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Abstract

We study a type of lattice path called a skew Dyck path which is a generalization of
a Dyck path. Therefore we first introduce Dyck paths and study their enumeration
according to various parameters such as number of peaks, valleys, doublerises and
return steps. We study characteristics such as bijections with other combinatorial
objects, involutions and statistics on skew Dyck paths. We then show enumerations of
skew Dyck paths in relation to area, semi-base and semi-length. We finally introduce
superdiagonal bargraphs which are associated with skew Dyck paths and enumerate

them in relation to perimeter and area.
— Nolwazi M. Dube
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Chapter 1
Dyck Paths

1.0.1 Introduction

In this dissertation, we study Dyck paths and skew Dyck paths and their enumerating
properties. We do this by studying research papers titled Dyck path enumeration by
E. Deutsch, Skew Dyck paths and Skew Dyck paths, area and superdiagonal bargraphs
by E. Deutsch, E. Munarini and S. Rinaldi, see [3],[4],[5]. We mainly chose these
papers because they consider the combinatorial properties within these Dyck paths
and skew Dyck paths and also consider combinatorial properties in relation to other
combinatorial objects.

In Chapter 1, we give an introduction and survey on Dyck paths as we are to use
them in later chapters by studying the research paper on Dyck path enumeration.
We do this by discussing some preliminaries and terminology used in relation to
Dyck paths. We will then give a brief overview of the enumeration of Dyck paths
in relation to length and other various parameters, see [3]. In Chapter 2, we study
the research paper on skew Dyck paths mainly in relation to their semi-length. We
show several combinatorial results that arise from these skew Dyck paths. Some of
these combinatorial results include showing a bijection between these skew paths and
other combinatorial objects, showing that there exists involutions between skew Dyck
paths and there are several statistics on these skew Dyck paths. In the last chapter
(Chapter 3), we further study skew Dyck paths according to their area. We then
extend the definition of a skew Dyck path to form a superdiagonal bargraph where
we enumerate these superdiagonal bargraphs in relation to their area and perimeter.

1.0.2 Preliminaries and terminology on Dyck paths

Definition 1.0.1. A Dyck path is a path on a square lattice which is in the first
quadrant with up steps, U = (1,1) and down steps, D = (1, —1), beginning at (0,0)
and ending at (2m,0). The length of a Dyck path is the total number of up and down



steps, see [3],[4]. The semi-length then is equal to half the total number of up and
down steps, namely, m. Figure 1.1 illustrates a Dyck path.

Definition 1.0.2. A peak is an up step immediately followed by a down step, i.e.,
UD.

Definition 1.0.3. A walley is a down step immediately followed by an up step, i.e.,
DU.

Definition 1.0.4. A doublerise is an up step immediately followed by another up
step, 1.e., UU.

Definition 1.0.5. The hetght or level of a doublerise, valley or peak is the point of
intersection of the two steps involved.

Definition 1.0.6. A return step is a down step, D, at level 1 or at a point where
= 1. A primitive Dyck path is a path that contains exactly one return step.

Definition 1.0.7. Any maximal string of down (up) steps in a Dyck path is called a
descent (ascent). The length of a Dyck path is its total number of up and down
steps.

Definition 1.0.8. A concatenation of Dyck paths o and ~y is defined as o7y.

Definition 1.0.9. An elevation of o is defined as 6 = UoU where o and 6 are
Dyck paths.

peak doublerise

descent

return step

Figure 1.1: A Dyck path with steps UUDUUDDDUD, m = 5.
We denote an empty path by p and graphically by e.
Let C and D be nonempty sets of Dyck paths. Therefore the concatenation CD
of C and D is

CD={oy:0 € C, vy € D}



and the elevation C of C is
C={4%:v¢€eC}L
Consequently C = C{p} = {p}C.

Let K be the class of Dyck paths and K,, be the class of Dyck paths with semi-
length m where K = U°_K,,. Thus Ky, = {p}. The decomposition of a Dyck path
illustrated in Figure 1.2 below is given by

o=UnDX or p (1.1)
where v; and A\; € K. Here 0 = U~; D) is known as the first return decomposition

because the down step, D, is the initial return step of the Dyck path to the x-axis.
Figure 1.2 below illustrates this decomposition.

(a) o = UmnDA (b) p

or o
A

Figure 1.2: The decomposition of a Dyck path.
The decomposition can also be shown as:
o =7UND or p (1.2)

where 9 and Ay € K. This is illustrated in Figure 1.3 below.

(a) 0 =%UND (b) p

or o
V2

Figure 1.3: The decomposition of a Dyck path.



Now, (1.1) implies that, see [3],

Km = K()Km_l U Kle_g U...u Km_QKl U Km—lK[)y m Z 1. (13)
Similarly, (1.2) implies that, see [3],

Km = K()Km,1 U Kle,Q U..u Km,QKl U Km,1K07 m Z 1. (14)

Since (1.3) and (1.4) are disjoint unions, we hence obtain, see [3],

K| = Kol [Kpn—1| + Ky |[Kppa| + ... + KooKy | + Kyt |[[Ko|, m > 1. (1.5)

As K, is the class of Dyck paths with semi-length m then the cardinality of Dyck
paths with semi-length m, denoted by |K,,|, is the Catalan number, ¢,,, see [3], [4],

for m>0 where
2m 1
= _ 1.6
‘ (m)m+1 (1.6)

The generating function for these ¢, is, see [3], [4],

colg) = D emd"

m>0
1—+/1—4q
2q )

1.1 Enumeration of Dyck paths

We now find the generating function for Dyck paths in relation to semi-length and
some parameters such as number of peaks, return steps, valleys and doublerises and
enumerate some results from these generating functions.

Let b be a fixed parameter of Dyck paths where b € N. If a parameter b is additive,
then b(oy) = b(o) + b(7), for all Dyck paths o, v. If T"is a finite set of Dyck paths,
then Bp(x) is the enumerating polynomial of T' corresponding to parameter b:

Br(z) = Z ).

ceT

If C and D are finite sets of Dyck paths and C N D = (), then, see [3]

BCUD(m) = BC + BD. (18)



Let B,,(z) be the enumerating polynomial of the class of m-Dyck paths, where x
represents the parameter in question. By m-Dyck paths, we mean a finite set of
Dyck paths with semi-length m. We also define Em(x) to be the enumerating
polynomial of the primitive Dyck paths of semi-length m + 1, see [3]. Let ®(x,y) be
the generating function for Dyck paths in relation to semi-length, marked by y and
parameter, marked by = defined by:

O(r,y) = 3 Bule)y™ (1.9)

m>0

and also define

O(x,y) = > Bulx)y™ (1.10)

m>0

We let ®(z,y) = ¢ and i)(x, y) = d to simplify our calculations. In the enumerating
problems we will encounter, we are going to solve them in the following way:

1. We study the impact of concatenation on Dyck paths in relation to parameter
then make use of (1.3), (1.4) and (1.8). Finally state B,, in terms of

~

Bm717Bm727"‘7B07Bm717Bm727"‘7BO‘ (111)

2. We study the impact of elevation on Dyck paths in relation to parameter and
then state

A

B, in terms of B,,. (1.12)

3. Then from (1.9) to (1.12) we eliminate ® by obtaining two relations between
® and ®. From that we get an equation satisfied by ®(z,y).

Notation: The notation [y"|R(y) is used in this chapter and later chapters which
denotes the coefficient of y™ in the series of R(y).

1.1.1 Enumeration according to the number of peaks

The number of peaks is an additive parameter because if we take any two Dyck
paths say o and ~, then o7 consists of the exact number of peaks in ¢ and in v. For
any additive parameter x, if J and K are two finite sets, we obtain

Bjyk(z) = By(z)Bk(z). JK is a concatenation of Dyck paths from J and K. Then
(1.11) becomes

A

B (%) = Bm_1(2)Bo(z) + Bpa(z)Bi(2) + ... + Bo(z)Bp_1(z), m > 1 (1.13)

which gives:



d—1=ydd, (1.14)

where y denotes the semi-length Here B,,(x) represents the number of peaks in
Dyck paths of semi-length m. The elevation on this parameter is given by

. for m =0
Ba(z)=1{" o (1.15)
B (x) for m > 1.

This suggests that the number of peaks does not change by elevation except the
empty path that becomes UD, see Figure 1.4 below.

(a) Dyck path, o. (b) Elevation of g, i.e 6 = UoD

Figure 1.4: The elevation of a Dyck path.

From (1.15), we have, see [3]

A

=0 +x—1. (1.16)

Solving (1.14) and (1.16) simultaneously, hence eliminating d, we obtain:

d—1 = ydd
= yP(¢+2-1)
= y®? + ayd — yd
0 = y0*—d(1+y—yz)+ 1. (1.17)

We then introduce the Narayana function ¢ = o(z,y) which we use to find the
generating function for Dyck paths according to the number of peaks. It is defined
implicitly by, see [3],

(14 0)(1 4+ z0)y = 0 where o(z,0) =0. (1.18)



Giving

1—y—azy—/1—2y+y*—2zy — 2ay® + a2y>

1.1
20y (1.19)

o(z,y) =

Solving (1.17) and (1.18) simultaneously and hence eliminating y, gives the gen-
erating function for Dyck paths in relation to the number of peaks and semi-length,
see [3],

We now state the Lagrange Inversion Theorem which we use in this chapter and
the next two chapters.

Theorem 1.1.1. Lagrange Inversion Theorem, see [3],
Let T(q) be a generating function with the assumption that it satisfies the functional
equation

T(q) =1+qF(T(q)) (1.21)

where F(B) is a polynomial in B. Then (1.21) has a unique solution in T(q) and if
B(p) is a polynomial in B, then

IBI@) = [ IB A+ FO+A) forh> 1 (122

Then applying the Lagrange Inversion formula to (1.18) yields

e = — [+ )" (1 +2B)"

1
Then
A (R (RO IC R

m
S

)iy

)i
)(.7)

2y — %(?) <5T1)’ m > 1, (1.23)

which is the Nayarana results, see [3].

3= 3= 3= 3=
3

TN TN T
w3

»

Hence



1.1.2 Enumeration according to the number of return steps
and peaks

Recall that the number of peaks (marked by x) is an additive parameter. A return
step is also an additive parameter because any Dyck path that is elevated has precisely
one return step. Since we have two parameters we will introduce another marker for
the second one, namely, w. Hence we have

(1.24)

B () = W ifm=0
T Y wB(2,1) iftm > 1.

From (1.24), the generating function for Dyck paths in relation to number of
return steps, number of peaks and semi-length is, see [3],

A

O(x,y,w) = 2w —w+wd(z,1,y). (1.25)

Solving (1.14) and (1.25) simultaneously, hence eliminating ®, we obtain:

d—1 = ydd
P(z,1,y) = y®(z,w,y)(zw—w+wd(z,1,y))
= wy®(z,w,y)(x -1+ O(x,1,y)). (1.26)

By setting w = 1 we have ®(z,1,y) = ®(z,y) = ®, then

-1 = yd(x—1+9)
d—1 = a2yd —yd + yd?
d—-1 = a2yd — yd + yd?
0 = yd? —d(1+y—ay) +1
0 = 1+4+uzo(x,y), (1.27)

where o(x,y) is the Narayana function and (1.27) is the generating function for
Dyck paths in relation to number of peaks and semi-length, see (1.20). Therefore as
a result we get, see [3],

1
1 —awy(1 + o(z,y))

O(x,w,y) = (1.28)

Now expanding (1.28), we have the following geometric series, see [3]



Z (wxy (1+ o(x y)))f (1.29)

Then by the use of Nayarana’s results, see [3], we obtain

D) ifs>0r<m
(25w y™|®(x,w,y) = 1 ifs=r=m (1.30)
0 otherwise.

