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Abstract

The study of lightlike geometry in semi-Riemannian manifolds was introduced by
A. Bejancu and K. L. Duggal in their book [3]. The book laid a foundation for the
study of lightlike submanifolds by providing some constructions on such subspaces.
In this research, we focus on the study of lightlike hypersurfaces of semi-Riemannian
manifolds, i.e. submanifolds of codimension one. In this line, we prove necessary and
sufficient conditions for a lightlike hypersurface of a semi-Riemannian space form
to be totally umbilical, screen conformal and screen almost conformal (see Theorem
2.5.2} [2.5.4] and [2.5.5]).
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CHAPTER

INTRODUCTION AND OBJECTIVES

0.1 Introduction

In this research, we study the geometry of lightlike hypersurfaces in a semi-Riemannian
manifold. Lightlike hyperspaces have numerous applications in general relativity and
electromagnetism. For instance, in general relativity, lightlike hypersurfaces represent
different black hole horizons (see details in [3]). Unlike classical theory of nonde-
generate hypersurfaces, the normal bundle of a lightlike hypersurface is part of the
tangent bundle. This anomaly makes the study of lightlike hypersurfaces extremely
difficult. To overcome this challenge, A. Bejancu and K. L. Duggal introduced in [3]
the extrinsic approach to the study of lightlike geometry in which their approach
depends on a screen distribution of choice. And since the lightlike hypersurface is
Hausdorff and paracompact, such a screen distribution always exists. Following their
constructions, many scholars have studied lightlike hypersurfaces, see for instance
7] [LO] 1] 2] [14] [15].

In this thesis, we study the geometry of lightlike hypersurfaces, with a specific
attention to totally umbilical and screen conformal ones. We prove new and necessary
conditions for which a lightlike hypersurface of a semi-Riemannian space form is
totally umbilical, screen conformal and almost screen conformal.

The rest of the thesis is arranged as follows: In Chapter [I, we present the basic
preliminaries needed in the rest of the document, In Chapter 2] we study the geometry

of lightlike hypersurfaces. In particular, we prove Theorem [2.5.2] [2.5.4] and [2.5.5))
which are the main contributions to this study.
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CHAPTER ONE

PRELIMINARIES

1.1 Lightlike Vector spaces

Suppose that V' is an m-dimensional vector space with a symmetric bilinear map
g:V xV — R. Then g is said to be degenerate on V if there exists a vector £ € V'
with £ # 0, such that g(&,v) =0, Vv € V. We say that V' is nondegenerate if for any
given u € V one has g(u,v) = 0 for all v € V implies that © = 0. The set of all £
such that g degenerate is given by RadV = {¢ € V : g(§,v) = 0,Vv € V'}, and RadV
is called the Radical /null space of V. We call the dimensions of RadV" the nullity
degree of g, denoted by nullV. Clearly, g is degenerate if and only if nullV > 0, and
nondegenerate if and only if nullV = 0.[3]

Proposition 1.1.1. [3/ g is degenerate if and only if nullV > 0.

Proof. = Suppose that g is degenerate, then RadV # {0} which implies that nullV" #
0. Therefore, nullV" > 0.

< Suppose that nullV > 0, then RadV # {0}. This implies that there exists a
¢ # 0 such that g(¢,v) =0 for all v € V. Therefore, g is degenerate. O

Proposition 1.1.2. [3/ g is nondegenerate if and only if nullV = 0.

Proof. = Suppose that g is nondegenerate, then RadV = {0} which implies that
nullV = 0.

< Suppose that nullV = 0, then RadV = {0} which implies that ¢ is nondegen-
erate. [

In a case where g(v,v) > 0(g(v,v) < 0) for any nonzero v € V', we say that g is
positive(negative) definite . If g(v,v) > 0(g(v,v) < 0) for any v € V; and if there
exits a nonzero u € V such that g(u,v) # 0, we say that ¢ is positive(negative)
semi-definite for any nonzero v € V.

Proposition 1.1.3. [3] Any positive or negative semi-definite g is degenerate.
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Lightlike Vector spaces 3

Proof. Suppose that g positive(negative) semi-definite, then by definition there exists
a nonzero u € V such that g(u,v) # 0 for all v € V. This implies that RadV # {0},
therefore ¢ is degenerate. O

Suppose that W is a subspace of V', then gy : W x W — R is a restriction of
gon W x W and it is also a symmetric bilinear map on W. If ¢ is the dimension of
the largest subspace W C V for which gy is negative definite, then ¢ is called the
index of g on V.[3]

It is convenient to write g in terms of its quadratic form. Since g is bilinear, then

g(v+w,v+w) = g(v,v+w)+ glw,v+w)
- g(”?”) +g<vaw) +g(w,v) +g(w’w)
= g(vﬂj) + QQ(U,’LU) +g<w>w)=

for any v,w € V. It follows that

o0, w) = Slolw + w0+ w) = glo,0) — glw,w)]

This equation can be rewritten as

o0 w) = 31A(v, w) = h(o) — h(w)],

where h : V' — R is the associated quadratic form of a symmetric bilinear map g
with h(v) = g(v,v) for all v € V. Suppose that £ = {ej,es,--- , ey} is the basis of
V', then

where \; € R and v are the components of V with respect to the basis E. h is said
to be of type (p, q,r) where p + g+ r = m, if there exists in p, ¢, and r coefficients of
A; which are positive, negative and zero, respectively. In this case ¢ is the index and
r is the nullity degree of g in V. Generally, the canonical form h is not unique and
the type of h does not depend on the E chosen. [3]

Let h be the associated quadratic form of g of type (p,q,r) on V. Then we have
the following propositions:
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Lightlike Vector spaces 4

Proposition 1.1.4. [3] g is degenerate(nondegenerate) if and only if r > 0(r = 0).

Proof. We prove the first case by Proposition [1.1.1| and the second case by Proposi-
tion

Case I: = Suppose that g is degenerate, then nullV > 0. It follows that r =
nullV > 0.

< Suppose that » > 0, then » = nullV > 0. Thus, by Proposition g is
degenerate.

Case II: = Suppose that g is nondegenerate nondegenerate, then r = nullV = 0.

< Suppose that r = 0, then r = null = 0. Thus, by Proposition [I.1.2] g is
nondegenerate. O

Proposition 1.1.5. [3] g is positive(negative) definite if and only if p = m(q = m).

Proof. Case I: = Suppose that g is positive definite, then g(v,v) > 0 for all nonzero
v €V, and r = nullV = 0 by Proposition [I.1.4] Since g is not negative definite, by
definition ¢ = 0 and p + ¢+ r = p = m. < Suppose that p = m, then ¢ = 0 and
r = 0. This implies that ¢ is nondegenerate and g(v,v) > 0 for all nonzero v € V.
Therefore, g is positive definite.

Case II: = Suppose that g is negative definite, then g(v,v) < 0 for all nonzero
v € V,and r = nullV = 0 by Proposition [[.1.4] Since ¢ is negative definite, by
definition ¢ # 0 and p = 0. So, p+ ¢+ r = ¢ = m. < Suppose that ¢ = m, then
p =0 and r = 0. This implies that g is nondegenerate and g(v,v) < 0 for all nonzero
v € V. Therefore, g is negative definite. n

Proposition 1.1.6. [3/ g is positive(negative) semi-definite if and only if g = 0,p >
0,7 >0(p=0,qg>0,7>0).

Proof. Case I : = Suppose that g is positive semi-definite, then g(v,v) > 0 for all
nonzero v € V and there exists a nonzero u € V' such that g(u,v) =0 for all v € V.
As g(v,v) >0, p > 0 and ¢ = 0. Since g(u,v) = 0, then r > 0.

<« Suppose that ¢ = 0,p > 0,7 > 0. Then g(v,v) > 0 and r = nullV’ > 0, which
implies ¢ is positive semi-definite by definition.

Case II: = Suppose that g is negative semi-definite, then g(v,v) < 0 for all
nonzero v € V and there exists a nonzero v € V such that g(u,v) =0 for all v € V.
As g(v,v) <0, p=0 and ¢ > 0. Since g(u,v) = 0, then r > 0.

< Suppose that p =0,¢ > 0,7 > 0. Then g(v,v) < 0 and r = nullV’ > 0, which
implies ¢ is negative semi-definite by definition. O]

Let U = {u;,- -+ ,u,;,} be an arbitrary basis of V. Then it is possible to express g
by an m x m matrix G = [g;;] with ¢;; = g(w;, u;) where 1 <4, j < m. This matrix
is called the associated matrix of g with respect to the basis U. Moreover,
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Lightlike Vector spaces 5

where {ej,--- ,e;} are the eigenvalues of G and \; are the corresponding eigenvalues.
Clearly, g is nondegenerate(degenerate) on V' if and only if rank G = m(rank G < m).

In the case where ¢ is nondegenerate, g is said to be a semi-Euclidean metric
and V is called semi-Euclidean space. A proper semi-Euclidean metric g is
such that p-q # 0 and in this case V is called a proper semi-Euclidean space.
When g is positive definite, then ¢ is a Euclidean metric and V' Euclidean space.
A Lorentz (Minkowski) space V is defined by the Lorentz (Minkowski) metric
g where the the index ¢ = 1. In the case where ¢ is degenerate, V is said to be a
lightlike (degenerate) vector space. If g(v,v) > 0 or ¢ = 0, we say that g is
spacelike. If g(v,v) < 0, we say that g is timelike. If g(v,v) = 0 or v # 0, we say
that ¢ is lightlike.

Definition 1.1.1. The map || - || : V' — R is called the norm and it is such that
[oll = lg(v,v)]2,
forallve V.
Definition 1.1.2. [3] The set of all null vectors, A in a vector space V' is defined by
A={ve (V-{0}),g9(v,v) =0}
The proposition below provides a prove for the existence the lightlike vector.

Proposition 1.1.7. There exists a orthonormal basis of a semi-Fuclidean space such

that V' # {0}.
Proof. Prove provided in page 3 of [3]. O

Example 1.1.1. 3] Suppose that E = {e; = (1,0,---,0),--- , e, = (0,0,--- , 1)} is
the canonical basis of R™ equipped with a proper semi-Euclidean metric such that
for any 0 < ¢ < m and z,y € R™
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Lightlike Vector spaces 6
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The hypersurface A;”__ll of Ry is defined by

AL ={r e R —{0}). Z(%"')z + ) (@) =0}

and it is called the null cone of V. Finally, R™ becomes a Euclidean space g given
by

gz, y) =ty

A=1

B
The orthonormal basis E of V' satisfies the Kronecker delta equation through the

relation
1, ifi=j,
glei,ej) = €ij = o
0, ifi#j.

and we can express the vector v of V' as

m

v = Z €ig(v,e;)e;.

i=1
The set of elements in the basis of F are called the signature of F and the associated

matrix can be rewritten as

m

h(v) = g(v,0) = > g(v, ).

