together with the actions of the Picard group acting on the com-
plex plane. He noted that the Farey sets are natural extensions of the Ford circles and mesh

triangles introduced by Ford [15],[16]].

In 1999, L. Y. Vulakh [49] introduced the notion of a ‘v-cell’. He used the notion of a ‘v-

cell’ to describe a tessellation of H? by these v-cells under the Picard group. The analogous
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tessellation of the hyperbolic plane H? using the modular group was introduced by Caroline
Series in 1985 [45]. Vulakh noted that Farey polytopes in R? are the projection of the
non-vertical faces of a v-cell in H? from oo into R?. He established the basic properties
of Farey polytopes and related these properties to definitions of Farey triangles used by
Schmidt [44]. He developed an algorithm for the extraction of convergents of the continued
fraction that is analogous, but different to the classical continued fraction algorithm and the

algorithms presented by Schmidt in 1975.

1.2 Mobius Group

Mobius transformations acting on R” are defined in terms of reflections in planes in R” or

inversions in spheres in R”. From [6], [9], we clarify these actions.

Let S(a, r) be a sphere in R” given by S(a,r) = {x € R" : |x — a| = r} where a € R" and

r > 0. The reflection (or inversion) in S (a, r) is the function ¢ defined by

r

lx —al

2
¢(x) =a+ ( ) (x —a), (1.2.2)

where x # a and with ¢(a) = oo, ' = ¢ and ¢(c0) = a. This map is a bijection of

R? = R" U {oo}, with ¢(x) = x if and only if x € S(a, r).

Let P(a,t) be a plane in R, given by P(a,t) = {x € R" : (x-a) = t} U {co} where a € R",
a # 0, (x - a) is the usual scalar inner product }; x;a; and ¢ is a real number. By definition
oo lies on every plane. The reflection ¢ in P(a,t) is defined by ¢(x) = x + da where A is

chosen so that %(x + ¢(x)) lies on P(a, t). This yields the explicit formula

¢(x) = x = 2[(x-a) - fl— (1.2.3)

lal?
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for x € R". Here ¢(c0) = oo, and ¢(x) = x, if and only if x € P(a, t). The map is once again

a bijection of R” onto itself.

We now define a general Mobius transformation on R”:

Definition 1.2.1. A Mobius transformation acting on R%, is a finite composition of reflec-

tions or inversions in planes or spheres in R..

Definition 1.2.2. The group of Mobius transformations acting on R”, is called the general

Mobius group and is denoted by GM(RZ)).

Definition 1.2.3. The Mobius group, M acting on RZ is the subgroup of GM(R”,) consist-
ing of orientation preserving Mobius transformations. We refer to the elements of M as

Mobius transformations and thus assume they preserve orientation.

In our work, we will consider the actions of Mébius transformations acting in R2, and their
extension to R3. We identify R? with C and the point (x,y, ) in R? with the quaternion
x+yi+tj=z+tjwhere z=x+ yi € C. This identification allows us to express Poincaré

extensions of Mobius transformations algebraically in terms of quaternions.

vy . . az+b
Mobius transformations are usually represented as mappings z —
cz+

where a, b, c,d €

—d
C and ad — bc # 0. We note that — +— oo for ¢ # 0 while oo — g under this action. Thus
c c

M is given as:

+b
M:{ZHaZ :a,b,c,deC,ad—bciO}
cz+d

is the Mobius group. Since M is a homomorphic image of the matrix group GL(2, C), up

to multiples and each matrix can be normalised, we write M = PGL(2,C) = PSL(2,C)

b
[29]. Every g € M with g(x) = %,ad — bc # 0 may be associated with a matrix
cz
a b
M, € GL(2,C) given by [6], [29].

c d
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We note the following result on the decomposition of M6bius maps.

Proposition 1.2.4. Each element g € M can be written as a composition of orientation

preserving elements in M given as follows:

1. Translations: 7,(z) = z + a, where a € C.
2. Dilations: D,(z) = Az, where 1 € R,A > 0,4 # 1.
3. Rotations: Ry(z) = €z, 6 € R.
. 1
4. Complex Inversion: J(z) = —.
z
Proof. [29, p.21].
Since A2 € C for each 1 € C, each Mobius transformation can be written in a normalised
+b
form as g(z) = o with ad — bc = 1.
cz

+d

az+b

, b
1. If ¢ = 0, then g(2) = with a,d # 0. Letg = le" and y = p, then g(z) =

ez + p, s0 g = 7,D,Ry.

1
2. If ¢ # 0, then g(z) = a4 = (Ta/c.])(—CZZ — cd). By the method used in the

c clecz+d)
case ¢ = 0, the transformation z — —c?z — cd can be expressed in terms of the given

generators, and hence so can g.
Thus g € M can be written as a composition of orientation preserving generators in M. O

Since the group M acts on R (and in fact RY), we clarify the following ideas.

Definition 1.2.5. Let G be a group acting on a set X, with x1,x, € X and g1, g, € G.
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1. Let g1,g> € G. The map g, is conjugate to g, if there exists h € G such that hg,h™' =

g». In fact conjugacy is an equivalence relation in G. We write g, = g5.
2. The orbit of x € X is the set Gx = {g(x) : g € G} in X.
3. The stabiliser of x in G is the subgroup of G given by Stab(x,G) = {g € G : g(x) = x}.

4. Points x| and x, in X are equivalent if they have the same orbit. That is Gx; = Gx,.

These concepts are combined in the important result.

Proposition 1.2.6. Let G act on X. Then for any x € X we have |Gx| = |G : Stab(x, G)|.

That is the index of the stabilizer is the size of the orbit of x in X.

Definition 1.2.7. The function tr* : PSL(2,C) — C is given by tr’(g) = (trace M,)* =
(a + d)*. That is, tr(g) is the trace of the matrix M,, where M, is associated with the

normalised g.

It can be seen that two Mobius maps are conjugate under M if and only if their respective
tr* functions are equal [29]. We can thus use the trace function to classify all elements of

PS L(2,C) by their conjugacy classes.

Definition 1.2.8. Let g # 1,,,, be any map in M. Then

1. g is parabolic iftrz(g) =4
2. gis elliptic if tr*(g) € [0,4)

3. g is loxodromic if tr*(g) ¢ [0, 4]

From [7] we have the following classifications:
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Theorem 1.2.9. Let g be a Mobius map other than the identity. Then the following are
equivalent:

(al) g is parabolic;

(a2) g is conjugate to a translation 7 +— 7 + 1;

(a3) g has exactly one fixed point { and g"(z) converges pointwise to { on C,.

The following are equivalent:

(bl) g is elliptic,

(b2) g is conjugate to a Euclidean rotation 7 — ez, where e # 1;

(b3) g has two fixed points, and g"(z) converges if and only if 7 is a fixed point of g.

The following are equivalent:

(cl) g is loxodromic;

(c2) g is conjugate to a map 7 — Az, where |A| # 0, 1;

(c3) g has two fixed points, u and v, which can be chosen so that if 7 # v then g"(z) = u

asn — oo,

From [14] we have the following results:

+b
Definition 1.2.10. Let g(z) = az_+d, c # 0,9 € M. The circle I, given by
cz ‘

lcz+dl =1,c#0

is called the isometric circle of the transformation g.

This circle is the complete locus of points in which lengths and areas are unaltered in
) . . —d )
magnitude by the transformation g. We see that the centre of /, is — € C, and the radius
c
1

of I, is —.
77 el

We note that if ¢ = 0, oo is a fixed point of the map g and there is no unique circle with

the property of the isometric circle. This is the case with rotations, Ry(z) = ez, and



Chapter 1 Introduction 12

translations, 7,(z) = z + a, a € C, and compositions thereof.

Theorem 1.2.11. Lengths and areas inside the isometric circle are increased in magnitude,
and lengths and areas outside the isometric circle are decreased in magnitude, by the action

of the transformation g.

That is if g € M and g(c0) # oo, then |g’(z)| > 1 for all z inside I, while |g’(z)| < 1 for all z

outside /.

Theorem 1.2.12. A transformation g € M, g & 1,.,, carries its isometric circle into the

isometric circle of the inverse transformation, so

g(,) = 1 and g~' (1) = 1,.

1.3 Hyperbolic Space

Definition 1.3.1. The upper-half space of R® given by
H}={z+tj:z€C,teR,t> 0}

with the associated hyperbolic metric

|deP + ldiP

2
ds 2

is a model of three dimensional hyperbolic space.

We note that z + £ is a quaternion in K and that C,, is the boundary of H?. Also z + ¢; has

no k-component in K, where k = ij.

Given two distinct points w; and w, in H? U dH>, let A be a piecewise continuously differ-

entiable curve in H> between w; and w,.
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Definition 1.3.2. The hyperbolic length of A is defined as

d
h(A):fM w=2z+1j
At

Definition 1.3.3. The metric p : H> x H®> — R* is given by
plwr, w) = Inf A(A)

where A ranges over all piecewise continuously differentiable curves between w, and w,.

We note that there exists a path which realises p(w, w,). These paths are called the hy-
perbolic line segment or geodesic segment between w; and w,. We may denote this path
as Ay, w,» Where Ay, o, = Ay, O as [wy : wa]. If wy, wy lie on C,, the paths are called

geodesics.

It is seen that a geodesic is either a vertical line or a semicircle orthogonal to C,, the
boundary of H® and denoted by [a : b] or A, where the distinct endpoints are a, b € C.
The geodesic Iy = Ag = [o0 : 0] is called the fundamental geodesic with end points 0 and

oo on Cg,.

Definition 1.3.4. Let n € N,n > 3. A hyperbolic n-gon in H> U 0H? is a convex set
bounded by hyperbolic line segments as its sides and lying on an hyperbolic surface. The
line segments intersect in pairs at points and we call these points cusps or vertices of the
n-gon. The line segments do not intersect other than at these points. The cusps or vertices

will be used to represent the n-gon in H>.

If the vertices of the n-gon all lie on B> or C,, then the n-gon is said to be ideal. In
particular if n = 3 then we have a hyperbolic triangle with vertices vy, v, and vy and
sides Ay, Aoypy and N, .. If T is a hyperbolic triangle, then T is its closure. Thus

T =TU Aoo,O U AO,] U A]’oo.
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We note further that a hyperbolic plane in H? is either a vertical plane P(a, d), or a hemi-
sphere S (a, r), both orthogonal to the boundary C.,. That is, for a = (a;,a,,0) € R*>,d € R
andr > 0

P(a,d) = {x e H’ : (x-a) = d} U {co},

and

S(a,r)={xeH :|x—a| =r}.

We note that reflections in these hyperbolic surfaces are considered as inversion in the

Euclidean spheres or planes and are given by the formulae

Pw) =w-2[(wa) - d—
jal

for inversion in the plane (w-a) = d, where 2(w-a) = wa+aw,d € Rand a = (a;, a,,0) € R3

is a normal to the plane, and

2
Q(w)=a+( )(w—a)

r
|w — al

for inversion in the sphere with radius  and centre a = (a;,a,,0) € R>.

It is seen that these definitions of inversions extend the definition of inversion in a line

(L.2.3) and inversion in a circle (I.2.2) in C.

The definition of the metric p : H? x H®> — R* is given an explicit formulation through the
following theorem [6, p.35].
Theorem 1.3.5. Let w; = a; + t;j € H®, i = 1,2, then

lay — asf?

1
. h2 1 ’ _
sinh” Sp(wy, w) P

Many other useful identities may be derived from this, as seen in [6]].
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Definition 1.3.6. A horoball in H? is an open Euclidean ball in B> which is tangent to the

boundary C,. If the point of tangency is w, then we denote the horoball by R,,,.

The boundary of the horoball is the horosphere. A horoball based at oo is a set of the form
{e+tje® 1> kk>0].

In this case, a horosphere is a horizontal Euclidean surface in H* which is orthogonal to all
hyperbolic planes containing the point co. If k = 1, then this horosphere is denoted by S,

and is called the fundamental Ford sphere. In general from [15]

o
Definition 1.3.7. Ford spheres are defined at all Gaussian rational points — with radius

1
—— denoted by Se.
2P e

They are the boundaries of horoballs tangent at the point g. Each ad has the form x+yi+1¢j
Y Y

where x,y,t € Q (Section[3.2).

Definition 1.3.8. An isometry of H? is a distance preserving map. That is, a map g : H>

H? such that p(g(a), g(B)) = p(a, B) where a, 8 € H>.

It is seen that the composition of isometries is an isometry in H?.

Definition 1.3.9. If S| and S, are surfaces in a differentiable manifold and the map f is
smooth, then we say that f : S| — S, is conformal if it preserves angles, that is, whenever
curves A1 and A, on S| meet at a point Q with an angle 0, then f(A) and f(A\,) meet at
f(Q) on S, with the same angle 6. A conformal map from an oriented surface to itself is

directly or indirectly conformal if it preserves or reverses the orientation.

It is seen that the composition of conformal maps is again conformal [29].
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Definition 1.3.10. Let G be the group of isometries of H® generated by t,, D), Ry, R and 1

where

1. Translation: t,(z+tj) = z+ a + tj, where a € C.
2. Dilation: D)(z +tj) = Az + Atj, where 1 € R,1 > 0,4 # 1.
3. Rotation: Ry(z +tj) = €z + .

4. Reflection: R(z+tj) =7+1]

z+1tj

5. Inversion: I(z + tj) = ———.
(z+1)) FE

We observe that translations, dilations and rotations are orientation preserving (direct) con-
formal isometries, while reflections and inversions are orientation reversing (indirect) con-

formal isometries. Following [35] we have:

Theorem 1.3.11. G is a group and the elements in G are direct or indirect conformal
isometries of hyperbolic space. Every g € G preserves H* and C.,. Further, every isometry

of B is in G. Thus G = Isom(H?).

The proof of Theorem[I.3.11|can be found in [35] pp.54,61].

1.4 The Poincaré Extension

In order to show that M may be regarded as the group of orientation preserving isometries
acting on H?, we need to extend the action of each g € M acting on C to act in H? [38]. It

is noted [6]], that each g acting on R2, can be uniquely extended to a map § acting on R3..
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Firstly, we note that R2, can be embedded in R, in the following way:
x> X = (x1,x,0), where x = (x1, xp)

Definition 1.4.1. For each inversion g acting in R?, we define § acting in R® as follows:

1. If g is an inversion in the circle of radius r centred at a = (ay, a,), written S(a,r),

then § is the inversion in the sphere S (a,r), a = (a,, as,0).

2. If g is an inversion in the line P(a,d) = {x € R? : (x-a) = d} U {oo}, then § is the

inversion in the plane P(d,d) = {x € R* : (x- &) = d} U {o0}.
We call g the Poincaré extension of g.

We observe that if g; and f; are inversions in C,,, then él‘f] =g f] Thus if g and f are in
Mwith g = gi1g>...g, and f = fif,... f,, where the g; and f; are inversions in C,, for

i=1,2,....,nand j=1,2,...,m,thengf = (§iGs...Gnfifo-.. fu) = Gf.