1.1.3 Enumeration according to the number of return steps

The generating function for the enumeration for Dyck paths in relation to semi-length
and number of return steps is found by letting x = 1 and renaming w by z in (1.28).
Using (1.19) in (1.28) we have

1
d(1 =
(12.9) 1—ay(l+o(1,y))

B 1
1 xy(l n 1—2y—\/1—2y—2|-;;2—2y—2y2+y2>

B 1
1 — ay(1 4 2250

1

= — 1.31

1 — zyc(y) (131)

where ¢(y) is the generating function for Catalan numbers, see [3]. We know from
3] that

h 2m+h
m h
e = ot (") where () # 0,0), (1.32)
From (1.32) we derive
ey — (P TE (1.33)
Y 2m—s\ m ) '
Now, from (1.31) we obtain,
0P 5
— = . 1.34
o | = vel) (1.34)




1.1.4 Enumeration according to the number of doublerises

The number of doublerises is an additive parameter because if ¢ and v are Dyck
paths then the number of double rises for the concatenation, o+, consists exactly of
the number of doublerises of o and those of v. We mentioned earlier that the number
of peaks is also additive and therefore the number of doublerises can be enumerated
in a similar manner. However since for every m-Dyck path the total number of
doublerises and number of peaks is equal to m. By this we mean that each rise will
either turn into a doublerise or a peak. Therefore we obtain, see (3],

®drise(x7 y) - (I)peaks(x_la in) (135)
From (1.20), we get, see [3]
(I)drise(xvy) - 1+Q(«T,y) (136>

1.1.5 Enumeration according to the number of valleys

The number of valleys can be enumerated in a similar way as the number of peaks.
For an m-Dyck path, we find that the number of peaks in one more than the number
of valleys, see [3]. Hence from (1.20), we obtain

(I)Ualley(xa y) =1 + Q(ZE, y) (137)

1.2 Summary

In this chapter, we introduced a type of lattice path called a Dyck path and we
discussed some definitions and terminology associated to it. We further looked at
some enumerations of these Dyck paths according to different parameters namely,
number of peaks, return steps, doublerises and valleys. We now move on to a similar
type of lattice path called a skew Dyck path.

10



Chapter 2

Skew Dyck paths

In this chapter we study the characteristics of skew Dyck paths and show that there
are bijections between them and other combinatorial objects. We also look at four
different types of involutions on skew Dyck paths and finally discuss some statistics
on these skew paths.

2.1 Introduction and elementary properties

In this section we give basic definitions,terminology and some properties related to
skew Dyck paths.

Definition 2.1.1. A skew Dyck path is a path in the first quadrant which originates
at (0,0) and ends at the z-axis consisting of up steps, U = (1,1), left steps, L =
(—1,—1) and down steps, D = (1,—1), making sure that there is no intersection
between up steps and left steps.

Definition 2.1.2. The length of a skew Dyck path, 2h is the total number of up,
down and left steps and the semi-length refers to half the number of its steps ie., h,
see [4].

®

Figure 2.1: (a) A Dyck path with 10 steps (h = 5) and (b) a skew Dyck path with
12 steps (h = 6).

11



Figure 2.1 is an example of a Dyck path with steps UUDUU DD DU D and a skew
Dyck path with steps UUDUUDLDUUDL. We notice that a skew Dyck path of
length 2h does not necessarily mean that it will end at (2h,0), see [4]. From Figure
1.2 we note that the difference between (a) and (b) is that (b) includes left steps, L,
and (a) does not, which tells us that (b) is a generalization of (a).

Let p denote an empty path of a skew Dyck path or represented graphically by
e. Define W to be the set of all skew Dyck paths and W, to be the set of all skew
paths with semi-length h where W = U ;W,,. The skew Dyck path can either be
an empty path or decomposed as UyDu, where v,u € W or UpL, where ¢ € W,
© # p, see [4]. This decomposition is illustrated in Figure 2.2 below.

(a)UyDp (b)UpL (c)p
or or [ )
W

Figure 2.2: A decomposition of a skew Dyck path.

From Figure 2.2 the composition of the generating function, s(gq), for the enumer-
ation of skew Dyck paths in terms of semi-length, counted by ¢, is as follows:

s(q) =1+ ¢s°(q) + q(s(q) — 1). (2.1)
Where,

1. 1 represents the empty path.,

2. qs*(q) represents the skew path with decomposition UyDpu. Since with semi-
length we consider half the number of steps, we consider up steps only. Then
as shown in Figure 2.3 there is only one up step represented by ¢ and there are
two different skew Dyck paths v and u represented by s%(q).

3. Here, ¢q(s(q) — 1) represents the skew path with decomposition UpL. Since
there is only one up step, then we have ¢q. There is only one skew Dyck path
represented by ¢. However, since ¢ # p (i.e, ¢ is not an empty path), we subtract
the empty path from s(q) i.e., (s(q) — 1).

Solving for s(q) we get,

12



s(q) = 14qs*(q) +q(s(q) — 1)
= 1+qs*(q) +qs(q) — q
s(@)(1—q) = 14qs*(q) —q
0 = g¢s*(q) — (1—q)s(q) + (1 —q).
Hence

s(q) = 1_q_\/(1—23)2—4Q(1—Q)
2q '
= 14q+3¢°+10¢> + 36¢* + 137¢° + ... (2.3)

In (2.2) above, we use the negative square root because lirré s(q) = 0 with the neg-
q—

ative root and hH(l) s(q) = % = oo with the positive root. As shown above in (2.3), the
q—

first six terms of the sequence s(q) given by the coefficients s;, are 1,1, 3,10, 36, 137...,
see [8]. Figure 2.3 shows the ten skew Dyck paths with semi-length 3.

A

Figure 2.3: Skew Dyck paths with semi-length 3.

If we let s(q) = 1+ q(s(q)* + s(q) — 1), then by the Lagrange Inversion theorem,
see Theorem 1.1.1, we have

13



(8" (1438 + BH)" for every h>1.

=

sn=[q"]s(q) =

We then expand (1433+/3?) into three trinomials namely (1+3)*+ 3, (1—3)*+503
and (1 + 33) + 3% We then obtain the following lemmas.

Lemma 2.1.3. see [4],

A v

p=1

Proof.

"s(q)
[8"7'(1 438+ B%)"

B (1 + B)* + B)"

Sp =

h

13 (Yo o

p=0

= e,

I
>0
(]~

Il
S| =
[]-
o

~ N -~
=
~_
N\
=
g
—_
~_

h p—1 2p
p) 871+ )

i
o

]
B

1 h! " (2p)!
h<= (h—p)p! (p—1p+1)!

h h—1)! ) 1
-y ( ) (2p)

X X
— (h=plp—1! plpl p+1

14



Lemma 2.1.4. see [4],

Proof.

sno= lq"ls(q)
= 180+ 35+ 6

= 187N B+ 5B)"

= Z (’;) (1— By (58)"

1h h hp hl 2php
= > ()5 is )78
p=0
h
= 1 (h)5h pﬁpl 1-3
hp: P
h
:1 h5hp p—l
h p

_ (h —1)! (2p)! 1o miehep
B pzzl(h—p)!(p—l)!x( — Dl(p+1)! pr( s

Pl
— Z (2 : i) (—=1)P~ 15",

Lemma 2.1.5. see [4],

124

06y
— \P/\P+ 1

Sp =

i

15



Proof.
sn = [q"]s(q)
= I+ 38) + )

h

= Gy (D) s

p=0

I
SN
(1=

(h) 85111 + 35)">

p

S
:II
o

l\’ |
A

SO
h = \p —2p—1
125+
— l - (h’) 3h—2p—1
h = \p h 2p— 1)!
1272
gy
h =\ \p+ 1
[
Remark 2.1.6.
Lemma 2.1.4 shows that (ss),-, is a binomial transform of (c,) .. From this
observation with the use of (1.7), we find that, see [4],
s(q) = C(l%q) (2.4)
where ¢(q) is the generating function for the Catalan numbers.
Proof.
. 1 /1-4(:%)
C<1 =) - 2
1 =
_ 1-¢— /(1 -9 41— q)
2q
 1—q—+/1—-06q+5¢
= >
= s(q).
[
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2.2 Bijections with other combinatorial objects

We shall show that skew Dyck paths and some combinatorically defined objects are
equinumerous. Since two of these objects involve trees we will start with some defi-
nitions and terminology.

Definition 2.2.1. A graph, P, is a mathematical structure that consists of two sets
V(P) and E(P). The elements of V(P) are known as vertices and that of E(P)
are known as edges. That is V(P) = {vy,va,v3,- -+ ,v,} consisting of n vertices
and E(P) = {ey,es,€e3,- - ,en} consisting of m edges. Each edge has, at most, two
vertices associated to it, which are called its endpoints, see [9].

Figure 2.4 shows an illustration of a graph.

Figure 2.4: A graph called a triangle with 3 with set edges {eq, €2, €3} and set
vertices {vy, vg, v3}.

Definition 2.2.2. A path in a graph is a sequence of edges that connects a sequence
of vertices. A path is simple if there are no repeated edges and no repeated vertices,
except possibly the initial and final vertex. A cycle is a simple path beginning and
ending at the same vertez, see [9].

Definition 2.2.3. A graph is stimple connected if every vertex is joined to every
other vertex by a path, see [9].

Definition 2.2.4. A tree, T},, is a simple connected graph without any cycles con-
sisting of h vertices and h — 1 edges. Trees may be rooted i.e., have a distinguished
vertex. The rooted vertex is either at the top or bottom of the tree. In this case, h — 1
of the vertices are referred to as children except for the root. A subtree of Ty, is a tree
T,. whose vertices and edges form a subset of Ty, i.e., h>m, see [9].

Definition 2.2.5. A binary tree is a rooted tree where each vertex has none, one
or two vertices connected to it by a path, see [9].

Definition 2.2.6. An ordered tree is a rooted tree where the arrangement of the
subtrees is important, see [9].

17



2.2.1 Bijection from Hex trees to skew Dyck paths

Definition 2.2.7. A Hex tree is a tree which is rooted where each vertex consists of
none, one or two vertices connected to it and when only one vertex is available, it is
either a right, middle or a left vertex, see [4].

In this case Hex trees will have their rooted vertices at the bottom. Hex trees
and tree-like polyhexes rooted at an edge have a bijection between them. A polyhex
is an assemble of regular hexagons where two hexagons connect to each other by
sharing an edge or rather a common edge. Some polyhexes have points common to
three edges called a peri-connexion, see [6]. Other polyhexes form rings of hexagons,
( e.g, a central hexagon surrounded by six adjacent hexagons). To form a tree-like
polyhex, we need to form a cata-polyhez, (a polyhex with no peri-connexion and no
rings of hexagons), see [6]. If we take a vertex and position it in the middle of the
hexagon and then connect any two vertices by an edge with the condition that the
two hexagons share a common edge then we obtain a Hex tree. The term Hex comes
from this simple bijection. Figure 2.5 illustrates this bijection.

-

Figure 2.5: Bijection from a tree-like polyhex to a Hex tree.

If we let X be the class of all Hex trees and W be the set of all skew Dyck paths.
Then the map (—)" : W\{e} — X is defined in Figure 2.6
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Figure 2.6 A mapping from skew Dyck paths and Hex trees.

where v, © and ¢ are non-empty skew Dyck paths and +/, ¢/ and ¢’ are Hex trees.
Figure 2.6 shows that by inductive reasoning, this bijection maps skew Dyck paths
of semi-length h into Hex trees with h — 1 edges, see [4]. Figure 2.7(i) is an example
of this bijection.

el ~\ I
ANy
1* S 1*
ANA
1 S-- 1 t /5 \\
(a) Skew Dyck path with semi-length 6. (b) Hex tree with 5 edges.

Figure 2.7(i) An example of a bijection from a skew Dyck path to a Hex tree.

