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1 Introduction

A special class of third-order polynomial equations exist such that they possess nontrivial Lie-Béacklund
symmetries [1]. These evolution equations appear in the study of waves and oceans, as well as several
engineering applications. It is known that via differential substitutions, these equations are connected
to the KdV, Sawada-Kotera and Kaup equations [2]. Due to these properties, these equations have
applications in fluid dynamics, or specifically ion-acoustic waves in plasmas, stratified internal waves and
other nonlinear wave phenomena. Such models, among others, have applications in wave propagation
studies [3-5]. This family of equations possess Lie algebras that are commutative. They are:

3 3
Up = U lyyy + OUUL, (1)
3 3, 2
Uy = U Uyey + Eu Ulyy + O Uy, (2)
Uy = Uty + QU Uy, (3)

where u(x,t) generally represents a displacement from rest (for example, the height of a fluid above
or below rest), and a # 0 is an arbitrary constant. In the literature, the above types of equations
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Table 1 Lie brackets.

L] X ] X3
X, 0 0 X,
X, 0 0 _5X,
X3 ' 5%, 0

and ones related to them, have been analysed from the point of view of bifurcations, phase portraits,
periodic solutions etc. [6-9]. Symmetry methods and conservation laws are fundamental components of
the analysis of partial differential equations [10-12]. The theoretical aspects relating to symmetries is
well known and is best studied from the book [13]. In this paper, symmetry methods are combined with
power series to arrive at solutions. The partial differential equations are reduced to ordinary differential
equations, but are difficult to solve with common techniques. However, power series are a brilliant tool
to find approximate solutions, and the solutions may be exact if a recurrence relation can be found.

The plan of the study follows. In Section 2, we present the symmetry invariant properties possessed
by the three equations, with the commutator, adjoint and group details. Section 3, contains the conser-
vation laws and multipliers calculated for the equations. In Section 4, we present reductions and power
series solutions and a demonstration of the convergence of a solution. The discussion and conclusion
follows in Section 5 and 6, respectively.

2 Invariant properties

Suppose we induce a Lie group of infinitesimal (¢ < 1) transformations:
x—=x+e€(x,tu), t—t+et(x,t,u), u—u+ed(x,t,u), (4)

with symmetry vector field X = & (x,t,u)dy + T(x,t,u)d, + ¢ (x,t,u)d,. The coefficients &, T and ¢ satisfy
the well known Lie symmetry condition, so that the Lie point symmetries of Eq. (1) and Eq. (2) are

X = ax, X, = 8,, X3 = x0y — 5t0; +3ud,. (5)

The Lie brackets of (5) are given in Table 1, and the corresponding one-parameter groups K,,, (m=1,2,3)
generated by the symmetries X),,, as

KII(X,Z,M)*—)(X+8,[,M), KzZ(X,l‘,u)*—)(x,t+8,M), K3:(xat7u)}_>(engesgtae3su)' (6)

Moreover, we require the adjoints to calculate the one-dimensional subalgebras. The approach for the
one-dimensional optimal system is provided in [14]. The adjoints are given in Table 2. One takes a
general element from the Lie algebra and reduce it to its simplest like form by applying carefully
chosen adjoint transformations Ad(exp(eX;))X; = X; — €[X;, X;] + % €2[X;, [X:, X;]] — - - . We consider

X =a1 X1 +ax X, +azXs, (7)

where the ag;’s are arbitrary constants, and simplify it by adjoint maps. Suppose first that asz # 0, then
we can assume that a3 = 1. If we act on X by Ad(exp(a;X;) we get X = X3+ arX>. Now acting on X'
by Ad(exp(—az/5)X>) results in X3. If a3 = 0,a; = 1, then we act on X = a;X; + X, by Ad(exp(c;X3)
resulting in X», X, +X;. Next suppose that a3 =a; =0, a; =1 which gives Xj.

Hence, we obtain in this case, the optimal system of one-dimensional subalgebras spanned by
X1, Xo +€X;, X3, where € =0,£1. On the other hand, the Lie point symmetries of (3) are

sin (v/0x) o, cos (v/0x) 8x.