Note that a circle in C,, is the equator to a sphere in R2, with centre on C. In particular we
extend the isometric circles I, and -1 to corresponding isometric spheres in H’. We use 1,
to represent the sphere and the circle corresponding to g. The proof of the following result

can be found in [6]].

Theorem 1.4.2. If § is a inversion in the sphere S (a,r) with radius r and centre a, where

a € R?, then we have

—, x,y € R?

lﬂw—éwﬂzﬂ( I 20-a-@-ao 1 )é: P2
| x—ally - al

ly — x| y—aP |x—aPly—aP |x—af

We note since g € M is the composition of an even number of inversions in circles in Ce,

then § is the composition of an even number of inversions in spheres in R,.
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The transition of g acting on C,, to § acting in H? is made simple by the following result in
[6].
Proposition 1.4.3. Let g € M and z € C. Then the Poincaré extension of g to § is given by

(az + b)(cz + d) + act® + |ad — bcltj
lcz + d|* + |c|*>

gz +1j) =
where 7 +tj = x + yi + tj is a quaternion in K.
It is important to note that g leaves the complex plane and the upper and lower half spaces
respectively invariant. This invariance proves that a Poincaré extension exists and is unique

[6]. Observe that when ¢ = 0, this equation will simplify to the g acting in the complex

plane.

1 : :
Example 1.4.4. The maps 7,(z) = z+ a,a € C,p(z) = —, ¢(2) = .i,w(z) = l—Z., k(z) = iz
z iz —i

act on C. The Poincaré extensions of these maps act on H> and are:

T(z+t))=z+a+tj

— . I+t
7+1tj) = ——=
o(z+1)) E
—_ . 7+ tj
+tj) =
Pz + 1)) P

Wz +1))=—z+1j

K(z+t)) =iz +1]
We will write g(z + tj) = g(z + tj) and assume the extension is understood and we say that
the elements of M act on H? by the Poincaré extension. From [3] we have:

Theorem 1.4.5. Every Mébius map acts on hyperbolic space B as a directly conformal

hyperbolic isometry, and every isometry of H® that preserves orientation is a Mobius map.
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Proof. From Proposition |1.2.4] g is a composition of 7,, Dy, Ry, J. Clearly 7,, D, Ry, J €

G,so M cCG.

Certainly the orientation-preserving generators 7,, D, and Ry of G are elements of M.
Further the composition of the orientation-reversing maps R and /, where R(z +tj) =7+ 1]
|z|2+—+t]t'2’ are orientation-preserving and are rotations or translations in H°.
So the orientation-preserving elements of G are all Mobius maps. O

and I(z + tj) =

Thus it is seen that every Mobius transformation acting in H® is a composition of a finite

even number of inversions in H? [[7].



Chapter 2

The Picard Groups

2.1 Introduction

Our goal in this chapter is to discuss the properties of some subgroups of M, in particular
the Picard group, P, and the extended Picard group, . We note that the modular group and
the extended modular group are also subgroups of M. In order to understand continued
fractions with Gaussian integer coeffiecients, we need to explore the Picard groups. We
note that while # and % act on C.,, using the Poincaré extension we can find their actions
in H.

Definition 2.1.1. The Picard group P is the subgroup of M given as follows:

P = {Z._) ‘;j:? - a,B,7,6 € Z[il, a6 — By = 1}

where Z[i] = {a +ib:a,beZ,i*= —1} are the Gaussian integers.

To facilitate the discussion of P, we define 7,(z) = z+ 1, 7:(2) = z+ 1, ¢(2) = ,i, w(z) = _—,
) iz 2z

and ¥ (z) = E which are in . We note that H = {1, ¢, ¥, ¢}, where ¢ = ¢y, is isomorphic to
—i

20
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D,, the Klein 4-group and is a subgroup of . Let @ = a+ib € Z[i]. Then 7, = 7977 = 7074

where a, b € Z.

The maps 74, 7;, ¢ and ¢ will be shown to generate # and can be used to express continued

fractions with Gaussian integer coefficients.

The Picard group ¥ consists of those Mdbius maps which can be represented by matrices

+
with Gaussian integer entries and whose determinant is 1. We note that g(z) = s +§ can
vz
a p . . az+p
be expressed as M, = . Thus if @é — By = —1, then we can write g(z) = 5 =
y 6 7
iz + i

and «idi — Biyi = 1.

yiz + 0i

Definition 2.1.2. The extended Picard group P is the subgroup of M given as:

~ +
P = {zn—> j;’g D, By, 0 € Z[i], lad - Byl = 1}

- 1
It will be shown that ¥ has generators 7,(z) = z+ 1, 7:(z) = z + i, ¢(z) = —, and k(2) = iz.
Z
We note that ¥* = 1 and ¥* = . The group {1, «, &%, k*} = {1, k, ¥, k) is a cyclic group of
order 4 and a subgroup of #. The extended Picard group consists of those maps which can

be represented by matrices with Gaussian integer entries whose determinant is +1 or +i.

2.2 Gaussian Integers and Gaussian Rationals

Lemma 2.2.1. Let N : Z[i] — Z* U {0} be given by N(a) = |a|* = |a + bi]> = a*> + b*. Then

N is an Euclidean Norm and satisfies:

1. N(a)=0ifandonlyifa =0
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2. N(ap) = N(@)N(P) for a,p € Z[i]
3. N(aB) = N(a) and N(B) for a, € Z[i], o, # 0

4. Forall @ and B # 0, there exists y,6 € Z[i] such that « = yB + 6 and N(6) < N(B) or
0 =0. That is, 0 < N(9) < N(B) since N(0) = 0 if and only if 6 = 0.

5. N(a) = 1ifand only if @« = £1 or +i. That is, « is a unit in Z[i].

Proof. The proof of parts 1, 2, 3 and 5 follow as seen in [17]. We consider part 4 only.

= %—a—’gwherelﬁlzez

BB 18R

= r+siwherer,s€Q

it
B

Let g, and ¢, be integers such that |[r — g,| < % and |s — g;| < %
Then

% = (Q+ig)+ (T —q)+ils - q)

= y+ (@ —qi)+i(s—q) wherey = (q + iq2)

thena = yB+{(r—q)) +i(s—q)}B

Thus % oy =(r=q1) +i(s — ). So

N(% —y) = \r—q) +i(s — q)P
= (r—q)*+ (G- q)
< 1
< t7

I — &) —
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Thus by parts 1-3, N(a — yf) < N(% —Y)N(@B) < N(,B)% < N(B).

Let 6 = a — yB, then a@ = yB + § where N(B) > N(0). |

From parts 3 and 4 we have that N is a Euclidean valuation map [17].

Thus Z[i] is a Euclidean domain and hence is a principal ideal domain and a unique fac-
torisation domain. The elements of Z[i] form an integer lattice in C. We note that the set

U = {1, +i} in Z[i] is the multiplicative group of units in Z[i].

The relationship |@d — By| = 1 is closely related to the idea of greatest common divisor and

co-prime numbers in Z[i].

Definition 2.2.2. For non-zero a,y € Z[i], a greatest common divisor (gcd) of a and 7y is a

common divisor with maximal Euclidean norm.

Lemma 2.2.3. Each gcd of @ and y can be written in the form ua + vy for some u,v € Z[i].

Proof. Let W denote the set of positive norms of all linear combinations of @ and y. That
1s,

W ={N@ua +vy): Nua +vy)>0; u,veZlil}.

Since N(ua + vy) > 0 for any u,v € Z[i], W C N, furthermore taking u = @ and v = 7y,
N(ua + vy) = N(N(a) + N(y)) = N(a@) + N(y) > 0, so W # 0. Thus the Well Ordering
Principle for non-empty subsets of N applies to W. So there exists an ay = N(upa + vyy),

with uo, vy € Z[i] such that ag < a foralla € W.

Let 6 = pwoa + vyy, so ap = N(9), hence any common divisor of @ and 7 is a divisor of ¢.
We will show that 6 = gcd(a,y). By part 4 of Lemma [2.2.1} for any a, 6 € Z[i],6 # 0

there exists n and p € Z[i] such that @ = én + p and N(p) < N(6) = ap or p = 0. Let
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p=a-0on=a-(ua+veyn = a(l —umn) —yvm), so N(p) = N(a — én) € W. By the
choice of a, this is not possible. So p = 0 and ¢ divides @. Similarly ¢ divides y. Thus

0 = gcd(a,y). |

Definition 2.2.4. Two numbers a,y € Z[i] are co-prime if and only if the only common

divisors are the units. That is gcd(a,y) = =1, £i.

Lemma 2.2.5. [. «a,y € Z[i] are co-prime if and only if there exists 8,6 € Z[i] such that

|lad =Byl = 1;

2. If a,y € Z[i] are co-prime then there exists 3,0 € Z[i] such that ad — By = 1.

Proof. Letgcd(a,y) = p. If @ and y are co-prime, then p = +1 or +i and the ideal generated
by pis Z[i]. f a6 —By = u, u = 1, +i, then adu™' —Byu = 1. Set & = ou~ ' andy’ = yu™!

to complete the proof.
Thus we can find ¢’, ¥’ € Z[i] such that ad’ — By’ = 1.

Conversely, if we can find ¢ and S in Z[i] with |@6 — By| = 1, then @dé — By = £1 or +i. Say
gcd(a,y) = p, then since p divides « and p divides y, we have p divides =1 or +i. So p is

+1 or +i and @ and y are co-prime. O

We call the identity, |@6 — By| = 1, the condition for co-primeness of @ and y. Further if

+ +
a8 =By = +1, then h(z) = B isin P If a6 — By = i, then h(z) = 1P
vZ+ 0 vZ+ 0

ar +'68 with @ié — Byi = (@6 — By)i = £1. Then h € . Thus we can

isin ®. In

this case, let h(z) =

yiz +
always find € P with (c0) = < and h(0) = £.

Definition 2.2.6. A fraction g is reduced if and only if there is 5, 6 € Z[i] such that
Y

lad — By| = 1. That is, a and y are co-prime.
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Hence if a is reduced, then there is a g €  (and $) such that g(o0) = % We denote the
Y

1
reduced form of oo to be 0 where @ = 1, y = 0 satisfy the condition for co-primeness.

Let Q(i) be the field of fractions of Z[i]. Then Q(i) = {% ca,B e Zlil,B# O} or Q) =

{a+1ib:a,beQ} Where — = ’8 We add oo to Q(i) in the usual way and denote Q(i) U{co}

B 1B

as Q. (7). We refer to Q(i) as the Gaussian rationals. In what follows we will assume that a

. . a .
given rational — is reduced.
Y

We recall that each g € P or £ may have one or two fixed points. From Theorem |1.2.9] we
see that if g € M has exactly one fixed point, it is a parabolic map. We say its fixed point
is a parabolic fixed point. The following theorem characterises the parabolic fixed points

of P and P in a most useful way.

Theorem 2.2.7. Q. (i) is precisely the set of parabolic fixed points for P and is the orbit of

oo under P.

Proof. Let % € Qu(i). If @6 —pBy = £1 then we can find h(z) = A in P with h(c0) = —

+
Similarly if @d — By = =+i, we can find & € P with h(z) = aiz '8

, h(0) = —. So 2 is
7 Y
in the orbit of co under #. Consider g = thh‘l where 71(z) = z + 1 is parabolic. Then
g (g) = hrh™! (g) = hti(o0) = h(c0) = —. Thus g, is a fixed point of a parabolic map g.
Y Y Y Y
Since h and 7, are in P, we have g € P and thus 2 is the fixed point of g € P.
Y

+p
+d

Conversely, say g(z) = and g € P and g is parabolic. Then (a + 6)> = 4 and

ad— By =1.
Let z be the fixed point of g.

B @ B
Ify =0, th @ +2 Then%z-z= Landz= - =P ifs=
v = 0. then g(z) = Z s T T Tyt T e T s T 5—a ¢
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B

5-a

then oo is the fixed point. Since @ — By = @d = =1 and @ # 6. The fixed point of g is
in Q7).

—5)t JO-aP+aBy a-5
(@02 NOZa +9BY _ @20 o since (5 - ) +

2y 2y
4,8’)/ = 0 O

If y # 0 and g(z) = zthen z =

Definition 2.2.8. Let o = a + ib € C.

1. The floor or integer part of a, |, is Llal + |b]i, where |a] and |b] are the integer

parts of a and b respectively.

2. The nearest node or lattice point to @ = a + ib, [a], is the point m + in in Z[i] such

1
that (a — m)*> + (b —n)*> < 2

2.3 Generators of #

The following theorem is an analogue of the result on the Modular group being generated

by 7(z) = z+ 1 and ¢(z2) = _71 []].

Theorem 2.3.1. The Picard group P is generated by 7., 7;, ¢, . That is, P = (11, T;, §, ).

Proof. Certainly, (11, 7;,$,¥) C P

Take any g, in $, and write

apZ + S
go(z) = — 0, oo —yoBo = 1
Yoz + do
If yo = 0, then
a
go(z) = =z + @, oo = 1

0o 0o
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Since aq, 0y € Z[i], ay, 09 = £1 or +i. We consider the four cases:

Let ,8() = ay + iby.

If @y = 50 = 1, then gO(Z) =7 +ﬁ0 = Tﬁo(z) — TLIIOTf?O(Z)

Ifag =069 =-1,then go(z) =z -y = T—ﬁo(z) — Tl_aOTi_bO(Z)

If ag = 1,80 = —i, then go(z) = —z + By = T?Olﬁ(z) = Tl_boff"w(z)

If ag = —i, 80 = i, then go(2) = —z — iBy = 7.°W(2) = T°7,“Y(2)

Hence the result holds.

az+p

Let 0 and = .
ety # 0 and g(z) IV

For any Gaussian integer, p, we have

() '9() = v o' 9()

az+ B
WT_“(YZHS)

vz+ 0
(y — @)z + (ué - B)’

In the above, choose u to be [@] and g to be go(z) with yy # 0, then
Yo
Yoz + 0o _ Yoz + 8o
— @)z + (uog — B a @
(1Yo 0)z + (1o — Bo) ([_0 ” _ao)z+( _0] 5o —,30)

Yo Y0
_aiz+p
Y1z + 51

= 912
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where a; = v, 81 = 00, Y1 = [@]yo—ao and 6, = [@]60 — By and where a6, —B1y; = 1.

Yo Yo

1

FurtherN(@ - [@]) < —.
Yo [0 2

Now 0 < N(y;) = N([@] Yo — ao) - N(yO)N([@] - “—0) < 1N(yy) < N(y0). Choosing
Yo Yo Yo

@27 + B2
Y22+ 02
N(y1) < N(yp). Since N(y;) are all positive integers or zero, the process must stop in a

= & and finding ("'y¢)"'g,, we produce g,(z) = in P with 0 < N(y») <
Y1

finite number of steps.
Thus there exists k such that 0 = N(y;) and hence y; = 0.

Then we have:

az + Pk
Ok

(T ®) ™ - () 9(2) = gi(2) =

By the above case for y; = 0 the result is proved. O

~ 1
Theorem 2.3.2. The group P is generated by 7(z) = z+ 1, 7(z) = z+ i, ¢(2) = —, and
Z

k(2) = iz and P is a subgroup of P of index 2.