In Figure 2.7(i), the points (1,1*,2,3,4,5) in (a) are mapped on to (1,1%,2,3,4,5)
in (b). Now 1 and 5 are from Figure 2.6 (d), 2 is from (c), 3 is from (e), 1™ is from
(b) and 4 is from (a).
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Remark 2.2.8.

If we restrict this bijection to just Dyck paths it then becomes a bijection from
binary trees to Dyck paths. By replacing Dyck paths with ordered trees by a standard
or glove bijection, see [1]. A glove bijection is described as follows:

1. Traverse the marked tree, with the root at the top, in preorder. Preorder is a
process illustrated on the lelft side of the first diagram of Figure 2.7 (ii).

2. When an edge is passed along the left side on the way down, it correlates to an
up step, U, in the skew Dyck path.

3. When an edge is passed along the right side on the way up, it correlates with a
down step, D.

Figure 2.7(ii) illustrates this bijection

Figure 2.7(ii) Glove bijection where the edge e; corresponds to the step t where
j=1,23,..,11,12.

If we let binary trees be top rooted, then we get a mapping from ordered trees to
binary trees as shown in Figure 2.8, see [4]:
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59 | 6 ¢

Figure 2.8 A mapping from ordered trees to binary trees.

where vy and p are non-empty ordered trees. Figure 2.8 exhibits the first child-next sibling
bijection, see [4]. This bijection has the following properties, see [9]:

1. The vertices of the binary tree, say A, are the vertices of the ordered tree, say
D, with the root deleted.

2. The root of A is the first child of the root of D.

3. Vertex v, is the left child of vertex v, in A provided that v, is the left child of
v, in D, where x # y.

4. Vertex v, is the right child of vertex v, in A provided that v, is the next sibling
to the right of v, in D, where z # y.

5. In A, we delete the first edge from the root to its only left child.

Figure 2.9 below illustrates these two bijections.
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(a) A Dyck path consisting of 18 steps. (b) An ordered tree with 10 vertices.

U1
U3
U

Vg Vg

A
)

(¢) A binary tree with 9 vertices.

Figure 2.9 The glove bijection, ¢, and first child-next sibling bijection, ¢.

The glove bijection in Figure 2.9 is the same as the one in Figure 2.7(i7), hence
the same method can be applied. The first child-next sibling is described is described
as follows

The binary tree in (c) has 9 vertices unlike the ordered tree which has 10 due
to the root and edge in (b) being deleted.

The root vy in (c) is the first left child of vy which is vy in (b).

Since vy is v1’s only child in (b), (we take it as a left child) then it is v;’s left
child in (c).

Since v is v1’s next sibling from the left in (b), then it is v;’s right child in (c).
Since vg is v3’s next sibling in (b) then it is v3’s right child in (c).

Since vy is v3’s left child in (b) then it is vs’s left child in (c).

Since vs is v4’s next sibling in (b) then it is v,’s right child in (c).

Since v; is vg’s only child in (b), (we take it as a left child) then it is vg’s left
child in (c).

Since vg is v7’s left child in (b), then it is v7’s left child in (c).

Since vy is vg’s next sibling in (b), then it is vg’s right child in (c).
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2.2.2 Bijection from 3-Motzkin paths to skew Dyck paths

Definition 2.2.9. A 3-Motzkin path is a lattice path similar to a Dyck path. The
difference is not only does it consist of up and down steps but also horizontal steps
denoted by H = (1,0), see Figure 2.10. These horizontal steps can be drawn in 3
colours, see [7]. Note that the horizontal step can be on the z-axis. We say the path
is of size y because it begins at the origin and ends at (y,0). The length of a Motzkin
path refers to the total number of up, down and horizontal steps.

Figure 2.10 A 3-Motzkin path.

Figure 2.10 above shows a 3-Motzkin path of length or size 11 where the horizon-
tal step could be any of colours a, b or ¢. The 3-Motzkin path is similar to a Dyck
path but allows horizontal steps. Counting the 3-Motzkin paths yields Harary-Read
Benzene numbers 1,1,3,10,36,137,543..., see [7], [8], which is the same as the sequence
given by the coefficients s, of the series s(q), see (2.3).

There is a bijection from 3-Motzkin paths to Hex trees. We describe the bijection
as follows:

1. Traverse the Hex tree starting with the root at the bottom, in preorder. Pre-
order means that you move through the tree from the root starting from the
left side.

2. If we meet an edge for the first time and leads to a right, middle or left vertex
is equivalent to a horizontal step of a, b, or ¢ respectively.

3. If we meet an edge for the first time and stems from a branch point, there
corresponds a down or up step respectively.

Combining the structure of this bijection and the bijection and that of hex trees
to skew Dyck paths gives a bijection from 3-Motzkin paths to skew Dyck paths, is as
follows:
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Hex tree

Skew Dyck path 3-Motzkin path

AN

H M3

D b

UpsDys

/@\‘ -
/5

Figure 2.11 A bijection from 3-Motzkin paths to skew Dyck paths.

where 75, 7' and py are hex trees, skew Dyck paths and 3-Motzkin paths respec-
tively, where k = 1,2,3,4,5. Figure 2.12 is an example of this bijection.

(a) Hex tree with 5 edges.

ST A c b a
\~_/
N i v
N\
\, 2 13 3=~ 1 2 3 4 1—\
N B 3 / N\ ‘6\
1 1 6 \J N

- -

(b) Skew Dyck path with semi-lenth 6. (c) A 3-Motzkin path of length 5.

Figure 2.12 An example of a bijection from a skew Dyck path to a Motzkin path.

In Figure 2.12, from the root, the left (1) and right (6) edge mean the skew path
will be of the form (e) in Figure 2.11. Figure 2.11 also shows the structure of the
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Motzkin path (c¢). The right edge of the root ends in a vertex and from Figure 2.11 (a),
this is just a peak (marked by 6). Next is a right edge marked by 2 in (a) and that is
mapped onto 2 in (b) and (c), see Figure 2.11 (d). The horizontal step in Figure 2.11
(d) is of colour c¢. The edge in (a) that follows is the middle edge marked by 3 which
is mapped onto 3 in (b) and (c), see Figure 2.11 (c). The horizontal step in Figure
2.11 (c) is b. Then lastly is the left edge marked by 4 and is mapped onto 4 in (b)
and (c). The horizontal step in Figure 2.11 (b) is a. Edge 4 ends in vertex 5 which by
Figure 2.11 (a) is a peak marked by 4 in Figure 2.12 (b) and a vertex in Figure 2.12 (c).

From Figure 2.12, we can see that this decomposition leads us to conclude that
the generating function for the enumeration of 3-Motzkin paths in relation to their
length is equal to the generating function of the enumeration of hex trees in relation
to the number of edges, see [4]. Hence the common generating function ¢(q) is,

9(q) = 1+ 3q9(q) + ¢*9(q)*. (2.5)

e 1 represents an empty path.,

e 3qg(q) represents the three decompositions Hpy, Hpuy and Hps, and ¢ shows
that there is only one horizontal step representing one of the three colours a, b
or ¢ in each decomposition. g(g) shows that there is only one 3-Motzkin path,
1, for each decomposition, + = 1,2, 3.

e Here, q2g(q)2 represents the decomposition UpyDyis, and ¢? represents the up
step, U, and down step, D. Also g(q)2 denotes the two 3-Motzkin paths u4 and

s -

From the generating function g(g) for hex trees and 3-Motzkin paths and the gen-
erating function s(q) for skew Dyck paths, we see that their relationship is:

s(q) = 1+ qg(q). (2.6)

This is due to the bijection that maps skew Dyck paths with semi-length A to hex
trees consisting of h — 1 edges. Since 3-Motzkin paths with length h are counted by
Sh+1, we derive combinatorically three equations for sj. 1.

1. Select 2m steps from h unit steps between the origin, (0,0), and the end of the
path, (h,0). Then from the 2m steps we construct ¢, ‘disjoint’ Dyck paths.
Lastly we have the remaining h — 2m horizontal steps each consisting of the
three colors. We then get

h
- Z h gh—2m
h+1 = om Cm-

m=0
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2. The difference between 2-Motzkin and 3-Motzkin paths is that the horizontal
steps of 2-Motzkin paths are of two colours. We know that 2-Motzkin paths
with length h are computed by the Catalan number ¢4, see [7]. From h unit
steps between (0,0) and (h,0), we take m steps over which we can perhaps have
Cm1 ‘disjoint’ 2-Motzkin paths. Then we have the remaining h — m horizontal
steps whereby each step has the last colour. This again gives us

"k
Sh+1 = Z (m) Cm+1-

m=0

3. Lastly, we use 1-Motzkin paths to construct 3-Motzkin paths. 1-Motzkin paths
are similar to 2-Motzkin paths and 3-Motzkin paths, the only difference is that
the horizontal step can be of one colour. Here, from the h unit steps between
(0,0) and (n,0), we take m steps to perhaps have M,, ‘disjoint’ Motzkin paths.
M, is the m-th Motzkin number, see [2], defined by

m
k=0

If we assume that the horizontal steps of the 1-Motzkin paths have colour a,
then we give the remaining h — p horizontal steps and for each we allocate one
of two colours. We obtain,

h
h
s =3 ()2, (2.7

m=0

which is the relation between s;,.; and M,,.

2.2.3 Bijection from marked trees to skew Dyck paths

The bijection from marked trees to skew Dyck paths will be shown by deriving a bijec-
tion in relation to the glove bijection from ordered trees to Dyck paths we mentioned
in section 2.2.1.

Definition 2.2.10. A marked tree is an ordered tree that has right non-final edges
and none, some or all these non-final edges are marked. A right non-final edge is
an edge that is rightmost amongst other edges stemming from the exact same vertex
and there is more than one vertex that occur at that edge, see Figure 2.15.
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Figure 2.13 A marked tree with all three right non-final edges marked.

We shall find the bivariate generating function for the number of right non-final
edges, T'(r, g), where g marks the number of edges and r tracks the number of right
non-final edges. The decomposition of ordered trees is illustrated in Figure 2.14:

Figure 2.14 The decomposition of ordered trees

where o}, §; and 0, are ordered trees, j € N. From the decomposition, we get:
T=14gr(T-1)+1]+ FTr(T - 1)+ 1]+ @T*[r(T — 1)+ 1] + ...

The 1 denotes the empty path. Then g[r(7 — 1) + 1] represents the ordered tree
with the subtree ;. Here follows an explaination of the decomposition:
e ¢: One edge in ordered tree.

e (7T —1): Right non-final edge, r, has to be attached to the subtree oy and o4
should not be an empty path hence the empty path is removed i.e., T — 1.

e glr(T —1)+ 1]: We add back an empty path, 1, if there is no right final edge, t.

We use similar reasoning for the rest of the generating function. Simplifying
T(r,g) gives:
2
gT(r,9)” = (1 +g—rg)T(r,g)+1+g—rg=0.

Applying the Lagrange Inversion Theorem gives the number of ordered trees, vy,
that have h edges and m right non-final edges, see [4]:

—— T (h;b 1) My . (2.8)
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Combining (2.7) and (2.8) we get a relation between s, and the number of marked
trees. By shifting the index of s, to the left and letting m = j from (2.7) we get:

h—1 h—1
(h—1 h—1
sh—§j2hlﬂ< j )Mj—§ 2’“( . )]\/[hml.
j=0 m=0

Now, we are going to describe the glove bijection between skew Dyck paths and
marked trees.

1. Traverse the marked tree, with the root at the top, in preorder. Preorder is a

process illustrated on the left side of the first diagram of Figure 2.15.

2. When an edge is passed along the left side on the way down, it correlates to an
up step, U, in the skew Dyck path.

3. When an edge is passed along the right side on the way up, it correlates with a
down step, D.

4. When an edge is passed along the right side on the way up and it is a marked
right non-final edge, then it correlates to a left step, L.

Figure 2.15 is an illustration of this bijection.

Figure 2.15 Glove bijection where the edge e; corresponds to the step ¢ where
71=1,2,3,4,5,6,7,8.