Xl, Xz, X:; = —3tat—|—u8u7 X4 = UCOS (\/&X) au + \/a \/a

, X5 = usin (\/ax) oy — (8)
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Table 2 Adjoint representation of subalgebras.
Ad X X, X3
X1 X1 X X3 —€X
X2 Xy X5 5eX, + X3
X3 eSX] e_SSXQ X3
Table 3 Lie brackets.
[ X X2 X3 Xy Xs
X 0 0 0 —oXs vax,
X 0 0 -3X; 0 0
X 0 3X, 0 0 0
Xy \OXs 0 0 0 %
Xs —JoXy 0 0 —% 0
Table 4 Adjoint representation of subalgebras.
Ad X X X3 X4 Xs
X X X, X3 Xs sin(y/ae€) X5 cos(v/ae)
+X4 cos(y/aeg) —Xysin(y/og)
X5 X, X, 3eXo + X3 X4 Xs
X3 X 673£X2 X3 Xy Xs
X4 Xs(4y/ae e — Y3y X> X3 Xy X (;\75 - zf;a)
+HG +9)X e+ 5)Xs
Xs Xy (Y5E /e ) X2 X3 Xl(zf/ea - 26\75) Xs
+(4 +9)Xi T 5
The Lie brackets of (8) are given in Table 3.
The one-parameter groups for this case are
K3 : (x,t,u) — (x,e 1, efu), (9)
2cot™! (e Ecot(YE))  eFu(cott(YE) 4 1)
Ky (x,t,u) — ( o1 N (10)
va €2 4 cot? (V)

Ks: (x,t,u) — (

sin~!(tanh(&

— anh! (sin(y/&))))

usech (& — tanh~! (sin(\/ax)))

_\/a b

)- (11)

1 —sin?(y/ax)

The adjoints are given in Table 4, and for this equation, the optimal system of one-dimensional

subalgebras is found as follows. Here

X =

we consider

a1 Xy + axXo + a3 X3 + asXs + asXs,

(12)

where the @;’s are arbitrary constants, and we simplify this by the applications of adjoint maps. Suppose
firstly that az # 0, then we can assume that az = 1. If we act on X by adjoint maps of X;,X;,Xs and
X5 respectively, with appropriate values of a;’s, we get X3 +aX;. If as = 1, a3 = 0, then acting on X by
adjoint maps of Xy, Xs respectively, with suitable values of a;’s results in X4,aXs+X;. If as =1,a4 =
az = 0, then further acting on X by an adjoint map of X3 with appropriate values of g; gives rise to
X5+ bX1, X5+ bX; +6X,. Now if a1 = 1,a5 = a4 = a3 = 0 and acting on X by adjoint maps of X3 with
appropriate values of a; gives rise to X, +€X;. If a =1, a1 = as = a4y = a3 =0, we get X;. Therefore, for
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this equation, the optimal system of one-dimensional subalgebras is given by (a(# 0), b are constants,
6==41and e= 0,:|:1>: X, X4, X3 +aXi, Xo+aXy, X5+ bX1, X5+ bX, +5X2, X+ €X;.

3 Conservation laws and components

In this section, we derive the conservation laws associated with Eqgs. (1)-(3). A current T = (T!,...,T")
is conserved if it satisfies D; T' = 0, along the solutions of a given differential system, say G (x, u(")) =0.
Multipliers that produce conservation laws, are denoted by A% [15]. They satisfy the relation

D;T' = A*G?, (13)
for all functions u®* and the overdetermined equations for A% are

i[AO‘GO‘] =0, (14)

ou®

where 5% is the Euler operator. Eq. (1) admits two conservation laws, corresponding to the multipliers:

Aty e, u) = —%72”%;”“”, with
1 RE 71— 1 —20w3x — utu? x + 30uu? + 1l uy, — uyx (15)
! 2u, Y2 uz ’
and A% (x,t,u, ty, Uy ) = ’;—"3‘,
1 120w +udul, +u,
T2:—7, T2:_7 X X7 xx . 16
t 2ux X 2 u% ( )
Eq. (2) admits four conservation laws, viz. A3(x,t,u, uy, 1) = -5, admits
u2
2 2
3 3 3/2 3/2
7} :—ﬁ, ]}:—M/uxx—:sau/ (17)
Aty e, ) = ;—22, admits
=2 T +r2— oau (18)
t u? x XX 2 X .
N (X, Uy Uyy) = %Oc—i—uxx, admits
2 1 2 2 1
5 2 5 3 2.3 3.2
T; :§auf§ux, E:u,uxfgau umfgocu BULATR (19)
A6(x,t,u,ux,uxx) — 2(xtu2+3utzu2uxx+2x7 admits
o 1datu®—3tuu® —4x
7;: =5 )
2 u
2 3 1
7;6 =3 a’ru’ — Enﬁuxxz —200Ux — 2 Uty X — ixux2 + 2wy + 3tup iy — 2 Q11 Uy (20)

Eq. (3) admits five conservation laws, viz. A7 (x,t,u, u, Uy ) = ,712, provides the conserved quantities

1
- T = 5”;%"’50‘”2_””)06- (21)



B. Gwaza et al / Journal of Applied Nonlinear Dynamics 14(1) (2025) 163-174 167

AB(x,t Uyt ) = ;—3, provides the conserved quantities

1
’1;8 = _ﬁ’ 7}8 = —OU — Uyy. (22)

_ sin(y/ax)

9 .
N (11 Uy, ) = =5, gives

ng = —EM, Tx9 = cos(v/oux)uyy/or — sin(v/0ux) iy, (23)

2 u?

cos(y/ax)

-5, admits the components

Alo(x7t7 U, Uy, uxx) =

T10 — _ Leos(vax) 710 = —sin(v/0x)u/ o — cos(v/0x) ity (24)

! 2 u? [

o2 —uy

2 .
A (ot iy, ) = % e , admits the components

n 1 ou? — u,? 1 1 &’ +4autuy — 200 u + 4l un? — 4ulu e+ un® — 8uyp uy
T, :E u S :_g u (25)

The above conserved quantities may be expressed using the notation in [16], as follows. Let € denote
the space of solutions of a given model, and consider the spatial domain Q(—oe, ), then the integration
of a non-trivial conservation law over Q produces a conserved integral C = fQY} dx | ¢, satisfying % =
—Tiloa ‘e_. That is, we may denote the conserved integrals as C* = fj; T* dx, where k=1,...,11.
We remark that the physical interpretation of these conservation laws would be more elegant under
a Hamiltonian formulation, and while these equations may not all possess an apparent Hamiltonian
function, we shall present an approach to solve this problem elsewhere in the near future.

4 Power law solutions

In this section, we draw on the optimal system of one-dimensional subalgebras to reduce Egs. (1)-(3)
to ordinary differential equations. Some of the subsequent ordinary differential equations are highly
nonlinear and may be solved using the power series method [17,18]. Reducing Egs. (1)-(3) by the
generator X; gives y'(r) =0, where u(x,7) = y(t). Solving gives the obvious solution y(r) = ¢¢, where c¢g
is an arbitrary constant. Hence, each of the three equations possess the constant solution u(x,t) = co.

4.1 Series solutions for Eq. (1)
Reducing the equation by X, + €X; gives
€' —3p(s)*(ae’ +p"(5)) =0, (26)

where s = =€ and u(x,t) = p(s). In search of series solutions, a substitution of the power series
pls) = Z arlS”? (27)
rl =0

is done for the reduced equation. Hence, we find the series (we set € = 1 for simplicity)

4 ay(3aat+1)
sBaa+1) S (aa; — 3a30 )

1843 124y

p(s) = ao +ars+axs® +
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@ (3aai+1)
3a5

a1 (3aad+1)