Proof. Certainly # C # and > = 4. So P <P and |¢ : P| =2 with # = P U kP and hence
i) = <Tl, Tis ¢, K>'

If g e P/Pthen gk € P. SoP =P U Pk or P U KP. O

We have seen in Example that these generators can be extended to act on H> as
—-Z+1tj

J .
_—, = —7+4f s e
2 Y(w) = —z+t], p(w) EE

Z+t
follows. 71(w) = z+1j+1, Tiw) = z+1j+i, p(w) = |Z|2 -
Z

and k(w) =iz +tjforw=z+tje H t > 0.

We further note the geometric interpretations of the action of the generators on H>. 7;(w) =

z+tj+ 11s a translation along the real axis by 1; 7;(w) = z + ¢j + i is a translation along
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Z+1j . . o .
||2—+12 is the inversion in the unit sphere centred at the
<

origin followed by the inversion through the vertical plane on the real axis; Y(w) = —z + tj

the imaginary axis by 1; ¢(w) =

— t /
) is an inversion in
2|2 + 12

the unit sphere followed by the reflection through the vertical plane through the imaginary

is a rotation through x radians about the geodesic Iy; ¢(w) =

axis; k(w) = iz + tj is the rotation through 7 radians anticlockwise about the geodesic Iy.
71, i, ¥ and « leave the j component of w in H? invariant. Hence 7,7, € Stab(co,P)
and 71,7, ¥,k € Stab(co, SZ’). Since ¢ and ¢ involve inversion in the unit sphere, 0 and oo
are interchanged as are the inside and outside of the unit sphere. The point j = (0,0, 1) is
invariant under ¢ and ¢. In particular the j component of ¢(w) or ¢(w) is less than the j

component of w, if w is outside the unit circle.

2.4 Discontinuous Groups

From [6], [27] and [48]], we summarize important results which are used in establishing a

fundamental region for # on H>.

Definition 2.4.1. Let X be any topological space, a subspace of R2, with the usual topology.
Let G be a group of homeomorphisms of X onto itself. We say G acts discontinuously on X
if and only if for every compact subset K of X, g(K) N K = 0 except for a finite number of

ginG.

We will usually take X to be H*. We know that if x € H>, then the stabilizer of x, S tab(x, G)
for G a discontinuous group, is finite [6]. Also, it can be established that a subgroup G
of M is discrete if and only if it acts discontinuously in H®. We must stress that if G
acts discontinuously in some non-empty subset of C,, then G is discrete. The converse,

however, is false. That is, it is possible for G to be discrete yet not act discontinuously on
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any subset of C,. In fact, the Picard group is such a group. To explore this example, we

note the following result [[14]].

Lemma 2.4.2. Let G be any subgroup of M and let D be an open subset of C., which
contains a fixed point v of some parabolic or loxodromic element g € G. Then G does not

act discontinuously in D.

Consider the Picard group acting on C,,. By Lemma it 1s sufficient to show that the
parabolic fixed points of # are dense in C,,. We have already shown that Q. (7) is the set

of parabolic fixed points of #. Since =l is a reduced rational in Q.(i), then we can find

Y
+
S, v such that |ad — By| = 1. Then if h(z) = e +’§ we see that hth™! fixes g and is
vz

Y
parabolic in . Thus P does not act discontinuously in any open subset of C,,. However #

does act discontinuously in H? as it is a discrete subgroup of M. A similar result holds for

aiz +
h(z) = .
@= e

We define a fundamental domain of a group G acting on X. We note that if E c X, then E

is the closure of E with respect to X.

Definition 2.4.3. Let G be a group of homeomorphisms acting on a topological space X

and let D be an open subset of X. If g € G and g # 1,4, implies

1. g D)YND =0, and

2. X=U g(D)

geG
then D is a fundamental domain for G. X is tessellated by the images of D under G.
Equivalently, if we let G be a group acting on a topological space X, then an open subset D

of X is a fundamental domain for G if every point of X is equivalent to at most one point in

P, and at least one point in the closure D of D [6]. From [35, p.67], we have:
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Theorem 2.4.4. Let x be a point of H>, and let G be a subgroup of M. G acts discontinu-

ously at x if and only if G is a discrete subgroup of M.

2.5 Fundamental region of the Picard group

In this section we introduce a proof that
) 3 1 1
D=Rw=z+tjeH : |%(z)| < E’OS J2) < E,la)l > 1

is a fundamental domain of # acting on H>. This proof is based on a result, that establishes

a fundamental domain of the modular group acting on H?.

Definition 2.5.1. A convex polyhedron in H? is the intersection of countably many open

half-spaces in H? created by finitely many planes or spheres in H?. [33]]
Following [24] and [S0], we have:
Theorem 2.5.2. The domain

1

D:{w:z+tjeH3;|9§(z)|<%,0§5(z)< 2,|a)|>1}

is a fundamental domain for P acting on H>.

+
Proof. Letg € P with g(z) = az+p
vZ+0

, a0 —By = 1. We wish to show that the two conditions

in Definition are satisfied.

Ifg=1,,theny==0anda =6. If g # 1,4, then eithery = 0ory # O and [y| > 1,

y € Z[i].
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-y

Figure 2.1: A fundamental domain D of P acting on H>.

az+p
vz +6’
a,B,7,6 € Z[iland @6 — By = 1. Let w = z + tj, t > 0 be in H*. Then by Proposition|1.4.3]

Condition 1: Suppose that for g € P, we have D N g(D) # 0, where g(z) =

(az+ B)(yz+0) + ayt* +tj
lyz + 0> + |y’

g(w) =gz +1j) =
Since D N g(D) # 0, there is w € D with g(w) also in D. Without loss of generality,
replacing g with g~! if necessary, we may assume that the
J component of w < j component of g(w)

or equivalently that

lyz + 61> + [y’ < 1.

L

Since w € D, we note that if w = z + ¢, then ¢ >

=]

We consider the following cases:
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(az+B)d +tj
o]
and 0! = e and |6| = 1. Thus g(w) = @z + SO +tj = 7+ + t].

1. Lety = 0. Then g(w) = and @6 = 1. Then « and ¢ are units in Z[{]

o Ifaa =06 ==I1,theng(w) = z+p +1tj If £ =0, then g = 1,,,, which is
excluded by Definition[2.4.3] Thus 8’ # 0 and so 8 # 0, hence g(w) ¢ D.

o Ifa = +iand 0 = Fi, then g(w) = —z+ " +¢tj. If f/ = 0 then g(w) = —z + ¢}.
For w = z + tj with |R(z)| < 1 and 0 < J(z) < 3, then -1 < J(g(z)) < 0 and

g(w) ¢ D. Since B’ € Z[i], we also have g(w) ¢ D.
Thus if w and g(w) € D,y # 0.

2. Let |y| > 1. Since y € Z[i], we may thus assume that |y|*> > 2. Then

1
bz + 6> + P > lyz + 6 +2 (5)

=lyz+ 6P +1

> 1

If6 =0and z = 0thent > 1and |yz+ 6| + |y[*#* > 1. Thus j component of g(w) < j

component of w, a contradiction.

3. Let |y| = 1. Then we know that y is a unit.

az+pB  « 1

= _ =«
vz+0 vy y(yz+9) +7 40
0 = vyo € Z[i]. Thus g = 74¢15 Or T, ¢Ts. Thus the j component of g(w) < j

’

We write ¢(z) = where @’ = ay! and

component of w, again a contradiction to the assumption.

Hence for all cases, if g # 1,4, D N g(H) = 0 and Condition 1 of Definition is

satisfied.

Condition 2: To verify this condition, consider wy = zo + foj = Xo + yoi +t5j € H>. We need

to find an element z + £j € D, in the same orbit as zq + 1,/ under P.
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Consider all pairs of co-prime Gaussian integers y and ¢. For each co-prime pair (y, §) we
can find a co-prime pair (@, 8) such that @6 — yB8 = 1 (Lemma [2.2.5). For any K > 0 and
v' € Z][i], consider the sphere centred at w, with radius Iyil This sphere may intersect C
and contain at most a finite number of points with denominators being |y’|. Thus the set
of numbers |y’ wy + ¢’| taken over all co-prime pairs of Gaussian integers (y’, ") attains a
positive minimum. Let this minimum be attained at y, and &,. Thus we can find @, and

+
such that g(z) = %z + Po
Yoz + o

and g € P.

t
lyoz + 60 + lyol*t?

The j component of g(w) is
By the choice of the pair (yy, d9) we know that for all g € P, |yowo + dp| is a minimum. Now

0
2+ —

S 2
+t2}
Y

0
2

oz + Sol* + lyol*#* =|70|2{

0
a)0+—0
Yo

=|70|2

2
=lyowo + ol

Therefore for g € P, since the j component of g(w) is then g(wo)

Yoz + 6ol? + lyol?2?’
has the largest j component among all $-images of wy. By composing g with a suitable
element, g’ € (11, T;, ), we may assume that g’g(wy) = z + tj is such that —% <R(z) < %;
0< 9z < % and the j component of g’g(wy) = j component of g(wy). then |g’g(wp)| > 1
where |¢'g(wo)|> = |z]* + 2. Thus we have found an element in D in the orbit of w, under

P. Thus condition 2 of Definition [2.4.3|is satisfied, and so D is a fundamental domain of

P acting on H>. O

Ford [16] uses a fundamental domain of # acting on H? is given as

D= {z+tj€H3 : |8(z)| < %,Os%(z)< %,|w|> 1}
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1 1
= {x+yi+tj€H3 Dyl < §,O§x< §,|w|> l}
where points in H? are ordered triples (x, y,f) where w = z+tj = x+yi+tjin Cand t > 0.

Ford notes that this is a pentahedron lying above the sphere x*> +y* +¢* = 1 where z = x +yi

and enclosed by the four planes x = 0, x = %, y= ‘71 and y = %

Ford notes that for convenience we may double the fundamental domain by reflecting it in

the plane x = 0. This double pentahedron is bounded by x = i%, y = x5 and is referred

2

to as P, a double fundamental domain of . The four faces are called the lateral faces of

the pentahedron and the remaining face, on the sphere x*> + y*> + > = 1 is called the base.

The vertex oo is called the peak of the pentahedron P. Ford further notes that since H?

is tessellated by P under #, the orbit of co under # forms the complete set of peaks of
V2

the tessellation. The other vertices of P lie in the plane 1 = == = % The peaks of the

pentahedra P correspond to the orbit of co under P.

In the next chapter we introduce the Farey tessellation of H>. This is a tessellation of H* by

an ideal octahedron under the action of P.



Chapter 3

Tessellations of H°> under ?.

We have seen in Definition [2.4.3] that if group G acts on the space H* with fundamental

domain D, then {g(@)lg € G} is a tessellation of H>.

3.1 The Farey tessellation of H*

We now consider alternate tessellations of H* under # [9], [34]. Recall the Picard Group is
. . [ L
given by P = (71,7, ¢, ¢) where 71(2) = 2+ 1, 7:(2) = 2+ i, ¢(2) = P and y(2) = —.

While we have established that a fundamental domain of % is given as
R 1 1
D=Rw=z+tje H :|w| > l,|‘R(z)|<§,0<S(z)<§ ,

we choose an equivalent domain as 7(D;) U D, where D, = {a) €D: —% <R(z) < O}
and D, = {w €D:0<R()< %} and 71(z) = z + 1. Since these are all fundamental
domains and are all equivalents, in the sequel we will use D to denote 7,(D;) U D, where

T1(z) =z+ 1.
36
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In this form the fundamental domain is bounded by planes x =0, x =1,y =0,y = %, and

spheres |w| = 1 and |w — 1| = 1. We also refer to this fundamental domain as D.

We follow Vulakh [49] in the construction of the v-cell, N'(v). We write D for the closure
of D in H?. Let Stab(co,P) = (11, T;,¥). Set K = K(c0) = {g(Z_))lg € Stab(co, P)} with
boundary dK. Since g(co) = oo for all g € Stab(co,P), K(co) is the union of images of D

each with a vertex at oo.

The intersection, 0K N 5, is called the floor of D. If g € P, then we have shown that g(oc0)
is in Qu (7). We note g(K(0)) := K(g(c0)), the union of images of D with vertices at g(o0)

forg e P.

We note that 0K is composed of components of dimension of 0, called vertices of K; of
dimension 1, called edges of K; and dimension 2, called faces of K. The vertices, edges
and faces of K that belong to D will be called vertices, edges and faces of D. We now
choose D, Ut (D) as a fundamental domain and without loss of generality denote it again

by D. We note that v = 1 + 3i + %j is the only vertex of O. The points j, 1 + ?j, 1+,

1+ %i + g J and %i + %5 J are not considered to be vertices of 9, since they are not vertices

of K even though multiple planes meet at these points.

We note that a face, ¢, (component of dimension 2) of K lies on the isometric sphere of
g; € P with centre at g,(c0) in Qu (i), g; € Stab(co,P). The non-vertical faces of D lie on

the isometric spheres centred at 0 and 1 with unit radius.

The projection, p, of the face ¢, from oo onto C is the polytope with p(g,(0)) = p(u,),
u; = g;(c0). These squares tessellate C where C,, = H>. Certainly the unit square with
vertices {0, 1,7, 1 + i} and centre at ﬁ tessellate C under S tab(co, P) to form a centred

lattice of C.
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The vertex v of O and S tab(v, P) play a central role in establishing the Farey tessellation
of H3. It is shown [18] that Stab(v,P) is isomorphic to A4, the alternating group on 4

elements. In fact Szab(v, P) has a presentation of the form

Stab(v,P) = <0‘,~,<71 : G? = U? = (oi01)* = 1)

-1
where o; = ¢T;1 and oy = i@ and 0 = 0;0. That is, 0;(z) = and o(z) = — + 1
z

and o(z) = = [12], [13], [37]. These twelve elements of S tab(v,P) act on D =

(1+i)z—1i
DQ UT](D]).

The union, |J g(@) is a closed ideal octahedron in H? with vertices at o0, 0, 1,7, 1 +i
geS tab(v,P)

and ﬁ and is called the v-cell N(v).

Since H? is tessellated by O under P, so too is H* tessellated by N(v) under P. This

tessellation is invariant under . Hence we have:

Theorem 3.1.1. H3 is tessellated by N (v) under P. In fact each octahedron in this tessel-

lation is in the orbit of N (v) under P.

Definition 3.1.2. This tessellation of H* by N (v) under P is called the Farey tessellation of

H3.

Vulakh [49] notes that when the fundamental domain D = D, Ut (D) has only one vertex,
v # oo and v not on a lateral face of N'(v), then N (v) is a fundamental domain of a subgroup
of P whose index in ? is equal to |S tab(v, P)|. We recall that vertices on vertical and lateral

faces are not considered as vertices.