2.2.4 Bijection from weighted Dyck paths to skew Dyck paths

Definition 2.2.11. A weighted Dyck path is a Dyck path where the down steps
are assigned a weight, w.

Earlier in Chapter 1 in (1.7), we introduced ¢(q) which is the generating function
for Dyck paths where ¢ marks the number of down steps. Assign a weight, y (y € N),
to each down step of a Dyck path where ¢ marks the weight-sum of the Dyck paths.
Looking at it this way, we would say the down step of the normal Dyck path is of
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weight 1. Now since each down step in the Dyck path could have a weight of any
positive integer, then we will have these possible weights:

G+ P+ E+3+E+

which gives a geometric sequence and simplifying it gives 1‘17(1. Hence if we substitute
q by li_q then we get the generating function for Dyck paths where each down-step is
associated with a weight y where y € Z. Then ¢ is the sum-weight of the Dyck path.

Figure 2.16 An example of the 10 weighted Dyck paths whose sum-weight is 3

We took the 10 weighted Dyck paths from the relation we mentioned earlier in
(2.4), namely s(q) = c(li_q). A Dyck path of semi-length h can have a weight sum £,

so the number of weighted Dyck paths can be counted in (hil) ways, [4]. This leads

k—1
us to,
" (h—1
5= ()0 )
k=1
Now, we introduce the bijection from weighted Dyck paths to skew Dyck paths.
Recall that W, is the set of skew Dyck paths of semi-length h in section 2.1. Define
P, to be the class of weighted Dyck paths. They have semi-length h and weight-sum
h respectively. We then define the mapping (—)" : P, — W), by,
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Figure 2.17 A bijection from a weighted Dyck path to a skew Dyck path.

where x is the weight of the first return step (to the z-axis) of the Dyck path,
i.e., their last weight. Also, an empty path of a Dyck path is mapped onto an empty
path of the skew Dyck path. We are now going to illustrate this bijection through an
example.

Figure 2.18 A bijection from a weighted Dyck path to a skew Dyck path.

Figure 2.18 shows an example of a Dyck path of sum-weight 5 and its mapping to
the skew Dyck path of semi-length 5. It is also easy to notice that for this bijection
the number of peaks and down steps do not change. Hence the number of skew Dyck

paths with semi-length A consisting of y down steps is (Zj)

2.3 Involutions on skew Dyck paths

Definition 2.3.1. An involution is a bijection from a set which when applied twice
gives the identity i.e it is its inverse. In our case the set is Wy, the set of skew Dyck
paths of semi-length h.

Definition 2.3.2. A fixed or invariant point is an element in the domain of a
function that is mapped to itself.
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2.3.1 Involution I

Let (—=)* : W, — W}, be an involution on W, defined recursively by:

) AN N
v AN
(© /\@ /@

Figure 2.19 Involution I
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where v # p. We see that from the definition of this involution that given a skew
Dyck path v we have that the number of left steps, L, is equal to UDU steps in v*.
Figure 2.20 below illustrates an example of this involution.

Figure 2.20 An example of involution I.
We also see that three cases form from this involution, namely:

(a) The skew Dyck paths UD~ and U~L are not fixed points. A fixed point in this
case means that the skew Dyck path does not change after the bijection.

(b) p and skew path UD are fixed points.
(¢) The skew path UyDp, (v # p), is a fixed point with the condition that: v* = ~
and pu* = pu.

Therefore, let ¥(q) be the generating function for the number of fixed points,
based on semi-length. We see that 1(q) is defined by:

V() = 1+ q+q((q) — 1)Y(q),

where,

e 1 represents the empty path.,

e ¢ represents the UD path.

e q(¥(q) — 1)1(q) represents the UyDu path. Since v # p we remove the empty
path i.e., 1(q) — 1. ¥ (q) represents the skew path .

Simplifying ¥ (q) gives:

V(g) = 1+q+q*(q) — q¥(q)
0 = q¥*(q) — (A +q)(q)+(1+q)
14+q—+/(1+¢)% —44(1 +¢q)

U(g) = % (2.9)
_ 1+qg—+/1—2q—3¢ (2.10)
% : :
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We take the negative root of (2.9) because lirré ¥ (q) = 0 with the negative root and
q—
lin% v(q) = % = oo with the positive root. The Motzkin number generating function
q—

M (q) is defined by, see [2]:

1 —q—+/1—-2q— 3¢

M(q) 2

Hence the number of skew Dyck paths with semi-length h that are fixed points of
involution I is M4, see [4]. However, we can construct this involution through
an involution on hex trees. For skew paths which are not fixed points, there is an
interchanging of the edges which lead to the right child and the edges that leads to
the middle child. For skew paths that are fixed points, the hex tree has to have at
most two edges attached to each vertex. We know that the Motzkin number, M,
counts such hex trees, see [4]. Now we can say that skew Dyck paths of semi-length
h are counted by the Motzkin number, M;,_, since there is a bijection from hex trees
with h — 1 edges to skew Dyck paths of semi-length h.

2.3.2 Involution II

Let (—)* : W, — W), be an involution on W;, and defined recursively by:

(a) p* = p where p is an empty path.
(b) (UD)* = UD.

(c) (UyD)" = Uy"L

(d) (UyL)* = U~"D.

(e) (UvDp)* = U*Dpc, i # p.

Pictorically, this involution is shown in Figure 2.21.
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Figure 2.21 Involution II.
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Figure 2.22 is an example of this involution.

Figure 2.22 An example of involution II.

Figure 2.22 shows the involution that is derived from (UyuD)* = U~*u®L. From
the definition of involution II and Figure 2.22, we observe that the following are
preserved by this involution:

1. The number of peaks.
2. The number of valleys.

3. The number of doublerises at any given point.
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4. The maximal number of consecutive up steps, U.

This involution is constructed again via the involution on hex trees where the edge
leading to the middle and left children interchange. Using the logic we used in the
first involution, we have that the Motzkin number, M) _;, counts the cardinality of
skew Dyck paths with semi-length h which are fixed points.

2.3.3 Involution III
Let (—)°: W, — W), be an involution on W), and defined recursively by:

(a) p’ = p where p is an empty path.
b

)
(b) (UD)" = UD.
(c) (UrL)" = Uy'L
(d) (UyD)" = UDy’
(e) (UDy)" = Uy*D
(f) (UyDp)> = UN*Dpb, pu # p
where v, u # p.

Pictorically, this involution is shown in Figure 2.23.

3IED

Figure 2.23 Involution III.
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Figure 2.24 below illustrates this involution.

Figure 2.24 An example of involution III.

From the definition and Figure 2.24, we can observe that the number of left steps,
L, is preserved and if we restrict Involution III to Dyck paths, then it becomes an
involution on Dyck paths. Involution III is also constructed by an involution on Hex
trees. The edge leading to the right and left children interchange. Just like the
previous cases, we observe that the number of skew Dyck paths is counted by the
Motzkin number, Mj_;.

2.3.4 Involution IV
Let (—)¢: W, — W}, be an involution on W; and defined recursively by:

(a) p° = p where p is an empty path.

(b) (UyL)® = U~L, v # p.
(c) (UvDp)* = UpDr~.

Pictorically, this involution is shown in Figure 2.25.

Figure 2.25 Involution IV.
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Figure 2.26 below illustrates this involution.

Figure 2.26 An example of involution IV.

Figure 2.26 illustrates the involution (UyL)¢ = U~°L. Involution IV is derived
from the involution that has a reflection on Hex trees. We take a reflection of a Hex
tree where the mirror line is the vertical axis that passes through the root of the Hex
tree [4]. From the definition, we have the following circumstances:

e UyL (v € W) is a fixed point of the involution provided that v is also a fixed
point e.g. Figure 2.26

o UyDpu (v, € W) is a fixed point provided that it has an odd size and p = ~¢,
take v to be arbitrary. Now if we let f; be the number of fixed points in W,
then we get

fon+1 = sn + fon

where UyDp (v, € W) with the odd size is represented by fa,11. The path
UvL (v € W) is represented by f, and p = ~¢, for arbitrary ~, is represented
by sp. We also have that fo, = for,_1 since we are only considering the odd sizes
of the skew paths. We therefore derive

fon = fono1 =S80+ Ss1+S2+ ... + Sp1. (2.11)

Here, f;, is equivalent to the cardinality of Hex trees which are symmetric with
h — 1 edges. Now define v(q) to be the generating function of the Hex trees that are
symmetric where z represents the edge of a Hex tree. The decomposition of v(q),
graphically, is as follows :
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Figure 2.27 A decomposition of a symmetric hex tree.

where (a) is an empty path. Also (b) and (c) are non empty symmetric Hex trees
where o is a symmetric Hex tree and 7 and 7/ is a random Hex tree and the image of
T after reflection respectively. From the decomposition we derive v(q) to be:

v(q) =1+ qu(q) + @9(¢*),

where g(q) is the generating function for the number of Hex trees based on the number
of edges defined in (2.7).

e 1 is the empty path (a).
e qu(q) is the symmetric Hex tree (c).

e ¢>f(¢%) is the symmetric Hex tree (b).

We also know that s(¢) = 1+ g(¢) from (1.8). Using this relation with the v(q),
2
we find that v(q) = %. It is clear that v(q) is a geometric series consisting of partial
sums of the sequence sy, 0, 51,0, s9,0..., since we only require even powers of g.

2.4 Statistics on skew Dyck paths

We look at some basic statistics on skew Dyck paths which help us discover some
combinatorial characteristics of the sequence (sp,)n>0.

2.4.1 Number of skew Dyck paths that end in D and in L

A skew Dyck path that ends with a down step, D, is in one of the forms: U/ D or
UpB1DUByD or UByDU By DU B3 D and so on, where 5; € W, ¢ € N. From this form,
we then get their generating function to be:

D(q) = qs(q) +¢*s*(@) + ¢°s*(q) + ...
qs(q)
1—qgs(q)
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Recall that s(q) = ﬂ

5 and substituting this to the equation above, we
find that:

2
D(q) = =
14+ g+ +/1—6qg+ 5q
Also recall that a skew Dyck path either ends with a down step, D, or left step,
L. If we let L(z) be the generating function for skew Dyck paths that end with a left
step, L, then it follows that:

L(g) = s(qg)—1—D(q)
S ()
= sl@-1d 1—gs(q)

q(s(q) — 1)

1 —gs(q)

(R

2q

1_ q(l—q—\/1—6q+5q2>

2q

1—qg—+/1-6g+5¢>—2¢—2¢+1—1
1+ q++/1—6q+5¢2
2(1—¢) —1—q—+/1—6q+5¢°
1+q++/1—6q+5¢
2(1—q)

—1
1+ q++/1—6q+5¢

Let wy, and t; be the number of skew Dyck paths of semi-length A that end with
a down step, D, and a left step, L, respectively. Below is a table showing these
statistics. w;, = A033321(h) and t;, = A128714(h), see [4].

h 1 2 3 4 D 6
wp, 1 2 6 21 79 311
th 0 1 4 15 o8 232

Table 2.1 The number of skew Dyck paths that end with a down step, wy,, and left
step, tp.

Figure 2.28 and 2.29 are graphical representations of ¢3 and w3 respectively.
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Figure 2.28 The six skew Dyck paths that end with a down step i.e., ws.

Figure 2.29 The four skew Dyck paths that end with a left step., t3

Since D(q) = 132(:()(;)’ then rewriting it as D(q) = ¢s(q) + ¢s(¢)D(q) gives us the
following;:

h—1

Wp = Sp—1 + Zwksh,l,k, wo = 0. (2.12)
k=1

The sum in (2.12) is due to the convolution between s(q) and D(q).

Definition 2.4.1. A convolution of R(q) and G(q) is defined by

R@G@ = (Y awem)d"

k>0 0<m<k

where R(q) = > 7 xkq" and G(q) = Y o, yxq" are generating functions.