=1

Remark 1.1.1. In this research we are only interested in the orthonormal basis of a
semi-Euclidean space with a signature of the for (—--- —+---+).
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Semi-Riemannian Curvature 7

1.2 Semi-Riemannian Curvature
Suppose that V is a linear connection on (M, g), then for all X,Y,Z € I'(T'M)
(Vxg)(Y, Z) = X(g(Y, Z)) = g(VxY, Z) = g(Y,VxZ) = 0 (1.1)

if and only if g is parallel with respect to g and we call V a metric (Levi Civita)
connection. A result called Koszul formula gives that

29(VxY, Z) = X(9(Y, 2)) + Y (9(X, Z)) = Z(9(X,Y))
+g([X, Y]’ Z) +g([Zv X]vy) - g([Y7 Z],X),

for all X,Y,Z € I'(T'M). We define the curvature tensor of a semi-Riemannian
manifold by

R(X,Y)Z =VxVyZ -VyVxZ —Vxy|Z, (1.2)
for all X,Y,Z € I'(TM). Moreover, the torsion tensor is given by
T(X,)Y)=VxY -VyX —[X,Y]. (1.3)

In this case, we say V is torsion free if and only if 7" = 0. If V is torsion free, then
V is symmetric by definition. Bianchi developed two identities that described the
relationship between curvature tensors. The two Bianchi identities are given by

R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0 (1.4)
and
(VxR)Y,Z, W)+ (VyR)(Z,X,W) + (VzR)(X,Y,W) = 0. (1.5)

One more important definition, is the definition of the type-4 curvature tensor of the
semi-Riemannian manifold which is given by

R(X,Y,Z,U)=g(R(X,Y)Z,U), VX,Y,Z, U on M. (1.6)
This definition yields that

R(X,Y,Z,U)+ R(Y, X, Z,U) =0,
R(X,Y,Z,U)+ R(X,Y,U,Z) =0,
R(X,Y,Z,U)— R(Z,U,X,Y) = 0.

X =

6]
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CHAPTER TwoO

LIGHTLIKE HYPERSURFACES

2.1 Lightlike Transversal Vector Bundle of a Light-
like Hypersurface

By a lightlike hypersurface (M, g) of a semi-Riemannian manifold (M, g), we mean
a co-dimension one submanifold of M, such that the metric tensor g, which is the
restriction g,|r,ar, for any x € M, is lightlike (also known as degenerate). In par-
ticular, this means that there exists a non-zero section ¢ such that ¢g(&, X) = 0, for
any X tangent to M. Now, the radical subspace of T, M, at each point z € M, de-
noted by Rad T, M, is defined as Rad T, M = {£ € T, M : ¢.(§, X), VX € T, M}.
The dimension of Rad T, M is called the nullity degree of g. As £ is also orthogonal
to itself, one can easily see that the normal subspace T,M* of M is also lightlike
and, moreover, Rad T, M = T,M N T,M+*. Since the dimension of T, M+ is one, it
follows that dim Rad T,M = 1 and that Rad T,M = T,M~*. Then, we call Rad T M
the radical distribution of M.

The complementary and orthogonal vector bundle to RadT'M in T'M is called
the screen distribution of M, and often denoted by S(T'M). We, therefore, have the
decomposition

TM =RadTM L S(TM), (2.1)

where “ 1" between vector subbundles means an orthogonal sum. It is easy to see
that S(T'M) is a nondegenerate distribution on M, and its existence is secured by
the assumption that M is paracompact. Unfortunately, the screen distribution is not
unique, and often a lightlike hypersurface with a specific screen distribution is de-
noted as (M, g, S(T'M)). The following result is fundamental to the study of lightlike
hypersurface:

Theorem 2.1.1 (Duggal-Bejancu [3]). Let (M, g, S(T'M)) be a lightlike hypersurface
of a semi-Riemannian manifold (M,g). Then, there exists a unique vector bundle
tr(T'M) of rank one, over M, such that for any nonzero section & of RadTM on a
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The Induced Geometrical Objects on a Lightlike Hypersurface 9

coordinate neighbourhood W of M, there exists a unique section N of tr(T'M), on U,
such that g(¢,N) =1, g(N,N) = 0 and g(N, X) = 0, for any X tangent to S(TM)|y.

Consider the decomposition
TMpy = S(TM) L S(TM)*.
It follows from Duggal-Bejancu theorem that

TMyr = S(TM) @open (TM* & tr(TM))
= TM Dorgp, tr(TM).

Proposition 2.1.1. [3] Any screen distribution S(TM) of a lightlike hypersurface is
non-degenerate of constant index q — 1.

Proof. Given that v # 0 and v € S(T'M) with g(u,v) = 0 for all v € S(T'M). By
definition of RadT'M = TM™*, g(u,&) = 0 for all £ € RadT M. And g(u, N) = 0 for all
N € tr(TM). This implies that u € TM~* or u € tr(TM). This is a contradiction as
S(TM) and S(TM)* are complimentary subspaces. Thus, S(T'M) is non-degenerate.
As S(T'M) isin M, then the index of S(T'M) t < q. On the other hand, the restriction
of the induced metric on S(T'M) is of index of t > g — 1, since dim T;,, M+ = 1. Hence
the index of S(T'M) is of index ¢ — 1. O

Proposition 2.1.2. [3] Any screen distribution on a lightlike hypersurface of a Lorentz
manifold is Riemannian.

Proof. Suppose that (M, g) is a (n+1)-dimensional lightlike hypersurface of a (n+2)-
dimensional Lorentzian manifold (M, g), with n > 2. Since S(TM) is of index q — 1,
S(T'M) is n dimensional. Since n € R™, g(v,v) > 0 for all nonzero v € S(T'M). But
g(v,v) # 0 for all v € S(T'M), since S(T'M) is nondegenerate. Hence, g(v,v) > 0
which implies that S(T'M) is positive definite. Since the induced metric on S(T'M) is
positive definite, then any screen distribution on a lightlike hypersurface of a Lorentz
manifold is Riemannian. O

2.2 The Induced Geometrical Objects on a Lightlike
Hypersurface

Let (M,g) be a lightlike hypersurface of a (m + 2)-dimensional semi-Riemannian
manifold (M, ). And suppose that V and V are linear connections connections on
M and M, respectively. Since T]\Z/|M =TM L tr(TM). Then for all XY € I'(T'M)
and V € I'(tr(T'M)) we have:

VxY =VxY +h(X,Y) (2.2)
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The Induced Geometrical Objects on a Lightlike Hypersurface 10

where VxY € I'(T'M) and h(X,Y) € I'(tr(TM)). And
VxY = Ay X + V4V, (2.3)

Ay X € T(TM) and V5V € T'(tr(TM)). V and V' are called induced linear connec-
tion on M and tr(T'M), respectively. Moreover, h and Ay are said to be the second
fundamental form and the shape operator of M in M, respectively.

Proposition 2.2.1. V is torsion free.[3]

Proof. Since V is symmetric, then by definition V is torsion free. Moreover, by the
definition of torsion 71" and equation [2.2| we obtain

T(X,Y)=VxY - VyX — [X,Y]
0=VxY -h(X,)Y)-VyX+h(Y,X)—[X,Y]
0=hY,X)—=h(X,Y)+ VxY - VyX — [X,Y].
Equating the components,
hX,Y) =h(Y,X)

and

[X,Y] = VXy— VYX =0.

The second equation implies that V is symmetric. Thus, by definition V is torsion
free.[9] O

Proposition 2.2.2. h is a I'(tr(T'M))-valued symmetric F(M)-bilinear form on
L(TM).[3]
Proof. Suppose that f is a real valued function about p. Since
h(X,Y)=VxY — VxY,
by the definition of a connection:
1. h is additive in the first argument.
WX+ Z,Y)=VxyzY —Vx zY
= (VxY +VzY)— (VxY +VzY)
= (VxY —VxY)+ (VY —V5Y)
=h(X,Y)+h(Z,Y).

2. h is additive in the second argument.
h(X,Y +W)=Vx(Y +W) - Vx(Y + W)

= VxY + VW — VxY — Vx W
— h(X,Y) + h(X,W).
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The Induced Geometrical Objects on a Lightlike Hypersurface 11

3. h is homogeneous in the first argument.

hMfP)X,Y) = VipxY = VipxV
f)VxY — f(p)VxY
f[VxY = VxY]
fp)M(X,Y).

4. h is homogeneous in the second argument.

h(X,fY)=VxfY —VxfY
= (XY, f(p) + f(0)VxY — (X F)Yof(p) + f(p)VxY]
= f(0)VxY = f(p)VxY
= f(p)[VxY — VxY]

f(P)M(X,Y).

Since V is a linear connection on I'(tr(T'M)), it follows that h is a I'(tr(T'M))-valued
symmetric F(M)-bilinear form on T'(T'M).[9] O

Proposition 2.2.3. Ay is a F(M)-linear operator on U'(T'M).[3]

Proof. Suppose that f is a real valued function about p, and let V4V and Vx be
linear connections on I'(T'M). Then

Av(X +2) =V, ,V = Vx.zV
= VLV + VLV — (VxV +V,V)
= (V5V = VxV)+ (V,V = VzV)
= Ay X + Ay Z.

Av(f(p)X = VipxV = VipxV
= f()VxV = [f(p)VxV]
= f(p)[Vg(V - @XV]
= f(p)AvX.

Thus, Ay is a F(M)-linear operator on I'(T'M).[9] O

Proposition 2.2.4. V! is a linear connection on the lightlike transversal vector bun-
dle tr(T'M).[3]

Jabulile Khoza(©School of Mathematics/Wits University 2020
khozajabulile6@gmail.com



The Induced Geometrical Objects on a Lightlike Hypersurface 12

Proof. Recall that
ViV = —Ay X + VxV.

So, by proposition [2.2.3]

ViV +W)=—-AywX +Vx(V+W)
= Ay X — A X + VxV + VxW
= —AyX +VxV — Ay X + VxW
= V4V + VLW

VSHYV =—Ay(X+Y)+ VvV
= —AyX —AyY + VxV +Vy V
= —AyX +VxV — Ay X + VxW
= ViV + Vi.V.

VipxV = —Av(f(p)X) + VipxV

=—f(p)AvX + f(P)?XV
= f(p)[-AvX + VxV]
= f(p)V&V.

Vi (fV) = —Ap X + Vx(fV)
=—f(DAvX + f(p)VxV
= f(p)[-Av X + VxV]
= f(p)ViV.