Before examining the Farey tessellation in more detail, we will show that we can find a

unique normal subgroup of  whose fundamental region is the interior of N(v).
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Following Fine and Newman [13], we can construct this normal subgroup from the com-
mutator subgroups of a group. We recall that if G is a group, then the commutator subgroup
G’ of G is the subgroup of G generated by all commutators of G. That is, if x and y are in
G, then xyx~'y~' = [x,y] is a commutator and G’ is the smallest subgroup of G containing

all the commutators.

We write G’ = [G : G] and note that G’ <G, G/G’ is abelian and isomorphic to G where
G*! is the maximal abelian subgroup of G. In our case we have #’ = [P,P] and P’ <P

with P/P” = D, (Klein 4-group). That is, |P : P’| = 4, where P = D, [13].

We then consider $” = [P, P’] so that P <P’ and P’/P"” is abelian and isomorphic to

Prabl or Cy the cyclic group of order 3 [13].
So [P’ : P”| = 3. Since P’ « P’ <P we have that |P : P”’| =P : P||P : P"'|=4-3 =12.

Fine and Newman, [[13]], further establish that #” is the unique normal subgroup of # of
index 12. In fact P/P” = S5 x C,. It is also established in [13]] that ¥’ is the smallest

normal subgroup of P containing 7 where 7 = —z + (1 + i) = o"j0; and 7% = 1.

This subgroup of # contains all conjugates of 7 by elements in #. In particular 7, T 77},

it !, o1t ymy~! and their inverses are in this P
Fine and Newman [13]] give a presentation for P = (xi, X2, X3, X4, X5, X¢) With the relators
2 _ 2 _
xX;=x5=x;=x;=1and
2 2 2 2 2 2 2
(x1x2)” = (02x5)" = (X1X6)" = (xaX5)” = (X3X6)" = (X1X6X5X2)" = (XX5Xax3)" = 1
where the elements x; to x¢ are as follows:

X1 = T

X2 = 9T
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X3= T
_ -1
X4 = QOTyy
_ 2
X5 = @T@
X6 = T%

Certainly the generators of $” associate the edges of N(v), satisfying the Poincaré Theorem

[6].
Then #” has the interior NV (v) as a fundamental domain.

As seen, the non-vertical faces of the v-cell N(v) are surfaces of isometric spheres with

radii % with centres at +i, 1+ % These spheres meet at the point ﬁ and o(o0) = ﬁ

1i1
222
Since Stab(v,P) = A4, then Stab(v,c0;P) = {1,710} = Stab(v,P) N Stab(co,P) and
|S tab(v, P) : Stab(v, 0o; P)| = 172 = 6. Thus Stab(v,P) acting on oo yields the six vertices
1
of the v-cell N(v)as V = {00,0, 1,1+14,1, 1—}
-1

For any g € P, the set g(N(v)) := N(g(v)) will also be called a v-cell. We show that all

possible images of N (v) are ideal octahedra.

Lemma 3.1.3. If g € P and N(v) is the v-cell (ideal octahedron with vertices V) then

g(N(v)) is an ideal octahedron with vertices g(V).

Proof. N(v) is an ideal octahedron with all six vertices on C. These vertices are oo, 0, 1, i,

1+iandﬁ.

Since g € P with @, B, y,6 € Z[i] and the vertices are also elements in C, the images of the

vertices will be complex numbers also. O
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3.2 The Ford Spheres in H?

Let g € P where g(c0) # co. Let a Ford sphere, S,.), be the boundary of the horoball,
or open Euclidean ball in H? tangent to C,, at g(co) having radius % where r = r(g) is the

radius of the isometric sphere /(g).

az+p
If =
g9(2) —

= 1 1
—(—)' = —andr=—
4 [yl b
Recall that S, the Ford sphere at oo is given by the plane r = 1. So the radius of S,
1
g(o0) # 00 is —. We recall that g(o0) is in Q. (i) and is a reduced Gaussian rational [39],

21
[47).

We follow Ford [[15]] in the next result.

Theorem 3.2.1. A Ford sphere is either adjacent or wholly external from another Ford

sphere. In general, if the Ford spheres are based on 5 and /53 € C, then the spheres are

adjacent if |ad — By| = 1 and wholly external if |a6 — By| > 1.

Proof. To prove that a Ford sphere is wholly external, adjacent or intersecting another
Ford sphere, we consider the centres and radii of the two spheres. If the distance between
the centers of the sphere is greater than the sum of the radii, then the spheres are wholly
external. For adjacent spheres, the distance equals the sum of the radii, and if the distance

is less than the sum of radii, then the spheres intersect.

1
Sa has centre — + ——j and radius —

1
GTE similarly for Sﬁ, the centre is '[—3 + 2|6|2] and

2y’

radius is ——
iu Tk

B 1 a 1
(6 2|5|21) (7 2|y|2’)

Then

2_( P, )2+|a6—ﬁy|2—1
2101 20yl lyol?
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The expression |ad — By|*> decides the interaction of the spheres. Since «,,y,6 € Z[i] we

know that a6 — By|*> can be 0, 1 or greater than 1. For |a:d — By|* = 0, g and g are the same
Y

fraction. For adjacent spheres, then |6 — By|* = 1. |ad —By[> > 1 results in wholly external

spheres. O

We recall that if y = 0, then S, or S% is defined to be the plane: {z +tjeH = 1}. Thus
S. is adjacent to all S% = 8,, where a € Z[i], since [1 - 1 —a - 0| = 1 for all @ € Z[i].

Further, if S% is adjacent to S 1 then |y| = 1 so y is a unit and % = % where o’ € Z[i].

The open Euclidean horoballs are denoted by Ry or R Where R, = {z +tjeH 1> 1}.

The exterior of all the open Euclidean horoballs in H? U Q. (i) for g € P is called the mesh.

The theorems on the octahedra have natural duals with respect to the Ford spheres. As such

the following Theorem is a dual to the Lemma[.3.1]

Theorem 3.2.2. All Ford Spheres are in the orbit of the Ford sphere S, under the action

of the Picard group.

Proof. Let S% and S%s be adjacent Ford spheres touching C,, at % and g respectively. By

az+ﬁ;h(oo): o
yz+0 Y

Theorem|3.2.1|we have |@d6—fy| = 1. Thus we can find & € P with h(z) =

_B _ﬁZ+a : _B _a
and h(0) = 5 or h(z) = m with A(co) = = and h(0) = >

Then h~! (8%) = S, is adjacent to & (Sg) = 8, touching C,, at h™! (%) =ocoand h™! (f—;) =

0 respectively. Since h € M, and S, is adjacent to S; at the point j, the two spheres S%

and Slg are adjacent at A(j).

. . . . . B - .
Certainly for any sphere S% and S € Qo (i), we can find infinitely many % in Qu(i) such
that |@d — By| = 1. Thus we can find & € P with h(S.) = S%. Thus each Ford sphere is in

the orbit of S, under P. m]
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Theorem 3.2.3. Let S% be the Ford sphere at % € Qu(1).

1. At least one § € Qo (i) can be found such that |ad — By| = 1. So Slg is adjacent to Sg.

2. If S% and Sg are adjacent Ford spheres, then all adjacent Ford spheres to S% are

S%n where g—: = Z;’—:ﬁ and €, € Z][i].

Proof. 1. Given that & and y € Z[i] are reduced and co-prime, by Lemma[2.2.5 we can
find 8 and § € Z[i] such that |ad — By| = 1. Thus by Theorem , S% is adjacent to
Ss.

=

2. Let 5 = 225, Then |a(e,y + 6) — (€ + B)yl = lad — Byl = 1, since Sa and S are

adjacent Ford spheres. Assume S z and S: are adjacent. By Theorem , we have
+
g(2) = % with g € P and g~' maps S% and Sg to S, and S 0 respectively. Thus
vz
Sg—l(lal) is adjacent to S,.. Let g~ (ﬁ) = :T Since SHUTI, is adjacent to S%, lw'| =1 and

’ +
w'’ is a unit. Thus = = £ where € € Z[i]. Thus £ = g(e) = ae

? as required.

Ford [16] notes that since S, is the Ford sphere given as t = 1, the image /(Sw) = Siwo) 18

+
the sphere tangent to C at h(co) = 2 where h(z) = az+p
Y YZ+0

and h € P.

Ford also notes that the part of H® above the plane S, is transformed to the interior of
h(S.), while the part of H* below S, is mapped to the exterior of A(S.) = Sjw). Since

S. is tangential to the base of D, the image of S, is tangential to the bases of all the
az+p
+0

pentahedron with peaks at 2 where h(z) = ,heP.
Y

Ford further notes that the sphere S.» will be adjacent to a sphere S s if a pentahedron with

@ . . . o
peak at — has a base in common with a pentahedron with peak at —. In other cases the
Y Y
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spheres are entirely exterior to one another.

Ford proves the following result:

’

Theorem 3.2.4. The necessary and sufficient condition that a pentahedron with peak at 1,
Y

. a . .
and a pentahedron with peak at — have a common base is that ay’ —ya’ = £1, +i.

This result is recorded as [15]].

We have from Ford [15]]:

Theorem 3.2.5. For any pair of adjacent Ford spheres, there are 4 distinct Ford spheres

that are simultaneously adjacent to each sphere.

Proof. Consider S, and S, adjacent at j. Then S;, S;, S_;, S_; are adjacent to both S,
and Sy. By Theorem [3.2.2] since any pair of adjacent spheres can be mapped back to S,
and Sy by g~' € P, we have Sy1), Sy Sy-1)> Sy Will be adjacent to the given pair of

Ford spheres. O

Definition 3.2.6. The right side of the vertical plane in C,, formed by 0, i and o is defined

to be the inside of the generalized sphere circumscribing oo, 0 and i.

Theorem 3.2.7. If we have three Ford spheres that are mutually adjacent, then we can
find exactly three spheres, each adjacent to two of the original three spheres, that are also
mutually adjacent and whose points of tangency to C, lie inside the circumscribed circle

of the original three tangency points.

Proof. Since Theorem shows that all Ford spheres are in the orbit of S, we can
look at a general situation with S., and map the general situation to the specific case using

geP.
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Consider S.,, Sy and S; which are mutually adjacent. Taking each pair of Ford spheres, we

find the set of mutually adjacent Ford spheres of which there are four in each set.

S. and §p have {S;,S;,S_1,S_;} as an adjacent set,
S. and S; have {Sy, S1+i, Si—1, 82} as an adjacent set and

Sy and S; have {Sw, S.’%’S%’ S%} as an adjacent set.

Then Sy, S &L and Sy, are three spheres with tangency points inside this circumscribing
sphere. These spheres S;, S Lo S\.; are adjacent to two of the original Ford spheres, S,

So, S, and are adjacent to the other two spheres. O



Chapter 4

Farey Triangles and the Farey

Tessellation

We know that geodesics in H? are arcs of semicircles in H® orthogonal to the boundary
C. of H? including vertical rays in H* orthogonal to C. In what follows, we distinguish a

particular class of geodesics in H? and hence a particular class of triangles in H? too.

4.1 Farey neighbours and Farey geodesics

a+ib

We know that Q(i) = { ca,b,reZ,r # O} is the field of quotients of Z[i]. We extend
this field to include oo in the usual way and write Q. (i) = Qi) U {oo}. Let U = {+1, +i} be
the multiplicative group of units in Z[i]. Further, N(u) = 1 if and only if u is a unit. We
also recall that o and S in Z[i] are co-prime if gcd(a, B) = u, where u is a unit in Z[i]. We

know from Lemma that gcd(a, B) = u, 1 a unit if and only if we can find vy, § in Z[{]

46
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such that |@d — By| = 1. From Definition [2.2.6{ we know that a rational, g, v # 01in Q)
Y

is said to be reduced if gcd(a,y) = u, where u is a unit or equivalently we can find 6, 8 in

Z[i] such that |@6 — By| = 1.

1 L @
‘We note that co has a reduced form as o Further, we note that if — is reduced, then il

Y 1254
is reduced for any unit g in Z[i]. If g € Qu (i) and N(y) = 1, then vy is a unit and we may
Y

reduce < to ? where o € Z[i] with N(y) = y7 = 1.
y

Definition 4.1.1. Two reduced rationals, il and'g in Qu (i) are said to be Farey neighbours
Y

if lad —By| = 1. We write 2. § In fact each reduced rational a has infinitely many Farey
Y Y

neighbours.

1 -
We note that 0" /%) for all B8 € Z[i]. It is clear that if 2. §, we can find g € P such that

Y .
g0 = & and g(0) = 2. Actually it & ~ £, then either g(z) = B or g(z) = Y28
0% 0 vy 0 vZ+ 0 viz + 0

are in P, where g(o0) = a and ¢g(0) = § in either case. Hence we can find g € P such that
Y

g(e0) = = and g(0) =
Y

S Rey)

. Further, it is noted that if e §, then |@d — By| = 1.
Y

The following useful result about Farey neighbours can be established.

B

Lemma 4.1.2. 1f % ~ 2 then n(%) ~ h(—)for hed.
y 6 Y 6

Proof. Since 2. 'g, we know |@d — By| = 1 and a_ g(0), g =¢(0),g € P.
Y Y

Thus h (g) = hg(oo) and h (g) — hg(0) with hg € P. That is, we can find o/, B, ', & with
y

’ + /) /7 /
hg(z) = aztp , hg € P and hg(oo) = Z, hg(0) = ﬁ—-
yIZ + 5/ ,)/l 6/

Since |@’6" — By'| = 1, we have . K orh 2\~ h (é) as required. m|
y & 4 g
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Definition 4.1.3. A geodesic in H® is called a Farey geodesic if its endpoints on C., are

Farey neighbours.

1t < and 'g are the endpoints of a geodesic we may write the geodesic as [g : ’g] or A, 5.
Y Y Y’

SEEs

1 0
In particular, A 0 = [— : —] is a Farey geodesic. We refer to it as the fundamental Farey

0 1
geodesic, denoted by 1.

1
0°

We know that any Mobius transformation g maps circles and spheres conformally to circles
and spheres, and hence g maps geodesics to geodesics in H*. We note that g € M may map
the interior of a circle or sphere to either the interior or exterior of its image. It follows

that if A is a Farey geodesic with endpoints 2 and 'g inCand h € P C M, then h(A) has
Y

endpoints & (g) and h ([g), which are Farey neighbours, and thus 4(A) is a Farey geodesic.
Y

In fact we have:

Lemma 4.1.4. The set of all Farey geodesics in H? is exactly the orbit of Iy under P.

We note the 12 geodesic edges of the octahedron N(v) with vertices {00, 0,1,i,1+1, 1%1}

that tessellates H* under % are all Farey geodesics.

We notice that adjacent Ford spheres and Farey neighbours have the same condition of

| — By| = 1. Thus we make the link between the two:

Corollary 4.1.5. Two Ford spheres S% and S%g are adjacent if and only if |ad — By| = 1 if

and only if A, g is a Farey geodesic.
e,

We note that there is a correspondence between the Ford sphere S g and the parabolic fixed

point % on C. Further, there is a correspondence between the Farey geodesic A, s and the
Yy’
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adjacency point between Sg and Ss. So the adjacency points between Sg and S are in
6 o

the orbit of j under P.