Similarly, rewriting L(q) = % as L(q) = qs(q) + qs(q)L(q) — q gives
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h—1
tp = Sp—1 + Z Lk Sh—1—k» (2.13)
k=2
where the initial conditions are ty = t; = 0.

The sum in (2.13) is due to the convolution between s(q) and L(g). From (2.12)
and (2.13) we find the relation wy, — w,_1 = t, and we prove this bijectively. As wy,
represents the number of skew Dyck paths that end in a down step, we know that
these will either end in an U D step or nD where n represents a down or left step. Now,
the number of skew Dyck paths in W that end with UD is wy,_1, see [4]. The rest of
the skew paths that end in nD are similar to the skew paths that end with a down
step, we just replace the down step, D, with a left step, L. Hence wy, — wj,_1 =3 is
true.

From the above relation we get s, = wy + t;, and we know that hlim % =5, see
— 00 -

[4]. From this we get

. wp . Sp— 1ty
lim — = lim .
h—oo S, h—o0 Sh
) th
= lim (1 — —)
h—00 Sh
. Wp — Wh-1
= 11— lim ————.
h—o00 Sh
. wp . Wh—1  Sh—1
2 lim — = 1+hm< X —.
h—o0 Sh h—o0 Sh Sh—l
. Wh . Wh—1 1
2 lim — = 1—|—hm< X = .
h—o0 Sp, h—o0 \ Sp_1 5
Because lim & = lim 22=L we then have
) )
h—oo Sh h—o0 °h

1
(2 _ —) m P
5 h—00 Sh
LWy 5
lim — = -
h—o00 Sh 9

and
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. h Sp — Wh
lim — = 1
h—o0 Sy, h—o0 Sh
= lim (1 — %>
h—00 Sh
— 11— lim 2
h—o0 Sh
5
= 1 - -
9
B 4
=5

2.4.2 Number of left steps

In this section we determine the number of left steps in any skew Dyck path with
semi-length h. Define R(q, p) to be the number of skew Dyck paths with semi-length h
marked by ¢ and the number of left steps marked by p. Let by; be the number of skew
Dyck paths with semi-length h and containing j left steps. From the decomposition
of a skew Dyck path we met earlier in Figure 2.2, we derive the generating function:

R(q,p) = 1+ qR(q,p)* + pa(R(q,p) —1). (2.14)
Simplifying this equation, we get:

R(g.p) = 1+qR(q,p)’ +pa(R(q.p)—1)
= qR(q,p)” +pgR(q.p) — pqg + 1
0 = qR(q,p)" + (pg — V)R(q,p) + 1 — pq
Rlg.p) — 1—pg—+/(pg ;ql) +49(pg — 1)

In the above we use the negative square root because 11m R(q,p) = 0 with the
q,p—

2 — o0 with the positive root.

negative root and lim s(q) = §
q,p—0

From here, we get,

Lemma 2.4.2.

R(q,p)zc( a ) (2.15)
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Proof.

q 1-pgq
%1—pQ - (7)
L— /1= (%)
= % x(1—pq)
_ 1—pg—/(1—pg)*—4q(1 — pq)
2q
= R(q,p).

By the Lagrange Inversion Theorem, see [5], (2.4) and (2.5), we get

s = G = (" e

The first values of by; are shown in the Table 2.2, (sequence A126181 in Sloane),
see [8].

AR 1 2 3 4 5
0 1

1 1

2 2 1

3 5 4 1

4 14 15 6 1

5 2 56 30 8 1

6 132 210 140 50 10 1

Table 2.2 The number of skew Dyck paths with semi-length A consisting of j left
steps i.e., bp; where h =1,2,3,4,5,6 and j =0,1,2,3,4,5.

Figure 2.30 shows the eight skew Dyck paths where 7 = 3 and h = 5.

43



Figure 2.30 Eight skew Dyck paths with semi-length of 5 and 3 left steps i.e., bss.

Now, we define y; to be the number of left steps in all skew Dyck paths of semi-

length h. Now, pn = 3.0 jbn; = [zh]%—? .
> ot
From (2.14), we get that
OR OR OR
i 2R - 4 4R —
R qR(q,p) o + pg R +qR(p,q) — q
OR
(1 —2qR(p,q) — pq)a—p q(R(p,q) — 1)
R q(R(p,g—1))
dp 1 —2qR(p,q) — pq
OR q(s(q) — 1)
Ip lp=1 1—2¢s(q) —q
Also we find that,
Lemma 2.4.3.
= ¢*s'(q),
p=1

where s(q) is defined in (2.1).
Proof.

s(q)s'(q) + s(q)> +qs'(q) + s(q) — 1
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Hence,

R
8_]9 1 = QS/(Q)
]
Now, from this we get,
on = 1q"1¢5'(q)
= [¢"s'(q)
= (h—1)sp_1. (2.16)

From lim —*2- =5, see [5], we find that the expected number of left steps, £+, in
h—o0 Sh—1 Sh

a skew Dyck path of semi-length A is

n _ (h—1)sp1 N lh
Sh Sh 5 ’

2.4.3 Summary

In this chapter, we introduced a generalized type of Dyck path called the skew Dyck
path. We discussed several bijections with a graphical example in each bijection,
from skew Dyck paths to other combinatorially explained objects. We further covered
four different involutions on these skew paths and included some graphical examples.
We finally discussed some statistics on skew Dyck paths and illustrated some of the
statistics graphically where possible.
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Chapter 3

Skew Dyck paths and
superdiagonal bargraphs

In this chapter we study skew Dyck paths in relation to superdiagonal bargraphs. We
enumerate the superdiagonal bargraphs in terms of area and perimeter. We begin by
defining terminology we will use in the chapter.

Definition 3.0.4. The base of a skew Dyck path is 2k if the skew Dyck path starts
at the origin and ends at (2k,0).

Remark 3.0.5.

Therefore the semi-base is k. From this we find that the length of a skew Dyck
path is greater or equal to its base. Recall that the length refers to the total number
of steps in a skew Dyck path.

Definition 3.0.6. The area of a skew Dyck path is the number of unit right angle
triangles that can be formed between a skew Dyck path and the x-axis, see Figure 3.1.

Figure 3.1 A skew Dyck path with area 18 and of base 12.
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3.1 Enumeration of skew Dyck paths

We enumerate skew Dyck paths in relation to area and semi-base. We then enumerate
these skew paths according to area only. Let W, be the class of skew Dyck paths
with semi-length h and K}, the class of all skew Dyck paths of semi-base h. We note
that [W,,| = j where j € N and |K,,| = co.

Definition 3.1.1. The y-coordinate of a point in the skew Dyck path is called an
ordinate. If a point on a skew Dyck path has ordinate m, then it is at level m.

3.1.1 Enumeration of skew Dyck paths coded by semi-base
and area

Now, we find the number of skew Dyck paths, dp,; coded by semi-base(k) and area(h).
Lastly we find the number of these skew paths, d;, according to area. We do this by
decomposing skew Dyck paths from the leftmost peak by these two classifications:

1. All skew Dyck paths which are non empty that begin with an up and down
step, (UD), intersecting at level 1. By removing the first peak formed by the
UD step, the skew path left is arbitrary with the area and semi-base decreased
by one. See Figure 3.2 below

Figure 3.2

2. All skew Dyck paths which are non empty with the leftmost step at level at
least two. If the leftmost square is removed in the leftmost peak then the skew
Dyck path formed is arbitrary whose area decreases by two but the semi-base
stays unchanged. See Figure 3.3 below.
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Figure 3.3

If we let d(a,b) be the generating function for skew Dyck paths in relation to
semi-base coded by b and area coded by a, then from the decomposition we have,

d(a,b) = 1+ abd(a,b) + a*(d(a,b) — 1).
where

e 1 represents an empty path.

e Here abd(a, b) represents all skew Dyck paths on which decomposition 1 applies,
where the area and semi-base decrease by one.

e Then a?*(d(a,b) — 1) represents all skew Dyck paths on which decomposition 2
applies, where we exclude the empty path and the area decreases by two.

Solving for d(a,b), we get,

d(a,b) = 1+ abd(a,b)+ a*(d(a,b) —1)
d(a,b)(1 —ab—a*) = 1—a®
1 —a?
1—ab—a*

d(a,b) =

Therefore,

If we let dk+1 = ZhZO dhkah, then
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di1(a) = ady(a) + a®dyy1(a), (3.2)

where ady,(a) represents decomposition 1 and a?dy1(a) represents decomposition
2 in terms of the semi-base k. In decomposition 1, the semi-base decreases by one
and in decomposition 2, the semi-base does not change. Thus,

s () = ——di(a). (3.3)
Since dy = 1, then

difa) = 1—aa2d0 1—aa2

dala) = 1_aa2d1:(1—a2az)2

da(a) = 1—aa2d2_(1 —a;)?’

di(a) = —2 dy= «

dp(a) = (1= a2 (3.4)

for every k € N. To obtain the numbers dj; we expand this series as follows:

h _ ah—k 1
k(@) = 0

@)1 —a?)
= (@) P )
_ ((h—k:)/2+k—1>

(h—k)/2
(h=k)/2+k—1)!
(k= D(h —k)/2)!
_ ((h ’“;ﬁ?k 1) i b= k(mod2). (3.5)
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Theorem 3.1.2. The number of all skew Dyck paths with semi-base b and area h is

0 elsewhere

((h=h)z k=) if h = k(mod?2)
dnk, = !

The number dj, of skew Dyck paths with area a is equal to the ht" Fibonacci number
Fh- SO,

Definition 3.1.3. Fibonacci numbers are a series of numbers where each number
in the series is the sum of the two numbers that came prior to it e.q. 1,1,2,3,5... .

Proof. In addition to (3.4) and (3.5) we have the identity dj13 = dpy2 + dpy1, where
dp. o represents skew Dyck paths from decomposition 1 and dj, ., represents skew Dyck
paths from decomposition 2 in relation to area, h. There is only one skew Dyck path
with area 0, namely the empty path. There is also one skew Dyck path with area 1,
namely the skew Dyck path with steps UD. There is also one skew Dyck path with
area 2, namely the skew Dyck path with steps UD UD. We therefore have the initial
conditions dy = dy = dy = 1, it then follows that d;, = F},, for every h > 1, where F},
are the h** Fibonacci numbers. O

Another way we can prove this thereom is by using the main decomposition in
Figure 1.3 in chapter 1. We do this by considering skew Dyck paths with semi-base
k + 1. The decomposition has the following two cases:

where 7,11 and ¢ are skew Dyck paths and ¢ # p. We claim di(a) satisfies the
recurrence:

k
dii(a) =Y a1 d;(a)dy_j(a) + a®2dy 41 (a). (3.6)
j=0

To prove (3.6), we use (3.4) to simplify the right hand side as follows:
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k
Right hand side of (3.6) = Z a*d;(a)dy_; + a® P dyy1(a)

=0
k . .
~ (1—a2)i (1— a2)k—j (1 — a2)k+1
k k+1
_ Z 2j+1 @ + a2kt a
= (1 _ ag)k (1 _ a2>k+1
at : 2 2k+1
= Jj +
= (1_a2)k><a<jz;a +1_a2><a )
k 2(k+1
— a ><a<1 G ¢ ><a2k+l>
(1 —a?)k 1 —a? 1 —a?
B ak+1
- (1 _ a2)k+1
- dk+1. (37)

Theorem 3.1.4. There is a bijection between skew Dyck paths with semi-base k and
area h and the compositions of h with k odd parts.

Proof. We will show this bijection between skew Dyck paths and a specific compo-
sition using Figure 3.4. We first decompose the area of the skew Dyck path, v into
triangles and squares guided by the skew path and the z-axis as illustrated by Figure
3.4. We then represent each triangle by 1 and each square as 2. Then we finally sum
diagonally and we get a set, o(y) odd positive integers.