2a,(3aai+1) )
Sa(z)

ss(aa%— —4ay(aa; — 340

60a%

) +2aapa; —
+

Reducing Eq. (1) by X3 gives the ODE

9y(z)* (e +5252°y" (z) + 1252%y" (z) + 3402y (z))
+152y(2)%y (2) (@ +5252°Y"(2) + 1252y (2) 4+ 3302y (2)) — ' (z) + 54y(2)* =0,

where z = x> and u(x,t) = x3y(z). A substitution of the power series
y(2) =Y an2",
r1=0

into (29), provides the power series solution

¥(z) = ap + 9z(atad + 6ay) + +212% (70243 (ovad + 6a3) + 9oab (owad + 64ag))

+22(110502a3 (70243 (ag + 6ag) + Yaad(aag + 6ay)) + 39025843 ( oal + 6ag)*
+3990ad(702a3 (owag + 6ag) + 9oad(oad + 6ag)) + 1539aag(aay 4 6ag)*) + . ...

4.2 Series solutions for Eq. (2)

Reducing the equation by X, + €X; gives
P'(5)(2€ + p(s)*(20€* +3p" (5))) +2p(s)°p" (s) = 0,
where s = =€ and u(x,t) = p(s). Similar to above, the series solution for (32) is

s3(—06a1a% — 3a1a2ag —ay)
3
6ay

9a; (7(xa|a%73a1a2a%7a|)
2aq

24a3

p(s) = ao +ays+ars® +

s*(—20aral —2aalag — — 6a3a3 — 6aiarag — 2a,)

Reducing the equation by X3 gives

(12y(2)* — 2 (z) 4+ 32y(2) % (2) (20t + 542y () + 2724 (2)) + ¥(2)°
(4ot + 2462y (z) + 27022y (z) +542°y" (z))) = 0,

where z = tx* and u(x,t) = x?y(z). In this case, we have the series solution

3
y(z) = ap+ 2z(aa3 + 3a8) + §z2(98a8(aa8 + 3a3) + 6O£a(2)(oca8 + 3ag))

1223 (13503 (9843 (oway 4 3al) + 60al (aay + 3ay)) + 32443 (aay + 3ag)?
+3aa}(98ad(aay + 3ag) + 6aag(aad +3al)) + 8aag(aal +3ad)?) + . ...

4.3 Series solutions for Eq. (3)

A reduction of the equation by the symmetry combination X, + €X; gives

e (e+ap(s)’)p'(s)+p(s)*p" (s) =0,

+...

(28)

(29)

(30)

(32)

(35)

(36)
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—X+te

where s = and u(x,t) = p(s). Thus, the series solution is

3a; (—aalag—al) . 202)

3 3 40 3 2.2
s’ (—aaral —ay) s*(—2aaray — 3oaiag e

6a; 24a}

p(s) = ap+ays+axs®> + +... (37)

A reduction by Xy yields y'(¢) = 0, where u(x,t) = sin(y/0x)y(t). Hence a solution is u(x,t) = sin(y/ax)c;.
A reduction by X3 +aX) yields

—37y(2)* ((ad® +21)y' (2) +92(4y" (2) + 29 (2))) + @Y (z) — (@a® + 1)y(2)* = 0, (38)

3. . .
where u(x,1) = ¢/%y(z) and z =te'«, having power series

7 ( e

2 Taay(oa”+1)

Z ( a + a
2a’

2 15aal’(@a®+1)*  195a)°(aa® +1)? Saad(
75 + +

3a’

+173a(3)(

7 2

¥(z) = ao+ 3

Taal(aa*+1) | 67aj(aa+1)
a + a3 )

at a® a
Toa)(aa*+1) + 67a)(aa*+1) )

— @ YR (39)

A reduction by X; 4+ aXy yields

@y (2)(a— a*?y(2)*) + a¥?y(2)*y¥(z) =0, (40)

at—log(sin( ‘/ZEX ))+log(cos( @ )

a

where z = and u(x,1) = sin(y/ax)y(z). The corresponding power series is

B(@Pa’aja) — day)