Hence we note Ford spheres are in the orbit of S 1 under $, while the Farey geodesics are in
the orbit of I under . This duality results in the extension of theorems on Farey geodesics

to theorems on Ford spheres and vice versa.

=

Figure 4.1: The duality of Farey geodesics and Ford spheres in H*.

4.2 Hyperbolic triangles and Farey triangles in H>

The ideal triangle with vertices co, 0 and 1 on C, is called the fundamental triangle and
denoted by Ty. The sides of Ty are Awp, Ao and A; . These geodesics are all Farey
geodesics and together with Ty play a central role in the development of the Farey tessella-

tion of H? by the ideal octahedron, N (v).

Definition 4.2.1. A triangle in H? is a Farey triangle if the bounding geodesics or sides
of the triangle are all Farey geodesics. Thus Farey triangles are ideal triangles whose

vertices, in pairs, are Farey neighbours.

In particular Ty is a Farey triangle. If co is not a vertex of the triangle T, then the projection

from oo onto C of T is an Euclidean triangle with the same vertices as T. We may call this
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triangle in C the polytope of T. In this case, we will use the vertices of T to refer to either

the Farey triangle or its polytope. If oo is a vertex of a Farey triangle then its polytope in

C 1s a straight line. That is, the projection of T, can be regarded as the extended Real axis,
a B

1
while the projection of T = {6’ T T} where f = @ + 1 or @ £ i, is a vertical or horizontal

line in C,,. Such triangles are called degenerate triangles with straight line polytopes.

4.3 Generalised Farey sets of Farey triangles

Lemma 4.3.1. Let Ty = {c0,0, 1} be the fundamental Farey triangle. Then every Farey

triangle T in H? can be written as g(T,) for some g € P.

. . . . .« o’
Proof. Consider any Farey triangle in H* with vertices —L, =2 and = where
Y 72 Y3

la1ys — asyil = lanys — aszys| = larys —azyi| = 1.

Let ayy, —axy) = u, ayys —aszy; =vand a1y; —asy; = wwhereu,vand w € U = {1, £i}.

+ —
Let () = 227 Githg'() = 2222
YiZ+ Y2 —Yi1Z + a
162 az — - T . :
Then g~! (—3) St B B where 71 = —v and p = w are units in Z[i] and
V3 —Y1a3 + a1Y3 w 1Y
clearly T is a unit in Z[i]. Thus g T) = a/_3.
Y P V3
a1 (5)z+ @ amz+ a a
Put go(z) = ) = DT then go(00) = L, go(0) = 2 and go(1) =
n(E)z+y VI EYP Vi 72
aT+ ap _ 2\ _ a3
VT VD g(;) Y
Vit + Y20 V3

We note that |7, pys — py1nas| = |7pllaiys — yias| = 1 since 7 and p are units and g € P.
a1 inz + amp

- and then g, € P. O
YURZ + Y20

If go ¢ P we may consider go(z) =
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a
Definition 4.3.2. Given a Farey triangle T in H® with vertices —, t = 1,2,3, then each
Y:

vertex can be written as a Farey sum of the other two vertices with respect to some unit u
. : : Q  pa;+ g .. .
in U. That is, there exists u € U such that — = ——— where i, j, k are distinct and may

Yi o KVt Yk
be 1,2 or 3.

Definition 4.3.3. The norm of a Farey triangle is given by N(T) = N(y;) + N(y2) + N(y3)
where T has vertices ﬂ, %, B andTisa Farey triangle.
Y Y2 V3

We note that N(Ty) = 2. In fact, N(T) = 2 only for triangles T with co as a vertex and that
N(T) > 4 if coisnot a vertex asin T = {(T)’ %, ﬁ} We may order the vertices of T where ;’—

i =1,2,3 with N(y;) > N(y,) > N(y3).

In what follows we will write T with N(y;) > N(y2) > N(y3), and g : Tp — T with
Qi Uz + ap

g(z) = —, u any unit. We make the following important observations about the
YIHZ + Y2

ideal octahedron, N(v). These observations concur with the representation formulated by

Schmidt [43, p.4].

Example 4.3.4. The octahedron N(v), v = % + %i + % J has 8 faces, each being a Farey

triangle. Further we note that each face can be written as g(T,) for some g € . These
maps g € P correspond to the matrices given by Schmidt [43]] as Vy, V,, V3, Ey, E,, E3, and

C. We note that the maps g may involve «(z) = iz, where « ¢ P.

Let 7, 7, ¢, ¢ be as before. Recall oy = Ty¢ and 0; = ¢Ti_1 then:

2+ (=1+19)
(I-iz+1
1
(I-dz+i
tr (110
1

Let c(z) =

i
z+ (=1 +19)

(I-1-
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= ¢TCPT L (2)

1 -1+
With corresponding matrix M, =
1-1i [
Then
10
Ty ={c0,0, 1} with M; =
01
1 i
7i(To) ={oo,i, 1 + 1}, M, =
01
1 1 0
O-IlTio-l(TO) = {l, O, —} . MO'_]T'(TI =
1-1 v ;
- 1
1 1-1 1
0'1T,'0'I1(T0) :{1 +i,?,1}, MG.IT’_O_; =
o - 1+
i 0
K(TO) :{OO’ 07 l}a MK =
0 1
1 1 0
o ko (To) :{—.,0, 1}, My =
1-1 ! )
1—-1i i
I -1+
aiko (To) ={oo, 1+, 1}, My ot
0 i
0 -1
7' (To) ={0. 1,00}, M1 =
1 -1
1 -1+
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The triangle T can be considered to be circumscribed by the plane

H* :{z+tj:x+yi+tj€H3:y:O}.
For g € $ C M, the triangle T = g(T)) is thus circumscribed by a sphere g(H~*). The plane
H* separates H? into parts {z € H®> : y > 0} and {z € H? : y < 0}. The former is called
the inside of the sphere H*, while the latter is called the outside of H*. Similarly g(H")

separates H® into two parts inside the sphere and outside the sphere. We extend the notion

of Farey addition [22] to a concept of a Farey set [25].

Definition 4.3.5. The Farey set of the pair D nd 2 is defined as follows:
Y1 V2

a a
Let —~ and == be Farey neighbours in Q. (i). Then
Y1 Y2

+ +
a_l@a_z:{/u;HeU}:{g@;ﬂeU,g(Z):M}
Y1 Y2 HY1 + 72 YiZ+ Y2

a o’
is the Farey set corresponding to the neighbours —L and =2. Each element in the Farey set
Y1 V2

is called a Farey sum of the neighbours. Subsets of this Farey set are called Farey subsets.

Since |U| = 4, the Farey set of a pair of Farey neighbours consists of four distinct points.

1
Example 4.3.6. Considering the points oo, 0, 1 and the maps ¢(z) = —, 71(z) = z+ 1 and
b4

1
o11(2) = T we see the Farey sets as follows:
Z

1 0 I -1 i —i

1 1

0 @7 =0 l+il—d} ={ri(): pe U

0 1 1 1 1
TEBT—{E,W,m,l_i}—{(ﬁﬁw)-ﬂe{]}

The union of the Farey sets of the vertices, taken pairwise, has 12 elements and can be

written as the union of 3 disjoint sets as follows:

1 1 1
-1;0;=;1;2;00p USil; ——; 1 +ipUS—I; 1 — 1 -+ = A1 UAy UA;
2 1-—1 1+
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We see that the elements in set A; all lie on the plane H* and include the given vertices O,
1, oo, and the additional 3 points —1, 2 and % The set A, lies ‘inside’ the sphere H* while
the points in Aj lie outside the sphere H*. This example displays a duality between results

of Farey geodesics and Ford spheres as seen in Theorem[3.2.7]

Theorem 4.3.7. Let Farey triangle, T = {ﬂ, %, %} in H? is circumscribed by g (H*)
Y Y2 V3

where T = g(Ty), g € P. The Farey sums of the vertices, taken pairwise, result in 12

distinct points, 6 of which lie on g (H*) (including the given vertices), 3 lie inside g (H")

while 3 lie outside of g (H*).

To establish this result we need the following Lemma.

Lemma 4.3.8. Forhe P, h (ﬂ @ %) s (ﬂ) @h (%)
Y 72 Y1 Y2

+
Proof. D2 andso ﬂ@ 2 _ {M uelU } Assume without loss of generality
Y1 72+ Y1 Y2 Hyr +72
that g(z) = 2272 c P with g(oo) = 2 g(0) = 2. S0 L 0 L2 = (g(u) : € U). We
Y12+ 72 Y1 Y2 Y1 2

1 0 1 0
have ~ ® - = {u: p e U} = {1, +i}. Thus g[- @~ | = L & 2.

0 1 0 1/ v »n

1 0 1
Let h(2) = 2P bein®. Then h(ﬂ ® %) - hg(— ® —), hg € P where hg(—) - h(ﬂ)
yz+90 Yi oy 0 1 0 Y1

and hg(?) - h(%)
Y2

Further

hg() = h(gw) = h {w}
YiIH+ Y2

U+ ar
et laales B

YIM T+ Y2
QU+ as

YRt Y2
alap + az) + By +v2)
Y(au + az) + 6(yi +y2)

+0
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waay + Byr1) + (aas + Byr)
ulyay + 6y1) + (yas + 6y2)

Thush(ﬂea%)zh(ﬂ)@h(%). 0
Y1 Y2 Y1 Y2

Proof. (Theorem{4.3.7) This result follows since g € £ € M and g preserves spheres while

perhaps interchanging the interior and exterior of spheres and Lemma|4.3.8 O

a, _«
Theorem 4.3.9. If n By, Qoo (7) then each element in the Farey set, — o= isa Farey

Y "2 Y "
a; . . a 04 Q; .
neighbour of each of the neighbours —, i = 1,2. We write {—1 ® —2} ~—fori=1,2.
i Y 72 Vi

+ + i

Proof. il ® 2 _ {g(u) : p € U} and g(z) = TETD Now gu) = TETR Y Gnce
Yio Y2 Y12+ 72 YiLtY2 i
lyi(au + @z) — ai(yipn + v2)| = lyiaiu + yiap — apyi — @yl = 1 fori = 1,2 since pis a
unit. Thus {ﬂ <) %} N fori=1,2. m|
Y72 Yi
The next result follows immediately.
Corollary 4.3.10. If @ %, then ﬂ, e and each element of il ® e form Farey
Y1 V2 Y "2 Y "

triangles.

Example 4.3.11. Consider the fundamental triangle T, = {(l), :, %} and the subset of Farey
sums that lie in the interior of H*, namely {i, 1+1, %_l} Using these three vertices together

with the vertices in the set { , %, %}, we can form 7 new Farey triangles as follows:

1 1 1 1 1 1
{6,0, i}; {6’ 1,1+ i}; {6’ i1+ i}; with co = o as a vertex and {O, 1, 1—_1}, {0, A 1—_1},

1,1 +1, ! - 2 i,1+i,# ; with ! - as a vertex.
1-1i 1-1 1—1

These triangles together with the fundamental triangle, T, form the 8 faces of the octahe-

1 1
dron, Nv),v ==+ =i+ —].

2722
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1
If we consider the Farey subset, {—i, 1 -1, ﬁ} lying outside of H* we may form 7
l
Farey triangles outside of H* and hence an octahedron with the 8 triangular faces. The
fundamental triangle, T, is the common face of these two octahedra that are inverse of

each other with respect to H*.

Theorem 4.3.12. Every Farey triangle in H? is the common face between exactly two ideal
octahedra in H3. These octahedra are inverse to each other with respect to the circum-
scribed sphere of the Farey triangle. The internal and external vertices are Farey subsets

of the vertices of the given triangle.

Proof. This result follows by Example and the fact that g € ¥ maps spheres to
spheres and Farey neighbours to Farey neighbours, possibly inverting the interior and exte-

rior of spheres. O

Definition 4.3.13. The internal Farey triangles in Theorem form the inner Farey
subdivision of the given Farey triangle. The reflection of the Inner Farey subdivision in the

circumscribed sphere is the outer Farey subdivision of the given Farey triangle.

4.4 Fundamental properties of Farey triangles in H?

Following Schmidt [44] we establish the theorem.

1

Theorem 4.4.1. Let { € C satisfy |{ — il

, Yo # 0, then ( lies inside a Farey

2ol N2yP
polytope with vertices in Q(i) and with =2 as a vertex. Further, \2 is the smallest constant
Yo
such that this holds.
. @y a; @ | . . R .
Recall if T = {—, —, —} s a Farey triangle in H” where y; # 0, i = 0, 1, 2, then the Farey
Yo Y1 V2

polytope is a Euclidean triangle in C with the same vertices as T.
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We establish the following Lemma to prove Theorem [@.4.1]

Lemma 4.4.2. Let T be a circle in C with radius V2 and arbitrary centre O. Then one can
select 4, 6 or 8 lattice points in C from Z[i], all different from O and lying inside or on the
boundary of T such that the selected points 71 = Z,41,22,23, "+ * Zn» B = 4,6 or 8 satisfy the

following conditions:

1. |zjs1 — zjl = 1 or equivalently z; ~ zj,1 for 1 < j<n+1;
2. the polygon 7,25 - - - 7,21 is a rectangle with O as an interior point; and

3. circles through O, 7,71, 1 £ j < nare wholly inside or touch the boundary of T'.

24 <3 %)
Z5 <1
¢
26 <7 <8

Figure 4.2: n = 8

Proof. Since the radius of I is V2, there are definitely lattice points contained inside T.

First we consider the implications of the third condition. Let C; be a circle through O, z;
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Figure 4.3: n =6

Figure 4.4: n =4

and z;,; that has diameter d; with angle «; at z jéz i+1. Since O, zj and zj,; lie in or on the
boundary of I', we know that the diameter d; of C; is less than or equal to V2, equality

occurring if C; is tangential to I'.
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Figure 4.5: z; lying on I"

We note that if z; is on the boundary of I" and C}, then zj,; cannot lie on the boundary of T',

since I' and C; can touch exactly once if C; lies inside or on the boundary of T'.

Figure 4.6: z; lying inside I

The angle a; is the angle z;0z;,; and is less than . Then using any diameter d; of C; and

sina ; sin 2 lzi — zinl
= —Zandsod; =~ If |z — zju = 1 (first
lzj=zjual  dj sina;
1 1
< V2,sosin@; = — > —
. —_— b ] —
sina; di — \2

by the sine rule, we have

condition), then d; = . Using the sine graph we see that
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RV

Sajéjforléjén.

Figure 4.7: z; lying inside I' with different «;;

Thus if the first condition holds, then the third condition reduces to showing that

IA

(01

IR

3
Zﬂforlstn.

To prove the Lemma we distinguish three general cases according to the position of O in
the lattice Z[i]. All other possible cases are proven using the same methods in the three

shown here.
Case (1) O i1s a lattice point, so O € Z[i] or O = %, a € Z[il, B = +1, +i.
Case (ii) O is at the midpoint of a lattice line, thus O = % ¢ Z[i] where 8 = 2, a € Z[i].

Case (iii) O is the centre of a lattice square, thus O = % and |B]> = 2, and % ¢ 7]i].