Now, we know that a composition h, of positive integers of length £ is an ordered
set of k-elements, 0 = (p1,p2,...,pr) (k-tuple) where p; + ... + pr = h. Therefore
connecting this composition with the decomposition we have just described above
produced the bijection because if the skew Dyck path + has area h semi-base k, then
o(v) is a composition of h with k& odd components.
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Figure 3.4 Two skew Dyck paths with compositions: (a) o(y;) = (1,5,1,3,1) and
(b) 0-(72> = (7a 37 37 1)

O

Theorem 1 provides a combinatorial interpretation of Fibonacci numbers. Since,
d;, = 22:1 dpi, we have the following lemmas,

Lemma 3.1.5. Fy, = >, ("FF1).

2k—1
Proof.
Fo, = dopy
B i((% —2k)/2 + 2k — 1)
o 2k —1
k=1
h
h+k—1
= ( 2% — 1 ) o
k=1
]
Lemma 3.1.6. Fy,q = ZZ:O (h;lk)
Proof.
h
Fopyr = Zd2h+1
k=0
B Zh: (((Qh +1) = (2k+1))/2+ (2h +1) - 1)
e 2h+1-1
h
h+k
S ( . ) (3.9)
k=0
]
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3.1.2 Enumeration of skew Dyck paths coded by area and
semi-length

Let yn(a) be the generating function for skew Dyck paths with semi-length h and
where a tracks the area. Since h tracks the semi-length, y,(a) is a polynomial of
degree h? and is divisible by h? (the area has to be at least h). For example, Figure
3.5 shows skew Dyck paths of semi-length 2. We can see that the areas are 2 (from
(a)), 3 (from (b)) and 4 (from (c)).

@ () (©

Figure 3.5 Skew Dyck paths of semi-length 2.

Let Y, (a; q) be the generating function for all skew Dyck paths where ¢ tracks the
semi-length. Here, r denotes the ordinate of the leftmost peak. Let,

y(a;q) =Y Yi(asq) = > ynla)g".

>0 h>0

As per 1 and 2 below, the recurrence of Y,.(a;q) is,

Yipa(a;q) = ™) ¢ Yi(as q) + a” g [y(a; q9) =Y Yila; q)} ., (3.10)
i=0 1=0
where Yj(a;q) = 1 (initial value) which corresponds to the empty path. Since
every skew Dyck path that has ordinate one at the leftmost peak can decompose as
UD~ where v € W (see Figure 3.6 (a)). We also have Yi(a;q) = aqy(a; q).
The recurrence of Y, (a;q) is due to these two cases following from skew Dyck
paths where the leftmost peak has ordinate r + 2 :

1. v = U2DL "1y where ¢ starts with a down step, assuming that it is non-
empty, and ¢ < r (see Figure 3.6 (b)). We notice that there is a bijection
between v and a class of skew Dyck paths +/, where v/ = U’y and has the left-
most peak with ordinate ¢. Here, the semi-length and area decreased by r+2—1
and 2r 4 3 respectively.

2. v = U Dy, where ¢ starts with an up or down step (U or D), see Figure 3.6
(c). Here ~y has a bijection with a class of skew Dyck paths 7/, where ' = U™ .
The leftmost peak has ordinate at least r + 1 where the semi-length and area
has decreased by one and 2r + 3 respectively.
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Figure 3.6 A decomposition of non-empty skew Dyck paths based on left most peak.

We now define the series:

Y(a;q,5) =Y Yi(aiq)s".

r>0
Then the recurrence (3.10) becomes, (see [4])

30 22
aas ; 4= a)s Y (a; q, a’s). (3.11)

q
Y(a;q,s) =1 -

From this recurrence we find the following identity (see [4]):
—1) r(2r+1)(, _ ,2\72r
Vs = Yo AT
— (1 —a%qs)...(1 — a*qs)(1 — a?s)..(1 — a*'s)
(_1>r—1ar(2r—1)qr(1 —q

* [; (1 —a?gs)...(1 — a?r—Vgs)(1 — a?s)...(1 — a?"s)

)r—182r—1

]y(a; q)-

Since Y (a;q,1) = y(a;q), then we obtain, (see [4]):

2 (71)7‘017”(27‘4»1) (qti)r
r>0 (1—a?)...(1—a?") (1—a?q)(1—a*q)...(1—a?"q) 312
(_l)ra'r(Z'r'fl) (q_qZ)r . ( . )
ZT‘ZO (1—a?)...(1=a?") (1—q)(1—a3q)...(1—a?"—2q)

y(a:q) =

We then expand (3.12) to get the following polynomials, see [4]:
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Yola) = 1,

yi(a) = a,

p(a) = a*(1+a+a’),

ys(a) = a*(1+a+3a*+2a° +a* + a® + a°),

yi(a) = a*(1+a+4a® +5a° +5a* + 3a° + 5a° + 4a” + 3a® + 2a” + a'® + a'! + a'?),
ys(a) = a°(1+a+5a*+ 7a® + 12a* + 10a° + 11a® + 124" + 14a® + 12a° + 10a'® + 8a™

+10a'? 4 7a'® + 5a** + 4a™ + 3a'® + 24" + a'® + 0" + o),

ye(a) = aS(1+a+6a*+ 9a® + 19a* + 23a® + 28a° + 264" + 36a® + 38a° + 38a'® + 324"
+36a'? + 36a'® + 34a'* + 294" + 27a'% + 2547 + 21a'® + 15a' + 16a* + 136
+1Oa22 + 7(123 + 5&24 _|_4a25 + 3@26 _'_ 2a27 + a28 + a29 + GBO).

The coefficients of the polynomials are found in Sloane as sequence A129172, see
[5], [8]-
Remark 3.1.7.

There is another alternative for deriving y,(a). Let wy(a,b) be the generating
function for skew Dyck paths with semi-length A in relation to area coded by a and
semi-base coded by b. Then y,(a) = wy(a,1). Now, let R(a,b,q) be the generating
function for all skew Dyck paths where ¢ denotes the semi-length. From the skew
Dyck path decomposition from Figure (2.2), we obtain the identity

R(a,b,q) =1+ abgR(a,ab,q)R(a,b, q) + q(R(a,a’b,q) — 1). (3.13)

1. 1 represents the empty path, p in Figure 2.2.

2. Here abqR(a,a®b, q)R(a, b, q) represents the skew Dyck path with decomposition
U~vDy in Figure 2.2. R(a, a®b, q) represents the generating function for the skew
Dyck path v and R(a, b, q) represents the generating function for the skew Dyck
path p. The expression abq shows that the area, semi-base and semi-length is
one. The area is formed by the up and down steps.

3. Lastly, q(R(a,a*b,q) — 1) represents the skew Dyck path with decomposition
UpL in Figure 2.2. Here the semi-length is one represented by z and R(a, ab, q)
is the generating function for the skew Dyck path . Since ¢ is nonempty, we
then remove the empty path, i.e., R(a,a’b,q) — 1.

Now, we let

R(a,b,q) = Z yn(a;b)q". (3.14)

h>0
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We then obtain the coefficients of ¢ from (3.14) with the help of (3.13) and find
that yo = 1, y; = ab and

h—1
yn(a;b) = ab Z yi(a;b)yn_1(a,a®v) + yn_1(a; a®b). (3.15)

J=0

Then we find,
yo(a;b) = a®b* + a’b+ a'V?,
ys(a;0) = a’b® + a’d® + 2a°6* + 2a°6* + a"b? + a®b® + b, (3.16)
ete.

We now illustrate 2a°?, one of the terms in y3(a;b) graphically below in Figure
3.7. The coefficient 2 in 2a°b? means that there are two skew Dyck paths with area
six and semi-base two.

Figure 3.7 Skew Dyck paths with area six and semi-base two.

3.1.3 Total area of skew Dyck paths of given semi-length

Let A(q) = >, > ang" be the generating function for the numbers a;, which give the
sum of areas of all skew Dyck paths with semi-length A. We now take the partial
derivative of (3.13) with respect to a and b respectively and we denote them as R,
and Ry respectively. From this we obtain the system:

1.

R, = aqR'R+ abq(R,R+ R,R') + qR,
= aqR'R+ abqR. R + abgR'R, + 2abR,,
+ 2abR. +qR.. (3.17)
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Ry, = aqR'R+ abq(a*RyR+ RyR') + qa’R),
= aqR'R + a*bqR,R + abgR,R' + qa’ R, (3.18)

Here the prime means that b is substituted by a?b i.e., R = R(a,a®b,q). For
b=a=1 and hence R(1,1,q) = R'(1,1,q). We also find that

R(1,1,q) = 1+qR*(1,1,q)+qR(1,1,9) —q
0 = qR*+ (¢— 1R+ (1+q).

Solving the quadratic equation, we get

1—q—+/(g—1)?—49(1 —q)

R:

2q
1—qg—+/5¢2—6q+1
— >
= s(q), (3.19)

where s(q) is defined in (2.1).

Now, if we let A(q) = R.(1,1,q) and B(q) = Ry(1,1,2) where B(q) is the gener-
ating function for the numbers b, which give the sum of semi-bases over skew Dyck
paths with semi-length h. Hence the following lemmas:

Lemma 3.1.8.

(1—q—2qs(q))B(q) = qs(q)>. (3.20)

Proof. From (3.18) we get:

B(q) = qs(q)* +aB(q)s(q) + ¢B(q)s(q) + ¢B(q)
? )

gs(q)” = Blqg) —2¢B(q)s(q) — ¢B(q)
= B(q)(1—2gs(q) —q). (3.21)
0
Lemma 3.1.9.
(1 —q —2gs(q))Alg) — 2q(1 + 5(q)) B(q) = gs(q)*. (3.22)

27



Proof. From (3.17) we get:

A(q)
qs(q)”

qs(q)” + qA(q)s(q) + ¢A(q)s(q) + 2A(q) + 2A(q) + ¢A(q)
A(q)(1 = 2gs(q) — q) — 4A(q).

Using (3.20), see [5], we get:

(1 —q—2qs(q))Alq) — 29(1 + s(q)) B(q) = g¢s(q)*. (3.23)
From Lemma 3.1.8 we get:

qs(q)?
Bla) = 1= q—2qs(q)

o 1—g—+/5¢2—6g+1 )2

2q

1—q—+/1—6q+5q>

2q

_ (1=q)(1—-3¢—/5¢*—6g+1) (3.24)

2¢+/5¢% — 6q + 1

1—qg—2¢q

and, see [5],

qs(q)* 4+ 2q(1 + s(q)) B(q)
1 —q—2qs(q)
95(9)? +2q(1 + s(¢)) =22
1—q—2qs(q)
qs(q)*(1 — g — 2qs(q)) + 2q¢(1 + s(q))gs(q)?
(1 —q—2gs(q))?
qs(q)*(1 — q — 2qs(q) + 2q + 2qs(q))
(1 —q—2q¢s(q))?
(¢ +¢%)s(q)”

T 00 2w@)? o

Alg) =
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Now we are going to break down A(g) into two parts to simplify it. We are going
to simplify the numerator and then the denominator.
Looking at the numerator denoted by N, we have:

N

(q+q°)s(q)’

(1 —q—+/1—06q+ 5q?)*

4q?

1+
4qq><((1—q)2—2(1—q)\/1—6q+5q2+1—6q—|—5q2)
1+q 2 2 2
10 X(1—=2¢4+ ¢ —2(1 —q)\/1—6q+5¢>+1—6q+ 5q¢°)
1

;qx(2—8q+6q2—2(1—q)\/1—6q~|—5q2)

1+4+4¢q
4—q><(2(1—q)—6Q(1—q)—2(1—q)\/1—6Q+5q2)

q(1+q)

1

%(1—Q)(2—6q—2 1~ 6q + 5¢°)

2(1 + q)(1 —

<+i>q( V(1 3¢~ /T~ g+ 5) (3.26)
1—2¢g—q—+/1—6q+ 5¢>

(1+q)(1—-q) 2

(1+q)(1—=q)(s(q) —1).