Thus, V* is a linear connection on the lightlike transversal vector bundle tr(TM).[9]
[

Suppose that W C M and the pair {£, N} is in the neighbourhood of M. We define
a F(U)-symmetric bilinear form B and a 1-form 7 on U as follows,

B(X,Y) =g(h(X,Y),$) (2.4)
and

7(X) = (Vi N,¢) (2.5)
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for all X,Y € T'(T'M|y).|3] Then the relationship between the elements of I'(T'M)
and T'(tr(TM)) with respect to the second fundamental form, the shape operator,
the F(U)-symmetric bilinear form B and the 1-form 7 on U is given by the Lemma
below.

Lemma 2.2.1. [F/ h(X,Y) = B(X,Y)N and Vi, N = 7(X)N.

Proof. By equation [2.4] and [2.5

And
g(VxN,§) = 7(X)
= 7(X)g(N,¢)
= g(1(X)N,¢)
Therefore, we have that A(X,Y) = B(X,Y)N and V4% N = 7(X)N hold. O
Now, equation [2.2] and [2.3] becomes
VxY =VxY + B(X,Y)N (2.6)
and
VxN = —AxyX + 7(X)N, (2.7)

forall X, Y € I'(T'M), respectively. As B is the only component of 4 on U with respect
to IV, we call B the local second fundamental form of M, and the equations [2.6], [2.7]
the local Gauss and Weingarten formulae, respectively. [3]

Remark 2.2.1. The geometry of lightlike hypersurfaces depends on the choice of the
screen distribution. This is why we need to study the relationship between the geo-
metrical objects by two screen distribution that induced them.|[3]

Theorem 2.2.1. [3] Let (g, M) be a lightlike hypersurface with screen distributions
S(TM) and S(TM)" and second fundamental forms h and h' with respect to the
transversal bundles tr(M) and tr(M)’, respectively. Then B = B" on U.
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Proof. By equation VxY = VxY + h(X,Y) and VxY = VyxY + W(X,Y).
Moreover, by equation B(X,Y) = g(h(X,Y),§) and B'(X,Y) = g(h'(X,Y),¢).
So

B(X,Y) = g(h(X,Y),§)
=g(VxY = VxY,{)
= 9(VxY,€) = §(VxY.€)
=g(VxY,¢)
Similarly, B'(X,Y) = g(VxY,&). Therefore, B(X,Y) = B'(X,Y). O

Remark 2.2.2. The statement B = B’ implies that the local fundamental form of M
does not depend on the choice of the screen distribution.[3]

We now introduce the following Lemma to prove that the second fundamental
form of a lightlike hypersurface is degenerate.

Lemma 2.2.2. [6 Since V is a metric connection on M, we have that
B(X,¢) =0, for all X € T(T'M|y). (2.8)

Proof. By equation
Vx{=Vx{+ B(X,{N
It follows that

9(Vx&,€) = §(Vx&€, &) + §(B(X, )N, €)
= 9(Vx¢,€) + B(X,§)g(N.¢)
= B(X,9).
Thus,
9(Vx&.€) = B(X,§). (2.9)

Recall that a linear connection V on (M, g) is called a metric (Levi-Civita) connection
and g is parallel with respect to V, i.e

(Vxg) (Y, Z2) = X(9(Y, Z)) = 9(VxY,Z) = g(Y,VxZ) =0
for any XY, Z € I'(TM), then
X(9(Y,2)) = 9(VxY. Z) + g(Y,VxZ).
It follows that,

X(9(&,€) = §(Vx¢&,6) +3(&, Vx€)
0=g(Vx& &) +9(&, VxE)
0 =2g(Vx&,§)
= 3(Vx&,€6) =0
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Therefore,
B(X,¢) = g(Vx&,§) = 0.
O

Following the procedure from Differential Geometry by N. J. Hicks; We say that
two vector fields V, W are conjugate if B(V,W) = 0. If a vector field V is self-
conjugate, i.e. B(V,V) = 0. Then we say that V' is an asymptotic vector field. The
following Lemma, follows from this definitions.

Lemma 2.2.3. Let M be a lightlike hypersurface, then any & € F(TM“LL) 1S conjugate
to any vector field X € M and £ is an asymptotic vector field.[5]

Proof. By Lemma B(X,&) =0, for all X € T'(T'M|y). So £ is conjugate to any
vector field X € M. Moreover, setting X = £ we obtain B(¢, &) = 0. Therefore, ¢ is
an asymptotic vector field. O

We now define second fundamental form and its corresponding shape operator for
the screen distribution. It is defined by projection morphism below.

Let P denote the projection morphism of I'(T'M) on I'(S(T'M)) with respect to
the decomposition TM = S(TM) L TM+*. We obtain

VxPY = V5%PY + h*(X, PY) (2.10)
and
VxU = —-A;X + VU (2.11)

for all X,Y € I'(TM) and U € T(TM%1), whereV%Y and Aj; X are elements of

['(S(TM)), V is a linear connection in I'(S(T'M)), V*is a linear connection in TM*.

h* is a T(TM)*-valued F(M)-bilinear from on ['(TM) x T'(S(TM)) and A} is a

[(S(TM))-valued F(M)-linear operator on I'(T'M). We call h* the screen second

fundamental form and equation Aj; the screen shape operator of S(T'M).[6]
We now define the local screen fundamental form of S(T'M) by

C(X,PY) = g(h*(X, PY), N) (2.12)

and define
e(X)=g(VE, N), forall X)Y e T(TM).[3] (2.13)

Lemma 2.2.4. [3/ e(X) = —7(X) for all X, Y € T(T'M).
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Proof. By equation [2.13] and [2.7]

e(X)

g(VX& N)

(vxg + AIX, N)
(Vx&, N) + G(ALX, N)
(

(V

1
QI Wi

Vx&, N)

x§, N)

—g(VxN,¢)

—g(=AnNX + 7(X)N,§)
= g(AnX, &) — 7(X)g(N, )
= —7(X),

I
QI Wi

for all X, Y € I'(TM). O

by Lemma [2.2.1] equation [2.10|and [2.11| we obtain

VyPY = Vi PY + C(X, PY)E, (2.14)
Moreover, by equation [2.15]
V€ = —AIX — 7(X)E, for all X,Y € [(TM), (2.15)

Remark 2.2.3. The second fundamental form of the screen distribution is also degen-
erate. The induced connection V is unique and independent of S(7T'M) when h = 0.
In general, the induced connection V is not a metric connection. To express this, we
define a local 1-form on U below.

Define a local 1-form n by
n(X)=g(X,N), forall NeT'(TM)y.
Theorem 2.2.2. [3] Let (g, M, S(TM)) be a lightlike hypersurface, then:
1. A linear connection V* is a metric connection on S(TM) and

2. The induced connection V on M satisfies
(Vxg)(Y, Z) = B(X,Y)n(Z) + B(X, Z)n(Y), (2.16)
for all X,Y,Z € T(T'M|y).

Proof. 1. Follows from equation [2.4] and [2.6]
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2. By equation [2.4] and Lemma [2.2.1] a metric connection V on M and the defi-
nition of 7, we get

= X(g9(Y,2)) — §(VxY, Z) — g(Y,VxZ)

=X(g(Y,2)) —g(VxY + MX,Y),Z) — g(Y,VxZ + WX, Z))

=X((Y,2)) —g(VxY.Z) — g(h(X.,Y), Z) — g(Y,VxZ) — g(Y, h(X, Z))
=X((Y,2)) - g(VxY,Z) - g(Y,VxZ) - B(X,Y)g(Z,N) — B(X, Z)g(Y,N)
= (Vxg)(Y,Z) = B(X,Y)n(Z) — B(X, Z)n(Y).

Thus, the connection V on X is not a metric connection and satisfies
(Vxg)(Y,Z) = B(X,Y)n(Z) + B(X, Z)n(Y). (2.17)

]

Lightlike hypersurfaces, unlike the non-degenerate space do not have a second
fundamental form and the shape operator that are related by means of a metric
tensor field. By equation [2.4] and Lemma [2.2.1] we can introduce that following two
lemmas.

Lemma 2.2.5. [3] B(X,Y) = g(A;X,Y), g(A;X,N)=0. for all X,Y € I(T'M).

Proof. B(X,Y) = g(A{X,Y).
By equation [2.4] and Lemma [2.2.T] And

Therefore,

Moreover, by equation [2.15

B(X,Y) = g(VxY,¢)
= —g(Vx&,Y)
=—9(Vx&Y)
= —g(=A:X —7(X)§Y)
= g(A:X,Y) + g(7(X)E,Y)
g(ALX,Y).
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Note that Vx¢& = V&, since B(X,¢) = 0 by Lemma We now prove that
g(A: X, N) = 0.
By the definition Vx§ = —A; X — 7(x)¢, for all X, Y € I'(T'M). It follows
9(Vx&, N) = —g(A X, N) = 7(X)g(§, N)

(X)
—9(Vx&, N) = —g(A:X, N) — 7(X)
—9(VxN,§) = —g(A; X, N) — 7(X)
—g(=ANX + T(X)N, €) = —g(Ae X, N) = 7(X)
g(ANX, ) = 7(X)g(N,§) = —g(A: X, N) — 7(X)
—7(X) = —g(A{ X, N) — 7(X)
Therefore, g(A; X, N) = 0. O

Lemma 2.2.6. [3]/ C(X,PY) = g(AnX,PY), g(AyY,N) = 0 for all X,Y €
[(TM).
Proof.

C(X,PY)=g(ANX, PY).
Note that just like in the case of B,

h*(X,PY)=C(X, PY)E.
Moreover, V%Y € I'(S(T'M) and N € tr(TM)) gives

C(X,PY)=g(h"(X,PY),N)

g(VxPY — VL PY,N)
g(VxPY,N) - g(VxPY,N)
g(VxPY,N)
—g(VxPY,N)
—g(VxN, PY)
—g(—ANX +7(X)N, PY)
= g(ANX, PY) — 7(X)g(N, PY)
= g(AnX, PY).

Moreover,

G(ANY,N) = g(r(Y)N — VyN, N)

(r(Y)N,N) = g(VyN,N)

|
S i

]
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2.3 Gauss-Codazzi equations

This section is dedicated to the derivation of Gauss-Codazzi equations and other
related properties. Let V be the connection on M and V be the connection on M
with curvature tensors R and R, respectively. And suppose that (M, g, S(TM)) is a
lightlike hypersurface of of a semi-Riemannian manifold (M, 7).