- 1 1
Thus by congruence modulo £ we have O the origin, O the point 3 and O the point 13
-1

respectively.

Case (i). The centre O is a lattice point and I has radius V2 as shown in Figure Without
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loss of generality, regard O to be the origin in C. Then I' includes the points +1, +i inside
I' and +1 + i on the boundary of I'. The points {1,1 +i,i,—1+i,—-1,-1—-i,-i,1 -1i} =
{z iij=1,-- 8} all lie on a square in I" (or on boundary) and O is at its centre. Each is a
unit distance from every neighbour. Finally z jéz j+1 18 ;—T for 1 < j < 8. Let C; be a circle

£l +i 1
through z;, O and z;,; for 1 < j < 8. The centre of C; is at = . Thus C; also

2 4l
passes through either z;,, or z,_;, and has diameter V2, the radius of I'. Thus C; and I are

tangential at z; or z;,;. Let Qg be the region enclosed by the circles C;, 1 < j < 8. Thus g

will have vertices {Z jrj=1 8}. The same result holds using any lattice point in Z[].

Case (i1) Without loss of generality, assume O is point % as in Figure We note that

E—(1+i) V3 ! V3

———i

2

7

ITHHd‘——i =

2

Figure 4.8: Case (i1)
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A circle centre % radius V2 will include lattice points
{07_1’1_l,1’1+l,l} = {Zj _]: 1,"'6},

all in the interior of I'. Certainly conditions (i) and (ii) of the Lemma are satisfied. Let
C; pass through 1, z; and z;,; for 1 < j < 6. Draw a diameter of C; from 1 to cut

the segment z;z;,; at z and C; at x and I' at y. Using Pythagoras’ theorem, we see that

-4 = () - () =3

1
T—a; s 1 _
Leta = ! then cos @ = 2= ——, while cota = x4
N3 3 1
5 2
1 1 11 1 1V2 342
Thus |- —x|=|z—z|+lz—x|=—=+zcota= — + -— = — < V2.
us |5 = x iz z’ Iz — x| NG 5 cota 522 1 2
.. . T 3 )
So C; is interior to I', andZ <a;< T I1<j<e6.
. . . 1 1
Let Q¢ be the region bounded by the circular arcs of circles centred at T and T3 of
-1 i

1
radius 7 The vertices {Z pij=1,--- 6} lie on the boundary of Q. The result holds for
2

all points in €¢. Similar results will hold for circles taken as é 1+ é and % + i and in fact

at any midpoint of a lattice line.

1 I+i
Case (iii) Without loss of generality, let O be the point == ! and T be the circle
-1

centre O radius V2 as in Figure

The points {0, 1,1 +i,i} = {zj j=1,-- -4} all lie inside of I'. Let C; be a circle through

O’Zj7zj+1 for1 < ] <4,

1
We see that |z; — zj.4| = 1 for 1 < j <4 wherez; =zsand 0,1, 1+1,iis a square with T3
i~ < —;

. T . . . .
as centre. Angle «; is 5 and so z;z;, 1 a diameter of C; for 1 < j < 4. Draw a diameter

1 :
from -7 perpendicular to z;z;,; to cut C; at x, z;z;,1 at z and I" at y. Then .=zl =
—1

-1
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BN
<P
=%

\/

—_
||

Figure 4.9: Case (iii)

1
1—i °

and so C; lies inside I" with -7 X,y and z are collinear. Consider circle centre at x and

= V2. Certainly >

1
1—; Y

1
1 1 1
|Z—X| = Edj = §|Z‘,’—Zj+1| = Eand‘l—_i—y

: : . .1
radius —= foreach 1 < j < 4. Let Q, be the region between these circular arcs of radius —

v V2
then the result holds for each point in €4. The vertices {z jij=1,- 4} lie on the boundary

of Q4. Similarly we have the same result with the centre point of a lattice square in Z[i].

We note that the union of Qg, Q¢ and Q4 will cover the whole of the unit square {0, 1, 1 + i, i}

in the lattice of Z[i] on C. The same result holds for any unit square in the lattice Z[i] in C.

Hence for any point O in C, the region containing O is congruent to the square {0, %, ﬁ, %}

modulo S tab(co, P). A circle I centre O radius V2 is thus congruent to the union of the

regions (g, Q¢ and 4. Thus the result holds in general. O
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Proof. (Theorem4.4.1)) Let C be a circle centred at 20 with radius . The Theorem

Y0 V2lyol?

claims that the closed disc of C is covered by the set of all Farey polytopes (T) with 20 s
Yo

a vertex. Using Lemma we shall prove that 4, 6 or 8 such Farey polytopes will suffice
to cover the bounded disc of C (Figures .10} @d.11] and [d.12).

Figure 4.10: The covering of the bounded disc of C by 8 triangles.

1
2-i 1-2i

Figure 4.11: The covering of the bounded disc of C by 6 triangles.

. . . Qp . . .
Since g and y, # 0 are in Z[i] and we assume =i reduced, we can find «a, y in Z[i] such
Yo

that agy — yoa = 1 from Definition [2.2.2| Consider the map g(z) =

Qo + @
0¢ where g € P.
Y
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—_
|

|

Figure 4.12: The covering of the bounded disc of C by 4 triangles.

Since yo # 0, the isometric sphere of g, I, : |yoz + y| = 1 is a sphere in R® centre at

1
~ 2 of radius —. g maps sphere I, to the isometric sphere of g~! with the interior of
Yo 0

I, going to the exterior of /1 and exterior of /, mapping to the interior of /1, where
Yi-a
[6].

-1
Z = —-————
g9 () ———

Our given circle C has centre 2 and radius —=—.
Y0 V2lyol
o7

isometric circle 1,1, centre o and radius Iy%lz So C lies inside /1. Thus g~ 'C lies outside

The intersection of I, with C is the

of the isometric circle I, the intersection of the isometric sphere I, with C as in Figure

413l

If T is a circle centre ;—Oy with radius \/E, then I' has the same centre as [, and is exterior to

I,. Thus g(I') lies inside of I 1.

Let -2 + i lie on C.

. _ Q 1 _ [o4)) I . _
It is seen that g~! (— + ] and g~ (— + ) lie on I, and thus g~ '(C) =T,
Yo V2lyl Yo V2lyl
while g(T') = C.

From Lemma #.4.2] the points z;, z;,, and co are pairwise Farey neighbours and thus T; =
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g '(C)

Figure 4.13: C, 1, and their images.

{zj,zj+1,0<>} is a Farey triangle in H? for 1 < j < nand n = 4,6,8. By Lemma 4.3.1} the

image of a Farey triangle under # is a Farey triangle. The Farey triangles T;, j = 1---m,
together with the region Q,,, m = 4, 6, 8 form ideal polyhedrons in H* with vertex at co and
with faces (excluding the base) being Farey triangles. The vertices of Q,,, m = 4,6, 8 lie
inside or on the boundary of I'. Now g(c0) = ;’—‘0), the centre of C and ¢g(z;) all lie either on
the boundary or outside of C. Then ¢(T);) is the Farey triangle {g(z ), 9(2j+1), % = 9(00)}

and the union of the Farey polytopes covers the whole of C, as required. O

4.5 Subdivision of Farey triangles

Lemma 4.5.1. Let { € C belong to a non-degenerate Farey triangle T. Then there is a
non-degenerate Farey triangle T' among the Farey triangles in the inner subdivision of T

such that € T" and N(T") > N(T)

Proof. Let{ € T where T = {% t=1,2, 3} and y, # 0. Assume N(y;) > N(y2) = N(y3).
Ve

+
Since T is non-degenerate we have N(y;) > 2. Let g(z) = BT D here g € P, 1 aunit

YNz + 72
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+
and g(c0) = L = A, g(0) = 2 = Bandg(1) = 272 _ B _ ¢,
Y1 Y2 YiLtY2 Y3

We assume g maps the interior of H* to the interior of g(H™"). If not, we may consider the

map g¢ € P where ¢(z) = % We note that g(R.,) bounds g(H") as R,, bounds H*.

1 @]
The new points that yield the inner Farey subdivision of T are g (1—) =A"= —,1, g(1+i) =

a ) a;
B = —andg(i)=C = —.
72 73

Now g (_—72) = oo and oo lies outside of g(H*). Thus e lies in the lower half plane of

12241 Y1
1 _
Cs bounded by R, and not including i, 1 + i and = That is, R, separates 2 from
-1 HY1
1 @ 1 +an(l—i
i, 1 +iand . By the above, — = A’ = ¢ | = 2& @ f)- So N(y) =
1—i f 1—i yik+y2(l =)
1
Ny +72(1 = 1) = N(y)N(1 = i)N(1 -+ ﬁ). Thus
-0 yiM
: 1 .
Ny <Ny < NN - l)N(l—i + ;—ZH) <Ny, N1 -0 =2
- 1
1
— N -+ RES < l
L—i yu) 2
— ‘ L _ (_7) <L
l-i \np V2
- 1
— " lies in the circle K (or on the boundary) centre -7 radius
YiH -1
1
—— that passes through 0, 1,i and 1 + i.
V2
- 1
— e lies in the sector T of K containing T = {O, 1, 1—} but in
V1M -1l
the lower half plane.

) - ) | B .
< Circle K; through ﬂ, 0 and 1 contains =7 iand 1 +{1nits
YiH — 1

interior and oo outside.

— Circle g(K,) through g(0), g(1) and 0 = ¢ (;—7;) (line BC) has
1
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1
g(l—) = A’,¢g(i) = C" and g(1 + i) = B’ on the same side and
—1

opposite the side containing g(co) = A.
& A’, B’ and C’ lie in the half plane bounded by line BC and not

including A but inside g(R.).

’

Consequently, none of the Farey triangles in the subdivision of T that have A" = —,1 as a
Vi
vertex, can contain ¢ and these triangles can be ignored.

a/
That is, if N(y}) < N(y1), we need not consider vertex A’ = —-.

1
We have assumed that N(y;) > N(y2) > N(y3). We know that B = ¢g(0) and C = ¢(1)
___2 0/273—7’20/32

Y2 V3 Y23 ~ N(y2)N(y3)
|BC| > |AB| and |BC| > |AC|. O

@ a3

are Farey neighbours and |BC|* = and so

Definition 4.5.2. The diameter of a triangle T is the longest side of T denoted by Diam(T).

By Lemma[.3.1] we can choose g € P so that g(0), g(1) and g(co) may be any permutation
of A, B and C. We know that if N(y;) < N(y,), t = 1,2,3, we can ignore a Farey triangle

’

. a; . C .
with vertex — in the subdivision of the triangle T.
Vi

Thus in all the allowable Farey triangles in the inner subdivision of T, we have N(y;) >
N(y;). Consequently, the given Farey triangle T is covered by non-degenerate Farey trian-

gles in the inner subdivision of T with norms strictly greater than the norm of T.

Theorem 4.5.3. Every complex number { is contained in a chain of Farey triangles arising
from the faces of the octahedron, where Ty, T, T, - - - is the chain of Farey triangles and T;,,

is in the inner subdivision of T,;, and where N(T;.1) > N(T;). We thus have N(T,) — oo
al’l

as n — oo, the diameter of T, — 0 as n — oo and the vertices —; — {asn — oo,
t

t=1,2,3.
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Proof. By Lemma [4.5.1| we can find the chain of Farey triangles with strictly increasing
norms, so N(T,) — oo as n — oo. Diam(T,) is inversely proportional to N(y}),t = 1,2,3,
so Diam(T,) — 0 as N(T,) — co. Thus the radii of the circumcircles of T, tend to 0, and

thus the vertices converge to . We say that T,, converges to {. O

Corollary 4.5.4. For every { € C we can find a chain of adjacent octahedra in H? that

converges to (.

Proof. From Theorem @ we have a chain of Farey triangles Ty, T, ... where T ,; is in
the Farey subdivision of T; and N(T;,;) > N(T};). Consecutive Farey triangle in this chain
are faces of common octahedra since T}, is in the subdivision of T;. Hence this chain
of Farey triangles gives rise to a chain of octahedra, each adjacent to its successor and

predecessor. These octahedra converge to £, since the Farey triangles converge to £. O



Chapter 5

Gaussian Integer Continued Fraction

Algorithms

5.1 Introduction

In this section we introduce four Gaussian integer continued fraction algorithms. Firstly,
we consider the Hurwitz complex continued fraction algorithm. The Hurwitz algorithm
does not yield a unique continued fraction expansion, since a multivalued choice for every

complex number may be made at some stages in the algorithm.

Secondly, we will consider the “nearest node” continued fraction expansion of any complex
number £. Following Hensley [20] we will choose an option that creates a unique expansion

for each complex number.

Thirdly, we consider the floor continued fraction algorithm. Dani and Nogueira [[11] gives

a description of an algorithm that is reminiscent of the simple continued fraction algorithm

70
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for the reals discussed by Khintchine [31] and Rockett and Sziiz [40].

By analogy to the work of Katok [30] on “minus” or backward Gaussian integer continued
fractions, we show that every complex number { can be expressed as an infinite continued

fraction.

Each of the algorithms gives a general continued fraction expansion that is regular as de-

fined below.

Definition 5.1.1. A regular Gaussian integer continued fraction expression is of the form

€
é/_ﬁ0+ 62

,31+—€3

ﬁ2+ﬂ3+...

where €, = £1, i and B3, € Z[i].

Definition 5.1.2. Let { be a regular Gaussian integer continued fraction as above. Let

) b . . (0% -
T8 = T?JTiJ, §j=a;+ibj, with{, = = = 0@t 1% .. . Tp(00) = TVPT P72 . .. 75(0)
n

being the n™ convergent to {. Then lim ¢, = {.

5.2 Hurwitz continued fraction algorithm

One of the well-known algorithms is the Hurwitz algorithm, introduced by Hurwitz [28]].
It consists of assigning to ¢ € C a Gaussian integer nearest to it. This may be viewed as a

multivalued choice function X : C — Z[i] defined by

X(@) ={aeZli] - |{ —al < |l —yly € Z[i]}.

Thus a nearest node or lattice point to { = x + iy is a point m + in in Z[i] such that
1
(x=m)P?+ @y —-n)* < 5 We denote m + in by [{]. We note that { = ﬁ has four nearest

nodes; 0, 1,iand 1 + 7.
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From [20], we note for completeness the following properties of the convergents ¢, in the

Hurwitz continued fraction.
Theorem 5.2.1. Let { € C have a Hurwitz continued fraction expansion with ‘;— as the n™
convergent to { with a,, y, € Z[i] and n > 0, then

Yn+2
Vn

> -
2

Theorem 5.2.2. Let (, = D be the n™ convergent to {. Then

n

1. The sequence {y,} increases exponentially.

2. The sequence {—"} terminates at { and is finite if { is a Gaussian rational for some

Yn

n.

3. ‘g—“—

N
<
Yn

vl

-10 11i
Example 5.2.3. Let { = o + 71 a Hurwitz continued fraction expansion for ¢ is

-1+5i+

2+

-2+

-1+2i+

1+2i

or

—1+5i+

=2i +

-2-i+

-1-2i+

1-2i
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We note from Ford [[16]] that the convergents of a Hurwitz continued fraction expansion can
be interpreted as a chain of Ford spheres converging to { or as a sequence of Hermitian

fractions approximating ¢.