6063/261(3)

¥(z) = ao +01Z+02Z2 +

301 (a3 a3 ar —dd
#(3a*adat o’? 4+ 2d%alar o¥/? — a(@o g —aa) _ 2a’a,)

ao
” 2403a}

... (41)

For this case, X, produces a reduced equation y©) (x) 4oy’ (x) = 0, where u(x,7) = y(x) and we solve to find

y(x) =2 CO\S/%/&X) + 4 Sin\/(a‘/&x) + G, with C1,C,,C; as arbitrary. A reduction by Xs + bX; gives us u(x,1) =

(vab — cos(+v/ox))y(t), where y'(r) = 0. Hence the invariant solution is u(x,7) = (v/ab — cos(y/ax))co,
where cq is an arbitrary constant as before. Finally, a reduction by X5+ bX; + 86X, yields the equation

o®25(ab® — 1)y(z)* + 1)y () + 0?2 8%y(z)*y¥ (z) = 0,

26tanh’l(7(ﬁb+l)tan(@)
where u(x,1) = (y/ab—cos(y/ox))y(z) and z = m_a”b'{””z +1. A solution to the reduced equation
via power series is

3(a8a1 a’2§ — agal a’?p2§ — ap)
603/2a3 83
402,22 3/2 3, 3)2 2.2.5/212 3. 5/212s  dai(aga 0?8 —aja1a®b?8—a))
7' (Bagajo' =8 + 2agar /<8 — 3agajo’/ b6 — 2agar o’/ b6 — —= 0 —2a;)

ao
2403/2a} 53

z
y(z) = ap+ a1z+ axz* +

+...
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4.4 Testing for convergence

Each of the series solutions given above may be expressed as a recurrence relation. We illustrate this
below for Eq. (26) with the series (27). Eq. (26) can be expressed as

143 i i Ary—ryQr, S

r|:0r2:O
> I 2

-3 Z Z Z (ri—r+3)(n—rn+2)(rn—r+1)a,—r3a,,—ra,s" =0. (42)
r1=0r,=0r3=0

From (42) comparing coefficients of the power of s, we find that ag,a;,a, are arbitrary,

(Saa%—l- 1)
_ Lot ) 13
T ¥ (43)

and in general for r; > 1, we have
Zrz 1Zr3 0(1’1 —r2+3)(r1 —r2+2)(r1 — r2+ 1)y, —ry+30r,—ryars
(r1+3)(r1 +2)(r1 + 1)a3
+ az:;:() ar] —rzarz
(}’1 —|—3)(r1 —|—2)(I’1 + l)a(z)

Therefore, from (44), we can obtain the constants in the power series solution. Next we prove the
convergence of the power series solution (27). From (44) we obtain

ar+3 =

(44)

It 2
lar+3] < M( Z Z |ar, —ry+3l|ary—rs||ar | + Z |ar,—r,|lar ), (45)
ry=1r3=0 rp=0

where r; =1,2,3..., and M = max{ - 2, 2 } Suppose we have the power series L = R(s) = X7 _qp,,s™ where

pk=|ax| k=0,1,...,3 and (46)
Il ¥
Pri+3= Z Z Pri—r3Pry—r;Pry + Z Pri— rzprz) (47)
rp= 1r3 0 ry= =0

Hence |a,, | < p;, r1 =0,1,2... Next we prove that u is convergent in a neighbourhood of a point, and
U is a majorant series of Eq. (27), hence:

R(s) = po+p1s —i—pzs2 +p3s3 + Z pr1+3s”+3 = Ppo +p1s+p2s2 +p353

rlfl

o r r
+M Z ( Z Z Pri—r+3Pry—r;Prs + Z Pri— rzprz) ri+3
ri=1 rn=1r3=0 ry=0
= Po +p1s+p2s2+p3s3
o] r r
Z Z Zprl r2+3Pry—r3Pr3S s+ Z Zprl raPryS r1+3)
ri=1ry=1r3=0 ri=1r,=0
= po+pis+pas”+pas’ + MR (s) + R*(s° — pis — pas™) + V(s)], (48)