Proposition 2.3.1. [3] The curvature tensor of R is given by

R(X,Y)Z = R(X,Y)Z + Anx.2)Y — Ay, X + (Vxh)(Y, Z) — (Vyh)(X, Z),
forany X,Y,Z € I(TM).
Proof. We begin by the applying the definition of curvature tensor

R(X,Y)Z =VxVyZ —VyVxZ —Vxy|Z
=Vx[VyZ+h(Y,Z)] = Vy[VxZ 4+ WX, Z)| — Vixy)Z + h([X,Y], Z)]
=VxVyZ +Vxh(Y,Z) = VyVxZ — Vyh(X,Z) = Vixy)Z — M[X,Y],Z)
=Vy|[VxZ + WX, 2)] - Vx|VyZ+ MY, Z)| - Vixy)Z — h(X,Y], Z)
+Vxh(Y,Z) - Vyh(X, Z).

Rearranging the equation we get

VxVyZ +VyhX,2) = VxVyZ —Vxh(Y,Z) = Vixy1Z — W([X,Y],Z)
+Vxh(Y,Z) = Vyh(X, Z)
=VxVZ - VxVyZ = Vixy1Z+VyhMX,Z) = VxhY,Z) - WX,Y],2)
+Vxh(Y,Z) - Vyh(X, Z)
= R(X,Y)Z + Vyh(X,Z) = Vxh(Y,Z) + Vxh(Y,Z) = Vyh(X, Z) — h([X,Y], Z).

Since VxV = —Ay X 4+ V4V then Vxh(Y,Z) = —Apy.nX + Vih(Y, Z). Tt follows
that

R(X,Y)Z +Vyh(X,Z) — Vxh(Y,Z) + [—Any,2)X + Vih(Y, Z)]
— [~ Anx.z)Y + VYh(X, Z)] - h([X,Y], Z)
=R(X,Y)Z + Apx,2)Y — Ay X — Vi (X, Z2) + Vi(Y, Z) + Vyh(X, Z)
—Vxh(Y,Z) - WX,Y], Z)
= R(X,Y)Z + Anx.2)Y — Ay X — Vi (X, 2) + Vih(Y, Z) + Vyh(X, Z)
= R(X, Y)Z + Ah(X,Z)Y - Ah(Y,Z)X - Vg/h(X, Z) + Vg(h(Y, Z) + Vyh(X, Z)
—Vxh(Y,Z) — hVyX,Z) + hVxY, Z).
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Set

(Vxh)(Y,Z) =V% (Y, Z)) — h(Vxy, Z) — WY,V xZ). (2.18)
Then
R(X,Y)Z = R(X,Y)Z + Apx.2)Y — Anyy X + [V5R(Y, Z) = W(VxY, Z) — h(Y,Vx Z)]

— [VEWX, Z) — h(Vy X, Z) — h(X,VyZ)]
= R(X,Y)Z + Anx.2)Y — Ay X + (Vxh)(Y, Z) — (Vyh)(X, 2).

O]
Proposition 2.3.2. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then
9(R(X.Y)Z,PW) = g(R(X,Y)Z,PW) — g(h(X, Z),h* (Y, PW)) — g(M(Y, Z), " (X, PW)).

Proof. By Proposition [2.3.]

G(R(X,Y)Z,PW) = G(R(X,Y)Z, PW) + §(Anx,2)Y: PW)
—9(Any. X, PW) + g(Vxh)(Y, Z), PW) — g((Vyh)(X, Z), PW).

Since Apx.2)Y = (Vi h(X,Z) — Vyh(X, Z)) we have

GR(X,Y)Z, PW> +G((Vi (X, Z) = Vyh(X, Z)), PW) = §((Vh(Y, Z) = Vxh(Y, Z)), PW)
+3((Vxh)(Y, Z), PW) — §((Vyh)(X, Z), PW)

(R(X,Y)Z,PW) + g(Vih(X, Z), PW) — §g(Vyh(X, Z), PW)

— g(Vih(Y, Z), PW) + g(Vxh(Y, Z), PW)

(Vxh)(Y, Z), PW) — g((Vyh)(X, Z), PW)

(R(X,Y)Z,PW) + g(Vih(X, Z), PW) — §g(Vyh(X, Z), PW)

— g(V&h(Y, Z), PW) + g(Vxh(Y, Z), PW)

<[vt WY, Z) = h(VxY, Z) — h(Y,Vx Z)|, PW)

—g([VLh(X,Z) — h(VyX,Z) — h(X,VyZ)], PW).

+ |
Q| Ql Q)

+ |
Q| Ql Q|

Moreover,

I(R(X.Y)Z, PW) + g(Vyh(X, Z), PW) — g(Vy (X, Z), PW) — g(Vh(Y. Z), PW)
Vxh(Y,Z),PW)+ g(Vih(Y,Z), PW) — g(h(VxY, Z), PW) — g(h(Y,VxZ), PW)
v _

vh(X,Z),PW)+ g(h(Vy X, Z),PW) + g(h(X,VyZ), PW)

Q I

ﬂc:l
—~~

R

(R(X,Y)Z, PW) — g(h(Y,VxZ), PW) + g(h
(R(

G(h(X,Vy Z), PW)
Y)Z,PW) = g(h(Y, Z),VxPW) + g(h(X

Z),Vy PW).

I
QI

X,
X,

AA

Il
QI
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By definition VxPW = Vi PW + h*(X, PW), so
GR(X,Y)Z, PW) — g(h(Y, Z), Vi PW + b*(X, PW)) + §(h(X, Z), Vi PW + h*(Y, PW))
(R(X,Y)Z, PW) — g(h(Y, Z), Vi PW) — g(h(Y, Z), b* (X, PW))

(WX, 2),Vy PW)+g(h(X,Z), k" (Y, PW))
(R(X,Y)Z,PW)+g(h(X,2Z),h*(Y,PW)) —
— g(h(Y, 2), V% PW) + §(h(X, Z), V. PW).

+
QI

g(n(Y; Z), k" (X, PW))

I
Q‘ QI

Since h(X,Y) = B(X,Y)N we obtain
g(R(X,Y)Z, PW) +g(hX, Z2), (Y, PW)) — g(h(Y, Z), h*(X, PW))

— §(B(Y, Z)N,V,PW) + g(B(X, Z)N, Vi PWV)

— §(R(X,Y)Z, PW) + §(h(X, Z), k*(Y, PW)) — §(h(Y, Z), h*(X, PW))

— B(Y, 2)§(N, Vi PW) + B(X, Z)§(N, Vi PW)

= g(R(X,Y)Z, PW) + g(h(X, Z), h*(Y, PW)) — g(h(Y, Z), h* (X, PW)),
where VW, Vi W € I'(S(T'M)) and N € tr(TM)). O
Proposition 2.3.3. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then
for any X, Y, Z, W € T(TM) and U € T(TM*').
Proof. By Proposition [2.3.1] Proposition and since (X,Y,Z € I'(TM) and U €
(Rad (TM))

9(R(X,Y)Z,U)

Y, Z),U) — g((Vyh)(X, 2),U)

9(Z,U) + Anx,29(Y, U) — Anv,29(X, U)
2),U) —g((Vyh)(X,2),U)

(Vxh)(Y,2),U) = g(Vyh)(X, Z),U)

(Vxh)(Y.Z) — g(Vyh)(X, Z),U).

R(X,Y)Z,U) + g(Anx,2)Y,U) — g(Any,2) X, U)
(

[
Proposition 2.3.4. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then
g(R(X.Y)Z,V) = g(R(X,Y)Z,V)

and
R(X,Y)U = R(X, YU

for all XY, Z W € T(TM), U € T(TM*) and V € T(tr(TM)).
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Proof. By Proposition [2.3.1], Proposition [2.3.2]
9(R(X,Y)Z,V)

=9
g

+

(RX,YV)Z, V) + §(Anx.2Y, V) — §(Any. X, V)
(Vxh)(Y, 2),V) = g((Vyh)(X, 2),V)

(RIX,YV)Z,V)+g(VYhX, 2),V) - g(Vyh(X, Z),V)
—g(ViIY, Z),V) + g(Vxh(Y, Z),V)

(IVXh(Y,Z2) = MV xY,Z) = h(Y,VxZ)],V)

—g([Vyh(X,Z) = h(Vy X, Z) = W(X,VyZ)],V)

(R(X,Y)Z,V)+ B(X, 2)g(Vy,N,V) — B(X, Z)g(VyN,V) — B(Y,
(Y, 2)§(VxN,V) + gl(VyB(Y, Z) = B(VxY,Z) — B(Y,VxZ)IN,V)
—g([V,B(X,Z) - B(VyX,Z) — B(X,VyZ)]N,V)

=g(R(X,Y)Z,V),

+
Qi w Nyl

+
UJQ\

where N € tr(TM) and V € I'(tr(TM)). If we replace Z by U in the above equation
we obtain

R(X,Y)U = R(X,Y)U,
for all X,Y € I'(TM) and U € I(TM*). O

Note that the relations we proved in Proposition [2.3.2] Proposition [2.3.3] and
Proposition [2.3.4] are called the Gauss-Codazzi equations of the lightlike hyper-
surface (M, g, S(T'M)). However, replacing Z by U in the mentioned propositions
yields R(X,Y)U = R(X,Y)U for all X,Y € T'(T'M) and U € T'(TM~). Thus, the re-
striction of the lightlike hypersurface (M, g, S(T'M)) of curvature V on TM+ does not
depend on the screen distribution S(7T'M). If we consider {£, N} on a neighbourhood
U C M then we have the following relations stated as propositions below.

Proposition 2.3.5. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then
G(R(X,Y)Z, PW) = g(R(X,Y)Z, PW) + B(X, Z)C(Y, PW) — B(Y, Z)C(X, PW).
Proof. By Proposition to Proposition [2.3.4]

G(R(X,Y)Z, PW)

= g(R(X,Y)Z, PW) + g(h(X, Z), h* (Y, PW)) — g(h(Y, Z), h*(X, PW))
= g(R(X,Y)Z,PW) + §(B(X, Z)N,C(Y, PW)¢) — g(B(Y, Z)N,C(X, PW)¢)
=9(R(X,Y)Z, PW) + B(X, Z)C(Y, PW)g(N,§) — B(Y, Z)C(X, PW)g(N, §)
= g(R(X,Y)Z,PW) + B(X, Z)C(Y, PW) — B(Y, Z)C(X, PW).

]
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Proposition 2.3.6. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M,g) then
9(R(X,Y)Z,§) = (VxB)(Y. Z) — (VyB)(X, Z) + B(Y, Z)7(X) — B(X, Z)(Y).
Proof. By Proposition to Proposition

G(R(X,Y)Z, &) + g(Anx,2)Y: §) — §(Anr,2) X, §) + g((Vxh)(Y, Z),§)
—g((Vyh)(X, 2),¢€)

R(X,Y)3(Z,€) + 3(Anx.2)Y€) — §(Anv) X, §) + 3([Vh(Y, Z)

— VY, Z) = h(Y,VxZ)],§) — §([Vy (X, Z) = M(Vy X, Z) — h(X, VyZ)],€).