Ford [16] uses a chain of adjacent Ford spheres to approximate the complex number ¢.
Once again we notice that there may be multiple chains of adjacent Ford spheres leading
from S, to a point £ € C. This choice relates to the multiplicity of choosing a nearest node

to € C. For completeness we note the following result from Ford.

. . .. o o
Theorem 5.2.4. A regular continued fraction (definition has convergents, co, <, 2,
%’ .-+, which determine a suite of Ford spheres, S (), S("Tl) S(%) .-+, where the first

is the plane t = 1 (S), and such that each sphere of the suite is adjacent to that which

precedes it.

Conversely, if S (), S (“Tl), S (%), -+ is any suite of Ford spheres (the first being the plane

t = 1) such that each is adjacent to that which precedes it, then the points of tangency of the

spheres oo, L, y—;, -+, are the convergents of a regular continued fraction for some { € C.

Ford further relates the condition |@y’ —a’y| = 1 (Farey neighbours) to successive fractions

’

a and a—, in the suite of fractions approximating ¢ developed by Hermite [21]].
Y Y

Ford [16, pp.4,6] notes that given the positive definite Hermitian form,

F(x,y) = (x = Y& - {Y) + Kyy

if we set i = w and equate the form to zero, we obtain the equation of an imaginary circle
in C given by
awo + bw + b + ¢ = 0.

_—l’l,y:b—zandl:+\/—5,is
a a a

The ‘real point sphere’ in the upper half space, being x

chosen as the representative point of the form, where b = by + ib,, D = bb — ac. The



Chapter 5 Gaussian Integer Continued Fraction Algorithms 74

representative point of the form is found to be w = £, t = k. The fraction of Hermite for
a given value of k is %, where x = @, y = y gives the minimum of the form. That is, it is
the z co-ordinate in C of the peak of the pentahedron in which the representative point of
the form lies. As k decreases from oo to O the representative point traces the half-line z = ¢

from oo to the complex plane. We have then the following interpretation:

Theorem 5.2.5. Let a moving point trace the half of the line z = { lying in the upper half-
space, passing from oo to the complex plane. The z co-ordinates of the peaks, lying on C,
of the successive pentahedra through which this point passes, are the fractions of Hermite

tending toward the value (.

From this interpretation it is obvious that if { is a Gaussian rational there are only a finite
number of fraction approximates of {. The moving point eventually enters and remains

within pentahedra with peaks at £, and the suite terminates.

5.3 Nearest Gaussian integer continued fraction expan-
sion
As seen in Section[5.2] the nearest node for the Hurwitz continued fraction is not necessarily

unique. Following Hensley [20], we give a formal definition that will yield a unique nearest

node. Let [{] be the Gaussian integer nearest to the complex number ¢ rounding up, in both
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the real and imaginary components, to break ties for uniqueness as follows.

el +ilyl ifx—1xl<3 y-lyl<sz (D)
=[x+ ] = ] +ilylifx—1xl <3, Tyl-y<; (2
X +ilyl if [XT-x<3 y-lyl<z 3
X +ifylif [X1-x<3 [yl-y<; &

2) “4)

(D 3)

Figure 5.1: Geometric interpretation of [{]

In each case we see that | — []]* <

Example 5.3.1. [1 +1i| =i, [+ 1] = 1 +iand ['53] =1+,

We introduce an algorithm for a continued fraction based on this nearest node choice for
any complex number. The algorithm is called the nearest node continued fraction algo-
rithm and is a special case of the Hurwitz continued fraction algorithm. So a nearest node

continued fraction expansion is also a Hurwitz continued fraction expansion.

Let £ = . Choose By = [£] € Z[i]. Then t7°(£y) = {y — By, a translation of £, through

—Bo. We note that {—f lies in the domain given as B = {x +iy:—5<x<

1 1 1
33 Sy <3l

Thus B is bounded by the lines x = i%; y = i% and lies inside the unit circle centred at

1
2
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0. Under the action of ¢(z) = % these lines are mapped to circles passing through 0 and
the points +2 and +2i. We note that ¢(B) is the region shaded in Figure as %. Thus if
&Ly — Bo) = ¢177(Ly) = ¢, then ¢ lies in the region zl; and hence outside the unit circle.

Lo = ™ ¢(£1). Consider /i, the algorithm can be repeated as necessary.

o
N

Figure 5.2: The region B and ¢(B)

Thus we can find a sequence of Gaussian integers S5y, 31, . . . 8, such that
o =1¢t"¢... (L.

The convergents to £, are given by 7°¢7P1¢ . .. P ¢(c0) = D forn=0,1,....
Y

n

-10 11i

Example 5.3.2. Let { = 5 + Tl The nearest node continued fraction expansion is
given as

1

-14+6i+
1
2i +
1
-2+1i+
1
-1 +2i+
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5.4 The floor continued fraction algorithm

The theory of “plus” continued fractions for real numbers is known as simple or regular

continued fractions [31]], [40]. Let « be any real number. We define a sequence of integers

{a;},i=0,1,2,... and a sequence of real numbers {«@;},i =,1,2,... byay = la], @) = L

a—agp

and inductively,

1
a, = la,l, ap = .
@, — ay
A sequence of rational real numbers is defined as
ry = (a0’alv---van—laan)
1
= ap+ , n>0
1
a) +
1
a, +
1
S
ay

= T%¢t"¢P... T P(00)
where ¢(z) = 1 is in # but not the modular group.

To extend the simple continued fraction algorithm to an algorithm with Gaussian integer

coefficients, we use an algorithm given by Dani and Nogueira [11]].

A map f : C — Z[i] is defined as follows: Let {, € C and 8y € Z[i] be such that {, — 5y =
x + iy lies in the unit square with0 < x < 1 and 0 < y < 1. If ¥*> + y?> < 1 we define £(¢) to

be Bo. If x> +y*> > 1, £(£) is defined to be By + 1 or By + i, whichever is nearer to  (choosing
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say the former if they are equidistant). Let a, be the n choice by the function f. Then

Bo = 4ol
@ =9 Bo+1 =1[L]+1
Bo+i =14l +i

Consider ¢((y — ap) = @7, (L) = £. Since ) — ay lies inside the unit sphere at 0,

g

lies outside the unit sphere, so @; # 0. Repeating the process we can find a sequence of

Gaussian integers @y, @y, . . . , @, such that

G =T, 9T b dT (L)
Thus

40 = Tao¢Ta1¢ N ¢Tan_1(§n)'

The process terminates when ¢, € Z[i]. The Figure shows all possible positions of
{n _ﬁn-

Example 5.4.1. f (1 +4i) =0, f(3+ %) =1and f(15) =

It may be seen that with respect to this algorithm, if { € C and {a,}, n = 0,1,2..., is
the corresponding sequence of partial quotients, then for n > 1 we have R(a,) > —1 and
I(a,) > —1. Dani suggests that this may be compared with the simple continued fractions

for real numbers where the later partial quotients are positive.
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1+

Figure 5.3: The region £, — 8, = Tgl (&)

-10 11i
Example 5.4.2. Let{ = o + 71 The floor continued fraction expansion is given as
1
-1+5i+
1
-2-8i+
1
—i+
1
1+
1
1-2i+
1
-+
1
I+

1—i
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5.5 Minus or backward Gaussian integer continued frac-

tions

Katok [30] introduces the theory of “minus” continued fractions for real numbers. Let «

be any real number. We define a sequence of integers {a;},i =0, 1,2, ... and a sequence of

real numbers {@;},i =,1,2,... byay = |la]+ 1, oy = , and inductively,

ag — a
1
a, = LanJ + 1, Apy1 = .
a, — @,
A sequence {r,} of real integer rationals is defined as:
1
rﬂ:(a()’al’-"’an—l’an):ao_ 7n20-
1
a) —
1
ay —
1
ay

We note that this algorithm gives the following two theorems [30]]:

Theorem 5.5.1. « is represented as an infinite continued fraction. We can find a sequence

of real integer rationals {r,} such that lim r, = a. That is:

n—oo

a = (ap,a,...,qy-1,...) =do —

a) —

ay —
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Theorem 5.5.2. a € Q if and only if from some point in the expression all partial quotients

a; are equal to 2. (i.e. if there exists k > 0 such that a, = 2 for all k > n).

We apply the backward algorithm to any ¢ € C. Let [{] = [{] + 1 +i. We call this the

ceiling of £ in C. The point { — [{] = x + yi willhave -1 < x <0and -1 <y < 0.

We can expand any complex number ¢ into a unique continued fraction according to the

following “backward” continued fraction algorithm.

Let £ be any complex number. We define a sequence of Gaussian integers {a;}, i =

1

0,1,2,... and a sequence of complex numbers {{;}, i =,1,2,... by ay = [{)], & = Pt

and inductively,

a, = |_§n-|, é/n+] =

a’n_gn.

A sequence {$,} of Gaussian rational numbers is defined as

1
ﬁn:(QO’al’--"an—l’a’n):a,O_ ’nzo-
1
) —
1
n —
1
o
Example 5.5.3.
1
-10 11
T + ?l =—-1+6i-
1
1-i-
1
1 -
1
1_



Chapter 6

The Cutting sequence of Gaussian

Integer Continued Fractions

6.1 Introduction

Caroline Series [45] introduces a connection between directed geodesics cutting across the
tessellated hyperbolic plane H?, the modular group I' = PS L(2,Z) and simple continued
fractions. She considers the Farey tessellation F of H? by the fundamental ideal triangle
To, with cusps {c0,0, 1} under I'. The maps 7 and p are given as follows: 7(z) = z + 1,
p2) = &5 = ¢t7'0(z) = ¢14(2) and ¢(z) = L and ¢(z) = =-. In [23] it is established that

any non rational real number can be expressed as

ag

— al a2 ds Ak—1 0k
@ =1Yp" 7" - T4 p ()

where a, € Z* for t > 1 and where ay may be any integer and ;. is the k + 1”* complete

quotient. It is known that the modular group I' = PS L(2, Z) is generated by 7 and ¢ and the

N3
2

82

fundamental domain of I" has a cusp at % + ==. The stabilizer of this point is the group of
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order 3 generated by Ty with
(t9)’ = ToreTY = 1

and so 7p~ 't = . Thus I is generated by T and p. When representing continued fractions
as compositions of Mobius maps, it is natural to use the map ¢ rather than ¢ even though ¢
is not in the modular group. This problem is resolved by considering the hyperbolic plane
H?2, as a vertical plane H* of H? and by considering the modular group as the subgroup of
the Picard group that leaves R, invariant. The action of ¢ on H* corresponds to the action
of the inversion map in the unit sphere on H*. Certainly ¢(z) = é is in the Picard group. It
is the special role of ¢ in the expression of the continued fractions derived from the cutting
sequences and of the simple continued fractions that gives an indication of the analogue of

this situation in H? [36]].

Firstly, we have seen in [23] that the cutting sequence generated by a geodesic which passes
through the fundamental triangle Ty = {co0,0, 1} and the fundamental geodesic [0, co] and
ends at a real number «, can be regarded as a path on a graph whose vertices are the Farey
triangles in the orbit of T, under I' and whose edges are the Farey geodesics. As such we

can express @ € R as follows:

a = ]}Lm TaopalTazpCB . Tak—lpak(TO)
00

or

a = ]}im TOPTN YT PTE - - T PTU(T).
—00

Next we note that ¢ interchanges co and 0 while leaving 1 and hence T, fixed. Using the
expansion for a given above we can find the successive convergents to a and also a nested

chain of Farey intervals that converge to «. That is:

2 2

1
Iy = [0, 00], I} = 7@l = [ag, ],I, = ¢ Py = T™P[a;, ] = [ao,ao + —
aj
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with
L obLol;o---
and
lim I[k = .
k—o0

Each interval I is bounded by consecutive convergents of «.

We know from Schmidt [44]] that, given any complex number @ € C, we can find a chain

of Farey triangles in C that converge to a.

In the sequel following [26] we wish to build an analogue of the above situation in H>. We

consider the Picard group, a o-regular continued fraction for any a € C, the tessellation

1
of H3 by the fundamental octahedron O, with cusps {oo, 0,1,i,1+1, T3
-1

} and the cutting
sequence generated by a geodesic y in H? that ends at the point « and passes through Q. In
what follows, we will use the fact that the Picard group is generated by maps 7,(z) = z + i,

T1(0)=z+1,¢(2) = é and ¢(z) = ‘71 where we may write ¢¢ = ¢ = ¢ = K.

6.2 The Fundamental Octahedron O, and its Stabilizing

Group

The fundamental octahedron Q is given as the octahedron whose vertices are orbit of co

under the stabilizer of the cusp v = ”%ﬁ’ of a fundamental region of the Picard group .

That is

1
Qg = {g(c0) : g € Stab(v, P)} = {oo,O, 1,1 +4,i, 1__1}

where we have from [18]]

Stab(v,P) = <0',-, oy 0'? = 0'? =0’ = 1>
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where 074(z) = ¢77'(2) = £, 01(2) = T19(2) = S and 07071(2) = 0°(2) =
i 0
We note that the map o can be associated with the matrix
1+i =i
Further we see that o(0) = =, 0" (ﬁ) = 00, 0(i) = 1,0(1) = i and that o fixes both 0 and

1 +i. In fact o is a rotation through  radians in the geodesic with endpoints 0 and 1 + i.

Thus o fixes the fundamental octahedron Q.

We note that o is not unique in fixing Oy and that in fact the Stab(v, P) fixes Oy and is

isomorphic to Ay.

We recall that a Farey triangle is defined as the image under any h € P of the fundamental
Farey triangle T,. The fundamental octahedron has 8 faces, each a Farey triangle, and each
can thus be written as an image under ¥ of the fundamental triangle Ty, such as Example
The Farey tessellation # of H? is thus the collection of these closed octahedra. Each
Farey triangle in C can be circumscribed by a circle in C, while a Farey triangle with co as
a cusp is inscribed by a line in C (see Theorem [4.3.7)). Following Schmidt [44] we have
established that each Farey triangle in C is in two different ways subdivisible into 7 Farey
triangles, inverse of each other with respect to the circumscribed circle. We have extended
this result to include Farey triangles with co as a vertex. The subdivisions in this case are

thus inverse with respect to the circumscribing line in C.

In particular, the fundamental triangle T, is circumscribed by the real axis and its inner
Farey subdivision is given by the triangles {0, 0, i}, {oo, 1,1 + i}, {co,i, 1 + i} all with oo
as a cusp and {O, 1, ﬁ}, {l, 1+, ﬁ}, {i,l +1i, i} and {O, 1, ﬁ}, each with = as a cusp.