Where v(s) is a polynomial with respect to s, that is v(s) = —2pop1p2s’® — 3pgpss® — popis® — 2p3pas* —
pos —2p0p1s— 3. Let

F(s,1u) =u—po —pls—pzs2 —p3s3 —M[R3(s) +R2(s3 —pls—pzsz) +v(s)], (49)
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7.5x 10"
200!
5. x 1014‘
100/
2.5x 10"
0 04
0 2 4 6 8 0 i 5 3

Fig. 1 We select the parameter values o = a; = 1: Plots of (a) Eq. (28); (b) Eq. (31).

be the implicit function equation, where we obtain that F(0,po) =0 and F,(0,r9) = 1 —3Mp3 # 0. By
the implicit function theorem [19], u = R(s) is analytic and convergent in a neighbourhood of the point
(0, po) in the plane and with a positive radius, then the power series solution (27) is convergent in the
neighbourhood of a point (0, pg). Therefore (27) can be written as

2 o 2
p(s) = ap+ais+ays —|—a3s3 +Zr1:1ar1+3srl+3 =aop+tas+axs —l—a3s3

Ly (_2221 Z:O(rl —r+ 3)(” —r+ 2)(1’1 —r+ 1)ar1 —r4+38ry—r3Urs
n=1 (r143)(r1+2)(r1 + l)aé

n 0522:0 Ari—ry0r, r1+3
(r1+3)(r1 +2)(r1 + 1)a3 '

Thus the exact power series solution of Eq. (1) can be written as

u(x,t) = ag+ay (t —x) +ax(t —x)* + a3 (t —x)° +X_jan3(t —x)n+3
=ap+a(t —x) +ay(t —x)* +az(t —x)*
Yoo Yriso(ri —=r2+3)(r1 =2+ 2)(ri —r2+ 1)@, —ry13ar, -1,y
(r+3)(r+2)(ri1+1)d3

+E7 4 (

r
ang:Oarl—rzarz

—x r+3
+(’”1—|—3)(r1+2)(r1+1)a(2)>(t " (51)

where ag # 0,a1,az, are arbitrary constants, a3 is given in (43) and the rest of the constants may be
determined by (44). This produces the solution (28).

5 Graphical results and discussions

In this section, we plot truncated solutions for some of the results found above. In Figs.1-3, we have
graphical solutions for the ODEs from reductions of Eq. (1) and (3), and the resulting graphical solutions
for Eq. (1) and (3). The solution (28) corresponds to a travelling wave reduction and we observe that
the solution (31) grows much larger than (28). The graphical solutions for Eq. (2) are quite similar to
those of Eq. (1). The truncated solution of (37) is positive at small values of the independent variable
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60000;
2
40000;
1
20000
0 , 04
0 0.5 1 15 2 0 05 1 15 2
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10
54
[0}
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o)
&
—
—
3]

Fig. 2 We select the parameter values a = a; = 1: Plots of (a) Eq. (37); (b) Eq. (39); (c) Eq. (41); (d) Eq. (28).

but becomes negative at higher values while the solution for (39) grows the fastest. We have shown that
(28) converges but, similarly, and very tediously, we can test for convergence to all reduced equations
in this paper. The solutions can then be transformed back into original variables, given the invertible
transformations stated for each reduction.

6 Conclusion

In this study, we have compiled the reversible transformations that render a class of polynomial equa-
tions invariant. The reduced equations are difficult to solve exactly using most techniques, but with
power series, solutions are obtainable. In fact, we observe that a power series is effective in solving
ordinary differential equations admitted by the Lie symmetry reduction approach. The convergence of
such series may be tested algorithmically in a manner shown above. The optimal system of subalgebras
and conserved quantities were also derived to gain further insights into the family of equations.
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Fig. 3 Parameter values o = a; = 1: 3D plots of (a) Eq. (31); (b) Eq. (39); (c) Eq. (37); (d) Eq. (41).
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