9(R(X.Y)Z,€)

Set (VxB)(Y,Z) = X(B(Y, Z)) — B(VxY, Z) — B(Y,VxZ) then

9(R(X,Y)Z,€)
= J(Anx,2)Y. &) — §(Anv,y X, &) + §([V5B(Y, Z) — B(VxY, Z) — B(Y,VxZ)IN,¢)
—g([VyB(X,Z)— B(VyX,Z)— B(X,VyZ)|N,¢)
G(Anx. Y, 8) — g(Any, X, &) + [V5B(Y, Z) — B(VxY,Z) — B(Y,VxZ)]g(N,¢)
— [VyB(X,Z) — B(VyX, Z) — B(X,VyZ)]g(N,¢)
= §(Anx,2)Y, &) — §(Any,2) X, §) + (VXB)(Y Z) = (VyB)(X, 2)
= (VxB)(Y,Z) = (VyB)(X, Z) + §g(Vy (X, Z),&) — g(Vyh(X, Z),€)
—g(VKh(Y, 2),&) — g(Vxh(Y, Z),€).

Since Vx N, & = —AnY + 7(Y)N, it follows that

g(R(X.Y)Z,¢)
:(VXB)( ,Z) = (VyB)(X, Z) + B(X, 2)§(Vy N, €) — B(X, Z)§(Vy N, §)
— (Y, 2)5(Vx N, §) = B(Y, Z)3(Vx N, ¢)
= (VxB)(Y.Z2) = (VyB)(X, Z) + B(X, Z)§(VyN,§) = B(X, Z)g(—AnY + 7(Y)N,¢)
— (Y, 2)5(VxN,§) = B(Y, Z)g(—AnX + 7(X)N,¢)
= (VxB)(Y, Z) = (Vy B)(X, Z) + B(X, Z)g7(X) — B(X, 2)g(—AnY, &) — B(X, Z)g(1(Y)N, ¢

—B(Y, Z)r(Y) = B(Y, 2)g(-AnX,§) — B(Y, Z)g(T(X)N, §).
By the definition of &
I(R(X.Y)Z,§) = (VxB)(Y, Z) — (VyB)(X, Z) — B(Y, Z)7(X) + B(X, Z)7(Y).
O
Proposition 2.3.7. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then

G(R(X,Y)Z,N)=g(R(X,Y)Z,N).
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Proof. By Proposition to Proposition G(R(X,Y)Z,N)=g(R(X,Y)Z,N)
for all N € tr(T'M)). O
Remark 2.3.1. Note that the above proposition gives that these lightlike hyperspaces

have symmetric shape operators for any given screen distribution S(7'M) with respect
to the second fundamental form B of M. So the relations below hold.

Proposition 2.3.8. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M,g) then
g(R(X,Y)PZ, PW) = g(R*(X,Y)PZ, PW)+C(X, PZ)B(Y, PW)—C(Y, PZ)B(X, PW).

Proof. We have shown that B(X,Y) = g§(VxY,&). Rearranging the equation we
obtain

g(Vxh*)(Y, PZ), PW) — g((Vyh*)(X, PZ), PW)
=g([Vih*(Y,PZ) — h*(VxY,PZ) — h*(Y,VxPZ)], PW)
—g([VYh* (X, PZ) — h*(Vy X, PZ) — h*(X,VyPZ)], PW)
= g(Vih*(Y,PZ),PW) — g(h*(VxY, PZ),PW) — g(h*(Y,VxPZ), PW)
—g(VYh (X, PZ),PW) + g(h*(VyX,PZ), PW) + g(h*(X,VyPZ), PW).

By definition of C', C'(X, PY)¢ = h*(X, PY), so

g(Vih*(Y,PZ), PW) — g(h*(VxY,PZ), PW) — g(h*(Y,VxPZ), PW)
—g(VLR (X, PZ),PW) + g(h*(VyX,PZ), PW) + g(h*(X,VyPZ), PW)
=C(Y,PZ)g(Vx&, PW) = C(Y,PZ)g(Vx& PZ), PW) — C(Y, PZ)g(Vx&, PW)
— C(X,PZ2)g(Vi&, PW) + C(X,P2)g(Vy&, PW) + C(X, PZ)g(Vy&, PW)
= —2C(Y,PZ)B(X,PW) +2C(X,PZ)B(Y, PW).

Moreover,

g(Ah*(X,PZ)YaPW) - g(Ah*(Y,PZ)X7 PW)
= g(VLW (X, PZ), PW) — g(Vyh* (X, PZ), PW) — g(Vi\h*(Y,PZ), PW)
+g(Vxh*(Y,PZ), PW)
= O(X, PZ)g(Vy&, PW) — C(X, PZ)g(Vy&, PW) — C(Y, PZ)g(V¢, PW)
+C(Y, PZ)g(VxE, PW)
=C(Y,PZ)B(X,PZ)—-C(X,PZ)B(Y, PW)).

Jabulile Khoza(©School of Mathematics/Wits University 2020
khozajabulile6@gmail.com



Gauss-Codazzi equations 25

Therefore,

J(R(X.Y)PZ, PW)
= g(R(X,Y)PZ, PW) + g(Anx,pz)Y, PW) — g(An,p2) X, PW)
+9((Vxh)(Y, PZ), PW) — g((Vyh)(X, PZ), PW)
= g(R*(X,Y)PZ, PW) + g(An-(x.p2)Ys PW) — Aty X, PW)
+g(Vxh*)(Y, PZ), PW) — g((Vyh*)(X, PZ), PW)
— 4(R*(X,Y)PZ, PW) + C(Y, PZ)B(X, PZ) — C(X, PZ)B(Y, PW)
—2C(Y, PZ)B(X, PW) + 20(X, PZ)B(Y, PW)
— g(R*(X,Y)PZ, PW) + C(X, PZ)B(Y, PW) — C(Y, PZ)B(X, PW).

[
Proposition 2.3.9. [3] Let (M, g, S(TM)) be a lightlike hypersurface of (M,g) then

G(R(X,Y)PZ,N) = (VxC)(Y, PZ)—(VyC) (X, PZ)+7(Y)C(X,PZ)—7(X)C(Y, PZ).

Proof.
9(Anx,p2)Y.N) = C(X, PZ)§(Vy€, N) — C(X, PZ)g(VyE, N)
=C(X,PZ)T(Y).
Similarly,
9(Any,p2)X, N) = C(Y, PZ)7(X).
Moreover,

g(Vxh)(Y,PZ) = [VxC(Y,PZ) - C(VxY,PZ) — C(Y,VxPZ)3(¢,N)
= (VxO)Y, PZ).

Since g((Vyh)(X, PZ) = (VyC)(X, PZ), thus

9(R(X,Y)PZ.N) = g(R(X,Y)PZ,N) + g(Anx.r2)Ys N) = g(Anripzn X, N)
+ g((th)(K PZ)’ N) - g((th>(Xv PZ)? N)
= (VxO)Y,PZ)— (VyC)X,PZ)+7(Y)C(X,PZ) —17(X)C(Y,PZ).

0
Proposition 2.3.10. [3/ Let (M, g, S(TM)) be a lightlike hypersurface of (M, g) then

G(RX,Y)E,N) = OY, A*EX) — C(X, A*€Y) — 2d7(X,Y).
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Proof. By Proposition [2.3.9]

J(R(X,Y)E, N) = —g(h(X, VxE),N) + g(h(Y, Vy€), N)

g(h(Y, ALX, N) + g(MY, 7(X)€), N) — g(h(X, AZY, N) — g(h(X, 7(Y)§), N)
Y AEX) + g(h(Y, 7(X)S), N) = C(X, A%¢Y) — g(h(X, 7(Y)E), N)

Y, A*X) — O(X, A*€Y) — 2d7(X,Y).

C(
C(

]

We now have sufficient information to define total curvature for lightlike hyper-
surfaces of the form (M, g, S(T'M)). We begin by defining a null plane H of T, M.

Definition 2.3.1. [3] Let U be the null vector of T, M with z € M such that for any
W € H there exists W, € H with g,(W,, W,) # 0. Then we say a plane H of T,,M is
a null plane directed by U if U € H.

Definition 2.3.2. [3] The null sectional curvature of H with respect to U and V
is given by

- _ G(R(W,U)U, W)
KolH) === "ww)

where W is an arbitrary nondegenerate vector in H.

So, Ky (H) depends on a quadratic fashion on U but it is independent of W.

2.4 Umbilical hypersurfaces

Recall that for a (m + 2)-dimensional semi-Riemannian manifold (M, §) with a light-
like hypersurface (M, g, S(TM)), we say that v € M is umbilical if

B.( Xy, Y,) = kgu (X, Ya), for all X,,Y, € T,,M, (2.19)

where B is the local second fundamental form of M about u and k£ € R. Note that
B is independent of U which is the neighbourhood around u. Take U* about u, then
we see that B* = aB on U N Ux where a # 0 and « is a C* function. So

B* = aB = aB,(X,,Y,) = akg, (X, Ya), for all X,,,Y, € T,,M.
Furthermore, M is said to be totally umbilical if it is umbilical for each u € M.[3]

Proposition 2.4.1. [3] M is totally umbilical if and only if locally, on each U there
exists a C'*° function p such that

B(X,Y) = pg(X,Y) for all X, Y € T(TM|y).
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Proof. = Suppose that M is totally umbilical, then by definition, each u € M is
totally umbilical. If we take U* about u, then we see that B* = aB on U N Ux where
a # 0 and « is a C™ function. So

B* = aB = aBy(Xy, Y.) = akg, (X, Ya), for all X,,Y, € T, M.
If we set p = ak we get that
B(X,Y) =pg(X,Y) for all X, Y € I'(T'M|y),

and p is a C'*° function on U. Since p was arbitrary, this statement holds for all p € U.
< Suppose that locally, on each U there exists a C'**° function p such that

B(X,Y)=pg(X,Y) forall XY € I'(T'M|y).

This implies that all the points p of M are umbilical. Then by definition M is totally
umbilical. O

As we have discussed in the previous chapters B is independent of the screen
distribution of M.

Theorem 2.4.1. [3] Let (M, g,S(TM)) be a totally umbilical lightlike hypersurface

of a (m+2)-dimensional semi-Riemannian manifold of constant curvature (M (c), g);
then p from B(X,Y) = pg(X,Y) satisfies

&p+pr(§) —p* =0,
and the curvature tensor of M is given by
R(X,Y)Z = clg(Y, 2)X — g(X, Z)Y] + plg(Y. Z)Ax X — g(X, Z)AxY]

forall X, Y € T'(TM|y). Furthermore, if m > 1 then p satisfies the partial differential
equation
PX(p) + pr(PX) =0,

for all X € T(TM|y).