The outer Farey subdivision of the fundamental triangle is the inverse of the inner Farey

subdivision with respect to the real axis. Since the elements of the Picard group preserve the
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Farey neighbour condition (Lemma [4.1.2)), the same result will hold for all Farey triangle
in H>. This result is equivalent to saying that each face of the fundamental octahedron, and
hence each face of any octahedron in the tessellation, is adjacent to exactly two octahedra
in the tessellation. The one octahedron corresponds to the internal subdivision of a given
Farey triangle and the other corresponds to the external subdivision of the Farey triangle,
and these are inverse of each other with respect to the circumscribing sphere. In particular
the Farey triangle T is the common face to Oy and ¢(Oy) = Ti_l((O)Q). Thus O, and hence

each octahedron in the tessellation, is adjacent to 8 octahedra.

Thus we can represent the 8 octahedra adjacent to Oy in two distinct classes. The first
4 all have co as a cusp and are of the form 7,(Qy), 7,(0p), 7;'(Oy) and 7;'(Op), while the
second four, referred to as the floor of Oy are given as o1,0(Qy), o7;0(0y), 0'7'[10'(@0) and

o7;'0(0p) and all have - as a cusp where o = o' and & = 0707

6.3 The O - Farey Octahedron Graph

We have stated that P = (11, 7;, ¢, ) where ¢pp = pp = ¥ = K>, $(z) = % 0(z) = —71
and «(z) = iz. Since o; = ¢Ti_1 and oy = 119, we may write P = (01,075, ¢, ¢) and since

o = oo, we have P = (11, 1;, 0, ¢) where o = ¢7,7_j¢0 = ¢1_ik*¢ and 0 = ¢* = 1.
Let T ={(t;,71)and G = (1;,71,0),then T < G < P.

Thus each i € P can be represented as hphyg - - - hy, where h, may be 1 and i, € G for

all . Further each h, € G can be written as 7,,07,,0 - --0T,,, Where 7,, may be 1 and

aijj

a; € Z[i) with 7o, = Tgip, = 7,'7,"

Consider the graph G with vertices the orbit of Oy under £ and whose edges are Farey
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triangles common to adjacent octahedra. We have noted above that each octahedron in the
orbit is adjacent to 8 octahedra and thus the graph is a regular graph. Further we noted that
the adjacent octahedra of O can be written as two distinct classes, those with oo as a cusp

and those with ﬁ as a cusp.

For any a € Z[i] witha = a+ib, let 7, = T‘fo? and p, = o1,0. We will use the maps 7, and
Do to define a cutting sequences of a geodesic in H? in terms of a path on a graph whose
vertices are Farey octahedra. In what follows we will use the term “vertices” to represent
the elements (Farey octahedra) of the G , the Farey octahedron graph, and the term “cusps”

to refer to the vertices of the individual octahedra.

Qo
71(Qp) ot110(0p)
7:(Qy) o1;0(0p)
771(Op) o1, o (0y)
Tl._l (Oyp) oT; Lo (0p)

Figure 6.1: The adjacency graph of O

Theorem 6.3.1. Every vertex Oy of G can be expressed as Oy = Ty Pa,TarPas---Ta,(Q0)
where «; € Z[i] and ay and a, may be zero. Further any t € P may be written as

TaoPay TarPas---Ta,t With h € Stab(v, P).

Proof. We prove the result by induction on k > 0.

Let Op be the fundamental octahedron with 8 adjacent octahedra Oy ;, i = 1---8 given by

7,(0) or o1,0(Qy), @ = +1, +i. Thus

©O,i = 14(Qyp) or o7,0(0yp)
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= T,(Qp) or pa(0y), @ = 1, +i.

Thus the result holds for the adjacent octahedra to Q.

Assume the result holds for Oy, k > 0. That is, O = 74,00, Ta, * * * Ta,(Q0) = 1(Qy), where
a; € Z[i] and only ap, @, may be zero. Here t = 7,,04,Ta, " Ta, 15 In P. Thus Oy =
t~1(0y). The adjacent octahedra to Q are 7,(Qy) or 07,0(Qy), @ = +1, +i as above. Thus
Qo = Tt 1(0y) or 01,0171 (0y). The adjacent octahedra of Qy, Qy,, i = 1---8 are given

as t(Qp;) = tt,t 1 (Qy) or tot,ot 1 (Qy).

That is
tTat_l((O)k)
Ok,i = i = 1
tot,ot 1 (Oy)
tT(x(QO)
10 7,0(Qy)
TaPaTay * " TanTa(QO)

TP Ty * ** Ta, 0 Ta0 (Qp)

TaoPa Tay * " Toz,,+(t(©0)

TaoPa1 Tar " " TanPays ((O)O)

as required. Hence the result follows by induction.

It follows from Theorem that each ¢t €  may be written as 7,04, Ta, * - * To, i Where
h € Stab(v,P) = Stab(Qy,P) and h(Qy) = Q. O

It is noted that while G is not a tree, by collecting the branches of the graph by common

1
cusps co and T3 and then considering their images under g € $, we may form a graph G,
—i
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that bifurcates into either 7,(Oy) or p,(Oy) at each vertex Oy of the graph. In Figure [6.2] we
have 7,,; and p,,; initially lying in the i row and the j” position in the row where Toy €T

and p,,; = 0°7Ty,,0.

0o
Tay, (QO) sz(@O)
TallT(m](@O) Tﬂillpdzz(@()) p(llzTazg,(@O) pmzpaz4(©0)

Figure 6.2: Graph G,

6.4 The o-regular continued fractions

Let {y € C. Define [{y] = ap where oy = [ R ()] +il I ()] and where | x] is the integer part
of x. Then T;; (&o) = {o — ap lies in the unit square with cusps given as {0, 1,7, 1 + i}. Now

o(z) = leaves the cusps of the unit square invariant as a set. This unit square

<
(1-iz-1
can be regarded as the convex hull of the region bounded by the lines R(z) = 0, R(z) = 1,
J(z) = 0, I(z) = 1. The images of these lines under o are circles through ﬁ This o
maps the interior of the square to the region exterior to these circles, as seen in Figure [6.3]
This region is outside the region of the unit square. Hence | = 074, ({) lies outside the
unit square. Repeating the process by letting a; = [{;], we have 0'701‘10'7';; (L) = & lies

outside the unit square. Continuing in this way we find £, outside the unit square with

-1 -1 -1 -1
Sel = 0Ty 0Ty 0T, 07T, (Lo)-
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Thus

{0 = Tay0To, 0T, 0({k+1) = TaoPay TarPas * * * Py (i 1)-

This expansion of { in terms of 7 and ¢ is called a o-regular continued fraction expansion.

Figure 6.3: The unit square and its image under o

If we now insert oo = ¢7_;¢p into the o-regular continued fraction expansion for ¢, we have

the regular Gaussian integer continued fraction (Definition [5.1.T].

{0 = TayT1-iPTa, * * PT1-iPT o, PT1-iP({is1)-
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6.5 The o-regular continued fraction and the cutting se-

quences

Let Ay be a geodesic that emanates from the inside of Oy to meet C at a non-Gaussian
rational ;. We may divide the geodesic A into an infinite sequence of segments, each

determined by the sections within the octahedra crossed. That is
Ao = N0y UAo2) YAz YUAor-1) Y Aoy UAorny -

Let A, be the first segment of A that lies within a octahedron, O,,, that does not have
oo as a cusp. The previous octahedron O,,_; cut by Ay and corresponding to the segment
Ao,-1) has oo as a cusp. This octahedron O,,_; projects onto a unit square in C with vertices
{ag + iby, (ag + 1) + iby,ag + i(by + 1),(ag + 1) + i(by + 1)} which contains ¢, and where
@y = ag + iby = |{y]. Thus T;(} (o) lies within the unit square centre O that is the projection
onto C of the fundamental octahedron, while ; = O'T;; (&p) lies outside this latter unit
square. As noted before, the cusp set {0,1,i,1 + i} is left invariant by o, but since o
interchanges oo and ﬁ, the inside of the square is mapped outside of the region bounded

by the circular images of the sides of the unit square as in Figure

Now let O'T;; (Ap) = Ay be the geodesic that emanates from O, and whose initial segments
are

-1 -1 -1
0T, (A.))s 0Ty, (A@+1)5 0Ty, (A2 o Ay, Ay, Ay,

where 0'7';; (Aw.n) = Aq,1y emanates from Q) and the sequence ends at {; cutting through
copies of OQy. The number of copies of O, that have co as a cusp corresponds to the number
of octahedrons that are cut by A and have 7,,0(0) = 7,, (i) as a cusp. The above
process can now be repeated with the geodesic A; emanating from O, and ending at {;.

Since the initial point ¢ is not a cusp of any octahedron in the tessellation, the process will
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continue without end.
Thus at some point k we have

-1 11
G =0T, 0T, 07T, 0T, (%)

and so

{0 = Tqy0 "+ OTq ,0Ta, 0 Ta, ({k)-

The points 7,,0 -+ 0Ty, ,0Ta, 0T, (00) are successive (but not consecutive) convergents
to {p for k = 0,1,2,---. The sequence of triangles Ty = 74,0 - 0To, ,0Tq, ,0Ta,(To)
form a chain of nested Farey triangles To > T > T, D --- D Ty -+ and limy_,o, Ty =
(Theorem [4.5.3). Hence the coefficients {ao, @1, @, - -} of the cutting sequence formed
as the geodesic A ending at j cuts across the tessellation, yields the coefficients of the
o-regular continued fraction. The coefficients also give rise to a nested sequence of Farey

triangles that converge to {j.

Thus we have established:

Theorem 6.5.1. Let { = ) € C be any non rational complex number. Then

{ = 2;0 = T(Y()O-Ta’] U T(lk_|0-T(lk({k)

where «; € Z[i] and where only ay may be zero and (. is the tail of the o-regular continued
fraction. Then {y has a Gaussian integer continued fraction expansion derived from the
cutting sequence formed by a geodesic emanating from QO and ending at {y. This derived

continued fraction also yields a nested chain of Farey triangles that converge to (.

Definition 6.5.2. The o-regular continued fraction expansion

{0 = TaoPT1-iPTa PT1-i0 "+ Toy  PT1-iPT e " " *
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with o = ¢1,_;p is called the derived continued fraction from a geodesic cutting the Farey

tessellation emanating in Oy and ending at (.

Corollary 6.5.3. The successive convergents given by the derived continued fraction ex-

pansion of { are Farey neighbours.

-10 11
Example 6.5.4. The o-regular continued fraction for o + ?i is given as:

-10 11,
5 t5i= T 24510 Ti0T20T 2,0(00) = T_3,5,0,To0_2i(0), (6.5.1)

while the derived continued fraction expansion is given as:

-10 11,

o + Si= T 045iPT1-iPTiPT 1 PT2PT 1 PT_0iPT1_i¢p(00). (6.5.2)

In (6.5.1)), the sequence of nested triangles corresponding to the expansion are:

To= {00,0,1}
Ty = 7245{(To) = {oo, =2+ 5i, -1 + 5i}
11 -6 27
T = To04s5i0(To) = {—1 + =1+, 5t ?l}
11, -19 93. —-40 203

Ty = 71o0wsi0m2(To) = -1+ =i, — + i, 55 + 551

3= Tasipita(To) { MR TR 37+37l}
T (Ty) -10 N 11, =307 N 1523 . —108 N 533 .

=  T_24+5iPiT2P-2i =— —1, 1, Le.
4 245iPIT2P-20 20 o "2"217 T217 91 T o7
The sequence 7,,¢(00), T4, @T1-i@(0), ToyPT1—_iPTa,P(0), - - - , are convergents to ¢y in the

. . . . (07
derived continued fraction expansion. hul gi(0), g, € P and hence are peaks of pentahe-
Yk

drons [16].

-10 11
We find the convergents to 5 + ?i from (6.5.2) as follows:

@y
Yo

= &
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(03]
Y1
an
Y2
as
Y3
ay

Y4
as

Ys
(073

Ye
az

Y7
ag

Vs

11,
T 045i0T1-ipTipT _ip(00) = =1 + —i

T 45T 1 PTiPT 1 PT2PT 1T _2ip(00) =

T_245ip(00) = =2 + 5i

-3 11,

T_045iPT1—ip(00) = — + —Ii

2 2

T 25T 1-ipTip(00) = —1 + 5i

2
-19 93,

T 45T 1 PTiPTI_ipTrp(00) = ———

+ =i
17 17
-11 11,

T 045 T1-iPTiPT1-ipTadT1_ip(00) = —— + —i

10 2

=307 1523,

— =i

277 277
-10 11,

T 5iPT1_iPTiPT1_iPTodT| i pT i T _ip(00) = —— + —i

9 2

Using (6.5.2), we generate the sequence of octahedrons corresponding to the expansion.

We note that these octahedrons are not necessarily adjacent. They are as follows:

Oy

O,

0,

(0F

Os

©6:

+
2

1
00305191+i5i9?

T_245i0(0p) = {
T_245:0T{(Qp)

—+Ei,—1+5i,—l+6i,—+

2

T_245:0T;0(Qp)

1
-1+ —i,-1+5i,—+

2

T_245:0T;0T2(0p)

11,219 93 —40 203 —40 204 -19 94 -1l 11,}

T_215i0T;07,0(0y)

_l,_

- 11
7_245i(Qp) = {00, -2+ 5i,—1 +5i,—1 + 6i, -2 + 6i, -3 + —i}

2 2

Ei, -2 +5i,-2+6i,—-1+6i,—1+ 5i, oo}

6 28 -6 27, 11

— i, —+ —i,-1 +—i

55 s 2

6,27, -6 28 -3 1l
5 750 b TR

2

7 13

I,—— + —i

37737 T3 Tt 0 T2



Chapter 6 The Cutting sequence of Gaussian Integer Continued Fractions 95

11 11 -19 93 —19 94 —40 204 -40 203 11
=N —t+ =i, —— + =i, — + =1, + I + i,=1+—i
10 2717 "1t 1737 T3 e T3y 2
07 = T_94510T;0T207_2(0p)
=11, 11307 1523, 307 1524 -108 534 -108 533 -10 1l
V10 T 20 277 T2 277 T 277" 97 T o797 To7b g TR
Og =  T_2450Ti0T207_2;0(0p)
_[-10 112307 1523 108 533 -108 534 -307 1524 -1l 1l
V9 T2% 277 T2 97 "9 97 T 97t 277 T o710 T2

We note that Ford [16] establishes the result relating the peaks of the pentahedra and the

convergents to ; as follows.

Theorem 6.5.5. Let a moving point trace a continuous curve from a point above the plane
t = 1 to the point {y in C. Let this curve lie entirely in H> except at the point of termination,
and let it intersect no base of a pentahedron more than a finite number of times. Then the
z-coordinates of the successive peaks of the pentahedra through which the point passes are

the convergents, in order, of a regular continued fraction whose value is (.

Conversely any regular continued fraction converging to the value {, can be generated this

way.

Thus we see that the successive peaks of the pentahedra, corresponding to the convergents,
also correspond to the Ford spheres at the points on C. This sequence of pentahedra is
“contained” in a sequence of ideal octahedra. The images of co as explored in Example
[6.5.4) will correspond to a subsequence of this chain of peaks. The chain of octahedra gives

rise to a chain of Ford spheres that converge to {;, [1]].
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