Looking at the denominator, denoted by D, we have:

Hence,

D = (1—q—2gs(q))’

)
= 1—6qg+5¢
(1 —=5¢)(1 —q). (3.27)
AW = >
(1+q)(1—q)(s(q) — 1)
(1—=5¢)(1—q)
(1+q)(s(g) = 1)
T (3.28)
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Now substituting (2.2) into (3.28), we have
(14 ¢)(1 —3q— /1 —6q+ 5¢)
Ale) — 3.29

From [5] we have aj, ~ 6.5" ! and ap,, ~ ba,. We can express a; in terms of the
sp's. From (3.28), by dividing by ¢ on both sides of the equation, we have

Alg) _ 14q sl -1
q 1 —5q q
Then since,
1+g¢q 1 —5q+ 6¢q q h—1_h
= =1 6( ):1 6 5 , 3.30
1—5¢  1-5g T\ +}; ! (3:30)
we have,
A —1
ﬁ:Hﬁ( g ):1+6Z5h—1qhx&. (3.31)
q 1—5¢q Aa1 q

Now, we find the coefficient of ¢" on both sides of (3.31)

(R SERTRRS
h>1
"A@)= [¢"]s(q) +[q"16 > 5" " x(s(q) — g

which gives

h—1
U1 = Sna1+6 Y 5" Sh . (3.32)

m=0

Equality (3.32) gives the following congruences

ape1=Spr1 (mod2,3,6) and  apyq =Spi1 + Sp (modb).

From (3.28) we also obtain the equation

(1=59)A(q) = (1+4q)(s(g) —1)
= (1+q)s(e) —1—-¢ (3.33)



To find the coefficients a;, from (3.33), we have

[1"1(A(q) — 5¢A(q)) = [¢"((1+q)(s(q) — 1 —q)), (3.34)

which yields

Ap+2 — 56Lh+1 = Sh+2 + Sh+1- (335)

Since we ignore the two terms (=1 — ¢) in (3.34) because [¢"]1 = 0 and [¢"]q = 0,
we start at to. Expanding (3.29), see [5], for b > 2 we get

h—1
h—1\/2m+1\2h —m 2h +1
_ h*1_§ _
an = 6x5 (m )( m )h—m ( h ) (3:36)

m=0

D-elevated skew Dyck paths

In Chapter 2 we introduced ¢, which denotes the number of left steps in all skew
Dyck paths with semi-length h. We also found that ¢, = (h — 1)s,,_1, see [4]. Now,
on + b, = hsy, (by gives the sum of semi-bases over skew paths of semi-length h and
s gives the number of all skew paths of semi-length h) since for a skew Dyck path
with a semi-length h, the semi-base plus the number of left steps of a skew Dyck path
is equal to h. Therefore

b, = hsy,—on
= hSh — (h — 1)8;1,1. (337)

Definition 3.1.10. D-elevated skew Dyck paths are skew paths that end with a
down step, D and are of the form UoD where o0 € W (W is a set of all skew Dyck
paths).

Let N(q) = >, - nng" denote the generating function for the numbers n;, which
gives the number of all skew Dyck paths which are D-elevated, with semi-length k. To
find N(gq) we use the generating function J(a,b,q) = abgR(a,a*, q) where R(a,a?,q)
is the generating function for all skew Dyck paths where a codes the area, b codes the
semi-base and ¢ codes the semi-length. We now take the partial derivative of J with
respect to a.

J, = bgR'(a,a®b,q) + abq(R,) + abq(2ab)(Ry)
= bqR'(a,a’,q) + abg(Ry)" + 2a*qb*(R,)'. (3.38)
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Here the prime means (as before) that b is replaced by a2b, i.e., R = R(a,a®b, q).
Since Rl(L L, Q> = 8(Q)7 A(Q) = (Ra)(17 L, q) = (Ra)/(L L, q) and B(q) - (Rb)(l’ L, Q) -
(Rp)'(1,1,q), from (3.24) and (3.29), we have

N(Q) = Ja(LLQ)
= ¢s(q) + ¢A(q) +2¢B(q)

B l—q—\/1—6q+5q2+(1+q)(1—3q—\/1—6q+5q2)

2 2(1 — 5q)
+(1—Q)(1—3q—\/1—6q+5q2)
VT 6415
 (1-59)(1 —q— /1 —6g+5¢) + (1+¢q)(1 — 3¢ — /1 — 6q+ 5¢%)
2(1 — 5¢)
L2 1—6q+ 5¢%(1 — 3¢ — /1 — 6¢ + 5¢?)
2(1 —5q)
1—6g+5¢>—+/1—6¢+5¢+1—2¢—3¢>—/1—6q+5¢%
- 2(1 — 5¢q)
q\/1=6q+5¢% +2/1—6q +5¢° — 6q1/1 — 6¢ + 5¢> — 2(1 — 6 + 5¢°)
2(1 — 5q)
4q — 8¢* — 2¢/1 — 6q + 5¢°
B 2(1 —5q)
¢(2 — 4q — /1~ 6q + 5¢*
_ 4 = ), (3.39)

L-elevated skew Dyck paths

Definition 3.1.11. L-elevated skew Dyck paths are skew paths that end with a left
step, L.

Let V() = 2,50 vng" be the generating function for v, which are numbers that
give the sum of areas for skew Dyck paths that are L-elevated, with semi-length h. To
obtain V(q) we use the generating function M(a,b,q) = (¢R(a,a?, q) —1). Therefore,

V(Q) = Ma(LLQ)
- Q(Ra>,(1’ L, Q) + 2qab(Rb),<1’ L, Q)
= qA(q) +29B(q), (3.40)

giving
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Vig) = qAlq) +29B(q)

(1+q)(1—3q—\/1—6q+5q2)+(1—q)(1—3q—\/1—6q+5q2)

2(1 — 5q) V1 —6q+5¢
 —(1+¢@)(1 =3¢ —+/1—06q+5¢%)
—2(1 — 5q)
2v/1— 6¢ + 5¢%(1 — 3¢ — /T — 6¢ + 5¢?)
—2(1 - 5q)
= 1+2¢+3¢%+ /1 —6q+5¢2 + q\/1 — 6+ 5¢2
—2(1 — 5q)
2v/1 = 6¢ + 5% + 6g+/1 — 6¢ + 5¢2 + 2(1 — 6¢ + 5¢%)
—2(1 = 5¢)
1 —10g +13¢* + 7q\/1 — 6q + 5¢> — /1 — 6g + 5¢?
—2(1 - 5q)
~ 1—10q+13q2+(7q—1)\/m. (3.41)
—2(1 — 5q)

We now let P(q) denote the generating function for p, which give the number
of all elevated (either L-elevated or D-elevated) skew Dyck paths. Since skew Dyck
paths end only with a down step or a left step, it then follows that,

Plg) = Qg)+V(g)
q(2 — 4q — /1 — 6q + 5¢?) N 1—10q +13¢* + (7 — 1)\/1 — 6q + 5¢°
1 —5¢q —2(1 — 5¢q)
—2(2q — 4¢> — q/1 — 6g + 5¢°)
—2(1 = 5q)
L (1—10g+ 13¢2 4 (7q — 1)y/1 — 6 + 5¢2)
—2(1 = 5q)
1—14q+21q2+(9q—1)\/1—6q+5q2‘ (3.42)
—2(1 - 5¢)

3.2 Superdiagonal bargraphs
In this subsection, we look at a special type of bargraph whose structure can be

traced from a skew Dyck path called a superdiagonal bargraph. A bargraph
is a class of column-convex polyominos, see [5]. Let G(o) denote a superdiagonal
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bargraph obtained from a skew Dyck path. G(o) is structured in such a way that
the skew Dyck path, o, is rotated anticlockwise by F from the origin, (0, 0) to (0, 2h)
and has boundaries at x = h and y = 0, see Figure 3.8. Superdiagonal bargraphs are
recognized by the feature that the apex of each column is located above the diagonal
y = x, see [5] and Figure 3.8. We are going to study these superdiagonal bargraphs
in terms of their perimeter and area.

Definition 3.2.1. The semi-perimeter of a superdiagonal bargraph is half the
length of its boundary, see [5].

|

oy @0 (0,0)

Figure 3.8: Superdiagonal bargraph and the skew Dyck path it is structured from.

3.2.1 Enumeration of superdiagonal bargraphs in relation to
perimeter

The enumeration of these bargraphs will be in relation to semi-perimeter. The length
of a skew Dyck path, o, extended by 2h is the the perimeter of a superdiagonal
bargraph. For example, in Figure 3.8, the perimeter of the superdiagonal bargraph
is 22 which is the length of the skew Dyck path, 12, added with the base of the skew
Dyck path, 10. If we let ¢(0), g(o) and r(o) be the number of left, down and up steps,
then g(o) = h and g(0) + q(0) = r(o). This is illustrated Figure 3.8 where g(o) =5,
q(o) =1 and r(0) = 6. Therefore the perimeter of the superdiagonal bargraph is as
follows

G(o) = qlo) +g(o)+

2
9()). (3.43)



Let P(u,d) denote the generating function for skew Dyck paths where d and u
denote the number of down and up steps respectively. Let g(u) be the generating
function g(u) for the superdiagonal bargraphs in relation to semi-perimeter. Then
g(u) can be derived from P(u,d), in particular, g(u) = P(u,u). From the main
decomposition, (2.1), we have

P(u,d) = 1 +udP(u,d)?* + u(P(u,d) — 1), (3.44)

where,

1. From Figure 2.2, 1 represents the empty path.

2. Then udP(u,d)?* represents the skew path with decomposition UyDyu in Figure
2.2. Then as shown in Figure 2.2 there is one up step represented by u and one
down step represented by d. There are two different skew Dyck paths v and pu
represented by P(u, d)?.

3. From Figure 2.2 u(P(u,d) — 1) represents the skew path with decomposition
UepL. There is only one up step represented by u. There is only one skew Dyck
path represented by ¢. However, since o # p, we subtract the empty path from
P(u,d) ie., (P(u,d) —1).

Then

1 —u—+1—2u+u?—4ud+ 4ud

P(u,d) = 3.45
(u.0) - (3.45)
Now to obtain g(u), we set u = d in (3.44) and (3.45). We then get
P(u,u) = 14+ u*P(u,u)? +u(P(u,u) — 1)
g(u) = 1+u*g(u)® +ug(u) —u

= wgu)?+1—u—(1—u)g(u). (3.46)
Therefore

1 —u—+V1—2u—3u?+4u3

g(u) = . (3.47)

2u?

Lemma 3.2.2. g(u) = c(i), where c(u) is defined in section 1.0.1.

1—u
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Proof.
1—+v1—4u

2u

oy 1)
(7=a) - ()

1—u

1—u—/(1—u)?—4u2(1 —u)
2u?
1 —2u — 3u? + 4u?
2u?

= g(u). (3.48)

Then gj, becomes, see [5], for h > 1

Gn = hi (h o 1) e (3.49)

m=1

The coefficients g, appear in Sloane as sequence A090345
(1,0,1,1,3,5,12,24,55,119,272, ...), see [5], [8]. If we have Motzkin paths of length ¢
whose horizontal steps are not at even levels, then the coefficients ¢g; count the num-
ber of these Motzkin paths. A Motzkin path with length ¢ (length defined in section
2.2.2) is a lattice path which is in the first quadrant that originates from (0,0) and
ends at (h,0), does not fall below the line y = 0 and consists of up steps, down steps,
and horizontal steps, where each step is denoted by U = (1,1), D = (1,—1) and
H = (1,0) respectively.