Proof. By Proposition [2.3.3] we have that
Counsider the relation

(Vxg)(Y, Z2) = B(X,Y)n(Z) + B(X, Z)n(Y).
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By the definition of totally umbilical lightlike surfaces and product rule we obtain

(VxB)(Y,Z) = XB(Y, Z) — B(VxY, Z) - B(Y,VxZ)
= X|pg(Y,.Z)| — pg(VxY,Z) — pg(Y,VxZ)

= (Xp)g(Y,2) + pXg(Y. Z) — pg(VxY, Z) — pg(Y,VxZ)
= (Xp)g(Y,2) + p[Xg(Y, Z) — g(VxY,Z) — g(Y,Vx Z)]
= (Xp)g(Y; Z) + pl(Vxg)(Y, Z)]
= (Xp)g(Y,Z) + p[B(X,Y)n(Z) + B(X, Z)n(Y)]
= (Xp)g(Y, Z) + p*l9(X,Y)n(Z) + g(X, Z)n(Y)].

Similarly for the second term we obtain
(VyB)(X,Z) = (Yp)g(X, Z) + p*[g(Y, X)n(Z) + g(Y, Z)n(X)].
The third term and the fourth term are given by
B(Y, Z)7(X) = pg(Y, Z)7(X)

and
B(X,Z)r(Y) = pg(X, Z)r(Y),

respectively. Since g(R(X,Y)Z,¢) = 0, it follows that
(VxB)(Y, Z) + B(Y, Z)7(X) = (Vy B)(X, Z) + B(X, Z)7(Y).
By substitution

(Xp)g(Y,Z) + p*lg(X, Y )n(Z) + g(X, Z)n(Y)] + pg(Y, Z)7(X)
= (Yp)g(X, Z) + p’lg(Y, X)n(Z) + g(Y, Z)n(X)] + pg(X, Z)7(Y).

Eliminating the like terms

(Xp)g(Y, Z) + p’lg(X, Z)n(Y)] + pg(Y, Z)7(X)
= (Yp)g(X, Z) + p’[g(Y, Z)n(X)] + pg(X, Z)7(Y).

Rearranging the equation and by definition n(X) = g(N, X) =1, so
[Xp+p7(X) = p"n(X)|g(Y. Z) = [Yp + pr(Y) = p*n(Y)]9(X, Z). (2.20)
Setting X = &£, we obtain

Ep+p7(&) —p*1g(Y. Z) = [Yp+ pr(Y) — p*n(Y)]g(&, Z)
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By the definition of &, the right hand side is equal to zero. So

[€p+ pT(€) — p?)]g(Y, Z) = 0.

Since Y, Z € T(TM|U) are in S(T'M) then g(Y, Z) # 0. Thus

Ep+pr(€) —p° =0,

as required.
By definition R(X,Y)Z = c[g(Y, Z)X — g(X, Z)Y], then by Proposition [2.3.1]

R(X,Y)Z =R(X,Y)Z + Ah(X7Z)Y — Ah(xz)X + (Vxh)(Y,Z) — (Vyh)(X, Z).
It follows that

Anx.2)Y = Vyh(X,Z) — Vyh(X, Z)
= VL B(X,Z)N —VyB(X,Z)N
= VyNpg(X,Z) — VyNpy(X. Z)
= pg(X, Z)T(Y)N — pg(X, Z)[-AnY + 7(Y)N]
= pg(X, Z)ANY.

Similarly,
Ah(yyz)X = pg(Y, Z)ANX

So

(X,Y)Z = R(X,Y)Z + Anx.2)Y — AnyyX + (Vxh)(Y, Z) — (Vyh)(X, Z)
C[g(Y, Z)X - g(Xv Z>Y] R(X= Y)Z + pg(X7 Z)ANY - pg(Y, Z)ANX + (th)<Y7 Z)
= (Vyh)(X, 2).

Since (Vxh)(Y,Z) — (Vyh)(X, Z) is not tangential, when we equate the components
we obtain

clg(Y,2)X —g(X,2)Y| = R(X,Y)Z + pg(X, Z)AnNY — pg(Y, Z)AnX.
Therefore,

R(X,Y)Z = clg(Y, 2)X — g(X, 2)Y] + plg(Y, Z)An X — g(X, Z)AnY].
Since

(Xp+pr(X) = p21g(Y. Z) = [Yp+pr(Y) — p*n(Y)]9(X, Z).
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Let X = PX,Y = PY and Z = PZ, when we take into account that S(T'M) is
nondegenerate we obtain

[PX(p) + p7(PX) — p*n(PX)]g(PY,PZ) = [PY (p) + p7(PY) — p*n(PY )|g(PX, PZ)
(2.21)
[PX(p) + pr(PX)]PY = [PY(p) + pr(PY)]|PX. (2.22)

Suppose that there exist Xy € T'(T'M |y) with PXy(p) + p7(PXo) # 0 at a point u €
M. This implies that equation is such that all the fibres of S(T'M),, are colinear
with (PXy),. This is a contradiction since dim (S(TM),) = m > 1. Therefore,

PX(p) + pr(PX) =0,
for all X € I'(T'M|y) as required. O

Theorem 2.4.2. [3] Let (M, g,S(TM)) be a totally umbilical lightlike hypersurface
of a (m+2)-dimensional semi-Riemannian manifold of constant curvature (M (c), g),
then p from B(X,Y) = pg(X,Y). Then

(i) If A\ =0 on some w € M, then ¢ =0. If A\ =0 for all W C M, then the lightlike
immersion of M in ]R;”Jr2 1s affinely equivalent to the graph immersion of a
function F': M — R,

(i) If X # 0 for all W C M then M is totally umbilical immersed in M (c) if and
only if X is such that
EAN)+AT(§) +c=0.

Proof. By Proposition [2.3.9
G(R(X,Y)PZ,N) = (VxC)Y,PZ)—(VyC)(X,PZ)+7(Y)C(X,PZ)—7(X)C(Y, PZ).

We start by solving the left hand side by the use of Gauss equations and we put into
consideration that the curvature tensor is given by

R(X,Y)Z = clg(¥, Z)X — g(X, Z)Y).

It follows that

G§(R(X,Y)PZ,N) = g(R(X,Y)PZ,N)

(clg(Y,PZ)PX — g(X,PZ)Y],N)

G(cg(Y, PZ)PX,N) — g(cg(X, PZ)Y,N)

cg(Y, PZ)g(X,N) — cg(X, PZ)g(Y,N)
(

cg(Y, PZ)n(X) — cg(X, PZ)(Y).

Il
QI
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We now tackle the right hand side and we solve for each term separately. Since the
screen distribution S(7°M) is totally umbilical we have smooth functions A such that
C(X,PY) = M\g(X, PY). It follows that

(VxC)Y, Z) = XC(Y,Z) — C(VxY,Z) — C(Y,VxZ)
= X[\g(Y, 2)] = Mg(VxY, Z) — Mg(Y,Vx Z)
XNg(Y, Z2) +AXg(Y,Z) = Ag(VxY, Z) — Ag(Y,Vx Z)
XNg(Y, Z) + A[(Vxg(Y, Z)]
X(Ng(Y, Z) + A[B(X,Y)n(Z) + B(X, Z)n(Y)].

Similarly,
(VvO) (X, Z) =Y (Ng(X, Z) + A[B(Y, X)n(Z) + B(Y, Z)n(X)].

Moreover, 7(Y)C(X,Z) = Ag(X,Z)7(Y) and 7(X)C(Y,Z) = Xg(Y, Z)7(X). Let
X = PX and Y = PY then substituting back to the original equation, we obtain

cg(PY ,PZ)n(X) — cg(PX,PZ)n(Y)

= XN g(PY,PZ)+ AB(PX,PY)n(Z)+ AB(PX,PZ)n(Y)
—[Y(N)g(PX,PZ)+ AB(PY,PX)n(Z) + AB(PY, PZ)n(X)]
+  \g(PX,PZ)T(Y) — A\g(PY, PZ)T(X).

Grouping the like terms we get

[(X(A) = A (X) = en(X)g(PY, PZ) = [Y(A) = Ar(Y) — en(Y)]g(PX, PZ)
HAB(PY, PZ)n(X) — B(PX, PZ)n(Y)],

for all X,Y,Z € T'(T'M|y). Setting X = £ and since (X ) = g(X, N) = 1 we obtain

[£(A) = AT(&) — cJg(PY, PZ) = [Y(A) = Ar(Y) — en(Y)]g(PE, PZ)
+AB(PY, PZ) — B(P¢, PZ)n(Y)).

By definition of £ and since c is arbitrary, it follows that
[E(N) = AT(§) + clg(PY,PZ) = AB(PY,PZ). (2.23)
In the case where A = 0 and in view of equation [2.23
c=0.

Since S(T'M) is nondegenerate, A = 0 gives that C'(X, PY) = Ag(X, PY) = 0, which
implies that S(T'M) is parallel with respect to V. So assertion (i) has been proven
and (i) follows from equation [2.20} O
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Proposition 2.4.2. [3] Let (M, g, S(T'M)) be a lightlike hypersurface of (M, g). Sup-
pose S(TM) is integrable and any leaf of S(TM) is totally umbilical, immersed in M
as non-degenerate submanifold. Then M s totally umbilical.

Proof. Let M* be a leaf of S(T'M). Recall that
VxY =VxY + B(X,Y)N
and
VxPY = VL PY + C(X, PY)E.
Rewriting the second equation in terms of Y only, instead of PY and summing it up
with the first equation we obtain
VxY +VxY =VyxY + B(X,Y)N + V5Y + C(X,Y)¢.
It follows that

VxY =VxY —VxY +ViY +C(X,Y)é+ B(X,Y)N
=ViyY +CX,Y)+ B(X,Y)N,
for all X,Y € I'(T'M*). Now let H* be the mean curvature vector of M*. Since
(tr(TM)@® TM+) is the normal bundle to M, we can find C™ functions o and p such
that H* = af + pN. Moreover, M* is totally umbilical and it is immersed in M. It
follows from the identities in section 2.3 that
CX,Y)E+ B(X,Y)N = g(aX,Y)E + g(pX,Y)N
= ag(X,Y)E +pg(X,Y)N
= 9(X,Y)(ag + pN).
O

Thus, by definition M is totally umbilical immersed in M. Note that totally
umbilical lightlike surfaces are a large class of lightlike hypersurfaces. Let us take a
look at two more results.

Proposition 2.4.3. [3] Let M be a 3-dimensional Lorentz manifold. Then all the
lightlike surfaces M € M are either totally umbilical or geodesic.

Proof. Let W be the span of S(T'M) on the coordinate neighbourhood U C M. We
know that the screen distribution S(7°'M) is non-degenerate. Let

_ BW, W)
STAT
then
pg(W, W) = B(W, W).
Thus, B = pg on U. O]
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Proposition 2.4.4. [3] The lightlike cone A" of RI"2 is a totally umbilical lightlike
hypersurface.

Proof. Consider a linear connection V defined on Rj" by

VxY = X(YH)—
we have that

Vat = Y X(E) 1 = XY Vg = X
=1 =1

We know that the curvature tensor R is of the form
R(X, Y)Z = Vx(VyZ) + Vy(VXZ) — V[Xy]Z.
for all X,Y,Z € I'(T'M). Moreover,

VxY = VyY + B(X,Y)N

and
B(X,£) =0
gives that
Vx€ = Vxé+ B(X, N = V&
So

Vxé=Vx=X.

Furthermore, identity
Vx=—-A;X - T(X)E

yields the relation
AX +7(X)§+ X =0.

Since Af is I'(S(T'M))-valued, if we set X = PX we obtain
APX +7(PX)+ PX =0= A{PX + 0+ PX =0= A{PX = —-PX.

Then by definition this lightlike cone is totally umbilical with p = —1. O]
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2.5 Screen conformal hypersurfaces

Unlike in the case of Riemannian manifolds, lightlike hypersurfaces have interrelations
between the second fundamental form and the screen distribution with respect to their
shape operators. Here we want to find out if there is a class of lightlike hypersurfaces
which have the same geometry as the screen distribution of choice.

Definition 2.5.1. [6] (screen locally conformal) Let (M, g, S(T'M)) be a lightlike
hypersurface of a semi-Riemannian manifold, we say that (M, g, S(T'M)) is screen
locally conformal if for a non-vanishing smooth function ¢ on a neighbourhood U in

M, we have
An = QAg, (2.24)

where Ay and A are shape operators of M and S(T'M) respectively. Equivalently,
we have

C(X,PY) = ¢B(X, PY), (2.25)

for any X and Y tangent to M. In case where ¢ is a non-zero constant then M is said
to be screen homothetic. Furthermore, suppose that U is connected and maximal
such that there does not exist a domain larger than U C U’ on which equation ([2.24)
holds. Then if U = M we say that M is globally screen conformal.

Example 2.5.1. [6] Consider a lightlike cone A7 of R?™. And suppose that R}*!
is the space R™"*? endowed with the semi-Euclidean metric

n+1 n+1

= _ 0,0 a, a
gz, y) = ="y +;xy x—Zx 8mA

The light cone Aj*! is expressed as —(2°)% + 32" (%)% = 0,2 # 0. We know
that AJ"" is a lightlike hypersurface of R}*! and the radical distribution is spanned

by a global vector field
n+1

€= Z:c aa: — (2.26)
on Aj*tt "The unique section N satisfying (4.42) is given by

n+1

N= Wloy{ 0;170 * az: 833“} (2.27)

and is also globally defined. As £ is the position vector field we get

Vxé=VxX =X, forall X e (TM).
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It follows that A;X + 7(X)§ + X = 0. Since Af is ['(S(T'M))-values we have that

A;X = -PX, for all M € I'(T'M). (2.28)
Moreover, we express any X € [(S(TAG™)) by X = S0 Xa 0 (X1t .. Xt
satisfy
n+1
> a' X =0. (2.29)
a=1
It follows that
n+1 n+1 8Xa
X =VX = A 2.
vs Vg Z ZI‘ Oxo 8:{:& ( 30)
A=1a=1
n+1 n+1 HXxa n+1
g(VeX, &) =D at xA =-A=1) 2X"=0 (2.31)
A=1 a=1 a=1

Since VX € T(S(TAGHY)), it follows that Ayé = 0. Now, we solve AyX where
M € T(S(TA*Y)). Suppose that X, Y € T'(S(TA}™)), then

1
59(X,Y),

C(X,Y) =g(VxY,X) =g(VxY,N) = T30

It follows that

1
JANXY) = —5—50(X,Y) XY e T(S(TAF)).

2(x0)
Thus,

]' * n
AnX = WAfX’ X e T(S(TAF™)). (2.32)

This implies that AjJ*! is a screen globally conformal lightlike hypersurface of R
with positive conformal function ¢ = S0 globally defined on A"

Example 2.5.2. [6] Let U be an open set of R} and F' : U — R be a smooth
function. A lightlike Monge hypersurfaces is given by

X = {(xla U 7xn+1) € R?+2 Mo = F(xh' o 7xn+1)}-

We know that M is a lightlike hypersurface if and only if F is a solution of the partial

differential equation
n+1

1+Z ZF/).

The radical distribution is spanned by a global vector field

q—
axo Z_:

n+1

ZFﬂlgaa a
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Let us consider a constant timelike section V* € RZ“ along M, such that

0
30"
S0
H* = span{V™* ¢}

which is a nondegenerate the vector bundle on M. The screen vector bundle S*(T'M)
is complementary to H* in TR?*" and it is am integral distribution on M. S*(T'M) is
said to be the natural screen distribution on M. Moreover, tr*(T M) is the transversal
vector bundle spanned by N = —V* + 1¢ and 7(X) for all M € I'(T'M). So

7(X) = g(TxNV.8)
(Vx(=V" +56).6)

g(vXé—u g)

I
Q|

N | —

Thus, the Weingarten equations takes the two form VxY = —AxY and V¢ = — A X,
So we ca deduce that

1
AnX = §A2X for all X € I'(T'M).

This implies that the lightlike Monge hypersurfaces in Rg“ are screen globally con-

1

formal with the constant positive conformal function ¢(z) = 5.

Proposition 2.5.1. [6] Suppose that (M,g,S(TM)) is a lightlike hypersurface of
(M,g) with the condition that S(TM) is integrable and any leaf of S(T'M) is to-
tally umbilical immersed in M as a codimension 2 non-degenerate submanifold with
nowhere vanishing spacelike mean curvature vector field. If the screen distribution
is parallel along integral curves of the radical distribution, then M is screen locally
conformal.

Proof. The proof is provided in page (53-54) of [6]. O

Theorem 2.5.1. [6] Given that (M, g, S(T'M)) is a lightlike hypersurface of a Lorentzian
manifold (M, §), then the following statements hold and are equivalent:

i. (M,g,S(TM)) is screen locally conformal.

i3. there exists a (mazimal) domain U € M whereby M and the shape operators
of M and its screen distribution are commutative. Furthermore, we have that
their corresponding principal curvatures are the same up to a nowhere vanishing
smooth function ¢ on W C M.
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Proof. The proof is provided in page (54) of [6]. O

Example 2.5.3. [6] Consider a 4-dimensional semi-Euclidean space (Rj, g) with sig-
nature (—, —, +, +) of index 2,with respect to a canonical basis (9y, 01, 02, J3). Suppose
that we are given a hypersurface M expressed as

To =1 + sin(xry + x2), 1+ a2 #nw, n€E L.

Now we see that M is a lightlike hypersurface with a radical distribution Rad T'M
which is spanned by

£ = 0y + cos(zy + x2)0; — cos(xy + x2)0s + Os.
Now let
V = 0y + cos(zy + x2)01,

, then
g(V.V) = g(&, V) = —(1 + cos?(z1 + 2)).

It follows that the lightlike transversal vector bundle is expressed as tr(TM) =
Span{N}, where
-1

N = B |
2(1 + COSQ(.Z‘l + 132)) {80 + COS($1 + $2)81 COS(Q?l + x2)82 4 83}

Moreover, the tangent bundle TR} is spanned by

0 0 0
a—uo = (90 + 02, 8_11,1 = 61 + COS(&Tl + 1'2)(93, 8_102 = 02 + COS(QZ‘l + 332)83}.

Hence the corresponding screen distribution S(7'M) is spanned by
{Wl = COSZ(l’l + 1'2)(90 — (91, Wg = 82 + COS2($1 -+ 1’2)63}.

Note that in this case [Wy, Wa] — Vi, Wa — Vi, Wy = sin(x1 +29) {0+ 03 }. Therefore,

- sin(zy + x3)
Wi, Wol.Y) =
g([ 1 2]7 ) 1+COSZ(ZL‘1+$2)’

this means that S(7'M) is not integrable.

Lemma 2.5.1. On every screen conformal lightlike hypersurface of a semi- Riemanian
manifold, the following holds.

(VxCO)(Y, PZ) = (X$)B(Y, PZ) + 6(VxB)(Y, PZ),

for any X, Y and Z tangent to M.
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Proof. By adirect calculation, while considering the fact that C'(X, PY) = ¢B(X, PY),
we have

(VxO)Y,PZ) =X -C(Y,PZ) — C(VxY,PZ) — C(Y,V%PZ)
— X{¢B(Y, PZ)} — $B(VxY, PZ) — 6 B(Y,V5PZ)
= (X¢)B(Y, PZ) + ¢{X - B(Y, PZ) — B(VxY, PZ) — B(Y,VxPZ)}
= (X¢)B(Y, PZ) + ¢(VxB)(Y, PZ),

for any X, Y and Z tangent to M, which completes the proof. n
With the help of Lemma [2.5.1 we have the following result.

Proposition 2.5.2. Let (M, g) be a screen conformal lightlike hypersurface of a semi-

Riemannian space form (M(c),g). Then, the following relation holds
{60 —297()}B(X, PY) = cg(X, PY)
for any X and Y tangent to M.

Proof.

G(R(X,Y)PZ,N) = (VxC)(Y,PZ) — (VyC)(X,PZ) + 7(Y)C(X,PZ) — 7(X)C(Y, PZ)
= [(X¢)B(Y,PZ)+ ¢(VxB)(Y,PZ)] — [(Y¢)B(X, PZ) + ¢(VyB)(X, PZ)]
+7(Y)$B(X,PZ) — 7(X)¢B(Y,PZ)(Y)B(X,PZ) + r(X)B(Y, PZ)].