Bijection between Motzkin paths and superdiagonal bargraphs

The relation between Motzkin paths and the coefficients of g; means that Motzkin
paths of length ¢t whose horizontal steps are at odd levels are equinumerous with super-
diagonal bargraphs with a semi-perimeter of t. Let G; be the set of all superdiagonal
bargraphs with a semi-perimeter ¢t. Let Y be the set of Motzkin paths and Y, be the
set of Motzkin paths with a length of ¢ whose horizontal steps are at odd levels, see
Figure 3.1.7 (a) below. Likewise, let E be the class of Motzkin paths and E; be the
class of Motzkin paths with length ¢ whose horizontal steps are at even levels, see
Figure 3.9 (b) below.
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(b)

Figure 3.9: (a) A Motzkin path of length 12 whose horizontal steps are at odd
levels, (b) A Motzkin path of length 12 whose horizontal steps are at even levels.

We define the bijection ¢ : Y; — G; as follows:
1. Select a superdiagonal bargraph G(o) in G, where o is the skew Dyck path that
it is structured from.

2. The equation r(o) + g(o) = t must be satisfied, see [5].

We manipulate (3.46) to obtain (3.50) below

0 = vglu)*+1—u—(1—u)g(u)
(1-wglu) = u’gu)’+1—-u

-1
g(u) +

g(u)*, (3.50)

where v marks the semi-perimeter for superdiagonal bargraphs. Since % =
u? +ud +u* + ... then

g(u) =14+ u?g(u)?* +u’g(u)® +ug(u)® + ... +u™P2g(u)® + ..., (3.51)

where

e The 1 represents the empty path.

e Here u™ 2g(u)? is the superdiagonal bargraph which takes up the form U™ ¢’ Do” L™.

This is shown in Figure 3.10 below.
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Figure 3.10 Generating function, g(u), for the superdiagonal bargraphs in relation
to semi-perimeter.

We notice that Motzkin paths whose horizontal steps are at odd levels have a
similar decomposition and this is where our bijection comes from. We notice that
every Motzkin path, v € Y, (with 4 nonempty) has a decomposition in the form

U~y'Dy" (3.52)

where 7/ € E and " € Y. In the same way, every Motzkin path, v € E, (with v
nonempty) has a decomposition in the form

H~' (with v € Y) or Uy’ Dv" (with " € Y and 7" € E) (3.53)

From the two decompositions, we derive system of equations that involve the
generating functions for Y and E and they are as follows:

Y(u) = 1+u*Eu)Y(u).

So,
Y = ! 3.54
(u) = 1 w2E(u)’ (3.54)
E) = 1+uE(u)+u’Eu)Y (u)
(1—wEu) = 1+u*Y(u)E(u). (3.55)

Solving (3.54) and (3.55) simultaneously gives

1
1 — u?E(u)
(1—w?*Ew)(1 —uwEu) = 1—-u’E(u)+u’E(u)

0 = (u*—u*)E*(u) + (u—1)E(u)+1. (3.56)

(1-u)E(u) = 1+u*E(u)x
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Therefore

1—u—/u2—2u+1—4(u?—u?

E —
() 2(u? 4 u?)
1l —u—v1—2u—3u?+4u’
B 2(1 — u)u? '
Substituting F(u) into Y (u), we get
2(1 — 2
Y) — (1—wu)u
2(1 —u)u? — u2(1 —u — V1 — 2u — 3u? + 4u?)
B 2(1 — u) ><1—u—\/1—2u—3u2+4u3
l—u++vV1—2u—3u+4u3 1—u—+1—2u—3u?+ 4ud
o 2(1—w)(1—u— V1 —2u—3u?+ 4u’)
B (1 —u)?—142u+ 3u?—4u3
20— w)(I —u— V1 —2u— 3u? + 4u?)
B du?(1 — u)
B 1 —u—+1—2u—3u?+4ud
B 2u? ‘
From (3.54) and (3.55) we also get the identity F(u) = % as follows:
We can restructure (3.54) to be
Y(u)—1
E
() Y (u)u?
Then substituting (3.59) into (3.55) gives
Y(u)—1
_ 2
Y (u)
E =
(u) T
= Y(u) +uY(u) +u?Y(u) + ... +7Y (u) + ...

Equation (3.60) can be explained combinatorially as follows:

1. Each Motzkin path v € E can be distinctively decomposed as:
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e Y (u) corresponds to v = 7

e uY (u) corresponds to v = Hy,

e u*Y (u) corresponds to v = H H~,
e u'Y (u) corresponds to v = H'v;

2. Now each «; can be distinctively decomposed as v; = Uv;Dvj, where 7} € Y
and 77 € E.

3. Decompositions described in 1 and 2 above are illustrated in Figure 3.11 below

Figure 3.11 An example of the decomposition of the generating function for the set
of Motzkin paths whose horizontal steps are at even levels.

Now the path ~; can be distinctively mapped into a Motzkin path in Y by simply
swapping the places of 7} and v} in the decomposition U~;Dvj becoming
v;* = U~} DA} (3.61)

Note that the mapping in (3.61) has a reversible counterpart illustrated in Figure
3.12. Now using this mapping, all Motzkin paths v € E can be distinctively repre-
sented as H7(v;)*, for j > 0 where (y)* € Y. This describes (3.58). We will use 7
and v} from Figure 3.11 to illustrate an example for Hi(~;)* in Figure 3.12 below.
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Figure 3.12 An example of the decomposition of the generating function for the set
of Motzkin paths whose horizontal steps are at odd levels.

Now that we have collected all the information we need, we can define the bijection
¢ : Yy — Gy. Firstly, the empty Motzkin path will be mapped into the empty
superdiagonal bargraph. Now from the distinct decomposition of v € E and (3.52)
we find that v € Y}, can be distinctly be decomposed v = UH’~'D~", where j > 0,
v € E and 7" € Y. We can then let

¢(7) =UU()) DE(Y) L. (3.62)

Figure 3.12 below shows the bijection ¢

\
N

Figure 3.12 The bijection between Motzkin paths and skew Dyck paths i.e.,
C(v) =U'UC(())DC(v") L.

Figure 3.13 below shows an example of this bijection

71

<------->
<.



Figure 3.13 An example of the bijection between a Motzkin path and a skew Dyck
path.

Figure 3.14 A superdiagonal bargraph with a perimeter of 28, formed from the skew
Dyck path in Figure 3.13

3.2.2 Enumeration of superdiagonal bargraphs in relation to
area

In this subsection we find the number T}, of superdiagonal bargraphs with an area
of x and which also consist of [ columns. We will finally obtain the number T, of all
superdiagonal bargraphs with an area of x. Earlier in Chapter 3, in Theorem 3.1.4,
we introduced a type of composition of the form o = (py, ..., p;) with a length of I. We
find that there is a relation between this composition and a bargraph with a base of
[ and an area of z where each j” column consists of p; cells. We then also find that
there is a correspondence between this composition and superdiagonal bargraphs.
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Theorem 3.2.3. There is a bijection between superdiagonal bargraphs with an area
x and a base | and the compositions of v — (é) with a length [, see [5].

Proof. Let T define the bijection as follows

T : (p17p27p37 "‘7pl> — (p17p27p37 "'7pl) - (OJ 1727 ceey [ — 1) (363)

From (3.63) we observe the following:

1. The number of columns does not change.

2. The area decreases by 1 +2+ ... + (I — 1)

Figure 3.15 illustrates an example of this bijection

Figure 3.15 T : (4,4,7,9,7) — (4,3,5,6,3)

The shaded cells represent the area that is removed after the bijection.

As a result, we have

Theorem 3.2.4. The number of all superdiagonal bargraphs with area x and with |
columns is, see [5],

[—1

Ty = (m () - 1), (3.64)

and the number of all superdiagonal bargraphs with area x is, see [5],
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w

T, = Z T

=1

_ zx: (x _l (—é)1_ 1>, (3.65)

1>1

where w = Y=L see [5].

Proof. Equation (3.64) follows from Theorem 3.2.3 and it also follows from the fact
that the number of all compositions of = with [ parts is equal to the binomial coefficient

(gzg__11)’ where z,k > 1, see [5]. -

Remark 3.2.5.

Theorem 3.2.4 can also be explained in the following way. Define V' to be a set
of all superdiagonal bargraphs and let V; be the set of all superdiagonal bargraphs
that consist of j columns. Now V;,; can be divided in such a way that there will be
two subdivisions namely V';,; and V", such that V43 = V';11 U V" ;41. We define
these two subdivisions to be:

1. V', is the subdivision of these bargraphs where the first column consists of
J+ grap
precisely one cell.

2. V";4, is the subdivision of these bargraphs where the first column consists of
two cells or more.

From these definitions we observe the following:

1. A superdiagonal bargraph,V’; 1, can be uniquely formed by adding one row at
the bottom of V;. Figure 3.16 (a) illustrates this.

2. A superdiagonal bargraph, V" ;,; can be uniquely formed by incorporating an
additional cell at the apex of the first column of V;. Figure 3.16 (b) illustrates
this.

74



» ; , >
<<---------- > > <---------- > < ---------- >
J 7+1 7j+1 j+1

Figure 3.16 Superdiagonal bargraphs (a) V', formed from V;, and (b) V"4,
formed from Vj.

Now we define Tj(q) to be the generating function of superdiagonal bargraphs

that have a base j where g represents the area. Then from the information we just
collected above we have

Ti1(q) = @' T5(q) + ¢Tj41 (), (3.66)
where

e ¢/T1T;(q) represents the case where the additional row is incorporated, as shown
in Figure 3.16 (a).

e ¢T;.1(q) represents the case where the additional cell is incorporated, as shown
in Figure 3.16 (b).

Now since Ty(¢) = 1, it then follows from (3.66) that
qj

1,(0) = 1T xTia0) (3.67)

We then derive Tj(q) in terms of ¢ and j.
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Tie) = 72 xTo(a) = 72
L@ = 1 <Nl = 7
Tla) = o xTal) = (1fq)3
qj(j+1)/2
Ti(q) =:<1_qyxTM®
(")
_q
e (3.68)
Letting
T(q) = Tuq",
) (3.69)

where T}, is the total number of superdiagonal bargraphs with area x. Then

T(q) = Y Tiq)

ICY
E:(f—qy' (3.70)

From direct inspection, we find that

7.5 — 1, as ¢ — oo, see [5]. This conjecture

was proved by Louchard, see [5]. The table below shows the first ten numbers, V,,
see [5].
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x
T, 1 1 1 2 3 4 6 9 13 18

Figure 3.17 shows T5, the four superdiagonal bargraphs each with area 5.

Figure 3.17 The four superdiagonal bargraphs each with area 5 ie., T5.

3.2.3 Summary

In this chapter, where we close our study for skew Dyck paths, we continued to build
on skew Dyck paths and we based the study according to area. We mainly focused on
the enumeration in relation to area, semi-base and semi-length for these skew Dyck
paths. We then established a connection between skew Dyck paths and a type of
bargraphs called superdiagonal bargraphs. We finally went on to enumerate the area
of these superdiagonal bargraphs in relation to their perimeter and area.

3.3 Conclusion

This dissertation was mainly about the study of skew Dyck paths. However, we
first introduced Dyck paths, in Chapter 1, and a brief enumeration of them with
other parameters such as number of peaks, valleys, doublerises and return steps.
The concept of skew Dyck paths was then introduced in Chapter 2, as these are a
generalization of Dyck paths. We showed that there is a bijection from skew Dyck
paths to other combinatorial objects namely Hex trees, Motzkin paths, marked trees
and weighted Dyck paths. We then studied four different types of involutions on skew
Dyck paths, illustrating graphical examples in each. We ended Chapter 2 with some
statistics on skew Dyck paths. The last chapter, Chapter 3, was still an extension
on skew Dyck paths but focusing on their area. We showed an enumeration of these
skew Dyck paths in relation to area and semi-length. We finally closed the chapter
by introducing superdiagonal bargraphs which we showed are constructed from skew
Dyck paths. We showed their enumeration in relation to area and perimeter.
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