By Proposition [2.3.6

JR(X,Y)Z. &) =(VxB)(Y,Z)— (VyB)(X,Z)+ B(Y,Z)1(X) — B(X,Z)7(Y).
So,

g(R(X.Y)PZ N) = (X¢)B(Y,PZ) - (Y¢)B(X,PZ) + 7(Y)¢B(X, PZ) — 7(X)$B(Y, PZ)
+¢[g(R(X,Y)PZ, &) — B(Y,PZ)7(X) + B(X,PZ)7(Y)]
= [X¢ = 207(X)|B(Y, PZ) — [Y¢ — 267(Y)|B(X, PZ) + ¢g(R(X,Y)PZ.).
Setting Y = &, by the definition of curvature tensor R(X,Y)Z = c[g(Y, Z)X —
g9(X, Z)Y]. Then the left hand side becomes

9(R(X,§)PZ,N) = g(c[g(&, PZ)X — g(X, PZ)¢], N)
= g(cg(§, PZ)X,N) —g(cg(X, PZ)¢, N)
= —cg(X,PZ)g(§,N)

=—cg(X,PZ).
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And the right hand side becomes

(X —207(X)|B(E, PZ) — [£¢ — 207(€)|B(X, PZ) + ¢g(R(X,€)PZ,¢€)
= [X¢ —207(X)]pg(§, PZ) — [£¢ — 207 (€)|B(X, PZ) + ¢g(R(X,£)PZ,€)
—[€¢ —207()]B(X, PZ) + ¢g(R(X, &) PZ,€)
—[€b — 207 ()|B(X, PZ) + ¢g(clg(§, PZ)X — g(X, PZ)E], )
—[§¢ —2¢7(§)|B(X, PZ).
Thus, [£¢ — 267(€)]B(X, PY) = cg(X, PY). O

In view of Proposition [2.5.2] we have the following result.

Theorem 2.5.2. Let (M, g) be a screen conformal lightlike hypersurface of a semi-
Riemannian space form (M(c),g) such that £¢ — 2¢7(€) # 0. Then, the following
holds

1. M s totally umbilical.
2. S(TM) is totally umbilical in M.
Proof. 1. By Proposition [2.3.9
[0 — 207 (&) B(X, PY) = cg(X, PY), so

B(X,PY) = g(X, PY)

£o — 2¢T (€)
= pg(X, PY).
Thus, M is totally umbilical.
2. As Ay = @A, then
9(An, PY) = g(¢A¢, PY)

It follows
C(X,PY) = 6B(X, PY) = ¢pg(X, PY).

Thus, S(T'M) is totally umbilical in M.

We also have the following result.

Theorem 2.5.3. Every screen conformal lightlike hypersurface of a semi- Riemannian
space form (M(c = 0),g) is either totally geodesic or ¢ satisfy the partial differential

equation £p — 2¢7(&) = 0.
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Proof. By Proposition [2.5.2] we know that

for any X and Y tangent to M. Since ¢ = 0, then either B(X, PY) = 0 or {¢ —
2¢71(€) = 0. Thus, (M, g) is either totally geodesic or ¢ satisfies £p — 2¢7(€) = 0, as
required. O

Definition 2.5.2. [6] A lightlike hypersurface (M, g, S(T'M)) of a semi-Riemannian
manifold is locally screen quasi-conformal if the shape operators Ay and Ag of M
and S(T'M) satisfy

An = QA; + P, (2.33)
for some functions ¢ and ¢. In case the above property holds everywhere on M, we

say that (M, g,S(T'M)) is globally screen quasi-conformal, and (¢, ¢) is called the
quasi-conformal pair associated to (M, g, S(TM)).

Remark 2.5.1. Tt is clear from the above definition that every screen quasi-conformal
lightlike hypersurface is screen conformal whenever ¢ = 0.

Lemma 2.5.2. On every screen conformal lightlike hypersurface of a semi-Riemannian
manifold, the following holds.

(VO)(Y, PZ) = (X¢)B(Y, PZ)
+o(VxB)Y,PZ)+ (Xp)g(Y,PZ)+ ¢B(X,PZ)n(Y), (2.34)
for any X, Y and Z tangent to M.
Proof. As Ay = ¢ A + ¢P, it follows
9(ANY, PZ) = g(pAFY, PZ) + g(oPY, PZ)
= ¢g(A;Y,PZ) + ¢g(PY, PZ).

So,
C(Y,PZ) = ¢B(Y,PZ) + ¢g(Y. PZ).
It follows
(VxC)(Y,PZ) = X -C(Y,PZ) — C(VxY,PZ) — C(Y,VPZ)
=X [¢B(Y,PZ) + pg(Y,PZ)| — [¢B(VxY,PZ) + pg(VxY, PZ)]
—[¢B(Y,VXPZ) + ¢g(Y,VxPZ)]
= [X - pg(Y,PZ) — pg(VxY,PZ) — ¢g(Y,VxPZ))
(X@)B(Y,PZ) + ¢(VxB)(Y,PZ)
= (Xo)g(Y, P2)) + [pX - g(Y, PZ) — 0g(VxY, PZ) — pg(Y,V\ PZ)]
+(X¢)B(Y,PZ) + ¢(VxB)(Y, PZ).

+
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Since PZ € S(TM), it follows that

¢X - g(Y,PZ) — 0g(VxY,PZ) — pg(Y,V\PZ) = p(Vxg)(Y, PZ)
= eB(X,Y)n(PZ) + ¢B(X,PZ)n(Y)
= pB(X,Y)g(PZ,N)+ ¢B(X,PZ)n(Y)
= pB(X,PZ)n(Y).

Therefore,

(VxO)Y,PZ) = (X¢)B(Y,PZ) + ¢(VxB)(Y, PZ) + (Xp)g(Y, PZ) + ¢B(X, PZ)n(Y).

]

Proposition 2.5.3. Let (M, g) be a screen quasi-conformal lightlike hypersurface of
a semi-Riemannian space form (M(c),g). Then, the following relation holds

{80 —207(5) — W} B(X, PY) = {—=8p + ¢7(¢§) + c}g(X, PY)
for any X and Y tangent to M.

Proof. Following the results from Lemma [2.5.2| Proposition [2.5.2

G(R(X,Y)PZ,N) = (VxC)(Y,PZ) — (VyC) (X, PZ) + 7(Y)C(X, PZ) — 7(X)C(Y, PZ)
=[(Xo)B(Y,PZ) + ¢(VxB)(Y, PZ) + (Xp)g(Y, PZ) + oB(X, PZ)n(Y)]
—[(Y¢)B(X,PZ) + ¢(VyB)(X,PZ) + (Yp)g(X, PZ) + ¢B(Y, PZ)n(X)]
T(Y)[¢B(X, PZ) + pg(X,PZ)] — 7(X)[¢B(Y, PZ) + py(Y, PZ)]

= [X¢ —207(X)|B(Y, PZ) = [Y¢ — 2¢7(Y)|B(X, PZ) + ¢g(R(X,Y)PZ,§)
+ (Xp)g(Y,PZ) + ¢B(X, PZ)n(Y) — (Yo)g(X, PZ) — B(Y, PZ)n(X)
+pg(X, PZ)T(Y) — ¢g(Y, PZ)T(X).

_I_

Setting Y = ¢,

—cg(X, PZ) = —[§¢ = 207(§)|B(X, PZ) + ¢B(X, PZ)n(§) — (§0)9(X, PZ) + ¢g(X, PZ)7(§)
—[6¢ = 207(§)|B(X, PZ) + ¢B(X, PZ)g(§, N) — (§p)g(X, PZ) 4+ ¢g(X, PZ)7(§)
—[€0 = 207(8) — @] B(X, PZ) — (§)9(X, PZ) + pg(X, PZ)7(§).

Therefore,

[€d = 2¢7(§) — ¢]B(X, PZ) = [=Ep + ¢7(8) + c|g(X, PZ).

]
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Next, in view of Proposition [2.5.3 we have the following result.

Theorem 2.5.4. Let (M, g) be a screen quasi-conformal lightlike hypersurface of a
semi-Riemannian space form (M(c),g) such that £ — 2¢7(€) — @ # 0. Then, the
following holds

1. M s totally umbilical.
2. S(TM) is totally umbilical in M.
Proof. 1. If £ — 2¢7(€) — ¢ # 0 then by Proposition 3.5.2 we obtain

ot T +c
B, PY) = §p —267(8) — wg(X’ PY)

= pg(X, PY). (2.35)

Thus, M is totally umbilical.
2. As Ay = 9A; + ¢P, it follows

9g(ANX, PY) = g(pA; X, PY) + g(¢PX, PY)
= ¢g(A{X, PY) + pg(PX, PY).

So,
C(X,PY) = ¢B(X,PY) + ¢g(PX, PY).

Thus, S(T'M) is totally umbilical in M.

Finally, we have the following result.

Theorem 2.5.5. Fvery screen quasi-conformal lightlike hypersurface of a semi- Riemannian
space form (M(c = Ep — p1(£)),q) is either totally geodesic or ¢ satisfy the partial
differential equation Ep — 2¢7(§) — @ = 0.

Proof. 1If ¢ = &p — p7(&), then
{60 —297(€) — W} B(X, PY) = {—={p + ¢7(§) + c}g(X, PY)

={—-p+r(&) +&o — 1§ }g(X,PY)  (2.36)
—0. (2.37)

By Theorem 3.5.2 (M (c = £p — p7(£)), ) is either totally geodesic when B = 0 or ¢
satisfy the partial differential equation ¢ — 2¢7(§) — ¢ = 0. ]
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2.6 Conclusions and Perspectives

In this research we have proven new and necessary conditions for which a lightlike
hypersurface of a semi-Riemannian space form is totally umbilical, screen conformal
and almost screen conformal.

In section [2.1] we constructed the screen distribution and its corresponding light-
like transversal distribution on a lightlike hypersurface M. This screen distribution
aided us in defining the induced geometric machinery necessary for obtaining the
Gauss-Codazzi equations leading to the theorems that provided the conditions for
which a lightlike hypersurface is totally umbilical, screen conformal and screen al-
most conformal.

In section 2.2] we introduced a local fundamental form. We used this local funda-
mental form to prove that lightlike hypersurfaces do not depend on the choice of
screen distribution. We proved that the second fundamental form of a lightlike hy-
perspace is degenerate by showing that the local fundamental form is degenerate.
Through the projection morphism of the tangent bundle to the screen distribution,
we defined the second fundamental form, the shape operator, the Gauss and the
Weingarten formulas of the screen distribution.

section [2.3| was dedicated for constructing the Gauss-Codazzi equations for a lightlike
hypersurface. We used the Weingarten formula and the Gauss equations of lightlike
hypersurfaces to provide an equation for curvature tensor, which was necessary for
formulating the Gauss-Codazzi equations for lightlike hypersurfaces. These equations
played a role in linking the induced metric and the second fundamental form of M.
We observed that these equations depend on the screen distribution. And through
these equations we were able to show that the shape operator of any screen distribu-
tion of M is symmetric.

In section we defined what it means for M to be totally umbilical. This defi-
nition aided us in proving the conditions for which M is totally umbilical.

In section we defined what it means for M to be screen conformal and screen
almost conformal. We then stated and proved the new conditions for which a screen
conformal or almost screen conformal hypersurface is totally umbilical.

In future, we hope to expand this work and provide the conditions for which lightlike
hypersurfaces are totally umbilical, screen conformal and screen almost conformal for
co-dimensions that are greater than one.
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